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RÉSUMÉ

L’application directe de la méthode des éléments finis (FEM) pour modéliser des régions
minces est entravée par (i) le rapport largeur/épaisseur très élevé de ces régions qui empêche
l’utilisation des mailleurs automatisés, (ii) les caractéristiques non linéaires des matériaux qui
empêchent certaines simplifications, et (iii) la nature tridimensionnelle de ces applications
qui exige une complète représentation de la géométrie des dispositifs comportant des régions
minces. La manière classique de surmonter les difficultés du maillage lors de la modélisation
de régions minces est d’appliquer l’approche des coques minces (thin-shell - TS). Cependant,
les approches TS avec la FEM actuellement disponibles sont principalement limitées à
l’analyse en régime harmonique des régions minces avec des propriétés linéaires en 2-D. Cette
thèse de doctorat propose un modèle éléments finis pour les domaines de calcul composés de
régions minces pour l’analyse en régime transitoire des dispositifs électromagnétiques tout en
prenant en compte les propriétes non-linéaires des matériaux conducteurs et ferromagnétiques
en 3-D.

Deux approches ont été proposées, mises en œuvre, validées et appliquées pour simuler des
problèmes de référence et réalistes en 2-D et en 3-D. Dans une première étape, nous avons
défini des fonctions de base hyperboliques dérivées d’un ensemble de solutions harmoniques
pour un problème linéaire de la diffusion de flux 1-D à travers l’épaisseur de la région mince.
L’application de ces fonctions de base dans une approche TS nous a permis d’estimer le
comportement transitoire des champs magnétique et électrique à l’intérieur de la région mince
qui était représentée comme une géométrie de dimension réduite dans le domaine du calcul
(une surface en 3-D ou une ligne en 2-D). Le modèle proposé a été appliqué pour estimer
le comportement électromagnétique des boucliers planaires dans les régimes harmoniques
et transitoires. Avec l’ajout de quelques solutions à haute fréquence aux fonctions de base
hyperboliques, l’approche a fourni des résultats en bon accord avec ceux obtenus avec des
modèles éléments finis classiques sous une complète et appropriée discrétisation des régions
minces (avec différence relative inférieure à 3%), tout en réduisant le nombre total de degrés
de liberté d’environ 80% et le temps de calcul d’environ dix fois. L’ensemble des fonctions de
base hyperboliques a également été utilisé pour estimer le comportement non linéaire d’un
blindage ferromagnétique soumis à une excitation externe.

Dans une deuxième étape, nous avons proposé une discrétisation virtuelle à travers
l’épaisseur des régions minces pour traiter la caractéristique hautement non linéaire entre
le champ électrique et la densité de courant dans les rubans supraconducteurs à haute
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température (HTS) critique. Ces rubans comprennent généralement un empilement de films
minces faits des matériaux conducteurs et ferromagnétiques. Compte tenu de leur capacité
de courant élevée avec de faibles pertes en courant alternatif, les rubans HTS ont attiré une
attention considérable de l’académie et de l’industrie pendant les dernières années. Ainsi, la
définition d’un modèle efficace et précis pour estimer leur comportement peut aider à faire
mûrir cette technologie et la viabilité économique des dispositifs électromagnétiques composés
par ces rubans. Pourtant, les approches TS par éléments finis actuellement disponibles
dans la littérature considèrent des approximations qui empêchent leur application pour
estimer les distributions de courant et de champs dans les rubans HTS avec n’importe quelle
configuration. Dans la deuxième approche TS proposée, une géométrie de dimension réduite
a remplacé le volume de la région mince dans le domaine de calcul. La physique à l’intérieur
des rubans HTS a été prise en compte par les conditions d’interface développées à partir de
la discrétisation virtuelle sur leur épaisseur. De plus, les bases de cohomologie des régions
non-conductrices ont été utilisées pour imposer le courant de transport dans les rubans. Il
est montré dans cette thèse que l’approche TS proposée avec une discrétization vituelle de
l’épaisseur surmonte les principales limitations des autres modèles (par exemple, l’approche
TS classique et la formulation T -A qui est largement utilisée pour modéliser des dispositifs
HTS de nos jours). Les conditions d’interface ont été développées ici pour les cas 2-D et
3-D. Les résultats ont été validés dans une série de problèmes de référence de complexité
croissante, et avec des solutions analytiques bien établies. Enfin, nous avons également
appliqué le modèle TS pour simuler le comportement électromagnétique d’un câble Roebel
3-D comprenant 14 rubans HTS entièrement transposés. Par rapport à un modèle FEM
standard, l’approche TS a permis d’accélérer la simulation jusqu’à dix fois tout en maintenant
la précision de la solution. La réduction de la charge de calcul sans compromettre la précision
de la solution rend les approches proposées prometteuses pour la simulation de la prochaine
génération de dispositifs électromagnétiques comprenant des régions minces conductrices et
ferromagnétiques non linéaires tels que les réacteurs à fusion nucléaire ou des systèmes de
transport à haute vitesse.
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ABSTRACT

The direct application of the finite element method (FEM) to model thin regions is hampered
by (i) the high aspect ratio of such regions that impedes the use of automated mesh
generators, (ii) the nonlinear material properties that impedes some simplifications, and
(iii) the three-dimensional nature of its applications that requires a complete geometrical
representation of devices comprising the thin regions. The classical way to overcome the
mesh difficulties when modeling thin regions is to apply the so-called thin-shell (TS) model.
However, currently available finite-element TS models are mainly limited to the time-
harmonic analysis of thin regions with linear properties in 2-D. This Ph.D. thesis aimed
to propose a rigorous 3-D TS model to the time-transient analysis of EM devices while
considering the nonlinearities of both the conductive and ferromagnetic materials.

Two new TS models were proposed, implemented, validated, and applied to simulate 2-D
and 3-D benchmark and realistic problems. As a first approach, we defined hyperbolic basis
functions derived from a set of harmonic solutions for a 1-D linear flux diffusion problem
across the thickness of the thin region. Applying these basis functions in a TS model allowed
estimating the time-transient behavior of the electric and magnetic fields inside the thin region
that was represented as a reduced dimension geometry in the calculus domain (a surface in 3-
D or a line in 2-D). The proposed model was applied to estimate the electromagnetic behavior
of planar shields in the time-harmonic and the time-transient regimes. With the addition
of a few high-frequency solutions to the hyperbolic basis functions, the approach provided
results in good agreement with those obtained with standard finite-element models under a
complete and suitable discretization of the thin regions (relative difference of less than 3%),
while reducing the total number of degrees of freedom in more 80% and computation time
by about ten times. The set of hyperbolic basis functions was also used to estimate the
nonlinear behavior of a ferromagnetic shield under external excitation.

As a second model, we proposed a virtual discretization across the thickness of the thin
regions to deal with the highly nonlinear relationship between the electric field and the
current density in high-temperature superconducting (HTS) tapes. These tapes generally
comprise a stack of thin films made of conductive and ferromagnetic materials. Given their
high current capacity and low AC losses, HTS tapes have gained considerable attention
from academia and industry in recent years, and defining an efficient and accurate model
to estimate their behavior can help mature this technology and the economical operation
of devices involving such tapes. Still, the currently finite-element TS models available in



vii

the literature consider too many approximations that impede their application to estimate
current and fields distributions in HTS tapes in any configuration. In the proposed TS model,
a reduced-dimension geometry replaced the volume of the thin region in the computational
domain. The physics inside the HTS tapes were taken into account by interface conditions
obtained from the virtual discretization across their thickness. Moreover, the edge-based
cohomology basis functions were used to impose the transport current in the tapes. It
is shown in this thesis that the proposed TS overcomes the main limitations of the other
models (e.g. the classical TS approach and the T -A-formulation). The equations were here
developed for 2-D and 3-D cases. The results were validated in a series of benchmark problems
of increasing complexity and well-established analytical solutions. Finally, we also applied the
TS model for simulating the electromagnetic behavior of a fully transposed 3-D Roebel cable
comprising 14 HTS tapes. Compared to a standard FEM model, the proposed TS model
was able to speed up simulations up to ten times while maintaining the solution accuracy.
The reduction in computational burden without compromising accuracy makes the proposed
approaches promising for the simulation of the next generation of electromagnetic devices
comprising both nonlinear conductive and ferromagnetic thin regions such as nuclear fusion
reactors, high-speed transportation systems and many others.
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CHAPTER 1 INTRODUCTION

Large shifts in science and engineering drive the evolution of numerical models to faithfully
represent the electromagnetic (EM) behavior of electric and electronic devices. Among
the existing numerical methods, the Finite Element Method (FEM) is considered as one
of the most powerful tool for investigating in detail the current and field distributions inside
these devices. This method is widely recognized for its numerical efficiency and ability
to treat nonlinearities and complex geometries [1]. However, despite FEM analysis of EM
devices including nonlinearities being recurrent in literature [2–4], modeling such devices with
nonlinear material features in complex geometries remains a challenge [5].

A particular case is the modeling of thin-film structures. Their high aspect ratio by itself
makes the discretization computationally expensive in FEM applications [6, 7]. With the
added complexity of the nonlinear material responses, modeling thin films using standard
FEM quickly becomes unsustainable with the currently available computational resources.
Nevertheless, these thin structures are indispensable components in many devices, and being
able to estimate their behavior by simulation is the key to optimize their design and to
achieve economical production and operation.

Electromagnetic shields are a typical example of thin-film application [8–11]. They are often
employed to mitigate stray fields in the surroundings of EM devices. Maintaining these fields
at an acceptable value is a constraint in the devices design process and must comply with
the exposure limits for humans, and for EM compatibility and interference reasons. Hence,
shields are essential parts of rotating machines, large power transformers, induction heating
equipment, and welding and forming machines.

The problem of modeling ferromagnetic and conductive shields using FEM has been
extensively treated in the literature, but currently available models are still mostly restricted
to linear shielding problems and time-harmonic analysis. Existing models for nonlinear time-
transient analysis consider many simplifications that hinder their effectiveness in complex
geometries and stray field configurations, or sometimes require complicated analytical
calculations to be performed at the pre-processing stage of the simulations [12]. Other
examples of thin-films structures in electrical engineering include laminated iron cores in
electrical machines, resistive barriers, air gaps in power transformers, conductive coatings in
power cables, and many others.

In recent years, a new challenge to the numerical modeling of thin films has emerged.
The discovery of superconducting materials operating above 77K [13] combined with
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industrial-scale thin-film deposition techniques [14–16] has brought high-temperature
superconducting (HTS) applications to reality. Second-generation (2G) HTS tapes gained
considerable attention in both industry and academia due to their relatively high operating
temperatures, high current capacity, and low AC losses [17–20]. However, modeling the EM
behavior of HTS tapes is limited by (i) the high aspect ratio of the superconducting layer
in these tapes (≈ 10,000), (ii) the highly nonlinear macroscopic relationship between the
electric field and the current density [21], and (iii) the three-dimensional nature of many
HTS applications [22].

Superconductor applications often require cables with higher current capacity than a single
tape and lower AC losses than a single-piece coated conductor. Therefore, in order to
maximize current capacity, minimize AC losses, optimize cooling needs and provide structural
support, superconducting cables typically combine many HTS tapes. Each tape itself
comprises a stack of thin films made of different materials. Their superconducting layer
is 4-12mm wide and 1µm thick [18]. So far, three main HTS cables architectures have
been proposed: (i) twisted stack tape conductor (TSTC) [23], (ii) conductor on round core
(CORC) [24], (iii) transposed Roebel cable [25–28]. All of them transpose or twist the HTS
tapes along the cables’ length, creating a truly three-dimensional (3-D) geometry that helps
reduce total AC losses and retain enough flexibility and mechanical stability in these cables.
This complete transposition reduces induced currents and current loops in the strands in a
way that the current is evenly distributed between them, but the economical operation of
HTS cables can only be achieved by optimizing their overall design in such a way.

Accurately and efficiently estimating the 3-D behavior of HTS cables is key to maturing
this technology. Large-scale HTS applications are still costly, and their optimization
can only be achieved through numerical simulation if a relevant model can capture their
behavior. Establishing a nonlinear finite-element model for HTS tapes and cables can help
the development of world-changing technologies such as clean energy from fusion [29] or
high-speed transportation [30].

In this thesis, we focus on developing new approaches to simulate nonlinear thin-film
structures, thus aiming to contribute to the development of cutting-edge technologies, from
nonlinear shields to large-scale HTS devices. This document was elaborated from original
journal articles that were written on the present subject. They are inserted in the body of
the document, which is organized as follows.

Chapter 2 introduces fundamental concepts of computational electromagnetics, useful for the
deep understanding of the available models for thin films and the proposed approaches based
on the FEM. The concepts of algebraic topology are presented in parallel to the classical
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differential representation of Maxwell’s equations. The ideas in this abstract formulation
of Maxwell’s equations are used to find the suitable spaces for the scalar and vector fields
quantities and to reduce computational cost in 3-D simulations. Two dual FEM formulations
are presented and discussed.

Chapter 3 presents a critical review of the numerical approaches currently available for
modeling thin structures with the FEM. The concept of surface current density is introduced
and the models are compared in terms of the equations used to define the physics of the
thin regions. The advantages and disadvantages of these approaches are highlighted. The
general presentation given in this chapter is more detailed than in the papers and helps to
understand our contribution to modeling thin regions.

In Chapter 4, we present our research objectives and the working assumptions we selected
to achieve these objectives. Two FEM approaches are proposed in this thesis. The first
one considers hyperbolic basis functions derived from a set of time-harmonic solutions of the
linear flux diffusion problem inside the thin film. The approach is shown to provide sufficiently
accurate results when compared with a standard FEM and a complete discretization of the
thin films. The example of a two-dimensional planar shield is studied in time-harmonic and
time-transient regimes, considering linear conducting and ferromagnetic shields. The method
is also extended to the nonlinear analysis of a ferromagnetic shield. Full details about the
proposed approach are given in Chapter 5, including the definition of the approach, the FEM
implementation, validation, application and discussions.

In Chapter 6, the second proposed approach is introduced, discussed, and tested in 2-D
simulations. We propose a virtual discretization across the thickness of the HTS tapes. This
approach, when used with a single virtual finite element, is demonstrated to be equivalent or
dual to many popular models currently available in the literature, e.g. the classical thin-shell
approach [31–34] and the so-called T -A-formulation [35]. With the virtual mesh refinement,
our approach is shown to be efficient and accurate in evaluating the EM behavior of HTS
tapes in any configuration. It is then extended to the 3-D cases in Chapter 7. This chapter
presents the model definition, its validation on benchmark problems, and its application for
modeling a fully transposed HTS Roebel cable with 14 strands.

In Chapter 8, the objectives of this thesis are evaluated in light of the proposed techniques
and of the results obtained. Finally, in Chapter 9, the results of this work are summarized
and avenues for future research work on the subject are suggested.
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CHAPTER 2 FUNDAMENTALS OF COMPUTATIONAL
ELECTROMAGNETICS

2.1 Introduction

This chapter starts with the general electromagnetic problem definition and its approximation
in the magnetodynamic form, which is suitable to estimate the EM response of devices at
low frequency of operation. Next, we present the mathematical background necessary to
solve the problem using the finite element method. Then, two dual formulations based on
the magnetic and electric fields are introduced. From the integral form of the governing
equations, we review some useful concepts of algebraic topology, a mathematical discipline
that applies to computational electromagnetism. The definition of the cohomology of the
function spaces for scalar and vector fields, and its equivalence with the cohomology theory
in algebraic topology are especially put in evidence. The concepts and ideas presented in this
chapter form the basis for the development of the more novel FE techniques in this thesis
and can be found in many classical references [36–38].

2.2 Problem definition

2.2.1 Fundamental equations

All physical laws in electromagnetism are governed by Maxwell’s equations, which form
a system of partial differential equations (PDEs) connecting the magnetic and electric
phenomena through six physical quantities [36]. The classical representation of these
equations are

∇× h = j + ∂td, ⇒ Ampère’s law (2.1)

∇× e = −∂tb, ⇒ Faraday’s law (2.2)

∇ · b = 0, ⇒ Gauss’s law for magnetism (2.3)

∇ · d = q, ⇒ Gauss’s law for electrostatics (2.4)

where h is the magnetic field, b is the magnetic flux density, e is the electric field, d
is the electric flux density, j is the current density and q is the electric charge density.
In practice, given the materials constitutive relations (presented in Section 2.2.3) and
appropriate boundary conditions, these equations can be solved.
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2.2.2 Frequency and time-dependent regimes

The set of equations (2.1)-(2.4) has a wide range of applications, from the theory of
electromagnetic waves (high frequency) to the calculation of the fields behavior inside EM
devices (low frequency). Under some physical and geometrical conditions, these equations
can be greatly simplified.

In this thesis, we are solely interested in estimating the EM response of devices at low
frequencies. The electric charge q and the displacement current ∂td are neglected. So, the
relevant governing equations become

∇× h = j, (2.5)

∇× e = −∂tb, (2.6)

∇ · b = 0. (2.7)

The EM problem described by these equations is often called a magnetodynamic or an eddy-
current problem [39] since it allows estimating the time-dependent response of the fields and
the induced currents in conductive parts of the modeled device.

Two time-integration regimes can be considered when solving equations (2.5)-(2.7): the time-
transient and time-harmonic regimes [40]. In the time-transient regime, given the initial state
of the system, a numerical method such as implicit Euler can be applied to update the fields
at each time instant ti ∈ R, i = 0, 1, . . . , N [41]. The time derivative of a quantity u at time
ti can be approximated by

∂tu(x, t)
∣∣∣∣
ti

≈ u(x, ti)− u(x, ti−1)
ti − ti−1

, (2.8)

where x denotes the coordinates of a position in R3, and u(x, t0) the initial state.

When a sinusoidal excitation is considered, the problem is simpler to solve in the frequency
domain (time-harmonic regime). A quantity u having a sinusoidal variation can be expressed
as

u(x, t) = û(x) sin(ωt+ θu(x)), (2.9)

where ω = 2πf is the angular frequency, û(x) is the field magnitude, and θu(x) is a related
phase shift at position x. The time-harmonic representation of this field consists in defining
it as the real part of a complex representation (phasor) denoted ū(x) = û(x) exp(θu), where
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 =
√
−1 is the imaginary unit, i.e.

u(x, t) = <{ū(x)}, (2.10)

where <{.} returns the real part of a complex number.

Faraday’s law (2.6) can then be written as

∇× e = −ωb, (2.11)

where the constant ω replaces the time derivative from (2.6), further simplifying the
calculations.

On the one hand, the magnetodynamic problem can be solved in time-harmonic regime
(without any numerical method for the time discretization) as long as the problem remains
linear and the different frequencies remain uncoupled. On the other hand, the time-transient
regime is necessary to determine the time-evolution of the field quantities for time variations
that are non sinusoidal and to deal with nonlinearities such as with ferromagnetic and
superconducting materials, whose nonlinear constitutive relations are given in the next
section. Still, the time-harmonic regime will be considered in this thesis to obtain analytical
reference solutions and to describe old and new models of EM fields in thin regions,
particularly in Chapter 3.

2.2.3 Constitutive relations

In addition to (2.5)-(2.7), constitutive relations are required to express the materials’
properties and determine how the six physical quantities interact. The two basic constitutive
relations for a magnetodynamic problem are

b = µh, or h = νb, (2.12)

j = σe, or e = ρj, (2.13)

where µ is the magnetic permeability, ν = 1/µ is the magnetic reluctivity, σ is the electrical
conductivity and ρ = 1/σ is the electrical resistivity. These constitutive operations can
be either linear or nonlinear, and the medium is likewise referred to as either linear and
nonlinear, respectively, in terms of its electromagnetic behavior [42]. In nonlinear cases, the
magnetic permeability and/or the electrical resistivity depend on the fields quantities, and
the nonlinear system of equations, in either the time or frequency regime, is solved using an
iterative scheme such as the Picard or the Newton–Raphson methods [41].
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Nonlinear permeability

A high permeability generally characterizes ferromagnetic materials when compared to the
free space (vacuum). Therefore, a relative permeability µr = µ/µ0, where µ0 = 4π × 10−7

is the permeability of the vacuum, is often used to describe the magnetic response of these
materials to an applied field.

Although the permeability is constant in the free space, this is not the case for ferromagnetic
materials. Their permeability can vary with the position in the medium (non uniformity), the
field orientation (anisotropy), the temperature, and many other parameters. In a nonlinear
medium, we often consider that µ depends on the intensity of the magnetic field. The
B-H characteristic (2.12) can then be expressed as

b = µ(h)h. (2.14)

Generally speaking, the magnetic permeability depends on the magnetic field history
and not only of the field at each time instant. This phenomenon arises because of
the hysteretic behavior of the B-H characteristic in ferromagnetic materials. Therefore,
nonlinear simulations are usually performed in a time-transient regime rather than in a time-
harmonic regime since the latter cannot account for the hysteretic behavior.

All ferromagnetic materials are characterized by nonlinearity and hysteresis. These effects are
more or less pronounced depending on the material, and models that take these effects into
account are still under development [40]. In this thesis, we restricted ourselves to the study of
cases where the coercive force is meager, the hysteresis was neglected, and the ferromagnetic
materials can be modeled by their first magnetization curve approximated by

µ(h) = µ0

1 +
(

1
µr0 − 1 + |h|

m0

)−1
 , (2.15)

where µr0 is the relative permeability at origin and m0 the saturation magnetic field
in A/m [43]. This means that, for simplicity, only the saturation effects of ferromagnetic
materials were taken into account in our simulations. Note that this is not a limitation of
the methods developed in this thesis.

Nonlinear resistivity

The resistivity of conventional (ohmic) conductors is often assumed constant and defines
the slope of their E-J characteristic (2.13). In the case of superconductors, the resistivity
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is highly non-linear and can be modeled as a function of the current density (and/or the
magnetic field), i.e.

e = ρ(j)j. (2.16)

The simplest model of the E-J characteristic of type-II superconductors1 assumes that the
current density is either zero or equal to a critical current density (jc). In this so-called
critical state model (CSM or Bean model) [45], jc is independent of the local magnetic field.

In general, ρ also depends on the temperature. Below a critical temperature denoted by Tc, the
resistivity of a superconductor is zero, but when its temperature passes beyond Tc, a transition
to the so-called normal state occurs (i.e. an ohmic state, without superconducting properties).
The CSM can be sufficiently accurate to represent the resistivity of superconductors with
sharp transition to normal state, which is normally the case of superconductors with low Tc.
However, superconductors with high Tc exhibit a smoother transition than that represented
by the CSM.

Based on experimental results [21], the E-J characteristic of type-II superconductors around
a critical current density jc can be fitted in a power-law, which is often expressed as

e = ec
jc

∣∣∣∣∣ jjc
∣∣∣∣∣
ns−1

j, (2.17)

where ec is the electric field criterion used to define jc (generally, ec = 1µV/m), and the
power index ns determines the steepness of the E-J curve. The electrical resistivity is then
modeled by

ρ(j) = ec
jc

(
|j|
jc

)ns−1

. (2.18)

Note that the power law (2.18) is a very general form and, depending on the value
of ns, it can express the resistivity of ohmic conductors (ns = 1), the resistivity of high-
temperature superconductors (30 < ns < 50), and the resistivity of low-temperature
superconductors (ns →∞, equivalent to the CSM).

In all the simulations with superconductors in this thesis, we assumed that jc was constant
and independent of the field and temperature. This means that only the superconducting
state was considered in our simulations, and not its transition to the normal state. Moreover,
we considered jc = 5× 108 A/m2, and the exponent ns was fixed between 21 and 101 for the

1Superconductors of type-I exhibit perfect diamagnetism and zero resistivity. Type-II superconductors
may exhibit zero resistivity but the magnetic flux is partially allowed to penetrate inside them (partial
diamagnetism). The effect of expelling out the magnetic flux associated to superconductors with perfect
diamagnetism is called the Meissner effect since it was first observed by Meissner in 1933 [44].
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examples presented in Chapters 6 and 7.

2.2.4 Definition of the computational domain

We seek to solve (2.5)-(2.7) with constitutive relations (2.12) and (2.13) in an open set of the
Euclidean space R3 denoted by Ω (domain) with a piecewise smooth boundary ∂Ω denoted
by Γ. The domain Ω may contain c holes (or cavities), which means that the boundary Γ
will consist of c+ 1 closed connected surfaces Γi, i = 0 . . . , c. If the domain contains at least
one cavity, it is called non-simply connected (or multiply connected). Otherwise, it is denoted
as a simply connected domain. Moreover, it may contain ` loops if there exists ` cutting
surfaces Ci, i = 1, . . . , `, that makes Ω\ (⋃i=1Ci) simply connected. This general description
of Ω can be extended to each of its individual connected subdomains [46].

In order to illustrate this, Fig. 2.1 shows a typical representation of a 2-D computational
domain. The conducting and non-conducting subdomains of Ω are denoted by Ωc and ΩC

c ,
respectively (i.e. Ω = Ωc ∪ΩC

c ). A cavity with boundary Γ1 and a cutting surface C1 are also
depicted. The domain boundary is Γ = Γ0 ∪ Γ1, and the outward normal unit vector on Γ is
denoted by n. Moreover, the interface Γs divides Ω into Ω+ and Ω−, which can include both
conducting and nonconducting subdomains. It is important to note that the outward normal
unit vectors on the boundaries of Ω+ and Ω− are pointing outside each subdomain. At the
interface Γs, we therefore have n+ = −n−. Also note that, in our current description, the
domain does not include any subdomain with high aspect ratio (thin region). The problem
of modeling thin regions will be considered in Chapter 3.

Ωc

ΩC
c

n

Γ0

n+

n−

Γs
Ω+ Ω−

Γ1

C1

Figure 2.1 Computational domain Ω = Ωc ∪ ΩC
c , its boundary Γ = ∂Ω and the interface Γs

between two subdomains of Ω, i.e. Ω+ and Ω−.
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2.2.5 Boundary conditions

In order to ensure the uniqueness of the solutions to Maxwell’s equations, the EM problems
are treated as boundary values problems (BVPs). Besides the equations (2.5)-(2.13), it is also
necessary to specify boundary conditions (BCs). We can define BCs for magnetic and electric
quantities on Γ. These conditions are chosen to represent particular physical behavior, to
enforce symmetries in the fields, or to confine the fields within the domain [40]. Thus, for
the magnetic field on boundaries portions Γh ⊂ Γ, for the electric field on Γe ⊂ Γ, and the
magnetic flux density on Γb ⊂ Γ, the homogeneous BCs are obtained from (2.5)-(2.7), i.e.

n× h = 0, on Γh, (2.19)

n× e = 0, on Γe, (2.20)

n · b = 0, on Γb. (2.21)

Moreover, (2.19)-(2.20) may have a nonzero value on the right side called non-
homogeneous BCs, mainly depending on the initial conditions and/or external field excitation.

2.2.6 Interface conditions

Considering the interface between two subdomains of Ω (e.g. Ω− and Ω+ in Fig. 2.1), the field
components may be discontinuous and consequently not differentiable [40]. In these cases,
the integration of Maxwell’s equations using the divergence theorem includes integral terms
on the interface (Γs) between these two subdomains, i.e. Γs = ∂Ω− ∩ ∂Ω+. The continuity
of the fields is ensured by three interface conditions (ICs) in a magnetodynamic problem,
which can be expressed as

n×
(
h+ − h−

)
= 0, on Γs, (2.22)

n×
(
e+ − e−

)
= 0, on Γs, (2.23)

n ·
(
b+ − b−

)
= 0, on Γs. (2.24)

Equations (2.22) and (2.23) ensure the continuity of the tangential components of the
magnetic and electric fields, respectively, while (2.24) ensures the continuity of the normal
component of the magnetic flux density on Γs. As for the BCs, the ICs (2.22)-(2.24) may
have a nonzero value on the right side, mainly depending on the physical behavior of the
fields and their respective discontinuities at the interface Γs. We will see later in this thesis
that properly defining ICs is essential to model the EM phenomena of thin regions when they
are approximated by an interface in the computational domain.
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2.3 Function spaces of field quantities

In computational electromagnetism, Maxwell’s equations are numerically solved in a
subdomain Ω of the three-dimensional Euclidean space R3. Therefore, for a magnetodynamic
problem, scalar and vector fields are defined at any point x = (x, y, z) ∈ Ω ⊂ R3 and at any
instant of time t ∈ R [46]. The components of the solution for (2.5)-(2.7) live in the spaces
of square integrable scalar and vector fields defined as

L2(Ω) =
{
u : Ω→ R

∣∣∣∣ ∫
Ω
u2 dΩ <∞

}
, (2.25)

L2(Ω) =
{
u : Ω→ R3

∣∣∣∣ ∫
Ω
‖u‖2 dΩ <∞

}
, (2.26)

respectively, where u and u are any scalar and vector fields, ‖u‖ is the Euclidean norm of u,
and dΩ a volume element. The components of the vector field u are denoted (ux, uy, uz),
with ux, uy, uz of type Ω → R. Note that, for convenience, the space and time dependence
of u and u are omitted.

The spaces L2 and L2 are Hilbert spaces and can accommodate the field quantities
characterized by a finite energy [47]. However, Maxwell’s equations involve linear differential
operators, and functions spaces of partial derivatives must be introduced. Subspaces of L2

and L2 for which the first-order partial derivatives are square-integrable are called Sobolev
spaces and are defined as

H1(Ω) =
{
u ∈ L2(Ω) : ∂xu, ∂yu, ∂zu ∈ L2(Ω)

}
, (2.27)

H1(Ω) =
{
u ∈ L2(Ω) : ∂xu, ∂yu, ∂zu ∈ L2(Ω)

}
, (2.28)

respectively for scalar and vector fields, where ∂x, ∂y and ∂z represent the partial derivatives
with respect to x, y and z, respectively, and must be interpreted as weak derivatives (i.e. in
the sense of distributions) [48].

Defining the gradient of a scalar field as

gradu = ∇u = (∂xu, ∂yu, ∂zu), (2.29)

we can define the following Hilbert subspace

H(grad; Ω) =
{
u ∈ L2(Ω) : ∇u ∈ L2(Ω)

}
, (2.30)

which implies that H(grad; Ω) = H1(Ω). Moreover, with the curl and div operators of a
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vector field defined respectively as

curlu = ∇× u = (∂yuz − ∂zuy, ∂zux − ∂xuz, ∂xuy − ∂yux), (2.31)

divu = ∇ · u = ∂xux + ∂yuy + ∂zuz, (2.32)

we can define the following Hilbert subspaces corresponding to the curl and div operators as

H(curl; Ω) =
{
u ∈ L2(Ω) : ∇× u ∈ L2(Ω)

}
, (2.33)

H(div; Ω) =
{
u ∈ L2(Ω) : ∇ · u ∈ L2(Ω)

}
, (2.34)

which are also subspaces of L2(Ω) and L2(Ω).

In addition to using differential operators in the definition of the spaces, the fields may still
be restricted to subspaces where appropriate BCs to the underlying problem are required.
Considering the domain boundary comprising two complementary surfaces Γh and Γe of Γ
such that

Γ = Γh ∪ Γe and Γh ∩ Γe = ∅, (2.35)

where the scalar fields uh and ue, or the traces (or tangential components) of vector fields
n × uh and n × ue, are imposed, respectively, the function spaces with homogeneous BCs
corresponding to the gradh, curlh and divh operators are

H1
h,0(Ω) =

{
u ∈ L2(Ω) : ∇u ∈ L2(Ω), u|Γh

= 0
}
, (2.36)

Hh,0(curl; Ω) =
{
u ∈ L2(Ω) : ∇× u ∈ L2(Ω),n× u|Γh

= 0
}
, (2.37)

Hh,0(div; Ω) =
{
u ∈ L2(Ω) : ∇ · u ∈ L2(Ω),n · u|Γh

= 0
}
. (2.38)

The function spaces with homogeneous BCs corresponding to the grade, curle and dive
operators are defined similarly by substituting the subscript h by e in (2.36)-(2.38),
respectively.

Generalizing the above definition for subspaces where non-homogeneous BCs may be required
on Γh and Γe, denoted simply as H1

h(Ω),Hh(curl; Ω),Hh(div; Ω) and L2
h(Ω) for the magnetic

field, and H1
e (Ω), He(curl; Ω), He(div; Ω) and L2

e(Ω) for the electric field, respectively,
the general continuous structure for Maxwell’s equations is given by the following Tonti
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diagram [40]:

H1
h(Ω) ∇−→Hh(curl; Ω) ∇×−→Hh(div; Ω) ∇·−→ L2

h(Ω)

l l l l

L2
e(Ω) ∇·←−He(div; Ω) ∇×←−He(curl; Ω) ∇←− H1

e (Ω)

(2.39)

where the horizontal arrows represent the fundamental laws and vertical arrows represent
constitutive relations which connect the vector fields placed in these spaces.

Finally, the fields quantities in the magnetodynamic form of Maxwell’s equations can be
placed in their affine spaces, i.e.

h ∈Hh(curl; Ω), (2.40)

j ∈Hh(div; Ω), (2.41)

e ∈He(curl; Ω), (2.42)

b ∈He(div; Ω). (2.43)

2.4 Magnetic field weak formulation

The set of differential equations (2.5)-(2.7) along with the boundary conditions is called the
strong form of the EM problem. The development of a finite element formulation requires
that strong form be replaced by a more general weak or variational form. If the strong
form of Maxwell’s equations is satisfied, then so will the weak form, but the opposite is not
necessarily true. The weak solution will also be a strong solution only if it is sufficiently
smooth, i.e. continuous with all involved derivatives continuous in every point of the calculus
domain up to its boundaries.

To develop the weak form of the magnetodynamic problem, we recall Green’s identities. Let
u ∈ H1(Ω) and u,v ∈ H1(Ω) be any scalar and vector fields in Ω, the Green First Identity
is obtained by integrating the vector calculus identity

v · ∇u+ u∇ · v = ∇ · (uv), (2.44)

in Ω and applying the divergence theorem, i.e.

(v,∇u)Ω + (∇ · v, u)Ω = 〈u,n · v〉Γ (2.45)

where (·, ·)Ω and 〈·, ·〉Γ denote respectively the volume integral over Ω and the surface integral
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over Γ of the scalar product of their two arguments.

Green’s Second Identity is obtained by integrating the vector calculus identity

u · (∇× v)− (∇× u) · v = ∇ · (v × u), (2.46)

in Ω and applying Stokes’ theorem, i.e.

(u,∇× v)Ω − (∇× u,v)Ω = 〈u× n,v〉Γ (2.47)

The key take-away from these identities is that they continue to hold even for weakly
differentiable functions and that the boundary terms 〈u,n · v〉Γ in (2.45) and 〈u × n,v〉Γ
in (2.47) are well-defined in a weak sense (under integration) [48].

The strong form of the magnetodynamic problem defined in terms of the magnetic field
(H-formulation), is obtained by applying (2.5) in (2.6) and using (2.12) and (2.13), i.e.

∇× (ρ∇× h) + ∂tµh = 0 (2.48)

together with the BCs. Then, by multiplying (2.48) by a test function g, integrating over Ω,
and using (2.47), the weak form of this formulation reads:

Find h ∈Hh(curl; Ω) such that
(
ρ∇× h,∇× g

)
Ω

+ ∂t

(
µh, g

)
Ω

+
〈
n× e, g

〉
Γe

= 0 (2.49)

∀ g ∈ Hh,0(curl; Ω).

The domain Ω includes the conducting and non-conducting subdomains and boundary
regions, as presented in the problem definition (Section 2.2). The last term of (2.49) arises
from the application of Green’s identity (2.47) and can be used to impose a non-homogeneous
BC in the weak sense. It depends essentially on the trace of the electric field on Γe, i.e. it is a
Neumann BC in the H-formulation. If the BCs are completely Dirichlet or homogeneous, this
term vanishes [40]. Note also that h ∈ Hh(curl; Ω) already includes the non-homogeneous
Dirichlet BCs on Γh.

2.5 Scalar and vector potentials

The definition of scalar and vector potentials allows us to satisfy the equations associated
with the nullspace of an operator in the strong sense. For example, defining the electric
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or the magnetic field as the gradient of a scalar potential gives the nullspace for the curl
operator, and describing them as a vector potential gives the nullspace for the div operator.
Or equivalently, when a scalar potential defines the magnetic field, the curl-free (or current-
free) condition (2.5) is automatically satisfied in ΩC

c , and when the magnetic flux density is
defined as the curl of another vector field, the divergence-free condition (2.7) is automatically
satisfied in Ω. In this section, we will show that not every curl or divergence-free field is given
by a potential, but thanks to more sophisticated mathematics theory, we will show that this
is correct up to a connection that depends on the underlying topology of the domain.

2.5.1 Magnetic scalar potential

Given that the current density j vanishes in the non-conducting subdomain ΩC
c , we can define

the magnetic scalar potential (φ) as
h = −∇φ, (2.50)

at least locally within ΩC
c . For smooth fields h in a convex or star-shaped domain this

definition is easy verified. It implies that the integration of h over any loop in ΩC
c is equal to

zero, since ∇ × (−∇φ) = 0 ∀φ, satisfying Ampère’s law (2.5) locally in ΩC
c . The magnetic

scalar potential can be thus placed in its own affine space

φ ∈ H1
h(Ω), (2.51)

where non-homogeneous BCs are included in the definition of the function space.

2.5.2 Magnetic vector potential

From (2.7), we can further define the magnetic flux density b as the curl of the magnetic
vector potential a, i.e.

b = ∇× a. (2.52)

The natural affine function space for a is

a ∈He(curl; Ω). (2.53)

This definition allows us to obey the divergence-free condition of the magnetic flux density
in the strong sense, i.e. directly through the PDEs and BCs governing the problem. Note
that, from definition (2.52) and Faraday’s law (2.6), a is the primitive in time of the electric
field, i.e. e = −∂ta.
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2.5.3 Electric scalar potential

The introduction of the magnetic vector potential (2.52) implies ∇ × (e + ∂ta) = 0, which
gives rise to the definition of the electric scalar potential v as

e+ ∂ta = −∇v. (2.54)

This potential can be placed in its own natural affine function space

v ∈ H1
e (Ω), (2.55)

which accounts for non-homogeneous BCs.

2.5.4 Obstruction to the existence of potentials

The spaces H1(Ω), H(curl; Ω), H(div; Ω) and L2(Ω) form the following de Rham complex

0 i−→ H1(Ω) ∇−→H(curl; Ω) ∇×−→H(div; Ω) ∇·−→ L2(Ω) j−→ 0. (2.56)

This is called a complex if any two successive compositions vanish, or equivalently if

R(grad) ⊂ NS(curl) ⊂H(curl,Ω),

R(curl) ⊂ NS(div) ⊂H(div,Ω),
(2.57)

where NS and R are respectively the nullspace and the range of the operators.

The question of finding φ such that h = −∇φ in (2.50) is expressed in the de Rham complex
as: given h ∈ NS(curl) ⊂ H(curl,Ω), is h ∈ R(div)? Similarly, the question of finding
a such that b = ∇ × a is expressed in the de Rham complex as: given b ∈ NS(div), is
b ∈ R(curl)? Unfortunately, if h ∈ R(grad) then its integral over a loop around a cavity,
such as a wire, will vanish while we expect it to provide the current through this loop. In fact,
this calculation shows that while the magnetic field h will determine the current, h−∇φ for
any φ ∈ H1(Ω) will predict the same current. This leads us to conclude that the magnetic
field is defined up to the addition of −∇φ, what is usually referred to as a gauge, and the
current determined by the loops around the conductors in Ω will select h. Mathematically,
the magnetic field will correspond to a class in the quotient space

H1
dR(ΩC

c ) := NS(curl)/R(grad), (2.58)

where the class is defined up to the addition of an arbitrary gradient −∇φ. This is called
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the first de Rham cohomology space. There also exists a second cohomology space

H2
dR(ΩC

c ) := NS(div)/R(curl), (2.59)

but we will not be using it in this work. In general, for any complex, we can define a
cohomology and we will later introduce homology and cohomology in a purely geometrical
setting that will also provide a method to compute the appropriate element h in H1

dR(ΩC
c ).

For the moment, we want to further explore the connection between a vector field −∇φ and
its values along cuts. If we define a vector field as u = ∇u in Ω multiply connected, where
u is a scalar field, from (2.58), we have

∇×∇u = 0 and ∇ · ∇u = 0. (2.60)

The condition n · u|Γ = 0 in (2.58) becomes ∂nu|Γ = 0, where ∂n is the derivative with
respect to the normal, i.e. u is constant along that connected component of the boundary.
Given that u is continuous in Ω, i.e. u|C+

i
= u|C−

i
, for i = 1, . . . , `, we have

u|C+
i
− u|C−

i
= ci, i = 1, . . . , `, (2.61)

where ci are constants associated to each cut Ci in Ω, and C±i correspond to the sides of Ci [46].
Consequently, there exists a basis of the space H1

dR(Ω) identified as functions defined in Ω
with a unit discontinuity across each cut Ci that makes Ω simply connected [49,50]. Moreover,
the definition of the vector field u through the gradient of the scalar field u cannot represent
the circulation of u over loops in Ω if it is multiply connected since u|C+

i
= u|C−

i
. We will see

later that the edge-based cohomology basis representatives (or thick cuts [51]) of discretized
domains form a suitable basis for the subspace H1

dR(Ω).

Moreover, thanks to the introduced BCs, for u ∈ H1
h,0(Ω) and u ∈ Hh,0(curl; Ω), we have

that

u|Γh
= 0⇒ n×∇u|Γh

= 0, (2.62)

∇× u|Γh
= 0⇒ n · ∇ × u|Γh

= 0, (2.63)

meaning that by imposing homogeneous BCs for a scalar field automatically satisfies the
homogeneous BCs for a vector field, if it is defined as the gradient of the scalar field. In
addition, the homogeneous BCs for a divergence-free field can be equivalently satisfied if this
field is written as the curl of another vector field for which homogeneous BCs are imposed.
However, these conditions are not satisfied in H1

dR(Ω), as exemplified above.
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2.6 Magnetic vector potential weak formulation

The continuous structure of the Maxwell equations represented by the Tonti diagram (2.39)
involves two de Rham complexes expressing the function spaces of magnetic and electric
variables. They are often classified as primal and dual, respectively [46]. This classification
gives rise to an equivalent classification of the EM problems defined in terms of the magnetic
or electric field quantities also as primal and dual, respectively.

The strong form of the magnetodynamic problem defined in terms of the magnetic vector
potential (A-formulation) is obtained by applying (2.6) in (2.5) and using (2.12) and (2.13),
and the definition (2.52), i.e.

∇× (ν∇× a) + σ∂ta = 0, (2.64)

together with suitable BCs.

By multiplying (2.64) by a test function g, integrating over Ω, and using (2.47), the weak
form of this formulation reads:

Find a ∈He(curl; Ω) such that
(
ν∇× a,∇× g

)
Ω

+
(
σ∂ta, g

)
Ω

+
〈
n× h, g

〉
Γh

= 0, (2.65)

∀ g ∈ He,0(curl; Ω).

The last term in (2.65) can be used to impose a non-homogeneous BC on Γh. This is a
Neumann BC for the A-formulation since it depends essentially on the trace of the magnetic
field. If the BCs are completely Dirichlet or homogeneous, this term vanishes [40]. Note that
a ∈He(curl; Ω) already includes non-homogeneous Dirichlet BCs on Γe.

The vector potential a is not unique in the A-formulation. If a is the solution to (2.65), any
vector field a +∇u, where u is any scalar field, is also a solution to (2.65). Uniqueness can
be resolved, for example, by using the Coulomb gauge (∇ · a = 0).

Generally, the expression for the electric field also involves the electric scalar potential as
defined in (2.54). The strong form of the so-called A-V -formation reads

∇× (ν∇× a) + σ∂ta+ σ∇v = 0, (2.66)

and its weak form reads:
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Find a ∈He(curl; Ω) and v ∈ H1
e (Ω) such that

(
ν∇× a,∇× g

)
Ω

+
(
σ∂ta, g

)
Ωc

+
(
σ∇v, g

)
Ωc

+
〈
n× h, g

〉
Γh

= 0, (2.67)

∀ g ∈ He,0(curl; Ω), and (
σ∂ta,∇g

)
Ωc

+
(
σ∇v,∇g

)
Ωc

= 0, (2.68)

∀ g ∈ H1
e0(Ω). In the A-V -formulation the potential a is unique in Ωc, but not in ΩC

c where
e is not evaluated. As for the pure A-formulation, the A-V -formulation also requires a
gauge [52]. In 2-D cases, however, a is perpendicular to the plane and the Coulomb gauge is
implicit.

2.7 Integral and differential forms

To develop the discrete spaces equivalent to the functions spaces for scalar and vector fields,
we introduce here the concept of integral and differential forms. The more natural form of
Ampère’s and Faraday’s laws for magnetodynamic problems is their integral forms that can
be written respectively as

∫
∂Σ
h · d` =

∫
Σ
j · n dS, (2.69)∫

∂Σ
e · d` = −

∫
Σ
∂tb · n dS. (2.70)

where n is the outward normal of any surface Σ in Ω with oriented boundary ∂Σ, and d`
and dS are line and surface elements. Note that Stokes’ theorem can be used to deduce
the differential forms (2.5) and (2.6) from (2.69) and (2.70), respectively. These equations
connect the circulations of h and e along a closed curve (a loop or a cycle) to j and −∂tb
through any surface encompassed by this cycle. The flux of j through the surface is the
total current that passes through it, and the flux of b through Σ is called the magnetic flux.
The rate of change of the magnetic flux over time is the electromotive force or the voltage
between the terminals of Ωc. Moreover, the application of the divergence theorem to (2.7)
over Ω gives the associated integral form

∫
∂Ω
b · n dS = 0, (2.71)

which indicates that the magnetic flux through any closed surface ∂Ω, boundary of a
volumetric element, is null.
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Expressing Maxwell’s equations in their integral forms shows that the vector fields have two
different natures: one in which a field is defined with reference to a line, and the other one in
which it is defined with reference to a surface [37]. Writing it formally, if S1(Ω) is the set of
all smooth 1-D curves (with boundary) and S2(Ω) is the set of all smooth 2-D surfaces (with
boundary), then we have two parings

〈, 〉 : S1(Ω)×H(curl; Ω)→ R

(`,u) 7→
∫
`
u · d`,

(2.72)

〈, 〉 : S2(Ω)×H(div; Ω)→ R

(Σ,u) 7→
∫

Σ
u · ndS.

(2.73)

Above, each u ∈ H(curl; Ω) defines something integrable over a curve, that is what
mathematicians call a 1-differential form. Similarly, each u ∈ H(div; Ω) defines a
2-differential form, i.e. something integrable over a surface.

In this sense, we can identify from (2.69) and (2.70) h and e as integral 1-forms and b and j
as integral 2-forms. Similarly, from (2.5) and (2.6), the field equations can be interpreted
in terms of differential forms. The vector fields h and e are identified as forms of degree 1
(differential 1-forms) and b and j as forms of degree 2 (differential 2-forms). Note that we
maintained the boldface notation for the differential k-forms, but these quantities are not
vector fields. They are independent of coordinates, i.e. their components have 3 parameters
but they do not transform under change of coordinates as vectors [53]. We will see in
Section 2.8.8 that we can define maps (called Whitney maps) from k-forms to vector fields
in Ω ∈ R3.

The definition of integral and differential forms motivates the introduction of the exterior
derivative, which is a linear operator denoted by d that maps a differential k-form to a
differential (k + 1)-form that satisfies Stokes’ theorem

∫
Σ

du =
∫
∂Σ
u, (2.74)

where Σ is a (k + 1)-dimensional subdomain with boundary of Ω. In practice, Σ can be any
surface within Ω.

The orientation of the contour ∂Σ defines the sign of the value assigned for integrals on the
right side of (2.69) and (2.70). That is, depending on the orientation of the loop over which
the magnetic (or the electric) field is integrated, the total current (or magnetic flux) that
passes through the surface Σ changes its sign. We say that a form u is closed if du = 0
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but it is possible to show that d(du) = 0 for all u, hence du is always closed, which is
dual to the usual geometrical identity ∂(∂Σ) = ∅. This fundamental relation of exterior
derivatives is also a rewriting of the standard vector calculus identities ∇ × (∇u) = 0 ∀u
and ∇ · (∇× u) = 0 ∀u.

Assuming the presented differential forms, the introduction of the exterior derivative d allows
us to rewrite Ampere’s and Faraday’s laws respectively as

dh = j, de = −∂tb, (2.75)

which are denoted as topological laws [37] since they only rely on the topological concepts of
orientation and boundaries of manifolds2. Moreover, the grad, curl and div operators are
particular realizations of d (depending on the index k of the k-form). Since d ◦ d = 0, the
conservation law

db = 0, (2.76)

is satisfied locally.

The magnetic and electric scalar potentials, φ and v, respectively, can be trivially identified
as 0-forms. The circulation of the magnetic vector potential a is a 1-form since it is the
primitive in time of the electric field. The relationships between the field quantities and the
potentials are rewritten using the exterior derivative definition as

h = dφ, b = da, e = −∂ta− dv. (2.77)

From the point of view of the de Rham complex, and considering the presented topological
aspects, we can intuitively compare the topological laws (2.75) and differential form of
Maxwell’s equations (2.5)-(2.6). Maxwell’s house, illustrated in Fig. 2.2, summarizes the
relationships between the different variables in a manner that emphasizes the duality (h or
b, e or j), the role of the constitutive relations (σ, ε and ρ) and how these are expressed in
the hierarchy of k-forms and differential operators. The elegance of these representations is
further deepened when the Hodge star (?), an invariant operator of differential geometry, is
used to express the constitutive relations, but we refer to [55] for those details.

We will see next that the discrete form of the fundamental laws in electromagnetism has a
direct link with differential geometry and cohomology theory in algebraic topology. The ideas
of such a mathematical discipline, briefly described in Section 2.8, will help us find the basis

2A manifold is a topological space which locally resembles the real k-dimensional Euclidean space. For a
precise definition see [54].
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Figure 2.2 Maxwell’s house for vector fields, their function spaces, and related differential
space of k-forms (adapted from [53]).

representatives for the subspaceH1
dR, introduced in Section 2.3. These representatives are not

restricted to the simulations of thin regions as aimed in this thesis. Still, the introduction
of such concepts will be necessary to thoroughly understand the novel models proposed,
especially in Chapters 6 and 7.

2.8 Discrete differential forms

The development of discrete equivalents of geometric notions and methods on classical
differential geometry is the aim of the discrete differential geometry (DDG) discipline [56].
Indeed, the tools and ideas of disciplines such as algebraic topology [57] can be relevant to the
numerical solution of Maxwell’s equations when using the finite element method, for which
the computational domain is normally discretized into a mesh. It will be seen here that an
analogue to the de Rham complex exists at the discrete level and that the cohomology groups
of Section 2.5.4 are equivalent to cohomology groups appearing in discrete representatives
of the geometry. In fact, the numerical discretization of the funtion spaces in the de Rham
complex, namely Nédélec elements, include the Whitney forms of the discretized cohomology.
The key is to appreciate the structural coherence between the continous de Rham complex
and the discrete simplicial complex and this compatibility, as expressed in [37,49,55], which
is the reason why the differential definitions of cohomology are equivalent.

This section recalls some fundamental concepts of discrete cohomology theory on simplicial
complexes. Our objective here is to find continuous discrete representatives for the spaces
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where the scalar and vector fields involved in Maxwell’s equations live. For convenience, all
the definitions are presented for simplicial meshes, which are defined next.

2.8.1 Simplicial meshes

The simplest geometrical figure determined by k + 1 points in the Euclidean space Rk is
called a k-simplex. Thus, a triangular mesh in 2-D is only composed of geometrical simplices
satisfying specific connectivity conditions. Each triangle in such a mesh corresponds to a
2-simplex, each edge to a 1-simplex, and each node to a 0-simplex. Tetrahedral elements in
3-D meshes are 3-simplices. Examples of some simplices are given in Fig. 2.3.

If the intersection of two k-simplicies is empty, or if it is a i-simplex, for i < k, they are said
to be properly situated. If all the pairs of k-simplices in a mesh are properly situated, then
the mesh is said to be conformal [51]. Examples of two properly and non-properly situated
simplices are depicted in Fig. 2.4a and 2.4b, respectively.

A triangulation or simplicial mesh of Ω, denoted by Ω̂, can be thus identified as a collection
of simplices. Moreover, the set of all k-simplices, 0 ≤ k ≤ 3, properly situated is called
simplicial complex [58].

2.8.2 Abstract simplicial complex

The concept of an abstract simplicial complex is useful to separate the topological information
from the geometrical shape [58]. Only incidence information (connectivity) is considered [51].
The abstract simplicial complex is a finite set of vertices with certain subsets. The maximum
dimension of this complex is the maximum dimension of its simplices. For example, the
abstract simplicial complex K representing the 2-simplex shown in Fig. 2.5 is

K = {{σ0
1}, {σ0

2}, {σ0
3}, {σ0

1, σ
0
2}, {σ0

1, σ
0
3}, {σ0

2, σ
0
3}, {σ0

1, σ
0
2, σ

0
3}}, (2.78)

where its elements are called k-facets. This representation includes all nodes, edges and faces
in the 2-D mesh, which is given by the single triangle in this example. The 2-facet {σ0

1, σ
0
2, σ

0
3}

(a) 0-simplex (b) 1-simplex (c) 2-simplex (d) 3-simplex

Figure 2.3 Some k-simplices for 0 ≤ k ≤ 3 (adapted from [58]).
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(a) Properly situated 2-simplices (b) non-properly situated 2-simplices

Figure 2.4 Properly situated and non-properly situated simplices.

σ0
1(x1,y1)

σ0
2 (x2,y2)

σ0
3 (x3,y3)

Figure 2.5 2-simplex example.

correspond to the topological information related to the face of the triangle (a 2-simplex)
formed by the vertices σ0

1, σ
0
2 and σ0

3. For 3-D simplicial meshes, the region determined by
each tetrahedral element given by its four vertices is also added to K.

In order to have an equivalence between the incidence information and the geometry, we can
assign to the abstract complex a geometrical realization denoted by Ωk [58]. For example, in
Fig. 2.5, assigning σ0

1, σ
0
2, σ

0
3 to different points in the space (x1, y1), (x2, y2) and (x3, y3) in R2,

one achieves different geometrical realizations of K (triangles of any shape, for example).
Therefore, the mesh of a discretized domain (Ω̂) defines a simpicial complex, but this mesh
is only one of the multiple realizations of this complex. That is, the geometry in Fig. 2.5 is
one geometrical realizations of K. All these realizations of K are said to be homeomorphic,
which intuitively means they are topological identical [57].

Finite element meshes enlarged by an orientation qualify as a valid complex. The orientation
of each simplex in these meshes can be defined simply by selecting some particular ordering
of its vertices. Therefore, any simplex has only two possible orientations. If those orderings
differ by an odd permutation they are designated as reversed. For example, in Fig. 2.5, if for
the 2-simplex is given the orientation {σ0

1, σ
0
2, σ

0
3}, the orientation of its 1-facets (equivalent

to its boundaries) is σ1
1 = {σ0

1, σ
0
2}, σ1

2 = {σ0
2, σ

0
3} and σ1

3 = {σ0
3, σ

0
1}.
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2.8.3 Chains and cochains

A k-chain (ck) is a formal combination of k-simplices oriented with integer coefficients [51].
The group of all k-chains in a given complex K is denoted by Ck. In Fig. 2.6, the example
of a 1-chain iso-oriented by a path from σ0

4 to σ0
1 (in blue) is c1 = −σ1

1 − σ1
4 − σ1

5 + σ1
8 + σ1

9.
This 1-chain can be represented by the vector (−1, 0, 0,−1,−1, 0, 0, 1, 1, 0)T associated to the
coefficients assigned to the ordered list of 1-simplices in the complex and according to the
path orientation.

The group of the elementary k-cochains (denoted by Ck with each k-cochain denoted by ck)
is equal to the group of all linear maps going from Ck to integers. More generally, we can
define Ck(R) as real multiples of k-simplices, and Ck(R) as linear maps from Ck(R) to R [55].
The value assigned by a k-cochain to a collection of k-chains is the sum of the values assigned
to the individual k-chains, i.e., there exists a natural pairing

〈, 〉C : Ck(Z)× Ck(Z)→ Z(∑
aici,

∑
bjcj

)
7→
∑
i,j

aib
jcj(ci) (2.79)

obtained simply evaluating a k-cochain cj on a k-chain cj, where ai and bj are the chains
and cochains coefficients, respectively, and cj(ci) = δij. Clearly, it suffices to define each map
in Ck by defining its effect in each individual k-chain. This is therefore a discrete version of
integrating a k-form over a k-dimensional submanifold (see Section 2.7 for the definition of
k-forms). For illustration, the value assigned by a 1-cochain to c1 in our example is the sum of
the values assigned to each 1-simplex in this 1-chain weighed by their respective orientations
(i.e. a line integral of a differential 1-form over the path defined by c1).

2.8.4 Boundary and coboundary operators

For any oriented k-simplex σk, its boundary is defined as a (k − 1)-chain of K over Z.
Therefore, for k ≥ 1 we can define the boundary operator ∂k : Ck(K) → Ck−1(K). If k = 0,
we define ∂0(σ0) = 0. The boundary operator is formally a homomorphism [57]. In other
words, the boundary of each 3-simplex is a union of closed 2-simplices, the boundary of each
2-simplex the union of closed 1-simplices, and the boundary of a 1-simplex consists of two
vertices. Consequently, each k-simplex is contained in the boundary of a (k + 1)-simplex,
for 0 ≤ k ≤ 2.

Given that ∂k is a linear map and Ck is a sum of k-simplices oppositely oriented, the
fundamental condition ∂k−1(∂k(Ck)) = 0 can be easily verified. Let us consider again the
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8
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2
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Figure 2.6 Simplices and a 1-chain example depicted in blue (adapted from [51]).

oriented abstract simplicial complex K corresponding to the simplices in Fig. 2.6. The
boundary of the 2-chain c2 = σ2

4 + σ2
5 (depicted in Fig. 2.7a) is

∂2c2 = ∂2σ
2
4 + ∂2σ

2
5 = ∂2{σ0

4, σ
0
5, σ

0
6}+ ∂2{σ0

5, σ
0
1, σ

0
6}

= {σ0
4, σ

0
5}+ {σ0

5, σ
0
6} − {σ0

4, σ
0
6} − {σ0

1, σ
0
5}+ {σ0

1, σ
0
6} − {σ0

5, σ
0
6}

= {σ0
4, σ

0
5} − {σ0

1, σ
0
5}+ {σ0

1, σ
0
6} − {σ0

4, σ
0
6} = σ1

8 − σ1
10 + σ1

2 − σ1
7.

That can be represented by the 1-chain c1 = ∂2c2 or in the basis of our chains
(0, 1, 0, 0, 0, 0,−1, 1, 0,−1)T depicted in Fig 2.7b. Applying again the boundary operator
to c1, we have

∂1c1 = ∂1σ
1
8 − ∂1σ

1
10 + ∂1σ

1
2 − ∂1σ

1
7

= σ0
5 − σ0

4 − σ0
5 + σ0

1 + σ0
6 − σ0

1 − σ0
6 + σ0

4 = 0,

thereby illustrating ∂k−1(∂k(Ck)) = 0.

If the boundary of a k-chain is zero, this chain is also called a cycle [58]. The set of all
k-cycles of K is denoted by Zk, which is a subgroup of Ck because it can be written as the
kernel of ∂k (i.e. Zk = ker(∂k)). In addiction, since ∂k−1(∂k(Ck)) = 0, we conclude that every
boundary is a cycle homologous to zero, but not every cycle is a boundary in the case of
multiple connected discretized domains. The subgroup of boundaries of Zk is denoted by Bk,
which can be written as the image of ∂k+1 (i.e. Bk = im(∂k+1)).

Given that the boundary operator is a linear map, it can be expressed as an incidence
matrix Mk. Each column of Mk represents a (k − 1)-chain that is the boundary of the
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Figure 2.7 (a) 2-chain example taken from K depicted in Fig. 2.6 and its boundary (a 1-chain
that is also denoted as a 1-cycle).

k-chain in K represented by the rows of this matrix. For example, for the complete simplicial
complex with geometrical realization represented in Fig. 2.6, we have

M1 =



−1 −1 0 0 0 0 0 0 0 −1
1 0 −1 −1 0 0 0 0 0 0
0 0 0 1 −1 −1 0 0 0 0
0 0 0 0 0 1 −1 −1 0 0
0 0 0 0 0 0 0 1 −1 1
0 1 1 0 1 0 1 0 1 0


,

and

M2 =



1 0 0 0 0
−1 0 0 0 1
1 −1 0 0 0
0 1 0 0 0
0 1 −1 0 0
0 0 1 0 0
0 0 1 −1 0
0 0 0 1 0
0 0 0 1 −1
0 0 0 0 −1



.

Note that M1M2 = [0]. Moreover, the vector representing the boundary of the 2-chain
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c2 = σ2
4 + σ2

5 in Fig. 2.7a in the basis of our 1-chains (c1) can be obtained directly by adding
the forth and fifth columns ofM2, for example.

We can now define a coboundary operator as ∂k−1 : Ck−1(K) → Ck(K) by the duality
principle, i.e. ∀ ck ∈ Ck(K), ∀ ck ∈ Ck(K), (∂k−1ck−1)(ck) = ck−1(∂kck). Therefore, sinceMk

is a matrix of boundary operator ∂k, the incidence matrix of coboundary operators ∂k−1 is
MT

k . Also,

∂k−1 ◦ ∂k = 0→ (Mk−1Mk) = 0→ (Mk−1Mk)T =MT
kMT

k−1 = 0.

It is easy to identify that the boundary and coboundary operators are closely related to the
exterior derivatives introduced in Section 2.7. The exterior derivative of a k-cochain assigns
to each (k+1)-facet in K the sum of integers values associated to the k-cycle corresponding to
the boundary of this facet weighted with respective orientation [37]. Therefore, the incidence
information contained in the matricesMT

k is useful to define the differential operators purely
from the topology of the problem. For example, the topological (here discrete) gradient, curl
and divergence are given by matricesMT

1 ,MT
2 andMT

3 , respectively, and can be represented
as in Fig. 2.8.

Recalling the definition of the integral forms in Section 2.7, the discrete integral of a k-form
is determined by fixing the number it assigns to every k-cycle in Ωk. For example, the total
current that passes through a 2-facet is the value assigned to the integration of the magnetic
field over the 1-cycle equivalent to the boundary of this facet. This definition is equivalent
to the 1-cochains (in this case, also a 1-cocyle) given in Section 2.8.3.

−1

−1

−1

1

(a) Discrete gradient

1
1

−1

(b) Discrete curl

−1 11

1

(c) Discrete divergence

Figure 2.8 Representation of exterior derivatives on cochains (adapted from [37]).
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2.8.5 Chain and cochain classification

In general, we define a (co)chain complex as a sequence of abelian groups3 connected
by homomorphisms (the (co)boundary operators) for which the composition of any two
consecutive maps is zero (fundamental condition). In our case, the boundary operators
define the (co)chain complex to be studied.

The group Ck of all k-chain in a complex K form a chain complex with boundary operator ∂k.
This chain complex is represented in Fig. 2.9. Equivalently, the group Ck of all k-cochain in
a complex K form a cochain complex with coboundary operator ∂k. This cochain complex is
represented in Fig. 2.10.

From ∂k−1 ◦ ∂k = 0, it is possible to verify that the image of ∂k is a subgroup of the kernel of
∂k−1, or, the image of ∂k+1 is a subgroup of the kernel of ∂k. We can thus classify the chains
as:

• Bk(K) = im(∂k+1) is the k-boundary group of K. The elements of Bk(K) are called
boundaries.

• Zk(K) = ker(∂k) is the k-cycle group of K. The elements of Zk(K) are called cycles.

The same classification can be given for the cochains:

• Bk(K) = im(∂k−1) is the k-coboundary group of K. The elements of Bk(K) are called
coboundaries.

• Zk(K) = ker(∂k) is the k-cocycles group ofK. The elements of Zk(K) are called cocycles.

2.8.6 Homology and cohomology groups

The homology group Hk is the quotient group of the subgroup of cycles Zk and the subgroup
of boundaries Bk in Ck [59]. The subgroup Zk is exactly the kernel of ∂k and Bk is the image
of ∂k+1. The homology group is thus defined as

Hk(K) = Zk(K)/Bk(K) = ker(∂k)/im(∂k+1) for k ∈ N.

For a simply-connected domain, every cycle in Ωk is homologous to its boundary. Or
equivalently, every k-cycle in Ck is the boundary of a (k + 1)-chain in Ck+1, and Zk(K) =
Bk(K). However, when Ωk is multiply connected, its boundary consists of c+1 closed surfaces.

3An abelian group is a group in which the result of applying the boundary operator (in this case) does
not depend on the order in which they are written, i.e., the boundary operator is commutative.
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Bk(κ)
Zk(κ)

CkCk+1 Ck−1
∂k+1 ∂k

... ...

Figure 2.9 Chain complex.

0 0

Bk(κ)
Zk(κ)

CkCk+1 Ck−1∂k ∂k−1

... ...

Figure 2.10 Cochain complex.

There exists thus a homology basis comprising c cycles homologous to the boundary of each
cavity in Ωk. These cycles are dual to c cutting surfaces called cohomology representatives
that make the domain simply connected.

The cohomology group Hk has a definition dual to the homology group Hk. It represents the
quotient group of the subgroups of k-cocycles and k-coboundaries, i.e.

Hk(K) = Zk(K)/Bk(K) = ker(∂k)/im(∂k−1) for k ∈ N. (2.80)

Informally, the cohomology group assigns a value to the cycles in the homology group.
Therefore, it is possible to show that the pairing (2.79) also passes to the quotient

〈, 〉H : Hk(K)×Hk(K)→ Z

(c, `) =
([∑

aici
]
,
[∑

bjcj
])
7→
〈∑

aici,
∑

bjcj
〉
.

(2.81)

The cohomology basis representative of K is the discrete equivalent of the subspaceH1
dR(Ω),

i.e. with Ω discretized as Ω̂. A homology and cohomology solver for finite element meshes
was implemented in the open source code Gmsh [60] and is an integrated part of the meshing
process [55]. The algorithm uses only the connectivity information of the mesh to create the
abstract simplicial complex. The cells (k-facets, 0 ≤ k ≤ 3, for 3-D domains) in this complex
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are combined and reduced to scale down the problem size, which is then solved in the Smith
normal form.

Appendix A discusses how to select the cohomology basis representatives for imposing current
constraints in problems involving multiple conductors in 2-D and 3-D domains. We also
present results obtained with periodic boundary conditions after proposing changes in the
Gmsh algorithm to take into account the periodicity while computing the discrete cohomology
basis representatives. These modifications allowed us to reduce the computational domain
(and number of state variables) in cases of periodic geometries.

Among its benefits, the cohomology basis representatives has a small support on Ω̂ that
represents a significant reduction in the number of variables compared to a model based
purely on a vector field formulation [61]. Moreover, it allows obeying Ampère’s law in ΩC

c

when using φ as the state variable, for example, and directly coupling the finite element
problem with circuit models [62, 63]. No additional integration constraint is required to
impose current or voltage constraints in Ωc (the cavities in ΩC

c ). This definition will be
important later in this thesis when we impose current constraints in thin conducting regions
such as those in HTS tapes.

2.8.7 Illustrative example of homology and cohomology computation

In this section, we present in detail a pedagogical example of the homology and cohomology
calculation in a multiply connected domain in order to understand how this theory is used in
practice. Let us consider the example of an abstract simplicial complex K with geometrical
realization depicted in Fig. 2.11 and defined as

K = {{σ0
1}, {σ0

2}, {σ0
3}, {σ0

4}, {σ0
1, σ

0
2}, {σ0

1, σ
0
3}, {σ0

2, σ
0
3}, {σ0

2, σ
0
4}, {σ0

3, σ
0
4}, {σ0

2, σ
0
3, σ

0
4}},

which is similar to the example presented in [59]. We seek to compute the homology and
cohomology basis representatives for this complex. This calculation will occupy us for the
remainder of this section. Although it is long, it helps to make much of our earlier abstract
discussion more concrete and more generally to appreciate automated homology/cohomology
solvers such as that in Gmsh [60].

The complex K comprises a single 2-facet σ2
1 = {σ0

2, σ
0
3, σ

0
4}. The triangle {σ1

0, σ
2
0, σ

3
0} 6∈ K,

but its boundaries {σ1
0, σ

2
0}, {σ1

0, σ
3
0} and {σ2

0, σ
3
0} ∈ K (see Fig. 2.11), which means that

the discretized domain represented by K is multiply connected (the triangle {σ1
0, σ

2
0, σ

3
0}

represents a cavity). Therefore, the following homology groups can be identified:

• Hk(K) = 0 for k < 0 or k > 2 since there are no simplices in these dimensions;
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Figure 2.11 Geometrical realization of K used as example for the homology computation.

• H0(K) ∼= Z since the vertices in K are all connected by a sequence of 1-chains. In
general, the dimension of H0(K) is the number of connected components [59];

• H1(K) = Z1(K)/B1(K) ∼= Z (discussed next);

• H2(K) = Z2(K)/B2(K), and, since ∂2(σ2
1) 6= 0, Z2(K) = 0, we have H2(K) = 0.

To find H1(K), we start by computing Z1(K) (see definition in Section 2.8.5). To this end,
it suffices to solve

∂1(λ1σ
1
1 + λ2σ

1
2 + λ3σ

1
3 + λ4σ

1
4 + λ5σ

1
5)

= ∂1(λ1{σ0
1, σ

0
2}+ λ2{σ0

1, σ
0
3}+ λ3{σ0

2, σ
0
3}+ λ4{σ0

2, σ
0
4}+ λ5{σ0

3, σ
0
4})

= λ1(σ0
2 − σ0

1) + λ2(σ0
3 − σ0

1) + λ3(σ0
3 − σ0

2) + λ4(σ0
4 − σ0

2) + λ5(σ0
4 − σ0

3)

= σ0
1(−λ1 − λ2) + σ0

2(λ1 − λ3 − λ4) + σ0
3(λ2 + λ3 − λ5) + σ0

4(λ4 + λ5) = 0,

or, equivalently, 

−λ1 − λ2 = 0
λ1 − λ3 − λ4 = 0
λ2 + λ3 − λ5 = 0
λ4 + λ5 = 0

, (2.82)

which can be reduced to the row echelon form using only integer operations between the
equations in this system (the so-called Smith Normal Form [38]) as


λ1 + λ2 = 0

λ2 + λ3 + λ4 = 0
λ4 + λ5 = 0

. (2.83)
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By keeping λ3 and λ5 free, the solution for (2.83) is spanned by (−1, 1,−1, 0, 0)T and
(−1, 1, 0,−1, 1)T . So, Z1(K) ∼= Z2 and is generated by

z1 = −σ1
1 + σ1

2 − σ1
3, (2.84)

z2 = −σ1
1 + σ1

2 − σ1
4 + σ1

5. (2.85)

which means that every cycle in K can be constructed as a formal combination of the cycles
z1 and z2. We recommend that reader draw them over the geometrical realization depicted
in Fig. 2.11.

Next, we compute the subgroup of 1-boundaries B1(K) = im(∂2), i.e.

∂2(σ2
1) = ∂2({σ0

2, σ
0
3, σ

0
4}) = {σ0

3, σ
0
4} − {σ0

2, σ
0
4}+ {σ0

2, σ
0
3} = σ1

5 − σ1
4 + σ1

3. (2.86)

It is clear that B1(K) ∼= Z and is generated by b1 = z1 + z2. Hence, H1(K) ∼= Z and is
generated by either z1 or z2. The cycle z1 is not the boundary of any (k + 1)-cycle, and
z2 = z1 + ∂2(σ2

1). Moreover, the triangle {σ1
0, σ

2
0, σ

3
0} in Fig. 2.11 represents a cavity in Ωk,

and both the cycles z1 and z2 encompass this cavity. For these reasons, the cycles z1 and z2

are said to be homologous.

The ranks of the k-cohomology groups are equivalent to the ranks of the k-homology groups
according to the so-called Universal Coefficients Theorem [38]. We have Hk(K) = 0 for k < 0
or k > 1. For k = 0, H0(K) ∼= Z since for any 0-cocycle, we know that its application to the
boundary of a 1-chain will vanish. In particular, we can verify that the value assigned by a
0-cocylcle on any pair of 0-chains formed of isolated nodes must be opposite in value, hence
there is only a single degree of freedom, i.e. its value to be assigned to a single 0-chain in K.
Finally, it remains us to find a 1-cohomology group defined as H1(K) = Z1(K)/B1(K) =
ker(∂1)/im(∂0).

Let us assume that the value assigned to each 1-chain σ1
i by a 1-cochain in K is τ 1

i , for i = 1
to the number 1-facets in K (5 in our example). To find Z1(K), we proceed exactly as we
did to find Z1(K), i.e. we solve

∂1
(
λ1τ 1

1 + λ2τ 1
2 + λ3τ 1

3 + λ4τ 1
4 + λ5τ 1

5

)
= 0. (2.87)

Given that ∂1τ 1
1 = 0 and ∂1τ 1

2 = 0, λ1 and λ2 are free. Also, since ∂1τ 1
3 = −∂1τ 1

4 = ∂1τ 1
5 = τ 2

1 ,
we have λ3 − λ4 + λ5 = 0. Then, keeping λ4 and λ5 free, the solution to (2.87), is spanned
by z1 = (1, 0, 0, 0, 0)T , z2 = (0, 1, 0, 0, 0)T , z3 = (0, 0, 1, 1, 0)T and z4 = (0, 0,−1, 0, 1)T . So,
Z1 ∼= Z4.
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The subgroup of 1-coboundaries is B1(K) = im(∂0) and includes

∂0τ 0
1 = −τ 1

2 − τ 1
1 , (2.88)

∂0τ 0
2 = τ 1

1 − τ 1
3 − τ 1

4 , (2.89)

∂0τ 0
3 = τ 1

2 + τ 1
3 − τ 1

5 (2.90)

∂0τ 0
4 = τ 1

4 + τ 1
5 . (2.91)

Note however that ∂0τ 0
1 = −(∂0τ 0

2 + ∂0τ 0
3 + τ 0

4 ), i.e. the first 0-cobounday (2.88) can be
written as a formal combination of the three others 0-coboundaries. Therefore, the group
B1(K) is spanned by b1 = (1, 0,−1,−1, 0)T , b2 = (0, 1, 1, 0,−1)T and b3 = (0, 0, 0, 1, 1)T , i.e.
B1(K) ∼= Z3.

Finally, H1(K) ∼= Z generated by any of the 1-cocycles zi, 1 ≤ i ≤ 4, since the coboundaries
bi, 1 ≤ 0 ≤ 3, cannot define any of these 1-cocycles. These 1-cocycles are said cohomologous,
i.e. they can be obtained from another 1-cocycle with the addition of a coboundary. For
example, z1 = −z4 + b1 + b3, z2 = z4 + b2 and z3 = −z4 + b3. The cohomology basis
representative starts with an outer boundary edge (τ 1

1 , τ 1
2 , τ 1

5 or τ 1
4 ) and ends with a inner

boundary edge (τ 1
1 , τ 1

2 or τ 1
3 ). Moreover, the value assigned by, for example, z4 to the 1-cycles

in K is the same value assigned to every 1-cycle constructed by any combination of z1 and
1-boundaries. The cohomology basis represented by z4 is said to be dual to the homology
basis represented by, for example, z1. These homology and cohomology basis representatives
are illustrated in Fig. 2.12.

0

-1

-1

0

1
Cavity

(a) Homology basis representative z1

1

-1

0

0

0
Cavity

(b) Cohomology basis representative z4

Figure 2.12 Homology and cohomology basis representatives for the exemplified K. The 1-
chain and the 1-cochain representing this basis are spanned by z1 = (−1, 1,−1, 0, 0)T and
z4 = (0, 0,−1, 0, 1)T , corresponding the 1-simplices (edges depicted in blue with respective
orientation) in the K that is geometrically represented in Fig. 2.11.
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The cohomology basis representative of K is also a basis for the subspace H1
dR(Ω) with Ω

discretized as Ω̂. For example, with h = −∇φ, the integral form of Ampère’s law (2.69)
yields zero. Defining h = −∇φ+h′, where h′ represent the circulation of the magnetic field
over z4, satisfies (2.69) for any cycle in Ω̂. Actually, h′ can be seen as a discontinuity of φ
distributed along the edges representing z4 (e.g. in a transition layer according to [62, 64]).
The integration of h′ over these edges is equivalent to the net current that flows in the cavity
{σ1

0, σ
2
0, σ

3
0} in Fig. 2.11.

2.8.8 Whitney forms

Now that we have introduced the differential and integral forms of the quantities of interest,
and the useful concepts of algebraic topology, we need to define the discrete geometrical
objects that approximate smooth differential forms, just like the traditional finite-element
interpolating functions. To construct the differential k-forms and the integral forms to make
sense over the discretized domain Ω̂, i.e. a mesh, we consider the so-called Whitney maps [65],
which form the spaces denoted as Wk(Ck(Ω̂)), 0 ≤ k ≤ 3, of Whitney k-forms on the
triangulation Ω̂. For convenience, we restrict ourselves to the study of mapping Wk in
simplicial meshes.

Let us consider a single tetrahedron T with vertices σ0
0, σ0

1, σ0
2 and σ0

3. We start with the
case of differential 0-forms, for example those associated with a scalar field u. The value of u
at any point x of T can be determined by the interpolation of the values u(σ0

i ) in each vertex
σ0
i , 0 ≤ i ≤ 3, and based on barycentric coordinate functions wi(x), i.e.

u(x) =
3∑
i=0

u(σ0
i )wi(x). (2.92)

For this reason, the functions wi are often denoted as nodal basis functions. They are 0-forms
associated to the vertices of T . The degrees of freedom (DoFs), or the variables of the discrete
problem, are then the values of u at the vertices of T , i.e. u(σ0

i ).

For 1-forms, such as those related to a vector field u, we define that any oriented line in T
can be represented by the weighted sum of the edges of T . If σ0

i and σ0
j , 0 ≤ i, j ≤ 3, are the

vertices of these edges, the differential 1-form related to each edge σ1
ij = {σ0

i , σ
0
j} (1-simplex)

is
wij = wi∇wj − wj∇wi, (2.93)

where wi and wj are the nodal basis functions associated to the vertices σ0
i and σ0

j ,
respectively. It is important to note that the circulation of wij is 1 along the corresponding
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oriented edge σ1
ij, and 0 along the other edges. The vector field in T can then be defined as

a linear combination of Whitney 1-forms, i.e.

u =
∑
σ1

i,j∈E
u(σ1

i,j)wij. (2.94)

where E represents the set of edges of the 3-simplex. In this case, the DoFs are the circulations
of u along the edges σ1

i,j, i.e. u(σ1
i,j). For this reason, Whitney elements of degree 1 are often

called edge elements [66].

The procedure of finding the Whitney k-forms associated to the k-simplex can be generalized
as [65]

wi0,...,ik = k!
k∑
j=0

(−1)jwij∇wi0 × . . .×∇wij−1 ×∇wij+1 × . . .×∇wik (2.95)

where wij are the nodal basis functions associated to the vertices σij , j ≤ 0 ≤ k, of
the k-simplex. These Whitney k-forms are order-one Nédelec elements [37] and appear
later in this thesis for the representation of the scalar and vector fields (k = 0 and 1,
respectively). When the Whitney forms are constructed as above, we obtain discrete spaces
of the functions spaces in the de Rham complex that are preserved under the d operator.
These spaces have many additional properties, particularly a special discrete form of the
Helmholtz Decomposition [36].

2.8.9 Magnetic field discrete form

The magnetic field h is discretized with Whitney elements as follows:

h =
∑
e∈Ωc

hewe −
∑
n∈ΩC

c

φn∇wn +
∑
i∈C

Iiψi (2.96)

where we is the edge basis function of edge e (Whitney 1-form), wn the nodal basis function
of node n (Whitney 0-form), and ψi is the edge-based cohomology basis functions (thick
cuts) associated to each conducting subdomain Ωc,i in Ω. These thick cuts are equivalent to
the sum Whitney 1-forms defined along the cohomology basis representatives introduced in
Section 2.8.6. The coefficients he and φ are the DoFs, i.e. the circulation of h along the edges
and the magnitude of φ at the nodes of the discretized domain. The coefficients Ii gives the
intensity of the magnetic filed circulations along the thick cuts (equivalent to the current that
flows in each disjoint conducting subdomain Ωc,i). They can be either constrained to impose
the total current in Ωc,i, or be part of the unknowns of the problem for cases of induced
current analysis. Moreover, they allow coupling the finite element model to an external
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circuit, as presented in [62].

Finally, by using (2.96) in (2.49) and applying the Galerkin weighted residuals method, we
obtain the system of equations of the H-formulation to be solved at each instant of time
t, and at each iteration of the numerical scheme used to treat the nonlinear problem (the
Picard or the Newton–Raphson methods [41], for example).

2.8.10 Potentials discrete forms

The potentials a and v are discretized as Whitney 1-form and 0-form, respectively, as

a =
∑
e∈Ω

aewe, (2.97)

and
v =

∑
i∈C

viwi, (2.98)

where ae are the circulations of a along the edge e, vi is the electric scalar potential at
each conducting region Ωc,i, and wi are basis functions associated with the cross section of a
conducting region Ωc,i in a 2-D case. In 3-D, the basis functions wi have a support limited to
the thick cut (a transition layer [43]) related to the cohomology of the Ωc,i (instead of ΩC

c as
in the H formulation) when its terminals are connected. The strength of vi in the transition
layer is equivalent to the voltage in Ωc,i.

The scalar potential defined only in the thick cut in Ωc,i is called the generalized source
potential [63], but v can be defined everywhere in Ωc [67]. This definition does not affect the
solution, i.e. the field distributions obtained with either the generalized source potential or
the standard electrical potential are identical [43]. However, the use of the generalized source
potential reduces the total number of DoFs and allows coupling the A-V -formulation with
an exterior circuit, as proposed in [63].

Finally, by using (2.97) and (2.98) in (2.67) and applying the Galerkin weighted residuals
method, we obtain the system of equations of the A-V -formulation to be solved at each
instant of time t and at each iteration of the numerical scheme used to treat the nonlinear
problem (the Picard or the Newton–Raphson methods [41], for example).

2.9 Chapter summary and remarks

In this chapter, the fundamentals of computational electromagnetics were presented in a
very general way. They are required for the understanding of the existing approaches for
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modeling thin structures presented in the next chapter and are the basis of the methods
proposed in Chapters 5-7. The concepts of algebraic topology were presented in parallel to
the differential representation of Maxwell’s equations, demonstrating that there is a direct
link with differential geometry and the cohomology theory in algebraic topology.

Two finite element formulations were presented: the H- and the A- formulations. These
formulations are dual in multiple senses. First, the working variables are the magnetic field
and the magnetic vector potential (the primitive of the electric field in time), respectively.
Second, while in the H-formulation the vector field representing h is defined in conducting
parts of the domain, in the A-formulation, a vector field representing a is defined in non-
conducting parts of this domain (but also in the conducting subdomain in addition to v).
Third, the coefficients of the cohomology basis representatives of the non-conducting domain
are related to the total currents that flow in the cavities in the H-formulation. In contrast,
the coefficients of the cohomology basis representatives of the conducting subdomains are
related to the voltage between the terminals of these subdomains.

Each formulation has its own advantages and disadvantages. While the H-formulation
requires cuts to obey Ampère’s law in non-conducting regions when the scalar potential
expresses the magnetic field, the A-formulation requires a gauge and the definition of the
electric scalar potential. Moreover, in [43], the authors showed that the A-formulation
would be preferable for treating problems involving nonlinear ferromagnetic materials, while
the H-formulation was advantageous for modeling superconductors since they involves the
nonlinear constitutive laws in inverse ways. Indeed, H-formulation has been widely used to
model HTS devices [68–70]. Ideally, a mixed (or coupled) H-A-formulation would perfectly
suit problems involving both nonlinear ferromagnetic and conductive materials, although this
may lead to numerical stabilization problems [71–73].

There also exist derivations of the two dual formulations considering other scalar and
vector potentials as working variables, such as formulations based on the current vector
potential (T ) [74], for example. Still, most of these formulations rely on the computational
electromagnetics fundamentals presented in this chapter.
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CHAPTER 3 MODELING THIN REGIONS WITH THE
FINITE-ELEMENT METHOD

3.1 Introduction

This chapter presents a critical literature review on modeling thin regions using the
finite element method. It starts with the definition of the computational domain in
problems involving such thin regions and their representation as reduced-dimension
geometries (interfaces) in the computational domain. Next, the concept of surface
current density is introduced. Two surface current densities are used to define interface
conditions (ICs) which express the physics of the thin regions on the interfaces. Then,
currently available finite element models in the literature are introduced. We conclude the
chapter by discussing the equivalence of these models in terms of the ICs.

3.2 Domain specification

A region is denoted thin when it has a very small thickness (d) compared to its longitudinal
and transversal dimensions, i.e. when it has a high aspect ratio (also sometimes called
a shell). Establishing a conformal simplicial mesh for such thin regions using automatic mesh
generators may lead to discrete systems of equations that are computationally expensive.
It may include too many finite elements which increases the total number of DoFs and the
computational burden, or finite elements with high aspect ratio that compromise the solution
accuracy and the model convergence.

The classical way to overcome the problem of meshing thin regions is to represent them
as reduced-dimension geometries in the computational domain. In this approximation, the
thin volumes in 3-D (or surfaces in 2-D) are replaced by surfaces (or lines) situated halfway
between their original wide faces (a zero-thickness or a reduced-dimension geometry d→ 0),
and the physics of the thin region is taken into account by interface conditions (see definition
in Section 2.2.6) on the geometry representing the shell.

An example of a 2-D standard domain and its equivalent with a line representing the thin
region is shown in Fig. 3.1. Both domain representations include complementary subdomains
Ωc and ΩC

c , corresponding to those introduced in Section 2.2.4. In the standard 2-D
domain (Fig. 3.1a), the shell volume is denoted as Ωs, with boundaries Γ±s , is part of the
subdomain Ωc, which may also include other conductive thick structures. For coupling Ωs

and ΩC
c , the outward normal vectors seen from within these domains are of opposite signs.
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We denote outward normal vectors in Γ±s seen from ΩC
c as n±Γ , and those from Ωs as

n±s , and we have n±s = n∓Γ . In the reduced-dimension representation of the thin volume
(Fig. 3.1b), an interface Γs replaces Ωs. For convenience, the outward normal vector on Γs
is defined ns = n+

s = −n−s . The surface Γs may have its geometrical entities (nodes, edges
and faces) duplicated creating a crack in the computational domain (Γs = Γ+

s ∪ Γ−s ) or not
(Γs = Γ+

s = Γ−s ) depending on the model used to represent the physics inside the thin region
and the chosen FE formulation (as we will see in Sections 3.6.2 and 3.6.3).

In this chapter, we will assume that the shell geometry can be defined in its own local
coordinate system xyz (Fig. 3.2). Its thickness d (thinnest dimension) is in the y-direction,
and its width and length are in the xz plane. The surface Γs is consequently in the plane xz
and the outward normal vector ns points along the y-direction.

3.3 Surface current densities

To include the EM behavior of the thin region in FE simulations using the zero-thickness
geometry, Ampère’s and Faraday’s laws, (2.5) and (2.6), respectively, are generally rewritten
in their symmetric form [31] as

∇× h = je, (3.1)

∇× e = jh, (3.2)

where je = σe is the electric current density and jh = −∂tµh is the magnetic current
density (or surface magnetic flux). When Γs replaces Ωs, a model needs to be introduced

Ωc

ΩC
c

Ωs
Γ+
s

Γ−s

n+
s

n−s

n

n−Γ

n+
Γ

(a) Standard domain

Ωc

Γs

ns

ΩC
c

n

(b) Reduced-dimension representation

Figure 3.1 Standard 2-D domain and its equivalent with the thin region represented as a
reduced-dimension geometry (Ωs → Γs).
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x

y

z
d→ 0

ΩC
c

Γs
ns

Figure 3.2 Local coordinate system xyz for a single shell.

to approximate the current densities je and jh inside Ωs as surface current densities ke and
kh, respectively, defined only on Γs. The current densities je and jh determine the surface
current densities according to

ke =
∫ d/2

−d/2
jedy, (3.3)

kh =
∫ d/2

−d/2
jhdy, (3.4)

where the integrals are computed analytically over the thickness of the thin
region, i.e. −d/2 ≤ y ≤ d/2.

By applying the divergence theorem in (3.1) and (3.2), the discontinuities of the tangential
components of the magnetic and the electric fields are associated with the surface current
densities and can be expressed as follows

ns ×
(
h+ − h−

)
= ns × (ns × ke) , (3.5)

ns ×
(
e+ − e−

)
= ns × (ns × kh) , (3.6)

where h± and e± are the magnetic and electric fields on Γ±s , respectively. Expressions (3.5)
and (3.6) represent two ICs, as defined in Section 2.2.6. Equation (3.5) relates ke to a
discontinuity of the tangential components of the magnetic field, and (3.6) relates kh to a
discontinuity of the tangential components of the electric field. These expressions are the
basis of several approaches used to avoid meshing thin regions. These approaches are critically
reviewed next.

3.4 Strip approximation

If the current densities je and jh are assumed constant across the thickness of the thin
structure, (3.3) and (3.4) become simply ke = jed and kh = jhd. Therefore, for prescribed
values of je and jh, the ICs (3.5) and (3.6) can easily be established. In the so-called strip
approximation [75–77], analytical solutions generally based on the Biot-Savart law define the
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current density profiles along the wide dimensions of the thin region (i.e. in the xz plane)
and the field distribution in the surroundings.

In [78], the authors proposed a strip approximation based on FEM. They assumed that the
properties of the conductors do not vary significantly along the thickness of superconducting
tapes. The integral expressions for the current density inside the strip proposed in [76] were
jointly solved with FEM system of equations. Basically, these expressions were used to define
the surface current density ke in a 2-D infinitely long representation of superconducting tapes.
The current density kh was implicitly assumed to be zero, which is a valid approximation for
superconductors where µ ≈ µ0. Moreover, the total current flowing in the tape was obtained
by integrating ke over the tape width. The model showed good agreement with reference
solutions obtained with standard FEM while avoiding meshing the thin tapes, leading to a
reduction of the computational burden. However, only a single thin tape in 2-D was studied
in this paper.

In [79], the problem of multiple interacting superconducting tapes was tackled. It was
shown that at low transport current and small inter-tape separation, the strip approximation
previously introduced in [78] underestimated the AC losses in tapes carrying anti-parallel
currents. Indeed, since the surface current ke is assumed constant across the thickness of
the tapes, the tangential component of the magnetic field (ht = ns × h) is linear in y, in
accordance with (3.5). Consequently, the strip approximation cannot completely represent
the EM behavior of the superconducting tapes in such cases. Similar conclusions were
presented in [80]. In that paper, the authors applied the strip approximation to model a
conductor on round core cable (CORC), and observed that the AC losses are underestimated
for short spiral pitches, which is in accordance with the conclusions of [79], since the effects of
the inter-tape separation become more important in this configuration. The approximation
was then extended to simulations involving both EM and thermal effects in HTS tapes in [81],
but it is still limited for problems involving only a few HTS tapes.

More recently, a model based on the mixed T -A-formulation [35] was proposed to solve the
current challenges in modeling superconducting tapes. We present this formulation in detail
in Section 3.8. Before this, we introduce the concept of shell elements and the Thin-Shell (TS)
approach in the time-harmonic regime (denoted here as the classical TS approach). We
demonstrate that the strip approximation in FEM is, in fact, a particular realization of the
TS approach.
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3.5 Shell finite elements

Special finite elements were introduced in the early 90s to model narrow gaps [82], thin
iron plates in electrical machines [83], and the perturbation of iron ships in the Earth’s
magnetic field [84]. They were denoted as shell elements in [33] and applied in time-invariant
(magnetostatic) simulations using the magnetic scalar potential as the state variable. These
elements were also classified as shell elements with and without potential jump, depending
on the physics of the shell. In [85], the special finite elements were applied to simulate
conducting sheets using the A-formulation in order to avoid defining discontinuities of the
magnetic scalar potential in multiply connected domains, as discussed in Section 2.5.4.

In [86], the shell elements (called degenerate finite elements) were introduced for both scalar
and vector fields. In [87], the authors applied more than one degenerate finite element
to model the EM and thermal behavior of multilayered conductive composite materials in
the time-harmonic regime. In [88], a degenerate prismatic element was applied in a mixed
formulation in the time-transient regime in 3-D. Only one element was considered across the
thickness of the conductor. The concept of degenerate finite elements was also used in many
high-frequency analyses of thin sheets in [89,90].

The basic idea behind the shell element approach is that volumic elements can be reduced to
surface elements that allow discontinuities of the tangential components of the fields on Γs.
For example, a prismatic finite element can be reduced to triangular surfaces representing
its original wide faces. The volume integrals representing the physics inside the shell are
transformed to surface integrals and the field penetration from the lateral faces of the elements
(its edges in the y-direction) are neglected (d → 0 in Fig. 3.2). In general, nodal and
edge degenerate finite elements are derived considering Lagrange first-order polynomials to
interpolate the scalar and vector field quantities across the thickness of the element. With
these polynomials, the field profiles across the thickness of the thin region are linear, which
is a good approximation in cases where the thickness of the sheet is sufficiently small with
respect to penetration depth of the tangential fields in the shell.

Let us consider an example with the H-formulation applied to a 2-D infinitely long
representation of the thin region, i.e. we assume that the fields are independent of z (e.g. the
length direction in Fig. 3.2). In the degenerate finite element approach, rectangular elements
(in 2-D) can be represented as lines. The tangential component of h is thus assumed to
be only in the x-direction (ht = hxı̂). Therefore, the magnetic field strength inside a shell
element is written

hx(x, y, t) = h+
x (x, t)θ+(y) + h−x (x, t)θ−(y) (3.7)
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where h±x is the magnitude of its tangential component on Γ±s , respectively. The variation of
the tangential field across the y-direction is taken into account by the functions θ±(y) that
are often defined as first-order Lagrange polynomials, i.e.

θ+(y) = d/2− y
d

, θ−(y) = y − d/2
d

, (3.8)

The strong form of the H-formulation for the problems in terms of hx is given by (2.48).
Multiplying this form by a test functions g, and integrating it over the thickness of the thin
region, we obtain

d/2∫
−d/2

ρ
∂hx
∂y

∂g

∂y
dΩ +

d/2∫
−d/2

µ∂thxgdΩ + e+
z − e−z = 0, (3.9)

where ez is the strength of the tangential component of e, i.e. et = ezk̂.

Finally, for a single degenerate FE across d, from (3.9) and choosing (3.8) for g, we obtain a
system of equations that can be expressed in the matrix form as e+

z

−e−z

 = ∂tµd

6

 2 1
1 2

 ·
 h+

x

h−x

+ ρ

d

 1 −1
−1 1

 ·
 h+

x

h−x

 , (3.10)

which represents the relationship between the tangential components of the electric and the
magnetic fields that can be used to define the ICs (3.5) and (3.6).

The shell element approach can easily be extended to the A-formulation. Since a single
degenerate element is considered across the thickness of the thin region, these type of shell
elements have the same limitations as the strip approximation. The fields ht and et have
a linear profile across d, defined by (3.8), and the surface current densities ke and kh are
constant in each degenerate element. The main advantage is that the degenerate element
approach allows discontinuities of ht and et, and both the electric and magnetic effects inside
the shell can then be taken into account simultaneously.

3.6 The classical thin-shell approach

In [32], the shell elements were generalized as ICs for the static, high frequency and induced-
currents problems. An analytical solution involving hyperbolic trigonometric functions to a
1-D problem across d was used to define these ICs. The shell elements were then extended
to magnetodynamic problems in harmonic regime and used to compute induced currents
in thin conducting shells with strong skin effect in [91]. In [31], the ICs where treated as
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impedance-type BCs (or IBCs) for 3-D magnetodynamic problems involving both conducting
and magnetic shells, with the magnetic scalar potential as state variable. In that paper, the
general form of the ICs were obtained from the solution of a planar wave problem, equivalent
to the development of surface impedance boundary conditions (SIBCs) proposed in [92]. These
impedance-type BCs are the core of the classical TS aproach.

The impedance-type BCs were further used in the A-formulation to solve problems
involving thin magnetic shields in [93, 94], while similar work was done in [34] using a
mixed A-φ-formulation. In [95], the general form of the ICs in the classical TS approach
were extended to the dual formulations that we presented in Section 2.6. The problem of
multilayered screens in time-harmonic regime was tackled in [8]. Nowadays, the TS approach
with impedance-type BCs is still widely applied in time-harmonic simulations [96].

In order to better understand the fundamentals of the classical TS approach and explore
its limitations, we briefly introduce its main equations in this section. Time-dependent
extensions of this approach will be discussed in Section 3.7. As opposed to the strip
approximation, in the classical TS approach, the time-harmonic response of the fields
quantities across the thickness of the thin structure are used to defined the ICs (3.5) and (3.6).
The surface current densities ke and kh are locally defined from the analytical solution to
a 1-D linear flux diffusion problem defined across the y-direction (the shell thickness). This
approach permits the tangential components of the fields to completely penetrate the reduced-
dimension geometry and is accuracy also in cases where this penetration is smaller than d.

3.6.1 Interface conditions in the thin-shell approach

In order to include the physics across the thickness of the thin region using the classical TS
approach, we shall express ke and kh in terms of the behavior of the electric and magnetic
fields across the y-direction. For this purpose, we solve auxiliary 1-D local problems purely
in terms of these field quantities. We will use the geometry described in Section 3.2 with
local coordinate system defined as in Fig. 3.2. The tangential components of the magnetic
and electric field, denoted h±t and e±t , respectively, on Γ±s , are in the plane xz. The normal
components of the fields are in the y-direction. The 1-D problem can thus be formulated only
in terms of the tangential component of the magnetic or the electric field. The penetration of
these fields through the thin lateral surfaces of the shell are neglected, but not their normal
components along the width of the thin region. In Section 3.6.4, we will discuss the behavior
of the normal components of the fields in the classical TS approach.
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1-D problem in terms of the magnetic field

The governing equation for a 1-D problem defined in terms of h̄t in the time-harmonic regime
(using the phasor notation introduced in Section 2.2.2) is obtained from the strong form of
the Faraday and Ampère’s laws (2.6) and (2.5), respectively, and reads

∂2
yh̄t + ωσµh̄t = 0. (3.11)

Moreover, two BCs associated with y = ±d/2 are defined as

h̄t

∣∣∣∣
d/2

= h̄+
t , (3.12)

h̄t

∣∣∣∣
−d/2

= h̄−t , (3.13)

where h̄±t are known local values of h̄t on Γ±s .

The distribution of ht across d is obtained analytically from (3.11), (3.12) and (3.13), and
reads [46]

h̄t = 1
sinh (~ad)

[
h̄+
t sinh

(
~ad

2 + ~ay

)
+ h̄−t sinh

(
~ad

2 − ~ay
)]

, (3.14)

where ~a = (1 + )/δ and

δ =
√

2
µσω

, (3.15)

is the penetration depth. From (3.14), we compute the local magnetic surface current
density (3.4) as

k̄h =
∫ d/2

−d/2
−ωµh̄tdy

=
∫ d/2

−d/2
−ωµ 1

sinh (~ad)

[
h̄+
t sinh

(
~ad

2 + ~ay

)
+ h̄−t sinh

(
~ad

2 − ~ay
)]

dy

= −ωµ
~a

tanh
(
~ad

2

)(
h̄+
t + h̄−t

)
.

(3.16)

Then, defining ~ηh = − ωµ
~a

tanh
(
~ad
2

)
, the IC (3.6) can be rewritten as

ē+
t − ē−t = ~ηh

(
h̄+
t + h̄−t

)
, (3.17)

which connects the discontinuities of ēt to the mean value of h̄t with coefficient ~ηh,
representing therefore the surface current density k̄h.
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Now, if we consider j̄e = ∂yh̄t, from (3.14), we have

j̄e = ~a

sinh (~ad)

[
h̄+
t cosh

(
~ad

2 + ~ay

)
− h̄−t cosh

(
~ad

2 − ~ay
)]

, (3.18)

and, from (3.3), the electric surface current density is

k̄e =
∫ d/2

−d/2
j̄edy

=
∫ d/2

−d/2

~a

sinh (~ad)

[
h̄+
t cosh

(
~ad

2 + ~ay

)
− h̄−t cosh

(
~ad

2 − ~ay
)]

dy

= h̄+
t − h̄−t ,

(3.19)

which satisfies (3.5).

Expression (3.17) is the first ICs that we were looking for. The coefficient ~ηh depends
essentially on the permeability of the thin region and can certainly describe the interior
behavior of the field quantities in cases involving ferromagnetic materials. We shall next find
an equivalent expression for (3.5).

1-D problem in terms of the electric field

The governing equation for a 1-D problem defined in terms of ēt in the time-harmonic
regime is obtained from the strong form of the Faraday and Ampère’s laws (2.6) and (2.5),
respectively, and is written as

∂2
y ēt + ωσµēt = 0. (3.20)

Moreover, two BCs associated with y = ±d/2 are defined as

ēt

∣∣∣∣
d/2

= ē+
t , (3.21)

ēt

∣∣∣∣
−d/2

= ē−t , (3.22)

where ē±t are known local values of ēt on Γ±s .

The distribution of ēt across d is obtained analytically from (3.20), with (3.21) and (3.22),
and reads

ēt = 1
sinh (~ad)

[
ē+
t sinh

(
~ad

2 + ~ay

)
+ ē−t sinh

(
~ad

2 − ~ay
)]

. (3.23)
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From (3.23), we can compute the local electric surface current density (3.3) as

k̄e =
∫ d/2

−d/2
σētdy

=
∫ d/2

−d/2
σ

1
sinh (~ad)

[
ē+
t sinh

(
~ad

2 + ~ay

)
+ ē−t sinh

(
~ad

2 − ~ay
)]

dy

= σ

~a
tanh

(
~ad

2

)(
ē+
t + ē−t

)
.

(3.24)

Then, defining ~ηe = σ
~a

tanh
(
~ad
2

)
, the IC (3.5) can be rewritten as

h̄+
t − h̄−t = ~ηe

(
ē+
t + ē−t

)
, (3.25)

which connects the discontinuities of h̄t to the mean value of ēt with coefficient ~ηe representing
the surface current density k̄e.

With j̄h = ∂yēt, from (3.23), we have

j̄h = ~a

sinh (~ad)

[
ē+
t cosh

(
~ad

2 + ~ay

)
− ē−t cosh

(
~ad

2 − ~ay
)]

, (3.26)

and, from (3.4), the magnetic surface current density is

k̄h =
∫ d/2

−d/2
j̄hdy

=
∫ d/2

−d/2

~a

sinh (~ad)

[
ē+
t cosh

(
~ad

2 + ~ay

)
− ē−t cosh

(
~ad

2 − ~ay
)]

dy

= ē+
t − ē−t ,

(3.27)

which satisfies (3.6).

Finally, expressions (3.17) and (3.25) are the ICs of the classical TS approach [95]. The
coefficient ~ηe in (3.25) depends essentially on the conductivity of the thin region and can
describe the interior behavior of the field quantities in cases involving thin conducting
materials.

The effects of the ICs in the TS approach are more or less pronounced depending on the
materials parameters in the thin region. For example, considering a purely conductive
shell at low frequency, by satisfying the ICs (3.25) and (3.6) with kh = 0, we obtain an
accurate solution to problems involving thin conductive subdomains (and equivalent to the
strip approximation if δ � d). Dually, with the ICs (3.17) and (3.5) with ke = 0, we obtain
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an accurate approximation for the EM behavior of ferromagnetic shells. Applying these
combinations of ICs in the TS approach gives expressions for the fields equal to those found
with the special elements without potential jumps as defined in [33]. However, satisfying
simultaneously the ICs (3.25) and (3.17) allows the TS model to be applied to a wider range
of problems (problems with and without potential or tangential fields jumps). The coupling
of these ICs in the weak form of the H- and A- formulations is detailed next.

3.6.2 Thin-shell approach in the H-formulation

The weak form of the H-formulation, including additional integral terms over Γ±s , is obtained
by multiplying (2.48) by a test function g, integrating it over the domain Ω (described
in Section 3.2), and applying Green’s second identity (2.47). The weak form of the
H-formulation in the time-harmonic regime is

Find h ∈Hh(curl,Ω) such that
(
ρ∇× h̄,∇× g

)
Ω

+ ω
(
µh̄, g

)
Ω

+
〈
n× ē, g

〉
Γe

+
〈
ns × ē, g

〉
Γ+

s

−
〈
ns × ē, g

〉
Γ−

s

= 0
(3.28)

∀ g ∈ H0
h(curl,Ω).

The two last terms in (3.28) represent discontinuities of the electric field across Γs. Without
discontinuities of ht and et, (3.28) becomes equal to (2.49), i.e. it becomes equivalent to the
standard H-formulation, and the thin interfaces are disregarded.

From (3.17) and (3.25), we obtain

ē+
t = 1

2

[
h̄+
t

(
1
~ηe

+ ~ηh

)
− h̄−t

(
1
~ηe
− ~ηh

)]
, (3.29)

ē−t = 1
2

[
h̄+
t

(
1
~ηe
− ~ηh

)
− h̄−t

(
1
~ηe

+ ~ηh

)]
. (3.30)

To include the thin region physics, the interface terms in (3.28) are then written

〈
ns × ē, g

〉
Γ+

s

−
〈
ns × ē, g

〉
Γ−

s

=
〈

1
2

[
h̄+
t

(
1
~ηe

+ ~ηh

)
− h̄−t

(
1
~ηe
− ~ηh

)]
, g

〉
Γs

−
〈

1
2

[
h̄+
t

(
1
~ηe
− ~ηh

)
− h̄−t

(
1
~ηe

+ ~ηh

)]
, g

〉
Γs

.

(3.31)

The standard H-formulation permits discontinuities of ēt, but not discontinuities of h̄t, since



50

the continuity of h̄t is implicit imposed (e.g. by the use of the Whitney 1-form (2.8.8)).
Therefore, the implementation of a TS model that includes (3.31) requires the duplication
of the DoFs on the surface Γs. It can be done by geometrically duplicating the interface Γs,
thereby creating a cracked region Γs = Γ+

s ∪ Γ−s , or by decomposing ht into its continuous
and discontinuous components across Γs ( denoted by h̄tc and h̄td, respectively), i.e. h̄t =
h̄tc + h̄td [95]. Both approaches result in the same number of variables and exactly the
same solution. The advantage of decomposing the ht is that the surface Γs does not need to
be geometrically duplicated and the domain remains simply connected. The discontinuous
component of h̄t (h̄td) has support limited to a layer of finite elements (a transition layer)
related to one side of Γs [95]. However, the duplication of the interface Γs and the introduction
of cuts in a H-φ-formulation, for example, may allow imposing a current in the shell, as we
will see later in this thesis.

Considering the ICs (3.17) and (3.5) with ke = 0 in the H-formulation allows simulating
ferromagnetic thin structures without a discontinuity of ht, and for a prescribed kh in the
shell. In this case, the weak form of the H-formulation is simplified to

Find h ∈Hh(curl,Ω) such that
(
ρ∇× h̄,∇× g

)
Ω

+ ω
(
µh̄, g

)
Ω

+
〈
n× ē, g

〉
Γe

+
〈
ns ×

(
ē+
t − ē−t

)
, g
〉

Γs

= 0
(3.32)

∀ g ∈ H0
h(curl,Ω). In this configuration, the TS approach is equivalent to the strip

approximation for ferromagnetic thin regions (in the time-harmonic regime and with δ � d)
and to the degenerate element approach (also with δ � d). Note that the discontinuity of
ēt that appears in the last term of (3.32) can be used to directly impose a prescribed k̄h,
according to (3.6).

3.6.3 Thin-shell approach in the A-formulation

As with the H-formulation, the weak form of the A-formulation, including additional integral
terms over Γ±s , is obtained by multiplying (2.64) by a test function g, integrating it over the
domain Ω (described in Section 3.2), and applying Green’s second identity (2.47). The weak
form of the A-formulation in the time-harmonic regime is
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Find ā ∈He(curl,Ω) such that
(

1/µ∇× ā,∇× g
)

Ω
+
(
σωā, g

)
Ω

+
〈
n× h̄, g

〉
Γh

+
〈
ns × h̄, g

〉
Γ+

s

−
〈
ns × h̄, g

〉
Γ−

s

= 0,
(3.33)

∀ g ∈ H0
e (curl,Ω).

The two last terms in (3.33) represent the discontinuity of the magnetic field across d.
Without discontinuities of ht and et, (3.33) becomes equal to (2.65), i.e. the standard
A-formulation. Note that the presented implementation can also be extended to the
A-V -formulation.

From (3.17) and (3.25), we obtain

h̄+
t = 1

2

[
ē+
t

(
1
~ηh

+ ~ηe

)
− ē−t

(
1
~ηh
− ~ηe

)]
, (3.34)

h̄−t = 1
2

[
ē+
t

(
1
~ηh
− ~ηe

)
− ē−t

(
1
~ηh

+ ~ηe

)]
. (3.35)

To include the thin region physics, the interface terms in (3.33) are then written

〈
ns × h̄, g

〉
Γ+

s

−
〈
ns × h̄, g

〉
Γ−

s

=
〈

1
2

[
ē+
t

(
1
~ηh

+ ~ηe

)
− ē−t

(
1
~ηh
− ~ηe

)]
, g

〉
Γs

−
〈

1
2

[
ē+
t

(
1
~ηh
− ~ηe

)
− ē−t

(
1
~ηh

+ ~ηe

)]
, g

〉
Γs

,

(3.36)

which is dual to the interface terms of the H-formulation given by (3.31). As with
the H-formulation, the magnetic vector potential can also be decomposed into its continuous
and discontinuous components across Γs to avoid a multiply connected domain. Moreover,
since ā is the primitive in time of ē, the interface terms can be expressed purely in terms of
the tangential components of ā (ā±t ).

Considering the ICs (3.25) and (3.6) with kh = 0 in the A-formulation, we can model thin
regions without a discontinuity of ēt but with a prescribed k̄e in the shell. The weak form of
the A-formulation is simplified to
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Find ā ∈He(curl,Ω) such that
(
ν∇× ā,∇× g

)
Ω

+
(
σωā, g

)
Ω

+
〈
n× h̄, g

〉
Γh

+
〈
ns ×

(
h̄+
t − h̄−t

)
, g
〉

Γs

= 0,
(3.37)

∀ g ∈ H0
e (curl,Ω). Again, the TS approach becomes equivalent to the strip approximation

in the A-formulation under in the time-harmonic regime and assuming δ � d.

3.6.4 Normal components for the fields

So far, we presented the shell elements and the classical TS approach essentially in terms
of the tangential components of both the magnetic and electric fields, as well as its
implementation in the H- and A- formulations. In this section, we propose a discussion
concerning the normal components of these field quantities in the classical TS approach.

Recalling that the local geometry of the shell in 3-D where the plane xz is parallel to the thin
surface and the y axis is in its normal direction (Fig. 3.2), the magnetic field can be expressed
in terms of its own components as h̄ = h̄xı̂+ h̄ŷ+ h̄zk̂. So, its tangential component reads
h̄t = h̄xı̂ + h̄zk̂. Similarly, the electric field is expressed in terms of its own components as
ē = ēxı̂+ ēŷ+ ēzk̂, and its tangential component is ēt = ēxı̂+ ēzk̂.

From Faraday’s law (2.6), we can write

∂z ē
±
x − ∂xē±z = −ωµh̄±y . (3.38)

Moreover, from (3.17) and (3.25), we have

ē+
z + ē−z = 1

~ηe

(
h̄+
x − h̄−x

)
, (3.39)

ē+
x + ē−x = − 1

~ηe

(
h̄+
z − h̄−z

)
, (3.40)

ē+
x − ē−x = ~ηh

(
h̄+
z + h̄−z

)
, (3.41)

ē+
z − ē−z = −~ηh

(
h̄+
x + h̄−x

)
. (3.42)

Substituting (3.39) and (3.40) in (3.38) we find

∂z

(
− 1
~ηe

(
h̄+
z − h̄−z

))
− ∂x

(
1
~ηe

(
h̄+
x − h̄−x

))
= −ωµ

(
h̄+
y + h̄−y

)
, (3.43)
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and with (3.41) and (3.42) in (3.38),

∂z
(
~ηh
(
h̄+
z + h̄−z

))
+ ∂x

(
~ηh
(
h̄+
x + h̄−x

))
= −ωµ

(
h̄+
y − h̄−y

)
. (3.44)

Besides, the divergence of a vector field u on a surface S, in terms of the coordinates x and z,
can be defined as

divsu = ∂xux + ∂zuz, (3.45)

where ux and uz are the corresponding components of u [36]. Therefore, the ICs (3.43)
and (3.44) can be respectively represented as

− 1
~ηe

divs
(
h̄+
t − h̄−t

)
= −ωµ

(
h̄+
n + h̄−n

)
, (3.46)

~ηhdivs
(
h̄+
t + h̄−t

)
= −ωµ

(
h̄+
n − h̄−n

)
. (3.47)

Expressions (3.46) and (3.47) connect the normal and tangential components of the magnetic
field on both sides of the thin region. They are called the H-representation of the ICs (3.17)
and (3.25) [32]. Since both ICs are taken into account in the classical TS approach, we
conclude that the normal components of the magnetic field are implicitly taken into account
in this approach.

The ICs in the classical TS approach can also be expressed in terms of only the electric field
components. Using Ampere’s law as

∂zh̄
±
x − ∂xh̄±z = σē±y , (3.48)

and substituting (3.39) and (3.40) into it, we obtain

∂z
(
~ηe
(
ē+
z + ē−z

))
+ ∂x

(
~ηe
(
ē+
x + ē−x

))
= σ

(
ē+
y − ē−y

)
. (3.49)

Moreover, with (3.41) and (3.42) in (3.38) we have

∂z

(
− 1
~ηh

(
ē+
z − ē−z

))
− ∂x

(
1
~ηh

(
ē+
x − ē−x

))
= σ

(
ē+
y + ē−y

)
. (3.50)

The ICs in terms of ēt and ēn are

~ηedivs
(
ē+
t − ē−t

)
= σ

(
ē+
n + ē−n

)
, (3.51)

− 1
~ηh

divs
(
ē+
t + ē−t

)
= σ

(
ē+
n − ē−n

)
, (3.52)
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which are called the E-representation of the ICs (3.17) and (3.25). Expressions (3.51)
and (3.52) connect the normal and tangential components of the electric field. Note that
we can extend this definition and find an A-representation of the ICs (3.17) and (3.25). We
conclude that the normal components of ē (or ā) are also implicitly taken into account in
the classical TS approach.

3.6.5 Thin regions with strong penetration depth

When the skin depth (3.15) is much larger than the thickness of the thin region (δ � d), the
coefficients in the ICs (3.17) and (3.25) with the form 1/a tanh (ad/2) can be approximated
by d/2. Therefore, these ICs become

ē+
t − ē−t
d

= −ωµ

(
h̄+
t + h̄−t

)
2 , (3.53)

h̄+
t − h̄−t
d

= σd

(
ē+
t + ē−t

)
2 , (3.54)

respectively. This relationship between ē±t and h̄±t can also be represented in their matrix
form, which is therefore equivalent to (3.10) with δ � d. It demonstrates again that the
classical TS approach with δ � d and the use of degenerate finite elements (in time-harmonic
regime) are equivalent approaches.

It can also be seen at this point that the IC (3.53) connects a jump in ēt across d to exactly
the mean value of h̄t, which is related to the amount of perpendicular flux absorbed in the
thin region, if we recall its representation as in (3.46). The IC (3.53) connects the jump in h̄t
across d to the mean value of ēt, which is related to the electric current that flows in the thin
region [31].

Despite being very general, the classical TS approach as presented here is only valid for
time-harmonic simulations. Time-transient extensions of this approach were proposed in
the literature and are discussed in the next section. Moreover, since the penetration of
the fields on the reduced-dimension geometry is described by an analytical 1-D linear flux
diffusion solution across d, it is known that edge and corner effects are not well estimated by
this approach. An option to fix these inaccuracies is to use the subproblem technique [97].
Indeed, this technique has been successfully applied to correct leakage fluxes in small air
gaps in [98] and edge and corner effects in conductive and ferromagnetic shells in [99, 100].
However, it still relies on the complete discretization of the thickness of the thin region (at
least near the edges and corners) and requires efforts to couple the different subproblems.
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3.7 Time-transient and nonlinear extension of the classical thin-shell model

A time-transient extension of the classical TS approach in the A-formulation was proposed
in [101], applied in dual formulations in [11], and to the nonlinear analysis of shielding
problems in [12]. In this extension, the electric current density and the magnetic flux density
inside the shell are represented by mathematical expansions in terms of N + 1 Legendre
polynomials, denoted by αi (y) and normalized as |αi (±d/2)| = 1, for i = 0, . . . , N . In 2-D,
we write

jz (y, t) =
N∑
i=0

αi (y)ji (t) , bx (y, t) =
N∑
i=0

αi (y)bi (t) . (3.55)

The increase in N allows improving the accuracy of the model, enabling the representation of
the nonlinear behavior of the fields inside the shell. The choice of N depends on the problem
to be solved and the desired accuracy. In [12] the TS extension with N = 5 provided
very satisfactory results for a problem of a nonlinear magnetic plate placed above a pair of
conductors carrying sinusoidal currents in opposite directions. To apply the TS extension in
the H-formulation, we substitute (3.55) in (3.20). Integrating the resulting equation twice
over the thickness of the shell, we obtain the solution for a 1-D problem in terms only of the
tangential component of the electric field (et = ezk), i.e.

ez (y, t) = e+
z (t) + e−z (t)

2 + e+
z (t) + e−z (t)

d
y + µd2

N∑
i=0

βi (y)∂tji (t) , (3.56)

with e+(t) = ez(d/2, t), e−z (t) = ez(−d/2, t), and βi (z) satisfying d2∂2
yβi (y) = αi (y) and

βi (±d/2) = 0 [12]. In addition, either for the linear or the nonlinear cases, the constitutive
law ez(y, t) = ρjz(y, t) is weakly imposed by an integral constraint defined as∫ d/2

−d/2
α(y)(ez(y, t)− ρjz(y, t))dy = 0, (3.57)

leading to N + 1 differential equations in terms of j0 · · · jN , e+
z and e−z . The relevant global

quantities are the average current density j0 and the average flux density b0 given by

b0(t) = 1
d

∫ d/2

−d/2
bx(y, t)dy, and j0(t) = 1

d

∫ d/2

−d/2
jz(y, t)dy. (3.58)

With (3.56), the first IC (related to (3.25) in the classical TS approach) is defined in terms
of e+

z , e−z and ji, for i = 1 to N , depending on the Legendre polynomials expansion. The
second IC (related to (3.17) in the classical TS approach) is calculated from the average flux
density (3.58), the interface condition e−z −e+

z = ns×d∂tb0(t) and the Faraday law (2.6). Thus,
as in the classical TS approach, the two ICs are satisfied in this extension. Moreover, it allows
the estimation of the EM behavior of both ferromagnetic and conducting thin structures in
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time-transient regime since these ICs are now independent of the frequency of operation.
In a nonlinear case, the algebraic system of equations is solved using the Newton-Raphson
method, just as in the standard H-formulation [12].

In [101], the expansion of the TS approach was developed using the A-formulation, and even
orthogonal Legendre polynomials functions were applied for the time-transient analysis of
laminated iron cores. In the A-formulation, the solution of (3.20) with (3.55) is expressed in
terms of the magnetic field and the constitutive law hx(y, t) = νbx(y, t) is weakly imposed
leading to a system of equation dual to that of the H-formulation presented above. A similar
approach was used in [102, 103] to develop a time-domain extension of the homogenization
technique for laminated iron cores.

Results obtained with this extension of the classical TS approach have shown good agreement
with a standard FE solution obtained with the full representation of the shell volume
in [12,101]. In [11], the H-formulation was considered and the application of the extension
of the TS approach provided reductions of more than 60% in the total number of DoFs, and
approximately 80% in the computational time. This reduction was largely the consequence
of using a coarse mesh in the neighborhood of the thin shell and avoiding meshing the high
aspect ratio geometry. More recently, the expansion of the magnetic flux density using
similar polynomial functions was applied to model nonlinear laminated iron cores in power
machines [104].

Another time-transient extension of the classical TS approach was proposed in [9]. In that
paper, the authors proposed a recursive form for ht and et to avoid computing these field
quantities across the thickness of the thin structure during their time-evolution analysis.
The two ICs of the classical TS approach were also taken into account in this extension.
In [10], the same authors proposed the use of inverse Fast Fourier Transform (FFT) of the
time-harmonic solutions to update the residual at each iteration of the fixed point method.
Problems involving nonlinear and hysteretic ferromagnetic shields were also tackled in those
papers.

All time-transient extensions presented in [9–12, 101, 103, 104] were restricted to ohmic
conductors or nonlinear ferromagnetic sheets analysis under external field excitation, i.e. none
of them consider cases of nonlinear conductors carrying a current such as HTS tapes, for
example. In [105], the authors proposed a TS approach based of the London theory1 [106]
to estimate the shielding efficiency of superconducting layers and multi-layered shields.

1This theory assumes that the magnetic flux cannot penetrate the superconductor deeper than a short
depth. Despite being able to model the Meissner effect in superconductors, there is no formal proof for the
London theory. It assumes a perfect diamagnetism, which is not necessarily a feature of all superconductors.
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However, this theory does not represent the physics for practical superconductors correctly.
So far, no TS model has been used to model nonlinear conductive sheets, such as
type-II superconducting layers, other than considering the strip approximation discussed
in Section 3.4.

3.8 The T -A-formulation

A model based on a mixed T -A-formulation was recently proposed to model type-II
superconducting tapes [35] and implemented in COMSOL Multiphysics [107]. In this
T -A-formulation, a 1-D problem in terms of a current vector potential t is defined along
the width of the tapes. Considering a 2-D problem with the x-axis parallel to the width of
the tape and the y-axis perpendicular to it (Fig. 3.3), the governing 1-D PDE in terms of t
is written as

∂xρ∂xt = −∂tbn, (3.59)

where the normal magnetic flux density bn is a source term defined as

bn = b+
n + b−n

2 , (3.60)

with b±n obtained from the standard A-formulation applied to the surroundings of the
tapes (according to the COMSOL documentation [107]). Since the tapes are generally
surrounded by air space, we have b±n = µ0h

±
n .

Boundary conditions of type t = I/(2d) are applied at the extremities of the tapes to impose

Γs

h+
t

h−t

h+
n

h−n

t1 t2

z

y
x

Figure 3.3 Schematic representing the T -A-formulation for a single tape example: a 1-D
problem is defined along the tape width with the current density potential t as state
variable. A current density is computed from t and impressed in a pure A-formulation
through discontinuities of h±t related to the positive and negative sides of Γs.
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a transport current into them. The variation of t along their width gives the current density

j = ns × (ns × ∂xt) . (3.61)

Moreover, the equivalent surface current density, assuming a linear variation across the
thickness of the tape, is simply ke = jzd, i.e. the same as in the strip approximation.
This surface current density is imposed in the A-formulation through discontinuities of the
tangential components of the magnetic field that arise naturally in the weak form of this
formulation, as shown in (3.33).

Under the previous assumptions, using (3.60) and (3.61) with (3.5) in (3.59), we obtain

∂xρ

(
h+
t − h−t

)
d

= ∂tµ
(h+

n + h−n )
2 , (3.62)

which is the H-representation of the IC (3.46) with a−1 tanh (ad/2) approximated by d/2 in
the classical TS approach. The second IC of the TS approach (equivalent to (3.47) or (3.6))
is fulfilled by the continuity of the tangential component at in the A-formulation. The
T -A-formulation is consequently only suitable for cases where the permeability of the thin
region is equal to the value in its surroundings and the flux diffusion inside the tapes can be
neglected, i.e. problems involving ferromagnetic thin regions cannot be addressed using this
formulation.

The T -A-formulation can be seen as a particular realization of the TS approach disregarding
the magnetic effects inside the tapes and with a linear approximation of the magnetic
field profile across the thickness of the tape. In fact, this formulation is equivalent to the
strip approximation in the A-formulation, but with the surface current density ke defined
numerically by the 1-D problem in terms of t. Note however that the current density is at
same time defined as the variation of t (related to hn) along the width of the tape and the
variation (or discontinuity) of ht across its thickness. If the former variation is considered
to be linear along the elements on the surface of the shell, the second must also be. From
Faraday’s law (3.38), we verify that for hn to be linear, et (or at) must be of second order,
otherwise numerical oscillations appear.

In [108], the authors observed the numerical instability when using the T -A-formulation with
first order finite elements for both a and t to estimate the EM behavior of a stack of HTS
tapes. When the finite element order for a was increased, the oscillations disappeared. Only
2-D cases were considered in that paper, and the T -A-formulation performed better than the
standard H-formulation in terms of computational cost in these cases. However in [109], the
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application of the T -A-formulation to the simulation of a Roebel cable required computational
resources comparable to that of the H-formulation, since high order elements were used
for a to avoid the numerical oscillations. Despite this, the T -A-formulation has become
very popular in recent years to estimate current and fields in HTS devices [108, 110–116].
The stability problem of the T -A-formulation was studied in greater detail in a very recent
article [71].

3.9 Chapter summary and remarks

A literature review about the modeling of thin regions with the finite element method was
presented in this chapter. Considering the penetration of the tangential components of the
fields in the shell, the presented approaches can be categorized into two groups:

• Models that considers a linear tangential field profile across the thickness d: strip
approximation, degenerate finite elements with first-order Lagrange basis functions,
the T -A-formulation, and the classical TS approach (δ � d);

• Models that take into account the nonlinear field profile across d: the classical TS
approach (δ < d) and its time-transient extensions.

The first group has application limited to cases where the surface current densities can be
assumed constant across the thickness. This is the case of problems where the tangential
components of the fields fully penetrate the reduced-dimension geometry and where the
normal component of the fields dominate the dynamics of the problem. In addition, the strip
approximation is only suitable for problems involving thin ferromagnetic or conductive regions
at once (in the H- and A- formulations, respectively) since only the electric or the magnetic
surface current density is considered in this approximation. Similarly, the T -A-formulation
is only suitable for modeling thin conducting structures and not ferromagnetic shields, for
example. The numerical instability in the T -A-formulation was also briefly discussed.

The second group takes into account the uneven distribution of the current densities across d.
However, the classical TS approach is limited to time-harmonic simulations, and the time-
transient extensions of this approach rely on complicated analytical solutions for the fields
profiles across d such as (3.56). Moreover, edge and corner effects are not well represented
by these approaches. We conclude that simpler and more representative models are required
for the time-transient analysis of both linear and nonlinear thin regions, especially those
encountered in superconducting tapes.
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CHAPTER 4 RESEARCH WORK DEVELOPMENT AND GENERAL
ORGANIZATION OF THE DOCUMENT

4.1 Research objectives

The main objective of this thesis is to establish a rigorous 3-D FE formulation for domains
composed of thin regions that is suitable for time-transient analysis of EM devices while
taking into account the nonlinearities of both the conductive and ferromagnetic materials.

This general objective was split into three sub-objectives:

1. Establish a well-posed finite-element approach for modeling thin regions;

2. Demonstrate that the proposed approach gives sufficiently accurate results compared
to nonlinear 3-D FEM reference solutions in time-transient analysis;

3. Quantify the benefits of the new approach in terms of mesh simplifications and reduction
of the computational cost.

4.2 Working assumptions

Given the computational electromagnetic fundamentals and the literature review on modeling
thin regions using the FEM presented in chapters 2 and 3, respectively, we identify the
following working assumptions:

1. As presented in Section 2.8.6, the edge-based cohomology basis representative (thick
cuts) could be useful to impose current constraints in the thin regions with the
H-φ-formulation, which was already demonstrated to be advantageous to solve
problems involving superconductors in [43, 55, 61, 117–120]. When modeling thin
structures, the reduced-dimension geometry (Γs) may represent a cavity in the
computational domain if it is duplicated as in the degenerate finite elements approach
(Section 3.5). This duplication may allow discontinuities of the tangential components
of the fields across the shell thickness, which is required to represent the two ICs in
the classical TS approach (see discussion in Section 3.6.2). Our assumption is that the
computational cost can be reduced by using thick cuts outside from the thin regions
while we connect this with a suitable TS model representing its interior physics. These
cuts may also allow imposing a transport current or computing eddy-currents in the
shell.
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2. The currently available approximations for modeling thin structures suffer from four
main limitations: (i) they are often restricted to time-harmonic analysis, (ii) they do
not consider or neglect the penetration of the tangential components of the magnetic
and the electric fields in the shell simultaneously, (iii) they are either suitable only
for simulating linear ferromagnetic or conducting thin structures, and (iv) they cannot
correctly represent edges and corners effects.

3. Models that assume a linear profile of the tangential fields inside the shell are limited
to applications where the penetration depth is much larger than the thickness of the
thin region or where the normal components of the fields dominate the dynamic of the
problem. To overcome this limitation, a new TS model should consider the nonlinear
profile of the fields across the shell thickness.

4. Time-transient extensions of the classical TS approach (Section 3.6) often consider
complicated analytical solutions such as (3.56) to be defined at the pre-processing stage,
or rely on time-harmonic solutions and post-processing efforts to update the residual at
each time step of the simulation. A new TS model should be able to solve the system
of equations directly through FEM.

5. All the presented models for superconducting tapes in Chapter 3 neglect the penetration
of the field component parallel to the wide faces of the thin structures. A model that
takes into account this penetration would be suitable for modeling type-II HTS tapes
in any configuration (e.g. closely packed tapes carrying anti-parallel currents [79,121]).

6. Even models that consider the penetration of the tangential field components cannot
accurately represent edges and corners effects [100], since near these regions the
tangential components may have a distribution different than the analytical solution
for the 1-D linear flux diffusion problem introduced in Section (3.6.1). Indeed, far from
the edges and corners the fields may have a profile other than hyperbolic. A more
general TS model should consider field profiles of any type inside the shell.

7. Thin-shell approaches in mixed formulation such as the T -A-formulation may suffer
from numerical instability [71, 108, 109]. In this approach, both the tangential and
normal components of the magnetic field are coupled to the pure A-formulation used in
the surroundings of the thin region. A more natural coupling could be achieved using
only the tangential components of the fields, as in the classical TS approach, and may
resolve the numerical instability observed in the T -A-formulation.



62

4.3 Methodology

In this thesis, we proceed with two different approaches: (i) by defining dedicated basis
functions for the 1-D problem across d that allows the time-transient and nonlinear analysis of
thin sheets, and (ii) by considering multiple degenerate finite-elements (or a virtual 1-D mesh)
to represent the nonlinear profile of the fields and the uneven distribution of the current
density inside the shell. In all cases, the proposed TS models were implemented using the
H-φ-formulation since it has been considered as the most suitable formulation for modeling
HTS devices. However, given the duality of the H- and the A- formulations discussed in
Chapter 2, the proposed methodology can be easily extended to the A- or A-V - formulations.

4.3.1 Thin-shell approach with hyperbolic basis functions

From the 1-D solutions in terms of the magnetic and the electric field tangential components,
(3.14) and (3.23), respectively, we observe that both of them can be interpreted as a least
squares approximation of the tangential components of the field at the boundaries Γ±s using
hyperbolic functions of type sinh(~ad

2 ±+~ay)
sinh(~ad) . Our first approach was then to defined these

hyperbolic expressions as basis functions for an auxiliary 1-D problem defined across the
thickness of the shell in time-harmonic problems, and to extend it for the time-transient
analysis of nonlinear shells by considering a set of basis functions derived from time-harmonic
solutions at different frequencies. These hyperbolic basis functions become equivalent to first-
order Lagrange basis functions in cases with δ � d, but they can represent the profile of the
fields inside the shell in cases with δ < d, as in the classical TS approach. The increment of
the frequency content used to define the set of basis functions allows the representation of
the time-transient behavior of the field quantities in the shell. Moreover, the combination of
multiple frequency components allows the non-hyperbolic profile near edges and corners to be
represented correctly. The proposed approach is given a detailed presentation in Chapter 5.

4.3.2 Thin-shell approach with virtual discretization

In our second approach, we considered multiple degenerate finite elements to represent the
thin region. This approach can be seen as a virtual representation of the shell thickness
in the computational domain. With a single element across the thickness of the shell,
this approach becomes equivalent to the degenerate elements proposed in [86], to the strip
approximation (considering both the electric and magnetic phenomena inside the shell), or
even to the classical TS approach with δ � d in the time-harmonic regime. Moreover, the
ICs can be defined purely in terms of the tangential components of the magnetic field on the
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virtual mesh, which can be efficient in computing the EM phenomena in problems involving
several HTS tapes. Given that we consider a virtual representation across the thickness of
the tape, multiple layers with different materials properties can be simulated as a single
lower-dimensional geometry within the domain. The proposed TS approach for 2-D and 3-D
cases are formally presented and validated in Chapters 6 and 7, respectively. This approach
is more general than the first one since it is independent of the frequency of operation or of
the materials physical properties.

All the features of the two proposed approaches were implemented in the open-source code
Gmsh [60] and the solver GetDP [122] in order to ensure the availability of these models to
the engineering community. Besides, our second approach was also implemented in COMSOL
Multiphysics, given that this software has become very popular among the HTS modeling
community over the past ten years or so. This implementation was also important for the
sake of comparison of our approach with the T -A-formulation. A full comparison between
our model implemented in COMSOL and the T -A-formulation is presented in Appendix B.
Moreover, a shielded induction heater was modeled using the proposed TS approach in
order to evaluate the accuracy of the proposed TS model in estimating field and current
distributions near the corners and edges of thin conductive and ferromagnetic regions. These
results are presented in Appendix C. In all the cases, the solutions obtained with the
proposed TS models were compared with reference solutions obtained with standard FE
with a H-φ-formulation, and with well-established analytical models.
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Abstract

This paper presents a new time-domain finite-element approach for modeling thin sheets with
hyperbolic basis functions derived from the well-known steady-state solution of the linear flux
diffusion equation. The combination of solutions at different operating frequencies permits
the representation of the time-evolution of field quantities in the magnetic field formulation.
This approach is here applied to solve a planar shielding problem in harmonic and time-
dependent simulations for materials with either linear or nonlinear characteristics. Local and
global quantities show good agreement with the reference solutions obtained by the standard
finite element method on a complete and representative discretization of the region exposed
to a time-varying magnetic field.

5.1 Introduction

Thin sheets of high permeability and/or conductivity are often employed to mitigate stray
fields produced by electric and electronic devices such as rotating machines, large power
transformers, induction heating equipment, welding and forming machines [8,9,93,94,96]. In
the surroundings of these devices, the field intensity needs to be at acceptable value to comply
with the exposure limits for humans and for electromagnetic compatibility and interference
reasons [9]. However, the shielding efficiency of thin sheets can be directly affected by its
material characteristics, shape and position [8]. Consequently, the availability of models
able to predict the electromagnetic (EM) behavior in such structures at an affordable
computational cost is key to optimizing these devices.
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In terms of shape, the high aspect ratio of thin-sheet shields presents a challenge to numerical
simulation. Indeed, the direct application of a numerical method, such as the Finite Element
Method (FEM), can be computationally expensive or even prohibitive due to the associated
meshing difficulties [95]. On the one hand, a coarse mesh inside these sheets is unable to
capture the EM phenomena and may lead to elements with high aspect ratio, which affect
the FEM solution accuracy and convergence [6]. On the other hand, a high-density mesh can
increase inordinately the number of unknowns in the problem and therefore the computational
cost. The EM problem is even harder to solve if nonlinear materials characteristics are
considered in time-transient analysis.

An efficient way to overcome these difficulties is to use the classical Thin-Shell (TS)
model [31–34]. In this model, a reduced-dimension geometry replaces the actual volume
of the thin regions, and suitable impedance boundary conditions (IBCs) account for the EM
behavior within the original volume. These IBCs are defined from the analytical solution of
the EM problem throughout the volume of the thin sheet. Thus, since the smallest dimension
of the layer is neglected in a geometric sense, errors are avoided that would have been caused
by the original anisotropic meshing of the thin structure with poor aspect ratios [93].

The TS model provides a good compromise between accuracy and computational cost [95],
but its application is still mostly restricted to linear and harmonic regime analysis since
the analytical solution is known a priori and the IBCs can be easily established. Currently
available time-domain and nonlinear TS-FEM approaches are often derived from classical
IBCs, whether using orthogonal polynomial basis functions to express the magnetic flux
density through the shell thickness [11,12,101–104], Fast Fourier Transform (FFT) to update
the residual from the harmonic solution [8, 9], or simply a linear field variation through its
thickness (strip approximations) [35,77,108,110]. However, when considering time-transient
analysis of nonlinear thin sheets, more representative models are required.

In [123], low-order surface impedance boundary conditions (SIBCs) are defined using basis
functions derived from the steady-state analytical solution of semi-infinite slab problems.
These SIBCs are applied in time-transient FE simulations to remove large conducting regions
from the computational domain. Although the problems involving thin sheets are different,
their nature is the same. In SIBCs, field quantities penetrate the surface from one boundary
of a bulk domain, whereas in the TS model, the penetration occurs simultaneously from
the two extended faces of a thin sheet. Moreover, the IBCs in the TS approach proposed
in [31] are derived in a similar way than the SIBCs in [92]. For these reasons, a time-domain
extension of the classical TS model with basis functions derived from the steady-state solution
of a slab of finite thickness, equivalent to the model proposed in [123] for SIBCs, is a natural
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approach to pursue.

This paper presents a novel time-domain extension of the classical TS model to solve
2-D shielding problems.The physics inside the thin region is captured by hyperbolic basis
functions derived from the steady-state analytical solution of the linear flux diffusion
equation. We demonstrate that the use of two hyperbolic basis functions leads to IBCs
equivalent to the classical TS model in harmonic regime. In the time-transient analysis, the
use of n pairs of hyperbolic basis functions, each representing different frequencies, coupled
to FEM models outside the TS, allows computation of the time evolution of the physical
quantities throughout the domain without resolving the TS. The method is here developed
for a magnetic field (H-)formulation and extended to nonlinear cases. Results show good
agreement with the 2-D FE reference solutions, with a greatly reduced number of degrees of
freedom (DoFs) and therefore, at a lower computational cost.

5.2 1-D Flux Diffusion Problem in a Slab of Finite Thickness

By assuming a thin region with a sufficiently high aspect ratio, the EM problem in a sheet
can be formulated as a 1-D flux diffusion problem in a slab of finite thickness. In Fig. 5.1,
we consider a thin sheet of thickness d whose normal is parallel to the y-axis. The tangential
component of the magnetic field (hx) is in the x-direction (Fig. 5.1a) and the tangential
component of the electric field (ez) is in the z-direction (Fig. 5.1b). The slab problem can
be then formulated in terms of hx or ez, i.e.

∂y(ρ∂yhx(y, t)) + ∂tµhx(y, t) = 0, (5.1)

∂y(ν∂yez(y, t)) + ∂tσez(y, t) = 0, (5.2)

where ρ is the electric resistivity (σ = 1/ρ) and µ is the magnetic permeability (ν = 1/µ).
These expressions are derived from Faraday’s and Ampere’s laws, respectively.

We assume that ρ and µ are constants and that we have harmonic boundary conditions (BCs),
i.e.

h±x (y = ±d/2, t) = ĥ±x cos(ωt+ φ±h ), (5.3)

e±z (y = ±d/2, t) = ê±z cos(ωt+ φ±e ), (5.4)

where ĥ±x and ê±z are respectively the magnetic and electric field magnitudes, and φ±h and
φ±e their related phase shifts. Using a phasor representation (symbols with a bar), i.e.
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h̄±x = ĥ±x exp(φ±h ) and ē±z = ê±z exp(φ±e ), we have

h±x (y = ±d/2, t) = <{h̄±x exp(ωt)}, (5.5)

e±z (y = ±d/2, t) = <{ē±z exp(ωt)}, (5.6)

where <{.} is the real part of the argument.

The solutions to (5.1)-(5.2) with the boundary conditions (5.5)-(5.6) are given complex
notation (symbols with right arrow on top) and can be written as:

h̄x(y) = h̄+
x
~ψ+(y) + h̄−x

~ψ−(y), (5.7)

ēz(y) = ē+
z
~ψ+(y) + ē−z

~ψ−(y), (5.8)

where
~ψ±(y) =

sinh
(
~ad
2 ± ~ay

)
sinh (~ad) , (5.9)

and ~a = 1+
δ
,  =

√
−1, δ =

√
2/(µσω), ω = 2πf , and f is the operating frequency. Note that

the functions ~ψ±(y) appear in both (5.7) and (5.8). These functions are used later in this
paper to define the basis functions required for the time-transient analysis of thin sheets.

5.2.1 Hyperbolic Basis Functions and Classical TS Model

We propose the use of basis functions obtained from steady-state solutions of the 1-D flux
diffusion problem governed by (5.1)-(5.4). Taking as example the problem in terms of the
magnetic field (5.1), together with the BCs (5.3), the steady-state solution for hx can be
written as

hx(y, t) = ĥ+
x cos(ωt+ φ+

h )θ+
c (y)

+ ĥ+
x sin(ωt+ φ+

h )θ+
s (y)

+ ĥ−x cos(ωt+ φ−h )θ−c (y)

+ ĥ−x sin(ωt+ φ+
h )θ−s (y),

(5.10)

where the analytical expressions for θ±c and θ±s given in Table 4.2-II of [124]. Here, θc and θs
are obtained directly from the real (<) and imaginary (=) parts of (5.9), i.e.

θ±c (y) = <{~ψ±(y)}, (5.11)

θ±s (y) = ={~ψ±(y)}, (5.12)
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Figure 5.1 Thin region Ωs of thickness d and its local coordinate system. Γ±s denote the top
and bottom boundaries of Ωs and n±s their respective outward normals.

which means that
~ψ±(y) = θ±c (y) + θ±s (y). (5.13)

Note that the solution (5.10) can be interpreted as a least squares approximation of h±x in Ωs

using the hyperbolic functions ~ψ±(y). In addition, if we consider the harmonic solution (5.7)
with δ � d, ~ψ±(y) in (5.9) reduces to

~ψ±(y)
∣∣∣
(δ�d)

= d/2± y
d

, (5.14)

which is equivalent to the Lagrange polynomials of first order defined across the thickness
d of the sheet. Indeed, with δ � d, the field quantities have a linear variation through the
sheet thickness, and the functions ~ψ±(y) can account for this behavior. To illustrate this,
the functions θ±c and θ±s for δ � d are plotted in Fig. 5.2.

The equivalent solution in terms of the electric field can be obtained by replacing ĥ±x

and φ±h by ê±z and φ±e in (5.10). However, in this paper, we are solely interested in
magnetic field quantities and the H-formulation. The solution depending on the electric field
would be useful, say, to implement the proposed approach in the magnetic vector potential
(A-)formulation.

Besides, it can be demonstrated that the application of the ~ψ±(y) functions as basis functions
in the variational form of a 1-D finite element problem in the harmonic regime leads to the
same IBCs used in the classical TS model [31], which are, using a vector representation (bold
symbols),

ns × (h+
x − h−x ) = ~ηe

(
ns ×

(
e+
z + e−z

))
× ns, (5.15)

ns × (e+
z − e−z ) = ~ηh

(
ns ×

(
h+
x + h−x

))
× ns, (5.16)

with ~ηh = − ωµ
~a

tanh
(
~ad
2

)
and ~ηe = σ

~a
tanh

(
~ad
2

)
.
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Figure 5.2 Hyperbolic basis functions when δ � d.

Expression (5.15) connects the discontinuity of the tangential components of the magnetic
field to the mean value of the tangential electric field. This discontinuity is related to the total
net current flowing in the sheet [32]. Moreover, equation (5.16) connects the discontinuity
of the tangential electric field to the mean value of the tangential magnetic field, which is
related to the amount of perpendicular flux absorbed in the plane of the sheet. When δ � d,
the coefficients 1

~a
tanh

(
~ad
2

)
in ~ηh and ~ηe can be approximated by d/2 [95].

The classical TS model in the form of IBCs has been used extensively to tackle problems
involving thin regions in harmonic regime simulations [8, 31–33, 95, 96]. These IBCs were
originally defined from the analytical solution for the field distribution, and the integration
of the analytical expressions of the electric and magnetic current densities over the thickness
of the thin sheet, which gives equivalent surface currents representatives [31]. However, to
the best of our knowledge, no definition of the TS model in the form of the hyperbolic basis
functions has been proposed in the literature before. These functions appear naturally in the
solution (5.10). Therefore, the proposed approach can be easily extended to time-transient
analysis, as described next.

5.2.2 Hyperbolic Basis Functions in Time-Transient Analysis

In time-transient analysis, we define n pairs of ~ψ±k (y), where k is the harmonic rank relative to
a fundamental frequency f1 chosen in accordance with the problem to model, and 1 ≤ k ≤ n.
The number of basis functions n is defined according to the frequency content of hx and the
desired accuracy. Therefore, ~ψ±k (y) is still defined by (5.9), with ω = 2πfk (which affects
the values of δ and ~a). Then, according to (5.13), each ~ψ±k (y) generates the even θ±ck(y) and
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odd θ±sk(y) functions, which we write as

θ±c1(y) = <{~ψ±1 (y)}, (5.17)

θ±ck(y) = <{~ψ±k (y)} − θ±c1(y), 2 ≤ k ≤ n, (5.18)

θ±sk(y) = ={~ψ±k (y)}, 1 ≤ k ≤ n. (5.19)

The first two cosines satisfy θ±c1(y = ±d/2) = 1 while the remaining functions θ±ck(y) and θ±sk(y)
in (5.18-5.19) vanish at the boundaries of the thin region (Γ±). This allows us to connect the
1-D equations to the exterior FE global system of equations; see Section 5.3. Examples of
the proposed basis functions with n = 3 are presented in Fig. 5.3 for δ ≤ d. For cases with
δ � d, the first two cosines functions are enough to represent the profile of hx in Ωs, since it
has a linear variation throughout the thickness of the sheet (Fig. 5.2). Furthermore, the sine
basis vanish everywhere.

The expansion of hx(y, t) in terms of (5.17)-(5.19) can be written in matrix form as

hx(y, t) = [h(t)]T [θ(y)] , (5.20)

with the 4n× 1 matrices [h(t)] and [θ(y)] given by

[h(t)] = [h+
c1(t) . . . h+

cn(t), h+
s1(t) . . . h+

sn(t),

h−c1(t) . . . h−cn(t), h−s1(t) . . . h−sn(t)],
(5.21)

[θ(y)] = [θ+
c1(y) . . . θ+

cn(y), θ+
s1(y) . . . θ+

sn(y),

θ−c1(y) . . . θ−cn(y), θ−s1(y) . . . θ−sn(y)],
(5.22)

where h±ck(t) and h±sk(t) are unknowns of the problem to model.

Additionally, the 1-D variational form of the partial differential equation (5.1), disregarding
homogeneous BCs, is (

ρ ∂yhx, ∂yh
′
x

)
Ωs

+ ∂t

(
µ hx, h

′
x

)
Ωs

= 0, (5.23)

where h′x is the test function assumed to vanish at Γ±s .

The FE discretization of (5.23) by means of N = 4n basis functions θp(y) and θq(y), with
p, q ∈ [1, N ], for hx and h′x respectively, and assuming isotropic linear materials, leads to a
system of equations, expressed in matrix form as

ρ [S] [h(t)] + µ [M] ∂t[h(t)] = 0, (5.24)
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Figure 5.3 Hyperbolic basis functions for time-transient analysis: example with δ1 = d (with
f1 in accordance), δ2 = d/2 (f2 = 4f1) and δ3 = d/4 (f3 = 16f1) for k = 1, 2 and 3,
respectively.

where the elements of [S] and [M] are calculated as

Spq =
∫ d/2

−d/2
∂yθp(y)∂yθq(y)dy, (5.25)

Mpq =
∫ d/2

−d/2
θp(y)θq(y)dy, (5.26)

which can be evaluated numerically for each pair of basis functions θp and θq. Then,
considering the implicit Euler scheme for the time-discretization of (5.24), coupled to (5.3),
one obtains a system of algebraic equations to be solved at each time-step of the simulation.

The instantaneous loss L(t) in Joule is calculated as [125]

L(t) = ρ[h(t)]T [S][h(t)], (5.27)

where Spq is given by (5.25).

In the nonlinear case, the still isotropic resistivity ρ (or the magnetic permeability µ) in the
variational form (5.23) can depend on the magnetic field intensity hx or its derivative ∂yhx.
The resulting nonlinear system of equations is solved by the Newton-Raphson (NR) iterative
method, as presented in [123], but with integral terms evaluated over the thickness of the
thin region, i.e., −d/2 ≤ y ≤ d/2. These integrals are solved numerically using the Legendre-
Gauss quadrature at every iteration of the NR method.
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5.3 FEM Implementation

We study the problem of a thin region Ωs embedded in a domain Ω = Ωc ∪ ΩC
c , where Ωc

and ΩC
c denote respectively the conducting and non-conducting parts of Ω. As depicted in

Fig. 5.4a, the exterior boundary of Ω (∂Ω = Γ) is composed of two complementary parts Γh
and Γe (i.e. Γ = Γh ∪ Γe and Γh ∩ Γe = ∅) that may be necessary for symmetry or physical
purposes such as connecting different subproblems via their common boundaries [99]. The
thin region Ωs belongs to the conductive subdomain (Ωs ⊂ Ωc) and its interior and exterior
boundaries are Γ−s and Γ+

s , respectively.

When coupling the TS model with the FEM, Ωs is geometrically replaced by a surface located
halfway between the original boundaries (Ωs → Γs in Fig. 5.4b). In the variational form, by
assuming distinct BCs on both sides of Γs, we obtain interface integrals to couple with the
TS model within Ωs. Thus, the weak form of the H-formulation, obtained from the weak
form of Faraday’s law, is defined as follows:

Find h ∈H(curl,Ω) such that
(
ρ∇× h,∇× h′

)
Ωc\Ωs

+ ∂t

(
µh,h′

)
Ω\Ωs

+
〈
n× e,h′

〉
Γe

−
〈
ns × e,h′

〉
Γ+

s

+
〈
ns × e,h′

〉
Γ−

s

= 0,
(5.28)

∀ h′ ∈ H0(curl,Ω), where h′ are test functions with n× h′ = 0 along Γh, n is the outward
unit normal vector on Γ, and (·, ·)Ω and 〈·, ·〉Γ denote respectively the volume integral over
Ω and the surface integral over Γ of the scalar product of their two arguments. Note that we
assume that h ∈H(curl,Ω) already satisfies the BC on n× h along Γh.

The two last terms of (5.28) express the discontinuity of the tangential components of
the electric field along the surface representing the thin region and we considered that
ns = −n+

Γs
= n−Γs

(see Fig. 5.4a). Besides these interface terms, the weak form (5.28) requires
the duplication of the DoFs related to the surface of the thin region. In [95], the authors
propose the decomposition of the field quantities into its continuous and discontinuous
parts in order to avoid nodes and edges duplication. This decomposition is also applied
in [11,12,101].

Here, nodes and edges of the thin surface are duplicated, but except for the nodes located
at its extremities (e.g. points p1 and p2 in Fig. 5.4b). This creates a crack in the topological
structure, and the non-conducting region becomes non-simply connected. The interfaces Γ+

s

and Γ−s share the nodes at their extremities, such that Γs = Γ+
s ∪ Γ−s , and the tangential

components of the magnetic fields on these surfaces are connected by an 1-D FE problem in
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the thin direction of the sheet.

In order to include the 1-D problem in the weak form (5.28), we express the surface integral
terms on Γs in (5.28) by using the variational formulation of Faraday’s law over Ωs, namely

−
〈
ns × e,h′

〉
Γ+

s

+
〈
ns × e,h′

〉
Γ−

s

=(
ρ∇× h,∇× h′

)
Ωs

+∂t
(
µh,h′

)
Ωs

.
(5.29)

The volume integrals terms in this expression have opposite signs than those presented
in (5.28), since they are on the right side of (5.29). In fact, here we should consider the
outward unit normal vector of the boundary of Ωs, i.e. n±s in Fig. 5.4a, but for the sake of
simplicity, we denoted n+

s = −n−s = ns(Fig. 5.4b).

Inside the sheet, we assume that the local magnetic field is written as hx(x, y, z, t) =
hx(x, z, t)ζ(y) and the test function as h′x(x, y, z) = h′x(x, z)ζ ′(y), with hx(x, z, t) and
h′x(x, z, t) tangential to Γs, and ζ(y) and ζ ′(y) differentiable in the interval −d/2 ≤ y ≤ d/2.
The volume integrals terms in (5.29) are then reduced to surface integrals terms as follows(

ρ∇× h,∇× h′
)

Ωs

=
(
ρ∇× (hxζ),∇× (h′xζ ′)

)
Ωs

=
(
ρ (ζ∇× hx − hx ×∇ζ) , ζ ′∇× h′x − h′x ×∇ζ ′

)
Ωs

2-D=
〈
hx,h

′
x

〉
Γs

·
∫ d/2

−d/2
ρ∂yζ∂yζ

′dy,

(5.30)

∂t

(
µh,h′

)
Ωs

= ∂t

(
µhxζ,h

′
xζ
′
)

Ωs

= ∂t

〈
hx,h

′
x

〉
Γs

·
∫ d/2

−d/2
µζζ ′dy,

(5.31)

where Γs = Γ+
s ∪Γ−s . Note that the expansion in (5.30) has been reduced to the 2-D case, so

that hx is independent of z, i.e., hx(x, t), and the terms ∇×hx and ∇×h′x vanish. In 3-D,
these terms should be taken into account.

By choosing ζ and ζ ′ as θp and θq, respectively, the integral terms in (5.30) and (5.31) are
seen to be components of the elementary matrices [S] and [M] in (5.25) and (5.26). Finally,
taking the weak form of the H-formulation (5.28) with the interface terms rewritten (5.29)
using (5.30) and (5.31), then estimating for each degree of freedom in Γs(x, z) the variation
in y using (5.20) with a system of the form (5.24), we obtain a coupled system of equations
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Γ = Γh ∪ Γe

Ωc

nΓ

ΩC
c

Ωs

n−
Γ
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Γ

n−
s
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s
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s

Γ+
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(a)
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Γ−
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Γ+
s

p1

p2

(b)

Figure 5.4 Computational domain: (a) full representation of Ωs in Ω, and (b) reduced-
dimension problem, with Ωs replaced by a lower-dimensional region Γs.

for the magnetic field inside and outside the TS. The IBCs in the proposed TS model are
obtained from (5.29)-(5.31). Note that, with a single pair of hyperbolic basis functions, these
equations become equivalent to the IBCs (5.15) and (5.16) of the classical TS model.

5.4 Validation and Application

We consider a 2-D planar shield (width l = 1m and thickness d = 1mm) placed over a
pair of wires carrying a current ±I (Fig. 5.5). The conductors are 2x2 cm2 separated
by a distance of l1 = 30 cm, and the distance between the conductors and the shield
is l2 = 10 cm. The free-space region is 4x4m2. The coordinate system xyz is defined
at the center of the shield geometry and we evaluate the magnetic field distribution
along the lines AA′(x = 0, y), BB′(x, y = 10 cm) and CC ′(x = l/2− l/100, y), and at points
P1(x = 0,y = 10 cm), P2(x = l/4,0) and P3(x = l/2− l/100,0).

The application of standard FEM using the H-formulation with a full 2-D representation of
the shield gives the reference solution. The solutions obtained with the application of the
TS model are here compared with the reference solution in terms of local field distributions,
Joule losses and mesh simplification.

The relative difference (R) between the solutions is calculated as

R [%] = ‖TSS− FES‖2

‖FES‖2
× 100, (5.32)

where TSS and FES are the TS and the reference FE solutions, respectively, and ‖.‖2 denote
the Euclidean norm of the argument.
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In terms of mesh parameters, we defined a structured rectangular mesh in Ωs with 12 elements
across the shield thickness in the FE model (Fig. 5.6a-left). The shield surface was discretized
in 1mm wide elements, and 100mm wide elements were considered on the external boundary.
Moreover, first-order edge elements were used in Ω.

With the described mesh configuration, the application of the TS model (Fig. 5.6a-right)
with n = 1 represents a reduction in the total number of DoFs by 14.3% in comparison with
the FE model. However, a more significant reduction can be achieved with the TS model
since a coarser mesh can be employed while maintaining a sufficiently high mesh quality and
solution accuracy.

According to [6], the quality of the triangular mesh can be evaluated by computing the aspect
ratio of the inscribed radius to the circumscribed radius of every triangle. For the meshes
presented in Fig. 5.6a, the smallest aspect ratios are 0.408 and 0.513 for the 2-D FE and the
TS models, respectively. If a coarser mesh is considered, e.g., elements of size 10mm in the
shield surface (Fig. 5.6b), these aspect ratios become 0.085 and 0.621, respectively. In this
case, the low quality of the mesh in the standard FE may reduce the solution accuracy and
its convergence. Therefore, with elements of 10 mm, the TS approach is preferable. It allows
reducing the number of DoFs by 80.9% compared to mesh in the FE reference model while
maintaining the initial mesh quality in the 2-D domain. Thus, 10 mm wide elements were
used in the TS model.

All the models described in this paper were implemented in the open-source code Gmsh [60]
and the solver GetDP [122]. Simulations were conducted on a personal computer with an
Intel i7 2400 processor and 16 Gb of memory. Harmonic and time-transient simulations for
different types of shields were performed.

Shield

A

A′

B′B

y

x
l1

l2

I −I

P1

P2

l
d

Airspace

C

C ′

P3

Figure 5.5 Geometry of the planar shield placed over a pair of wires, and lines AA′ BB′ and
CC ′, and points P1, P2 and P3 where the local distributions of the fields are analyzed.
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(a) Mesh with 1 mm wide elements: FE (left) and TS (right).

(b) Mesh with 10 mm wide elements: FE (left) and TS (right).

Figure 5.6 Mesh differences near the right edge of the shield with (a) 1mm and (b) 10mm
wide elements. For better visualization of the elements in the surroundings of the shield,
figures in (a) and (b) are not to same scale. Figures in (a) were zoomed-in ×4 compared to
figures in (b).

5.4.1 Time-Harmonic Regime

Simulations were first performed in the harmonic regime for the sake of validation of the
proposed TS model. The current I was set to 6 kA (current density of 15A/mm2) at an
operating frequency of f = 50Hz, and two shield configurations were studied:

shield 1: µr = 1 and σ = 1MS/m ⇒ δ = 71.2mm,

shield 2: µr = 1000 and σ = 10MS/m ⇒ δ = 0.712mm,

where µr = µ/µ0 is the relative magnetic permeability with respect to µ0, the magnetic
permeability of air.

The hyperbolic basis functions ψ± in (5.9) were defined accordingly. With the first shield
configuration, the basis functions are equivalent to those presented in Fig. (5.2), since δ � d.
With the second configuration, the hyperbolic basis functions were defined with δ = 0.712mm
(or δ = 1.40d, since d = 1mm). For harmonic regime simulations, only one pair of hyperbolic
basis functions was considered (n = 1).

Real and imaginary components of hx at points P2 and P3 inside the shields are presented
in Fig. 5.7 and in Fig. 5.8, respectively. The field profiles from the TS model were obtained
by evaluating the field intensities in the shield with the proposed hyperbolic basis functions.
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Figure 5.7 Profile of hx at point P2 inside shield 1 (δ � d) and shield 2 (δ < d).

Figure 5.8 Profile of hx at point P3 inside shield 1 (δ � d) and shield 2 (δ < d).

Excellent agreement with reference solutions in terms of real and imaginary components of hx
were observed for both shield configurations. The excellent agreement at point P3 shows that
the proposed model can provide accurate solutions also near the extremities of the shield.
Therefore, even though no special consideration has been made at its extreme points, edge
effects are correctly represented.

In Fig. 5.9, we present a shaded plot of the magnetic flux density. With the first shield
configuration (Fig. 5.9a), the replacement of the original 2-D region by a thin sheet has
no noticeable impact on the magnetic flux density distribution. Indeed, from Fig. 5.7 and
Fig. 5.8, we observe that hx is almost constant inside shield 1. The tangential components
of the field are continuous on the surface representation in the TS model. However, with the
second shield configuration (Fig. 5.9b), the physics inside the plate produces a discontinuity
of hx that deforms the flux lines in the air surrounding the edge. Thus, in both shield
configurations, the solution from the TS model agrees with the FE solution in terms of field
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(a) shield 1: FE solution (left) and TS solution (right)

(b) shield 2: FE solution (left) and TS solution (right)

Figure 5.9 Shaded plot of the isovalues of the magnetic flux density (|b|) in half of domain
(a) shield 1, and (b) shield 2. Note the difference between the solutions depending on the
shielding configuration, and the equivalence between the FE (right) and the TS (left) solutions
in both cases. The airspace is not to scale.

distributions inside and outside the shield.

The relative differences for the local magnetic field along lines AA′, BB′ and CC ′, and at
points P2 and P3 were computed with (5.32). The R-values are summarized in Table 5.1.
The maximum difference is 2.46% and occurs on line CC ′ and point P3 with shield 2. This
difference may be related to the geometrical difference between the TS and the FE models.
Since the thickness of the shield is not represented in the TS model, it is expected to observe
at least a slight difference near its extremities.

5.4.2 Time-Transient Regime (Linear Case)

Time-transient simulations of the planar shield were also performed. In this study, we applied
a pulsed current source in the wires whose waveform produces the magnetic field shown
in Fig. 5.10 and 5.11 (black dashed lines) in absence of the shield. The amplitude of the
current I is the same as in the harmonic regime cases (|I|= 6kA), and the rise time (tr)
was set to 20µs. The simulation time was t max = 50µs with a time-step of t max/120. The
implicit Euler scheme was used.
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Table 5.1 Relative differences for the magnitude of the magnetic field on lines AA′, BB′,
CC ′, and points P2 and P3 depicted in Fig. 5.5

AA′ BB′ CC ′ P2 P3

Shield 1 0.72% 1.22% 1.95% 0.14% 0.92%
Shield 2 0.90% 1.56% 2.46% 1.29% 2.46%

In terms of material composition, two new shielding configurations were studied:

shield 3: µr = 1000 and σ = 1MS/m,

shield 4: µr = 100 and σ = 10MS/m.

Shields 3 and 4 are both ferromagnetic, but shield 4 is more conductive than shield 3. The
simulation time was chosen to define the fundamental frequency as f = 1/(4tmax), i.e. f =
5 kHz. Therefore, these shields have same penetration depth δ = d/4.44. Consequently, the
same hyperbolic basis functions can be used to tackle these problems. The first set of basis
functions was defined with frequency equal to the fundamental (f1 = f). Additional basis
functions were then calculated using odd harmonic frequencies of f1, i.e., fk/f1 = 2k − 1,
with 1 ≤ k ≤ n.

In Fig. 5.10 and 5.11, the time-evolution of hy at point P1 was compared with the reference
solution for shield 3 and 4, respectively. The number of basis functions in the TS model was
varied from 1 to 3, and the solutions approached the reference solution as n increased.

The relative differences of the profiles of hy in the TS model to the reference solution as a
function of the number of basis functions n are presented in Fig. 5.12. The maximum relative
difference R decreases from 245.8% with n = 1 to 2.95% with n = 2, and to less than 2% for
n ≥ 3. Simulations with n > 3 show little improvement in terms of solution accuracy. This
is mainly due to the geometrical differences between the FE and the TS models, as discussed
in the time-harmonic regime case. Despite this, the application of the TS model shows a
good compromise between computational cost and solution accuracy.

The number of DoFs, the computation time and the Joule losses in the reference and TS
models are summarized in Table 5.2. Since a coarser mesh was applied in the TS model,
simulations are more than five times faster with this approach than with standard FE. The
number of DoFs is nearly independent of n, and is reduced by more than 70%, even with
n = 5. Despite this, the relative error in losses estimation is less than 2% with n ≥ 3 in
shields 3 and 4.
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Figure 5.10 Time-evolution of hy at point P1 with pulsed current imposed to the wires and
a ferromagnetic shield configuration (Shield 3). Results obtained with n up to 3 in the TS
model compared with the FE solution.

Figure 5.11 Time-evolution of hy at point P1 with pulsed current imposed to the wires and a
conductive shield configuration (Shield 4). Results obtained with n up to 3 in the TS model
compared with the FE solution.

5.4.3 Time-Transient Regime (Nonlinear Case)

In an attempt to extend the proposed TS model to nonlinear analysis, the shielding problem
was also studied for shields with nonlinear magnetic permeability (µ = µ(h)). A sinusoidal
supply current of amplitude |I| = 6 kA at an operating frequency f = 1 kHz was applied to
the wires. The effects of the saturation and the influence of the number basis functions in
the proposed TS model were analyzed in terms of solution accuracy.

The material properties were modelled with an isotropic saturation law expressing the
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Figure 5.12 Relative difference R of instantaneous hy at point P1 as a function of n in the
TS approach for tr = 20µs in the time-transient study. Note the fast convergence towards
the FE solution.

Table 5.2 Number of DoFs, CPU time and total Joule losses in shields 3 and 4 in time-
transient analysis

Model
Number
of DoFs

CPU
time [s]

Joule losses
Shield 3
[J/m]

Joule losses
Shield 4
[J/m]

Standard FE 176054 1040.12 2.4915 0.7514
TS (n = 1) 33636 189.97 2.4503 0.7676
TS (n = 2) 34036 205.19 2.5103 0.7596
TS (n = 3) 34436 221.40 2.5099 0.7592
TS (n = 4) 34836 276.58 2.5099 0.7592
TS (n = 5) 35236 309.15 2.5087 0.7592

magnetic permeability as a function of the magnetic field intensity, i.e.,

µ(h) = µ0

1 +
(

1
µr0 − 1 + ||h||

m0

)−1
 , (5.33)

where µr0 is the relative permeability at origin and m0 the saturation magnetic field in A/m.
The differential permeability required for the application of the NR-scheme was defined as
in [43]. We carried out simulations with µ0m0 = 1.31 and µr0 = 12500. The B-H curve is
presented in Fig. 5.13. Furthermore, the electrical conductivity of the shield was fixed at
σ = 1MS/m.

One time period was simulated, i.e., tmax = 1/T , with T = 1/f . Moreover, the time-step was
set to ∆t = T/120, and the maximum number of iterations for the NR-scheme was set to 12
in both the reference and the proposed TS models. Besides, the number of points used in the
Legendre-Gauss quadrature was 20 points. This number of points is considered sufficiently
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Figure 5.13 B-H saturation curve obtained from (5.33) with µ0m0 = 1.31 and µr0 = 12500.
The intersection of the B-H curve with the horizontal dashed line gives µr = 1000, which
was used to parametrize the hyperbolic basis functions.

high to avoid errors related to the numerical integration of the hyperbolic functions across
whole the thickness of the shield. Depending on the penetration depths of the basis functions,
less integration points could be used, but we kept 20 at all times to remains on the safe side.

The first set of hyperbolic basis functions was defined by taking f1 = f and higher order
basis functions that are odd multiples of f1. Furthermore, the magnetic permeability used in
the definition of the basis functions was taken from the B-H curves corresponding to a flux
density b = 1.2 T, i.e., µr = 1000 for µr0 = 12500. A similar approach was used in [123] to
parametrize basis functions for nonlinear SIBCs.

Fig. 5.14 shows the hx profile throughout the thickness of the shield for three specific
simulation times (T/8, T/4 and T/2). Results are presented for n = 1 to 3 and compared
with the 2-D FE solution. Note that the accuracy of the proposed TS model clearly improves
with n. Since the penetration depth used to define the hyperbolic basis functions is at the
same time inversely proportional to the square root of f and µr, the additional frequency
components can be interpreted as a way to consider an increase of the magnetic permeability.
For this reason, the saturation effects observed at t = T/8 and t = T/2 are well represented
with the proposed TS model when considering higher harmonic components. The relative
difference between the solutions at t = T/8 is reduced to less than 1% with n = 3 (Fig. 5.15).

The time-evolution of hy at point P1 is shown in Fig. 5.16. The solution of the 2-D FE
problem without the shield gives the field at this point, which has the same waveform as the
current I applied to the wires. The solution for a linear shield problem with µr = 12500 is
presented for the sake of comparison with the nonlinear solution. Finally, the solution for the
shield modeled with the TS model shows improvement as n increases, while high accuracy is
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Figure 5.14 Profiles of hx inside the nonlinear shield at point P2 and at t = T/8, T/4 and
T/2 obtained with the 2-D FE solution and with the TS model for n = 1 to 3. The insets
show the solutions at T/8 and y = ±d/4.

Figure 5.15 Relative difference between the TS and the reference FE solutions for the hx
profile inside the nonlinear shield at P2 and t = T/8.

observed when compared to the nonlinear reference solution. The saturation effect is clearly
observed.

The relative difference of the TS model to the FE solution at P1 at each time step is presented
in Fig. 5.17. It was reduced from more than 5% with n = 1 to less than 1% with n > 2. With
a suitable choice of the basis functions, the proposed TS model can certainly be an option
for simulating nonlinear thin sheets.

5.5 Conclusion

In this paper, a time-domain extension of the classical TS model for thin sheets was elaborated
and discussed using the H-formulation. In our approach, the addition of n sets of basis
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Figure 5.16 Time-evolution of hy at point P1 for the nonlinear case. The solutions obtained
from the TS model with n = 1 to 3 are compared with the 2-D FE solution. Solutions
without the shield and in linear case (µr = 12500) are presented for the sake of comparison.

Figure 5.17 Relative difference between the TS and the reference FE solutions for the time-
evolution of hy at point P1 for the nonlinear case.

functions derived from the steady-state solutions for the problem of a slab of finite thickness
permits the representation of the time evolution of the field quantities inside the thin region
and its surroundings. We did apply this method to analyze the shielding efficiency of
conducting and ferromagnetic planar sheets in harmonic and time-transient regimes for linear
and nonlinear shield configurations.

In the harmonic regime, the proposed model gives IBCs equivalents to those used in the
classical TS model, since both methods are based on the solutions (5.7) and (5.8) and are
directly included in the FE formulation. Our model, however, can also be used in time-
transient FE analysis. We showed that, by adding a small number of hyperbolic basis
functions, high precision can be achieved. In all cases, the relative differences were < 3%
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with the reference solutions with n > 3, including the critical region near the extremities of
the shield. Furthermore, the proposed model can achieve comparable errors with less degrees
of freedom, and hence at a lower computational cost, while also avoiding meshes with poor
aspect ratios.

The TS model presented in this paper is still application-dependent since the set of hyperbolic
basis functions must be defined according to the frequency content of the magnetic field inside
the thin region, as well as the material composition of the sheet. Although we did not yet
find a general rule to select the basis functions, the latter are easy to derive since they
originate from the analytic solutions of the 1-D linear flux diffusion problem in harmonic
regime. Therefore, as long as the set of basis functions is rich enough to represent a diversity
of penetration depths (which varies dynamically with local magnetic saturation), nonlinear
solutions can be well approximated with this approach. Finally, the presented methodology
can be easily extended to other FE formulations, such as the A-formulation, as well as 3-D
shielding problems.
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Abstract

This paper presents a novel finite-element approach for the electromagnetic modeling
of superconducting coated conductors. We combine a thin-shell (TS) method to the
H-φ-formulation to avoid the meshing difficulties related to the high aspect ratio of these
conductors and reduce the computational burden in simulations. The interface conditions
in the TS method are defined using an auxiliary 1-D finite-element (FE) discretization
of N elements along the thinnest dimension of the conductor. This procedure permits
the approximation of the superconductor’s nonlinearities inside the TS in a time-transient
analysis. Four application examples of increasing complexity are discussed: (i) single coated
conductor, (ii) two closely packed conductors carrying anti-parallel currents, (iii) a stack
of twenty superconducting tapes and (iv) a full representation of a HTS tape comprising
a stack of thin films. In all these examples, the profiles of both the tangential and
normal components of the magnetic field show good agreement with a reference solution
obtained with standard 2-D H-φ-formulation. Results are also compared with the widely
used T -A-formulation. This formulation is shown to be dual to the TS model with a single
FE (N = 1) in the auxiliary 1-D systems. The increase of N in the TS model is shown to
be advantageous at small inter-tape separation and low transport current since it allows the
tangential components of the magnetic field to penetrate the thin region. The reduction in
computational cost without compromising accuracy makes the proposed model promising for
the simulation of large-scale superconducting applications.
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6.1 Introduction

High-Temperature Superconducting (HTS) tapes are used in increasingly complicated
geometries [24, 27, 28, 126] and the accurate simulation of their current distribution in such
geometries is being held back by (i) the high aspect ratio of the meshes required to resolve the
interior of the tapes and (ii) the nonlinearity of the E-J relationship. Despite the diversity
of available formulations of Maxwell’s equations, the development of accurate and efficient
numerical models is also hampered by the limitations of each formulation [67]. The purpose
of this research is to develop a finite-element (FE) model to accurately and efficiently predict
current distribution and losses in HTS tapes. The techniques proposed in this research
are shown to be valid for time-domain models, treating nonlinear materials (both HTS and
ferromagnetic), and complex magnetic field profiles in the tapes.

We assume a 2-D computational domain Ω comprising K disjoint thin conducting regions
Ωc,1, . . . ,Ωc,K , each of which can be described in its own local coordinate system as a very long
tape of length L in the z-direction (out-of-plane), of width l ≈ 4-12mm in the x-direction,
and of thickness d ≈ 1µm in the y-direction (Fig. 6.1a). The current distribution is assumed
constant in z. For HTS tapes, where the magnetic field penetration generates sharp current
fronts, traditional FE meshes require several elements in the y-direction and hence introduce
elements with high aspect ratios. These irregular meshes lead to poor accuracy and slow
convergence for iterative nonlinear solvers.

In conventional (ohmic) conductors and linear ferromagnetic materials, the meshing of each
thin layer can be avoided by using the classical thin-shell (TS) model [31–34]. In this case,
the volume of the thin region (or its surface in a 2-D case) is collapsed onto a surface (or a line
in 2-D) situated halfway in the y-direction between its upper and lower faces (Fig. 6.2b) while
permitting discontinuities for field quantities across the surface. The TS model averages the
magnetic flux density and current profiles in the transverse direction and couples the electric
and magnetic effects by means of two interface conditions (ICs) [34]. The dimensionality
reduction in this model avoids completely the need for meshing the thin region, resulting in
gains in terms of computational cost [8].

The ICs in the classical TS model are obtained from the analytical solutions of the 1-D linear
flux diffusion equation across the thickness of the thin structure [34]. Depending on the choice
of the primary variables for the EM problem, these ICs can be written in terms of different
field quantities [95]. For example, in the weak form of the magnetic field (H)-formulation,
the interface terms arising from the application of Green’s formula depend on the value of
the tangential component of the electric field [9–12], while in a magnetic vector potential
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Figure 6.1 Computational domain comprisingK disjoint thin conducting regions Ωc,1, . . .Ωc,K

and their representation in the TS model. The non-conducting region is denoted by ΩC
c such

that Ω = Ωc ∪ ΩC
c and Ωc = ∪Ki=1Ωc,i.

(A)-formulation, the equivalent interface terms depend on the tangential components of the
magnetic field [11, 12,93,94,101,102].

Time-domain and nonlinear extensions of the TS model are usually derived from the ICs
described above. In [102], the authors proposed using mathematical expansions in terms
of Legendre polynomials to define ICs in laminated iron cores. The method is extended to
nonlinear shielding analysis in [12], and the nonlinear system of equations is solved using
the Newton-Raphson (NR) method. Both the H- and A- formulations are studied in that
paper. In [9], the inverse fast Fourier transform of harmonic solutions with classical ICs is
used to update the residual in nonlinear time-domain simulations. Shielding problems are
also tackled in that paper, but only in the context of nonlinear ferromagnetic materials. So
far, no time-domain TS model that considers tangential field penetrations has been proposed
or applied to solve problems involving highly nonlinear conductive thin films, such as those
found in HTS tapes.

When the current density distribution across the thickness of the thin region is
assumed constant, the ICs expressions can be simplified. This approach is called strip
approximation [76], and it has been originally implemented with integral methods [17].
The strip approximation implies that the tangential components of H have a linear profile
inside the tape, which differs from the hyperbolic profiles encountered in the classical TS
model [127]. Only the losses related to the normal flux density components (edge losses)
are taken into account by this approximation, which means that the so-called top/bottom
losses [79] are disregarded. This is valid as long as the normal component of H dominates the
dynamics of the problem, which is often the case when modeling simple problems involving
HTS tapes, but not when these tapes are closely together [25, 128,129].

In recent years, a TS model based on a T -A-formulation and fully implemented in FE has
been proposed [35]. This model is now widely used to model HTS tapes [108, 110, 113, 114].
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It involves solving an auxiliary 1-D FE problem in terms of the current vector potential T ,
related to the normal component of H across the tape width. A surface current density
is computed from T and imposed in the standard A-formulation. However, combining the
1-D expressions for T in the A-formulation, we find ICs similar to a TS model with linear
H-profile inside the tape (or a constant current density across its thickness). As in the
strip approximation, the T -A-formulation is only suitable for cases where the influence of
the tangential components of H can be neglected [108]. Moreover, the coupling between
the state variables T and A requires higher-order FE for A in order to avoid oscillations in
the numerical solution [108], which mostly limits its application to 2-D simulations [109]. A
similar FE approach based on a mixed A-H-formulation has also been proposed in [72,73].

In this paper, a new time-domain TS model is presented and applied to a H-based formulation
for solving the current challenges in modeling HTS tapes. The ICs are here developed for
2-D cases and written in terms of a small number of auxiliary 1-D FE problems across
the tape thickness to compute the penetration of the tangential components of H. Four
examples are presented: (i) single HTS tape, (ii) two closely packed tapes, (iii) a stack of
twenty HTS tapes, and (iv) an HTS tape comprising three thin layers. The magnetic scalar
potential (φ) is considered in non-conducting parts of the computational domain, and edge-
based cohomology basis functions (or thick cuts) are used to impose a net transport current
in the tapes. Since the state variables in the 1-D and the global FE systems are naturally
connected, shape functions of same order can be used in both the systems, and no numerical
oscillations appear. Moreover, the use of a single element in the 1-D FE discretization makes
the proposed model equivalent to the T -A-formulation under specific conditions, while the 1-D
mesh refinement enables improvements in the solution accuracy. We show that top/bottom
and edge losses are correctly taken into account with our approach. All of these features
make the proposed TS model ideal for simulating HTS devices in any context of use.

6.2 Mathematical Formulation

Before deriving the TS model, we define the EM problem and review the so-called magnetic
field and magnetic scalar potential (H-φ)-formulation, since our TS model is later integrated
in this formulation. Note that the TS model presented in this paper could have also been
rewritten in a pure H-formulation since φ is used mostly to reduce the computational cost
in the non-conducting region.
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6.2.1 Problem Definition

The electrodynamics of superconductors at low frequencies can be formulated as a nonlinear
eddy-current problem. The computational domain is defined as Ω = Ωc ∪ ΩC

c ⊂ R3, where
Ωc and ΩC

c denote the conductive and non-conductive parts of Ω, respectively. Moreover, Ω
has a boundary ∂Ω denoted by Γ. The superconducting region, denoted by Ωs, belongs to
Ωc, i.e., Ωs ⊂ Ωc. Neglecting displacement currents, the Maxwell equations governing this
problem are

∇× h = j, (6.1)

∇× e = −∂tb, (6.2)

∇ · b = 0, (6.3)

where bold characters represent vectors, h is the magnetic field, b is the magnetic flux density,
e is the electric field and j the current density. The operator ∂t represents the time derivative.
Additionally, two constitutive relations connecting these four fields quantities are required,
i.e.

b = µh, (6.4)

j = σe, (6.5)

where µ is the magnetic permeability and σ is the electrical conductivity.

The boundary conditions impose the tangential components of either h or e in the following
manner. We assume that there are known tangential vector fields fh and fe such that for
all t,

n× h(x, t) = fh(x, t), ∀x ∈ Γh, (6.6)

n× e(x, t) = fe(x, t), ∀x ∈ Γe, (6.7)

where x is any point in R3 and Γ is subdivided into two complementary components Γh and
Γe (i.e. Γ = Γh ∪ Γe and Γh ∩ Γe = ∅) where boundary conditions (6.6) and (6.7) may be
applied, respectively.

The resulting system (6.1)-(6.3) is nonlinear when µ and σ depend on the fields quantities.
For type-II superconductors, the nonlinear E-J relation is often expressed by a power-law
characteristic [21], i.e.

ρ(j) = ec
jc

(
|j|
jc

)ns−1

, (6.8)
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where ρ is the electrical resistivity (ρ = 1/σ) and the electric field criterion ec also determines
the critical current density jc [43]. The power index ns determines the steepness of the E-J
curve.

6.2.2 H-φ-Formulation

The well-known H-formulation is obtained from the weak form of Faraday’s law (6.2). Let
H(curl,Ω) = {u : Ω → R3 | ‖u‖ < ∞, ‖∇ × u‖ < ∞,n × u = fh over Γh} where ‖u‖2 =∫

Ω ‖u‖2dx is the L2 norm, while H0(curl,Ω) is the same space except with homogeneous
boundary conditions n× u = 0 over Γh. Following the usual process, the weak formulation
is :

Find h ∈H(curl,Ω) such that
(
ρ∇× h,∇× g

)
Ω

+ ∂t

(
µh, g

)
Ω

+
〈
n× e, g

〉
Γe

= 0
(6.9)

∀ g ∈H0(curl,Ω), where g are test functions, n is the outward unit normal vector on Γ, and
(·, ·)Ω and 〈·, ·〉Γ respectively denote the volume and surface integrals over Ω and Γ of the
scalar product of their two arguments. The last term in (6.9) is required to impose Neumann
boundary conditions (6.7) on the complementary surface portion Γe of Γ, for physical or
symmetry purposes [40]. Also, h ∈H(curl,Ω) already takes into account BC (6.6) along Γh.

In a pure H-formulation, h and g are normally described with the help of Whitney edge
elements [65]. However, it is known that expressing the magnetic field in terms of the
magnetic scalar potential (h = −∇φ) in ΩC

c reduces the total number of DoFs and avoids
errors such as leakage currents in ΩC

c , which appear in the pure H-formulation [61,118]. In
the so-called H-φ-formulation, nodal elements are used in ΩC

c and edge elements are used
in Ωc. Since ∇(S0) ⊂ S1, where S0 and S1 are respectively the nodal and the edge FE space,
h and φ are naturally connected at the interface between Ωc and ΩC

c [64].

When ΩC
c is multiply connected, the representation of h through φ is not enough to express

Ampère’s law in this region, since ∇×∇φ = 0 ∀φ. Uniqueness is resolved by imposing
discontinuities in φ along thin cuts in ΩC

c , whose values determine the currents in connected
components of Ωc [49]. However, manually defining these thin cuts can be tiresome for
complex geometries comprising multiple conducting subdomains. Alternatively, thick cuts
can be uniquely determined by requiring that they be dual to the set of closed loops Ci
around each independent conducting subdomain Ωc,i, i = 1, . . . , K, with the loops being
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constructed during the meshing process. The computation of these so-called cohomology
basis representatives is inexpensive and implemented in Gmsh [55].

The general discrete expression for the magnetic field is

h =
∑
e∈Ωc

hewe +
∑
n∈ΩC

c

−φn∇wn +
∑

Ci∈ΩC
c

Iiψi, (6.10)

where we are the vector basis functions (edge elements) of each edge e in Ωc, wn are the
nodal basis functions of each node n in ΩC

c , and ψi are the edge-based cohomology basis
functions dual to the set of closed loops Ci whose coefficients Ii correspond to the value of
the integrals of h over these loops [55]. The discontinuity of φ is taken into account by the
functions ψi so the H-φ-formulation obeys Ampère’s law everywhere in Ω [62].

The time derivative in (6.9) can be approximated by a finite difference discretization (e.g.
implicit Euler, Runge-Kutta, etc). Then, substituting (6.10) into (6.9), and applying the
Galerkin weighted residuals method, one obtains a nonlinear system of equations that can
be solved, for example, with the NR-method.

In this paper, the H-φ-formulation is selected to construct the reference FE solutions and
the TS model of the next section. In order to illustrate the geometry of Ω, Fig. 6.2a shows
a single HTS tape in an air space region, which is, in this case, a multiply connected region
since the tape represents a hole in ΩC

c . A single thick cut ψ1 is necessary to impose a current
constraint in the tape and is presented in blue. The tape and the air space are not to scale.
In the example, the mesh is defined with eight elements along the tape width and is merely
illustrative. Note that for a fully discretized 2-D solution, elements with high aspect ratios
are necessary inside the tape and near its extremities. A suitable discretization will be further
considered to obtain reference solutions on a full-thickness geometry.

6.3 TS Model in the H-φ-Formulation

In the TS model, Ωs is collapsed to a surface Γs located halfway between the original
boundaries (Ωs → Γs in Fig. 6.2b). Two surface integral terms are then included in the
weak form of the H-formulation (6.9), which becomes

(
ρ∇× h,∇× g

)
Ω\Ωs

+ ∂t

(
µh, g

)
Ω\Ωs

+
〈
n× e, g

〉
Γe

−
〈
ns × e, g

〉
Γ+

s

+
〈
ns × e, g

〉
Γ−

s

= 0,
(6.11)
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Figure 6.2 (a) Fully discretized domain for standard FEM application and (b) proposed
TS model: example of a single HTS tape embedded in a non-conducting domain ΩC

c with
boundary Γ. Nodes and edges on the surface representation of the thin structure in the TS
model are duplicated, creating a crack in the topological structure. The boundary of the
thin region is Γs = Γ+

s ∪ Γ−s . The thick cut ψ1 used to impose a current constraint in the
tape is presented in blue. The 1-D FE system is directly connected to the global FE system
of equations via Dirichlet conditions h−t = h0 = −∇φ− in Γ−s and h+

t = hN = −∇φ+ in
Γ+
s . The size of the air space region is not to scale, and the presented meshes are merely

illustrative.

where Γ+
s and Γ−s are two copies of the collapsed boundary, at the same position but

allowing independent variables along both boundaries. Note that the last two integral terms
depend essentially on the tangential components of the electric field e+

t = ns × e|Γ+
s

and
e−t = ns × e|Γ−

s
, where ns = −n+

Γ = n−Γ . These terms are required to include the ICs in the
TS model.

The expression (6.11) requires the duplication of the DoFs on Γs. Therefore, the surface
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mesh entities (nodes and edges on Γs) are duplicated, while the nodes at the extremities are
not. This allows the tangential components of the magnetic field to be discontinuous across
Γs. The thin surface corresponds to a crack in the topological structure of the discretized
domain, and the non-conducting region becomes multiply connected. Consequently, a current
constraint can be imposed in the thin structure using the shape functions ψi exactly as in
the standard H-φ-formulation.

6.3.1 Interface Conditions Derivation

To include the physics of the thin region in the simulations, the local subdomain Ωs with
boundaries Γ±s is analyzed separately (Fig. 6.2a). The local weak form of the H-formulation
in Ωs is written as

−
〈
ns × e, g

〉
Γ+

s

+
〈
ns × e, g

〉
Γ−

s

=
(
ρ∇× h,∇× g

)
Ωs

+ ∂t

(
µh, g

)
Ωs

,
(6.12)

where the integrals on Γ±s on the left side are identical to the two last terms in (6.11). The
lateral surfaces of Ωs are neglected. This is valid since the thickness of the tape is much
smaller than its width and length, and the field penetration from its wide faces can be
assumed stronger than from its lateral faces, i.e., along its thickness.

The domain integrals on the right side of (6.12) can be then reduced to boundary integrals
on the collapsed geometry Γ±s , depending only on the tangential components of h as follows.

First, the profile of h in the y-direction across the thickness of the thin region is locally
defined as a 1-D FE problem in Ω̂s (Fig. 6.2b), where Ω̂s is the virtual domain representing
the original Ωs. The local coordinate systems xyz is defined at the center of the thin geometry.
The normal of the thin region is parallel to the y-axis, and ht is in the x-direction. Since
the tangential components of the magnetic field on Γ±s are the same state variables as in ΩC

c ,
the two subdomains ΩC

c and Ω̂s are still naturally connected. For example, in Fig. 6.2b, the
tangential fields in Γ+

s and Γ−s are hN = h+
t = −∇φ+ and h0 = h−t = −∇φ−, respectively.

Then, by virtually discretizing Ω̂s into N FE of size ∆y(k), with 1 ≤ k ≤ N , the domain
integral terms in (6.12) become
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(
ρ∇× h,∇× g

)
Ωs

+ ∂t

(
µh, g

)
Ωs

=
N∑
k=1

(
ρ∇× h,∇× g

)
Ω̂(k)

s

+
N∑
k=1

∂t

(
µh, g

)
Ω̂(k)

s

,

(6.13)

where ρ(k) and µ(k) are the electrical resistivity and magnetic permeability in element k and
the virtual domain Ω̂s has been subdivided into N slabs Ω̂(k)

s = Γs × [yk−1, yk] at heights
y0 < y1 < · · · < yN .

Using linear Lagrange polynomials as basis functions for the 1-D problem, i.e.

θ1(y) = yk − y
∆y(k) , θ2(y) = y − yk−1

∆y(k) , (6.14)

we can write h in each element Ω̂(k)
s as

h(x, y, t)
∣∣∣
Ω̂(k)

s

=
2∑
j=1
hm(x, t)θj(y), (6.15)

where m = m(k, j) = k − 2 + j relates hm to the boundary of Ω̂(k)
s , i.e. hm(k,1) = hk−1 and

hm(k,2) = hk. Recall that the vector field h is at all times perpendicular to the y-direction.

Next, choosing the test function g(x, y) = g(x)θi(y), with i = 1, 2, to be in the same space as
h (Galerkin method), we can use the vector calculus identity ∇× (vu) = ∇u× v + u∇× v,
where u and v are any scalar and vector functions, and decompose the domain integrals
on Ω̂(k)

s in (6.13) into integrals over Γms and [yk−1, yk]. In fact, the decomposition below in 2-D
uses the observation that ∇× hm and ∇× gn are in the y-direction and the inner products
of type (∇θj ×hm) · (θi∇× gn) vanish. Using these facts and setting n = n(k, i) = k− 2 + i,
one deduces(

ρ(k)∇× h,∇× g
)

Ω̂s

=
2∑
j=1

(
ρ(k)(∇θj × hm + θj∇× hm), (∇θi × gn + θi∇× gn)

)
Ω̂(k)

s

2-D=
2∑
j=1

〈
ρ(k)hm, gn

〉
Γs

· S(k)
ij ∀ i = 1, 2,

(6.16)
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and

∂t

(
µh, g

)
Ω̂(k)

s

=
2∑
j=1

∂t

(
µ(k)hmθj, g

mθi

)
Ω̂(k)

s

=
2∑
j=1

∂t

〈
µ(k)hm, gn

〉
Γs

· M(k)
ij ∀ i = 1, 2,

(6.17)

where
S(k)
ij =

∫
∆y(k)

∂yθi∂yθjdy, M(k)
ij =

∫
∆y(k)

θiθjdy. (6.18)

Finally, the ICs in the proposed TS model are obtained by inserting (6.16) and (6.17)
into (6.13). Substituting (6.13) in (6.12), the interface terms depending on the tangential
components of the electric field are written in terms of hm as

−
〈
ns × e, g

〉
Γ+

s

+
〈
ns × e, g

〉
Γ−

s

=
N∑
k=1

2∑
j=1

〈
ρ(k)hm, gn

〉
Γm

s

· S(k)
ij

+
N∑
k=1

2∑
j=1

∂t

〈
µ(k)hm, gn)

〉
Γs

· M(k)
ij ∀ i = 1, 2.

(6.19)

Given that polynomials of degree one were considered in (6.14), the profile of h in each
element of Ω̂s is linear, and the current density jz is

jz

∣∣∣∣
Ω̂(k)

s

= ns × ∂yh
∣∣∣∣
Ω̂(k)

s

= ns ×
(
hk − hk−1

∆y(k)

)
, (6.20)

constant in Ω̂(k)
s . Thus, the elementary 1-D E-J power-law (6.8) becomes

ρ(k) 2-D= ec
jc

(
|ns × (hk − hk−1)|

jc∆y(k)

)nHTS−1

. (6.21)

Moreover, the matrices (6.18) can be evaluated analytically for the polynomials (6.14), giving
us

S(k) = 1
∆y(k)

 1 −1
−1 1

 , M(k) = ∆y(k)

6

2 1
1 2

 . (6.22)

The complete weak form for the problem is obtained from (6.11) and (6.19). The time-
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derivative can be discretized by implicit Euler method, and the nonlinear system of equations
is solved by the NR method.

In terms of post-operation, the instantaneous loss density (L(t)) in Joule inside the thin
region is calculated as [12]

L(t) =
N∑
k=1

∫
Γs

ρ(k)H(k)TS(k)H(k)dΓ, (6.23)

where H(k) is the 2× 1 vector of unknowns for each element k, i.e.

H(k) =
 hk

hk−1

 , (6.24)

and hk and hk−1 are the magnitude of the tangential field on Γks and Γk−1
s , respectively,

defined in (6.15).

The ICs in the proposed TS model were here developed using the polynomials of first
order (6.14). For higher-order basis functions, (6.15) must be modified accordingly. The
approach can also be developed for the A-formulation. In this case, the boundary terms will
depend uniquely on the tangential components of A.

6.3.2 Comparison with the Classical TS model

For the sake of validation of the developed equations, we shall compare the ICs in the proposed
model with those from the classical TS model for linear cases in harmonic regime [31–34].
Considering a single 1-D element in Ω̂s (N = 1), and δ � d, where δ =

√
2ρ/(ωµ) is the skin

depth and ω is the angular frequency, from (6.19), one obtains

ρ
h+
t − h−t
d

= e+
t + e−t

2 , (6.25)

e+
t − e−t
d

= −∂tµ
h+
t + h−t

2 , (6.26)

which are identical to the ICs for δ � d presented in [95].

Expression (6.25) links the variation of h±t through the thickness d of the thin conductor (or
the surface current density (6.20)) to the mean value of et, which is itself related to the mean
value of the normal flux density by Faraday’s law as

∂xe
±
t = −µ∂th±n , (6.27)
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where hn is the normal component of the magnetic field. Furthermore, expression (6.26)
links the variation of et through d (or the normal flux density) to the mean value of ht (or
the flux divergence on the thin surface). It expresses the conservation of the magnetic flux
inside the thin region [32].

Depending on the problem one wishes to solve, the effects of the two ICs (6.25) and (6.26)
are more or less predominant. For HTS modeling, with µ = µ0 and ρ being highly nonlinear,
(6.25) becomes more important than (6.26). Similar to the classical TS approach, the
proposed model includes both ICs. However, since these ICs are defined from auxiliary 1-D
FE problems, the TS model constructed in this paper permits time-transient and nonlinear
analysis while considering the penetration of ht in the thin region.

6.3.3 Comparison with the T -A-formulation

In the T -A-formulation, as presented and implemented in Comsol Multiphysics in [35], a 1-D
FE problem problem is defined along the width of the thin regions. The state variable is the
normal component of the current vector potential (tn), and the differential form for the 1-D
problem is

∂x
(
ρ∂xtn

)
= −∂tbn (6.28)

where bn is the normal magnetic flux density. Moreover, the conventional A-formulation
is applied to the air space region, and a surface current density jz is imposed on Γs by a
discontinuity in ht. The total transport current is imposed in the tapes via BCs of the type
tn = I/d at the extremities of Γs.

Since jz = ns × ∂xtn = ns × (h+
t − h−t )/d, and bn = (b+

n + b−n )/2, (6.28) with (6.27)
corresponds to IC (6.25). Also, in Comsol Multiphysics, the interface condition e+

t − e−t = 0
is automatically fulfilled [107]. So, IC (6.26) is not taken into account in the T -A-formulation.
Since µ = µ0 in Ωs, this approximation is valid for modeling HTS tapes only when the
superconducting layer is represented as a thin strip. Problems involving thin regions with
µ > µ0 cannot be addressed by this formulation since a conservative normal flux density is
implicitly imposed by e+

t − e−t = 0.

Given that T -A formulation can be defined simply as the IC (6.25) applied in a pure A-
formulation, it is proven to be dual to the proposed TS model with N = 1 in the H-
formulation and when disregarding the magnetic flux divergence on the thin surface given
by (6.26). However, its use should be carefully considered. The current density depends at
the same time on both the variation of ht across the thickness d and the variation of hn
along its width. The former variation is assumed linear, and the second must also be.
From (6.27), one verifies that, for ht to be linear, et must be of second-order. Otherwise,
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numerical oscillations appear [108, 109]. Consequently, with second order FE for et (or at),
the number of DoFs greatly increases in the T -A-formulation. The computation time with
this formulation becomes comparable to a pure H-formulation in 3-D cases [109].

In the proposed TS model, the ICs are written only in terms of ht, which are also the
state variables in the H-formulation used to model the surroundings of the thin region.
This represents a more natural coupling and avoids the oscillations that appears in the
T -A-formulation. The application of the equivalent TS model in a pure A-formulation would
require ICs depending on the tangential components of the electric field. However, this
formulation might be preferable to model soft ferromagnetic materials. For superconducting
tapes, the use of the H-formulation is more advantageous [43].

6.4 Validation

The proposed TS model was applied in two benchmark problems: (i) a single HTS tape, (ii)
two closely-packed tapes carrying anti-parallel currents. In both examples, width of the tapes
was l = 4 mm, and their thickness was scaled to d = 10µm in the full-discretized reference
model in order to reduce the number of DoFs while ensuring reasonable accuracy. Despite
this, the aspect ratio of the tapes remains relatively high. Only the superconducting layer is
modeled in these examples. The magnetic permeability is equal to µ0 in all domains.

In the E-J power-law (6.8), and in (6.21), ec = 10−4 V/m, jc = 5× 108 A/m2 and n = 21.
Moreover, a sinusoidal transport current of I(t) = Imax sin(2πft) is imposed in the tapes,
where f = 50 Hz is the operating frequency and Imax = FcIc, where Ic = JcS is the critical
current density, S is the cross-section area of the tape, and Fc ∈ [0, 1] is a constant defining
the transport current amplitude as a fraction of the critical current.

The results obtained with the proposed TS model are compared with reference solutions
obtained with standard FE using the H-φ formulation presented in Section 6.2.2, and with
the T -A-formulation proposed in [35] and briefly described in Section 6.3.3. In output, the
local distribution of magnetic field inside and outside the tapes, current density, and total
AC losses in the tapes are compared.

In terms of mesh, the HTS tapes in the reference model are fully discretized with a structured
rectangular mesh with 11 elements across the tape thickness and 400 elements along its width
(Fig. 6.3a). In the proposed TS model and in the T -A-formulation, the surface representing
the thin region also includes 400 elements across its width (Fig. 6.3b). The influence of the
number of 1-D elements (N) in the TS model is studied independently in each application
example. The total number of DoFs is further compared with the reference model.
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(a) Full mesh (b) Mesh TS model

Figure 6.3 Zoom of the meshes near the right edge of the tape: (a) full mesh for standard FE
application (reference model), and (b) simplified mesh used with the the TS model and the
T -A-formulation. Note the difference in the number of elements surrounding the extremity
of the tape and their aspect ratio.

The reference and the TS models were implemented in the open-source code Gmsh [60]
and the solver GetDP [122]. The results of the T -A-formulation were obtained using Comsol
Multiphysics 5.5. All the simulations were performed using a personal computer with an Intel
i7 2400 processor with 16Gb of memory. In GetDP, an adaptive time-step procedure was
used to improve convergence. This procedure is well explained in [43]. In our simulations, the
NR scheme was used to solve the nonlinear system of equations. The convergence criterion
requires the relative change between two consecutive NR iterations to be smaller than a given
tolerance. The maximum number of iterations was set to 12, the initial time step was set
7.5µs, the maximum time step was set 200µs. The relative tolerance of the calculation was
set to 10−5, with absolute tolerance set to 10−7. Moreover, a zeroth-order extrapolation was
used, i.e. the initial guess in each NR iteration was taken as the solution of the previous time
step.

6.4.1 Single HTS Tape

We first considered the example of a single HTS tape embedded in an air space region, as
illustrated in Fig. 6.2. The origin of the coordinate system xy was located at the center of
the tape. The number of 1-D elements (N) was initially set to 1. The current imposed in
the tape was 0.9Ic, i.e. Fc = 0.9.

In Fig. 6.4, the distribution of the magnetic flux density in and around the tape is shown for
the TS model and for the H-φ reference model at t = [T/8, T/4, T/2], where T = 1/f . Due
to symmetry, only half of the tape is shown. The figures on left show the flux distribution
obtained with the H-φ model, and the figures on right show the results obtained with the TS
model with N = 1. The distributions computed by the two models show excellent agreement,
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validating the proposed TS model in terms of field distribution outside the tape.

For the sake of comparison with the T -A-formulation and solution validation inside the tape,
Fig. 6.5 shows the profile of the normal component of H (hn = |hn|) along half of the tape
width (0 < x < l/2), and at t = T/8 and t = T/4. In the TS model (H-φ TS), the hn
profile was obtained by computing its mean value on surfaces Γ±s , i.e., hn = (h+

n + h−n )/2.
In the reference model (H-φ), hn was taken at the middle of the tape (y = 0). Moreover,
in the T -A-formulation, hn = (b+

n + b−n )/2µ0, with b±n = |b±n | derived from A. Note the
excellent agreement of the hn profiles of the TS model with the two other solutions. The
slight difference observed at the extremities of the tape may be related to the geometrical
differences between the TS and the reference model. The thinner the thin film is, the lower
the difference between the TS and the reference solutions will be at these extremities.

The profile of the tangential component of H (ht = |ht|) across the tape thickness at x =
0 is presented in Fig. 6.6. In this case, N = 11 to correspond to the number of mesh
elements across the thickness in the fully discretized H-φ model. The profile of ht in the
T -A-formulation was obtained by linear interpolation of the field intensities at the center
of the tape. This solution is similar to the TS model solution with N = 1. Indeed, with
the increase in N , the proposed TS model allows the tangential components of the fields to
penetrate the tape.

In the modeling of a single HTS tape, the increase in N in the TS model does not have a
major impact on the quality of the solution. From Fig. 6.5 and Fig. 6.6, one observes that
hn is larger than ht (∼ 3.5 times). Thus, the assumption of a linear variation of ht across d
is reasonable for a single tape, and N = 1 gives sufficiently accurate solutions, similar as the
T -A-formulation.

One advantage of the TS model with the discretization across the tape thickness is that the
current density jz can be locally evaluated. Fig. 6.7 shows the normalized current density
relative to jc (|jz|/jc) near the extremity of the tape for N = 11. The results of the TS
model (Fig. 6.7b,d,f) were obtained by a projection of |jz|/jc across d, and coincides with the
reference solution (Fig. 6.7a,c,e).

For the TS model, the AC losses inside the tape were evaluated using (6.23) with N = 1.
The results are presented in Fig. 6.8 as a function of I/Ic. For a single tape, the losses from
the three discussed models are similar. The differences in terms of AC loss appears when
more than a one tape is studied.
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(a) H-φ-formulation (t = T/8) (b) H-φ TS model (t = T/8)

(c) H-φ-formulation (t = T/4) (d) H-φ TS model (t = T/4)

(e) H-φ-formulation (t = T/2) (f) H-φ TS model (t = T/2)

Figure 6.4 Norm of magnetic flux density |b| [T] for the single HTS tape example with
Fc = 0.9 at three different simulation times (T/8, T/4 and T/2) . Left: fully discretized H-φ
reference model. Right: proposed TS approach with N = 1.

6.4.2 Two Closely Packed HTS Conductors

In large-scale HTS applications, the use of more than one tape is required. When these tapes
are closely packed and carry anti-parallel currents, the tangential components of the magnetic
field are important and the current density is unevenly distributed across the thickness of
the tape. Consequently, the strip approximation and the T -A-formulation cannot provide an
accurate solution, and a pure H-formulation requires tremendous computational efforts to
discretize the thin region [17].

To demonstrate that the proposed TS model is suitable for simulating HTS problems of any
type, an example of two closely-packed tapes carrying anti-parallel currents was considered.
The inter-tape separation was L = 250µm. Only half of the geometry was modeled due to
symmetry (Fig. 6.9). One tape is located at a distance L/2 from the exterior boundary Γh.
Since the BC on ∇ × h along Γh is naturally satisfied in the H-φ-formulation, symmetry
condition is automatically fulfilled.

Fig. 6.10 shows the profile of the normal component of H (hn = |hn|) along half of the tape



103

Figure 6.5 Profile of normal component of H (hn = |hn|) along half of the tape width with
I = 0.9Ic and at t = T/8 and t = T/4. The TS solution with N = 1 is compared with the
H-φ and T -A solutions.

Figure 6.6 Profile of tangential component of H (ht = |ht|) across half of the tape thickness
with I = 0.9Ic and at t = T/8 and t = T/4. The TS solution with N = 11 is compared with
the H-φ and T -A solutions.

width. The solution of the TS model with N = 1 is compared with the solutions of the
H-φ and the T -A models for Fc = 0.9. Once again, the solution of the three models agree.
In the T -A solution, one observes oscillations at the sharpest points of the hn profile. No
oscillations are noted in the TS solution.

In Fig. 6.11, the profile of ht for various N values in the TS model are shown. The solution
with N = 1 gives a linear distribution of ht across the thickness of the tape, which is similar
to the profile obtained with the T -A-formulation. When N increases, the solution of the
TS model approaches the H-φ solution. With N = 6, the TS solution is very close to the
reference one. Note that in this case the value of ht in the middle of the tape is comparable
to the value of hn at its extremities (see Fig. 6.10 and 6.11). The tangential components
certainly have an determining impact when modeling multiple tapes in configurations similar
to this example.
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(a) H-φ-formulation (t = T/8) (b) H-φ TS model (t = T/8)

(c) H-φ-formulation (t = T/4) (d) H-φ TS model (t = T/4)

(e) H-φ-formulation (t = T/2) (f) H-φ TS model (t = T/2)

Figure 6.7 Normalized relative current density (|jz|/Jc) near the extremity of the tape at
t = T/8, t = T/4 and t = T/2: (a,c,e) H-φ-formulation, and (b,d,f) H-φ TS model with
N = 11. The TS solution is obtained by a projection of the |jz|/Jc on the virtual position
of the 1-D elements. The black lines in the middle of (b,d,f) represent the tape in the TS
model (lines in 2-D).

The AC losses as a function of I/Ic obtained with the three models are also presented
in Fig. 6.8. In the TS model, N = 11 was considered for the sake of comparison with the
reference solution and with the single tape example presented in Section 6.4.1. The TS
solution perfectly agrees with the H-φ solution. The T -A-formulation underestimates the
AC losses at low transport current. Indeed, with a linear variation of the fields inside the
tape, so-called top/bottom losses are not taken into account by the T -A-formulation.

In order to define a minimum number of 1-D elements necessary to obtain an accurate solution
in terms of AC loss in the TS model, simulations were performed using different N and Fc
values. The AC losses as a function of Fc = I/Ic for N = 1, 2, 4 and 6 are presented
in Fig. 6.12. With N = 1, ht does not fully penetrates the tape, and the TS model also
underestimates the AC losses at low transport current. With the increase in N , one observes
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Figure 6.8 Total AC losses as a function of the normalized transport current in the single
tape and in the two closely packed tapes examples. For a single tape N = 1, and, for two
closely packed tapes, N = 11 in the TS model.

ΩC
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L/2
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Figure 6.9 Calculus domain for the example of two closely packed HTS tapes. Due to the
symmetry, only half of the geometry is presented. The distance between the conductors is
L. The air space region, the mesh and the distance L are not to scale.

the convergence of the TS solution towards the H-φ solution.

The number of DoFs, the CPU time and the total number of time iterations (NoIs) for the
two closely-packed tapes example are summarized in Table 6.1. The proposed TS model
with N = 1 represented a reduction of more than 40% in the total number of DoFs and
was more than seven times faster than the reference H-φ model. The three parameters in
Table 6.1 increased with N . Even with N = 11, the reduction in the number of DoFs in
the TS model is still about 30%, and simulations are 1.3 faster than the H-φ model with
complete discretization of the tape. The application of the TS model with N = 4 shows
a good compromise between solution accuracy and computational cost even for the case of
closely packed HTS tapes with anti-parallel transport current.

With the T -A model, the number of DoFs in this example was 33282 and the solution was
obtained after 141 s and 481 iterations. This number of DoFs is comparable to the H-φ model
since second-order finite elements are used for A. Despite this, the CPU time was shorter
with the T -A than the proposed TS model with N = 1. This difference may be related to
the solvers: the T -A-formulation is implemented in Comsol, and the two other models are in
Gmsh/GetDP. A fair comparison in terms of computational costs would require these models
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Figure 6.10 Profile of normal component of H (hn = |hn|) along half of the tape width for
I = 0.9Ic and at t = T/8 and t = T/4 for the case of two closely packed tapes. The TS
solution with N = 1 is compared with the H-φ and T -A solutions.

Figure 6.11 Profile of tangential component of H (ht = |ht|) across half of the tape thickness
with I = 0.9Ic, and at t = T/8 and t = T/4. The TS solution with N = 1, 2, 4 and 6 is
compared with the H-φ and T -A solutions.

to be implemented in the same software environment.

6.5 Realistic Examples

6.5.1 Racetrack Coil

To demonstrate the applicability of the proposed model for modeling large-scale HTS devices,
we considered a stack of twenty HTS tapes in a 2-D infinitely long representation of a
racetrack coil. The tapes have the same physical and geometrical characteristics as in the
two previous examples and an inter-tape separation of L = 250µm. A transport current of
0.9Ic at a frequency of f = 50Hz was imposed in each tape in two configurations: (i) all the
tapes carrying the same transport current and (ii) each subsequent pair of tapes carrying
anti-parallel currents of equal magnitude.
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Figure 6.12 Total AC losses as a function of the normalized transport current for the closely-
packed tapes example. The solution of the TS model with different N values is compared
with the H-φ and T -A solutions. Note the convergence of the TS solution to the H-φ at low
current transport. The increase in N permits the TS to take top/bottom losses into account.

Table 6.1 Number of DoFs, CPU time, and total number of iterations (NoIs) in the H-φ and
in the TS models for different N values

H-φ TS
(N = 1)

TS
(N = 2)

TS
(N = 4)

TS
(N = 6)

TS
(N = 11)

DoFs 33188 18727 19127 19927 20727 22727
Time 4015.65s 553.57s 563.34s 806.30s 1252.21s 3079.08s
NoIs 488 114 114 125 188 383

According to the results presented in the last example, N = 4 in the TS model is enough
to provide a good estimation of the AC losses in the tapes. Therefore, the results obtained
with the TS model with N = 4 for the racetrack coil problem were compared to the results
from the H-φ-formulation in terms of local field distribution and AC losses. Each tape was
represented as as a reduced-dimension geometry and modeled using the proposed TS model.

Fig. 6.13 shows the norm of the flux density at t = T/4 in the case where the same transport
current is imposed in each tape. Fig. 6.14 shows the equivalent distribution for the case with
anti-parallel currents imposed in each pair of tapes. In both figures, the reference solution
is presented on the left and the TS model solution is presented on the right. Excellent
agreement is observed in all cases.

In Fig. 6.15, we present the AC losses per cycle as a function of the position of the tapes,
with 1 corresponding to the bottom tape and 20 to the top tape. Note that the AC losses
computed with the TS model fit perfectly the losses obtained with the H-φ reference model.
This demonstrates that the TS model with the appropriate number of 1-D elements in the
thin film representation of the tape is suitable for modeling HTS systems involving multiple
tapes.
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(a) H-φ-formulation (b) H-φ TS model

Figure 6.13 Norm of magnetic flux density |b| [T] for the racetrack coil example with twenty
HTS tapes in a infinitely long 2-D representation at t = T/4. A transport current of I = 0.9Ic
is imposed in each tape. Half of the domain is presented due to the symmetry. (a) Reference
solution from the H-φ formulation, and (b) solution from the TS model with N = 4.

6.5.2 HTS Tape with ferromagnetic substrate

In our last example, we considered one HTS tape comprising a stack of three thin layers: (i)
the bottom layer is a ferromagnetic substrate (σsubs = 10 kS/m, µr,subs = 100, dsubs = 50µm),
(ii) the middle layer was the HTS (µr,HTS = 1, dHTS = 10µm), and (iii) the top layer was a
silver stabilizer (σSilver = 63MS/m, µr,Silver = 1, dSilver = 20µm). As in the previous examples,
the thicknesses of the HTS and silver layers, dHTS and dSilver, respectively, were scaled up to
ensure reasonable accuracy of the reference solution. In the TS model, the three layers were
collapsed on a single surface. Fig. 6.16 shows the geometry and mesh simplifications in the
TS model (Fig. 6.16b) compared with the reference geometry (Fig. 6.16a).

We initially considered the TS model with one virtual element in the substrate and the silver
layers, and four virtual elements in the HTS layer (i.e., N = 6 in total). A high dense
mesh inside the tape was considered in the reference model (Fig. 6.16a). Fig. 6.17 shows
the magnetic flux density magnitude in the surroundings of the tape with I/Ic = 0.9 and
f = 50Hz at t = T/2. Due to the high permeability of the substrate, the magnetic flux
density is absorbed by this layer and magnified near the top face of the tape. The TS model
well represents this behavior, and the solution visually agrees with the reference one.
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(a) H-φ-formulation (b) H-φ TS model

Figure 6.14 Norm of magnetic flux density |b| [T] for the racetrack coil example with twenty
HTS tapes in a infinitely long 2-D representation at t = T/4. An anti-parallel transport
current of I = 0.9Ic is imposed in each subsequent pair of tapes. Half of the domain is
presented due to the symmetry. (a) Reference solution from the H-φ formulation, and (b)
solution from the TS model with N = 4.

Figure 6.15 Total AC losses in each tape of the racetrack coil. Results are presented for the
two studied cases: same transport current in each tape and anti-parallel currents in each pair
of tapes.

Next, we increased the number of virtual elements used to represent the HTS layer in order
obverse the uneven distribution of the current density in the HTS layer. We considered nine
elements across the thickness of the HTS layer, and one element in the substrate and the
silver layers (N = 11). Fig. 6.18 shows the normalized current density |jz|/jc. Note the
differences between this distribution and the one when only the HTS layer was modeled
(Fig. 6.7). Under this configuration, the current is concentrated near the silver layer, i.e. far
from the substrate.
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(a) Full mesh (b) TS model mesh

Figure 6.16 Zoom of the meshes near the right edge of the tape: (a) full mesh for standard FE
application (reference model), and (b) simplified mesh used with the TS model. Although
all layers of the HTS tape are represented as a single line in the TS model, the stacking order
is still respected in the virtual discretization.

(a) H-φ-formulation (t = T/8) (b) H-φ TS model (t = T/8)

Figure 6.17 Norm of magnetic flux density |b| [T] for a single HTS tape comprising three thin
layers with I/Ic = 0.9 at T/2. (a) Fully discretized H-φ reference model, and (b) proposed
TS approach with N = 6.

(a) H-φ-formulation (t = T/2) (b) H-φ TS model (t = T/2)

Figure 6.18 Normalized relative current density (|jz|/jc) near the extremity of the HTS tape
with three layers at t = T/2: (a) H-φ reference solution, and (b) H-φ TS solution with
N = 11. The TS solution was obtained by a projection of the |jz|/jc on the virtual position
of the 1-D elements. The black line in the middle of (b) represents the tape in the TS model
(a line in 2-D).
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Simulations with the TS model were twice as fast as the simulations using the reference
model with same size mesh elements on the surfaces of the tapes. The number of DoFs was
reduced by around 30% in this case. However, as discussed in this paper, a coarser mesh
could have been used in the TS model. The considered high-density mesh served to validate
the TS model in terms of accuracy.

The AC losses per cycle of time as a function of the transport current in each layer of the tape
are presented in Fig. 6.19. Given the low resistivity value of HTSs, the current flows mainly
in this layer. Therefore, AC losses in the HTS layer are more important than in the other
two layers. This example demonstrates that the TS model various HTS devices architectures
including HTS tapes comprising multiple layers made of different materials.

6.6 Conclusion

In this paper, a new thin shell (TS) model for modeling thin HTS tapes in 2-D was developed
and validated through examples. The model is based on theH-φ-formulation and the addition
of auxiliary 1-D FE equations for the variation of the tangential components of the magnetic
field inside the tapes. This procedure allows representing the nonlinearities associated with
the HTS material in time-transient FE simulations. Compared to a reference solution based
on standard FE with the H-φ-formulation, the TS model provided good results for all the
studied cases while also reducing the number of DoFs by more than 40% and speeding up
simulations by seven times in some cases.

The TS model was also compared with the widely used T -A-formulation in terms of local
accuracy and AC losses. For problems where the magnetic field normal components are more
intense than the tangential components, the TS model with N = 1 is comparable to the
T -A-formulation since both models consider a linear field distribution across the thickness of
the tape. However, when the tapes are closely-packed together, the T -A-formulation does not
provide good solutions. The TS model application with N > 1 has shown to give a correct
solution in these cases. We demonstrated that the virtual discretization can be especially
interesting to tackle problems involving multiple thin layers, such as those in real HTS tapes.

In future work, the presented TS model will be extended for 3-D simulation of HTS devices.
However, its use goes beyond modeling HTS systems. The presented model represents
a generalization of the classical TS model with interface conditions (ICs) defined as 1-D
auxiliary problems across the thickness of the thin region. This allows tackling problems
involving multilayers of different materials and the use of special basis functions in the 1-D
problem. In addition, the presented methodology can easily be extended to a pure H- or
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Figure 6.19 Total AC losses in each layer of an HTS tape as a function of the relative transport
current I/Ic. Note the good agreement between the solutions in each layer of the HTS tape.

A-formulation with the ICs properly defined. Its application in a A-formulation would be
relevant for modeling nonlinear ferromagnetic thin regions in time-transient analysis, such as
nonlinear shielding problems, for example.
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Abstract

This paper presents a new three-dimensional time-domain finite-element thin-shell model for
the electromagnetic modeling of high-temperature superconducting (HTS) tapes, as well as
its validation on benchmark problems and its application to an HTS Roebel cable with 14
strands. The thin-shell model is based on the magnetic field formulation that considers the
diffusion of the parallel components of the magnetic field into the tapes. The nonlinear
behavior of the superconducting tapes is described with an E-J power-law model in a
virtual discretization across their thickness. This approach allows the calculation of the
non-uniform current distribution through the thickness and in the place of the tapes, so the
losses in multiple HTS tape assemblies are determined accurately. The results of the proposed
approach are compared with those obtained with a full 3-D representation of the thin regions
and show excellent agreement while reducing substantially the computational burden of the
simulations.

7.1 Introduction

Recent advances in large-scale high-temperature superconductor (HTS) devices have
driven the evolution of numerical methods to accurately and efficiently estimate their
electromagnetic (EM) behavior through simulations. Indeed, the 3-D modeling of large-scale
devices involving many HTS tapes is of high interest to the industry and to the academia.
Many superconductor applications require cables with higher current capacity than that
of a single tape, as well as lower AC losses [126]. Therefore, cable architectures such as
TSTC (twisted stack tape conductor [23]), CORC (conductor on round core [24]) and Roebel
cables [27] all use symmetrically transposed HTS tapes to reduce losses by reducing eddy
currents and sharing the transport current equally between each tape. This transposition
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creates a truly three-dimensional (3-D) geometry that does not allow any simplification by
symmetry and thus requires a 3-D model [26].

Among the available numerical methods, the finite element (FE) method has proved to be
efficient in tackling nonlinear problems with complex 3-D geometries [22]. Despite this,
modeling HTS devices involving REBCO tapes with FE is still time-consuming, mainly due
to their high aspect ratio and associated discretization issues [110]. Moreover, the electrical
resistivity of HTS materials, usually described by an E-J power-law model [21], is highly
nonlinear and makes it hard to achieve convergence [110].

Two primary and dual classes of FE formulations are often applied to model HTS devices: the
magnetic field (H-)based formulations [68–70] and the magnetic scalar potential (A)-based
formulations [130]. In [43], the H-formulation with the Newton-Raphson method has proved
to be more efficient in tackling problems involving HTS than the A-formulation, which
would be preferable for modeling nonlinear ferromagnetic materials. Therefore, solutions
obtained with the standard H-formulation are often considered as a reference for developing
new numerical approaches to model HTS devices [68]. In cases involving both HTS and
ferromagnets, the use of mixed formulations could be advantageous [72, 73, 131], but their
coupling must be done carefully [71].

In [35], the authors proposed a mixed formulation that uses T (current vector potential)
and A to solve problems involving HTS tapes. In this so-called T -A-formulation, a 1-D
problem depending on T describes the physical behavior along the width of the tapes,
which is represented as a line in a 2-D calculus domain. A current density is obtained
from T , which is used as a source term in an A-formulation that models the surroundings
of the superconducting tapes. This procedure avoids meshing the thin regions and provides
significant reductions in the computational cost [110].

The T -A-formulation is currently considered as the most computationally efficient model
to simulate HTS tapes, and it has been widely used recently by the HTS modeling
community [114–116]. However, two major problems impede its application to model 3-D
large-scale HTS devices. Firstly, the coupling between T and A requires higher-order shape
functions for A than for T in order to ensure the numerical stability of the model [108]. This
increases the total number of degrees of freedom (DoFs) in the non-conducting regions, which
essentially limits the application of the T -A-formulation to 2-D simulations. Indeed, in 3-D,
the number of DoFs in the T -A-formulation is comparable to that in a pure H-formulation,
providing little computational advantage [109]. Secondly, this formulation assumes a constant
current density across the thickness of the tape, which is not a valid approximation when
modeling closely-packed tapes carrying anti-parallel currents [78]. Similarly as in the strip
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approximation [17], the T -A-formulation underestimates the AC losses in such cases [79].

In addition to the T -A-formulation, some effort has also been made to reduce the overall
computational cost of modeling HTS tapes with the H-formulation. In [61,118], the authors
proposed to use the magnetic scalar potential (φ) in the non-conducting regions to avoid
leakage currents in such regions and reduce the total number of DoFs. Compared to a
pure H-formulation, this so-called H-φ-formulation can reduce the DoFs and CPU time
by more than 75% in some cases [119]. This formulation overcomes the problem of mixed
formulations since the coupling between H and φ is implicit [64]. Discontinuities along cuts
in the computational domain allow imposing net currents in the conductors [49]. These cuts
can be manually defined, as in [50, 132], or generated automatically at low cost during the
pre-processing phase [55].

In [133], we proposed a 2-D thin-shell (TS) model based on the H-φ-formulation. The
HTS tapes were represented as reduced-dimension geometries (lines) in the domain, and the
duplication of nodes and edges in their discretization allowed discontinuities in the tangential
components of the magnetic field across the tapes. The transport current was imposed
in the tapes through discontinuities of the magnetic scalar potential along cuts, as in the
standard H-φ-formulation. Moreover, a virtual discretization across the thickness of the tapes
allowed taking into account their EM response in the calculations. We demonstrated that a
single virtual element makes this approach equivalent to the classical TS approach for ohmic
conductors [127] and dual to the T -A-formulation under specific conditions. The virtual mesh
refinement in the proposed TS model overcomes the limitations of the T -A-formulation when
simulating a large number of HTS tapes in any configuration and comprising multiple thin
layers, such as a superconducting and a ferromagnetic layer in some type of HTS tapes (e.g.
RABiTS [27]).

In this paper, we extend the TS model proposed in [133] to 3-D cases. The interface conditions
(ICs) in the TS model are derived from 1-D auxiliary problems defined across to the thickness
of the tapes. These auxiliary problems are written in terms of the parallel components of
the magnetic field, which can thus penetrate the reduced-dimension geometries (surfaces)
representing the HTS tapes in the 3-D model. We demonstrate that this approach can provide
accurate solutions for HTS tapes under transport current and external field excitations. The
model is also applied to simulate a Roebel cable with 14 strands. The local field, current
distributions and AC losses show good agreement with the reference solutions obtained with
standard FE solutions in 3-D. The use of the TS model can significantly speed up the
simulations compared to a full 3-D H-φ-formulation, which is already very advantageous
compared to a pure H-formulation [119,120,132].
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7.2 Mathematical Formulation of the Model

7.2.1 Computational domain definition

Although the 2-D TS model proposed in [133] can account for any number of layers in
the thin region, to keep the equations readable, we assume in this paper that the thin
region is solely composed of a superconducting layer. The regions surrounding the tapes are
assumed to contain only air. This assumption is usually valid (and frequently used) since the
substrate and the coating layers of HTS tapes have resistivities several orders of magnitude
higher than the superconducting material. Our computational domain is thus denoted as
Ω = Ωs ∪ ΩC

s ∈ R3 (see Fig. 7.1a), with boundary ∂Ω decomposed as ∂Ω = Γh ∪ Γe, where
Ωs and ΩC

s are respectively the superconducting and the non-superconducting subdomains
of Ω, and Γh and Γe are respectively the portions of ∂Ω along which Dirichlet and Neumann
boundary conditions are applied.

It is also assumed that Ωs comprises K disjoint thin regions Ωs,1, . . .Ωs,K . Each region can be
described in its own xyz local coordinate system in which the thickness d ≈ 1µm is along the
z-direction, the width w ≈ 4-12mm is along the x-direction, and the length l (typically� w)
is along the y-direction. Given the high aspect ratio of the Ωs,i subdomains (w/d is typically
> 1000), these regions are approximated by reduced-dimension geometries in Ω (d → 0),
denoted by Γs,i, i.e. the volumetric subdomains Ωs,i are collapsed onto surfaces situated
halfway between their wide faces Γ±s,i (see Fig. 7.1b). For convenience, the developments
presented below consider a single thin HTS surface denoted by Γs, as in the example shown
in Fig. 7.2(a). The approach can obviously be generalized to consider as many tapes as
required to model a HTS device.

Ωs,2

Ωs,K

...

w

l

d

ΩC
s

Γ+
s,K

Γ−
s,K

∂Ω = Γh ∪ Γe z y

x(a)

...

Γs,2

Γs,K

l

ΩC
s

∂Ω = Γh ∪ Γe

w

∂Γs,2

(b)

Figure 7.1 (a) Standard and (b) thin-shell domains with their respective subdomains,
boundaries, and geometrical parameters identified.
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7.2.2 FE model in the surrounding of the HTS tapes

To include the physics of the thin superconducting region in the calculations, the first step
is to duplicate the mesh nodes, edges and faces on Γs, except nodes and edges on its lateral
boundaries ∂Γs (e.g., ∂Γs,2 in Fig. 7.1b). This creates a crack in the topological structure
of ΩC

s , which becomes multiply-connected. Thereby, the boundary of the superconducting
region is described by two complementary faces, namely Γs = Γ+

s ∪ Γ−s , with Γ+
s and Γ−s

corresponding to the top and bottom sides of Γs, respectively (see Fig. 7.2b and 7.2c). This
duplication also allows the tangential components of the magnetic field (parallel to the thin
surfaces) to be discontinuous across Γs.

LetH(curl,ΩC
s ) = {u : Ω→ R3 | ‖u‖ <∞, ‖∇×u‖ <∞,n×u = fh over Γh} where ‖u‖2 =∫

Ω ‖u‖2dx is the L2 norm and fh is a known tangential vector field, while H0(curl,ΩC
s ) is

the same space as H(curl,ΩC
s ) except with homogeneous boundary conditions n × u = 0

over Γh. Assuming a low-frequency regime and homogeneous Neumann boundary conditions
in Γe, and disregarding the displacement current, the variational form of the H-formulation
for the aforedescribed problem in ΩC

s is defined from Ampere’s and Faraday’s laws as follows:

Find h ∈H(curl,ΩC
s ) such that(
∂tµh, g

)
ΩC

s

−
〈
ns × e, g

〉
Γ+

s

+
〈
ns × e, g

〉
Γ−

s

= 0, (7.1)

∀ g ∈ H0(curl,ΩC
s ), where bold characters represent vectors, h is the magnetic field, e is

the electric field, µ is the magnetic permeability, and (·, ·)ΩC
s
and 〈·, ·〉Γ±

s
respectively denote

the volume integral over ΩC
s and the surface integral over Γ±s of the scalar product of their

two arguments. For simplicity, we consider ns = n+
s = −n−s , where n±s are the outward

unit normal vectors on Γ±s (see Fig. 7.2c). The two last terms in (7.1) represent the interface
conditions required to include the physics of the thin region in the TS model. Note that
h ∈ H(curl,ΩC

s ) includes the boundary condition for n × h (i.e. the tangential magnetic
field) along Γh (Dirichlet boundary condition).

In ΩC
s , the magnetic field is defined in terms of the magnetic scalar potential (h = −∇φ).

This allows reducing the total number of DoFs and avoids errors such as leakage currents in
ΩC
s , which appear in a pure H-formulation [61]. Despite this, the h-representation through

φ in ΩC
s is not enough to satisfy Ampere’s law in this region when the HTS tape carries a net

transport current, since ∀φ, ∇×∇φ = 0. Cuts are introduced to make ΩC
s simply connected

and to impose discontinuities on φ, whose values determine the net current in each connected
components of Ωs (i.e. in each conductor).



118

ΩC
s

C1

Γs

Γs

n+
s

n−
s

ΩC
s

ΩC
s

Γ+
s

Γ−s

Ω̂s
∆z(k) d

x

y

z

...

...

ΓNs = Γ+
s

Γks

Γk−1
s

Γ0
s = Γ−s

ΩC
s

ΩC
s

ΩC
s

ΩC
s

hk
1

hk
2

hk
3

hk−1
1

hk−1
2

hk−1
3

crack
virtual

discretization

(a) (b) (c) (d)

Ω̂
(k)
s

Figure 7.2 Proposed TS approach: (a) domain with a single thin HTS tape represented as
an embedded surface (Γs) in ΩC

s , (b) example of two tetrahedral elements sharing a common
face in Γs, (c) duplication of the mesh entities in Γs, creating a crack in ΩC

s , and resulting in
a virtual prismatic domain Ω̂s, and (d) virtual discretization throughout the thickness of the
tape into N elements of thickness ∆z(k) = d/N denoted by Ω̂(k)

s . The thick cut C1 depicted
in blue in (a) is generated automatically in our modeling environment (Gmsh) and is used
to impose a current constraint in the virtual domain Ω̂s

In this paper, we use thick cuts such as in [55]. Therefore, the magnetic field in ΩC
s is

discretized as follows
h =

∑
n∈ΩC

s

−φn∇wn +
∑

Ci∈ΩC
s

Iiψi, (7.2)

where wn are the nodal basis functions associated to each node n in ΩC
s , and ψi are edge-based

cohomology basis functions (thick cuts) dual to the cycles Ci around each superconducting
subdomain Ωs,i. The integration of h over these cycles gives the related net current Ii to
be imposed in each thin conductor Ωs,i. An example of a thick cut in ΩC

s is depicted in
Fig. 7.2(a). Tetrahedral FE with first-order Nédélec basis functions are used in ΩC

s .

7.2.3 FE model inside the HTS tapes

The next step is to describe the physics inside the tape by means of the surface integral terms
over Γ±s that appear in (C.1). To this end, we analyze the original volume Ωs separately as
a virtual FE problem. Each pair of tetrahedral elements sharing a common triangular face
on Γs (Fig. 7.2b) gives rise to a local problem in a virtual domain denoted Ω̂s (Fig. 7.2c).
The lateral faces of Ω̂s can be ignored because of the high aspect ratio of the HTS tapes and
their representation as a zero-thickness geometry in the calculus domain. Note that it does
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not mean that the normal components of the fields are neglected, as discussed in [133].

Taking h as a working variable, the weak form for the local problem in Ω̂s is

−
〈
ns × e, g

〉
Γ+

s

+
〈
ns × e, g

〉
Γ−

s

=
(
ρ∇× h,∇× g

)
Ω̂s

+
(
∂tµh, g

)
Ω̂s

,
(7.3)

where ρ is the electrical resistivity.

We then consider the virtual discretization of Ω̂s into N prismatic FEs Ω̂(k)
s , 1 ≤ k ≤ N , with

thickness ∆z = d/N and lower and upper boundaries Γk−1
s and Γks (Fig. 7.2d). The volume

integrals in (7.3) become

(
ρ∇× h,∇× g

)
Ωs

+ ∂t

(
µh, g

)
Ωs

=
N∑
k=1

(
ρ(k)∇× h,∇× g

)
Ω̂(k)

s

+
(
∂tµ

(k)h, g
)

Ω̂(k)
s

, (7.4)

where ρ(k) and µ(k) are the electrical resistivity and the magnetic permeability, respectively,
in Ω̂(k)

s . A local coordinate system xyz is located at the center of the virtual volume.
Therefore, the outward normal on Γs is parallel to the z-axis, and the tangential components
of h, denoted by hk−1 and hk in Γk−1

s and Γks , respectively, are in the xy-plane. Note that
in what follows, the space and time dependence of hk is omitted in the notation, excepted
when needed for clarity.

Next, we use first degree Lagrange basis functions to describe the profile of h in the z-direction
(across ∆z(k)), i.e.

θ1(z) = zk − z
∆z(k) , θ2(z) = z − zk−1

∆z(k) , (7.5)

where zk−1 and zk are the virtual positions of faces Γk−1
s and Γks , respectively. The magnetic

field in each virtual volumetric element Ω̂(k)
s thus reads

h(x, y, z, t)|Ω̂(k)
s

=
2∑
i=1
hγ(x, y, t)θi(z)

=
3∑

m=1

2∑
i=1

hγm(t)wm(x, y)θi(z),
(7.6)

where γ = γ(k, i) = k−2+i relates the tangential component of the magnetic field hγ in each
intermediate surface Γγs of Ω̂s to the boundaries of Ω̂(k)

s (see Fig. 7.2d), hγm is the magnitude
of hγ along the edges m = 1, 2 and 3 of the triangular element in Γγs , and wm is the edge
basis function related to edge m.
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Then, using the vector calculus identity ∇× (vu) = ∇u× v + u∇× v, where u and v are
scalar and vector functions, respectively, we have that

∇× h|Ω̂(k)
s

=
3∑

m=1

2∑
i=1

hγm (∇θi ×wm + θi∇×wm) . (7.7)

The test functions g in (7.4) are chosen from the same space as h (Galerkin method),
except for homogeneous boundary conditions (i.e., g ∈ H0(curl,Ω)). We define
g(x, y, z)|Ω̂(k)

s
= wn(x, y)θj(z), for n = 1, 2 and 3 and j = 1 and 2, corresponding respectively

to the nth-edge and jth-surface in Ω̂s (a boundary of Ω̂(k)
s ).

Inserting (7.6) and (7.7) into (7.4), the inner product (∇× h) · (∇× g) gives rise to
terms of the form (θi∇×wm) · (∇θj ×wn), which are identically zero since θi∇ × wm

is in the z-direction and ∇θj × wn is in the xy-plane. The remaining terms are of the
form ∇θi · ∇θj(wm ·wn), θiθj(∇×wm) · (∇×wn) and θiθj(wm · wn). They represent the
variation of the fields in Γs given by the functions wm and wn (and their curl) multiplied
by the field variation along ∆z(k) given by the functions θi and θj (and their gradient).
Consequently, the volume integrals over Ω̂s in (7.4) can be represented as the product of the
surface integrals over Γγs and line integrals over ∆z(k). The complete development of these
terms, which is the core of the method, is presented in Appendix A.

Given that Γk−1
s and Γks are copies of Γs, we can define the 2-D stiffness (A(k)) and mass

(B(k)) matrices in Γs as
A(k)
mn =

〈
∇×wm,∇×wn

〉
Γs

, (7.8)

B(k)
mn =

〈
wm,wn

〉
Γs

. (7.9)

The 1-D elementary matrices over ∆z(k) as

C(k)
ij =

∫
∆z(k)

∂zθi ∂zθj dz, (7.10)

D(k)
ij =

∫
∆z(k)

θiθj dz, (7.11)

which can be evaluated analytically as in [133]. The resulting stiffness and mass matrices for
the 3-D virtual element are

S(k) =
(
A(k) ⊗D(k)

)
+
(
B(k) ⊗ C(k)

)
, (7.12)

and
M(k) = B(k) ⊗D(k), (7.13)
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respectively, where ⊗ is the Kronecker product [134] of the matrices in the argument, which
results in block matrices of dimension 6× 6. Since (7.8)-(7.11) are symmetric, so are (7.12)
and (7.13). The detailed definitions of the matrices S(k) andM(k) are given in Appendix B.

Finally, the volume integrals in (7.4) become
(
ρ(k)∇× h,∇× g

)
Ω̂(k)

s

= ρ(k)S(k)H(k), (7.14)

(
∂tµ

(k)h, g
)

Ω̂(k)
s

= ∂tµ
(k)M(k)H(k), (7.15)

where the vector of unknowns H(k) in Ω̂(k)
s is

H(k) =
[
hk−1

1 , hk1, h
k−1
2 , hk2, h

k−1
3 , hk3

]T
. (7.16)

The current density j in each virtual element Ω̂(k)
s is constant across ∆zk and is defined as

j|Ω̂(k)
s

= ns × ∂zh|Ω̂(k)
s

= ns ×
(
hk − hk−1

∆z(k)

)
, (7.17)

Therefore, the nonlinear resistivity in Ω̂(k)
s , which depends on j in the power-law model for

superconductors, can be written as

ρ(k) = Ec
Jc

(
|hk − hk−1|
Jc∆z(k)

)ns−1

(7.18)

where Jc is the critical current density, ns is the power-law exponent, and Ec = 1µV/cm
is the electric field criterion. The magnetic permeability µ(k) is assumed constant in
superconductors, i.e. µ(k) = µ0 in Ω(k)

s , but this is not a limitation of the proposed model.
In [133], ferromagnetic thin layers were modeled with the 2-D version of the presented TS
model and can also be done in 3-D.

7.2.4 Coupling of the finite-element models

We can use (7.3), (7.4), (7.14) and (7.15) to find an equivalent expression for the interface
terms in (7.1), i.e.

−
〈
ns × e, g

〉
Γ+

s

+
〈
ns × e, g

〉
Γ−

s

=
N∑
k=1

ρ(k)S(k)H(k) + ∂tµ
(k)M(k)H(k).

(7.19)
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This expression represents the interface conditions (ICs) used in our approach, i.e. it provides
a well-defined relationship between the tangential components of the electric and magnetic
fields on each side of the thin layer.

The complete weak form for the model is obtained by inserting (7.19) into (7.1). The
tangential fields in Γ0

s and ΓNs are h0 = −∇φ− and hN = −∇φ+, respectively, which provides
a natural connection between the thin layer model and the global system of equations in ΩC

s .
The cuts necessary to impose the current in the tapes can be generated automatically by
finding the edge-based cohomology basis representative of ΩC

s after the introduction of the
crack at Γs has made ΩC

s multiply-connected. The time derivative can be estimated by a
numerical scheme such as implicit Euler, and the nonlinear system of equations can be solved
by the Newton-Raphson (NR) method, as is often done [43].

In terms of post-processing, the instantaneous AC losses inside the superconducting thin
layer is calculated from this compact expression:

L(t) =
N∑
k=1

∫
Γs

ρ(k)(H(k))TS(k)H(k)dΓ. (7.20)

The 3-D TS approach described in this paper was implemented in Gmsh and GetDP. All
the simulations were performed using a personal computer with an Intel i7 2400 processor
and 16 Gb of memory. In GetDP, an adaptive time-stepping procedure was used in order
to improve convergence, as explained in [14]. In our simulations, the maximum number of
iterations of the nonlinear solver was set to 12, the initial time step was set to 7.5µs, the
maximum time step was set to 200µs, the relative tolerance of the calculation was set to
10−5, and the absolute tolerance was set to 10−7. Finally, the NR scheme was used to solve
the nonlinear system of equations with the initial guess at each new NR iteration equals to
the solution at the previous time step.

7.3 Model Validation

Two 3-D benchmark problems were used to validate the proposed TS model: (i) a single HTS
tape carrying a current, and (ii) a thin HTS disc immersed in a perpendicular magnetic field.

7.3.1 Single HTS Tape

We first considered the example of a single HTS tape embedded in air, similar to the geometry
presented in Fig. 7.2a. The superconducting layer was 1µm thick and 12mm wide. The total
length modeled was 4mm. A current I = I0 sin(2πft) at an operating frequency f = 50 Hz
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was imposed in the tape using a cut in ΩC
s , as discussed in Section 7.2. The solution obtained

with the 3-D TS model was compared with (i) the standard FE solution of an equivalent 2-D
problem and its complete discretization (2-D FE), and (ii) the solution obtained with the
2-D TS model proposed in [133].

In terms of mesh, the thin surface was discretized into 60 FEs across the width of the tapes
using a bump of 0.1, meaning that elements near the tape extremities were ten times smaller
than those at the center of the tape. In the 2-D reference FE model, a structured rectangular
mesh with 10 elements across the thickness of the tape was considered. Moreover, we assumed
N = 1 in the 2-D and 3-D TS models. Since here the normal components of the magnetic
field dominate the dynamics of the problem, one virtual FE was enough to represent the
physics of a single tape, as discussed in [133]. Also, Lagrange polynomials of first order were
considered as basis functions in both the non-conducting region and in the virtual 1-D FE
auxiliary systems of the proposed TS approach.

The normalized current density (|j/Jc|) distributions along the tape width at t = T/8,
t = T/4 and t = T/2, with T = 1/f , I0 = 0.9Ic and ns = 101 are presented in Fig. 7.3. Note
the good agreement between the 3-D and the 2-D solution at every time step. This validates
the approach presented in Section 7.2 in terms of local current distribution inside a single
HTS tape.

We further compared the models in terms of AC losses at different transport currents. The
total losses per cycle were calculated analytically using the Norris formula [135]

Q = µ0I
2
c

π

(1− fc) ln(1− fc)

+ (1 + fc) ln(1 + fc)− f 2
c

 , (7.21)

where fc = I0/Ic. The total losses with the TS models were obtained by integrating (7.20)
over one cycle, i.e. 0 ≤ t ≤ T . The simulations were performed with two exponent values
in the power-law model (7.18): ns = 25, and ns = 101. The results were compared with
the analytical solution (7.21) and are presented in Fig. 7.4. The higher the exponent ns,
the better is the agreement between the numerically computed losses and the Norris model
(formally exact only when ns →∞). The proposed TS model with N = 1 perfectly suits the
problem of a single 3-D HTS tape.

To evaluate the computational speed of the proposed TS model, we performed simulations
with a full discretization of the tape in 3-D while scaling the thickness of the HTS layer to
10 µm. This enabled a sufficiently fine discretization of the tape and consequently ensured
that the solution was accurate. Two mesh elements across the thickness of the tape were



124

(a)

(b)

(c)

Figure 7.3 Normalized current density (|j|/Jc) at (a) t = T/8, (b) t = T/4 and (c) t = T/2,
with T = 1/f , f = 50Hz, I0 = 0.9Ic and ns = 101.

considered and a standard H-φ-formulation was used.

The number of DoFs, the CPU time, and the number of linear problems solved (LPS) before
convergence with I = 0.9Ic are summarized in Table 7.1. The use of the TS model in 2-D
represented a reduction of 47% and 26% in DoFs and CPU time, respectively, compared to
the reference 2-D model. No significant difference in the number of LPS was observed in this
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Figure 7.4 Transport AC losses of a single tape with f = 50Hz, including the results of
the Norris analytical model, the 2-D FE model (infinitely long tape), the 2-D TS approach,
and the proposed 3-D TS model. Two values of power-law exponent ns were considered: 25
and 101. The inset shows the AC losses close to I0/Ic = 0.8. Note the excellent agreement
between the solutions.

case. In 3-D, however, the reductions in DoFs and CPU time obtained with the TS model
were 76% and 90%, respectively, while the number of LPS was about half of the LPS of the
reference 3-D model. This proves that the proposed TS model can provide accurate solutions
while speeding up 3-D simulations.

Mesh elements with poor aspect ratios in the reference 3-D model certainly hindered its
convergence. In addition to reducing the number of DoFs related to the discretization of the
thin layer itself, the TS model enhanced the mesh quality by avoiding poor quality elements
near the extremities of the tape, both in the air and in the HTS tape. In the 3-D reference
model, the worst aspect ratio of the FEs was ten times larger than that in the TS model.
Consequently, more NR-iterations were necessary, increasing the number of LPS and the
CPU time.

Although finite elements of first order were considered everywhere, no spurious oscillations
such as those observed in the T -A-formulation [35] occurred with the proposed TS model.
Indeed, the natural coupling between the TS model and the global FE system, done through
the tangential components of the magnetic field, ensures the stability of the solution. The
number of DoFs can be further reduced in the TS model since a coarser mesh can be
considered on the surface representing the tape without worsening the quality of the 3-D
mesh. Moreover, the use of the magnetic scalar potential in the non-conducting region
provides an additional reduction of DoFs in comparison with a pure H or A-formulation.
All these features make the proposed model scale efficiently when simulating large-scale 3-D
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Table 7.1 Number of DoFs, CPU time and number of linear problems solved (LPS) before
convergence in 2-D and 3-D with complete discretization of the HTS tape and using the TS
model with I0 = 0.9Ic and N = 1 in all cases

2-D H-φ 2-D TS H-φ 3-D H-φ 3-D TS H-φ
Number DoFs 5927 3109 72121 16831
CPU time [s] 197.6 145.8 10052.4 957.4
Number of LPS 681 657 867 441

HTS devices.

7.3.2 Thin HTS disc in perpendicular magnetic field

To validate the proposed TS model under an external field excitation, we considered the
example of the magnetization of a thin HTS disc, similar to the problem in [35]. The radius
of the disc was R = 10mm and its thickness was d = 1µm. No cuts in ΩC

c were necessary in
this example since the geometry is already simply connected and no current constraint needs
to be imposed in the disk.

An external magnetic field H(t) = H0 sin(2πft) at an operating frequency f = 50Hz was
applied perpendicular to the disc surface. The chosen peak value was H0 = Hc, where
Hc = Jcd/2 is the full penetration field for a slab of thickness d with critical state model, and
Jc = 5× 108 A/m2. The power-law exponent was ns = 101 in this example.

The current density distribution obtained using the TS model with N = 1 (single layer of
elements in the virtual discretization) at different time steps is presented in Fig. 7.5. Note the
continuous increase of the penetration depth before the external magnetic field reaches the
first peak value (Fig. 7.5a-c). Also note the presence of persistent currents when the applied
field returns to zero at t = T/2 (Fig. 7.5d).

The numerical results were validated with analytical solutions obtained with the Biot-Savart
law and the critical state model, following the developments presented in [136]. The relative
current density as a function of the radial position (r) inside the disc is

|j(r)|
Jc

=


2
π

tan−1
(
r
R

(
R2−a2

a2−r2

)1/2
)
, if r < a,

1, if r ≥ a,
(7.22)
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(a) (b)

(c) (d)

Figure 7.5 Normalized current density distribution (|j|/Jc) in an HTS disc submitted to a
50Hz external sinusoidal field: (a) t = T/16, (b) t = T/8, (c) t = T/4 (peak), and (d)
t = T/2 (zero external field).

where a is the penetration depth defined as

a = R

(
1

cosh(H/Hc)

)
. (7.23)

Moreover, the normal component of the magnetic field (hn) on the disc surface relative to
the critical field is

|hn(r)|
Hc

= cos−1
(
R

a

)
− cos−1

(
R

r

)
+ q(r), (7.24)

where
q(r) = 2

π

∫ π/2

sin−1(a/r)

(
(1− β cot β)

(1− r/R2 sin β)1/2

)
dβ. (7.25)

The relative current density and magnetic field distributions against the radius are presented
in Fig. 7.6a and 7.6b, respectively. The numerical solutions were taken at the peak field
value at t = T/4. The normal component of the magnetic field in the numerical solution was
taken as the mean value of the field on the top and bottom sides of the thin disc. Again,
the excellent agreement between these solutions validates the proposed TS model for a 3-D
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problem with an external field excitation.

In the TS model developed in Section 7.2, only the tangential components of the magnetic
field were explicitly taken into account to describe the physics in the thin region. Despite
that, our results show that the TS model provides accurate solutions also in terms of normal
components of the magnetic field in the surroundings of the thin region. This is because
by (7.19) the time variation of the mean value of the tangential components of the magnetic
field is related to the discontinuity in the tangential components of the electric field on the
thin surface. This discontinuity can therefore be related to the discontinuity of the normal
magnetic flux density using Faraday’s law, as explained in [32]. Therefore, the presented TS
model obeys the magnetic flux conservation across the thin surface. The TS model is very
general and can be used in simulations involving field components that are both normal and
tangential to the thin region.

7.4 Application Example: the Roebel Cable

We applied our 3-D TS model to simulate the EM behavior of a Roebel cable with 14 strands
and compared our results with those obtained with the fully 3-D H-formulation reference
model proposed in [26]. The cable layout is shown in Fig. 7.7a, and the geometrical and
electrical parameters are given in Table 7.2. For a more complete description of the cable
geometry, we refer the reader to [28].

(a) (b)

Figure 7.6 Normalized current density (|j|/Jc) and magnetic field (|hn|/Hc) against the disc
radius submitted to a 50Hz external sinusoidal field at t = T/4, i.e. at the peak applied
field.
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The surroundings of the Roebel cable were assumed to be air, and only the superconducting
layers of the HTS tapes were represented as thin surfaces in the TS model. Besides, in the
reference model, the thickness of the superconducting layers were scaled to 10µm in order
to reduce the total number of DoFs in the air space and inside the tapes.

The transposition length and the number of strands defines a periodicity in the cable. For
the given geometry, the EM analysis of 1/14th of its total transposition length (Fig. 7.7b)
was sufficient to compute the current and field distributions, and the total AC losses per unit
length. In [26], the authors used a periodic boundary condition (PBC) to map the magnetic
field from one end of the model to the other end (lines AA′ and BB′ in Fig. 7.7). However,
since the gap between the strands is very small compare to the simulated length, the current
flows mostly in the length direction, and the magnetic field is consequently tangential to the
boundary Γ, so PBC are not really necessary here. Therefore, in our 3-D TS model, only
boundary conditions of type n× h = 0 were considered in Γh.

In terms of mesh, two elements were considered across the thicknesses of the strands in the
reference model. In the TS model, we also considered two layers of virtual elements (N = 2)
in order to agree with the number of elements in the reference model and to observe the
different current distributions on the top and bottom faces of the strands.

In our TS model, FE faces, edges and nodes on the lower-dimensional representation of
the strands were duplicated by creating 14 cracked regions equivalent to holes in ΩC

s . The
cohomology basis representatives (thick cuts) were then computed using the Gmsh code and
comprise 14 thick cuts that were not necessarily associated with each individual strand of the
Roebel cable. Indeed, some of them could be linear combinations of the individual cuts [132].
This issue was solved by using the automated method proposed in [55]: we obtained the
desired cohomology basis representatives by taking the boundary of the relative homology
basis H2(Ω,Ωs) and by computing the cohomology basis dual to the resulting homology basis.

B′

B

A′

A

(a)

A′
A

B′
B

(b)

Figure 7.7 Geometry of the Roebel cable with 14 strands: (a) top view and (b) 3-D geometry.
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Table 7.2 Geometrical and electrical parameters of the simulated Roebel cable

Parameter Value Unit
Number of strands (ns) 14 -
Transposition length (lt) 109 mm
Cable width (wc) 4.3 mm
Gap between strands (g) 0.3 mm
Strands width (ws) 2 mm
Tape’s thickness (d) 10 µm
Operating frequency (f) 50 Hz
Critical current (Ic) 465 A
Critical electric field (Ec) 10−4 V/m
Power-law exponent (n) 21 -

This ensured that each generated cut was associated with only one strand of the cable, and
a current constraint could be imposed on each one of them individually.

A current I = I0 sin(2πft) at an operating frequency f = 50 Hz and I0 = 400A was imposed
in the cable strands. The resulting magnetic field distributions at t = T/8, t = T/4 and
t = T/2 are presented in Fig. 7.8. Note the increase in the magnetic field penetration
between Fig. 7.8a and 7.8b, and the remanent magnetic field at t = T/2, i.e. when the total
net current is zero. In Fig. 7.8c, one also observes a field concentration in the outer rim of
the straight section of the strand below the crossover section. This is the region where higher
AC losses are found, as explained in [26]. Indeed, at the crossover region, the upper strand
in the stack is exposed to a higher field, while the middle strands experience lower fields due
to the magnetic screening provided by the upper and lower strands.

Fig. 7.9 shows the normalized current density vector distributions in the crossover region at
t = T/4 (peak current value). Note that the outer face carries a larger current than the
inner face. The current tends to flow mostly in the external portion of the strand, as pointed
out in [26]. Moreover, the inner face of the crossover is exposed to the field variation from
the lower strands, which generate screening currents that affect the overall current vector
intensity and orientation across the thickness of the upper strand. The use of the proposed
TS model with N = 2 allows the tangential components of the magnetic field to penetrate the
wide faces of the strands and properly takes into account the interaction of multiple tapes.
Observe for instance the irregular distribution of the current vectors in Fig. 7.9b, which is
similar to the results presented in [26].

The total AC losses per unit length in the Roebel cable was calculated over one cycle with the
integral in (7.20). The result was compared with the AC losses obtained with the reference
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(a) t = T/8 (b) t = T/4

Outer rim of the

straight section

Crossover

section

(c) t = T/2

Figure 7.8 Magnetic field distribution in a Roebel cable for a 50Hz sinusoidal transport
current of I0 = 400A peak at (a) t = T/8, (b) t = T/4, and (c) t = T/2.

(a)

(b)

Figure 7.9 Normalized current density distribution in the crossover segment of one strand of
the Roebel cable for I0 = 400A at t = T/4 (peak current value): (a) outer face, and (b)
inner face. Note the difference in the current density profiles on both faces of the strand.



132

model for I0 = 400A (see Table 7.3). The relative difference between the solutions was
1.76%, while the number of DoFs was reduced by more than 75% when using the TS model.
In terms of CPU time, simulations using the reference model took 127,971 s to complete vs.
44,609 s for the 3-D TS model, i.e. simulations with the TS model were about three times
faster than the reference model.

We further computed the total AC losses at several transport current values, and the results
are shown in Fig. 7.10. In general, the AC losses of the TS model are consistent with those
of the reference model. However, at low transport currents, the TS model provided higher
AC losses than the reference model. This difference is probably related to the poor mesh
quality in the reference model, which certainly reduce its accuracy at low transport currents.
In the TS model, FE with high aspect ratio are avoided, thus, the results of the TS model
are likely to be the most accurate ones.

7.5 Conclusion

This paper proposed a 3-D thin-shell model based on the H-φ-formulation to simulate HTS
tapes. The superconducting layers in such tapes were represented as zero-thickness geometries
(surfaces) in the 3-D calculus domain to avoid creating finite elements with high aspect ratio.
The electromagnetic behavior in the tapes was taken into account by a virtual discretization
of their thickness. This representation allowed the tangential components of the magnetic
field to be discontinuous and the current density to be non-uniformly distributed across the
thickness of the tapes. Moreover, the magnetic scalar potential was the working variable in
the non-conducting region surrounding the tapes, which provided additional reductions in
the total number of degrees of freedom (DoFs) in our model when compared to a standard
H-formulation.

The proposed model was validated with well-established analytical solutions on two
benchmark problems: (i) a single HTS tape carrying a transport current, and (ii) a thin
HTS disc in a perpendicular external field excitation. In both cases, the 3-D TS solution
showed excellent agreement with the analytical solutions in terms of normal and tangential
field components, as well as current density distribution and total AC losses. The 3-D TS
model was also compared with standard FE solutions obtained with a 3-D discretization of the
HTS tapes, and by using a standard H-φ-formulation (reference model). We demonstrated
that the proposed model can speed up 3-D FE simulations by up to a factor of ten compared
to the H-φ reference model, which is known to be already advantageous when compared to
the standard H-formulation.



133

Table 7.3 AC losses and total number of degrees of freedom (DoFs) in the Roebel cable with
I0 = 400A and N = 2

Model AC Losses
(mJ/cycle/m)

Relative
difference

Number
of DoFs

DoFs
Reduction

3-D FEM (reference) 9.64 - 483,520 -
3-D TS-FEM (N = 2) 9.81 1.76% 120,097 75%

Figure 7.10 Total AC losses per length unit of the Roebel cable with 14 strands as a functions
of the peak transport current. Results obtained with the proposed TS model are compared
with the results of the reference model proposed in [26].

We also applied the 3-D TS model to estimate the current and field distributions and total
AC losses in an HTS Roebel cable with 14 strands. Our solutions were consistent with those
obtained using the model proposed in [26]. The relative difference in the AC losses between
these two models was less than 2%, while the total number of DoFs in the TS model was less
than 30% that of the other model. Moreover, the increase in the number of virtual elements
in the TS model was demonstrated to be efficient in the study of the current distribution
in the crossover region of the Roebel cable. These results confirm the efficiency of the 3-D
TS model to simulate HTS devices comprising multiple thin HTS tapes, such as coils and
magnets (to be tested in future work).



134

Appendices

A. Development of the terms in equation (7.4)

Given the definition of h and ∇×h in the virtual element Ω̂s in (7.6) and (7.7), respectively,
and choosing g in the same function space as h, we have

∇× h · ∇ × g

=
3∑

m=1

2∑
i=1

hγm (∇θi ×wm + θi∇×wm)

· (∇θj ×wn + θj∇×wn)

=
3∑

m=1

2∑
i=1

hγm [ (∇θi ×wm) · (∇θj ×wn)

+ (∇θi ×wm) · (θj∇×wn)

+ (θi∇×wm) · (∇θj ×wn)

+ (θi∇×wm) · (θj∇×wn) ]

=
3∑

m=1

2∑
i=1

hγm [ (∇θi ×wm) · (∇θj ×wn)

+ (θi∇×wm) · (θj∇×wn) ]

=
3∑

m=1

2∑
i=1

hγm [ ∇θi · ∇θj(wm ·wn)

+ θiθj(∇×wm) · (∇×wn) ] ,

(7.26)

and

h · g =
3∑

m=1

2∑
i=1

hγmwmθi ·wnθj

=
3∑

m=1

2∑
i=1

hγmθiθj (wm ·wn) ,
(7.27)

∀ j = 1, 2, ∀n = 1, 2, 3.

B. Kronecker product definition

The Kronecker product (or matrix direct product) is defined as the product of two matrices
resulting in a block matrix [134]. For instance, the first term in (7.12) is
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A(k) ⊗D(k) =


A(k)

11 [D(k)] A(k)
12 [D(k)] A(k)

13 [D(k)]
A(k)

21 [D(k)] A(k)
22 [D(k)] A(k)

23 [D(k)]
A(k)

31 [D(k)] A(k)
32 [D(k)] A(k)

33 [D(k)]

 , (7.28)

where A(k) ⊗ D(k) is a 6 × 6 matrix. The treatment of the second term in (7.12) and the
matrix product in (7.13) is done the same way.
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CHAPTER 8 GENERAL DISCUSSION

Two new TS models were presented, validated and applied in this thesis. The first
proposed approach considered hyperbolic basis functions for the time-transient analysis of
thin conductive and ferromagnetic shields. This approach provided accurate results with
a small number of additional high-frequency basis functions and consistent with the results
obtained with standard FEM. It was also extended to the time-transient analysis of nonlinear
ferromagnetic shields. In the time-harmonic regime, the model showed a relative difference
of less than 3% in terms of local field distribution in all points evaluated. In time-transient
analysis, the relative differences were also reduced to less than 3% when using at least 3
sets of hyperbolic basis functions, including in the critical region near the extremities of the
shield. Compared to the reference model obtained with a standard FEM, the total number
of degrees of freedom was reduced by more than 80% and simulations were at least ten times
faster with the TS model. The computational efficiency and accuracy of this model satisfy
the specific objectives we established for this thesis and presented in Chapter 4. A paper
introducing the approach and presenting the main results was published in IEEE Transaction
on Magnetics [127], and was included as Chapter 5 of this thesis.

The second approach proposed a TS model with a virtual discretization across the thickness
of the thin regions, which could handle the nonlinearities of both ferromagnetic and
superconducting materials. In Chapter 6, this approach was applied to simulate 2-D problems
involving HTS tapes. We started with the example of a single tape and progressively increased
the problem complexity by augmenting the number of tapes and the number of thin layers
in these tapes. In all cases, the solution from the TS model was in good agreement with
that of the reference models in terms of the local fields and the current distributions and
AC losses. Among the current available TS models, the proposed TS model is the only one
that allows taking into account the uneven distribution of the current density across the
thickness of HTS tapes, models multiple thin layers as a single reduced-dimension geometry
in the computational domain, and is accurate in evaluating AC losses in HTS tapes of any
configuration. Our approach and results were presented in a paper [133] recently submitted
to the IOP Superconductor Science and Technology and was included as Chapter 6 of this
thesis.

In Chapter 7, we extended the approach with virtual discretization across the thickness
of HTS tapes to 3-D cases. The interface conditions were defined in this chapter as the
Kronecker product between the 2-D elementary matrices defined on the surface representing
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the thin region and the 1-D FE matrices defined across their virtual thickness thereby
simplifying its discretization and coupling its physics to the fields outside the conducting
regions. The model was validated on benchmark problems for transport currents and external
field excitation, and applied for simulating the electromagnetic behavior of a Roebel cable
comprising 14 transposed strands. It was shown that the proposed TS model can speed up
3-D simulations without compromising the solution accuracy. All the features of the 3-D
model and its validation were presented in a paper [133] submitted to IEEE Transactions on
Applied Superconductivity. In further work, this approach can be applied to simulate HTS
cables containing several HTS tapes, such as CORC and TSTC cables.

For a fair comparison with the T -A-formulation (Section 3.8), we also implemented our TS
model with virtual discretization in COMSOL Multiphysics. The model implementation and
a complete comparison with the T -A-formulation were presented in an additional paper that
is included in Appendix B. In this paper, we demonstrated that the computational time when
simulating a few HTS tapes using one virtual element across their thickness is comparable
to that of the T -A-formulation. We also studied the problem of a stack of twenty tapes.
In this case, the proposed approach provided the solution ten times faster than the models
with the standard H-φ-formulation and the T -A-formulation. Also, in the case of two closely
packed tapes carrying anti-parallel currents, the T -A-formulation underestimated the AC
losses as expected, while our TS approach with a virtual mesh refinement provided results
closer to those obtained with the pure H-formulation, but around hundred times faster than
that. This significant reduction in the computational time was mainly due to the use of a
coarser mesh in the TS model, thanks to the reduced-dimension representation of the tapes.
The main differences between the paper presented in Appendix B and that in Chapter 5
rely on the implementation of the TS model in COMSOL Multiphysics and the use of thin
cuts [132] to impose current constraints in the tapes instead of the edge-basis cohomology
basis functions [55].

As presented in Chapter 3, the classical TS approach normally considers a hyperbolic profile
for the fields inside the shell. This is a valid approximation in regions far from edges and
corners but not close to them. Since in our approach with virtual discretization the interface
conditions are independent of the field profile, it was demonstrated in Appendix C that, with
a sufficiently high number of virtual elements, the approach can provide a good estimation
for the fields and the current distributions near edges and corners of thin regions. It is
worth mentioning that the virtual mesh refinement could be performed locally near the edges
and corners. Far from them, the use of a few elements should be enough to represent the
physics in the shell, mainly depending on the penetration depth. The approach overcomes
the limitations of the classical TS approach to model edge and corner effects in harmonic
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regimes and avoids the use of techniques such as the subproblem technique to correct the
related inaccuracies locally. All these features make the second proposed TS model very
promising for simulating large-scale devices involving HTS tapes and other thin structures
in electromagnetic devices.
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CHAPTER 9 CONCLUSIONS AND RECOMMENDATIONS

In this thesis, we had the main objective to establish a rigorous 3-D FE formulation
for the time-transient analysis of domains composed of thin regions made of nonlinear
conductive and/or magnetic materials. We proposed two different thin-shell (TS) models
and demonstrated their efficiency and accuracy in 2-D and 3-D FEM simulations. Both
respond to our objectives and overcome the main limitations of other models found in the
literature.

The first proposed TS model considered hyperbolic basis functions derived from harmonic
solutions of the linear flux diffusion equation inside the shell. These basis functions perfectly
suit problems in the time-harmonic regime and time-transient problems in which the fields
can be approximated by the superposition of a set of harmonic solutions. In an attempt
to extend this approach to nonlinear cases, we also simulated the saturation effects in a
nonlinear planar shield. Indeed, since the penetration depth depends simultaneously on the
operating frequency and the material properties, the increase in the frequency components
to define our basis functions was a good approximation for this analysis.

Only 2-D simulations were performed using the hyperbolic basis functions in this thesis. In
future work, this approach could be extended to 3-D simulations, and different fields profiles
across the thickness of the shell could be used to define new dedicated basis functions. Ideally,
these new basis functions should be defined independently of the operating frequency and
materials properties, so the model applications would be wider. Despite this, the presented
approach overcomes the limitations of the classical TS model by permitting time-transient
analysis of nonlinear thin regions.

The second proposed TS model considered a virtual discretization across the thickness of HTS
tapes to estimate their electromagnetic behavior. This approach is more general than the
first one. It was validated in several benchmark problems and applied to simulate HTS tapes
with different configurations in 2-D and 3-D simulations for transport current and external
field excitation. In future work, it could be applied to simulate new HTS cables architectures
comprising many HTS tapes. It may also allow future parametric studies and the simulation
of large-scale HTS devices and their optimization, providing substantial advancement in
this research field. Moreover, applications of the proposed TS approach are not limited to
simulations involving HTS tapes. The approach was already demonstrated to be efficient
in solving problems involving thin ferromagnetic regions and estimating edge and corner
effects. Another extension of this approach may include the thermal effects in HTS tapes for
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quenching analysis.

Given the presented literature review and the two introduced approaches, the proposed
methodology seems very general. By applying the hyperbolic basis functions in a single
virtual element across the thickness of the thin region in the harmonic regime results in
interface conditions equivalent to the classical TS approach; using first-order Lagrange basis
functions it becomes equivalent to the degenerate finite-elements approach, and finally, it is
dual to the T -A-formulation if we consider that µr = 1 inside the tapes. Finally, the two
proposed approaches could easily be extended to the A- or A-v-formulation. We hope the
reported findings can help future research involving HTS tapes and contribute significantly
to the development of the next generation of electromagnetic devices.
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APPENDIX A SELECTING THE COHOMOLOGY BASIS
REPRESENTATIVES TO IMPOSE CURRENT CONSTRAINTS

Electric and electronic devices often comprise more than a single conductor embedded in
non-conducting spaces. When the H-φ-formulation (Section 2.8.9) is applied to estimate
the electromagnetic behavior of such devices, the magnetic scalar potential is considered in
non-conducting subdomain ΩC

c , and the magnetic field strength is the working variable in
the conducting subdomains. Then, to completely obey Ampère’s law in ΩC

c , cuts Ci must
be introduced in this subdomain. Scalar potential discontinuities along these cuts give a
current representative in each independent conducting subdomain Ωc,i related to Ci. It is
easy to define the cuts in ΩC

c when the model geometry is relatively simple (e.g. only a few
conductors in 2-D). Still, it can be an arduous task when the calculus domain comprises
multiple transposed conductors in 3-D, such as in a Roebel cable geometry [26], for example.

There exist basically two types of cuts with which we can associate a magnetic scalar
discontinuity: (i) thin cuts and (ii) thick cuts. They can be manually defined [132] or
generated automatically through specific algorithms [55]. Thin cuts consider potential
discontinuities on interfaces (cutting surfaces), making ΩC

c simply connected. In contrast,
thick cuts impose potential discontinuities along edges in a transition layer of finite elements
in ΩC

c . The application of both types of cuts yields exactly the same solution obtained
by using the pure H-formulation, i.e. when the magnetic field is defined everywhere in
the computational domain. However, the use of the scalar potential instead of a pure
H-formulation reduces the number of variables in the problem to be solved and avoids errors
such as leakage currents in ΩC

c .

In Gmsh [60], a plugin called CohomologyComputation allows one to find thick cuts
automatically and uniquely from the triangulation of the domain Ω. They are equivalent to
cohomology basis representatives of the topological structure of ΩC

c , precisely as the example
discussed in Section 2.8.6. Only the incidence information is required for the calculation of
these cuts.

For a single conductor embedded in air, the Gmsh plugin gives a single 1-cocycle representing
the cohomology basis. This 1-cocycle comprises a set of edges in the discretized domain with
unitary coefficient and specific orientation, which is therefore related to the orientation of
the cycles (closed 1-chains) encompassing the conductor exactly once. The integration of the
magnetic field over these cycles dual to the cohomology basis (called homology class) gives
the enclosed net current in conducting subdomains. Defining precisely the current in the
conductors is essential in most simulations. Therefore, the orientation of the cycles must be
constrained accordingly.
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In [55], the authors described a helpful approach to select the suitable cohomology basis
representatives to impose the desired current in the conductors. Here, we progressively
illustrate this approach in 2-D and 3-D cases, and discuss modifications in the Gmsh plugin
for periodic domains. We start by presenting the example of a single conductor in 2-D,
passing through examples of multiple conductors in 2-D and 3-D, and finally presenting 3-D
examples with periodic boundary conditions (PBCs).

Let us start with the example of a single circular conductor of radius 1 cm embedded in air as
depicted in Fig. A.1a. We denote by K the abstract simplicial complex constructed from the
triangulation of Ω, with Kc and KCc the abstract simplicial complex related to the subdomains
Ωc and ΩC

c of Ω, respectively. The direct application of the plugin CohomologyComputation in
KCc gives a thick cut represented by the group of edges depicted in blue (formally, a 1-cocycle),
which is clockwise oriented in this example. Moreover, the use of the H-φ-formulation to
solve the problem results in the current density and field distributions presented in Fig. A.1b
and Fig. A.1c, respectively. The imposed net current in the conductor was 1A. Note that
the orientation of the fields is inverse to the orientation of the 1-cocycle since h = −∇φ. The
current in the conductor flows out-of-plane according to the right-hand rule.

Suppose now that we want to impose the magnetic scalar potential discontinuity with a
specific orientation. In that case, we can either compute the cohomology basis and visually
determine the potential scalar discontinuity, or follow the approach described in [55]. This
approach consists in choosing a homology basis of the representative 1-chains H1(KCc ) and
then adjust the cohomology basis accordingly. Thanks to H2(K) = H1(K) = 0, the 1-chains
in H1(KCc ) can be automatically defined. The following exact relative homology sequence [38]

0 = H2(M) j−→ H2(K,KCc ) ∂2−→ H1(KCc ) i−→ H1(M) = 0, (A.1)

shows thatH2(K,KCc ) andH1(K) are isomorphic, andH2(K,KCc ) ∼= H2(Kc, ∂Kc∩∂KCc ) holds
by the excision theorem [38], where the notation Hk(., .) expresses the relative k-homology of
the first argument with respect to the second. Therefore, a basis for the space H1(KCc ) can be
automatically obtained by applying the boundary operator to the computed 2-chains basis of
the space H2(Kc, ∂Kc ∩ ∂KCc ). The 2-chains representing the space H2(Kc, ∂Kc ∩ ∂KCc ) and
the 1-chain representing H1(KCc ) in our example of a single conductor are presented Fig. A.2a
and Fig. A.2b, respectively. Intuitively speaking, a closed 2-chain in H2(Kc, ∂Kc ∩ ∂KCc ) is a
collection of 2-simpices (triangles) covering Kc but where boundary falls in ∂Kc ∩ ∂KCc .

The orientation of the 1-chain representing H1(KCc ) is defined from the orientation of the
2-chains in the space H2(KCc , ∂Kc ∩ ∂KCc ), which are therefore oriented by the geometry
definition in Gmsh. The outward normal of these 2-chains always points to the direction
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(a) Mesh and H1(KCc ) (b) Current density (c) Magnetic field

Figure A.1 Single conductor example. (a) Mesh and the cohomology basis representative
H1(KCc ) depicted in blue, (b) current density distribution and (c) local magnetic field.

(a) H2(KCc , ∂Kc ∩ ∂KCc ) (b) H1(KCc ) ∼= ∂2H2(KCc , ∂2Kc ∩ ∂2KCc )

Figure A.2 Example of a single conductor: (a) 2-chains (surfaces) representing
H2(Kcc, ∂Kc ∩ ∂KCc ), and (b) 1-chains obtained as H1 = ∂2H2(KCc , ∂2Kc ∩ ∂2KCc ).

out-of-plane in a 2-D case. The desired cohomology basis is then obtained by multiplying
the previous basis H1(KCc ) by a unimodular matrix U satisfying

I = HT
1 H1U (A.2)

where I is an identity matrix with dimension equivalent to the dimension of (co)homology
basis (equal to 1 here), H1 is a matrix representing the basis for the space H1(KCc ), and H1

a matrix representing the previously computed basis for the space H1(KCc ). If z1, . . . , zn is
the basis of H1(KCc ), then this allows the identification of the dual basis H1(KCc ), that is the
basis z1, . . . , zn satisfying zi(zj) = δij.

In our example, with a single conductor, we obtain U = −1. Therefore, the new 1-cochain
basis for the space H1(KCc ) is H1U = −H1. This cohomology basis is depicted in Fig. A.3a
and the current density and magnetic field distributions obtained with the H-φ-formulation
are presented in Fig. A.3b and Fig. A.3c, respectively. Note that the current density and
magnetic field distributions in Fig. A.3b and Fig. A.3c have opposite orientation to those in
Fig. A.1b and Fig. A.1c. This orientation can be chosen from the definition of the geometry
which defined the 2-chains orientation in H2(KCc , ∂2Kc ∩ ∂2KCc ). This allows the Gmsh user
to choose the desired orientation in the conductor.
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(a) Mesh and new H1(KCc ) (b) Current density (c) Magnetic field

Figure A.3 Single conductor example with desired cohomology basis representative. (a) Mesh
and the cohomology basis representative H1(KCc ), (b) current density distribution and (c)
local magnetic field.

In 2-D cases involving multiple conductors, the 1-cocycles representing a basis for H1(KCc )
given by Gmsh may not be directly related to each conducting subdomain of Ω. They can
be a formal combination of the 1-cocycles dual to the cycles encompassing each individual
conducting subdomain and with an arbitrary orientation. For example, Fig. A.4 shows the
1-cochains (in blue) representing the basis of H1(KCc ) in a domain with seven conductors
(small circles).

(a) H1(KCc ){1} (b) H1(KCc ){2} (c) H1(KCc ){3} (d) H1(KCc ){4}

(e) H1(KCc ){5} (f) H1(KCc ){6} (g) H1(KCc ){7}

Figure A.4 1-cochain cohomology basis (H1(KCc )) representatives {1 − 7} computed using
standard CohomologComputation plugin in Gmsh.
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Visually identifying the cocycles associated with each conductor in the example given in
Fig. A.4 can be tiresome. However, the procedure presented for a single conductor can
be extended to cases with multiple conductors. We can compute the bases for the space
H2(KCc , ∂Kc ∩ ∂KCc ) (see Fig. A.5a), and its boundary (see Fig. A.5b) can be used to define
H1(KCc ). The 7× 7 unimodular matrix U satisfying (A.2) is automatically obtained

U =



1 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 −1 1 0 0
1 −1 1 0 0 0 0
0 0 0 0 0 −1 −1
0 0 0 0 0 0 −1
1 0 0 0 0 0 0


, (A.3)

and is used to define the new cohomology basis H1U represented by the 1-cochains in Fig. A.6
that are dual to the basis of H1(KCc ). Note that each one of these seven 1-cochains in
H1(KCc ) corresponds uniquely to the individual conductors in our domain. Moreover, these
1-cochains have the same orientation as the 1-chains dual to them, which are shown in
Fig. A.5b. Suppose, for this example, we want to impose exactly the same net current
(1A) in each conductor. In that case, we can assign to the new cohomology basis exactly the
same magnetic scalar potential discontinuity. The resulting current density and the magnetic
field distributions obtained by applying the H-φ-formulation are presented in Fig. A.7a and
Fig. A.7b, respectively. Note that the conductors carry the same total current, but the
current density has a nonuniform distribution along the conductors radius, mainly due to
the proximity effects between these conductors. The conductor’s radius is 1 cm, and the six
outer conductors are separated 1 cm from the inner conductor.

(a) H2(KCc , ∂Kc ∩ ∂KCc ) (b) H1(KCc ) ∼= ∂2H2(KCc , ∂Kc ∩ ∂KCc )

Figure A.5 (a) 2-chains (surfaces) representingH2(KCc , ∂Kc∩∂KCc ), and (b) 1-chains obtained
as H1 ∼= ∂2H2(KCc , ∂Kc ∩ ∂KCc ).
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(a) H1(KCc ){1} (b) H1(KCc ){2} (c) H1(KCc ){3} (d) H1(KCc ){4}

(e) H1(KCc ){5} (f) H1(KCc ){6} (g) H1(KCc ){7}

Figure A.6 1-cochain cohomology basis (H1(KCc )) representatives {1 − 7} dual
to ∂2H2(KCc , ∂Kc ∩ ∂KCc ).

(a) current density (b) Magnetic field

Figure A.7 Example of a 2-D cable comprising seven conductors: (a) current density in the
conductors and (b) magnetic field local distribution.

In 3-D cases, the procedure of visually identifying the cohomology basis representatives
related to each conductor can be even more complicated. Let us consider an example
with seven conductors in 3-D obtained with the extrusion of the 2-D geometry of the
previous example onto the third dimension (see Fig. A.8a). The application of the
CohomologComputation plugin gives 1-cochains similar to the one presented in Fig. A.8b.
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Note that it is almost impossible to identify which conductors are related to this 1-cochain
visually.

To replicate the approach used in 2-D cases, we can compute the 1-cycles encompassing
each one of the conductors that pass through the boundaries of our domain. These
1-cycles are obtained by computing the boundary of 2-chains (Fig. A.9a) in the space
H2(KCc , ∂Kc ∩ ∂KCc ), where Kc and KCc are the intersection between the non-conducting
and conducting subdomains with the exterior boundary Γ, respectively. The 1-cycles are
presented in Fig. (A.9b). They have orientation defined by the subdomain geometries. Then,
the 1-cochains forming a basis dual to the basis of 1-chains automatically satisfies (A.2). For
illustration, the 1-cochains related to each conductor are presented in Fig. A.10.

(a) 3-D geometry and mesh (b) H1(KCc ){1}

Figure A.8 3-D geometry example comprising seven conductors: (a) geometry and mesh, and
(b) example of one 1-cochain in H1(KCc ).

(a) H2(KCc , ∂Kc ∩ ∂KCc ) (b) H1(KCc ) ∼= ∂2H2(KCc , ∂Kc ∩ ∂KCc )

Figure A.9 (a) 2-chains (surfaces) representingH2(KCc , ∂Kc∩∂KCc ), and (b) 1-chains obtained
as H1 ∼= ∂2H2(KCc , ∂Kc ∩ ∂KCc ).
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(a) H1(KCc ){1} (b) H1(KCc ){2} (c) H1(KCc ){3}

(d) H1(KCc ){4} (e) H1(KCc ){5} (f) H1(KCc ){6}

(g) H1(KCc ){7}

Figure A.10 1-cochains cohomology basis (H1(KCc )) representatives 1 − 7 in 3-D dual
to ∂2H2(KCc , ∂Kc ∩ ∂KCc ).

The same net current was imposed in each conductor in 3-D using the new cohomology
basis representatives. The current density and the magnetic field distributions are presented
in Fig. A.11a and Fig. A.11b, respectively. Note that this solution is equivalent to those
obtained for the 2-D cases. Indeed, the 3-D geometry in this example can be approximated
by its infinitely-long representation, identical to our 2-D previous model.
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(a) Current density (b) Magnetic field

Figure A.11 Example of a 3-D cable comprising seven conductors: (a) current density in the
conductors and (b) magnetic field local distribution.

Modeling device portions can represent a substantial reduction of the number of variables and
of the cost of computation. This requires the device geometry to have some symmetry. One
example is the 2-D infinitely-long representation of the 3-D cable presented before. Another
example is modeling cables with longitudinal symmetry, such as ACSR, TSTC, CORC, and
Roebel cables. The application of periodic boundary conditions (PBCs) in FEM allows us to
represent small portions of the transposition length or the twist pitch of these cables. These
PBCs link variables in one domain boundary to their counterpart in another boundary of the
same domain (called periodic surfaces).

When the H-φ-formulation is applied in periodic domains, the magnetic scalar potential
discontinuities in the cuts must be precisely at the same position on the periodic surfaces.
This requires the cohomology basis representatives also to be periodic on these surfaces.
However, the actual code of the plugin HomologyComputation does not consider the domain
periodicity when computing the 1-cohains. To solve this issue, we proposed modifications in
this plugin.

The basic idea behind the proposed modifications is that the k-chains and k-cochains, for
0 ≤ k ≤ 3 must be combined to their counterparts on the surfaces identified by the
periodicity before creating the abstract simplicial complex representing the actual mesh.
With this simple combination, the abstract simplicial complex becomes periodic, and the
original algorithm of Gmsh used to find the (co)homology basis can be applied without any
further modifications.

For illustration, let us consider the 3-D representation of the cable with seven conductors,
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similar to our previous examples, but with a horizontal displacement during the extrusion
of the 2-D geometry (Fig. A.12). Without getting into the implementation details of the
proposed modifications of Gmsh, the example of a 1-cochain in H1(KCc ) dual to the cycles
around the inner conductor of this cable is presented in Fig. A.13. Note that this 1-cochain
is exactly at the same position on the front and back boundaries of our domain.

For the sake of comparison, the solutions with and without the PBCs for current density and
field distributions are presented in Fig. A.14. We observe that without PBCs (Fig. A.14a
and A.14b ), the finite element model cannot represent fields and currents correctly near the

(a) 3-D geometry and mesh (b) Top view

Figure A.12 Example of a 3-D cable comprising seven conductors with horizontal
displacement and its discretization.

(a) H1(KCc ){1} (front) (b) H1(KCc ){1} (back with horizontal flip)

Figure A.13 H1(KCc ){1} for the example of a 3-D cable comprising seven conductors with
horizontal displacement: (a) front view and (b) back view with a horizontal flip. Note that
the thick cut is exactly at same position on the front and back boundaries of the calculus
domain.
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(a) Current density without PBCs (b) Magnetic field without PBCs

(c) Current density with PBCs (d) Magnetic field with PBCs

Figure A.14 Example of a 3-D cable comprising seven conductors with horizontal
displacement with and without periodic boundary conditions applied: (a) and (c) current
density distribution in the conductors, and (b) and (d) magnetic field local distribution.

boundary surfaces. However, when PBCs are applied using the modifications proposed in
the Gmsh plugin, a solution equivalent to the previous 2-D infinitely-long representation of
the conductors is obtained (Fig. A.14c and A.14d).

As a final example, we considered a cable comprising four counter-clockwise twisted inner
conductors with twist pitch of 8 cm and six clockwise twisted outer conductors with twist
pitch of 12 cm, i.e. 10 conductors in total. All the conductors were 4×4 mm2, the inner
radius was 10mm and the outer radius was 15mm. The complete 3-D geometry of the
cable is presented in Fig. A.15a. Given the periodicity of the twist pitches, the cable can be
represented by the periodic geometry depicted in Fig. A.15b. Note that all the four inner
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conductors (with frontal boundary faces colored in blue) and the six outer conductors (with
frontal boundary faces colored in green) are connected by the periodicity.

The 1-chain basis representative of H1(KCc ) were computed using the plugin
HomologyComputation with the proposed modifications. The result are two 1-chains with
coefficients from 1 to 4 related to the four inner conductors and with coefficients from 1 to
6 related to the six outer conductors in our calculus domain (see Fig. A.16). Note that only
these two 1-chains are enough to impose the current in the ten conductors. Since both the
inner and outer conductors are connected by the symmetry, it makes sense that these basis
representatives have values along the edges coefficients) higher than 1 and equivalent to the
number of conductors. Note also the the basis representatives in the front and back boundary
faces of our domain are identical.

Finally, we imposed currents of amplitude 6.4 kA in opposite directions in the inner and
outer conductors using the computed basis of H1(KCc ). The current density and magnetic
field distributions are presented in Fig. A.17a and Fig. A.17b, respectively. The current is
perfectly distributed within the conductors and the magnetic field is mostly concentrated in
between the inner and outer conductors, as expected.

(a) Full 3-D geometry
(b) Periodic geometry

Figure A.15 Example of a 3-D twisted cable comprising ten conductors. The four inner
conductors have twist pitch of 8 cm and the six outer conductors have a twist pitch of 12 cm.
The complete geometry of this cable is presented in (a) and can be represented by a 2 cm
length representation due to its periodicity as in (b).
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(a) H1(KCc ){1} (front) (b) H1(KCc ){1} (back - horizontal flip)

(c) H1(KCc ){2} (front) (d) H1(KCc ){2} (back - horizontal flip)

Figure A.16 H1(KCc ){1} and H1(KCc ){2} for the example of a 3-D twisted cable: (a) front
view and (b) back view with a horizontal flip. Note that the thick cut is exactly at same
position on the front and back boundaries of the calculus domain.

(a) Current density with PBCs (b) Magnetic field with PBCs

Figure A.17 Current and magnetic field distributions in a twisted cable comprising ten
conductors. The six outer conductors carry same current as the four inner conductors but in
opposite direction.
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APPENDIX B COMSOL IMPLEMENTATION OF A THIN-SHELL
MODEL BASED ON THE H-φ-FORMULATION FOR HTS TAPES

1Bruno de Sousa Alves, 1Alexandre Arsenault, 1Frédéric Sirois
1Polytechnique Montréal, Montréal, QC H3C 3A7, Canada

Abstract

This paper presents the implementation in COMSOL multiphysics of a finite-element thin-
shell model and its application for estimating the solution of 2-D problems involving
superconducting tapes. The magnetic scalar potential (φ) is the state variable in the
surroundings of the tapes, which are represented as reduced-dimension geometries in the
calculus domain. Inside the tapes, a 1-D virtual problem depending on the tangential
components of the magnetic field (H) takes into account the physics across their thickness.
The two finite-element matrix systems are generated simultaneously, coupled during the
assembly process, and solved jointly. Moreover, the use of the so-called thin cuts allows
imposing transport current in the tapes. This procedure permits simulating problems with
superconducting tapes in any configuration. We demonstrate that both normal and tangential
fields agree well with reference solutions obtained with the widely used T -A-formulation and
with the standard H- and H-φ-formulations with a full discretization of the thin region. The
proposed H-φ thin-shell model estimates AC losses accurately while speeding up simulations.
This makes this model ideal for simulating large-scale superconducting devices.

Introduction

Efficient and accurate estimation of the electromagnetic (EM) behavior of large-scale high-
temperature superconducting (HTS) systems is crucial for their optimization and economical
operation, but modeling HTSs is still a challenge. These systems typically combine many
HTS tapes to reduce the overall AC losses and maximize current capacity [26, 126]. Each of
these tape comprises a stack of thin films that hinders the domain meshing with automatic
mesh generators for finite element (FE) method application purposes [6, 7]. Moreover, the
high nonlinear resistivity of such materials severely impedes the convergence of the numerical
model [22].

Finite-element thin-shell (TS) models are often applied to overcome mesh difficulties
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associated with the high aspect ratio of thin regions [31, 32, 34]. In these models, a surface
representative replaces the actual volume of the shell and interface conditions (ICs) account
for their interior EM phenomena. These ICs are generally defined by analytical solutions
in terms of tangential components of the field quantities across the thickness of the thin
region [127]. Although these solutions are easily calculated in the time-harmonic regime for
ohmic conductors, problems involving HTSs are harder to handle due to their nonlinearity.

As a first approximation, one can consider linear field profiles across the thickness of the
thin region [76] (the so-called strip approximation). The current density is assumed constant
across the thickness and can be defined analytically along the wide dimensions of the thin
region using the Biot-Savart law. In [78], the authors proposed a strip approximation based
purely on FEM. They assumed that the properties of the conductors do not vary significantly
along the thickness of superconducting tapes. The integral expressions for the current density
inside the strip proposed in [76] were jointly solved with FEM system of equations. Due to
its easy implementation, the this approximation became a popular approach to model HTS
tapes [110]. However, since the nonlinear profile of the tangential field is not completely
represented by this approximation, the AC losses are underestimated in problems involving
multiple interacting tapes [79, 121]. Consequently, its application is limited to cases where
the normal components of the fields dominate the dynamic of the problem, since the so-called
top/bottom losses are neglected.

Recently, a COMSOL model based on the mixed T -A-formulation for modeling HTS tapes
was formulated [35]. In this model, a 1-D FE problem in terms of T defined over the
thin regions gives the surface current density that is used as a source term in a standard
A-formulation. However, two things impede its application for modeling large-scale HTS
systems. Firstly, higher-order FEs are required for A than for T , in order to ensure
numerical stability [108], which increases the number of degrees of freedom (DOFs) and
the computational burden [109]. Secondly, it has the same disadvantages of a strip
approximation: (i) constant current density across the thickness and (ii) AC losses are
underestimated in cases of closely packed HTS tapes.

In [133], we proposed a TS model based purely on the magnetic field and scalar potential
(H-φ-)formulation with ICs defined as virtual one dimensional (1-D) FE problems across
the thickness of the tape. The procedure allows the tangential components of the field to
penetrate the reduced-dimension geometry and accurately estimate the AC losses in HTS
tapes. Moreover, the use of H and φ represents a more natural coupling than the T -A-
formulation, which improves the stability of the numerical scheme. With a suitable virtual
discretization of the 1-D FE model, the proposed model was shown to be efficient in tackling



170

problems involving HTS tapes in any configuration. We also showed that this TS model can
be used to address problems involving multilayered tapes with a fraction of the computation
time of a reference FE model using the standard H-φ-formulation. In [137], the TS model
was extended to 3-D simulation cases.

In this paper, we present the implementation of the 2-D TS model based on the
H-φ-formulation in COMSOL multiphysics. Indeed, this software became very popular in
the HTS modeling community due to the easy implementation of finite-element models and
its user-friendly interface. For implementing the TS model, the extra-dimension feature of
COMSOL is used and the transport current in the tapes is imposed using thin cuts [132]. The
results of the TS model are here compared with the standard H- and H-φ- formulations with
full representation of the tapes, and with the T -A-formulation in terms of solution accuracy
and computational time for three 2-D benchmark problems. We demonstrate that the TS
model is comparable to the T -A-formulation when a single FE is considered in the virtual
1-D domain. With the 1-D mesh refinement, the TS model can tackle problems involving
many HTS tapes in any configuration.

Model Definition

The H-φ-formulation solves the standard H-formulation in conducting subdomains (Ωc)
and considers the magnetic scalar potential (φ) as the state variable in non-conducting
subdomains (ΩC

c ). The coupling between H and φ at boundary Γc = ∂Ωc ∩ ∂ΩC
c is imposed

naturally by H = −∇φ [64]. Moreover, Ampère’s law is applied to Faraday’s law and solved
jointly in the whole domain Ω = Ωc ∪ ΩC

c as

∇× (ρ∇×H) + µ
∂H

∂t
= 0, (B.1)

where ρ is the electrical resistivity and µ the magnetic permeability. Note that by applying
H = −∇φ in (B.1), its first term vanishes since∇×(∇φ) = 0 ∀ φ. Consequently, disregarding
Neumann boundary conditions, holds

µ
∂∇φ
∂t

= 0, (B.2)

in ΩC
c . Additionally, cuts (Ci) are introduced in ΩC

c to make it simply connected and avoid φ
to be multi-valued. Discontinuities of φ along these cuts allow imposing net currents in
connected parts of the conducting subdomains Ωi ⊂ Ωc. This approach is well described
in [49], and the implementation of the H-φ-formulation in COMSOL multiphysics using the
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so-called thin cuts is well detailed in [132].

In this paper, we propose a TS model based on the H-φ-formulation for modeling HTS tapes.
The tapes are represented as reduced-dimension geometries on the calculus domain (lines in
2-D or surfaces in 3-D) and denoted by Γs (Fig. B.1a). Nodes, edges and surfaces along
the tapes’ representatives are duplicated creating cracks in ΩC

c , which becomes multiply
connected. It can then be treated exactly as in the standard H-φ-formulation, i.e. the
introduction of cuts in ΩC

c allows imposing a transport current in the tapes.

The physics inside the tapes is taken into account by a virtual representation of their actual
thickness denoted by d (Fig. B.1b). A local coordinate system xyz is defined at the center of
the tape. Its surface is on the xz plane and its normal is in the y-direction. To distinguish
the y coordinate in the virtual 1-D domain to the 2-D domain (refereed to here as the original
domain), we denote the y-coordinate of the 1-D domain as y1. Therefore, the standard form
of the H-formulation (B.1) is solved for a 1-D problem defined over the virtual domain in y1

and in terms of only the tangential components of H ( denoted by Ht) on the xz plane, i.e.

∂

∂y1

(
ρ
∂Ht

∂y1

)
+ µ

∂Ht

∂t
= 0, (B.3)

and the nonlinear resistivity of type-II superconductors is expressed by a 1-D power-law
characteristic as

ρ
2-D= Ec

Jc

(
|(∂Ht/∂y1)|

Jc

)n−1

, (B.4)

where Ec is the electric field criterion used to define the critical current density (Jc), and the

ΩC
c

Γs
C1

(a) Original 2-D domain

Hd
t =-∇φd

Hu
t =-∇φu

d
x

y1
Γu
s

Γd
s

(b) Virtual 1-D domain

Figure B.1 (a) Single tape geometry showing the nonconducting subdomain ΩC
c , the cut C1

associated to the tape, and the tape represented as a reduced-dimension geometry (a line
Γs). (b) Virtual 1-D domain across the thickness of the tape −d/2 ≤ y1 ≤ d/2.
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power index n determines the steepness of the E-J curve [43].

The coupling betweenHt and φ is imposed byHu
t = −∇φu andHd

t = −∇φd at the boundaries
of the 1-D domain Γu

s and Γd
s , respectively, where the superscripts u and d indicate the upper

and the lower sides of Γs, i.e. y1|u = d/2 and y1|d = −d/2 (Fig. B.1b). For simplicity,
only the superconducting layer of HTS tapes is considered in this paper. This is a valid
approximation given the low resistivity of HTSs compared to other conducting layers of
these tapes. Moreover, since (B.3) is solved only in the superconductor, µ = µ0 everywhere.

The solution of the proposed TS model is obtained by solving (B.2) coupled to (B.3), and
using the power law (B.4). This model is equivalent to the one proposed in [133] and extended
to 3-D cases in [137]. The main contribution of this paper relies on the implementation of
the described TS approach in COMSOL multiphysics, which is presented next.

Model Implementation in COMSOL Multiphysics

The H-φ-formulation in COMSOL can be implemented basically in two different ways:
(i) using predefined Magnetic Field Formulation (MFH) and Magnetic Field No Currents
(MFNC) modules, or (ii) defining our own equations in the Partial Differential Equation
(PDE) interface [120]. For implementing the TS model, special attention is required in the
definition of the thin cuts, the low-dimension geometries representing the HTS tapes, and
the coupling between the original and virtual domains.

Discontinuities of φ are required in both the cut and the tape geometry representatives in the
original 2-D domain. This can be done using a Magnetic Scalar Potential Discontinuity in
the MFNC module, but it only allows constant discontinuities of φ. The proposed TS model
for HTS tapes requires more flexible features than simple potential discontinuities across
interfaces. For this reason, we use the Stabilized Convection-Diffusion Equation (scdeq)
module of the Classical PDEs interface, which is the only COMSOL module that allows
imposing an Interior Dirichlet Boundary Condition [107]. Despite this, the Convection-
Diffusion Equation in the scdeq module does not allow solving (B.2) directly since the time
derivative of the scalar potential gradient is not defined in its equation. Therefore, all the
coefficients in this equation are set to zero and we add an extra Weak Contribution expressing
a weak form of (B.2) in the original domain as

mu0*d(hx,t)*test(hx)+mu0*d(hy,t)*test(hy) (B.5)

where mu0 is the vacuum permeability, hx=-phix and hy=-phiy are the magnetic field
componets in the x and y direction, respectively, and defined as variables in the original
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2-D domain, phix and phiy represent the partial derivatives of φ with respect to x and y,
and test(phix) and test(phiy) are the test functions using the COMSOL notation.

Two Interior Dirichlet Boundary Conditions are defined: one for imposing potential
discontinuities (or net current constraints) across the thin cuts (Fig. B.2a), and the other for
representing the cracked thin region (Fig. B.2b). The red arrows in Fig. B.2 point from the
lower to the upper side of the geometry and are graphically shown in COMSOL. For thin
cuts, the constraints in the Equation View of the first Interior Dirichlet Boundary Condition
are modified to

up(phi)-down(phi)-I = 0, (B.6)

where phi represents φ and I = I0 sin(2πft) is the transport current with amplitude I0

imposed in the related conducting region. The operators up and down give the scalar potential
related the sides of the cut. For the TS model, the constraints in the Equation View of the
second Interior Dirichlet Boundary Condition are all set to zero. This creates the cracked
region required in our TS model, which is further coupled to the 1-D virtual geometry. The
Equation View is enabled in the Show more options dialog in COMSOL.

For representing the phenomena across the tape thickness, we define a 1-D Extra Dimension
in Global Definitions with y1 representing y1 in the virtual domain. This 1-D geometry is
defined in −d/2 ≤ y1 ≤ d/2 and Attached to the Component representing the original 2-D
domain under the Definitions mode. The interface Γs is selected to be attached to the Extra
Dimension.

An interface Weak Contribution is then included in Γs combined with the Extra Dimension.
We define an Auxiliary Dependent Variable Ht expressing Ht, and the Weak Contribution

C1

(a) Thin cut

Γs

(b) Crack

Figure B.2 Example of a single HTS tape geometry in COMSOL: (a) thin cut associated
to the potential discontinuity to impose a current constraint to the tape, and (b) a crack
representing the HTS tape as a reduced-dimension geometry.
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reads
d(rho*Hty1,y1)+mu*d(Ht,t)=0, (B.7)

in accordance to (B.3). The notation Hty1 defines the derivative of Ht with respect to y1
also using the COMSOL notation. So far, the physics of the original and virtual domains are
still uncoupled.

Two boundary Pointwise Constraints are then applied to couple the original and the virtual
domains, one for each side of the thin region (Γu

s and Γd
s depicted in Fig. B.1b) as

up(phix)+Ht=0, (B.8)

down(phix)+Ht=0, (B.9)

in Γus and Γds, respectively.

The electrical nonlinear resistivity can be defined as

rho = Ec/Jc*(abs(Jz)/Jc)∧(n-1). (B.10)

where Jz is taken as the derivative of Ht with respect to y1, i.e. Jz = Hty1.

Finally, the magnetic scalar potential must be gauged to ensure the uniqueness of the
solution. In COMSOL, we apply a Pointwise Constraint of phi=0 at any point of the domain.
Moreover, Gauss’ law is automatically fulfilled by the use of first-order nodal FE elements in
the air region.

In terms of post-processing, the total AC losses inside the thin region are obtained by two
consecutive integrals: one over the 1-D virtual domain (named ydintop1) representing the
thickness of the tape, and the other over the line Γs representing its width in the 2-D original
domain. In Results, a derived value of type line integration is defined as

xdim1.xdintop1(Jz*Ez), (B.11)

which corresponds to the instantaneous AC losses inside the thin region in W/m, where Ez
= rho*Jz.

Although some effort is required to implement the H-φ-formulation with the proposed TS
model in COMSOL, the application of potential discontinuities in problems involving multiple
tapes can be made by simply selecting all the geometric entities representing the cuts at once.
The same procedure can be adopted for defining the physics inside multiple tapes and using
a single Extra Dimension. In cases involving multiple tapes with different geometrical or
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physical parameters, the procedure needs to be replicated for as many different tapes as
the system has. However, in all cases, the thickness, the mesh and the order of the FEs
in the virtual domain can easily be modified without changing the original domain and its
discretization, which may be especially interesting when performing parametric studies.

The presented TS model was implemented in COMSOLMultiphysics version 5.5. Simulations
were performed using a personal computer with an Intel i7 2400 processor with 16Gb of
memory. The relative tolerance of the calculation was set to 10−5, with absolute tolerance
set to 10−7.

Simulation Results

To highlight the advantages of the proposed TS model with the H-φ-formulation, we
simulated three benchmark problems involving HTS tapes in 2-D infinitely-long and
axisymmetric representations. In all examples, the critical current density was set to
Jc = 2.5 × 1010 A/m2 and the electric field criterion was Ec = 1 × 104 V/m. The power
index in the E-J power law was set to n = 25. Moreover, the operating frequency was
f = 50Hz and the amplitude of transport current imposed in each tape was I0 = FcIc, where
Ic = JcS is the critical current, S is the cross sectional area of the tape, and Fc ∈ [0, 1] is a
constant defining the transport current as a fraction of Ic.

Single HTS Tape

Our first example is a 2-D infinitely long representation of a single HTS tape embedded in an
air region equivalent to the benchmark problem #1 of the HTS Modelling Workgroup [138].
The tape is 1µm thick and 12mm wide. A circle of radius R = 10 cm represents the airspace,
and the tape is located at its center. In terms of mesh, we considered 80 finite elements along
the tape width and a normal free triangular mesh is defined in COMSOL for the air region.

Results obtained with the proposed TS model (H-φ TS) with a single 1-D element in
the virtual domain were initially compared with those obtained with the T -A-formulation
proposed in [35] in terms of the local field distribution. In the T -A-formulation, finite elements
of quadratic order were used for A, and linear finite elements were used for T , as proposed
in [108] to avoid numerical oscillations in this model. In the TS model, linear finite elements
were used in both the original and virtual domains. The constant Fc was firstly fixed to 0.9
in this example.

Fig. B.3 shows the norm of the magnetic flux density obtained with the H-φ TS and the
T -A models at peak value (t = 1/4f). The two solutions visually agree, validating the
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proposed TS model in terms of local field distribution in the original 2-D domain. For
further validation, we evaluated the distribution of the magnetic field perpendicular to the
tape surface (y-component of H) along the width of the tape (Fig. B.4). The H-φ TS result
was taken as the mean value of H on the sides of the tape, i.e.

(up(-phiy)+down(-phiy))/2. (B.12)

In the T -A-formulation, the normal component of H is also taken as the mean value of its
components on the sides of the tape according to [107]. The perpendicular field components
obtained with the two models along the width of the tape are very close.

The constant Fc was then varied from 0.3 up to 0.9, and we evaluated the total AC losses in
the tape using (B.11) for 1, 2 and 3 virtual elements in the virtual domain of the proposed
TS model. Our aim with this study was to investigate the influence of the virtual elements
when evaluating the AC losses in the tape for different transport current values.

The total AC losses per cycle of time as a function of Fc (Q) obtained with the T -A and the
H-φ TS models are presented in Fig. B.5. These results are also compared with the Norris
analytical model [135], defined as

Q = µ0I
2
c

π

(1− Fc) ln(1− Fc)

+ (1 + Fc) ln(1 + Fc)− F 2
c

 . (B.13)

We observe that the increase in the number of finite elements in the virtual 1-D domain does
not impact the solution in terms of AC losses in this study. The solution with one virtual
element is already comparable to the T -A solution. As discussed in [133], for problems where
the normal component of the magnetic field dominates the dynamics of the problem (such as
in this one), a single element in the virtual discretization is enough to provide a sufficiently
accurate solution.

The computation times of the two models as a function of Fc are presented in Fig. B.6.
We observe that the proposed TS model with one virtual element has a simulation time
comparable to the T -A model. When the number of elements in the virtual 1-D domain
increases (N > 1), the simulation time with the TS model increases, especially at high
transport current. However, in the example of a single tape, only one virtual element was
enough to evaluate the local field distribution and total AC losses accurately, as discussed.
The use of more than one virtual element will be required, for example, in cases of closely
packed tapes where the magnitude of the tangential field is more important than that in a
single tape problem. The case of two closely-packed tapes is presented in Section B.
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(a) T -A (b) H-φ TS

Figure B.3 Magnetic flux density (|B|[T]) for the single HTS tape example with Fc = 0.9 at
peak value (t = 1/4f). (a) Result of the T -A model and (b) result of the H-φ TS model.

Figure B.4 Normal component of the magnetic field along the tape width at peak value
(t = 1/4f) evaluated using the H-φ TS and the T -A models. A single virtual element was
considered in the H-φ TS model.

Figure B.5 AC losses in the single tape example as a function of the transport current relative
to the critical current. The TS model results with 1, 2 and 3 elements in the virtual domain
are compared with the Norris analytical model and with the results of the T -A-formulation.
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Figure B.6 Simulation times of the single tape example as a function of the transport current
relative to the critical current. The TS model simulation times with 1, 2 and 3 elements in
the virtual domain are compared with the T -A simulation times.

Axisymmetric Racetrack Coil

We then considered an axisymmetric example of 20 superposed thin HTS tapes representing
the cross-section of a racetrack coil (Fig. B.7). The inner tape is located Rin = 10 cm away
from the symmetry axis (r = 0), and the inter-tape distance is L = 250µm. The mesh and
power law parameters are the same as in the first example. This problem is equivalent to the
Benchmark problem #3 of the HTS Modelling Workgroup [138].

The implementation of the axisymmetric TS model in COMSOL follows exactly the same
steps presented in Section B, except that the variables are defined in a polar coordinate system
(r,z,θ) instead of a Cartesian coordinate system (x,y,z). The transport current is imposed in
the tapes using the thin cuts depicted in Fig. B.7. In each cut Ci, for i = 1, . . . , 20, a scalar
potential discontinuity Ii = iI0 was imposed so each tapes carries the same current I0. A
more detailed discussion about imposing current constraints using the thin cuts is presented
in [119].

The results from the proposed TS model were compared with those of the pure H-formulation
and of the standard H-φ-formulation obtained with a full discretization of the tape, and with

r

z

. . .

L

Γs,1 Γs,2 Γs,20

Rin

C1 C20C2

Γs,3

l

Figure B.7 Racetrack coil axisymmetric domain. The symmetry axis is depicted in red, the
20 HTS tapes (Γs,i, for i = 1, . . . , 20) in blue, and the thin cuts (Ci) in black.
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those of the T -A-formulation. To ensure sufficient accuracy in the H and H-φ models, the
thickness of the tapes was scaled up to 10µm. Despite this, the aspect ratio of the tapes
remains relatively high, and the application of the TS model still makes sense. Therefore,
in the H-φ TS and the T -A models, each tape was represented as a low-dimension geometry
in the original domain. Since all tapes have the same geometrical and material properties, a
single Extra dimension was defined in COMSOL. Moreover, only one virtual element was
considered in the H-φ TS model, and 80 elements were considered for the thin surface
discretization. Our objective here was to evaluate the solution accuracy of the proposed
model and compare the simulation time with those from the other three models in an example
involving multiple tapes.

Fig. B.8 shows the magnetic flux density distribution evaluated using the four models at
t = 1/4f and t = 1/2f . The solution of the H-φ TS model agrees with the three others in
terms of local field distribution. This validates our approach for cases of multiple tapes in
terms of local field distribution.

The total AC losses were also evaluated in the TS model with (B.11) and integrated over a
cycle of time. The result is compared with those obtained with the other three models at
different transport currents in Fig. B.9. We observe again an excellent agreement between
the solutions of the four models.

The simulation times as a function of the relative transport current are presented in
Fig. B.10. Simulations with the proposed TS model were approximately ten times faster
than simulations with the standard H-φ-formulation, which were already more than ten
times faster than a pure H-formulation for this example. When the proposed TS model was
compared with the T -A model in the previous example, the simulation times of these models
were comparable. For the axisymmetric racetrack coil example, the simulation time with the
T -A model was closer to the simulation time of the standard H-φ-formulation. The H-φ TS
model performed simulations at least ten times faster than the other three models.

Two facts explain the simulation time differences between the proposed TS and the T -A
models in this example. First, the quadratic elements used for A in the airspace greatly
increases the number of degrees of freedom (DoFs). Indeed, the use of the scalar potential in
the airspace and linear finite elements everywhere reduces the total number of DoFs in the
H-φ TS model compared to the T -A model. Second, the T -A model solves a 1-D FE model
as a function of T along the width of each tape. Since here the number of tapes was scaled
up to 20, the differences in simulation time become more noticeable in this example than in
the previous one where the problem of a single HTS tape was studied. The total number of
DoFs of the examples presented in this paper are summarized in Table B.1.
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(a) T -A (b) H (c) H-φ (d) H-φ TS

(e) T -A (f) H (g) H-φ (h) H-φ TS

Figure B.8 Magnetic flux density (|B|[T ]) distributions for the axisymmetric racetrack coil
models at t = T/4 (a-d) and t = T/2 (e-h). The solution obtained with the proposed TS
model in the H-φ-formulation is comparable to the solutions of the H, H-φ and T -A models.

Figure B.9 AC losses in the axisymmetric racetrack coil models. The TS model results
with 1 element in the virtual domain is compared with the results of a pure H formulation,
H-φ-formulation and the T -A-formulation.

Two Closely-Packed Tapes

In our third and last example, we considered a 2-D representation of two closely packed tapes
embedded in the airspace. The geometry is presented in Fig. B.11. The tapes were 12mm
wide, and their thickness was scaled up to 10µm, as justified in the previous example. The
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Figure B.10 Simulation times of the axisymmetric racetrack coil models. The TS model time
with 1 element in the virtual domain is compared with the times of a pure H-formulation,
H-φ-formulation and the T -A-formulation at different transport current.

distance between the tapes was L = 250µm and the misalignment m was initially set to
zero. An anti-parallel current was imposed into them through a discontinuity of the scalar
potential across a single cut C1. This generates a more intense transversal field between the
tapes than that in the previous examples.

The total AC losses as a function of the transport current in the tapes is presented in
Fig. B.12 for the four models considered: T -A, H, H-φ, and H-φ TS. We observe that the
T -A-formulation underestimates the losses at low transport current when compared to a pure
H model. This is expected since only the losses related to the normal field component are
taken into account by this model [108]. In the proposed TS model, the number of elements
in the virtual 1-D domain was varied from 1 to 3. With only one virtual element, our model
also underestimates the losses, but the 1-D mesh refinement improves the solution accuracy.
With three virtual elements, the estimated AC losses are already very close to those obtained
with the pure H-formulation and with the H-φ-formulation with full discretization of the
tapes. Since these two models are able to estimate both the losses related to the normal

Γs,1

Γs,2
m

L C1

l

Figure B.11 Example of two closely-packed tapes Γs,1 and Γs,2. The distance between the
tapes is denoted by L and the misalignment by m. A single thin cut C1 is required in this
case to impose anti-parallel currents in the tapes.
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Figure B.12 AC losses in the two closely-packed tapes example. The TS model results with 1,
2 and 3 elements in the virtual domain are compared with the results of the T -A-formulation
and a pure H-formulation.

and tangential components of the magnetic field, we conclude that the proposed TS model
can be an efficient alternative to estimate losses in problems involving HTS tapes of any
configuration.

Fig. B.13 shows the simulation times of the four models as a function of the transport current.
They were equivalent for the T -A and the H-φ TS models, and were at least a hundred times
faster than the pure H model. Simulations with the H-φ model were slower in this example
than in the previous one. They were about ten times faster than the H model but much
slower than the H-φ TS model at low transport current. At transport currents close to the
critical current, the H-φ simulation time was comparable to a pure H-formulation. Note that
the increment in the number of virtual elements in theH-φ TS model slows down simulations,
but it is still much faster than the standard H-φ model and performs better than the T -A
model in terms of losses estimation.

As a final study, we varied the misalignment between the two tapes and evaluated the AC
losses as a function of the relative misalignment to the tapes widths (m/l) at I0 = 0.5Ic.
Three elements were considered in the virtual 1-D domain of the TS model for this study.

The total AC losses per cycle of time as a function of the misalignment are presented in
Fig. B.14. The results are shown for the H-φ and the H-φ TS models. The solution of the
two models agrees in any configuration. This further validates the proposed TS model for
losses estimation in HTS tapes subjected to both normal and parallel field components.

The total number of DoFs of the three examples studied in this paper are summarized in
Table B.1. For the single tape, only simulations with the T -A and the H-φ TS models were
performed due to the very thin thickness of the tape. Their thickness was then scaled up in
the two last examples and results were compared with those from the standard H and H-φ
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Figure B.13 Simulation times of the two closely-packed tapes example. The TS model
time with 1, 2 and 3 elements in the virtual domain are compared with the time of the
T -A-formulation and a pure H-formulation at different transport current.

Figure B.14 AC losses as a function of the misalignment between two closely packed tapes
carrying anti-parallel currents.

formulations. For the racetrack coil example, the H-φ TS model with one virtual element
already provided sufficient accuracy. Note that the H-φ TS model requires less DoFs than
all other models for these three examples.

Conclusion

In this paper, we presented the implementation details of a thin-shell model with a virtual
discretization of the shell thickness in COMSOL multiphysics. The virtual domain is directly
coupled to the original system of equations and solved jointly.

The TS model was initially compared with the widely used T -A-formulation for a single HTS
tape problem. The tape was 1µm thick and 12mm wide. In both the models, the tapes were
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Table B.1 Total number of degrees of freedom (DoFs) in the three benchmark problems
analyzed in this paper

T -A H H-φ H-φ TS
1 elem. 2 elem. 3 elem.

Single tape 6530 - - 1826 1906 1986
Racetrack coil 22011 621575 277280 10033 - -
Two tapes 14151 105336 56545 2086 2246 2426

represented as a reduced-dimension geometry (a collapsed surface) to speed up calculations.
The two models’ results were equivalent in terms of local field distributions and total AC
losses. Moreover, the simulation time of the proposed TS model with a single virtual element
was comparable to that of the T -A model, validating the proposed TS model.

We then scaled up the thickness of the tape to 10µm and compared the results with the pure
H-formulation and the standardH-φ-formulation with a full representation and discretization
of the tapes. Two benchmark problems were studied: an axisymmetric model representative
of a racetrack coil, and the example of two closely packed tapes carrying anti-parallel currents.
The results of our TS model were again compared in terms of local field distribution, AC
losses estimation and simulation time.

For the racetrack coil example, the solutions of the four models were equivalent in terms of
local field distribution and AC losses. However, the proposed TS model performed simulation
around ten times faster than the standard H-φ and the T -A models, which were already ten
times faster than a pure H-formulation. For the two tapes example, the H and H-φ models
provided similar results, while the T -A model underestimated the AC losses, especially at
low transport current. Similarly, in the proposed TS model, a single finite element in the
1-D virtual domain could not estimate the AC losses correctly. However, the virtual mesh
refinement in the TS model was demonstrated to be efficient in computing AC losses. It
showed a good compromise between accuracy and efficiency.

In further work, the TS model could be extended for 3-D cases in COMSOL multiphysics
(based on [137]) and to different finite-element formulations and applied to model large-scale
HTS systems. Moreover, since the thin region is represented in a virtual 1-D domain, its
thickness and materials properties can be varied without changing the original computational
domain and mesh. Therefore, the proposed TS model can be extremely interesting to perform
parametric studies, leading to faster HTS devices optimization.
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Abstract

A new thin shell (TS) model based on the magnetic field formulation is presented and applied
to approximate a shielded induction heater. All the thin regions (shield, inductors and plate)
are modeled as reduced-dimension geometries in the computational domain. The physics of
these regions are taken into account by a virtual discretization across their actual thickness.
Results show that the proposed TS model with a suitable virtual discretization leads to a very
accurate solution near edges and corners of the thin regions, at a fraction of the computation
time required by a fully discretized model.

Introduction

Thin-shell (TS) models are often used to avoid meshing thin structures, to reduce the
number of degrees of freedom (DoFs), and it’s concomitant computational cost in finite-
element (FE) simulations. It is known however that these models poorly represent edge and
corner effects [95]. In the classical TS model, thin regions are collapsed on surfaces, and
impedance conditions (ICs) are coupled through solutions for the fields defined in terms of
hyperbolic trigonometric functions. Yet, near corners and edges, the field quantities may have
a profile other than hyperbolic. In [100], the authors proposed a set of subproblems to correct
the inaccuracies related to corner and edge effects. This method still relies on a complete
discretization of the thin region, and some effort is required to couple the subproblems.

In this paper, we propose a new TS model with IBCs defined as virtual 1-D auxiliary FE
systems across the thin region thickness. The 1-D systems are naturally coupled to the global
system of equations and jointly solved. This avoids any post-processing and consecutive
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resolutions as in the subproblem technique. The proposed model is here applied to tackle
a shielded induction heater problem. The shield, the inductors and the heating plate are
modeled as zero-thickness structures. The field and current distributions show excellent
agreement with a reference solution obtained with standard FE.

Model Description

The calculus domain is defined as Ω = Ωc ∪ ΩC
c ∈ R3 with boundary ∂Ω = Γ, where Ωc

and ΩC
c denote the conductive and non-conductive parts of Ω, respectively. The actual

thin region volume (Ωs ⊂ Ωc) is collapsed to a surface Γs located halfway between its wide
boundaries (Γ±s ), which are still independent (Γs = Γ+

s ∪ Γ−s ). For simplicity, we consider
that Ωc = Ωs, i.e., there are no conducting parts in Ω other than Ωs.

Assuming the low-frequency regime, disregarding displacement currents and Neumann
boundary conditions in Γ, the variational form of the h-formulation reads:

Find h ∈H(curl,Ω) such that(
µ∂th, g

)
ΩC

c

−
〈
ns × e, g

〉
Γ+

s

+
〈
ns × e, g

〉
Γ−

s

= 0, (C.1)

∀ g ∈ H(curl,Ω), where bold characters represent vectors, h is the magnetic field, e is the
electric field, µ is the magnetic permeability, g are test functions, and (·, ·)ΩC

c
and 〈·, ·〉Γ±

denote, respectively, the volume integral over ΩC
c and the surface integral over Γ±s of the

scalar product of the arguments.

The magnetic scalar potential (φ) is the working variable in ΩC
c (h = −∇φ). Since Γs has two

complementary faces, ΩC
c is multiply connected, and φ is not sufficient to express Ampere’s

law in this region (since ∀φ, ∇×∇φ = 0). A current representative is thus included in ΩC
c

through discontinuities in φ along thick cuts (or cohomology basis representatives of ΩC
c [55]).

The weight I of the gauge φ then determines the current constraint on the corresponding
conductor.

The ICs are obtained by reducing volume integrals over a virtual domain Ω′s (representing Ωs)
to surface integrals over Γks and Γk−1

s , boundaries of a virtual 1-D element Ω(k)
s , for 1 ≤ k ≤ N

(Fig. C.1). Note that Γ±s share a common node at which φp is defined. Nodes and edges
along Γ±s are duplicated. Lateral field penetrations are neglected. Therefore, the two last
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Ωc = Ωs

ΩC
c

Γ−s

Γ+
s = ΓNs

φ+

φ− φp

φp

h0
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t
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∆y(k=1)
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s

Ω′s

Ω(k=1)
s

Figure C.1 Reference and proposed TS models.

terms in (C.1) are defined in terms of the tangential components:

−
〈
ns × e,h′

〉
Γ+

s

+
〈
ns × e,h′

〉
Γ−

s

=
N∑
k=1

2∑
j=1

〈
ρ(k)hmt ,h

′
〉

Γm
s

· S(k)
ij

+
N∑
k=1

2∑
j=1

∂t

〈
µ(k)hmt ,h

′
〉

Γm
s

· M(k)
ij ∀ i = 1, 2,

(C.2)

where m = k − 2 + j relates the mth tangential component hmt to the boundaries j = 1, 2
of k, i.e., hm|j=1

t = hk−1
t and hm|j=2

t = hkt , for 0 ≤ m ≤ N ; ρ(k) is the electrical resistivity,
and µ(k) is the magnetic permeability of the element Ω(k). The 1-D virtual stiffness and mass
matrices in (C.2) are

S(k)
ij =

∫
∆y(k)

∂yθi∂yθjdy, M(k)
ij =

∫
∆y(k)

θiθjdy, (C.3)

where θi are the first order Lagrange polynomials, and h′ is chosen in the same function
space as h (Galerkin’s method).

Application Example and Discussion

We consider a shielded induction heater comprising two inductors (µr,ind = 1, σind = 1MS/m),
a plate in the middle (µr,plate = 100, σplate = 1MS/m), and two shields (µr,shield = 1, σshield =
37.7MS/m) similar to the example presented in [100]. The geometry is presented in Fig. C.2.
Given the high aspect ratio of these regions, all of them were modeled using the proposed
TS model. The surroundings were assumed to be filled with air (µ = µ0). Simulations
were performed in harmonic regime at two operating frequencies: f = 1 kHz (δind = 0.5m,
δplate = 1.6mm, δshield = 2.6mm), and f = 10 kHz (δind = 0.1m, δplate = 0.5mm, δshield =
0.8mm). The reference solutions were obtained with elements of size γref = 0.5mm at 1 kHz
and γref = 0.25mm at 10 kHz. In the TS model, a coarser mesh (γTS = 2mm) was used since
it does not hinder the model accuracy as in the reference model. A current I = 120 kA was
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Figure C.2 Induction heater geometry (Lp = 2m, dp = 6mm, Cdx = 0.8m, Cdy = 1 cm,
Hs = 0.4m, ds = 10mm, and Ls = Lp + 2ds). The thin regions thicknesses are not to scale.

imposed in the thin conductors using thick cuts.

Fig. C.3 shows the magnetic flux density |b| at f = 1 kHz obtained with both the reference
and the TS models. In the TS model, N = 9 was considered. Note the equivalence between
these solutions, especially near the edges of the plate, shields and inductors, and at the
corners of the shields. The current density vector in each virtual element of the TS model
(j(k)
z ) in the plate was projected onto the y-direction. It is compared with the reference

solution near the right edge of the plate with γref = γTS = 1mm in Fig. C.4. The uneven
distribution of jz is indeed well represented by the TS model at the plate edge.

The Euclidean (2-)norm of the relative differences on the magnetic flux density with the TS
model between the reference solution on the plate surface (y = dp/2) and at y = Cy/4 as
a function of N are shown in Fig. C.5. The TS solution converges to the reference solution
as N increases. The error was reduced from nearly 40% with N = 1 to less than 2% with
N = 9.

(a) Reference solution (b) TS solution (N = 9)

Figure C.3 Shaded plot of the isovalues of the magnetic flux density |b| at f = 1 kHz in half
of domain with γref = 0.5mm and γTS = 2mm.
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(a) Reference solution (b) TS solution (N = 9)

Figure C.4 Current density vector jz near the right edge of the plate at f = 1 kHz. The TS
solution is obtained by projecting j(k)

z across the thickness of the plate. γref = γTS = 1mm
was considered.

Figure C.5 2-norm of the relative differences of |b| between the TS and the reference solutions
as a function of N at y = dp/2 and y = Cy/4, and at operating frequency f = 1 kHz and
10 kHz.

All models were implemented in Gmsh and GetDP. Simulations were conducted on a personal
computer with an Intel i7 2400 processor with 16Gb of memory. The total number of DoFs
and the CPU time are summarized in Table C.1. Even with N = 9, the TS model provided a
reduction of more than 88% in the number of DoFs and was about six times faster than the
reference model. The TS model will be detailed and validated in nonlinear time-transient
cases in the extended paper. Our latest progress towards fast 3-D time-transient analysis
will also be presented.

Table C.1 Number of DoFs and CPU time in the reference and the TS models depending
on N (f = 1 kHz, γref = 0.5mm and γTS = 2mm)

Ref. N = 1 N = 3 N = 5 N = 7 N = 9
DoFs 2163425 202418 213222 224026 234830 245634

Time [s] 483.69 48.37 55.06 60.07 67.75 71.74
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