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RÉSUMÉ

Un modèle prédictif peut être utile seulement dans la mesure où ses prédictions reflètent
la réalité. La performance d’un modèle d’apprentissage machine dépend beaucoup de l’in-
formation donnée lors de son entraînement puisqu’il se base sur cette information pour se
représenter la réalité. Les méthodes de sélection de données sont des méthodes utilisées pour
préparer les ensembles de données et avoir de meilleurs modèles. Elles ont comme but de
réduire le nombre de données à montrer au modèle d’apprentissage machine tout en gardant
la performance générale du modèle. Elles cherchent les instances aberrantes ou redondantes
et les enlèvent.

Ce mémoire est un travail exploratoire sur l’utilisation de la diversité comme critère de
sélection pour une méthode de sélection de données. Nous proposons une nouvelle méthode de
sélection de données de type filter nommé MaxDivSec. Partant avec l’entièreté de l’ensemble
de données, MaxDivSec résout des Maximun Diversity Problem (MDP) pour réduire d’un
certain pourcentage l’ensemble d’entraînement. MaxDivSec est basée sur l’intuition que les
points formant un sous-ensemble avec le plus de diversité à moins de chance d’être dans la
même classe. Elle résout un Maximun Diversity Problem dans chaque classe de l’ensemble
de données et enlève la solution de l’ensemble d’entraînement. La méthode cherche à réduire
l’ensemble de données. Nous testons notre méthode avec deux méthodes de références : une
sélection aléatoire et une sélection avec la méthode mahalanobis de détection de données
aberrantes. La performance avec un classificateur de type K-nearest neighbours de chacune
des méthodes est analysée avec un test Wilcoxon signed-rank. Ce test permet de déterminer
si les résultats obtenus sont statistiquement significatifs et différents entre eux. Nos résultats
montrent que MaxDivSec performe mieux que la sélection aléatoire et peut donc être un
critère pour sélectionner des instances pour un modèle. Nous avons présenté nos résultats
dans un article soumis en juillet 2021 dans le journal SN Operations Research Forum.
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ABSTRACT

Providing the right data to a machine learning model is an important step to ensure its
performance. Non-compliant training data instances may lead to wrong predictions yielding
models that cannot be used in production. Instance or prototype selection methods are
often used to curate training sets thus leading to more reliable and efficient models. Those
methods want to reduce the training set’s size while preserving the classifier’s performance.
They operate by removing undesirable instances raised by noise or redundancy.

In this thesis, we investigate if diversity is a helpful criterion for choosing which instances
to remove from a given training set. We propose a new filtering method, called MaxDivSec,
that solves a Maximun Diversity Problem as one of its computing steps. Our method starts
with the entire training set and then reduces the training by a certain percentage.

The intuition behind the method is that the most diverse points in a class have less prob-
ability to belong together. We test our hypothesis against a random selection method and
a popular outlier selection method, using benchmark datasets with different data charac-
teristics. Our computational experiments demonstrate that selection by diversity achieves
better classification performance than random selection and can hence be considered as an
alternative data selection criterion for effective model training. Those results are shown in
an article submitted for the SN Operations Research Forum journal in July 2021.
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CHAPTER 1 INTRODUCTION

Classification problems are a core subject in artificial intelligence and Machine Learning (ML).
ML is the science of finding patterns within information to be able to make predictions. The
information that we want to analyze is called the raw data. It is collected prior to the ML
exercise and is preserved in a matrix of size m× n. In classification, a label must be decided
for a new data instance based on the information gained from previously seen data instances.
The label represents the class to which the instances belong. A simple classification problem
would be to separate balls into two classes: small ones (5cm and less) and big ones (10cm
and more). A data instance in this case is a ball among the ones available. The features of
an instance are all the characteristics we have about it. In this case, it could the ball’s color,
the ball’s weight, the ball’s material, and the ball’s diameter. The raw data would then be
all those characteristics for 1000 balls forming a matrix of size 1000 x 4. A ML model could
then generalize that any diameter smaller than a certain value is considered as part of the
small class. Thus. it finds a separation limit, commonly denoted threshold, between the two
classes. If that assumption is correct, it will then be able to classify new balls in the correct
class. Other examples of classification problems can be something as simple as separating
various iris species or as complex as determining if a patient has a cancer tumor.

Before an ML model can make predictions, it has to be trained. From the raw data, a training
set is formed and then given to the ML model. The simplest training set encompasses all the
available data. Indeed, the quality of an ML model depends on the quality of its training set.
If it is given erroneous information, the model will be susceptible to making wrong predictions
because of prior wrong assumptions. Directly giving the raw data as a training set is not
optimal. That is why preprocessing methods are crucial for an ML model. Those methods
transform the raw data before the model makes use of it. There exist various transformations
that can be done on the data to make sure of its quality. A common one is to find outliers
and remove them from the training set. Outliers, also called noisy instances, are erroneously
labeled instances that are too different from the rest of the data. An example of an outlier
would be an orange among apples. Another transformation is to reduce the number of
features. The idea is that not all the characteristic matters for the problem and by removing
some, we simplify the problem for our model making predictions easier. For the example
above about balls of different sizes, we know that only the diameter is important, and all
the other features can be ignored. Real ML problems are more complex and as such seeing
which features should be removed is not trivial. Feature selection methods propose ways to
determine which features are important. Another preprocessing method consists in trying to
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reduce the number of instances provided to the model. These methods are called instance
selection methods. They use a selection criterion to either select which instances from the
training set to keep or to remove. Their goal is to reduce the training set without affecting
the model’s capacity to make correct predictions. The idea behind them is that noisy and
redundant instances can be removed from the training set without prejudice, or maybe even
improve a model’s classification performance. Those instances are undesirable because they
may confuse the model, then leading to the generalization of a reality that is different from
the truth. As such, they don’t help the model gain additional information about the problem.
For example, if a big ball is labeled as small and provided to the model, the obtained threshold
for the balls will tend to be higher than the actual necessary value. A by-product of reducing
the size of a training set is the reduction of the required time for training ML models, which
is a bottleneck for attaining good classification rates in some real-life applications [1].

We want to explore the possibility for instance selection methods by using diversity as a
criterion. We define diversity as the observed variation among data instances in a set. That
variety is quantified by their dissimilarities [2]. Since diversity is linked to the dissimilarity
between instances, it can be used to find the instances that fit less together in the current
class. By removing the most diverse instances from the class, we hope to make the class
more homogeneous and easier to generalize for our model. A classical problem that tackles
diversity is the Maximun Diversity Problem (MDP).

The MDP was first formulated by Kuby in 1987 and is an NP-hard problem [3]. The problem
has attracted attention because of its various applications for real-life problems. It was first
used to help place competing stores in a city, placing trash/pollutant storage as to not
concentrate exposure in an area of the town [3, 4]. It is now applied in a broader range of
domains like in diversity decision for ecosystems re-population or genetic research on virus
and cures [5–9].

In the MDP, one chooses a subset S of m points from a set U of n points that maximises
the sum of pairwise distances between all the points in S. Using a distance matrix D =
{D(i, j) : 1 ≤ i, j ≤ n} defined such that D(i, j) ≥ 0 for every 1 ≤ i, j ≤ n and D(i, i) = 0,
the problem can be mathematically described as:

max
n−1∑
i=1

n∑
j=i+1

D(i, j)xixj

subject
n∑

i=1
xi = m

xi ∈ {0, 1} ∀i = 1, . . . , n.

(1.1)
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1.1 Elements of the problem

With the advancement of data science and ML, data is being generated at a frightening
speed. The use of all that available data is generally inefficient and costs lots of resources
and time. Usually in ML, preprocessing methods are used to clean and prepare the data
before the training phase. Giving the raw data directly is often detrimental to the model‘s
performance because of missing or invalid values. Normalizing the data is very common to
reduce the range of features and make it easier for the model to learn. Some methods can
also reduce the data‘s size by removing useless or redundant information. There are two ways
to reduce the data’s size: by cutting it in the number of features or by cutting the number
of instances. Feature selection methods fall under the first category while instance selection
methods and outlier detection methods fall under the latter. While both categories remove
information deemed useless or redundant, the first one cuts in the number of columns and
the second cuts in the number of rows given to the model. It means that feature selection
methods focus on features while instance selection methods focus on instances. This master’s
thesis explores the idea of using maximum diversity as a criterion for data instance selection
methods.

1.2 Research objectives

The main objective of this master’s thesis is to explore the feasibility of using diversity as
a criterion for an instance selection method. To do so, we propose a new instance selection
algorithm. Our hypothesis is that diversity is a good criterion for instance selection because
we analyze selected instances as a subset. For each class, our proposal removes the subset of
instances with maximum diversity. Thus, our criterion focuses on the diversity of the chosen
subset to be removed. It allows us to make decisions at a subset level instead of using an
individual selection criterion (e.g. via outlier scores).

The contributions from this thesis are:

1. We propose a new instance selection method using maximum diversity as an instance
selection criterion. (MaxDivSec)

2. We explore the feasibility of using diversity as a criterion and prove our research hy-
potheses described below:

• R1: Is diversity a valid criterion for instance selection?

• R2: Is diversity better than other instance selection criteria used in the literature?
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The contributions from this thesis were presented in an article submitted to the Operations
Research Forum journal in July 2021. The result of the submission is expected to be known
after the thesis’s submission.

1.3 Thesis outline

This master’s thesis is followed by a literature review on instance selection methods in Chap-
ter 2 and by an explanation of the approach done for this research in Chapter 3. More details
are given on the direction of the research and its objectives. After that, the article written
on our new method for the Operations Research Forum journal is given in Chapter 4. The
article contains the results obtained from this research. After that, a short general discussion
in Chapter 5 on the relation between the article and the thesis. The paper concludes in
Chapter 6 with a summary of the results and limitations of the research and propositions for
future works.
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CHAPTER 2 LITERATURE REVIEW

This chapter introduces the state of the art on instance selection methods in predictive
analysis. The section 2.1 explains basic concepts about Machine Learning. The section 2.2
focus on existing instance selection methods. This allows us to propose a solution that is new
and potentially better. Section 2.3 gives a more in-depth explanation about classification, and
especially about the K-nearest neighbor model, which is used in our experiments. Section
2.4 describes the distance metric used for our experimentation. Finally, the chapter ends
with a discussion about our findings from the literature review 2.5.

2.1 Machine Learning pipeline

Machine Learning (ML) is a subsection of the artificial intelligence field. It comprises models
able to extract patterns from raw data [10]. ML models use a training set to learn and to
then be able to either predict an outcome or make a decision. In our case, we want models
to label various data instances with the proper classification.

An ML model needs data to learn. Each element of the data is called an instance. An
instance has attributes or features with which the model learns information about the data.
While ML pipelines have become more elaborate nowadays due to more complex models and
data, it can be resumed in 3 principal stages: preprocessing, training, and prediction/decision
stages [11], as shown by Figure 2.1. The preprocessing stage is where the data is prepared
for the model. The data is transformed and cleaned using various methods. The training
phase is when the ML model uses the given data to generalize rules to make predictions.
The prediction/decision stage is when the ML model’s ability to generalize is tested with
instances that the ML model never saw before.

While training a model, the data is often split into two sets: the training set and the test
set. The train set is used to prepare the model while the test set is used to simulate how
the model will perform once deployed with unseen instances. Both sets go through the
preprocessing stage before being presented to the model. The idea is to use those sets to

Figure 2.1 ML basic pipeline
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choose the correct parameters for the model. We give the training set to the model and then
check the performance with the test set. The ML model is trained multiple times with new
parameters. By comparing the performance results, the best parameters can be chosen and
kept for the model to be used in production. That procedure is called cross-validation [12].
Typically, the training set is further split to create a validation or pruning set [13]. That
third set is used instead of the test set to measure the model’s performance. By choosing
the parameters with the performance obtained with the validation set, we keep some data
unknown for a fair last test for the trained model. That allows us to avoid overfitting the
model on the raw data that we have and to have a better idea of the model’s abilities to
generalize.

2.2 Instance selection methods

Instance selection methods are methods applied to data during the preprocessing phase of an
ML pipeline. Their goal is to reduce the amount of data provided to an ML model without
compromising the quality of the dataset. As such, the method targets redundant or noisy
instances to be removed [14, 15]. For a training set T , the method wants to produce a new
reduced set U such as U ⊂ T .

2.2.1 Characteristics

Instance selection methods can be classed using three main characteristics: the direction of
search, the type of selection, and the evaluation of search [15].

An instance selection method’s direction of search is how the method builds the selected
subset, which can be either incremental or decremental. An incremental search starts with
an empty subset and then adds the instances that fit the criterion one by one. A decremental
search starts with the entire set and removes the instances that fit the criterion to form a
subset. Finally, a mixed search starts with a valid subset and then adds or removes instances
depending on the used criterion to improve the subset.

The type of points the method wants to keep is a characteristic called the type of selec-
tion. A condensation method will focus on keeping the points that are close to the decision
boundaries. Decision boundaries are lines made by classifiers in the dataset to decide for a
classification. By only keeping the decision points, the decision boundaries are not affected
and the inner points can be discarded without much impact. An edition method focuses on
removing decision points and keeping the inner points. That makes the border smoother for
the classifier and makes the separation clearer between the classes. Hybrid methods allow
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the removal of both decision points and inner points depending on the criterion used.

The last characteristic, called evaluation of search, refers to the method’s search framework.
Those frameworks can be classified into two categories: Wrapper methods and filter methods.
A simple decremental algorithm for a wrapper method and a filter method are presented in
Algorithm 1 and 2, respectively. We can see that their difference lies in what is used as a
condition to remove an instance. Wrapper methods use a criterion based on accuracy. They
proceed by optimizing a hidden classifier, iteratively removing instances that do not impact
the classifier’s accuracy. Conversely, filter methods do not optimize a hidden classifier. Data
instances are filtered if they met a certain criterion established as a function of the instance’s
properties.

Algorithm 1: Wrapper method
Input: T : labelled dataset of dimension m× n

1 U ← T
2 Let accuracy be the accuracy with T
3 for c = 1, . . . ,m do
4 if The accuracy for U \ {c} ≥ accuracy then
5 U ← U \ {c}
6 end
7 end
8 return U

Algorithm 2: Filter method
Input: T : labelled dataset of dimension m× n

1 U ← T
2 for c = 1, . . . ,m do
3 if The criterion X is met with data instance c then
4 U ← U \ {c}
5 end
6 end
7 return U

2.2.2 Related works

Wrapper methods were the first type of methods developed for instance selection. Most of the
existing methods are based on the K-nearest neighbours classifier to evaluate the accuracy
obtained with the training set. As such they have better results with a ML model that also
uses the K-nearest neighbours rule. The simplest one was proposed by Hart in 1968 [16].
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It is an incremental condensation method that takes one instance in each class randomly
to create the initial training set U and then tries to classify T using U . If an instance is
misclassified, it is added to U . That method is called the Condensed Nearest Neighbour
(CNN) [17]. The Selective Nearest Neighbour (SNN) method was proposed by Ritter et al.
in 1975 as a variation on CNN [18]. The SNN has an extra condition where all instances in T
have their closest neighbor of the same class in U . It means T can be correctly classified with
1NN using U . Those methods are weak to noisy instances since they would be misclassified
and then kept in U . The method can create multiple solutions depending on the order in
which the instances are presented.

Another known method was proposed by Wilson in 1972 called Edited Nearest Neighbour
(ENN) method [19]. It is a decremental edition method that removes instances that are
different from the majority of their closest neighbours. The method usually checks the 3
nearest neighbours to make the decision. This method starts with S = T and then focuses
on removing noisy instances. Another version of that algorithm is the Repeated Edited
Nearest Neighbour which applies ENN until all instances in U have the same class as the
majority of their neighbours.

Ahal et al. proposed instance-based learning algorithms (IB) in 1991 [20]. The first algorithm
is called the IB1 algorithm and isn’t considered as an instance selection method [20]. It is
the base rule for the criterion of the IB2 and IB3 instance selection methods. They use the
concept of similarity to classify instances without generalizing them. They go through each
instance one by one and make a decision based on the previously seen instances. IB2 and
IB3 are considered incremental hybrid methods since they don’t focus on a particular type of
instance to keep but just on the classifier‘s accuracy. IB2 selects all the instances misclassified
by the 1NN method with the current U . IB2 is weak towards noisy instances and to fix that
IB3 was proposed. This method adds an extra element to the decision phase. It tracks
the number of good and bad classifications for each instance seen after it was added to the
training set. That gives an idea of their performance to classify, and the more performing
ones are kept. It prevents noisy instances from being added to U . These methods are also
dependant on the order in which we present the instances and can create multiple solutions
to the problem.

Decremental Reduction Optimization Procedure methods (DROP) are instances selection
methods based on the concept of asociates proposed by Wilson and Martínez in 2000. All
instances that have i among their K nearest neighbour are considered associates of i. They
are decremental hybrid methods and use the associates to decide which instances to remove
from T to create U [21]. The simplest is DROP1 which removes all i for which all its
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associates in U can be correctly classified without it. This method drops noisy instances but
can also keep them if their neighbours were dropped first. To prevent that, DROP2 check
the associates in T instead of U . DROP3, DROP4 and DROP5 apply a filter to discard noisy
instance or nearest enemies to smooth the decision boundaries before applying DROP2.

Filter methods are instance selection methods that don’t use a performance score as the
criterion. Filtering methods are more expensive in terms of computation power than wrapper
methods but they are more flexible since they do not limit themselves with the K-nearest
neighbours rule. Newer propositions are often filter methods since multiple wrapper methods
were proposed already. Those methods use the concept of border and interior instances in
their criterion. An instance i is considered a border instance when it is the nearest neighbour
of an instance from another class. All other instances are considered interior instances.

The Mahalanobis outlier detection method can be considered a filter instance selection
method since it doesn’t use a classifier performance to decide which instances to be removed.
It uses the Mahalanobis distance as weight and removes the highest using a threshold. This
approach was explored by many methods with different weight formulas like the Weighting
Prototypes (WP) by Parades and Vidal (2000) [22] and the Prototype Selection by Relevance
(PSR) by Olvera-López et al. (2008) [23]. They are considered decremental edition methods.
WP used a gradient descent approach to calculate a dissimilarity score for each instance us-
ing both nearest neighbours and nearest enemies. It removes the instances that have scores
above the threshold. PSR is a method that is a little more complex. It calculates a similarity
score using the Heterogeneous Value Difference Metric (HVDM) [24] for each instance. This
distance function can be used with numeric, non-numeric, and missing features. PSR starts
by selecting the p most relevant instances per class by using the highest similarity scores.
For each relevant instance, it finds the nearest neighbour in all the other classes and adds it
as a border instance. Those two types of instances form the final training set.

Another explored direction with filter methods was to use clustering to select the instances.
The intuition was to form p clusters with the training set and then to choose only the
center of each cluster [25]. The Generalized-Modified Chang Algorithm (GMCA) proposed
by Mollineda et al. (2002) [26] adds another step and merges each pair of nearest clusters
with the same class. It then selects the center of those newly merged clusters.

Methods can also invent their own criterion like a method called Pattern by Ordered Pro-
jection (POP) [27] proposed by Riquelme et al. (2003). It is a decremental condensation
method based on the concept of weakness. The weakness(i) of an instance i is defined as
the number of times where i isn’t a border instance in a class across its attributes. The
maximal weakness is equal to the number of attributes and represents an interior instance
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to be removed.

2.3 Classification problems

Classification problems are ML problems where the model has to decide in which class each
instance in the data belongs. The model can know how many classes there are or deduce
those classes by itself. A classification problem with 2 classes is a special case called a
binary problem. One class is called the positive class and the other is the negative class.
Another particular case called imbalanced problem is when the majority of the instances are
concentrated in a few classes. An unsupervised class model does not have access to the classes
of the training set. It must deduce the classes based on the similarities between the instances.
To help it, the number of classes expected is often given. A supervised classification model
has access to the classes of the instances in the training set and it does not need to deduce
the classes.

2.3.1 K-nearest neighbours model

K-nearest neighbours (KNN) is one of the simplest ML models used for supervised classifica-
tion. It is used in multiple domains like computer vision problems [28], medical diagnostic [29]
and recommendation systems [30]. KNN is a classifier that proved its usefulness and is com-
mon to the ML world.

To train an KNN classifier, we have to provide a labelled training set. KNN keeps then all
those instances in memory. During the prediction phase, it finds the K nearest instances
to the new unlabelled instance among the labels of the instances of the training set. The
evaluated data instance is then given the majority’s class among its closest neighbours [16].
This is called a voting phase where each neighbour votes for their own class. KNN is a
simple but effective non-parametric classifier. Depending on the distance metric used, the
classifier may find different neighbours. Figure 2.2 shows simple examples of how a KNN
model predicts a class for which a label is not known.

The most common distance metric for KNN is the Euclidean distance. Depending on the
data, other metrics could be more adapted to calculate the distance between the instances.
An example is the Euclidean embedding that transpose instances in an Euclidean space to
facilitate their comparison [31–33].

The KNN model is known as a lazy-training model. It only keeps in memory the previously
seen instances and doesn’t create a generalization of the reality as explained previously [16].
That is why it is really important to give good instances to this type of model. The quality of
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(a) This is a fictional dataset with two classes: the cross and round classes. We want to predict the
class of the instances marked with a ?.

(b) With K = 3, we can see that the instances inside the dotted circle are the closest neighbours.
The new instance would be predicted as a round class since all the neighbours are from that class.

(c) With K = 3, we can see that the instances inside the dotted circle are the closest neighbours.
The new instance would be predicted as a round class since the majority of its neighbours are from
that class.

Figure 2.2 Examples for the KNN model
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the prediction depends on the quality of the instances given to the model. The model does not
use any measure to temper the influence of outliers or noisy instances. The less neighbours
the classifier checks, the more impact the instances have on the prediction. However, a
higher K could consider instances that are too far to be pertinent for the decision. That is
why choosing the K used for a model is important and is usually done by cross-validation.
Another thing to consider is the possibility of having a tie during the voting phase. Different
strategies for breaking ties exist. The scipy implementation takes the first class seen among
the tied class. Another way to break the tie is to take the class of the nearest neighbour.
To avoid ties, it is suggested to use a K that is a multiple of

√
n where n is the number of

instances in the training set [34].

2.3.2 Models’ performance

An ML model’s performance reflects the model’s ability to find patterns in the data. Several
metrics are used to evaluate a model’s performance depending on the type of problem. The
performance is also measured to help decide which parameters are better for the model. To
calculate the performance, we need the ground-truth classes for all the instances given to the
model to compare them with the model’s prediction. A true case happens when the model
predicts the correct class while the false case happens when the model predicts another class
than the expected one. In a binary classification problem, there exist four possible cases for
a given prediction: a True Positive (TP), a False Positive (FP), a True Negative (TN) and
a False Negative (FN) [35]. We will use those concepts to explain the various performance
metric used. A simple and intuitive one is the accuracy metric. It is simply the number of
correct predictions on the total number of predictions made [36]. It can be mathematically
described this way:

Accuracy = TP + TN

TP + TN + FP + FN
(2.1)

The accuracy metric can also be generalized for k classes as

Accuracy =
∑k

c=1 Tc∑k
c=1 Tc + ∑k

c=1 Fc

(2.2)

where Tc is the number of TP for class c, and Fi the number of FP for that same class.

The accuracy metric is not recommended for imbalanced binary problems because the model
is not penalized for only predicting the majority class. The F1-score is better in those
situations because it uses the harmonic mean between the precision and the recall to evaluate



13

the performance [35]. The precision is the ratio of correctly labeled instances from the
minority class to the total number of instances labeled by the model with that class. The
recall is the ratio of correctly labeled instances with the minority class on the total number
of instances belonging to that class. The recall and the precision of a model are computed
as:

recall = TP

TP + FN
precision = TP

TP + FP
. (2.3)

The F1-score is finally calculated as the geometric mean of both measures:

F1-score = 2 · recall · precision
recall + precision

(2.4)

This score penalises both only predicting the majority class and never predicting the majority
class.

For ordered classes, the Root Mean Squared Error (RMSE) score is used [37]. Like the name
says, this metric calculates the root of the mean of differences between the expected value
(y) and the predicted one (y′). The formula with n as the number of predictions is given by:

RMSE =
√√√√ 1
n

n∑
i=1

(yi − y′i)2 (2.5)

It gives an idea of by how much the model is off compared to the expected values.

2.4 Distance metrics

Distance metrics are formulas to calculate dissimilarity between data instances. The idea
is that distance is a good measure for the difference. The farther instances are from each
other, the more different they are. T Different distance measures may lead to different MDP
solutions as different instances might be selected to the composed subset. Distance measures
are equally important for an KNN classifier which uses distances to identify the K nearest
neighbourhood of a data instance. Multiple metrics exist but the most popular for numerical
data are the Euclidean distance and the Mahalanobis distance.

Euclidean distance

The Euclidean distance is the default way of calculating a distance. It is the shortest straight
line between two objects. For two vectors with n attributes, the Euclidean distance is calcu-
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lated as:

d(~q,~j) =
√√√√ n∑

i=1
(qi − ji)2. (2.6)

Mahalanobis distance

The Mahalanobis distance is another well-known distance metric. It is the distance between
a point and a distribution. That is why this metric is often used to see if a point fits among
a set. For two vectors and Σ the covariance matrix computed from the data distribution, the
Mahalanobis distance is calculated as:

d(~q,~j) =
√

(~q −~j)T Σ−1(~q −~j). (2.7)

2.5 Critical discussion

After the literature review, we decided to do an exploratory work and proposed a new method
based on a new instance selection criterion. Wrapper methods are often weak against noisy
instances. Also, they often depend on the order in which the instances are presented. To
avoid those problems, we chose a filter method with diversity as a criterion.

In our evaluation, using diversity as a criterion for an instance selection method deserved
investigation. Diversity would allow our instance selection method to not be impacted by the
order of instances since it is a diversity that quantifies the instance from its selected subset.
The diversity criterion is also global in the sense that the most diverse subset is evaluated in
conjunction with the whole dataset.

Our proposed method can be categorized as a new decremental hybrid filter method. It is
hybrid because the most diverse subset can be composed of both border and interior data
instances.

Finally, We have also decided to use KNN as the underlying classifier for our tests since it is
simple and relies on dissimilarities only.
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CHAPTER 3 RESEARCH APPROACH AND OVERALL ORGANIZATION

In this chapter, we will present how we conducted this research. The first section talks about
the methodology and coding environment. The next section talks about the code used for
this research.

3.1 Methodology

The goal of this research is to test a new instance selection method. To do so we followed
this methodology:

1. Find datasets with different characteristics

2. Prepare the data from each dataset

3. Run our method and the baseline methods on each dataset

4. Compare and analyse the results

3.1.1 Datasets

To simplify the preprocessing needed, we decided to use classification problems with numerical
attributes only. We chose datasets of various sizes and dimensions to see how our method
would react to those conditions. We decided on 8 datasets from the UCI Machine Learning
Repository1: Iris [38], Seeds [39], Dermatology [40], Ionosphere [41], Breast Cancer Wisconsin
(original) [42], Mammographic masses [43], Contraceptive methods [44] and Abalone [45].

3.1.2 Preprocessing

We kept this step the simplest possible. We remove features that are categorical and then
normalised the data on each feature. We then proceed to do 10 5-fold cross-validation to
create 50 different pairs of training/test sets. Those pairs are used to test the methods in
the next step.

1https://archive.ics.uci.edu/ml/datasets.php
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3.1.3 Running instance selection methods

In this step, we run our proposed method (MaxDivSec) and two baseline methods on each pair
of training/test sets. MaxDivSec chooses the most diverse subset to be removed from each
class. We also tested keeping the most diverse subset instead, but it was not as performing.

The baseline methods are run to help us analyse the results obtained by our method. We
chose to use the Random method and the Mahalanobis method. The Random method consists
of randomly choosing instances to be removed from the training set. The Mahalanobis
method is based on the Mahalanobis outlier detection method. It is a well-known method
to remove outlier instances using the Mahalanobis distance as a criterion to discard overly
different instances.

During the tests, instance selection methods reduced the training set by 12.5%, 25%, and
50%. We recorded the performance with the KNN classifier to test the selection using the
3, 5, and 10 nearest neighbours. We also recorded the performance of the classifier with the
full training set.

3.1.4 Analysis

The analysis is done first by a visualization of the results followed by a statistical test to prove
that our results are statistically relevant. We chose box-plots and line plots to showcase our
results and decided on the Wilcoxon signed-rank test [46] to compare the different results.

3.2 Code used

During the research both existing code and new code were used. We didn’t want to code
everything from scratch. All the code created by us can be find in this Git repo: https:
//github.com/ktton/MaxDivSec.

3.2.1 Coding environment

We coded this experiment in Python. The tests were run on a personal laptop dual booting
Windows and Linux with the following specs:

• Microsoft Windows 10 Home or Ubuntu 20.04.2 LTS

• 8GB of RAM

• processor Intel Core i5-6200U CPU @2.30GHz (2 physical cores, 4 logical cores)

https://github.com/ktton/MaxDivSec
https://github.com/ktton/MaxDivSec
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3.2.2 Principal python libraries

Python has multiple libraries specialized for machine learning projects. We used a few of
them for our experiment. The pandas2 and numpy3 libraries were used to manipulate the
data. For the various performance metrics needed (Accuracy, RMSE and F1-score) for our
tests, we used sklearn4 implementations. The Wilcoxon statistical test comes from the scipy
library5.

3.2.3 MaxDivSec

Our method needs to solve a MDP to choose which points to remove from the training set.
We decided to use an already implemented heuristic solver called OBMA [47], implemented
in C++. This heuristic needs a distance matrix, the number of elements to remove, and the
total number of elements as inputs. The various distance matrix was constructed in Python
using sklearn’s Mahalanobis distance implementation. OBMA is an algorithm that combines
the concept of Opposition-Based Learning (OBL) with the memetic search framework. A
memetic algorithm starts with a set of solutions called the initial population. From those
solutions, new solutions called offspring are created via crossover or recombination. Those
offspring are then optimized. They join the population depending on the population man-
agement strategy. Opposition-based learning takes a candidate solution but also considers
the opposite solution at the same time. OBMA uses an OBL to initialize the population with
quality solutions. The offspring are then created using two random parents and a backbone-
based crossover operator. OBMA then uses the Opposition-Based Double Trajectory Search
Procedure (ODTS) to look around the offspring and its opposite solution to improve them.
The ODTS is an improved constrained neighborhood tabu search. Finally, a rank-based pool
updating strategy is used to decide if the offspring should be added to the solution. The
algorithm repeats until the time limit is reached.

3.2.4 Test pipeline

All the code to run the various methods on the data and collect the performance scores was
written by us. We used pandas, numpy and sklearn to facilitate the various ML phases.
Those phases are:

1. read the preprocessed data.
2https://pandas.pydata.org/
3https://numpy.org/
4https://scikit-learn.org/stable/
5https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.wilcoxon.html
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2. run the three instances selection methods to create training sets.

3. record the performance with each reduced training set.

To analyze the performance scores obtained, we used scipy but also plotly6 to create figures
to visualize the results.

6https://plotly.com/python/
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CHAPTER 4 ARTICLE 1: ON REMOVING DIVERSE DATA INSTANCES
FOR TRAINING MACHINE LEARNING MODELS

Authors: Kim Thuyen Ton, Daniel Aloise, and Claudio Contardo

Submitted to Operations Research Forum journal in July 2021.

4.1 Introduction

Machine learning (ML) has often been perceived as requiring the largest possible amount
of data to gain accuracy in predicting a behavior. Typically, there are three stages for a
ML model: preprocessing, training and decision/prediction [11]. During preprocessing, the
provided training set might be transformed before being fed to the ML model. In the sequel,
during the training stage, the model processes the training set to generalize rules and formulas
for prediction with a minimum amount of classification errors. Finally, at the prediction stage,
new unlabelled data instances are given to the ML model which must predict a class or a
value for them.

Nowadays, several preprocessing methods exist to ensure that only the right data is given
to an ML model – a concern that accompanies the ML field since its origin [48, 49]. For
example, a model that overfits or underfits the training data will result in poor predicting
capabilities as they lose their ability to generalize over unseen data [50]. In addition, being
able to reduce the amount of data needed to correctly train a ML model is crucial to speed
up its training process and save memory resources.

Preprocessing techniques can be mainly categorized into feature selection, instance selection,
and outlier detection methods [48, 49]. All of them seek to decrease the amount of data
fed to a classification model. Feature selection methods reduce the training dataset by
decreasing the number of used features, therefore the dimension of the data. Those methods
weight the features in order of relevance and remove the least important ones [51]. Both
outlier detection methods and instance selection methods work by reducing the amount of
data instances. A method can either focus on removing noisy instances, superfluous data
instances or both. Noisy or outlier data instances deteriorate the performance of classifiers
when added to the training set while superfluous instances do not impact the performance
when removed [15]. Outlier detection methods, as the name indicates, focus on removing
outliers from the dataset [52].

The goal of an instance selection method is to speedup the model training by reducing
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the size of the training set without impacting the model’s performance [14, 15, 53]. An
instance selection method can either start with an empty training set and add data instances,
or start with all the data then remove instances. The selection criterion is usually based
on a performance metric or a selection formula. With a metric performance, the methods
reduce the training set as long as the classification performance stays above a predefined
threshold [14]. With a selection formula, the stopping condition is typically defined by the
user, e.g. number of needed instances, logical tests, etc. Multiple criteria can be combined
together to achieve a more complex method [54].

In this paper, we investigate if diversity can be used as an effective criterion for removing
instances within selection methods. Our concept of diversity is related to variety among
the data instances, which is quantified by the observed dissimilarities among them [2]. Our
research hypothesis is that the removed data instances are diverse, representing instances
less likely to belong together to the same class. Thus, given that one decides to reduce the
training size of a ML model, these data instances are rather selected to be suppressed.

We test our approach on classifying eight different benchmark datasets, comparing it with two
baseline methods. The first one selects data instances for suppression completely at random
whereas the second consists of the classical Mahalanobis outlier detection method [15,55].

The paper is organized as follows. In Section 2, we present the maximum diversity problem
which is optimized to decide the data instances to be removed from the available training
set. In section 3, we explain our instance selection method based on maximum diversity.
Section 4 describes the experimental methodology used to test our research hypothesis. In
Section 5, we present and discuss the performed computational results. Finally, in Section 6,
we present our concluding remarks.

4.2 The maximum diversity problem

Given a set of n data instances U = {u1, . . . , un} for which a symmetric dissimilarity matrix
D = {dij : 1 ≤ i, j ≤ n} is defined such that dii = 0 and dij ≥ 0 for every 1 ≤ i < j ≤ n,
the maximum diversity problem (MDP) consists of selecting a subset P ⊂ U of size p < n

such as the sum of dissimilarities between the elements of P is maximum. The problem is
formalized as:
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max
n−1∑
i=1

n∑
j=i+1

dijxixj

subject
n∑

i=1
xi = p

xi ∈ {0, 1} ∀i = 1, . . . , n.

(4.1)

The MDP arises in many real-life applications. For example, in facility location, one may be
interested in locating competing stores in a city as far as possible, or to place trash/pollutant
storage as to not concentrate exposure in one area of the town [3,4]. The MDP is also applied
in biology for deciding about ecosystems re-population or for genetic engineering to produce
more resilient plants [5–9], or for product design where companies want to have products
that are different from their competitor [56]. The problem was shown to be NP-hard by Kuo
et al [2].

Several exact and heuristic methods have been proposed in the literature to solve the MDP
[4,57,58, e.g.]. The state-of-the-art exact method for the MDP is due to Marti et al. [59] who
proposed a branch-and-bound able to optimally solve medium-size instances with n = 100
in 1 hour of CPU time. Regarding heuristics, Marti et al. (2021) [60] have very recently
performed an exhaustive comparison of state-of-the-art heuristics on the MDPLIB 2.0 - Max-
imum Diversity Problem Library available at https://www.uv.es/rmarti/paper/mdp.html.
Among the compared methods, the OBMA method of [47] emerges as the best heuristic.

4.3 Instance selection by maximum diversity

Using the MDP as underlying optimization model, we propose a new instance selection
method which removes p data instances from the training set. The so-called Max Diversity
Instance Selection Method (MaxDivSelec) is described in Algorithm 3. MaxDivSelec proceeds
by removing a total of p data instances from the classes of the training dataset. For that,
it solves a MDP in each class. The algorithm starts by initializing the training set with all
labelled data instances (line 1). After that, the algorithm iterates (lines 2-8) over each class
label c = 1, . . . , k of the training dataset. In line 3, the data instances of class c are isolated in
Xc ⊆ X, and then the covariance matrix Xc is computed in line 4. Then, in line 5, a matrix
Dc of distances is computed for each pair of instances in class c. In our case, D = (dij) are
computed as Mahalanobis distances, i.e.,

dij =
√

(xi − xj)T Σ−1(xi − xj). (4.2)
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We note that Σ is approximated by singular value decomposition (SVD) factorization if it is
singular [61]. In the sequel, a MDP solver – in our case OBMA [47] – is called to solve an
MDP problem for Dc, selecting the pc points of maximum diversity in class c. More details
on how pc is computed are given in section 4.4.3. The algorithm then removes the selected
data instances from the training set in line 7. Finally, the reduced training set T is returned
in line 9.

Algorithm 3: MaxDivSelec
Input: X: labelled dataset of dimension n× s,
p: array of dimension 1× k with the number of instances to be removed per class

1 T ← X
2 for c = 1, . . . , k do
3 Let Xc ⊆ X be the matrix of dimension nc × s composed by the data instances of

class c in X
4 Compute the covariance matrix Σc of Xc

5 Compute a distance matrix Dc of dimension nc × nc

6 R ← SolveMDP(Dc,pc)
7 T ← T \R
8 end
9 return T

Figure 4.1 illustrates the use of MaxDivSelec on a 2D synthetic dataset consisting of two
gaussians with 40 data instances each. The first gaussian is generated with µ=0 and σ=0.5,
while the second has a µ=-3 and σ=1. In the example five data instances are removed from
each gaussian.

Figure 4.1 Illustration of the data instances selected by MaxDivSelec for p1 = 5 and p2 = 5,
which corresponds to 12.5% of the whole dataset.
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4.4 Experimental methodology

4.4.1 K-nearest neighbors

In order to prove our hypothesis about effectiveness of MaxDivSelec as a data instance
selection method for classification models, we had to choose one representative ML model
from which our conclusions could be better generalized.

The K-nearest neighbor (KNN) model is a simple yet effective supervised classifier [16]. It
predicts the class of an unseen instance by finding its K closest data instances from the
training set. The unlabelled instance is then assigned to the majority class among them.
The KNN classification model was a natural choice for our experiments for three reasons:

(i) it relies on a distance metric – as well as the MDP.

(iii) it is quite tolerant to outliers and noisy data.

(iii) its classification performance, memory usage and computing times are tightly linked to
the number of data instances used for training. 1

4.4.2 Baseline methods

We compared MaxDivSelec against two other selection methods. The first method, called
Random, corresponds to our null hypothesis. It simply chooses p data instances to remove at
random, with equal probability.

The second method, denoted here Mahalanobis, is well-known in the literature [63]. It
removes outliers by computing the Mahalanobis distance (4.2) from each data instance to
the centroid of the class it belongs. Larger values of the Mahalanobis distance indicate a
greater outlier likelihood. The method aims to improve model classification by removing
from the training dataset the instances which are too different to be statistically part of a
class.

Algorithm 4 presents the pseudo-code of method Mahalanobis which returns a set T of data
instances for model training. The method computes for each available labelled data instance
its Mahalanobis distance to the centroid of the class to which it belongs. In the sequel, the
algorithm removes, from each class c, pc data instances whose Mahalanobis distances are the
largest computed.

1KNN makes use of the so-called lazy training or instance-based learning. It simply queries over the data
to make a prediction [62].
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Algorithm 4: Mahalanobis method
Input: X: labelled dataset of dimension n× s,
p: array of dimension 1× k with the number of instances to be removed per class

1 T ← X
2 for c = 1, . . . , k do
3 Let Xc ⊆ X be the matrix of dimension nc × s composed by the data instances of

class c in X
4 Compute the covariance matrix Σc of Xc

5 for each data instance x` of class c do
6 Compute the Mahalanobis distance d` =

√
(x` − µc)TΣ−1

c (x` − µc) between x`

and the centroid µc of class c
7 end
8 R ← the pc instances of class c with largest d
9 T ← T \R

10 end
11 return T

Figure 4.2 illustrates the application of the Mahalanobis method over the same synthetic
example of the two the last section. Here, again, five data instances are removed from each
gaussian. We remark that the selections performed by MaxDivSelec and Mahalanobis differ
of two data instances only.

Figure 4.2 Illustration of the data instances selected by Mahalanobis for p1 = 5 and p2 = 5,
which corresponds to 12.5% of the whole dataset.

4.4.3 The α parameter

The α parameter controls the percentage of data instances to be removed from the training
set. For example, for α = 50% and n = 100, 50 data instances are suppressed from the
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training dataset (p = 50% × 100). This amount is split proportionally across the provided
classes. Thus, the method removes pc = α × nc data instances from each class c = 1, . . . , k,
rounding it to the closest integer. At the end, some adjustments must be performed so that∑k

c=1 pc = p. Considering p′ = p −∑k
c=1 pc as the number of adjustments, we either remove

or add a data instance to the final training set depending whether p′ is positive or negative.
The adjustments performed in each class are limited to one, and are performed from the
class with the largest amount of data instances to the least populated class. To illustrate,
for a training set with 5 classes such that n1 = 10, n2 = 10, n3 = 10, n4 = 30, n5 = 40, for
α = 50% (that is, p = 50), we obtain p1 = 5, p2 = 5,p3 = 5, p4 = 15, p5 = 20. Because p′ = 0,
there is no need to adjust the values. For the same training set, by taking α = 12.5% (that is,
p = 13), we have p1 = 1, p2 = 1, p3 = 1, p4 = 4, p5 = 5. Since, in this case, p′ = 13− 12 = 1,
p5 is adjusted to 6, making a total of p = 13 data instances.

4.5 Computational experiments

4.5.1 Datasets

We compare the presented methods over different real-world benchmark datasets. The used
datasets are shown in Table 4.1. The different number of classes and attributes across them
are aimed to test how well the compared methods handle complex classification problems.
All datasets were numerically normalized in each attribute dimension before use.

Table 4.1 Table with datasets’ characteristics.

Dataset n #classes #attributes
Iris [38] 150 3 4
Seeds [39] 210 3 7
Dermatology 358 6 34
Ionosphere [41] 351 2 34
Breast cancer Wisc. [42] 683 2 9
Mammographic [43] 830 2 5
Contraceptive [44] 1473 3 9
Abalone [45] 4177 29 8

4.5.2 Evaluation

We used different classification performance metrics depending on whether the classification
problem was: (i) binary or multiclass, and (ii) balanced or unbalanced. A binary classification
problem is one in which prediction is done for two classes only, while a multiclass problem
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involves more than two classes. A balanced problem supposes that the number of data
instances of each class is approximately the same, while an unbalanced classification task
has the majority of the data instances belonging to a subset of the provided classes. To
accommodate those different categories of problems, three performances metrics were used,
namely accuracy, RMSE and the F1-score.

The accuracy score is a classification performance metric often used for supervised classifi-
cation problems [36]. It compares the prediction to the ground-truth class thus computing
the ratio of right predictions. In a binary classification problem, there exist four possible
cases for a given prediction: a True Positive (TP), a False Positive (FP), a True Negative
(TN) and a False Negative (FN) [35]. The two true cases happen when the model predict
the correct class (positive or negative). Conversely, the false cases happen when the model
predicts the opposite class. For example, a FP occurs when the model predicts a positive
class for an actual negative data instance. The accuracy score is is given by:

Accuracy = TP + TN

TP + TN + FP + FN
(4.3)

An accuracy value of 1 means that the model predicted 100% of the classes correctly while a
score of 0 means that none of the predictions was correct. The accuracy metric can also be
generalized for k classes as

Accuracy =
∑k

c=1 Tc∑k
c=1 Tc + ∑k

c=1 Fc

(4.4)

where Tc is the number of TP for class c, and Fi the number of FP for that same class.

The Root Mean Squared Error (RMSE) score is a performance metric commonly used for
multiclass models [37] for which the classes are ordered somehow. Thus, for an expected value
of 0, predicting 1 is less “wrong” than predicting 10, for instance. The RMSE is equal to
the squared root of the mean of squared errors between the predictions and the ground-truth
values. The formula with y′ and y as the predicted and ground-truth values, respectively,
and n as the number of predictions is given by:

RMSE =
√√√√ 1
n

n∑
i=1

(yi − y′i)2 (4.5)

The score represent by how much the model is off on average from the expected values. A
score of 0 means that no error was made and the classifier is perfect.

The last and more complex performance metric is the F1-score also called the F-measure.
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It is used for unbalanced binary classification problems. It is a suitable score for when the
model has to predict well one class in particular amongst others. The recall refers to the
model’s capacity to detect the positive class of interest among the total amount of positive
samples, while the precision is the model’s capacity to well classify TP data instances over
the total amount of instances predicted as members of the positive class [35].

The recall and the precision of a model are computed as:

recall = TP

TP + FN
precision = TP

TP + FP
. (4.6)

The F1-score is finally calculated as the geometric mean of both measures:

F1-score = 2 · recall · precision
recall + precision

(4.7)

The Iris, Seeds, Dermatology and Contraceptive datasets are assessed according to the ac-
curacy score since they are balanced. The Abalone dataset is an unbalanced dataset with
more than two ordered classes. Consequently, KNN ’s classification performance is evaluated
according to the RMSE score for that dataset. Finally, datasets Ionosphere, Breast cancer
Wisconsin and Mammographic datasets are evaluated according to F1-score since they consist
of binary labelled data, with one majority class.

4.5.3 Cross-validation

The three methods MaxDivSelec, Random and Mahalanobis are tested with the KNN clas-
sifier for K ∈ {3, 5, 10} and α ∈ {0.125, 0.25, 0.5}, which yields a total of 9 combinations
of parameters to be tested. The KNN classifier uses the Euclidean distance. To generalize
our results, a 5-fold cross-validation is used to produce multiple test sets. A 5-fold cross-
validation separates the data into 5 sets where each set is used as the test set while the rest
is used as the training set [12]. That means that 80% of the dataset is used for training
while the other 20% is used for the testing. For this experiment, ten 5-fold cross-validation
processes are made to produce a total of 50 pairs of training/test sets. The instance selection
methods are employed on the training set of each fold. Since Random is a stochastic method,
it is executed 20 times with a different seed (0 to 19) for each fold.

Table 4.2 reports the benchmark performance scores of the KNN classifier for each dataset.
They correspond to the classifier’s mean performance when using the whole set of labelled
data instances for training, i.e., without instance selection. The datasets are grouped in the
table according to the used performance metric.
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Table 4.2 Mean benchmark performance of KNN [Accuracy, F1-score, RMSE] for each tested
dataset

Dataset k=3 k=5 k=10
Iris 0.961 0.961 0.964
Seed 0.920 0.930 0.922
Dermatology 0.954 0.956 0.959
Contraceptive 0.458 0.483 0.502
Ionosphere 0.716 0.722 0.707
Breast cancer Wisconsin 0.946 0.953 0.953
Mammographic 0.771 0.789 0.792
Abalone 2.856 2.801 2.692

4.6 Results and Discussion

Our computational results for methods Random, Mahalanobis and MaxDivSec are displayed
as box plots to focus on the classification performance distributions of the methods over
the tested folds. Besides, we present line charts of the mean performance obtained by
each method. We present here a subset of the results, but all box plots can be checked
at https://ktton.github.io/master-research/2. Results are grouped by the number of
used neighbors K and by the resulting training size after instance selection. By grouping the
results, we can better evaluate how the parameters K and α affect classification performance.

The methods are compared regarding their general behavior, but also on their worst-case
result. The worst-case result is the lowest performance result achieved by the method for a
given data fold. Regarding accuracy and F1-score that corresponds to the lowest obtained
score for a tested fold, whereas for the RMSE tha corresponds to the highest obtained score.
The results are further analysed by means of a Wilcoxon statistical test with a confidence
level of 5 %. That test tell us if the results achieved by our method are statistically different
from those obtained by the baseline methods Random and Mahalanobis.

4.6.1 Classification performance results

First, we checked the general performance of the instance selection methods for each dataset.
For the smallest datasets (regarding n), the three methods presented similar performance.
To illustrate that, Figures 4.3a and 4.4a show the results for the dataset Seeds. Moreover, the
obtained means are not far from the benchmark KNN performance, which means that using
instance selection methods for small datasets does not incur significant losses of classification

2There are also presented in the Appendix A.

https://ktton.github.io/master-research/
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performance.

Regarding the largest datasets Breast cancer, Mammographic masses, Ionosphere, Contracep-
tive and Abalone, we observe a major difference between the classification metrics obtained
by the different methods. Performing instance selection with Random appear to incur more
varied classification performance than by using Mahalanobis and MaxDivSec, as shown in
the box plots of Figures 4.3b, 4.3c and 4.3d. Figures 4.4b, 4.4c and 4.4d show the mean
performance of each method for the same three datasets.

The Mahalanobis and MaxDivSec methods outperform the Random method particularly for
Ionosphere (Figure 4.4c) and Abalone (Figure 4.4d). Besides, we note across the plots that the
Mahalanobis and MaxDivSelec methods obtain better mean classification scores than those
obtained by Random. These score differences become larger as more instances are removed
from the training sample. In fact, for these instances, the Mahalanobis and MaxDivSelec
methods perform better than the benchmark performance obtained by the KNN classifier
using the whole data for training. We can hence conclude that for these datasets restricting
the training data to relevant instances is important for increasing the generalization capability
of the model.

Regarding the worst-case performance, MaxDivSelec always obtains better or equal worst-
case classification results than Random. Having a better worst-case scenario means that our
instance selection method is more robust regarding the posterior classification performance
of the classifier when predicting the labels of unseen data. When compared to Mahalanobis,
our method appears to have similar worst-case performance.

Finally, we also analyse the classification performance for varied values of α, and number of
neighbors K used by the KNN classifier. Our conclusions are as follows:

• For the smallest datasets and breast cancer Wisconsin, the classification performance
is lightly affected by K and α.

• For both the Abalone and Contraceptive datasets, the classification performance im-
proves as K increases for methods MaxDivSelec, Mahalanobis and Random.

• For the Ionosphere dataset, the classification performance decreases as K increases for
methods MaxDivSelec, Mahalanobis and Random, especially with α=50%.

• For the Abalone , Contraceptive, Mammographic and Ionosphere datasets, the classi-
fication performance of MaxDivSelec and Mahalanobis increases as α gets larger, i.e.,
as more data instances are removed from the training set. They are actually better
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(a) Seeds dataset

(b) Cancer dataset

(c) Ionosphere dataset

(d) Abalone dataset

Figure 4.3 Boxplot results grouped by training size
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(a) Seeds dataset

(b) Cancer dataset

(c) Ionosphere dataset

(d) Abalone dataset

Figure 4.4 Mean classification results grouped by K
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than the benchmark performance presented in Table 4.2 except for the Mammographic
dataset.

4.6.2 Wilcoxon tests

This section presents Wilcoxon signed-ranks tests [64] in order to compare the obtained
results in terms of statistical significance.

For each dataset, we compared the different methods Random, Mahalanobis and MaxDivSelec
on each combination ofK = 3, 5 and 10, and α = 0.25, 0.50 and 0.75, totalizing nine Wilcoxon
tests per dataset. Two hypothesis are tested. First, we check if the two result distributions
are similar (i.e., the median of differences = 0). If that first hypothesis is rejected, this means
that the second hypothesis is true, i.e., that the methods obtain statistically different results
(the median of differences <0) We used a confidence level of 5% meaning that the p-value
must be smaller than 0.05 to reject an hypothesis. The Wilcoxon test results are reported in
Tables 4.3 and 4.4 for each dataset.

Table 4.3 shows the results of the comparisons of the methods MaxDivSec and Mahalanobis
with the method Random. We observe that our instance selection method MaxDivSelec is
statistically different from the Random method for most of K and α combinations for all the
datasets. We can also verify the same behaviour with the Mahalanobis method except for the
Seed dataset. The Mahalanobis method is only different for two combinations. Moreover,
when our method is different from the Random method, it is most of the time better.

In Table 4.4, we show the Wilcoxon results obtained when comparing our method MaxDivSec
with the Mahalanobis method. We notice that MaxDivSec is seldom different or better than
Mahalanobis except for two datasets: Contraceptive and Mammographic. However, such
difference does not mean that the first is necessarily better than the later. In most of the
cases, MaxDivSelec is not statistically different from the Mahalanobis method.

4.7 Concluding remarks

This paper proposed to investigate the use of diversity for selecting data instances for model
training. With that purpose, we proposed MaxDivSec, an algorithm that proceeds by remov-
ing from the training set of a machine learning model the subset of data instances for which
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Table 4.3 Wilcoxon test results with a confidence level of 5% for comparing MaxDivSec and
Mahalanobis with Random

Dataset MaxDivSec Mahalanobis

Different Better Different Better
Iris 5/9 4/5 7/9 5/7
Seed 4/9 4/4 2/9 2/2

Dermatology 5/9 5/5 6/9 6/6
Ionosphere 9/9 9/9 9/9 9/9
Cancer 8/9 8/8 8/9 8/8

Mammographic 8/9 4/8 6/9 4/6
Contraceptive 9/9 9/9 8/9 8/8

Abalone 9/9 9/9 9/9 9/9

Table 4.4 Wilcoxon test results with a confidence level of 5% for comparing MaxDivSec with
Mahalanobis

Dataset Different Better
Iris 1/9 1/1
Seed 0/9 0/0

Dermatology 0/9 0/0
Ionosphere 0/9 0/0
Cancer 1/9 0/1

Mammographic 7/9 3/7
Contraceptive 8/9 8/8

Abalone 3/9 0/3

its associated diversity is maximum. We compared MaxDivSec, regarding the classification
performance of a target classifier, with two other baseline instance selection methods, one
that random selects data instances for suppression and another based on the removal of data
outliers. Our results demonstrated that diversity is actually a good criterion for data instance
selection as the obtained results by MaxDivSec led to superior classification performance in
the vast majority of the tested scenarios when compared to the random approach. However,
the proposed method was not shown to be significantly different from the method based on
the suppresion of outliers.

Finally, although we demonstrated by our experiments that maximum diversity is effective
on selecting data instances for model training, its computation still requires the solution of
a NP-hard problem either exactly or heuristically. In contrast, the Mahalanobis method is
genuinely an outlier score for each data point with respect to the class it belongs. As shown
by Figures 4.1 and 4.2, outliers are very likely part of maximum diversity subsets because of
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their dissimilarities with regard to the other data instances of their classes. However, outliers
are generally much faster to compute, and consequently, their removal is indeed recommended
for instance selection.
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CHAPTER 5 GENERAL DISCUSSION

In this chapter, we will provide a general discussion about the contributions and results of
the present work. In this work, we explored the idea of using diversity as a criterion for
an instance selection method with research objective. One was to propose a new instance
selection with diversity as the instance selection criterion. The other one was to prove our
hypotheses:

• R1: Is diversity a valid criterion for instance selection?

• R2: Is diversity better than other instance selection criteria used in the literature?

5.1 MaxDivSec

To demonstrate our research hypotheses, a new instance selection method was developed,
namely MaxDivSec. It is a decremental hybrid filter method based on the optimization of
the maximum diversity problem. Being a decremental method, the algorithm starts with
the entire class before using the criterion to choose which instances to remove. It is a
hybrid method because the most diverse subset can be composed of both border and interior
instances. The maximum diverse subset is composed of instances far/dissimilar from each
other. Removing that subset means that we remove the instances that are least likely to be
classed together due to their diversity. Thus, the kept data instances are more homogeneous.
Unlike when the decision is made instance by instance, the order in which the instances are
considered does not matter and does not change the selection. Besides, since the diversity
criterion is based on a propriety of the selected subset, we have a more entire view of the
selected instances’ impact in the class. In our experiments, MaxDivSelec is compared against
two baselines methods: a random selection and the Mahalanobis outlier detection method.

5.1.1 Performance results

The average performance of the three tested methods was measured for all the considered
datasets. After analyzing the results, we observed that our method was better than random
data selection. That means that using the max-diversity criterion is worth exploring and pro-
duces interesting results. Our first hypothesis, R1, was proven with those results. Diversity
is a better criterion than a random selection. However, it had similar statistical performance
when compared to the Mahalanobis outlier detection method. Our second hypothesis, R2,
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was refuted with those results. Diversity as a criterion was not demonstrated to outperform
the compared existing methods.

Intuitively, the Mahalanobis outlier detection makes sense since it gives an outlier score to
each instance of a class. Outliers should always be removed from the training set. MaxDivSec
finds the most diverse subset of instances and removes them. As mentioned previously, we are
making the training set more homogeneous to help the model. While this may be beneficial,
it can also mislead the model since diversity could be an inherent characteristic of the class.
This is an issue that merits further investigation.

5.1.2 Computing times

The Table 5.1 shows the time needed for the model to train with a full training set and a 50%
reduced set. The third column contains how much we reduced the training time with the new
training set. For all the datasets except Iris and Seed, we achieve a nice reduction %. Those
two datasets are the smallest and already need a small amount of time for the training. The
other datasets reduce their training time by 46%-65%. However, the pre-processing phase
is longer due the the usage of instance selection methods. The ML pipeline end up taking
more time. The Figure 5.1, Figure 5.2 and Figure 5.3 compare the time spent on training the
model with the full training set with the time spent on selecting a 50% reduced training set
and using it to train the model. Only the Random method has a computation time similar to
the original pipeline. We see that the new pipeline takes too much time compared to the old
one for Mahalanobis and MaxDivSec. MaxDivSec is the slowest of the 3 methods and that
can be understood with the time needed to solve the MDP. MDP is an NP-hard problem and
solving it exactly may take a lot of time. Heuristics are often used in those cases to provide a
solution close to the optimal one. We used an existing heuristic solver called OBMA for our
experiments. Even with that heuristic, the time needed to select data instances is greater
than the time needed by the Mahalanobis outlier detection method. This is critical since
one does not wish to spend much time with data pre-processing, particularly if it does not
lead to a large reduction of the training set. We recommend investigating the use of simpler
heuristics than OBMA to increase the usability and efficiency of instance selection methods
based on maximum diversity.
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Table 5.1 Time comparison in seconds between using the full training set and a 50% reduced
training set with KNN

Dataset Full (100%) Reduced (50%) Time saved
Iris 0.000659387 0.000542078 18%
Seed 0.000749572 0.000745091 0.6%

Dermatology 0.003828977 0.001341545 65%
Ionosphere 0.002918983 0.001318207 55%
Cancer 0.002746078 0.001473258 46%

Mammographic 0.002203566 0.001189508 46%
Contraceptive 0.005631849 0.002835617 50%

Abalone 0.011400536 0.004921744 57%

0 0.005 0.01 0.015 0.02

Abalone

Cancer

Contraceptive

Dermatology

Ionosphere

Iris

Mammographic

Seed

Time (s)

Random Full training set

Figure 5.1 Time comparison between using the full training set and using the random selection
method.
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Figure 5.2 Time comparison between using the full training set and using the Mahalanobis
selection method.

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Abalone

Cancer

Contraceptive

Dermatology

Ionosphere

Iris

Mammographic

Seed

Time (s)

MaxDivSec Full training set

Figure 5.3 Time comparison between using the full training set and using MaxDivSec.
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CHAPTER 6 CONCLUSION

6.1 Summary of Works

This thesis proposes a new instance selection method using the MDP as the criterion. This
proposition is based on the interest of having a new method to reduce the training set’s size
for a ML classification model. The concept of diversity seemed to be a good one to apply to
remove undesirable instances from a training set.

The thesis started with the basic concepts that are crucial to understanding the proposition
and the objectives to be met in Chapter 1. In Chapter 2, we provide a literature review
on existing instance selection methods. We wanted to improve on what already existed to
create our method. With that information, we chose the maximum diversity as a criterion
for our decremental hybrid instance selection method. Chapter 3 presents how the research
was conducted and the code used.

The findings were presented in Chapter 4 which presents our results and conclusions that
while our method, MaxDivSec, is superior to a random approach, it couldn’t beat the Ma-
halanobis outlier detection method for the datasets considered in this research. The perfor-
mance of MaxDivSelec was in fact similar to that of the Mahalanobis-based outlier detection
method.

6.2 Limitations

There exist various limitations associated with our work. The first one is the time needed to
obtain a solution to the MDP. It is an NP-hard problem and as such, it may take a lot of
time to be exactly solved for big datasets.

This brings us to our next limitation: the size of the datasets used for the tests. We couldn’t
test the method with big datasets. The biggest, Abalone, have around 4000 instances and
wouldn’t be considered a big dataset in the ML literature. We think that our method wouldn’t
scale up well if a heavy heuristic is used to obtain MDP solutions.

Another limitation is that we have not optimized our code or used a highly performing
machine to run our tests. Our method could be easily run in multiple threads to make it
quicker since the selection is done per class. That could help with the total time needed for
the data instance selection.
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6.3 Future Research

There are several possible venues to improve or iterate on our findings:

• Other diversity criteria can be used for the selection. For example, the p-dispersion is
another location problem that was also presented by Kuby [3] that can be explored.

• A combination between the Mahalanobis criterion and the diversity criterion to create a
new instance selection method. The Mahalanobis criterion can be used first to remove
outliers, before solving the MDP in each class. Another possibility is to compute a
combined score obtained from both methods.

• The method can be modified to make it scalable and usable with bigger datasets.
Instead of solving the MDP on the entire class, multiple samples could be done to
divide the problem into smaller subsets. The instances that are most often chosen are
then removed.

• The method can be tested with non-numerical datasets like textual datasets. This gives
another context where MaxDivSec could be used with success.

• The method can be used for other ML tasks such as regression or clustering. Clustering
is an unsupervised problem and presents a different kind of challenge for MaxDivSec.
Regression is sensible to the training set too because the model wants to find a trend
among the instances. Both problems use other classifiers/algorithms than KNN.
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APPENDIX A RESULTS

Here are the figures showing the results obtained for each dataset during the experimentation
that couldn’t be put in the article. The black dashed line in the figures represents the
performance of the classifier when the whole data is used for the training.
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Figure A.1 Iris dataset
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Figure A.2 Seeds dataset
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Figure A.3 Dermatology dataset
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Figure A.4 Ionosphere dataset
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Figure A.5 Breast cancer wisconsin dataset
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Figure A.6 Mammographic dataset
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Figure A.7 Contraceptive dataset
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Figure A.8 Abalone dataset
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