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Croire en un monde extérieur indépendant du sujet qui le percoit constitue la base de toute
science de la nature. Cependant les perceptions des sens n ‘offrent que des résultats indirects sur
ce monde extérieur ou sur la « réalité physique ». Alors seule la voie spéculative peut nous aider

a comprendre le monde. Nous devons donc reconnaitre que nos conceptions de la réalité
physique n ‘offrent jamais que des solutions momentanées. Et nous devons donc étre toujours
préts a transformer ces idées, c ‘est-a-dire le fondement axiomatique de la physique, si,
lucidement, nous voulons voir de maniére aussi parfaite que possible les faits perceptibles qui
changent. Quand nous réfléchissons méme rapidement sur [ ‘évolution de la physique, nous
observons bien, en effet, les profondes modifications de cette base axiomatique. ~ Albert Einstein

Quand on observe [ ‘évolution d ‘une science et qu ‘on se penche sur la volonté secréete du savant,
on s ‘apergoit que | ‘ambition asymptotique fondamentale de toute science est la création d ‘une
théorie aussi totale que possible assumant mathématiquement une part de plus en plus grande du
réel. ~ Lichnerowicz
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RESUME

L’analyse du comportement dynamique géométriquement nonlinéaire des structures cylindriques
minces fermées et isotropes, soumises a un écoulement supersonique, a suscité 1’intérét de la
communauté scientifique et a mobilisé un grand nombre de chercheurs dans la derniere décennie.
Cela est ddi, d’une part, a I’utilisation de ces structures dans des domaines de haute pointe telle que
I’aérospatiale, 1’aéronautique et le nucléaire et d’autre part au besoin de développer des modéles
analytiques et numériques capables d’analyser fidelement le phénomeéne d’instabilité dynamique
afin de pouvoir fournir des predictions correctes, tant qualitativement que quantitativement surtout

avec 1’avenement accru des outils numériques.

La majorité des études qui ont été menées emploie I’étude linéaire pour traiter ce genre de probleme
et un nombre limité de recherches qui a été consacré a I’analyse nonlinéaire du comportement

dynamique des coques cylindriques minces soumises a 1’effet du flottement supersonique.

Cette these a pour but de proposer un modele capable d’analyser linéairement et nonlinéairement
le comportement dynamique des structures cylindriques minces et isotropes lorsqu’elles sont
soumises a un écoulement supersonique externe en tenant compte de 1’effet des contraintes initiales
de raidissement induites par des pressions radiales et/ou des forces axiales. Le modéle développé
tient aussi en considération de D’effet des imperfections géométriques initiales, de 1’effet de
courbure au niveau du champ de déplacement circonférentiel ainsi que de I’effet du couplage
nonlinéaire entre les différents modes. Il permet aussi de prédire le début de ’instabilité dynamique
de la structure et de décrire son comportement durant les phases qui suivent 1’apparition de

flottement.

La méthode développée dans cette thése rallie a la fois la méthode des éléments finis, la théorie des

coques minces et la théorie aérodynamique de fluide.

Trois aspects étaient au centre de l'intérét de ce travail de recherche, réparties sur trois sections
stipulant I’effet des contraintes initiales de raidissement sur le comportement dynamique des
structures axisymétriques, en premier lieu. Ensuite, une formulation a été développée optant pour
I’analyse des vibrations libres géométriqguement nonlinéaires des coques cylindriques minces. La

troisieme partie traite 1’effet des forces aérodynamiques induites par un écoulement d’air
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supersonique sur le comportement dynamique nonlinéaire des structures cylindriques minces et

isotropes en évaluant entre autre leur état de stabilité.

La premiére partie de ce travail, met en exergue 1’analyse détaillée de 1’effet des contraintes
initiales de raidissement sur le comportement dynamique des structures axisymétriques. Ces
derniéres sont composées principalement par des éléments de type cylindrique, conique et/ou des
éléments axisymétriques a rayon variables. Pour assurer une meilleure consistance géometrique,
deux éléments finis de forme cylindrique et conique basés sur la méthode des éléments finis
hybrides sont considérés dans cette étude. Cette approche repose sur une combinaison entre la
méthode des éléments finis classique et la théorie des coques minces. Les fonctions de déplacement
sont dérivées a partir des solutions exactes des équations d’équilibre de Sanders relatives aux cas
des coques cylindriques et coniques. Les matrices de masse et de rigidité linéaires sont déterminées
en se basant sur I’expression de 1’énergie de déformation élastique et de I’énergie cinétique. La
matrice de rigidité induite par les contraintes initiales de raidissement, inférées des forces axiales
et/ou des pressions radiales, est déterminée a partir de I’expression de 1’énergie de déformation
élastique associée aux forces membranaires. Les équations de mouvement sont dérivées a partir
des équations de Lagrange et résolues en considérant I’approche du systéme a valeurs propres. Les
structures combinées sont aussi prises en considération dans cette étude. Celles-ci se manifestent
par un assemblage des ¢éléments cylindriques et d’autres coniques en appliquant les techniques
standard des éléments finis. Ces structures combineées tirent, en conséquence, profit des avantages
du modeéle hybride des éléments finis cylindriques et ceux coniques. L’effet des forces axiales ainsi
que des pressions radiales est examiné dans cette étude tout en tenant en compte de la variation des
propriétés géomeétriques des structures. L’analyse tient aussi en compte de I’effet des différentes
conditions aux limites sur le comportement dynamique des structures axisymétriques. L’étude a
montré que les structures cylindriques soumises a des pressions externes deviennent vulnérables a
I’instabilité dynamique (divergence) au fur et a mesure que leurs rayons augmentent. Un effet
opposé a été révélé lorsque les structures cylindriques sont sujettes a des forces axiales de
compression marquant ainsi I’absence de 1’effet de la variation de rayon de courbure sur la charge
critique de flambement dynamique des coques cylindriques. Les résultats ont montré aussi que
I’augmentation de ’angle du tronc de cone favorise I’instabilité des structures coniques en les
comparant aux coques présentant des angles modérés et que I’effet des contraintes initiales de

raidissement pour les coques combinées devient prépondérant lorsque le comportement flexionnel



gouverne alors qu’il devient minime lorsque le comportement membranaire gouverne. L’étude a
montré une excellente concordance entre les résultats issus de cette analyse avec ceux

expérimentaux et numeriques trouvés dans la littérature.

La seconde partie de cette these, est consacrée a 1’analyse du comportement géométriquement
nonlinéaire (grande amplitude de vibration et petite déformation) des coques cylindriques minces,
fermées et isotropes en vibration libre, a travers le développement d’une formulation basée sur les
relations cinématiques nonlinéaires de Novozhilov. La théorie, développée dans ce manuscrit, tient
en compte de I’effet de courbure au niveau du champ de déplacement circonférentiel et considére
I’impact des imperfections géométriques initiales sur la réponse dynamique du systeme. Le
couplage nonlinéaire entre les différents modes est entre autre pris en considération. La formulation
prend d’abord une forme générale en considérant le champ de déplacement comme une
combinaison entre une fonction temporelle (coordonnée généralisée) et une autre spatiale. Les
relations cinématiques nonlinéaires découlent de la théorie de Novozhilov. L’équation de
mouvement est inférée des équations de Lagrange en se basant sur une approche énergétique. Les
matrices de rigidité nonlinéaires quadratiques et cubiques sont déterminées apres intégration
analytique des coefficients modaux s’écrivant en termes des fonctions de formes. Le
développement d’un modéle hybride a été évoqué dans un second temps, en ralliant a la fois la
formulation développée avec la méthode des éléments finis classique. Les matrices €lémentaires
de masse et de rigidité linéaires et nonlinéaires sont déterminées en remplacant les fonctions
spatiales du champ de déplacement par les fonctions de forme découlant de I’analyse linéaire et
dérivés a partir de la solution exacte des équations d’équilibre de Sanders ce qui acquiert au modele
une rapidité de convergence et une précision des résultats. La résolution de I’équation de
mouvement se base principalement sur le principe de linéarisation aprés avoir transformé le
systeme dans sa base modale. L’effet des différents paramétres tel que la variation du nombre
d’ondes axiales et circonférentielles, des parametres géométriques ainsi que des conditions aux
limites sur le comportement dynamique des structures cylindriques minces a été examiné. Les
résultats décelés a partir de cette étude sont en bonne concordance avec ceux relatifs aux autres
auteurs. L’analyse révélée a mis en exergue 1’effet prépondérant du couplage nonlinéaire a
accentuer le caractére raidissant du comportement dynamique nonlinéaire des coques cylindriques.
D’autant plus, I’étude nonlinéaire a apporté quelques amendements en matiére de caractérisation des

fréquences et modes fondamentaux. L’analyse a aussi exhibé une évolution croissante de la fréquence



relative nonlinéaire en fonction de 1’augmentation de 1’élancement de la structure incité par la chute

draconienne de la fréquence linéaire par rapport a celle nonlinéaire.

La troisiéeme partie de cette recherche, présente un modele permettant d’analyser le comportement
dynamique nonlinéaire des coques cylindriques minces fermées et isotropes, soumises a des
pressions radiales et/ou des forces axiales et exposées a un écoulement d’air supersonique. Les
matrices de masse et de rigidité structurales sont obtenues en se basant sur une approche
énergétique. La matrice de rigidité induite par les contraintes initiales de raidissement est calculée
en se basant sur I’évaluation de 1’énergie de déformations des flux d’efforts membranaires. La
matrice de rigidité nonlinéaire cubique est déterminée a partir de 1’intégration analytique des
coefficients modaux qui dépendent également des fonctions de forme trouvés a partir de 1’analyse
linaire. La pression aérodynamique locale exercée par le fluide sur la structure est dérivée de la
théorie de piston linaire avec et sans considération des termes de corrections de courbures. La
corrélation entre la pression aérodynamique et la composante radiale, locale du vecteur vitesse de
fluide a permet d’exprimer la force aérodynamique en fonction des déplacements calculées en tout
point de la structure. Les matrices de rigidité et d’amortissement de fluide sont déterminées par
intégration analytique de la force de pression aérodynamique. Les équations de mouvement sont
établies a partir des équations de Lagrange et résolues par le biais d’une méthode itérative directe.
Plusieurs résultats sont décelés suite a cette recherche mettant en exergue 1’effet assouplissant du
comportement nonlinéaire traduit par la relation ralliant les rapports des fréquences linéaires et
nonlinéaires en fonction des ratios d’amplitude de vibration et de 1’épaisseur des parois des coques.
L’effet du couplage nonlinéaire ainsi que les effets du nombre d’ondes circonférentiels et des
paramétres géométriques de la structure sur le comportement dynamique nonlinéaire des coques
pressurisées et non pressurisées pendant le début du flottement et durant les phases d’instabilité
sont investigués dans cette etude. L’étude a met I’accent sur 1’effet éminent du couplage entre les
différents modes nonlinéaires et qui réside dans ’accentuation du caractere assouplissant des
coques cylindriques pressurisées en fonction de 1’accroissement de 1’amplitude de flottement.
L’augmentation de 1’élancement de la structure favorise ’instabilité de la structure toutefois, son
effet sur la tendance du comportement dynamique nonlinéaire des structures cylindriques s’avere
négligeable lorsqu’elles sont sujettes aux valeurs limites de flottement en terme de Pcr et ner. Une
trés bonne concordance a été révelée entre ces resultats et ceux numériques, analytiques et

expéerimentales trouvés dans la littérature.
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Le modele développé dans cette thése constitue un outil puissant permettant d’évaluer les
caractéristiques vibratoires des structures cylindriques minces fermées et isotropes dans le domaine
nonlinéaire et d’offrir, en conséquence, une bonne prédiction de 1’instabilité de ces structures
lorsqu’elles sont soumises a un écoulement supersonique. Ceci est exauce grace a une combinaison
entre les avantages de la méthode des éléments finis permettant de traiter les coques avec des
formes complexes, avec la précision de la formulation développée admettant comme fonctions de
forme les solutions exactes des équations d’équilibre qui découlent de la théorie linéaire des
coques. Ces avantages donnent plus de fiabilité aux résultats et offrent plus de robustesse au modele

développé pour traiter les problémes aéroélastiques.
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ABSTRACT

Analysis of the geometrically nonlinear dynamic behaviour of closed and isotropic thin cylindrical
structures subjected to supersonic flow has attracted the interest of the scientific community and
has been the subject of a large number of research studies during the past decade. The major reason
for this is the use of these structures in high-tech fields such as aerospace, aeronautics and nuclear
energy. This has created a requirement to develop analytical and numerical models capable of
analyzing the phenomenon of dynamic instability and providing accurate predictions, both

qualitatively and quantitatively. The advent of new digital tools makes this possible.

The majority of studies that have been conducted in this area use a linear approach to address this
type of problem. Only a limited number of studies have been devoted to nonlinear analysis of the

dynamic behaviour of thin cylindrical shells subjected to supersonic flutter.

The aim of this thesis is to propose a model capable of analyzing, linearly and nonlinearly, the
dynamic behaviour of thin isotropic cylindrical shells subjected to external supersonic flow,
including consideration of the effect of initial stiffening stresses induced by radial and/or axial
forces. The developed model also takes into account the effect of initial geometric imperfections,
the curvature effect in the circumferential direction of the displacement field and the effect of
nonlinear coupling between different modes. It also calculates the point of onset of dynamic

instability of the structure and describes its behaviour during phases following the onset of flutter.

The method developed in this thesis combines the finite element method, the Novozhilov thin shell
theory and aerodynamic fluid theory.

Three aspects were at the centre of interest of this research work and are, therefore, divided into
three sections. The first part studies the effect of initial stiffening stresses on the dynamic behaviour
of axisymmetrical structures. Following this, a formulation is developed for analysis of
geometrically nonlinear free vibration of thin cylindrical shells. The third section deals with the
effect of aerodynamic forces induced by supersonic air flow on the nonlinear dynamic behaviour

of thin, isotropic cylindrical shells by assessing, among others, their state of stability.

Axisymmetrical structures are mainly composed of cylindrical, conical and/or axisymmetric
elements with variable radius. To ensure better geometric consistency, two semi-analytical finite

elements (cylindrical and conical) were used in a hybrid finite element method to model
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axisymmetric shells. This approach is based on a combination of the classical finite element
method and thin shell theory. The displacement functions are derived from exact solutions of
Sanders’ shell equilibrium equations for cylindrical and conical shells. Linear mass and stiffness
matrices are determined based on the expression of elastic strain energy and Kinetic energy. The
stiffness matrix induced by the initial stiffening stresses, inferred from axial and/or radial forces,
is determined from the expression of elastic strain energy associated with the membrane
forces. The equations of motion are derived based on the Lagrange method and resolved by
considering the eigenvalue system approach. Combined structures are also considered in this study.
These are modeled using an assembly of cylindrical and other conical elements and analyzed by
applying standard finite element techniques. This modelling approach is advantageous for analysis
of combined shells. The effect of axial forces as well as radial pressure is examined. The analysis
also includes consideration of variations of the geometric properties and the effect of different
boundary conditions on the dynamic behaviour of axisymmetric shells. The critical buckling load
is observed to be the lowest in the case of the clamped-free boundary condition of the cylindrical
shells. It can be noticed that the conical structure loses its bearing capacity and a significant drop
of its total rigidity can be noted when the critical loads corresponding to various semivertex angles
are reached. We can also discern that the initial stiffening effect is remarkable for large values of
the number of circumferential waves. However, it is minimal when the combined structure
membrane behavior governs. The results presented in this study show an excellent agreement with

those found in the literature, both experimental and numerical.

The second part of this thesis is devoted to the analysis of the nonlinear dynamic behaviour (large-
amplitude vibration) of thin, closed isotropic cylindrical shells. This is accomplished through the
development of a formulation based on a hybrid approach combining Novozhilov’s non-linear

theory with the classical finite element method.

The theory developed in this manuscript is able to include the shell curvature effect in the
circumferential direction of the orthogonal displacements and also considers the impact of initial
geometric imperfections on the dynamic response of the system. Among others, nonlinear coupling
between different modes is taken into consideration. The formulation first takes a general form,
expressing shell displacement using a combination of generalized coordinates and spatial

functions. Nonlinear kinematic relationships are determined from Novozhilov's theory. The
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equation of motion is inferred from the Lagrange equations based on an energy approach. Quadratic
and cubic nonlinear stiffness matrices are determined after analytical integration of modal

coefficients expressed in terms of shape functions.

An application of this model is illustrated in a further step, by adopting the displacement functions
derived from exact solutions of linear Sander's theory equilibrium equations for thin cylindrical
shells. The governing equations of motion are solved with the help of a direct iterative method.
Linear and nonlinear frequencies are validated by comparison with the results in the literature. The
effect of different parameters including axial and circumferential wave number, length-to-radius
ratio, thickness-to-radius ratio and various boundary conditions, on the nonlinear frequencies of
cylindrical shells is investigated. The coupling between nonlinear modes accentuates the hardening
character of nonlinear vibrations. It has also been found that the fundamental frequency depends
closely on the amplitude of the vibrations once we leave the domain of small vibrations. Excellent

agreement is observed between the results derived from this theory and those found in the literature.

The third part of this research presents a model for analyzing the nonlinear dynamic behaviour of
closed and isotropic thin cylindrical shells subjected to radial pressures and/or axial forces and
exposed to supersonic airflow. The structural mass and stiffness matrices are obtained using an
energy approach. The stiffness matrix induced by the initial stiffening stresses is calculated based
on the expression of strain energy of the membrane force. A linear analysis is performed to identify
natural modes, which are then used in the nonlinear analysis as a spatial function to determine the
cubic nonlinear stiffness matrix based on analytical integration of modal coefficients. The local
aerodynamic pressure exerted by the fluid on the structure is derived from linear piston theory,
with and without consideration of the terms of curve corrections. The correlation between the
aerodynamic pressure and the radial component of the fluid velocity vector enables expression of
the aerodynamic force according to the calculated displacements at any point of the structure. The
fluid stiffness and damping matrices are determined by analytical integration of the aerodynamic
pressure force. The governing equations of motion are derived using the Lagrange method and
solved numerically with the help of a direct iterative method. Numerical studies are conducted
highlighting that the dynamic behaviour’s nonlinear trend is a softening type. Results of these
studies also illustrate the effects of different parameters including internal pressure, nonlinear

coupling, circumferential wave number, radius-to-thickness ratio, length-to-radius ratio and
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boundary conditions on the nonlinear dynamic behaviour of the cylindrical shell at the onset of
flutter and during the flutter stage. It is revealed that the more slender the structure, the more
vulnerable it will be to dynamic instability by flutter. Moreover, the internal pressure has stabilizing
influence on the homogeneous isotropic cylindrical shell and the increase in the length to radius
ratio of the structure hastens the flutter instability. Good agreement is found between the results

obtained using the present approach and those published in the literature.

The model developed in this thesis is a powerful tool for evaluating the vibratory characteristics of
closed and isotropic thin cylindrical shells in the nonlinear domain and offering, therefore, a good
prediction of the instability of these structures when subjected to supersonic flow. This is achieved
through a combination of the advantages of the finite element method for treating shells with
complex shapes and the precision of the developed formulation employing exact solutions for the
displacement functions. These advantages give more reliability to the results and offer more

robustness to the developed model to treat aeroelastic problems.
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CHAPITRE 1 INTRODUCTION

1.1. Description du Probléme

Les interactions fluide-structure font parvenir deux entités mécaniques distinctes : une structure
mobile (rigide ou déformable) et un fluide sous forme gazeuse ou liquide, au repos ou en
écoulement autour ou a l’intérieur de cette derniére. Généralement, on peut distinguer les
phénomenes hydroélastiques (interaction fluide incompressible/structure) des phénoménes
aéroélastiques (interaction fluide compressible/structure). L'hydroelasticité se rencontre souvent
dans le domaine biomédical et dans le génie naval. L'aéroélasticité posséde, quant a elle, une
panoplie d’applications allant de génie civile au domaine aéronautique et spatial. Il en est toutefois
de méme ou I’aéroélasticité fit sa premiére apparition. C’était dans le début du vingtiéme siécle,
dans le domaine aéronautique pour devenir par la suite une science a soi dans la période couvrant
la deuxiéme guerre mondiale. Cette discipline, croisant les effets aérodynamiques, inertiels et
¢lastiques d’une structure, a donné naissance a des problémes qui ont une influence primordiale
sur la stabilité des structures aéronautiques et par conséquent sur leurs performances et leur
longévité. On distingue ainsi 1’aéroélasticité statique qui se caractérise par 1’étude des efforts et des
déformations induites par un écoulement stationnaire sur la structure, et 1’aéroélasticité dynamique
qui se manifeste par une évolution dans le temps du systeme aéroélastique. Cette évolution peut
étre engendrée par une force externe comme dans le cas de la couche limite turbulente
atmosphérique qui est susceptible d’exciter les structures surtout lorsqu’elles sont minces et
élancées, soit elle est due a une instabilité propre au systeme. C’est toutefois cette derniére classe
de divergence qui constitue I’intérét de cet ouvrage. L’un des problémes de 1’aéroélasticité
dynamique autodéterminé le plus connu est certainement le flottement. Ce phénoméne d’instabilité
qui a incité les chercheurs durant ces derniéres années et qui fait 1’objet de la présente recherche.
Ce phénomene autodéterminé engendré par un couplage entre 1’air et la structure, a été rendu
célebre par le spectaculaire écroulement du pont Tacoma en 1940 qui a éeté effondré sous I’effet
d’un mode torsionnel de son tablier. Ce phénomene connu aussi comme le Némésis du vol, a
provoqué plusieurs catastrophes aériennes notamment dans ’aviation militaire [1]. La conception
des nouveaux aéronefs exige la prise en compte de ce phénomeéne et considére sa prévention ou sa
prédiction comme un critére éliminatoire pour la certification d’un avion notamment pour la

conception des véhicules spatiaux a haute vitesse. Mathématiquement, cela correspond au



changement de signe de la partie imaginaire de la fréquence du positive (désignant
I’amortissement) au négative (désignant I’instabilité). Cela se manifeste par une augmentation
exponentielle et rapide de Iamplitude de vibration qui peut conduire a excéder les limites
physiques de déformation et mener a la ruine de la structure. Ce sujet a suscité la communauté
scientifique pour étudier ce phénoméne, d’en comprendre les fondements physiques, de choisir les
approches les plus appropriées et d’en trouver les solutions fiables et précises capables de réduire
la description du phénomene a ses aspects réels. L’avénement technologique du domaine
informatique et le développement continu des ordinateurs numériques ont fait émerger la
modeélisation mathématique par éléments finis ce qui a permet de traiter des configurations jugées
trop complexes incluant des couplages multi-physiques et multi-échelles et a rendu possible la

résolution numérique des approches analytiques considérées comme compliqués.

Plusieurs recherches ont été révélées en la matiere traitant le flottement supersonique des coques
et plaques minces en se basant sur des approches analytiques linéaires. Les prédictions des
parametres caractérisant le flottement restent cependant une approche qui manque de précision du
fait de la nature de cette instabilité dynamique qui acquiert un aspect nonlinéaire incité par les

grands déplacements d’ou la nécessité de se pencher vers une analyse nonlinéaire.

Cette monographie de recherche a recours aux coques cylindriques minces pour désigner la
structure, étant donné que cette forme géométrique est trés répondue dans le secteur aérospatial.

C’est une représentation simplifiée d'un fuselage d'avion.

Les etudes se sont aiguillées ainsi vers 1’approche nonlinéaire pour 1’analyse du comportement
dynamique des coques cylindriques mince et les formulations développées en la matiere se basent
principalement sur 1’une des quatre théories qui se sont démarquées parmi les différents
formulations qui employaient trois parametres dans leur équations cinématiques a savoir : la théorie

nonlinéaire de Donnell, Fliigge-Lur’e-Byrne, Sanders-Koiter et celle de Novozhilov.

D’un point de vue numérique, la simulation des phénomenes aéroélastiques en particulier le
flottement connait une difficulté majeure du fait de la situation de ce probléeme multiphysique a la
confluence de deux disciplines intrinsequement complexes et trés différentes : la mécanique des
solides qui utilise habituellement un formalisme Lagrangien et la mécanique des fluides qui est
décrite par une approche Eulérienne. A cela viennent s’ajouter des difficultés spécifiques de type

physiques et numériques pour rendre le probleme de plus en plus complexe.



1.2. Objectif et Originalité

On est donc devant un probleme complexe et pluridisciplinaire, ce qui nous a incités a amener notre

étude par étapes afin de 1’aborder en lui conférant un aspect "pédagogique".

C’est dans ce cadre que se situe cette thése qui a donc pour objectif ultime de développer un logiciel
maison et un modele numérique basé sur une approche hybride ralliant a la fois la formulation
développée en la matiére et basée sur la théorie nonlinéaire de Novozhilov avec la méthode des
éléments finis classique. Ce modéle est capable d’analyser linéairement et nonlinéairement le
comportement dynamique des structures cylindriques minces a vide et lorsqu’elles sont soumises
a un écoulement d’air supersonique et d’examiner en conséquence leur stabilit¢é au moment de
flottement et durant les stades d’instabilité dynamique. L’objectif de cette thése se traduit par une
mise en exergue des différents aspects marquant 1’originalité de cette recherche et qui réside dans
le développement d’une nouvelle formulation basée sur la théorie nonlinéaire de Novozhilov
capable de modéliser linéairement et nonlinéairement le comportement dynamique des structures
cylindriques fermees et ouvertes, a vide et en présence d’un fluide. Cette formulation est capable
de supporter plusieurs formes de discrétisation et ce grace a la forme de son champ de déplacement
que revéte une forme générale. Elle tient aussi en compte de I’effet des imperfections géometriques
initiales. Subséquemment, la formulation est suivie par le développement d’un modéle numérique
qui mise d’une part sur la précision des résultats du faite qu’il emploie les solutions exactes qui
découlent de la théorie linéaire des coques comme fonctions de forme et d’autre part sur la rapidité
de convergence étant donnée qu’il acquiert un nombre réduit d’éléments finis. Le modéle tient
aussi en considération de ’effet des contraintes initiales de raidissement induites par les forces
axiales et/ou les pressions radiales et de I’effet du couplage entre les différents modes nonlinéaires.
Ce dernier a été négligé dans la plus part des modéles dressés afin d’alléger les calculs. Un tel
modele est destiné a étre un outil puissant de conception des vehicules supersoniques qui illustre
bien le dilemme temps/précision capable de prédire et d’analyser le flottement dans ces différentes
phases de développement en assurant un critére de convergence beaucoup plus rapide que celui des
logiciels commerciaux qui exigent un grand nombre d’éléments qui soit utilise. Ce logiciel pourra

aussi servir comme un outil pour 1’analyse de fatigue des structures des aéronefs a haute vitesse.

Avant d’entamer les étapes décrivant le modele développé dans cette thése il nous est apparu

impératif de définir les différents concepts de nonlinéarités que fait intervenir la mécanique des



structures ainsi que les différentes approches développées en la matiere pour traiter les problémes

géométriquement nonlinéaires.
1.2.1. Différents concepts de nonlinéarité
1.2.1.1. Non linéarité géometrique (Cinématique)

Elle apparait dans les structures mécaniques minces lorsqu’elles sont sujettes a des sollicitations
créant des déplacements nonlinéaires et éventuellement de grandes rotations pouvant étre a
I’origine des phénomenes d’instabilité par flambement surtout lorsque les picces sont élancées.
Dans ce cas-ci les relations cinématiques (déformation-déplacement) deviennent non linéaires, bien
que le matériau reste élastique linéaire et I’hypothése des petites perturbations considérée lors des
problémes mécaniques linéaires n’est plus valable. Les configurations déformées et initiales ne
sont plus confondues et I’équilibre du systéme dans ce cas de figure ne peut plus étre traité dans la

configuration initiale mais doit étre exprimé dans la configuration déformée. [2]
1.2.1.2. Non linéarité matérielle (Rhéologique)

Cette nonlinéarité est liée a la nature de comportement intrinseque du matériau. La relation entre
les contraintes et les déformations est nonlinéaire. On peut les classer, en générale en deux

catégories principales :
v’ Elasticité nonlinéaire

Elle se caractérise par une non proportionnalité d’accroissement entre les contraintes et les
déformations qui en découlent. Ce type de comportement nonlinéaire réversible se manifeste
souvent chez les matériaux élastiques "Green" ou hyperélastique pour lesquels 1’énergie de
déformation élastique n’est plus une fonction quadratique des composantes du tenseur de
déformation infinitésimal [2]. Il s’exprime en fonction des invariants des tenseurs de déformations

tel que ceux de Green-Lagrange, de Cauchy-Green droit, de Cauchy-Green gauche,...
v’ Plasticité

Elle est caractérisée par une décroissance irréversible de 1’énergie au cours de la déformation. Une
partie de I’énergie mécanique est transformée en énergie thermique et la structure ne peut plus

restituer sa position d’équilibre stable une fois déchargée [2]. Ce mécanisme place des restrictions



sur la direction du processus ainsi que sur les lois constitutives de 1’élément étant donné qu’il

dépend étroitement du trajet de chargement et donc des effets d’histoire.
1.2.1.3. Non linéarité de contact

Ce type de non linéarité est li¢ a I’évolution des conditions aux limites et apparait en particulier a
la jonction entre solides. 1l se manifeste dans les problémes de contact, de frottement et de jeu au

niveau de liaison entre solides. Ces phénomeénes sont décrits genéralement, par des inéquations. [2]
L’analyse de ces aspects peut étre entreprise en se basant sur ces différentes approches :

v’ L’analyse de la nonlinéarité matérielle en considérant les petits déplacements et les petites
déformations : la relation contraintes-déformations est nonlinéaire.

v L’analyse de la nonlinéarité géométrique en considérant les grands déplacements et les
petites déformations : La relation déformations-déplacements peut étre nonlinéaire.

v L’analyse de la nonlinéarité géométrique en considérant les grands déplacements et les
grandes déformations: Les relations contraintes-déformations et déformations-
déplacement sont genéralement nonlinéaires. C’est les cas le plus complexe de I'analyse

nonlinéaire des structures.

On s’intéresse plus particuliérement au deuxiéme cas dans cette these étant donné qu’on est en
présence d’un probléme qui se manifeste par des grands déplacements (flottement) tout en
admettant que les déformations demeurent petites au voisinage de chaque point de la structure ce

qui nous permet d’adopter la loi de Hooke comme loi de comportement.
1.2.2. Différents modeéles nonlinéaires

La réduction des coques minces en leurs surfaces moyennes a permis de transformer les problémes
tridimensionnels a des problémes bidimensionnels ce qui a donné naissance a divers théories
développées en la matiére dont les écarts reposent sur I’expression du champ de déplacement et les

déformations qui en découlent.

Dans ce qui suit, on dresse un apercu synoptique sur les différentes théories développées traitant

les problémes géométriquement nonlinéaires [3] :



1.2.2.1. Théorie de Donnell

Dans cette section est rappelé le modele de Donnell pour une coque cylindrique mince et isotrope
de rayon R, d’épaisseur h et de longueur L. La théorie repose sur les hypotheses suivantes

stipulant : [4]

H1 : la coque est suffisamment mince : h< R, h< L (En pratique, on prend h/R <1/20)
H2 : Le déplacement transverse w est de I’ordre de I’épaisseur h: |w|=o(h).

H3 : Les dérivés de w sont considérés petites en revanche, leurs produits et leurs carrés sont de

méme ordre que les déformations : |ow/ox| <1, |ow/Ro6| <1,

{(ow/ox)" ,(ow/Ro6)" |(w/ox)x (ow/Ra6)} = o(2).

H4 : Les composantes du tenseur de déformation sont considérées comme petites ¢ <1 de fagon

a ce que la loi de I’¢lasticité linéaire (loi de Hooke) peut étre appliquée.
H5 : Les hypotheses de Kirchhoff-Love qui stipule que tout segment normal a la surface moyenne

non déformée reste droit et normal a la surface moyenne déformée, sont supposées vérifiées ce qui

implique que les contraintes de cisaillement transverses (sz , Tez) sont négligées.

H6 : les contraintes normales agissant perpendiculairement a la surface moyenne o, sont aussi
négligés (hypothéses des contraintes planes)
H7 : Les déplacements tangentiels u et v sont considérés négligeables et par conséquent, seuls les

termes nonlinéaires dépendant de w seront retenus dans la partie membranaire du tenseur Green-

Lagrange, noté €.
H8 : L’inertie de rotation est négligée.
H9 : L’inertie membranaire est negligée.

Les hypotheses H7 et H9, éliminées dans les autres modéles, ont incité les chercheurs a critiquer
cette théorie. Toutefois, ce modéle s’avere le plus utilisé parmi toutes les autres théories optant
pour I’analyse de I’instabilité des coques en raison de sa simplicité et la précision de ces résultats

qui se trouvent tout a fait satisfaisantes d’une fagcon générale.



1.2.2.2. Théorie de Flugge-Lur’e-Byrne

Lorsque la courbure des coques devient trop grande, 1’hypothése (H7) n’est plus valable ce qui
implique que I’inertie membranaire peut étre désormais, conservé dans les équations de
mouvement. La cinématique en conséquence se complexifie, ce qui peut étre illustré dans le cas
des coques cylindriques fermeées, par une dépendance linéaire du champ de déplacement

circonférentiel en fonction de la coordonnée radiale z. [5]
1.2.2.3. Théorie de Novozhilov

Elle se caractérise par une expression plus complexifiée de ces relations cinématiques par rapport
aux autres théories. La seule différence entre cette théorie et celle de Fliigge-Lur’e-Byrne réside
dans I’expression des changements de courbures flexionnelles et torsionnelles de son champ de
déformation alors que les déformations membranaires restent les mémes. Les relations
cinématiques de Novozhilov sont considérés comme les équations les plus générales et les plus

complétes. [6]
1.2.2.4. Théorie de Sanders-Koiter

La théorie non linéaire de Sanders-koiter est exprimée dans une forme tensorielle. Elle a été
développée par Sanders [7], subséquemment, les mémes résultats ont été trouvés par Koiter [8].
Cette théorie, convenant avec des petites déformations et des rotations modérées, consiste a
développer une formulation mathématique qui respecte les exigences mécaniques capable de traiter
avec précision les problemes de stabilité des structures élastiques notamment le comportement

critique et post-critique des coques.

Toutes ces théories permettent d’appréhender les phénoménes de stabilité avec des difficultés
variables. L’€cart entre les prédictions théoriques prend de 1’ampleur lorsque les imperfections

géométriques initiales ne sont pas tenues en compte d’une maniere scrupuleuse.

La majorité des études dressees se sont basées sur les théories nonlinéaires de Donnell et celle de
Sander-Koiter pour examiner la stabilité des structures cylindriques fermées en fonction de
différents parametres physiques et thermiques. Peu de travaux qui ont recours a la théorie de
Flugge-Lur’e-Byrne et un nombre minime de recherche qui s’est focalisé sur la théorie de
Novozhilov a cause de la forme complexifiee de leur champ de déplacement, qui tient compte de

plusieurs parametres tel que 1’effet de courbure au niveau du champ de déplacement circonférentiel.



1.3. Décomposition de la thése

La formulation développée dans cette recherche traite le comportement dynamique
géométriquement nonlinéaire des coques cylindriques minces et isotropes en se basant sur la
théorie des coques minces de Novozhilov tout en tenant compte de plusieurs aspects tel que 1’effet
de courbure au niveau du champ de déplacement circonférentiel, 1’effet des imperfections
géométriques initiales et I’effet du couplage non linéaire entre les différentes cordonnées

généralisées.

Ainsi cette theése s’articule autour de six chapitres répartis comme suit : Le premier chapitre est
introductif, il définit plus précisément le cadre de cette recherche et le probleme étudié, en mettant
en exergue I’approche envisagée pour atteindre les objectifs convoités de cette étude. Le deuxiéme
chapitre contient une recherche bibliographique exhaustive sur le sujet. Cette thése inclut dans le
corps du document le continu de trois articles scientifiques. L’aspect pluridisciplinaire du sujet
s’est répercuté sur I’organisation de ces articles en offrant a chacun la flexibilité d’entamer une
partie du sujet global de la recherche. Les méthodes employées et les résultats trouvés pour chaque

article sont respectivement detaillés dans les chapitres 3,4 et 5.

Le chapitre 3 s’intéresse a 1’étude de ’effet des contraintes initiales de raidissement induites par
une pression radiale et/ou une force axiale sur le comportement dynamique des structures minces
et axisymétriques. L’analyse est fondée sur une approche stipulant I’emploi des éléments finis de
type cylindriques et coniques pour assurer la discrétisation des structures sujet d’étude. L’étude a
commencé par une analyse de la dynamique linéaire des coques cylindriques et coniques
considérées séparées en se basant sur la méthode des éléments finis hybride pour laquelle les
fonctions de déplacements sont déduites a partir de la solution exacte des équations d’équilibre de
Sanders. Les matrices de masse et de rigidité sont déterminées respectivement a partir de
I’expression de 1’énergie cinetiques et celle de déformation élastique. La matrice de rigidité inférée
par les contraintes initiales de raidissement est déterminée en se basant sur I’expression de 1’énergie
de déformation due aux flux d’efforts membranaires. Les matrices globales de masse et de rigidité
des structures combinées sont ensuite determinées en assemblant les matrices des éléments
cylindriques et coniques. L’influence de la pression radiale et/ou des forces axiales sur le

comportement dynamique des cogques axisymétriques, est examinée en détail dans ce chapitre.



Le chapitre 4 est consacré a 1’étude des vibrations libres nonlinéaires d’une coque cylindrique
axisymétrique mince et isotrope a travers le développement d’une théorie se basant sur une
approche hybride ralliant la méthode des éléments finis hybride et la théorie des coques minces de
Novozhilov. L’approche s’est caractérisée par son aspect général lui offrant la flexibilité de couvrir
des différents types de discrétisation grace 1’expression de son champ de déplacement qui se
présente par une alliance entre une fonction temporelle (coordonnées généralisées) et une fonction
spatiale (fonction de forme). Les coefficients modaux sont déterminés par 1’insertion des fonctions
de déplacements définies dans les trois axes longitudinal, circonférentiel et radial, dans les relations
déformation-déplacement de Novozhilov. Les matrices de masse et de rigidité sont déterminees en
se basant sur les équations de Lagrange. La deuxiéme partiec de 1’étude consiste a remplacer les
fonctions de formes par les fonctions de déplacements trouvées a partir de la théorie développée
par Lakis et Paidoussis [9] dans laquelle le champ de déplacement découle de la solution exacte
des équations d’équilibre de Sanders. Cette rapproche prend sa légitimité du fait que les valeurs de
fréquence linéaires déterminées a partir de la théorie de Sanders sont extrémement proches a celles
induites de la théorie de Novozhilov [10]. Les matrices de rigidité nonlinéaire quadratiques et
cubiques sont déterminées par la suite en calculant les coefficients modaux écrites en fonctions des
fonctions de forme préalablement déterminées. L’effet des imperfections géométriques initiales est
négligé afin de faciliter les calculs. L’équation de mouvement est résolue numériquement par le
biais d’une méthode itérative aprés une transformation modale effectuée et une linearisation du

systéme.

Le chapitre 5 englobe tous les aspects trouves dans les articles précédents en dressant une étude
aeroélastique traitant le probléme de stabilité d’une coque cylindrique mince et isotrope Soumise a
un écoulement d’air supersonique en tenant compte de 1’effet des contraintes initiales de
raidissement induite par les pressions radiales et/ou les forces axiales. Les matrices de rigidité et
d’amortissement aérodynamiques sont determinées par le biais de la théorie de Piston. Latendance
nonlinéaire du comportement dynamique des structures cylindriques sujet d’étude sont examinées

au moment d’apparition de flottement et durant les phases d’instabilité de la coque.

Une discussion genérale cernant les resultats obtenus et les contributions apportées dans chaque
article sera fournie dans le chapitre 6. Finalement, le chapitre 7 présente les principales conclusions

tirées de cette thése et expose les perspectives des travaux futurs suite a cette recherche.
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CHAPITRE 2 REVUE LITTERAIRE

L’analyse aéroélastique constitue une étape primordiale dans la conception des aéronefs du fait
qu’elle permet de prévenir I’apparition des phénomeénes autodéterminés tel que le flottement. Ce
phénomene d’instabilité dynamique, connu aussi sous le nom de « Flutter » est considéré comme
le « Némésis du vol » vu le potentiel signifiant des défaillances structurelles et des dommages qui
peut engendrer & court termes et des problémes de fatigue qui pourrait générer a long termes. Ceci
a incité la communauté scientifique depuis le début du vingtiéme siécle a mettre 1’accent sur son
sujet afin de comprendre son origine et de dresser en conséquence les mesures nécessaires afin de
I’éviter et assurer I’intégrité de la structure. F.W. Lanchester semble avoir été le pionnier, en 1916,
a identifier le flottement comme une vibration auto-excitée. Il a développé avec L.Bairstow et
A.Fage les premiers travaux appliqués a la queue du Bombardier Handley Page 0/400 [11].
Lanchester a proposeé de relier les volets de queue avec un arbre de torsion afin de les rigidifier.
Quant a Bairsow et Fage, ils ont dressé la premiere méthode analytique permettant de déterminer
la stabilité aéroélastique en se basant sur le critere de Routh. Von Baumhauer et Koning ont apercu
en 1925 que le flottement est induit de I’interaction entre le mode de flexion verticale et le
mouvement des ailerons [12]. Expérimentalement, Duncan [11] a congu un banc d’essai d’une aile
suspendue a un systéme rotatif nommé « moteur de flutter » afin de mettre en exergue le concept
d’extraction d’énergie aérodynamique par la structure. Keldysh [13] a son r6le, a présenté des
solutions pratiques pour prédire le flottement depuis la phase de conception. Avec le
développement des méthodes numériques discretes dédiées pour 1’analyse de flottement en se
basant sur la théorie de la surface portante [14], I’aéroélasticité a atteint une phase de maturité pour
le traitement de ce phénoméne. Les analyses se succeédent aprés en adoptant 1’approche linéaire
pour le traitement de ce phénomene et ce pour la simplicité mathématique de la théorie structurale
linéaire. Beaucoup de travaux ont été révélées en la matiere a savoir celles de Hedgepeth and
Widmayer [15], Dugundji [16] et Robinson et al [17]. Dowell [18] signale dans son article que les
nonlinéarités structurales ne peuvent pas étre prises en compte a travers ’analyse linéaire de
flottement d’un panneau qu’il a dressée. Autrement dit, les approches adoptées pour 1’étude
structurale linéaire se limitent a signaler la transition entre le domaine de stabilité de la structure et
la phase de son instabilité a travers la révélation d’une pression aérodynamique critique a partir de
laquelle I’amplitude de la structure croit et se développe exponentiellement avec le temps. En

conséquence ’analyse structurale linéaire peut servir comme un outil pour prédire les limites de
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flottement. De ce fait, le besoin est incité pour développer des théories nonlinéaires capables de
décrire le comportement de la structure pendant les phases qui suivent le flottement. Plusieurs
recherches ont été trouvées dans la littérature, qui se sont concentrées sur 1’analyse de flottement
des panneaux et des plagques en revanche le nombre des études qui ont analysé ’instabilité des
coques cylindrique fermées sous I’effet de flottement supersonique, est minime. Les premiers
travaux sont attribués a Librescu [19, 20] qui a analysé la stabilité des panneaux peux profonds et
des coques cylindriques circulaires de longueur finie en utilisant la théorie non linéaire des coques
surbaissées de Donnell. Il a également associé des termes nonlinéaires a la pression aérodynamique
calculée a I’aide de la théorie de piston. La théorie de Librescu convient aussi pour 1’étude des
coques en composites. Olson et Fung [21] ont utilisé une forme simplifiée de la théorie non linéaire
des coques surbaissées de Donnell en employant une expansion a deux modes pour modéliser les
coques simplement supportées. Au centre de recherche de NASA, en Californie, Olson et Fung
[22] ont effectué une étude expérimentale compléte du flottement supersonique des coques
cylindriques pressurisées et comprimées axialement. Les chercheurs ont signalé un comportement
particulier des coques pressurisées quant aux limites de flottement. Amabili et Pellicano [23] ont
analysé la stabilité aéroélastique des coques cylindriques circulaires simplement supportées et
soumises a un écoulement supersonique en employant la théorie nonlinéaire de Donnell pour
modeéliser la nonlinéarité géométrique induite par les grandes amplitudes de vibration. Leur étude
tient également compte de I’effet de I’amortissement structurel visqueux. L’interaction fluide-
structure est décrite par la théorie de piston linéaire a 1’aide de deux formulations différentes.
Amabili et Pellicano [24] ont développé dans un autre article une approche multimode impliquant
jusqu’a 22 degré de libertés et employant a la fois la théorie de piston linéaire et celle du troisieme
ordre. lls ont souligné que les différences entre ces deux théories étaient jugées négligeables
relativement a un nombre de Mach égale a trois. Librescu et al. [25] ont étudié le flutter et le post-
flutter des panneaux cylindriques a parois minces infiniment longues et soumises a un flux
supersonique et hypersonique. Les équations aéroélastiques ont été derivees a partir de la théorie
nonlinéaire des coques conjointement avec la théorie du piston de troisieme ordre tout en tenant
compte de I’aérodynamique des ondes de choc. Oh et Lee [26] ont appliqué une méthode
d’éléments finis non linéaires basée sur la théorie des stratifiés pour étudier I’instabilité dynamique
des panneaux cylindriques piézolaminés soumis a des charges thermiques et piézoélectriques.

Kurilov et Mikhlin [27] ont étudié le comportement non linéaire des coques cylindriques élastiques
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en se basant sur la théorie des coques surbaissées. Ils ont analysé I’effet du flux et des déflexions
initiales sur les vibrations de la coque. Les auteurs ont constaté que les trajectoires des modes
normaux dans le cas des coques présentant des imperfections initiales sont presque rectilignes.
Jansen [28] a développé une théorie tenant en compte des effets combinés des amplitudes de
vibration, de la déformation statique nonlinéaire et des imperfections géométriques initiales pour
étudier la réponse dynamique nonlinéaire des coques cylindriques laminées. Haddadpour et al. [29]
ont analysé le déclenchement du flottement supersonique des coques cylindriques
fonctionnellement graduées (FGM) pour différentes conditions aux limites en tenant compte du
modele structurale nonlinéaire couplé a la théorie du piston linéarisé. L’étude a mis en évidence
I’effet de la température et de la pression interne sur les limites de flottement pour le cas d’une
structure cylindrique FG simplement supportée. Kubenko et Koval’chuk [30] ont étudié les
vibrations nonlinéaires et la stabilité des coques cylindriques minces interagissant avec le débit de
fluide. L’étude a mis en relief ’effet des imperfections géométriques initiales, des conditions
limites, des masses concentrées ajoutées et des charges statiques longitudinales et transversales sur
les vitesses critiques. Liu et al [31] ont analysé le comportement dynamique nonlinéaire d’une
coque cylindrique FGM simplement supportée, soumise a des excitations harmoniques, a des
forces de compression membranaires et a des charges thermiques et aérodynamiques en tenant en
compte de I’effet des petites imperfections géométriques initiales. Mahmoudkhani et al. [32] ont
analysé la stabilité aérothermoélastique des coques cylindriques multicouches avec des cceurs
viscoélastiques. Le modele est développé en se basant sur la théorie de Donnell en combinaison
avec la théorie de déformation de cisaillement de premier ordre et en utilisant les relations
cinématiques nonlinéaires de Von Karman-Donnell. Les résultats ont montré que la pré-
déformation pourrait influencer considérablement les limites de flottement pour des températures
élevées. Mahmoudkhani [33] a examiné dans un autre article le flottement supersonique des coques
cylindriques fonctionnellement graduées soumises a des charges thermiques, en tenant compte de
I’effet des imperfections géomeétriques. Ses résultats numériques ont montré un changement de la
tendance des courbes relatives a la variation de pression de flottement en fonction de la température
sous I’effet des imperfections. Chen et Li [34] ont étudié le comportement dynamique nonlinéaire
d’une coque cylindrique circulaire en composite sous 1’effet d’une compression membranaire et
d’une excitation harmonique radiale et soumise a un écoulement d’air supersonique. La

nonlinéarité est modélisée en se basant sur la théorie de Donnell et les équations de mouvement
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sont dérivées a partir du principe variationnel d’Hamilton. Asadi et Wang [35] a examiné
I’instabilit¢ nonlinéaire d’une coque cylindrique fonctionnellement graduée en composite,
pressurisée, renforcée de nanotubes de carbone (FG-CNTRC) et soumise a un écoulement d’air
supersonique. Le modele structurel est développé en se basant sur la théorie de déformation de
cisaillement de premier ordre et sur les relations nonlinéaires de déformation-déplacement de VVon-
karman-Donnell. La pression aérodynamique est évaluée par le biais de la théorie quasi stable de
piston modifiée de Krumhaar en tenant compte de 1’effet de courbure. Asadi [36] a poursuivi son
étude pour investiguer les instabilités dues au flottement aérothermoélastique et au flambement de
la coque cylindriqgue FG-CNRC. Ses résultats numériques ont montré que 1’¢lévation de la
température a un effet significatif sur les caractéristiques de flottement aérothermoélastique de la
structure cylindrique et que le nombre circonférentiel critique dépend également de la distribution
des nanotubes en carbone (CNTs). Avramov et al. [37] ont mis en point un nouveau modele de
vibration nonlinéaire des coques cylindriques en composite fonctionnellement graduée et
renforcées par des nanotubes en carbone, bas¢ sur 1’approche de flottement en onde progressive
circonférentielle des coques FG-CNRC soumises a un écoulement supersonique. Fazilati et al. [38]
ont étudié le comportement aéro-thermo-¢lastique d’un panneau cylindrique courbé soumis a un
flux d’air supersonique en prenant en considération 1’effet de la nonlinéarité structurale basée sur
les relations déformation-déplacement de Von Karman-Donnell et I’effet aéroélastique nonlinéaire
qui découle de la théorie de piston de troisieme ordre et ce dans le but d’évaluer la stabilité de la
structure. Khudayarov et Turaev [39] ont investigué la réponse dynamique des coques cylindriques
orthotropes soumises a un écoulement supersonique en tenant compte des propriétés
viscoélastiques du matériau et I’effet des nonlinéarités géométriques. La charge aérodynamique est
déterminée a en se basant sur la théorie de piston de AA.ilyushin. Les résultats numériques ont
révélé que la diminution de la vitesse critique de flottement est due a la prise en compte des
propriétés viscoélastiques du matériau de la coque. Baghdasaryan et al. [40] ont examiné la réponse
aéroelastique non linéaire et la stabilité des coquilles cylindriques fermées soumises a un flux
supersonique et placées dans un champ de température non homogene. Leurs résultats numériques
ont montré que la vitesse critique est inversement proportionnelle a I’épaisseur relative de la coque
et se manifeste par une fonction décroissante ayant un point minimum qui dépend de la valeur du
champ de température. Dans un autre article, Baghdasaryan et al. [41] ont étudié les vibrations

nonlinéaires d’une coque cylindrique surbaissée, isotrope soumise a un écoulement d’air
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supersonique en tenant compte des nonlinéarités géométriques structurales et celles

aerodynamiques.
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CHAPITRE3  ARTICLE 1: NUMERICAL MODELING OF INITIAL
STRESS STIFFENING EFFECT ON THE DYNAMIC BEHAVIOUR OF
AXISYMMETRIC SHELLS

(Published in Journal of Pressure Vessel Technology (ASME), DOI: 10.1115/1.4050092)

Yacine Ben-Youssef, Youcef Kerboua, Aouni A. Lakis

3.1. Abstract

This paper presents a numerical model to simulate the initial stress stiffening effect, induced by
radial pressure and/or axial load on the dynamic behaviour of axisymmetric shells. This effect is
particularly important for thin shells since their bending stiffness is very small compared to
membrane stiffness. The theoretical formulation is based on a combination of the finite element
method and classical shell theory. For a perfect geometrical consistency, two semi-analytical finite
elements, conical and cylindrical, are used to model axisymmetric shells. The displacement
functions are derived from exact solutions of Sanders’ shell equilibrium equations. The results
obtained using this approach are remarkably accurate. The potential energy is calculated to estimate
the initial stiffening effect using direct membrane forces per unit width and rotations about the
orthogonal axes. The final stiffness matrix of each finite element is composed of the regular
stiffness matrix and the added stiffness matrix generated by membrane loads. The frequencies of
vibration are compared with those obtained in other experimental and theoretical research works

and very good agreement is observed.

Keywords

Thin shell, stiffening effect, frequency, axial load, radial pressure, finite element.
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3.2. Introduction

An initial stress stiffening effect occurs in shell-type structures when they are subjected to
membrane loads. This phenomenon significantly affects the dynamic behaviour of thin-walled
axisymmetric shells widely used in aerospace, aeronautical, submarine and submersible structures
and can bring them to dynamic collapse at an early stage. This issue has been studied in many
works. In order to clarify the significant effects of internal pressure on thin cylindrical shells, Fung
et al. [42] derived the vibration modes associated with the lowest frequency using conventional
shell theory. The frequency spectra were calculated and compared with experimental results
performed in the same work. Miserentino and Vosteen [43] experimentally determined the
vibration modes and frequencies of thin cylindrical shells subjected to various values of internal
pressure. His results compared reasonably well with those of Reissner [44] based on Donnell’s
equation. Weingarten [45] developed an analytical model and carried out an experimental
investigation to determinate the effect of internal and external radial pressure on the natural
frequencies of simply supported conical shells. He realized that the test data were generally slightly
higher than the theoretical prediction, since the clamping mechanism for the tests was more
restraining than a simply supported end. Dixon and Hudson [46] investigated the flutter, vibration
and buckling characteristics of orthotropic conical shells and their sensitivity to fluctuation of
hydrostatic pressure and axial loads. They remark that blunt cones are more susceptible to flutter
than cylinders. The experimental work of Dixon and Miserentino [47] presents the fundamental
frequencies of simply supported and clamped conical shells subjected to internal pressure. Their
results were compared with those calculated theoretically in Ref. [46]. Generally, good agreement
was found, although the theoretical model overestimated the increase in frequency resulting from
an increase in internal pressure. The analysis of supersonic panel flutter of conical shells by Ueda
et al. [48] included the effect of radial pressure. Their results were compared with those of Ref.
[45] and good agreement was found. They revealed that flutter is very sensitive to the critical
pressure. They also observed that, once the value of buckling is exceeded, the shell continues
fluttering locally around the buckling configuration in rather small amplitudes. An analytical
solution in the form of a power series was used by Tong [49] to investigate the effect of axial load
on the dynamic behaviour of orthotropic conical shells. Numerical results showed that the
frequency parameters are decreased by the axial compressive load and increased by axial tension.

Lam and Hua [50] used the generalized differential quadrature method to study the influence of
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initial uniform pressure on the frequency characteristics of a rotating thin truncated isotropic
conical shell. It was shown that this influence becomes more significant for large cone angles
and/or high circumferential wave number. Their approach was validated and may be used
accurately for vibration analysis of rotating conical shells under initial uniform pressure load.
Zhang et al. [51] developed a finite element model to investigate the dynamic behaviour of
prestressed thin cylindrical shells conveying a steady fluid flow. Their theoretical approach is based
on Sanders’ nonlinear theory of thin shells and classical potential flow theory. Their empty shell
model was validated using Lindohlm’s experimental results [52]. Sofiyev et al. [53] analyzed the
vibration and stability of an orthotropic conical shell with nonhomogeneous material properties
under hydrostatic pressure. The effects of nonhomogeneity and orthotropy on the critical
hydrostatic pressure and frequency parameter were investigated for different mode numbers, when
Young’s moduli and density vary together or separately. Heydarpour et al. [54] surveyed the
influence of internal pressure on the free vibration behavior of functionally graded truncated
conical shells based on first-order shear deformation theory. They pointed out that the minimum
value of the asymmetric frequency parameter can occur for a circumferential wave number other
than (n=1) depending on the boundary conditions of the shell and the internal pressure. Chiba et al
[55-57] studied the linear free vibration of a clamped-free cylindrical shell partially filled with an
incompressible, inviscid liquid using the Donnell shell theory and taking into account the effect of
the axisymmetric deformation due to the static liquid pressure. They reinforced their theoretical
analyses by a numerical study, in which calculations are carried out for two test cylinders partially
filled with liquid highlighting the whole aspect of the free vibration characteristics of the shell-
liquid system. The authors took then their research one step farther by comparing their results
predicted theoretically with those issues from an experimental study and an excellent agreement
was found. Yamaki et al. [58] developed an analytical method for free vibration of a clamped
cylindrical shell partially filled with an incompressible, inviscid liquid using the Galerkin
procedure. Chiba and Osumi [59] analyzed theoretically and experimentally the free vibration and
buckling under axial compression of a clamped cylindrical shell on both sides, which partially
contains liquid and is partially submerged in a liquid. Tani et al [60] performed a theoretical
analysis on the linear free vibration of the free-clamped coaxial cylinders with the liquid-filled
annular gap. The authors found that the interactive effect of the coaxial cylinders becomes small
and the mode shape changes with an increase in the wave number and the annular gap size. They
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also reported that an increase in liquid filled rate leads to a decrease in the natural frequencies.
Chiba [61] conducted also a theoretical analysis to investigate the influence of the liquids inside
and outside the shell on the free-vibration characteristics of a thin cantilever cylindrical shell

partially submerged in a liquid.

Most of works cited above are devoted to studying the initial stiffening effect on the dynamic
behavior of either cylindrical or conical shells separately. However, in practice, axisymmetric
shells are often made up of joined conical and cylindrical shells (see Fig.3.1) or axisymmetric shells
with variable radius. The aim of our paper is to develop a numerical model able to investigate the
initial stiffening effect of axisymmetric thin-walled shells. To ensure better geometrical
consistency, two finite elements of cylindrical and conical shape based on the hybrid finite element
method are used. This hybrid method is based on Sanders’ thin shell theory and the finite element
method. It stood out for its accuracy and its speed of convergence for the treatment of axisymmetric
shells using a small number of finite elements. This is due to the fact that the displacement functions
are derived from exact solutions of Sanders’ shell equilibrium equations rather than an
approximation with polynomial functions [9]. Moreover, this method has also shown its ability to
detect low as well as high frequencies with excellent precision. The middle surface of each finite
element is matched with the middle surface of the axisymmetric shell. The strain and the
displacement functions are continuous between two overlapping nodes in the interface between the
conical and cylindrical finite elements of the axisymmetric shell. Our approach is based on the idea
that the characterization of the combined structures (cylindrical and conical) passes through the
modeling of its components behavior since the combined shell manifests itself by an assembly of
cylindrical and conical segments based on standard techniques of finite elements. Hence, the
combined structure can benefit from the advantages of the conical and cylindrical models taken
separately. One can thus conclude that the field of displacement in the combined model is derived
from the exact solution of the equilibrium equations of the Sanders’s linear theory instead of the
polynomial approximation. The initial stiffening effect is considered by calculating the potential
energy using direct membrane forces per unit width and rotations about the orthogonal axes. It is
accounted for by generating, for each finite element, an additional stiffness matrix that should be
added to the regular stiffness matrix.
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Figure 3.1: Combined cylindrical-conical shell

3.3. Structural modeling of axisymmetric shells

In order to accurately determine the initial stress stiffening effect on the dynamic behavior of an

axisymmetric shell, two finite elements are used. The geometry and nodal displacements of the two

finite elements are depicted in Figs 3.2 and 3.3. Detailed formulation is given in Sections 3.3.1 and

3.3.2.

W‘niA
E VUni
Upi ,~7 5 .
e — Node j
Node i
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6 coordinate
1 1
1
x |
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Figure 3.2: Geometry and nodal displacements of a cylindrical F.E [69]

X coordinate

Figure 3.3: Geometry and nodal displacements of a conical F.E [69]
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3.3.1. Cylindrical shell model

The linear strain vector according to Sanders theory [62] in the cylindrical coordinate system is

expressed in terms of axial U, radial W, and circumferential V mid-surface displacements as

follows:
y
OX
1oV W
__+_
&y rog r
& v 1y
26| _ X rob R
K, _ow
k, Ox?
2k 10W 1oV
X0 ot
r- oo r o6
20w 31U
roxo0 2r ox  2r? 06

Where r is the mean radius of the solid shell.

In Eq. (1), & and ¢, represent strain components in the axial and circumferential directions,

respectively. ¢,, represents the shear strain in the x@ plane. k and k, are the change of curvature

of the normal midsurface and k., is the modified twisting strain. The stress-strain relation is given

by:

to}=[Ple} (2)
where [P] is the elasticity matrix for an anisotropic shell [63]. Its components for an isotropic shell

are given in appendix A.
The equilibrium equations of cylindrical shells are expressed in terms of axial, tangential and radial

displacements of the mean surface [9, 62]. They are given below using three linear differential
operators L, (k=1 2, 3)
L (UW.V,R,)=0 (3)

Where L, (U W,V P ) are the linear partial differential equations of an anisotropic cylindrical
k=1,2,3

1 |J
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shell given in Appendix A. P, are the components of an elasticity matrix [P]of order (6x6)for an

anisotropic material (see appendix A).

The displacements of Eq. (3) are considered as periodic functions and can be expressed in Fourier
series as (see Ref. [9]):

U(x,0)= iun (x)cos(nd) (42)

W (x,0)= n:own (x)cos(nd) (4b)
V(x,6)= v (x)sin(ne) (4c)

Where n is the circumferential wave number, and u_,v. and w, are the magnitudes of

displacements that depend only on the x coordinate, as follows:

u, (x)=Ae™" (5.)
v, (x)=Be™" (5.b)
w, (x) =Ce™" (5.)

By introducing Egs. (4) and (5) into the Sanders equilibrium Eq. (3), the following system of

equations in terms of displacement parameters is obtained:

0
H,, Hy, Hy|{Br=10 (6)
Hy Hyp Hy | (C 0

For the nontrivial solution of Eq. (6), the determinant of | H,; | must vanish yielding the following
characteristic equation:

a1’ +ba® +ci*+dA% +e=0 (7)
Coefficients (a, b, ¢, d and e) are given in Appendix A. Each root A, of the characteristic equation

represents a solution of Eq. (3). Complete solution of the spatial displacement function is obtained
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by summation of the eight roots of the characteristic equation and constants A B, and

C (i=12,.....8)as follows:

0, ()= gAeﬂ«-x” (8a)
v, (x) = jzlsiew (8b)
w, (X)= iZi:Cie“” (8c)

Since the solution of Eq. (6) is nontrivial, A,B, and C, are not independent. We can express A, B,

interms of C, as follows: A =¢;C, and B, = BC,. Where «; and S, are complex numbers. Details

of the procedure are given in Ref.[9]. The displacement functions may be written as:

[TIIRIC) (9)

= C
—

X X
)
~
Il

where matrices [T ]of order (3x3), [R]of order (3x8)and vector {C}of order (8)are given in
Appendix A.
Each cylindrical finite element has two nodes (i and j), each with four degrees-of-freedom: axial,

radial, circumferential displacements and a rotation, (see Fig.3.2). Therefore, the nodal
displacement vector can be defined by

{2}:{% Wi, OW [ OX, Vi, Uy, W, OW, ] O,V }T =[A]{C} (10)
Since the cylindrical frustum is defined by two line nodes, i and j, the terms of matrix [A]are
obtained using Eq. (8), where x in matrix [R]is replaced by definite coordinate values x; and x;
corresponding, respectively, to nodes i and j, (see Fig.3.2). The components of matrix [A]ng are

defined in Ref. [9].

Multiplying Eq. (10) by [A]_l, the constant vector {C} will be expressed as
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Substituting Eq. (11) into Eq. (9), one obtains the displacement functions expressed in terms of

nodal displacements as follows:

(x0)

" NEANT

-l MBI @2
By introducing Egs. (4) and (8) into Eq. (1) and using Eq. (11), the strain vector expression becomes
-l s - &

where the components of matrix [Q] are given in Ref.[9]. Now, the components of the stress vector

may be written in terms of nodal displacements using Eqgs (2) and (13) as

fo)-[eltel | (1)

e
S

Based on the standard finite element approach, the elementary mass [m]z and stiffness [k]

matrices of the cylindrical finite element are calculated using the following relations:
e | p27
[k], = jo jo [B]T [P][B]rdxd& (15)

[m]: = ph[ ["[N] [N]raxde (16)

Where p is the density of the solid shell, h is its wall thickness, | is the length of the finite element

and ris the mean radius of the cylindrical shell.

Using Egs. (12) and (13) in Egs. (15) and (16) and integrating over #, one obtains
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[l =[[A1*] | #r [ [QT [PI[Q]ex [[A]" (17)
[m]: = ph[[A]*| | #r [ [RT [R]ox [A]" (18)

3.3.2. Conical shell model

Overline accentuation is used for conical parameters to differentiate them from those of the
cylindrical model. According to Sanders’ linear thin shell theory, the equilibrium equations of
truncated conical shells (see Fig.3.4) are expressed in terms of their middle surface displacements

and mechanical properties [62] by:
S, =(UW.V,B,;)=0 (19)
where S, (k =1 2,3) are three linear differential equations written in terms of displacements whose

form is given fully in Appendix B. U,W,Vare, respectively, meridional, radial and

circumferential displacements. B; terms are the components of an anisotropic matrix of elasticity

[P ]of order (6x6), see Appendix B.

Figure 3.4: Geometry of a truncated conical shell [66]

The shell theory used here corresponds to the case of a conical shell with linearly variable thickness.

This latter condition permits exact solution of the equilibrium equations. It is possible, however, to
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study the case of truncated conical shells with a constant thickness by using a thickness
proportionality coefficient, defined as follows:

¢=h/x (20)
The strain-displacement equations of conical shells in a conical coordinate system (x, r, @)are

expressed in terms of meridional U , radial W and circumferential Vv mid-surface displacements,
see Appendix B. The components of the strain vector are

(gy={z, & 25, k Kk, 2k,} (22)
The conical finite element illustrated in Fig.3.3 is bounded by two circular nodes i and j. Each node
has four degrees-of-freedom, three displacements (um,vm,w ) and one rotation (awm /8x). The
geometry of this finite element allows us to find the displacement functions in terms of nodal

displacements based on Sanders’ shell theory.

This approach is more accurate than the use of polynomial functions. The stress-strain relation for

an anisotropic shell may be expressed by
o} =[P {7} (22)
Where [5] is the elasticity matrix for an anisotropic shell of order (6>< 6) , see Appendix B.

The displacement functions associated with the n' circumferential wave number may be developed

into a Fourier series as follows:

o) B
W ( z W, (x) (23)
\7 —

(6’) " Vn(X)

Where [T ] is a matrix of order (3x3) given in Appendix A. T, (X), W, (X)and V, (x)depend only

on the x coordinate: By introducing the displacement functions of Eq.(23) into Eg.(19) and working
out derivatives with respect to ¢, one obtains three ordinary differential equations. The solutions

of these equations have the following general form (see Refs [64] and [65] for more details):
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()
Hatl-

where 2, A, Band C are unknown complex numbers and L is a reference slant length. By
introducing Eq. (24) into equilibrium equations given in Appendix B, we obtain the following

algebraic system:

iy
=

-[A] )

e e

I I T

I e

O W >

O W >
Il

o O O

Matrix [ H ]is a square matrix (3x3), the terms of which are functions of 7, see Ref. [66]. For
nontrivial solution, the determinant of matrix [H_]must be zero. Application of this condition
brings us to the following characteristic equation in terms of A :

alt+bA’+cA*+dA*+e=0 (26)
The coefficients (a, b, T, d and é) of the characteristic equation are given in Ref. [66]. Each root

ﬂ_,,solution of the equation above yields a solution to the equilibrium equations according to
Sanders’ thin shell theory. The complete solution is obtained by summation of these eight solutions

independently with the constants A, B, and C,(i=L1..,8)as follows:

1, (x) zgz\ Yo (27.)
7, (%) :23 YA (27b)
W, (x) = 2@ yi (27¢)

Where vy is the variable replacing the dimensionless ratio (x/ L)”zgiven in Eq. (24).

The dependent constants A and B, are expressed in terms of constants C,, see Ref.[66]. The

displacement functions are written as
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=

=1

)
((x)) =[R]{C} (28)

Where [ﬁ] is a (3><8) matrix given in Ref. [66]. The displacement vector corresponding to the

< =

=}

x

circumferential mode n, at any point (x,8), is then given by

U (x,6)
W (x.0)=[T][R}{C} (29)
V(x,6)
The nodal displacement vector of a conical finite element is
N S
5 :{Uni ,Wm,éwmlax,vni,unj,wnj,awnj/c’ix,vnj} :[A]{C} (30)
J

where matrix [K] is obtained from the terms of the nodal displacements by replacing x by the

nodal coordinates X, and x; corresponding, respectively, to nodes iand j(see Ref. [67]). The

vector {C_:}:{C_Zl,...,c_lg}T is a set of constants that may be determined from the eight nodal
displacements of the conical finite element.
Premultiplying Eq. (30) by [ﬂ]_l, we obtain
(5
CRORE @
j

Substituting Eq. (31) into Eq. (29), one finds the displacement functions in term of the nodal

displacements as follows:

Eg@ -TRTEAT o e @)

By introducing Egs. (23) and (27) into Eq. (21) and using Eq. (31), the relationship between the

< = C

strain and the displacements for conical shell can be rewritten as
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o o5 )

Where | Q [is a (6x8)matrix given in Ref. [67].

The stress resultant vector may be found in terms of nodal displacements by inserting Eq. (33) into
Eq. (22) as

SEOH (3

Following the framework of the finite element approach, the elementary mass and stiffness

matrices defined in the conical coordinate system can be expressed as follows:
=ph[[[N] [N]da (35)
(kL =Me] [PI[B]eA (36)

Where p is the material density, his the shell thickness and dA is the differential area of the
conical finite element expressed by

dA=xsin(«a)dxdo (37)
Using Egs. (32) and (33) in Egs. (35) and (36), respectively, one obtains

[m]jzph[[/ﬂ*“j [CIRT R]dA][A] (38)
GRIONIINGC ]{“ o o} et [y &

3.4. Modeling of initial stress stiffening

The initial stiffening stresses in axisymmetric shells result from radial pressure and axial load.
Their effect is estimated here by calculating the potential energy using direct membrane forces per
unit width and rotations about the orthogonal axes. We assume that the shell is under equilibrium
conditions without deforming excessively, which makes the model appropriate for small vibrations
and cannot examine the effect of nonlinearity on the dynamic behaviour. Also, the initial in-plane
shear, static bending and transverse shear are ignored [68].
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We first introduce the general formulation of the initial stiffening effect and then apply it to the
conical and cylindrical finite elements including their kinematic equations. The resultant

membrane forces per unit width N, and N,are expressed in terms of axial load P,and radial

pressure P, . The strain energy associated with these loads is [68]:

U, = [N+ Nl + (N, + N, ) o, J0A (40)

. Ppand @, are the elastic rotations and are defined according to Sanders’ shell theory as

follows:
Dyx :ﬂ_iaﬂ (41&)
R o 0§
U 1 oW
, ==z W (41b)
R, «, 0,

1 [6(22?2) ) 6(;2;1)] (41.c)

Where ¢;and ¢ (i =1, Z)are, respectively, the coefficient in metric form and the generalized

coordinates on the middle surface associated with Sanders’ shell theory [62]. U, and U, are the

displacements tangential to the middle surface and W is the displacement normal to middle surface.

R, and R, are the principal radii of a doubly curved shell.

Equations (40) and (41) may be rewritten in matrix form as

T

1 P P
U, =E” Do [Z] Pgo (4,0 EAE, (42)
®Pn P
Pyx U,
Poo [ = [G] W (43)
Pan U,

With
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NX 0 0
[Z]=| 0 N, 0
0 0 N_+N,
And
1 19 0
R, a, 0
6] ) 10 1
a, 06, R,
1 [86{1 o ] 1 (60{2 0 j
— +ao, 0 T ——
L 2041, \ OS, og, 2ona, \ 0 0%, i

Expressing the displacement functions in Eq. (43) by those obtained above in Egs. (12) and (32),
either for conical or cylindrical finite elements, one obtains:

o el ) (a4

Where [I\Al}is the shape function matrix in local coordinates and {5,} is the nodal displacement

vector. Now, introducing Eqg. (44) into Eq. (42), the expression of the elastic strain energy may be

rewritten as

T IH; } LS [Z][G][I\]H?}alazdgldéz (45)

J

The initial stiffness matrix for each element can be deduced from Eq. (45) as

k] =[[[N] [6] [z][6][N |madsde, (46)

The general formulation of the initial stiffening effect presented above will be applied below for
conical and cylindrical shells by considering the proper resultant loads and elastic middle surface

rotations.
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3.4.1. Initial stress stiffening for a cylindrical finite element

The resultant membrane loads due to a differential radial pressure P, and axial load P,shown in

Fig.3.5, may be expressed, respectively, by:

N,=P.r and N =-—* (47)

l
TTTTTTTY

I

Figure 3.5: Configuration of the axial loads and radial pressure applied on the cylindrical shell

The Sanders’ theory parameters ¢; and & and the elastic rotations for a cylindrical shell are:
&=x, U=U, R =, a =1 (48.a)

=60, U,=V, R,=r, a,=r (48b)

Elastic rotations for the present geometry are:

0 0
Do 182 L |[Y U
-l 0 =2 = wl=[c]{w 49
mll 18, 1o
2r 060 2 OX |

By inserting Eq. (12) into Eq. (49), one obtains the elastic rotations in terms of nodal displacement

as follows
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o e | (50)

i
Prn

Using Eq. (46), the initial stress stiffness matrix for each cylindrical finite element is

= [ ["INT [6] [Z][G][N]rdxde (52)

Rearranging Eq. (51), we obtain
272' _
F=[a] H R]'[T]'[G] [Z][G][T][R]rdxd& [ A™] (52)
Finally, the stress stiffness matrix can be written as

=[A*] [D][A"] (53)

where

[D]= . [“[R] [TT [6] [2][G][T][R]rdxdo = [ [ [D, ]rdxdo (54)

The analytical form of matrix [D, ]is

e(ﬂi+/1j)x/r ([\_j +[\_]9)

D, (i, )= > {l\_lxﬂi/ij (cosn9)2+[Ng(n+ﬁi)(n+ﬁJ) n (ain+,8i/11)(ajn+ﬁjﬁj)}(sinn@)z}

r

i=1.8and j=1.,8 (55)
By integrating Eq. (55) over x and ¢, we obtain the analytical expression of the D(i, j)matrix

depending on the sum (4 + ;)

For (4 +4;)=0

—‘Q)(ain +B%) (aer‘ﬂjij )}(56)
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D(i,J>=7{u,ﬂx+m<n+m(n+ﬂj)+—(ﬂx )

Z (an+BA4) (an+ B4 )}

3.4.2. Initial stress stiffening for a conical finite element
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(57)

The linear membrane stress resultant N,and N, in terms of the external radial static pressure P,

and compressive axial load P, shown in Fig.3.6, are given by [46]:

N, =—xtan(a)P

m

27z sin ¢ cosa

The Sanders’ theory parameters ¢;, & and the elastic rotations for this geometry are:

l:J’ :w’ al:]_
Vv

v, R, =xtana , a, =X sina

Py

s

Figure 3.6: Configuration of the axial loads and radial pressure applied on the conical shell

Elastic rotations for the present geometry may be written in their matrix form as:

(58.a)

(58b)

(59.a)
(59b)
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B fx s, [0 v
D, b= 0 - — Wi=[G |{W
(/_)% (xsina) o6 xtana || [ ] _
Prn v \
1 e 0 1,10
i (2xsina ) 06 2x 20X |

By inserting Eq. (32) into Eq. (60), the latter is written in terms of nodal displacement:

Po 5

o LT 2 |

Prn ’

Using Eq. (46), the initial stiffness matrix for each conical finite element is

[k_,]e = .f:j J'02”|:l\_l]T [GT [Z][G ][N ]xsinadxdd
By inserting Eq. (32) into Eq. (62), the stiffness matrix can be written as follows:

T [[A] } IR ITT [6] [Z)[G]ITI[R]xsinadxda[ A] "

Finally, the initial stiffness matrix is written as

k] =[[AT"] o)A
where

[0]=["["[RT [T [6] [2][G][T][R]xsinaraxdo = [ [ [ D, ]xsinadxde

The analytical form of matrix | D, |is

2 zsin(2a) | 4x°

2 -2
Ija(i'j): _itanap L F XtanaP MFZ-F _%tanapm_ PX sin (ng) F3
2 zsin(2a) x?sin‘a 2

avec i=1..,8and j=1,..,8

where
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After integrating Eq. (66) over x and 4, we can express Eq. (65) for the k™ element, as follows

For (4 +4;)=0and (4 +2;—2)=0

D(i, j) = Aux, + Aux, + Aux, (67)
For (4 +4;)=0

D(i, j) = Aux, + Aux; + Aux, (68)
For (4 +4;-2)=0

D(i, j) = Aux;, + Aux, + Aux, (69)

Where Aux, (p =1,..,9)are given in Appendix B.

3.5. Geometrical transformation

The elementary matrices of the conical finite elements should be transformed to a common global
system, (see Fig.3.7). The nodal displacement vector is related to its counterpart in the global

coordinate system by:

cosa —-sina 0 0 Li“i li”i
_|sina cosa 0 O av‘vni. _[TR] 8v‘\:i. (70)

0 0 10 ol nl

X 0 0 01 \(_?X gx

The mass and stiffness elementary matrices are then transformed to the global coordinate system

as follows:

. [TTR] 101 Tr—=[[TR] [01T
= ) ™
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Figure 3.7: Geometrical transformation from local to global coordinates

Where [k]z and [m]i are, respectively, the elementary stiffness and mass matrices defined in the

global coordinate system.

Once all the elementary matrices relative to each structural geometry are defined, we proceed to
determine the equivalent stiffness matrix by adding the structural stiffness matrix to that attributed

to the initial stiffening effect.
3.6. Equations of motion

After superimposing the elementary matrices of the structure and introducing the boundary
conditions, the dynamic behaviour of a combined axisymmetric shell subjected to membrane loads

can be represented by the following system:
[MJ{A}+[[K.]+[K, ] ]{a} ={o} (73)
where {A} s the global displacement vector, and [M, Jand [K; ]are, respectively, the global mass

and stiffness matrices of the whole structure. [KI ] represents the global matrix of the initial stress

stiffening effect. The vibration frequencies of the system above may be calculated by solving the

standard eigenvalue problem.
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3.7. Results and discussions

The hybrid approach, presented above to model the elastic behavior of conical and cylindrical
frustums, enables very accurate results using a small number of finite elements [9, 69]. Before
performing numerical calculations to determine the initial stress stiffening effect, it is important to
conduct a convergence study of the solution as a function of the number of finite elements and to
confirm the validity of the solid model. In our work, numerical calculations were carried out
beforehand separately for conical and cylindrical shells. Later, both models were used to analyze

combined structures.
3.7.1. Cylindrical model
3.7.1.1. Convergence test and free vibration

The first set of calculations was performed for a clamped-free cylindrical shell with an axial length

L=0.231m, radius r=7.725cm, and thickness h=1.5mm. Its mechanical properties are:

Young’s modulus E =206 GPa, Poisson’s ratio v =0.3and density o, = 7800 kg/m3. Variation
of the percentage error of natural frequencies relative to the requisite mesh size (30 F.E.)
((oNFE —0330FE.)><100/0)NFE Is given in Fig.3.8 versus the number of cylindrical finite elements. The

results were calculated using a regular mesh for two fundamental circumferential modes

n=2and 3, and for four axial modes from m=1to 4. The fundamental mode requires a very

small number of finite elements while the higher modes require a more refined mesh. Based on
these results, we can conclude that only twenty finite elements are sufficient to ensure convergence

for the case of cylindrical shells.

Table 3.1 lists the natural frequencies of the same clamped-free shell calculated above using thirty
cylindrical finite elements for various axial and circumferential modes. The obtained results are
compared to those of Refs [51] and [70]. Very good agreement is found between our results and
those of Ref. [51]. It can also be seen that numerical results obtained using our theory are closer to
experimental results than those based on Zhang’s theory. The small margin of error in frequency
between our model and the experimental results in Ref. [70] may be due to experimental difficulties

encountered to reproduce the boundary conditions of the clamped side of the shell.
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Figure 3.8: Variation of the percentage error of natural frequencies of a cylindrical shell relative to the requisite
mesh size (a) n=2and (b) n=3 (100x(wyre ~Oxre )/ On FE)
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Table 3.1: Natural frequencies of a clamped-free cylindrical shell compared to numerical and experimental results of
Refs. [51] and [70], respectively.

Finite
Experimental element

m n Present ~ofRef. [70] model of
Ref. [51]
2 816.69 708 816
3 635.3 616 637.9
1 4 950.04 945 952.8
5 148376 1479 1487.6
6 215893 2151 2164.2
2 316681 NA. NA.
3 203343 1969 2049
2 4 165218 1628 1665.3
5 184282 1851 1853.3
6 238948  N.A. N.A.

3.7.1.2. Axial load

The influence of axial load on the dynamic behaviour of the structure was investigated by
calculating the natural frequencies of cylindrical shells clamped at opposing sides and having an

axial length L=0.9144m, radius r =0.1527m, shell thickness h=0.47mm, Young’s modulus
E =200 GPa, Poisson’s ratio v =0.3and density p, =7639 kg/m?® . This case was calculated to

validate our initial stiffening effect model. Table 3.2 shows that a tensile membrane load increases
the shell frequencies. Our results were compared with those measured in Ref. [43] and calculated
in Ref. [51]. Excellent agreement of our results may be noted, particularly with the numerical
results of Ref. [51]. The maximum relative error for the worst case of the calculated frequencies is
limited to 4% .

The axial force can be applied as tension or compression. The compressive axial load should be
validated as it enables determination of the critical compressive load. The frequencies calculated
using our model were validated by comparing them to those obtained using the ANSYS finite
element ‘SHELL281’. This finite element is able to take the stiffening effect into account by
activating the ‘PSTRES’ command [71]. The physical properties of the studied clamped-free
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structure are: shell density p, =7916 kg/m?, Young’s modulus E =200 GPa, Poisson’s ratio

v =0.32, axial length L =0.6096m, radius r =0.1016 mand shell thickness h=0.152mm.

Table 3.2: Natural frequencies of a clamped-clamped cylindrical shell under axial load F, compared to those of
Refs. [51] and [43].

Axialload e mferential  Present  Experimental results of  Numerical model of
Fx(N) mode n model Ref. [43] Zhang [51]
5 173.65 162 175.48
6 196.12 191 196.49
4
1.198x10 7 247.62 243 247.07
8 316.58 320 315.34
5 17711 165 176.44
6 199.22 194 197.37
4
239710 7 250.07 246 247.00
8 318.49 321 315.90
5 185.94 167 177.40
6 207.13 196 198.24
4
3.597x10 7 256.37 247 248.47
8 323.41 323 316.45

Figure 3.9 compares our frequencies to those calculated by the ANSYS software. Compressive
membrane forces decrease the natural frequencies until dynamic instability occurs. Perfect
concordance is found between our results and those of the ANSYS software. It is important to note
that the ANSY'S software requires an excessive bidimensional finite element (350 F.E) number and
a two-step solution using a nonlinear model. In comparison, the same results are obtained by our

model using only 20 finite elements and a single calculation step.
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Figure 3.9: Frequencies of a clamped-free cylindrical shell as a function of axial compressive load (N) compared to
ANSYS finite element model (SHELL281)

3.7.1.3. Internal pressure

The effect of hydrostatic pressure on a clamped-clamped stainless steel cylindrical shell was
investigated. The physical properties of the cylindrical shell are the same as the case described just
above. By examining the results presented in Table 3.3, we find that the frequencies increase with

internal pressure for all circumferential modes considered.

This increase is related to the fact that the elastic deformation energy associated with the membrane
forces is added to the preliminary deformation energy calculated without any initial stiffening
effect. Excellent agreement may be noted between our results, using a small number of finite

elements, and those of Refs. [51] and [43].
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Table 3.3: Frequencies of a clamped-clamped stainless steel cylindrical shell under internal static pressure compared
to those of Refs. [51] and [43].

Mode Internal Experiment  Zhang
n pressure P, Present [43] [51]
(kPa)
29.65 418.997 402 423.13
3241 433.807 424 437.79
32.75 435.597 428 439.59
39.65 470.446 466 474.12
5 46.69 503.523 492 507.86
51.02 522.828 507-508 526.17
59.99 560.711 544-556 563.8
66.88 588.154 567 591.12
69.64 598.795 590 601.7
87.94 665.054 651 667.58
20.68 416.732 402 419.84
27.58 469.96 458 472.68
5 42.75 569.762 548 572
55.16 639.934 619-620 641.93
62.74 679.238 645 681.14
68.95 709.818 675-685 711.62
27.58 549.024 579 550.83
30.34 572.456 597 574.17
7 38.61 637.531 656 639.1
46.19 691.821 709 693.3
59.98 780.969 761 782.27
67.57 825.941 826 827.14
19.99 555.786 568 557.27
26.89 629.252 631 630.51
33.09 688.611 684 689.81
8 45.51 794.288 77 795.26
55.85 872.557 848 873.46
62.05 916.288 884 917.18
68.95 962.623 937 963.44

3.7.1.4. Effect of geometric properties

The initial stiffening effect, resulting from radial pressure and axial load, influences the dynamic

behaviour of the structure and can lead to instability by exceeding certain critical compressive loads

and/or certain external radial pressures. We focus our study in this section on investigating the

influence of some geometric properties on the dynamic stability of the structure, highlighting the
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fluctuation of the critical buckling loads and the critical pressures. Numerical computations were

carried out for clamped-clamped cylindrical shells with various geometrical ratios (r/h)and

(L/r)[43].
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Figure 3.10: Fluctuation of frequencies of a clamped-clamped cylindrical shell as a function of external pressure for
various radius-thickness ratios (L =0.6096 m, h=1.52x10" m) [43]
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Figure 3.11: Variation of the critical pressure P, of a clamped-clamped cylindrical shell as a function of the radius-
thickness ratios
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The structure is subjected to variable external pressure and compressive axial loads, applied
separately.

It is observed from Fig.3.10 that frequencies reduce nonlinearly as the external pressure increases,
for different radius-thickness ratios. The thickness is maintained fixed here and the radius is varied.
When the frequency reaches zero, the structure loses its stability and converts membrane strain

energy into bending strain energy. The dynamic critical pressure P, is determined from the

intersection of the curve with the x-axis. By setting a fixed value of external pressure, Fig.3.10
exhibits a decrease of frequencies with an increasing radius-thickness ratio. It can also be seen that

the frequency drop corresponding to different r/h ratios is more significant as the external pressure

increases. Figure 3.11 depicts the variation of the critical buckling pressure versus the radius-

thickness ratio for the same shell defined above.

The critical pressure is inversely proportional to the radius-thickness ratio. The slope of the curve

is more accentuated for small ratios r/h. It can be concluded that thinner and/or wider shells

become more vulnerable to dynamic instability.

Numerical calculations were carried out for clamped-clamped cylindrical shells with various

geometrical ratios r/h.

The second geometrical parameter investigated here is the length/radius ratio. The latter was varied
from 6 to 13.78 by keeping the shell radius fixed (r:0.1016m)and varying its length. The

variation of frequency versus external pressure for different values of length/radius ratio is plotted

in Fig.3.12. It can be noticed that the frequency drop is more remarkable for slender shells as the

external pressure increases (L/ r=11.81and L/r =13.78).

Figure 3.13 exhibits a decreasing trend of the critical load while the slenderness of the structure is

still increasing. Beyond L/r =11.81, the slope of the curve becomes more pronounced.
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Figure 3.12: Fluctuation of frequencies of a clamped-clamped cylindrical shell as a function of external pressure for
various length-radius ratios
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Figures 3.14 and 3.15 investigate the effect of axial compressive load on the dynamic stability of
the aforementioned shell using the same geometrical parameters r/h and L/r . It is obvious from
Fig.3.14 that the frequencies are inversely related to the dimensionless parameter r/h. The
frequency drop for the different r/h ratios depicted in the same figure, decreases as the axial force
increases, which represents an opposite effect to that observed above for a cylindrical shell
subjected to external pressures. In the neighbourhood of the critical force, the effect of r/h

becomes minimal. The three curves converge almost to the same value of the critical buckling load

(F ~27.8 kN) . Figure 3.15 shows the variation of the natural frequency of the cylindrical shell

[
versus the axial compression load for the different /r ratios. According to this figure, the

frequency of the system is enhanced as the L/r ratio decreases.

As the axial compression load increases, the structure loses its stability and the critical buckling
load can be predicted at the point of intersection of the natural frequencies curve with the abscissa

(F ~27.8 kN) . According to Figure 3.15, the three curves converge almost to the same value of

cr —

the critical buckling load.
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Figure 3.14: Fluctuation of frequencies of a clamped-clamped cylindrical shell as a function of axial load for various
radius-thickness ratios
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Figure 3.15: Fluctuation of frequencies of a clamped-clamped cylindrical shell as a function of axial load for various
length-radius ratios

3.7.1.5. Effect of boundary conditions

The effect of boundary conditions on the dynamic behaviour of the cylindrical shell, with the same
geometric properties cited above, is studied in the Figs.3.16 and 3.17 by varying separately the

external radial pressure and the axial compression load.

It is observed from the two curves that the clamped-free cylindrical shells are more vulnerable to
instability than those clamped-clamped and simply supported at both opposite sides. In Figure 3.17,
the critical buckling load for the structures clamped at both opposite sides is more than 1.5 times

larger than simply supported at both opposite sides.
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Figure 3.16: Fluctuation of frequencies of a cylindrical shell as a function of external pressure for different boundary
conditions (L =0.6096 m, h=152x10"m, r/h = 666.67)
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Figure 3.17: Fluctuation of frequencies of a cylindrical shell as a function of axial load for different boundary
conditions (L =0.6096 m, h=152x10"* m, r/h = 666.67

3.7.2. Conical model

According to the mathematical development presented above, positive values correspond to
external pressure and externally applied axial load.
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3.7.2.1. Convergence Test

Focusing here on the conical model and in order to investigate how the geometry of the shell and

the number of finite elements could affect the requisite mesh size, two semivertex angles of conical
shells are considered (a =15°and a = 45°). The percentage error of natural frequencies relative
to the requisite mesh size elements is plotted in Fig.3.18 versus the number of conical finite
elements. Only ten finite elements are sufficient to keep the relative error less than 0.6 % for both
a=15°and o =45°. On this same figure, a gap can be seen in the relative error between the two
semivertex angles for this small number of finite elements. The relative error is more significant
for a large semivertex angle. This gap fades as the number of finite elements increases. Twenty

finite elements allow us to reach mesh independency. In the following calculations, a larger mesh

size is considered.

—¥—a=152n=9 —&—0=452n=11

© ©
wn )}

©
~

©
N}

Error % relative to convergent mesh size
(=} (=}
[EEN w

o
o

5 15 25 35 45

Number of finite elements

Figure 3.18: Variation of the percentage error of fundamental frequencies of a conical shell relatively to the requisite
mesh size (100><(o)N FE — g5 ,:.E.)/coN FE) (E =69 GPa, v=0.32, p=2750 kg/m®, h=05mm, | =0.5m )

3.7.2.2. Radial pressure

A truncated conical shell made of 2024 aluminum, simply supported on both sides and subjected
to uniform external radial pressure, was analyzed. The obtained results are presented in Fig.3.19

along with experimental data measured by Weingarten [45] and his theoretical outcomes. The
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physical properties of the truncated conical shell are: semi-vertex angle « =20°, small radius

R, =5.45cm, Slant length of the shell L=21.62cmand thickness h=0.508 mm. The

dimensionless internal pressure applied is given by P, /P, =0.446. The critical pressure P, is

defined in Ref. [72] by the following expression:

_ 0.87(hxcosa /D,)?® 2E

P 74
Lxcosa/D,  (1+D,/D,) (74)

cr

where D,and D,are the base diameters, respectively, at small and large ends of the cone. Even

though a small number of finite elements was used, very good agreement was found between our
results and those quoted in the experimental measurements of Weingarten [45] for all of the
considered circumferential modes. Compared to the numerical model performed by Lam and Hua
[50] using the generalized differential quadratic method, the deviation is considerable for low
circumferential modes while the concordance is better for higher modes. As stated in Ref. [50], the
theoretical approach used in Refs. [45] and [73] assumes that the meridional and circumferential
displacements u and v are a function of the normal displacement w, which considerably simplifies
the governing equations of motion. This explains the discrepancy between this approach and the
other methods.

Figure 3.19 also shows that the minimum frequency is found at the same circumferential mode

(n = 6) except for Lam and Hua’s curve, which is slightly offset.

The case of external and internal pressure is validated by comparing our results to those of Ueda et
al. [48] (see Fig.3.20). A truncated conical shell, clamped on both sides is made of super-invar with

Young’s modulus E =12.8 GPa, Poisson’s ratio v =0.25and density p, =813 kg/m®. The ratio

of slant length to small radius is 1.61. The semivertex angle «a =14°and the shell thickness

h=0.05mm. Figure 3.20 shows the variation of frequencies as a function of the circumferential
modes for static pressures P, =-200 kPa and 200 kPa. The concordance among the results is

generally very good.
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Figure 3.19: Frequencies corresponding to the axial mode m =1 of a conical shell simply supported at both opposite

sides subjected to external pressure B, =7488Pa as a function of circumferential modes
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Figure 3.20: Frequencies corresponding to the axial mode m =1 of a clamped-clamped conical shell as a function of

3.7.2.3. Axial load

circumferential modes for various radial static pressures

The last set of validation concerns the vibration of axially loaded conical shells. The considered

shell is clamped-clamped with Young’s modulus E =210 GPa, Poisson’s ratio v =0.3, and
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R,/h=100, (1-R,/R,)=0.25and the semi vertex angle a =30°. Calculations are performed for
many circumferential wave numbers n using load and frequency parameters p and «,,

respectively, defined by [49]:

i)

p, =P/P, and @, = @R, =

(75)
where Pis the axial applied load and P, is the critical buckling load for simply supported,
moderately long isotropic conical shells [74], expressed by:
2 2
P, _ 2zENh'cos o (76)
3(1-v7)
Figure 3.21 shows that an increase of axial load induces a linear augmentation of the frequency.

However, the same figure exhibits a nonlinear frequency decrease versus an increase in

compressive axial load, particularly when the parameter pis in the range of -0.5to —1. The

results are in very good agreement with those of Ref. [49].
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Figure 3.21: Variation of the frequency parameter of a clamped-clamped conical shell (m = 1) as a function of the
ratio of the applied axial force by the critical buckling load P, for different values of circumferential wave number
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3.7.2.4. Effect of geometric properties
Numerical computations were carried out to assess the effect of the semivertex angle variation on
the dynamic behavior of a clamped-clamped isotropic conical shell with increasing applied axial
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Figure 3.22: Variation of frequencies of a clamped-clamped truncated conical shell as a function of compression
axial load for various semivertex angle
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semivertex angle



54

The mechanical properties of the shell are the same as those provided in Sec. 3.7.2.3. Figure 3.22
depicts a decrease of the frequencies as axial compression load and semivertex angle increase. The
critical loads corresponding to various semivertex angles are investigated here. Once these critical
points are reached, the structure loses its bearing capacity and a significant drop of its total rigidity
can be noticed. Since conical shell structures are known to be more resistant to membrane stresses,
their critical loads are relatively higher than those of cylindrical shells. By examining Fig.3.23, it
can be observed that the slope of the tangent to the curve becomes more pronounced by exceeding
the semivertex angle o =45°. We can therefore conclude that, as the semivertex angle of a conical

shell increases, the structure becomes more prone to instability.

3.7.2.5. Effect of boundary conditions

Figure 3.24 shows the effect of boundary conditions on the critical axial load of the conical shell
studied above. Three cases are considered: clamped-clamped, simply supported-simply supported
and clamped-free. It is obvious that frequency has an inverse proportionality to axial load for these
three boundary conditions. Moreover, the critical load of the clamped-clamped shell is the largest

compared to those of the other two boundary conditions. Its value is almost three times larger than

that of the clamped-free shell.
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Figure 3.24: Fluctuation of frequencies of a truncated conical shell as a function of axial load for different boundary
conditions
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3.7.3. Combined conical-cylindrical model

The case of a combined shell is calculated in order to check results correctness when the two models
are joined together. The structure shown in Fig.3.25 is a shell which is clamped on both opposite
sides, made of aluminium with Young’s modulus E = 69 GPa. The shell thickness h=0.5 mm.
The remaining geometrical properties of this structure are denoted in the same figure. The validity
is established by comparing the natural frequencies calculated by our model for the combined

structure cited above versus those found using a numerical study based on the ANSY'S software
within shell 281 finite element model.

27.475 em . 27.475 cm -

A

L5

a=20°

Figure 3.25: Geometrical characteristics of a combined shell [69]

Table 3.4: Comparison of natural frequencies of a combined conical-cylindrical shell under clamped-clamped
boundary conditions

Relative
n Present Ansys error (% )
3 841.33 838.91 -0.29
4 645.52 642.54 -0.46
5 510.02 512.94 0.57
6 430.19 431.73 0.36
7 403.75 404.4 0.16
8 419.44 420.22 0.19
9 418.44 420.04 0.38
10 422.63 424.6 0.46
11 450.71 453.41 0.60
12 497.92 502.04 0.82
13 559.81 566.12 1.12
14 633.18 615.17 -2.93
15 716.01 729.38 1.83

16 807.04 813.68 0.82
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Excellent agreement between our results and those generated from the finite element program
ANSYS has been achieved for not only the lower order natural frequencies but also the higher

order frequencies. (See Table 3.4).

A series of radial pressures and axial loads were applied then on the studied structure in order to
detect the initial stiffening effect on the dynamic behavior of the combined shell. By analyzing the
frequency curves of Fig.3.26, we observe two minimum values. One corresponds to the cylindrical
frustum and the other to the conical part of the combined structure. External pressure decreases the

frequencies, whereas internal pressure reinforces the dynamic behavior of the structure.

The case of axial loads applied at opposite sides of the combined shell shown in Fig.3.25 was
investigated by considering the effects of tension and compression loads. The obtained results are
shown in Fig.3.27. By examining the last figure, we find that for low values of circumferential

modes n, the frequency difference is narrower than in the case of high order circumferential modes.
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Figure 3.26: Frequencies of a clamped at both opposite sides combined conical-cylindrical shell subjected to radial
pressures
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Figure 3.27: Frequencies of a clamped-clamped combined conical-cylindrical shell subjected to axial loads

We can conclude that the initial stiffening effect is remarkable for large values of the number of
circumferential waves. However, it is minimal when the structure membrane behaviour governs.
The theory developed in this document does not support post-buckling study. It is mainly based on
the hypothesis of small displacements within a framework of linear elasticity. Exceeding a certain
compression membrane force (critical load) and for low frequency values tending towards their
nullity, the structure loses its bearing capacity and a large flexural deformation is therefore needed

to absorb the released membrane strain energy.
3.8. Conclusions

This paper presents a numerical approach based on a hybrid finite element method to predict the
dynamic behaviour of axisymmetric shells under the initial stiffening effect induced by membrane
loads. The axisymmetric shell is a class of structure, which is of great interest and is found in a
variety of sectors of engineering and industry. Two axisymmetric conical and cylindrical finite
elements are used to perfectly match the geometry of the studied axisymmetric shells. The
displacement functions of each finite element are derived from exact solution of Sanders’ shell
equilibrium equations. Due to its high accuracy, this approach motivated us to model combined
conical-cylindrical shells subjected to initial stiffening stresses induced by radial pressure and/or

axial loads.
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We validated conical and cylindrical models separately under the effects of axial force and radial
pressure to check the accuracy of our results. The obtained results were compared with those found
in other theoretical and experimental works. Very good agreement was generally found. Several
example calculations show that external pressure and compression axial load degrade the

frequencies and can lead to instability of the structure.

The natural frequencies decrease as the radius and/or the length of the cylindrical shells increases.
This frequency drop is accentuated when the cylindrical shell is subjected to an increasing external
pressure and diminishes when it is exposed to an increasing axial load. The effect of augmentation
of the external pressure is preponderant, especially for slender cylindrical structures and those with
small radius. Numerical analyses also showed that the critical buckling load is independent of the
variation of the radius and the length of a cylindrical shell. According to the abovementioned
numerical results for conical shells, the critical buckling load has an inverse proportionality with
the semivertex angle variation. Consequently, we can say that variation of the semivertex angle in

thin conical shells represents a decisive criterion for judging the stability of these structures.

Another conclusion that can be inspired from our numerical study is, when the boundary

conditions are more restrictive, the structure becomes less sensitive to instability.

Concerning the variation of frequencies as a function of circumferential wave number, the curves
of the combined conical-cylindrical shell show two minimums instead of one due to a combination
effect. The theory developed in this paper presents a powerful model that converges within a
minimum number of finite elements with great accuracy. It may be used to solve complicated
problems commonly encountered in the design of aerospace, aeronautical and submarine
structures. The theory developed in this paper serves as a tool for other complex studies

highlighting the hydrodynamic and aerodynamic effects on the dynamic behaviour of structures.
3.9. Appendix
3.9.1. Appendix A

This Appendix contains some matrices and relations cited in the text of this paper.

Equilibrium equations for thin anisotropic cylindrical shell
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Matrix [P]

The elasticity matrix [P] of order (6><6)for an anisotropic material is expressed as

P, B, 0 R, R O
P21 P22 O P24 P25 0
(D I (A4)
P, P 0 P, Ps O
P51 P52 0 F)54 P55 0
10 0 R; 0 0 PRg]

In the case of isotropic material, the matrix of elasticity becomes
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D vD 0 0 0 0
vD D 0 0 0 0
0 0 D(1-v)/2 0 O 0
[P1= 0 0 0 K vK 0 (A5)
0 O 0 vK K 0
0 0 0 0 0 K(1-v)/2]
3
where K :i and D:E—h2
12(1—1/2) 1-v

E is Young’s modulus, v is Poisson’s ratio and h is the shell thickness.
After integrating each component of the stress vector over the thickness of the shell, the normal
stress resultant and moment resultant for an isotropic cylindrical shell can be written as

NX gx

N, &y

Nx9 28x9

= =P A

o=t 1 1PH (A9)

Me kH

Mx9 2kx9
Matrix [T |

cosné 0 0
[T]=| © cosnd 0 (A7)

0 0 sinn@

Coefficients of the characteristic equation for an isotropic material

1-v? 2 2
a=1 b=-4n% c= +6n%(n*=1)|, d =—4n*(n*-1) , e=n*(n*-1 A8
v (1), = (2 e (- (1)
2
Where « = 1hh
12 )\r
Matrix [R]
ale(ﬂix/r) aze(ﬂzx/r) a3e(23x/r) a4e(/14x/r) a5e(/15x/r) aee(ﬂﬁx/r) a7e(i7x/r) ase(ﬂex/r)
e(ﬂlx/r) e(AQx/r) e(ﬂaxlr) e(/14x/r) e(}Lsx/r) e(Zﬁx/r) e(}qx/r) e(Aﬁx/r) (A9)

ﬂle(llx/r) ﬁze(ﬂzx/r) ﬁae(ﬂgx/r) ﬂ46(24x/r) ﬂse(ﬂsx/r) ﬁBe(ﬂﬁx/r) ﬂ7e(l7x/r) ﬂge(ﬂex/r)
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Vector {C}

{Cl={Cc,C,C,C,C, C,C, G, (A10)

3.9.2. Appendix B

Equilibrium equations of a multilayer anisotropic truncated conical shell with variable thickness
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The elasticity matrix [FT] depends only upon the mechanical characteristics of the material of the

shell. When dealing with anisotropic material, it will have the same shape as Eq. (A.4). For shells

of variable thickness, [5] can be written as

xB, xB, 0 xB, XB, O

xB, xB, 0 Xx°B, X°By, O

] 0 0 xB, 0 0 xB,
x’B, xB, 0 xB, xB, O

x’B, xB, 0 xB, xB, O

0o 0 xB, 0 0 xB

where x is the conical coordinate, (see Fig.3.3).

(B.4)

The expressions of B, are given below for a shell composed of number of symmetric isotropic or

orthotropic layers:
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(a) For even number of layers 2n, we have

B; :2225(5s ~¢,,) fori=1.3and j=1.3 (B.5)
:-Zz, 5ia(¢3-¢2,) fori=4.6and j=4.6 (B.6)
B; =0 for (i=1..3 and j=4.6) or (i=4..6 and j=1..3) (B.7)

(b) For odd number of layers 2n+1, we have

B, =2Z1"¢,. +23°Z: (£, ~¢,,) fori=1.3and j=1.3 (B.8)
s=1

B, = zz,”glJ L+ Zz, 53(68-¢3,) fori=4.6 and j=4.6 (B.9)

B, =0 for (i=1.3and j=4.6)or (i=4.6 and j=1.3) (B.10)

With

S S S_,S S S s_,S S S S_,S S_,S S 1 S
Z,=E /(1_‘/1‘/2)’ Z,=E, /(1_‘/1‘/2)’ Z,=24,=FEv, /(1—\/1\/2), Zy 25612
Zi =B 1(1-vivi), 25 = 5 (1-vivi). 25 = 25 = Evi (1-vivi), 25 = S G
(S, v ) and (E;3, v; )are Young’s modulus and Poisson’s ratio with respect to axis X(6); G is

the shear modulus of elasticity, ¢, is the coefficient of proportionality of thickness corresponding
to the s" layer.

In the case of an isotropic conical shell with a constant thickness, the elasticity matrix [5] will
correspond to that found in Appendix (A.5).

Strain vector of conical shell
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where « is the semivertex angle of the cone, (see Fig.3.4).

Terms Aux, for the k™ element are given as follows (i=1,..,8 and j=1,..,8)

Ai+2; Ai+2; Qi+ =2 Qi+ =2
Aux, =| —— ™ sinatana| x 2 w2 |- R 2 _y 2 f_(ﬂi (4 _1) (8.12)
1~ k+1 k K+1 Kk Qi+Ai =2 :
A+ 4 ncosa(ﬂj +/Ij—2) 4 5 .
2P » Ak A
Aux, = — m pr; .t %2 |(n+4 COSa)(n+ﬁj COSa) (B.13)

cosa(ﬂq- +lj)L 2

4 ] A2 KA =2
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Auxg =| ——"—| X,,2  —X, - Xeq?  —X x
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4L 2
P, . P -
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i 7 (B.19)

Auxg =—
Cosa

3 _ P X z( ne 1+4 ) Na; 1+ 4
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9 5'm (X1 =%) 2zcosa [ X H4(sina ﬂ'( 2 D[sina Fi 2 (820)

(n+5 cosw)(n+ﬂj COSa)(Xk+1—Xk)

After integrating each component of the stress vector over the thickness of the shell, the normal
stress resultant and moment resultant for an isotropic conical shell can be written as

N_X 6_‘)(
N, g,
— Nx& =Y 25)«9
= Yl P .
=1 (1P (B21)
M, K,
M,, 2k,
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CHAPITRE4  ARTICLE 2: AN ANALYTICAL APPROACH FOR THE
NONLINEAR FREE VIBRATION ANALYSIS OF THIN-WALLED
CIRCULAR CYLINDRICAL SHELLS

(Published in International Journal of Structural Stability and Dynamics (1JSSD), DOI:
10.1142/S0219455421501728)

Yacine Ben-Youssef, Youcef Kerboua, Aouni A. Lakis

4.1. Abstract

This paper presents a new formulation combining the nonlinear theory of Novozhilov with the
classical finite element method for the purpose of evaluating the vibratory characteristics of thin,
closed and isotropic cylindrical shells. The theory developed in this paper is able to include the
shell curvature effect in the circumferential direction of the orthogonal displacements and considers
the impact of initial geometric imperfections on the dynamic response of the system. The
formulation first takes a general form by expressing the shell displacements as an alliance between
the generalized coordinates and spatial functions. Nonlinear kinematic relationships are inferred
from Novozhilov's theory. The equations of motion as well as the expressions of the mass, linear
and nonlinear stiffness matrices are derived through the Lagrange method by considering the
coupling between the different modes. An application of this model is illustrated in a further step,
by adopting the displacement functions derived from exact solutions of linear Sander's theory
equilibrium equations for thin cylindrical shells. The governing equations of motion are solved
with the help of a direct iterative method. Linear and nonlinear frequencies are validated by
comparison with the results in the literature. The relative nonlinear frequencies are determined as
a function of vibration amplitudes and then compared with published results for several cases of
shells. Excellent agreement is observed between the results derived from this theory and those
found in the literature. The effect of different parameters including axial and circumferential wave
number, length-to-radius ratio, thickness-to-radius ratio and various boundary conditions, on the

nonlinear frequencies of cylindrical shells is investigated.

Keywords: Thin cylindrical shells; geometry nonlinearities; finite element; hybrid method,;

nonlinear free vibration; nonlinear Novozhilov theory.
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4.2. Introduction

Cylindrical thin shells are important structural elements and are widely employed in a variety of
fields. Examples of their use in modern construction engineering include missiles, hydrospace,
rockets, aircraft and other industrial applications such as civil engineering, nuclear, shipbuilding,
petroleum and petrochemical. The study of the dynamic behavior of these structures has attracted
the attention of the scientific community during recent decades as they seek to use them safely and
achieve the desired performance in different conditions. The results of numerous studies focusing
on linear free vibration analysis however seem to be inaccurate. This has prompted researchers to
lean towards nonlinear analysis of these structures in order to design a model that faithfully
translates reality. The geometrical nonlinearity generated by large vibration amplitudes influences
the vibratory properties of cylindrical shells, which exhibit significant qualitative and quantitative
changes in their dynamic characteristics.

Several analytical and experimental research studies have been performed on this subject. The
pioneer who studied the vibration of circular cylindrical shells without geometric imperfections
was Reissner [44]. He isolated a single half-wave (lobe) from the vibration mode and analyzed it
for simply-supported shells. Based on Donnell’s nonlinear shallow-shell theory for thin-walled
“Ashells, Reissner discovered that the trend of nonlinearity may vary depending on lobe geometry.
It could be either of the hardening or softening types. Grigolyuk [75] adopted the same shell theory
as Reissner [44] and employed the first and third longitudinal modes for the flexural displacement
in order to study the nonlinear free vibration of circular cylindrical panels simply-supported at all
four edges. The trend of nonlinearity found is of a hardening type. Chu [76] extended Reissner’s
analysis to closed cylindrical shells. By plotting his results and comparing them with a previous
study carried out on flat plates, he found that nonlinear effects are considerably more manifest in
flat plates than in the corresponding cylinders. Cummings [77] confirmed Reissner’s analysis for
circular cylindrical panels simply-supported at four edges. He also examined the response to delta
function, step function and harmonic function loadings and predicted the dynamic buckling using
the shock response method. Nowinski [78] confirmed Chu’s results for closed circular shells.
However, Evensen [79] revealed the lack of precision of Nowinski’s analysis because it did not
maintain a zero transverse deflection at the ends of the shell. Evensen indicated in his experimental
studies that the nonlinearity in closed shells is of the softening type and weak. Matsuzaki [80]

studied theoretically the nonlinear flexural vibration of thin, simply-supported circular cylindrical
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shells based on Donnell’s nonlinear shallow-shell theory. He also investigated the effect of
structural damping and presented a detailed analysis of travelling wave oscillations. In another
paper, Matsuzaki and Kobayashi [81] studied theoretically and experimentally clamped circular
cylindrical shells. Their stress function takes into consideration both the particular and homogenous
solutions and the mode expansion was modified in order to satisfy the different boundary
conditions. The study revealed a nonlinearity of the softening type. Dowell and Ventres [82] used
modal approximations in deriving the equations of motion for the nonlinear flexural vibrations of
a cylindrical shell. They propose a method that satisfies boundary conditions more exactly. Their
approach was followed by Atluri [83], who found that some terms were missing in one of the
equations used by the authors. Recently, Dowell et al. [84] corrected their omissions. The boundary
conditions assumed both by Dowell et al. and by Atluri consider the nullity of the axial
displacement at the shell extremities and the nonlinearity found in their study is of the hardening
type. Varadan et al [85] revealed that the choice of the axisymmetric term is the cause of the
hardening-type results based on the theory of Dowell and Ventres and Atluri. Prathap [86]
commented on the nonlinear asymmetric vibrations of some thin shells of revolution. He revealed
the existence of some inconsistencies in the mathematical formulation of Evensen. El-Zaouk and
Dym [87] evaluated the effects of curvature, material orthotropy and internal pressure on the
nonlinear vibrations of shallow shells. Their study exhibited a change in the type of nonlinearity
observed, which transforms from a softening trend to a hardening tendency for very large
displacements. Ginsberg used a different approach to solve the problem of asymmetric [5] and
axisymmetric [88] nonlinear vibrations of circular cylindrical shells. He adopted an asymptotic
analysis instead of the assumptions of mode shapes to solve the nonlinear boundary conditions for
a simply-supported shell. The equations of motion were obtained from the Lagrange equations
based on an energy approach and subsequently solved using a perturbation technique. The
nonlinearities revealed are either softening or hardening depending on some system parameters.
Furthermore, Ginsberg [5] utilized the Flligge—Lur'e—Byrne shell theory, which neglects transverse
shear, instead of Donnell’s nonlinear shallow-shell theory and studied the damped response to an
excitation and its stability considering both the driven and companion modes. Radwen and Genin
[89] derived nonlinear modal equations for thin elastic shells of an arbitrary geometry based on the
Lagrange method. They used the strain-displacement relations of the Sanders—Koiter nonlinear
shell theory, and imperfections were taken into account. The nonlinear coupling between the linear
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modes was neglected. Radwen and Genin [90] subsequently extended their study to integrate
nonlinear coupling with axisymmetric modes. Most of their results illustrate a hardening type
nonlinearity. Raju and Rao [91] analyzed large-amplitude asymmetric vibrations of shells of
revolution by developing a finite element formulation. They determined the stiffness matrix based
on Sanders’ nonlinear strain—displacement relations and found the mass matrix by including the
effect of in-plane inertia in their analysis. Their numerical results showed a nonlinear trend of the
hardening type. Chiba [92] carried out experimental studies on the nonlinear vibrations of two
polyester cantilevered circular cylindrical shells. He noted that almost all responses have a
softening nonlinearity. The softening trend of the nonlinearity turns out to be more accentuated for
shorter shells. He also found that between all modes presenting the same axial wave number, those
with the minimum natural frequency present the weakest degree of softening nonlinearity.
Travelling wave modes were also observed. Ganapathi and Varadan [93] developed a formulation
to investigate the nonlinear free flexural vibration of circular cylindrical shells using a Co
continuous QUAD-4 shear flexible doubly-curved shell element, based on the field consistency
principle. The anisotropy, transverse shear deformation, in-plane and rotary inertia effects were
considered in their formulation. A four-node finite element was developed with five degrees of
freedom for each node. Only free vibrations were investigated in the paper using Novozhilov’s
theory of shells. The Wilson- & numerical integration technique coupled with a modified Newton—
Raphson iteration scheme was used. The study also brings out the participation of the axisymmetric
contraction mode with the asymmetric mode. Selmane and Lakis [94] propose a general approach
to investigate the geometric nonlinearity effect on the free vibration of freely simply-supported
thin, orthotropic open cylindrical shells. The method used in this paper is a hybrid method based
on a combination of thin shell theory and the finite element method (FEM). The linear solution is
derived based on the displacement functions that arise from Sander’s linear shell theory. The mass
and linear stiffness matrices are subsequently determined using the finite element procedure. The
expressions of the second- and third-order nonlinear stiffness matrices are obtained based on the
Sanders—Koiter nonlinear theory. The nonlinear equations of motion are solved using the fourth-
order Runge—Kutta numerical method. The trend of nonlinearity revealed is of a hardening type.
In another paper, Lakis et al. [95] used the hybrid method they developed to analyze the effect of
nonlinearities on the free vibration of laminated orthotropic cylindrical shells. The strain-
displacement relations were obtained from Sanders—Koiter nonlinear theory. The displacement
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functions were derived from linear thin shell theory. Expressions of the mass, linear and nonlinear
stiffness matrices were calculated using the FEM. The uncoupled equations of motion were solved
through the elliptic functions and the numerical results derived from this study exhibit a nonlinear
trend of the hardening type. Amabili et al. [96] investigated the nonlinear free and forced vibrations
of a simply-supported circular cylindrical shell empty or in contact with an incompressible and
inviscid fluid. The study is based on Donnell’s shallow shell theory. The Galerkin method is
employed to reduce the problem to a system of ordinary differential equations. Effects of both
internal and external dense fluid are studied. The authors found that nonlinear analysis is more
important for fluid-filled shells than for empty ones. Indeed, they revealed that the effect of the
fluid is to enhance the nonlinear character of shell vibration. Solution of the problem was obtained
both numerically and by the method of normal forms. The results obtained in this analysis exhibited
a nonlinear behavior of the softening type. Amabili [97] analyzed the geometrically nonlinear
vibrations of simply-supported circular cylindrical shells subjected to harmonic excitation in the
spectral neighbourhood of the fundamental frequency with the help of four nonlinear thin shell
theories. Namely Donnell’s, Sanders—Koiter, Flligge—Lur’e—Byrne and Novozhilov’s theories. The
author used a potential fluid model to examine empty and fluid-filled shells. The nonlinear
equations of motion were solved using a code based on an arclength continuation method allowing
bifurcation analysis. Liu and Chu [98] examined the nonlinear vibrations of rotating thin circular
cylindrical shells. The equations of motion were derived based on the Hamilton principle by
considering clamped-free boundary conditions. The system of equations was truncated with the
help of the Galerkin method. The numerical results highlighted the effects of certain parameters
including axial half wave number, temperature, circumferential wave number, geometrical
parameters, rotating speed, excitation frequency, damping and nonlinearity on the frequency
responses and dynamic characteristics. Due to the factor of nonlinearity, Liu and Chiu determined
whether the system stiffness had become hardening or softening by comparing it to hard or soft
spring characteristics. They also revealed the existence of a jumping phenomenon in the nonlinear
vibrations of the rotating circular cylindrical shell. Ramzi and Lakis [99] investigated geometrically
nonlinear free vibrations of closed isotropic cylindrical shells through an analytical numerical
model. The method developed was a combination of Sanders—Koiter nonlinear shell theory and the
FEM. Nonlinear responses were evaluated using the Runge—Kutta numerical method. The
numerical results that ensued from this study indicated either hardening or softening types of
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nonlinear behaviors depending on the structure data. Sofiyev [100] developed a formulation based
on the shear deformation theory (SDT) and Von K&rman-type strain— displacement relationships
in order to analyze the nonlinear free vibration of functionally graded (FG) orthotropic cylindrical
shells. The equations of motion of these shells were derived from Donnell’s nonlinear shell theory.
The expressions of the relative nonlinear frequency depending on the amplitude as well as the
nonlinear frequency parameters were obtained in the form of a Jacobian elliptic function. The
effects of the nonlinearity, shear stresses, material gradient, material orthotropy and cylindrical
shell characteristics on the values of the nonlinear frequency parameters were investigated in detail.
Sofiyev et al. [101] studied the nonlinear vibration of orthotropic cylindrical shells by considering
large deformations. The formulation included the Von Kérman type of geometrical nonlinearity
and used the SDT to obtain the basic equations of orthotropic cylindrical shells on the nonlinear
elastic foundations within Donnell’s shell theory. Dey and Ramachandra [102] investigated the
nonlinear transverse vibration of cross-ply laminated circular cylindrical shells subjected to static
axial and periodic radial loading. The simply-supported cylindrical shell was modeled using
Donnell’s shell theory integrating in-plane and rotary inertia as well as first-order shear
deformation. The equations of motion were first reduced using the Galerkin method and then
solved using the incremental harmonic balance method to obtain frequency—amplitude responses
for free and forced vibration. The analysis contains both asymmetric and axisymmetric terms and
the forced vibration responses show a softening trend of nonlinear behavior. Hasrati et al. [103]
developed a numerical solution method to analyze the nonlinear free vibrations of shells based on
the six-parameter shell theory. Their approach was based on Hamilton’s principle and used the idea
of the variational differential quadrature method, which allows the energy functional to be
accurately discretized in a direct way. The authors focused their study on cylindrical and spherical
shells subjected to various types of boundary conditions. Solution of the problem was obtained
using time-periodic discretization and pseudo arc-length continuation techniques. After making a
comparison between the results of the six-parameter shell theory and first-order SDT, the authors
concluded that the nonlinear hardening effects are more pronounced when the former theory is
used. Kurylov and Amabilli [104] calculated the elastic strain energy based on the Sanders—Kaoiter
nonlinear shell theory during their investigation of the nonlinear dynamic behaviour of clamped
and simply-supported circular cylindrical shells. The shell displacements were developed in the
form of a double mixed series. The equations of motion were expanded using the Lagrangian



72

approach and resolved by employing the arclength continuation method and bifurcation analysis.
Kamaloo et al. [105] studied the nonlinear dynamic behaviour of simply-supported laminated
composite circular cylindrical shells. The equations of motion were expanded using an energy
approach and reduced using the Galerkin method. Numerical results show that a decrease in the
delamination effect can be caused by an increase in the circumferential wave number and an
increase in orthotropy of the layers leads to a decrease in nonlinearity. Nguyen et al. [106] analyzed
the nonlinear free and forced vibration of corrugated sandwich FG cylindrical shells by introducing
a semi-analytical approach based on the Donnell shell theory and using the geometrical
nonlinearity of von Karman. The equations of motion were reduced using the Galerkin procedure
and resolved by adopting the fourth-order Runge—Kutta method. Khuc et al. [107] investigated the
nonlinear vibrations of sandwich Functionally Graded Material (FGM) cylindrical shells
containing fluid under mechanical and thermal loads. The equations of motion were derived based
on classical shell theory and the nonlinear geometry of von Karman—Donnell and reduced using
the Galerkin procedure. Zhu et al. [108] examined the effect of surface energy on the nonlinear
dynamic behaviour of orthotropic piezoelectric cylindrical nanoshells. The total energy of the shell
was obtained based on the von Karman—Donnell-type geometric nonlinearity. The equations of
motion were derived using the Hamilton’s principle and solved by employing the homotopy
perturbation method. Van Dung and Nam [109] developed a semi-analytical approach based on
classical shell theory with the von Karman—Donnell’s nonlinear model to study the nonlinear
vibration of eccentrically stiffened cylindrical shells surrounded by an elastic medium subjected to
external pressure. The system was resolved using the fourth-order Runge—Kutta method and the
numerical results revealed the effect of the input factors on the dynamic behaviour of the FG
cylindrical shells. Foroutan and Ahmadi [110] presented semi-analytical and analytical methods to
study the nonlinear static and dynamic buckling of imperfect FG porous cylindrical shells subjected
to axial compression. Xu et al. [111] examined the nonlinear dynamic behavior of a hyperelastic
moderately thick cylindrical shell with 2:1 internal resonance in a temperature field using the third-
order SDT. The graphical results showed have emphasized the significant impact of the
temperature on the nonlinear vibration of the shell. Wang et al. [112] analyzed the thermo-electro-
mechanical nonlinear vibration of circular cylindrical nanoshells on the Winkler—Pasternak
foundation using the nonlocal elasticity theory and Donnell’s nonlinear shell theory. The nonlinear

governing equations are derived based on the Hamilton’s principle. Numerical results exhibit
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hardening spring behavior. Phuong et al. [113] examined the geometrically nonlinear response of
sandwich FG cylindrical shells reinforced by orthogonal and/or spiral stiffeners and subjected to
axial compressive loads. The results reveal that the spiral stiffeners have significant influences on
the nonlinear buckling behavior of shells compared to orthogonal stiffeners.
In this paper, we derive general nonlinear modal equations in order to calculate the free nonlinear
response of cylindrical shells. The dynamic behaviour of these elastic shells can thus be found
using the method of assumed mode shape by representing the structure response in terms of suitably
chosen spatial functions. The developed model can also support the calculation of the nonlinear
response of thin-walled cylindrical shells under any static or dynamic loading. The linear mass and
stiffness matrices are derived from linear analysis based on Sanders' shell theory. The second and
third-order nonlinear stiffness matrices are determined based on Novozhilov's nonlinear theory.
The equations of motion are derived using Lagrange equations, which are based on an energetic
approach. The choice of a general shape for the displacement field allows the developed
formulation to have some flexibility pertaining to the choice of discretization. This leads us to first
choose the type of the finite element, which manifests in this study in a cylindrical form, and
second, proceed to the determination of the linear and nonlinear mass and stiffness elementary
matrices.

The formulation involves three steps as follows:

(i)  Develop the expression of the second- and third-order nonlinear stiffness matrices based on
the Lagrange method using the strain—displacement relations of Novozhilov’s nonlinear
shell theory.

(i)  Determine the linear mass and stiffness matrices based on Sander’s thin shell theory.

(ili)  Evaluate the modal coefficients using the displacement functions resulting from linear
analysis, and subsequently determine the second- and third-order nonlinear stiffness
matrices.

The linear and nonlinear global mass and stiffness matrices are determined by applying the finite

element assembly procedure and considering the boundary conditions. The dynamic behaviour of

an empty cylindrical shell, in the absence of external loads, is investigated by resolution of the

equation of motion.
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4.2.1. Hypothesis

A circular cylindrical shell of mean radius R, thickness h and length L is considered in this paper.

The orthogonal displacements of a generic point P of the shell at coordinates (x, 0, p=R+ z) are

denoted by u,, u,, u, in the axial, circumferential and radial directions respectively. u, v, w are

the displacements of points on the middle surface of the shell (the middle surface corresponds to

z=0, where zis the coordinate along the shell thickness). Radial displacements u, and w are

positive in the outward direction as shown in Fig.4.1, and therefore a formulation for nonlinear
vibration of circular cylindrical shells was developed in cylindrical coordinates. The theory is based
on the following assumptions [3] (see Fig.4.1):

(H1) The shell is thin: h< R, h< L (in practical applications h/R <1/20).

(H2) The magnitude of deflection w is of the same order as the thickness h of the shell.

(H3) The slope is small at each point: [ow/ox| <1, |[ow/(Ro6)| <1.

(H4) All strain components are small, which enables adoption of Hooke'’s stress—strain relations.
(H5) The Kirchhoff—Love kinematic hypothesis is valid, in which it is assumed that the normal to
the undeformed middle surface remains straight and normal to the mid-surface after deformation,
and undergoes no thickness stretching. The transverse normal stresses are negligible and shear
deformations are neglected.

(H6) Rotary inertia is neglected.

(H7) Initial geometric imperfections of circular cylindrical shells are denoted by radial
displacement w,, and in-plane initial imperfections are neglected.

(H8) The circumferential displacement field of a generic point P of the shell is related to that of
its counterpart located in the middle plane by taking into consideration the curvature effect of the

shell in u, direction.

4.2.2. Method

In this section we describe the approach followed for each of the three steps listed above. The first
step stipulates the theory developed in this paper, which involves determining the linear and
nonlinear mass and stiffness matrices based on Lagrange’s equations of motion, resulting from
Hamilton's variational principle. The second- and third-order nonlinear stiffness matrices are

developed by calculating all the coefficients of the nonlinear modal equations. These coefficients
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are derived from the nonlinear strain—displacement relationships of Novozhilov. Kinematic
relationships are presented as a product summation of generalized coordinates and spatial modal
functions. The initial geometric imperfections as well as the shell curvature effect in the
circumferential direction of the orthogonal displacements are also taken into consideration in this
research. So that the middle surface tangential displacement v gives a contribution linearly

increasing with z to u,. The phenomenon of coupling between different modes is also accounted

for in this study. The second step deals with linear behaviour for which the linear strain—
displacement and stress—strain relationships are inserted into Sander’s equations of equilibrium.
Resolution of the linear equation system leads to determination of the real displacement functions,
which satisfy the geometric boundary conditions. The mass and linear stiffness matrices are then
developed for each element. The third step involves determination of the modal coefficients, which
are presented in a general form, by replacing the displacement functions with those resulting from
the linear analysis. The nonlinear stiffness matrices for an empty finite element are subsequently
calculated using analytical integration with respect to modal coefficients. The second- and third-
order nonlinear stiffness matrices, once calculated, are overlaid onto the linear system. The
equations of motion are then solved with the help of a direct iterative method, leading to the
determination of the linear and nonlinear frequencies. Green’s strain tensor in cylindrical

coordinates is defined as follows [3, 2]:

ou, 1|(ay au, \’ augj2
=6y =—2 2|2 la
1= Su 8x+2{(8xj+(6xj+(ax (12)

2 2 2
ezzzgglg:i %+u3 +i2 L %—uz o Y —2 4, (1b)
p\ 08 2p° |\ 00 00 00
ou, au 1|( v, ou au au, OU, ( OUy
26, =74 = +=|| = —2+u, [+ ~u, (Ic)
p@@ X P\ ox 20 8x 00 x\ o0

According to the Novozhilov nonlinear shell theory, the nonlinear kinematic relationships are

represented by the following equations [3]:

u =u+zp (2a)
U, =V+2.y (2b)

U, =W+W, +2.y (2c)



76

Where S,y and y are given in Appendix A, and w, designates the radial displacement due to the

initial geometric imperfections of circular cylindrical shells associated with zero initial stress.

We can now introduce the following thinness approximations [3]:

i:%[l—%m(zm)z} (3a)
(Riz)z :%[1—%2+0(2/R)2} (3b)

where o(z/R)2 is a small quantity of order (z/R)z, which is negligible.

By introducing Egs. (2a)—(2c) into Egs. (1a)—(1c) and using approximations (3a) and (3b), the
middle surface strain—displacement relationships are obtained for the Novozhilov nonlinear shell
theory of circular shells and can be found in Appendix A.

The shell material is assumed to be elastic, homogenous and isotropic. The shell thickness h is

allowed to vary arbitrarily within the limits of thin shell theory [2].

The displacement vector of an arbitrary point (x,@)on the middle surface along x, dand z

respectively can be approximated in the form:

= X0 (0-4,(x0) (42)
V:Zi:qi (t).0,(x.0) (4b)
W= 34 (01 (x0) (40)

Where functions g, (t)are the generalized coordinates to be determined and f., g,,h represent the

spatial functions, which should at least satisfy the geometric boundary conditions of the shell. Let

us now represent the initial imperfections w, (X, &) in the form of a series. w, = Z&i h (x,@).
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Figure 4.1: Geometry and displacement function of a generic point of a circular cylindrical shell; longitudinal and
cross-section

The Lagrange equations, which follow from Hamilton's variational principle, are used to determine

the equations of motion as follows:
dt aQ| 8q| aql
Here, N isthe number of degrees of freedom, and can be chosen according to the desired accuracy,

T is the total kinetic energy, V represents the total elastic strain energy of deformation and the Q’s

are the generalized forces.
Referring to Eq. (5) and using Egs. (4a)—(4c), we proceed to evaluate each term of this equation

separately in terms of the generalized coordinates ¢, and the assumed mode shapes f;,g;,h, . Thus,

the kinetic energy T of the shell defined in cylindrical coordinates is given by [2]:

2z

I u +V? +W Rdxd@ (6)
0

(N | =]
(= s 1

Where m is the mass per unit area of the undeformed middle surface of the shell.

By evaluating the second term of the Lagrange equations, one can obtain:
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To evaluate the expression of the first term of the Lagrange equations, it suffices to write

L2/z' ; i
_:_-” u—+vﬂ W@' Rdxdé (8)
8q, 20 0 8q. aq|

By introducing the Egs. (4a)—(4c) into Eq. (8), we obtain [2]:

oT 5% _ . . .
a_q.:”'m[fiZfiqﬁgiZgiqiJrhiZhiqindxdél (9)
i 00 i i i

5™ *
Therefore,
L2x
my =] [m(f, f,+g g, +hh;)Rdxdo (12)
00

It follows that:

d[mj S, d, =12, N (12)

dt{ oq :

We note that if f;, g,, h, are the normal modes of the linearized system, then orthogonality of these
modes ensures that m, =0 when i j.

Turning now to elastic strain energy V , we know that [2]:
L27z

== II [8121+8222 +2veE, &y +2(1—v)8122]RdXdc9

2z

+ = [ [ D[} +k}, +2vk, ky, +2(1-v) kS, | Rdxd@ (13)
0

N |-

O ey

Where &, &,, &, are the middle surface strain components, k., k;,, k,, are the changes in
curvature and torsion of the middle surface and C = Eh/(l—vz), D= Ehs/[12(1—v2)], where E

is the Young’s modulus of the shell and v is its Poison’s ratio.
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From the expression of the elastic strain energy (13), we proceed to evaluate the third term of the
Lagrange equations (5). One can write [2]:

oV ¥ Oe Oe Oe Oe oe
— =||Clg, —2+e, —24yg —24ye U4i2(1-v) e 12 ' Rdxd@
aqi '(['([ |: 11 8q| 22 aql 11 aql 22 aql ( ) 12 aql j|
L 27
+[[D g, X Ha g Ka e Ka o)k, Xz |Raxde (14)
00 aq| aq| aq| aq| aql

In general, the deformation field of an arbitrary point belonging to the mean surface can be

expressed in the following form [2] (see Appendix A):

Exo =6~ Zajqj + ZZAjkqjqk (15)
i ik

By taking the derivation of Egs. (15) and (A.13)—(A.23) with respect to the generalized

coordinates @;, we obtain [2]

%zai_yz ZAiqj (16&)
aqi i
%:bi +2 Bq, (160)
0 i
68‘912 —¢+22.C,q, (16¢)
Qi j
aak“ p.+2 ) Pq (16d)
q; i
oK,,
=5 +25'S. q. 16
*eqr235,0 (160
oKy,
—==t+2>»T.Q 16f
o Z i 4 (16f)

Now, Egs. (15), (A.13)—(A.23) and (16a)—(16f) lead to [2]
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116_1,l= Zj:aj qj+;;Ajkqjqk}[ai+2;Aqu} (17a)
G = 33,0, TX A+ XS A 6,6 (17b)
Where,

8 =aa, (17¢)
A =2 Ay +a; A +a A (17d)
A =2A, A (17e

Following the same reasoning, we get (See Appendix A) [2]

& %‘Zz = ;bi,- q; + ;;Bi,-k q; Gy + ;ZKZEBM d; G o (18)
aq, zc” q; +ZZC.,kq quZZC.Jksq i 9 (19)
kyy 821 zp., a; +ZZP.,kq quZZ s 0 G (20)
ak” ZS., q; + ZZS.,k d; G +ZZZS.,kS d; G G (21)
k12 3 .2 = Zj:tij q; +Zj:zk:Tijk q; G +Zj:§k:ZS:Tijks q; G 9 (22)
& 68«9(;2 - ;di,- a, +;§an ; +2§k‘,§Duks ; G (23)
2 l.l = Ze” q; + ZZk:Eijk q; G +ZZKZZS:E““S d; G 9 (24)
aq, guu qﬁZZU.,kq qk+ZZZU.,kSq i 9, (25)
Ky, Zl;lll ZV., q; + ZZ\/.,k a; G +ZZZ\/.,kS d; G o (26)

By inserting Egs. (17)—(26) into Eq. (14), one obtains
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oV

o 2 K0+ sz:kijkCIij * sz:zkiiksqj A (27)
i j J J s

Where [2]

. ZJOL_[OZH{ [a +b; +v eij)+2(1—v)cij]

+ [p”+s +v( vij)+2(1—v)tij}}Rdxd9 (28a)

.[OLJ.O { [A +B”k+v D'Jk+E'Jk)+2(1 V)Cijk]
+

i+ Siie +v ” +V”k)+2(1 V) Uk]} Rdxd@g (28b)

D[P
Ko = [, [ {C[ Ay + By +( Dy + By )+2(1-v)Cy. |
[ +S, +vU +V”ks)+2(l—v) Ijks]}Rdxd@ (28c)

ijks ijks ijks

i, j,k,s=12,.,N.

After developing the total kinetic and elastic strain energy and substituting Egs. (7), (12) and (27)
into the Lagrange equations (5), we obtain the dynamic behaviour of an empty cylindrical shell in

the absence of external loads, in terms of the following nonlinear modal equations [2]:
20 G5+ D Ky 0+ > D Ky A+ 2> D Ky @ G 9 =0 (29)
j i ik Tk s

In Egs. (15)—(29), the subscripts "i, j", "i, j,k™ and "i, j,k,s" represent, respectively, the coupling

between two, three and four different modes.
4.3. Linear part

The shell is subdivided into several cylindrical elements. Each element is defined by two line-

nodes, i and jand the boundaries of the nodal surface. Each node has four degrees of freedom:

three displacements (axial, circumferential and radial) and one rotation oriented, as shown in
Fig.4.2. The theory developed by Lakis and Paidoussis [9] is a hybrid type of FEM, which is much
more precise than the usual FEM because the displacement functions are derived from exact
solutions of Sanders’ shell equilibrium equations rather than an approximation with polynomial
functions. The major advantage of this approach is that very accurate results [9] are obtained using

a small number of finite elements.
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Figure 4.2: Nodal displacements of a cylindrical F.E

The linear strain vector according to Sanders theory [9] in the cylindrical coordinate system is

expressed in terms of axial U , radial W, and circumferential V mid-surface displacements as
follows:

ouU
x
1ov W
& R0 R
Z )
2z, ox R 00
k[~ oW (30)
Kk, X
&, | _Low 1ov
R? 06*> R? 90
2 0'W 3 oV 1 ouU
"ROX00 2R ox 2R% 00

where ¢, and &, represent strain components in the axial and circumferential directions,
respectively. ¢,, represents the shear strain in the xé@ plane. k,, k, are the change of curvature of

the normal mid-surface and k,, is the modified twisting strain. The stress-strain relation is given

by:
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{o}=[Pl{s} (31)
where [P] is the elasticity matrix of order (6x6) for an anisotropic material. Its components for an
isotropic shell are given in Appendix B.

The equilibrium equations of anisotropic cylindrical shells are expressed in terms of axial,

tangential and radial displacements of the mean surface [9]. They are given fully in Appendix B,

using three linear partial differential operators L, (k =1, 2,3), they are thus defined as
L (UW.V,P;)=0 (32)
where L, (U W.,V, P, )k:123are the linear partial differential equations of an anisotropic cylindrical

shell given in Appendix B. B, are the elements of the elasticity matrix [P] From Eq. (32), we can

define the displacement functions as periodic functions, which can be expressed as a Fourier series

(see Ref. 9 for more details). The displacement field can therefore be defined for the n"wave
number by the following expressions:

U (x,0)=u,(x)cos(ng) (33a)
W (x,6)=w, (x) cos(ng) (33b)
V(x,8)=v,(x)sin(no) (33c)

Here n represents the circumferential wave number, and u,, Vv, W, are the magnitudes of

displacements that depend only on the x coordinate, as follows [9]:

u, (x)=Ae™* (34a)
v, (x)=Be™" (34b)
w, (x)=Ce™® (34c)

By introducing Egs. (33) and (34) into the Sanders’ equilibrium equations (32), the following

system of equations in terms of displacement parameters is obtained:
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Hy, Hp, Hy A 0
H 21 H 22 H 23 Br=40 (35)
Hy Hyp Hg |(C 0

Expressions of matrix [Hij]are provided in Appendix B. For the nontrivial solution of Eq. (35),

the determinant of [Hij } must vanish, yielding the following characteristic equation:

al’ +bA® +cA* +dA%*+e=0 (36)
Coefficients (a,b,c,dand e)vary according to material properties, geometry and the

circumferential mode n. Their mathematical expressions are given in Ref. 9. Each root A, of the

characteristic equation represents a solution of Egs. (32). Complete solution of the spatial

displacement function is obtained by summation of the eight roots of the characteristic equation

and constants A, B andC, (i =1,2,..,8)as follows:

un(x)=iZi:A g™k (37a)
v, (%) :iZi:Bi g (37D)
w, (x)= ici e™® (37c)

Let us return now to Eq. (35). Since the solution of this equation is nontrivial, A, B, and C, are
not independent. This allows us to express A and B, in terms of C, as follows:

A =a,C. and B, = SC.. Where ¢, and S are complex numbers. More detail on the hybrid method
is available in Ref. 9. The displacement functions may therefore be written as
U (

W (
v(

0)
0)r=[T][RI{C} (38)

,0)

x X

X

Where matrices [T ]of order (3x3)and [R] of order (3x8)are given in Appendix B, and vector

T

{C}={C..Cpr. Gy
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We are now in position to determine the constants C, (j =1, 2,..,8) , which may be replaced by the

finite element nodal displacements vector using the eight boundary conditions of each finite

element (four at each node) as follows:

{?}} (U W, BW, 0%V, Uy, Wy, OV /8x,vm} =[A]{C} (39)

Recall that the cylindrical frustum is defined by two line-nodes, i and j. Thus, the terms of matrix
[ A]are obtained using Eqgs. (37a)—(37c), where x in matrix [R]is replaced by definite coordinate
values x; and x; corresponding, respectively, to nodes i and j, (see Fig.4.2). The components of

matrix [A]gx8 are defined in Ref. 9.

By multiplying Eq. (39) from either side by [A] ", one obtains the vector {C} as a function of the

nodal displacements of the considered finite element, as follows:

CRORH (40

Substituting Eg. (40) into Eq. (38), one obtains the displacement functions expressed in terms of

nodal displacements as follows:

U (x,6)

wiso) (1Rl | L | (a1

V(x,6) : :

By introducing Egs. (33a)—(33c) and (37a)—(37c) into Eq. (30) and using Eq. (40), the strain vector

expression is expressed as
3 e o)
gl = QA -[B 42
| (frelar (-t (@
Where the components of matrix [Q]are given in Ref. 9. Now, the components of the stress vector

may be written in terms of nodal displacements using Egs. (31) and (42) as
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fo)-[Pliel| | (=)

The elementary mass [m]. and stiffness [k]. matrices of the cylindrical finite element are

subsequently calculated based on the standard finite element approach. Their relations are thus

defined as
IJT[B B]Rdxd@ (44)
[m]; :pth[N]T [N]Rdxd6 (45)

Where p is the density of the solid shell, h is the wall thickness, | is the length of the finite

element and R is the mean radius of the cylindrical shell (See Fig.4.1),

Using Eqgs. (41) and (42) in (44) and (45) then integrating over &, one obtains

Al (46)

—

KT =[[AT J[anQ T [Pl[Q]ox

(] = e[ ("] {RI (R [Rlox|[A] (47)

4.4. Nonlinear part

Before we embark on matrix formulation, note that the structure is assumed to be perfectly

cylindrical in order to neglect the effect of the initial geometric imperfections.

In this section, the nonlinear stiffness matrices are evaluated through the development of the modal

coefficients obtained based on the Lagrange method and expressed according to the spatial

components of the field of displacement. The spatial functions (fi , gi,hi)presented in Egs. (4a)-

(4c) are replaced by linear ones (U;,V;,W, ) relating to Egs. (33a)—(33c). We obtain [2]:
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u=>09(t).U(x0) (48a)
V=35 (1)-Y,(x.0) (480)
W= 35, (1) W (x6) (48c)
Each modal coefficient of Egs. (A.10)—(A.23b) can be evaluated separately as follows [2]:

a =Ae"r %cos(n@):ai C, e %cos(n@) (49)
b = %[Bie“’Rn cos(n)+Ce*"cos (ng) | = %Cie“’Rcos(nQ)[Hﬂin] (50)
C, :E[B. A gpoe sin(n H)—iA e nsin(n 9)} _Lte e™®sin(n@)[B A4 —a;n] (51)
1 2 1 R R 2R 1 I 1 1

_ ﬂ1 ? AXIR

p, =-C, ae cos(né) (52)
s, :%Ci e /R cos(n@)[n2+aiﬂ,,+ﬁi n} (53)
tF%Ci e sin(no)[24 n+an+ B 4] (54)

Similarly, we obtain

Aj _ Ci ai,j e(/1i+/1]-)x/R Cj (55a)

Where

8 = [a.(.l) cos?(n@)+al? sin?(n 6’)] (55b)
oo2R?LY !

with,

! =(1+0; ;) 4 4, (55¢)

&’ =B 4% (55d)

The coefficients B;,C,,R,,S;, T, are determined by following the same development (see

Appendix C).

We proceed to evaluate the coefficients of the modal equations related to the second-order stiffness
matrix [2]. Inserting Egs. (49) and (55) into (17d) leads to the following expression:
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1 (425 + 4 IR

Ax=7 CC,Cce cos(n0) [ 4 o )y + 4, o) ay; + A & & | (56)

The remaining coefficients are determined using the same approach illustrated above (see
Appendix C for more details). Due to the axisymmetric nature of the model, the second-order
stiffness matrix is equal to zero [2], which prompts us to eliminate the quadratic terms from the

nonlinear modal equations of motion (29).

Turning now to the terms of the stiffness matrix of order three, inserting Eq. (55) into Eq. (17e)

results in the following expression:

Ajks — 2C| CJ Ck CS airs a;k e(ﬂi+ij+ﬂk+ﬂs)X/R (57)
This completes the development of all the coefficients which constitute the expression of the

nonlinear stiffness matrix (see Appendix C). It is written in the following form [2]:

[k grel AT [k LA (58)

The (i, k) term in matrix | ky, ]is written as [2]:

8 8
)P ) +ﬂ,k+/1 G(i,k)[e(ww*‘s)”R—l} if 4+ 4+ 4 +A %0
ke (ik)=1"" 81 (59)
ZZrle if A+4,+4+4=0
s=1 j=1

7 is the term (s, j)of matrix E, where [E]:[A’l][Afl]T ,and G(i,k) is a coefficient in

conjunction with &, 8, 2and elements C, D of matrix [P]. The general expression of G(i,k)is
given by
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(1K) =C [3[ alal +b{ibf) + ai<5>a<.§> 00+ (58S + ot +b{7a? +a(? )]

is 7 jk

+a’al) +alal? +bPbl) + bl +v (bPal) +bMal?) +al )b(§)+ai(:)bj(.?)

+2(1_V)(Ci(sl)+ci(s2))(c } R? {3 Py’ Pl + s+ P Pl + s

+V(S'(1) pgk + pls jk) +S ]k + pIS 5(2 :|+ pIS jk + pls p]k) +SI(S)S(jk) +S( )S()

IS

IS

)
+v(s.(2) pY +spld) + pst?) + pZst )+2 t ,k} (60)

where the terms a”and a” are given by Egs. (55¢) and (55d); terms b{", bl , ¢\, ¢!, p, p{?

s, st? and t\" are coefficients appearing in expressions for the elements B;,C;,P,,S; and T,

19 ij iy u’

of Egs. (C.1a)—(C.5c) given in Appendix C and C, D are the terms of the elasticity matrix.
4.5. Numerical solution

In the case of axisymmetric structures (with symmetrical mechanics in the transverse direction),
the system turns out to be devoid of quadratic terms, and the equations of motion (29) are reduced

accordingly to:

Zmij qj+zkij qj""zgzkijksqj g 0, =0 (61)
i i i s

Since the complete shell is subdivided into a number of cylindrical frustum finite elements, we
proceed to superimpose the elementary mass and stiffness matrixes, which have already been
calculated in Egs. (46), (47) and (58) to obtain the global matrices for the whole shell. The assembly
is done in such a way that all the equations of motion and the continuity of displacement at each
node are satisfied. By considering the coupling between different modes, Eq. (61) is written in

matrix form as follows:

[M{8}+[K]{s}+ K™ J{s}™ = {0} (62)
Where {5} is the displacement vector and [M ],[K] and [K(NLS)} are, respectively, the mass, linear

and nonlinear stiffness matrices of the whole system [2].

{5}®3is the Kronecker product power 3 of vector {5} (e.g.{6}®2 = {5}@{6}).
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In practice, specific conditions are applied to the shell boundaries. Thus the matrices cited above

are reduced to square matrices of order NREDUC = NDF*(NEL +1)—J, where J represents the

number of essential constraints, NDF is the number of degrees of freedom and NEL designates

the number of elements. Hence, the equations of motion (62) become

[} Lo [ o) = o )
Where the superscript "r"means, “reduced”, and
o} =[)ta) (64)

where [CD] represents the square matrix for eigenvectors of the linear system and {q} is a time-

related vector.
Substituting Eq. (64) into (63) and multiplying by [(I)]T , one obtains
r e r r ®3
[@] [MO [o){a}+[o] K" |[o]{a}+[e] | KL ]([®]{a})” = {0} (65)
The matrix product [q)]T [M(’)}[d)]and [@]T [K(')}[d)]represent diagonal matrices, written as

[M (D)} and [K(D)} , respectively. The system of Egs. (65) becomes

(M e+ K Jap+ 0] KL J([@a))” =10} (66)
Eqg. (66) can then be written as:
M K+ 2020 2 Ky 0 0 =0 (67)

With [k]=[@] [K<Nf33][q>3]
Let us now consider that

Ay = szijks 0y G (68)
k s

By introducing Eq. (68) into Eq. (67), one obtains [2]:
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m; q| +kii 0 +ZAij qj =0 (69)
i
By neglecting the cross-terms in the tensor [A] , EQ. (69) becomes

m; G, +(kii +A; )Qi =0 (70)
Eq. (70) can be solved using the direct iteration method; the step-by-step procedure is stated as
follows:

(1) Scale up the amplitude ratio A’h and multiply the desired value by the normalized first-
mode shape vector.

(2) Determine matrix A using the scaled-up eigenvector and applying numerical integration.

(3) Solve the nonlinear eigenvalue equation (Eq.(70)) and obtain the new frequency and the
new corresponding eigenvector.

(4) Repeat steps (1)—(3) until convergence; the accuracy of the resulting frequency reached
107°.

4.6. Results and discussion

Before beginning our analysis of the results, we conducted a convergence test and a validation
study to quantify the accuracy of this hybrid method and the rigor of the model developed above.
The obtained linear frequency of vibration was compared with those of three cases calculated using
numerical analysis, two of which are performed by ANSYS (case 1 and 2). The results are shown
in Fig.4.3, Table 4.1 and Table 4.2. Validation of the nonlinear results as well as presentation of
the effects of various parameters on the dynamic behavior of the cylindrical shells are discussed

while referring to cases 4, 5, 6 and 7. The different cases are defined as follows:

v' Case 1: A clamped-free cylindrical shell with an axial length L= 0.231m, radius

R = 7.725 cmand thickness h=1.5 mm. The mechanical characteristics of the shell are,

respectively: Young’s modulus E = 206 GPa, Poisson’s ratio v=0.3and density
p =7800 kg/m®.
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v’ Case 2: Acylindrical shell clamped at both ends. Its geometrical and mechanical proprieties

are, respectively: axial length L=0.664 m, rayon R=0.175m, thickness h=1mm,

Young’s modulus E =206 GPa, Poisson’s ratio v =0.3and density o =7680 kg/m3 .

v’ Case 3: Acylindrical shell clamped at both ends. Its geometrical and mechanical proprieties

are respectively: L/R=20 and h/R=0.01, Young’s modulus E =200 GPa, Poisson’s

ratio v =0.3and density p =7850 kg/m®.

v’ Case 4: A simply-supported (u =v=w=0, and ow/ox # O), axisymmetric isotropic
cylindrical shell with the following dimensions: L=0.04m, R=254E-02m,
h=0.254E-03m, and mechanical properties: E=205GPa, v=0.3and

p =7833.57 kg/m®. The number of axial and circumferential waves in this case is,

respectively m=1and n=4.

v Case 5: A freely simply-supported cylindrical shell (V:W=O, u=0 et 8\N/8x¢0)with

the following characteristics: y — (nzh/R)2 ~1.0, £=7Rm/(nL)=2.0 and v =03.

v' Case 6: A freely simply-supported cylindrical shell (V:W=O, u=0et 8\N/8X¢O)with

the following properties: y = (nh/R)" =1.0,and &= 7Rm/(nL)=05and v=0.3.

v' Case 7: A freely simply- supported cylindrical shell (V:W=O, u=0et 6W/8x¢0)with

the following properties: y = (nh/R)’ =0.01, and & = 7Rm/(nL)=2.0and v=0.3.

4.6.1. Convergence test

The hybrid approach, presented above to model the linear dynamic behavior of axially thin
cylindrical shells, provides very accurate results using a small number of finite elements [9]. The

convergence study consists of determining the relative error of natural frequencies as a function of
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the number of finite elements (see Fig.4.3). The first set of calculations was depicted using the
shell of case 1. Fig.4.3 shows the variation of the percentage error of natural frequencies relative

to the requisite mesh size (30 F.E) (@yee — @ype )/a)NFE %100 versus the number of cylindrical

finite elements. The results were calculated using a regular mesh for four axial modes from

m=1 to 4 and for two fundamental circumferential modes n=2 and 3.
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Figure 4.3: Variation of the relative error of natural frequencies versus the number of cylindrical finite elements
(a)n=2, (b) n=3 with Error(%) = (e — @sore )/ Onee x100
It is clear from the figure that the fundamental mode requires a very small number of finite
elements, while the higher modes require a more refined mesh. This phenomenon is observed for
the two numbers of circumferential waves considered in this case. Based on these results, we can
conclude that, in the case of our model, only 20 finite elements are sufficient to ensure convergence

for the case of cylindrical shells.
4.6.2. Linear free vibration of cylindrical shell

The second example studied here is related to case 2. Validation of our linear model is obtained by
comparing the natural frequencies resulting from a numerical analysis carried out by ANSY'S and
those found using the linear hybrid FEM developed by Lakis and Paidoussis [9], for which only 20
elements are necessary to obtain good convergence. Excellent agreement between the two results
is illustrated in Table 4.1.
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Table 4.1: Comparison of the first five natural frequencies (Hz) of a thin cylindrical shell clamped on both ends [99]

Mode
number Frequency (Hz)
ANSYS (Shell 63) Lakis and
m n Moesh (30 N 24) Paidoussis [9]
20 Hybrid FEM

4 380 380.6
5 318 318.4

1 6 340 340.3
7 417 417.4
8 528 528.1

Moreover, the nondimensional frequency parameter QzRa),/(l—vz)p/E for the isotropic

cylindrical shell of case 3, obtained using the hybrid of finite element and classical shell theories
developed by Lakis and Paidoussis [9], is compared with the beam modal function model as

indicated in Table 4.2. The results demonstrate good agreement between the two methods.

Table 4.2: Comparison of the non-dimensional frequencies for an isotropic cylindrical shell clamped on both sides

(m=1)
Lakis and
Paidoussis [9] Masood and

n 0,

30 Hybrid Ahmad [114] Error ()

FEM

2 0.013945 0.014062 -0.8417
3 0.022746 0.022732 0.0610
4 0.042425 0.042275 0.3537
5 0.068756 0.068117 0.9295

4.6.3. Nonlinear free vibration of cylindrical shell
4.6.3.1. Validation

Validation of the nonlinear model presented in this paper was first based on a comparative study
highlighting the characteristics of nonlinear vibrations of the cylindrical shell of case 4, reported
by Nowinski [78], Raju and Rao [91] and Selmane et al. [95] (see Fig.4.4). The numbers of axial
and circumferential waves in this case are respectively m=1and n=4. The fundamental
frequency of natural linear vibration obtained in our study is 8536.091 Hz versus 8553.5972 Hz

reported by Raju and Rao [91], which represents an error of 0.2%. From a first view of Fig.4.4, we

notice a dependence between the nonlinear frequencies and the amplitude of oscillations.



95

This dependence is characterized by a hardening trend of the nonlinear behavior, which is

demonstrated by an increase of the relative nonlinear frequency w,, /@, as the ratios A/h increase.

These variations seem to be small for values of the ratio A/h below 1.0.

3.5

= - = Nowinski [78]
- = = = Raju&al [91]
Selmane & al [95]

—¥— Present method

0.95 1.05 1.15 1.25 1.35

oy /o

Figure 4.4: Evolution of the ratio @y, /@, as a function of A/h by comparing the present model to those of
Nowinski [78], Raju & al [91] and to that of Selmane [95] with m=1et n=4
It can be seen from the figure that the curve resulting from this study lies between those reported
by Raju and Rao [91] and Selmane et al. [95], while being closer to the latter. We postulate that
the difference between the results obtained by this study and those reported by Refs. 78, 91 and 95
may be due to the fact that Nowinski [78] used Donnell’s type of nonlinearities in his study. He
neglected in-plane inertia and assumed the mode shapes to have two components; a harmonic and
a time-variable component. Alternatively, Raju and Rao [91] and Selmane et al. [95] employed
Sander’s theory, taking into account the nonlinear rotations around the normal to the surface plane.
Moreover, Raju and Rao [91] expressed the displacements of components along the shell generator
in polynomial form. The second example of comparison in this paper is shown in Fig.4.5. The
cylindrical shell considered is that of case 5 and case 7. Fig.4.5(a) shows that the nonlinearity in
this case leads to hardening-type characteristics. It highlights the variation of the relative nonlinear

frequency as a function of dimensionless amplitude A/h calculated using the present method and

compared it to the results of Atluri [83], Chu [76] and the work of Selmane et al. [95]. It can be

seen that the curve resulting from this study is located between that of Chu and of Selmane et al.
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We were able to ascertain that the differences between the curves might be due to the fact that the
work of Atluri is based on Donnell’s equations. He used a modal expansion for the normal
displacement that satisfies the boundary conditions. He also employed the Galerkin technique to
reduce the problem to a nonlinear ordinary differential equation for the modal amplitudes. As for

Chu, he assumed a single mode, which satisfies the simple-support boundary conditions on w.

2.5 3.5
’ ! %= 001
2 4
2.5 %»=1.0
4
1.5
2
< 4
< <
<
1 / 1.5 |
Atluri [83]
= = = Chu [76] 1 Ganapathi & Varadan [93]
0.5 —&— Selmane & al [95] —a— Evensen [79]
—%— Present method 0.5 — — = Present method
0 0
0.8 1 1.2 1.4 1.6 1.8 2
Wy /w, 1 12 /w14 1.6 1.8

(a) (b)

Figure 4.5: Characteristic of nonlinear vibrations relating to different methods for a freely simply supported

cylindrical shell (v=w=0), &=(zRm/(Ln))=2.0,0=03, (a) ¥ = (nzh/R)z =10, (b) w =1.0 and 0.01

However, the boundary conditions for the axial in-plane displacement u and the conditions of
circumferential continuity of the circumferential in-plane displacement v were not satisfied.

Numerical results for v =1.0 and y =0.01 presented in Fig.4.5(b) show the same nonlinear trend

as Fig.4.5(a); a hardening behaviour is revealed. Comparison with Evensen’s results [79] and those
of Ganapathi and Varadan [93] demonstrates that the backbone curve of this study is very close to
that reported in Ref. [93]. This is explained by the fact that Ganapathi and Varadan developed a
finite element formulation to investigate the nonlinear free flexural vibrations of thin circular

cylindrical shells using a C, continuous, QUAD-4 shear flexible shell element, based on the field

consistency principle. Evensen, on the other hand, analyzed the nonlinear flexural vibrations of
thin-walled circular cylinders by assuming two vibration modes. His equation was obtained using
the Galerkin procedure. It is observed from Fig.4.5 that the results generated using the present

method are in a good agreement with those of the other authors.



97

4.6.3.2. Effect of nonlinear coupling

The study of the dynamic behavior of geometrically nonlinear structures highlights the
omnipresence of typically nonlinear phenomena, namely the phenomenon of coupling between
modes. The case 4 example is considered in this section. It can be seen from Fig.4.6 that the curve
exhibiting coupling is more pronounced than the curve without coupling, which shows that this
phenomenon accentuates the hardening character of nonlinear vibrations. Moreover, coupling

manifests itself by a transfer of energy between the different modes [115].

3.5

3.0

2.5

2.0

A/h

15

1.0

Without_coupling
0.5 —2— With_coupling

0.0

0.95 1.05 1.15 1.25 1.35 1.45
oy /o,

Figure 4.6: Coupling effect between the different modes, on the nonlinear dynamic behaviour of a simply-supported
cylindrical shell (u=v=w=0, and ow/ox = 0)

The figure also shows that the nonlinear coupling effect between different modes starts at the ratio
A/h=2.0and becomes progressively more pronounced as the vibration amplitude becomes

considerable.
4.6.3.3. Effect of axial wave number m

The effect of the axial mode on the nonlinear vibrations of the cylindrical shell defined in case 6

was investigated. Fig.4.7 presents the variation in the relative nonlinear frequency as a function of

A/h for m varying from 1 to 5.
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Figure 4.7: Variation of the relative nonlinear frequency w,, /e, as a function of the ratio A/h for different values
of the axial mode m considering that n=10

The figure also indicates that the curves for m=1 and m =2 are almost coincident and deviate
from the other curves. It can be seen that the nonlinear response becomes stronger for the higher
axial modes. One can also notice that the gap revealed between the different curves increases as

high frequencies (rising m) are reached.

4.6.3.4. Effect of circumferential wave number n

Fig.4.8 shows the variation of nonlinear frequency as a function of A/h for different
circumferential mode numbers; n=6-10, for the freely simply-supported cylindrical shell of case
6. It can be seen from Fig.4.8(a) that for a fixed value of the ratio A/h, the relative nonlinear
frequency increases as n increases, and the gap between the different curves is amplified when n
is greater than 9. Moreover, the curve corresponding to n =10 turns out to be the most pronounced.
Fig.4.8b shows that the linear frequencies decrease as a function of the number of circumferential
waves up to a certain value and then increase further. (This is well illustrated in the figure when
we examine the linear frequencies fluctuation along the vertical to the curve corresponding to
A/h=0, for which the fundamental mode corresponds to n==8). By plotting the absolute
frequencies against the non-dimensional amplitude of vibration, we notice that the curves
corresponding to the different n overlap as the amplitude of vibration increases, illustrating a

phenomenological behavior which stipulates that the fundamental frequency depends closely on
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the amplitude of the vibrations once we leave the domain of small vibrations. It can also be seen

from Fig.4.8(b) that the minimum value of the frequency corresponds to n=8, for all the values
of amplitude ratios A/he[O, 2[. When A/hreaches the value 2.0, the minimum value of the
frequency is assigned to mode n=7 (f =1204.459Hz forn=7vs f =1207.016Hz for n=8).

We deduce that nonlinear analysis of thin structures is a crucial step in order to characterize the

system with more precision.
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Figure 4.8: Variation of nonlinear frequency for different circumferential wave numbers (n = 6—10) for a freely
simply supported cylindrical shell: (a) backbone curve, (b) nonlinear frequency (Hz).

4.6.3.5. Geometry effect

In this section, we examine the effect of variation of geometric characteristics on the nonlinear

dynamic behavior of thin-walled cylindrical shells. The study begins by examining the effect of
varying the L/R ratio as a function of the nonlinear frequency while also varying the amplitude of

oscillation. We then examine the evolution of the relative nonlinear frequency as a function of the

structure thickness while taking into account the influence of vibration amplitude.
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v L/R Ratio effect

By considering the shell mentioned in case 4 and varying the L/Rratio (L is variable and Ris
kept fixed) for the following different values: 0.5, 1.0, 1.57, 2.0, 2.5 and 3.0, we first follow the
evolution of the relative nonlinear frequency @, /@, for dimensionless amplitudes varying from
0.5 to 3.0 in steps of 0.5 (see Fig.4.9(a)). In a further step, we examine the fluctuation of the

nonlinear frequency for the same range of variation of the ratio L/R (see Fig.4.9(b)).

2.1 30000
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Figure 4.9: Variation of the nonlinear frequency (a) wy, /@ and (b) @y, , as a function of L/R for different values
of the dimensionless amplitude A/h

Since the structure is slender, this last figure exhibits an exponential decrease in the nonlinear
frequency. It can also be noted that for low values of the ratio L/R, the curves are tight, while the
effect of the vibration amplitude increases as the length of the structure increases. Fig.4.9(a) shows
the variation in the relative nonlinear frequency as a function of L/R. It can be seen that all the
curves present an increasing pace, demonstrating a drastic decrease in linear frequency compared
to nonlinear as the shells become more slender. The figure also shows a gradual increase in the gap
between the different curves as the length of the shells increases. This highlights the effect of the
vibration amplitude, which becomes considerable with augmentation of the structure’s length (the

curves are tight for low values of L/R and deviate as the structures increase in length).
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v" h/R Ratio effect

The cylindrical geometry and material properties are selected here to be the same as Case 4. This
time, by varying the ratio h/R (the thickness is variable while the radius is kept constant), we

investigate the effect of the shell’s thickness on its nonlinear dynamic behavior for different values

of the A/h ratio.

2.7
25 - -A - A/h=05
—e—A/h=10
23 —a—A/h=15
A/h=2.0
2.1 —o— A/h=25
3 A/h=3.0
~,
=1,
3

0.005 0.01 0.015h/R 0.02 0.025 0.03

Figure 4.10: Variation of the relative nonlinear frequency wy, /o as a function of h/R for different values of the
dimensionless amplitude A/h

Fig.4.10 is plotted by choosing the following singular points of the ratio R/h : 200, 100, 80, 50 and

40. The dimensionless amplitude A/h increases from 0.5 to 3.0 in steps of 0.5. The figure shows

that the relative nonlinear frequencies increase as the shell thickness becomes progressively bigger.

As can be seen, thicker shells are more affected by increasing the nonlinear vibration amplitude.

To illustrate this notion, we calculated the gap between the ratios @, /e, corresponding to the
dimensionless amplitudes A/h=1.0 and A/h=3.0. The gap between these relative nonlinear

frequencies increases from 18.33%at h/R =0.01to reach 50.82%at h/R =0.025.

4.6.3.6. Boundary conditions effect

In order to investigate the influence of the boundary conditions on the nonlinear free vibration

behavior, the relative nonlinear frequencies @, /@, were computed as a function of ratios A/h for
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the simply-supported cylindrical shell quoted in case 4. We examine the influence of various
boundary conditions using Tong's convention as presented in Table 4.3.

Table 4.3: Different types of boundary conditions according to the Tong Convention [116]

Name u Y W OW/ OX
F Free Free Free Free
SSO 0 Free Free Free
SS1 Free Free 0 Free
SS2 0 Free 0 Free
SS3 Free 0 0 Free
SS4 0 0 0 Free
CC1 Free Free 0 0
CccC2 0 Free 0 0
CC3 Free 0 0 0
CC4 0 0 0 0

Fig.4.11 clearly shows that this model has the advantage of supporting a variety of boundary
conditions. An observation reveals a hardening trend in nonlinear behavior for all boundary
conditions. It can also be seen from the curve that the more the degrees of freedom are constrained,
the more the nonlinear behavior proves to be less hardening. This is clearly seen for the simply-
supported case as well as for the clamped case (the relative nonlinear frequency increases for the

same dimensionless amplitude as the boundaries are less restrictive).
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Figure 4.11: Variation of (a) the relative nonlinear frequency wy /e and (b) the nonlinear frequency as a function
of A/h ratio for different boundary conditions
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Therefore, we notice that the clamped C2-C2 boundary condition demonstrates a stronger
hardening behavior than the clamped C4—C4 and the same behavior can be observed for the simply-

supported shells S1-S1 in comparison to S3-S3. Fig.4.11(b) shows that the linear (corresponding
to A/h=0) and nonlinear frequencies increase when the boundary conditions are more restrictive.

However, this evolution is not proportional for the case of two responses of different boundary
conditions (C2-C2 vs C4—C4), which induces an evolution ratio whose value is different from 1.0.
This aspect is well illustrated in Fig.4.11(a), which shows a more hardening behavior of the C2—
C2 response compared to that of C4-C4, although the linear and nonlinear frequencies of the

second case are higher than those of the first case. (See Fig.4.11(a)).
4.7. Conclusion

This study investigates the nonlinear free vibration of thin cylindrical shells employing Novozhilov
nonlinear kinematics. This theory takes into consideration the curvature effect of the displacement
field in the circumferential direction and also the initial geometric imperfections. The mathematical
development used here highlights the influence of nonlinear coupling between the different modes
and demonstrates that the equations of motion do not include quadratic terms because of the
mechanical symmetry of the shell. The formulation began with a general form of the displacement
field; this reveals that one of its strengths is the ability to support various forms of discretization.
The mass and linear stiffness matrices are derived from a hybrid FEM for which the displacement
functions are found from exact solution of Sander’s shell theory rather than approximated by
polynomial functions. The nonlinear stiffness matrix is obtained based on the coefficients of the
modal equations, which are employed by utilizing the strain-displacement relations of the
Novozhilov nonlinear shell theory. The mass and stiffness matrices obtained apply to only one
element. The global matrices are determined after superimposing the elementary matrices of the
structure and introducing the boundary conditions. The governing equation of the motion has been
derived using the Lagrange approach and solved by a direct iterative method. The nonlinear results
are validated against those published in the literature and found to have very good agreement. The
analysis therefore continues to study the effect of several parameters. Results show that an increase
in the number of circumferential waves accentuates the hardening character of nonlinear dynamic
behavior. It is also revealed that the fundamental frequency depends closely on the amplitude of

vibration once we leave the domain of small vibrations. This study also shows that the relative
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nonlinear frequency increases when the shells are more slender or thicker. Finally, the model shows
its ability to consider several boundary conditions and an analysis of case studies reveals that the
nonlinear trend becomes more hardening when the edges are less constraining. The method
developed in this paper may be applied to investigate the nonlinear response of cylindrical shells

under dynamic loads.
4.8. Appendix
4.8.1. Appendix A

According to the Novozhilov nonlinear shell theory, s,  and y are determined as follows:

—_M(l+a_u+ﬂJ+ 8(W+W0)_1 8U _@% (Al)

ox ox R ROO R)ROO ox R

y—[SWEW) v [m_ujﬂw_wo)@ (A2)
ROO R X oX X '

(A3)

ou v w+w0+au( v +W+W0j_ ou ov

yr=—+—+ — —
ox Roo R ox \ Ro6 R RO6 ox
The middle surface strain-displacement relationships corresponding to the Novozhilov nonlinear

shell theory of circular shells

2 2 2
gxoza_u_pl (a_uj +(@j +[8_WJ +8_W%’ (A4)
T0X 2|\ 0OX OX OX OX OX
N w1 (aujz (av > (ow jz
o=t —t——|| = | +| —=*+W| +| -V
Ro6 R 2R 00 00 00
+i2 %[@—V]+W0[W+ﬂj : (A5)
R°| 060 \ 00 00

Vx6,0 =

oV ou 1lfouou ov(ov OW oW, \( ow OW oW, ov
—t et | | — W [+ —+—2 || ==V [+ ——2+—W, (A6)
ox Ro6 R|oxo68 ox\ob oX  OX
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(o Ow ov [ ou +@_az(ww\/o) +8(W+W0)82u+ ou _1+a(w+w0)
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(A9)

By introducing the displacement functions (4a)—(4c) into the middle surface strain—displacement

relationships of Novozhilov (A.4)—(A.9), one obtains for &, ,

Zq, A {[Zq, ,J +[Zi:qigi,1j2+(Zi:qihi,1j2:|+Zi:qihi,lzj:ajhj,l' (A.10)

By further developing this expression, we obtain:

Zq,f,l+ {ZZfllquqJ+ZZg,lgjqu]+ZZh,lhjqu}Zh,l(zplhjqu, (A11)

A simplification of this expression leads to
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1
Ex0 :Z{ fiith (Zéjhj,lJ:| o +ZZE|: fiafiit gi,lgj,1+hi,lhj,1:|qiqj' (A.lZ)
i ] LI |

The expression then takes the form of (see Eq. (15) in the main text)

5x,o =2a|q| +ZZquiqj '

where
a = fi,1+hi,1[z5jhj,lJ' (A'13a)
i
1
Aj =E|:fi,lfj,1+gi,lgj,1+hi,lhj,l]' (A.13b)

We then follow the same strategy to determine the other strain-displacement relationships. We find
that

oo =& = zbiqi +ZzBijqiqj ) (A'14)
i i
where
1 1
- 200 )o 5 (1.-0) T o 0 Som | (n152)
j j
1
B :W[ fiofi2 +(hi + gi,z)(hj + gj,2)+(hi,2 -0 )(hj,z —0; )] (A.15b)
Exp0 =612 = Zciqi +zzcijqiqj ) (A16)
i ]
where
1 1 1 1 1
G :E{gm +E fi,2 +E(hi,2 -0 )(Zé‘jhj,lj_l_ﬁgi,l[Zé’jhj]+Ehi,l(zéjhj,2J:|’ (Al?a)
j j j
1
o zﬁ[ f.f,+09,9;,+0,h +h,h;, —h,g; ]' (A'l7b)
Ko =Ky = Zpiqi +Zzpijqiqj , (A.18)
i ]

Where
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(A.19a)

(A.19b)

(A20)

(A21a)

(A21b)

(A22)
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-2 1 1
tizﬁhi,lz R’ |2+ gist [Z5th 22]( fi, _?gi,lj_{_gi,l(;é‘jhj,llj
1 1 1 1 1
Zé‘jhj,ll(_ggi"'?hi,z*'ﬁ |12+g|11j (Zé]hjz}( 3 |22 Rz h|1 R2 gulz)
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1 1 1 1 1 1
T = fi, (‘? fj,1+¥hj,22 _Egj,ZJ_‘_hi,llgj,l_gi [E fj,zz +?gj,12 +?hj,lj

1 1 1 1 2 1 2 1
+hi,2£R3 f; » 1t RZ th ?gj,ﬂ)_i_gi,l[?hj +?gj,2 _?hj,zz +E fj,lj"‘hi,l(ﬁ fj,lZ +gj,llj

2 2
—hi 1, (? hj +¥gj,2 +E fj,lj : (A.23b)

The coefficients a;,b;,c,,...etc.are functions of the spatial coordinates x, & and are obtained from

the strain-displacement relations of the Novozhilov nonlinear shell theory.

Equations (18)—(26) lead to

b,=bb,, B, =b B, +b, B, +b B, By =2B, B, (A24)
¢; =¢ ¢, Cy =6, Cy +¢,C, +¢,Cy, Cye =2C, C (A25)
Py =P, Pjs P = P Py + Py P Py Py, Ry =2P Py (A26)
S =SS Sije =S Sy +5; Sy +5¢ Sy Sijs =254 S, (A27)
G =t Ty =t T+ T+, Ty, T = 2T Ty, (A28)
d,=ha, D, =b A, +a B, +a B, Dy =2A, B, (A29)
e, =a b, E, =a B, +b A +b A, Ey =2A.B (A30)
U; = P; S Uy =S Py + 0, Sy + Py S0 Uy = 2P, S, (A31)
Vi =P80 Vi =5 P+ Py + B Sjr Vigs = 2R S (A32)

All coefficients in the nonlinear modal equations (29) can now be computed, once suitable trial

functions f,, g;, h,, are chosen.
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4.8.2. Appendix B
Matrix [P]:

The elasticity matrix [P]of order (6x6)for an anisotropic material is expressed as

R, R, 0 R, R O
I:)21 P22 O P24 I:)25 O
Pl=|p o o (81
I:)41 P42 O I:)44 P45 0
P51 P52 O P54 P55 O
10 0 FR; 0 0 Py

In the case of isotropic material, the matrix of elasticity becomes

CcC C 0 0 0 0
vC C 0 0 0 0
C(1-
0 =) § 0
[P]- : , (82)
0 0 0 D vD 0
0 0 0 vD D 0
D(1-
0 0 0 o o PV
L 2
Eh Eh? ) , . ) , ) .
Where C = >, D=—+——, E is Young’s modulus, v is Poisson’s ratio and h is the
1-v 12(1-v%)

shell thickness.
After integrating each component of the stress vector over the thickness of the shell, the normal

stress resultant and moment resultant for an isotropic cylindrical shell can be written as
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Sander’s linear equations for thin anisotropic cylindrical shell in terms of axial, tangential, and

circumferential displacements are as follows:

2 2
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Expression of matrix [ H; |:
As mentioned above, the A andB, can be expressed in terms of C,, through the coefficients

o, and S which are interconnected, so that the system of equations (35) may therefore be simplified

as follows:
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H11 H12 a; _ _H13 B.7
|:H21 H22:| ﬂj _{_st}, ( . )

where
1-v
Hn{;tf—( > )n2(1+§ﬂ, (B.8a)
_4 36, (13

H, = 5 [v(1+ 2 j+(1 2 ﬂ (B.8b)
H, =Hy,, (B'SC)

[ (1-v 9(1-v
H,, = (=) 5 )/11.2+n2(1+;<)——(8 )mf] (B.8d)
H,, = n(1+n2/<)—(3_—v)xn/1j2}, (B.8e)

i 2
H,, = v}tj—@xij nz] (B.8f)
Noting that

1-—

HoH, —H.H, :_(_zv)(z,z —n?Y’ 20, with x=(V12)(h/R)’. (8.9)
Matrix [T]:

cosné 0 0
[T]=| 0 cosn& 0O | (B.10)

0 0 sinnd

Matrix [R]:

aleW’R) aze(AQx/R) ase(zgx/R) a4e(14x/R) ase(;,sx/R) aee(zﬁx/R) a7e(/17x/R) ase(zﬁx/R)

[R] _| glaR) ol2x/R) oUax/R) Q(x/R) QUsx/R) QUex/R) oUx/R) QUax/R) (B.ll)

ﬂle(ﬂix/R) ﬁze(ﬂqx/R) ﬂse(ﬂex/R) ﬁ4e(/14x/R) ﬂse(ﬂsx/R) ﬂae(/’lﬁx/R) ﬂ7e(i7x/R) ﬂge(}ﬂx/R)



4.8.3. Appendix C

The coefficients of modal equations are given by

B, =C, by e c

i ij j?

where

bj = 5[ bf” cos? (n0) +b sin’ (n) |,

with
@)
b

1+(B +B;)n+ B B, n?,
b,(jz) =(1+oci aj)n2+(ﬂi +ﬁj)n+ﬂi B;.

C, =C ¢ e e,

1y ]

where,

c :—Z—;Z[ijl) + ¢ | cos(no) sin(no),
with

Ci(jl) =(1+05i a;—pB ﬂj)ﬂi n,

o= (A -A) 4

Pij -C pi'j e(/’h-+,1j)x/R c

j?

where,

P, =%[pff) cos? (n@)+ pi? sin’ (né’)],
with

O =y A A =27 =By Al n—ay AL 4y,

) =(at +; ) AN +(B o+ B A +a B) AN+ B B A 4.

Also, we have
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(C.1a)

(C.1b)

(C.Ic)

(C.1d)

(C.2a)

(C.2b)

(C.2c)

(C.2d)

(C.3a)

(C.3b)

(C.3c)

(C.3d)
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s =B 0 +(1+ B B +ay A) 0P+ (B +3 B0 A+ B A A ) n+ 2 Ay
s? =0 +(1+ B B —a o —a A) 0+ (a4 B A+ By = B A Ay )N
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2+2; XIR

_ct el
T, =Ct;e C;,
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=1 O 6) sin(no
=5 b cos(n@) sin(no),
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t) =(c + o )0° + (o B+ Bray— By A+ B A4+ 28 4 )
(e a; A =B B A=Ay +2 B, By A~ A Ay + 22+ 20, Ay &) N+ BiATA,
—BA+B AR a; A A+ B A AT

The terms, which constitute the nonlinear stiffness matrix of order two, are

By =%Ci C,C, gl AR cos(né) [(1+ﬁi n) by, +(l+ﬁj n)b;i +(1+ B, n)b,}],

1 A+ A )X . , ,
Ci =§Ci C,C, glAra AR sin(n o) I:Cjk (B A4 —a;n)+c (,6’]. A —a; n)

+C;i (ﬂk A — n)]!
1 4+ A+ A )X , , ,
P ==z GiC,Cy A AR o5 (ng) [ A2 D+ 4 pi+ 42 05
Sii =% C.C,C, plAt At xR cos(n o) [s}k (n2 +a A+ n)+s{k (n2 +a; A+ B n)

+5; (n2+akﬂk+ﬂk n)]

T =%ci C, C, e sin(nd) [t), (24 n+ ey n+ B 4 )+t (24, n+a;n+ B, 4,

+th (24 N+ n+ B 4) ],
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ijk R jk i i1 ik 7¥j ji ’
1 A+Aj+4 )XIR ' '
Vi =0 C.C,C, el ) cos(né) [pik(n2+,8j N+a; 4 )+ Py (0° + B n+a 4, )
S, ﬂf].

The terms, which constitute the nonlinear stiffness matrix of order three, are

—2C,C, C, C, by, by, el# )R

uks s Mis “jk

Cye =2C, C, C, C, ¢ ¢y eh e

ijks s Yis ~jk '

—2C,C,C, C, p, pj e,

uks

—2C,C,C, C,s, ) eI

S .

Ty =2C,C,C, C t t], B2y Ak as IR |
Dy =2C,C,C, C, aj b e (“ﬂjﬂwﬂs)xm,

Uye =2C,C,C, C, pl s, e )®

—2C C C C p.s SJk e(’11+/1 +/1k+/1§)></R.

uks
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CHAPITRES  ARTICLE 3: EFFECT OF GEOMETRIC
NONLINEARITY ON THE DYNAMIC BEHAVIOR OF THIN
CYLINDRICAL SHELLS SUBJECTED TO SUPERSONIC FLOW

(Submitted to Thin-Walled Structures, July 9™, 2021)

Yacine Ben-Youssef, Youcef Kerboua, Aouni A. Lakis

5.1. Abstract

This paper presents a numerical model for the analysis of the aeroelastic stability of a thin
cylindrical shell subjected to external supersonic airflow by considering the effects of geometric
nonlinearity. The nonlinear stiffness matrix is based on an approach developed using Novozhilov’s
nonlinear shell theory and taking into account the effects of the curvature of the displacement field
in the circumferential direction, the initial geometric imperfections and nonlinear coupling between
the different modes. The linear mass and stiffness matrices are derived based on a hybrid method,
which is a combination of Sander’s thin shell theory and the classic finite element method. The
aerodynamic damping and stiffness matrices are evaluated using the first—order potential (piston)
theory. The initial stiffening effects due to radial pressure and/or axial loading is also taken into
account. The numerical studies illustrate the effects of different parameters including internal
pressure, nonlinear coupling, circumferential wave number and shell’s geometry. Good agreement
is found between the results obtained using the present approach and those published in the

literature.

Keywords

Thin cylindrical shell, geometry nonlinearity, finite element, nonlinear Novozhilov theory, flutter,

Stress stiffening.
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5.2. Introduction

Thin-walled cylindrical shells are one of the key structures that are widely employed in several
high-tech sectors such as the aerospace industry. These structures are frequently used in the
fuselage and engine nacelles of airplanes and in the skin of space shuttles. When these structures
are exposed to external aerodynamic pressure in a supersonic environment, they become prone to
dynamic instability including flutter induced by high-Mach number gas flow. This self-excited
oscillation manifests itself by large-amplitude vibrations that arise at a critical pressure, above
which the structure loses its dynamic stability, which may lead to its collapse. Aeroelastic
instability is one of the primary design criteria that must be considered by aeronautical engineers
to prevent this behavior. In the literature, several studies present experimental and analytical
analyses that highlight the supersonic flutter of cylindrical shells using structural linear models.
Many researchers have studied this aspect, including Dowell, Olson and Fung and Barr and
Stearman. However, a notable discrepancy is observed between linear analysis and experimental
results for the prediction of dynamic instability and the corresponding behavior of the structure
during flutter. This prompted researchers to lean towards nonlinear analysis of these structures in
order to design a model that more faithfully represents reality. Few research studies have been
published during past decades dealing with the aeroelastic stability of cylindrical shells subjected
to supersonic flow using a nonlinear structural model. The first is attributed to Librescu [19, 20],
who investigated the stability of shallow panels and finite-length circular cylindrical shells using
Donnell’s nonlinear shallow shell theory and a simple mode expansion. It included nonlinear terms
which are associated with the supersonic flow pressure and calculated by piston theory. Olson and
Fung [21] used a simplified form of Donnell’s nonlinear shallow-shell theory and a simple two-
mode expansion to model simply-supported shells. At the NASA Ames Research Center,
California, in 1962 and 1964, Olson and Fung [22] performed a complete experimental study of
supersonic flutter of pressurized and axially compressed circular cylindrical shells. The researchers
reported a peculiar behavior of the flutter boundary versus shell pressurization. Amabili and
Pellicano [23] analyzed the aeroelastic stability of simply-supported, circular cylindrical shells in
supersonic flow. They employed Donnell’s nonlinear shallow-shell theory to model nonlinearities
caused by large-amplitude shell motion. Their study also accounts for the effect of viscous
structural damping. The fluid structure interaction was described via the linear piston theory using

two different formulations. The authors revealed that the system loses stability by standing wave
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flutter through supercritical bifurcation. Amabili and Pellicano [24] later developed a model using
a larger mode expansion involving up to 22 modes and the third-order piston theory. They
emphasized that differences between linear and third-order piston theory were found to be
negligible for a Mach number of three. Librescu et al [25] studied the flutter and post-flutter of
infinitely-long thin-walled cylindrical panels in supersonic/hypersonic flow. The aeroelastic
equations were derived based on nonlinear shell theory in conjunction with third—order piston
theory and shock wave aerodynamics. Oh and Lee [26] applied a nonlinear finite element method
based on multifield layerwise theory to investigate the dynamic instability of piezolaminated
cylindrical panels subjected to thermal and piezoelectric loads. Kurilov and Mikhlin [27]
investigated the nonlinear behaviour of elastic cylindrical shells using the theory of shallow shells.
They analyzed the effect of the flow and the initial deflections on the vibrations of the shell. Jansen
[28] developed a theory that includes the combined effects of finite vibration amplitudes, nonlinear
static deformation and initial geometric imperfections in an investigation of the nonlinear dynamic
response of laminated cylindrical shells. Haddadpour et al [29] analyzed the supersonic flutter
prediction of functionally graded cylindrical shells for different sets of boundary conditions by
considering the nonlinear structural model coupled with linearized piston theory. The study
highlighted the effect of temperature and internal pressure on the flutter boundaries of a simply-
supported FG cylindrical structure. Kubenko and Koval’chuk [30] presented results of their study
of the stability and nonlinear vibration of thin cylindrical shells interacting with fluid flow. They
analyzed the effect of initial geometrical imperfections, boundary conditions, added concentrated
masses and longitudinal and transverse static loads on the critical velocities. Liu et al [31] analyzed
the nonlinear dynamic behaviour of a simply-supported FGM cylindrical shell under harmonic
excitation, compressive in-plane force combined with supersonic aerodynamic and thermal loads
by taking into account the effect of small initial geometric imperfections of the cylindrical shell.
Mahmoudkhani et al [32] analyzed the aero-thermoelastic stability of layered cylindrical shells
with viscoelastic cores. The model is developed using Donnell’s theory and first-order shear
deformation theory in conjunction with the Von Karman-Donnell kinematic nonlinearity. The
results establish that pre-deformation could significantly influence the flutter boundaries for high
temperatures. In another paper, Mahmoudkhani [33] examined the supersonic flutter of
functionally graded cylindrical shells under thermal loadings, taking into account the effect of
geometric imperfections. His numerical study exhibited changes to the trend of variation of the
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flutter pressure with temperature due to the effect of imperfections. Chen and Li [34] studied the
nonlinear aeroelastic flutter and the nonlinear dynamic behaviour of a composite circular
cylindrical shell under the combined action of compressive in-plane force and radial harmonic
excitation when subjected to supersonic airflow. Asadi and Wang [35] examined the nonlinear
instability of a pressurized functionally graded carbon-nanotube reinforced composite (FG-
CNTRC) cylindrical shell subjected to supersonic airflow. Asadi [36] extended his study to
investigate the aero-thermoelastic flutter and buckling instabilities of an FG-CNRC cylindrical
shell. His numerical results revealed that temperature rise has a significant effect on the aero-
thermoelastic flutter characteristics of the FG-CNRC cylindrical structure. Avramov et al [37]
developed a new model of nonlinear vibration of functionally graded CNT-reinforced composite
cylindrical shells to analyze stability of the trivial equilibrium of the cylindrical shell. The
numerical results showed that a significant decrease in the self-sustained vibrations is obtained due
to growth of the volume fraction of the CNTs. Fazilati et al [38] studied the aero-thermoelastic
behavior of a cylindrical curved panel under high supersonic airflow taking into consideration the
structural nonlinearity effect using Von Karman-Donnell strain-displacement relations and third-
order piston theory to assess the aeroelastic stability of the structure. Khudayarov and Turaev [39]
investigated the dynamic response of orthotropic cylindrical shells in supersonic flow including
consideration of the viscoelastic properties of material and geometric nonlinearities. The numerical
results indicated that a decrease in the critical flutter velocities is caused by the viscoelastic
properties of shell material. Baghdasaryan et al [40] examined the nonlinear aeroelastic response
and stability of closed cylindrical shells subjected to supersonic flow and placed in an
inhomogeneous temperature field. Their numerical solutions showed that the critical velocity is
inversely proportional to the relative thickness of the shell. In another paper, Baghdasaryan et al
[41] investigated the nonlinear vibrations of an isotropic cylindrical shallow shell in supersonic gas
flow, taking into consideration both types of nonlinearities: geometric and aerodynamic. Torki et
al [117] studied the dynamic stability of cantilevered, functionally graded cylindrical shells under
axial follower forces. The equations of motion were derived based on the Hamilton principle and
using the first-order shear deformation theory. The stability analysis was performed using the
extended Galerkin method. Flutter boundaries and their corresponding critical circumferential
mode number were calculated for different volume fraction and length-to-radius, and thicknesses-

to-radius ratios. Yazdi [118] examined the flutter of geometrical imperfect functionally graded
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carbon nanotubes (FG-CNTSs) doubly curved shell subjected to a supersonic flow. Large deflection
flutter was evaluated based on the piston theory and von Karman geometrical nonlinearity terms.
Numerical results showed the preponderant effect of shell imperfection on flutter pressure

compared to CNTs volume fraction and distributions.

The formulations developed in this area lack precision due to the complexity of the studied
problem, which prompted the need to develop a nonlinear model focused on speed of convergence,
reduction of processing costs and accuracy of results. In order to meet this objective, a new
geometrically non-linear model is presented, in this manuscript, in order to characterize the
dynamic instability and nonlinear behaviour of a thin isotropic cylindrical shell under internal
pressure and axial compression load and subjected to external supersonic flow. The nonlinear
model presented in this research, accounts for the effect of initial geometric imperfections, the shell
curvature effect in the circumferential direction of the orthogonal displacements as well as the
phenomenon of coupling between different modes. The linear analysis is performed here to identify
natural modes, which are then used in the nonlinear analysis as a spatial function. Therefore, this

manuscript is structured in three main steps as follows:

v" The first step deals with linear analysis of thin-walled cylindrical shell dynamic behaviour
based on the hybrid method developed by Lakis and Paidoussis in order to determine the
displacement functions as well as the mass and linear stiffness matrices. (All details of the
method are presented in reference [9]). This step also includes modeling the initial

stiffening effect by assessing the expression of the potential energy.

v The second step involves computation of the modal coefficients according to the functions
of displacement resulting from the linear analysis. The nonlinear stiffness matrices for an
empty finite element are consequently calculated based on an analytical integration with
respect to modal coefficients. The second and third-order nonlinear stiffness matrices, once
calculated, are overlaid on the linear system.

v' The last step consists of modeling the structure-fluid interaction by determining the
aerodynamic pressure loading due to the supersonic airflow based on linearized first-order
potential theory with (or without) the curvature correction term, and by using the shape
function matrix deduced from linear structural analysis. We finally proceed to determine

the aerodynamic damping and aerodynamic stiffness matrices.
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The approach, on which this analysis was based, stands out for its high accuracy by sweeping high
and low frequencies, and its speed of convergence for the treatment of axisymmetric shells using
a small number of finite elements. This is due to the fact that the displacement functions are derived
in the linear part from exact solutions of Sanders’ shell equilibrium equations rather than an
approximation with polynomial functions. The nonlinear study based on Novozhilov’s shell theory
also benefits from this hybrid method given that modal coefficients are obtained based on the shape
functions induced by the linearized equations of motion. The hybrid method also shows its ability
to deal with various boundary conditions. The aerodynamic pressure induced by supersonic airflow
and modeled using first-order piston theory, can be assessed at any point in the structure with
exactitude due to this hybrid method.

5.3. Structural modeling
5.3.1. Linear solution and hybrid finite element formulation

The shell is subdivided into several cylindrical elements. Each element is defined by two line-

nodes, i and jand the boundaries of the nodal surface. Each node has four degrees of freedom;
three displacements (axial U , circumferential V and radial W ) and one rotation aw/ox oriented

as shown in Figure 5.1.

W .
ni A
1 VUni
: K4
_uni ,’—J:-;x;' .
Node i~ > Node |
X coordinate
6 coordinate
1
! 1
X : I :
L
1
Xj :

Figure 5.1: Nodal displacements of a cylindrical Finite Element

The linear strain vector according to Sanders theory [9] in the cylindrical coordinate system is

expressed in terms of axial, radial, and circumferential mid-surface displacements as follows:
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In Equation (1), &, and &, represent strain components in the axial and circumferential directions,
respectively. €, represents the shear strain in the xé plane. K, , K, are the change of curvature of

the normal mid-surface and kxg is the modified twisting strain. The stress-strain relation is given by:

to}=[Pl{e} (2)
Where [P] is the elasticity matrix of order (6>< 6) for an anisotropic material [9]. Its components
for an isotropic shell are given in Appendix A.

The equilibrium equations of anisotropic cylindrical shells are expressed in terms of axial,
tangential and radial displacements of the mean surface [9]. They are given fully in Appendix A,

using three linear partial differential operators L, (k =1, 2,3), they are thus defined as;

L (UW,V,R,)=0 (3)

Where L, (U \W,V,P )k:12 are the linear partial differential equations of an anisotropic cylindrical

1 ij
shell given in Appendix A, and Pij are the elements of the elasticity matrix [P]. From Equation (3),

we can define the displacement functions as periodic functions, which can be expressed in Fourier
series (see reference [9]). Thus the displacement field is defined for the n™wave number by the

following expressions:
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Zu )cos(nd) (4a)

Zw ) cos(nd) (4b)

Zv ) sin(ng) (4c)

Here N represents the circumferential wave number, and U, V,, W, are the magnitudes of

displacements that depend only on the x coordinate. By introducing Equations (4) into the Sanders
equilibrium Equations (3), and by resolving the characteristic equation, Lakis and Paidoussis [9]
found the exact analytical solution for displacement functions which have a final form as follows

(see ref [9] for more details):

U (x,6)

W (x,6) =[T][R][A]l{§i}:[N]{?}

V(x,0) ! !

Where the finite element nodal displacements vector using the eight boundary conditions of each

(5)

finite element, four at each node is defined as follows:

{@}:{ i 1 Wi OWL / OX, Vi, U, Wy, OW /X, V } =[A]{C} (6)

ni? ni’
i

Matrices [T ] of order (3x3), [R]of order (3x8)and the components of matrix [A], ,are given
in Appendix A, and vector {C} ={C..C,,....C, }T is defined in reference [9].

By introducing Equations (5) into Equation (1), the strain vector expression is expressed as;

o1 -]

Where the components of matrix [Q] are given in Appendix A. Now the components of the stress

vector may be written in terms of nodal displacements using Equations (2) and (7) as:

o) ~[eI 5 | ®)
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The elementary mass [m]i and stiffness [k]z matrices of the cylindrical finite element are

consequently, calculated based on the standard finite element approach. Their relations are thus
defined as [9]:

K] - J [1] [PIle]Roa0 )

[m]; = ph[ [[N] [N]Rdxdo (10)

Where p is the density of the solid shell, h its wall thickness, | is the length of the finite element

and R is the mean radius of the cylindrical shell. (See Figure 5.1). Further information concerning

the derivation of the linear stiffness and mass matrix equations can be found in ref [9]. The global
mass [Ms]and linear stiffness [Ks] matrices for the entire shell are consequently developed using

standard assembling techniques for different boundary conditions.
5.3.2. Nonlinear analysis

The nonlinear analysis presented in this manuscript is based on the formulation developed by Ben
Youssef et al [2] with particular attention to geometric nonlinearities. The structure is assumed to
be perfectly cylindrical in order to neglect the effect of the initial geometric imperfections.
Development of the nonlinear stiffness matrix is done through evaluation of the coefficients of the
modal equations, which were obtained using the Lagrange method based on an energy approach.
The nonlinear stiffness matrix, once calculated, was overlaid onto the linear system.

The approach followed by the method cited in [2] begins by expressing the displacement functions

of points on the middle surface of the shell as a sum of product of the generalized coordinates (t)

with the spatial functions U, v, w given in Equations (4.2 - 4.c) [2].

u=>70(t).U;(x0) (11.a)
V=70 (t)-Vi(x0) (1Lb)
w=3g,(1). W (x.0) (110)
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By introducing the displacement functions (11.a - 11.c) into the middle-surface strain-displacement
relationships of Novozhilov for circular shells (see Appendix B), one can express the deformation
vector of an arbitrary point belonging to the mean surface as a function of the generalized

coordinates in the following form [2]:

£y = ;ajq j +;;Ajkq G (12.)
Ego = ;b,-q j +;§B,-kq i (12b)
Eup0 = ;ch j +;;C,-kq G (12.c)
Kio = Zj‘,qu j +Zj‘,Zk‘,P,-kq i (12.d)
Koo = gsjq j +;§S 4% (12¢)
Kipo = ;t,-qj +;Zk)Tjkq G (12.1)

The expressions of the coefficients a;,b;,c;,...etc. are thus derived in terms of the spatial functions

of Equations (4.a — 4.c) (see Appendix B).

Exor E90r Exgo are the middle surface strain components, and k,,, k,,, k., are the changes in

x,07 79,07 "*x0,0

curvature and torsion of the middle surface.
Using Equations (11.a — 11.c), the Lagrange equations which follow from Hamilton's variational

principle, can thus be written in the generalized coordinates ¢; (t):

d[aT] TN _q, i=12,.,N. (13)

dilog ) o, g,
Here N is the number of degrees of freedom, and can be chosen according to the desired accuracy,
T is the total kinetic energy, V represents the total elastic strain energy of deformation and the
Qi ’s are the generalized forces.

Once the total kinetic and elastic strain energy are calculated using Equations (11.a — 11.c) and

(12.a—12.1) respectively, they will subsequently be inserted into the Lagrange equations (Equation
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13) to assess the dynamic behaviour of an empty cylindrical shell in the absence of external loads.

The nonlinear modal equations are defined as follows [2]:

Zmij qj+zkij qj'"‘zzk:zkijksqj 9 0, =0 (14)
] ] J S
The subscripts "i, j", "i, j,k" and "i, j,k,s"represent, respectively, the coupling between two,

three and four different modes. my, k; are the terms of mass and linear stiffness matrices given by

Equations (9) and (10); the term k;,,, which represents the nonlinear stiffness is given by the

following integral for the case of an isotropic closed cylindrical shell [2]:

|(ijks = J: IOZH {C |:Ajks + Bijks + V( Dijks + Eijks ) + Z(l_v)cijks:|

+D[ Py + Sy +v(Uy +V ]} Roxdo (15)

ijks ijks ijks ijks

)+2(1-v)T,

ijks
Where C and Dare the terms of the elasticity matrix [P] given in Appendix A, and the terms

and V.,

ijks

Aits 1 Bijks 1 Cijes 1 Dijes  Bijis » Biks 1 Sijes » Tijks» Ui

iis 1 Dirs 1 Eis » Piks » Sies » Tijks 1 Uies represent the coefficients of the modal

equations. These coefficients are given by the following equations [2]:

Ajks =2 Ajk A, (16)
Bijks =2 Bjk B, (17)
Cijks =2C ik C, (18)
Py =2Py P, (19)
Sijks =2S ik S (20)
TijkS =2T, Tjk (21)
DijkS =2 Ajk B, (22)
Eijks =2A, Bjk (23)
UijkS =2 ij Sic (24)
Vijks =2P,S ik (25)

By introducing Equation (5) into (B.13) and after carrying out some development we obtain;
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Aj =Ci a1,J e(z1-+/1,-)x/R Cj (26)
where,

a) = 2;2 [ai(jl) cos® (n@)+al? sin®(n 6')] (27)
with,

ai(jl) = (1+ a a; )/11 A (28-3)
Yy BEW (260)

A (i :1,..,8)are the roots of characteristic Equation (see reference [9]). ¢;, B and C, (i =1,..8),

the constant of vector {C} are developed in detail in Ref [9]. n is the circumferential wave number

of the shell and R its mean radius.

In the same manner, we proceed to determine the terms B;,C;, R;,S; and T, which can be written

as a function of «, £, A, n, R, x and &. Their expressions are given in Appendix B.

After introducing Equations (26-28) into Equation (16), and Equations (B.19 — B.33) into
Equations (17-25), one can evaluate separately each coefficient of Equation (15). The double
integral over the middle surface of the shell can be calculated to obtain an explicit expression for

the nonlinear stiffness matrix that manifests in the following form [2]:

[ )= grel A ] T J[A] (29)

The (i, k) term in matrix [ ky, |is written as [2]:

. T . (;ﬂ-+4.+zk+/15)|/rz .
G ,k[ | -1} f A 4444+ A 0
* /. ;;&+lj+ﬂk+ﬂ% (I )e I i + J+ﬂ'k+ s 7
kNL(I’k): 8 8 | (30)
Z;Z}Tst(ivk)E if 4 +4,+4+4 =0
s=1 j=

74 is the term (s, j)of matrix [E], where [E]=[A*][A*] , and G(i,k)is a coefficient in

conjunction with , 8,2 and elements C, D of matrix [P]. The general expression of G(i,k)is

given by:
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IS

G(i,k)=C [[S[ai(sl)a(.lk) +bb ) + ai(sz)a(.i) +bbl?) +v (bi(sl)aﬁ() +alb}) +bPal?) +a?b? )]
+aal) +al’a?) + bbb + b (b W +bYal?) +alhl?) +af )bf))

+2(1—v)(ci(j) +ci(f))(c§k +c2 ]l 7 |I3 pUpl +sWst) + pPpld) + 525!

+V(Si(sl) pgk + p|s jk) +S|s pjk + pIS ):|+ p|s ]k + p|s p]k +SI(S)S(]k) +S|(s )S(l)

is "jk

v (sPpf + s pl) + psiE) + ps) )2 (1-v )t | (31)

where the terms a'’ and a”)are given by Equations (28.a) and (28.b), and the terms b, b®,

o

(2) RN O RN N ) 1 i N i i
i Ci . Py, Py, s, Sy and tiare coefficients appearing in the expressions of

1]

B..,C.

ij o S and T of Equations (B.19 - B.33), given in the Appendix B.

ij? u !
Finally, the global nonlinear stiffness matrix [KN”] is found using the assembling procedure.

5.4. Stress stiffening

The initial stiffening stresses in axisymmetric shells result from radial pressure and axial load.
Their effect is estimated here by calculating the potential energy using direct membrane forces per
unit width and rotations about the orthogonal axes. It is assumed that the shell is under equilibrium
condition and has not reached its buckling state. The initial in-plane shear, static bending and

transverse shear are ignored. The strain energy is thus expressed [68]:

1 NT 2 N 2 N 2
Ui:EIJ[NX¢XX+N9¢HH+(NX+N9)¢nn:|dA (32)
where
N, and N, are the resultant membrane loads due to a differential radial pressure. P, and axial load

P, may be expressed respectively by:

P
27rR

N =P, RandN

(33)

@ Py ANd @, are the elastic rotations and are defined according to Sanders’ shell theory as

follows [62]:



= 34,
o= (34.a)
1 ow
==|V-—— 34.b
Doy R ( 20 j ( )
1/ 10U oV
I 34c
i 2[ R 06 8xj (34¢)

By introducing Equation (5) into Equation (34), the expression of the elastic strain energy in terms

of nodal degrees of freedom is generated [119]:

N 0 0
1 ¢l p27 T X _
ui=§j0j0 zy |0 N, 0 |{z}Rdxde (35)
0 0 N_+N,
where,
0 —% 0
P U
Z)=lowr=| 0 -2 L lwioegny? (36)
” Roo R || ° 5,
Pl 10 5 1o
2R 00 2 ox |

The initial stress stiffness matrix for each cylindrical finite element becomes [119]:

N, 0 0
[]=[["INT[c.]| 0 N, 0 |[c][N]Rdxdo (37)
0 0 N,+N,

After assembling the whole initial stiffness matrix [K ], it is added to the global stiffness matrix

generated from Equation (9).
5.5. Aerodynamic modeling

Piston theory, introduced into aeroelasticity in the linearized form by Ashley and Zartarian [120],
is a powerful tool that furnishes an approximation for aerodynamic pressure acting on a slightly
deformed cylindrical shell in a supersonic airstream. It is equivalent to modelling the pressure on
a piston moving in a one-dimensional channel and generating an isentropic simple wave. The local

pressure is therefore expressed as:
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Pﬁ _ {1+[(7—1)/2](v_v/aw )}2;//(7—1) (38)

0

where,

P is the aerodynamic pressure,

P, is the freestream static pressure,
y is the adiabatic exponent of air,
W is the velocity of the piston,

a, is the freestream speed of sound.

The piston velocity is therefore modeled by rallying the convective rate of displacement due to the

surface gradient in the freestream direction, with the time-dependent local surface velocity arising

from airfoil motion. This is expressed by [121, 122]:

oW oW (39)

W="—+U,

ot )

where U _ is the freestream velocity and W represents the radial displacement.
oW . . N e
U_ ——consists of “"convection” terms that translate the contribution from body shape and angle
of attack.
oW I .
Y represents the contribution from body motion.

By considering the linear terms in the binomial expansion of Equation (38), the expression of the
aerodynamic pressure on the cylindrical shell wall can be expressed with (or without) the curvature

correction term[123]:

7p,M? aw+|v|2—2iaw_ w (40)
(Mz_l)V2 x M2-1U_ ot ZR(Mz_l)VZ

P, =

where M is the Mach number. For sufficiently high Mach numbers (M >2)and neglecting the
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curvature term W/[ZR(MZ—l)W], this expression simplifies to the so-called linear piston

theory[120]:
{M %4%} (a1)

Considering the radial displacement assumed to be the same as that of Equation (5):

W =3, ¢ cos(ng) = iwj =[T][R, ][Alj{gz} (42)

j=1 j=1

where 4, is the complex root of the characteristic equation given in Ref. [9], @ is the oscillation
frequency of the shell, n is the circumferential wave number and the elements of matrix [Rf ]are

given in Appendix C.

By introducing Equation (42) into Equation (41), the aerodynamic pressure field vector in terms of

nodal degrees of freedom may be defined as:

P Aol (A P

=P = SR T s T )
0 a, i i

Following the same reasoning and introducing Equation (42) into Equation (40), the aerodynamic

pressure, including the curvature term, can be expressed as follows:

i e e 4 e

_(I\;fii” {ZR(MlZ 1)”2][T][Rf J[A_lj{g} )

Where p,_ is the freestream air density. It should be noted that the correlation existing between the

freestream static pressure and velocity is acquired using the expressions:
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U,=M-a, (45)
P

a = |ly—= 46

= (46)

The general force vector due to the pressure field is written as:

{Fo} =[JINT {R.}da (47)
Substituting Equations (5) and (43) into the above relation, the aerodynamic damping [cf ] and

stiffness [kf ]matrices for each element are obtained:

[c.]=[A"] [, ][A"] (48)
[k J=[A"] [6/][A"] (49)

Where,
[Df]:—alpwnRj;[R]T[Rf]dx (50)
[Gf]:—i%waMﬂRj;[R]T[Rf]dx (51)

For the case including the curvature correction term, we follow the same procedure and introduce
Equations (5) and (44) into Equation (47) and derive the expressions of the local damping and
stiffness matrices, similar to those defined in Equations (48) and (49), with the expressions of

D, and G, defined, this time, as follows:

[Df]:(l\;’z’ﬁfm i(miiiJﬂRi[RT[Rf]dX (52)

[Gf ] = ——,OwUf; 7R i 4

(TR Jo {(iﬁJ—ZR(M—iM )

Finally, the global aerodynamic stiffness | K, |and viscous damping [ C, |are found using the

assembly procedure in FEM and added to the equations of motion.
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5.6. Numerical solution

The governing equation of motion of a thin cylindrical shell subjected to an external supersonic

airflow may be expressed by considering the initial stiffening effect, as follows:
[M.]{d} - Haj+[[KJ+[K ][ K, J]{a}+] K™ J{a}™ = {0} (54)
Where the subscripts s and f refer to a shell in vacuo and fluid, respectively, and | refers to a

shell under axial compression and/or radial pression and {q} is the degrees of freedom vector

corresponding to total nodes. {q}®3 is the Kronecker product power 3 of vector {q}

In practice, the matrices cited in the motion equation are reduced to square matrices of order

NREDUC = N =NDF ><(NEL +1)—J , where J represents the number of essential constraints,

NDF is the number of degrees of freedom and NEL designates the number of elements. Therefore,

Equation (54) becomes:

MO e[ JHay+ | [ KO T+ K - K o)+ Kl J{a)™ = {0} (55)

Where the subscript *'r **means, ‘reduced’.

Equation (55) can still be written in the index form as follows:

Mzw

N [—
I:mij 4, —C; q; +kiJTOTALqJ']—'_ .glki;ﬂl_sqjqkq =0 i=1..,N (56)
J’ =

]

I
LN

k™ =k +ki —k, and my, c;, ki are respectively the linear coefficients and ki* is the

cubic coefficients.

By further developing Equation (56), we obtain:

N N
> m; d —c; 4, +kiJTOTALqi]+Zl:n3u q; =0 (57)
j=

=

Where,

n, (0,0) =D ki 6,

N
k,1=1
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Equation (57) can then be written as:

N

Z{mij d;—¢; +[kiJTOTAL+n3i,- (q,q)]qj}=0 (58)

Thus, Equation (58) is written as:

MO e[ {a)+ ([ KB |+ [Na (a0 a)] Ha} = {0} (59)

Where N, denotes the cubic nonlinear stiffness matrix of dimension (N X N)

Equation (59) can be solved using the direct iteration method; the step-by-step procedure is stated

below:

1) Scale up the amplitude ratio A/hand multiply the desired value by the normalized first-

mode shape vector.

2) Determine matrix [N3 (a, q)] using the scaled-up eigenvector

3) Solve the nonlinear eigenvalue equation (Equation 59) using the equation reduction method

and obtain the new frequency and the new corresponding eigenvector as follows:

Rewrite Equation (59) as:

Where @, represents the first element of the elasticity matrix in Equation (A.2) and [K] is the total

stiffness matrix defined as follows:

[K]=] K& |+[Na(a.a)] (61)

Thus, the corresponding eigenvalue problem is given by:
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[oo)- 211 (62)

Where [I ] is the identity matrix, A is the eigenvalue representing the complex frequency of the

system and [ DD]is defined as:

[0] []
[bD]= Lkmo] -2 k]er] (63)

2
Wy

4) Repeat steps (1-3) until convergence; the accuracy of the resulting frequency reached 107
5.7. Results and Discussion

Before starting an analysis of our results, we conducted a convergence test and a validation study
to quantify the accuracy of this hybrid method in the presence of fluid and to prove the rigour of
the model developed above. Validation of the linear study is performed by calculating the critical
freestream static pressure of a pressurized cylindrical shell subjected to supersonic airflow and
comparing it to existing experimental data and analytical and numerical solutions. Validation of
our nonlinear results as well as presentation of the effects of various parameters on the dynamic
behaviour of cylindrical shells are conducted by highlighting the backbone curves in terms of
variation of the relative nonlinear frequency as a function of dimensionless amplitude calculated

using the present method. All of these studies refer to Cases | and 11, in which the shell geometry
and flow parameters have the following physical properties: E =1.6x10"Ib/in., v =0.35,
h=0.0040 in., L=15.4 in., R=8.00 in., p = 0.000833 Ib.s?/in.*, M =3.00, a, =8400 in,/s and

T.. =120°F. This set of data originates from the experimental study done by Olson and Fung [21]

in the NASA Ames Research Center (It is referred to as case I). It is important to mention that some

other studies, such as the case referred to Carter and Stearman [124], have different values for
L =16 in., E =13x10°Ib/in” and v = 0.33 (referred to as case I).
5.7.1. Convergence test

The convergence study presents a crucial step in finite element analysis since the results are

strongly influenced by the number of finite elements. A study was conducted using the simply-
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supported (SS4 :u=v=w=0, and ow/ox = 0) cylindrical shell of case | subjected to supersonic
airflow. The linearized first-order piston theory including the curvature correction term is used in
this case to evaluate the freestream static pressure P_=0.1psi. Only the first three axial modes
m=1,2and 3are shown for n =23. As seen in Figure 5.2, only twenty finite elements are sufficient

to ensure convergence for the case of cylindrical shells.
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Figure 5.2: Natural frequencies versus the number of cylindrical finite elements for n =23

5.7.2. Validation

This sub-section presents a validation of the results from our linear and nonlinear models in terms
of boundary flutter used to characterize the onset of aeroelastic instability. The homogenous

isotropic simply-supported cylindrical shell of case Il is considered, with SS1 BC’s

(u #0, w=0, ow/ox =0 and v # O), under internal pressure and subjected to external supersonic

airflow. The study consists in detecting, for each internal pressure applied to the structure, the
values of the parameters characterizing its instability and triggering the onset of flutter. This
corresponds to determining the minimum circumferential wave number n_;, and its corresponding

critical freestream static pressure P, . The results are compared with those of Carter and Stearman

[124] and Haddadpour et al [29] as shown in Figure 5.3. As seen in Figure 5.3, there is a good

agreement between results with a very minor difference in the critical circumferential wave number



136

between our results and those of the other authors. It should also be noted that for all the cases
considered in this study, the minimum freestream static pressure at which flutter occurs is evaluated
using Equation (44). It corresponds to coalescence of the lowest and the second frequencies.
Another comparison study was carried out here to validate the minimum value of the critical

freestream static pressure that triggers instability of the structure.
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Figure 5.3: Validation of flutter boundaries for thin cylindrical shell using Haddadpour et al [29] and Carter and
Stearman [124] results

It was found among the critical values calculated for different circumferential wave numbers (see

Table 5.1). For both cases (I and II) with free simply-supported boundary conditions

(SS3:u =0, w=0, ow/ox =0 and v =0), the numerical results calculated using our approach were

compared with experimental, theoretical, and numerical analyses available in the literature and a
very good agreement was found with experimental data and analytical results as shown in Table
5.1.

Figure 5.4 illustrates the variation of the flutter boundary of a cylindrical shell subjected to internal
pressure. The results of the stability boundary derived using our method were compared with the
analytical and experimental data of Olson and Fung [21] and the numerical results of Pourya et al
[125]. It should be noted that the different curves show the same tendency for different values of
internal pressure. They manifest as an exponential evolution of the critical pressure as a function

of the internal pressure.
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Table 5.1: Comparison of the shell flutter boundary for different experimental, theoretical and numerical linear
analyses

P (Psi) n Cas N°

cr

Experimental results 0.380 -0.420 20 I

[22]
Analytical results
[124] 0.42 24 I
Analytical results
[21] 0.55 25 |
Analytical results
23] 0.33 27 |
FEM results [126] 0.5621 25 I
FEM results [126] 0.5621 26 |
FEM results [33] 0.5401 25 |
FEM results [32] 0.39971 25 I
FEM results [125] 0.5497 Fhx |
FEM results [125] 0.4033 Fkk I
Present results 0.521 25 |
Present results 0.382 25 1
16000
Pourya et al. FEM
14000 [125]
/
12000

Olson and Fung

/
/
10000 Analytical [21] , . S
’’ 7
. 7

Freestream static pressure (Pa)

8000 .2~~~  Present work
/7~
L7 FEM
6000 - ,/ z
g Olson and Fung
- .
4000 /L/// _Experimental [21] 7
// 4/4/4/ /k//)/
2000 LT/ ZLL ) [
0
0 2000 4000 6000 8000

Shell internal pressure (Pa)

Figure 5.4: Variation of flutter boundary versus shell internal pressure for the freely simply-supported cylindrical
shell of case |
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The gap between the different critical pressures increases as the structures are increasingly
pressurized. Furthermore, Figure 5.4 shows good agreement between the critical pressure predicted
by the present study and the numerical results in the work of Pourya et al [125] in comparison to
the analytical results in the work of Olson and Fung [21]. It can also be seen from the Figure that
the results of the theoretical and numerical analyses demonstrate a predominant effect of the
internal pressure in terms of stabilization of the structure in comparison to experimental data. The

final example of validation consists in determining the geometrically nonlinear dynamic behaviour
of the pressurized (P, =0.5 Psi) freely simply-supported cylindrical shell of case I for (n=23)at

the moment of the onset of flutter. It is especially interesting to note that the aerodynamic pressure

is evaluated in this case using Equations (43) and (44).

1.2
1
0.8
=
~
= 0.6
0.4 h
—¥— PRESENT without curvature terms
—O— Olson and Fung without curvature terms [21]
0.2
—#— PRESENT with curvature terms
0 A
0.96 0.97 0.98 0.99 1 1.01
Wy /W,

Figure 5.5: Variation of the relative nonlinear frequency w,, /@, as a function of the flutter dimensionless
amplitude for the pressurized freely simply-supported cylindrical shell of case | for n =23

Figure 5.5 shows the dependence between the nonlinear flutter frequencies and the amplitude of
oscillations, which results in a softening trend curve characterizing the nonlinear behaviour. We

note that the flutter relative nonlinear frequency ,, /@, , calculated with the first longitudinal

mode, is seen to decrease slowly as the ratio A/h increases. Good agreement is seen between the
present model and that of Reference [21]. The critical pressure calculated by Equation (43) is

P =1.28psi while that corresponding to Equation (44) reaches P =1.01psi. It can also be seen
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from the figure that the backbone curves calculated using this model, with and without the
curvature correction term, are very close. This demonstrates that consideration of the curvature

correction terms has no effect on the evolution of the relative flutter frequency.
5.7.3. Nonlinear dynamic behaviour during flutter

This sub-section presents an analysis of the nonlinear dynamic behavior of a cylindrical structure
during two stages neighbouring the critical mode, which is characterized by the lowest critical
static freestream pressure leading to the appearance of flutter. The stability region preceding the

onset of flutter is characterized by a pressure equal to P, =0.8x P while the post-instability zone
is defined by a pressure equal to P, =1.5xP"". The freely simply-supported cylindrical shell of
case | is considered. The flutter boundary of the pressurized shell (Pm =05 psi)occurs at
P =0.992 psi, corresponding to a critical circumferential wave number equal to n, =22. In
Figure 5.6, a slow decrease of the relative nonlinear frequency w,, /@, with an increase of the ratio

A/his revealed for all the curves, which highlights a typical behaviour characterizing the softening

type of nonlinearity.

1.6
14
1.2
1
0.8
<
< 0.6 —o— 1.0*P_cr
— = 1.5%P_cr
0.4 —A— 0.8*P_cr
0.2
0
0.82 0.87 0.92 0.97 1.02
Wy /0,

Figure 5.6: Variation of the relative nonlinear frequency w,, /e, as afunction of ratio A/h for different
freestream static pressures located in the neighbourhood of the flutter onset region
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The figure also demonstrates that the curve corresponding to the lowest value of aerodynamic

pressure (POC =0.8x P ) is the most pronounced. As seen in the figure, the variation of the flutter

frequency corresponding to different pressures neighbouring the critical value is negligible for low
values of vibration amplitude. This variation becomes significant for large values of the A/h ratio.
It can also be noticed that the nonlinear frequency increases as the pressure applied to the structure
grows (this can be illustrated by plotting the horizontal corresponding to A/h fixed; the ratio

o, /o, increases as the value of the applied aerodynamic pressure grows).

5.7.4. Effectof internal pressure on the nonlinear dynamic behaviour of a cylindrical shell
during flutter

The initial stiffening effect due to internal pressure on the geometrical nonlinear dynamic
behaviour of the cylindrical shell of case 1 is investigated in this sub-section. For both data sets

(pressurized and unpressurized shell) the free simply-supported boundary is considered.

1.6
1.4 ~
\ .
1.2
1
0.8
—o— P_m=0.5psi, 1.0*P_cr N
0.6  —A—P_m=0.5psi, 1.5*P cr \
P_m =0.5 psi, 3.0%P_cr \
0.4 P_m=0.0 psi, 1.0*P_cr &
— - — P_m=0.0psi, 1.5*P_cr z
0.2 b
P_m = 0.0 psi, 3.0*P_cr \
|
0 &
0.75 0.8 0.85 0.9 0.95 1 1.05
Wy w

Figure 5.7: Backbone curve during the stage following the onset of flutter for the cylindrical shells of case I with
and without internal pressure (Pm)

The minimum value of the critical freestream static pressure for the pressurized shell is evaluated

at P =0.992 psi for its corresponding critical circumferential wave number equal to n, =22
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while the critical aerodynamic pressure of the unpressurized shell is equal to P™" =0.521 psi for

n, =25. Two values of aerodynamic pressure P, =1.5xP"and P, =3x P " are considered here

to assess the dynamic behaviour of the shell during the stage following the onset of flutter. The

first remark that can be deduced from numerical results is the stabilizing effect of the internal

pressure. P& =0.992 > P~ =0.521 which supports the results found by Olson and Fung [21] and

Amabilli and Pellicano [23,24]. We also note that the trend of nonlinearity revealed in Figure 5.7,
for all the cases studied, is of a softening type and the curves of the unpressurized shells are more
accentuated.

5.7.5. Effect of nonlinear coupling

This study of the dynamic behaviour of geometrically nonlinear structures highlights the
omnipresence of typically nonlinear phenomena, namely the phenomenon of nonlinear coupling
between generalized coordinates. The effect of this phenomenon is emphasized in this section
through analysis of the dynamic behaviour of pressurized freely simply-supported cylindrical shells
subjected to supersonic flow whose geometry characteristics and flow parameters are those of case
| for n=23. As shown in Figure 5.8, the numerical results derived from this study exhibit a

nonlinear trend of a softening type for the two cases (with and without coupling).

1.4
1.2
1
0.8
<
=
<
0.6
04 —6— Present without coupling
—2#— Present with coupling
0.2
0
0.4 0.6 0.8 1 1.2
Wy /w

Figure 5.8: Coupling effect between the different modes, on the nonlinear dynamic behaviour of a pressurized
cylindrical shell with free simply-supported boundary
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It can also be seen from Figure 5.8 that the curve exhibiting coupling is more pronounced than the
curve without coupling, which demonstrates that the effect of this phenomenon is an accentuation
of the softening character of nonlinear dynamic behaviour. Moreover, the coupling manifests itself
by a transfer of energy between the different modes [115]. The figure also shows that the nonlinear
coupling effect starts at the ratio A’h=0.2 and becomes progressively more pronounced as the
vibration amplitude increases, indicating the presence of a bifurcation of the backbone curve with

coupling at the ratio A/h=0.6.

5.7.6. Effect of circumferential wave number n

We evaluate here the effect of the variation of the circumferential wave number n on the nonlinear
dynamic behaviour of a cylindrical shell subjected to supersonic flow. Note that for all the cases
studied here, the structure has lost its dynamic stability and the aerodynamic pressure of the flow
is indeed the critical freestream static pressure of flutter. Figure 5.9 presents the variation of flutter

frequency as a function of flutter amplitude for different circumferential wave numbers:

n=24-—29 for the pressurized (Pm =05 psi), freely simply-supported cylindrical shell of case I.

2.5
2
1.5
ey
2 —2A— n=26
1 —¥—n=25
n=24
—o— n=27
0.5 —_—— n=28
n=29
1
0 &
0.8 0.85 0.9 0.95 1 1.05
Wy /w

Figure 5.9: Variation of the dimensionless flutter frequency «,, /@, as a function of ratio A/h for a freely simply-
supported cylindrical shell at different circumferential wave numbers
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As seen from the figure, for a fixed value of the ratio A/h, the relative nonlinear frequency

decreases as n decreases, and the gap between the different curves is decreasing as the
circumferential wave number becomes larger. Moreover, the curve corresponding to n=24 is the

most pronounced.
5.7.7. Geometry effect

In this section, we analyze the effect of variation of the length-to-radius and the radius-to-thickness
ratios of a pressurized thin cylindrical shell subjected to external supersonic airflow, on its

nonlinear dynamic behaviour corresponding to the onset of flutter and during flutter stages.

5.7.7.1. Effect of L/r ratio on supersonic flutter

To assess the effect of the variation of the shell length on its nonlinear dynamic behaviour, a study
was conducted in this sub-section highlighting the analysis of the nonlinear vibration of a thin

pressurized cylindrical shell (Pm :0.5psi) subjected to supersonic airflow as a function of the
variation of its slenderness. The shell considered is freely simply-supported corresponding to case
I. The study revolves around three main steps stipulating the variation of the L/R ratio according
to the fundamental parameters influencing instability: the applied freestream static pressure and

the circumferential wave number. The first step is to vary the ratio L/R (variation of L keeping R
constant). For each length L, the corresponding minimum circumferential wave number (ncr)and

the critical freestream static pressure (Poj')are sought. In the second step, the value of L is varied

while fixing the circumferential wave number at (n = 22)and looking for the critical pressure for

each L. The third step consists in keeping the same number n fixed as in step 2 and choosing the
aerodynamic pressure P, so that it is greater than all the critical pressures corresponding to step 2.
Figure 5.10 shows the variation of the relative flutter frequency as a function of the dimensionless
amplitude A/h for different values of the L/R ratio varying as follows: 3.0, 3.5, 4.0 and 5.0. The
first remark, which is obvious when examining Figure 5.10, is the softening tendency that
characterizes all the curves of the different cases studied. Furthermore, focusing on the curves that
follow from step 2 and 3 previously described, we notice that, for structures that are increasingly

slender, the nonlinear dynamic behaviour is less softening.
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Figure 5.10: Variation of the dimensionless flutter frequency «y, /@, as a function of ratio A/h for a pressurized,
freely simply-supported cylindrical shell at different L/R ratios
This is accompanied by an equally important phenomenon which resides in the gradual decrease

of the gap between the different curves for large amplitudes of vibration, since the structure is more

slender (L/Rgrowing). This can be illustrated by plotting the horizontal corresponding to a fixed

value of A/h and detecting, accordingly, the spread that lies between the different @, /@, ratios

corresponding to the different L/R values. Another remark that is revealed by analyzing Figure 5.10
is the existence of a synergism between the different curves corresponding to the ratios L/R=3.0,
4.0 and 5.0 for curves generated based on the criteria of stepl. We notice that the dispersion
between these curves is much less intense compared to those resulting from step 2 and 3. The
curves are almost merged, which shows an absence of the effect of variation of the shell length for
these cases. Nevertheless, the effect of length increases for L/R=3.5. The figure also shows that the
curves for step 2 appear more pronounced compared to those for step 3 for the different L/R ratios,
except for one corresponding to L/R=5.0, where the curve of step 3 is more pronounced than that
of step 2.
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Figure 5.11: Variation of the flutter boundary with ratio L/R for the pressurized freely simply-supported cylindrical
shell of case |

Figure 5.11 presents the variation of the critical pressure as a function of the L/R ratio relative to
stepl. It is important to note that the results illustrated in Figure 5.11 also show the existence of a
correlation between the lowest critical pressure applied on the structure and the variation of its
length. As depicted in the figure, the lowest critical value of freestream static pressure for each
circumferential wave number becomes larger when the L/R ratio is decreased. This is
demonstrated by a sudden decrease in critical pressure for small values of structure length (the
slope of the tangent to the curve is pronounced for low L/R ratios) and a slight decrease in the
critical pressure value as the length of the structure becomes more significant. We may thus

conclude that the more slender the structure, the more vulnerable it will be to instability.
5.7.7.2. Effect of R/hratio on supersonic flutter

Numerical calculations have been conducted to examine the effect of the variation of the radius-
to-thickness ratio R/h (R is variable and h is kept fixed) on the nonlinear dynamic behaviour of a
thin, pressurized (P, =0.5psi)freely simply-supported cylindrical shell subjected to external

supersonic airflow, corresponding to case I. Following the same approach mentioned in the section
5.7.7.1, three main steps are applied here, involving variation of the radius R in accordance with
certain particularities relating to each step: the first step consists in finding, for each R, the
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minimum value of the circumferential wave number and the corresponding critical freestream static

pressure. The second step is completed by fixing the number n (n =22)and searching for the

critical pressure corresponding to each R. In the third step, we fix both the number n (n = 22)and

the aerodynamic pressure so that the latter is greater than the maximum of the critical freestream
static pressures detected in step 2 to ensure that the structure is in its instability phase. Figure 5.12
shows the variation of the dimensionless amplitude A/h as a function of the flutter relative
frequency for different values of the ratio R/h: R/h =875, 1125, 1250 and 1750. It is clear from

the figure that all the curves have a nonlinear softening character.
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1 |mmmmm—s R/h=875, n=22, P_inf=1,60 psi
— — = R/h=1125, P_inf=1.60 psi
- - — = R/h=1250, P_inf=1.60 psi
R/h=1750, P_inf=1.60 psi
0.5 oo R/h=875, n_cr=24, P_cr=0.07 psi
— A — R/h=1125, n_cr=27, P_cr=0.07 psi
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Figure 5.12: Effect of the radius-to-thickness ratio on the nonlinear dynamic behaviour of a pressurized freely
simply-supported cylindrical shell

By examining Figure 5.12 we note that the trend of the curves corresponding to step 2 becomes
more softening as the radius of the shell increases except for the case R/h=875. The same

behaviour is observed for the curves related to step 3 (which occurred during the instability of the
shell) by discerning a more softening trend for the curves corresponding to step 2 (performed at
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the onset of flutter). Figure 5.12 also shows that the curve corresponding to R/h=1750 resulting
from step 2 seems to be the most pronounced. Additionally, it is important to note that the curves
corresponding to R/h =875 and R/h =1125 relating to step 1, appear to have the same value of
the critical pressure with a difference in the minimum value of the circumferential wave number

(ncr =24and n, =27 respectively), which seems to be the most pronounced for the curve with

the smallest radius.
5.7.8. Effect of boundary conditions

In order to illustrate the effect of boundary conditions on the nonlinear behaviour of a thin
cylindrical shell exposed to supersonic flow, the flutter boundaries were obtained for the

pressurized and unpressurized shells of case | and the relative nonlinear frequencies were computed
as a function of dimensionless amplitude A/h . It should be noted that the boundary conditions are

defined based on Tong’s convention [116] presented in Table 5.2.

Table 5.2: Boundary conditions according to the Tong’s convention [116]

Name u v W OW/ OX
F Free Free Free Free
SSO 0 Free Free Free
SS1 Free Free 0 Free
SS2 0 Free 0 Free
SS3 Free 0 0 Free
SS4 0 0 0 Free
CC1 Free Free 0 0
CcC2 0 Free 0 0
CC3 Free 0 0 0
CC4 0 0 0 0

The analysis consists of determining, for each boundary condition, the minimum value of the

critical freestream static pressure P, and its corresponding circumferential wave number n, , for

each case of pressurized (Pm :O.5psi)and unpressurized shells as presented in Table 5.3. The

numerical results highlight the ability of the developed model to support a variety of boundary
conditions. As seen in Figure 5.13, all the curves present a softening trend of nonlinear dynamic
behaviour occurring at the onset of flutter. Table 5.3 shows the effects of different simply-

supported and clamped boundary conditions (BCs) on the stability of the structure.
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Table 5.3: Critical freestream static pressure giving onset of flutter of a thin cylindrical shell under different
boundary conditions (P, =0.0psi)

B.C Pn (psi) P (psi) Ner
S1-51 0.980 22
$2-52 1.076 25
$3-53 0.992 22
S4-54 1.085 25
ci-C1 0.5 1.000 22
C2-C2 1.086 25
Cc3-C3 1.000 22
C4-c4 1.088 25
S1-s1 0.520 25
$2-52 0.652 28
$3-53 0.521 25
S4-54 0.654 28
Cc1-C1 0.0 0.540 26
C2-C2 0.656 28
C3-C3 0.543 26
Ca-c4 0.656 28

Observation of Table 5.3 reveals that, for the case with the least constraints at the ends among the
eight sets of BCs (the case with out-of-plane constraint: SS1), the critical static pressure is the
lowest. This remains valid for pressurized and non-pressurized shells. Another remark that can be
highlighted from Table 5.3 concerning the cases without any axial constraints at the ends; the shell
is more vulnerable to instability for these configurations (SS3 vs SS4 and CC3 vs CC4) whether it
is for a pressurized shell or a structure without internal pressure. According to Figure 5.13, for
boundary conditions with in-plane constraints at the ends, the backbone curves are merged (SS4
and CC4). Looking further, we note that the curve with the SS3 boundary condition is the most
pronounced. It is also imperative to note that the gap between the curves corresponding to SS3 and
SS4 boundary conditions is significant for large vibration amplitudes corresponding to
unpressurized shells. This gap is reduced when the structures are subjected to internal pressures.
The result presented in Figure 5.14.a, it leads to the observation that case CC3 which is not

constrained in the axial direction presents a more softening trend compared to case CC4.

This is clearly demonstrated for the unpressurized shell as well as for those subjected to internal

pressure. The same behaviour is revealed in Figure 5.14.b for the simply-supported case.
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Figure 5.13: Effect of boundary conditions on the nonlinear aeroelastic behaviour of a (a) pressurized (b)
unpressurized cylindrical shell at the onset of flutter (C: clamped, S: simply supported)
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Figure 5.14: Variation of the relative flutter frequency as a function of the dimensionless amplitude of a (a) clamped
and (b) simply-supported cylindrical shell for cases P»=0.0 psi and P»=0.5 psi
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It can also be seen from Figure 5.14 that, by considering the same boundary condition, the softening
character of the nonlinear dynamic behaviour of unpressurized shells is more accentuated
compared to that of pressurized shells, which reinforces the results found in sub-section 5.7.4.
Furthermore, we note that the gap between the curves corresponding to case CC3 of pressurized
and unpressurized shells decreases remarkably for the large vibration amplitudes considered at the
onset of flutter (the gap becomes more contiguous at A/h = 1.4). This is unlike case CC4, which
shows an increase in the gap between the relative frequencies for large A/h ratios. For the simply-
supported case, the gap between the SS3 curves, corresponding to pressurized and unpressurized

shells, is significant.
5.8. Conclusion

A semi-analytical FEM is implemented in this paper to investigate the effect of geometric
nonlinearities on the dynamic behaviour of a thin cylindrical shell subjected to external supersonic
flow. The study is performed by considering the effects of stress stiffness due to internal pressure
and axial loading on the flutter boundaries. The geometric nonlinearities are highlighted due to the
theory developed in this paper based on the Novozhilov nonlinear kinematics and taking into
account the curvature effect of the displacement field in the circumferential direction, the initial
geometric imperfections and the influence of nonlinear coupling between the different modes.
Linear analysis is performed to identify the shape functions, which are found from exact solution
of Sander’s shell theory and then used in the nonlinear analysis as a spatial function. The linearized
first-order potential (piston) theory, with and without a correction factor for curvature, is also used
for aerodynamic modeling to derive aerodynamic damping and stiffness matrices. The governing
nonlinear aeroelastic equations are derived using the Lagrange approach and solved by a direct
iterative method. The method benefits from the advantages of the finite element technique, which
facilitates the study of complex shells, and the precision of results obtained by analytical means.
This concept results in fast and efficient convergence when applied to investigate the dynamic
stability and the dynamic behaviour of shells during the flutter stage. Numerical studies are
conducted for different shell boundary conditions and geometries to examine the nonlinear
dynamic behaviour of cylindrical shells at the onset of flutter and during the stage beyond the
appearance of flutter. Results are provided and discussed in detail for isotropic thin cylindrical

shells. Finally, it is important to point out the capability of the model developed in this paper to
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analyze the nonlinear dynamic behaviour of cylindrical structures during their instability phase,
which is not possible if linear analysis is employed. It is also shown that this aeroelastic model
gives accurate results but needs to be used to deal with aerodynamic nonlinearities to improve the

consistency of the FEM package.
5.9. Appendix

5.9.1. Appendix A

Matrix [P]

The elasticity matrix [ P]of order (6x6)for an anisotropic material is expressed as:

R, R, 0 PR, Rs O
P21 P22 0 P24 P25 0
O 0 R, O 0 P
[P] — 33 36 (A 1)
P41 I:)42 0 P44 I345 0
P51 P52 0 P54 PSS 0
|0 0 R; 0 0 PRy]
In the case of isotropic material, the matrix of elasticity becomes:
C vC 0 0 O 0 |
vC C 0 0 O 0
C(1-
0 ) 6 o o
[P]- X (A2)
0 O 0 D vD 0
0 O 0 vD D 0
D(1-
o 0o o o o 20
L 2
Eh Eh® . , o
where C = >, D=————, E is Young’s modulus, v is Poisson’s ratio and h the shell
1-v 12(1—1/2)
thickness.

After integrating each component of the stress vector over the thickness of the shell, the normal
stress resultant and moment resultant for an isotropic cylindrical shell can be written as:
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Sander’s linear equations for thin anisotropic cylindrical shell in terms of axial, tangential, and
circumferential displacements are as follows:
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Matrices [T], ,.[R],;:[ A, ad [Q], . are defined as
Matrix[ ]
cosné 0 0
[T]=| 0 cosng 0 (A7)

0 0 sinn@
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Matrix [R]

ale(ﬂ,lx/R) aze(zzx/R) ase(ﬂgx/R) a4e(/14x/R) ase(zsx/R) a6e(zﬁx/R) a7e(/17x/R) ase(zex/R)

[R] —| /R al72X/R) al#X/R) al4x/R) alsx/R) al%x/R) al#¥/R) al%x/R) (A.8)

,Ble(mm) ﬂzewxm) ﬁse(ﬂgX/R) ﬂ4e(/14x/R) ,Bse(/lsx/R) ﬁae(zﬁx/R) ﬂ7e(/17x/R) ﬂse(/lex/R)

Matrix [ A]
ALi)=a, A(21)=1, A(3,i)=%, A(4i)=p, A(5,i)=ace™", A(6i)=e"",
A(7,i):%e4"/R, A(8,i)=pe"" i=12,...8, (A9)
Matrix [Q]
Q(l,i):a.ﬁe%x/R, Q(Z’i)zi(nﬁ_ +1)eﬂ1-x/R’ Q(3,i)=£(ﬂ.ﬂ,—na.)eﬂix/R,
'R R ! R\ i

Q(4,i)=—(%j e™R. Q (5|)_ (n +Bn)er R,

n_ 1 3 1 R P
Q(6.i)=—; (2ni,+2ﬁi/1,+2naije i=12,..8 (A10)

5.9.2. Appendix B

The middle surface strain-displacement relationships corresponding to the Novozhilov nonlinear
shell theory of circular shells:

2 2 2
Eo= 6u = (6_uj +(@j +£@j +8—W% (B.1)
’ ax 2 OX OX OX OX OX
N w1 [aujz (av jz (aw jz
Epo=——t—+t—|| — | +| —=+W| +| —-v
Roé R 2R 00 00 00
+i2 %(@—vj+wo(w+ﬂj : (B.2)
R=| 00 \ 08 00

8V ou auodu ovfov oW ow, \( ow 8W oW, 8V
Voo =— M LU NN [, e W —W, |, (B.3)
' 8X RGO R|ox 00 ox\ oo ox ox J\od 8X 90 8X
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(o Owo v au ov o 0% (w+w,) +8(W+W0)82u+ o%u _1+5(W+W0)
" GXZ Rox| RO ox oxo00 ox x> Roxod| R Ro6O
82 62 2
. (W+w,) au (Wtwo) W, v ou) dww (8.4)
Roxo6 Ro6 OX R RO ox) o2 R’
(0w ou v _(w+w0)( Ow v, au ]_ﬂ( 82W0j

+ —_
°” R206> Rox R20 R |R2&> R0 "Rox) R|R%6
o (w+w, o (w+w,
! (6u Lov 0w O)]+Rav [év Lqdu_ O (w+ 0)}

R?00\ R6O  ox ox06 200\ RO ox R0O°

v [ O(w+w) o(w+wy)( v aw ) *(w+w,)au

+ —V [+ ——— ——+ — —
R%06° 00 R’00 R Roo R’00%  ox

+ (ZW M +a(W+W°) o +@62(W+W°), (B.5)
R°06 Ro6 OX Roxo6@ ox Roxod

X6

_ o 0w ou v ou [ ou OT(WAw,) av ) OT(Ww)ov
Rox06 R0 Rox R06| ox ' Ro&®  RoO ot ox

[ du_, o +6(W+w0)j+a(w+wo)[ Ou_ ow o ]+ oW ow,
R2

—+
Ro0O* 0x00 OX R?00 ROO> ox 0x06 ) R?06 ox

v (wrw, . ov O (w+w,) _ou) o(w+w,)( o Al
+ +2 — S +2— |+
Rox{ R Ro6 Ro6 OX OX Raxaé? o’

o° 2
5 (W+WO)(ﬂ+ v +6_uJ_2R8W

_OW (B.6)
Roxof \R Ro6O ox oxo6

The general expressions of the coefficients relating to the middle surface strain-displacement
relationships of Novozhilov for circular shells:

ou,
b = [a\’ +vvij (B8)
R\ 060
LM, 1) (89)
2\ ox R 060
oW,
=g (B.10)

1 0W 1 v, 1 L
R? 96? "R R ox R2 00 (B.11)
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- 2 0W, 12 i, 1oV (612)
R0 R* 30 R ox
1{anauj+%av,.+av\/i aWJ}

ATl ax ok x| ox ox

aU oV. . oW,
B, = 12 v, +(V\li N j W, +— +(8W' _Vij -V, (B.14)
2R 89 00 00 00 00 00

(B.13)

oU OV, : oW, :
i _ 1 %—’+%—‘+%Wj +6W' i W, V, (B.15)
2R| ox 060 ox 06  ox ox 060  ox
19V, _£5UJ+5V1_62W1 W, 62U iazuiv 1 azu oW,
iI"Rox| R 0O  ox oxo0| ox ox2 REoxo0 ' R oxo8 06
ou, : oV, oU.
12 oW, aZV\2/| 1Wj+£—‘+—J (B.16)
" R? %00 ae ox* | R R 0O  oX
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10W, 10V, 20U,| ou,| 10U, 10V, 1 0W,
=W -5 =7 tos ) T —— o3 to7 to7
R® 06 R 06 R 8X 06 | R° 0686 R° ox R® oxol
V| 18V, 30U; 19W | gV [1dW 1 ow,[ 1 1 oW,
t st ez T mr A |t et s e Vi T A | eVt as
00| R 068 R ox R 00 00°|R° 060 R 00| R R® 06
1 0°W, dU, i, 1w, oV, +162\Nj%
" RZ 067 0x R Ox 0xd0 R %00 ox
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o0 R® ox R° 06 R® 06 OX® 0OX R® 060 R oxo0 R° 0Ox
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(B.17)

_+_
RZ2 ' R? 00 R2 8492 Rax

: 82U 82\/ . oV, ou
+8W' —aZW' %WJ 22 2 (B.18)
OX Raxae ox* | oxo0 R R® 06 R 8x
where U, V and W denote the spatial functions determined by Equations (4.a — 4.c)
The terms B;,C;, P;,S; and T, _of modal equations are defined as follows:
r A(4i+45 )xIR
B, =C by e """ ¢, (B.19)
where,
b = — [ b cos? (&) +b? sin? (n6 B.20
[ =5z 08 cos® (n6) +7 sin’ (no) (B.20)

with,



) =1+(B + B, )n+ B B’
i) =1+ ;)0 +( B+ B )n+ B B,

(%+4; )X/R

C;=Ccje C

where,

i

¢ = 2;2 [ o+ ¢ | cos(n ) sin(no)

with,

C.(.l) =(1+a- a; -8 ﬂj)/ll n
=(8-5) A

%ZQ%&wWC

]
where,

Pl = [pfjl) cos? (n@)+ p{? sin?(n 49)]
with,

i =0t 4 20 A= B A A Ay
o) = (o + o) A0 +(B o+ B A+ B) AN+ B B 4 4
also, we have:

S _ C. S” e(ﬂ1+/1])x/R Cj
assuming that,

s/ = R13 [s(l) cos?(n@)+s” smz(na)]

1

with,

Sy n3+(1+ﬁi B +a, /11.) n2+(ﬁj +38 a; A, +ﬁjz,,zj) n+2a; A,

=B +(1+ B B~y oy~ A ) 0+ (o By Ay + B, = B A A5
Finally:

T —Ct (/’I1+lj)x/RC‘

(] J
where,

t/ :Ri ti" cos(n @) sin(no)
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(B.21a)
(B.21b)
(B.22)

(B.23)

(B.24a)
(B.24b)

(B.25)

(B.26)

(B.27a)
(B.27b)

(B.28)

(B.29)

(B.30.a)
(B.30b)

(B.31)

(B.32)
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t) =(a +a; )0+ (o B+ B = B A+ B A+2, 4 )
ooy A= BB A =2+ 2B, By A=y A Ay + 24+ 2a; A A ) n+ BiACA,

IR

=B A+ B A A2 05 4 A+ By A A (B.33)
5.9.3. Appendix C

Matrix [ R, ]3 _ is given by:

0 0
[Rf ] N AL (C.2)
0 0

3x8
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CHAPITRE 6 DISCUSSION GENERALE

L’objectif ultime de cette these était de développer un outil capable d’analyser le comportement
nonlinéaire des structures cylindriques minces isotropes et fermées a vide et lorsqu’elles sont
soumises a un flux d’air supersonique tout en tenant compte de 1’effet des contraintes initiales de
raidissement induites par des pressions radiales et/ou des forces axiales. Cet outil est capable aussi
de prédire le début de flottement et de décrire la tendance de nonlinéarité des structures

cylindriques au moment et pendant leurs phases d’instabilité.

La majorité des méthodes jusqu’alors développées utilisent la théorie des coques surbaissees de
Donnell ou celle de Sanders-Koiter pour étudier les vibrations nonlinéaires libres et forcées des
coques cylindriques et ce a cause de leur simplicité. Treés peu d’études qui se sont penchées vers la
théorie de Fliigge-Lur’e-Byrne ou encore celle de Novozhilov qui représentent une cinématique
plus complexe qui tient compte des nonlinéarités membranaires quant aux expressions des
changements de courbures et de torsion reliées a leurs champs de déformation. Ce résultat a éte
élucidé par Amabili [97] a travers une étude comparative qu’il a menée, entre les cing théories qui
sont pratiguement considerées les seules généralement appliquées pour résoudre les problémes
géométriquement nonlinéaires parmi toutes les théories qui emploient trois variables cinématiques
(trois déplacements). Amabili a considéré dans le méme article que les formulations de Fligge-
Lur’e-Byrne et celle de Novozhilov s’averent les plus raffinées parmi les différentes théories citées
et a mentionné dans son livre [3] que les expressions de changement de courbure et de torsion de
Novozhilov acquiert une forme plus complexe suite a la prise en compte des termes
d’approximations quadratiques de I’inverse de rayon de courbures négligées par la théorie de
Flugge-Lur’e-Byrne.

Le modéle proposé dans cette étude est basé sur une approche hybride combinant la méthode des
éléments finis classique et la théorie des coques minces de Novozhilov. Une formulation analytique
est développée en la matiére, basee sur les équations cinematiques nonlinéaires de Novozhilov pour
déceler les matrices de masse et celles de rigidité linéaires et nonlinéaires quadratiques et cubiques.
L’originalité d’une telle formulation réside dans sa capacité de considérer a la fois 1’effet de
courbure au niveau du champ de déplacement circonférentiel, I’effet des imperfections
géométriques initiales et I’effet du couplage nonlinéaire entre les différents modes. Ce dernier a été

souvent négligé dans les modéles trouvés dans la littérature dans le but de simplifier le calcul
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numerique. Une application de la méthode développée a été menée en remplagant les fonctions
spatiales du champ de déplacement par les fonctions de forme provenant des solutions exactes qui
découlent des équations d’équilibre de Sanders ce qui acquiert au modele plus de fiabilité et plus
de précision au niveau de ces résultats en les comparant a ceux relatifs aux autres approches qui se
basent sur des approximations polynomiales. Cette approche est adoptée du fait que la théorie
linéaire d’élasticité de Novozhilov et celle de Sanders fournissent des résultats qui sont étroitement
similaires au point de vue fréquences linéaires [10]. Ce qui nous a conduit entre autre a adopter
cette derniere pour la détermination des matrices de masse et de rigidité linéaire tel qu’il a été
développé dans I’article de Lakis et Paidoussis [9]. Les calculs ont conduit a la nullité de la matrice
de rigidité quadratique ce qui est en bonne concordance avec les résultats des autres auteurs. Un
avantage attrayant du modele établit réside dans son flexibilité supérieure a supporter des
différentes conditions aux limites. Plusieurs parameétres ont été examinés en la matiere mettant en
exergue l’effet prépondérant du nombre d’ondes axiales et circonférentielles et des différents
parametres géométriques sur le caractére nonlinéaire du comportement dynamique. Tous les cas
étudiés ont montré une tendance nonlinéaire de type raidissante, ce caractere est accentué lors de
la présence d’un couplage entre les différents modes nonlinéaires. Lequel couplage prend
d’ampleur au fur et a mesure que I’amplitude de vibration augmente et il se manifeste sous forme
d’une interaction entre les orbites périodiques définissant les modes nonlinéaires. Ces orbites se
présentent sous forme de famille de solutions périodiques représentant les sous espaces invariants
de I’espace des phases qui sont tangents aux modes linéaires plan en chacun des points d’équilibre.
Le croisement entre les différents modes nonlinéaires engendre des superpositions des déformées
modales ce qui donne naissance a des mouvements complexes. La considération de I’effet de la
nonlinéarité structurale est une étape cruciale permettant de mieux caractériser les structures
cylindriques du fait de sa répercussion sur les modes fondamentaux (fréquence minimale et le
nombre d’ondes circonférentiel correspondant). En effet, ’augmentation de I’amplitude de
vibration induit des chevauchements entre les différentes courbes traduisant ainsi la variation de la
fréquence nonlinéaire en fonction de I’amplitude adimentionnelle. Ceci fait révéler un
comportement phénoménologique qui stipule que le mode fondamentale dépend étroitement de
I’amplitude de vibration une fois qu’on quitte le domaine des petites perturbations. Un autre point
sur lequel on peut mettre 1’accent est la chute de fréquence linéaire qui s’avere draconienne en la

comparant a celle nonlinéaire et ce au fur et mesure que les structures sont €¢lancées. D’autant plus,
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I’effet de la variation de I’amplitude de vibration est négligeable pour les coques cylindriques

courtes alors qu’il devient prononcé lorsque les coques deviennent de plus en plus élancées.

L’effet des contraintes initiales de raidissement induites par la présence de pression radiales et/ou
des forces axiales appliquées sur des coques axisymétriques est 1’un des phénomeénes
fondamentaux analysés dans cette recherche. L’étude a mis en exergue 1’effet des forces axiales de
tension et de compression ainsi que des pressions radiales internes et externes sur 1’instabilité des
structures cylindriques et coniques et ce pour différents rapports géométriques. L’étude a marqué
son originalit¢ a travers [’analyse du comportement dynamique linéaire des structures
axisymétriques de forme complexes soumises a I’effet des forces axiales et des pressions radiales
par le biais d’un model combiné cylindrique-conique. Une étude exhaustive a été dressée dans
I’article 1. Les résultats ont montré que les structures cylindriques soumises a des pressions
externes deviennent vulnérables a 1’instabilité¢ au fur et & mesure que leurs rayons de courbure
augmentent. Alors que I’augmentation du ratio r/h n’a pas d’influence sur la valeur de la force
critique de flambement dynamique (I’instabilité se manifeste par une divergence). On peut aussi
souligner le fait que I’augmentation de 1’angle du tronc de cone relatif aux coques coniques favorise
I’instabilité de ces derniéres. Les résultats ont aussi montré que I’effet des contraintes de
raidissement initial s’avere prépondérant lorsque le comportement flexionnel gouverne (n grand)

alors qu’il diminue drastiquement lorsque le comportement membranaire gouverne.

Dans une optique a traiter le probléme aéroélastique nonlinéaire par étapes, 1’article 3, a englobé
tous les aspects étudiés préalablement, en leur rajoutant ’effet de I’interaction fluide-structure a
travers 1’étude des vibrations nonlinéaires des structures cylindriques soumises a un écoulement
supersonique en tenant compte de I’effet des contraintes de raidissement initiales. Ceci est
considéré comme une étape cruciale pour évaluer la fiabilité de la formulation développée et tester
en conséquence, I’aptitude du logiciel maison congu pour 1’analyse des phénomenes d’interaction
fluide-structure. Seulement la nonlinéarité structurale est considérée dans ce troisieme article ce
qui a déja été largement étudiée dans 1’article 2. Quant a la nonlinéarité de fluide, elle est négligée
en se basant sur les résultats se trouvant dans la littérature [127] ce qui nous a conduits a se
concentrer seulement sur la forme lin€aire de 1’écoulement supersonique. Plusieurs paramétres ont
été considérés dans cette analyse, tels que les termes géométriques et les conditions aux limites

pour le cas des coques pressurisées et non pressurisées. La validation des résultats numériques a
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montré une excellente concordance avec ceux présents dans la littérature. L’analyse a souligné
I’effet prépondérant de la pression interne pour la stabilisation des coques cylindriques en poussant
leurs pressions critiques de flottement vers les valeurs supérieures comparées aux coques non
pressurisées. La tendance nonlinéaire révélée dans tous les cas étudiés est de type assouplissante et
le couplage nonlineaire a montré une autre fois son effet épinant dans 1’accentuation du caractére
nonlinéaire. L’instabilité des coques est aussi examinée dans cette étude a travers la détermination
des pressions et des modes critiques déclenchant le flottement et en évaluant le comportement
dynamique nonlinéaire de ses structures pendant leurs phases d’instabilité. La considération des
termes de correction de courbure a apporté quelques amendements en matiére de caractérisation de
la valeur critique de la pression aérodynamique cependant 1’étude a montré I’absence de 1’effet de
ces termes sur la tendance du comportement dynamique nonlinéaire. Les résultats ont montré aussi
I’absence de I’effet de la variation du ratio L/R sur le caractére assouplissant du comportement
dynamique nonlinéaire (une synergie entre les différentes courbes a été révelée) pour les coques
cylindriques examinées durant les phases les plus critique en termes de Pcr et ner (limite de
flottement). En outre, on peut noter que les structures deviennent vulnérables au flottement au fur

et a mesure qu’elles sont élancées.
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CHAPITRE 7 CONCLUSION ET RECOMMENDATIONS

Une bonne analyse du phénomeéne de flottement des coques cylindriques exige une approche

raisonnable du probléme étudié et méne a une approximation fiable de leur comportement

dynamique nonlinéaire afin d’acquérir une évaluation réaliste et un dimensionnement plus

rigoureux de la structure. C’est dans cette optique qu’une formulation a été développée dans cette

these basée sur la théorie des coques minces de Novozhilov couronnée par la conception d’un

logiciel maison ralliant & la fois la précision des résultats et la rapidité de convergence du fait de

son fondement sur une approche hybride des eléments finis. Le logiciel développé dans cette these

est un outil puissant et assez complet pour étre utilisé dans le design des structures aérospatiales. Il

permet de :

v

Etudier efficacement le comportement linéaire des structures cylindriques minces pour
différents parametres géométriques et mécaniques et pour des différentes conditions aux
limites complexes et ce pour les basses et hautes fréquences ;

Analyser I’effet des contraintes initiales de raidissement induites par les pressions radiales
et/ou des forces axiales sur le comportement dynamique linéaire des coques axisymétriques
de formes complexes ;

Prédire le comportement dynamique nonlinéaire des structures cylindriques & vide pour
différents propriétés géométriques et mecaniques et pour différentes conditions aux limites,
et d’analyser 1’évolution de la fréquence nonlinéaire en fonction de ’amplitude de
vibration;

Modéliser le comportement dynamique linéaire et nonlinéaire des structures cylindriques
minces et isotropes soumises a un écoulement supersonique externe ;

Analyser la stabilité des coques cylindriques minces et isotropes lorsqu’elles sont soumises
a un écoulement d’air supersonique, prédire le début de flottement et caractériser la
tendance du comportement nonlinéaire de ces structures pendant les phases qui suivent le
début de I’instabilité dynamique ;

Mod¢éliser 1’effet de correction de courbures pour le calcul de la pression aérodynamique ;
Analyser I’effet des contraintes initiales de raidissement sur le comportement aéroélastique

nonlinéaire des structures cylindriques.
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La formulation développée dans cette thése, mise a part sa capacité a considerer différents
parametres tel que I’effet de courbure du champ de déplacement dans la direction circonférentielle,
I’effet du couplage nonlinéaire et I’effet des imperfections géométriques initiales, se caractérise
par son aptitude a employer différentes formes de discrétisation de la structure cylindrique et ce a

travers la forme de son champ de déplacement que revéte un aspect général.

Il convient par ailleurs de signaler que le logiciel développé présente un pas en avant dans le
domaine de 1’analyse numérique des engins spatiaux et il peut étre considéré comme un outil qui
mise sur la performance et la précision avec colt de temps réduit comparé aux autres logiciels

commerciaux.
7.1. Travaux futurs et Recommandations

Le domaine de modélisation et d’analyse numérique des phénomenes aéroélastiques des plaques
et coques est un secteur fortifié et complexe qui fait appel a plusieurs disciplines et qui exige une
prise en considération de plusieurs parametres en méme temps lors de la modélisation du
comportement de la structure ou lors de 1’analyse des phénomeénes qui lui sont liés. Ceci dans le
but de concevoir des modeles fiables qui se rapprochent le plus possible de la réalité. Plusieurs
axes de recherche peuvent étre révélés parmi lesquels on trouve 1’effet de la température qui est
sans doute un parameétre substantiel pour le design des, structures en aérospatiale du fait de son
effet sur la stabilité¢ dynamique des aéronefs. Un autre aspect sur lequel on peut mettre I’accent est
la prise en compte des imperfections géométriques initiales d’une manicre quantitative et
d’analyser leur répercussion sur les valeurs critiques de flottement. Rappelons que ces
imperfections géométriques ont été considéré dans la formulation développée dans cette thése
cependant et par motif d’alléger les calculs, la géométrie a été supposce parfaite dans 1’é¢tude
numérique. Un autre aspect tout aussi important que les précédents réside dans la considération du
couplage entre les nonlinéarités géométriques et matérielles incitées par les grands déplacements
et par les grandes déformations et pour lequel les relations déformation-déplacement et celles des
contraintes-déformations sont considerées comme nonlinéaires. En réalité ces phénomeénes sont
souvent ralliés et la considération d’un tel couplage s’avere impératif et une étape cruciale pour le

design des aéronefs afin d’assurer la fiabilité et la sécurité de ces structures.
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