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A

ARSTRACT

A time dependent calculation procedure to solve the
incompressible Navier—Gtokes equations im arbitrary
three—-dimensional shapes is presented. The conservative form of the
primitive-variable formulation written for a general curvilinear
coordinate system iz adopted. The numerical scheme is bassd on an
overlapping grid with opposed differencing for mass and pressure
gradients. This structure allows the use of the same computational
cell for the continuity and the momentum equations;and yet no spurious
oscillations in the velocity o pressure fields are present. The
method is applied to test cases of ducting and the results are

compared with experimental and numerical data.



i. INTRODUCTION

Progress of the design process in tuwbomachinery demands a
maximization of the power recovery while at the same time a
minimization of the machine size. This could mean, for example,
that the blade loading has to be increased in order to reduce ‘the

number of blades.

The ability to respond to this kind of conflicting
requirements is related to the availability of appropriate analysis
tools.In this context the prediction of the three dimensional
physics inside a blade passage is crucial. The main difficultiés
associated with the solution of this type of problem are: the
treatment of the boundary canditions on the geometries that
bounds the domainythe choice of a proher storage location for the
dependent variables and the lack of an explicit equation {for the

pressureg.

The objective of this report is to present a numerical
procedure to solve three-dimensional time-dependent incompressible
Navier—-Stokes eguations inside turbine blade FOWS. The
praposed method is based on the primitive-variable formulation

using a control  volume approach.

The problem of the complex boundaries is treated by formulating
and solving the conservation equations on a cwvilinear coordinate
system that matches the boundary domain. Because the boundary nodes

always coincide with the domain boundary, no particular procedure is



reguired at these locations.

Different technigues can be used to numerically create a
curvilinear mesh, a detailed review of the subject has been given in
£13; also a specific 3-D generation procedure developed by the authors

can be found in [2].

Currently the computational discretization used for solving

incompressible +Fluid flow problems is the staggered grid. This

technigue avoids the checkerboard pattern for velocity and
pressure fields,however it reqguires a different location,
together with a distinct computational cell for each velocity

component and the pressure.iIn the present study it is propossd to
compute the pressure and the velocity components at the same grid
location. These parameters are located vat the center of the same
computational cell which is used Ffor the momentum and continuity
balance. As a result the computer implementation of the present method
is much simpler than the staggered grid approach, because fewer
geometric terms are reguired, and smaller memory space is needed. To
avoid the checkerboard pattern for the pressure or velocity fields,
that normally would appear with such discretization, an opposed
difference scheme for pressure and fluxes is used in the main flow

direction.

The coupling between the pressure and velocity fields is
obtained by means of a pressure equation based on the SIMPLE
methodl31., This prncedure was derived for a curvilinear grid and

applied to attain a pressure Ffield which drives velocities that



satisfy the mass conservation.

The present method has been applied to obtain the numerical
solution of flows within ducts of different geometries.The results
reveal the complex nature of the three dimensional phenomena
showing some aspects of the secondary flow. This scheme,coupled
with an automatic mesh generatorgis a promising tool for the blade row

analysis.

2. CONSERVATION EQUATIONS

When formulating the equations of motion on a fully
curvilinear system, additional source or sink terms appear in
these equations. These terms represented by Christoffel syviebols are due
to the required connection between differenf points ot the space

that belongs to a different vector basis.Although such an approach
has been previously used [4,31.it is felt that in order to avoid
the numerical complications created by such terms the strong

conservative formulation is preferable.This means that the cartesian

momentum components are kept AS the dependent variables,
rather than the contravariant components. This results in  an
hybrid EYStem which is not more complicated than their cartesian

counterpart.

Following this approach the time dependent Navier—Stokes

equations can be written as:



g +JE +OF + D6 OR + I8 + IT
dt Ot Jn D& D An & (1)

where Y represents the "streamwise" direction, 7 ,the “normal®

direction and ¥ the "binormal” direction as illustrated in Fig 1.

The flux and diffusion terms in Eg. (1) are:
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where u represents the viscosity.

The cartesian velocity components uy,v,w and the contravariant
velocity components U,V along the curvilinear coordinates tyn

and ¥ are related by:

U= ul,. +vi, +wi:
V= um, +v1, +Whz {2)

W= ug,, +vi, +wl,

The wmetric terms %,y %y, E=, etc  the jacocbian J and

the contravariant metric tensor components g. sy, are obtained from:

P = (¥nZe ~YeZalld The = (Z2wZg —YeZgl/d
Ey = (Zﬁx; _X“Zq)/J Ty = (Xezn ‘XcZn)/J
Ee = (MnVe —VYaXegdld e = (VuXe ~MeYegdlJd

Lo = (VeZqy ~Ze¥Ywn)/d

Ty = (Hafe =XuZa)/ld
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J=xgy,.-.z.,—,+xcygzn+xnygzg—xgygznwxnynzc—xuy"zg

with ®* =% , €2 =¢ , = = ¢

3. DISCRETIZATION

As mentioned earlier a grid structure freguently wtilized to
approximate the spatial derivatives of the Navier-Stokes eqguations
is the staggered ogrid formulation introduced by Harlow and
Welchfésl.In this approach the pressure is stored at the center of the
cell while the wvelocity : components are defined at the cell
faces.This disposition avoids a zigzag pattern for the velocity and
pressure fields,but demands a different location for the pressure and
for every velocity component .Although its implementation using the
conservative form is possible (zee for example Refl73) it reguires
the storage of more than one velocity component at each face and

the computer implementation becomes difficult.

In the present work a different scheme and corresponding grid
arrrangement is proposed.The discretization is based on an overlapping
grid structure where the basic cell is made of one unit in the main
flow direction and two units in the two directions. Fig 2. shows a two

dimensional cell structure on the computational T-n (k=const.)plane
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for ease of visualisation. Fig.3. depicts the general cell in
three-dimensions. In the present formulation the pressure and

cartesian velocity components are stored at the center of such cells.

In applying the basic equations to this grid structure,
central differences are used to evaluate mass and pressure gradients
in the n and ¥ directions.This yields a system of equation which
require the values of velocity at the j+il,k and j—-1,k and j,k—1 and
Jyk+l faces. These are not interpolated but are calculated by
overlapping elements in those directions. The presswre is obtained by

the averaging of two neighbouring points in each direction.

To gain insight of this overlapping procedure, an explanation
in 2-D is attempted for a k=const. plane with this latter subscript

omitted.

When seolving the system (1) cartesian and curvilinear components
are required. The first set of components are calculated and stored at
the center i+1/2,3 of the element(Fig 2.). As a result of the
overlapping proceduwe in the j direction that is illustrated on Fig.4,
these properties are also known at the i+1/2,j+1 location that
correspond to the center of the cell half unit above. The same

reasoning applies for the j-1 k+i1, and k-1 levels.

With the known cartesian velocity components at all j and k

levels the V and W components are computed from Eqg. (2) as:
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Vivarz, e = U 12,23 (Mudewi =, 322 + Viwsrz,sz2 {MNylawrrz, 32

W iersrm, 922 (MNedivrrz, 321

for k=const.

and

w1+1/2.kt1 = u 1+1/2.k:1(¢u)1+1/z.kz1 + V:*x/z.ktx(CV):+1/z.k=1

W sz w1 ()i varm, e

for Jj=const.

In the "streamwise" direction ¥ no averaging or overlapping is
used. The treatment is done by cnmbining forward and backward
differences. Mass gradients are obtained by upwind differencing,so
the flux through the downstream i+1,j,k face is controlled by the
velocity located at the center of the cell i+1/2,j,k.With this in mind

the U components are obtained for the k=const. levels as:

Uy o5 = Wg—aorm, 9 (Epda, g * Vaesom, 9{8pda,a

+ Wi—avzm,s3{tmla, g

Pressure gradients are calculated by downwind differencing ,this

can be interpreted as if the pressure at the center of the element



i2

acts on its the upstream face i,j,k.

The following u momentum equation summarizes the empl oyed

discretization.

J1+z/z.4.k(U“*’—U")1+1/2L415

+

where

At

(Jul) s ez g re= (Ul s 5
AR,

(JuV) s ez 92 1= (TUM) s a0 93 o pe
241

(JuW) 3 02,2, 9 0eea= (UMW) 3032, g 0—2
24An

Presrzesote{dboudava sorPrraszesonc (B ds gt
AE

Eitligll+1.k(Jnn)1+1/2,J+1.k—p1*1/gij—1.k(Jnn)l+1/2,J—llk

24N

p1+1/214!k+1(Jgn)1+1/2,J.M+1“p1+1/2.d.k—1(Jgn)1+1/ggd-k—1

2485

VIS = 0

VIS represents the resulting viscous terms over the element.

An  analogous scheme has been used by DentonlB8]1 for the solution

of the compressible Euler equations.f® comparable scheme together with

an interesting explanation of the opposed-differencing idea can be

found

in Refl[?1.Recently Fuchsl10] has also used a combination of

backward and forward differences coupled with the multigrid

technigque. These last two references solve the steady state equations.

To evaluate the convected momentum term at the cell faces, the
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weighted upstream difference scheme of Raithby and Torrancellll has
been adopted.These authors propose the use of weights depending

on the Peclet number to calculate the degree of upwinding.

4. BOUNDARY CONDITIONS

4a) Velocity

As in the present approech both cartesian and curvilinear
velocities take part in the calculation procedure, boundary conditions

should be given for both of them.

At the inlet a velocity profile in terms of the cartesian and

contiravariant components is specified.

At a no-slip surface only one curvilinear component has to bhe
supplied, because the remining two do not contribute to the flow
balance over the adjacent zlements to these suwrfaces. This means for
example that for the triad U,V,W along the Lynys& coordinates,only the
W component is needed at a wall coincident with a E-n surface; and

this value is zero.

In spite of that the null mass flow is asswred at the solid
walls by the boundary condition on the curvilinear components, the
cartesian velocity components are also required sthey simply are

L=y,

At the outflow boundary zero gradient of the curvilinear
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components is specified from which the cartesian components are

derived.
4b) Pressure

No physical boundary condition is specified for the pressure at
any boundary Jlocation. However this parameter is needed at such
stations, and a numerical boundary condition has to be applied.

The values at the solid walls are obtained via a parabolic
extrapolation from the interior points. This guarantees a second order

approximation consistent over the entire computational domain.

At the inflow boundary no condition is needed for the pressure

because the downwind scheme.

At the outflow boundary a simple linear extrapolation is used,
because the numerical ervor introduced by this calculation is  not

expected to propagate upstream.

Y. SOLUTION PROCEDURE

The scheme is explicit and in a general form can be written as:

B AL Ey +Fy o+ B J7= AR Re + Sy + Tg )™ (3
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components is specified from which the cartesian components are

derived.
4h) Pressure

No physical boundary condition is specified for the pressure at
any boundary location. However this parameter is needed at such
stations, and a numerical boundary condition has to be applied.

The values at the solid walls are obtained via a parabolic
extrapolation from the interior points. This guarantees a second order

approximation consistent over the entire computational domain.

At the inflow boundary no condition is needed for the pressure

because the downwind scheme.

At the oubtfiow boundary a simple linear extrapolation is used,
because the numerical error introduced by this calculation is not

expected to propagate upstream.

. BOLUTION PROCEDURE

The scheme is explicit and in a general form can be written as:

Aq +AE( Ex +Fy + Be 37= At{ Rg + Sp + T )© (3
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where A denotes the forwsrd time difference operator and the

superscript » ihe time level.

The BEQUENTCE of calculations is as follows.8 velocity and
pressure field are first guessed. Then the three cartesian momentum
components characterized by Eg. (3) are solved to get three velocity
components over the whole domain. These intermediate values do not

satistfy mass conservation.

The next step is to adjust the pressure field in order to
satisfy the continuity equation. To handle the velocity-pressure
coupling the principle of the SIMPLE methodl3I] is followed.By
using the momentum eguations, the corrections to the contravariant
velocity components are related to the cnrﬁectinns to the pressure as

follows:

Sl = Y (Spl

BY

il

¥ {(8pl (43}

d = ¥ (dp)

Introducing these expressions into the continuity equation a

pressure adiustment is deriveds:

dp = § (3, v, W) (5
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Once the pressuwre correction dp is calculated,the curvilinear
velocity components are moadi §ied by means of Eg. (4) ;then all
corrections are combiped with the inexact wvelocity and pressure

fields in order to verify the mass constraint requirement. That is,

o= U= + &4

¥o= Yo gy (&)

where U,¥h,p  and U, V=, W*,p* represent those values that do and do

not respectively satisfy both mass and momentum eguations.

Ta modify these variables over the entire domain a similar
practice to the MED  methodli2l] is used.The agrid is swept
point—by-point in BUCES5SI Ve planes in the inlet-outlet
direction. Improved values are immediately used as the procedure
advances.This is repeated until a desired level of accuracy is

reached.

lhen the above step is completed,only one curvilinear
velocity component i knowsn £ each face( U,V W uly] the
€ ongand &  faces respectively!.The two missing missing contravariant
components are obtained by averaging swrounding known values. The

cartesian velocity components are decoded by using the inverse
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relations of Egs. (32).

Finally the time step is advanced and the cycle is repeated
until steady state is reached. This is estimated by comparing the root
mean square of a velocity comsponent between two consecutives time

steps.

H. AFFPLICATIONS

At  the present stage and as a preliminary step, a series of

test cases on ductinogs bhave been done.

6.1 Exponential Constriction

In order to analyze the response of the method on a curvilinear
geometry the "hump test case” JFully tested by Refs [13,141, who
used a vector potential difference method was chosen.This geometry
consists of channel with ars exponential constriction where the
Ffunction y=1 . -, Ger®s represents the lower surface for all
depthsswhile y=1. represent the flat upper surface.The mesh used

was of Jixilxill points.

Figure Sa shows & general view of the duct shape , Fig Sb

gives the geometric characteristics for all ¥=const. planes.

A developed profile specified as u=3éyz (l-y){l-z), v=0. 9
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relations of Egs. (2).

Finally the time step is advanced and the cycle is repeated
until steady state is reached. This is estimated by comparing the root
mean square of a velocity component between two consecutives time
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gives the geometric cheracteristics for all f=const. planes.

A developed profile specified as wu=36yz(l-y){l-z), v=0. 5
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w=l. is set at the inlet asnd several tests were conducted For

different Reynolds numbers.

The results shown on Fig. éa report a view of the isopressure
contows on  the outmost suwrfaces obtained for a Reynolds number of

=100

Figure &b shows the velocity field in the obstruction planes
z=0.1 and z=0.35. The recirculation zone downstream of the obstruction
and the shape of the velocity profile at the exit plane confirm

the results obtained by Lacroix et al [131.

The +Flow pattern viewed From the top is shown in Fig.
te. The developing velocity profile at the outlet indicate that the
channel is not sufficiently long for the fléw to re-establish itself
after the constriction.The shape of the velocity profile at outlet at
the n=0.2 and 7n=0.3 surfaces harmonize with those reported by Ret.i4,
but not at the n=0.1 level where a parabolic profile is attained in
the present computations, while a profile with an inflection is

opbtainsd by Ref.14.

The velooity vectors in f=constant sections are presented in
Fig. &d. Eventhough these section are not strictly normal to  the
primary flow motion, an interesting three-dimensional phenomena can
still be observed. When the flow reaches the obstruction the bottom
surface laver is forced towards the center line. Hs it falls down
the rear of the constriction, this laver is forced towards the

centerline.Finally two symmetric vortices are developed .
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6.2 Circular Channel

A second investigation was done in a circular arc channel of

o

SGUare Cross section with & Reynolds number of B0. For this case

the Dean number defined as:

De=Re (H/R,) ©-9 {7

is 30.95964 ,where H=1 is the radial distance in the channel,and
Re=2.3 is the channel mean radius of cwrvature. Upstream and
downstream lengths of a straight channel of 0.324H and 2.1H
respectively are attached to the curved duc{n The twning angle of
the elbow is &0 degrees .In the streamwise direction 31 stations
were used 4, while 1ixll points were used for the cross section (Fig

7al.

Az in the previous case a parabolic velocity profile with no

transverse component was set at the inlet.

The distribution of  the pressuwre on the outmost swfaces is
shown on Fig. 7b by contows of constant values of the pressure. The
importance of the wviscous infilusnce Can be appreciated if one
coppares this result with the potential presswre solution obtained by

Heronglld4ldl ,Fig. 7e.
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The velocity field is shown on differents & surfaces( planes
in this case) im Fig.7d, whereas Fig. 7e depicts it in several

projections of the n=constant surfaces .

The developement of secondary flow is illustated in Fig 7f.
From the beoginning =t the tuwrning angle this helical meotion can be
noticed and as the flow progresses in the channel, low momentum fluid
is drawn From the side wall and convected downstream towards the
suction surface and high streasswise velocities near the centerline
are displaced accordingly toward the pressure surface. 6t the exit
the secondary flow is not as strong but still does not disappear
entirely because the downstream extension is not sufficiently long

to allow a re-development of the flow.

To assess the present solution a comparison of the computed
fully developed streamwise wvelocity profile with the experimental
measurements obtained by Mori et &l [1%3 at Re=205% has been

carried out . This is illustrated on Fig. 7g uwhich shows goad

i

gqualitative and guantitative agreement of both resu ts.However the
present numerical data does not coincide with the resulits obtained by

Refs(14,16,17,18)

5.3 Twisted Elbow

As the aim of the present effort is the simslation of a 3-D
flow in  an arhitrary channel such as the geometry bounded by
the blades of a twbomachine, a final numerical application was

carried out to show the fully three dimensional prediction capability
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of the present sodel.

The channel chosen is shown in Fig. B8a and its geometric
characteristics were devised by Herongll4l. As the elbow discussed
before, the cross section is a2 sguare, the upstream and downstream
tangents have the same longths, the twning angle is &0 degrees
and the discretization WAS caryied using Sixiixil mesh
points. However ;this time the turning =lbow has a &0 degrees twist

around its central line,so the three-dimensionality is fully present.

As  in the previocus models a parabolic profile was set at the

inlet with no transverse components.

Figure 8b shows the presure plotted in contours of constant

values viewsed from opposite directions.

The velocity distribution is shown in Figs.Be and 8Sd. Each
drawing presents the wvelocity wvector in one coordinate surface
family within the elbow contiguration,the first in E=constant

surfaces, while the second in n=constant surfaces.

A very interesting phenomena in such a complex geometry
is the developement of the secondary flow, which is presented in
Fig.8Be. It consists on the generation mf-a vortex pair that remains
normal to the plane of the duct turning. The twisting seems to have no
effect on the location of the vorticesphowever it does increase the
strength of one side of the vortex pair, while decreasing the

other. This influsnce becomes more evident aftter 6=40"( Fig. 8e).
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After the channel stops twisting and turning at =60~ the flow
begins to recover ,but as the length of the downstream tangent is
relatively short for the present case of Re=B0. still cannot reach the

straight channel {flow tvpe.

7. CONCLUDING REMARKS

The preliminary goal of the present work was  the
development of a numerical procedure to solve 32~-D incompressible
flows on general geomstries with a non-staggered grid
formulation. This was accomplished by the use of an opposed difference
schemns. A typical computation for 321 % 11 % 11 grid points,with
no particular attention to speed wup the convergence is  about 20

minutes of C.P.U. time on a IBM 4341-13.

The reported results are encowaging ,as the proposed method
predicts most of  the cosplex neture of the three—dimensional viscous
flow phenomena inside ductings with & plausible estimate of the

characteristics of the secondary flow.
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Fig.3 Computational Three-Dimensional Cell
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Fig.8a Twisted Elbow Representation
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