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1. Supplementary Appendix A - Hessian matrix with 𝑵 analytes 
 

The hessian matrix can be approximated by: 

𝐻 ≈ ∑∑(
𝜕𝑅𝑇𝑂𝑇,𝑝𝑟𝑒𝑑

𝑠,𝑡

𝜕𝜽
)

𝑇

(
𝜕𝑅𝑇𝑂𝑇,𝑝𝑟𝑒𝑑

𝑠,𝑡

𝜕𝜽
)

𝑇

𝑡=1

𝑆

𝑠=1

 

𝜽 = [𝒌𝒂
′ , 𝒌𝒅

′  𝑹𝒎𝒂𝒙
′ , 𝑹𝑰

′  ]′ 

With  

𝜕𝑅𝑇𝑂𝑇,𝑝𝑟𝑒𝑑

𝜕𝜽
= ∑

𝜕𝑅𝑝𝑟𝑒𝑑,𝑖

𝜕𝜽

𝑁

𝑖=1

 

The derivatives in (31) can be evaluated by solving the following ODEs along with the system of 

ODE in (6): 

𝑑𝑹

𝑑𝑡
= 𝑓(𝑹, 𝜽)  

𝑑

𝑑𝑡

𝑑𝑹

𝑑𝜽
=

𝜕𝒇

𝜕𝜽
+

𝜕𝒇

𝜕𝑹

𝜕𝑹

𝜕𝜽
 

𝑹(0) = [𝑅1(0), …𝑅𝑁(0)]′ = [0,⋯ ,0]′ 

𝜕𝑹

𝜕𝜽
|
𝑡=0

= 0 

𝑓𝑖 = 𝑘𝑎𝑖𝐹𝑖𝐶𝑇𝑂𝑇𝑅𝑚𝑎𝑥,𝑖 (1 − ∑
𝑅𝑗

𝑅𝑚𝑎𝑥,𝑗

𝑁

𝑗=1

) − 𝑘𝑑𝑖𝑅𝑖      ∀ 𝑖 = 1, … , 𝑁 

 

Here we present a way to compute the necessary gradient 
𝜕𝑅𝑇𝑂𝑇,𝑝𝑟𝑒𝑑

𝜕𝜽
 to compute the hessian 

matrix related to the estimation of the kinetic parameters. Consider 3 matrices: 

𝑿𝟏 =

[
 
 
 
 
 
𝜕𝑅1

𝜕𝑘𝑎,1
⋯

𝜕𝑅1

𝜕𝑘𝑎,𝑁

⋮ ⋱ ⋮
𝜕𝑅𝑁

𝜕𝑘𝑎,1
⋯

𝜕𝑅𝑁

𝜕𝑘𝑎,𝑁]
 
 
 
 
 

=
𝜕𝑹

𝜕𝒌𝒂
 

𝑿𝟐 =

[
 
 
 
 
 
𝜕𝑅1

𝜕𝑘𝑑,1
⋯

𝜕𝑅1

𝜕𝑘𝑑,𝑁

⋮ ⋱ ⋮
𝜕𝑅𝑁

𝜕𝑘𝑑,1
⋯

𝜕𝑅𝑁

𝜕𝑘𝑑,𝑁]
 
 
 
 
 

=
𝜕𝑹

𝜕𝒌𝒅
 



𝑿𝟑 =

[
 
 
 
 
 

𝜕𝑅1

𝜕𝑅𝑚𝑎𝑥,1
⋯

𝜕𝑅1

𝜕𝑅𝑚𝑎𝑥,𝑁

⋮ ⋱ ⋮
𝜕𝑅𝑁

𝜕𝑅𝑚𝑎𝑥,1
⋯

𝜕𝑅𝑁

𝜕𝑅𝑚𝑎𝑥,𝑁]
 
 
 
 
 

=
𝜕𝑹

𝜕𝑹𝒎𝒂𝒙
 

 

With 𝑹 = [𝑅1,⋯ 𝑅𝑁]′.  

 

Sensibility with respect to 𝒌𝒂,𝒊 :  

 

𝑑𝑿𝟏

𝑑𝑡
(𝑖, 𝑖) =

𝜕𝑓𝑖
𝜕𝑘𝑎,𝑖

+
𝜕𝑓𝑖
𝜕𝑅𝑖

∗
𝜕𝑅𝑖

𝜕𝑘𝑎,𝑖
+ ∑

𝜕𝑓𝑖
𝜕𝑅𝑗

∗
𝜕𝑅𝑗

𝜕𝑘𝑎,𝑖

𝑁

𝑗≠𝑖

  

=
𝜕𝑓𝑖

𝜕𝑘𝑎,𝑖
+

𝜕𝑓𝑖
𝜕𝑅𝑖

∗ 𝑋1(𝑖, 𝑖) + ∑
𝜕𝑓𝑖
𝜕𝑅𝑗

∗ 𝑋1(𝑗, 𝑖)

𝑁

𝑗≠𝑖

 

 

𝑑𝑿𝟏

𝑑𝑡
(𝑖, 𝑗) =

𝜕𝑓𝑖
𝜕𝑘𝑎,𝑗

+
𝜕𝑓𝑖
𝜕𝑅𝑖

∗
𝜕𝑅𝑖

𝜕𝑘𝑎,𝑗
+ ∑

𝜕𝑓𝑖
𝜕𝑅𝑘

∗
𝜕𝑅𝑘

𝜕𝑘𝑎,𝑗

𝑁

𝑘≠𝑖

   

=
𝜕𝑓𝑖

𝜕𝑘𝑎,𝑗
+

𝜕𝑓𝑖
𝜕𝑅𝑖

∗ 𝑋1(𝑖, 𝑗) + ∑
𝜕𝑓𝑖
𝜕𝑅𝑘

∗ 𝑋1(𝑘, 𝑗)

𝑁

𝑘≠𝑖

 

 

With partial derivatives: 

𝜕𝑓𝑖
𝜕𝑅𝑖

= −𝑘𝑎,𝑖𝐹𝑖𝐶𝑇𝑂𝑇 − 𝑘𝑑,𝑖  

𝜕𝑓𝑖
𝜕𝑅𝑗

= −𝑘𝑎,𝑖𝐹𝑖𝐶𝑇𝑂𝑇

𝑅𝑚𝑎𝑥,𝑖

𝑅𝑚𝑎𝑥,𝑗
 

𝜕𝑓𝑖
𝜕𝑘𝑎,𝑖

= 𝐹𝑖𝐶𝑇𝑂𝑇𝑅𝑚𝑎𝑥,𝑖 (1 − ∑
𝑅𝑗

𝑅𝑚𝑎𝑥,𝑗

𝑁

𝑗=1

) 

𝜕𝑓𝑖
𝜕𝑘𝑎,𝑗

= 0 

We obtain: 

 



𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝒌𝒂
=

[
 
 
 
 
 
 
 ∑

𝜕𝑅𝑖

𝜕𝑘𝑎1

𝑁

𝑖=1

⋮

∑
𝜕𝑅𝑖

𝜕𝑘𝑎𝑁

𝑁

𝑖=1 ]
 
 
 
 
 
 

=

[
 
 
 
 
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑘𝑎1

⋮
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑘𝑎𝑁 ]
 
 
 
 

 

 

Sensibility with respect to 𝒌𝒅,𝒊 :  

 

𝑑𝑿𝟐

𝑑𝑡
(𝑖, 𝑖) =

𝜕𝑓𝑖
𝜕𝑘𝑑,𝑖

+
𝜕𝑓𝑖
𝜕𝑅𝑖

∗
𝜕𝑅𝑖

𝜕𝑘𝑑,𝑖
+ ∑

𝜕𝑓𝑖
𝜕𝑅𝑗

∗
𝜕𝑅𝑗

𝜕𝑘𝑑,𝑖

𝑁

𝑗≠𝑖

  

=
𝜕𝑓𝑖

𝜕𝑘𝑑,𝑖
+

𝜕𝑓𝑖
𝜕𝑅𝑖

∗ 𝑋2(𝑖, 𝑖) + ∑
𝜕𝑓𝑖
𝜕𝑅𝑗

∗ 𝑋2(𝑗, 𝑖)

𝑁

𝑗≠𝑖

 

 

𝑑𝑿𝟐

𝑑𝑡
(𝑖, 𝑗) =

𝜕𝑓𝑖
𝜕𝑘𝑑,𝑗

+
𝜕𝑓𝑖
𝜕𝑅𝑖

∗
𝜕𝑅𝑖

𝜕𝑘𝑑,𝑗
+ ∑

𝜕𝑓𝑖
𝜕𝑅𝑘

∗
𝜕𝑅𝑘

𝜕𝑘𝑑,𝑗

𝑁

𝑘≠𝑖

   

=
𝜕𝑓𝑖

𝜕𝑘𝑑,𝑗
+

𝜕𝑓𝑖
𝜕𝑅𝑖

∗ 𝑋2(𝑖, 𝑗) + ∑
𝜕𝑓𝑖
𝜕𝑅𝑘

∗ 𝑋2(𝑘, 𝑗)

𝑁

𝑘≠𝑖

 

 

With partial derivatives: 

𝜕𝑓𝑖
𝜕𝑘𝑑,𝑖

= −𝑅𝑖  

𝜕𝑓𝑖
𝜕𝑘𝑑,𝑗

= 0 

 

We obtain: 

𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝒌𝒅
=

[
 
 
 
 
 
 
 ∑

𝜕𝑅𝑖

𝜕𝑘𝑑1

𝑁

𝑖=1

⋮

∑
𝜕𝑅𝑖

𝜕𝑘𝑑𝑁

𝑁

𝑖=1 ]
 
 
 
 
 
 

=

[
 
 
 
 
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑘𝑑1

⋮
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑘𝑑𝑁 ]
 
 
 
 

 

 



Sensibility with respect to 𝑹𝒎𝒂𝒙,𝒊 :  

 

𝑑𝑿𝟑

𝑑𝑡
(𝑖, 𝑖) =

𝜕𝑓𝑖
𝜕𝑅𝑚𝑎𝑥,𝑖

+
𝜕𝑓𝑖
𝜕𝑅𝑖

∗
𝜕𝑅𝑖

𝜕𝑅𝑚𝑎𝑥,𝑖
+ ∑

𝜕𝑓𝑖
𝜕𝑅𝑗

∗
𝜕𝑅𝑗

𝜕𝑅𝑚𝑎𝑥,𝑖

𝑁

𝑗≠𝑖

  

=
𝜕𝑓𝑖

𝜕𝑅𝑚𝑎𝑥,𝑖
+

𝜕𝑓𝑖
𝜕𝑅𝑖

∗ 𝑋3(𝑖, 𝑖) + ∑
𝜕𝑓𝑖
𝜕𝑅𝑗

∗ 𝑋3(𝑗, 𝑖)

𝑁

𝑗≠𝑖

 

 

𝑑𝑿𝟑

𝑑𝑡
(𝑖, 𝑗) =

𝜕𝑓𝑖
𝜕𝑅𝑚𝑎𝑥,𝑗

+
𝜕𝑓𝑖
𝜕𝑅𝑖

∗
𝜕𝑅𝑖

𝜕𝑅𝑚𝑎𝑥,𝑗
+ ∑

𝜕𝑓𝑖
𝜕𝑅𝑘

∗
𝜕𝑅𝑘

𝜕𝑅𝑚𝑎𝑥,𝑗

𝑁

𝑘≠𝑖

   

=
𝜕𝑓𝑖

𝜕𝑅𝑚𝑎𝑥,𝑗
+

𝜕𝑓𝑖
𝜕𝑅𝑖

∗ 𝑋3(𝑖, 𝑗) + ∑
𝜕𝑓𝑖
𝜕𝑅𝑘

∗ 𝑋3(𝑘, 𝑗)

𝑁

𝑘≠𝑖

 

 

With partial derivatives: 

𝜕𝑓𝑖
𝜕𝑅𝑚𝑎𝑥,𝑖

= 𝑘𝑎,𝑖𝐹𝑖𝐶𝑇𝑂𝑇 (1 − ∑
𝑅𝑗

𝑅𝑚𝑎𝑥,𝑗

𝑁

𝑗≠𝑖

) 

𝜕𝑓𝑖
𝜕𝑅𝑚𝑎𝑥,𝑗

=
𝑘𝑎,𝑖𝐹𝑖𝐶𝑇𝑂𝑇𝑅𝑚𝑎𝑥,𝑖

𝑅𝑚𝑎𝑥,𝑗
2 𝑅𝑗  

 

We obtain: 

𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑅𝑚𝑎𝑥
=

[
 
 
 
 
 
 
 ∑

𝜕𝑅𝑖

𝜕𝑅𝑚𝑎𝑥,1

𝑁

𝑖=1

⋮

∑
𝜕𝑅𝑖

𝜕𝑅𝑚𝑎𝑥,𝑁

𝑁

𝑖=1 ]
 
 
 
 
 
 

=

[
 
 
 
 
 
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑅𝑚𝑎𝑥,1

⋮
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑅𝑚𝑎𝑥,𝑁 ]
 
 
 
 
 

 

 

For each time point of each sensorgram, we obtain: 



𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝜽
=

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑘𝑎1

⋮
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑘𝑎𝑁

𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑘𝑑1

⋮
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑘𝑑𝑁

𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑅𝑚𝑎𝑥,1

⋮
𝜕𝑅𝑃𝑅𝐸𝐷,𝑇𝑂𝑇

𝜕𝑅𝑚𝑎𝑥,𝑁 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Which enables the computation of the gradient 
𝜕𝑅𝑇𝑂𝑇,𝑝𝑟𝑒𝑑

𝜕𝜽
. Computing this gradient at every time 

step of every sensorgram in the data set is necessary to compute the hessian matrix. 

  



2.  Supplementary Appendix B - Confidence intervals on the fractions 
We define 𝐹̂𝑖 as the estimated fraction of analyte 𝑖, i.e.: 

𝜽̂ = [
𝐹̂1

⋮
𝐹̂𝑁

] 

We propose an algorithm similar to the bisection method. Pose: 

𝐺(𝐹𝑖0) =  𝐽(𝜃)|𝐹𝑖=𝐹𝑖0
− 𝐽(𝜃) − 𝐹1−𝛼(1, 𝑛 − 𝑝) ∗

𝑛 − 𝑝

𝐽(𝜃)
 

The boundary of the confidence interval is such that 𝐺(𝐹𝑖0) = 0. If points 𝑎 and 𝑏 such that 

𝐺(𝑎) > 0 and 𝐺(𝑏) < 0 are known, the algorithm consists in: 

1. Compute 𝐺 (
𝑎+𝑏

2
). 

2. If 𝐺 (
𝑎+𝑏

2
) < 0, pose 𝑏 =

𝑎+𝑏

2
. Otherwise, pose 𝑎 =

𝑎+𝑏

2
. 

3. Test for convergence, i.e. the algorithm can be stopped if 𝑎 − 𝑏 < 𝑇𝑂𝐿 or if 
𝑎+𝑏

2
 is such 

that 𝐹𝑖0 > 1 in the case of an upper bound or 𝐹𝑖0 < 0 in the case of a lower bound. 

4. If there is convergence, the boundary is given by 𝐹̂𝑖 +
𝑎+𝑏

2
 in the case of an upper bound 

or 𝐹̂𝑖 −
𝑎+𝑏

2
 in the case of a lower bound. Otherwise, return to step 1. 

5. Repeat for every analyte and for upper and lower bounds. 

To obtain starting points for 𝑎 and 𝑏, we can: 

1. Pose 𝑎 = 0.5% and 𝑏 = 0%. 

2. Compute 𝐺(𝑎). 

3. If 𝐺(𝑎) < 0, pose 𝑏 = 𝑎, double 𝑎 then return to step 2. 

4. If 𝐺(𝑎) > 0, the current 𝑎 and 𝑏 can be used as a starting point for the bisection 

algorithm. 

 


