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RÉSUMÉ 

Ce mémoire présente une méthode permettant de définir les caractéristiques 

dynamiques d'une plaque isotrope. rectangulaire, mince et élastique dans le vide ou 

submergé dans un fluide. Il s'agit d'une méthode hybride combinant la théorie des 

éléments finis avec la théorie classique des plaques minces. Les fonctions de 

diplacement sont tirées de la solution des équations des plaques et sont développies en 

série de puissance. L'utilisation de la méthode des éléments finis sur ces fonctions de 

déplacement permet d'obtenir une matrice de masse et de rigidité pour l'élément de 

plaque. De plus. ces fonctions de déplacements sont compatibles avec la solution de la 

pression du fluide à la surface de la plaque. 

Lc potentiel de \itesse du fluide et l'équation de Bernoulli appliquée i 

l'interface plaque-fluide permettent d'obtenir une expression de la pression du fluide en 

fonction des déplacements nodaux de l'élément de plaque et des forces d'inertie du 

fluide au repos. Une intégration analytique de la pression sur l'élément de fluide 

conduit à la matrice de masse du fluide. 

Les résultats obtenus permettent de conclure que les Eréquences calculées par 

cette méthode sont en accord avec celles obtenues par d'autres auteurs. Par la suite, les 

effets de différentes conditions aux frontières, de la géométrie de la plaque et de la 

prolbndeur du fluide sur les fréquences et modes propres d'une plaque sont étudiés. 



vii 

ABSTRACT 

This thesis presents a method for the dynamic analysis of thin, elastic. isotropie 

rectangular plate in vacuum or submerged in a fluid. The method is a hybnd of finite 

elernent theory and classical thin plate theory. The displacernent functions are derived 

from the solution of the plate differential equation and are expanded in power series. 

The finite dement method applied to these functions leads to the mass and stiffhess 

matrices for the plate element. Moreover, the displacement functions are compatible 

with the solution of the fluid pressure at the plate surface. 

The velocity potential and Bernoulli's equation for a fluid finite elernent yield an 

expression for tluid pressure as a function of the nodal displacement of the plate element 

and inertial force of the fluid at rest. An analytical integration of the fluid pressure over 

the fluid element leads to the fluid mass matrix. 

The results obtained reveal that the fiequencies calculated in this way are in good 

agreement with those obtained by others. The effects of different boundary conditions 

and plate geornetry, together with the depth of submergence, on the dynamic 

charactenstics of rectangular plate were also investigated. 
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INTRODUCTION 

Les plaques rectangulaires font partie des éléments structurels les plus 

couramment utilisées. On les emploie dans différents champs d'application comme 

l'ingénierie navale et civile, l'aéronautique. et les technologies spatiales. La 

compréhension des caractéristiques vibratoires des plaques submergées ou non dans un 

fluide devient donc d'une grande importance et aide les ingénieurs à concevoir de 

meilleures structures. C'est pour cette raison que le Comportement des plaques 

rectangulaires est, depuis plus de cent ans, le sujet de recherches exhaustives. 

L e  premier modèle mathématique représentant le comportement d'une 

rtiernbrane fut décrit par Euler a u  18""" siècle. Plus tard, le physicien allemand Chaldi 

trouva les premiers modes de vibration d'une plaque horizontale en couvrant de poudre 

la surface qui vibrait. Cinquante ans plus tard, Lagrange développa la première équation 

différentielle correcte pour décrire les vibrations d'une plaque libre. Quelques temps 

après, Navier ( 1  785-1 836) introduit une méthode pour calculer les modes et les 

fréquences propres d'une plaque pour cenaines conditions aux frontières. 11 utilisa les 

fonctions trigonométriques découvertes par Fourier pour représenter la déformation 

d'une plaque. 

Kirchoff (1823-1887) est considéré comme le fondateur de la théorie moderne 

des plaques. En analysant des plaques soumises à de grandes déformations. i l  comprit 
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qu'il fallait tenir compte autant l'étirement de la membrane que la flexion lors du calcul 

de la déformation d'une plaque. Il conclut que les effets non linéaires ne pouvaient être 

négligés lorsque l'on traite des plaques avec de grandes déformations et que les 

fréquences naturelles et modes propres peuvent être déterminés par la méthode du 

travai 1 virtuel. Love ( 1 944) appliqua les travaux de Kirc h o c  aux plaques épaisses. 

Plus récemment, Leissa ( 1969) a résumé le travail de  nombreux chercheurs dans 

un même ouvrage contenant plus de cinq cents références. L'avènement de l'aviation 

moderne poussa eiicore plus loin la recherche dans le domaine des plaques minces. En 

1956, Turner et al. ( 1956) introduisent la méthode des éléments finis qui permettra de 

résoudre des problèmes de plaques complexes. De plus. avec l'arrivée des ordinateurs. 

plusieurs méthodes numériques utilisant l'algèbre matricielle seront développées. 

Zienkiewicz ( 1977) contribua à la f~rmulation de différentes sortes d'éléments finis. 

Bogner et al. (1966-1967) travaillèrent sur un élément reposant sur une fonction 

d'interpolation bi-cubique pour simuler les déplacements d'une plaque. 

Dans le but de prédire avec le plus de précision possible autant les basses et 

hautes fréquences, notre groupe de recherche développa une méthode d'éléments finis 

hybride qui est basée sur la théorie des coques minces de Sanden (1959). De nombreux 

éléments ont été développés pour des coques de forme cylindrique. fermée et ouverte. 

(Lakis et Paidoussis 1971, 1972 et 1973); (Lakis et al. 1978); (Lakis et Sinno 1992), 

conique (Lakis et al. 1992) et sphérique (Lakis et al. 1989) dans le vide ou contenant un 
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fluide au repos ou en mouvement. Beaucoup de programmes commerciaux d'éléments 

finis comme NASTRAN. ABAQUS ou ANSYS peuvent résoudre les problèmes de 

vibration de plaques dans le vide. Cependant, aucun ne peut prédire correctement les 

fréquences naturelles d'une plaque submergées dans un fluide. Le but de cette 

recherche était de trouver un élément fini rectangulaire mince plus général qui pourrait 

être utilisé ultérieurement pour analyser le système couplé fluide-structure. La 

formulation de la solution analytique pour un élément de plaque rectangulaire est plutôt 

complexe : nous avions à trouver des fonctions de déplacement compatibles avec les 

équations du mouvement de la plaque et, du même coup, compatibles avec la solution 

d'une plaque en contact avec un fluide. Nous avons donc choisi de transformer la 

solution homogène de Iléquation différentielle bi-harmonique de la plaque rectangulaire 

en ~ i n c  série de puissance. Ce faisant. nous avons obtenu une solution semi-analytique 

sous la forme d'un polynôme qui peut être utilisée dans la théorie des éléments finis. 

Lamb (1945) fut le premier à décrire la dynamique d'une structure interagissant 

avec un fluide. Plus tard, Lindholm et al. (1965) conduisit de longues expériences sur la 

réponse des plaques encastrées submergées dans l'air et l'eau. Leissa ( 1973) donne 

plusieurs références sur les réservoirs partiellement remplis de liquide dans son ouvrage 

dédié aux coques. 

D'un autre coté, il ne semble pas y avoir beaucoup d'études sur les structures 

contenants un liquide avec une surface libre. Récemment, Fu et Pnce (1987) ont étudié 



la réponse des plaques en porte à faux partiellement ou totalement submergées dans un 

fluide. Ils utilisent une combinaison de la méthode des éléments finis avec une 

distribution de fonctions de singularité pour examiner l'effet de Ia surface libre. 

Robinson et Palmer (1990) développèrent une fonction de pression du fluide en 

résolvant l'équation d'onde et à l'aide de l'équation de Bernoulli appliquée à l'interface 

fluide-structure. En utilisant la même philosophie, Soedel et Soedel(l994) donnent une 

solution analytique pour une piaque simplement supportée supportant un fluide avec une 

surhce libre. Amabili (1996) utilisa la méthode de Rayleigh-Ritz pour obtenir une 

solution analytique dans le cas OU le fluide a une dimension définie par une surface libre 

ou bien par un mur rigide. L'effet de la profondeur du fluide sur le facteur de masse 

ajoutée, la fréquence naturelle et les modes propres y sont étudiés. Haddara et Cao 

( 1  996) ont adopté la même approche pour analyser de façon analytique et espérimentale 

la réponse dynamique des plaques rectangulaires submergées avec différentes conditions 

frontières. Ils obtiennent un facteur de masse ajoutée qui dépend de ta hauteur de la 

surface libre et de la profondeur du fluide en dessous de la plaque. 

Comme nous l'avons déjà mentionné, Lakis and Paidoussis ( 197 1 ) ont étudié les 

vibrations non forcées d'une coque cylindrique partiellement remplie de liquide en 

utilisant la méthode des éléments finis avec la théorie classique des coques minces. 

Dans la même ligne d'idée, Lakis et Neagu (1997) ont analysé l'effet de la surface libre 

sur la dynamique d'un cylindre à paroi mince partiellement rempli de liquide. Ici. 
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l'énergie potentielle et cinétique du fluide sont évaluées afin d'établir l'influence de 

I'osciIlation de la surface libre sur la vibration coque-fluide. 

Dans le même ordre d'idée, nous présentons dans ce mémoire une méthode pour 

étudier les caractéristiques dynamiques des plaques rectangulaires minces en contact 

avec un fluide au repos. Ce mémoire est divisé en deux grandes parties. La première 

partie. le chapitre 2, traite du développement de l'élément de plaque et de sa précision 

relative en comparaison avec d'autre théorie. Dans un premier temps. nous déterminons 

les équations fondamentales de la plaque pour ensuite obtenir les fonctions de 

déplacement compatible avec la théorie des plaques. Avec ces fonctions de 

déplacement. nous sommes capables de déteminer les matrices de masse et de rigidité 

d'un éICmrnt finis et. par conséquent, les caractéristiques dynamiques d'une plaque 

mince \.ibrant dans le vide. 

Au chapitre 3, nous solutionnons l'équation de Laplace pour un potentiel de 

vitesse avec une surface libre en appliquant l'équation de Bernoulli a l'interface plaque- 

fluide. Nous obtenons ainsi une expression pour la pression du fluide en fonction des 

déplacements de la plaques. Une intégration analytique de la pression du fluide sur les 

éléments de fluide donne la matrice de masse du fluide. Cette dernière est ensuite 

utilisée avec les matrices de masse et de rigidité de ta plaque pour détem~iner les effets 

d u  fluide sur les fréquences naturelles et modes propres d'une plaque rectangulaire avec 

différentes conditions aux frontiéres. 



CHAPITRE 1 

CHAPITRE SYNTHÈSE 

Lc but premier de cette recherche était de prédire le plus exactement possible les 

fréquences naturelles d'une plaque rectangulaire submergée dans un fluide. Pour 

atteindre notre but, i l  fallait développer un élément fini de plaque rectangulaire dont les 

fonctions de déplacement sont compatibles avec les équations du mouvement de la 

théorie des plaques et la solution analytique d'une plaque en contact avec un fluide. De 

plus, il fallait obtenir un élément fini de fluide défini en fonction des déplacements de la 

plaque. 

Dans un premier temps, le chapitre II  présente l'article 1 : Set~i-Atiu[~~ticaI Shupe 

Fiitrcriotrs iti rhe Fîtlire EZemetir AmZysis of Recrungdar Piutes. Dans cet article, nous 

traitons d u  développement de l'élément de plaque et de sa précision relative en 

comparaison avec d'autres théories. La formulation de la solution analytique pour un 

dénient de plaque rectangulaire est plutôt complexe. Nous avons donc choisi de 

transformer la solution générale de l'équation différentielle d'équilibre d'une plaque en 

flexion en une série de puissance. En faisant cela, nous avons obtenu une solution semi- 

analytique de la forme d'un polynôme qui peut être utilisée dans la théorie des éléments 

finis. II ne restait plus qu'à calculer les matrices de masse et de rigidité de la plaque et à 



résoudrc le problème aux valeurs propres pour obtenir les fréquences naturelles d'une 

plaque rectangulaire dans le vide. Les résultats présentés dans l'article 1 auraient pu 

être calculés en utilisant des méthodes plus rapides que la notre. mais le but principal de 

cet article est de présenter la méthode et vérifier la véracité de celle-ci. 

À la fin de I'article 1, nous validons la méthode pour une plaque vibrant dans le 

\,ide en étudiant d'abord la convergence de celle-ci et, puis, en comparant les résultats 

obtenus avec des résultats expérimentaux et analytiques provenant de divers auteurs. En 

étudiant la convergence de la méthode. nous avons constaté que celle-ci était rapide 

conipts tenu du fait que la fonction de déplacement utilisée tend à estimer plus 

csactrment la solution d'une plaque en flexion. Grâce à cette fonction de déplacement. 

i l  a aussi été démontré que fa méthode donne des résultats précis autant pour les basses 

que les hautes fréquences. 

Dans un deuxième temps, le chapitre III introduit, à travers du deuxième article 

intitulé : @.~runric Anabsis of Rectarigcrlar Plates Subnierged irr Flirids, la méthode 

utilisée pour obtenir l'élément fini de fluide. Cet article résume la méthode employée 

pour résoudre l'équation du potentiel de vitesse avec une surface libre et obtenir 

l'expression pour la pression du fluide en dessous et au-dessus de la plaque en fonction 

des déplacements de la celle-ci. Une intégration analytique de la pression sur la surface 

de la plaque donne la matrice de masse du fluide. Cette matrice de masse est ensuite 

utilisée avec les matrices de masse et de rigidité de ia plaque pour déterminer les effets 



du fluide sur les Fréquences naturelles et modes propres d'une plaque rectangulaire avec 

différentes conditions aux frontières. Nous avons prouvé que les variations des 

fréquences naturelles de la plaque causé par le fluide ne dépendent pas de ses modes 

propres et très peu des conditions aux frontières. La variation des fréquences naturelles 

est attribukc à la géométrie de la plaque et aux propriétés du fluide lorsque la première 

fréquence naturelle du système coupté fluide-structure est supérieure à 10 Hz. De plus. 

i l  a &té démontré que l'effet du fluide sur le changement des fréquences naturelles 

devient constant lorsque le fluide atteint une hauteur égale à 40% de la longueur de la 

plaque. Par contre, lorsque la plaque repose sur une couche mince de fluide, moins de 

10% de la longueur de la plaque, les fréquences naturelles de celle-ci tendent vers zéro. 



CHAPITRE II 

ARTICLE 1' 

SEMI-ANALYTICAL SHAPE FUNCTIONS IN THE FINITE 

ELEMENT ANALYSIS OF RECTANGULAR PLATES 

E. Charbonneau and A. A. Lakis 

Depanment of-Mechanical Enginerrine, École Polytechnique de Montréal. Campus de l'Université de 

Monuéal. C.P. 6079. Succ. Centre-Ville, .Montréal. Québec. Canada H3C 3A7 

This paper presents a method for the dynamic analysis of  a thin, elastic. isotropie 

rectangular plate. The method is a hybrid of tinite element theory and classical thin 

plate theory. The displacement functions are derived from Sanders' thin-shell 

equations. and are expanded in power series. Expressions for mass and stiftiiess are 

detsrrnined by precise analytical integration. The free vibrations of rectangular plates. 

\vit11 various boundary conditions, are studied following this method. 

' Soumis pour publication ji Journal o f  Souncis und Vibrations 
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The results obtained reveal that the frequencies calculated in this manner are in good 

rigrsenient with those obtained by others. 

Keyu~ords: finite element, displacement function, thin plate. vibration 

2.2 INTRODUCTION 

Rectangular plates are perhaps the most widely used structural elements. They 

are used in such fields as civil and naval engineering, and in aeronautical and space 

technology. A knowledge of the free vibration characteristics of rectangular plates 

enables engineers to design better and lighter structures. For this reason, the behaviour 

of rectangular plates has been the subject of on-going research for more than a hundred 

vt';lrs. 

The first mathematical mode1 of the behaviour of the plate membrane was 

formulated by Euler in the 18th century. Later. the Geman physicist Chaldi found the 

vibration modes of horizontal plates by spreading powder on the vibrating surface. 

More than fifty years later, Lagrange developed the first correct differential equation for 

the free vibration of plates. Some time later, Navier ( 1785- 1836) produced a rnethod of 

calculating the mode shape and the frequencies for certain boundary value probiems. 

He used the trigonornetric series introduced by Fourier to express the deflection of the 

plate. 



1 1  

Kirchoff ( 1824- 1887) is considered the founder of modem plate theory which. 

by analysing plates with substantial deflection, takes into account both the bending and 

the stretching of  the plates. He concluded that the non-linear effects should pot be 

ignored when dealing with large deflections and that the natural frequencies and mode 

shapes can be detemined by the virtual work method. Love[l] applied Kirchoffs work 

to thick plates. 

More recently, Leissa[î] summarized the work o f  several researchers in a book 

containin2 niore than five hundred references. The needs of the modem aircraft industry 

have brought advances in the study of rectangular plates. In 1956, Turner et a1.[3] 

introduced the finite element method, which permits the complex plate problem to be 

fomulated. and, with the advent of high-speed computers, a variety of numerical 

mettiods using matrix algebra have been developed. Zienkiewicz[4] contributed to the 

formulation of different kinds of finite elements. Bogner et a1.[5-61 worked on an 

element using bi-cubic interpolation functions to simulate the displacement of the plate. 

In order to predict both low and high frequencies with precision, we used the 

finite elenlent method with many elements and developed a hybrid finite element 

method which is derived from Sanders' classical shell theory[7]. Various elements have 

been developed for close and open cylindrical[8-151, conical[ 161 and sphencal[l7] 

shells in vacuum o r  containing a tluid at rest or in motion. Whilst severaI well-known 

finite element codes such as NASTRAN, ABAQUS or  ANSYS can solve the free 

vibrations of a rectangular plate in vacuum relatively easily, none can corrcctly predict 
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the natural frequencies of a plate submerged in fluid. We needed a general. thin. 

rectanplar plate element that could later be used for fluid-structure interaction analysis. 

The formulation of an anaiytical solution for a generai rectangutar plate element is quite 

coniplss: ure had to find displacement functions compatible with both the plate 

equations of motion and the solution of a plate in contact with fluid. We decided, 

therefore, to expand the homogenous solution of the bi-harmonic equation of plate into a 

power series and, in so doing, we obtained a semi-analytical solution in the form of a 

polynomial which can be used in classical finite element theory. 

In this article, we discuss the development of this element and its relative 

accuracy in cornparison with other methods. We first detennined the fundamental 

equations of the plate and, secondly. denved the displacement functions of plate theoy 

and espanded them in power series. With these displacement functions. w e  were able 

to cietcm~ine the  niass and stiffness matrices required by the finite element method and, 

there fore, the free vibration characteristics of the plate. 

2.3 FUNDAMENTAL EQUATIONS FOR A THIN RECTANGULAR PLATE 

2.3.1 Equilibrium equations 

To establish the equilibrium equations of the plate. we use Sanders' equations [7] 

for cylindrical shells and assume the radius to be infinite, 8 = y and rde= dy. These 

tliree equations take into account both membrane and bending effects. Sanders based 
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his equations on Love's tirst approximation [ l ]  for thin shells, and showed that al1 

strains vanish for any rigid-body motion. For the finite element rnethod this theory 

satis fies the convergence criteria for small rigid-body motions. 

The geometry of the mean surface and the CO-ordinate system used for this 

analysis are shown in figure 2.1. 

Fig. 2. l .  Geornetry of rectangular plate's mean surface 

Tlic qriilibrium equations for a rectangular plate, following Sanders' theory. are written 

as follo\vs: 



where N,,. N,,, Ny,. MYy, M, and LM,, are the stress components per unit length and x 

and y are the coordinates o f  the plate. The unit vectors corresponding to the stresses 

defined in Equation (2.1 ) are indicated on Figure 2.2. 

Fig. 2.2. Differential element for a rectangular plate 



2.32 Kinematics equations 

The relation between the strain (E) and the displacement for a rectangular plate is 

given as follows: 

where U and V are the in plane displacements and W the deflection of the plate. 

For an anisotropic and elastic material the relationship between stress and strain 

is 

{ W  = [Pl ( ~ 1  (2.3) 

\vhere [Pl is a 6x6 symmetrk elasticity matrix. Ln the case of an isotropie material there 

is no coupling between membrane and bending effects, and the only non-vanishing 

tenns are: 



where D and K are respectively the membrane and bending stiffness defined as  

E being the young's modulus. v the Poisson's ratio and t the plate thickness. 

Next. we substitute Equations (1.2) and (1.3) in the equilibrium equations to 

obtain the 3 equations o f  motion in t e m s  of the in-plane and n o m a l  displacemenis o f  

the plate's mean surface (U. V. W). 

EW a4tv aJtv 
pu - +- , (p, ,  te, -+2p,)+P,,,=o 

ù 4  ar2-.- e 

The Tirs two equations in (2.5) describe the membrane behavior and the last equation 

defines the bending o f  a rectangular plate. By solving these equations, it is possible to 

find the displacement function in t e m s  of  the nodal displacements. 



2.4 DISPLACEbIENT FUNCTIONS 

2.4.1 Solution of the differential equations 

In this instance. we are dealing with the case of  isotropie matenal. As can be 

seen in Equation (2.5),  the equations of motion are decoupled. It is possible. therefore. 

to consider the membrane and bending equations to be hvo different problems, each 

with its own solution. 

The solution for the membrane differential equations in Equation (5) is based on 

Szilard [XI. We assunie the solution to be a bi-linear polynomial expressing the nodal 

displacements in U and V, where U and V are. respectively, the in-plane displacement in 

the s and y direction as can be shown on an element in Figure 2.3. 

Fig. 2.3. Displacements and degrees of freedorn of  a rectançular piate 



The polynomial expression will be as follows: 

u here s ancl y and the element coordinate system and a and b are the lenght and width of 

the plate corresponding to the x and y coordinates. These assumcd displacement 

functions contain the same number o f  unknown parameters C, as the number of  nodal 

displacements (2 x 4 = 8). The solution is rather cmde but converges monotonically 

almost to the "exact" value for the problem of finding the maximum deflection(201. 

In the case of bending, the bi-harmonic equation has a general solution of the 

following form: 

\vhere Lir is the normal dsflsction of the plate element shown in figure 2.3. Since it is a 

comples matter to find the characteristic equation, we expand the solution in a Taylor 

series. The nurnber of terms in the series remains to be deterrnined. Furthemore. the 

nurnber of degrees of freedom describing the motion of the plate in its normal direction 

is govemed by the number of terms in the series. Therefore. we add as niany terms as 

the hennitian bi-cubic polynornial used by Bogner[6]. The expanded pol ynomial, which 

approximates the normal deflection of the element, is: 



where i !  means i factorial; Le., for i = 3, i! = 1 x 2 ~ 3 .  Equation (2.8) gives 16 unknown 

parameters A, and B, corresponding, again. to the number of degrees of freedom per 

element for bending. Figure 2.3 shows the nodal degrees of freedom (W. GW/& 

FW/By. $ ~ / & > < a y )  which relate to the bending motion. tnstead of a rotational degree of 

freedom about the z-ais ,  we have the second derivative o f  W, which gives the twisting 

strain. and ensures a continuity of slope between the elements. This gives conforming 

and compatible elements in bending. 

Furthemiore. whsn using a power series to express the displacement function, we 

approach the "exact" solution of the bending equation more closely than Bogner et al. 

[5-61 did with the  bi-cubic polynomial. The two displacement functions are compared 

to the exact Equation (2.7) in Figure 2.4. 



and the exact solution equation (2.7) W(.u.y): - . - 
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2.42 Displacerneat functions for a finite element 

I I I 

- - 

- 

- WNx. y i  = -- - 
w1:x, y) = - - - 

We can write the displacement U,V and W in matrix form: 

woi x, y) = 
U - - 

O 0 5  1 1s 7 

X 

- 
Fig. 2.4. Cornparison of displacernent functions: equation (2.8) W,( x. y): - : Bognerb Wb(x.y): - - ; 

where [RI is a 3x24 matrix in which the components are the x and y ternis of Equations 

(2.6) and (3.8) without the unknown constants. The vector { C )  is given by: 

l t  {Ci = {Ci, ..., C-4, 
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To cietennine these constants. we need to define twenty-four conditions for the finite 

element. These twenty-four conditions will be the twenty-four degrees of  freedom of 

the element. which means six degrees of freedom per node as follows: 

where the 6,s are the generalized nodal displacement and w,. . is the denvative of w, 

respect to x and so on. Then, we have to define a transformation matrix [A] to relate the 

displacement functions {Cl  1 and the nodal displacements 

Jg 8 = 
1 [AI{CtI. 

(2.12) 

[.A] is a 21x24 matrix listed in Appendix 1. The terms of matris [A] are obtained from 

matris [RI by going from node 1 to node 4 and setting the value of  x to O or a, and of y 

to O or b. By multiplying Equation (12) by [A]-' and substituting into equation (2.9) we 

obtain 

(2.13) 

if-here [NI is the displacernent function inatrix for a finite element o f  rectangular plate. 



2.5 STRESS AND STRAIN VECTORS 

The strain vector c m  be found by using equations (2.2) and (2.13): 

(2.14) 

where [Dl is a matrix containing the derivative operators from equation (2.2). Afier 

defining the strain vector, we can use i t  and refer to equation (2.3) for the stress vector: 

2.6 M4SS AND STIFFNESS MATRICES FOR ONE FINITE ELEMENT 

Using the finite element theory(41, the rnass and stiffness matrices may be 

èspressed as: 



(2.17) 

where dA= dy dx. The matrices [NI. [Pl and [BI are given in equations (2.1 3 ) (2.14) 

and (2.3). Integratine equations (2.16) and (2. i 7) over x and y. we obtain: 

[ml = [A-'] [SI [A-'] 

[k] = [A-'] [G] [A-'] 

u.1w-t. [SI and [G] are 2 4 ~ 2 4  real symmetrical matrices. For the mass rnatrix. [SI is 

partionned as follows: 

L O r sbt~,,.,,] 
The elements of the symmetrical submatrices are given by 

S,.W = s . ( V I  = 
'1 1 A,ab 

S,'" = BI, a b 

u k r e  the constants A,, and Bi, are found in Table 2.1. 



In the case o f  the stiffness matrix. [G] is partitioned as follows: 

We can see from this matris that a rectangular plate element has a coupling beween u 

and r. in the membrane part and no coupling between membrane and bending for an 

isotropic inaierial. The elements of the submatrices are given by the Equation (2.23). 

wherr the constants E,~'", k=l. 2, .... S. and the exponents L,,, M,, are given in Table 2.1. 





2.7 CALCULATION AND DISCUSSION 

2.7.1 Free vibrations 

The complete plate is subdivided into finite elements, each of which is a smaller 

rectangular plate. The position o f  the nodal points are chosen in such a way that the 

local coordinate system of the element is parallel with the global coordinate system of 

the plate. 

Once the stiffness and the mass matrices have been obtained it is possible to 

construct the global matrices for the coniplete plate using finite elernent assembly 

technique. If N is the number of  nodes then [Ml and [KI are two matrices of order 6N. 

In the case o f  free vibration, the equations of motion are: 

where  CS)^ is the veclor for global displacements of the whole shell. 

(6rj = {Si.&, ..-. 6 x 1 '  

K being the number of nodes. By specifying 

{6r) = {Soirf sin (a t + $) 

where o) is natural angular frequency and $ is the phase angle. 
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By introducing equation (2.24) and (2.25), we obtain the typical eigenvalue and 

eigenvector problern: 

det [ [KI - o' [Ml ] = O (2.27) 

We h a ~ ~ t :  procen in earlier sections that the stretching equations are decoupled from the 

bending equations. For this reason, the solution of  equation (2.27) gives us both the 

bending and in pIane modes. The shape o f  the eigenvector for each mode will permit u s  

to differentiate the bending modes from the in plane modes. 

2.7.2 Convergence 

The accuracy of  the finite element method depends on the number of elements 

used to discretize the physical problem. A preliminat-y set of calculations was 

undertakcn to determine the requisite number of finite elements for an accurate 

dctermination of the natural frequencies, Calculations were made with a rectangular 

steel plate having the following properties: a =609.6 mm, b = 304.8 mm. t = 2.54 mm. E 

= l96x 10" ~ / m ' ,  v = 0.3, p = 7.86 kg/m3 and with the number of elements N = I.1,4, 8. 

16, 33, 64. The boundary conditions correspond to a simply supported plate on al1 

edges. The results for the first 6 natural frequencies are given in Figure 2.5.  We 

conclude that the convergence of the system is fast. About eight elements are needed for 

convergence. For convergence at higher frequencies, more elements must be used. The 

reason for this is simple: since we are using polynomials to represent the mode shapes. 
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we necd more degrees of  freedom. and hence a greater nurnber of elements. to have a 

satisfactory representation of the higher mode shapes. 

h 180 
O 5 160 

140 
L * - 120 
m 
8 ioo - 
O 

P 

O 
O IO 20 30 40 50 60 70 80 

Number of finite elernents 

Fi=. 2.5. Son-dimensional natural frequency. $2 = w a ' ( p : ~ ) '  ' . of n sirnply supported rectangular plates 

as a function of the number of finite rlements for the first six modes. 

2.7.3 Calcu lations for rectangular plates 

The eigenvalues of a unifom rectangular plate with different boundary 

conditions may be calculated in a simpler way. In fact, Leissa[2] gives a good sumrnary 

and al1 the tables needed to solve the kind of problems discussed here. Our main aim is 

to test ~ h e  con-ectness of the mass and stiffness matrices as developed in this paper. 

We first determine the natural frequencies of the rectangular plate and compare 

them to the exact solution. This cornparison enables us to give the relative precision of 
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the method for 64 elements. Figure 2.6 gives the tirst six mode shapes and natural 

frequencies computed. By looking at the deformed shape, we can tell the nurnber of 

axial modes in both directions where m is the longest side (x a.xis) and n is the shortest 

s i d e  ( y  mis). The error between the finite element mode1 and the exact solution is 

~ , i \ . e n  in TabIc 2.2. - 

TabIe 2.2. Relative error benvesn the esact solution of rectangular plate simply supponed and a 64 finitr 

element rnodsl. 

Our method ; f (Hz) 1 76.16 114.69 191.27 275.44 303.94 305.19 

Exact solution : f (Hz) 

'10 error p : 7 9  14.16 11.91 2.98 9.00 8.63 

83.50 133.61 217.12 253.9 334.0 334.0 

Table 1.2 shows fairly good resuIt for the finite element method as compared with the 

csact solution. The error varies from 3 to 15 percent depending on the mode. 



Fig. 2.6. Cornputed mode shapes of the simply supportcd plate 



We performed a second set of calculations to compare our method with 

experirnental values and other numerical methods. The calculations were carried out 

using two different boundary conditions: a) clarnped on the shortest side and the three 

other edges free, b) simply supported on two opposite edges and the two other edges 

fres. A s  there is no exact solution to the problem of the cantilekwed plate. we verified 

the pertormance of our method against that of other numerical solutions. A solution was 

also obtained by Martin[l SI, who used a variational procedure similar to the Rayleigh- 

Ritz method for a cantilevered rectangular steel plate of dimensions: a = 5.12 in, b = 

2.76 in and t = 0.053 in. Our results are shown in Table 2.3 and compared to those of 

Martin[l8] and to the experimental data of Grinsted[l9]. Figure 2.7 shows the 

associated ei genvectors. 

Table 2.3. Cornparison of a cantilever rectangular steel plate natural frequencies 

j Ir 1 1 

T w ~  Frequrncy in Hz. for values of m ofi I I 

l 
I 

i 3 

1 
l 

~.u~rrimrnta~"'  64 405 1120 

Our mcthod 67.58 420.62 1 170.4 I 

I 

~heoretical Is 1610 1260 

Experimental"' 1606 nd 

Our method 1532.9 1 1795.72 



e ) m = 2 . n = 3  

Fig. 2.7. Computed mode shapes o f  the cantilever plate 

We calculated the natural frequencies of the cantilevered plate using an 8x8- 

element model. As may be seen, the results obtained by this method are in satisfactory 

agreement with those obtained using the other theory and with the experimental results. 

The natural frequencies and mode shapes of the rectangular steel plate simply supported 

on the two shortest opposite sides were ais0 calculated. Since there is an analytical and 

an "exact" solution to the problem. the analysis increases Our confidence in the 



calculation of the symmetrical model. To do this, we analysed a steel plate which has 

the folionring dimensions: a = 609.6 mm, b = 304.8 mm and t = 2.54 mm. The results 

obtained by our method were calculated using an 8x8 element mode1 and are compared 

to the analpical solution in Table 2.4. 

Table 2.4. Sariira1 tiequriiclcs. tn Hz. tor ri rectangular steel plate simply supportrd on oppositr eders 

calculated nurnerically and analytically. 

Our method 64.37 1 4 . 8  161 -30 

Analytical solution 16.7 66.8 150.3 178.5 

As can be seen, al1 the modes are computed with a reiatively good accuracy. 

% error 

2.8 CONCLUSION 

The objecti1.e of this paper was to present a new method for deriving the displacement 

functions of a thin rectangular plate and, subsequently, to use these displacement 

function in dynamic analysis and fluid-stnicture interaction. The mass and stiffness 

matrices of a twenty-four degrees of freedom rectangular element were developed. 

331 3.64 2.95 9.636 

The convergence of the method was established and the natural frequencies were 

obtained for various boundary conditions and di fferent modes. These resuits were 
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compared with those of other authors and theories and satisfactory ageement was 

found. 

This method combines the advantage of finite eIement analysis and the precision 

of a formulation which uses displacement functions derived from thin plate theory. 

A paper currently under preparation will deal with the dynamics of 

rectangular plates submerged in a fluid. A more general quadrilateral element wiIl be 

used and further investigation will be done on the displacement function in order to 

predict the natural fiequencies of  anti-symmetrical modes. 
- 
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2.10 NOTATION 

List of  syrnbol 

a 

-4 l 

b 

B, 

Cl 

D 

E 

M., 

length of the rectangular plate 

defined by equation (2.8), i = 0. 1,2, 3 

width o f  the rectangular plate 

detined by equation (2.8). j = 0, 1.2.3 

defined by equation (2.6) 

membrane stiffness, Et/( 1 -v2) 

Young's modulus 

defined in equation (2.23). i = 1, 2, ..., 16 ; j = 1. 2, ..., 16 

natural frequency (Hz) 

defined by equation (LX), i = 1, 2, . . .. 16 ; j = 1. 2. . . .. 16 

brnding sti ffness. Et3/ 12( 1 -v2) 

defined in equation (2.23), i = 1, 2, ..., 16 ; j = 1. 2 ,  ..., 16 

axial ode number parallel to the x-axis 

defined in equatiori (2.23), i = 1, 2, ..., 16 ; j = 1,  3, .... 16 

bending momer.ts of a rectangular plate 

axial mode number parallel to the y-mis 

nurnber o f  finite elements 

stress components of a rectangular plate 

tenns of the elasticity matrix, i =1, 2, . . ., 6, j =l. 2, . . .. 6 

defined by equation (2.21), i = 1, 2, ..., 16 ; j = 1.  2 ,  .... 16 



K,, K'. 

P 

U 

List of matrices 

[-Al 

[BI 

[Cl 

P l  

[Gl 

thickness of the rectangular plate 

nodal displacernents, i = 1, . . ., 4 

in-plane and normal displacement of a rectangular plate 

length and width co-ordinate of the plate 

nodal rotations and twisting, i = 1, . . ., 4 

displacement function defined by equation (2 .8 )  

degree of freedorn at node i. i = 1. . . . , 4 

deformations of the plate reference surface 

changes in curvature and twisting of the plate reference surface 

density of the plate material 

Poisson's ratio 

angular natural frequency. rad s-' 

non-dimensional fiequency, oa ' (p t /~) ' '2  

phase angle 

defined by equation (2.12). given in Appendis 11 

defined by equation (2.14) 

defined by equation (2.10) 

dcfined by equation (2.14) 

defined by equation (2.22) 



stiffness matrix o f  one element 

stiffness matrix o f  the total plate 

mass matris of one element 

mass matrix of the total plate 

defined by equation (2.13) 

elasticity matrix 

defined by equation (2.20) 

strain vector 

stress vector 

degrees of Geedorn at node i 

degrees of freedom for the total plate 

i\mplitude of the plate motion 



APPENDIX I 

The matrix [A] IS defined by: 

3 1 1  3 2 1  3 2 2  2 7 1  
0 0 0 0 0 0 0 0 - - - 0 -  - - 0 - - - ( ) - 1 3 - 0  

b b b  b b b  b b h  b b b  

9 6 3  6 4 2  3 1 1  
4 1  ( 1  1 1  0 ( 1  I )  I )  I) - - - I - - - r i  - - - o o r: ( I  o 

a - b  a .b  3 . b  a . b  a - b  a - b  a-b 3.b 3-5 



CHAPITRE III 

ARTICLE 2' 

VIBRATIOB- ANALYSIS OF RECTANGULAR PLATES 

SUBMERGED IN F L W S  

E. Charbonneau and A. A. Lakis 

Departmerit ofhiechanical Engineering. École Polytschniquc: de Montréal. Campus de I'l'niversitt! d e  

blonrrthl. C.P. 6079. Succ. Centre-ville, MontréaI. Québec. Canada H3C 3.47 

3.1 SUNIMARY 

A thcory is presented to study the dynamic characteristics of  flat horizontal 

rectangular plates vibrating in fluids. The effect of the boundary conditions and the 

depth of subrnergence of the plates have been studied. The formulation used is a 

combination of the finite element method and classical plate theory. The displacement 

functions are derived from exact solutions of Sanders' shell equations and expanded in 

pon.sr series. The velocity potential and Bernoulli's equation for a fluid finite element 

yield an expression for fluid pressure as a function of the nodal displacements of the 

plate elernent and inertial force of the fluid at rest. An analytical integration of the fluid 

Soumis pour publication à Journal of Flitids und Srructures 
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pressure over the fluid element leads to the rnass matrix. Calculations are given to 

validate the application of the method. Reasonable agreement is found with other 

theories and experiments. 

3.2 INTRODUCTION 

Knowledge of the vibration characteristics of rectangular plates submerged or in 

contact with fluids is of considerable interest since they are used in many applications, 

such as the naval, aerospace and construction industries. The dynamics of a structure 

interacting with fluid were first described by Lamb (1945). Later, Lindholm et al. 

( 1965) camed out an extensive experimental study of the response of cantilevered plates 

in air and in water. The results were compared with theoretical predictions based on 

simple beam theory or thin plate theory and the chordwise hydrodynamic strip theory. 

Leissa ( 1973) %ives sorne references for shell-like containers partially filled with liquids. 

However, there seems to be a relatively limited number of studies of free surface 

effects on structures. More recently, Fu and Price (1987) studied the vibration response 

of cantilevered plates partially or totally immersed within the fluid. They used a 

combination of the finite element method and a singularity distribution panel approach 

to examine the effects of the fiee surface, Frequency and length or depth of plate 

immersion on the dynamic characteristics of the plate. Robinson and Palmer (1990) 

give a method for modal analysis of a rectangular plate floating on a fluid. They 
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deduced the velocity or pressure distribution function o f  the Ouid by solving the wave 

equation with the unsteady Bernoulli equation applied at the fluid-plate interface. 

Following the same approach, Soedel and Soedel(1994) give an analytical solution for a 

simply supported plate supporting a liquid with a freely sloshing surface. Arnabili 

( 1996) used the Rayleigh-Ritz approach to obtain an analytical solution for the case of a 

fluid domain of finite depth which either has a free surface or  is constrained by rigid 

walls. The effect of the depth of the fluid domain on the added m a s  factor, natural 

Frequencies and mode shapes is studied. Haddara and Cao (1996) used the same 

philosophy to investigate analytically and expenrnentally the dynamic response of 

submersed rectangular plates with various boundary conditions. They provide an 

analytical added mass factor depending on the height o f  the free surface and the dep 

the fluid under the plate. Moreover, they show that the boundary conditions have 

effect on the change in natural fiequency of the plate under study. 

,th of 

Iittie 

Lakis and Paidoussis (1971) studied the free vibration of a cylindrical shell partially 

filled with liquid using a combination of finite element analysis and classical shell 

theory. The objective was to detemine the specitic displacement hnctions which best 

represent the real defonnations. To continue on the subject, Lakis and Neagu (1997) 

studied the free surface effects on the dynamics of a cylindiical shell partially filled with 

liquid. The kinetic and potential energies of the fluid are evaluated in order to establish 

the influence of the surface oscillation on fluid-shell vibration. 
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Following the sarne idea, we witl present in this paper a method to snidy the 

dynamics o f  thin rectangular plates in contact with fluids at rest. In a previous paper, 

(Charbonneau and Lakis 1999) a combination of finite element method and classical 

plate theory has been used to derive a rectangular plate finite element that is compatible 

tvi th both the plate equations of motion and the fluid wave equations. In this article, we 

are solviny the Laplace equation for the velocity potential with a free surface by 

applying the Bernoulli equation at the fluid-plate interface. which yields an expression 

for fluid pressure as a function of the nodai displacements of the plate element. An 

analytical integration o f  the fluid pressure over the liquid element leads to the fluid mass 

matrix. This fluid mass mattix is later used with the plate mass and stiffness matrices to 

compute natural frequencies and mode shapes of rectangular plates with different 

boundary conditions. 

To find out the equilibriurn equations of the plate, we will use Sander's 

equations ( 1959) for cylindrical shells and assume the radius to be infinite, 0 = y and rd8 

= dy. These three new equations will take into account membrane effects as well as 

bending effects. The equations of  motion in terms of the in-plane and normal 

displacements (U, V, W) of the plate's rnean surface (Figure 3.1) and in terms of 

element Pi, o f  the isotropic matrix o f  elasticity [Pl are 



Fig. 3.1. Geometry of rectançular plate 



The strain-displacement relation is given by 

The rectangular plate finite element used is shown in Figure 3.2. This four-node elemeni 

is defined by twenty-four degrees of freedorn, six degrees by node. Those degrees of  

Freedom, shown in Figure 3.2, are: three displacements (U, V, W). two rotations 

(2W/&. ùW/ûy) and twisting (d'~/lMy). 

Fig. 3.2. Displacements and degrees of fieedom of a rectangular plate 



The assurned displacement functions that will represent the motion of the plate 

are (Charbonneau and Lakis 1999) 

n.tiert: C(s. y)  and V(x. y) describe the membrane behaviour (eq. 3.3a and 3.3b) and 

br(s. y) the norn~al displacement of the plate. The functions U and V contain the sarne 

number of unknown parameters C, as the number of  degees  of  freedom of  a membrane 

( 2  s 4 = 8). The polynomials representing the membrane displacements are low 

lynomials, but converge monotonically to the exact solution. Since it is a 

matter to find the characteristic equation of  the solution of  the bi-harmonic 

governing the bending o f  a plate (eq. 3.3d), we expanded the solution in a Taylor senes 

(eq. 3 . 3~ ) .  The A, and B, are the 16 unknown constants representing the 16 degrees o f  

freedom in bending for a plate. Forthemore, when using a power series to express the 

displacement function. we approach more closely the "exact" solution o f  the bending 

eqiiation than Bogner et al. (1966) did. The two displacements functions are compared 

to exact equation in figure 3.3. 
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I 

Fis .  3.3. Cornparison of displacement functions: equation (3 .3)  W,('r.y): - : 

Boçnrr 1966 Wb(?c.y): - - ; and the exact solution equation Nr(.u.y): - - . 

Now, we  can write the displacernent functions in the matrix form 

tvhere [RI is a 3x21 matnx whom components are the x and y terms o f  equations (3.3) 

without the unknown constants. The vector {C 1 is given by: 

t 
{ C }  = {Cl, ---, C2.d (3.5) 

To determine these constants, we need to define twenty-four boundary conditions for the 

finite element. These twenty-four boundary conditions will be the twenty-four degrees 

of freedom elernent, which means six degrees of freedom per node as follows: 
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3.4 MASS AND STIFFNESS MATRICES FOR AN EMPTY FINITE 

ELEiMENT 

The strains are related to the displacements through equation (3.2); accordingly, 

we may now express { o }  in terrns of the generalized nodal displacements 6, 

where [Dl is a matrix containing the derivative operators frorn equation (3.2). 

The corresponding stresses may be related to the strains by the elasticity matrix 

where [Pl  is a 6x6 syrnmetric elasticity matnx. In the case of an iso ~tropic mat erial there 

\vil1 be no coupling between membrane and bending effects and the only non-vanishing 

ternis are: 



tvhere D and K are respectively the membrane and bending sti ffness defined as 

E being the young's modulus, u Poisson's ratio and t the plate thickness. 

The mass and stifhess matrices [m,] and [k,] respectively, for one finte element 

may be written as follows: 

(3.13) 

tvhere p, is the density of the plate material, t is the thickness, dA a surface element, [Pl 

the elasticity matrix and the matrices [NI and [BI are obtained from equations (3.8) and 

(3 -9) respectively. 

The matrices [mS] and [k,] were obtained analytically by carrying out the 

necessary matrix operations and integration over x and y in equations (3.12) and (3.13). 

The global matrices [M,] and [K,] may be assembled, respectively, by supenmposing 

the mass [ms] and stifFness [ks] matrices for each individual plate finite elernent. See 

Charbonneau and Lakis (1 999) for more details. 



3.5 BEHAVIOUR OF THE FLUID-PLATE INTERACTION 

3.5.1 Equations of motion 

The dynamic behavior of a rectangular plate subjected to a fluid pressure field 

(figure 3.4) can be represented b y  the foilowing system: 

where A }  is the displacement vector, [M,] and [KSI are respectively the mass and 

stiffness matrices of the system in vacuum; [Mr] , [Cr] and [Kd are the mass. damping 

and stiffness matrices that takes into account the inertial Coriolis and centrifuga1 forces 

of the liquid flow and ( F  } represents the external forces. 

In the case of a liquid at rest the matrices [Ci], [Kr] and (F(t)} are nul1 and 

equation (3.14) takes the form 

A + [ K , ]  (A}=  O ['y]-[M,-~ j"} 
C 

Therefore, when a structure is submerged in a fluid at rest, the interaction between the 

fluid and the structure is purely inertial. 



Fig. 3.4. Rrctangular plate submerged in a body of fluid. 

3.5.2 Assumptions 

We \vil1 assume that the structure is submerged in a fluid at rest. -Moreover, the 

mathematical mode!. \vhich is developed here, is based on  the follo\\.ing h-vpotheses: ( i )  

the tluid no\\. is potential. ( i i )  vibration is linear. (iii) the fluid is incompressibIe. 

3.5.3 Dynamic pressure at the plate-fluid interface 

With the assumptions o f  section 4.2, the velocity potential must satisfy the 

Laplace equation which is, in the rectangular coordinate system, as follows 

@ is the potential function that represents the velocity potential. 

At the fluid-plate interfaces, the irnpermeability condition ensures contact 

between the plate and the fluid. This should be 



From the theory of plates, Charbonneau and Lakis (1999), we have 

where i is the cornplex number. i L  = - 1 .  

Assuniing then, 

and applpng the impemeability condition, equation (3.17). to equation (3.18) and 

(3 .  l t ) ) ,  we determine the function S,(x,y,t). The dynamic pressure at the fluid-plate 

interface is given by the Bernoulli's equation as follows: 

Reintroducing S,(x,y,t) term into equation (3.19) and substituting it into Bernoulli's 

cquation (3.20). we find a relation for the dynamic pressure as a function of the 

displacemeni W, and the function F,(z): 



FI., ( 0 )  a* 
IV, . ai the plate top surface (see figure 3.4) 

" F2- , ( -h)  O- 

plz=-, = - P ,  1 W, , at the plate bottom surface 
14 F; . , ( -w  

(3.2 la) 

where F,,(z) is to be determined and ( )' and ( )' represent S( )/& and C( )/a respectively. 

By using again relations (3.18) and (3.19). one can express the velocity potential 

in term of the plate motion and introduce this in the Laplace equation. (3.16). to get 

1 1 
~vherç pr = rJ7 + and, A and B are the plate lcngth and width rerpectiuely. 

To solve equation (3.22). we will need three boundary conditions for the fluid. 

The first one is given by equation (3.17). The second one is defined by equation (3.24) 

and gives the free surface behavior 

where g is the gravitational accelaration. At the bottom end of the fluid (see figure 3.4), 

the normal componenent of velocity is zero, Le. 
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The solution of equation (3.22) consits of two parts: one for the fluid over the 

plate.F,,(z), and a second one for the fluid under the plate. Fz,,(z). The general solution 

of equation (3.22) is given by: 

F, ( z )  = A, eF + A,e-p (3.26) 

where Ai and A- are constants. 

Applying the boundary conditions equations (3.17). (3.24) and (3.25) gives a 

unique solution 

uhere C, = g p  +of: and is the natural frequency of the plare in fluid. 
5P -of 

Similarly, a unique solution can be found for the fluid under the plate 

Now, before expressing the total pressure at the plate interface, we still have to 

detemine the value of Ci as a function of a(. Figure 3.5 shows the behavior of Ci as a 

function of CO+-. As c m  be seen, Ci tends to a value of -1 when CO,- tends to intinity 

(Haddara and Cao 1996). Figure 3.5 indicates that, we can use the a value of Ci = -1 

when al- is  greater than 10 Hz. Figure 3.5 also brings us to the conclusion that, when we 
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hm.e a system with natural frequencies higher than t O Hz, the natural frequencies do not 

really dspend on their mode shape but on the plate geometry, the fluid properties and the 

fluid heights under and above the plate. When we have a system with natural 

frequencies lower than I O  Hz, the value of Ci  should be corrected as close as possible to 

its esact value through an iterative procedure. 

Finally, the total pressure at the plate interface is taken as the sum of equation 

(3.21~1) and (3.2lb) 

F. (-Ir) F,m and -, n.here the ratios - are defined by evaluating equations (3.27) and 
<'(O) F2 (4) 

(3.28) at z = O and z = -h respectively. For the sake of simplicity, in equation (3.29), we 

considered the fluid over and under the plate to be the sarne, but in reality the two fluids 

could be quite di fferent. 



Fiç. 3.5. C, = w + ( z d '  . , in function of the natunl frequency of a plate in fluid. 
- (w)- 

W e  can rewrite equation (3.29) as 



3.6 FLUID MASS MATRIX ABOVE AND UNDER THE PLATE 

By intoduciny the displacement function (3.8) into the dynarnic pressure 

expression (3.30) and performing the matrix operation required by the finite element 

method, the mass matrix for the fluid element is obtained by evaluating the following 

integral: 

leading to 

The matris [A] is defined by equation (3.7) and [Sf] is a 24 x 71 real syrnmetnc matrix 

parti tionsd as follow 

The elements of the syrnmetric submatrices are given by 

s,~'"' = su'" = 0 

where the constants B,, 's are found in table 3.1 and a and b are respectively the length 

and width of an element. 



Table 3.1. Constant for symmetric submatrices. 

3.7 EIGENVALUE AND EIGENVECTOR PROBLEM 

Once the stiffness and the mass matrices for the structure and the fluid have been 

obtained i t  is possible to constmct the global matrices for the complets plate using finite 

eIement assembi y technique. If N is the number of nodes then [M,], [Mt-] and [K,] are 

three matrices of  order 6N. In the case of fiee vibration, the equations of motion are: 



where 16 } -r is the vector for global displacements of the whole shell. 

{&}  = (61.82 . - -. d)' 
N being the number o f  nodes. By specifying 

(tir) = {&O.T] sin (of t + \ y )  

where of is natural angular fiequency and y~ is the phase angle. 

By introducing equation (3.35) and (3.36), we obtain the typical eigenvalue 

problem: 

Det [ [K,] - O>; [Ms-Mi] ] = O (3.38) 

The resolution of system (3.38) yields to simultaneously the bending and in plane 

modes. The shape of the eigenvector for each mode will allow us to differentiate the 

bending modes from the in plane modes. The natural frequencies of the bending modes 

will be lowered by the contributing fluid inertia [Mi]. 



3.8 CALCULATIONS AND DISCUSSIONS 

Calculations have already been done to test the theory in the case of a rectangular 

plate in vacuum. The free vibrations of isotropic rectangular uniforrn plates were 

obtained for a variety of boundary conditions (Charbonneau & Lakis 1999). The 

coniputed natural frequencies were compared with other theories and with data from 

esperiments. 

Here, we present some example to test the theory in the case of a rectangular 

plate s~ibmerged in a fluid, floating on a fluid or supporting a fluid at rest. 

3.8.1 Validation of model 

By examining at the convergence criteria, it is easy to determine the advantage OF 

this method, a combination o f  the finite element method and classical plate theory. A 

preliminary set of  calculations has been made on a plate in vacuum to detemine the rate 

of convergence of the method. We calculated the first six natural frequencies of a plate 

siniply supported on its four edges and we varied the number of elements From 1 to 64. 

Figure 3.6 shows that with eight elements more than five frequencies have converged. 

The convergence is rapid since we are using a power senes which closely represents the 

real displacement of a plate in bending. 



0 -1 

0 10 20 30 40 50 60 70 80 

Number of finite elements 

Fig  3.6. Non-dimensional natural frequency. R = o a 2 ( p K ) '  ' . of a simply supported rectangular plates 

as a function of the number o f  finite elements for the first six modes. 

Moreover. if we compare our method to classical theory, we can see that the 

error is small. Table 3.2 shows the relative error between our method and the exact 

solution hr a plate being simply supported on two opposite edges. The error is less than 

10% for four modes with only sixty-four (8 x 8)  elements. 

Table 3.2. Relative error between the exact solution of rectangular plate simply supported and a 61 finite 

element model. 

t ~ n a c t  solution : t- (Hz) i 83-50 i 133.61 j x 7 . n  / 283.9 i 334.0 i 335.0 I1 
11 our method : f (Hz) / 76.16 i 114.69 j 191.27 j 2 X . u  j 303.94 / 305.19 11 
11?;, error 

1 1 I I 1 
1 8.79 1 11.16 1 11.91 1 2.98 1 9.00 i 8.63 11 
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In order to prove the theory developed in this paper, a number of calculations 

have been performed for different cases corresponding to published experirnental and 

numencal results. 

T h e  first cornparison involves the work of Haddara & Cao (1996). They 

conducteci experiments on rectangular steel plates submerged in water with the 

follo\ving geometry: length of 655.0 mm. a width of 201 -65 mm and a thickness of 9.36 

mm. For the measurements in water, the plates are placed in a tank 1300.0 mm long, 

550.0 mm wide and 800.0 mm deep. Two different boundary conditions were analyzed: 

clamped at the two shortest sides with the other edges Free (CFCF) and simply supported 

on the two shortest side while the other edges remain Free (SFSF). T h e  result of these 

esperiments for the first three bending modes are presented in table 3.3 against the 

theory developed by Haddara & Cao and against the combination of the finite element 

method and classical plate theory developed in this paper. The results obtained by the 

present method agree wi th both experimental and analytical results predicted by 

Haddara & Cao. We can also see that the boundary conditions have little or no impact 

on the drop in natural frequencies. 



Table 3 .3 .  Cornparison between the natunl frequencies obtained by the present method and the natural 

frtxpencies obtainçd experimentaliy and anaiyticaiiy by Haddan and Cao ( 1996) for a rectangular plate 

SFSF I l 

CONDITIONS NO. 

submerged in water. 

(HZ) I FREQ. (HZ) I 
NATURAL FREQ. 

O h  OF CHANGE PRESEbT .METHOD 

WATER ONLY) NATURAL I 

The second comparison will take into consideration the analysis done by Joseph 

HADDARA AND CAO (iX 

& al. (1990) which gives results fiorn a finite element analysis of a rectangular plates 

subrnerged in water. Since there are no experimental values to compare with their 

results, ive will use the work of Linholm et al. (1965) which presents an extensive table 

of resonant frequencies for cantilever plate in air or submerged in water. The plate 

under analysis here is a square steel plate of 200 mm x 200 mm with a thickness of 2.5 

mm. The expenments were performed in a 1.83 rn x 3.66 m x 2.44 m deep water tank 

with the cantilever plates being clamped to a rigid 1-beam support structure. Table 3.4 

sho\vs t h e  results computed for the two tirst bending modes by our method and by 

Joseph et al. (1990) and are compared with the experimental results from Lindholm et 

Vacuum Watrr CO'.:DITIOSS Experimental Analytical 



al. (1969). The results shown in table 3.4 are in good agreement with both the 

experiments and the numerical resuIts o f  the two other authors. 

Table 3.4. Cornparison between the present rnethod and the finite elernent method proposed by Joseph at 

al. ( 1990). on one hand. and by the naturd frequencies obtained experimentally by Lindholm ( 1969). on 

the other hand. for a cantilever square plate submergsd in water. 

1 PRESEST .METHOD 1 JOSEPH ET AL. f LiXDHOLkI 11 
Il 

3.8.2 Influence of a fluid on a rectangular plate 

1-  fi (Hz) 

Now that our method has been shown to give a good result, we can study the 

influence o f  a fluid surrounding a rectangular plate on its natural frequencies. 

Furthemore, the cases analyzed in the last section allow us to conclude that the decrease 

in the natural frequencies o f  a plate deeply subrnerged in fluid is pnncipally dependant 

on the plate geometry. In order to quantify what is deeply submerged, the plates used 

in the previous examples will be analyzed with varying quantities o f  fluid above and 

under the plates. 

vacuum water 

We wil1 first study the effect o f  varying the fluid height over the plate (hi) on the 

plate first fundamental fiequency. Figure 3.7 shows the influence of  the fluid height for 

324.5 

vacuum water 

137.0 

air I water - l 
323 2 0  158 1 i 

172.3 1 326 
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two cantilever plates having a length to width ratio of 3.25 and 1 .O. From this analysis. 

i t  can bs statsd that the influence of the fluid height on the natural frequency becomes 

constant when we have a fluid height equals to 40% or higher of the p 

Moreover, the longer is the plate, the less fluid is needed to lower 

frequencies to constant values. 

late's length. 

the natural 

Fig. 3.7. Variation of non-dimensional first natural frequency. R = w a' (p!~) '  '. of t\vo 

cantilever plates as a function o f  the fluid height hl.  

By, analyzing the effect of the fluid under the plate (hr), we c m  see from figure 

3.5 that the natural fiequency is no longer affected by the fluid once its depth under the 

plate is about 10% or more of the plate's length. Moreover. when we have a thin layer 

of fluid between the plate and the rigid bottom of the tank, we notice that the plate's 

natural frequency tends to zero. This result confirms what Moody (1995) has reported. 



He found that the added mass factor tends to infinity when the fluid space between a 

vibrating and a rigid surface tends to zero. Indeed, if there is no tluid beneath the plate, 

the plate is resting on a rigid wall and consequently the rigid body motion of the plate 

has a natural frequency tending to zero. The virtual mass may be of small significance if 

the structural mass is relatively large. However. in our case, we are dealing with thin 

plates that means. which the fluid mass matrix becomes more important compared to the 

plaie m s s  rna1ri.u and will significantly lower the natural frequencies. 

Fig. 3.5. Variation o f  non-dimensional first naturd frrquency. R = w a' ( p t i ~ ) '  '. of two cantilever plates 

as a function o f  the fluid depth h2. 

Finally, we looked at the contribution of the fluid over the plate compared to that 

of the fluid under the plate. Figure 3.9 shows that when we have more than 30% of the 
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plate's length of fluid both over and under the plate, the contributions of the two fluids 

are equal (assurning the quantity of fluid is the same on both sides). When we have less 

than 30% of the plate's length, the contributions of the nvo Buids are different. This is 

partially explained by the conclusion obtained from Figure 3.8. On the other hand. the 

Ouid over the plate has its top surface free to oscillate. It is obvious that. whrn the fluid 

height tends to zero, the plate wil1 vibrate at its natural frequencies in a vacuum. 

- fluid under 

- - - fluid over 
- .- 

Fig. 3.9 Cornparison o f  the fluid conmbution over and under a cantilever plate on the tirst non- 

dimensional frequency, R = o a' (p~X)l  ' 



3.9 CONCLUSION 

The theory developed in this paper is used to predict the effect of the fluid inertia 

on the vibration characteristics of a thin isotropic rectangular plate totally submerged in 

a fluid. floating on a fluid or supporting a fluid. 

A rectangular plate finite element was developed, making i t  possible to 

derive the displacement functions from the equation of motion of the plate. The mass 

and stiffness matrices of each element were obtained by exact analytical integration. 

The fluid pressure was derived from the velocity potential taking into account 

the osciIlation of the fiee surface, and from the linear impermeability and dynamic 

conditions applied to the plate-fluid interface. The finite element method was used to 

obtain the mass matrix of  the fluid elements. The results obtained by this method were 

compared with other authors and satisfactory agreement was obtained. The dynamic 

characteristics were obsenred. and two effects on them of different boundary conditions 

and plate dimensions, as well as those of depths of submergence, were investigated. 

Here we derived a polynomial which is, in fact, a power series expansion of the 

exact solution. This power series has proven to approximate more closely the exact 

solution of a plate in bending. In other studies made by Our group on the shell domain 

(Lakis, A. A., Neagu, S. 1997. Selmane, A. & Lakis, A. A. 1997. Lakis, A. A. & 
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Païdoussis, M. P. 1971), it has been demonstrated that this theory gives as accurate 

results for low frequencies as for hi& frequencies. We are, therefore, able to analyze 

the response of excited plates submerged in fluid more accurately since we are using 

more modes and frequencies and that these Liequencies are closer to those of the exact 

solution. 

The next logical step would be the analysis of a fluid in motion over and under a 

plate. For this to be done, the fluid stiffiiess and damping matrices would have to be 

cakulated. 
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APPENDIX A: MATRIX [A] 

The terms of matrix [A] are a defined as follows: 
~ 0 0 0 I 0 0 0 0  O O O O O O O O O O O 0 0 0 0 0 ]  

1 
0 0 0 0 0 0 0 0  O O O O O O O O O O - 0 0 0 0 0  

a-b 

3 3 1 
0 0 0 0 0 0 0 0  O O 0  O O O O O - 0 0 0 0 0  

a-b a-b a-b 

0 0 0 0 0 0 0 0  I 1 I 1 1 I 1 1 1 1 1 1 1  I I  I 

3 3 3 3 2 2 2 2 1  1 I I  
0 0 0 0 0 0 0 0  - - - - - - - - - - - - 0 0 0 0  

a a a a a  a a a a  a a a  

3 2 1  3 2 1  3 2 3 3 2 1  
0 0 0 0 0 0 0 0  - - - O - - - O - - - O - - -  O 

b b b  b b b  b b b  b b b  

9 6 1  6 4 2  3 2 1  
0 0 0 0 0 0 0 0 - O - - -  O - - - 0 0 0 0 0  

3.6 a-b a-b a-b a-b a -b  a-b a-b a-b 

0 0 0 0 0 0 0 0  O O O O O O O O O O O O - - - O  
b b b  3 2 1  l 

3 2 1  
0 0 0 0 0 0 0 0  O O O O O O O O - - - 0 0 0 0 0  

a-b a-b a-b 1 



APPENDIX B: NOMENCLATURE 

length o f  a rectangular finite element 

length o f  the rectangular plate 

defined by equation (3.3) i = 0. 1.2, 3 

defined by equation (3.26) 

defined by equation (3.26) 

width o f  a rectangular finite element 

width of a rectangular finite element 

defined in equation (3.34) 

defined by equation (3.3) i = 0. 1,2,3 

defined by equation (3.27) 

defined by equation (3.18) 

membrane sti ffness, EV( 1 -v2) 

Young's modulus 

fluid height and fluid depth 

bending sti ffness, ~ t ' l  l 2 (  1 -v2) 

number of  finite elements 

tenns of the elasticity matnx, i =1, 2, ..., 6, j =1, 2, ..., 6 

defined by equation (33), i = 1, 2, . . ., 16 ; j = 1, 2, . . . , 16 

thickness of the rectangular plate 

nodal displacements, i = 1, . . ., 4 



Pt' 

List of matrices 

CA1 

[BI 

in-plane and normal displacement of  a rectangular plate 

length and width co-ordinate of the plate 

nodal rotations and twisting. i = 1, . . .. 4 

displacement function defined by equation (3.3) 

defined by equation (3.30) 

degree of freedom at node i, i = 1, . . ., 4 

de formations of the plate reference surface 

changes in cumature and twisting of the plate reference surface 

defined by equation (3.22) 

fluid velocity potential 

density of the plate material 

density of the fluid 

Poisson's ratio 

angular natural Frequency. rad s-' in vacuum 

angular natural frequency. rad s" in fluid 

non-dimensional frequenc y. ~ a ' ( ~ t / ~ )  ' " 
phase angle 

defined by equation (3.7), given in Appendix A 

defined by equation (3.10) 



defined by equation (3.5) 

damping matrix of the fluid 

defined by equation (3.9) 

esternal force vector 

stiffness matrix of one plate element 

sti ffness matrix of the total plate 

sti ffness matrix of the total fluid 

mass matrix of one fluid element 

mass matrix of one plate element 

mass matrix of the total plate 

mass matrix of the fluid 

defined by equation (3.8) 

elasticity matrix 

defined by equation (3.4) 

defined by equation (3.33) 

displacernent vector 

strain vector 

stress vector 

degrees of fieedom at node i 

degrees of fieedom for the total plate 

Amplitude of the plate motion 



CONCLUSION 

L'objecti f de cette recherche était de présenter une méthode de développement 

des fonctions de déplacement pour une plaque rectangulaire mince et, ensuite, utiliser 

ces fonctions de déplacement dans l'analyse d'un système couplé fluide-structure. Cette 

méthode permettra ainsi de prédire l'effet de l'inertie du fluide sur les caractéristiques 

iibratoircs d'une plaque rectangulaire mince complètement submergé dans un fluide. 

flottant sur un fluide ou supportant celui-ci. Par conséquent. les fonctions de 

déplacement choisies devaient être compatibles autant avec la théorie classique des 

plaques minces qu'avec la solution de la pression du fluide à l'interface de la plaque. 

Les fonctions de déplacements trouvées sont ensuite utilisées avec la théorie des 

éléments finis pour catculer les matrices de masse et de rîgidité d'un élément de plaque 

rectangulaire a vingt-quatre degrés de liberté. La convergence de la méthode pour une 

plaque dans le vide a été vérifiée. De plus, les fréquences naturelles et mode propres 

pour différentes conditions frontières ont été calculés. Les résultats obtenus ont été 

comparés a\-ec ceux d'autres auteurs et ont démontré la précision de la méthode. La 

qualité des résultats Stait prévisible puisque cette méthode combine l'avantage des 

éléments finis et la précision d'une formulation dérivée de la théorie des plaques minces. 
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L'étude de la convergence de la méthode pour une plaque simplement supportée 

sur tous les cotés nous a appris, contrairement à ce que l'on pourrait s'attendre, que 

l'élément semble sous estimer la rigidité de ta plaque. Cependant, en analysant le 

nombre d e  degres de liberté contenus dans un modèle avec peu d'cléments de la plaque 

en flexion, l'explication du phénomène est tout à fait simple. Lorsque la plaque est 

modélisée avec un seul élément et que tous les cotés sont simplement supportés, i i  ne 

reste que les degrés de liberté associés aux rotations de la plaques. Ceux-ci ne peuvent 

pas surestimer la rigidité de la plaque, car le degré donnant la rigidité en flexion est le 

déplacement nomal à la plaque qui est absent lors de la modélisation de la plaque avec 

un seul élément. Pour prouver cette affirmation, l'annexe 1 présente la convergence de 

la même plaque, mais avec les conditions aux frontières suivantes : encastrée à une 

extrémité et tous les autres cotés libres. Cette plaque a donc après l'application des 

conditions aux fiontières, même pour un modèle à un seul élément, des degrés de liberté 

associés aux déplacements normaux à la plaque ce qui lui confere unc rigidité accrue. 

Après avoir montré que I'élément de plaque représentait du mieux possible les 

déplacements d'une vraie plaque rectangulaire vibrante. nous pouvions attaquer le 

problème de la plaque en contact avec un fluide. Dans un premier temps. la pression du 

fluide a été dérivée à partir du potentiel de vitesse en tenant compte de l'oscillation de la 

surface libre et en appliquant les conditions dynamiques et d'imperméabilité à 

l'interface plaque-fluide. Cette démarche nous a permis permet d'obtenir une 

expression de la pression du fluide en fonction des déplacements nodaux de I'élément de 



8 1 

plaque. Utilisant la méthode des éléments finis, la matrice de masse de l'élément de 

fluide a été dérivée. 

Grâce à cet élément de fluide, nous avons pu comparer Ies fréquences naturelles 

et modes propres de  différentes plaques submergées dans un fluide avec ceux calculés 

par d'autres théories. Notre méthode donne des résultats qui concordent parfaitement 

avec ceux des autres auteurs. Par contre, notre méthode se différencie des autres par les 

points suivants : a) convergence rapide avec un nombre peu élevé d'éléments, b) 

possibilité de calculer les hautes frréquences avec précision et, c) élimine le besoin de 

neuds supplémentaires pour les éiéments de fluide ce qui réduit le temps de calcul. 

En développant cette méthode, nous pouvions étudier l'effet de différentes 

conditions aux frontières, des dimensions de la plaque et de la profondeur du fluide sur 

les fréquences naturelles d'une plaque rectangulaire mince. Nous avons prouvé que les 

fréquences naturelles d'un système couplé fluide-structure ne dépendent pas de ses 

modes propres et très peu des conditions aux frontières, mais seulement de sa géométrie 

et des propriétés du fluide lorsque sa première fréquence naturelle est supérieure à 10 

Hz. De plus, i l  a été démontré que l'effet du fluide sur la baisse des fréquences 

naturelles de la plaque devient constant lorsque le fluide atteint une hauteur ou une 

profondeur égale à 40% de la longueur de la plaque. Par contre, lorsque la plaque 

repose sur une couche mince de fluide, c'est à dire que la profundeur du fluide est moins 
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de 10% de la longueur de la plaque, tes fréquences naturelles de celle-ci diminuent 

drastiquement et tendent vers zéro. 

Dans ce mémoire, nous avons dérivé un polynôme qui est. en réalité, un 

développement en série de puissance de la solution homogène exacte de l'équation 

diffkrentielle bi-harmonique d'une plaque rectangulaire mince. Cette solution tend a 

estimer plus exactement la solution d'une plaque en flexion. Dans d'autres études faites 

par notre groupe de recherche dans le domaine des coques (Lakis et Neagu (1997), 

Selmane et Lakis (1997), Lakis, Sami, et Rousellet, (1 978)), il a été démontré que cette 

théorie donne des résultats aussi précis pour les basses que les hautes fréquences. Cela 

permet d'analyser la réponse des plaques submergées soumises a des excitations 

extérieures plus précisément puisque nous utilisons un plus grand nombre de fréquences 

et de modes propres dans le calcul de  la réponse et que ces fréquences et modes sont 

plus prés de la solution exacte. 

Pour rendre ces travaux plus intéressant pour l'industrie, un élément de plaque 

mince quadrilatéral devrait être dérivé. Du coté du système fluide-structure, la prochaine 

étape serait de dériver une matrice de rigidité et d'amortissement pour l'élément de 

fluide dans le cas d'un fluide en écoulement sur la plaque. 
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ANNEXE 1: CONVERGENCE DE 

l 

O 10 20 30 40 50 60 70 80 

Number of finite elements 

Convergence de la méthode pour la même plaque rectangulaire qu'à la figure 2.5. mais 

encastrée a une seule extrémité. 




