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RESUME

L’étude des comportements dynamique et sismique des ouvrages hydrauliques est, comme
pour les structures conventionnelles, primordiale afin d’assurer la protection des vies hu-
maines. Elle a aussi pour objectif de limiter les dommages structuraux que peut engendrer
un tremblement de terre et d’éviter le cas de rupture ou d’effondrement. Ces structures parti-
culieres subissent non seulement les déplacements imposées par les secousses sismiques, mais
aussi ceux induits par les forces hydrodynamiques générées par 'interaction fluide-structure.
Cette these passe en revue les différentes méthodes complexes et simplifiées existantes per-
mettant 'analyse dynamique d’ouvrages hydrauliques. En ce qui concerne les méthodes com-
plexes, une attention particuliere est consacrée aux difficultés liées a leur utilisation. Parmi
celles-ci, nous insisterons sur la modélisation des conditions aux frontieres transmettantes
permettant de simuler numériquement l'effet de la géométrie semi-infinie du réservoir. En
développant une procédure pour estimer ’erreur qu’induisent les conditions existantes, nous
montrons que celles-ci peuvent avoir un effet tres important sur le comportement dynamique
des structures en contact avec de 'eau.

Pour les besoins des ingénieurs-praticiens, des méthodes simplifiées sont nécessaires afin de
vérifier le comportement dynamique des ouvrages en contact avec de l’eau. La revue des
méthodes simplifiées existantes montre que celles-ci sont basées sur de nombreuses simplifi-
cations qui peuvent affecter la qualité des résultats. L'un des objectifs de cette these a été
de développer des méthodes simplifiées plus performantes que celles existantes. Une premiere
méthode a été mise au point pour la réalisation d’'une analyse spectrale de ces ouvrages. Pour
son développement, il a été nécessaire de proposer une méthodologie pour le calcul précis
de la période fondamental d'un systeme eau-structure. Nous montrons que cette nouvelle
procédure est facilement programmable, avec un temps de calcul instantané, et que celle-ci
donne d’excellents résultats lorsque comparée a des méthodes complexes.

Les analyses spectrales ne tiennent pas compte de la nature oscillatoire et transitoire des
vibrations. Lorsqu’une analyse spectrale démontre que des zones de 'ouvrage excedent les
contraintes admissibles, il est nécessaire de réaliser une analyse dynamique plus détaillée pour
examiner la durée du dépassement des contraintes admissibles et de ’étendue de ces zones
concernées. Par ailleurs, la méthode spectrale proposée et celle existante effectuent une cor-
rection statique pour la prise en compte des modes supérieurs. Bien que pour les barrages
cela soit généralement suffisant, pour les structures plus flexibles I'effet dynamique doit étre
pris en compte. Pour cela, différentes méthodes ont été mises au point pour tenir compte de

Ieffet de I'interaction fluide-structure et de la flexibilité du sol. La premiere permet I’'étude de
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structure vibrant en contact avec de 'eau d’un ou des deux cotés. Cette nouvelle technique
permet de tenir compte de la flexibilité de la structure et du sol, des modes de vibrations
supérieurs, des niveaux d’eau variables, et de différentes conditions aux frontieres pour les
domaines d’eau. Une méthodologie a été développée pour calculer les fréquences naturelles
de chaque mode de vibration du systeme eau-structure. Cette nouvelle technique a ensuite
été étendue pour le calcul de poutres en contact avec de 'eau. Cette méthode originale
étend les solutions analytiques existantes pour le calcul des modes de vibrations et période
naturelle des poutres a une solution intégrant l’effet d’interaction fluide-structure. Elle per-
met une tres bonne estimation dynamique du comportement d’un systeme poutre-fluide ou
bien d’une structure ayant un comportement similaire. Finalement, une Méthode d’Accéléro-
gramme Modifiée (MAM) a été développée. Celle-ci consiste a transformer 'accélérogramme
de dimensionnement ou d’analyse en un nouvel accélérogramme intégrant l'effet de 'interac-
tion fluide-structure. Ce dernier peut alors étre appliqué directement & la structure seche (i.e.
sans eau) afin d’obtenir la réponse dynamique de la structure en contact avec de 1'eau. Cette
nouvelle technique integre dans sa formulation de nombreux parametres ayant de 'influence
sur le comportement dynamique et permet de traiter I'effet de I'interaction fluide-structure

analytiquement tout en gardant les avantages de la modélisation par éléments finis.
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ABSTRACT

The dynamic or seismic behavior of hydraulic structures is, as for conventional structures,
essential to assure protection of human lives. These types of analyses also aim at limiting
structural damage caused by an earthquake to prevent rupture or collapse of the structure.
The particularity of these hydraulic structures is that not only the internal displacements are
caused by the earthquake, but also by the hydrodynamic loads resulting from fluid-structure
interaction. This thesis reviews the existing complex and simplified methods to perform such
dynamic analysis for hydraulic structures. For the complex existing methods, attention is
placed on the difficulties arising from their use. Particularly, interest is given in this work
on the use of transmitting boundary conditions to simulate the semi infinity of reservoirs.
A procedure has been developed to estimate the error that these boundary conditions can
introduce in finite element dynamic analysis. Depending on their formulation and location,
we showed that they can considerably affect the response of such fluid-structure systems.
For practical engineering applications, simplified procedures are still needed to evaluate the
dynamic behavior of structures in contact with water. A review of the existing simplified
procedures showed that these methods are based on numerous simplifications that can affect
the prediction of the dynamic behavior of such systems. One of the main objectives of this
thesis has been to develop new simplified methods that are more accurate than those existing.
First, a new spectral analysis method has been proposed. Expressions for the fundamental
frequency of fluid-structure systems, key parameter of spectral analysis, have been developed.
We show that this new technique can easily be implemented in a spreadsheet or program, and
that its calculation time is near instantaneous. When compared to more complex analytical
or numerical method, this new procedure yields excellent prediction of the dynamic behavior
of fluid-structure systems.

Spectral analyses ignore the transient and oscillatory nature of vibrations. When such dy-
namic analyses show that some areas of the studied structure undergo excessive stresses,
time history analyses allow a better estimate of the extent of these zones as well as a time
notion of these excessive stresses. Furthermore, the existing spectral analyses methods for
fluid-structure systems account only for the static effect of higher modes. Thought this can
generally be sufficient for dams, for flexible structures the dynamic effect of these modes
should be accounted for. New methods have been developed for fluid-structure systems to
account for these observations as well as the flexibility of foundations. A first method was
developed to study structures in contact with one or two finite or infinite water domains. This

new technique includes flexibility of structures and foundations as well as the dynamic effect
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of higher vibration modes and variations of the levels of the water domains. Extension of this
method was performed to study beam structures in contact with fluids. These new develop-
ments have also allowed extending existing analytical formulations of the dynamic properties
of a dry beam to a new formulation that includes effect of fluid-structure interaction. The
method yields a very good estimate of the dynamic behavior of beam-fluid systems or beam
like structures in contact with fluid. Finally, a Modified Accelerogram Method (MAM) has
been developed to modify the design earthquake into a new accelerogram that directly ac-
counts for the effect of fluid-structure interaction. This new accelerogram can therefore be
applied directly to the dry structure (i.e. without water) in order to calculate the dynamic
response of the fluid-structure system. This original technique can include numerous param-
eters that influence the dynamic response of such systems and allows to treat analytically

the fluid-structure interaction while keeping the advantages of finite element modeling.
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CHAPITRE 1

INTRODUCTION

Le but de ce chapitre est d’introduire le sujet de cette these en décrivant le contexte
dans lequel elle s’inscrit ainsi que la problématique a laquelle elle répond. Les objectifs de la
recherche ainsi qu’un descriptif de la méthodologie employée sont présentés. Les portées et
contributions originales du projet de recherche sont également décrites. De plus, la structure

du document est présentée a la fin du chapitre.

1.1 Contexte

La rupture ou l'effondrement d’une structure hydraulique, telle qu'un barrage, peut en-
trainer des pertes humaines et matérielles catastrophiques. De méme, la dégradation de ces
structures peut engendrer un coiit économique tres important. Pour ces raisons, beaucoup
d’efforts ont été consacrés a assurer une grande fiabilité de ces ouvrages sous 'effet des solli-
citations statique et dynamiques. Lors d’un tremblement de terre, ces structures particulieres
subissent non seulement les déplacements imposés par les secousses sismiques, mais aussi

ceux induits par les forces hydrodynamiques générées par l'interaction fluide-structure.

A travers le monde, de nombreuses structures hydrauliques sont construites dans des
régions a forte sismicité. Afin d’assurer la fiabilité sismique de ces ouvrages, les forces hydro-
dynamiques doivent étre prises en considération lors de leur conception ou de I'évaluation
de leur comportement sécuritaire. Au Québec, le réglement sur la sureté des barrages, qui
est entré en vigueur le 11 avril 2002 (Art. 28 a 29), impose aux propriétaires de concevoir
ou de vérifier le comportement structural de leurs barrages en tenant compte des charges
sismiques auxquelles ils peuvent étre soumis. Cette réglementation s’applique aussi bien aux
barrages neufs ou existants. L’évaluation de sureté d’'un barrage doit étre effectuée au plus
tard dix ans apres sa mise en exploitation initiale et répétée tous les dix ans. Pour répondre
a ce reglement, les propriétaires de ces ouvrages, tel que Hydro-Québec, doivent valider leur
stabilité structurale en utilisant des méthodes plus ou moins complexes selon la zone sismique
ou se situe 'ouvrage et selon la vulnérabilité et les conséquences d’une éventuelle rupture.
D’autres structures hydrauliques telles que des pontons, des digues, ou des écluses peuvent
aussi étre vulnérables a un tremblement de terre. Pour celles-ci, il n’existe quasiment aucune

réglementation concernant la validation de leur comportement lors d’un tel évenement.



1.2 Problématique

Pour vérifier qu'une structure hydraulique existante ou en cours de conception peut résis-
ter aux charges sismiques anticipées, des méthodes de calculs rigoureuses doivent étre mises
a la disposition des ingénieurs-praticiens. En se basant sur certaines hypotheses simplifica-
trices, ces méthodes devraient permettre de modéliser numériquement ou analytiquement le
systeme étudié et tenir compte des effets de l'interaction fluide-structure qui rendent le pro-

bleme souvent tres complexe.

Parmi les méthodes numériques utilisées pour étudier le comportement dynamique des
systemes eau-structure, on retrouve la Méthode des Eléments Finis ainsi que la Méthode des
Eléments de Frontires aussi connue sous le nom de Méthode des Equations Intégrales. Bien
que celles-ci nécessitent une grande expertise, ces méthodes permettent de tenir compte d’un
grand nombre de parametres influencant le comportement d’un systeme eau-structure, tels
que la flexibilité de la structure, la compressibilité de ’eau ou encore l'interaction fluide-
structure. De par la longueur quasi infinie de la retenue d’eau, ces méthodes nécessitent
cependant de couper virtuellement le domaine d’eau a une certaine distance de la structure.
Une condition aux frontieres appropriée doit alors étre appliquée pour éviter la réflexion des
ondes au droit de la section de coupe du réservoir. Par ailleurs, pour diminuer le temps de
calcul, il est intéressant de diminuer au maximum cette distance de coupe. Cependant, ces
conditions aux frontieres doivent étre définies avec précision au risque de fausser considéra-
blement la prédiction du comportement dynamique du systéeme étudié. Comme 1'utilisation
de la méthode des éléments finis ou de frontieres est de plus en plus courante pour modé-
liser autant la structure que le domaine d’eau, il est primordial d’étudier le comportement
des conditions aux frontieres transmettantes couramment employées afin d’anticiper I'erreur

induite.

Pour les besoins des ingénieurs-praticiens, des méthodes simplifiées sont nécessaires pour
valider des résultats obtenus avec des méthodes plus avancées, mais aussi pour la conception
préliminaire ainsi que I’évaluation de la siireté des structures hydraulique existantes. Dans la
pratique, les méthodes simplifiées sont par ailleurs souvent utilisées pour calculer les charges
hydrodynamiques engendrées par a l'interaction fluide-structure. Ces charges sont ensuite
introduites dans des modeles éléments finis créés au stade du dimensionnement final afin de
simuler I'effet hydrodynamique de ’eau. Par conséquent, ces méthodes nécessitent de prendre
en compte de maniere appropriée I'interaction fluide-structure afin de ne pas fausser la réponse

dynamique du systeme eau-structure étudié. Les méthodes simplifiées existantes découlent



pour la plupart de formulations analytiques ol plusieurs hypotheses simplificatrices ont été
adoptées afin de simplifier la complexité de la prise en compte de I'interaction fluide-structure.
Il a été montré que plusieurs de ces simplifications peuvent avoir un impact sur la prédiction
du comportement structural. Des méthodes simplifiées robustes sont donc encore requises
pour les besoins de la pratique. Nous avons vu précédemment que selon la zone sismique ou
I'ouvrage est situé, des criteres de vulnérabilité et de conséquences d’'une éventuelle rupture,
une analyse dynamique plus ou moins complexe est requise. Comme cela sera présenté plus
tard, les méthodes simplifiées existantes se limitent a des analyses pseudo-statiques ou pseudo-

dynamiques, et ne permettent pas d’effectuer une analyse dynamique temporelle.

1.3 Cadre et objectifs de la recherche

La présente these de doctorat a pour but principal d’étudier le comportement dynamique
et sismique des systemes eau-structure tels que les systemes barrage-réservoir-fondation. Elle
vise notamment a : (i) apporter des outils nécessaires a la modélisation numérique de tels
systeémes; (ii) répondre a un grand besoin des ingénieurs-praticiens d’avoir des méthodes
simplifiées pour prendre en compte de maniere efficace le phénomene complexe qu’est I'in-
teraction fluide-structure. A cet égard, plusieurs objectifs spécifiques ont motivé ce projet de

recherche :

— Développer un test numérique permettant d’estimer I'erreur introduite dans un modele
d’éléments finis lors de l'utilisation de conditions aux frontieres transmettantes pour
représenter le comportement dynamique d'une structure retenant un domaine d’eau
quasi infini.

— Développer une formulation simplifiée pour le calcul de la période fondamentale d’un
systeme eau-structure, une information importante lors de ’évaluation du comporte-
ment dynamique.

— Développer une méthode analytique simplifiée pour ’étude dynamique d'un systeme
eau-structure prenant en compte un maximum de phénomenes ayant une grande in-
fluence sur le comportement dynamique, tel que la géométrie de structure, 'effet des
modes supérieurs et la compressibilité de 1’eau.

— Développer une méthode numérique pour effectuer I'analyse dynamique temporelle d’un
systeme eau-structure en incluant directement 'effet de 'interaction fluide-structure au

modele éléments finis de la structure seule, i.e. sans eau.



1.4 Meéthodologie

Dans cette section, la méthodologie adoptée pour mener a bien cette recherche est décrite.

1.4.1 Estimation de ’erreur associée a ’utilisation de conditions aux frontieres

transmettantes

Bien que la littérature contient plusieurs formulations des conditions aux frontieres trans-
mettantes (CFT), il n’existe aucune technique pour estimer l'erreur qu’elles induisent lors-
qu’elles sont introduites dans un modele d’éléments finis. Par conséquent, 1'utilisateur est
souvent amené a augmenter la distance de troncature du domaine d’eau jusqu’a obtenir la
convergence des résultats par tatonnement. Ce processus est long et ne garantit pas forcément

la convergence.

L’enjeu de ce premier objectif spécifique a donc été de développer une nouvelle formulation
analytique exacte des conditions aux frontieres transmettantes. Cette formulation a ensuite
permis de comprendre le fonctionnement des CFT mais aussi de tester des conditions aux
frontieres existantes dans la littérature et/ou programmées dans les logiciels d’éléments finis.
Ces analyses ont conduit a la définition d'un test d’erreur permettant de justifier le choix
des CFT afin d’assurer la convergence des modeles éléments finis des systemes eau-structure
avec réservoir semi-infini. Par ailleurs, ces premiers développements nous ont permis de nous
assurer de la validité de nos modeles éléments finis afin de pouvoir utiliser cette méthode

comme référence dans le reste de la recherche.

1.4.2 Formulation simplifiée pour le calcul de la période fondamentale de sys-

téme eau-structure et développement d’une méthode pseudo-dynamique

Un des parametres clefs de toute analyse dynamique est la période fondamentale du
systeme étudié. Contrairement aux batiments, la littérature ne contient que de tres rares
références traitant de la période de vibration d'un systeme barrage-poids et son réservoir.
Non seulement l'interaction fluide-structure rend le probleme tres compliqué, mais négliger
I'effet du réservoir sur cette fréquence peut entrainer une grande imprécision. En se basant
sur une méthode analytique, une telle formulation simplifiée a été développée considérant
une hypothese d’eau incompressible ou compressible. Les résultats obtenus ont été comparés
a ceux de la méthode des éléments finis et a ceux d’'une méthode analytique avancée, et
cela, pour différentes géométries et propriétés des barrages-poids étudiés. En utilisant ces
développements dans la formulation de la force statique équivalente, une nouvelle méthode

pseudo-dynamique a été développée.



1.4.3 Développement d’une méthode simplifiée d’analyse dynamique des sys-

témes eau-structure

Il est souvent nécessaire de réaliser une analyse dynamique de structures en contact avec de
I'eau. En effet, les analyses pseudo-dynamiques ne tiennent pas compte exactement de l'effet
des modes supérieurs et surtout ignorent la nature oscillatoire et transitoire des oscillations.
Par conséquent, lorsqu’une analyse spectrale démontre que des zones de 'ouvrage excedent
les contraintes admissibles, il est nécessaire de réaliser une analyse dynamique pour juger
de la durée et de I'étendue de ces zones. Actuellement, seules des méthodes numériques
ou analytiques complexes tenant compte de 'interaction fluide-structure peuvent permettre
ce type d’analyse. Dans cette partie de la recherche, une généralisation de la formulation
pseudo-dynamique a été réalisée. Elle tient compte de l'effet des modes supérieur sur la
réponse dynamique des systemes eau-structures. Sa facilité d’implantation et sa rapidité
de calcul apportent un avantage significatif par rapport aux méthodes complexes. Elle fut
aussi développée pour prendre en compte deux domaines d’eau et différentes conditions aux

frontiéres a 'extrémité de ces domaines.

1.4.4 Prise en compte simplifiée de I’effet de I'interaction fluide-structure dans

un modele éléments finis

L’utilisation des logiciels d’éléments finis devient de plus en plus courante pour ’étude
des structures en contact avec de l'eau. En effet, ceux-ci permettent non seulement de vi-
sualiser le comportement des structures, mais aussi de facilement obtenir les efforts internes.
Cependant, le recours a la technique des masses ajoutées est encore tres populaire parce
que l'interaction fluide-structure est souvent complexe a modéliser, qu’elle augmente énor-
mément le temps de calcul et/ou que relativement peu de logiciels accessibles sur le marché
permettent de la prendre en compte. Afin de rendre ce type d’analyses plus accessible, une
nouvelle méthode numérique a été développée dans le cadre de cette these. Cette technique
est un artifice de calcul qui modifie 'accélérogramme de dimensionnement pour obtenir un
séisme qui tient compte de l'effet de 'interaction fluide-structure. Ce nouveau séisme peut
alors etre directement appliqué a la structure et peut tenir compte de la compressibilité de
I’eau, de I'absorption d’énergie occasionnée par le dépot de sédiments au fond du réservoir,

ainsi que de la flexibilité de la fondation.

1.5 Portée et contributions originales

Les contributions originales de cette recherche sont multiples.



Tout d’abord, I’étude des conditions aux frontieres transmettantes a permis de mieux com-
prendre leur fonctionnement, mais aussi de tester de nouvelles formulations. Cette étude et
le test d’erreur proposé serviront aussi a sensibiliser les utilisateurs de la méthode d’éléments
finis ou des éléments de frontieres a 'importance de ces conditions et des erreurs qu’elles

peuvent introduire.

Les développements concernant la période fondamentale des systemes eau-structure sont
uniques. Ils répondent a un besoin réel d’estimer ce parametre clef dans ’évaluation dyna-
mique des systemes eau-structure. Grace a cette nouvelle formulation couplée a de nouveaux
développements, une nouvelle méthode pseudo-dynamique plus générale que les techniques
existantes a été développée et mise a disposition des ingénieurs-praticiens. L’extension de
cette méthode a une méthode dynamique simplifiée offre la possibilité de déterminer la ré-
ponse temporelle ou fréquentielle d’une structure en contact avec de I'eau. Elle tient compte
des modes supérieurs, d'un ou deux domaines d’eau, et de différentes conditions aux fron-

tieres. Elle permet de répondre au besoin d’effectuer des analyses plus poussées.

La formulation de la Méthode de I’Accélérogramme Modifié (MAM) est également origi-
nale et peut s’avérer tres intéressante : (i) pour simplifier la modélisation par éléments finis
des ouvrages hydrauliques en s’affranchissant du domaine d’eau, mais aussi (ii) pour réaliser
des essais dynamiques sur table vibrante de modeles de barrages réduits ou d’éléments de
structures hydrauliques pour lesquels il est inconcevable de construire un bassin d’eau. Grace
a cette formulation, les propriétés dynamiques de la section étudiée permettent de déterminer
directement l'accélérogramme modifié. Celui-ci peut alors étre appliqué au modele numérique
de la structure seule ou bien comme accélération a imposer a la table vibrante supportant le

spécimen étudié.

Cette recherche a permis de répondre au besoin de mieux estimer ’effet de 'interaction
fluide-structure pour s’assurer d’une conception sécuritaire des systemes eau-structure. Les
méthodes proposées sont simples, précises, facilement programmables, et donneront ainsi lieu

au développement d’outils numériques dédiés a 1'usage des ingénieurs-praticiens.

1.6 Contenu de la theése

A la suite de cette introduction, une revue de littérature permet de mettre a jour I’état des
connaissances sur les différents sujets abordés dans cette these. Dans les chapitres 3 a 6, nous

présentons les méthodes simplifiées développées au cours de ce doctorat pour I’étude du com-



portement dynamique des structures en contact avec de ’eau. Ces chapitres correspondent a
quatre articles publiés ou soumis a des revues scientifiques. Le chapitre 8 propose une analyse
paramétrique pour étudier la robustesse des méthodes pseudo-dynamiques existantes et met
en relief certaines difficultés et considérations dont il faut tenir compte. La conclusion de ce
document propose une synthese des différents développements réalisés a travers cette these,
et présente des futurs axes possibles de recherche. Enfin, le document se conclut avec les

annexes A a C qui présentent deux articles publiés et des compléments du texte.



CHAPITRE 2

REVUE DE LITTERATURE

2.1 Introduction

La menace que peut représenter la rupture d’une structure hydraulique sur la population
est a l'origine de la création d’organismes fédéraux ou provinciaux a travers le monde ayant
comme mandat d’assurer la construction et I'exploitation sécuritaires de ces ouvrages. Au
Canada, les provinces sont responsables de la gestion des barrages. Plusieurs d’entre elles ont
adopté des mesures législatives réglementant la sécurité des barrages comme c’est le cas pour
le Québec depuis avril 2002. Parallelement a ces réglementations, des organismes ministériels
ont été mis en place afin d’assurer 'application et le respect de ces lois et réglementations
tel qu’étudié par Coté (Z00R). Par exemple, au Québec, le centre d’expertise hydrique de
Québec (CEHQ) assure la conformité des ouvrages aux normes de sécurité. Aux Etats—Unis,
le "Federal Emergency Management Agency (FEMA)” a pour objectif de réduire les risques
de rupture d'un barrage américain. Pour assister ces organismes ainsi que les propriétaires des
ouvrages, plusieurs guides ont été rédigés (ACRH, 2007 ; FENMA|, 2004 ; FERC, 2004 ; Hydro-
guides se basent notamment sur les résultats de la recherche.

Les tremblements de terre pouvant causer la rupture d’'un ouvrage hydraulique, énormé-
ment de recherches ont été consacrées a la compréhension du comportement dynamique des
systemes eau-structure, et ce, depuis les années 30. Des méthodes analytiques ou numériques,
fréquentielles ou temporelles, ont été développées afin de prendre en compte la flexibilité de
la structure, la compressibilité de ’eau ainsi que la dissipation d’énergie due au dépot des
sédiments au fond du domaine d’eau. Certaines d’entre elles ont été validées par des tests de
vibration forcée in situ (Pronlx_ef Panlfrd, T997) ou par simulation en laboratoire (Javand
mardi ef all 2005). I va s’en dire que le comportement sismique de telles structures peut étre
affecté par certaines non-linéarités. De nombreux phénomenes non-linéaires ont été étudiés
par plusieurs chercheurs entre autres l'effet de la fissuration lors d’un tremblement de terre
(Stefan, 2011 ; Christopoulos et all, P003), la variation de sous-pressions dans les fissures sis-
miques (Léger et all, 2005) mais aussi la cavitation causée par la pression hydrodynamique
s’exercant sur l'ouvrage (Fenves ef Tuis, T988, Noblé, 2010). La littérature abonde donc de
publications et d’ouvrages traitant de 1’étude de tels systemes, seuls seront abordés dans

ce chapitre les aspects les plus pertinents pour les besoins des études présentées dans les



chapitres suivants.

Ce chapitre commence par la présentation des méthodes avancées de modélisation, in-
cluant une revue des recherches sur les conditions aux frontieres transmettantes requises
lors de la modélisation par éléments finis ou éléments de frontieres. Ensuite, une revue des

méthodes simplifiées existantes sera présentée.

2.2 Meéthodes complexes de modélisation des systémes eau-structure

Les méthodes analytiques ou numériques complexes n’ont quasiment aucune limites sur
la complexité du modele a I’'étude. Cependant, elles nécessitent une grande expertise et des
équipements de calcul tres performants. Une des méthodes analytiques les plus courantes sera
décrite en premier, pour ensuite s’intéresser aux méthodes numériques. Une derniere partie

traitera de la modélisation numérique ou analytique des fondations.

2.2.1 Meéthodes analytiques avancées

Les méthodes analytiques sont généralement restreintes par la complexité de la géométrie
et des équations régissant le comportement du domaine d’étude. Cela explique notamment
pourquoi ces méthodes se limitent généralement a une étude bidimensionnelle (2D) de ces
systemes. Cette hypothese est néanmoins justifiée lorsque les dimensions du probleme et son
comportement obéissent aux conditions de contraintes planes ou de déformations planes. La
premiére méthode analytique a été développée par Westergaard ([933), qui a considéré expli-
citement 'effet de la pression hydrodynamique s’exercant sur un barrage soumis a un séisme.
Sa recherche a conduit entre autre au concept de masses ajoutées, une méthode simplifiée
populaire qui sera revue en détail plus loin dans ce chapitre. Depuis lors, une importante
quantité de travaux ont été réalisés pour tenir compte d’autres parametres affectant la pres-
sion hydrodynamique et donc la réponse dynamique d'un barrage. Parmi ces techniques,
la méthode analytique proposée par Chopra et ses collaborateurs (Chakrabarti et Choprd,
1973, Chopra, 1970, 1978, Fenves et Chopra, T984) a marqué un grand pas dans la com-
préhension de la contribution de I'interaction fluide-structure au comportement sismique des
barrages. Cette approche est basée sur une technique de sous-structuration, impliquant que
les différents domaines de I’étude interagissent uniquement a l'interface d’interaction barrage-
réservoir ou barrage-fondation. Elle permet de rendre compte de la flexibilité du barrage, de
la compressibilité de I'eau, de I'interaction barrage-fondation, et de ’absorption des ondes
au fond du réservoir tel qu’illustré dans la figure 271, La prise en compte de la flexibilité

du sol des fondations se fait a travers l'utilisation de matrices d’impédance dépendantes de
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Figure 2.1 Systeme Barrage-réservoir-fondation

la fréquence d’excitation, dont le développement sera décrit plus tard dans ce chapitre. Les
équations régissant le comportement du systeme barrage-fondation sont obtenues en écrivant
I’équilibre des forces et la compatibilité des déplacements a I'interface. Pour réduire le nombre
de degrés de liberté, et donc le nombre d’équations a résoudre, I’approche basée sur le concept
de Ritz est utilisée. Celle-ci consiste a exprimer le déplacement u d’un noeud de la structure

par

ey t) = D0 e0) 210 .)

ou Z; et w;z) (x,y) sont respectivement la coordonnée généralisée et la fonction de forme du
systeme barrage-fondation pour le mode j, et ou Ny est le nombre de modes inclus dans
I’analyse. Afin de déterminer les fonctions de formes modales ou les vecteurs propres ainsi
que les fréquences naturelles du systeme barrage-fondation, la résolution du probleme aux
valeurs propres est simplifiée en tenant compte seulement de la valeur statique de la matrice

de rigidité de la fondation.

Pour le réservoir, la pression hydrodynamique p(z,y,t) est régie par ’équation des ondes

1 0%

2 _ =
V= g

(2.2)

oll C; est la vitesse de propagation des ondes dans 1’eau et V? le Laplacien. Sous l'effet d’une
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accélération harmonique unitaire, les déplacements et les pressions hydrodynamiques peuvent
étre exprimés en terme de leurs Fonctions de Réponse en Fréquence (FRF) complexes u et p :
u(z,y,t) = a(z,y,w) e’ et p(z,y,t) = pr,y,w) e
dans I"équation (22), on obtient I’équation de Helmholtz

Wt En introduisant cette transformation

2 w?
Vp+C—p:0 (23)

=

Une des originalités de cette méthode analytique est le couplage de la pression hydrodyna-

mique p(z,y,w) aux coordonnées généralisées Z;(w), j=1...N;
Ns
e, y,w) = po(e, y,w) —w* > Z;(w) pj(x,y,w) (2.4)
j=1

ou po(z,y,w) peut étre interprétée comme étant respectivement la fonction de réponse fré-
quentielle de la pression hydrodynamique due au mouvement de corps rigide du barrage,
et pj(x,y,w) la fonction de réponse fréquentielle de la pression hydrodynamique due a l'ac-
célération horizontale ¢§I) (y) = wj(.‘”)(o,y) de la face amont de la structure. Les conditions
aux frontieres illustrées dans la figure 222 sont utilisées pour la résolution de 1’équation de
Helmholtz permettant d’obtenir les expressions des pressions py et p;. Au fond du réservoir,
un coefficient ¢ est introduit pour prendre en compte ’absorption d’énergie due au dépot de
sédiments. La résolution de 1’équation de la dynamique permet alors d’obtenir ’expression
de la coordonnée généralisée et donc les FRF de la pression hydrodynamique ou du déplace-
ment. Une transformée de Fourier peut alors étre utilisée pour obtenir la réponse temporelle
du systeme eau-structure soumis a un séisme.

Chopra et ses collaborateurs ont démontré que la compressibilité de ’eau doit étre incluse
si le ratio de la fréquence de résonance du réservoir, donnée par wy = C,/2 H, ou H, est
la hauteur du réservoir, sur la fréquence de résonance du la structure seule est supérieur a
2. Cette situation est souvent obtenue dans le cas pour des barrages. Ceci a d’ailleurs été
confirmé par Proulx ef Paulfrd (T997) en comparant les résultats d’essais en vibrations forcées
in situ aux prédictions de la méthode analytique décrite ici. Proulx_ef Panlfre (T997) ont aussi
validé la nécessité de prendre en compte ’absorption d’énergie due au dépot des sédiments

au fond du réservoir.

2.2.2 Méthodes des Eléments Finis

La méthode des éléments finis est devenue tres populaire en particulier pour la modéli-

sation des systemes eau-réservoir-fondation. Les différentes sous-structures sont discrétisées
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Figure 2.2 Systeme Barrage-réservoir et condition aux frontiere utilisées

en éléments finis solides ou fluides, et des interfaces d’interaction sont placées entre ces do-
maines. La figure 23 illustre un tel modele pour un systeme barrage-réservoir tenant compte

de I’absorption d’énergie au fond du réservoir. Une description des différentes méthodes exis-

Y
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anani ef Tal,
2009

tantes de modélisation d’interaction fluide-structure et sols-structure en utilisant la Méthode
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des Eléments Finis, peut étre trouvée dans la these de Nobld (2010). Seuls certains aspects

seront traités ici.

Eléments finis fluides

Une importante quantité de travaux a été dédiée a la formulation d’éléments finis fluides,
et on distingue entre autres les approches Lagrangienne et Eulérienne. La premiere est une
extension de la formulation classique en déplacement des éléments finis développée pour des
solides, c’est-a-dire que les degrés de liberté pour le fluide sont les mémes que ceux des so-
lides : les déplacements nodaux. Les fonctions de formes des éléments finis solide et fluide
sont les mémes. Cependant, mais les éléments fluides sont caractérisés par un module d’élas-
ticité volumétrique égal a celui du module de compressibilité du fluide, et une résistance
au cisaillement nulle pour simuler un écoulement non visqueux. La compatibilité a I'inter-
face fluide-structure est simplement réalisée en imposant les mémes déplacements normaux
aux noeuds du fluide et du solide superposés a U'interface. La formulation Eulérienne (Lamh,
1947), aussi connue sous le nom de formulation basée sur le potentiel ou sur la pression, per-
met d’avoir un seul degré de liberté par élément (pression, potentiel de déplacement, ou bien
potentiel de vitesse) offrant ainsi une diminution significative du nombre de degrés de liberté
du modele. Cependant, des éléments interfaces sont nécessaires pour assurer des conditions

de compatibilité et d’équilibre a 'interface fluide-structure tels qu’illustrées figure 24. Ces

Elément solide
Inconnu Nodal:
Déplacement

Elément d'intéraction
fluide-strcuture

Inconnu Nodal :
Déplacement et potentiel

Noeuds partageant
méme degrée de

liberté
Elément fluide

Inconnu Nodal:
Potentiel

Figure 2.4 Interaction fluide-structure par formulation Eulerienne des éléments fluides

éléments permettent de connecter les éléments fluides aux éléments solides adjacents. Chaque
neeuds de ces éléments comporte un degré de liberté potentiel ainsi que les degrés de liber-
tés de déplacements. La formulation Lagrangienne a démontré son efficacité dans plusieurs

domaines (Bafhe ef Hahn, 1979; Wilson ef. Khalvafi, T983) mais entraine 1'apparition de

modes parasites dans les analyses fréquentielles lorsque le fluide est quasi incompressible. Par
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ailleurs, contrairement a la formulation basée sur la pression, les conditions aux frontieres
a utiliser sont bien moins évidentes. Par conséquent, et de par sa rapidité, la formulation
Eulérienne est plus attractive pour ce domaine d’étude. Sa précision a par ailleurs été vali-
dée par Bounaanani ef Tai (2009) qui ont comparé les résultats obtenus du logiciel ADINA
(2006) utilisant la formulation Eulérienne, avec ceux de la méthode développée par Chopra

et collaborateur décrite précédemment.

Conditions aux Frontiéres Transmettantes

Quelque soit la formulation utilisée pour les éléments fluides, la méthode des éléments
finis nécessite que, de par la longueur quasi infinie du réservoir, celui-ci soit virtuellement
tronqué a une distance finie de la paroi amont du barrage afin de permettre sa modélisation.
Une Condition aux Frontieres Transmettantes (CFT) doit alors étre appliquée a une telle
distance L, pour simuler l'infinité du réservoir comme illustré dans la figure 2Z3. Le systeme
d’axe dans cette figure sera utilisé dans toute cette section. Ces conditions aux frontieres
permettent d’empécher la réflexion des ondes parasites vers le barrage. En pratique, il est
tres avantageux de minimiser cette distance de troncature afin de limiter le nombre d’éléments
dans le modele d’éléments finis et par conséquent augmenter la vitesse de calcul. Cependant,
selon la performance de la CFT, une distance de troncature trop courte pourrait entrainer
une erreur considérable dans les résultats. Ces CFT, ici noté 0, sont généralement définies
mathématiquement par la relation qui lie la pression hydrodynamique a son gradient normal

pris a la frontiere de troncature. En utilisant 1’équation (24), on peut écrire

aﬁ(oo) . (oo

aOZL’ (_Lr7 yaw) = GO(L )(yaw) pO( )(_Lh 3/700) (25>
op > N

8jx (=Le,y,w) = HJ-(Lr)(y,w) f)j( )(—Lr, Y, w) (2.6)

ol 90(Lt) et 0].(Lr) peuvent étre interprétés comme les CFT liées respectivement au mouvement
rigide et flexible du barrage. Parmi les nombreuses CFT existante dans la littérature, la
condition aux frontieres de Sommerfeld (1949) est souvent employée et définie, par
iw

0" (w) = 0, (w) = 5

(2.7)
Elle peut étre tres facilement implémentée dans un programme d’éléments finis comme illustré
par Bonaanani ef Lu (2009) et donne de bons résultats a condition qu’elle soit placée a une
grande distance du barrage.

Humar ef Ronfaiel (T983) ont développé une condition aux frontieres, sous ’hypothese d'un
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Figure 2.5 Systeme Barrage-réservoir et conditions aux frontieres utilisés : (a) Barrage rete-

nant un réservoir semi-infini; (b) Barrage retenant un réservoir de longueur tronquée.

barrage infiniment rigide, correspondant a une modification de celle de Sommerfeld qu’ils ont

programmé dans un logiciel d’éléments finis. Selon la fréquence d’excitation, I’expression de
leur CFT est différente :

— pour w=0...wy; HéL“) =0 : leur condition est équivalente a placer un mur rigide a la

frontiere de troncature, ou peut aussi étre vue comme la condition de Sommerfeld pour

laquelle la compressibilité de ’eau est négligée.

— pour w=wy...3wp;

1w

o) _
=G

2
_ %

w

iw
— pour w>3wy; 00([/1") = — : condition de Sommerfeld

C.
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Humar ef Roufaiel (T983) ont montré que leur condition donne de meilleurs résultats que
celle de Sommerfeld pour des fréquences d’excitation comprises entre la premiere et deuxieme
fréquence naturelle du réservoir. Dans leur étude, 'effet de ’absorption des ondes aux fonds du
réservoir fut négligé. En négligeant la compressibilité de I’eau, Sharan (1985a) a développé une
condition basée sur ’expression analytique de la pression hydrodynamique dans un réservoir
en contact avec un barrage rigide et propose une méthode pour 'implémenter dans un logiciel

d’éléments finis. Cette condition est la suivante

™

2 H,

o) = (2.8)
Il démontre alors que celle-ci donne des résultats acceptables méme pour des distances de
troncature tres petite. Sharan (T985H) améliore alors sa CFT pour inclure la compressibilité
de 'eau, mais négligeant encore I’absorption des ondes au fond du réservoir. Il conclut que ca
CFT est une généralisation de celle proposée par Sommerfeld ainsi que celle développée par
Humar ef Roufaiel (I983). I1 confirme que la condition de Sommerfeld donne de bon résultats
seulement si celle-ci est placée tres loin de la paroi du barrage et si les fréquences d’excitation
n’excédent pas la premiere fréquence naturelle du réservoir. Sharanl ([987) étend 1'utilisation
de sa CFT a un barrage flexible en séparant le réservoir en une partie proche du barrage
pouvant avoir une géométrie quelconque et une partie éloignée de forme rectangulaire. Le
barrage et le réservoir sont modélisés par des éléments finis, et sa CF'T, développée pour
un barrage rigide, est appliquée a 'extrémité du réservoir. Finalement, Sharaxnl (T992) inclut
Ieffet d’absorption des ondes au fond du réservoir et démontre que sa nouvelle CF'T donne
de tres bons résultats pour des faibles distances de troncature ainsi qu’un grand intervalle de
fréquences sauf lorsque celles-ci sont proches de la deuxieme et troisieme fréquence naturelle
du réservoir. L’expression de cette CFT n’est pas d’écrite ici, mais elle sera revue a travers

la recherche.

Toutes les conditions précédentes négligent la flexibilité du barrage et par conséquent ne
dépendent pas de la hauteur. Maity et Bhattacharyya (I999) ont récemment proposé une
CFT qui prend en compte cette flexibilité et donc qui est fonction de la hauteur. Celle-ci
considere le fond du réservoir comme étant entierement réflectif et fut insérée dans un logiciel
d’éléments finis. Cette formulation fut améliorée par Gogoi et Maity (2006) pour prendre en
compte la dissipation d’énergie au fond du réservoir en se basant sur une méthode analytique
simplifiée développée par Bonaanani ef Paulfrd (2003) et revue ci-dessous. Cette CFT fut
aussi implantée dans un logiciel d’éléments finis, et s’avere donner de bons résultats pour

une large gamme de fréquences. Les CFT sont donc généralement basées sur de nombreuses
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approximations et n’absorbent qu’une certaine partie des ondes parasites, introduisant donc
une erreur dans la réponse dynamique du systeme. Cette erreur doit étre minimisée basée
sur 'expérience et le jugement de I'analyste. Plusieurs essais doivent étre alors réalisés pour
s’assurer de la convergence de la solution d’éléments finis. La solution est souvent validée
par une comparaison avec la solution exacte d’'un modele mathématique décrivant le systeme
barrage-réservoir avec CFT. Il n’existe cependant aucun modele mathématique permettant
de prendre en compte une CFT qui dépend de la hauteur et ainsi qui tient compte de la

flexibilité du barrage.

2.2.3 Méthode des Equations Intégrales

Une autre technique pour modéliser efficacement des domaines continus de grande dimen-
sion est d’avoir recours a la méthode des éléments de frontieres aussi connue sous le nom de
méthode des équations intégrales. Celle-ci consiste a transformer le probleme mathématique
régi par des équations différentielles en équations dites d’intégrales de frontieres. Cette mé-
thode est une alternative a la méthode des éléments finis en particulier lorsque le domaine
a I’étude est infini, car seules la surface (3D) ou périphérie (2D) de la frontiere du domaine
doit étre discrétisée. Contrairement a la méthode des éléments finis, on n’a donc pas besoin
de mailler tout le domaine de propagation. Elle permet directement de satisfaire la condition
a l'infini. Cependant, pour réduire le temps de calcul, un domaine de longueur infinie est
souvent divisé en : (i) un domaine fini proche discrétisé en utilisant la méthode des éléments
finis; (ii) un domaine infini lointain modélisé comme un domaine infini continu ot bien par
des éléments finis infinis. De méme que pour la méthode des éléments finis des CFT sont
aussi nécessaires et doivent étre placées entre les deux domaines. Nous ne l'utiliserons pas

dans cette recherche car peu de logiciels sur le marché utilisent ce type de formulation.

2.2.4 Modélisation de la fondation

L’interaction barrage-fondation introduit : (i) de la flexibilité a la base de la structure; (ii)
de 'amortissement additionnel sous forme d’amortissement lié aux matériaux et d’amortis-
sement par radiation. Par conséquent, des fondations flexibles ont pour effet d’augmenter la
période de vibration ainsi que 'amortissement global du systeme barrage-réservoir-fondation.
L’effet de ce type d’interaction se traduit par la présence de forces d’interactions qui dé-
pendent de la fréquence d’excitation du systeme. La matrice de rigidité des fondations, aussi
appelée matrice d’impédance, dépend donc aussi de la fréquence. Dans cette sous-section les

différentes fagons numériques ou analytiques de modéliser les fondations sont décrites.
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Modélisation par la Méthodes des Elements Finis

L’interaction barrage-fondation peut étre représentée en incluant dans le modele éléments
finis le domaine de la fondation pour lequel tout les degrés de libertés en bas de ce domaine
sont bloqués tels que proposé par I'lU.S. Army Corps of Engineers (2003). Le domaine modé-
lisé doit etre de longueur et profondeur suffisante afin d’obtenir convergence des déformations,
contraintes et fréquences naturelles. Cela peut donc se traduire par la nécessité d’un modele
des fondations énorme et donc d’un temps de calcul tres long. Comme pour le fluide, des
conditions aux frontieres visqueuses ou absorbantes peuvent étre employées pour diminuer
la taille du modele des fondations. La plus commune est celle développée par Lysmer ef
Kuhlemeyer (T969) pour un demi-plan élastique, qui consiste tout simplement & insérer des
amortisseurs le long des frontieres du domaine des fondations. Celle-ci est déja programmée
dans de nombreux logiciels, dont Adina. Une quantité exhaustive de conditions aux frontieres
est présentée par [Felfrin (T997). Un des problemes liés a cette méthode est que le signal sis-
mique est modifié a 'intérieur des fondations. Par conséquent, le séisme qui doit étre appliqué
a la base du domaine des fondations, n’est pas celui provenant d’un enregistrement a la sur-

face du sol, mais une modification de celui-ci.

Pour remédier a ces différents problemes de modélisation, il est commun de modéliser les
fondations par des éléments auxquels on attribue une masse nulle. Dans ce cas, seul l'effet
de flexibilité des fondations est pris en compte alors que l'inertie est négligée. Il est convenu
qu'une fondation excédant la hauteur du barrage dans chaque direction (amont, aval, et en
profondeur) est suffisante pour obtenir la convergence des résultats. Par ailleurs, contraire-
ment au modele proposé précédemment en négligeant la masse, le signal sismique n’est pas
modifié, et donc le tremblement de terre enregistré a la surface du sol peut directement étre
appliqué a la base de la fondation. D’apres I'lU.S. Army Corps of Engineers (2003), les degrés
de liberté de translation verticale et horizontale doivent étre bloqués pour les nceuds situés a
la base de la fondation. Pour les noeuds aux extrémités amont et aval de la fondation, seul le
degré de translation verticale doit étre bloqué pour une excitation horizontale et inversement

pour une excitation verticale.

Modélisation visco-élastique

Dans cette méthode, la rigidité et I’amortissement caractéristique de l'interaction barrage-
fondation pour un modele de demi-plan viscoélastique sont caractérisés par leur fonction d’im-
pédance. Celle-ci est une matrice qui permet de relier les forces a la base de la structure aux

déplacements et rotations relatifs de la fondation. Les termes de cette matrice d’'impédance
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sont complexes et dépendent de la fréquence. La partie réelle représente les termes d’inertie
et de rigidité de la fondation, alors que la partie imaginaire caractérise I’amortissement par
radiation ou matériel. La matrice d’impédance, noté Sg(w) peut étre évaluée en utilisant la
méthode développée par Dasgupta et Chopra (1979). Ce type de modele n’est applicable que
pour modéliser un domaine homogene donc sans changement de matériaux. Si les fondations
sont constituées de différent type de roches, elles doivent alors étre analysées par éléments

finis.

2.3 Meéthodes simplifiés de modélisation des systemes fondations-barrage-réservoir

Bien que la plupart de ces méthodes numériques ou analytiques permettent de prendre
en compte efficacement plusieurs aspects liés a l'interaction fluide-structures, leur utilisation
nécessite une grande expertise et des logiciels spécialisés. Pour des applications pratiques, il

reste donc nécessaire de développer des méthodes simplifiées.

2.3.1 Meéthode pseudo-statique ou méthode des masses-ajoutées

En simplifiant sa formulation développée, Westergaard (1933) développa la méthode
connue sous le nom de masses ajoutées. Pour cela, il développa une formule simplifiée pour le
calcul de la pression hydrodynamique maximale, qui, en supposant une accélération unitaire,

est donnée par :

_ 7

ply) = gpev/ He (He =) (2.9)
ou p, est la masse volumique de I'eau. Il proposa alors une technique pour transformer leffet
de cette pression en masses m que l’on vient directement appliquer aux nceuds situés sur la

face amont du modele de 'ouvrage a I’étude donnée par

m(y;) = gpr Viv H; (H; —y) (2.10)

ou V; est est le volume tributaire d’eau au nceuds ¢. Il est important de noter que si des
éléments solides ayant plus de deux nceuds sur chaque face sont choisis pour modéliser le bar-
rage, ces masses doivent étre rendues consistantes. La technique est illustrée dans la figure Z78.
L’équation (E10) peut étre modifiée pour apporter une correction due a la compressibilité de
I'eau

mi = £ Vi pe/HL{H, — ) (2.11)
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Figure 2.6 (A) Pression hydrodynamique simplifiée de Westergaard ; (B) Masses ajoutées de
Westergaard.

ou C, est le coefficient de correction pour la compressibilité et est donné par

H, \?
1-7.
( 775(1000T)

Dans cette équation, T" est la période d’excitation. Un des grands avantages de la méthode

-0.5

C. = (2.12)

des masses ajoutées est que celles-ci sont indépendantes de la période de vibration. C’est pour
cela que lorsque l'on apporte la correction pour la compressibilité de 1’eau, la valeur de T’
est fixée a celle de la période moyenne de 'accélérogramme de dimensionnement. Celle-ci
peut étre obtenue par une transformée de Fourrier du signal. Dans 1'ouest du Canada ot les
tremblements de terre ont un contenu fréquentiel bas, une valeur de 7T'=0.5 s est utilisée alors
que pour l'est du Canada on utilisera plutot une valeur de T'=0.1s car le contenu fréquentiel

est plus élevé. L'effet de cette simplification sera étudié plus tard.

Bien que ces développements soient basés sur des hypotheses tres simplificatrices, cette
méthode reste fortement utilisée de par sa simplicité. Plusieurs chercheurs ont par ailleurs
proposé d’autre facteurs correcteurs permettant de tenir compte approximativement de la
compressibilité de I'eau (Corns efall, TY8RK) ainsi que de tenir compte d'un fruit non nul de

la face amont du barrage.

2.3.2 Meéthode pseudo-dynamique

Dans le cas d'une structure infiniment rigide, la méthode précédente peut s’avérer suffi-
sante. Néanmoins, pour une grande majorité des ouvrages, la flexibilité de la structure a pour

conséquences d’amplifier les forces d’inertie. Il est alors nécessaire de réaliser une analyse qui
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tient compte de cette flexibilité.

Fenves et Chopral (T985, T987) ont analysé plusieurs sections de barrages triangulaires sur
fondations rigides pour déterminer une approximation du mode fondamental de vibration
d’un barrage type ainsi que sa fréquence w; ou période T fondamentale de vibration donnée

par

_ 2mVEs
"~ 0.38H,’

038 4,
=

ou Fs est le module d’élasticité du béton. Ils ont alors implanté ce mode "type” dans leur

T (2.13)

w1

méthode analytique (Fenves et Chopra, 1984) pour créer une méthode pseudo-dynamique
basée sur une analyse modale du mode fondamental. L’effet d’utiliser un mode type quelque
soit le barrage a 1’étude sera étudié dans se qui suit.

En observant numériquement qu’une séparation des effets d’interaction réservoir-barrage et
barrage-fondation n’affecte pas considérablement les résultats, ils montrent que l'interaction
fluide-structure et l'effet des fondations modifient indépendamment la période de vibration

et 'amortissement du barrage sur fondation rigide.

- ~ 1 1
Ty = R R T 46 2.14
1 g1 &1 RTR?61+£ + & ( )

ol Tl et 51 sont respectivement la période fondamentale et le ratio d’amortissement du sys-
teme barrage-réservoir-fondation, &1, & et &, les ratios d’amortissement du barrage, des fonda-
tions, et le ratio d’amortissement ajouté du a l'interaction fluide-structure. R, est un facteur
dépendant des propriétés du barrage, de la hauteur d’eau, et de 'absorption d’énergie du au
sédiments, Ry est un facteur dépendant des propriétés du barrage et des fondation. Les forces
statiques équivalentes peuvent alors étre calculées :

Fily) = <2 Su(T0,8) {in(w) 97(0.9) — 51 0.0, T} (215)

1

ol Zl, ]T/[/l, et T, sont respectivement la force, masse généralisée et période fondamentale
du systeme barrage-réservoir. S, (Tl, 51) est la pseudo accélération obtenue par le spectre de
dimensionnement pour la période fondamentale et le coefficient d’amortissement du systeme
barrage-réservoir-fondation. ps(y) est la masse linéique du barrage, z/ziz) est le mode de vibra-
tion fondamentale du barrage sec sur sa fondation, et p; est la FRF pour la pression due a la
déformation du barrage. Une correction pour les modes supérieurs est aussi proposée. Celle-
ci est développée en négligeant l'effet de la fondation sur les modes supérieurs. Par ailleurs

comme les modes supérieurs ont des périodes de vibration tres courte, les termes d’inertie
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dans I’équation de la dynamique sont négligés. Ainsi, I’équation suivante est proposée

feely) = & {Ms(y) [1 - ]\Z—ll w70, y)}
(2.16)

ot L; et M; sont les forces et masses généralisées du barrage, et p est la FRF pour la pression
du au mouvement de corps rigide du barrage. Sa méthode ne permet donc pas de tenir en
compte de la géométrie exacte du barrage et donc induit une erreur directement dans le mode
et la période fondamentale du barrage. Par conséquent, 'erreur est répétée dans ’estimation
de la période fondamentale du systeme barrage-réservoir-fondation, parametre clef de toutes
analyses dynamiques ou sismiques. Cette méthode a été programmée dans CADAM, logiciel

développé par Leclerc et all (2003).

2.3.3 Analyse dynamique temporelle

Les analyses pseudo-dynamiques ne permettent pas de tenir compte de la nature os-
cillatoire du comportement dynamique des ouvrages. Dans le cas ou une analyse pseudo-
dynamique démontre que certaines zones de la structure sont susceptibles d’étre soumises
a des efforts internes supérieurs aux contraintes admissibles, il est recommandé d’effectuer
une analyse dynamique afin de juger de la durée et de I’étendue de ces zones. Par ailleurs,
I’analyse pseudo-dynamique existante ne permet pas de tenir compte de l'effet dynamique
des modes supérieurs. Bien que pour les barrages cela peut étre suffisant, pour des structures
plus souples, ces modes supérieurs doivent etre correctement pris en compte. Finalement, lors
d’une analyse pseudo-dynamique, la direction des efforts dus a chaque mode est ignorée. La
réponse du mode fondamental et celle due aux modes supérieurs sont combinées par des tech-
niques de combinaisons modales (CQC, SRSS) pour calculer la réponse totale. Ceci engendre

une certaine erreur.

Une analyse dynamique temporelle permet de répondre a ces faiblesses et correspond
donc a un niveau de raffinement supérieur. Dans la littérature, il n’existe aucune méthode
simplifiée existante développée pour permettre une telle analyse. Dans la pratique, les masses
ajoutées de Westergaard sont utilisées pour réaliser ce type d’analyse. Cette pratique peut
entrainer une erreur importante dans les résultats, car, comme il a été mentionné précédem-
ment, ces masses ont été développées en ignorant la compressibilité de 'eau et la flexibilité

de la structure. On doit noter que les types d’analyses qui ont été présentées jusqu’ici (mé-
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thode pseudo-statique, méthode pseudo-dynamique et méthode dynamique) correspondent
chronologiquement aux analyses qui peuvent étre réalisées afin de conclure sur le comporte-
ment dynamique d’'un ouvrage. Par conséquent, 'utilisation de ces masses ajoutées pour une

analyse de niveau supérieur ne semble pas étre justifiée.

2.3.4 Autres formulations simplifiées

Il existe dans la littérature plusieurs autres méthodes simplifiées notamment pour le calcul
de différents parametres hydrodynamiques. Malgré I'importance de la période fondamentale
des systemes eau-structure, peu de techniques sont proposées dans la littérature pour l'es-
timer. Hafanaka ([960) a développé des expressions simplifiées pour estimer la fréquence
fondamentale d’un barrage avec un réservoir vide. Pour cela, la géométrie du barrage fut
approximée par un triangle symétrique et différentes formulations furent développées pour
traiter les cas ou les déformations en flexion ou en cisaillement furent prédominantes dans
la réponse dynamique du barrage. En considérant l’analogie avec la théorie des poutres,
Okamotd (T984) proposa une méthode simplifiée pour estimer la période fondamentale d’'un

systeme barrage-réservoir.

Pour ce qui est de méthodes simplifiées pour le calcul des pressions hydrodynamiques,
Bonaanani et Perranlfi (2010) ont proposé une équation qui relie directement la pression
hydrodynamique due au mouvement de corps rigide du barrage a celle due au mouvement
de flexion du barrage. Par ailleurs, dans ce méme travail, une expression approximative a été
développée pour estimer les valeurs propres d'un réservoir avec un fond absorbant. Ceci offre
un avantage considérable, car les calculer exactement ne peut se faire que par itération en

utilisant des méthodes telles que Newton-Raphson.
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This paper proposes a practical procedure for a simplified evaluation of the funda-
mental vibration period of dam-water systems, and corresponding added damping,
force and mass, all key parameters to assess the seismic behavior. The propo-
sed technique includes the effects of dam geometry and flexibility, dam-reservoir
interaction, water compressibility and varying reservoir level. The mathemati-
cal derivations of the method are provided considering both incompressible and
compressible water assumptions. In the former case, we propose a closed-form
expression for the fundamental vibration period of a dam-reservoir system. When
water compressibility is included, we show that the fundamental vibration per-
iod can be obtained by simply solving a cubic equation. The proposed proce-
dure is validated against classical Westergaard added mass formulation as well as
other more advanced analytical and finite element techniques. Gravity dam mo-
noliths with various geometries and rigidities impounding reservoirs with different
heights are investigated. The new approach yields results in excellent agreement
with those obtained when the reservoir is modeled analytically, or numerically
using potential-based finite elements. The analytical expressions developed and
the procedure steps are presented in a manner so that calculations can be ea-
sily implemented in a spreadsheet or program for simplified and practical seismic

analysis of gravity dams.

1. Graduate Research Assistant, Department of Civil, Geological and Mining Engineering,
Ecole Polytechnique de Montréal, Montréal, QC H3C 3A7, Canada.

2. Associate Professor, Department of Civil, Geological and Mining Engineering,
Ecole Polytechnique de Montréal, Montréal, QC H3C 3A7, Canada
Corresponding author. E-mail : najib.bouaanani@polymtl.ca


http://dx.doi.org/10.1016/j.engstruct.2010.04.025

Nomenclature

Abbreviations

ESDOF
FRF

Roman symbols

Ay, Ag, Az, Ay
ay, a2, a3

By, By

BOna Bln

Bon, Bin

C, Cy
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Equivalent single degree of freedom
Frequency response function

coefficients given by Egs. (B309) to (B53)

coefficients used for cubic approximation of structural mode shapes
hydrodynamic parameters given by Eqs. (B3222) and (B=23), respectively
hydrodynamic parameters given by Eqs. (B224) and (B23), respectively
hydrodynamic parameters given by Eqs. (B332) and (BZ33), respectively

n'™ generalized damping of the dam and dam-reservoir system, respectively
velocity of pressure waves in the reservoir

coefficients given by Eq. (B63)

modulus of elasticity of the dam

total hydrostatic force exerted on dam upstream face

functions given by Eq. (B234)

equivalent lateral force given by Eq. (B=80)

equivalent lateral force including higher mode effects as given by Eq. (B=3)
reservoir and dam heights, respectively

integral given by Eq. (B3)

generalized stiffness of the dam at fundamental vibration mode

n'™ generalized forces of the dam and dam-reservoir system, respectively
mass matrix of the dam monolith

total mass of the dam monolith

Westergaard added mass at node ¢ of the dam finite element mesh

n'™ generalized masses of the dam and dam-reservoir system, respectively
number of considered reservoir and structural modes, respectively

vector in Eq. (B) and its elements given by Eq. (B713), respectively
hydrodynamic pressure and corresponding FRF, respectively
hydrodynamic pressure FRFs given by Eq. (B33)

hydrodynamic pressure FRFs given by Egs. (84) and (B3), respectively
real-valued hydrodynamic pressure given by Eq. (B54)

frequency ratios given by wi/wy and w;/wy, respectively

matrix in Eq. (B) and its elements given by Eq. (B12), respectively
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Greek symbols
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I'y, T, I3, Ty
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pseudo-acceleration ordinate of the earthquake design spectrum

time

fundamental periods of the dam and dam-reservoir system, respectively
coefficient given by Eq. (861)

FRFs for horizontal displacement and acceleration, respectively

coefficient given by Eq. (B61)

volume of water tributary to node ¢ of the dam finite element mesh

FRF's for vertical displacement and acceleration, respectively

ground acceleration time history and peak ground acceleration, respectively
height of node i of the dam finite element mesh

vector of generalized coordinates and j** generalized coordinate, respectively

coefficients given in Table Bl for i =1...6

variable given by Eq. (B163)

analytical solutions of Eq. (864) as given by Eq. (B58)

real solution of Eq. (B64)

discriminant of Eq. (B54)

Kronecker symbol

error estimator

coefficients given in Table B2 for i =1...3

ratio of reservoir level to dam height, i.e. H,/Hj

parameters given by Eqgs. (B78), (343) and (B22), respectively
function given by Eq. (B72)

n'™ reservoir eigenvalue

mass of the dam per unit height

Poisson’s ratio of dam concrete

n™ fraction of critical damping of the dam

equivalent damping ratio of the dam-reservoir ESDOF' system
mass densities of water and dam concrete, respectively
coefficient given by Eq. (B61)

parameters given by Eqs. (B221), (8239) and (B=38), respectively
frequency parameter defined by R?

n'™ structural mode shape and z—component of the ;" structural mode shape
exciting frequency

fundamental vibration frequency of the full reservoir

n™ vibration frequency of the dam

fundamental vibration frequency of the dam-reservoir system
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3.1 Introduction

Considering the effects of fluid-structure dynamic interactions is important for the design
and safety evaluation of earthquake-excited gravity dams. Significant research has been devo-
ted to this subject since the pioneering work of Westergaard [I] who modeled hydrodynamic
loads as an added-mass attached to the dam upstream face. Although Wesregaard’s analy-
tical formulation was developed assuming a rigid dam impounding incompressible water, it
has been widely used for many decades to design earthquake-resistant concrete dams because
of its simplicity. During the last four decades, several researchers developed advanced analy-
tical and numerical approaches to account for dam deformability and water compressibility
in the seismic response of concrete dams [2, B, @, B, 6, [4, 8 G, 10, [T, I2]. Most of these
methods are based on a coupled field solution through sub-structuring of the dam-reservoir
system, making use of analytical formulations, finite elements, boundary elements or a mix

of these techniques. In the approach proposed by Chopra and collaborators [2, B, 4, [7], the
reservoir is modeled analytically as a continuum fluid region extending towards infinity in
the upstream direction. When finite or boundary elements are used, the reservoir has to be
truncated at a finite distance and appropriate transmitting boundary conditions have to be
applied at the cutting boundaries to prevent reflection of spurious waves as discussed by
the authors in a previous work [[3]. Some procedures were implemented in numerical codes
specialized in two- and three-dimensional analyses of concrete dams [9, 4], and some were
validated against experimental findings from in-situ forced-vibration tests [, 6, I, I¥].
Although such sophisticated techniques were proven to efficiently handle many aspects of
dam-reservoir interactions, their use requires appropriate expertise and specialized software.
For practical engineering applications, simplified procedures are still needed to globally eva-
luate the seismic response of gravity dams, namely for preliminary design or safety evaluation
purposes |19, 20, 1.

The fundamental vibration period of dam-reservoir systems is a key factor in the assess-
ment of their dynamic or seismic behavior. Most seismic provisions and simplified procedures
use the fundamental vibration period as an input parameter to determine seismic design
accelerations and forces from a site-specific earthquake response spectrum. It is therefore
crucial to dispose of accurate and yet practical expressions to evaluate the fundamental per-
iod of gravity dams dynamically interacting with their impounded reservoirs. Hatanaka [27]
developed simplified expressions to estimate the fundamental vibration period of dams with
empty reservoirs. He approximated the dam geometry as a symmetrical triangle and distin-
guished the cases where bending or shear effects are predominant in the dynamic response

of the dam. Considering analogy with beam theory, Okamoto [23] proposed simplified for-
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mulas to estimate the fundamental vibration periods of dams with empty and full reservoirs.
Chopra [2, 8] analyzed several idealized triangular dam cross-sections to obtain an approxi-
mate fundamental vibration period and corresponding mode shape of typical gravity dams
with an empty reservoir. These standard dynamic properties and related quantities were
implemented in simplified earthquake response analyses of gravity dams [19, 20]. To deter-
mine the fundamental vibration period of a dam including impounded water effects, Chopra
and collaborators [2, B, @, [, 15] first obtained the frequency response curves characterizing
dam-reservoir vibrations, and then identified the fundamental vibration frequency as the one
corresponding to the first resonance on the curves. The authors found that hydrodynamic
effects lengthen the fundamental vibration period of gravity dams and the results obtained
for standard dam cross-sections were presented in figures and tables [19].

As mentioned above, although significant work has been devoted to investigate the effects
of dam-water interaction on the dynamic response of gravity dams, there is no available
practical closed-form technique to accurately estimate the fundamental vibration period of a
gravity dam including hydrodynamic effects. In this work, we propose simplified analytical
expressions and a systematic procedure to rigourously determine the fundamental period
of vibrating dam-reservoir systems and corresponding added damping, force and mass. The
method includes the effects of dam geometry and flexibility, water compressibility and varying
reservoir level. Formulations assuming either incompressible or compressible impounded water
are developed. To assess the efficiency and accuracy of the proposed procedure, we validate it
against classical Westergaard added mass formulation as well as other advanced analytical and
finite element techniques. We finally illustrate how the proposed technique can be efficiently

implemented in a simplified and practical earthquake analysis of dam-reservoir systems.

3.2 Analytical formulation for vibrating dam-reservoir systems

3.2.1 Basic assumptions

The formulation described in this section was originally developed by Fenves and Cho-
pra [[] to investigate earthquake excited gravity dams impounding semi-infinite rectangular-
shape reservoirs. The approach is based on a sub-structuring technique, where the dam is
modeled using finite elements and reservoir effects are accounted for analytically through
hydrodynamic loads applied at dam upstream face. The hydrodynamic pressures are obtai-
ned by first determining mode shapes of the dam with an empty reservoir and then applying
these mode shapes as boundary conditions to the solution of Helmholtz equation that governs
reservoir motion in the frequency domain. Bouaanani and Lu [24] showed that this procedure

to include dam-reservoir interaction yields excellent results when compared to techniques
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where the reservoir is modeled numerically using potential-based fluid finite elements. The
basic equations of the formulation are reviewed in this section considering compressible and
incompressible water assumptions.

To illustrate the dynamics of dam-reservoir systems, we consider a 2D gravity dam cross-
section shown in Fig.Bl. The dam has a total height Hy and it impounds a semi-infinite
reservoir of constant depth H,. A Cartesian coordinate system with axes z and y with origin
at the heel of the structure is adopted and the following main assumptions are made : (i)
the dam and water are assumed to have a linear elastic behavior; (ii) the dam foundation is
assumed rigid ; (iii) the water in the reservoir is assumed inviscid, with its motion irrotational

and limited to small amplitudes; and (iv) gravity surface waves are neglected.

7\

Reservoir surface

p

Gravity dam
cross-section

Semi-infinite reservoir

r
54
8

Figure 3.1 Dam-reservoir system.

3.2.2 Coupling hydrodynamic pressure and dam structural response

Considering a unit horizontal and harmonic exciting free-field ground motion #4(t) =€,
the hydrodynamic pressure in the reservoir can be expressed in the frequency domain as
p(z,y,t) =plz,y,w)e
valued frequency response function (FRF) obeying the classical Helmholtz equation

Wt where w denotes the exciting frequency, and p(x,y,w) a complex-
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where C; is the velocity of pressure waves in water. Fenves and Chopra [[] showed that

hydrodynamic pressure FRF p can be decomposed as

pla,y,w) = Pol(x,y,w) — w ZZ ) pi(, y,w) (3:2)

in which py is the FRF for hydrodynamic pressure at rigid dam upstream face due to ground
acceleration, p; the FRF for hydrodynamic pressure due to horizontal acceleration wj(.x)(O, )
of the dam upstream face where w](.x) is the z—components of the j ' structural mode shape 1 s
Z; the corresponding generalized coordinate and Ny the total number of mode shapes included
in the analysis.

The complex FRFs py and p; can be expressed as the summation of N, FRFs py,, and pj,

corresponding each to a reservoir mode n

(,y,w Zp(m 7, y,w); (2,9, ijn 7, y,w (3.3)

FRFs po, and pj, are given by

4pr (_l)n enn(w)x

_'ﬂ )y I = )\n 4
Do (Jf Y w) T (271 N 1) /{n(w) COS( y) (3 )
- enn(w)m

Pin(@,y,w) = =2p: Ijn (@) (Any) (3.5)

where p, denotes water mass density and where the frequency-independent eigenvalues A,

and terms x,, and I, are given by

_(@2n-1)7
A= g T (3.6)
_ ey ¢ 3.7
Kn(w) = [ A2(w) e (3.7)
1 [
Ln=— [ ¢(0,y) cos (A, y)dy (3.8)
HI‘ 0

When water compressibility is neglected, i.e. C; — +oo, Eq. (B22) yields the frequency-
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independent term k, = \,. Egs. (84) and (B3) simplify then to

8err (_1)n A
e cos (A, 3.9
o e s ) (3:9)

Ap,H, L,

Pin(T,y) = — T @1 e cos (A y) (3.10)

ﬁOn(xa y) =

Using modal superposition and mode shapes orthogonality, we show that the vector Z of
frequency-dependent generalized coordinates Z;, j = 1... N, can be obtained by solving the
system of equations

SZ=Q (3.11)

in which, forn=1... Nyand 7 =1...N;

H;

Snj(w) = (w?1 — W+ 2iww, ,fn) M, b, + w2/ P;(0,y,w) wf;c)(o, y) dy (3.12)
0

—_ Hr

Qn(w) = —Ln+/ o0, y,w) (0, y) dy (3.13)

0
with
My, =4, M, ; L,=v¢"M1 (3.14)

and where d,,; is the Kronecker symbol, 1 is a column vector with ones when a horizontal
translational degree of freedom corresponds to the direction of earthquake excitation, and zero
otherwise, M is the dam mass matrix, w, is the vibration frequency along mode shape ,,,
and &,, M,, and L,, are the corresponding modal damping ratio, generalized mass and force,
respectively. When mode shapes are also mass-normalized, the generalized masses have unit
values M, =1 for n = 1... N;. Eq. (B22) can then be applied to find FRF's for hydrodynamic

pressure, and those for dam displacements and accelerations can be expressed as

u(z,y,w Zw (x,y) Zj(w); (v, y,w) 22w< (z,9) Zj(w)  (3.15)
Wopw) =Y W 4 o) wz¢aw2 W) (316)

where % and ¥ denote the horizontal and vertical displacements, respectively, i and © the
horizontal and vertical accelerations, respectively, wj(-x) and 1/1](-‘”) the x— and y—components

of structural mode shape %;, and Ns the number of structural mode shapes included in the
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analysis.

3.3 Simplified formulation

3.3.1 Fundamental mode response analysis

As described in the previous section, a rigorous analysis of a dam-reservoir system requires
the determination of several structural mode shapes of the dam with an empty reservoir. To
investigate most significant factors influencing dam seismic behavior, simplified procedures
using only fundamental vibration mode response have been developed and proven efficient for
preliminary dam design and safety evaluation [20]. Considering only the fundamental mode
response, Eqs. (B) to (B13) simplify to

Z(w) = —Ly — By(w)
—w? <M1 + Re[Bl(w)]) + iw(C’1 - wIm[Bl(w)D + K,

(3.17)

where the generalized earthquake force coefficient Lq, generalized mass M, generalized dam-
ping C1, and generalized stiffness K of the Equivalent Single Degree of Freedom (ESDOF)

system of the dam with an empty reservoir are given by

L= M1; M, =] M1, ; Cy = 26w My ; K, = wiM,
(3.18)
in which &; is the fraction of critical damping at the fundamental vibration mode 1), of the
dam with an empty reservoir, and w; its fundamental vibration frequency. A finite element
analysis can be conducted to obtain the generalized force L, and generalized mass M; from
their discretized forms according to Eq. (BI8). The following analytical expressions can also

be used

L - / / pelz, y) ¥ (2, ) dady (3.19)

M, = // ps(,y) [¢§x)<x,y)]2dxdy+// ps(,y) My)(x,y)rdxdy (3.20)

in which pg is the mass density of the dam concrete. These equations can be simplified by

approximating the integration over the area of the dam by integration over its height [20] as

b= [ w0 a; = [ o) ey

where 5 is the mass of the dam per unit height.
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The complex-valued hydrodynamic terms By and By in Eq. (BI1) can be expressed as

H, Ny
Bofw) == [ 30(0.5.)617(0.9) dy = 3 B (3.22)
n=1
H, Ny
Bl (w) = /0 ]51(07 Y, w) ng) (07 y) dy = Z Bln<w) (323>
n=1
in which
H;
Bon) = = [ Pon(0.9,0) 017 0,3 dy (3.24)
0
H,

These parameters account for the effects of dam-reservoir interaction. As can be seen from
Eq. (B17), the term By can be interpreted as an added force, the real part of B; as an
added mass and the imaginary part of By as an added damping. Accordingly, Fenves and
Chopra [7] showed that the seismic response of a dam-reservoir system can be approximated
by evaluating the generalized coordinate Z; at the natural vibration frequency w, of the
dam-reservoir system. At this frequency, hydrodynamic pressures py, p1 and consequently
hydrodynamic terms By and Bj are real, yielding from Eq. (8712)

Zi(wy) = —— L (3.26)

—w2M; +iw,Cy + wiM,

where the generalized force Zl, generalized mass M, 1 and generalized damping 51 of the dam-
reservoir ESDOF system are obtained by modifying the parameters of the ESDOF' system of

the dam with an empty reservoir as follows

Ly = Ly + By(w,) (3.27)
M, = My + Re[Bi(w)] = M + By(w,) (3.28)
51 == 01 — Wr Im [Bl(wr)] == Cl (329)

From Eq. (83229), we may deduce the equivalent damping ratio Er of the dam-reservoir ESDOF
system as _

=L

2&]er

(3.30)
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To develop analytical expressions for determining the fundamental vibration period of the
dam including the effects of impounded water, we assume that the z—component of the dam

fundamental mode shape 1), can be approximated as a cubic polynomial function

2 3
Yi2(0,y) = al% + as (%) + as (%) (3.31)

where y is a coordinate varying along the height of the structure measured from its base.
The coefficients a;, as and ag can be determined based on a finite element analysis of the
dam monolith as illustrated in Fig.B2, or using the fundamental mode shape of a standard

gravity dam section proposed by Fenves and Chopra [19] as will be shown later.

vA

00 .

R v Reservoir free surface
lb(f)((h y) = Mode shape from finite —|
element analysis
3 y k
~> o) I

H, k=1
- -

as 2] (ﬂ)Q <£>3 _]—w(x)(07y3
H; H; H; 1/)595)(071;[8

Figure 3.2 Approximation of the fundamental mode shape of a gravity dam.
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3.3.2 Simplified formulation of dam-reservoir interaction assuming incompres-

sible water

Introducing Egs. (88), (B9), (B10) and (B=3T) into Egs. (B3222) and (B=23), we show that
hydrodynamic terms By, and By, are real-valued and frequency-independent. They can be

expressed as

(=1)" [2x(=1)"Fu(n) — (2n — 1) 7 G ()]

D _ 27172
BOn - 8pr77 Hs (2n _ 1)3 73 (332)
2

where the hat sign indicates quantities corresponding to the incompressible water case, n=

H.,/Hg denotes the ratio of reservoir level to dam height, and where functions F,, and G,, are

given by
8 24
EF,(n)=na1+ |1— 2@—1—[1— }3a
(n) = nax { (2n—1)27r2}n ? (2n —1)* 72 s
3.34
Gn(n) el [ 2 } o
nn)=—-——"=—|a1———5—a
! (2n —1)* 72 ! (2n —1)* 72 ’
Eq. (B717) simplifies then to
_ ~L,—B
Zy(w) = S=L (3.35)

—w?(My + By) +iwC + K

It can be shown numerically that the generalized damping C has little effect on the fundamen-
tal vibration frequency w, of the dam-reservoir system. Consequently, w, can be approximated
as the excitation frequency corresponding to the resonance of the generalized coordinate Z;

in Eq. (B338) with C, =0, yielding

WM, + B)) — K, =0 (3.36)
where
Ny
By =Y By, =4p.H: ®(n, N,) (3.37)

n=1
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in which the function ®(n, N;) is defined by

D V) = o i [2x(=1)"Fu(n) — (2n — 1) 7 G ()] (3.38)

(2n —1)* 73

A sufficient number N, of reservoir modes should be included to determine the sum @ in
Eq. (B338). Figure B3 illustrates the variation of ® as a function of reservoir height ratio 7
and number of included reservoir modes N,. We show numerically that the sum ® converges
towards a function @ depending only on reservoir height ratio n

lim ®(n, N;) =7’ [31@% + Foarazn + (F3a5 + Juaraz) n° + Ysazasn® + Feaz n'*

Ny—+o00

(3.39)
= (1)

where coefficients 7; to 7 are given in Table B

(a)

N

Figure 3.3 Variation of ® and ¢ as a function of reservoir height ratio n and number of
included reservoir modes N; : (a) n = 0.50 and (b) n = 1.00.

The limit @ is also shown in Fig.B3. Replacing into Eq. (B338) yields the fundamental
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resonant frequency and period of a dam-reservoir system with water compressibility neglected

4p,H? o
w, = w1 — : T.=T, \/1+pS—W (3‘40)
\/1 EEHE0) M
M,

where 7T denotes the fundamental vibration period of the dam with an empty reservoir.

Table 3.1 Coefficients 7; and ~;, ¢ = 1,...,6.

Incompressible water Compressible water
A1 = 25.769 x 1073 = 8735x 1073
Ay = 31.820 x 1073 72 = 14.059 x 1073
A3 = 10.405 x 1073 v3 = 5.776 x 1073
Ay = 22.082 x 1073 4= 11172 x 1073
A5 = 15.031 x 1073 s = 9.343 x 1073
A6 = 5.587 x 1073 Y6 = 3.840 x 1073

To obtain a simplified expression of the generalized coordinate Z; of the dam-reservoir
system at resonant frequency w,, a simplified expression of the hydrodynamic term EO has

to be found. When water compressibility is neglected, we have according to Eq. (B332)
Ny
By = Bon = 8p.H: O(n, N,) (3.41)
n=1

where the function O(n, V) is given by

Oy, N,) = n? i (=1t [2>< (—1)22_;?1(177))3 1—3(27’5 - 1) 7TGn<7]>j|

n=1

(3.42)

As for the function ®, we show numerically that the sum © converges towards a function

) depending only on reservoir height ratio n

~

Nlinjoo @(77, Nr) = 773 (aal + EQCLQH + aga3772) = (9(7]) (343)
where the coefficients 21 to 23 are given in Table B2, The hydrodynamic term EO can then

be approximated as
By = 8p,H26(n) (3.44)
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Table 3.2 Coefficients a and (;,1=1,2,3.

Incompressible water Compressible water
() = 27.234 x 1073 ¢ = 3.795 x 1073
(= 15.323 x 1073 ¢, = 3.105 x 1073
(3 = 10.006 x 1073 C3 = 2.500 x 1073

Neglecting the influence of damping on the fundamental vibration frequency w, of the
dam-reservoir system and using the analytical expressions developed above, the properties
given in Eqs. (B221), (B=28) and (B=30) to characterize the dam-reservoir ESDOF system can

now be obtained as

Ly=L+ 8p.H: ‘/9\(77) (3.45)
r 2 ~ w?

~ Cl Wy

£ =—1t =g 3.47
' 2w, M, Wi ' ( )

3.3.3 Simplified formulation of dam-reservoir interaction considering water com-

pressibility

Introducing Eqgs. (B4) to (B8) and Eq. (B33T) into Egs. (83222) and (B=23), we show that
the hydrodynamic terms By, and By, are now complex-valued and frequency-dependent, and

that they can be expressed as

(=D)" [2x(=1)"Fa(n) — (2n — 1) 7 Gu(n)]

Bon(w) = 4pinHj ( ; (3.48)
2 4 2n — 1)%72  W?
Bin(w) = 2pnH, [2X (L F) = (20— )7 Gl (3.49)

An?H? C?

r

(2n — 1)* 72 \/—(Zn — )Pt W

As mentioned previously, the fundamental vibration frequency w, of the dam-reservoir sys-

tem can be approximated as the frequency corresponding to the resonance of the generalized
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coordinate Z; in Eq. (B72) with C; =0, yielding in this case
wi My + Bi(w)] — K1 =0 (3.50)

Eq. (B320) is more difficult to solve than Eq. (B338) obtained assuming incompressible water,
since the term B; is now frequency-dependent. To circumvent this difficulty, we show that

we can approximate the value of hydrodynamic term B; at the resonant frequency w, as

N

Bi(w:) = Bia(w:) + Y Bin(0) (3.51)

n=2

where By 1(wy) is given by
2R () + 7 Gi(n)]”

2
w
1= —
“o

in which wy=7C,/(2H,) denotes the fundamental vibration frequency of the full reservoir,
and where F} and G can be obtained from Eq. (8534) with n=1

By (w) = 4pm*H? (3.52)

8 24
Fi(n) =nay + (1 — F) n*as + (1 — ﬁ) naz

2 (3.53)

4 24

Gi(n) = ——Z(Ch - ;7 a3>
m m
The value of By, at w=0 is given by Eq. (849)
2% (= 1)"Fo(n) — (2n — 1) 7w Gu(n)]”
Bu(0) — a2 12X D) = (20— )7 G -
(2n —1)"m3
Eq. (B321) can then be rewritten as
U 2

Bi(w) = But) + 4t {0 ) = SR +rGin] } 359

where ®(n, N,) is given by Eq. (B338). Considering the limit as N, — 400, we find that

Bi(wy) = Bua(w:) + 4p.HZ () (3.56)
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in which
p(n) = lim @(n,N) — - [2F1(77) + Gl(n)} i
=50 - L2 + 7 Gt (3.57)

B 774 |:71a% + T2a1a20 + (’Ygag + ’74&1@3) 772 + 750/2(13773 + 76a§774

We note that ¢(n) has the same expression as ¢(n) in Eq. (8239), but with coefficients 7,
to 7 corresponding to the compressible water case as indicated in Table Bl To validate
Eq. (830), Fig.B4d compares the term 4p,HZ p(n) to the real and imaginary parts of the
hydrodynamic term (B; — By ;) determined at frequency ratios w/wy varying from 0 to 4.
As can be seen, the approximation in Eq. (B358) is valid for frequency ratios w/wy up to
1, and a fortiori for the dam-reservoir fundamental frequency wy, since w,/wy < 1. Substitu-
ting Eq. (358) into Eq. (B580) and introducing the frequency ratios R, =w;/wo and Ry =w; /wy,
we show that Eq. (B380) can be rewritten under the form of a cubic equation to be solved
for y=R?

A1X3+A2X2+A3X+A4:O (358)
where
4p. HZ (1)
=14 20 .
Ag=1+ A, (3.59)
A= A3 (3.60)
4pen* HE 2)*
_ 2 S
A2 = AO (AO + 2R1) + {—Mlﬂ'?’ [2F1 (7]) + 7TG1 (?7>i| (361)
A; = R} (240 + RY) (3.62)
Ay = —R! (3.63)

The fundamental vibration frequency w, =wq R, and period T} =27 /w, of the dam-reservoir
system can then be obtained by solving Eq. (B58) numerically or analytically using Cardano’s

formula. In the latter case, Eq. (B158) can be first reduced to

[+ DT+ Dy=0 (3.64)
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Figure 3.4 Variation of the terms 4p,H2 ¢(n) and (B; — By1) as a function of frequency

ratio w/wy and reservoir height ratio n : (a) n = 0.50 and (b) n = 1.00.

where

1 A, Ay 1 (AN 2 (AN A,As Ay
P=xtga0 T4, T3 <A1) ’ 2= 57 <A1) 342 A,

Eq. (862) has three solutions I'y, I'y and I's that can be expressed as [25]

[=U+V; Ly=7U+7V; Ly=7"U+71V

where
Dy v 1 Dy 1 V3
v ( 2+\/_> ’ V="37" T

and where A denotes the discriminant

(3.65)

(3.66)

(3.67)

(3.68)
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We denote as ['* the only real solution among I';, I's and I'; that satisfies

Ay
3A;

A
<I*< R+ 3—1421 (3.69)

The frequency ratio R, and fundamental vibration period T} of the dam-reservoir system are

then given by

2
Ro=r o fpeo A2 T, = T (3.70)

As
- 22
o 34,

Once the vibration frequency w, is known, we can determine the properties of the dam-

reservoir ESDOF system as described in the previous section for the case of incompressible
water. When water compressibility is included, we show that the hydrodynamic term By(w;,)

can be expressed as
Ny

Bo(wy) = Boa(w:) + > Bon(0) (3.71)

n=2

where By 1 (w;) is given by

[2F1(n) + 7 G1(n)]

_ 2 772
By 1(wy) = 8pen”“H; i T2 (3.72)

and where the value of By, at w=0 is obtained from Eq. (84%)

2x (=) 1E,(n)+ (2n - 1) 7 G,
(2n — 1)’ 73
Eq. (BZ20) can then be rewritten as
2

Bo(wr> = Bo’l(wr> + 8er82 {@(77, Nr) — % 2F1(77) + 7TG1(77)i| } (374)

where ©(n, N,) is given by Eq. (822). Considering the limit as N, — +o00, we find that

BO(wr) - BO,l(wr) + 8ers2 0(77) (375)
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in which

(3.76)

= n*(Crar + Gagn + Gasn?)

where coefficients (; to (3 are given in Table B2 Neglecting the influence of damping on the
fundamental vibration frequency of the dam-reservoir system and using the analytical ex-
pressions developed above, Eqs. (B221), (B228) and (B230) become when water compressibility

is included

N 2F G

Ly = Ly 4+ 8p,H; {9(77) + 17 [ ;gnz/—il_ii];;n)} } (3.77)
_ 2F G

My = M, +4p,H {w(n) +” | 175? iL_ 51?(77)] } Zé M (3.78)
f=_6 (3.79)

3.3.4 Application to the simplified earthquake analysis of gravity dams

The maximum response of a dam-reservoir ESDOF system to a horizontal earthquake
ground motion can be approximated by its static response under the effect of equivalent lateral

forces fi applied at the dam upstream face and expressed per unit dam height as [20, 6]

L1

fily) = 2 (T &) { () w0, 9) = pu(0,9,0) |

M,

(3.80)

I vy P
= Ml (Tr7€1) |: s( ) (alﬁ+a2m+a3[_]—3 _pl<0ay7wr)
where S, (Tr,gl) is the pseudo-acceleration ordinate of the earthquake design spectrum at
vibration period 7; and for damping ratio El of the dam-reservoir ESDOF system described

previously, and where the hydrodynamic pressure p;(0,y,w;) can be expressed using a cubic
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mode shape approximation as

(3.81)

Ny
ﬁl(oa Y, wr) = 2101" Z

2x (=1)"F.(n) — (2n— 1) 7 Gy,(n) cos [(271 -7 y]
bo(@2n- 1)%\/—(%_ D w_rz

2H,

n

An?H?

in which F,, and G,, are given by Eq. (8334), and the ratio of generalized force Zl to genera-
lized mass M is obtained from Egs. (BZr0) and (BZZR). If water compressibility is neglected,
Eq. (BRT) simplifies to

5100,y ) = 4pr77H52 2% (=1)" F(n) — (2n — 1) 7 Gn(n) o [(Qn — )7

2n—1)ir2 o, y] (3.82)
with Ly and M; to be determined using Egs. (B23) and (BZ8H). We note that the minus sign
in Eq. (B0) corresponds to the orientation of the system of axes shown in Fig.BH. We also
assume that the fundamental mode shape component ¢§z) is positive as indicated on the
same Figure.

Fenves and Chopra [19, 20] discussed the effects of higher vibration modes on dam ear-
thquake response. Using a static correction technique, this effect can be accounted for ap-
proximately by evaluating the static response of the dam-reservoir ESDOF subjected to the

lateral forces f,. applied at the dam upstream face and expressed per unit dam height as

Fioly) = &) {us(y) [1 — ]\Z—ll w70, y)}
(3.83)

0

(m

where Zg %) Jenotes the maximum ground acceleration, and 50(0, y) the real-valued, frequency-
independent hydrodynamic pressure applied on a rigid dam subjected to a unit ground ac-

celeration and impounding an incompressible water reservoir given by

Po(0,y) = Sp;ZHS Z (;{?;2 cos {(QT;J—HISM y} (3.84)

n=1
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Assuming a cubic mode approximation, we show that Eq.(B=3) can be rewritten as

. L o[ Y’ Y’ -

__ - (max) | =1 2 I g J i

feely) = & {us(y) (1 [Ml +8p, H, L || B T IiE + as 13 Po(0,y) ¢ (3.85)
The total earthquake response of the dam can then be determined by applying the SRSS

rule to combine response quantities associated with the fundamental and higher vibration

modes [I9, 20].

3.4 Dam models, analyses and results

3.4.1 Analyses conducted

In this section, we assess the effectiveness of the equations developed above in determining
the fundamental mode response of gravity dams. To illustrate the analysis types conducted,
we consider a dam section with dimensions inspired from the tallest non-overflow monolith
of Pine Flat dam [T4]. The dam cross-section is shown in Fig. B (a).

The following six types of analysis are conducted to determine the fundamental vibration
frequency of the dam-reservoir system :

— Analysis type I : a finite element analysis where both the dam and the reservoir are
modeled using finite elements. The software ADINA [27] is used to discretize the dam
monolith into 9-node plane stress finite elements. The reservoir is truncated at a large
distance of 20H, from the dam upstream face to eliminate reflection of waves at the
far reservoir upstream end. The 9-node potential-based finite elements programmed in
ADINA [27] are used to model the reservoir. Fluid-structure interaction is accounted
for through special interface elements also included in the software. A finite element
model of the dam-reservoir system is shown in Fig.B3(d). The performance of the
potential-based formulation and the fluid-structure interface elements was assessed in
a previous work [24]. The method can accurately account for fluid-structure interaction
in dam-reservoir systems with a general geometry, including when the dam upstream
face is not vertical, which is for example the case of the slightly inclined upstream face
of the Pine Flat dam section. The results of this analysis will serve as our reference
solution in the rest of the paper.

— Analysis type II : the analytical solution originally developed by Fenves and Chopra [{]
and reviewed in section BZ2. The same 9-node plane stress finite element model built for
Type I analysis is used as illustrated in Fig.BH (¢). The structural frequency response
of the dam including hydrodynamic effects is then determined using Eqgs. (B22) to (B813).

The fundamental frequency is identified next as that corresponding to the first resonant
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Figure 3.5 (a) Dam-reservoir system geometry; (b) Analysis type I : Finite element model ;
(c) Analysis type II : analytical solution; (d) Analysis type III : Westergaard added mass
formulation.

structural response.

Analysis type III : a finite element analysis of the Pine Flat dam where the reservoir
hydrodynamic loading is modeled approximately using Westergaard added mass formu-
lation, assuming a rigid dam with a vertical upstream face, impounding incompressible
water [1]. The effect of the reservoir is equivalent in this case to inertia forces generated
by a body of water of parabolic shape moving back and forth with the vibrating dam.
The finite element model of the dam and the body of water are shown in Fig.BH (d).

The added masse m; to be attached to a node i belonging to dam-reservoir interface

m; = gpr Vi H.(H, — ;) (3.86)

where y; denotes the height of node i above the dam base and V; the volume of water

can be written as

tributary to node i. As previously, the software ADINA [27] is used to discretize the
dam monolith into 9-node plane stress finite elements.

— Analysis type IV : the new procedure proposed in this paper is applied using approxi-
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mate parameters L;, M, w; and @ZJY) proposed by Fenves and Chopra [19, 20]. The au-
thors analyzed several standard dam cross-sections and obtained the following conserva-
tive approximations for preliminary design purposes : L1 =0.13 Mg and M; =0.043 Mj,
where M is the total mass of the dam monolith. Fenves and Chopra [[9, 20] also pro-

posed to estimate the fundamental vibration frequency w; and period 77 of the dam

with an empty reservoir as

_ 2mVEs
-~ 0.38H,’

038 H,
==

where the dam concrete modulus of elasticity Ey is expressed in MPa and Hg in meters

T

(3.87)

w1

to yield wy in rad/s and T} in seconds. To develop a simplified earthquake analysis
procedure, Fenves and Chopra [[9, 20] used the standard fundamental mode shape given
in Table B33. Applying the procedure illustrated in Fig. B3, this standard mode shape
can be approximated using three points at elevations y; = Hy/3, yo=2H;/3 and y3 = Hj,
yielding the coefficients a; =0.3535, ag = —0.5455 and a3 =1.1920. Eq. (B231) becomes
then

2 3
(x) y y y
= 0.3535 = — 0.5455 [ = ) +1.1920 [ — .
»(0,y) = 0.3535 0.5 55( ) +1.19 0( ) (3.88)

The resulting cubic interpolation is shown in Table BZ3. When water compressibility is
neglected, Eq. (8339) simplifies to

P(n) =n* [7.938n" —9.7747° + 12.400° — 6.136 ) + 3.220] x 107° (3.89)

after replacing the coefficients a; to as by their values. Introducing M; =0.043 M, and
substituting Eqgs. (3387) and (B=9) into Eq. (820) yields the dam-reservoir fundamen-
tal vibration frequency w, and period T, when water compressibility is neglected. For

example, considering a full reservoir, i.e. n=1, we obtain

w1 711.6H2

; +
711.6H? M;
1+ ———=
M

When water compressibility is included, replacing the coefficients a; to as by their

(3.90)

Wy =
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values into Egs. (B53) and (B357) yields

e(n) =n* [5.456 " — 6.0757° + 6.4267> — 2.711n + 1.091] x 107° (3.91)
Fi(n) = 0.35357n — 0.1033p* — 1.70657° (3.92)
Gi(n) = —0.1433n + 1.1748 (3.93)

The frequency ratio R, can be approximated as

R o w1 o 477\/Es
YT e 0.38C,

(3.94)

Coefficients Ay to A4 can be obtained using M; =0.043 M and substituting Eqs. (8700)
to (B94) into Egs. (B39) to (BH3). Eq. (B:Y) is then solved for x = R? to obtain the
fundamental vibration frequency w, =wgR, and period T, =27 /w, of the dam-reservoir
system.

Analysis type V : the new procedure proposed in this paper is applied using the ap-
proximate parameters L;, M; and ¢§I) proposed by Fenves and Chopra [T9, 20], but
with the natural frequency w; obtained from a finite element analysis. All the equa-
tions described in the previous analysis Type IV apply except for the frequency ratio Ry
which now results from finite element analysis.

Analysis type VI : the new procedure proposed in this paper is applied using parame-
ters Ly, My, w%m) and wy obtained from a finite element analysis of the dam section with
an empty reservoir. A fundamental mode shape normalized with respect to the mass of
the dam can be used, yielding a generalized mass M;=1. Applying the procedure illus-
trated in Fig.B2, the fundamental mode shape evaluated at dam upstream face is in-
terpolated using three points at elevations y; = Hy /3, yo =2H;/3 and y3 = Hj to find the
coefficients a; to az in Eq. (B23T). Table B33 contains the original mode shape resulting
from finite element analysis of Pine Flat dam section as well as the cubic interpolation
used. When water compressibility is neglected, the resulting coefficients are introdu-
ced into Eq. (B239) to obtain »(n) and then the dam-reservoir vibration frequency w;
using the generalized mass M; and the fundamental vibration frequency w; obtained
from finite element analysis of the dam with an empty reservoir. When water com-
pressibility is included, coefficients a; to ag are introduced into Eqs. (B54) and (B253)
to obtain the parameters ¢(n), Fi(n) and G1(n). Coefficients Ay to A4 are determined
next and Eq. (B358) is then solved for y = R? to obtain the vibration frequency of the

dam-reservoir system as described in section B23.
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Table 3.3 Pine Flat dam fundamental mode shapes used.

Normalized mode shape \"(0,y) /4" (0, H,)

Fenves and Chopra [1Y] Finite element analysis
Original ~ Cubic Original ~ Cubic

y/ H mode shape interpolation mode shape interpolation
1.00 1.000 1.000 1.000 1.000
0.95 0.866 0.866 0.875 0.871
0.90 0.735 0.745 0.752 0.755
0.85 0.619 0.638 0.640 0.650
0.80 0.530 0.544 0.543 0.556
0.75 0.455 0.461 0.461 0.472
0.70 0.389 0.389 0.391 0.398
0.65 0.334 0.327 0.331 0.333
0.60 0.284 0.273 0.279 0.277
0.55 0.240 0.228 0.233 0.228
0.50 0.200 0.189 0.194 0.186
0.45 0.165 0.157 0.159 0.150
0.40 0.135 0.130 0.129 0.120
0.35 0.108 0.108 0.102 0.094
0.30 0.084 0.089 0.080 0.073
0.25 0.065 0.073 0.060 0.056
0.20 0.047 0.058 0.044 0.042
0.15 0.034 0.045 0.030 0.030
0.10 0.021 0.031 0.019 0.019
0.05 0.010 0.016 0.010 0.009
0.00 0.000 0.000 0.000 0.000

3.4.2 Validation of the proposed simplified formulation

The six analysis types described in the previous section are carried out to assess the effecti-
veness of the method proposed in this paper. The Pine Flat dam section described previously
is studied first. A mass density ps = 2400 kg/ m” and a Poisson’s ratio v = 0.2 are assumed
as concrete material properties. To examine the influence of dam stiffness, two moduli of
elasticity Es =25 GPa and F;=35 GPa are considered. A water mass density p, =1000 kg/ m’
is adopted. Both compressible and incompressible water assumptions are investigated, with a
pressure wave velocity of C; =1440m/s in the former case. We compute the period ratios T, /T}
where T, is the fundamental vibration period of the dam-reservoir system obtained using any
of the six analysis types described previously, and T} is the reference fundamental vibration

period determined using a finite element analysis of the dam with an empty reservoir. Fi-
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gures B@ and B illustrate the period ratios 7;/T) obtained considering incompressible and
compressible water assumptions, respectively. Results for reservoir height ratios from n=0.5
to 1.0 and two moduli of elasticity Fs=25 GPa and F;=35 GPa are given. Figures B8 and B~

also show bar charts representing the following error estimator

T — 7F®

EZW

(3.95)

where "™ denotes the reference fundamental vibration period obtained using a finite ele-

ment analysis of the dam-reservoir system, i.e. analysis type I.

— — Empty reservoir Analyses: — Typel — Type Il — Type I
Type IV — Type V —— Type VI
1 T T T T T
I
I 1.00
09r I 1 5 1
[ I
! 0.95
= 0.8f ' 1.25 b N b
= I T
sl | |
Il | |
: 0.7 B I I 1 B 1
I [
l |
0.6 1 I 1 B 1
: 0.50
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1 1.1 1.2 1.3 1.4 15 -3 036 91215
T:/T; Error ratio € (%)

Figure 3.6 Variation of period ratio 7T,/T} as a function of reservoir height ratio n assuming
incompressible water.

First, it is apparent from the curves that the fundamental period predicted using finite
elements, i.e. analysis type I, and the analytical formulation proposed by Fenves and Cho-
pra [{], i.e. analysis type II, are very close for all height ratios and regardless of whether water
is considered compressible or not. This observation confirms the effectiveness of the analytical
formulation even for dams with a slightly inclined upstream face. When water compressibi-
lity is neglected, Eq. (8320) shows that the elasticity modulus of the dam has no effet on the
ratio T, /Ty, a result that we confirmed numerically and analytically, i.e. using analysis types
I and II. Therefore, period ratios T, /T} for incompressible water are illustrated independently
of the dam elasticity modulus. Fig. B8 shows that analysis type III using Westergaard added

mass predicts the fundamental frequency of the dam-reservoir system with a an error of about
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Figure 3.7 Variation of period ratio 7;/7} as a function of reservoir height ratio 7 considering
water compressibility : (a) Es=25GPa and (b) Fs=35GPa.

12 per cent for a full reservoir in the case of Pine Flat dam. Figs.B@ and B4 also clearly
indicate that our simplified procedure, i.e. analysis type VI, yields excellent results regardless
of dam stiffness and compressible or incompressible water assumptions. The results of the
new simplified procedure remain in very good agreement when approximate parameters are
used instead of those obtained from finite element analysis of the dam section, i.e. analysis
types IV and V.

To investigate the influence of gravity dam cross-section geometry and dam stiffness on
the accuracy of the simplified procedure proposed in this paper, we analyse three typical

gravity dam cross-sections with heights varying from 90 m to 35m as illustrated in Fig. B8.
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Figure 3.8 Geometry and finite element models of gravity dam cross-sections D1, D2 and D3.

The three dams are denoted D1 to D3 from the highest to the lowest. Finite element models
of the dam sections and corresponding dam-reservoir systems are built using the software
ADINA [27]. The new simplified method is then applied using approximate parameters, i.e.
analysis types IV to V, as well as parameters resulting from finite element analyses of each
of the dam sections with an empty reservoir, i.e. analysis type VI. The period ratios T,/T}
obtained are illustrated in Fig. B considering reservoir height ratios from n=0.5 to 1.0 and
two moduli of elasticity Fs=25GPa and E;=35 GPa. The different analyses are summarized
in Table B4 for clarity purposes.

We first observe that the results of analysis types I and VI are almost identical for all the
studied dam sections independently of water compressibility or incompressibility assumptions,
dam geometry and stiffness. Analysis types IV and V yield satisfactory results for the 90-m
high dam section D1. They are less accurate however when applied to smaller dam sections
D2 and D3. Analysis type IV introduces large discrepancies because it uses approximate
fundamental generalized force, generalized mass, mode shape and vibration period that were
mainly calibrated using higher standard dam sections [19, 20). We note that the fundamental
period predictions are improved when an input fundamental vibration period obtained from
a finite element analysis of the dam with empty reservoir is used instead of Eq. (BX7), i.e.
analysis type V.

Based on the previous findings, we recommend to use the proposed simplified method
according to scheme of analysis type VI. The other schemes would provide appropriate results

for high gravity dams, while an increasing error is introduced for smaller dams. To asses the
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Table 3.4 Summary of analysis types conducted.

Gravity dam

E,=25GPa E,=35GPa
Water assumption Analysis Pine Flat D1 D2 D3 Pine Flat D1 D2 D3
Incompressible Type 1 X X X X X X X X
Type 11 X - - - X - - -
Type 111 X - - - X - - -
Type IV X X X X X X X X
Type V X X X X X X X X
Type VI X X X X X X X X
Compressible Type 1 X X X X X X X X
Type 11 X - - - X - - -
Type 111 - - - - - - - -
Type IV X X X X X X X X
Type V X X X X X X X X
Type VI X X X X X X X X

accuracy of the proposed method in determining the damping ratio 51 of the dam-reservoir
system ESDOF, Fig. 810 illustrates the variation of this parameter as a function of reservoir
height ratio n > 0.5 considering water compressibility, two moduli of elasticity Fs=25GPa
and Ey=35GPa and the four gravity dam cross-sections described previously. In this figure,
the results determined by applying the proposed method following the scheme of analysis
type VI are compared to those obtained using the classical method developed by Fenves and
Chopra [7] and reviewed in section B2. The curves clearly show that both techniques yield
identical damping ratios for the four dam monoliths.

Finally, denoting Fy = p,gH?/2 the total hydrostatic force exerted on dam upstream face,
we determine the normalized equivalent lateral forces H fi(y)/Fy considering a unit ordinate
of pseudo-acceleration spectrum, water compressibility, a full reservoir, i.e. n=1, two moduli
of elasticity and the four dams cross-sections as before. Again, the resulting force distributions
obtained using the classical and proposed methods are practically coincident for the four dam
monoliths studied as illustrated in Fig. BT

3.5 Concluding remarks

This paper proposed an original practical method to evaluate the seismic response of
gravity dams. We first developed a simplified but yet a rigorous and practical formulation

to determine the fundamental period of vibrating dam-reservoir systems and corresponding
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Figure 3.9 Variation of period ratio 7, /7 as a function of reservoir height ratio 7 considering
water compressibility : (a) to (¢) Dam D1; (d) to (f) Dam D2; and (g) to (i) Dam D3.

added damping, force and mass. The new formulation includes the effects of dam geometry
and flexibility, water compressibility and varying reservoir level. The mathematical deriva-
tions of the method were provided considering both incompressible and compressible water
assumptions. In the former case, we proposed a closed-form expression to determine the funda-
mental vibration period of a dam-reservoir system. When water compressibility is considered,

we showed that the fundamental vibration period of a dam-reservoir system can be obtained
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Figure 3.10 Variation of the damping ratio El as a function of reservoir height ratio n conside-
ring water compressibility : (a) and (b) Pine Flat dam; (¢) and (d) Dam D1; (e) and (f) Dam
D2; and (g) and (h) Dam D3.

by simply solving a cubic equation. Simplified expressions to compute the equivalent lateral
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Figure 3.11 Normalized equivalent lateral earthquake forces corresponding to dam fundamen-
tal mode response considering water compressibility : (a) and (b) Pine Flat dam; (c) and (d)

Dam D1; (e) and (f) Dam D2; and (g) and (h) Dam D3.

earthquake forces and the static correction forces are proposed. These forces are to be applied

at the dam upstream face to determine response quantities of interest, such as the stresses
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throughout the dam cross-section. To assess the efficiency and accuracy of the proposed tech-
nique, several analysis types were applied to dam cross-sections with various geometries and
rigidities impounding reservoirs with different levels.

The following conclusions could be drawn from the comparison of the period predictions
obtained from the different analyses : (i) the analytical formulation of hydrodynamic effects
yields accurate predictions when compared to numerical results obtained by modeling the
reservoir using potential-based finite elements, (ii) the proposed simplified procedure gives
excellent results when the fundamental generalized earthquake force coefficient, generalized
mass, mode shape and vibration period are directly obtained from a finite element analy-
sis of the dam with an empty reservoir, and (iii) the fundamental period predictions of the
simplified procedure remain satisfactory for large dams while larger discrepancies are obser-
ved for smaller ones when approximate parameters are used instead of those obtained from
finite element analysis. We also showed that the new procedure yields an excellent estima-
tion of the equivalent damping ratio and equivalent earthquake lateral forces. The proposed
technique presents a significant advantage over conventional Westergaard added-mass formu-
lation, namely because it can directly account for dam flexibility and water compressibility,
while Westergaard’s solution assumes that the dam is rigid and water is incompressible. The
analytical expressions developed and the procedure steps were presented in a manner such
that calculations could be easily implemented in a spreadsheet or program for practical dy-
namic analysis of gravity dams. We clearly showed that the proposed procedure can be used
effectively for simplified evaluation of the vibration period and seismic response of gravity

dams irrespective of their geometry and stiffness.
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4.1 Introduction

Appropriate account of fluid-structure dynamic interactions has been shown an important
factor in the design and safety evaluation of earthquake-excited civil engineering structures
vibrating in contact with water. The pioneering work of Westergaard [I] consisted of taking
account of hydrodynamic loads as an added-mass attached to the a structure’s face in contact
with water. The added-masses are determined assuming a rigid structure and a semi-infinite
water domain. This method has been widely used and suggested by several codes of practice
due to its simplicity [2, B, @, B, B]. Several researchers developed simplified to more complex
analytical and numerical approaches to account for fluid-structure interactions in various
civil engineering applications including dam-reservoir systems, water storages, breakwaters
and navigation locks. Most of these approaches are based on coupled fluid-structure solutions
through finite elements, boundary elements, finite differences or a mix of these techniques [,

R, 9, [0, [0, 12, I3, 14, [5, 16, [7, I8, 19, 20).

I ]

In this paper, we focus on the developing original analytical and simplified solutions
for structures vibrating in contact with water as schematically illustrated in Fig. BT, Under
dynamic excitation, the response of such systems involves the interaction between the struc-
ture and water on both sides. The surrounding water domain could be semi-infinite as in
Fig.B (a) or of finite extent as in Fig. B (b). The methods developed will investigate the
linear dynamic and seismic behavior of such systems using a sub-structuring technique where
structural and hydrodynamic responses are coupled through interface forces. The vibration
periods of structure-water systems are key factors in the assessment of their dynamic or seis-
mic behavior, and are required by most seismic provisions and codes of practice. Although
significant work has been devoted to investigate the effects of hydrodynamic loads, there is
no available practical analytical technique to evaluate the vibration periods and dynamics
of structure-water systems including higher mode effects. This need is also addressed in the
present work by developing practical analytical expressions for vibration periods as well as
a simplified method including the effects of fluid-structure interaction, structure’s geometry

and flexibility, higher vibration modes, varying water levels and soil flexibility.

4.2 Analytical formulation

4.2.1 Geometry of the structure-water systems, basic assumptions and notation

Fig. B2 shows a symmetrical structure of height Hy and thickness 2b, vibrating in contact
with water on both sides. We adopt a Cartesian coordinate system with origin at the base of

the structure, a horizontal axis x and a vertical axis y belonging to the plane of symmetry



67

(a) Dynamic excitation (b) Dynamic excitation
0 —
Flexible structure Flexible structure

Figure 4.1 Examples of structure-water systems studied : (a) Structure vibrating in contact
with semi-infinite water domains on both sides; (b) Structure vibrating in contact with water
domain of limited extent on one side and semi-infinite on the other side.

of the structure. We denote by side 1 and side 2 the left and right water domains extending
from the structure towards negative and positive x directions, respectively. To alleviate the
notation, an index =1 or £=2 will be used to refer to parameters corresponding to water
domains on the left and right sides of the structure, respectively. The interfaces between the
structure and the left and right water domains are located at x; = —bs and x5 = bs, and
are designated as the structure’s left and right faces, respectively. The left and right water
domains have a rectangular geometry with constant heights HY and 7Y , respectively. The
left (resp. right) water domain could either : (i) be delimited by a rigid quay wall located
at a distance L (resp. L)) from the left (resp. right) face; or (ii) extend to infinity along
the negative (resp. positive) x direction. Figs. B2 (a) to (c) show three typical configurations
illustrating these boundary conditions. We also assume that : (i) the longitudinal dimension
of the structure-water system is sufficiently large compared to cross-sectional dimensions so
that the system can be modeled as a two-dimensional plane-strain elasticity problem; (ii) the
structure has a linear elastic behavior ; (iii) water, of mass density py, is incompressible and
inviscid, with its motion irrotational and limited to small amplitudes; and (iv) the structure

may lie on a rigid or massless flexible soil foundation.

4.2.2 Frequency-domain dynamic response of the structure

The structure’s cross-section is first modeled using plane-strain finite elements. Assuming

a unit harmonic free-field horizontal ground motion Z4(t) =€**, the dynamic equilibrium of
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Figure 4.2 Structure-water systems, boundary conditions and notation : (a) Structure sur-
rounded by semi-infinite water domains on both sides; (b) Structure surrounded by water
domain of limited extent on one side and semi-infinite on the other side; (¢) Structure sur-
rounded by water domains of limited extent on both sides.

the structure-water systems described above can be expressed in the frequency domain as

2)

[~ M+ (1 +ip) K] Uw) = -M1+F(w) - F (w) (4.1)
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where U is a column-vector containing the frequency response functions of the structure
nodal displacements relative to the ground, M is the mass matrix of the structure, K is
the stiffness matrix of the structure including the effect of a massless soil foundation when
considered in the analysis, 1 is a column-vector with the same dimension as the vector of
nodal relative displacements containing zeros except along horizontal degrees of freedom
which correspond to the direction of earthquake excitation, u is a hysteretic damping factor
assumed constant and assigned to the structure including the effect of the massless soil

=(2 ..
) and T are column-vectors containing

foundation when considered in the analysis, and P!
the frequency response functions of hydrodynamic loads exerted on the structure by the left
and right water domains, respectively. We note that the special case of a structure in contact
with water on only one side ¢ can be analyzed by considering HY =0 and F =0.

4.2.3 Frequency-domain dynamic response of the water domains

Considering the above assumptions and based on previous studies [I0, ], frequency

response functions p¥)(x,y,w) can be decomposed as

Ns

_ _(¢ = _

9@ y.w) = (@) — > Z(w) 5 (2, y) (4.2)
j=1

in which ]5(()6) is the frequency-independent response function for hydrodynamic pressure within

water domain on side ¢ due to rigid body motion of the structure, ﬁy)

independent response function corresponding to hydrodynamic pressure due to horizontal

is the frequency-

acceleration ¢§x)(xg, y) of the structure’s face at x ==, , where @D](x) denotes the x—component
of the jth structural mode shape including the effect of a massless soil foundation when
considered in the analysis, Zj is a generalized coordinate to be discussed later and N is the
total number of structural mode shapes included in the analysis.

The hydrodynamic pressure within water domains depends on the applied boundary
conditions, including :

— A compatibility-based boundary condition at water-structure interface

opy’ opy’ .
o (wey) = (1) pys 2 (@ y) = (=1 py W (2gy)  (43)
— A rigid boundary condition at water domain bottom
opy’ op.
82 (#,0) = -5~ (2,0) =0 (4.4)
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— A boundary condition neglecting the effect of gravity waves at water surface

op op,’
gy (@ HY) = (@ HY) =0 (4.5)

In this work, we investigate the effects of the following boundary conditions :
— BC-I : A rigid wall located at a distance LYY from the structure’s face on side ¢ and

moving at the same ground acceleration as the structure

opy op;’

This condition will be referred to as the moving rigid wall boundary condition in what
follows.
— BC-II : A non-disturbed boundary condition at the far end of water domain on side /¢

to study infinite water domains

lim ;5(()6) (z,y) = lim ﬁy) (z,y) =0 if¢=1 (4.7)
——o00 T——00
iy Ao — im0 — e

xl_l)riloopo (x,y) = xEIEoopj (x,y) =0 if ¢ =2 (4.8)

— BC-III : A rigid boundary condition located at a distance LY from the structure’s face

on side ¢ o ©
Ipy O Op;

(LY. y) = (L, =0 (19)

This boundary condition is introduced to study the extent of water domain that should
be taken into account to obtain the same results as the non-disturbed boundary condi-
tion BC-II. It will be referred to as the fixed rigid wall boundary condition in the rest
of the paper.

Using the above-mentioned boundary conditions, we show that frequency response func-

tions ]5(()@ and ]55»@ corresponding to hydrodynamic pressure within water domain on side ¢

can be expressed as

50 y) = _8x(=1)f Do HO % D" v (2) cos[y AL (4.10)
0 A 2 W — (2n — 1)2 " "

=(£)

4x(—=1)¢ Mo ®
pj (xay):#

puHY Z ﬁ X(z) cos[yAP] (4.11)

n=



71

where N, is the number of water modes included in the analysis, and where X% and XY

are given by

cosh { (=) (2 — ) + L‘(,f)} )\gf)} — cosh [(=1)" (z, — z) )\Sf)]

XO(z) =
(@) sinh [L‘(,f))\%)}
(4.12)
o cosh { (1) (z¢ — ) + LY })\(Z)}
X, =
(@) sinh[ n Lsf]
for a rigid boundary condition BC-I, and
X,r(f) (.Z') = )?’r(f) (x) = e(fl)e(mifx)Af(nZ) (413>

for a non-disturbed boundary condition BC-II at the far end of water domain, and

- cosh { [(—=1)" (2 — z) + LV]AY
Alle) = ) = { sinh [A(f)L(Z)} } (4.14)

for a rigid boundary condition BC-III. In Eqgs. (B210) to (E—14), the eigenvalues AP and para-

)

( :
meters [;, are given for each water mode n by

M —1
Ao = e Um E)W (4.15)
2H
o_ 1 [ ®
]j,n = o J, @Z) (z¢,y) cos [y An } dy (4.16)

4.2.4 Coupled frequency and time-domain response of the structure-water sys-

tem

Using modal superposition and mode shapes orthogonality, we show that the vector Z of
frequency-dependent generalized coordinates Z =1... Ny, can be obtained by solving the
system of equations

SZ-Q (4.17)
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in which, for j =1...Nyand m =1... N,

a{
Sim(w) = [—w’ + (1 +1ip) W] M;6jm + w? [/ P (@1, y) 0 (21, y) dy
0
(4.18)

]552) (ZE27 y) ¢7(7f) (ZE27 y) dy

and

H\(avl) H&?)
Qm = —Ln + / P57 (1, y) B (a1, y) dy — / P (20, y) V) (20, ) dy  (4.19)
0 0

with
M,; :szTanpj; Ly =1 M1 (4.20)

and where §;,, is the Kronecker symbol, w; is the vibration frequency along mode shape 1),
and M; and L,, the corresponding generalized mass and force, respectively. When mode
shapes are also mass-normalized, the generalized masses have unit values M; =1, j=1... Nj.
The dynamic properties w; and 1; can be obtained using closed-form expressions available
for simple geometries such as in Ref. [21], or from finite element modal analysis for complex
structures. When the effect of soil flexibility is to be included, the properties w; and ), of
the massless-soil-structure system should be used. To alleviate the text, these properties will
be referred to as structural parameters in the rest of the paper.

Substituting the frequency-independent hydrodynamic pressures given in Eqgs. (E210) and
(E1D) into the system of equations (ET1), and introducing the non-dimensional height ra-
tio mp = H’v(f)/HS for £ =1,2, we show that Eqs. (I08) and (E19) can be rewritten under a

more compact form

Sim(w) = [ — w4+ (14ip) wﬂ M;6;m — w? Gjm (01, 1m2) (4.21)

where

Vjm(1M1,m2) = Ojm (1) + 05.m(02) ; Lo (01, m2) = Yim(01) + Y (172) (4.23)
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in which, for /=1,2

Ny (0

4pw X’"« (ZL’() (Z) 2
0. :_2H2§:—[1.] 4.24
‘77‘7(7]6) T Mg 11 (271— 1) 7,n ( )

Lo, v RO,
- Ln? HQZ # I(Z) ](13) (4.25)

Vi (102) = H? Z 2) 7o (4.26)

n—l

where I](Q and I,(f)n are given by Eq. (E8) for m, j=1... Ny and n=1... Ny and where
x¥ (x¢) and X0 (x¢) simplify to

2n — 1)7TL££) B

¢
)?T(f)(l'e) = coth [(2n ) WL&V)] ;

XO(z,) = X (2,) — sinh [(

2H " 2H)
(4.27)
for boundary condition BC-I,
X () = XO(20) =1 (4.28)
for boundary condition BC-II, and
- 20 — 1) L
X () = X9 (x,) = coth @n—Um (4.29)
n n 2H\Sf)

for boundary condition BC-III. If the structure is symmetrical and if water levels and boun-
dary conditions are the same for water domains on both sides, we show from Eqs. (B224)
to (B228) that Eq. (223) simplifies to

19j,m(771> n2) = 2 ej,m(W> ; Lo (1, m2) = 2 Ym(7¢) (4.30)
If only one face ¢ of the structure is in contact with water, Eqs. ((223) simplifies to

ﬂj,m(ma 0) = Qj,m(né) ; Fm(ng, O) = ’Vm(né) (4.31)

The vector Z of complex-valued frequency response functions is first determined from
Eq. (B17) for frequencies in the range of interest. Eq. (A22) is then applied to obtain frequency

response functions for hydrodynamic pressure, and those for structural displacements and
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accelerations can be expressed as

e,y Z¢ @O Z); e = Y W@ Gie)  (432)
— NS —
oz, y,w Zw n9) 2w Beyw) =t U@ Ziw)  (433)

where % and © denote the horizontal and vertical displacements, respectively, i and ¥ the
horizontal and vertical accelerations, respectively, and 1/)]@ and wj(y) the x— and y—components
of structural mode shape ;.

The structural displacement and acceleration time-history responses to a ground accele-

ration i, (t) can be obtained as

u(z,y,t Zw i(t); iz, y,t Z i 5(t) (4.34)

Ns

v(z,y,t) = > ¥ (x,y) Z;(1); (z,y,1) Zw i(t) (4.35)

j=1
where the time-domain generalized coordinates Z; are given by the Fourier integrals

1 = = iw v 1 > ~ = iw
Z;(t) = %/ Zj(w) dig(w) " dw; Z;(t) = ~5- w?Z(w) tig(w) e dw  (4.36)

in which tig(w) is the Fourier transform of the ground acceleration iig4(t)

tq
lig(w) = / iig(t) e dt (4.37)
0
in which ¢, is the time duration of the applied accelerogram.

4.3 Simplified procedure

The analytical formulation presented above is used in this section to develop a simplified
method for practical assessment of the dynamic response of structure-water systems and the

evaluation of coupled vibration periods.
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4.3.1 Simplified generalized coordinates

The system of equations (A7) has to be solved numerically for generalized coordinates Z;,
j=1... N, to obtain frequency response functions corresponding to hydrodynamic pressures,
displacements and accelerations as described previously. Here, we propose a simplified method
to obtain the generalized coordinates Z;, j =1... N, instead of solving Eq. (B=I7) using a
matrix analysis numerical solution scheme. In a fundamental mode analysis, i.e. Ny=1, the
only generalized coordinate Z; is given by

f 1
Zh(w) = 5 ()

(4.38)

If two structural modes are to be included, the generalized coordinates can be obtained as

- _ 52,2(00) Ql — S12(w) QZ
Zi(w) = 5'171(OJ)§2,2(W) - SiQ(”)

(4.39)

Zy(w) = S B / (4.40)

Finally, if higher mode effects are to be included in the analysis, i.e. Ny > 3, we show that the
generalized coordinates can be approximated by decoupling the system of equations (E—I7)

as follows

7 () ~ ?272(00)_@1 — 51,2(_“’) Q2
S11(w)S22(w) — Sta(w)

Zi(w) =~ Szfl’jfl(w) Qj _ Sj*l’j,(w) @) for j =2... Ng (4.42)

Sj-1,j-1(w)S;;(w) = 57 ;(w)

(4.41)

where the parameters S;,, and Q,, for j=1... N, and m=1... N, are given by Eqs. (Z=21)
and (E=22), respectively.

A simplified procedure to estimate these coefficients is developed next based on the approach
proposed in Ref. [22]. This technique consists of approximating the x—component of a struc-
tural mode shape 1 ; by a polynomial function of order Ny, and coefficients a;, as illustrated
in Fig.A3 for mode shapes 1 to 4.Such modal shape approximations can also be obtained

using classical interpolation methods commonly built-in spreadsheet or numerical packages
such as MATLAB ® [23].
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If the structure is symmetrical, the mode shapes at the structure-water interface on each

side can be assumed equal, yielding

Ny,
1/1]($) (z1,9) = 1/1]@ (z2,7) =~ Z aj. " (4.43)
k=0
where y = y/H,. Coefficients a; o take account of translations due to soil flexibility. We
note that if the structure is clamped at its base, then a;, = 0. Substituting Eq. (223)
into Egs. (224) to (E28) and proceeding with a change of variable § =y/H;, we show that
the parameters ¢;; and v; for j=1... Ny, and 0;;_; for j=2... Ny can be obtained as

dp 2 B RO (2) Ny, Ny;
w S 4
iama(m) = === > =y (Dt )| | D )| (444)
n=1 k=0 k=0
N 2
Ap H? kg
05(e) = — Z 2n — 1 Zaakﬂ (4.45)
8/) - (v) |
vi(ne) = =5 ne HZ Z 2n B Z ajin; fe(n) (4.46)
k=0

where the function fi(n) is shown to depend only on the reservoir mode n and is given by

fr(n) = ngﬂ / Wﬂ’“cos [Ml dy (4.47)

The generalized coordinates can be obtained from Eqgs. (B238) to (220) for N, <2, or Eqgs. (E2T)
and (B242) for N >3, after applying Eqgs. (221) to (E223) and Eqgs. (£44) to (B248) combined
with Eq. (222) for boundary condition BC-I, Eq. (228) for boundary condition BC-II, and
Eq. (B229) for boundary condition BC-III. For practical programming into a spreadsheet, we
propose expressions of the real and imaginary parts of generalized coordinates in Appendix
A. Once generalized coordinates are determined, Eqgs. (B232) to (E231) can be used to obtain

the structural response in frequency or time domains.
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4.3.2 Evaluation of the vibration periods of a structure-water system

We define the frequency-dependent parameters Sj_m_l, de and gj—l,jv Jj=2...N;,
obtained from Eq. (A220) with damping being neglected as

-1 = (Wi — @) My — w? 9151 (m, ) (4.48)
S5 = (W) = w?) My — w?;5(m, o) (4.49)
~j71,j = —w? ﬁj—l,j(m; 772) (4'5())

The resonant frequencies of a structure-water system can be approximated by the frequen-
cies Wj, j=1... Ny, that make the generalized coordinates Z; infinite. Therefore, according

to Eq. (A23R), the frequency @ in a fundamental mode analysis can be obtained by solving

S11(@1) =0 (4.51)
yielding
O = e (4.52)
\/1 X V1,101, 72)
M,

When higher modes are included in the analysis, using Eqgs. (B221) and (B=32) yields

5'1,1(@1) SzyQ(&]_) - §%72<(’~01) = 0 (453)

for the fundamental mode, and

Sj1j-1(@5) S;5(@;) — S2

J—1j

(@;)=0  forj=2...N, (4.54)

for higher modes. Using j = 2 in Eq. (E554) and comparing it to Eq. (E253) shows that both w;
and Wy are roots of the same equation. As a consequence, solving only Eq. (E54) will lead
to all Ny first vibration frequencies. Replacing Eqs. (B48) to (50) into Eq. (A554) yields the

following simple second order equation to be solved for x;

ax;—Bixj+r;=0 forj=2...N, (4.55)
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in which

o = My My + M;_19;;(n1,m2) + M; -1 j_1(n1,m2)
+ 5 151000, m2) 95,5(m, M) — 79;‘71,]'(7717 72)

(4.56)
Bj = M1 M; (wi_y +wj) + i Mjo1 055 (m,712) + wiM; 01,1
Kj = M1 Mjwi_y wj
For each mode j, Eq. (E53) has two real positive solutions X§min) and X§max) corresponding

to the smallest and largest roots of the polynomial, respectively. We show that the resonant

frequencies w;, j=1... N, can be approximated as

ONJl _ X;min) (457)
a] _ X;rnaX) for ] =2... Ns (458)

Although the previous equations were derived assuming a symmetrical structure, the pro-
cedure can be easily adapted to investigate non-symmetrical structures vibrating in contact
with two water domains. In this latter case, mode shapes have to be approximated by poly-

nomial functions along each face of the structure

ij

l‘g, Za]ky (4.59)

()

where two different sets of coefficients a;; are obtained for each mode shape wj(fr) (ze,7),

¢=1,2. Egs. (I44) to (E=28) have then to be determined for both sides considering the new

. ¢
coeflicients ag. ,)c

4.4 Effects of water domain boundary conditions

The objective of this section is to investigate the effect of boundary conditions on the
dynamic response of structure-water systems. For that purpose, we first show in Appendix B
that Eqgs. (2244) to (B-28) can be rewritten as Eqs. (-B1H), (E-BI8) and (IB=20), respectively.
The resulting expressions contain the effect of boundary conditions into the coefficients A,(fl
and B,(f), given for k=0... Ny and s=0... Ny by Eqs. (EB18) and (EBZ) for a moving
rigid wall boundary condition BC-I, Eqgs. (EB11) and (E-B=23) for a non-disturbed boundary
condition BC-II, and Egs. (-BIH) and (B23) for a fixed rigid wall boundary condition
BC-III. When a boundary condition BC-I or BC-III is applied at a distance Lgf) from the
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structure, it is seen that Eqs. (EBT8), (EB21) and (EB23) depend only on water modes
and distance LY. According to Eqs. (E=Z0) and (E=29), we have for both boundary conditions
BC-I and BC-III

lim X©(z,) = lim X(x)=1 (4.60)

LY 400 L - 400

Therefore, as the ratio L\ /Hv(f) increases, the coefficients A,(fl and B,g) obtained from
Egs. (AB16) and (EB2) or (B23), converge towards coeflicients Ay, and By, given by
Egs. (.BT7) and (-B22) for a non-disturbed boundary condition BC-II. To examine fur-

ther this observation, we define the ratios

A,(f)s (Determined for BC-I/BC-III)

O ) 4.61
ea (kys) Ay s (Determined for BC-II) ey
and (0)
0 gy — B (Determined for BC-L/BC-I1]) (4.62)

By, (Determined for BC-II)

Fig. B4 illustrates the variations of the ratios sf)and 555) as a function of L /Hv(f)
for k, s =0. N¢ = 11. For boundary Conditions BC-I and BC-III, the Aj; coefficients
are equal, thus producing identical ratios el A We clearly see that the boundary conditions
BC-III and BC-II yield approximately similar ratios for Ly O > 2HV(V). This result implies
that the dynamic response of a structure in contact with an infinite incompressible water
domain can be simulated by applying a fixed rigid wall boundary condition at a distance
LS,f) > QHV(VZ). Comparing BC-I and BC-II, we obtain similar ratios for L\(,f) > 3Hv(f), which
represents the minimum distance where an applied moving rigid wall boundary condition af-
fects the dynamic response of a structure-water system. Introducing polynomial modal shape

approximations into Eqgs. (A10) and (A1), yields hydrodynamic pressures

_(6) _ o 8x(=1)° 0 © {(QTL —1) Wy}
x,Y) = pwH, X, (x) cos| ———F— 4.63
A w.) > 0 o[ 2 (163)
Ny, Noy
4x(—1)* 2 (2n—1)7my
¢
P (wy) = —— p HY E {% E V() COS[w] (4.64)

For a semi-infinite water domain, or if boundary condition BC-I is used with Lgf) > 3Hv(f ), we
show that Egs. (063) and (E564) can be simplified further by polynomial functions to yield
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Figure 4.4 Effects of water domain boundary conditions : (a) Variation of ratio 5%) as a
function of truncation ratio L’ / HY (b) Variation of ratio eg) as a function of truncation
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hydrodynamic pressures exerted at the structure’s left and right faces

6 T
Oy = - XD go Soo (L (4.65)
’ " 72 o r=0 ' Héve) .
Ny, 6
i 4x(—1)* 4 v\
o0 ) = 2 0 S [aj,k S Dy (W)] (4.66)
k=0 r=0 w

where the coefficients C, and D, are given in Table BT for r=0...6 and £=0... ij =11.
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The validity of Egs. (A63) and (B5608) will be illustrated later in Section B23. It is important
to note that Eqs. (B63) and (E68) are valid only when a moving rigid wall is located at
a distance LY larger than 3HY or when a semi-infinite water domain is to be modeled,
otherwise, Egs. (63) and (E64) must be used instead.

Table 4.1 Coefficients C, and D, forr=1...6 and £ =0... Nz/:j =11.

r= 0 1 2 3 4 5! 6
C, = -0.9137 -0.1307 2.2041 -7.4868 16.4673 -16.6579 6.5055
Dr,k’

= 0 05817 0.0832 -1.4032 4.7663 -10.4834 10.6047 -4.1415
k= 1 0.1552 0.1042 -0.4812 3.6282 -9.30417 9.83994 -3.9344
k= 2 0.0713 0.0837 -0.8263 4.7976 -10.6220 10.6861 -4.1826
k= 3 0.0407 0.0851 -0.9581 4.9205 -10.5643 10.7293 -4.2452
k= 4 0.0260 0.0863 -1.0058 4.9634 -10.7550 11.1210 -4.4281
k= 5 0.0177 0.0893 -1.0600 5.1666 -11.3266 11.7970 -4.6760
k= 6 0.0128 0.0935 -1.1226 5.4394 -11.9824 12.4549 -4.8876
k= 7 0.0095 0.0976 -1.1784 5.6801 -12.5042 12.9150 -5.0114

= 8 0.0071 0.1006 -1.2175 5.8367 -12.8031 13.1227 -5.0380
k= 9 0.0065 0.1022 -1.2367 5.8960 -12.8721 13.0928 -4.9791

k=10 0.0042 0.1025 -1.2370 5.8659 -12.7420 12.8685 -4.8534
k=11 0.0033 0.1014 -1.2213 5.7625 -12.4555 12.4982 -4.6798

4.5 Case studies and results

4.5.1 Studied structure-water systems, models and analysis types

The proposed analytical and simplified methods described in Sections B2 and were
programmed using MATLAB [23]. In this section, we assess the effectiveness of these for-
mulations in determining the dynamic response of a structure in contact with water. The
irregular structure with cross-section illustrated in Fig.B4 (a) is considered. The properties
of this illustrative example were selected to validate the proposed methods and namely to
assess their ability to account for complex geometry and higher mode effects. The structure
consists of two parts : (i) a lower 50 m high wall, with thickness varying from 10 m at the base
to 5m at the top, and (ii) an upper concentrated mass of rectangular cross-section 10 m wide

and 5m high. A mass density pél) = 2400 kg/m?’, a Poisson’s ratio ™) =0.2 and a modulus

of elasticity Es(l) = 25 GPa are assumed as material properties for the lower structure. The

upper part has a mass density pg) =7200 kg/ m®, a Poisson’s ratio v =0.2 and a modulus

of elasticity E® = 60GPa. A constant hysteretic damping factor ©=0.1 is assigned to the
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structure including the massless soil foundation when considered in the analysis. A water

mass density p, =1000 kg/ m” is considered. The two structure-water systems illustrated in

a Point P b
® ®) Rigid wall

Hs=50m

10 m > e

L*Z%S m—J

©  Rigid wall

w\HQ

HY=50m

25 m—»]

Horizontal and vertical
springs to account
for soil flexibility

Figure 4.5 Studied structure-water systems : (a) Structure dimensions; (b) System A; (c)
System B.

Figs.B4 (b) and (c) are investigated :

— System A [Fig.B3 (b)] : The structure lies on a rigid soil and is in contact with two
water domains of heights HY) =50m (m=1) and HY =35m (n2=0.7). The boundary

conditions are selected as infinite for the left water domain (i.e. BC-II) and moving

rigid wall (i.e. BC-I) at a distance stz ) — H‘Ef) for the right water domain.

— System B [Fig.B3(c)] : The structure lies on a flexible soil modeled by uniformly
distributed springs with stiffness Kz = 1.0 x 10® N/m along the horizontal direction



84

and Ky =5.0 x 10° N/m along the vertical direction. The structure is in contact with
two water domains of heights H{ = 50m (m =1) and HY =35m (2 =0.7). The
boundary conditions are assumed as non-disturbed for the right water domain (i.e.
BC-II) and moving rigid wall (i.e. BC-I) at a distance L' =0.5 HY for the left water
domain.

The structure-water systems A and B are studied using the following four analysis types :

— Analysis type I : a finite element analysis where both the structure and the wa-
ter domains are modeled using finite elements as shown in Fig. @@ (b). The software
ADINA [24] is used to discretize the structure into 9-node plane-strain finite elements
and refinement of the model was performed until convergence of the results. The 9-node
potential-based finite elements programmed in ADINA [24] are used to model the water
domains. Fluid-structure interaction is accounted for through special interface elements
also included in the software. The performance of the potential-based formulation and
the fluid-structure interface elements was assessed in a previous work [[I]. The semi-
infinite water domain is simulated by a 20H length water domain with a fixed rigid
wall boundary condition applied at the far end. The method can accurately account for
fluid-structure interaction in systems with a general geometry, including non-vertical
fluid-structure interfaces. The results of this analysis will serve as our reference solu-
tion in the rest of the paper. The same type of analysis is also performed considering
a shorter water domain truncation length with a fixed rigid wall boundary condition
applied at a distance 2H from structure’s face.

— Analysis type II : a finite element analysis of the structure where hydrodynamic loading
is modeled approximately using Westergaard added mass formulation [I] as illustrated
in Fig. @@ (b). The added mass m; to be attached to a node ¢ belonging to structure-

water interface can be written as

m; = gpw Si \/Hv(vz) (Hv(f) - yz) (4'67)

where y; denotes the height of node ¢ above the structure’s base and .S; the transverse
surface area associated to node i, considering a unit-thick slice of the structure. As
previously, the software ADINA [24] is used to discretize the structure into 9-node
finite elements, and a consistent formulation is used to determine the added masses.
This process is illustrated in Fig.B@ (b) for a three-node edge side of a 9-node finite
element belonging to the water-structure interface.

— Analysis type III : the analytical method proposed in section B2 is applied to determine
hydrodynamic pressure distributions as illustrated in Fig.B@ (c¢). The mode shapes
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along structure’s face and its vibration frequencies are determined by a finite element
analysis as described in analysis type I, but where only the structure or soil-structure
system are modeled, i.e. without water domains.

— Analysis type IV : the simplified procedure proposed in Section B3 is applied to de-
termine hydrodynamic pressure distributions as illustrated in Fig.B®@ (c). The mode
shapes along the right face of the structure and its vibration frequencies are determi-
ned by a finite element analysis as described in analysis type I, where only the structure
or soil-structure system are modeled, i.e. without water domains. The j th mode shape
is then approximated by a polynomial function of order Ny, =j + 3.

To assess the effect of boundary conditions, we also evaluate both analysis types III and

IV by replacing the rigid moving wall boundary condition BC-I by a non disturbed boundary
condition BC-II. For the sake of brevity, these analyses will be denoted as types IIT* and TV*,

4.5.2 Vibration periods of the structure-water systems

We first investigate the ability of the proposed methods to estimate the 8 first vibration
periods of the two structure-water systems described above. Such periods can be obtained
using Analysis types I, IT and IV. The results are normalized by the vibration period of the
dry structure obtained through reference analysis type 1. For systems A and B, analysis type
IV* is also carried out. The following error estimators are computed to better illustrate the
comparison with the finite element solution

T _ FO FaV) _ j:,j(l) FAVH) _ A

(In) J j . awv) _ —J awv*_ -2 "7 (4.68)
e = = € = ; € = .
O 7

j J J
where fj(l), fj(n), T”J-(IV) and fj(w*) denote the vibration periods at mode j evaluated using
analysis types I, II, IV, and IV*, respectively. The obtained results are illustrated in Fig. &=
along with errors given in percentage. First, we clearly see that, independently of the system
studied, vibration period predictions by the proposed analytical and simplified methods are
in excellent agreement with finite element solutions. Westergaard’s added mass formulation
yields satisfactory results for the first mode, while the error with respect to Finite Element
predictions increases for higher modes. This result is expected since Westergaard’s solution
assumes a rigid body motion, which implies a decreasing accuracy of the method as the vibra-
ting structure is more flexible. Fig.B74 also reveals that for structure-water system A, using
a non-disturbed boundary condition BC-II instead of the moving rigid boundary condition
BC-I has very little effect on the evaluation of the vibration periods. This effect is more pro-

nounced for structure-water system B although not significant. This result can be interpreted
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Analysis types III and IV.
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based on the ratios presented previously in Fig.B4. It can be seen that for L‘(,f) :H‘g ), which
is the case of system A, using non-disturbed boundary condition BC-II instead of rigid BC-I
does not introduce a significant error in the evaluation of hydrodynamic parameters, while

this error becomes important when Lg} ) =0.5 H‘Svl), which is the case system B.
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Figure 4.7 Estimation of vibration periods of the three systems studied using four analysis
types I, II, IV and IV* : (a) System A ; (b) System B. __ Analysis type I; — Analysis type
IT; — Analysis type IV ; — Analysis type IV*.

4.5.3 Hydrodynamic pressure

In this section, the techniques described previously are applied to determine hydrodynamic
pressure profiles corresponding to different vibration periods. For the sake of brevity, only the
results of system B are illustrated in Fig.B=8. The hydrodynamic pressure ]3(()6) due to rigid
body motion of the structure is first determined and shown in Fig. A8 (a).
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Figure 4.8 Hydrodynamic pressure distributions for system B : (a) Hydrodynamic pres-

sure p(()), (b) and (c) Hydrodynamic pressure p); __ Analysis type I; __ Analysis type

II; ; — Analysis type IV; Simplified expressions [Egs. (64) and
(EmR)] ; X Analysis Type I with semi-infinite water domain truncated by a fixed rigid wall

boundary condition applied at a distance 2Hv(f ) from structure’s face.
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We observe an excellent agreement between FE solutions (analysis type I), and the pro-
posed methods (analysis types III and IV). Westergaard added mass formulation gives satis-
factory results for the semi-infinite domain, while it predicts higher hydrodynamic pressure
within the finite water domain of less than SHV(VU length. The proposed closed-form expres-
sion in Eq. (E363) is also applied to obtain hydrodynamic pressure ]5(()5) within the semi-infinite
water domain, which yields excellent results as illustrated in Fig. A8 (a). The total hydrody-
namic pressure p'¥) is determined next for different coupled vibration periods of the structure-
) are shown in
Fig. B8 (b), while those at periods 0.8 f;l) and 1.2 @(I) are given in Fig. B8 (c). These figures

confirm that the three analysis types I, III, and IV yield almost identical results. The ex-
)

water system. Hydrodynamic pressure profiles at periods 0.8 T I(I) and 1.2 Tl(l

cellent prediction of hydrodynamic pressure profiles close to the second vibrating period T. 2(1
of the water-structure system also confirms that the proposed simplified method accounts
appropriately for higher modes effects. These results also validate the closed-form expression
for flexible hydrodynamic pressure given in Eq. (A68) for a semi-infinite water domain or a
water domain with length larger than 3H. These results also reveal that the effect of an
incompressible semi-infinite water domain can be modeled appropriately using a finite water
domain with a fixed rigid wall boundary condition applied at a distance QHV(f ) from structure’s
face, which corroborates the discussions under Section B-. Finally, comparing hydrodynamic
pressures obtained assuming a rigid structure, i.e. Fig.A8(a), to those obtained including
structural flexibility, i.e. Fig.AR(b) and (c), we conclude that flexibility effects may result
in higher hydrodynamic pressures and significantly affect hydrodynamic load distribution
over structure’s height. This observation confirms the shortcomings of Westergaard’s added

masses solution which assumes a rigid structure.

4.5.4 Seismic response of the structure-water systems

In this section, the four analysis types are conducted to assess the seismic response of the
structure-water systems described in the previous section, subjected to two ground motions
from Imperial Valley earthquake (1940) and Saguenay earthquake (1988), characterized by
low and high frequency contents, respectively. Fig. 9 illustrates the horizontal acceleration
components at El Centro and at La Malbaie selected to conduct the analyses. The time-
history displacements of point P indicated in Fig. B (a) are shown in Figs. 10 and B—1. For
the two structure-water systems A and B, the proposed analytical and simplified methods,
i.e. types III and IV, yield excellent results when compared to FE results. Westergaard added
mass solution, i.e. analysis type II, is shown to be less accurate in predicting the dynamic
response of both structure-water systems. Figs.BE-10 and BI1 also show that for system A,

analysis type IV* accurately predicts the response of the structure even though a moving
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Figure 4.9 Ground motions considered : (a) Horizontal acceleration component of Imperial
Valley earthquake (1940) at El Centro; (b) Horizontal acceleration component of Saguenay
earthquake (1988) at La Malbaie.

rigid wall is located at a distance less than 3HP. We observe that the dynamic response of
system B is however affected when the moving rigid wall boundary condition located at a
distance LY =0.5 H{" is replaced by a non-disturbed boundary condition.
For analysis types I to IV, the CPU times that were required to compute time-history dis-
placements at point P of system B under El Centro earthquake are compared for illustration
purposes. The same time step of 0.005 s was used and 8 horizontal structural modes were inclu-
ded in the response. Only the time-history displacements at point P were saved for maximum
execution speed. The CPU times were obtained using one core of a 2.0 GHz Intel® Core™
2 Duo Processor T6400. Computations were performed under the following considerations :
— For analysis types I and II : Modeling and post-processing are ignored in the CPU time,
as well as the added mass computations for Analysis type II.
— For analysis type III and IV : Modeling and post-processing of the modal analysis of the
structure are ignored in the CPU time, while the finite element modal analysis needed
to retrieve dynamic properties of the structure are included. MATLAB [23] was used

to run analysis types III and IV.
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The obtained CPU times are presented in Table BZ2. We clearly see the effectiveness of sim-
plified procedures such as analysis type II and IV with almost instantaneous execution times.
The proposed simplified method, i.e. analysis type IV, is shown to be even faster than the
Westergaard added mass solution, i.e. analysis type II. Furthermore, the new simplified ap-
proach allows a more refined prediction of the dynamic response of structure-water systems as
it accounts for structural and soil flexibility, which are neglected parameters in Westergaard’s
formulation.

Table B2 also shows that the proposed analytical formulation, i.e. analysis type III, is
less CPU time consuming than the finite element method, i.e. analysis type 1. This new
analytical formulation constitutes then an interesting practical alternative considering the
high expertise required and fluid-structure modeling complexities generally involved when

using advanced finite element software.

Table 4.2 CPU times for analysis types I to IV.

Analysis type I IT mnr 1v
CPU Time (s) 1114.6 36.6 748.8 4.5

4.6 Conclusions

In this paper, we developed and validated an original analytical formulation to study wall-
type structures with vertical or slightly inclined faces, vibrating in contact with water on one
or both sides. The proposed method accounts for structure’s flexibility, soil flexibility, varying
water levels and boundary conditions corresponding to : (i) semi-infinite water domains, or
(ii) finite water domains delimited by rigid walls. The proposed analytical formulation was
then used to develop a simplified procedure for practical assessment of the vibration periods
and seismic response of structure-water systems including higher mode effects. We first pro-
ved that the vibration frequencies of a structure-water system can be obtained by solving a
simple second order polynomial equation. We also investigated the effect of boundary condi-
tions at the end water domains, and we showed that : (i) for a structure-water system in
contact with a semi-infinite incompressible water domain, only a finite water domain trun-
cated by a fixed wall boundary condition at twice water domain height needs to be modeled,
thus allowing a considerable gain of time when using finite elements; (ii) for a structure-water
system in contact with a finite incompressible water domain with a length less than three
times its height, the effect of the end moving rigid boundary condition should be taken into

account. If a structure in contact with a semi-infinite water domain or a finite water domain of
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length longer than tree times its height, closed-form expressions were provided to determine
hydrodynamic pressure distributions exerted on the structure. To assess the efficiency and
accuracy of the proposed techniques, several analysis types were applied to structure-water
systems with different configurations, including the effect of massless flexible soil foundation.
The methods were validated against classical Westergaard added mass formulation as well
as more advanced finite element techniques. The proposed approach presents a significant
advantage over conventional Westergaard’s added-mass formulation, namely because it can
directly account for the flexibility of the structure and its soil foundation, as well as a finite
extent of water domain, while Westergaard’s solution assumes that both the structure and
its foundation are rigid and that the water domain is semi-infinite. The following conclusions
could be drawn from the comparison of the period ratios and hydrodynamic pressure profiles
obtained from the different analyses : (i) the proposed simplified procedure give excellent
period predictions for the first and higher vibration modes, (ii) an excellent agreement is
obtained when comparing hydrodynamic profiles obtained using the proposed analytical and
simplified methods to those from advanced finite elements, (iii) the proposed analytical and
simplified techniques account appropriately for structure and soil flexibility as well as higher
mode effects, all parameters that were shown to affect significantly the magnitude and dis-
tribution of hydrodynamic loads in a manner that generally differs from classical added-mass
solutions. The seismic response of the structure-water systems subjected to typical low and
high frequency earthquakes was also examined, and the proposed analytical and simplified
methods gave an excellent agreement when compared to finite element solutions including
fluid-structure interaction capabilities. In addition, the proposed methods performed within
low execution times, namely the simplified procedure. Finally, we illustrated throughout the
paper that the proposed techniques constitute interesting alternatives to conventional me-
thods, and that they can be efficiently implemented in simplified and practical earthquake

analysis of the structure-water systems.
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Figure 4.10 Time-history of relative displacement at point P under El Centro earthquake :

(a) System A; (b) System B. Continuous lines :

— Analysis type I; —_ Analysis type II;

— Analysis type IIT; —_ Analysis type IV. Dotted lines : _ _ Analysis type III*; _ _ Analysis

type IV*.
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Appendix A

For practical programming, this appendix proposes expressions to separate the real and
imaginary parts of the frequency dependent generalized coordinates Zj, 7j=1...N. Introdu-

cing the following notation

B = ~Lj+ Tj(n. 1) (4.A.1)
Bj(l) = Mj + 19]‘7]'(771, 772) (4A2)

the generalized coordinate for a fundamental mode analysis given by Eq. (A238) can be de-

composed as

_ B§O) <w% M1 - w2 B%l)) 2 B(O) M
Zi(w) = —i e et i (4.A.3)

> s pM)? 5 72 2 s pM)? 2 072
wi My — w? By + (pwi My) wiMy —w? By’ ) + (pwi M)

If Ny=2, the generalized coordinates defined in Eqs. (3=39) and (B-20) can be expressed as

i) = 1 V@) — 0 w) | J 1@l @) s IR L
[‘/2(2)((40)}2_‘_ [‘/2(4)((,0)]2 [‘/2(2)(00)}2_‘_ [{/2(4)((,0)]2

o) = — 4 @V @) £ V) | ) @ w) = O
VW] + W) VW] + [0

Finally, if N;> 2, the simplified formulation for generalized coordinates given by Eqs. (E=2)
and (B22) can be expressed as

Zy(w) = V) ()17 (w) = 13713 (w) N VO Vi () + VOV (w) ae
[‘/2(2) (w)]Q N [‘/2(4) (w)r [‘/2(2) (w)]a N [‘/2(4) (w)r
Zi(w) = — V2 (@) V2 (w) + VOV (w) . VOV (w) - VOV ()
j [Vj@) (w)] 2 + [Vj@) (wﬂ 2 [Vj(g) (w)] 2 N [Vj@ (w)} 2
for j =2... N

(4.A.7)
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in which
Vj(l)(w) = w? [BJ( )1 B(l) B](O) Vj—1,(m, 772)] - Bj(‘[i)l w;” M (4.A.8)

J

v @ =M; 1 M;w;_y wj (p — 1) + w? [wj_12 M;_4 BJ(-l)er]QM B(l)}
(

W [0t o) - BB (aA)
VP (w) = pM;w;? BY, (4.A.10)
Vj(4)(w) =pu [w (wj Bj(._)1 M; + w; 4* B(.l) M»_1> —2M;_y M; wj_IQwﬂ (4.A.11)
VO (w) =w? B 051 0m,m) = B BE | + B w12 My (4.A.12)
VO =y M w2 BY (4.A.13)
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Appendix B

In this appendix, we rewrite Eqgs. (224) to (E486) in a manner to isolate the effects of
boundary conditions. Rearranging the sums in Eq. (E244) yields

Ny. ¢ Ny,
4py < - Jr(n) fs(n) o
[0 v o] (DRSNS SO

k=0 s=k
— ik a1k T Z 2n_1 Xné xe)}

(4.B.14)

We show numerically that the sums from n=1 to Ny, are convergent, and therefore Eq. (EEB14)

can be rewritten as

Ny, ( Ny,

4py 5
0jj-1(ne) = 7pT nyH? Z Z [(aj,k aj_1s + Qj_1k Q) 77? ur A;(f)s} Ak Aj—1k Wk Ak k
k=0 s=k
(4.B.15)
where A,(f)s is given by
20 —1)m L
Z Jr(n 1 coth [( n H)(Z)T ] (4.B.16)
2n — 21
for boundary conditions BC-I and BC-III, and
o= fi(n) fo(n)
k s

Aps = Z on—1) (4.B.17)

for a non-disturbed boundary condition BC-II. In a similar manner, we show that Eq. (E=23)

can be rewritten as

Nd:] N¢J

4py
gj,j(W) - T U?H2 Z 2 Z (a] EQjs k s 775 7]g> - aik‘ Al(c?c n?k (4B18)

Finally, we obtain by rearranging the sums in Eq. (£40)

S0 oA e (1) filn)
%i(ne) = —5 me He > ain Y WX,EP () (4.B.19)
k=0 n=1
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We show numerically that the sum from n=1 to Nw is convergent, and therefore Eq. (EZBT9)

can be simplified to

Ny,
8w ! ¢
(ne) = 2 H; Zagkm B( ) (4.B.20)
k=0

where the coefficients B,(f) are given by

Ny @ 01!
2n —1)m Ly ) 2n —1)7 Ly
5 2 1 coth [( n-lnr ] — sinh [( n-Ur ] (4.B.21)
n j—

o o

n=1

for boundary condition BC-I,

S (n)
- Z 2n - 1 (4.B.22)
=1
for boundary condition BC-II, and
N, n ()
© _ N (D" fi(n) (2n — 1) 7 LY
Bk; - Z (2n _ 1)2 coth QH\E;[) (4.B.23)

for boundary condition BC-III.
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This paper proposes an efficient simplified method to determine the modal dy-
namic and earthquake response of coupled flexible beam-fluid systems and to
evaluate their natural vibration frequencies. The methodology developed extends
available analytical solutions for mode shapes and natural vibration frequen-
cies of slender beams with various boundary conditions to include the effects
of fluid-structure interaction. Simplified formulations are developed for various
beam boundary conditions considering transverse interaction with one or two
semi-infinite fluid domains. We show that the simplified procedure yields excellent
results when compared to more advanced finite element analysis, independently of
the number of modes, beam boundary conditions, and number of fluid domains.
The numerical results obtained confirm the importance of accounting for fluid-
structure interaction effects which could reduce by more than twice the funda-
mental vibration frequency of the dry beam. The proposed simplified method can
be easily implemented in day-to-day practice, and the methodology proposed can
be extended to other types of structures for which natural vibration frequencies

and mode shapes can be evaluated using closed-form mathematical expressions.
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5.1 Introduction

Several civil engineering and industrial applications involve the vibrations of beam-like
structures in contact with water or fluid domains, including dams, navigation locks, quay
walls, break-waters, offshore platforms, drilling risers, liquid storages, nuclear reactors, oil re-
fineries, petrochemical plants, fuel storage racks, etc. This popular topic has attracted many
researchers over the last decades and various approaches were proposed, varying from simpli-
fied to more complex analytical and numerical formulations. Neglecting structural flexibility,
Westergaard 1] introduced the hydrodynamic added-mass concept and applied it to a dam-
reservoir system, and later Jacobsen [2] and Rao [3] generalized the added-mass formulation
to evaluate hydrodynamic effects on rigid circular and rectangular piers vibrating in water.
Goto and Toki [@] and Kotsubo [5] evaluated the hydrodynamic pressures induced by har-
monic motions on circular or elliptical cross-section cylindrical towers along rigid body and
deformed mode shapes. Chopra [, [7] showed that a dam’s flexibility influences significantly its
interaction with the impounded reservoir, and consequently the overall dynamic and seismic
response. Other studies also confirmed the importance of accounting for structural flexibi-
lity and fluid-structure interaction [8, @, [0, I1]. Han and Xu [I2] developed an analytical
model to compute the modal properties of a slender flexible cylinder vibrating in water, and
proposed a simplified added-mass formula to compute its natural frequencies. Other resear-
chers studied the sensitivity of the hydrodynamic response of cantilever structures to various
factors, such as : (i) a tip mass or inertia concentrated at one end [I3, I4, 5, I6], (i) a
restrained boundary condition at the base of the beam [[6, I, IR], and (iii) non-uniformity
of beam cross-section [I6, I'7, 19].

Most of the previous studies focused on cantilever structures surrounded by fluid. Work
on beam-like structures interacting with 2D semi-infinite fluid domains was mainly related to
dam monoliths impounding water reservoirs, while fewer researchers investigated the behavior
of slender beams subjected to hydrodynamic loading of the latter type. Xing et al. [20], Zhao
et al. [21] and Xing [22] developed analytical formulations to examine the dynamic response
of a cantilever flexible beam interacting with a 2D semi-infinite water domain, and discussed
the effects of various boundary conditions of the fluid domain. Nasserzare et al. [23] proposed
a procedure to extract the natural frequencies and modes of a dry structure from vibrational
data containing fluid-structure interaction effects, and they applied the methodology to a
beam-water system. De Souza and Pedroso [24] developed a finite element procedure to
determine the coupled dynamic response of a Bernoulli beam interacting with a 2D acoustical
cavity, and they validated the vibration frequencies and modes obtained by comparing to

other finite element and analytical solutions.
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The present paper is motivated by the need to develop simplified analytical expressions
extending results from classical vibration beam theory to include the effects of 2D hydrody-
namic forces on one or both sides of a vibrating beam. The majority of the previous work
and other relevant literature addressed hydrodynamic effects on cantilever beams, fully clam-
ped or partially restrained at the base, and little attention has been given to other boundary
conditions such as pinned or sliding supports. Most of the previous studies also focused on the
determination of the modal properties of a vibrating beam interacting with a fluid, while less
concern has been devoted to the time evolution of beam’s earthquake response indexes such
as displacements, shear forces, and bending moments. These restrictions will be addressed in

this paper.

5.2 Modal dynamic response of a beam interacting with a fluid

5.2.1 Basic assumptions and notation

Fig.b shows a slender beam of height H vibrating in contact with fluid on one or
both sides. We adopt a Cartesian coordinate system with origin at the base of the beam, a
horizontal axis z and a vertical axis y coincident with the axis of symmetry of the beam.
The infinite fluid domains have a rectangular geometry with constant height equal to that
of the beam. We denote by A; the number of fluid domains in contact with the beam, and
by left and right side fluid domains those extending from the beam towards negative and
positive x directions, respectively. Both configurations illustrated in Figs. 651 (a) and (b) will
be investigated here, i.e. Ay =1 and A; = 2, respectively. The boundary conditions of the
beam can be Clamped-Free (CF) as shown in Fig. b or Clamped-Pinned (CP), Clamped-
Sliding (CS), Clamped-Clamped (CC) or Pinned-Pinned (PP) as illustrated in Fig. 5. We
also assume that : (i) the beam is slender so that only flexural deformations are considered ;
(ii) the beam is made of a linear, homogenous, and isotropic elastic material; (iii), only
deflections normal to the undeformed beam axis are included; (iii) the fluid is considered
incompressible and inviscid, with its motion irrotational and limited to small amplitudes,

and (iv) gravity surface waves and non-convective effects are neglected.

5.2.2 Governing equations

We assume that the beam-fluid system is subjected to a unit harmonic free-field horizontal
ground motion ii,(t) =e*’. Based on previous studies [25, 26, 27] and considering N beam

mode shapes, we show that the coupling between beam vibrations and fluid hydrodynamic
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Figure 5.1 Slender beam vibrating in contact with a fluid acting on : (a) one side, (b) both
sides.

pressure yields to a system of equations
SZ=Q (5.1)

where Z is a vector of generalized coordinates Z;(w), j=1... N;, and where the elements of

matrix S and vector Q are obtained for j =1... Ny and m =1... N, as

H
Sim(w) = [ —w? + (L +ing) w?] M; 8;m — As WQ/U pi(y, w) m(y) dy (5.2)

and

H
Qo= =L =M [ o) )y (53)
in which

— po is the FRF for hydrodynamic pressure exerted on the left side of the beam due to
its rigid body motion ;

— p; is the FRF for hydrodynamic pressure exerted on the left side of the beam due to
its horizontal acceleration t;(y) with t; being the z—component of the j™ vibration
mode shape 1, of the beam without the fluid domain, i.e. Af=0;

— wj is the natural frequency corresponding to the j™ beam vibration mode shape Y

— 1) is an assumed constant hysteretic damping ratio;
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— M, and L,, are respectively the generalized mass and force given by
H
M; Zus/ [0 (y)]* dy —usH/ 1% dy = ps H M} (5.4)
0

H 1
L — — o H | 0 (5)dG = po H LY .
m = Hs /0 Vm(y) dy = ps /0 U (7) Ay = ps H L, (5.5)

in which p is the beam’s mass per unit height and 1) is a function resulting from the
introduction of the change of variable y=y/H into ;.
Performing a change of integration variable as in Egs. (54) and (63), and expressing hydro-
dynamic pressures as in [26, 27], we show that the integrals in Eqs. (5) and (B33), which
represent the effects of beam-fluid dynamic interaction, can be expressed as the sum of Ng

terms corresponding each to a fluid domain mode n

/H () 5(y) d —4pr2§)—)2 P g (5.6)
0 Pi\y) ¥ y T (2n —1) T ‘
T 4pr o a Lin Imn 4Pf 2 p*
/0 Pi(y) ¥m(y) dy = 7 H nEZI @n-1) = H"0;, (5.7)
" 8pr al (—1)"1 8¢
D m(y)dy = —— >y 2 ™0 — g2 5.8
/0 Po(y) Ym(y)dy = —— §:l 1) — . (5.8)

where the parameters Iy, are obtained for /=1... Ny and n=1... N¢ as

I = /0 (3 cos [@ g} ay (5.9)

Substituting the frequency independent hydrodynamic pressures given in Egs. (68) to (B3)
into the system of equations (50), we show that Egs. (64) and (633) can be rewritten under
a more compact form

4,0f

Simw) = [ = + (1 +1in) W] M;dm — — Asw? H 6, (5.10)

Qm = —Lm + %AfHZ I (5.11)

We clearly see that the ingredients of the system of equations (B) require the availability of

beam mode shapes. Such mode shapes are available for slender beams [28] and are reviewed
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in Appendix A as a function of the various boundary conditions illustrated in Fig. b2. Using

these beam mode shapes, we show that the integrals in Egs. (B8) to (B8) and corresponding

series are convergent.
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Figure 5.2 Studied beams-fluid configurations : (a) Clamped-Pinned ; (b) Pinned-Clamped ;
(c) Clamped-Sliding ; (d) Sliding-Clamped ; (e) Clamped-Clamped ; (f) Pinned-Pinned.

5.2.3 Frequency to time response solutions

To obtain the dynamic frequency response of the studied beam-fluid systems, the system

of analytical equations (1) has first to be solved for the vector Z of complex-valued genera-
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lized coordinates considering frequencies w in the range of interest. Standard matrix analysis
numerical schemes could be used for that purpose. Instead, a practical simplified procedure
is proposed hereafter to expedite the solution process. We show that if only one beam mode
is included in the analysis, i.e. fundamental mode analysis, the generalized coordinate Z; is
given by -
— 1
7 (w) = )

If two beam modes are to be included, the generalized coordinates can be obtained as

(5.12)

- B Sa2(w) Q1 — S12(w) Qs
Aw) = S11(w)S22(w) — 87 4(w)
(

- B S11(w) Q2 — Sh2(w)
Zlw) = S11(w)Sz2(w) — giz(w) o1

(5.13)

If higher mode effects are to be included in the analysis, i.e. Ny > 3, we show that the
generalized coordinates can be approximated by uncoupling the system of equations (51) as

follows

7 _ 52,2@)) Q1 - 51,2(00) Q2

)R S (0)Baa(@) - SZalw) (515)
7 (o) o D1 (@) Q5 = 8 (@) Qjn
Zj(w) = S a9 (w) = 7]2_17]'(“)) or j=2...N (5.16)

It can be seen from Egs. (613) to (B18) that the determination of the generalized coor-
dinates Zj for 7 =1...Ng requires the computation of natural frequencies w; and parame-
ters M7, L%, T, 07 and 07 ., as defined in Egs. (54) to (58). For each of beam configurations
CF, CP, CS, and CC, the values of parameters /3; provided in Table 52AT are computed using
high precision arithmetic for the first ten beam modes, j=1... 10, and are given in Tables bl

to B8. The natural frequencies w; can then be obtained as [2§]

B |EI
T\

for j=1... N (5.17)

where F is the modulus of elasticity of the beam and I the area moment of inertia of the
beam about the neutral axis of bending. The obtained values of 3;, j=1...10, are also used
to compute parameters M7, L7, I';, 07, and 07, and the results are also shown Tables b

to b@ for boundary conditions CF, CP, CS, and CC, respectively. For beam configuration
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PP, we show that these parameters can be expressed for j=1... N, as

, .1 . 1) —1
s — 5.19
; { +; 4]—1+2q)}} 519

oo

1 J 1 1
i 248y —— —8j 5.20
W{m;(%_w e

— [1+2(+q)]

> s

q=1

a* 1
P TR (1)

(5.21)

2g+1 (2¢ - 1)

where G=0.915965... is the Catalan’s constant [29]. The numerical values of these parameters

are included in Table b7 for the first ten beam modes along beam configuration PP.

We note that for all beam configurations, special care should be exercised when computing
these parameters for modes higher than ten. Such computations may indeed be affected by
numerical cancelation, a phenomenon that can be circumvented by using a precision higher
than the commonly used double precision [30]. For accurate results, higher precision should
also be used to compute the parameters ;, j > 10 as was done in Tables b to b7 for the
first ten beam modes.

As can be seen from Tables b1l to b7, the generalized mass parameter M} is independent
of the mode number j, therefore the subscript j can be omitted for simplicity and Eq. (54)
can be rewritten as

M = pus HM* (5.22)

for all the modes j=1... ;.

Once the generalized coordinates Z;(w), j=1... N, are determined using the simplified
method described above, the time-history responses along beam’s height of transverse displa-
cement u, transverse acceleration i, bending moment M and shear force V under the effect

of an arbitrary ground acceleration iig(t) of duration t,, i.e. 0 <t < t,, can be obtained as

0= 6 %), iy, 1) = Y 4(0) Z1(0) (5.23)

EIZZ 82% >; EIZZ 83% ) (5.24)
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Table 5.1 Modal parameters for Clamped-Free beam configuration and modes j=1... N;.

Mode 5 M L I 0i  Bn=0i,
7j=1 1.87510407 1.0 0.78299176 -0.37664404 0.18737387 0.13892005
71=2 4.69409113 1.0 0.43393590 -0.45319253 0.25471037 0.10086234
71=3 7.85475744 1.0  0.25442530 -0.21267463 0.14743392 0.05443977
j=4 10.99554073 1.0 0.18189802 -0.17682233 0.10091027 0.03428706
7=5 14.13716839 1.0 0.14147084 -0.12338220 0.07599194 0.02378338
J=6 17.27875953 1.0 0.11574906 -0.11015798 0.06045054 0.01753889
7=7 20.42035225 1.0 0.09794150 -0.08674672 0.05001112 0.01352467
7=8 23.56194490 1.0 0.08488264 -0.07997338 0.04251850 0.01077358
7=9 26.70353756 1.0 0.07489644 -0.06687086 0.03690987 0.00893450
=10 29.84513021 1.0 0.06701261 -0.06278742 0.03292094 -

Table 5.2 Modal parameters for Clamped-Pinned beam configuration and modes j=1... ;.

Mode Bi My L T3 0.5 07541 =0711
Jj=13.92660231 1.0 0.86000091 -0.57463863 0.34894675 0.09636523
j=2 7.06858275 1.0 0.08263119 -0.22387192 0.18069842 0.05207102
Jj=3 10.21017612 1.0 0.33438600 -0.19610132 0.11733903 0.03252944
Jj=4 13.35176878 1.0 0.04387308 -0.12740364 0.08546839 0.02239573
Jj=5 16.49336143 1.0 0.20700531 -0.11747947 0.06663395 0.01644885
Jj=6 19.63495408 1.0 0.02983386 -0.08877191 0.05432145 0.01264531
J=7 22.77654674 1.0 0.14990040 -0.08379277 0.04569814 0.01005606
Jj=8 2591813939 1.0 0.02260141 -0.06808364 0.03934902 0.00820841
7=9 29.05973205 1.0 0.11748951 -0.06510595 0.03449382 0.00684054
=10 32.20132470 1.0 0.01819138 -0.05520717 0.03066917 -

Table 5.3 Modal parameters for Pinned-Clamped beam configuration and modes j=1...Nj.

Mode B; M L; I 0. 0 =051
j=1 392660231 1.0 0.86000091 -0.65008940 0.42517390  -0.05350698
j=2 7.06858275 1.0 0.08263119 0.07630378 0.16093621  -0.02220990
j=3 1021017612 1.0 0.33438600 -0.18764735 0.11404365 -0.01510174
j=4 1335176878 1.0 0.04387308 0.06077168 0.07776274  -0.01002847
j=5 16.49336143 1.0 0.20700531 -0.10437260 0.06208601  -0.00757148
j=6 19.63495408 1.0 0.02983386 0.04753510 0.05001431  -0.00575587
j=T7 2277654674 1.0 0.14990040 -0.07134176 0.04301687  -0.00464037
j=8 2591813939 1.0 0.02260141 0.03871677 0.03654159  -0.00376960
j=9 20.05973205 1.0 0.11748951 -0.05389831 0.03250732  -0.00316737
j=10 32.20132470 1.0 0.01819138 0.03258068  0.02867225 -
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Table 5.4 Modal parameters for Clamped-Sliding beam configuration and modes j=1... N;.

Mode B Mz L I 07 0% ir1=0741
j=1 236502037 1.0 0.83086152 -0.43286636 0.22689237  0.14212399
Jj=2 549780392 1.0 0.36376941 -0.42564792 0.25076544 0.08206427
j=3 8.63937983 1.0 0.23149808 -0.16756711 0.12952877  0.04471813
Jj=4 11.78097245 1.0 0.16976527 -0.18178679 0.09818120 0.02975177
J=95 14.92256510 1.0 0.13402522 -0.10517937 0.07140046 0.02081033
j=6 18.06415776 1.0 0.11071648 -0.11405107 0.05910757  0.01569606
Jj=7 21.20575041 1.0 0.09431404 -0.07681828 0.04808430 0.01217325
Jj=8 24.34734307 1.0 0.08214446 -0.08275794 0.04176228 0.00981897
7=9 27.48893572 1.0 0.07275727 -0.06056682 0.03589467  0.00805830
j=10 30.63052837 1.0 0.06531788 -0.06482811 0.03209558 -

Table 5.5 Modal parameters for Sliding-Clamped beam configuration and modes j=1... .

Mode Bj Mz L I 0 0% i1=0741
Jj=1 236502037 1.0 0.83086152 -0.68350770 0.49079872 0.04802871
j=2 549780392 1.0 0.36376941 -0.17189508 0.16975665 0.01534789
j=3 863937983 1.0 0.23149808 -0.07913826 0.10157987  0.00743933
Jj=4 11.78097245 1.0 0.16976527 -0.04607007 0.07236825 0.00437216
Jj=95 14.92256510 1.0 0.13402522 -0.03038167 0.05617515 0.00287253
j=6 18.06415776 1.0 0.11071648 -0.02165278 0.04589287  0.00202983
Jj=7 21.20575041 1.0 0.09431404 -0.01627248 0.03878766 0.00150988
Jj=8 24.34734307 1.0 0.08214446 -0.01271013 0.03358532 0.00116674
J=9 27.48893572 1.0 0.07275727 -0.01022325 0.02961225 0.00092850
j=10 30.63052837 1.0 0.06531788 -0.00841489 0.02647907 -

Table 5.6 Modal parameters for Clamped-Clamped beam configuration and modes j =

1...

N.

Mode Bj M; L I 0 0% i1=0741
j=1 473004074 1.0 0.83086152 -0.59868962 0.37372242 0.06778702
Jj=2 7.85320462 1.0 0.00000000 -0.13987318 0.15976063 0.03574881
Jj=3 10.99560784 1.0 0.36376941 -0.21855053 0.11879885 0.02488654
j=4 14.13716549 1.0 0.00000000 -0.09614570 0.08161727  0.01729534
Jj=5 17.27875966 1.0 0.23149808 -0.12945024 0.06695049 0.01322241
j=6 20.42035225 1.0 0.00000000 -0.07230322 0.05304073 0.01024567
J=7 23.56194490 1.0 0.16976531 -0.09122753 0.04583308 0.00832457
Jj=8 26.70353756 1.0 0.00000000 -0.05783192 0.03879983 0.00677682
7=9 29.84513021 1.0 0.13404389 -0.07018907 0.03439606  -0.00078197
J=10 3298672286 1.0 0.00000000 -0.04927199 0.01919082 -
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Table 5.7 Modal parameters for Pinned-Pinned beam configuration and modes j=1... N;.

Mode  f; My Lj T 0.5 07541 =071
j=1 m 0.5 —2/7 -0.45071585  0.20264262 0.04503164
j=2 27 05 0.00 -0.11925463  0.09006340 0.01981392
j=3 37 0.5 —2/(3w) -0.11251300 0.05613953 0.01139576
j=4 4m 05 0.00 -0.06569036  0.04028959 0.00749098
j=5 b5m 0.5 —=2/(5w) -0.06362745 0.03123383 0.00533858
j=6 67 05 0.00 -0.04530423  0.02541755 0.00401713
j=7 7w 0.5 =2/(7w) -0.04431800 0.02138389 0.00314341
j=8 8w 05 0.00 -0.03456940 0.01843056 0.00253352
j=9 97 0.5 -—=2/(97) -0.03399328 0.01617913 0.00208975
j=10 107 0.5 0.00 -0.02794578  0.01440837 -

in which the second and third derivatives of mode shapes 9;, j=1... N;, are given in Ap-
pendix A, and where the time-domain generalized coordinates Z; are given by the Fourier
integrals

1 = 5 = iwt " 1 OO 2~ = iwt
Z;(t) Zj(w) tig(w) e dw; Zi(t) = wZj(w)tg(w) e“ dw  (5.25)

" or Com o

—00

with dg(w) denoting the Fourier transform of the ground acceleration iig(t), given by

fig(w) = /0 Ciig(t) e dt (5.26)

5.2.4 Evaluation of the natural frequencies of coupled beam-fluid systems

The resonant frequencies of a vibrating beam-fluid system an another important feature
characterizing its dynamic behavior. These frequencies can be approximated by the frequen-
cies Wj, j=1... Ny, that make the generalized coordinates Z; infinite. Therefore, according

to Eq. (B12), the frequency @, in a fundamental mode analysis can be obtained by solving
S11(w1) =0 (5.27)

Using Eq. (B10) with null damping yields

2
~ M
o = e (5.28)
M + 4pfAfH2 91:1
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or according to Eqgs. (6222) and (517)

- dEIM*
5% = ™ by (5.29)
H4 (WMS M* + 4pfAfH0T’1)

When higher modes are included in the analysis, Eqs. (613) and (678) show that the fre-

quency of the fundamental mode can be obtained by solving
S11(@1) Sa2(@r) — S74(@1) =0 (5.30)
and those for higher modes by solving
Sjo1,j-1(@;) Sj(@5) — 87, ;(@;) =0 forj=2...N; (5.31)

Using 7 = 2 in Eq. (B2310) and comparing it to Eq. (6230) shows that both w; and wy are
roots of the same equation. As a consequence, solving only Eq. (6231) will lead to all N first
vibration frequencies. Substituting Eq. (610) with null damping into Eq. (6231), we show that
the beam natural frequencies can be computed first by solving the following simple second

order equation for y;
Aix; = Bjx; +Cj=0  forj=2...N, (5.32)

in which

4ps 160f

Aj = (MsHM*)2+7

je HA M (07,4075 ) o [0;‘ 11055 — (05-1;) ]

Apg
By = (us HM*)* (W2, +w )+—MSHM*H2( wl_ 10;j+w 0 1)

C; = (,uslT-I]\/.I'*)QwJQ-f1 wJQ-

(5.33)

(min)

For each mode j, Eq. (5=32) has two real positive solutions y; " and X correspondlng

to the smallest and largest roots of the polynomial, respectively. We then show that the

frequencies w;, j=1... N, can be approximated as

Oy = A\ (5.34)

Dy =X forj=2...N, (5.35)
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5.3 Illustrative numerical examples

5.3.1 Beam-fluid systems studied

In this section, we assess the effectiveness of the proposed formulation in determining
the dynamic response of beam-fluid systems. For illustration purposes, we consider a beam-
water system where the beam has a height of 10m and a unit cross-section of 1m?. We
assume that the beam can be subjected to the CF, CP, CS, CC or PP boundary conditions
illustrated in Figs. b and B2. Two beam materials are considered : (i) Concrete with a mass
density ps=2440kg/m® and a modulus of elasticity £ =25GPa; and (ii) Steel with a mass
density ps=7850kg/ m® and a modulus of elasticity £=200GPa. A water mass density pr=
1000 kg/m3 is used and the effects of one and two water domains, i.e. Ay =1 and 2, are
investigated. The proposed simplified technique presented in Section b= is programmed and
applied to the concrete and steel beam-water systems. For comparison purposes, finite element
analyses of the beam-water systems are also conducted using the software ADINA [31], where
the beam and water domain(s) are discterized into 2-nodes beam finite elements and 4-node
potential-based finite elements, respectively. In these finite element analyses, fluid-structure
interaction is accounted for through special interface elements also included in the software.
The performance of the potential-based formulation and the fluid-structure interface elements
was assessed in a previous work [Z6]. In each case, a semi-infinite water domain is simulated
by a finite water domain with a rigid boundary condition applied at a far distance until

convergence of the results.

5.3.2 Earthquake time-history response of the beam-water systems

1
£ 0.5r 1
E0
\
30 0.5} ’ 1

‘ug‘maxz 0313g
_1 L L L L L L L
0 5 10 15 20 25 30 35 40

Time (s)

Figure 5.3 Horizontal acceleration component of Imperial Valley earthquake (1940) at El
Centro.
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We first validate the ability of the proposed formulation to evaluate the time-history
response for displacements, accelerations, shear forces and bending moments. For brevity,
the results are shown only for the beam-water systems with a Clamped-Free configuration
and subjected to the horizontal acceleration component of Imperial Valley earthquake (1940)
at El Centro illustrated in Fig. b3. Ten structural modes are included in the dynamic analysis
of the concrete and steel beam-water systems and a constant hysteretic damping ratio ns=0.1
is used. The results obtained using the proposed simplified technique and the finite element
method are illustrated in Figs. b4 to 7.

Time (s) Time (s)

Figure 5.4 Time-history responses for displacements, accelerations, shear forces, and overtur-
ning bending moments of the concrete beam-fluid system : (a) beam in contact with water
on one side; (b) beam in contact with water on two sides. —_ Finite elements (Wet beam) ;
— Proposed simplified method (Wet beam).
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Figure 5.5 Time-history responses for displacements, accelerations, shear forces, and over-
turning bending moments of the steel beam-fluid system : (a) beam in contact with water
on one side; (b) beam in contact with water on two sides. — Finite elements (Wet beam) ;
— Proposed simplified method (Wet beam).

In these figures, time-history responses for displacement u and acceleration i at the beam-
s’s free end, as well as shear force V, and overturning bending moment M at the base are
nondimensionalized by the values ug = (prgH®)/(30ET), peak ground acceleration |ig| .,
Vi = (prgH?)/2 and Mg, = (prgH?)/6, respectively. As can be seen from Figs.5E4 and bX
illustrating the responses over the first 20 seconds of the earthquake, the results of the pro-
posed simplified method and the advanced finite element technique are in excellent agrement
for both concrete and steel beam-fluid systems. We can see that the extreme values of a
given response quantity are obtained at different time instants depending on the number of

water domains. For a better assessment of the quality of the predictions, Figs.h@ and b7l
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Time (s) Time (s)

Figure 5.6 Time-history responses for displacements, accelerations, shear forces, and over-
turning bending moments of the concrete beam-fluid system and the dry beam : (a) beam
in contact with water on one side; (b) beam in contact with water on two sides. —_ Finite
elements (Wet beam); __ Proposed simplified method (Wet beam); — Proposed simplified
method (Dry beam).

provide close up views of the responses of the concrete and steel beam-fluid systems over a
short time interval between 1 and 5 s, respectively. For comparison purposes, the time-history
responses of the dry concrete and steel beams are also superposed to the previous results.
These close up views confirm that the proposed simplified method and the advanced finite
element technique yield practically identical results for both concrete and steel beam-fluid
systems. They also show that the earthquake response of the beams is clearly affected by the
fluid-structure interaction and the number of water domains in contact with the beam. When

comparing the seismic behavior of the dry and wet beams, we clearly observe the amplifi-
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M/Mst

Time (s) Time (s)

Figure 5.7 Time-history responses for displacements, accelerations, shear forces, and overtur-
ning bending moments of the steel beam-fluid system and the dry beam : (a) beam in contact
with water on one side; (b) beam in contact with water on two sides. — Finite elements
(Wet beam); — Proposed simplified method (Wet beam); — Proposed simplified method
(Dry beam).

cation of the amplitudes of all the response quantities studied, which emphasizes the need
to include fluid-structure interaction effects for such applications. The results also confirm
that fluid-structure interaction modifies the natural vibration frequencies of the beam-fluid

systems, a phenomena that will investigated further in the next section.
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5.3.3 Coupled frequencies of beam-water systems

Next, we determine the first ten natural frequencies of the above described beam-water
systems using the proposed simplified procedure and the finite element method. The natural
frequencies are determined for all the above-described beam configurations and the results

are expressed for j=1...10 in terms of the frequency ratios

in which w; is the natural frequency of the dry beam computed using Eq. (6T1), and where
~(FE

W; ) and (IJJ(»NM) denote the natural frequencies of the beam-water systems determined using
finite elements (FE) and the new method (NM) developed in section 524, respectively.
Tables B8 and B contain the obtained ratios for concrete and steel beam-water systems,
respectively. We clearly see that a very good agreement is obtained between the results of the
proposed simplified method and those of finite elements independently of the mode number
and beam boundary conditions.

The computed frequency ratios also emphasize the importance of beam-water interaction
effects on the natural frequencies and consequently the dynamic response of the system. For
example, in the case of the Sliding-Clamped (SC) beam configuration with water on both
sides, the ratio of the natural frequency of the dry beam on the wet beam reaches 0.40 and 0.62
for the concrete and steel beam-water systems, respectively. For a given mode, the frequency
ratios generally depend on the beam boundary conditions and the number of water domains
in contact with the beam. When comparing frequency ratios obtained for the concrete and
steel beam-water systems, we see that the effect of fluid-structure interaction decreases with
larger beam stiffness. We also observe that the frequency ratios tend towards unity for higher
modes, implying that hydrodynamic effects on the natural frequencies diminish as a function

of increasing vibration modes.
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5.4 Conclusions

A simplified formulation was proposed to study the modal dynamic and earthquake res-
ponse of flexible beam-type structures vibrating in contact with one or two fluid domains.
The methodology developed extends available analytical solutions for mode shapes and na-
tural vibration frequencies of slender beams with various boundary conditions to include the
effects of fluid-structure interaction. Simplified expressions are then developed to determine
the earthquake response of coupled beam-fluid systems and predict their natural vibration
frequencies. Two beam-fluid systems were selected and numerical tests were performed to va-
lidate the results of the proposed simplified method against advanced finite element results.
We showed that the simplified procedure gives an excellent assessment of (i) the earthquake
response of coupled beam-fluid systems, and (ii) the natural vibration frequencies indepen-
dently of the mode number and beam boundary conditions. The numerical results confirmed
the importance of accounting for fluid-structure interaction effects which may reduce by more
than twice the fundamental vibration frequency of the dry beam and amplify its response
quantities. From a practical standpoint, the proposed simplified technique offers an obvious
advantage when compared to advanced fluid-structure interaction capable finite element ana-
lysis. In the latter case indeed, the complexity of constructing finite element model of the
beam-fluid system is added to the need to satisfy convergence criteria related to the number
of elements or nodes in the beam model as well as the truncation length of the fluid domain.
The proposed simplified expressions can be easily implemented in day-to-day practice, and
can be used efficiently either to predict the modal dynamic properties of beam-fluid systems
for design purposes, evaluate such properties for existing beam-fluid systems, or extract pro-
perties of a dry beam based on available modal data of a beam-fluid system. Finally, the
methodology proposed can be extended to other types of structures for which mode shapes
and natural vibration frequencies can be evaluated or approximated using closed-form ex-

pressions.
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Appendix A

This appendix reviews the mode shapes v¢;, j=1... Ny, of a slender beam and its deriva-
tives as a function of the various boundary conditions illustrated in Fig.6E2 [28] :

— For Clamped-Free (CF), Clamped-Pinned (CP), Clamped-Sliding (CS) and Clamped-
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Clamped (CC) boundary conditions

¢§x) (y) = cosh (%) — cos (%) —0j [sinh (%) — sin (%)] (5.A.1)
2,/,(z) 2
—0 ?yQ(y) = % {COSh (%) + cos (%) —0j [Sinh (%) + sin (%)] }

(5.A.2)
3,,() 3
< o (5 () o o () o ()}
(5.A.3)

where the parameters §; and o; are given in Tableb AT for the different boundary
conditions.

— For Pinned-Pinned (PP) boundary conditions

i (y) = sin (%) (5.A.4)
2,1, (%) 2
0 @(/;JyQ(w :—%Siﬂ( jy> (5.A.5)

(5.A.6)

= ——COS

Biy

H

w7y B M)
oy? H3 H

where the parameters ; are given in Table 57ATL.
The corresponding functions ;, j=1... Ny in Eqgs. (54), (63) and (519) are given by
— For Clamped-Free (CF), Clamped-Pinned (CP), Clamped-Sliding (CS) and Clamped-
Clamped (CC) boundary conditions

¥; () = cosh (B; ) — cos (8;y) — o [sinh (8, §) — sin (3, )] (5.A.7)

— For Pinned-Pinned (PP) boundary conditions

¥;(y) = sin (3; 9) (5.A.8)
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Table 5.A1 Equations to determine o; and ; for modes j=1... Nj.

Boundary conditions oF f3; is solution for :

Clamped-Free (CF) cos(f;) cosh(B;) +1=0

Clamped-Pinned (CP) C9Sh gj — S.OS b tan(f3;) — tanh(8;) =0
] .
. sinh(f;) — sin(5;
Clamped-Sliding (CS) Bj- oo BJJ tan(5;) + tanh(5;) =0

Clamped-Clamped (CC)

cos(p;) cosh(B;) —1=10

Pinned-Pinned (PP) - Bj=jm
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This paper proposes a new practical and efficient procedure to investigate the
seismic response of gravity dams that : (i) avoids the finite or boundary ele-
ment discretization of the reservoir; (ii) can be applied using standard finite ele-
ment software not necessarily including fluid-structure interaction capabilities;
and (iii) accounts for dam and foundation flexibility, water compressibility, and
reservoir bottom wave absorption. The proposed technique consists of modifying
the original input ground acceleration to obtain a new accelerogram that directly
accounts for the complex effects of fluid-structure interaction. This new accele-
rogram can then be applied to a dam or dam-foundation system without the
impounded reservoir. The exact and simplified formulations of the proposed me-
thod are developed, and its efficiency validated through examples of dam-reservoir
systems with different geometries. Very satisfactory agreement is obtained when
comparing the results to more advanced finite element solutions including fluid-
structure interaction capabilities. The new procedure enhances the efficiency of
seismic assessment of gravity dams by reducing the modeling and computational
burden associated with reservoir discretization, while keeping the main advantages
of conventional solid finite element software in conducting dynamic analyses and

providing the resulting stresses, strains, or other dam response indicators.
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6.1 Introduction

Investigating the dynamic behavior of gravity dams and evaluating their seismic safety
has been a major research and engineering concern for the last several decades. The signifi-
cance of including structural deformability, water compressibility and energy dissipation at
reservoir bottom in the seismic analysis of gravity dams has been highlighted by several re-
searchers (Chopra, 1970, Chakrabarti and Chopra, 1973, Chopra, 1978, Saini ef all, 1978, Hall
and Chopra, 1982, Fenves and Chopra, 1984a, [Liu and Cheng|, 1984, [Fok ef all, T98a, [T'sai
and Led, 1987, Humar and_Jablonski, 198, Maeso et all, 2004, Miquel and Bouaanani, 2010).
Most available procedures accounting for these parameters are based on a coupled field solu-
tion through sub-structuring of the studied dam-reservoir system, making use of analytical
formulations, finite elements, boundary elements or a combination of these techniques.

In the analytical studies, the hydrodynamic forces at the dam-reservoir interface are de-
termined analytically by solving the classical Helmholtz equation under specified boundary
conditions applied at the boundaries of an assumed rectangular shape reservoir extending
to infinity in the upstream direction (Fenves and Choprd, 19844, Bouaanani and Miquel,
2010). By doing so, the effects of water compressibility and reservoir bottom wave absorption
can be included directly in the analysis. The overall dynamic response of the dam-reservoir-
foundation system is then determined by coupling the effects of the three substructures by
means of interface forces (Fenves and Chopra, 19844, [Fenves and Chopra, T984H). A common
feature to finite and boundary element methods is that they require the discretization of
the water domain and the modeling of fluid-structure interaction forces and compatibility at
the dam-reservoir interface, as well as energy absorption due to sedimentation at reservoir
bottom (Hall and Chopra, 1982, Humar and Jablonski, 1988, Bouaanani and Lu, 200Y). Due
to the large extent of the reservoir, these methods also require its virtual truncation at a
finite distance from dam face and application of appropriate transmitting boundary condi-
tions at the upstream end to ensure adequate energy radiation at infinity (Sommerteld, 1949,
Zienkiewic7, 1969, Sharan, 985, Maity,, 2005, Bouaanani and Miquel, 2OT0).

To apply the previously described analytical and numerical procedures, specialized soft-
ware or advanced programming, combined with appropriate user’s expertise, are needed to
obtain valid results. The main motivation of the present work is to provide engineering prac-
tice with a procedure to analyse earthquake-excited gravity dams that : (i) avoids the finite
or boundary element discretization of the fluid domain and direct modeling of related fluid-
structure interaction forces and boundary conditions ; (ii) can be applied using standard finite
element software that includes only classical solid finite elements and not necessarily fluid-

structure interaction capabilities ; and (iii) accounts for dam and foundation flexibility, water
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compressibility, and reservoir bottom wave absorption. These objectives will be achieved by
transforming the original input earthquake into a new accelerogram, modified to include
fluid-structure interaction effects, and which can be applied directly to a dam monolith wi-
thout the impounded reservoir. For brevity, the developed technique will be referred to as the
Modified Accelerogram Method (MAM) in what follows. The new procedure enhances the
efficiency of seismic assessment of gravity dams by reducing the modeling and computational
burden associated with fluid domain discretization, while keeping the main advantages of
conventional solid finite element software in conducting frequency- or time-domain dynamic

analyses and providing the resulting stresses, strains, or other dam response indicators.

6.2 Formulations of the proposed Modified Accelerogram Method

6.2.1 Description of the studied dam-reservoir system, basic notation and as-

sumptions

The 2D gravity dam cross-section shown in Fig. 61 (a) is considered here to illustrate the
dynamics of dam-reservoir systems. The dam has a total height Hy and it impounds a semi-
infinite reservoir of constant depth H,. A Cartesian coordinate system with axes x and y with
origin at the heel of the structure is adopted and the following main assumptions are made :
(i) the dam has a linear elastic behavior; (ii) the dam foundation is massless and can be rigid
or flexible; (iii) foundation radiation damping is neglected ; (iv) the water in the reservoir,
of mass density p,, is assumed inviscid, with its motion irrotational and limited to small
amplitudes; (v) gravity surface waves and compulsive effects are neglected ; (vi) effects of
sediments that may be deposited at reservoir bottom are considered. For clarity and brevity
of the text, the dam with an empty reservoir will be referred to as the dry structure, while

the wet structure will refer to the dam-reservoir system.

6.2.2 Exact formulation of the proposed Modified Accelerogram Method

Considering unit horizontal harmonic ground acceleration ig4(t) = e“*, assuming viscous
damping &, and using modal superposition and mode shape orthogonality, the dynamic res-
ponse of the dry dam structure can be obtained as the superposition of Ng responses of
Equivalent Single Degree Of Freedom (ESDOF) systems with generalized coordinates Z;e),

j=1...N;, satisfying (Fenves and Choprd, 19843, Miquel and Bouaanani, 2010)

(6.1)
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Figure 6.1 Studied systems : (a) Gravity dam-reservoir system or wet structure; (b) Gravity
dam without reservoir or dry structure.

with
zm:¢JM¢ﬁ @:¢§M1 (6.2)

and where M is the mass matrix of the structure, w; is the vibration frequency corresponding
to structural mode shape 1;, and M; and L; the corresponding generalized mass and force,
respectively. When mode shapes are also mass-normalized, the generalized masses have unit

values M;=1, j=1... N, otherwise, L; and M; can be determined as follows
() e
L= [ [ty ey dsy = [ o0 dy (63)
0

vi= [ [own {[s0en] + 10 = [ [0 0.0] 0 6

where ps and pug are respectively the density and mass per unit height of the structure.

When fluid-structure interaction is included, the vector Z of frequency-dependent genera-
lized coordinates Z;, j = 1... Ny, can be obtained by solving the system of equations (Fenves
and Chopra, 19844, Miquel and Bouaanani, 2010)

SZ=Q (6.5)
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in which, form=1... Nyand 7 =1... N,

Sim(w) = [ —w? + 21 ww; + Wi M; jm — w? 9jm(w) (6.6)

where 0; ,,, is the Kronecker symbol and where

Ojom(w) = —/0 750, ,0) ¥2(0, ) dy (6.8)
Pon(w) = /0 (0, 9,w) (0, ) dy (6.9)

with py and p; denoting, respectively, the hydrodynamic pressures due to the rigid and flexible
motions of the dam as defined in Appendix A for convenient reference.

The previous equations were developed for a unit horizontal harmonic ground accelera-
tion g (t) =e“". In the general case, the Fourier transform of a given ground acceleration tig(?)

can be determined as .
iy () = / iy (£) e dt (6.10)
0

in which ¢, is the time duration of the applied accelerogram. For each mode j=1... Ny, ground

(e) (e)

acceleration g produces the following modal displacements «;’, u; and accelerations i_lj

and ; of the dry and wet structures, respectively

W\ (@, y,w) = dig(w) 23w Y, y) ;A (2, y,w) = —ig(w) w22 (w) ¥y (2, ) (6.11)
ﬁj(x7y7w> = ug(w) Zj(w) wj(x7y) ; {lj(x,y,w) = —ug(W) WZZj(w> %(%y) (612>

Let us define a mode- and frequency-dependent ground acceleration ag ) 50 that

af) (@) 27 () (. y) = iig(w) Z; () vy, ) (6.13)
yielding to
j _ Z;(w)
al? (w) = iig(w) _;e)(w) (6.14)

by

a(t) = —/ aV(w) e“! dw (6.15)
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Executing N finite element modal analyses for every mode j=1... Ny of the dry structure
subjected to respective ground motions ag ) and adding up the solutions leads to the response
of the wet structure. As can be seen, this new formulation converts the analysis of the
wet structure subjected to a ground acceleration i, into Ny analyses of the dry structure
u) , 7 =1...Ng, obtained through modification of the

original ground acceleration .. This process justifies the designation Modified Accelerogram

subjected to ground accelerations ag

Method (MAM) given to this technique. The formulation can be used to include the complex
effects of fluid-structure interaction through a finite element analysis of the dry structure as
illustrated in Fig.B(b). As will be shown later, the MAM requires only a few structural
modes to obtain convergence. The formulation presented in this section is referred to as exact
as it yields ezactly the same results as the sub-structuring method proposed by Fenves and
Chopra (1984a). In the next section, we propose a simplified formulation of the MAM, where

the modified accelerogram is mode-independent.

6.2.3 Simplified formulation of the proposed Modified Accelerogram Method

In the previous section, we showed that the exact formulation of the MAM requires the
execution of Ny dynamic analyses of the dry structure with each analysis using a mode-
dependent modified accelerogram ag ), j=1...N;. In this section, we propose a simplified
formulation where only one mode-independent modified accelerogram is required, thus al-
lowing a single dynamic analysis of the dry structure. The total displacements u®)(x,y, w)

and u(x,y,w) within the dry and wet structures, respectively, can be written as
@) (x,y,w) = iiy(w Z 7 (w) () (6.16)

Ne
u(x,y, w) = lg(w Z w) Yz, y) (6.17)

We next define a mode-independent accelerogram a, so that

w) 5@, y) (6.18)

”MZ

Ny
l’y, Z (©) ijxy*ug
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yielding

Ns

> Zi(w) by(x,y)

j=1

> 27 @)ty

ag(z,y,w) = ig(w) (6.19)

Note that instead of depending on mode shape j as the accelerogram a ) defined previously
in Eq. (B14), the new accelerogram a, is a function of coordinates z and y where the mode
shapes are evaluated. The displacements of the wet structure subjected to accelerogram a,

can be expressed

a(‘r7y7 ) - (Ig T,Yy,w ZZG w] T y) (620)

= i) > 27 (@) () (6.21)

u(z,y,w) = ig(w) Z (W) v5(,y) (6.22)

The validity of this simplification will be illustrated later for various dam-reservoir systems.

Accordingly, a simplified modified accelrogram a, can be computed as follows
(6.23)

Introducing this frequency-dependent and coordinate-independent acceleration into Eq. (B13)

yields the simplified mode- and coordinate-independent accelerogram a,(t) that can be di-
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rectly applied to the dry structure to obtain the corresponding dynamic response of the wet
structure.

To simplify computations further, we propose a simplified method to obtain the generali-
zed coordinates Z;, j=1... N, instead of solving Eq. (63) using a matrix analysis numerical
solution scheme. In a fundamental mode analysis, i.e. Ny =1, the only generalized coordi-

nate 7, is given by

Zi(w) = (6.24)

5171 (CU)
When two structural modes are to be included, the generalized coordinates can be obtained

as

= So.2(w) Ql(w) - 51,2(w) Q2(w)

1) Sy 1w )S‘ 2(w) — 5%2(“’) (6:25)
7 () — S1 1EW) Q2€W) - 51,2(})) Ql(“)

2(w) S1,1(w)Sa2(w) — Si2(w) (626)

Finally, if higher mode effects are to be included in the analysis, i.e. Ny > 3, we show that

the generalized coordinates can be approximated by decoupling the system of equations (63)

as follows
7 (o) o 222(0) Q1(w) = S15(w) @a(w)
A G %0al0) - ) 62
> o Sic1i-1(w) @(w) — 85— ( ) Qj—1(w) o
Zi(w) =~ 51 (@) S5y @) — 55, (@) for j=2...N; (6.28)

The parameters S;,, and Q,, in Egs. (E2d) to (628) are given by Eqs. (68) and (522) for
J, m=1...N;. Using the above decoupling scheme, we show that only parameters ¥, ;_;, ¥; ;
and T; from Egs. (EX) and (E9) are required to determine Z; for j = 1... N,. Simplified
expressions are developed next to evaluate these terms. The technique used is based on the
approach proposed by Bouaanani and Perrault (2010) consisting of approximating the z—
component of mode shape t; of the dry structure by a polynomial function of order Ny, and

coefficients a; ;. as illustrated in Fig. 62

Ui00,5) ~ Y a i (6.29)

k=0

where g =1vy/H,;. When dam foundation flexibility is neglected, the mode shapes of the dam

on a rigid foundation are considered and a;o=0, j=1... Ny, because there is no translation
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at dam base. The dam foundation can also be assumed massless (Bayraktar et all, 2004), in

which case, only soil flexibility is considered while inertia and radiation damping effects are
neglected. When such an approximation is adopted, the mode shapes of the dam-foundation
system are used and the non-null translation at dam base yields a;o # 0, j =1... Ny as
illustrated in Fig. B2.

’ @ Lk
YNy Mode shape from finite element analysis = ;" 0,7) = ajo+ Zaﬁ?’“ T
Original geometry—, i ° + k=1 [
: —1
Yk

aa | o @ @)™ | 05— a0

S
&
=
(an)
o
e
I
s
L
S k=)
<
'"‘*'IJ
T

Sliding boundary

#: <— Dam foundation deformed along mode shape j
2 Fixed boundary

Figure 6.2 Approximation of the mode shapes of a gravity dam-foundation system.

Substituting Eq. (629) into Egs. (638), (69), and (62A=2), we show that the parame-

ters I';, ¥;;_1, and ¥, j, for j=1... N;, can be obtained as

I(w) = —2p.HY XW: 2:23; I,z:(i]w)) Sjn(w) (6.30)
19]'7]'—1(&)) = QPrHrQ zw: % [Sj_lm(UJ)} [Sjm(W)} (631)
0;5(w) = 2p.H? ZW % [Sjn(w)]® (6.32)

in which N, is the number of water modes included in the analysis, A\, are eigenvalues to
be determined by solving Eq. (EZA=3) numerically or by using the closed-form expression in
Eq. (BA) as proposed by Bouaanani and Perrault (2010), the parameters 3,, k, and Iy,
are obtained from Eqgs. (B-A8) to (B-A™), respectively, and S;,, is defined by

Sin(w) = Fjn(w) Ion(w) + Gjn(w) (6.33)
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where the functions F},, and G, are given by Bouaanani and Perrault (2010) and recalled in
Egs. (BEATT) and (BATT2). We show that only the first term of the sums in Eqgs. (6230), (6231)
and (B232) is highly frequency-dependent, while the others, i.e. n=2... Ny, can be assumed

frequency-independent. This approximation leads to the simplified expressions

[j(w) = 7(w) +7; (6.34)
Ujj-1(w) = bj5-1(w) + 67,4 (6.35)
193'7]' (w) = 9j}j((x)) -+ 0;,j (636)

The frequency-dependent parameters v;, 6, -1 and 6;; can be determined as

2 AT (w) To1(w)
" Bi(w) Ka(w)

vi(w) = —2p; Sia(w) (6.37)

—(w) [Sj_Ll(LUﬂ [Sjl((x))] (638)
(6.39)
where Iy, is given by Eq.(B2A), and Fj; and G, can be obtained from Eqgs. (E-ATT)

and (EZAT2). The frequency-independent parameters 7, 7, and 07 ; in Egs. (6534) to (E=38)

are given by

V= —2er22 Bn(g); Iﬁon”(m)) S;n(0) (6.40)
0r =2 HQZW:Bn o L5 (0] [S50(0)] (6.41)

075 = 2p.H; nz; #% [S5n(0))° (6.42)
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and can be simplified further for practical evaluation to

Ny,
vy = % n H? Z a;rn" By (6.43)
k=0
% A4pr 9,09 G ks 2k
051 = pal H; Z Z [(ajpaj-1s+ aj_1pajs) 0" n° Aps] — ajeaj_1,n™ Aer p (6.44)
k=0 s=k
* A4pr 9,09 G & k. s 2 2k
ejJ - 0" H; Z 2 Z (aj,k ajs Apsn 1 ) — Ay Arrn (6.45)
k=0 s=k

where n=H,/H, and

Nw

Al ) Js\0 —1)" fr(n
with . . (20— 1)y
= — y" cos Sl PRI BT .
i = e [ cos | 0T g (6.47)

For practical computations, the coefficients Ay, and Bj were determined with sufficient
reservoir modes Ny, to ensure convergence and are given in Table 6ZAT for £k =0...8 and
s=0...8.

6.3 Numerical examples

6.3.1 Frequency response of gravity dams on rigid foundations

We consider four typical concrete gravity dam sections D1, D2, D3, and D4, with heights Hy
of 21m, 35m, 60m and 90m, respectively, as illustrated in Fig.623. A mass density ps =
2400 kg/ m®, a Poisson’s ratio v =0.2 and a modulus of elasticity E; =25 GPa are assumed
as concrete material properties for each dam and a 5% structural viscous damping ratio is
used. The mass density of water is taken as p, = 1000 kg/n13 with a pressure wave velo-
city of C, =1440m/s. Reservoir heights H, of 18 m, 32m, 57m and 86 m are considered for
dams D1, D2, D3, and D4, respectively.

The dam monoliths are discretized into 9-node plane strain finite elements using the soft-
ware ADINA (2010). For each dam-reservoir system, the displacement frequency response

curves for a unit ground acceleration iy(w) =1 are determined in two ways : (i) the exact
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60.0 m

Figure 6.3 Dimensions of studied gravity dam monoliths.

MAM formulation using Eq. (B220) with the generalized coordinates determined by applying
Egs. (B8) to (B3) and then solving Eq. (633) numerically ; and (ii) the simplified MAM formu-
lation using Eq. (6224) with the generalized coordinates determined by applying Eqs. (6224) to
(627). When Eq. (6220) is used, the accelerogram is coordinate-dependent and thus the results
are shown in Fig. 64 for four different heights y= Hy, y=3 Hy/4, y= Hs/2 and y= H;/4 of
points belonging to the dam-reservoir interface. The practically coincident curves confirm the
validity of the approximation in Eq. (6222), and show that neglecting coordinate dependency
in the computation of the simplified modified acceleration a, does not affect considerably the

results.

6.3.2 Time-history response of gravity dams on rigid foundations

In this example, we investigate the dynamic response of the four dam-reservoir systems
described previously, subjected to a horizontal component ground motion i, from Imperial
Valley earthquake (1940) recorded at El Centro. The results of the exact and simplified MAM

formulations developed in sections 6222 and 6223 are compared to those from an advanced

finite element solution taking account of fluid-structure interaction between the dam and the
reservoir. In the latter case, the dam is modeled using 9-node solid finite elements as before,
while the reservoir is discretized using ADINA potential-based fluid elements (Bonaanani and
Lu, 2009, ADINA! 2010). A direct integration time-history dynamic analysis and Rayleigh
damping are used.

The formulation of the exact MAM described in Section E222 is applied using Ny = 5
modified accelerograms ag ) j=1...N,, determined according to Eqs. (614) and (613). This

number of modes is shown sufficient to obtain convergence for the four studied gravity dams.
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Figure 6.4 Displacement frequency response under unit harmonic ground motion computed
at four different heights of points belonging to the dam-reservoir interface : (a) Dam D1;
(b) Dam D2; (¢) Dam D3; (d) Dam D4. __ y= Hy; — y= 3Hy/4; — y= Hy/2; — y=
H,/4. Continuous lines : Results obtained using Eq. (6221) ; Dotted lines : Results obtained
using Eq. (B222).

Each of the four dry structures is subjected to the 5 modified accelerations and a frequency
shift is applied to isolate the effect of each mode and compute the corresponding modal
eigenvalues and eigenvectors. Modal superposition is applied next to obtain the total time-
history response of each dam-reservoir system. The same number Ny=5 of modes is used to

apply the formulation of the simplified MAM presented in Section 6223. In this case, each of
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Figure 6.5 Input accelerograms : (a) Dam D1; (b) Dam D2; (¢) Dam D3; (d) Dam D4.
— Original accelrogram to be applied to dam-reservoir system; —_ Simplified modified ac-
celrogram to be applied to the dam without reservoir, i.e. Dry structure.

the four dry structures is subjected to a single modified mode-independent accelerogram a,
determined according to Eq. (B223). The original input accelorgram i, is compared to the
modified accelerogram a, in Fig.E3H. As can be seen, the modified accelerogram has higher
amplitudes than the original one and that its frequency content is different.

Fig. 63 shows the crest displacements obtained using the proposed exact and simplified

modified accelerogram methods, superposed to crest displacements from finite element ana-
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Figure 6.6 Crest displacements : (a) Dam D1; (b) Dam D2; (¢) Dam D3; (d) Dam D4.
— Proposed exact modified accelerogram method ; __ Proposed simplified modified accele-
rogram method; — Finite element analysis of dam-reservoir system.

lyses. We clearly see that the agreement between the three methods is excellent irrespective of
the dam-reservoir geometrical properties. This figure also illustrates the effect of dam height
and consequently the flexibility of the dam monolith on the dynamic response in terms of
frequency content and amplitude. The ability of the proposed modified accelerogram me-
thod in predicting stress distributions within the studied dam monoliths is investigated next.

Fig.B620 presents the maximum principal stress o; at maximum crest displacement for the
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four studied dams obtained using the proposed exact and simplified modified accelerogram
methods as well as finite element analyses. For clarity, all dam cross sections are scaled to
have the same height. Fig. 624 shows that the three methods yield practically the same stress

distributions for the four dam sections studied.

(al) (a2) (a3) o1(MPa)

0.65
£0.55
0.45
0.35
0.25
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(d1) (d2) (d3) o1(MPa)
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Figure 6.7 Maximum principal stress at maximum displacement : (al) to (a3) Dam D1; (bl)
to (b3) Dam D2; (c1) to (c3) Dam D3; (d1) to (d3) Dam D4. (al) to (d1) Finite element
analysis of dam-reservoir system ; (a2) to (d2) Proposed exact modified accelerogram method ;
(a2) to (d2) Proposed simplified modified accelerogram method.

1.25
0.75
0.25
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6.3.3 Time-history response of a gravity dam including the effects of foundation

flexibility and reservoir bottom wave absorption

In this example, the proposed modified accelerogram methods are applied to determine
the seismic response of the highest dam D4 described previously, while accounting for the
effects of a flexible massless foundation and reservoir bottom wave absorption. For illustration
purposes, a massless foundation with an elastic modulus Ef=2F; and a Poisson’s ratio v;=0.3
is considered. The foundation domain is extended to Hy = 2H in the vertical direction
and Lgl) = ng) =4H; in both upstream and downstream direction of the dam as illustrated
in Fig.62. Reservoir bottom wave absorption levels corresponding to =1, 0.85, 0.65 and
0.45 are included. The eigenvalues \,, are determined by solving Eq. (EZA=3) numerically when
applying the exact formulation of the modified accelerogram, while Eq. (EZA3) is used when
the simplified formulation of the modified accelerogram is applied. The crest displacements
obtained using the proposed exact and simplified modified accelerogram methods are plotted
in Fig. 6. For comparison purposes, the solution for a fully reflective reservoir bottom is
superposed to those for absorptive reservoir bottoms. The results in Fig. B8 confirm the ability
of the proposed simplified method to account for the effects of a massless flexible foundation
and reservoir bottom wave absorption. As expected, reservoir bottom wave absorption damps
out the dynamic response of the dam. We also note that for the studied dam, Eq. (EZA)

gives satisfactory results even for the case a=0.45.

6.4 Conclusions

A practical and efficient procedure to analyze earthquake-excited gravity dams was propo-
sed. The developed formulation consists of including the effects of fluid-structure interaction
into a new accelerogram obtained through modification of the original input ground accelera-
tion. Using the modified accelerogram avoids the finite or boundary element discretization of
the fluid domain and direct modeling of related fluid-structure interaction forces and boun-
dary conditions. The modified accelerogram is to be applied to the dry structure, i.e. without
the impounded reservoir, and can therefore be implemented in standard finite element soft-
ware that includes only classical solid finite elements, and not necessarily fluid-structure
interaction capabilities. The proposed procedure accounts for important seismic dam res-
ponse parameters such as dam and foundation flexibility, water compressibility, and reservoir
bottom wave absorption. The exact and simplified formulations of the method were develo-
ped, and their efficiency validated through examples of dam-reservoir systems with different
geometries. Very satisfactory agreement is obtained when comparing the obtained results to

more advanced finite element solutions including fluid-structure interaction capabilities. This
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Figure 6.8 Crest displacement of dam D4 including the effects of foundation flexibility and
reservoir bottom wave absorption : (a) a=1; (b) a=0.85; (¢) «=0.65; (d) «=0.45. _ Pro-

posed exact modified accelerogram method; —_ Proposed simplified modified accelerogram
method ; _ _ Finite element analysis of dam-reservoir system with fully reflective reservoir
bottom.

new procedure enhances the efficiency of seismic assessment of gravity dams by reducing the
modeling and computational burden associated with reservoir discretization, while keeping
the main advantages of conventional solid finite element software in conducting dynamic

analyses and providing the resulting stresses, strains, or other dam response indicators.
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Appendix A

The frequency response function (FRF) for total hydrodynamic pressure exerted on the
face of the dam subjected to unit horizontal harmonic ground acceleration iy (t) =e“* can be

decomposed as (Fenves and Chopra, 19843

Nq

ﬁ(y,(ﬂ) :p0<y7w) - WQZZJ(W) pj(va) (6A1)

J=1

where pg is the FRF for hydrodynamic pressure due to rigid body motion of the dam, and
where p; is the FRF corresponding to hydrodynamic pressure due to horizontal accelera-
tion wj(.z) (v) :zb](-m)(o, y) of the dam upstream face along structural mode j. Using the boun-
dary conditions translating free reservoir surface, compatibility at dam-reservoir interface,
undisturbed pressure at infinite and wave reflection at reservoir bottom, FRFs p, and p; can
be expressed at upstream face of the dam as (Fenves and Choprd, [984a, Bonaanani and
Miquel, 20T0)

n(w)

() Yo(y,w)

(6.A.2)

where N, is the number of water modes included in the analysis, and A,, and Y,, are complex-

Po(y,w) = —2p H, Z B IO” u;) Yoly,w)s pilyw) = =2p:H, Z 5

valued frequency-dependent eigenvalues and orthogonal eigenfunctions satisfying for each

reservoir mode n

o2 (@) H _ _)\n(w) — wq ; Yy w) = [)\n(w) - wq} e An(@)y 4 [)\n(w) + wq] ern(@)y
An(w) + wq 2\, (w)
(6.A.3)
in which ¢ is a damping coefficient defined at the reservoir bottom as
X 11—
P _ “ (6.A.4)

:,Ofo_al+Oz

where ps and Cf denote the mass density and the compression wave velocity within the re-
servoir foundation, respectively, C, is compression wave velocity within the reservoir, and
a is the wave reflection coefficient representing the portion of the wave amplitude reflec-
ted back to the reservoir. The first relation in Eq. (EZA=3) is a transcendental equation to
be solved numerically to obtain the eigenvalues \,. In the context of a simplified method,
the following approximate closed-form expression developed by the second author in a pre-

vious work (Bouaanani and Perranlfi, 2010) can be used for highly to moderately reflective
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reservoirs, i.e. o > 0.65

(W) = (2”4%” + \/%TI)LW +i % (6.A.5)

If full wave reflection at reservoir bottom is assumed (i.e. a=1), the reservoir modes A, are

frequency-independent and simplify to

2n—1)7
A\, = — 25 6.A.6
¥ (6.A.6)
yielding to hydrodynamic pressure FRFs py and p;
N N
_ —4pr g~ (D" cos(hny) _ S Lin(w)
poyw)=—=3 G T) = Biyw) =20 ) = cos(My)
n=1 A2 — w_ n=1 A2 — w_
(6.A.7)
The parameters 5, kp, Lo, and I;,, in Eq. (B2A72) are given by
2 2 27, - w?
Bn(w) = H, [A(w)? — w?¢?] +iwg; Kn(w) = 4| An(w)? — 2 (6.A.8)
ie™An (@) (W) H, 1w
Iop(w) = WA |:)\n<W) — wq + wget®@) ] ; Iin(w) = ﬁr/() ¥ (y) Ya(y,w) dy
(6.A.9)

For practical computations, the the z—component of mode shape ;, j=1... N, of the dry
structure can be approximated by a polynomial function of order Ny, and coeflicients a;
as given by Eq. (6229) and illustrated in Fig. 2. Bouaanani and Perrault (2010) showed that

the parameters Iy, and I, can then be related by

I n(w) = Fjp(w) lop(w) + Gjp(w) (6.A.10)
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where the coefficients F},, and G, are developed by Bouaanani and Perrault (2010) as

_ : k—¢ A%()\TIHI‘) - k—/¢ A2€+1()‘nHr>
)= S [ 0 e [ o e e
(6.A.11)

‘ _ dwg 1 iwg (=1)* - (—1)k ‘
GJVH(W) B A%Hr F]m(w) * )\nHr Ek: { |: )\n AZk(Aan) a]Qk A2k’+1()\an) a]’2k+1

(6.A.12)

in which A, (w) is noted as A, for clarity and the complex-valued function A,, is defined as

An(2) = — (6.A.13)
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CHAPITRE 7

Discussion générale

7.1 Introduction

Bien que de nombreuses méthodes complexes existent dans la littérature et puissent tenir
compte de nombreux parametres ayant de l'influence sur la réponse dynamique des struc-
tures en contact avec de I'eau, ces méthodes ne sont que rarement utilisées dans la pratique
routiniere de 'ingénieur. Leur complexité ainsi que 1’expertise requise pour les appliquer sont
souvent un frein a leur utilisation. Par conséquent, et comme il a été mentionné précédem-
ment, les méthodes simplifiées demeurent les plus courantes. Cependant, ces méthodes ont
été développées en se basant sur de nombreuses hypotheses simplificatrices qui peuvent affec-
ter 'estimation de la réponse dynamique des systemes étudiés. Le but de ce chapitre est de
comparer des méthodes simplifiées courantes a des techniques complexes afin d’identifier leur
validité et leur robustesse. La réponse dynamique des systemes eau-structures dépend de tres
nombreux parametres rendant impossible l'isolation de 'effet de chacun d’entre eux. C’est
pour cela que nous nous contenterons d’étudier la validité de ces méthodes pour plusieurs géo-
métries données d’'un systeme barrage-réservoir. On doit donc noter que les résultats obtenus
ici ne permettent pas de généraliser les conclusions a tous les barrages. Néanmoins, nous cher-
chons dans ce chapitre a mettre en valeur les conséquences que peuvent avoir les hypotheses
simplificatrices sur la réponse dynamique des structures en contact avec de ’eau. Par ailleurs,

nous aborderons certaines difficultés liées a la modélisation de 'interaction fluide-structure.

7.2 Description des méthodes étudiées

Nous reprenons tout d’abord certaines méthodes présentées dans la revue de littérature
et détaillées dans les chapitres précédents. De nouveaux développements liés a la méthode
pseudo-dynamique développée au cours de ce doctorat seront décrits. A des fins de clarté, le
méme systeme et la méme notation que ceux présentés dans la Figure 271 seront utilisés pour
chacune des méthodes décrites ci-apres. Nous considérons une fondation rigide et aucune

absorption engendrée par le dépot de sédiments au fond du réservoir.
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7.2.1 Méthodes de références

La méthode analytique de Chopra et collaborateurs ainsi que la méthode numérique des

éléments finis sont présentées ici et serviront de méthodes de références pour les comparaisons.

Méthode analytique de Fenves et Chopra (1984)

Cette méthode ayant été largement décrite dans les chapitres précédents, seules les équa-
tions nécessaires pour le calcul de la réponse dynamique d'un systeme barrage-réservoir y
seront rappelées. L’équilibre dynamique du systeme barrage-réservoir peut s’exprimer dans

le domaine fréquentiel par :
[~w*M+iwC+K]Ulw) = -M1 + F,(w) (7.1)

ot U est un vecteur colonne contenant les fonctions de réponses en fréquences (FRF) des
déplacements relatifs nodaux du barrage, M, C et K sont respectivement les matrices de
masses, d’amortissement, et de rigidité, Fj, est un vecteur colonne contenant les FRF des
pressions hydrodynamiques, et 1 est un vecteur colonne de méme dimension que celui des
déplacements, et contenant des zéros sauf sur les degrés de liberté horizontaux qui corres-
pondent a la direction de I'excitation sismique. En utilisant la superposition modale, les FRF

des déplacements et accélérations aux coordonnées (z,y) sont donnés par

(e, 9,) = gl Zw%yz @) ) = i) Y9 @) Zi(w) (72
o(z,y,w) = dig(w Zw (z,y) Zj(w); 5(w>y,w)Z—ﬁg(W)WQZS:%@)(%y)Zj(W) (7.3)

ol % et ¥ sont les déplacements horizontaux et verticaux relatifs, i et  les accélérations hori-
zontales et verticales, 1/1](~z) et l/Jj(y) sont les composantes z— et y—du j°™° mode du barrage, Z;
la coordonnée généralisée, Ny le nombre de modes structuraux inclut dans 'analyse et iy (w)
est "amplitude de I'accélération du sol a la fréquence d’excitation w. Fenves et Choprd (1984)
ont démontré que la pression hydrodynamique totale peut se décomposer en une pression due
au mouvement de corps rigide du barrage py et une pression du a sa flexibilité p;. La pression
total p pour une accélération unitaire du sol se calcule en utilisant 1’équation (B=2).

Afin de déterminer les déplacements dans la structure, les coordonnées généralisées doivent
étre déterminées au préalable. Pour cela, les équations (B3) & (BXR) doivent étre évaluées

pour chaque fréquence et mode structural afin de calculer les pressions py et p;. Pour le
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calcul des ces pressions, on note que les modes de vibrations structuraux sont nécessaires.
Une analyse modale par éléments finis de la structure seche (i.e. avec le réservoir vide) peut
étre réalisée. Ces pressions sont ensuite utilisées pour le calcul des termes de la matrice S
et du vecteur Q. Ils sont donnés respectivement par les équations (B12) et (BL3). Dans ces
équations, les propriétés dynamiques de la structure seche sont aussi nécessaires. De méme
que précédemment, une analyse par éléments finis permettera de calculer les fréquences na-
turelles w, et les facteurs de participations modales L,. Si les modes structuraux utilisés
proviennent d’une analyse par éléments finis, ils sont généralement normalisés par rapport a
la masse et donc M,,=1. Finalement, la résolution du systeéme (BII) permet alors d’obtenir
les coordonnées généralisées pour chacun des modes structuraux inclus dans ’analyse. Dans
le cas ou un seul mode de vibration est pris en compte, la coordonnée généralisée peut direc-

tement étre calculée par I'équation (BIQ).

Une fois que les coordonnées généralisées sont calculées, les déplacements, vitesses, accé-
lérations et pressions peuvent étre déterminés par superposition modale. Dans ce qui suit,
nous nous intéresserons aussi a la position de la résultante des forces hydrodynamiques y,
ainsi qu’a la force de cisaillement totale a la base de 'ouvrage V. Ces deux résultats peuvent

étre calculés par :

Ye(w) = =7 (7.4)
| #0may
V) = ile) 3 Ly Z4() (7.5)

Méthode des éléments finis

Cette méthode a été décrite dans la revue de littérature ainsi que dans les chapitres
précédants. Elle consiste a discrétiser le réservoir et la structure en éléments finis. Des élé-
ments d’interfaces sont placés entre les deux domaines afin de tenir compte de l'interaction
fluide-structure. Dans notre cas, la formulation Eulérienne pour les éléments finis fluides et
le logiciel ADINAI (2010) ont été choisis. En effet, les travaux de Bouaananief Lu (2009)
ont validé ces choix en montrant notamment que d’excellents résultats sont obtenus lorsque

comparés a la méthode analytique de [Fenves et Chopra (T984).

Deux types d’analyses sont possibles afin de déterminer les courbes de réponses en fré-
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quences. La premiere consiste a utiliser une analyse modale. Pour celle-ci, un ratio d’amor-
tissement modal est utilisé. L’autre solution, tres cotiteuse en temps de calcul, consiste a
réaliser une analyse temporelle par intégration directe ou un amortissement de Rayleigh

(IR77) est utilisé. Un signal sinusoidal unitaire de fréquence w est utilisé comme excitation.
Suffisamment de pas de calcul sont pris en compte afin d’obtenir la magnitude maximale de

la réponse permanente. Cette démarche est effectuée pour chaque fréquence d’intéret.

Selon le type d’analyse effectuée, la compressibilité de I’eau peut ou non étre incluse. En
effet, I'interaction fluide-structure modifie les propriétés dynamiques de la structure. Lorsque
la compressibilité de I'eau est négligée, 'effet de 'interaction fluide-structure peut étre modé-
lisé comme une masse ajoutée indépendante de la fréquence d’excitation. Cette masse modifie
la période de vibration du systeme et ajoute une force additionnelle. Lorsque la compressibi-
lité est incluse, cette masse ajoutée devient dépendante de la fréquence, et un amortissement
additionnel est ajouté au systeme eau-structure. Afin d’expliquer ce phénomene, il faut se
rappeler que I'incompressibilité signifie que les ondes de pressions se déplacent a une vitesse
infinie dans le domaine d’eau. Par conséquent, quelle que soit la longueur du réservoir, une
onde de pression peut instantanément se propager d'un bord a l'autre du domaine. Lorsque
la compressibilité de ’eau est incluse, cette méme onde met un certain temps pour se propa-
ger d'un coté a 'autre. Si le domaine est semi-infini, 'onde devrait se propager vers l'infini.
Ceci a pour conséquence une perte d’énergie ou amortissement additionnel. La dépendance
de la fréquence dans le cas d’une eau compressible provient du fait que, tout comme une
structure, le réservoir a des périodes de vibrations. Selon si ’excitation est proche ou loin de

ces périodes, 'amplification ne sera pas la méme.

Pour I’eau considérée incompressible, ces observations justifient les résultats obtenus dans
le chapitre @. Nous avions conclu que le domaine d’eau peut étre seulement modélisé sur une
distance égale a trois fois sa hauteur, et un mur rigide peut-étre utilisé comme condition aux
frontieres. En effet, étant donné que pour cette hypothese il n’y a aucune perte d’énergie en
raison de la géométrie infinie du domaine d’eau, une condition aux frontieres transmettantes
n’est pas requise. Avec ces observations, une analyse modale ou temporelle par intégration

directe peut étre réalisée.

Dans le cas ou la compressibilité de 'eau est incluse dans ’analyse, un mur rigide n’est
plus adéquat pour la modélisation du domaine d’eau, car on doit tenir compte de la dis-
sipation d’énergie de propagation des ondes de compression a l'infini. Une condition aux

frontieres transmettantes (CFT) est alors nécessaire. Dans la premieére partie de cette these,
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une attention particuliere a été portée a l'utilisation de ces conditions aux frontieres et leur
comportement. Les résultats de cette recherche ont fait I’objet d’un article mis en annexe A
de cette these. De par le grand nombre de CF'T proposées dans la littérature, il a paru utile
de proposer un test numérique permettant de valider leur performance et leur efficacité. Pour
cela, nous avons commencé par développer une formulation analytique pour étudier un sys-
teme barrage-réservoir ou le réservoir est tronqué a une certaine distance et ou ’on applique
une CFT donnée. Cette formulation a conduit a I’expression exacte de la CFT requise pour
obtenir une réponse dynamique identique a celle d’un réservoir infini. Afin de comprendre le
fonctionnement de la CFT exacte développée ou d’autres conditions reportées dans la litté-
rature, nous avons testé la sensibilité de la réponse d'un systeme barrage-réservoir a : (i) la
distance de troncature du réservoir, (ii) la profondeur du réservoir, (iii) 'absorption d’énergie
au fond du réservoir en raison de la sédimentation, (iv) la compressibilité de 1'eau, et (v) la
rigidité du barrage. Une des observations tres importantes qui ressort de ces tests numériques
est que contrairement a beaucoup de CFT proposées dans la littérature, la CFT exacte dé-
pend de la fréquence d’excitation et varie verticalement selon la hauteur du réservoir. C’est
pour ces raisons qu’'une analyse modale d'un systeme ou la compressibilité de ’eau est incluse
ne peut pas etre réalisée. Etant donné que I'amortissement est négligé lors de la résolution
du probleme aux valeurs propres dans une analyse modale, on obtient par ce type d’analyse
une tres bonne estimation des périodes naturelles du systeme barrage-réservoir. Lorsque 'on
cherche a obtenir des courbes de réponses en fréquences, on doit donc utiliser une analyse

temporelle par intégration directe décrite précédemment.

7.2.2 Description des méthodes simplifiées existantes
Méthode des masses ajoutées de Westergaard (T933)

En ce qui concerne le développement des masses de Westergaard (I933), nous avons
vu que le barrage est considéré comme étant infiniment rigide. Cela signifie physiquement
qu’il n’y a aucune amplification dynamique le long de la hauteur du barrage et donc que le
déplacement de n’importe quel point de la structure est égal a celui du sol. Si on applique
cette hypothese a 1’équation développée par [Fenves et Chopra (T984) pour le calcul de la

pression hydrodynamique totale, cela signifie aussi que

p<x7va) :]50(557%@) (76)
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D’apres 1’équation (B4) la pression totale peut alors étre calculée par

N _1\n enn(w):p
]30(:(:7 Y, w) = 47Tﬁ ; (2(n 1_) 1) /{n(w> cos (>\n y) (77>

Lorsque 'on néglige la compressibilité de I'eau, i.e. C, — 400, cette pression hydrodynamique

devient indépendante de la fréquence d’excitation soit

N,
rHr - —1)"
S E (=1) e cos (An ) (7.8)

2 — (2n — 1)2

po(z,y) =

En simplifiant cette derniére équation, Westergaard (I933) propose I’approximation donnée
par I’équation (ZZ9) pour la pression hydrodynamique. L’effet de la pression est ensuite trans-

formé en masses ajoutées telles que formulées dans I’équation (E-10)

Dans la revue de littérature, nous avons présenté un facteur de correction C, a appliquer
sur les masses ajoutées de Westergaard (1933) afin de tenir compte de la compressibilité de
I'eau. Ce rapport est donc défini comme étant le ratio de la pression tenant compte de la
compressibilité de I'eau (i.e. (Z7)) sur celle négligeant la compressibilité (i.e. (ZR)) et ce

pour chaque mode acoustique du réservoir n . En utilisant les deux équations précédentes on

Conlw) = {1 - {(%_LMH (7.9)

ol wy = wC,/(2H,) est la fréquence fondamentale du réservoir. Cette expression peut étre

montre alors que

réécrite en terme de période T'

- {1- [ ] | 710

Si on se limite seulement au premier mode n=1, on retrouve le facteur de correction proposé

cum = - [H]'1 an

On remarque que selon la période d’excitation, ce facteur peut étre réel ou imaginaire. Etant

par Westergaard (1933) :

donné que la pression tenant compte de la compressibilité de 'eau est elle aussi purement
réelle ou imaginaire, la valeur absolue de ce facteur peut étre utilisée. Les courbes de contours

donnant la valeur absolue de C. 5 et C, 2 pour les deux premiers modes sont présentées dans
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la figure [0l en fonction de la hauteur du réservoir et de la période d’excitation.

On remarque que l'effet de la compressibilité sur le deuxieme mode acoustique peut généra-
lement étre négligé. En effet, a part pour des périodes d’excitations tres faibles, on a Ce o>~ 1.
Par ailleurs, la contribution des modes acoustiques supérieurs sur la pression hydrodynamique
étant bien moindre que celle du premier mode, cela justifie encore plus cette simplification.
On remarque cependant que pour le premier mode acoustique, la valeur de ce coefficient
de correction varie de fagon tres importante en fonction de la hauteur du réservoir et de la
période d’excitation. Par exemple, pour un barrage de 75 m excité a une période de 0.2 on
obtient C,; > 3. Cela signifie que la pression hydrodynamique associée au mouvement de
corps rigide du barrage et tenant compte de la compressibilité de 1'eau est plus de 3 fois
supérieure a celle négligeant la compressibilité de ’eau. Nous avions vu que dans la pratique,
il est préférable de fixer la valeur de T afin d’obtenir des masses ajoutées indépendantes de
la fréquence. La figure [1 montre clairement que la variation de C,, en fonction de la période
d’excitation est tres importante, et par conséquent une telle pratique ne semble pas étre jus-
tifiée sachant que le contenu fréquentiel d’un tremblement de terre ne se limite pas a une

seule fréquence.

1 1 1 1 Il 0-5

O 1 1 1 1
005 01 015 02 025 03 035 04 045 05 055C.,
T (s)

Figure 7.1 Valeur de C,,,, n=1,2: (a) n=1; (b) n=2.
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Dans ce qui suit, un coefficient de correction C,, =1 sera utilisé pour cette méthode.
Sous ces hypotheses et en utilisant le profil de pression simplifiée de Westergaard (I[933), on

montre que la position de la résultante des forces hydrodynamiques peut étre calculée par

2

et la force de cisaillement & la base est donnée par

7 .
V(w) = {Ms g P Hz} lig(w) (7.13)
ou M est la masse totale du barrage.

Nous nous intéresserons aussi aux réponses obtenues par l'utilisation des masses ajoutées
de Westergaard (T933) sur une structure modélisée comme étant flexible dans un logiciel
d’éléments finis. En effet, malgré les hypotheses de développement, cette facon de faire est

trés courante.

Méthode de Fenves et Chopra (IT985)

Cette méthode a été décrite dans la section 2Z32. La méthodologie pour 'appliquer a été
décrite par [Fenves et Chopra ([985). Dans ce qui suit, nous utiliserons seulement ’approxi-
mation du mode fondamental 1), dont les valeurs sont données par [Fenves et Chopra (I985)

et de la période fondamentale du barrage donnée par

 0.38 H,
-~

Ces deux parametres seront alors introduits dans la méthode développée durant cette these

T

(7.14)

et décrite au chapitre B. On doit noter que d’autres approximations ont été réalisées lors du

développement de leur méthode et peuvent affecter les résultats.

Méthode simplifiée de Miquel et Bouaanani (2010)

Cette méthode a été développée au cours de cette these de doctorat et a fait 1'objet
d’un article présenté dans le chapitre B. Contrairement a la méthode de [Fenves et Chopra
(I985), cette méthode permet de calculer les courbes de réponses en fréquences des quantités
d’intéréts. Les étapes pour calculer ces quantités sont présentées en annexe ol certains

nouveaux développements ont été ajoutés.
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7.3 Description et discussion des propriétés utilisées pour P’analyse paramé-

trique

7.3.1 Description du modele utilisé

La section du barrage-poids Pine Flat aux Etats—Unis, illustrée dans la figure 2.(b), est
utilisée comme section de référence. Ce barrage a une hauteur de Hpp = 121.92m, et une base
de largeur Bpp = 95.805m. Une masse volumique de ps=2400 kg/ m®, un module d’élasticité

de Fs=25GPa et un coefficient de Poisson de v =0.2 sont adoptés comme propriétés pour

I'ouvrage.
(@) (b) = [=~9.75m (©) - W
005| , ,
2 H.—121.92m fy Hew=0,83 f Her
fy Hpp=f<Hper 10| | 08
D W 1.0
> [ — . .
fx Ber= fy Brr 95.81 m fx Brr=1.2 f, Bpr

Figure 7.2 Dimension de la section du barrage-poids Pine Flat et transformations géomé-
triques : (a) Transformation homothétique; (b) Section de référence; (c) Transformation
non-homothétique.

Afin de permettre une analyse paramétrique, cette section est ensuite transformée linéai-
rement en multipliant toutes les coordonnées géométriques de la structure selon les axes X
et Y par les facteur fy = By/Bpr et f, = Hs/Hpp, respectivement. B et Hy désignent la
base et la hauteur de la section transformée, respectivement. Nous étudierons deux types de
transformations : une transformation homothétique ou fx = fy illustrée dans la figure 2.(a)
et une transformation non-homothétique ou f,=1.2 f; illustrée dans la figure [C2.(c).

Le réservoir a une hauteur de H, égale a celle de la structure H, = H. L’eau de masse vo-
lumique de p, =1000kg/ m® est considérée comme compressible ou incompressible. Dans le

premier cas, une vitesse de propagation des ondes de compression C;,=1440m/s est choisie.

7.3.2 Type d’analyse effectuée

Le systeme barrage-réservoir est étudié en utilisant les analyses décrites précédemment.
Afin de simplifier le texte, les analyses seront référées comme suit :

— Type I : 1l s’agit de la méthode des éléments finis décrite dans la section 271, Le
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programme ADINAl (2010) est utilisé pour discrétiser le systeme barrage-réservoir et la
compressibilité de I'eau est incluse.

— Type II : La méme analyse que celle de type I est réalisée, mais la compressibilité de
I’eau est ignorée.

— Type III : 1l s’agit de la méthode analytique développée par Fenves et Chopra (1984)
et décrite dans la section 2. La section du barrage est modélisée dans ADINA afin
de calculer les propriétés dynamiques de la structure, et ici la compressibilité de I'eau
est incluse.

— Type IV : La méme analyse que celle de type 111 est réalisée, mais la compressibilité de
I'eau est ignorée (i.e. C, — 00).

— Type V : La formulation des masses ajoutées de Westergaard (I933) décrite dans la
section ["Z2 est analysée. Dans ce cas, les masses ajoutées sont placées sur un barrage
infiniment rigide, et les résultats d’intéréets peuvent étre calculés analytiquement sans
I'utilisation de programme d’éléments finis.

— Type VI : Les masses ajoutées de Westergaard (T933) sont appliquées & un modele
éléments finis de la section flexible du barrage.

— Type VII : La méthode simplifiée développée au cours de cette these et décrite sous
la section [ZZ2 est analysée. Pour cela, les propriétés dynamiques sont obtenues par
analyse modale de la section du barrage.

— Type VIII : Les propriétés dynamiques standards développées par [Fenves et Chopra
(I985) sont utilisées dans la méthode simplifiée développée au cours de cette these.

Aucune analyse par éléments finis n’est requise.

7.3.3 Analyse paramétrique et programme développé

Afin d’effectuer I'analyse paramétrique pour les analyses de types I a IV ainsi que VI
et VII, un programme a été réalisé sous Maflah ® (2007) nous permettant (i) de modifier
automatiquement la géométrie du modele éléments finis de la section du barrage; (ii) d’effec-
tuer une analyse modale; (iii) de récupérer les propriétés dynamiques de la section du barrage
transformée ; et (iv) de réaliser I'analyse dynamique et récupérer les résultats d’intéréts. Dans
le cas de 'analyse type VI, les masses sont intégrées directement dans le modele éléments
finis grace au programme développé.

Pour les analyses de types V et VIII, aucune propriété venant d’un modele éléments finis
n’est requise. Ces méthodes ont donc été programmées directement sous Maflabh ® (2007).

Le choix de réaliser a la fois une transformation homothétique et non-homothétique vient du
fait que lorsque I'on applique une homothétie de la section d’origine, la période de vibration

est affectée mais pas le mode.
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La réponse dynamique des systemes barrage-réservoir dépend tres fortement du contenu
fréquentiel des tremblements de terre. Comme nous allons le voir plus tard, les méthodes
simplifiées étudiées dans ce chapitre surestiment ou sous-estiment la période fondamentale
des systemes barrages-réservoir. Par conséquent, des valeurs supérieures d’amplification dy-
namique sont généralement obtenues avec la méthode qui estime une période fondamentale
la plus proche du contenu fréquentiel du séisme. C’est pour cela que les résultats suivants

seront normalisés par rapport a 1’accélération du sol.

7.3.4 Discussion sur ’amortissement

Il est tres difficile de déterminer la matrice d’amortissement d’une structure, car les pro-
priétés d’amortissement des matériaux sont généralement méconnues. Par ailleurs, 'utili-
sation de matrices d’amortissement non diagonales entraine des calculs tres complexes qui
nécessitent une tres importante capacité de calcul. De ce fait, la détermination des matrices
d’amortissement se limite généralement a 1'utilisation des ratios d’amortissement modaux.
Ces ratios peuvent étre déterminés par des essais expérimentaux in-situ ou la courbe de ré-
ponse en fréquence d’une certaine quantité (ex. déplacements) est obtenue, et ou la méthode
de la demi-bande est appliquée. Ici encore, les valeurs de ces amortissements sont discutables,
car ces essais sont réalisés a tres faibles amplitudes d’excitation ne permettant pas ainsi de
développer tout 'amortissement matériel. Si ces ratios d’amortissement sont calculés a partir
de résultats provenant de fortes excitations (lors d’un séisme), les valeurs obtenues pourraient
étre tres différentes. En effet, ces ratio peuvent inclure la perte d’énergie dans le systeme en
raison des déformations non linéaires. Par conséquent, les ratios d’amortissements modaux
utilisés proviennent souvent de résultats obtenus sur des structures similaires et leurs valeurs
peuvent donc étre tres arbitraires. Le but de cette partie n’est pas de proposer de nouvelles
valeurs d’amortissement, mais plutot de discuter de l'effet de I'implémentation de cet amor-

tissement dans les équations de la dynamique.

Nous avons vu précédemment que l'interaction fluide-structure ajoute une masse, une
force et un amortissement additionnel causé par la géométrie semi-infinie du réservoir et la

compressibilité de I'eau. Réécrivons les équations (B12) et (BT3) ainsi

gj,n(W) = [ - w2 (Mj,j + Mj{?(w)) + iw <Cj7j + C;?(O))) + CUJQ» MjJ'} 5j7n
(7.15)
— WM W) +iw i @)] (1 - 850)

Qn(“}) =—L,— nga)(w) (7'16)
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pour j,n=1... Ng et ou MJ(C;), Cj(an) et L%a) sont respectivement la masse, 'amortissement et

la force ajoutée engendrés par l'interaction fluide-structure et définis par

M) = e | [T B0 v ) (7.17)
Cf%)(w) = wIm UO rﬁj(O,y,w)wé“:)(y)dy} (7.18)
L (w) = /0 (0, y,w) ¥ (y) dy (7.19)

Lorsque la compressibilité de ’eau est négligée, il n'y a aucun amortissement ajouté prove-

nant de la géométrie semi-infinie du réservoir et donc CJ(‘Q =0, j,n=1...N;.

Les termes hors diagonales des matrices d’amortissement et de masses ajoutées font que les
équations de la dynamique sont couplées. La matrice de rigidité est quant a elle non affectée
par l'interaction fluide-structure. En utilisant cette observation, la condition suivante peut
étre écrite :

wy M = &% Mj5(3)) (7.20)

pour j,n=1...Ng et ol w; est la période naturelle du systeme barrage-réservoir et ]\/\4/”
est la masse totale du systeme équivalent a un degré de liberté. Cette masse est donnée par
I'équation (B28) si seulement un mode structural est inclus. Si plusieurs modes sont pris en
compte dans l'analyse, ces masses doivent exister, car les systemes barrages-réservoirs ont

des périodes naturelles réelles et positives.

Nous étudions maintenant I'implémentation de ’amortissement dans les méthodes numé-
riques ou analytiques. Nous avons vu tout d’abord que deux types d’analyses peuvent étre
effectuées lors de l'utilisation des logiciels d’éléments finis : (i) Analyse modale; (ii) Analyse
temporelle par intégration directe ou la valeur maximale de la réponse permanente est cal-
culé, et ce, pour chaque fréquences d’intéréts.

Une analyse modale peut étre utilisée dans le cas ol une hypothese d’eau incompressible a été
faite. Tel que développé dans le chapitre B, on peut se limiter a la modélisation du réservoir
d’une longueur égale a trois fois sa hauteur. Dans ce cas, une condition de mur rigide peut
étre utilisée a la distance de troncature, car aucune radiation des ondes de pression n’est pos-

sible sous cette hypothese. Pour ce type d’analyse, la masse généralisée calculée correspond



164

a celle du systeme barrage-réservoir et I’amortissement est introduit par
Cij = 28 w; Mj;(w;) (7.21)

On remarque clairement que ce type d’analyse va amortir a la fois ’eau et la structure. Pour
amortir seulement la structure, 'amortissement suivant doit étre utilisé :

Cig = 2&w; My, (7.22)
Par conséquent, si 'on choisi d’appliquer de 'amortissement seulement sur la structure, le

ratio d’amortissement E doit étre utilisé lors d'une analyse modale sous hypothese d’eau

incompressible :
- wi M :
§=—""—5 (7.23)
Wy M 5(w;)
soit en utilisant ’équation ([Z20) devient
G
= He 7.24
§=2¢ (7.24)

Si 'on utilise la méthode des masses ajoutées dans un modele éléments finis pour une analyse
modale, et que l'on cherche a appliquer seulement de 'amortissement sur la structure, on
doit tout d’abord effectuer une analyse modale du barrage seul, puis du barrage avec masse
ajoutée pour calculer le bon coefficient d’amortissement modal nécessaire pour ’analyse fi-
nale.

Lorsque la compressibilité de 1’eau est incluse, de par la dépendance fréquentielle des CF'T,
ce type d’analyse n’est pas possible.

Une analyse temporelle par intégration directe peut étre effectuée pour une hypothese d’eau
compressible ou bien incompressible. Dans le premier cas, des conditions aux frontieres
existent dans ADINAI (2010) ou dans la littérature telles que largement décrites par Bouaas
nani et Miquel (2010). Lorsque la compressibilité de 'eau est négligée, en se basant encore
sur les résultats du chapitre B, le réservoir peut étre tronqué a une distance égale a deux fois
sa hauteur, et une condition de mur rigide peut alors étre appliquée.

Dans ce type d’analyse, 'amortissement est inclus sous forme d’amortissement de Rayleigh :
C=aM+ 3K (7.25)

En utilisant les propriétés d’othogonaliltés des modes de vibrations, et en supposant les modes
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normalisés par rapport a la masse, cette équation peut s’écrire sous la forme suivante :
_ 2
de' =a+ ﬁwj (726)

Si on utilise les deux premiers modes de vibration pour calculer les coefficients a et [, on
obtient

a=2&w — Buw? (7.27)
286 w1 —2& we
P w? — w3 (7.28)
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0.12f |
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- ;\
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=
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w (rad.s™h)
Figure 7.3 Effet de 'amortissement : eau incompressible. __ Analyse modale type II avec
amortissement donné par 'équation (Z24); — — Analyse modale type II avec amortissement
donné par 'équation (ZZ1) ; — Analyse temporelle type II amortissement donné par 1’équa-
tion (ZZ8) ; — Analyse modale type IV avec amortissement donné par 1'équation (Z24); _

— Analyse type IV avec amortissement hystérétique.

Pour les méthodes analytiques, ’amortissement peut directement étre inclus sous la forme
donnée dans l'équation (ZZ2) et entraine une force d’amortissement de iww; &; M; ;. Dans
la littérature, il est courant d’utiliser une force d’amortissement indépendante de la fré-

quence et donnée par iw?- ns M ;, ou 7, est le facteur d’amortissement hystérétique. En se
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référant a 1'équation(20), a la résonance, la force d’amortissement est dans ce cas égale a
.~ 2 AT ~ . 0qe . . J PN
iw;"ns M, ;(w;). 11 est donc clair que 'utilisation d’amortissement hystérétique amortie a la

fois le réservoir et le barrage telle que discutée pour les analyses modales.

Les discussions précédentes sont maintenant analysées numériquement pour la section du
barrage Pine Flat et pour les analyses type I a IV. Les courbes de réponses en fréquences pour
le déplacement en créte du barrage sont illustrées en figure [Z3 pour de ’eau incompressible,

et figure [4 pour de '’eau compressible.
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Figure 7.4 Effet de 'amortissement : eau compressible. __ Analyse temporelle type I amortis-
sement donné par I'équation (28); — Analyse modale type III avec amortissement donné
par 'équation (=24) ; — _ Analyse type III avec amortissement hystérétique.

Tout d’abord, ces figures valident 1’excellente concordance des résultats entre méthodes
analytiques et méthodes numériques telle que confirmée par Bounaanani ef Tail (2009). Dans le
cas ou une analyse temporelle est effectuée pour calculer la courbe de réponse en fréquence, on
observe des oscillations dans le cas compressible et non dans le cas incompressible. Si I'on se
rappelle qu’il n’y a aucune absorption des ondes dans le cas incompressible et que la condition
de frontiere a la distance de troncature peut étre modélisée par un mur rigide, cela signifie

que la condition aux frontieres absorbante utilisée pour le cas compressible induit une erreur.
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Elle n’absorbe pas toutes les ondes incidentes. Finalement, on remarque que le type d’amor-

tissement utilisé a un effet important dans la zone de résonance du systeme barrage-réservoir.

Dans ce qui suit, nous choisissons un amortissement hystérétique de 0.1 et qui sera donc
appliqué au systeme barrage-réservoir. Cela semble plus justifié, car les mesures d’amor-
tissement pour ces structures proviennent de tests in-situ qui donne la valeur du systeme
barrage-réservoir et non celle du barrage. Par ailleurs, I’analyse de type I ne sera pas effec-
tuée, car les résultats obtenus seront tres semblables a ceux de la méthode analytique de

Chopra et collaborateurs.

7.4 Résultats

Nons avons décrit précédemment les méthodes les plus utilisées pour ’analyse dynamique
des systemes barrage-réservoir. Par la suite, nous analyserons la capacité des méthodes sim-
plifiées a estimer le comportement dynamique de ces structures en contact avec de l'eau.
Seule I’étude du mode fondamental sera effectuée dans un premier temps. Finalement, nous

étudierons ensuite 'effet de la compressibilité et des modes supérieurs de vibrations.

7.4.1 Validité de la méthode des masses ajoutées de [Westergaard (1933)

Nous étudions tout d’abord les résultats obtenus avec la méthode V et présentés en
figures [3 et [[B.

Comme prédit par I'équation (ZI32) la position de la résultante calculée, estimée par ’ana-
lyse de type V, ne dépend que de la hauteur du réservoir. De méme, la force de cisaillement a
la base estimée par cette méthode et donnée par 1’'équation (ZI3) est aussi indépendante de
la fréquence d’excitation lorsque normalisée par rapport a ’accélération du sol. On remarque
que pour I'analyse de type III, ces deux résultats dépendent fortement de la fréquence, et ce,
surtout dans les zones de résonances. Il est a noter que les zones de résonances ne sont pas
les mémes entre la force de cisaillement et celle de la force hydrodynamique. Ceci s’explique
par un déphasage entre le déplacement de la structure et 'orientation de la force hydrodyna-
mique. Les résultats obtenus avec la méthode des masses de Westergaard (I1933) sous-estiment
fortement la position de la résultante hydrodynamique ainsi que la force de cisaillement a la
base de l'ouvrage dans ces zones de résonances. Si le contenu fréquentiel du tremblement de
terre est loin de la période de résonance, alors des résultats tres proches seront obtenus avec
les deux méthodes. Néanmoins, si le tremblement de terre excite la structure a des périodes
proches ou égales a celles du systeme, une estimation des efforts non conservateurs peut étre

obtenue en utilisant la méthode V.



168

2y AN
£) =
~ 60+ .
Py
S
> 2,
X ,”’5552'25”””/5527’4’//////4/”////////’//////// N
Y e 120

%
%

) ) ) IR
2 e
05 TP, i g 100
: & ) )
2,
03 <L /4 60
02 “Z 40
0.1 20
T (s) H,=H, (m)

Figure 7.5 Hauteur de la résultante des forces hydrodynamiques y,. Méthode des masses ajou-
tées de (T933). fx=fy avec f,=0.08...1.2 : __ Analyse type III; Analyse
type V.
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Figure 7.6 Force de cisaillement a la base du barrage V normalisée par rapport a l’accélération.

Méthode des masses ajoutées de (I933). fy=fy avec f,=0.08...1.2:__ Analyse
type 111 ; Analyse type V.

On note que cette méthode est la plus utilisée dans la pratique. Afin de ne pas sous-estimer

les forces que peuvent subir ces structures lors d'un tremblement de terre, il est indispensable
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de réaliser des analyses plus avancées dans le but d’estimer l'effet de la flexibilité.
Nous incluons maintenant la flexibilité de 'ouvrage en évaluant ’analyse de type VI. La
force de cisaillement a la base est cette fois obtenue directement des résultats fournis par le

logiciel d’éléments finis et illustrée en figure 2.
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Figure 7.7 Force de cisaillement a la base du barrage V normalisée par rapport a I’accélération.
Méthode des masses ajoutées de (I933) incluant la flexibilité de la structure.
fx=1fy avec f,=0.08...1.2 : __ Analyse type III; ___ Analyse type VI.

Inclure la flexibilité de 'ouvrage tout en modélisant les effets d’interaction fluide structure
grace aux masses ajoutées améliore nettement les résultats. On remarque, néanmoins, que
la réponse estimée par 'analyse de type V sous-estime la force dans la zone de résonance
et prédit une période fondamentale du systeme barrage-réservoir légerement plus élevée que
celle obtenue par l'analyse de référence de type III. Par ailleurs, comme discuté précédem-
ment, cette méthode n’a pas été développée pour inclure la flexibilité. Selon la géométrie et
les propriétés des matériaux de la structure, il est impossible de prédire I'erreur qu’induit

I'utilisation de cette méthode a moins de réaliser une analyse plus avancée de type I ou III.

7.4.2 Validité de la méthode simplifiée de [Fenves et Chopra (T985)

Nous étudions ici la capacité de la méthode de type VIII a prédire la réponse dynamique
du systeme barrage-réservoir. La position de la résultante hydrodynamique ainsi que la force
de cisaillement a la base de 'ouvrage sont comparées a celles obtenues par la méthode de
référence I1I en figures [3 et 9.
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Figure 7.9 Force de cisaillement a la base du barrage V normalisée par rapport a I’accélération.
Méthode simplifiée de Fenves et Chopra (I985). fx = f; avec f, =0.08...1.2 : __ Analyse

type III; —_ Analyse type VIII.

On observe que cette méthode permet une tres bonne prédiction de la réponse dynamique

pour cette analyse. Nous augmentons maintenant la base de la section de référence. Les ré-
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sultats sont présentés dans les figures [0 et [T
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Figure 7.10 Hauteur de la résultante des forces hydrodynamiques y,. Méthode simplifiée
de Fenves et Chopra (1T987). f,=1.2 f, avec fy=0.08...1.2: __ Analyse type III; __ Analyse
type VIIL.

En comparant ces nouveaux résultats aux précédents, on remarque qu’en modifiant 1é-
gerement la section de référence une erreur est introduite dans l’estimation de la réponse
dynamique en utilisant la méthode VIII. Afin de développer leur méthode simplifiée, [Fenved
: pra (T98H) ont déterminé un mode et une période fondamentale basés sur une section
typique d’'un ouvrage. D’apres les résultats des figures [ et [[9, on déduit que cette section
typique correspond a celle du barrage Pine Flat. Nous avons vu précédemment qu'une ho-
mothétie d'une section ne modifie pas le mode de vibration, mais seulement la période. Il est
donc probable que ’équation (Id) ait été obtenue en effectuant la méme démarche qu’ici et

que le mode de vibration est celui de Pine Flat. Lorsque 1'on fait varier 1égerement la géomé-

trie, les propriétés dynamiques standards proposées par [Fenves et Chopra (I[985) deviennent

une approximation et donc introduisent une erreur dans les résultats. On en conclut donc
que si une section a ’étude ressemble fortement a celle de Pine Flat, une bonne estimation
de son comportement sera obtenue avec cette méthode. Dans la pratique, cela est rarement le
cas. On peut donc s’attendre a des erreurs bien plus importantes que celles montrées ici. Par

ailleurs, tels que précisés précédemment, seulement le mode type et la période de vibration

sont utilisés ici. Lorsque la méthode simplifiée de Fenves et Chopra (I985) est entierement

utilisée, d’autre simplification tels que le calcul des masses, forces et profils de pressions
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Figure 7.11 Force de cisaillement a la base du barrage V normalisée par rapport a l'accé-
lération. Méthode simplifiée de [Fenves et Chopra (I985). fy =1.2 f, avec f;, =0.08...1.2 :
— Analyse type III; —_ Analyse type VIII.

peuvent induire une erreur supplémentaire.

7.4.3 Validité de la méthode simplifiée développée au cours de cette these

On analyse finalement la capacité de la méthode développée au cours de cette these a
prédire le comportement dynamique. Les figures [[12 a [ZT3 illustrent les résultats obtenus
pour les deux cas : (i) fx=fy et (ii) fx=1.2f,.

On démontre clairement ici que cette nouvelle méthode permet de tenir compte de la
géométrie de 'ouvrage étudiée de maniere plus précise et prédit mieux les termes hydrody-
namiques nécessaires aux calculs des résultats d’intérét. Si une analyse spectrale doit étre
réalisée, cette méthode permet de s’assurer de la qualité de la réponse obtenue de part sa
robustesse. Ceci n’est pas le cas avec 1'utilisation des masses de (T933) ou de

la méthode simplifiée de Fenves et Chopra (I985). L’erreur induite par les simplifications

incluses dans le développement ne peut pas étre quantifiée qu’en réalisant une analyse plus
avancée.

7.4.4 Exemple

Les méthodes décrites précédemment sont testées numériquement pour un tremblement

de terre donné et pour f, = 0.56 et fi = 1.2f,, soit un barrage de hauteur de 68.27 m.
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Figure 7.12 Hauteur de la résultante des forces hydrodynamiques y,. Méthode développée
dans cette these. fy=f, avec f,=0.08...1.2 : __ Analyse type III; __ Analyse type VIIL
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Figure 7.13 Force de cisaillement a la base du barrage V normalisée par rapport a l'accélé-
ration. Méthode développée dans cette these. fy=f, avec f,=0.08...1.2 : __ Analyse type
IIT; — Analyse type VIL

Le systeme barrage-réservoir est soumis au tremblement de terre d’Imperial Valley dont
I’accélérogramme et 'amplitude de la transformée de Fourier, sont illustrés en figure [18.

En comparant les différentes méthodes simplifiées, on remarque dans la figure T4 que
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Figure 7.15 Force de cisaillement a la base du barrage V normalisée par rapport a l'accélé-
ration. Méthode développée dans cette these. f,=1.2 f, avec f, =0.08...1.2 : __ Analyse

type IIT; — Analyse type VII.

les méthodes V, VI, et VIII introduisent une erreur importante et ce, malgré le fait que les
courbes de réponses précédentes aient montré une erreur plutot faible. Il est a noter que dans

la pratique l'analyse de type V reste la plus utilisée, et comme le montre cette figure, des
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Figure 7.16 Enregistrement d’Imperial Valley

résultats non conservateurs peuvent étre obtenus.

7.4.5 Effet de la compressibilité

Nous étudions 'effet de la compressibilité sur la réponse dynamique des systemes barrages
réservoir. Dans cette partie, seules les méthodes de références II, I1I, IV seront analysées. La
méthode par éléments finis de type I n’est pas incluse dans les résultats pour les raisons qui
ont été décrites précédemment. Dans le cas de l'analyse de type I, nous avons vu qu'une
analyse modale reste possible et que le réservoir peut étre modélisé sur une longueur seule-
ment égale a trois fois sa hauteur. Les résultats pour la force de cisaillement a la base sont
présentés en figure [IR pour le cas fx= fy.

Encore une fois, I'excellente concordance des résultats entre méthodes de type II et IV
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Figure 7.17 Force de cisaillement a la base du barrage V obtenue pour le tremblement de terre
Imperial valley : — Analyse type II1; Analyse type V; — Analyse type VI; — Analyse
type VII; __ Analyse type VIII

T (s) 01 2 Ho—H, (m)

Figure 7.18 Force de cisaillement a la base du barrage V. Effet de la compressibilité fy = f,
avec fy=0.08...1.2: Analyse type IT; — Analyse type III; — Analyse type IV.

valide 'utilisation de la méthode de Fenves et Chopra (I985) comme référence. Cette fi-

gure montre aussi clairement que la compressibilité a un effet considérable sur la réponse
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dynamique des systemes barrage-réservoir, et celle-ci doit étre incluse.

7.4.6 Effet des modes supérieurs

Les méthodes VII et VIII ont été développées en considérant seulement le mode fonda-
mental de vibration et en effectuant une correction statique pour les modes supérieurs. Dans
cette partie, nous étudions la validité de cette correction statique et la comparons aux résul-

tats obtenus lorsque les modes supérieurs sont inclus dans les analyses.

Lorsque Ny modes de vibrations sont inclus dans ’analyse, la force de cisaillement a la

base peut étre calculée par I’équation ([3). Cette équation peut étre réécrite sous la forme
V(w) =V (w) + Vs(w) (7.29)

ou V) est la force de cisaillement a la base due au premier mode et V; est celle due aux modes

supérieurs de vibration :

V) = dig(w) wi Ly Zy(w) (7.30)
Vs = iig(w) Z w? L Zj(w) (7.31)

On note ici que Z; est différent de celui donné par 1’équation (BI1). En effet, dii au cou-
plage des coordonnées généralisées, celui-ci doit étre calculé en résolvant le systeme (BZIT).
Fenves et Choprd (TY85) ont montré qu’en effectuant une correction statique, 'effet des modes

supérieurs peut étre pris en compte par

Vi = iig(w) / B {my) [1 - A@— #9(0, y>]
(7.32)

+ [%(Qy) - ﬂ;\%) U17(0,y) /0 o0, )0 (0,) dy] } dy

On note que I'équation (32) est différente que 'équation (EIB), car iig(w) est ici utilisé
et non a'éémax). En faisant ainsi, V, et V, peuvent étre normalisées par ’'accélération. Ceci
est illustré dans la figure [T9. Dans cette figure, on compare la force due aux modes supé-
rieurs obtenue par correction statique Vg a celle obtenue par 1'équation (IZZ31) en utilisant
la méthode type III. On montre aussi ’estimation de ces forces dues aux modes supérieurs

obtenues avec la méthode VI
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Figure 7.19 Effet des modes supérieurs sur la force de cisaillement a la base du barrage V

normalisé par rapport a l'accélération. f = fy avec f, =0.08...1.2 : __ f; calculée avec
I’analyse type II1; __ f calculée avec 'analyse type III; __ f; calculée avec I'analyse type
VI;

Si on compare les valeurs calculées avec celles des figures précédentes, on remarque clai-
rement que 'effet des modes supérieurs est bien moindre que celui du mode fondamental de
vibration. Néanmoins, on remarque aussi que la correction statique est non conservatrice et
par conséquent une analyse par superposition modale ou intégration directe peut s’avérer
nécessaire. Finalement, la solution des masses ajoutées de (T933) induit une

importante erreur dans les périodes de vibration des modes supérieurs.

7.5 Conclusion

Nous avons analysé a travers cette partie différents types d’analyses qui peuvent étre réa-
lisés pour estimer le comportement dynamique des systemes barrage-réservoir. Nous avons
mis en valeurs les différentes hypotheses simplificatrices utilisées pour le développement des
méthodes simplifiées existantes et analysé I'effet qu’elles ont sur la réponse dynamique. Nous
avons par ailleurs montré certaines difficultés a 'utilisation de méthodes complexes telle que
celle des éléments finis. De cette section nous pouvons conclure que si le contenu fréquentiel
d’un séisme était parfaitement prédictible, de nombreuses simplifications pourraient étre réa-

lisées. Néanmoins, cela n’est pas le cas, et par conséquent le comportement dynamique des
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systemes barrages-réservoir doit étre correctement prédit sur une large gamme de fréquences.
La seule méthode simplifiée permettant une excellente estimation de ce comportement est
celle développée au cours de cette these. Finalement, nous avons montré que ’effet des modes
supérieurs peut dans certains cas étre non négligeable, et une correction statique s’avere in-
suffisante. Afin de tenir compte de 'effet de ces modes, les autres méthodes développées au
cours de cette these permettent de réaliser une analyse dynamique intégrant les modes su-
périeurs. Ces méthodes sont nécessaires dans la pratique pour plusieurs raisons qui ont été

revues dans la section PZ323.
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CHAPITRE 8

Conclusions et recommandations

8.1 Conclusions

Cette these de doctorat avait pour objectif de développer des approches pratiques pour le
calcul dynamique des structures en contact avec de I'eau. Il existe de nombreuses techniques
pour assurer un comportement adéquat des structures conventionnelles (batiments, ponts,
etc.) sous leffet d’un tremblement de terre. Dans le cas des structures en contact avec de
I'eau, 'interaction fluide-structure complexifie grandement les calculs. Les méthodes simpli-
fiées couramment utilisées actuellement étant basées sur de nombreuses approximations, nous
avons développé des techniques plus robustes tout en gardant une grande simplicité d’implé-
mentation. Cela a conduit & plusieurs nouveaux développements notamment pour le calcul
des parametres hydrodynamiques. Les contributions suivantes ont été réalisées au cours de
cette these de doctorat :

— Développer une formulation simplifiée pour le calcul de la période fondamentale d’un
systeme eau-structure, une information importante lors de ’évaluation du comporte-
ment dynamique.

— Développer une méthode analytique simplifiée pour ’étude dynamique d'un systeme
eau-structure prenant en compte un maximum de phénomenes ayant une grande in-
fluence sur le comportement dynamique, tel que la géométrie de la structure, 'effet des
modes supérieurs et la compressibilité de 1’eau.

— Développer une méthode numérique pour effectuer ’analyse dynamique temporelle d’un
systeme eau-structure en incluant directement ’effet de 'interaction fluide-structure au
modele éléments finis de la structure seule, i.e. sans eau.

— Développer un test numérique permettant d’estimer I’erreur introduite dans un modele
d’éléments finis incluant des conditions aux frontieres transmettantes pour représenter
le comportement dynamique d’une structure retenant un domaine d’eau quasi infini.

Pour chacune des ces contributions, nous rappelons les conclusions qui ont été mises en

valeur :
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8.1.1 Développement d’une formulation simplifiée pour le calcul de la période

fondamentale d’un systéme eau-structure

Cette partie de la recherche a été présentée dans le chapitre B et a fait 'objet d'un ar-
ticle publié dans une revue scientifique. Nous avons développé une technique pour calculer
la période fondamentale d'un systeme barrage-réservoir. Il s’agit du parametre clef de toute
analyse spectrale. Cette formulation tient compte de la flexibilité de la structure, et de la
variation du niveau d’eau. Lorsque 'on néglige la compressibilité de 1’eau, nous avons déve-
loppé une expression simple pour calculer ce parametre. Lorsque la compressibilité de I'eau
est prise en compte, la période fondamentale du systeme peut étre obtenue par la résolution
d’une équation cubique. Les résultats obtenus ont été comparés a ceux de la méthode des
éléments finis et a ceux d’'une méthode analytique avancée, et cela, pour différentes géomé-
tries et propriétés des barrages-poids étudiés. On montre qu'une tres bonne prédiction de
cette période est obtenue en utilisant cette nouvelle technique, et cela, indépendamment de

la géométrie de 'ouvrage.

8.1.2 Développement d’une méthode spectrale simplifiée pour I’étude d’un sys-

téme eau-structure

En combinant les développements réalisés pour le calcul de la période fondamentale d’un
systeme eau-structure avec de nouvelles expressions simplifiées élaborées pour le calcul de cer-
tains termes hydrodynamiques, une méthode spectrale simplifiée a été développée. Celle-ci
fait aussi partie de 'article présentée dans le chapitre B. Cette méthode donne d’excellents ré-
sultats lorsqu’elle est comparée a des techniques avancées et nécessitant une grande expertise.
Le chapitre [d met en valeur les avantages a 'utilisation de cette nouvelle méthode robuste en
la comparant aux autres méthodes classiques. A travers cette discussion, nous montrons clai-
rement 'effet que peut engendrer une hypothese de structure rigide sur les efforts sismiques.
Cette hypothese est encore courante dans la pratique et peut entrainer une sous-estimation
des efforts sismiques. La méthode pseudo-dynamique classique considere l'effet de la flexibi-
lité, mais tient compte de fagon partielle de la géométrie de 'ouvrage. Cette simplification
peut entrainer une erreur dans les résultats. La fiabilité de la méthode développée au cours

de cette these répond au besoin de techniques simplifiées, mais avant tout précises.
8.1.3 Développement de méthodes numériques pour 1’analyse dynamique des
structures en contact avec de 1’eau

Les analyses spectrales ne tiennent pas compte de la nature oscillatoire et transitoire

des vibrations. Lorsqu’une analyse spectrale démontre que des zones de 'ouvrage excedent
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les contraintes admissibles, il est nécessaire de réaliser une analyse dynamique pour juger
de la durée et de I'étendue de ces zones. De par la formulation des analyses spectrales,
une combinaison modale est nécessaire pour calculer la réponse totale de la structure. Ce
type de combinaison peut engendrer une erreur conservatrice ou non dans les résultats. Par
ailleurs, la méthode spectrale proposée et celle existante effectuent une correction statique
pour la prise en compte des modes supérieurs. Nous avons montré dans le chapitre [ que ces
modes supérieurs ont un effet non négligeable sur la réponse dynamique des systemes barrage-
réservoir et qu’une correction statique peut s’avérer non suffisante. Pour les structures plus
flexibles, on peut s’attendre a un effet encore plus prononcé des modes supérieurs.

Pour cela, différentes méthodes ont été mises au point pour tenir compte de 'effet de
I'interaction fluide-structure et de la flexibilité du sol. La premiere permet ’étude de structure
vibrant en contact avec de I’eau d’un ou des deux cotés et a fait 'objet d'un article présenté
dans le chapitre B. Cette nouvelle technique permet de tenir compte de la flexibilité de
la structure et du sol, des modes de vibrations supérieurs, des niveaux d’eau de hauteurs
variables, et de différentes conditions aux frontieres pour le ou les domaines d’eau. Une
méthodologie a été développée pour calculer les fréquences naturelles de chaque mode de
vibration du systeme eau-structure. Cette nouvelle technique a ensuite été étendue pour le
calcul de poutres en contact avec de I’eau et la méthode a été soumise a une revue scientifique
et présentée dans le chapitre B. Cette méthode étend les solutions analytiques existantes pour
le calcul des modes de vibrations et période naturelle des poutres a une solution intégrant
Ieffet d’interaction fluide-structure. Elle permet de tenir compte de différentes conditions
d’appuis de la poutre (encastrée, libre, rotulée, etc.) et permet une tres bonne estimation
dynamique du comportement d’'une poutre ou bien d'une structure ayant un comportement
de poutre.

Ces méthodes donnent d’excellents résultats lorsqu’elles sont comparées a des techniques
avancées. Dans la pratique, la technique simplifiée la plus courante pour la réalisation d’une
analyse dynamique temporelle est I'utilisation de masses ajoutées pour simuler I'effet de I'in-
teraction fluide-structure. Nous avons montré dans le chapitre [@ que ces masses peuvent in-
troduire une erreur plus ou moins importante dans I’estimation du comportement dynamique
lorsqu’utilisées sur un modele flexible de 'ouvrage. Dans la pratique, la plupart des guides
ou codes existants proposent une évolution progressive dans la complexité des analyses dy-
namiques a réaliser pour assurer la sécurité d’un ouvrage hydraulique. L’analyse dynamique
temporelle d'une structure correspond généralement a l’analyse la plus avancée demandée par
ces guides ou codes. Il est donc primordial que la prédiction du comportement dynamique de
I'ouvrage soit précise, ce que ne peut pas assurer la méthode des masses ajoutées. Les tech-

niques développées au cours de cette these de doctorat répondent a ce besoin de méthodes
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précises et robustes.

8.1.4 Développement de la méthode de ’accélérogramme modifiée

La prise en compte numériquement de l'effet de I'interaction fluide-structure sur le com-
portement des ouvrages en contact avec de 'eau est limité a 1'utilisation de certain logiciel
d’éléments finis qui offrent cette capacité. Par ailleurs, la modélisation de ce phénomene re-
quiert une grande expertise et une capacité de calcul importante. Les méthodes analytiques,
lorsque programmeées, peuvent tenir compte de cette interaction en nécessitant d'une exper-
tise et d’un temps de calcul moindre. Néanmoins, contrairement aux logiciels d’éléments finis,
il est difficile avec les méthodes analytiques d’obtenir une vue globale du comportement de
la structure étudiée ainsi que les efforts internes primordiaux pour statuer sur la sécurité de
I'ouvrage lors d’un tremblement de terre. Dans la pratique, les masses ajoutées peuvent étre
utilisées, mais ne garantissent pas la validité des résultats obtenus telle que discutée précé-
demment. Une autre technique consiste a calculer les forces dynamiques analytiquement et les
placer sur le modele éléments finis. Cette derniere reste complexe et est longue a appliquée.

Afin de combiner les avantages des méthodes numériques et analytiques, une méthode
d’accélérogramme modifiée (MAM) a été développée et a fait I'objet d’un article présenté
dans le chapitre B. Celle-ci consiste a transformer ’accélérogramme de dimensionnement en
un nouveau accélérogramme intégrant 'effet d’interaction fluide-structure. Ce dernier peut
alors étre appliqué directement a la structure seche afin d’obtenir la réponse dynamique de la
structure en contact avec de ’eau. Elle integre dans sa formulation de nombreux parametres
ayant de l'influence sur le comportement dynamique et permet de traiter analytiquement
leffet d’interaction fluide-structure tout en gardant les avantages de la modélisation par
éléments finis de la structure. Deux formulations sont proposées : (i) une formulation exacte et
(ii) une formulation simplifiée. Nous montrons que les deux formulations donnent d’excellents
résultats lorsque comparées a la méthode des éléments finis. La formulation simplifiée est
quasiment instantanée en temps de calcul et s’avere tres intéressante pour la pratique et
éventuellement pour la recherche telle qu’il sera discuté plus bas. L’utilisation de la méthode
exacte reste aussi tres intéressante, mais son utilisation est plus complexe de part la fagon

dont sont programmeés les logiciels d’éléments finis commerciaux.
8.1.5 Développement d’un test d’erreur associée a I’utilisation de conditions aux
frontiéres transmettantes

Lorsque la méthode des éléments finis est utilisée pour la modélisation de systemes

barrages-réservoir, elle nécessite de tronquer virtuellement le réservoir et d’appliquer une
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condition aux frontieres pour simuler l'infinité de celui-ci. L’emplacement et la formulation
de celle-ci sont tres importants, car si un mauvais choix est fait, cela pourrait entrainer une
erreur considérable dans les résultats. De nombreuses différentes conditions aux frontieres ont
été développées, mais il n’existe aucune technique pour évaluer 'erreur qu’elles introduisent
dans le modele éléments finis.

A travers Darticle présenté en annexe A, une nouvelle formulation analytique exacte des
conditions aux frontieres transmettantes (CFT) a été développée. Cette formulation a ensuite
permis de comprendre le fonctionnement des CF'T mais aussi de développer un test afin
vérifier la validité des nombreuses conditions aux frontieres existantes dans la littérature et /ou
programmeées dans les logiciels d’éléments finis. L’extension de la formulation développée peut
permettre ’étude de systemes telles que des réservoirs a parois flexibles. Ceci a été réalisé

dans un article accepté pour publication et présenté en annexe C de ce document.

8.1.6 Conclusions générales

Afin de développer ces méthodes simplifiées, une partie de cette recherche a été dévouée
a s’assurer de la fiabilité des résultats obtenus avec les méthodes complexes existantes dans
la littérature. Ces méthodes ayant servi de références pour la comparaison des résultats obte-
nus avec les méthodes pratiques développées, plusieurs développements et discussions ont été
réalisés pour s’assurer de la fiabilité de nos références. Nous avons par ailleurs mis en valeur
de nombreuses difficultés qu’engendre 1'utilisation de ces méthodes telles que I'implémen-
tation de 'amortissement. De plus, les développements des méthodes pratiques ont permis
certaines simplifications possibles lors de 'utilisation des éléments finis comme se contenter
de modéliser les domaines d’eau sur une longueur égale a trois fois leurs hauteurs lorsque la
compressibilité de 'eau est négligée.

Généralement, en statique, I'utilisation de méthodes simplifiées entraine la surestimation
d’une quantité d’intérét et donc, ces méthodes sont considérées comme étant conservatrices.
Des méthodes plus complexes sont alors utilisées pour raffiner les résultats si nécessaire.
En dynamique, et comme il a été mentionné dans cette these, la méthode la plus simple
peut entrainer une sous-estimation des quantités d’intéréts. Il est donc important de ne pas
se limiter a une analyse pseudo-statique lorsqu'un ouvrage est dans une zone de haute et
moyenne sismicité. Les méthodes qui ont été proposées a travers cette these de doctorat
permettent d’obtenir rapidement une tres bonne estimation du comportement de 'ouvrage
en contact avec de l'eau étudié. Programmeées dans un logiciel spécialisé, elle permettront
aux ingénieurs civil praticiens de réaliser des analyses dynamiques de niveau de complexité

différents et ce sans nécessiter d’une grande expertise.



186

8.2 Recommandations

En vue des nombreux développements, ce projet de recherche a permis de simplifier et
démystifier les analyses dynamiques des structures en contact avec de I’eau et ouvre la porte
a de nombreux axes de recherches. Certains de ces futurs axes de recherches sont mis en

valeurs dans ce qui suit et triés par ordre de complexité.

8.2.1 Accélération verticale

Les méthodes développées se sont concentrées sur la prise en compte de 'effet de 'inter-
action fluide-structure pour une accélération horizontale. Cette accélération est en effet plus
critique pour les barrages et surtout plus complexe a tenir compte. De par les développements
analytiques existant dans la littérature pour une accélération verticale, il serait intéressant
de rajouter ce type d’accélération dans toutes les méthodes développées. Ces développements

ne devraient pas étre complexes en vue des développements déja réalisés.

8.2.2 Généralisation de ces méthodes a d’autres systémes

En se basant sur les simplifications réalisées pour le développement des méthodes présen-
tées dans cette these, les méthodes simplifiées peuvent étre généralisées pour d’autres types
de structures. Par exemple, en annexe C, une méthode analytique est présentée pour I'étude
de structure contenant de 1’eau. L’utilisation de la méthode présentée en chapitre B serait

tres adéquate pour traiter ce probleme de facon simplifiée.

8.2.3 Analyse non-linéaire

Il serait tres intéressant de confronter la méthode de 'accélérogramme modifiée a ’analyse
d’une structure ayant un comportement non linéaire. Pour cela, les propriétés dynamiques
linéaires de la structure seraient utilisées pour calculer les propriétés nécessaires au calcul
de l'accélérogramme modifié. Cet accélérogramme serait alors utilisé sur la méme structure
ayant un comportement non linéaire. De par la formulation de cet accélérogramme, une partie
de leffet de la non-linéarité devrait étre prise en compte dans I'analyse. Un test de sensibilité
permettra alors de voir jusqu’a quelle limite on peut utiliser cette formulation. Le but de cette
vérification est surtout pour l'utilisation de cet accélérogramme sur une table vibrante afin
de réaliser une simulation hybride. Pour ce type expérimentation, l'effet de I’eau est pris en

compte dans 'accélérogramme, et la structure quant a elle est installée sur la table vibrante.
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8.2.4 Prise en compte de ’effet de l’interaction sol-structure

Les méthodes qui ont été développées au cours de cette these de doctorat peuvent toutes
tenir compte de l'effet de la flexibilité du sol. Néanmoins, en négligeant la masse du sol, on
ignore l'effet inertiel de celui-ci. Ceci a l'avantage de ne pas avoir a réaliser une déconvolu-
tion du tremblement de terre de dimensionnement, mais peut introduire une erreur dans le
comportement dynamique de 'ouvrage. Par ailleurs, le sol permet d’augmenter I’amortisse-
ment global du systeme, il est donc avantageux d’en tenir compte. Le sol a un comportement
tres non-linéaire. Il serait intéressant d’étudier 1'effet qu’a celui-ci sur le comportement, mais

avant tout de s’assurer d’une modélisation adéquate de celui-ci.

8.2.5 Etude des systemes tridimensionnels

Tel que démontré lors de test in situ, l'effet tridimensionnel est non négligeable. Une telle
étude va étre réalisée suite a une analyse pseudo-statique, pseudo-dynamique et dynamique
temporelle d'une section de I'ouvrage. Elle correspond donc a une analyse dynamique raffi-
née. Il est fort probable que les développements de la Méthode de I’Accélérogramme Modifiée
puissent étre étendus a I’analyse d’un modele tridimensionnel. Nous avions vu que deux for-
mulations existent pour cette méthode, I'une dite exacte, et I'autre dite simplifiée. L’extension
de la méthode exacte devrait permettre d’excellents résultats. Pour celle simplifiée, une ana-
lyse de sensibilité devra étre effectuée. Dans tous les cas, en se contentant de la méthode
exacte, elle devrait offrir un énorme gain de temps et de diminution de la complexité du

modele éléments finis.
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lytical equations can be solved numerically to assess the accuracy of a given TBC
and determine the associated error independently of FEM or BEM modeling of
the reservoir. The method is first validated in the case of semi-infinite reservoirs
and an excellent agreement is obtained against classical techniques. The paper
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tematic identification of their influence on the system’s dynamic response, consi-
dering : (i) dam flexibility, (ii) water compressibility, (iii) reservoir bottom wave
absorption, (iv) reservoir truncation length, and (v) excitation frequency. The new
method is used to obtain exact error estimators to evaluate the effects of various
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A.1 Introduction

Accurate evaluation of reservoir loading on a dam upstream face is crucial for its seismic
safety assessment. Significant research has been devoted to study this type of loading since
the pioneering work of Westergaard [I] who used a heightwise added mass distribution to
model hydrodynamic pressure on a dam upstream face. This concept has been widely used
for several decades to design earthquake resistant gravity dams. More advanced analytical
and numerical frequency-domain and time-domain approaches were proposed later to ac-
count for dam deformability, water compressibility and reservoir bottom wave absorption in
the seismic response of dam-reservoir systems [2, B, 4, B, 6, [, 8, 9, 10, [0, T2, I3]. Some of
these procedures were validated against forced-vibration testing of concrete gravity and arch
dams [I4, 15, 06]. Among the numerical techniques used to study dam-reservoir systems, the
Finite Element Method (FEM) and Boundary Element Method (BEM) have gained wide po-
pularity. Due to the large extent of the reservoir, these methods require its virtual truncation
at a finite distance from dam face and application of appropriate Transmitting Boundary
Conditions (TBCs) at the upstream end of the reservoir. Here, we note that although BEM
may intrinsically satisfy radiation conditions at infinity contrary to FEM, to reduce compu-
tational burden, it might be useful to split an infinite reservoir into : (i) a finite near field
region to be discretized by BEM, and (ii) an infinite near field region, to be modeled as a
infinite continuum domain or by infinite finite elements [[I1]. In this case, as for FEM, a TBC
has to be applied at the boundary between the near field and the far field to ensure adequate
energy radiation at infinity. These special boundary conditions and the truncation distance
should be defined appropriately to prevent reflection of spurious waves back towards the dam.
Otherwise, significant error may be introduced in the prediction of the dynamic response of
the dam-reservoir system.

Among the many TBCs proposed in the literature, the Sommerfeld radiation boundary
condition has been widely used [, IR, 9, P0]. Although the method can be easily incorpora-
ted in a FEM or BEM program, it performs adequately only when placed at a large distance
from dam face. Saini etal. [§] and Saini [21] studied the coupled response of dam-reservoir
systems and developed infinite elements to model energy dissipation at the far upstream end
of the reservoir. They concluded that the effect of radiation damping is significant at high
frequencies of excitation. Hall and Chopra [5] developed a substructuring technique where
the dam, reservoir and foundation are modeled using finite elements and their responses
coupled through interface forces to obtain the global dynamic behavior. They considered a
one-dimensional model to account for reflection of waves at reservoir bottom, and proposed

a one-dimensional infinite boundary condition to simulate absorption of compression waves
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outgoing from a seismically excited dam-reservoir towards its upstream end. Humar and Rou-
faiel [22] proposed a modified Sommerfeld boundary condition, implemented it into a finite
element program and proved its efficiency to be superior to the classical Sommerfeld TBC for
frequencies between the first and the second natural frequencies of the reservoir. They did
not consider reservoir bottom wave absorption in their study. Neglecting water compressibi-
lity, Sharan [23] proposed a TBC based on the analytical solution for hydrodynamic pressure
in a reservoir impounded by a rigid dam. He concluded that this TBC gives satisfactory
results even for very short reservoir truncation lengths. Sharan [24] extended his TBC to
include water compressibility, but still considered a complete reflective reservoir bottom and
a rigid dam. He showed that the new TBC is a generalization of the Sommerfeld TBC and
of that proposed by Humar and Roufaiel [22]. He also confirmed that the Sommerfeld TBC
gives satisfactory results only when placed very far away from dam face and for excitation
frequencies lower than the reservoir first natural frequency. Sharan [25] extended the use
of his TBC to deformable dams by dividing the reservoir into a near-field domain with an
arbitrary shape, and a far-field domain with a uniform rectangular geometry. He modeled
the whole dam-reservoir system using finite elements and applied a TBC based on a rigid
dam assumption to the upstream end of the far-field domain. The TBC was improved later
by including the effects of reservoir bottom wave absorption [26]. Satisfactory results were
obtained for short truncation lengths and a wide range of excitation frequencies except near
the second and third natural frequencies of the reservoir [26]. Jablonski [27] developed a BEM
program implementing the TBC proposed by Hall and Chopra [5]. He studied the effect of
the location of this TBC on hydrodynamic pressures at dam upstream face, and concluded
that the accuracy of the results is sensitive to the type and size of the boundary elements
used, a result also previously reported for finite element models [, 29].

All the TBCs described above were however developed considering a rigid dam assump-
tion. Recently, Maity and Bhattacharyya [30] proposed a TBC that intrinsically takes account
of dam flexibility and is therefore height-dependent. They considered a completely reflective
reservoir bottom and implemented this TBC into a FEM program. They evidenced the effects
of dam flexibility, and the TBC was shown efficient in time-domain analyses of dam-reservoir
systems. Cetin and Mengi [31] developed a TBC based on spectral theory of waves propaga-
ting horizontally along a fluid reservoir with a completely reflective reservoir bottom. They
assessed the TBC through BEM analysis of two benchmark problems of rigid dams subjected
to harmonic and time dependent loadings. Bouaanani et al. [32] formulated a new TBC to
account for energy radiation in ice-covered reservoirs, including the effects of reservoir bot-
tom wave absorption and water compressibility. They implemented the proposed TBC into

a BEM program and proved its effectiveness and accuracy through a parametric study of
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a typical dam-reservoir system. Maity [33] and Kiiglikarslan [34] proposed TBCs to study
earthquake-induced horizontal vibrations of incompressible-unbounded infinite fluid domains
with completely reflective reservoir bottoms. They incorporated the TBCs into FEM pro-
grams and showed their performance to be superior to classical TBCs when placed near dam
upstream face. Gogoi and Maity [35] extended the TBC proposed by Maity and Bhattacha-
ryya [30] to include energy dissipation at reservoir bottom. They defined the new TBC based
on a closed-form formulation of hydrodynamic pressure proposed by Bouaanani etal. [36].
The proposed TBC was implemented in a FEM code for frequency- and time-domain analyses
of dam-reservoir systems and was found to perform efficiently on a wide frequency range of
interest in dam seismic analyses.

TBCs are generally approximate, absorbing only a portion of impinging waves, and thus
introducing some error into the solution. This error is usually to be minimized based on the
experience and judgement of the analyst after some initial guess of the truncation boundary
location. Successive trials are then performed to ensure numerical convergence of the FEM
or BEM solutions as a function of truncation length and mesh refinement. It is important
however to separate errors that can be attributed strictly to the type of TBC applied and its
location from the discretization, convergence, or other numerical or modeling errors specific
to the FEM or BEM packages used. Such a validation is generally conducted through com-
parison with the exact solution of the mathematical model describing dam-reservoirs with
upstream TBCs. However, available analytical solutions can handle only heightwise constant
TBCs and thus cannot be used to validate FEM or BEM models with height-dependent
TBCs which include dam flexibility effects. The main objective of this work is to develop an
original and rigorous analytical technique to reliably predict the accuracy of a given TBC
in a vibrating dam-reservoir system and estimate the TBC effects and associated error inde-
pendently of FEM or BEM modeling of the reservoir. This method would be also useful in
testing, validating or developing either frequency-dependent TBCs or frequency-independent
TBCs which are generally more suitable for time domain analyses of dam-reservoir systems.
Another objective of this work is to use the proposed method to present a fundamental un-
derstanding of the behavior of various TBCs and provide a systematic identification of their
influence on the dynamic response of a dam-reservoir system, considering the effects of :
(i) dam flexibility, (ii) water compressibility, (iii) reservoir bottom wave absorption, (iv) re-
servoir truncation length, and (v) excitation frequency. To the authors’ knowledge, such a
thorough analysis has never been published.

This paper is organized as follows. In Section A=A, we briefly review the mathematical
background of a classical analytical technique and we define some common TBCs. We then

establish the mathematical formulation underlying the new analytical method proposed to
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study dam-reservoir systems with upstream TBCs. In Section [A=3, we examine the sensitivity
of common TBCs to various key factors, and we illustrate the use of the proposed method
to investigate the efficiency and accuracy of these TBCs. The last section contains some

concluding remarks.

A.2 Mathematical formulations

A.2.1 Review of the formulation for a semi-infinite reservoir

Fig.[A(a) illustrates a typical gravity dam of height H, impounding a rectangular semi-
infinite reservoir of constant height H,. The effects of sediments that may be deposited at
reservoir bottom are also considered. A Cartesian coordinate system with axes  and y and
origin at the heel of the structure is adopted as well as the following main assumptions : (i) the
dam and the water are assumed to have a linear elastic behavior ; (ii) the water in the reservoir
is compressible and inviscid, with its motion irrotational and limited to small amplitudes;
and (iii) gravity surface waves are neglected. Under these assumptions, the hydrodynamic

pressure p(x,y,t) in the reservoir obeys the wave equation

1 9%

2 —_ =
V= g

(A1)
where V? is the Laplace differential operator, ¢ the time variable, p, the mass density of water

and C; the compression wave velocity given by

oy
Cr=,/— (A.2)
Pr
in which p, denotes the bulk modulus of water.
Considering horizontal harmonic ground accelerations iy (t) = a4 €, the hydrodynamic pres-
sure in the reservoir can be expressed in the frequency domain as p(z,y,t) = p(x,y,w) e,
where p(z,y,w) is a complex-valued Frequency Response Function (FRF). Introducing this

transformation into Eq. (BA™) yields the classical Helmholtz equation

[

w

Vi + —=p=0 (A.3)

=

The dam section can be modeled using finite elements and assuming that the system has a

constant hysteretic damping, the dynamic equilibrium of the dam-reservoir system can be
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Figure A.1 Dam-reservoir systems considered for the analytical formulation : (a) Dam im-
pounding a semi-infinite reservoir; (b) Dam impounding a truncated-length reservoir.

expressed in the frequency domain as
[~ M+ (1 +in) K] Gp(w) = —ag M 1+ Fy(w) (A.4)

where U, is a column-vector containing the FRF's of dam nodal displacements relative to the
ground, M and K are the dam mass and stiffness matrices, respectively, 7 is the structural

hysteretic damping factor, F}, is a column-vector containing the FRFs of hydrodynamic pres-
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sure loads, and 1 is a column-vector with the same dimension as the vector of nodal relative
displacements, containing zeros except along horizontal degrees of freedom which correspond
to the direction of earthquake excitation. Using a modal superposition analysis, the FRFs of

relative displacement and acceleration components at coordinate (x,y) can be expressed as

u(z, y, w Zw (2, y) Zj(w); iz, y,w) wa (z,9) Zj(w)  (AD)
dayw) = W) 4w i) wzw:wZ D) (AB)

where % and © denote the horizontal and vertical relative displacements, respectively, i and o
the horizontal and vertical accelerations, respectively, wj(-x) and @/)](-y) the 2— and y—components
of the j* dam mode shape, Zj the generalized coordinate, and mg the number of structural
mode shapes included in the analysis. The hydrodynamic pressure FRF p can be decomposed

as (6]

pla,y,w) = Po(x,y,w) — w ZZ ) Pj (. y,w) (A7)

where pg is the FRF for hydrodynamic pressure due to rigid body motion of the dam, and
where p; is the FRF corresponding to hydrodynamic pressure due to horizontal accelera-
tion 1/1]@ (y) = zpj(.”*’)(o,y) of the dam upstream face along structural mode j. The boundary
conditions to be satisfied by FRFs py and p; are detailed in this section.
— At dam-reservoir interface
This boundary condition is based on compatibility between hydrodynamic pressures
and normal displacements at dam-reservoir interface, yielding [6]

op op z
20,y w) = —piay HO.y.w) = -t ) (AS)

— At reservoir free surface

Neglecting the effect of gravity waves at reservoir free surface [B8, B9], hydrodynamic

pressures at this location are assumed null
ﬁo('r?Hr?(")) :ﬁj<l’,Hr,CU) =0 (A9>

— At reservoir bottom
This boundary condition was introduced by Hall and Chopra (1982) to approximately

account for energy dissipation at reservoir bottom through one-dimensional partial



204

absorption of incident compression waves normal to the reservoir bottom boundary

Opo

): apj
dy

Dy —(2,0,w) = iwg p;(x,0,w) (A.10)

('T 0 CU) iwqﬁo(a:,O,w

where ¢ is a damping coefficient defined at the reservoir bottom as

Pr
= A1l

P (A.11)
and where p¢ and Cf denote the mass density and the compression wave velocity within
the reservoir foundation, respectively. The portion of the wave amplitude reflected back

to the reservoir is represented by the wave reflection coefficient v defined by

1—qC;

= - A.].2
1+¢qC, ( )

where a may vary from 0 for full wave absorption, to 1 for full wave reflection.

At infinity upstream of the reservoir

To obtain analytical expressions for the FRFs p, and p;, Hall and Chopra (1982) and
Fenves and Chopra (1984) considered an undisturbed pressure condition implying a
null hydrodynamic pressure at infinity of the continuum fluid domain upstream, i.e.

when z — —oo according to the system of axes in Fig.A™(a) :

lim po(z,y,w) = lim p;(z,y,w) =0 (A.13)
Tr——00 T—r—00

In the rest of the paper, a superscript () will be used to denote hydrodynamic pressures,

forces and other physical quantities determined using the aforementioned boundary condi-

tions. These boundary conditions are coupled to Eq. (A=3) to determine classical expressions

of hydrodynamic pressure [] The resulting FRFs ]50(00) and ]5}00) are written here as the

summation of m, functions pOn ) and p corresponding each to a reservoir mode n

5 (2, y,w ijn z,Y,w) (A.15)
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in which

Aw) Ton(w) .

P,y ) = —2pragH, ! o) O Yal) (A.16)
pj(ZO)(x7y7w> = _2;0rH E:; I/jn((:))) () @ Yn(y,w) (Al?)

where A, and Y,, are complex-valued frequency dependent eigenvalues and orthogonal eigen-

functions satisfying for each reservoir mode n

20 (@) Hy _ _Malw) —wg (A.18)
An(w) + wq
[An(w) — wqle Pn @ ¥ 4 [\, (w) + wq|er @)
Y, (y,w) = A19
(v.4) o (A19
and where the terms 8, kpn, lon, Ijn are given by

2 2 921 | w?

Bn(w) = H [ A (w) — w’¢?] +iwg; Fn(w) = [ A2 (w) — 2 (A.20)
H, H;

() = 77 | Yty ) = 30 [ @Yy (a2

Iterative techniques such as Newton—Raphson method can be used to solve Eq. (ATIR) at
each excitation frequency w. We note that for a completely reflective reservoir bottom,
ie. @ =1, ky(w) is either : (i) a real positive number when exciting frequency w is lo-
wer than the vibration frequency wy, of the impounded reservoir, or (ii) a pure imaginary
number otherwise [8, B, 22]. In the first case, the sums in Egs. (AT4) and (ATH) decay ex-
ponentially with increasing distance upstream, and in the second case, these sums contain a
non-decaying part representing waves propagating in the upstream direction. When reservoir
bottom absorption is included, k, is a complex number with a positive real part, and the
series in Eqgs. (AT4) and (ATH) decay with increasing distance upstream, although slowly for
slightly absorptive reservoirs. The number of reservoir modes m, to be included in the analysis
should be selected based on the convergence of the sums in Egs. (AT4) and (A-TH). Through
extensive numerical analyses of idealized dam sections, Fenves and Chopra (1984) proposed
and validated a minimum value m, > wmayx/(2wp) + 5 to ensure convergence, where wyay de-
notes the maximum excitation frequency considered in the analysis, and wy=m C,/(2H,) the

natural frequency of the full semi-infinite reservoir.
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If water compressibility is neglected, real-valued and frequency-independent eigenvec-

tors A, and eigenvectors Y,, are given by

A = % ; Y, (y) = cos {w} (A.22)
and Egs. (A=20) and (A=2T) simplify to
Bn = %; Ko = M (A.23)
Iy, =2 % ; Ijn = i /H ¢ ) cos {(Zn;Hi)wy} dy (A.24)
yielding the hydrodynamic pressures
(=1)" " cos [—(Zn — 1) Wy}
Bon (@, y) = ~8pragH, CT: 725 fn (A.25)
COS{(%;};)M] Hr o — 1
(@, y) = —4ps on = 1; et i Y (y) cos [%} dy (A.26)

Depending on whether water compressibility is included or not, Eqgs. (A18) and (A7) or
Egs. (A23) and (A=28) are used to obtain hydrodynamic pressures péoo) and p}oo). The FRF
for total hydrodynamic pressure is then given by [Eq. (A77)]

p(x,y,w) = po(,y,w) — w ZZ w) pi(x, y,w) (A.27)

7 (00)

where the vector Z( of generalized coordinates Z; 7, j=1...ms, is obtained by solving

the system of equations
S(e) 7o) — Q) (A.28)

in which elements of matrices S() and Q> are obtained for n=1...mg and j=1...m4 as
G (o) (o)
S5 w) = [ —w (L im) w2 0 +o? /0 B (0, y,w) i (y) dy (A.29)

H,
Qi (w) = —agpy, M1+ /0 Po ™ (0,y,0) 1P () dy (4.30)
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where ¢ denotes the Kronecker symbol and w, is the vibration frequency corresponding to
structural mode shape 1,,. A convergence study is conducted to determine the sufficient
numbers mg and m, of structural and reservoir mode shapes to be included into each specific
analysis. We can also define the FRFs for hydrodynamic forces applied on dam upstream

face, i.e. at = 0 according to the system of axes in Fig.[AT

H, _ H,
A (w) = / (0, y,w) dy F(w) = / POy w)dy  (A3D)
0 0

The formulation described in this section was originally developed by Fenves and Chopra
(1984) to investigate earthquake excited gravity dams impounding semi-infinite reservoirs.
The method is based on a sub-structuring technique, where the dam is modeled using finite
elements and where reservoir effects are accounted for analytically through hydrodynamic
loads applied at dam upstream face and determined using mode shapes of the dam with
an empty reservoir. Bouaanani and Lu (2009) showed that this procedure to include dam-
reservoir interaction yields excellent results when compared to techniques where the reservoir
is modeled numerically using potential-based fluid finite elements. This analytical method
will be referred to as the classical formulation in the rest of the paper and will serve as our

reference solution.

A.2.2 New formulation considering transmitting boundary conditions

As mentioned previously, appropriate TBCs are required for efficient finite element or
boundary element modeling of dam-reservoir systems. In this case, exact radiation boundary
conditions at the far dam upstream face [Eq.(AT3)] are replaced by TBCs to be applied at a
finite distance L, from dam upstream face as shown in Fig.[A(b). TBCs are used to prevent
or reduce reflection of waves impinging a fictitious truncation boundary of an infinite reservoir.
They can be generally defined by the relationship between the hydrodynamic pressure and
its normal gradient both determined at the truncation boundary. According to the system of

axes in Fig.A(b), we consider TBCs that can be expressed as

ap(oo) . (oo
#(_Lrayauﬁ = (90(L )(va)p(g )(_Lray7w) (A32)
op,> N

8jx (_Lr:yaw> = Hj(Lr)(va)ﬁ]( )(_Lray)w) (AS?’)

where the functions (90(Lr) and 9]-(Lr) are generally height- and frequency-dependent. We note
that the TBC in Eq. (BA=32) accounts for rigid body motion of the dam, while that in Eq. (A=33)
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accounts for dam elastic deformation along structural mode shape 1/)](7”). In the rest of the
paper, a superscript (“r) will be used to denote hydrodynamic pressures obtained using TBCs
placed at a distance L, from dam upstream face. Differentiating Eq. (A=27) with respect to z

gives
WQI? Y, (,U) = 80x Y, w)—w Z Z (L’ Y, W ) (A34>

Taking z=—L, and substituting Eqgs. (A=32) and (A=33) into Eq. (A=34) yields

op*> L. (o0 S 00y 0) 5L

W<_Lr7yaw) = 90( )(y7w>p0( )( r>ya Z w)pj( )(—Lr,y,w)
(A.35)

Using Eqgs. (A=27) and (A=33), we can define a TBC expressed in terms of total hydrodynamic

pressure p(>) as

0p ()
ox

in which the height- and frequency-dependent function 6 (%) is given by

(_Lrayaw) = H(Lr)(yaw)ﬁ(w)(_[frayaw) <A36)

AMS

03" (y, w) p (— Ly y, w) — Z( )9(“(?/, )p(m)( Ly, y,w)
0 (y,w) = = (A.37)
S Z,(w) 5 (~ Ly, w)

St
3
&~
=
S
Ms

1

<.
Il

The TBCs defined by Egs. (BA=32) to (A=37) will be referred to as analytical TBCs in the
rest of the paper. Using Eqgs. (AT4) and (ATH), the functions HL,(LY) ;¢ =0,7; can be expressed

as

Z’in pen Lryyaw)

Ly
6" (y,w) =
E pg(:LO)(_LN Y, w)
n=1

We will also examine the effectiveness of truncated TBCs, where the sum in Eq. (A=38)

(A.38)

is truncated at a given number m, less than the number of reservoir modes m, ensuring

convergence, yielding the function ég(Lr)

Zﬁn pgn Lr7y7w)
~ (Ly
0y, w) = 2= (A.39)

Zpg r7y7 )
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When water compressibility is neglected, Eq. (A=38) transforms to

Z Andon cos(N, y) e Anls
o y) = H, "

My

(A.40)

Z % cos(A\, y) e

n

—AnLy

n=1

where A\, and I,, are determined according to Eqs. (A=22) and (A=24), respectively. We note
that Eq. (AH0) also corresponds to very low frequencies, i.e. w — 0, when water com-
pressibility is included. In the rest of the paper, analytical TBCs will be distinguished as
compressibility- or incompressibility-based depending on whether compressible or incompres-
sible water assumptions are adopted.

When a TBC is applied at a finite length L,, Eqs. (BA4) to (A7) of the classical formu-

lation are no longer valid to determine hydrodynamic pressure within the reservoir. To get

a rigorous assessment of the accuracy and effectiveness of a given TBC, a new formulation
is developed in this work. To alleviate the text, the detailed mathematical derivations of
the formulation are presented in Appendix A. When TBCs in (A=32) and (A=33) are impo-
sed at a distance L, from dam upstream face, we show in Appendix A that hydrodynamic

pressures po( " and p ) can be expressed as

5 (g w ijn ,y,w (A.42)

r)

where FRF's ﬁo(fl Y and }3]% are given by

A2 (w) I
ﬁéir)(x’ij) _ {[e—ﬁn(w)x + enn(w)a:} F;O)(w> — QpragH 5n§ g n((w))

= [em @7 4 @ T () Yaly,w) +po, (2,9,w)

enn(w) T } Yn(ya (U)
(A.43)

A () Iin(w)

(@) Fin(w)
= [ @7 4 grnl@)a }rgp(w)wy, W) + P (0, w)

) (@, y,w) = {[e—ﬁn(w>x + e @) 70 (W) — 2p,.H, e“"(“’”} Yoly, w)

(A.44)

in which T (w) and T'{ (w) are elements of vectors I'® and T')| obtained by solving the
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systems of linear equations
AQ(w) TO(w) = BO(w); AV (w) TV (w) = BY(w) (A.45)

where the elements of matrix A®) and vector B®) are given for £ = 0,j by Eqs. (AA24)
and (AZA2H) of Appendix A. Egs. (AZA™24)) and (A—A™2F) will be used later to assess the
efficiency of various TBCs and evaluate the associated errors. One important aspect of this
formulation is that it takes account of the variations of the functions (90(Lr) and Hj(Lr) over
reservoir height. This dependence is investigated next. Using Eq. (AZ38) the derivatives of

the functions GK(LT) ;£ =0, 7; with respect to coordinate y can obtained as

o (oo Yo (y,w
aQ(Lr) ZZ[/{S(W)_/{W,OJJ)]}?E(S )( Lraya ) o )( Lraya )%
5y (y,w) = =L2=1 e (A.46)
SN 5 Ly, w) B (— Ly w)
s=1 n=1
where
— 8Yn 1 —i w i w
o) = 520) = 5 o) = g™ = ) gl r) ()

Eq. (A=28) shows that the derivatives of the functions 90(Lr) and Hj(]”) with respect to
coordinate y are generally not null. Consequently, these functions as well as the function 6 (/)
[Eq. (B2310)] are generally not constant over reservoir height. This behavior will be investigated
numerically later as well as the implications of heightwise variations of TBCs on the frequency
response curves of hydrodynamic pressures and forces applied at dam upstream face.

As proven in Appendix A, if functions Qe(Lr) were assumed constant over reservoir height,
i.e. independent of the y coordinate, Eqgs. (A=23) and (A=4) simplify to

pérl;)(xﬂya ) 2pr gH A%EZ; ﬁ):((;d)) X(Lr)( W) Yn(y,w) (A48)
o) = 2 AR ) (01 ), (g (A.49)

where X éﬁ) and Cﬁﬁr) are given for £ = 0,7 by Eqgs. (AZA=32) and (A7A=33) of Appendix A.
For illustration purposes, Egs. (A48), (A=29), and then Egs. (A=) and (A=2) will be
used later to investigate the following height-independent TBCs :
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— Sommerfeld radiation boundary condition [I'7, 8], corresponding to

05" (w) = 6, (w) = = (A.50)

— Sharan boundary condition [25, 26], corresponding to
by (w) = 0, () = m1(w) (A.51)

We note that the Sharan boundary condition is a special case of Eq. (AZ39) with m, = 1.
Once hydrodynamic pressures are determined for each reservoir mode n, Eqs. (A=)
and (A=2) are used to sum up the contributions of the m, reservoir modes included in

the analysis. The FRF for total hydrodynamic pressure is given by

ms

Py w) =iy w) =t D20 @) 5 () (A52)

=1

r)

where the vector Z() of generalized coordinates Z (& , j=1...mg, is obtained by solving

the system of equations
S Z(Le) — QL) (A.53)

in which elements of matrices S%*) and Q**) are now defined for n=1...mg and J=1...mg
by

550w = [t (i e i+t [ a0 o d (a5

Q) = oML+ [ B0,y 6 ) ay (A55)

0

Hydrodynamic forces at dam upstream face corresponding to hydrodynamic pressures ﬁO(Lr)

and p(X) can then be obtained as
7 (L) T - &
Fy r(W)—/ Po (0, y,w) dy; FE) () —/ P50, y,w) dy (A.56)
0 0

A.3 Numerical results

A.3.1 Dam-reservoir system studied

For purpose of illustration, the new formulation presented previously is applied to analyse

the dam-reservoir system shown in Fig.[A=A subjected to a unit horizontal harmonic ground
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acceleration iiy(t) = e“!. A simplified triangular dam cross-section with dimensions inspired
from the tallest non-overflow monolith of Pine Flat dam is considered. This standard dam
section was shown appropriate for a preliminary design and safety evaluation of concrete
gravity dams and was introduced to develop and illustrate simplified earthquake analysis
procedures proposed by Chopra etal. [2, B, &1]. The dam cross-section has a height Hy =
121.92m (400 ft), a downstream slope of 0.8 and a vertical upstream face. A full reservoir
is assumed, i.e. H, = Hy, and different reservoir truncation lengths L, are considered as will
be discussed later. Fig. A2 illustrates the boundary conditions used. A dam Poisson’s ratio
vs=0.2 and mass density p,=2400 kg/ m® are adopted. To assess the influence of dam stiffness,
two modulus of elasticity Fs=25 GPa and E;=35 GPa are considered. A constant structural
hysteretic damping factor ny = 0.1 is adopted. The water is assumed compressible, with a
velocity of pressure waves C; =1440m/s and a mass density p, =1000kg/ m®. To obtain the
mode shapes v;, j = 1...mg, the dam section is modeled using quadrilateral 9-node and

triangular 6-node plane stress finite elements as illustrated in Fig. A2,

A.3.2 Investigation of the response mechanisms of various TBCs

Before investigating the effects of various TBCs on reservoir hydrodynamic response,

we first examine the dependency of the absolute values of functions 90(Lr) and 6 to fre-

quency and reservoir depth. Fig. [A—3 shows the values of the dimensionless parameter H, 6’0(Lr)

determined at three reservoir depths corresponding to points A, B and C belonging to
dam-reservoir interface. Points A, B and C are located at heights yy = 0.1H,, yg = 0.5H,
and yc=0.9H, as shown in Fig.[A2. Both compressible and incompressible water assumptions
as well as Sommerfeld and Sharan boundary conditions are included. Results are determined
for frequency ratios w/wp varying from 0 to 6. Three truncation lengths L,=0.5H,, L,= H,
and L,=2H, and five reflection coefficients a=1.0, «a=0.8, a=0.6, «=0.4, and a=0.2 are

considered. First, it is clearly seen that the parameter HrIGO(Lr) is not constant over reservoir

height as usually assumed in previous research. In fact, Fig. shows that this assumption
holds only over a lower frequency range up to a characteristic frequency w®) depending
on truncation length L,. We note that w(*) becomes larger as truncation length increases.

We also observe that the variations of HT‘GéLY) become generally smoother with increasing

reservoir bottom wave absorption and truncation length, suggesting a smaller error when a
TBC assumed constant over reservoir height is used in these ranges.

The results corresponding to an incompressible water assumption are obtained using
Eq. (AR20). As expected, Fig.[A3 shows that the dimensionless parameter HTIHO(LY)

sensitive to frequency variations and reservoir bottom wave absorption. The curves are al-

1S not

most constant over reservoir height, namely as truncation length increases.
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Figure A.3 Variation of the parameter HY‘GO( ")

for a rigid dam as a function of frequency

ratio w/wy, height y, wave reflection coefficient o and truncation length L,. — yy =0.1H,;
—yg =05H,; — yc =09H,; — Sommerfeld BC; __ Sharan BC. Continuous lines :

compressible water ; dotted lines : incompressible water.
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According to Eq. (AZ0), the Sommerfeld radiation boundary condition varies linearly
with frequency ratio. For lower frequencies, i.e. in this case w < wy, the difference between
the curves representing the Sommerfeld and analytical TBC are very different, getting closer
as frequency ratio increases. Fig.[A=3 confirms that the effectiveness of the Sommerfeld boun-
dary condition is least for very low frequencies, and that it increases with higher frequencies,
larger truncation length and more energy dissipation at reservoir bottom. The curves repre-
senting Sharan boundary condition coincide with those of the exact boundary condition up
to frequency w®*). This behavior explains the efficiency of Sharan boundary condition in the
lower frequency range as will be discussed later. We also note that the curves corresponding
to Sommerfeld and Sharan boundary conditions are different at lower frequencies, while get-
ting closer with approximately parallel curves in the higher frequency range. The effects of

dam flexibility are included next. Figs.[A4 and [A73 illustrate the variations of dimension-

considering two dam concrete modulus of elasticity E; = 35 GPa
and Eg; = 25 GPa, respectively. By comparing Figs.[A=3 to AH, it can be concluded that

less parameter H,|6 ()

the analytical TBC is very sensitive to dam stiffness. The curves show that the amplitudes
of Hr‘H(Lr)
curves obtained for L, =0.5H, shows that dam flexibility causes larger variations of the pa-
g (Lx)

become generally sharper as dam flexibility increases. Closer examination of the

rameter H, over reservoir height at the lower frequency range. This effect vanishes as
truncation length increases. We also observe that reservoir bottom wave absorption and dam

and

flexibility have very little effect on the maximum frequency w*) below which Hr‘HO(Lr)
(Lx)
H, |0

exhibit sharp peaks corresponding to values of coordinate y and frequency w that make the

can be considered constant over reservoir height. At high frequencies, some curves

absolute value of the denominator in Eq. (A=38) very small for a given truncation distance L.
As observed for Hr|90(L’)

cause the variations of H.,

, increasing reservoir bottom wave absorption and truncation length
g (L)

to become generally smoother. Figs.[A=3 to [A=H show that
the difference between the curves obtained under compressible and incompressible water as-
sumptions is significant except for highly absorptive reservoirs at a very low frequency range.
It is seen that incompressibility-based boundary conditions determined at different heights
get closer as truncation length increases. We also conclude that Sharan boundary condition
is in excellent agreement with the compressibility-based analytical TBC between 0 and w(+),

and for a wider frequency range as reservoir bottom wave absorption increases.
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Figure A.4 Variation of the parameter H, ‘ g (Lv) } for a flexible dam F5 = 35 GPa as a function of
frequency ratio w/wy, height y, wave reflection coefficient o and truncation length L,. — yy =
0.1H,; — yg=0.5H,; — yc=0.9H,; — Sommerfeld BC; __ Sharan BC. Continuous lines :
compressible water ; dotted lines : incompressible water.



15 T T T T T
a =1.00 a =1.00 a =1.00
L, =0.5H, L. =H, L, =2H,
— 10} 1t 1t ;
3 \ /
= I
S h i L
Ty
/
_ \. _ . A
- o = /* S -—— g = - —= N - - = _— = = b
0 e I !
15 T T T T T
a =0.80 a =0.80 a =0.80
L, =0.5H, L, = H, L, =2H,
— 10} 1t 1t ;
=3 \ /
= I
T 5t h L L
Ty
/
— < P -~
Bt y -t = - ST — - = - = A7
0 r 1 L= — L |
15 T T T T T
a =0.60 a =0.60 a =0.60
L, =0.5H, L, = H, L, =2H,
— 10} 1t 1t ;
2 )
= !
T 5t h i Z 4
Iy
/
_ 7 o P —
STt vk E—— =S == ST T = = =
0 4/ |~ — I I I
15 T T T T T
a =0.40 a =0.40 a =0.40
L. =05H, L, =H. L. =2H,
— 10} 1t 1t ;
2 !
ES h
T 5| h i 14 | "
I
//
S~ K ==\ e ——se o S
0 + 1 |~ — | 1 1 L
15 T T T T T
a =0.20 a =0.20 a =0.20
L. =05H, L, =H. L. =2H,
— 10t 4t 1t
ol \
= '|
T 5t h i L i
Ty
// %
= —= e ="—‘//* S m e T — — — — — — — — A
0 | i | |~ — | | | | | | | | | | |
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6
w/wo w/wo w/wo

217

Figure A.5 Variation of the parameter Hr‘e (L) } for a flexible dam F5 = 25 GPa as a function of
frequency ratio w/wy, height y, wave reflection coefficient o and truncation length L,. — yy =
0.1H,; — yg=0.5H,; — yc=0.9H,; — Sommerfeld BC; __ Sharan BC. Continuous lines :
compressible water ; dotted lines : incompressible water.
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05" g (L)

and H,

heightwise profiles of these functions are determined at three reservoir truncation lengths L, =

To further investigate the variations of H, over reservoir height, the
0.5H,, L, = H, and L, =2H, and for frequencies ranging from 0 to 6wy. For brevity, only
results obtained at frequency ratios w/wp = 0.8, w/wy = 1.2, w/wy = 2.0 and w/wy = 4.0
are illustrated in Figs.[A=@ to A9, respectively. Profiles corresponding to both compressible
and incompressible water assumptions as well as the constant profiles representing Som-
merfeld and Sharan boundary conditions are shown. We first observe that the profiles are
sensitive to dam stiffness, reservoir bottom wave absorption and frequency ratio and that
they tend to become constant over reservoir height as truncation length increases. At the
lower frequency ratios w/wy=0.8 and w/wy= 1.2, we observe that the compressiblity-based
profiles converge towards incompressibility-based ones as reservoir bottom wave absorption
increases. This implies that the error associated with the use of an incompressibility-based
TBC condition increases for highly reflective reservoirs. Figs. A8 and A7 also show that the
three incompressibility-based profiles have each an inflexion point that is almost common.
The same applies to the compressibility-based profiles. We note that the inflexion point is
approximately located at the same reservoir height for all the profiles. Incompressibility-

and compressibility-based Sharan boundary conditions also approximately pass through this

inflexion point. A closer look at curves shows that the maximum variation of HT}QO(LT)
and Hr|0 (Lr)

This behavior can be used to evaluate the error resulting from the use an incompressibility-

over height increases with reservoir bottom wave absorption and dam flexibility.

or compressibility-based Sharan boundary condition. Figs.[A8 and A= show that, at hi-
gher frequency ratios w/wp=2.0 and w/wy=4.0, convergence between compressibility- and
incompressibility-based profiles with increasing reservoir bottom wave absorption and trun-
cation length is not as obvious as for lower frequency ratios. Some profiles have now more
that one inflexion point, i.e. the case a=1, E;,=35GPa and L,=2H,, and some show sharp
peaks corresponding to a very small absolute value of the denominator in Eq. (A=38), i.e. the
case «=0.8, E,=25GPa and L,=H,.
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Figure A.6 Variation of the parameter Hr‘é (Lr)‘ for w = 0.8wy as a function of height y, wave
reflection coefficient o and truncation length L,. — L, =05H,; — L, =H,; _ L, =2H.,.

— Sommerfeld BC; __ Sharan BC. Continuous lines :

incompressible water.

compressible water; dotted lines :
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Figure A.7 Variation of the parameter Hr‘ﬁ (Lr)‘ for w = 1.2wy as a function of height y, wave
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A.3.3 Error analyses

The formulations presented previously were fully programmed using MATLAB ® [37]. To
first validate the new formulation, it is used to determine hydrodynamic forces and pressures
acting on the upstream face of the dam when applying the analytical TBC at a reservoir
truncation length as small as L, = 0.1H,. Rigid and flexible dams with E; = 35 GPa and
Es = 25GPa are considered. In each case, five reflection coefficients a =1.0, a =0.8, a =
0.6, a=0.4, and a=0.2 are investigated. Fig.[A_T0 compares the hydrodynamic force FRF's
obtained to those determined using the classical solution presented in Section A2, while
Fig.[ATT illustrates the heightwise distributions of hydrodynamic pressure determined at
different frequencies using both methods. Hydrodynamic forces and pressures are normalized
by hydrostatic force Fy.y = prng /2 and hydrostatic pressure pgar = prgH;, respectively.
As can be seen, the new formulation yields a prefect agreement, irrespective of the level of
reservoir bottom wave absorption and dam stiffness.

The validated new formulation is applied next to assess the effectiveness of various TBCs
and determine the error associated with their use. The effect of an incompressibility-based
TBC at three truncation lengths L, =0.5H,, L, = H, and L,=2H, of a compressible reser-
voir is investigated first. Rigid and flexible dams as well as different reservoir bottom wave
absorption levels are considered. Fig.[AT3 shows the obtained frequency response curves of
hydrodynamic forces as well as the classical solutions. The large discrepancies in the re-
sults show that incompressibility-based TBCs may induce significant errors, although bet-
ter agreement is found in the lower frequency range for reservoirs with a highly absorp-
tive bottom. The Sommerfeld radiation boundary condition presented in Eq. (A750) is stu-
died next. Using Eqs. (A48), (A=), and then Egs. (A=) and (A=42), hydrodynamic pres-
sure FRF's of hydrodynamic forces are determined considering three reservoir truncation
lengths L,=0.5H,, L,=H, and L,=2H,. Fig.[AT2 shows the results obtained as well as the
classical solutions for a semi-infinite reservoir. It is seen that the frequency response curves
are very sensitive to reservoir truncation length. In the low frequency range, the Sommerfeld
radiation boundary condition is indeed effective only for relatively high reservoir truncation
lengths, of the order of L, =2H, in the present case. However, even when using such an im-
portant truncation length, some discrepancies are persistent at the higher frequency range,
namely for reservoirs with a highly absorptive bottom. Frequency response curves of hy-
drodynamic forces obtained using Sharan boundary condition [Eq. (AZ51)] at three reservoir
truncation lengths L, = 0.1H,, L, = 0.5H, and L, = H, are then examined. To allow clear
reading of the curves, Fig.[AT4 illustrates the results for a low frequency range from 0 to

3wp, and Fig.[ATH for a high frequency range from 3wy to 6wy.
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Figure A.10 FRFs for normalized hydrodynamic forces determined using : (i) the new for-
mulation for a truncated reservoir (L, =0.1H,), and (ii) the classical solution considering a
semi-infinite reservoir. —o— New analytical solution; — Classical solution.
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Figure A.11 Heightwise distributions of normalized hydrodynamic pressures on dam upstream
face determined using : (i) the new formulation for a truncated reservoir (L, =0.1H,), and
(ii) the classical solution considering a semi-infinite reservoir. —o— New analytical solution;
— Classical solution : —_ w=08wp; — w=wp; — w =12wp; — W =2wp; — w = 4dwy.
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We observe that Sharan boundary condition yields excellent results in the low frequency
range for truncation lengths as small as L, =0.1H, for the rigid dam case. When dam flexibility
is included, this truncation length yields some discrepancies with the classical solution, and
a larger truncation length L, = 0.5H, is required to reach an excellent agreement. In the
higher frequency range, Fig.[ATH reveals that discrepancies are induced even for truncation
lengths as high as L, = H,.. Accurate evaluation of hydrodynamic forces acting on a dam
upstream face is of practical value for its design or safety evaluation. To get more insight
into the sensitivity of hydrodynamic forces to a given TBC, the following error estimators

are proposed

g _ |
Mgy} (@) =

Figs.[ATd to AT illustrate error estimators nI(F%\) and 77|(F§|r) for hydrodynamic forces de-
termined using Sommerfeld, Sharan and truncated analytical TBCs [Eq. (A=39)] conside-
ring m, =2 to m,. Results are shown for four reservoir truncation lengths L., =0.1H,, L, =
0.5H,, L,=H, and L,=2H,. Error estimators are given in % and are presented as bar charts
equally spaced at frequency increments of Aw =0.08w, over a frequency ratio range from 0
to 6. For each truncation length, rigid and flexible dams with Es; =35 GPa and E;=25GPa
are investigated, as well as five reflection coefficients « = 1.0, a =08, a =0.6, a =04,
and a=0.2. The bar charts in Fig.[A—T@ clearly indicate that the error associated with the
Sommerfeld boundary condition is the highest for most of the frequency range of interest.
It is seen that the Sharan boundary condition yields satisfactory results only for very low
frequencies. The error associated with the Sharan boundary condition varies significantly as a
function of frequency ratio and dam flexibility, but we note that this error globally increases
with dam stiffness. Sharan and Sommerfeld boundary conditions yield similar error estima-
tors in the higher frequency range. We also observe that error estimators are less sensitive to
reservoir bottom wave absorbtion. More reservoir modes need to be included to match hy-
drodynamic pressures in the higher frequency range. The number of reservoir modes required
for convergence in a rigid dam case, i.e. m, &~ 3, is less than that required in the case of a
flexible dam, i.e. m, ~ 10. It is important to note however that an increase in the number
of reservoir modes does not necessarily reduce the error estimators over the whole frequency
range, but rather enlarges the lower frequency range over which error is minimum. No defi-
nite trend could be identified regarding the sign of the error estimators. For example, Sharan
boundary condition is shown to be alternatively conservative or nonconservative depending
on the frequency ratio. As truncation length increases, Fig.[A—T7 shows that error estimators

generally diminish over the whole frequency range. For low frequencies, Sommerfeld boun-
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dary condition still yields unsatisfactory results, while the error due to Sharan boundary
condition is nearly null. Fewer reservoir modes are now required to obtain convergence over
all the frequency range, i.e. m, &= 3. The effect of energy dissipation at reservoir bottom is
slightly more important than for truncation length L, =0.1H,. It is seen that reservoir bot-
tom wave absorption causes error estimators to slightly diminish. As previously, Sharan and

Sommerfeld yield approximately similar error estimators in the higher frequency range. The

same conclusions apply to Figs.[AT8 and A—T9. We namely observe that the error reduction
due to reservoir bottom wave absorption becomes more predominant with increasing trun-
cation length. For a truncation length L,=2H,, two reservoir modes are sufficient to obtain
convergence over a wide frequency range up to w & 5wy, and three are required for higher
frequencies.

Finally, predicting the first resonant frequency of a dam-reservoir system plays an impor-
tant role in the assessment of the seismic response of dams. Error estimators for the first

resonant frequency of a dam-reservoir system can be defined as

Ly [e'e)
Ly _ Wi —w™
wr w}goo)

(A.58)

where w{™ denotes the dam-reservoir resonant frequency obtained using a truncation length L.,
and w{® the resonant frequency corresponding to a semi-infinite reservoir. We may also exa-
mine error estimators for hydrodynamic force coefficients at dam upstream face

(L) _ ()

i) = S T % C<_oo>h (A.59)

h

where hydrodynamic force coefficients céoo) and cfff) are defined by

i (o0) (L)

o P
For purpose of illustration, error estimators determined according to Egs. (A758) to (BA60)
are presented in Table AT for a gravity dam with modulus of elasticity Es=25GPa. As can
be seen in this case, Sommerfeld boundary condition cannot be used to determine the first re-
sonant frequency of the dam-reservoir system, neither the corresponding hydrodynamic force
coefficient for a short truncation length L, = 0.1H,. As truncation length increases, Som-
merfeld boundary condition becomes more accurate to predict the first resonant frequency.

Predictions of corresponding resonant amplitudes are however generally less accurate, but are

improved for reservoirs with a highly absorptive bottom. Sharan boundary condition yields



229

satisfactory predictions of both first resonant frequency and corresponding amplitude, except
for the short truncation length L, =0.1H,. We also note that including additional reservoir
modes, i.e. m, =2 to m, =3, yields an excellent agreement with the classical solution even

for short truncation lengths and irrespective of reservoir bottom wave absorption levels.

A.4 Concluding remarks

This paper presented and validated an original formulation to study dynamically excited
dam-reservoir systems with upstream TBCs. First, a review of main developments related to
the application of TBCs in dam engineering was presented. Then, the detailed mathematical
derivations were provided for various TBCs and their sensitivity to : (i) truncation length,
(ii) reservoir depth, (iii) reservoir bottom wave absorption, (v) water compressibility, and
(iv) dam stiffness was thoroughly investigated over a wide frequency range of interest in dam
engineering applications. The systems of equations resulting from the analytical formulation
were solved numerically to assess the accuracy and effectiveness of some classical approxi-
mate TBCs and determine the exact error associated with their use independently of FEM or
BEM modeling of the reservoir. Exact analytical TBCs were also developed for comparison
purposes. The effects of reservoir truncation length, reservoir bottom wave absorption, water
compressibility and dam stiffness on the frequency response of hydrodynamic pressures and
forces applied at a dam upstream face were identified and discussed. We showed that the
widely used assumption that TBCs are height-independent holds only over a low frequency
range up to a characteristic frequency which increases with truncation length. This height-
dependence was observed to generally increase with higher reservoir bottom wave reflection
and dam flexibility. We also concluded that the effect of water compressibility is significant
except for highly absorptive reservoirs at a very low frequency range. Using the new for-
mulation, error estimators were determined to provide guidelines for selecting TBCs to be
implemented in Finite Element or Boundary Element models of dam-reservoir systems. For
that purpose, the sensitivity of hydrodynamic forces acting on dam upstream face and that
of the first resonant frequency of the dam-reservoir system to the various aforementioned
parameters were systematically investigated. The following main trends could be identified
especially when short reservoir truncation lengths are required to reduce computational bur-
den : (i) incompressibility-based TBCs generally induce significant errors and should not be
used, (ii) Sommerfeld TBC fails in predicting the first resonant frequency of the dam-reservoir
system as well as hydrodynamic forces on most of the frequency range of interest, (iii) Im-
proved results can be obtained by using the Sharan TBC or the truncated analytical TBCs

introduced in the paper, and applying the error estimators proposed to control the quality of
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the solution as a function of frequency ratio, dam flexibility and wave absorption at reservoir
bottom. The in-depth parametric studies presented illustrate how the proposed formulation
and error estimators can be used efficiently for a rigorous assessment of the accuracy and
effectiveness of classical or newly-developed TBCs, namely by defining reservoir length to
depth ratios and frequency ranges for which the application of these TBCs would be recom-
mended. We note that the proposed method, which can be easily programmed, is valuable in
testing, validating or developing TBCs that are either height-dependent or independent, and
frequency-dependent or independent, with the latter case being generally more suited for time
domain analyses. Finally, although the paper provided the formulation and fundamental me-
chanisms involved in vibrating dam-reservoir systems with upstream TBCs, the methodology

and findings described can be extended to other similar fluid-structure problems.
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Figure A.14 FRF's for normalized hydrodynamic forces determined for low frequencies using :
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cal solution considering a semi-infinite reservoir. —_ L, =0.1H,; L. =05H,; L, = H,;
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Figure A.15 FRFs for normalized hydrodynamic forces determined for high frequencies using :
(i) the new analytical formulation considering Sharan boundary condition, and (ii) the classi-
cal solution considering a semi-infinite reservoir. —_ L, =0.1H,; L. =05H,; L, = H,;

__ Classical solution.
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Figure A.16 Hydrodynamic force error estimators for a truncation length L, = 0.1H,. — Som-
merfeld BC; __ Sharan BC; __ Analytical BC with m, = 2; __ Analytical BC with m, = 3;

— Analytical BC with m, = 10.
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Figure A.17 Hydrodynamic force error estimators for a truncation length L, = 0.5H,. —_ Som-
merfeld BC; __ Sharan BC; __ Analytical BC with m, = 2; __ Analytical BC with m, = 3.
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Appendix

The hydrodynamic pressure frequency response fonctions péLr) and pj(L

in this appendix for the TBCs given by Egs. (A=32) and (A=33). For clarity and brevity, the

following notation is used in this appendix

r) are determined

P (@, y,w) = {péLr)(%%W) T (A.AL)
¢ PN (L) : .
and
foly) = ag; Mo = ag (A.A.3)
AW) =0 W) m =1 (A.A.4)

Throughout the appendix, subscript ¢ can take the values 0 or j.
Using the technique of separation of variables, hydrodynamic pressures can be expressed
as

Py w) =P 0, w) 2y (,) M
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Substitution into Eq. (AZ3) yields the two differential equations

e wpl =0 (A.A.6)
d2 7(Lr)
Oﬁjg ) =0 (AAT)

where \ and k are complex constants related by

W
e

K2 = \?

(A.A.8)

The general solutions of Eqs. (AZAT7) and (A~ATH) can be written respectively as

i (m,w) = 1 (W) e + 40 (W) e (A.A.9)

ey (Y, w) = 75" (W) e 4 9 (w) e (A.A.10)

where the coefficients %‘) (w), 754’ (W), 1 (w) and yf) (w) are to be determined by imposing

the boundary conditions.

Using the transformations of Eq. (CZAT) into Egs. (BAX) and (ATT0), we obtain the boun-
L)

dary conditions to be satisfied by ﬁg(y

d—(Lr)
Z:f; (0,w) = iwgps,” (0,w) (A.A11)
i (Hyyw) = 0 (A.A.12)

Substituting ﬁéir)(y,w) by its expression in Eq. (CZAT) into Egs. (CA™) and (CZATIO)
yields Eq. (BATI8) to be satisfied by the eigenvalues A, (w). The associated eigenvectors Y,,, n =
1...m, are given by Eq. (CCATT2) and they satisfy the orthogonality relations

0 it s#n (A.A13)

/ Y@ Yalw) dy= {4 ()
0 202 (w)

it s=n (A.A14)
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Using Eq. (CZAT), the hydrodynamic pressure can be expressed as the summation

[e.e]

_(Lr l Kon (W)x 4 Kn(w)T
B @,y w) = 3 [0 w) e 14 (@) ] Yoy, )
n=1

(A.A.15)
~ 3 [0 w) e ol () e 2 Y, ()
n=1

where the complex coefficients x, (w) are given by Eq. (A=20) and m, is the number of reservoir

modes.
)

1n

Coefficients 7, , (w) and #}1 (w) are to be determined by imposing the boundary conditions
at dam upstream face [Egs. (A=8)] and at the reservoir truncation boundary [Egs. (A=32) and

(B=3)]

aﬁK(Lr>

5y (0 ysw) = —pfuly) (A.A.16)
X

aﬁ(Lr) ) (L

530 (—Le,y.w) = 07 (y,w) oy (— Ly, y,w) (A.A17)

which yields after substitution of Eq. (CZATR)
Z Fin (W [71 n(w) = véﬁ)q,(w)} Yaly,w) = pefe(y) (A.A18)
> {0 [t + 47 g
n=1
= ®) [F&n(w) - 9§Lr)(y,w)} e"”””(“’)“} Vo(y,w) =0 (A.A.19)

Multiplying Eq. (AZATIR) by eigenvectors Yi(y,w), s = 1...m,, integrating over reservoir
height H, and using the orthogonality relationships in Eqs. (AZATT3) and (AZATT4) gives

A (W) Irn(w)
Pnlw) = Walw) = 2pm S (A.A.20)
Replacing into Eq. (AZATY) yields
3 {,{n [e—nn(w)Lr B enn«u)Lr] _ [e—nnw)Lr n enn(w)Lr}eéLr)(y’w)} Yoly, ) W ()
=t (A.A.21)

— A2 (w) Iy,
— 20 H, Z n(w) Lon(w) o fin (@)L [Hn(w) _ t9(L )(y’ )} Yy, w)
n=1

ﬂn((f‘)) Kn(‘”)
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Both sides of this equation can then be multiplied by eigenvectors Y(y,w), s=1...m

and integrated over reservoir height H, to obtain the system of linear equations
AYTO =B® (A.A.22)

in which the elements of matrix A® and vectors I'” and B® are defined for n = 1.

and s=1...m, as

T = 7 (w); (A.A.23)
(Z) — M _Hn(W)Lr _ Hn(W)Lr
H (A.A.24)
_ [e—ﬁn(w)Lr _i_e/in(w)Lr} / QéLr)(ij)}/s(:%w) Yn(y,w) dy
0
- A (@) Len () [ Fn(w) Bn(w)
BO(w) = 2pneH, Yy | Z " { P S
; Bu(w) in(w) | 2A35(w)
B gA.A.25)
_/ 0@ ' (y7w)YVS<y7w) Yn(yaw) dy:| e
0
where § is the Kronecker symbol. Eq. (CCATR) transforms then to
= — —kn(w)x kn(w) /\i(ﬂlnw o (W)
Py w) = Z{[e HT el ]Fff)(a)) — 2penetls Ew; ,_: (<w)) e () }Yn(y,w)
n=1 n n
(A.A.26)

_g (2,9, ) + Z [ —kn(@)T 4 k(@) a:] T'O(w) Y, (y, w)

If the functions He(Lr) were assumed constant over reservoir height, i.e. independent of the y
coordinate, the integrals in Eqgs. (AZA~24) and (AZA2F) become by virtue of orthogonality
relations of eigenvectors Y,

/0 6 (@) Yy, w) Yoy, w) dy = 2%2(2‘:3) 0" (W) B, (A.A.27)

Replacing into Eq.(BAA24) shows that matrix A®) is diagonal in this case, with elements
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given by

Agfl) ((,U) — 2%%(22})) { [e—ﬁn(w)[/r o elin(w)Lr:| Kn(w) _ |:e—/in(w)Lr + eﬁn(W)Lr:| eéLr) ((.U)} 6871
(A.A.28)

Replacing Eq.(BEA27) into Eq.(AAZH), the elements of vector B also simplify to

]gs (w)

Ks(w)

The solution of the system of equations (AZA=22) is then obtained as

BY(w) = pmeH,

S

[ﬁs(w) - egLﬂ(w)} o s (@) Lr (A.A.29)

BY (w)

e (A.A.30)
A (w) Ion(w) [/in (w) — QéLr) (w)] o hn(w)Lr

Y/
1o () =

_ 2prn€Hr
Bn ((U> /in(w> { [e—mn(w)Lr _ enn(w)Lri| Iin(W) _ |:e—/in(w)Lr + enn(w)Lri| HéLr) (W)}

Substituting into Eq. (AZA=20) and then Eq. (CATIR), yields the hydrodynamic pressure

b (,y,w) = —2pemeH, 2; ZEZ; Z((j)) Xi (@, w) Yaly,w) (A-A31)
where ern@(@tLe) | (B0 () o=rn(@)(a+Lo)
e s (a4
and (L)
) () = fin(w) — eﬁL:)M (A.A.33)
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ANNEXE B

Etapes de calcul pour la méthode pseudo-dynamique

Dans cette annexes, nous décrivons les étapes de calculs pour 'utilisation de la méthode
pseudo-dynamique développée au cours de cette these. Cette méthode peut étre utilisée pour
réaliser une analyse spectrale ou bien calculer les courbes de réponses en fréquence de quantité

d’intérets. Ces deux méthodes sont présentée.

B.1 Réponse spectrale

- Etape 1. Modéliser la section du barrage dans un logiciel d’éléments-finis. Insérer les pro-
priétés dynamiques des matériaux (Eg, ps, coefficient de poisson). Descritiser le barrage
et choisir une hypothese de contraintes ou déformations planes. Effectuer une analyse
modale et récupérer les résultats suivant : Ly, ng)(O, y) et wy. Si le mode fondamental
est normalisé par rapport a la masse alors M; =1, sinon récupérer M;. Cette étape peut
étre omise si on utilise des propriétés dynamiques existantes dans la littérature telles
que [5]

~ Etape 2. Approximer le mode fondamental par une équation cubique :

2 3
W)(O, y) = Gl%g + as (i) + ag (His)

- Etape 3. Calculer :

_7rC’r. _H,
wo _2 Hr I 77 - HS
8 24
Fi(n) =na; + (1 = nas + (1 — —2)77 as
4n 24>
G1(77)——p ay — ——as

o(n) =n* [8.735& + 14.059a1asn + (5.776a3 + 11.172a1a3) 1
+ 9.343a0a31° + 3.84()@3774] x 1072

0(n) =n*(3.795a1 + 3.105asn + 2.500a3n") x 10~°
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— Etape 4. Calculer Ry =w;/wy et les coefficients

dp HZ p(n)

Ay =1
0 + ]\41 )

A = A2

Apn?H: 2)?
Ay =— Ay (Ag +2R3) + {’])\47 [2F1<n) + wGl(nﬂ }

Ay 1 (AN 2 (AN A,As Ay
T4, T3 (A1> LTy (A1> 342 A

SORE)

Dy 3 1 Dy 1 V3
U—(_7+\/Z> ) V——gﬁ, T——§+17

Dy =U+V; Ty=7U+7*V; T3=7"U+7V

- Etape 5. Déterminer I'* comme étant la seule solution réel parmis I'y, I's et I's qui

satisfait
1 A,

1 Ay )
<T*<R+-==2
1+3A1

3A;
- Etape 6. Calculer la fréquence w, et période T, fondamentales du systeme barrage-

réservoir données par

1 A,
3 A
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- Etape 7. Calculer pour w=0 et w=uw,

2F (n) + 7 G1(n) 2
Bi(w) =4pr772H3[ @) - ) ; Boa(w) =8pun°H; )
-2 w1 - =
wa “o

By(w) =Bi1(w) +4p:H2 (1) ;5 Bo(w) = Boa(w) + 8p:HZ 0(n)
Li(w) =Ly + By(w); My(w) = M, + Re[B;(w)]

g() 2w1§M1—wIm[Bl(w)]
' 2wr{M1+Re[Bl )}}

- Etape 8. Calculer pour w=0 et w=w, et pour chaque hauteur des noeuds a la paroie

amont du barrage :

5 4 3
Yy Yy Yy
=2. —— | —5. 1(=] +4.2 —
Do(y) =2.8058 (Hr) 5301 (Hr) 307 (Hr)

y
—1.9243 0.1504 [ — | +0.0803

8 po iy H, (
_Spe N1 Do(y)
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5 4 3
y y y
D (y) =3. 2 ) —6.3542 ( = 4887 [ 2+
L (y) 30879( ) 6.35 ( ) +5 887< )

2
y y
—24592 ( — ) +0.1052 ( = ] +0.1138

T T

5 4 3
_ Yy - Y 4
Dy (y) =2.9376 (H ) 5.6640 (H ) +4.3598 (H )

r r r

T T

5 4 3
_ Yy - Y Y
Ds(y) =3.1687 (H ) 6.1118 (H ) +4.3463 (H )

2
y y
— 18771 ( — | +0.1544 ( = ) +0.0713

r r r

T T

2
y y
—1.6242 ( — | +0.1565 [ — ] + 0.0463

8 pym* H,
P1(0,y,w) =25 [a Di(y) + an Da(y) + as” Di(y)

2R +mGin) (;[g ) |

- Etape 9. Calculer

fily) = ]TLN/‘;l((fr)) Sa(T1,&) {Ms(y) [al%s + as <His>2 + as (%)3] —p1(0,9, Wr)}

ou S, (ﬁ, gl(wr)) est la pseudo-accélération obtenue par le spectre de dimensionnement

pour une période de T, =27 /w, et un ratio d’amortissement de & (w,).
- Etape 10. Appliquer les forces sur la face amont du modele éléments finis, et en réalisant

une analyse statique, récupérer les résultats d’intéret rq

— Etape 11. Calculer les forces statiques associées aux modes de vibrations supérieurs :

. (max L[y y Y y Y\
feely) = & ){MS(y) {1_M (alﬁeraQ (ﬁ) s\ w,
y y Y y Y\
(llﬁs + a9 (Fs) + as (E)

50 }
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N ee(IMNa /17 . .
ou xé *) est Iaccélération maximale.

Etape 12. Appliquer les forces sur la face amont du modele éléments finis, et en réalisant
une analyse statique, récupérer les résultats d’intéret ry.

Etape 13. Combiner les résultats précedent pour calculer la valeur total de la quantitée

_ [ 2 2
Tmax = T'st :t Tl + TSC

ou ry est la valeur statique de la quantité d’interet.

d’intéret rp,., donnée par

Réponse fréquentielle

Etape 1. Suivre les étapes 1 a 6 précédentes
Etape 2. Calculer pour chaque w d’intéréts les étapes 7 et 8 précédentes

Etape 3. Calculer pour chaque w d’intéréts :

71 (w) = — _Zlﬁw) —
—w? Mi(w) + 2iww; & (w) My (w) + wi My

Etape 4. Calculer pour chaque w d’intéréts la pressions, les déplacements, vitesses, ac-

célérations ou forces.
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C.1 Introduction

The dynamic response of liquid containing structures has been extensively investigated
since the early works of Hoskins and Jacobsenl (1934), Tacobsen (1949), Werner and Sund
quist (1949), Jacobsen and Ayre (1T951), Graham and RodrigueZ (1952), and Housner (1957,

1963). The continuous impetus for more refined research on this topic has been sustained

by severe damage to liquid containing structures caused by events such as the 1960 Chilean
earthquakes (Steinbrugge, 1963), the 1964 Alaska earthquake (Hanson, T973), the 1994 Nor-
thridge earthquake (Hall, T995), and the 1999 Turkey earthquake (Steinberg and CruZ, 2004).

During such events, liquid containing structures must be damage-proof to avoid spillage of

hazardous materials such as toxic chemicals and highly inflammable products. Water storage
tanks are also crucial post-earthquake lifeline structures, providing water to extinguish fires
occurring in the aftermath of earthquakes, as well as safe supplies of drinking water.

The authors of the earlier studies (Hacobsen, 1949, Werner and Sundquisfi, 1949, [Jacobsen
and Ayrd, 1951, Housner, 1957, Honsner, [963) developed analytical methods to evaluate the

effects of dynamic fluid pressure assuming that the containers are rigid, and that the fluid

is incompressible and inviscid, with its motion limited to small displacements. The work
of Chopra (1967, 1968, 1970) on gravity dams showed that structural flexibility influences
significantly the dam’s interaction with the impounded reservoir, and consequently the overall
seismic response. Subsequent studies on liquid containing structures also confirmed that the
flexibility of container walls affects considerably the coupled dynamic response of the fluid-
container system and should thus be included in such analyses (Velefsos, 1974, NVeletsos and
Yang, 1976, Veletsos and Yang|, 1977, Haroun, 1980, Harounl, 1983, Haroun and Housner, 1981,
Haroun and Housner, 1981, Balendra et all, 1982). The dynamic fluid pressures within liquid

containing structures are generally decomposed into (i) a convective component generated by

the sloshing of a portion of the fluid near the free surface, and (ii) an impulsive component
generated by a portion of the fluid accelerating with the container. It has been shown that
the coupling between liquid sloshing modes and container vibration modes is weak (Velefsos,
1974, Haronnl, T980, Haroun and Housned, T982). Consequently, convective and impulsive
pressures can first be determined separately and their effects combined later to obtain the
total dynamic response (Kana, 1979, Malhofra et all, 2000). In practice, convective pressures

are determined assuming that the container is rigid, and impulsive pressures are obtained by

analyzing the interacting liquid-structure system while neglecting sloshing effects (Velefsos,
1974, Haroun and Housner, T9X1).

Although significant work has been dedicated to the dynamics of liquid-containing struc-

tures, there is no available practical analytical technique to evaluate the dynamic and seismic
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responses of asymmetric rectangular liquid-containing structures. The non-symmetry of a
liquid-containing structure is common and may originate from various sources, such as dif-
ferent geometries of the lateral walls, i.e. geometric asymmetry, as illustrated in Fig. T,
or their different constitutive materials, i.e. material asymmetry, due to intentional design,
asymmetric damage or asymmetric retrofitting for example. In such cases, the two walls’s
flexibilities and consequently the fluid boundary conditions at the lateral walls are no longer
symmetric as assumed in available analytical approaches.

In this paper, we propose an original analytical method to investigate the dynamic and
seismic responses of symmetric and asymmetric rectangular liquid-containing structures. In
addition to accounting for walls’ flexibility, the developed frequency- and time-domain so-
lutions will also include the effects of water compressibility as well as energy dissipation
through wave absorption at the container’s bottom, two parameters which did not receive

much attention in the literature relating to liquid-containing structures.

C.2 Governing equations

C.2.1 Reservoir dynamics and boundary conditions

Structure 77\ Structure
R X

B . y eservoir
H,

Sediments

Al ) v
7
by | by
Lr =

Figure C.1 General geometry of the studied geometrically or materially asymmetric liquid
containing structures.

We consider an asymmetric liquid containing structure as illustrated in Fig.C. For
clarity, the terms structure and reservoir are used in this paper to refer to the solid and
fluid domains of the system, respectively. We assume that : (i) the longitudinal dimension

of the structure is sufficiently large so that it can be modeled as a two-dimensional plane-
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strain elasticity problem; (ii) all materials have a linear elastic behavior; (iii) the walls are
flexible and have vertical faces at the interface with the reservoir; (iv) the contained liquid
is compressible, inviscid, with its motion irrotational and limited to small amplitudes; (v)
sediment deposits may accumulate at the reservoir bottom, (vi) gravity surface waves and
convective effects are neglected. The reservoir is of length L, =2 b, and height H, as illustrated
in Fig. Cd. We adopt a Cartesian coordinate system with origin at the reservoir bottom, a
horizontal axis  and a vertical axis y coincident with the axis of symmetry of the reservoir
as shown in Fig.Cl. We note that the structure can have a geometric and/or material
asymmetry as described before.

Under the above-mentioned assumptions, the hydrodynamic pressure p(z,y, t) is governed

by the classical wave equation
1 0%

2 —_ =
V= e

(C.1)

where V2 is the Laplace differential operator, ¢ the time variable, and C, the compression
wave velocity. Considering a unit horizontal harmonic ground accelerations iig(t) = e“*,
the hydrodynamic pressure in the reservoir can be expressed in the frequency domain as
p(z,y,t)=p(z,y,w)e
(FRF). Introducing this transformation into Eq. (CI) yields the classical Helmholtz equation

Wt where p(r,y,w) is a complex-valued Frequency Response Function

9, W
Vip+ 5P =0 (C.2)

il v}

The empty structure is first modeled using finite elements. The dynamic equilibrium of the

structure-reservoir system can then be expressed in the frequency domain as
[~w*M + (1 +in,) K] Uy(w) = ~M 1 + Fy,(w) (C.3)

where U, is a column-vector containing the FRF's of the structure’s nodal displacements rela-
tive to the ground, M and K are the structure’s mass and stiffness matrices, respectively, n; is
the structural hysteretic damping factor assumed constant, Fy, is a column-vector containing
the FRF's of hydrodynamic pressure loads exerted at lateral walls, and 1 is a column-vector
with the same dimension as the vector of nodal relative displacements, containing zeros ex-
cept along horizontal degrees of freedom which correspond to the direction of earthquake

excitation. Using modal superposition, the FRFs of relative displacement and acceleration
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components at coordinate (x,y) can be expressed as

(e, y,w Zw (,9) Zj(w); ii(z,y,w) QZw (2,9) Zi(w)  (C4)

oy Zw 2@ ) ==Y W e ()

where u and v denote the horizontal and vertical relative displacements of a given point of the
structure, respectively, @ and © the horizontal and vertical accelerations, respectively, Z/)](-m)
and ¢J(~y) the — and y-components of the j® mode shape of the empty structure, Zj the
generalized coordinate, and mg the number of structural mode shapes included in the ana-
lysis. The hydrodynamic pressure FRF p can be decomposed as (Fenves and Chopra, 1984,

Bouaanani and L, '2()[19)

pla,y,w) = Pol(z,y,w) — w ZZ ) Pj (. y,w) (C.6)

where py is the FRF for hydrodynamic pressure due to rigid body motion of the empty
structure, and where p; is the FRF corresponding to hydrodynamic pressure due to horizontal
accelerations @/)J(x) (—by,y) and w](x) (by, y) along structural mode shape j of the empty structure.
The boundary conditions to be satisfied by FRFs py and p; are as follows :
— At the structure-reservoir vertical interfaces
These boundary conditions are based on compatibility between hydrodynamic pressures

and displacements at the lateral walls located at ©=—b, and x=0,, yielding

Ipo o 9p;, _

8117 ( bray) ) pr7 83U ( bray7 ) pr¢ ( bl'7y) (C7>
IPo o Ip; _

52 — (b, y,w) = —pr; B (beyy, ) = —pe 7 (by, y) (C.8)

where p, is the mass density of water.
— At reservoir free surface
Neglecting the effects of gravity waves at reservoir free surface, hydrodynamic pressures

at this location are assumed null
]50($7Hr7w) :ﬁj(w7Hr7w) =0 (Cg)

— At reservoir bottom
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An absorptive boundary condition introduced by Hall and Chopra (1982) to account for
energy dissipation through one-dimensional partial absorption of incident compression
waves normal to the reservoir boundary

op;

(7,0,w) = iwg po(r,0,w); 8—;(56, 0,w) = iwqp;(z,0,w) (C.10)

9o
dy

where ¢ is a damping coefficient defined at the reservoir bottom as

Py
_ C.11
1= (C.11)

with pr and Ct denoting the mass density and the compression wave velocity within the
reservoir foundation, respectively. The portion of the wave amplitude reflected back to

the reservoir is represented by the wave reflection coefficient o defined by

1_qu
o =
14+qC;

(C.12)

where o may vary from 0 for full wave absorption, to 1 for full wave reflection. In the
latter case, Eq. (CI0) simplifies to

8]30 . 8]?]' o
o (7,0,w) = o (2,0,w) =0 (C.13)

C.2.2 New formulation for coupled vibrations of structure-reservoir systems

Using Eq. (C2) and the above-mentioned boundary conditions, we show in Appendix A
that FRFs py and p; can be expressed as

o A (W) [Ton (W) X, (2,w) — I, (w) X (2, w)]

. B o
Po (.13, Y, w> - err ; ﬁn(w) f{n(w> Sinh[br/in<w)] COSh[brﬁn@})]

Yo (y,w) (C.14)

ﬁj(x7va) = err ir: )\Z(W) [[;n(w) X;(J?,w) B [jn(W) X:(SC,(,U)}

B (@) on (@) Sinth[byren ()] cohlbomg(@)] 0 (G15)

S

in which the parameters (3, (w), kn(w), X, (z,w), and X,/ (x,w) are given by Eqs. (CZAT4),
(CATE), (CA™27) and (CZAT2R) of Appendix A, respectively, and where the integrals [, (w),
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I, (w), I}, (w) and I}, (w) are obtained from Egs. (CCAZTl) and (CA22) of Appendix A as

7 ]/n,

Hr
Tonle) = ) = 77 | Valons
ie—iHrAn(w) A
_ _ iHrAp(w)
o) [)\n(w) wq + wge (C.16)
L @
@) =3 [ b Yl dy (cn
L @
@) =3 [ e Vi) dy (9
We note that
I;,(w) =0 when the wall at x = —b, is rigid (C.19)
I7,(w) =0 when the wall at z = b, is rigid (C.20)
Evaluating the FRFs py and p; at the structure’s vertical walls, i.e. x = —b, and x = 0,
gives
T {cosh2b Fon(w)] = 1} Ton(w)
o(— H, Yo (y, C.21
pO( br7y7 = Pr Z ﬂn Slnh[br:‘ﬁ)n( )] COSh[br/ﬁln(UJ)] (y (.U) ( )
< A2 (w) {15, (w) cosh[2 by (w)] — I}, (w) }
br = p.H, Al Y, , C.22
Pi(=beyw) = p Z B.(@) 1o, () sinbloun (@)] coshlomm(@)] ") (©-22)
and
ﬁO(brayaw) = _ﬁﬁ(_bmy?w) (C23>
o A2 (w) {15, (w) cosh[2 bk, (w)]}
= pH, Y, C.24
B =y el 0 (C28
If water is assumed incompressible, Eq. (CZATTH) simplifies to
2n—1
P C (C.25)

2H,
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and hydrodynamic pressures p, and p; become

_ dp H, (=1t [cosh(? brkin) — 1]
Po(=br.y) = 2 ; (2n — 1)2 sinh(b,k,,) cosh(byk,) cos(Any) (C.26)
- (b _ 2p.H, i [[;n cosh(2 b,k,) — I;L] ) o7
Pi(=bry) = T ; (2n — 1) sinh(b;x,,) cosh(bk,,) cos(Any) (C.27)
and
ﬁO(bray) = _f)O(_bra va) (028)
_ C2pH N [, — I, cosh(20,k,)]
Pi(besy) = ™ Z (2n — 1) sinh(b,k,,) cosh(b,ky,) cos(dny) (C.29)

n=1

The FRF for total hydrodynamic pressure is given by Eq. (C8) where the vector Z of

generalized coordinates Z;, j=1...ms, is obtained by solving the system of equations
SZ=Q (C.30)
in which elements of matrices S and Q are obtained for n=1...ms and j=1...ms as

Hr
Snj(w) = [ —w+ (1+in) w) } Onj + w? [/D i (beyy, ) L (b, y) dy

H,
—/ Pi(=be,y, w) 57 (=be,y) dy | (C.31)
0

H,
Gn(w) = — T M1+ /0 Bolbe, ) 9 (b, y) dy
H;
- /0 Po(—br, 1, 0) 6 (—by. ) dy (C.32)

where ¢ denotes the Kronecker symbol and w, is the vibration frequency corresponding to
structural mode shape ), of the structure without water. A convergence study must be
conducted to determine the sufficient numbers mg and m, of structural and reservoir mode

shapes to be included into each specific analysis. We note that if the containing structure is
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symmetric, Egs. (C331) and (C32) simplify to

_ Hy
Shj(w) = [ w?+ (1+in) w }5W+2w/ D;(be, y, ) U (by, y) dy (C.33)
0
_ Hy
C%MF*%ﬁM1+%/zM%%@¢W@wMy (C.34)
0

The structural displacement and acceleration time-history responses to a ground accele-

ration i, (t) can be obtained as

u(, y,t) Zw 5(t); ii(w, y, t) ZW (z,) Z;(t) (C.35)

(2,y,t Zw 3(1); (z,y,t Z¢ 5(t) (C.36)

where the time-domain generalized coordinates Z; are given by the Fourier integrals

i/ Zj(w) tig(w) e dw; Z;(t) 1 w7 (w) tg(w) e dw  (C.37)

(1) =
]() 27 2

in which tig(w) is the Fourier transform of the ground acceleration iig4(t)

tig(w) :/Oaiig(t) e Wt dt (C.38)

with t, denoting the time duration of the applied accelerogram.

Based on these relations, other quantities of interest can also be determined. For example,
the shear forces at a given horizontal cutting section at position ya of each wall can also
be obtained by expressing the dynamic equilibrium of the wall’s portion above the cutting

section, yielding

Vet = [ nebentar= [ i) ©)

VF(ya,t) = /Hrp(br,y,t) dy — //A+( )ps(x,y) [ilg(t) —i—?'l(x,y,t)} dz dy (C.40)

where V'~ and V% is the shear forces at the left and right walls of the liquid-container,
respectively, A~ and A" are the areas of the portions located above the cutting sections of

the left and right walls, respectively, and ps is the density of the constitutive material(s) of
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the liquid container.

C.3 Validation examples

The dynamic response of symmetric and asymmetric liquid containing structures are
investigated in this section to validate the proposed method and illustrate its application.
The description as well as the frequency- and time-domain analyses of the studied systems

are presented in the next two subsections.

C.3.1 Geometrically asymmetric wall-water system

In this section, we investigate the geometrically asymmetric wall-water system illustrated
in Fig.C2. The following properties are adopted for the structure’s material : modulus of

elasticity Fs=25 GPa, Poisson’s ratio v;=0.2, and mass density p;=2400kg/ m®.

2m= |= ]
3m Y
—_>|—|<_ A ) Wall
Reservoir
g Y
i 18 m
24 m
20 m —7
10 m
Sediments
_ T Y

3m= |10 m—f= 10 m—] |<—/4m

Figure C.2 Geometry of the studied geometrically asymmetric wall-water system.

The reservoir contains water of mass density p, = 1000 kg/mg, and has a height H, =
20m and a length L, =20m. Water is considered compressible with a velocity of pressure
waves Cp = 1440m/s. A constant structural hysteretic damping factor 7y = 0.1 is assumed.
To obtain the mode shapes v;, 7 =1...ms, of the walls without water and corresponding
modal participation factors, the structures are discretized into 8-node plane-strain solid finite
elements using the software ADINA (2010). Fig.C3(a) illustrates the finite element mesh
used. Application of the proposed method described in Section T2 reveals that frequency
response convergence up to 20 Hz requires that the first eight modes of the empty structure

be included in the analysis, i.e. my=_8. Fig.C4 illustrates the first eight mode shapes given
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by ADINA (2010) as well as the corresponding frequencies and horizontal effective modal
masses expressed in percentage of total mass of the walls. As can be seen,mode 6 is a vertical
mode, and can therefore be neglected in the analysis. We also note that a wide frequency
range up to 20 Hz was studied for purpose of illustration although a lower cutting frequency
could have been selected considering the usual frequency content of interest under seismic
excitation. The same frequency range will be used in the next examples. To validate the
results, we conduct a finite element analysis where both the walls and the reservoir are
modeled using 8-node plane strain and 8-node potential-based finite elements programmed in
ADINA (2010), respectively. Fig. CZ3 (b) illustrates the finite element model used. In this case,
dynamic interaction between the walls and the reservoir is achieved through fluid-structure
interface elements and a potential-based formulation of the fluid domain (Eversfind, 1981,
Bonaanani and Tai, 2009).

@ O
- O
) Free surface | y’s Free surface
\\ p(bl"a ya w) \/ E""ll"!l'\‘l"\x
=) ==
B—iij=—— Reservoir HH B B
analytical HH
model t
\_—
p(—bx, y, w)
A‘E n /p T y’ i __Al A_: —A'

Figure C.3 Geometry of the studied geometrically asymmetric wall-water system.

Fig. T3 shows the obtained FRF's of nondimensionalized scaled hydrodynamic pressures
Ip/(pgH,)| and scaled horizontal relative displacements |u/us| where ug; is the lateral static
displacement under the effect of hydrostatic pressure. The results are determined at points
A, B, and C located on the left wall, and points A’, B’ and C’ belonging to the right wall as
indicated in Fig. C33.

The vertical positions of the points are ya = ya» = 1m, yg = ypr = 10m, yc = 24m
and yo =28 m. The FRFs in Fig.C3 clearly show that the results of the proposed method
are in excellent agreement with the finite element solutions over a wide frequency range up

to 20 Hz. The proposed method is then used to determine the FRFs including a reflection
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Mode 2
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fo=3.23Hz
M5 =31.38%

Mode 3 Mode 4
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MED=11.36%

f1=16.11Hz
M =8.44%

Mode 5 Mode 6
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Mode 7 Mode 8
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fs=41.45Hz
MED =2.96%

Figure C.4 Mode shapes, frequencies and effective modal masses of the walls.

wave coefficient a=0.2 at reservoir’s bottom. The obtained FRF's are superposed to those in
Fig.C3 and show that, in this case, the influence of reservoir bottom absorption affects mainly
hydrodynamic pressures at higher frequencies larger than 10 Hz. The techniques described
previously are also applied next to determine hydrodynamic pressure profiles corresponding
to frequencies 0.8 f; and 1.2 f;, where f; denotes the coupled vibration frequency of the
wall-water system. The obtained profiles presented in Fig.[C& confirm that the proposed
procedure yields excellent results when compared to advanced finite element formulations.

Next, we investigate the performance of the proposed method in assessing the seismic
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Figure C.5 Nondimensionalized hydrodynamic pressures and displacements for the geometri-
cally asymmetric wall-water system : (a) and (b) hydrodynamic pressures, (¢) displacements.
Continuous lines : Points A, B and C. Dotted lines : Points A’, B and C’. __ Finite element
solution ; —_ Proposed solution with a=1.0; __ Proposed solution with aa=0.2.

response of the previously described wall-water system. Fig.[C7 illustrates the horizontal
acceleration component of Imperial Valley earthquake (1940) at El Centro selected to conduct
the analyses using the proposed and finite element techniques described above. The obtained
time-histories of nondimensionalized horizontal relative displacements |u/ug| at points C and
C’” are shown in Fig.C8 (a) and (b). Fig.CX(c) and (d) illustrate the nondimensionalized
shear forces V/ i, at sections A and A’ where Fii.c = p.gH?/2 denotes the hydrostatic force.

Fig. 8 clearly shows that the time-history responses predicted by the proposed method are
almost identical to those from finite element analyses.
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Figure C.6 Nondimensionalized hydrodynamic pressure profiles on the walls of the asymmetric
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Figure C.7 Horizontal acceleration component of Imperial Valley earthquake (1940).

C.3.2 Materially asymmetric tank-reservoir system

We consider the tank-reservoir system illustrated in Fig.[C9. The tank has a material
asymmetry due to the retrofitting of one of its damaged lateral walls using a high performance
material.

The following properties are adopted for the structure’s materials : moduli of elasticity of
the original and reinforcing materials EY =25GPaand B =55 GPa, respectively, Poisson’s
ratio v =0.2, and mass density ps =2400kg/ m®. The tank is filled with water with a mass
density p, = 1000 kg/m3 up to a height H, =10m. The length of the reservoir is L, =18 m.
Water is considered compressible with a velocity of pressure waves C; =1440m/s. A constant
structural hysteretic damping factor 7;=0.1 is assumed. Fig. CT0 (a) illustrates the finite ele-

ment model of the empty tank used to obtain the modal properties required for the proposed
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Figure C.8 Time-history response of the geometrically asymmetric wall-water system : (a)
Nondimensionalized displacement at point C; (b) Nondimensionalized displacement at point
C’; (c) Nondimensionalized shear force at section A ; (d) Nondimensionalized shear force at

section A’. __ Finite element solution; __ Proposed solution.
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Figure C.9 Geometry of the studied materially asymmetric tank-reservoir system.

method, while Fig. C3 (b) shows the tank-reservoir system’s finite element model constructed
for comparison purposes. 8-node solid and fluid finite elements programmed in ADINA (2010)
are used as in the previous models.

In this case, we show that the first six modes of the empty reinforced tank are to be
included in the analysis for convergence up to 20 Hz, i.e. mg = 6. Fig. CT1 presents the six
mode shapes of the empty reinforced tank obtained using ADINA (2010) as well as the
corresponding frequencies and horizontal effective modal masses expressed in percentage of

total mass of the empty tank. By comparing these modes to those of the original symmetric
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Figure C.10 Finite elements models : (a) Retrofitted tank and analytical model for hydrody-
namic pressure; (b) Retrofitted tank-water system.
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Figure C.11 First six mode shapes and corresponding frequencies and effective modal masses

of the asymmetrical tank.

tank, we observe that asymmetry affects the frequencies of modes 2, 4 and 6, as well as the

corresponding modal masses which are now non-null.
The dynamic response of the reinforced tank-reservoir system is then studied using the

previously described analytical and finite element models shown in Figs.CT0(a) and (b).
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Figure C.12 Nondimensionalized hydrodynamic pressures and displacements for the mate-

rially asymmetric tank-reservoir system : (a) and (b) hydrodynamic pressures, (c¢) displace-
ments. Continuous lines : Points A, B and C. Dotted lines : Points A’, B’ and C’. __ Finite
element solution; —_ Proposed solution.

Fig. CT2 presents the resulting FRFs of nondimensionalized hydrodynamic pressures |p/(pgH, )|
obtained at points A, B, A’ and B’, as well as the nondimensionalized horizontal relative dis-
placements |u/ug| at points C and C’. The positions of the points are illustrated in Fig. CI0
and are located at yx =ya=0.0m, ygp=yp=>m, and yc=yc=11m.

Fig.CT2 shows that the agreement between the proposed method and the finite element
solution is excellent over the wide frequency range studied. The hydrodynamic pressure pro-
files are also determined using the proposed and finite element methods. Fig. illustrates
the profiles corresponding to frequencies 0.8 f; and 1.2 f;, where f; denotes the coupled vibra-
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Figure C.13 Nondimensionalized hydrodynamic pressure profiles on the walls of the materially
asymmetric tank-reservoir system. Continuous lines : Left wall. Dotted lines : Right wall.
— Finite element solution; —_ Proposed solution.

tion frequency of the tank-reservoir system. These results confirm that the proposed method
and advanced finite element modeling yield almost identical hydrodynamic profiles.

The seismic response of the tank-reservoir system is investigated next using the proposed
and finite element techniques described above. The tank-reservoir is subjected to the hori-
zontal component of the El Centro ground motion from Imperial Valley earthquake (1940)
shown in Fig.C™. Fig.CA illustrates the obtained nondimensionalized horizontal relative
displacements |u/ug| at points C and C’ as well as the shear forces V/Fy,; at sections A
and A’, where Fli.. = p,gH?/2 denotes the hydrostatic force as previously. Again, the time-
history results confirm that the proposed procedure yields excellent results when compared

to advanced finite element formulations.

C.4 Conclusions

This paper presented and validated an original formulation to study horizontally accelera-
ted symmetrical and asymmetrical liquid-containing structures. The new formulation is based
on a sub-structuring approach, where the flexible containing structure is modeled using finite
elements, while the impulsive effects of the fluid domain are modeled analytically through
interaction forces at the fluid-structure interfaces. The detailed mathematical derivations ac-
counting for geometrical or material asymmetry of the containing structure are developed,
considering both incompressible or compressible water assumptions. The proposed formula-

tion also includes the effects of energy dissipation through reservoir bottom absorption. The
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Figure C.14 Time-history response of the materially asymmetric tank-reservoir system : (a)
Nondimensionalized displacement at point C; (b) Nondimensionalized displacement at point
C’; (c) Nondimensionalized shear force at section A ; (d) Nondimensionalized shear force at
section A’. __ Finite element solution; __ Proposed solution.

technique was programmed and its application illustrated through examples highlighting the
effects of geometrical and material asymmetry on the frequency- and time-domain dynamic
responses of liquid-containing structures. It is seen that geometrical or material asymmetry
affects the dynamic behavior of liquid containing structures, namely in terms of frequency
response functions and time history responses of various quantities of interest. The obtai-
ned impulsive hydrodynamic pressures, displacements and shear forces were illustrated and
successfully validated against advanced finite element analyses. The proposed technique is
formulated in such a way that it can be easily coded into a practical and computationally

efficient program.
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Appendix A

For clarity and brevity, the following notation is used

(2 ,0) = po(z,y,w) if (= (C.A.1)
PRODSIZ peyw) i 0= (C.A.2)
and
fo(y) =1; foly) =1 (C.A.3)
£ () =7 (=be,y) s £ () = 7 (+be,y) (C.A4)

Throughout this appendix, subscript ¢ can take the values 0 or j.
Using the technique of separation of variables, we can show that hydrodynamic pressure

can be expressed as

P, y, W) = Pro(z,w) Pey(y, w) (C.A.5)

where the pressures p,, and py, are given by

Bea(r,w) = 17 (w) e )7 4 4 () el (C.A.6)

= U —i1A(w L iMw
Bey(y,w) = 757 () eV 4 0 (1) M)y (C.A.7)
in which A and s are complex constants related by

r(w)? = AMw)? — = (C.A.8)
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and the coefficients yfg) (w), 754) (w), %5)3) (w) and %(f) (w) are to be determined by imposing
appropriate boundary conditions.
Using the transformation of Eq. (CZAT) into Eqs. (C4) and (CI3), we obtain the boun-

dary conditions to be satisfied by function p,, as

dgzy (0,w) — iwg Pey(0,w) =0 (C.A.9)
Pey(Hy,w) =0 (C.A.10)

Substituting p,(y,w) by its expression in Eq. (CZAT) into Egs. (CA™) and (C-AT)
yields to a Sturm-Liouville problem with complex-valued frequency-dependent eigenvalues

An(w) to be obtained by solving the characteristic equation

: An(w) — wgq
20 (W) Hy _ _ n\¥) T Y Al
© An(w) + wq (© )

and eigenvectors

[A(w) — wgle™ 2@y 4 [\, (w) + wg] e )y

Yo(y,w) = @) (C.A.12)
satisfying the orthogonality relations forn =1...m,and s=1...m,
Hr Bulw)
/0 Vil ) Yalo ) dy = 535 5 (C.A13)
where ¢ denotes the Kronecker symbol and where the parameter (,, is given by
Bn(w) = H, [/\fb(w) — w2q2] +iwg (C.A.14)

Using Egs. (CATE) and (CZAT6) and the eigenvectors in Eq. (CZAT2), we show that hy-

drodynamic pressure can be expressed as

o

_ Y4 —kn(w) T l kn(w)z
pe(x,y,W)zzwi( Je @ 4 40 () el }Yn(y,w)

i
L

(C.A.15)
=3 Pl e @) e Ve

in which the sum is truncated to include only the first m, reservoir modes, and where the
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frequency-dependent parameter x, is given by Eq. (CATR) as

w?

Fn(W) =4[ A (W) — =5

p (C.A.16)

The coefficients v, ,(w) and 74, (w) are obtained by substituting Eq. (CZATTH) into Eqgs. (CZATH)
and (CZAT), yielding

> k(@) |3 w) e — Al (@) e ] ¥ (y,0) = pufi (1) (C.A.17)
n=1
> k() [ (w) e — 50 (@) e ] oy, w) = peff () (C.A18)

Adding Egs. (CATT) to (CATR) gives

22 (W) = on ()] i (w) coshbyrin (w)] Ya(y,w) = o [f7 (9) + £ ()] (C.A.19)

Multiplying Eq.(CZA™9) by eigenvectors Y, (y,w), s = 1...m,, integrating over reservoir

height H, and using trigonometric orthogonality relationships yields for each reservoir mode n

prHXE (w) [I7 (W) + 17, (w)]

(£) _ @ _
’72,n(w> - ’YI,n(w) 571( ) ( )COSh[b /{n(w)] (CA20>
where the parameters I, (w) and I (w) are given by
1 [
) = o [ 5 @)Vl dy (©A21)
rJo
1
1w = [ 5w Y dy (CA2)
rJo
Substituting Eq. (CZA=20) into Eq. (CZATR) yields
}:ml {—27><mmmm%@ﬂ
(C.A.23)

prH 2 (W) I (w) + 1, (w)] e -
B (w) K (w) cosh[byrn (w)] Yoly,w) = pefi (y)

Multiplying Eq.(CZA=23) by eigenvectors Y, (y,w), s = 1...m,, integrating over reservoir
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height H, and using trigonometric orthogonality relationships, gives for each reservoir mode n

peHA2 (W) [I, () ebn) — If (w) e brn(@)]

© () —
(@) 2 B (w) Kp(w) sinh bk, (w)] cosh[bkp, (w)] (C.A.24)

and using Eq. (CZA™20)
10 ) = LX) [T () e ) — 1 () )] (C.A.25)

2 B (w) Ky (w) sinh bk, (w)] cosh[b by, (w)]

Substituting Eqgs. (CCA™24) and (CZA™2H) into Eq. (CZATH) leads to the following expres-

sions of hydrodynamic pressures within the vibrating reservoir

i o A (W) [T (w) X7 (2, 0) — I (w) X (2, w)]
P,y ) = po My Z Bn(w) kp(w) sinh[b.k, (w)] cosh[bk,(w)] Yaly, ) (C.A.26)
in which
X, (z,w) = cosh [(z — b;) kn(w)] (C.A.27)

X! (z,w) = cosh [(z + by) kp(w)] (C.A.28)
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