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RESUME 

Le renforcement des polymeres thermoplastiques par des fibres bonifie 

considerablement leurs proprietes mecaniques et thermiques. Leurs procedes de mise en 

ceuvre restent inchanges ce qui permet l'elaboration de pieces en materiaux composites 

presentant des geometries complexes. L'amelioration ainsi engendree est etroitement 

liee a la structure interne definie par l'orientation et la distribution des particules. 

Cependant a l'etat fondu, cette structure est en constante evolution a cause notamment 

de l'orientation des fibres induite par les nombreuses contraintes generees durant 

l'ecoulement de ces composites. Une description precise de leurs proprietes 

rheologiques est alors necessaire afin de controler et d'optimiser leur mise en forme et 

les performances du produit final. Cette realisation est d'autant plus complexe que les 

composites industriels disposent de concentrations de renforts tellement elevees que les 

interactions fibre-fibre, modifiant leur orientation, ne peuvent etre negligees. 

De nombreuses recherches se sont interessees aux comportements rheologiques 

des suspensions de fibres en cisaillement simple (transitoire et permanent) et dynamique 

(petites deformations). Cependant dans la plupart des systemes de mise en forme, le 

comportement elongationnel (transitoire et permanent) ne peut etre neglige, et dans les 

procedes d'injection de type «push-pull», la connaissance de leurs proprietes 

rheologiques en grandes deformations oscillatoires est d'un grand interet. Ainsi une 

meilleure comprehension du comportement rheologique de ces fluides, soumis a ce 

genre de sollicitations, est apportee par ce travail. De plus, revaluation de la 
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performance de certains modeles rheologiques disponibles dans la litterature et la 

reconnaissance de leurs lacunes permet de proposer un modele plus adequat. 

Les resultats oscillatoires en grandes deformations montrent que pour des 

polypropylenes (PP) renforces de fibres de verre courtes, 1'amplitude de la contrainte en 

cisaillement diminue graduellement au cours des cycles etudies. Cependant un 

comportement inverse est observe pour une matrice en polybutene (PB) renforcee par les 

memes fibres : 1'amplitude de la contrainte augmente continuellement pour atteindre une 

valeur constante au bout de plusieurs cycles. L'accroissement (PB) de meme que la 

diminution (PP) de la contrainte en cisaillement sont d'autant plus prononces que la 

concentration en fibres augmente. L'orientation des fibres est a l'origine de ces deux 

phenomenes. II a aussi ete observe pour ces deux matrices que les premieres differences 

de contraintes normales sont plus sensibles aux phenomenes d'orientation des fibres que 

les contraintes en cisaillement: les graphes de contrainte normales vs deformation 

montrent des formes symetriques si la configuration d'orientation des fibres est 

egalement symetrique avec la direction de l'ecoulement. Egalement, des analyses du 

signal brut par transformees de Fourier ont ete realisees pour les systemes bases sur le 

PB et le PP : des reponses harmoniques sont observees pour les contraintes de 

cisaillement tandis que des signaux non harmoniques resultent des premieres differences 

de contraintes normales. De plus, l'energie de dissipation visqueuse augmente avec le 

taux de fibres et les composites a base de polypropylene montrent un caractere plus 

newtonien avec une deformation croissante. 



IX 

Les observations realisees en ecoulement elongationnel nous indiquent que la 

presence des fibres dans un polypropylene augmente considerablement sa viscosite. En 

regime transitoire, differentes orientations initiates des fibres ont ete preparees : planaire 

aleatoire, perpendiculaire et parallele a la direction de 1'etirement. Ce dernier cas exhibe 

la viscosite elongationnelle transitoire la plus elevee a cause de la resistance des fibres a 

1'etirement. Pour les deux autres cas, la dynamique d'orientation des charges provoque 

un leger comportement rheoepaississant sous deformation. En regime etabli, la viscosite 

elongationnelle en fonction du taux effectif de deformation a ete comparee pour trois 

appareillages differents (l'unite SER montee sur un rheometre rotationnel ARES, un 

systeme de rheometre capillaire Rheotens et l'entree convergente d'une filiere 

hyperbolique planaire). Le comportement a de faibles taux d'elongation montre des 

disaccords entre les trois appareils, expliques par l'histoire du pre-cisaillement des 

echantillons et des taux de deformation non homogenes. Neanmoins, a des taux 

d'elongation moderes et eleves, les resultats sont comparables : la matrice de PP et ses 

composites deviennent rheofluidifiants. 

Le modele Folgar-Tucker-Lipscomb (FTL) est base sur 1'equation constitutive de 

Lipscomb et al. (1988), ou revolution de l'orientation des fibres est donnee par 

l'expression de Folgar et Tucker (1984). Dans le cadre de ce travail, il a ete utilise pour 

predire avec succes le comportement d'un polybutene charge a 20% en masse de fibres 

de verre et soumis a de grandes deformations oscillatoires. II a egalement pu predire de 

facon qualitative les phenomenes de rheoepaississement sous deformation observes en 
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elongation transitoire pour un polypropylene renforce de fibres. Etant donne que le 

modele FTL a ete developpe pour une matrice newtonienne, une nouvelle equation 

constitutive est proposee pour des suspensions de fibres dans un fluide newtonien 

generalise decrit par le modele de Carreau. Cette loi de comportement estime avec 

justesse les comportements rheofmidifiants observes pour la viscosite elongationnelle en 

fonction du taux de deformation. 

Afin d'utiliser les principaux modeles rheologiques applicables aux suspensions 

de fibres disponibles dans la litterature, il est necessaire de connaitre le tenseur 

d'orientation d'ordre quatre H4. On a alors recours a des approximations de fermeture et 

ceci genere des erreurs implicites. En contrepartie, la resolution numerique de la 

fonction de distribution d'orientation \|/ donne de meilleurs resultats mais consomme 

enormement de temps de calcul. Dans ce travail, une methode basee sur les volumes 

finis a ete utilisee pour resoudre numeriquement 1'equation de Fokker-Planck pour \|/. 

Les resultats sont tels que les temps de calcul sont reduits de facon considerable et 

qu'une large gamme de nombre de Peclet est maintenant envisageable. 

Le dernier point aborde dans ce travail presente le developpement mathematique 

d'un modele rheologique pour des suspensions de fibres ou l'attention est portee sur une 

modelisation plus precise des interactions fibre-fibre. Cette loi de comportement est 

consideree comme une extension du modele de Dinh et Armstrong (1984). En plus de la 

contribution hydrodynamique des fibres, la contrainte totale comprend un terme 

additionnel du aux interactions fibre-fibre. De nouveaux tenseurs d'interaction d'ordre 
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deux et quatre sont introduits. De plus, une nouvelle equation d'evolution est proposee, 

ou le terme de diffusion est proportionnel au nombre moyen de contacts entre les fibres. 

Le modele a ete valide par des mesures experimentales en cisaillement transitoire et 

permanent pour des suspensions concentrees de fibres dans une matrice newtonienne en 

polybutene. La viscosite reduite et la difference des contraintes normales mesurees 

exhibent des fonctions quadratiques, comme predits par le modele. Les comportements 

transitoires sont egalement bien estimes, considerant que le modele ne requiert que trois 

parametres pour representer le comportement des suspensions sur une large gamme de 

concentration de fibres. 
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ABSTRACT 

The reinforcement of thermoplastic polymers by short fibers improves 

considerably their mechanical and thermal properties. In addition their processing 

methods remain unchanged with respect to processing of unfilled polymers, which allow 

the development of composite material parts having complex geometries. Properties 

enhancement is closely related to the internal structure defined by the orientation and the 

distribution of the particles. In the molten state this structure is in constant evolution, in 

particular because of the fiber orientation induced by many constraints present during 

the flow of these composites. A precise description of their rheological properties is 

therefore necessary in order to control and to optimize their processing and the 

performance of the final products. This is particularly complex as industrial composites 

contain high reinforcement loading that may induce fiber-fiber interactions that may 

influence fiber orientation. 

Several studies have investigated the rheological behavior of fiber suspensions in 

simple shear (transient and steady) and oscillatory shear (small deformations) flow. 

However in many transformation processes, the elongational component of the flow 

cannot be neglected, while in a process such as push-pull injection, knowledge of the 

rheological properties in large amplitude oscillatory shear (LAOS) may be of great 

interest. Thus, a thorough study of the rheological behavior of fiber-filled fluids 

subjected to elongational and LAOS flows is presented in this work. The second 
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objective is to evaluate the performances of rheological models available in the literature 

and highlight their drawbacks in order to propose a more adequate approach. 

Results from large amplitude oscillatory shear flow showed that for short glass 

fiber reinforced polypropylene (PP) the shear stress amplitude decreased gradually over 

the cycles investigated. However, an opposite behavior was observed for a reinforced 

polybutene matrix (PB) containing the same fibers: the stress amplitude increased 

continuously until reaching a constant value after several cycles. The shear stress 

increase (PB) and decrease (PP) are especially pronounced as the fiber loading increases. 

Fiber orientation is at the origin of these two phenomena. It was observed that the 

primary normal stress differences of the two matrices are more sensitive to fiber 

orientation than the shear stresses: the normal stress-strain loops showed a symmetrical 

shape if the fiber orientation was also symmetric with respect to the flow direction. Fast 

Fourier Transforms were also performed for the PB- and PP-based systems: harmonic 

responses were observed for shear stress, whereas non-harmonic signals were obtained 

for the primary normal stress differences. In addition the viscous dissipation energy 

increased with increasing fiber content, and composites based on polypropylene showed 

an increased Newtonian character with increasing deformation. 

The observations carried out in elongational flow indicated that the presence of 

fibers in polypropylene increased considerably its viscosity. For transient tests, various 

initial fiber orientations were prepared: planar random, perpendicular and parallel with 

the stretching direction. The latter case exhibited the highest transient elongational 
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viscosity because of the fiber resistance to stretching. For the two other cases, the fiber 

orientation dynamics caused a slight strain hardening behavior. The steady state 

elongational viscosity data as a function of the effective strain rate obtained using three 

different equipments (an SER unit mounted on a rotational rheometer ARES, a capillary 

rheometer-Rheotens device, and a planar slit die with a hyperbolic entrance) have been 

compared. At low strain rates, the elongational viscosity showed discrepancies that are 

tentatively explained by the pre-shearing history of the sample, differences in flow 

kinematics and non-homogeneous strain rates. Nevertheless, from moderate to high 

strain rates, the results were comparable and the PP matrix and composites showed 

strain thinning. 

The Folgar-Tucker-Lipscomb (FTL) model is based on the constitutive equation 

of Lipscomb et al. (1988), where the fiber orientation evolution is given by the 

expression of Folgar and Tucker (1984). It was used in this work to predict successfully 

the behavior of a polybutene filled with 20% wt. of glass fibers and subjected to large 

oscillatory deformation in shear. It could also predict qualitatively the strain hardening 

behavior observed in transient elongation of fiber reinforced polypropylenes. Since the 

FTL model has been developed for a Newtonian matrix, a new constitutive equation was 

proposed for fiber suspensions in generalized Newtonian fluids described by the Carreau 

model. This model predicts accurately the experimentally observed strain thinning of the 

elongational viscosity as a function of strain rate. 
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In order to use the principal rheological models designed for fiber suspensions 

and available in the literature, it is necessary to know the fourth order orientation tensor 

a4. In this case, the use of closure approximations is required, but this generates implicit 

errors. On the other hand, the numerical resolution of the probability distribution 

function i|/ is more reliable but requires large computational times. In this work a finite 

volume method has been used to solve numerically the Fokker-Planck equation for \|/. 

The results are such that the computational time is considerably reduced, and this 

approach also allows calculations over a wide range of the Peclet number. 

The last point tackled in this work concerns the mathematical development of a 

rheological model for fiber suspensions with a more precise modeling of fiber-fiber 

interactions. This constitutive equation consists in an extension of the Dinh and 

Armstrong (1984) model. In addition to the hydrodynamic contribution of the fibers, the 

total stress results from an additional component due to fiber-fiber interactions. 

Accordingly, novel second and fourth order interaction tensors are defined. Moreover, a 

new time evolution equation is proposed, where the diffusion term is proportional to the 

average number of contacts between fibers. The model is validated using experimental 

data in transient and steady shear flows for concentrated fiber suspensions in a 

polybutene. Measured reduced viscosity and primary normal stress differences exhibit 

quadratic functions, as predicted by the model. The transient behaviour is also fairly well 

estimated, considering that the model only requires three parameters to fit the behavior 

of suspensions over a wide range of fiber concentrations. 
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CHAPITRE 1 - INTRODUCTION ET OBJECTIF 

De nos jours, les matieres plastiques sont largement repandues dans le monde 

industriel puisqu'elles sont frequemment utilisees comme substituts de materiaux 

traditionnels (bois, metal, ceramique...) au vu notamment de lews faibles masses 

volumiques et de leurs prix attractifs. L'introduction de renforts aux polymeres vierges 

augmente considerablement leurs proprietes mecaniques. Les fibres courtes, de 

longueurs inferieures au millimetre, sont generalement les charges de renfort utilisees 

pour les composites a matrice thermoplastique. De plus, ces materiaux necessitent peu 

de modifications des procedes conventionnels de mise en forme (injection, extrusion...) 

et les pieces ainsi fabriquees peuvent presenter des formes complexes. 

Les proprietes de ces polymeres charges dependent principalement de la quantite, 

du type, de la taille et surtout de l'orientation des particules. A l'inverse des composites 

structuraux ou les fibres sont placees adequatement avant de les impregner de polymere, 

les thermoplastiques renforces sont des suspensions qui s'ecoulent lors d'un procede de 

mise en oeuvre. Ainsi les fibres se deplacent et s'orientent en fonction de la cinematique 

de l'ecoulement. 

Dans les procedes industriels, les ecoulements sont complexes puisqu'ils sont 

issus de la combinaison plus ou moins importante de cisaillements et d'elongations. Le 

cisaillement simple, tel qu'illustre sur la Figure 1.1, anime une fibre isolee dans un 

fluide newtonien d'un mouvement periodique de rotation, avec un temps de sejour 
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privilegie dans la direction principale de l'ecoulement. Au cows d'un ecoulement en 

elongation, tel que schematise sur la Figure 1.2, la fibre s'oriente perpendiculairement a 

la direction d'etirement. De ce fait, l'orientation des fibres est induite par l'ecoulement 

du polymere dans l'outillage de mise en forme. Apres leur refroidissement, ces 

polymeres renforces presentent des proprietes physiques anisotropes a cause des 

dispositions finales des fibres dans l'espace. Ainsi la piece manufactured exhibe de 

meilleures caracteristiques selon l'orientation dominante des fibres qui doit corresponds 

a la direction principale des solicitations mecaniques. 

V 

/ / / / / / / / / / / / / / / / / / 

Figure 1.1 : Orientation d'une fibre isolee lors d'un ecoulement de cisaillement 

simple. 

Neanmoins les particules modifient egalement le comportement rheologique du 

systeme. En regie generate, elles induisent une augmentation de la viscosite mais 

egalement une modification du champ de vitesse de l'ecoulement. En visualisant les 

lignes de courant dans une contraction brusque axisymetrique (4.5 : 1), Lipscomb et al. 

(1988) montrent que, meme a de faible concentration de particules (la fraction 

volumique etant de 0.045%), l'ajout des fibres augmente considerablement la taille des 

recirculations (Figure 1.3). Akay et Barkley (1993) prennent des cliches des fronts de 

matiere lors d'un remplissage d'un moule d'injection pour deux polyamides 

respectivement charges de 40% et 50% en masse de fibres de verre. La Figure 1.4 
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montre clairement que la forme du front de matiere en injection est alteree par la 

presence des particules. 

( • • • • • • • M 
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/ / / / / / 

Figure 1.2 : Orientation d'une fibre isolee lors d'un ecoulement elongationnel. 

Ces quelques illustrations revelent que manifestement il existe un couplage : les 

proprietes rheologiques sont modifiees par la presence des fibres et inversement, 

l'ecoulement induit l'orientation des particules. Dans son livre, Advani (1994) propose 

une demarche simple pour concevoir une piece composite renforcee de fibres. Apres 

avoir determine les caracteristiques a respecter, le procede de la mise en forme est 

simule. Les donnees ainsi obtenues permettent d'estimer l'orientation globale des fibres 

et servent a predire les proprietes physiques en tous points de la piece a fabriquer. Suivra 

ensuite une analyse qui jugera si le cahier des charges est respecte, et en fonction des 

donnees issues de la simulation, il sera possible d'ajuster au mieux les parametres de la 

mise en ceuvre. 

La connaissance de la dynamique d'orientation des fibres est done d'une 

importance majeure pour le concepteur qui souhaite optimiser les proprietes physiques 
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du produit final. C'est a ce stade que la rheologie entre en jeu et aide a elucider certains 

problemes. L'etat d'orientation des renforts dans le composite est essentiellement 

determine par la rheologie du polymere fondu, la distribution initiale des fibres et la 

cinematique de l'ecoulement. De plus, les materiaux industriels utilisent principalement 

des systemes fortement charges, ce qui engendre des problemes supplementaires comme 

les interactions entre les fibres. 

Figure 1.3 : Lignes de courant dans une contraction brusque axisymetrique (4.5 : 

1) d'un fluide newtonien : A droite, la matrice vierge ; A gauche, la meme matrice 

renforcee par une fraction volumique de 0.045% en fibre (Lipscomb et al., 1988). 

L'objectif majeur de cette these consistera dans un premier temps en une 

meilleure comprehension du comportement rheologique des polymeres fortement 

charges de fibres. Notamment l'orientation des fibres pour des ecoulements simples 

(cisaillement, elongation) sera investiguee. Par la suite, il s'agira de proposer un modele 

rheologique qui prendra en compte les principales interactions que subissent ces 

suspensions concentrees. 



Figure 1.4 : Profil du front de matiere pendant le remplissage d'un moule 

d'injection avec un taux massique de fibres respectivement de 40% (en haut) et 50% (en 

bas) (Akay & Barkley, 1993). 

Dans ce contexte, cet ouvrage se decompose en plusieurs chapitres : 

Le chapitre 2 synthetise les observations experimentales effectuees au cours des 

dernieres decennies sur les suspensions de fibres. II vise egalement a faire l'etat de l'art 

en matiere de modelisation des lois de comportement. Le tout sert a mettre en evidence 

le manque d'informations sur certains tests experimentaux et les lacunes des modeles 

rheologiques actuellement utilisees. 

Le chapitre 3 resume les principaux resultats de chaque article dont chacun sera 

la substance d'un chapitre au complet dans cette these. 
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Le chapitre 4 est une partie principalement experimentale qui porte sur la 

comprehension du comportement rheologique de suspensions de fibres lorsque ces 

dernieres subissent de grandes deformations dynamiques. 

Le chapitre 5 porte sur une analyse experimentale du comportement rheologique 

de materiaux industriels (polypropylenes renforces jusqu'a 30% en masse de fibres de 

verre courtes) soumis a des ecoulements elongationnels. Plus particulierement, les 

regimes transitoires et permanents sont etudies. 

Le chapitre 6 presente une nouvelle approche numerique, basee sur la methode 

des volumes finis, qui permet de reduire considerablement le temps de calcul necessaire 

a la resolution de l'equation de Fokker-Planck appliquee aux suspensions de fibres. On 

obtient ainsi un etat d'orientation des fibres plus precis que par le biais des tenseurs 

d'orientation. 

Le chapitre 7 expose le developpement theorique d'une loi de comportement 

pour une suspension non-diluee de fibres en prenant en compte les interactions entres les 

particules. Cette modelisation plus precise fait intervenir une nouvelle notion que sont 

les tenseurs d'interaction. 

Suivra finalement une discussion generale au chapitre 8, de meme que des 

conclusions et perspectives presentees au chapitre 9. 



7 

CHAPITRE 2 - ETUDE BIBLIOGRAPHIQUE 

Un certain nombre de caracteristiques physiques doivent etre connus pour 

pouvoir comprendre et predire le comportement rheologique a l'etat fondu d'un 

polymere charge : 

- La forme geometrique du renfort est Tune d'entre elles. Habituellement, le 

renfort peut etre fibreux (fibre de carbone, de bore, de Kevlar®, de verre), spherique 

(bille de verre) ou plaquettaire (mica, talc, argile). Dans cette these, l'interet est 

principalement porte aux suspensions de fibres. 

- La fraction volumique 0 des particules en est une autre. Du point de vue du 

rheologue, elle represente le volume occupe par la charge et est reliee au nombre de 

particules par unite de volume n. 

La quantite de particules ajoutee au polymere ainsi que leur geometrie sont des 

parametres pertinents. 

2.1. Proprietes des fibres 

Une fibre est generalement representee par un cylindre de longueur L et un 

diametre D. Son rapport de forme ou son elancement est alors defini par r = L I D. Les 

composites ainsi formes par ces renforts sont souvent consideres comme des suspensions 

de cylindres de longueurs uniformes (Advani, 1994). Cependant au cours d'un procede 

de mise en forme, la rupture des fibres engendrent une redistribution en longueur des 
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fibres et par consequent une modification de l'elancement des particules (Franzen et al., 

1989). Ce point ne sera pas couvert dans ce travail. 

La forme et la quantite de fibres permettent de determiner dans lequel de ces trois 

regimes de concentration se trouve une suspension (Doi & Edwards, 1978a, b) : dilue, 

semi-dime ou concentre (Tableau 2.1). Dans le premier cas (dilue), les particules sont 

hydrodynamiquement independantes c'est-a-dire que les champs de vitesse des 

differentes particules ne se chevauchent pas. Pour le deuxieme regime (semi-dilue), les 

fibres se touchent rarement, mais des interactions hydrodynamiques existent, issues des 

perturbations de la vitesse du fluide causee par les particules voisines. Au-dela d'une 

certaine fraction volumique, le regime concentre est atteint: la distance moyenne entre 

les fibres est alors de l'ordre du diametre. Chaque fibre peut done toucher ses voisines 

induisant des forces de contact entre elles. La Figure 2.1 montre les differents regimes 

et nous indique que la plupart des composites commerciaux se situent dans le regime 

concentre. 

Tableau 2.1 : Criteres et limites des solutions diluees et non-diluees de fibres. 

Critere Regime Description 

(|>« r~2 n «l/L3 

r~2 « <|>« r"1 l/L3 « n « l/L2D 

<^»r-' n»l/L2D 

Les fibres courtes se distinguent des fibres longues par le fait que leur longueur 

moyenne L est comprise entre 200 et 500 Jim et leur diametre D entre de 10 et 15 |im 

(Vincent, 2003). Kumar et al. (2007) stipulent quant a eux que r < 100. Ainsi les fibres 

Dilue 

Semi-dilue 

Concentre 

Fibres eloignees les unes des 
autres. Pas d'interaction 
Quelques interactions 

hydrodynamiques 
De nombreux contacts entre 

particules 
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courtes se distinguent des fibres longues par le fait qu'elles ne flechissent quasiment pas 

lors d'un ecoulement. 

A cause de la difference des masses volumiques Ap des deux constituants, les 

fibres en suspension dans un fluide de viscosite t|o sont soumises a de la sedimentation. 

Chaouche et Koch (2001) calcule le temps necessaire pour qu'une fibre orientee 

parallelement a la direction verticale parcourt une distance equivalente a sa longueur 

par : ts = 8r\0L/ApgD2 [in (r) - 0.72] . Ce temps caracteristique est a prendre en compte 

lors des travaux experimentaux. 

Fraction volumique, <j) 

Figure 2.1 : Representation des regimes de concentration. La zone rectangulaire 

hachuree montre l'emplacement des principaux composites utilises (Advani 1994). 
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Le nombre de Peclet, defini comme le rapport entre les forces hydrodynamiques 

et browniennes, permet de determiner si les fibres sont sujettes au mouvement brownien. 

Chaouche et Koch (2001) estiment ce nombre par: Pe =r\0yitL3 /3kBT\n(r). y est le 

taux de cisaillement, &B est la constante de Boltzmann et T est la temperature absolue. 

Pour des nombres de Peclet eleves, le mouvement brownien est negligeable ce qui est 

tres souvent le cas pour les suspensions de fibres. 

La fibre peut se courber sous l'effet des contraintes induites par l'ecoulement. En 

cisaillement simple, sa fiexibilite est souvent reliee a la rigidite effective Sen. Ce nombre 

adimensionnel est defini par : Seff = EYl/r\0jL
4 (Switzer & Klingenberg, 2003), ou EY 

est le module de Young et / est le moment d'inertie de surface axial. Pour des 

suspensions de fibres de verre courtes, Sef —» oo, justifiant ainsi leur rigidite et la 

conservation de leur forme durant un ecoulement. 

La geometrie des plaques paralleles est generalement utilisee pour mesurer les 

fonctions rheologiques d'une suspension. Ainsi, l'entrefer doit etre assez important par 

rapport a la longueur des fibres. Au regard des recents travaux (Mobuchon, 2002; 

Sepehr, 2003), un entrefer minimum de trois pour un (c'est-a-dire de trois fois la 

longueur d'un fibre) a ete juge suffisant pour ne pas nuire a l'orientation des fibres. 

2.2. Comportements rheologiques des suspensions de fibres 

Les systemes charges de fibres exhibent des comportements non newtoniens et 

sont a ce titre classes dans la categorie des fluides complexes. Leurs proprietes 
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rheologiques sont fortement dependantes de la concentration, de l'elancement et de 

l'orientation des fibres. Les interactions fibre-fibre et fibre-matrice sont egalement non 

negligeables. De nombreuses investigations ont alors ete realisees et leurs resultats sont 

synthetises ci-apres. 

2.2.1. En regimes etablis 

En regimes permanents, les fibres en suspension dans des fluides newtoniens ou 

viscoelastiques augmentent leur dissipation visqueuse et leur composante elastique. 

Viscosite en cisaillement simple 

Que ce soit dans un fluide newtonien ou viscoelastique, la presence des fibres 

accroit la viscosite en cisaillement, particulierement a des faibles taux de cisaillement y 

(Kitano & Kataoka, 1981a, b; Nicodemo & Nicolais, 1974). La viscosite relative (r\r = r\ 

I T|o avec respectivement r\ et r\0 les viscosites de la suspension et de la matrice) est une 

fonction lineaire de la fraction volumique des fibres pour des suspensions diluees a 

semi-diluees (Bibbo et al., 1985; Kitano & Kataoka, 1981a; Sepehr et al., 2004d) et 

devient quadratique pour des systemes plus concentres (Djalili-Moghaddam & Toll, 

2005). L'augmentation est plus prononcee pour des elancements de fibre plus importants 

(Djalili-Moghaddam & Toll, 2005; Ganani & Powell, 1986; Huq & Azaiez, 2005) tandis 

qu'une diminution est constatee pour des taux de cisaillement plus eleves (Goto et al., 

1986a; Kitano & Kataoka, 1981a, b). En utilisant un viscosimetre a bille tombante, les 

auteurs Milliken et al. (1989) determinent la viscosite relative d'une suspension de fibres 

orientees aleatoirement dans un fluide newtonien. lis montrent que r\r varie lineairement 
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pour de faibles concentrations (<]) < 12.5%) et r|r augmente de facon cubique pour des 

concentrations plus elevees (12.5% < <j) < 23.15%). En utilisant la meme technique et le 

meme composite, Mondy et al. (1990) montrent que pour une meme concentration (0 = 

5%) r|r = 1.52 pour des particules alignees alors que r\T = 2.37 pour une orientation 

isotrope des fibres. Cette experience demontre que l'orientation des fibres modifie la 

viscosite des suspensions. En cisaillement simple, une orientation isotrope des fibres 

genere une dissipation visqueuse plus importante que le cas des fibres alignees suivant la 

direction de l'ecoulement. 

En revisant la litterature dans le domaine des suspensions de fibres dans une 

matrice newtonienne, Ganani et Powell (1985) trouvent que leur viscosite est 

dependante de la fraction des fibres ainsi que de leur rapport de forme. Pour un tel 

composite au-dela du regime dilue, un leger comportement rheofluidifiant est mesure 

par certains scientifiques (Kitano & Kataoka, 1981a; Petrich et al., 2000a; Sepehr et al., 

2004d) mais il n'est pas observe par Ganani et Powell (1985). Ce phenomene est 

explique soit par la destruction d'un reseau de fibres a taux de cisaillement croissant 

(Zirnsak et al., 1994), soit par des mesures effectuees legerement en dessous du plateau 

newtonien (Petrich et al., 2000a). 

Cette derniere hypothese peut etre confirmee par 1'apparition anticipee de la zone 

rheofluidifiante pour des polymeres fondus charges de fibres comparativement a la 

matrice pure (Czarnecki & White, 1980; Greene & Wilkes, 1995; Kitano et al., 1984b; 

Mobuchon et al., 2005; Mutel & Kamal, 1984; Ramazani et al., 2001). Dans la zone de 
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la loi de puissance, la viscosite des composites rejoint celle de la matrice vierge 

indiquant la faible influence des fibres a des forts taux de cisaillement (Czaraecki & 

White, 1980; Kitano & Kataoka, 1980, 1981b; Mutel & Kamal, 1984; Ramazani et al., 

2001). A de faibles taux de cisaillement, les polymeres renforces de fibres sont 

fortement fonctions de la fraction volumique des charges (Becraft & Metzner, 1992; 

Greene & Wilkes, 1995; Mobuchon et al., 2005). Pour les suspensions de fibres courtes 

etudiees au sein de notre groupe de recherche, leur viscosite a de faibles taux de 

cisaillement tend vers un plateau newtonien (Ausias et al., 1992; Mobuchon et al., 

2005). Ce resultat est confirme par d'autres auteurs (Crowson & Folkes, 1980; Greene & 

Wilkes, 1995; Guo et al., 2005; Kitano et al., 1984b). Des contraintes seuils apparaissent 

pour des systemes charges de fibres longues (Thomasset et al., 2005). Cependant Laun 

(1984) mesure egalement des contraintes seuils pour des polymeres renforces de fibres 

courtes. Dans son papier, Laun (1984) ne mentionne aucun traitement de surface de leurs 

renforts alors que les fibres courtes utilisees dans notre groupe sont recouvertes d'une 

formulation a base de silane. Kamal et Mutel (1985) remarquent qu'un tel traitement de 

surface reduit considerablement la viscosite et la contrainte seuil a de faibles y, la ou les 

particules ont une grande influence sur les proprietes rheologiques. 

Differences des contraintes normales 

Comme pour la viscosite, la premiere difference des contraintes normales N\ 

augmente avec la fraction volumique et le rapport de forme des fibres (Chan et al., 1978; 

Goto et al., 1986a; Mobuchon et al., 2005; Zirnsak et al., 1994) alors que la deuxieme 

difference des contraintes normales A^ devient nulle (Chan et al., 1978). D'ailleurs, 7V2 
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est souvent negligee (Hypothese de Weissenberg) puisque N2 ~ -10 % de N\ (Bird et al., 

1987a). Ce resultat est confirme pour un fluide newtonien (Sepehr et al., 2004d) et pour 

un polymere fondu (Chan et al., 1978), les deux systemes etant renforces de fibres de 

verre. 

Les suspensions de fibres a base d'un fluide newtonien exhibent une premiere 

difference des contraintes normales importantes (Goto et al., 1986b; Kitano & Kataoka, 

1981a) alors que theoriquement pour la matrice vierge, N\ = 0. Ce comportement est 

attribue aux interactions fibre-fibre (Sepehr et al., 2004d; Zirnsak et al., 1994). Pour ces 

systemes, N\ varie lineairement avec le taux de cisaillement et la concentration des 

fibres (Sepehr et al., 2004d; Zirnsak et al., 1994). Le rapport de forme ou la flexibilite 

des fibres (Zirnsak et al., 1994) generent egalement une hausse de N\. 

Sepehr et al. (2004d) ont prepare des suspensions modeles de fibre de verre a 

base d'un polybutene (note PB avec un comportement quasi newtonien) et d'un fluide de 

Boger (note B avec une viscosite quasi constante et une elasticite non nulle) (Boger & 

Binnington, 1977). Etrangement a de faibles taux de cisaillement, N\ - N2 des trois 

systemes charges a base de PB est superieure aiVi - N2 des composites a base de B, pour 

les memes concentrations de fibres. II semble que l'elasticite du fluide de Boger rivalise 

avec les interactions fibre-fibres (Iso et al., 1996a; Iso et al., 1996b). Aussi la difference 

de contraintes normales Â i - N2 pour les suspensions a base de PB a une pente de 1 alors 

que les suspensions a base de B, la pente est de 2. 
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La presence des fibres dans les polymeres fondus augmente considerablement la 

premiere difference des contraintes normales puisque la matrice pure est deja elastique 

(Chan et al., 1978; Kitano & Kataoka, 1981b; Mobuchon et al., 2005; Mutel & Kamal, 

1984). La dependance avec le taux de cisaillement des polymeres renforcees de fibres 

est tres proche de celle du polymere vierge [ TV, «= y1, selon la theorie de Lodge (1964)]. 

L'augmentation des contraintes normales est done liee aux interactions entre les 

fibres, et non a l'accroissement de l'elasticite de la matrice. Cependant en sortie de 

filiere, la presence des fibres reduit le gonflement (Chan et al., 1978; Crowson et al., 

1980; Kalaprasad et al., 2003; Knutsson et al., 1981). 

Viscosite elongationnelle 

Les proprietes elongationnelles ont suscite beaucoup d'interets a cause de leurs 

importances dans les applications industrielles mais restent difficiles a mesurer. En 

ecoulement uniaxial, les fibres resistent au champ de deformation induisant, dans le 

materiau, une contrainte OE elevee qui augmente en fonction de leur concentration et 

leur rapport de forme (Mewis & Metzner, 1974; Zirnsak et al., 1994). 

Pour un fluide newtonien, les chercheurs (Mewis & Metzner, 1974; Ooi & 

Sridhar, 2004; Weinberger & Goddard, 1974) montrent que la viscosite elongationnelle 

% de la matrice ainsi que celle de ces composites est independante du taux d'elongation 

£. A titre d'exemple, Weinberger et Goddard (1974) obtiennent un rapport de Trouton 
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(Tr = r|E / r|) de l'ordre de 23 pour des fibres courtes de verre (L = 200 |j,m et r ~ 57) en 

suspension dans un polybutene (PB). 

Pour des suspensions de fibres dans un fluide non newtonien, leur viscosite 

elongationnelle r|E exhibe un comportement rheofluidifiant tout comme la matrice vierge 

(Kamal et al., 1984). Pour Chan et al. (1978), les memes phenomenes sont observes pour 

les composites bien que leur premiere matrice en PS (Polystyrene) montre un 

comportement rheoepaississant et leur seconde matrice en HDPE (Polyethylene haute 

densite) presente une viscosite elongationnelle T|E constante en fonction du taux 

d'extension e. En utilisant un Rheotens, Lin et Hu (1997) mesurent des viscosites 

elongationnelles legerement rheofluidifiantes a de faibles taux d'etirement (e < 0.5s"1) et 

croissantes avec la fraction des fibres, mais trouvent qu'au-dela d'une concentration 

critique (i.e. 20% en masse) T|E chute. Cependant les suspensions de fibres longues 

presentent un caractere rheofluidifiant (Creasy et al., 1996b; Thomasset et al., 2005). En 

elongation planaire, Mobuchon et al. (2005) trouvent un caractere rheofluidifiant pour 

un PP (Polypropylene) avec respectivement une augmentation de la viscosite 

elongationnelle d'environ 5 et 35 % pour ses composites renforces de 10 et 30% en 

masse de fibres de verre. 

2.2.2. En regimes dynamiques 

Pour des cisaillements oscillatoires, l'amplitude des deformations modifie le 

comportement viscoelastique. Dans la zone lineaire (petites deformations), les proprietes 
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et la structure du polymere sont peu affectees ce qui n'est pas le cas dans la zone non-

lineaire (grandes deformations). 

Petites deformations (SAOS: « Small Amplitude Oscillatory Shear ») 

Tout comme en cisaillement simple, l'addition des fibres ainsi que leur rapport 

de forme haussent les proprietes viscoelastiques du polymere, l'accroissement etant 

largement plus prononce pour des regimes concentres (Mobuchon et al., 2005). A hautes 

frequences co, les modules elastiques G' et visqueux G" tendent a rejoindre ceux de la 

matrice tandis qu'a de faibles frequences, G' augmente plus que G" (Greene & Wilkes, 

1995;Kitanoetal., 1984a). 

Ces observations indiquent que Tangle de dephasage 8 (tan 5 = G" I G') decroit 

avec la fraction volumique des fibres a de faibles co, mais devient constant pour des co 

croissantes (Guo et al., 2005). Cependant, Mobuchon et al. (2005) montrent que Tangle 

de dephasage 8 est independant de la concentration et de Torientation des fibres sur une 

plage de frequence de trois decades. lis en deduisent que Telasticite des suspensions est 

la meme que celle de la matrice. 

Les suspensions de fibres dans un fluide newtonien ne genere pas ou tres peu 

d'elasticite en regime dynamique bien qu'elles font apparaitre des contraintes normales 

en cisaillement simple (Ganani & Powell, 1986). 

Le principe empirique de Cox-Merz (1958) ne semble pas s'appliquer aux 

polymeres renforces de fibres. En effet Torientation des fibres induite par un 
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cisaillement simple differe de celle d'un cisaillement dynamique (Guo et al., 2005; 

Kamal & Mutel, 1989). En effectuant le pre-cisaillant d'un echantillon de polypropylene 

charge de fibres avant de mesurer sa viscosite complexe r\*, Mobuchon et al. (2005) 

appliquent avec succes la regie de Cox-Merz indiquant que la macrostructure des fibres 

doit etre tres semblable lors des mesures. Cependant, la loi de Cox-Merz echoue au-dela 

d'un taux de cisaillement superieur a 10 s"1 (Mobuchon et al., 2005). 

Deux tests de fluage a 500 et 1000 Pa ont ete realises sur des polypropylenes 

fortement charges en fibre avant de mesurer leur viscosite complexe. Par comparaison 

avec un meme echantillon non pre-cisaille, Mobuchon et al. (2005) montrent une 

reduction significative de rj* respectivement de 32% et 57%. 

Grandes deformations (LAOS : « Large Amplitude Oscillatory Shear ») 

En investiguant les effets de 1'amplitude de deformation yR et du temps de pre-

cisaillement, Kim et Song (1997) ont conclu que l'orientation des fibres diminue la 

viscosite complexe TJ* : Plus l'amplitude de cisaillement augmente, plus les fibres 

s'alignent suivant la direction de l'ecoulement. En modelisant le comportement non-

lineaire d'une suspension diluee de fibres dans un fluide d'Oldroyd B, Harlen et Koch 

(1997) indiquent un changement de l'orientation des fibres au cours d'un cycle. 

Mutel (1989) remarque des reponses non-harmoniques pour des suspensions 

concentrees de fibres meme lorsqu'elles sont sollicitees dynamiquement par de faibles 

amplitudes de deformation. Des lors Mutel et Kamal (1986) observent un signal non 

fondamental pour un polypropylene charge a 10% en masse de fibres (co = 0.1 rad/s et y« 
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= 2.4) de meme pour un polypropylene fortement renforce en fibres (© = 0.2 rad/s et yR 

= 1.4). 

2.2.3. En regimes transitoires 

Le comportement rheologique des systemes charges de fibres en regime 

transitoire est fortement affecte par la distribution d'orientation des particules, 

specialement pour de fortes concentrations de fibres (Ausias et al., 1992; Laun, 1984; 

Mobuchon et al., 2005; Sepehr et al., 2004c; Sepehr et al., 2004d). 

Viscosite transitoire 

Lorsqu'une suspension de fibres est cisaillee a un y constant, Fomentation 

initialement desordonnee des particules evolue pour atteindre un regime permanent ou la 

plupart des fibres sont alignees suivant la direction de l'ecoulement. Ce changement de 

structure se traduit par l'apparition d'un pic de viscosite qui depend de la fraction 

volumique et du rapport de forme des charges fibres (Ausias et al., 1992; Laun, 1984; 

Mobuchon et al., 2005; Sepehr et al., 2004c; Sepehr et al., 2004d). Pour un polymere 

vierge ou renforce de billes, cet extremum est inexistant (Laun, 1984; Sepehr et al., 

2004c). De meme, a la suite d'un pre-cisaillement ou d'un second demarrage dans le 

meme sens (sans delai), aucun pic de viscosite n'est observe puisque les fibres sont deja 

orientees (Mutel & Kamal, 1987; Sepehr et al., 2004c; Sepehr et al., 2004d). 

Lors d'un second demarrage dans le sens contraire, un second pic de viscosite 

(pic retour) est observe. II est cause par un basculement des fibres dans la nouvelle 

direction de l'ecoulement (Barbosa et al., 1994; Ramazani et al., 2001; Sepehr et al., 
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2004c; Sepehr et al , 2004d). Pour des suspensions modeles (fluide PB et B), un pic de 

viscosite reproductible a ete observe a chaque inversion de l'ecoulement (Sepehr et al., 

2004d). Aussi des tests successifs dans la meme direction mettent en evidence un 

pseudo-plateau, inferieur a celui du regime etabli pour les systemes a base de PB, qui est 

attribue a la formation d'un reseau par les fibres (Sepehr et al., 2004d). En laissant un 

temps de relaxation suffisamment long a la matrice elastique (fluide B), un pic de 

viscosite, tres similaire a celui du premier demarrage, est observe (Sepehr et al., 2004d). 

Ces auteurs suggerent que les chaines de haut poids moleculaire du polyisobutylene, 

adsorbees sur les fibres de verre, se relaxent entrainant avec elle la disorientation des 

particules. Finalement la presence des fibres n'influence pas le temps de relaxation de la 

matrice (Laun, 1984; Sepehr et al., 2004d). 

Differences des contraintes normales transitoires 

De meme que pour la viscosite, un pic pour les contraintes normales est observe 

lorsqu'une suspension de fibres est cisaillee a une vitesse constante (Laun, 1984; Sepehr 

et al., 2004c; Sepehr et al., 2004d). Ce pic des contraintes normales est plus prononce 

que celui de la viscosite et est egalement fonction de <|) et de r. 

Lors d'un inversement du sens de rotation (sans delai), les contraintes normales 

montrent au prealable des valeurs negatives pour ensuite exhiber un pic positif 

(correspondant au pic de viscosite) avant d'atteindre le regime permanent (Sepehr et al., 

2004c; Sepehr et al., 2004d). Tout comme la viscosite, le temps de relaxation des 

contraintes normales n'est pas modifie par les fibres (Laun, 1984; Sepehr et al., 2004d). 
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Viscosite elongationnelle transitoire 

Pour des composites a base de fluides newtoniens ou viscoelastiques, les fibres 

haussent leur viscosite elongationnelle transitoire (Chan et al., 1978; Kamal et al., 1984). 

Laun (1984) mesure la viscosite elongationnelle transitoire d'un HDPE renforce de fibre 

de verre pour differentes orientations initiales de fibres. Les charges orientees 

parallelement a la direction de retirement generent la contrainte elongationnelle la plus 

importante en regime etabli, tandis que les charges orientees aleatoirement engendrent 

une contrainte elongationnelle OE+ qui tend a rejoindre la CE maximale. Ce phenomene 

est attribue a une orientation des fibres suivant la direction de l'elongation et est 

egalement observe par Wagner et al. (2003). 

En elongation uniaxiale, les regimes permanents sont atteints plus rapidement 

pour les composites renforces de fibres que pour leur matrice pure (Kamal et al., 1984). 

2.3. Modelisation de la dynamique d'orientation des fibres 

De nombreux travaux ont ete realises pour predire le comportement rheologique 

des suspensions de fibres. Ce qui suit synthetise les principales formulations theoriques 

de modeles decrivant l'orientation d'une population de fibres. II sera egalement question 

de savoir comment la deformation du polymere modifie l'orientation des fibres. 

2.3.1. Description de l'orientation d'une population de fibres 

Dans un repere spherique, l'orientation d'une fibre rigide peut etre representee 

par un vecteur unitaire p ayant comme direction principale l'axe de symetrie de la 
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particule. Sa projection dans un repere fixe fait apparaitre la paire d'angle d'Euler (p et 9 

reliee aux coordonnees Cartesiennes (p\,pi &•P^) selon (Figure 2.2): 

P = 

px = sin 0 cos (p 

p2 = sin 9 sin cp. (2.1) 

p3 = cos 0 

Comme les deux extremites d'une fibre sont indissociables, le sens du vecteur p 

est arbitraire, d'ou : p —> - p. Dans certains composites, la fiexibilite des fibres devient 

preponderante et leurs descriptions necessitent plus de details (Joung et al., 2001; Ross 

& Klingenberg, 1997; Schmid et al., 2000). Ce point de vue de representation est 

largement utilise dans les techniques numeriques de simulations directes, ou 

generalement 500 a 1000 fibres sont generees pour representer les ecoulements simples 

a l'etat fondu de ces composites. Cependant dans les milieux industriels, l'important 

nombre de particules et la complexity des ecoulements font que cette description devient 

rapidement contraignante. 

La fonction de distribution d'orientation \|/ permet de decrire plus globalement 

l'etat d'orientation d'une population de fibres en un point materiel (Advani & Tucker, 

1987). Ce point de vue plus realiste represente la fraction de particules ayant la raeme 

orientation a l'interieur d'un volume elementaire. Elle est definie de telle sorte que la 

probabilite P de trouver des fibres alignees suivant le secteur d'angle (pi et cpi + t/cp et 0i 

et 9i + dQ soit donnee par : 

P(% < (p < (p, + d(p, 9, < 9 < 9, + clB) = \|/((p,, 9;) sin 9,dQJcp. (2.2) 
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La periodicite de cette fonction de distribution d'orientation donne 

\j/(p) = V|/(-p). Sur toute la surface d'une sphere de rayon unitaire, la probabilite de 

trouver une particule est l'unite. Ainsi la condition de normalisation implique que : 

ou l'integration est calculee suivant toutes les directions pointees par p. 

(2.3) 

/ 

P 

•#• 2 

Figure 2.2 : Orientation d'une fibre axisymetrique decrite par deux angles 0 et (p 

ou par un vecteur unitaire p de direction principale l'axe de symetrie. 

Neanmoins, une description plus compacte de l'etat d'orientation des fibres dans 

un composite est obtenue par une troncature des moments de la fonction de distribution. 

Ces moments sont denommes tenseurs d'orientation (Advani & Tucker, 1987). Les 

produits dyadiques du vecteur unitaire p, ponderes par la fonction de distribution \|/, sont 

integres suivant toutes les directions pour former les tenseurs d'orientation du second et 

du quatrieme ordre respectivement: 
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a2 = (PP>= j p PP¥^P, (2-4) 

a4 = (PPPP) = IPPPPV dp (25) 

Etant donne que la fonction de distribution est paire, les tenseurs d'orientation 

d'ordre impair sont tous nuls. Aussi, plus l'ordre du tenseur est eleve, meilleure est la 

description de l'etat d'orientation des fibres. II en decoule de la condition de 

normalisation que : 

t r a 2 = a M = l , (2.6) 

«ijkk = «ij> (2-7) 

ou la sommation suivant l'indice repete a ete omise. Egalement la symetrie des tenseurs 

d'orientation implique que : 

fly = fljj , (2.8) 

am = ajiki = akiji = aw = am = - (2-9) 

II en resulte que seulement cinq et quinze composantes suffisent a determiner 

entierement a2 et a4, respectivement. 

Les composantes du tenseur d'orientation a2 presentent des interpretations 

physiques comprehensibles. La Figure 2.3a represente un etat d'orientation isotrope. 

Dans le cas ou les fibres sont orientees aleatoirement dans le plan (1-2) comme 

schematise sur la Figure 2.3b, l'orientation est considered aleatoire dans un plan. 

Finalement la Figure 2.3c montre un alignement parfait des fibres suivant la direction 1. 
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(a) 
1/3 0 0 

0 1/3 0 

0 0 1/3 

1/2 0 0' 

0 1/2 0 

0 0 0 

1 0 0 

0 0 0 

0 0 0 

Figure 2.3 : Exemples de trois etats d'orientation : (a) orientation isotrope ; (b) 

orientation aleatoire dans un plan ; (c) orientation des fibres totalement alignees suivant 

la direction (1). 

2.3.2. Dynamique d'orientation d'une population de fibres 

Sachant maintenant comment representer l'etat d'orientation des fibres, la 

presente section explique brievement les modeles mathematiques elabores pour decrire 

leur dynamique d'orientation. En suspension dans un milieu liquide en ecoulement, les 

fibres sont sujettes a de nombreuses forces. 

Dynamique d'une fibre 

L'une des premieres theories est celle de Jeffery (1922) qui determine le 

mouvement d'une fibre isolee en suspension dans un fluide newtonien. Representee par 

un spheroi'de rigide, la fibre est uniquement soumise a des forces hydrodynamiques en 
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l'absence de forces inertielles. Le facteur de forme de la particule X = (r -1) / (r +1), 

avec r l'elancement de la particule, induit une rotation cyclique lorsque cette derniere est 

sujette a un cisaillement simple (Figure 1.1). La periode de rotation vaut alors : 

T , = ^ ( r + r - ' ) . (2.10) 

Le rapport de forme r est occasionnellement substitue par un rapport de forme 

effectif afin de corriger la forme reelle de la particule (Burgers, 1938; Cox, 1971; Nawab 

& Mason, 1958; Trevelyan & Mason, 1951). L'equation de Jeffery (1922) decrit 

relativement bien le mouvement d'une particule pour des suspensions diluees car la fibre 

se meut librement sans etre soumise a des interactions mecaniques et hydrodynamiques 

notamment. Dans le monde industriel, les suspensions sont tellement concentrees que les 

fibres ne peuvent plus etre considerees separement. Neanmoins pour de tels systemes, la 

theorie de Jeffery (1922) predit qualitativement la dynamique d'orientation mais le 

niveau d'alignement differe et ceci sans exhiber des rotations periodiques. Ces effets 

sont principalement attribues aux interactions entre les fibres, d'ou l'idee de Folgar et 

Tucker (1984) d'etendre l'equation de Jeffery (1922) pour incorporer une diffusion. Issu 

d'un concept phenomenologique, ce terme de diffusion est donne par 

Dy In \\f - Cj |y|Vln\|/. Dr et C/ sont respectivement les coefficients de diffusion en 

rotation et d'interaction, tandis que |y| est le second invariant du tenseur des vitesses de 

deformation. V est l'operateur gradient. Dans cette configuration, quand l'ecoulement 

est arrete, aucune reorganisation spatiale des particules ne se produit et les fibres 
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conservent alors leurs inclinaisons finales. Un modele generique donnant revolution du 

vecteur unitaire p s'ecrit sous la forme (Advani & Tucker, 1987): 

- ^ = p = - - r o - p + - (Y .p -Y:ppp ) -ZVVln \ | / , (2.11) 

ou CO = K - Kf et y = K + Kf sont respectivement les tenseurs de vorticite et des taux de 

deformation avec K1" le tenseur des gradients de vitesse. 

Evolution d'une population de fibres 

L'evolution temporelle de la fonction de distribution d'orientation repond a une 

equation de continuite dans le sens ou, une particule qui quitte une orientation doit 

reapparaitre dans une autre. Des lors, un bilan des flux conduit a (Bird et al., 1987b): 

^ = - V - ( P ¥ ) . (2.12) 

Connaissant revolution du vecteur unitaire p, cette derniere expression donne 

revolution de la fonction de distribution d'orientation. L'equation de Fokker-Planck est 

ainsi obtenue a partir de l'equation generalisee de Jeffery (Advani & Tucker, 1987). 

Evolution du tenseur d'orientation 

Grace a revolution temporelle de la fonction de distribution d'orientation \|/, 

donnee par l'equation (2.12), et aux definitions des tenseurs d'orientation, equations 

(2.4) et (2.5), Advani et Tucker (1987) derivent revolution du tenseur d'orientation a2. 

Ce resultat s'exprime sous la forme suivante : 

- ^ = a 2 =-- (o3-a 2 -a 2 -co) + - (Y-a 2 +a 2 -Y-2a 4 :Y) + 2Z) r(8-ma2), (2.13) 
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ou 8 est le tenseur identite et m =2 ou 3 respectivement pour un probleme 2D ou 3D. 

Sous cette notation tensorielle, l'equation donnant revolution d'orientation d'une 

population de fibres possede une forme compacte et efficace, ce qui explique pourquoi 

elle est largement implantee dans les logiciels de simulation. Egalement dans leur 

papier, Advani et Tucker (1987) derivent revolution du tenseur d'orientation d'ordre 

quatre 114. 

Des idees ont emerge pour introduire une diffusion anisotrope Dr. Koch (1995) 

fait intervenir les tenseurs d'ordre quatre et six dans son terme de diffusion, ce qui n'est 

pas tres pragmatique. Les auteurs (Fan et al., 1998; Phan-Thien et al., 2002) suggerent 

que le tenseur de diffusion Dr = C/ |y | soit proportionnel a la cinematique de 

l'ecoulement et au tenseur d'interaction Cj. En 3D, revolution du tenseur d'orientation 

a2 devient: 

a2=--(rc-a2-a2-<o) + -(Y-a2 + a2-Y-2a4:Y) 

+ \j\(2C1-3Cra2-3a2-C1 -28:C 7 a 2 +6a 4 :Cy) 

ou les composantes du tenseur d'interaction Q sont determinees en les ajustant aux 

donnees experimentales obtenues en regime etabli. Neanmoins cette loi d'evolution est 

tres peu usitee. 

Hormis les travaux de Koch (1995), les theories proposees indiquent que le 

coefficient d'interaction ne depend pas explicitement de la fraction volumique des fibres 
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<|) et du rapport de forme r. Dans sa these, Bay (1991) suggere 1'equation empirique 

suivante : 

C^Aexp^Brty). (2.15) 

Cette expression provient de la resolution de la fonction de distribution ou les 

valeurs de C/ ont ete determinees en ajustant les composantes de a2 avec des donnees 

experimentales obtenues par l'injection de thermoplastiques. Ainsi, Bay (1991) rapporte 

que A = 0.0184 et B = 0.7148. Pour un rapport de forme donne, la limite superieure ($ —> 

0) indique que Q = 0.0184 et la limite inferieure (([) —> °°) donne Cj = 0, ce qui est 

contradictoire avec la theorie de Jeffery (1922). Afin que C/ augmente de facon 

monotone, Phan-Thien et al. (2002) (2002) proposent: 

C /=v4[l-exp(-Jffr^))]. (2.16) 

En variant le rapport de forme r, Phan-Thien et al. (2002) obtiennent que A = 

0.030 et B = 0.224 grace a une methode de minimisation entre l'equation (2.16) et des 

simulations directes. Ranganathan et Advani (1991) ont quant a eux exprime la 

dependance du coefficient d'interaction Q est fonction de l'espace moyen entre les 

fibres h sous la forme : 

C,=KL/h, (2.17) 

ou K est une constante universelle de proportionnalite. Les observations experimentales 

de Ramazani et al. (2001) leur indiquent que l'orientation des chaines macromolecules 

suivant la direction de l'ecoulement favorise l'alignement des fibres. Ramazani et al. 

(2001) modifient alors le coefficient d'interaction : 



30 

C,= 
LC] 

h^Jr{a2 -c)] 
(2.18) 

ou C] est une constante et c est le tenseur de conformation d'une macromolecule 

(Carreau et al., 1997). 

2.3.3. Approche thermodynamique 

Par une approche thermodynamique basee sur la structure Hamiltonienne 

(Grmela, 1986; Grmela & Carreau, 1987), les auteurs (Ghosh, 1993; Ghosh et al., 1995) 

presentent une alternative pour decrire revolution de l'orientation d'une population de 

fibres. La demarche consiste en la derivation du tenseur de conformation d'une 

macromolecule pour representer l'orientation des fibres. Ce changement de l'orientation 

des fibres s'ecrit done : 

1 --(oo-a2-a2-Q)) + -(Y-a2 + a2-Y)-A-a2 
8G 

da. 
(2.19) 

ou SI d&i est la derivee de Volterra, A est le tenseur des mobilites et G est l'energie libre 

de Gibbs. La derivee de ce potentiel thermodynamique est exprimee pour des particules 

axisymetriques par: 

SG _ kBT 

Sa, 
W-SB*?-L2SL*;1-*;1+2%-

f 
8 - % 

L2 
(2.20) 

avec kB la constante de Boltzmann et T la temperature absolue. (3 est le multiplicateur 

Lagrangien qui garde constante la trace du tenseur d'orientation az au cours d'une 

deformation (les fibres sont inextensibles). Le terme SB est la contribution dissipative de 
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Boltzmann nivelant l'ordre de l'orientation. SL est un coefficient qui pondere la 

contribution de Lifshitz caracterisant la semi fiexibilite des fibres. Enfin le parametre So 

a ete introduit par Onsager pour tenir compte des interactions topologiques ou en 

d'autres termes du volume exclu. Dans leur papier, Ghosh et al. (1995) presentent un 

tenseur isotrope des mobilites par 1'expression suivante : 

A = An 
2 

V no J 

I-a t r 
> L4 

(2.21) 

oil A0 est la constante de mobilite et «0 la concentration maximale en tassement des 

fibres. Enfin le parametre d'orientation a apporte une correction sur l'effet de 

l'orientation des fibres (0 < a < 1). Dans sa these, Ghosh (1993) propose un tenseur 

anisotrope des mobilites. 

2.4. Lois de comportement des suspensions de fibres 

Une loi de comportement ou une equation constitutive exprime 

mathematiquement les contraintes en fonction de l'histoire de la deformation et/ou des 

taux de deformation pour un materiau donne (Carreau et al., 1997). Pour modeliser 

correctement un procede de mise en forme, il est done important de disposer d'une 

equation constitutive globale, qui represente au mieux le comportement du materiau 

pour une multitude de sollicitations (cisaillement simple, elongation ou combinaison des 

deux) et pour des regimes particuliers (etabli ou transitoire). Pour le cas des suspensions 
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de particules axisymetriques, il semble important de tenir compte des effets de 

l'orientation des fibres. 

En considerant le composite incompressible (fibres et fluide), la contrainte totale 

a dans le materiau est la contribution d'une pression hydrostatique P et d'une partie 

deviatorique representant le champ des extras contraintes %. Generalement, la pression 

hydrostatique est negligeable. Pour un composite, il est d'usage de decomposer le champ 

des contraintes en une somme des contributions provenant de la matrice xm et des fibres 

xf. 

2.4.1. Fibres en suspension dans un fluide newtonien 

Une multitude de theories existent pour predire la contribution des fibres dans un 

fluide newtonien. Les chercheurs (Batchelor, 1971; Burgers, 1938; Dinh & Armstrong, 

1984; Shaqfeh & Fredrickson, 1990) ont employe la mecanique des milieux continus 

avec la theorie sur les corps minces (r » 1), tandis que les auteurs (Giesekus, 

Hanswalter, 1962; Hand, 1961) relient le tenseur des contraintes avec la microstructure 

determinee par les travaux de Jeffery (1922). Des lors, les scientifiques (Hinch & Leal, 

1973; Lipscomb et al., 1988) ont developpe une equation generique qui se presente sous 

la forme : 

o = - P 5 + ri0Y+ri0^)[(i1Y+|i2a4:Y+)i3(Y-a2 + a2-Y) + 2ii4a2JDr]. (2.22) 

Dans cette expression, r)o est la viscosite newtonienne du fluide, Dr est le 

coefficient de diffusion cause par le mouvement brownien et \i\, |i2, M-3 et p^ sont les 
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constantes du materiel. Le Tableau 2.2 recense les constantes materielles jLLj rencontrees 

dans la litterature (pour une presentation plus claire, uniquement les |i; non nuls sont 

presentees). II est a noter que les fibres sont souvent considerees comme des corps 

minces, d'ou [i\ = (0,3 = 0 et non sujettes au mouvement brownien (Chaouche & Koch, 

2001), ce qui entraine que (0,4 = 0. 

La loi de comportement de Dinh et Armstrong (1984) fait intervenir 

l'espacement moyen entre deux fibres h. Cette distance moyenne est encadree par une 

borne superieure , cas ou les fibres sont parfaitement alignees et par une 

borne inferieure hiso = Dn/4§r, cas ou l'orientation des fibres est isotrope (Doi & 

Edwards, 1978a, b). Du fait que la distance moyenne h evolue en fonction de 

l'orientation des fibres, les chercheurs (Chung & Kwon, 1995; Chung & Kwon, 2002a) 

utilisent la mesure scalaire du tenseur d'orientation, J* = 1 - 27 det(a2) (Advani & 

Tucker, 1990a) pour determiner des distances moyennes intermediaires. 
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Tableau 2.2 : Parametres materiaux pour la loi de comportement [Eq. (2.22)]. 

Modele Parametres materiaux Solution 

Batchelor 
(1971) 

Batchelor 
(1970a) 

Mackaplow et 
Shaqfeh(1996) 

Hinch et Leal 
(1972) 

Shaqfeh et 
Fredrickson 

(1990) 

Lipscomb et al. 
(1988) 

Dinh et 
Amrstrong 

(1984) 

Chung et Kwon 
(2002a) 

8r2 

^2 31n(r) 

\i2=^r=-
8r2 ln(2r) + 0.64 1.659 

31n(2r)l ln(2r)-1.5 ln2(2r) 

H 2 = n f " + ^ 
ln3(2r) 

C\ = 1.399 pour fibres alignees 
C\ = 1.508 pour fibres aleatoires 

M-i = 2 ; JLX2 

\i2 

2[ln(2r)-1.5] 

16r2 

; ^ 3 

61n(2r)- l l 

3(ln(l/^) + lnln(l/0) + C2) 

C2 = 0.1585 pour fibres alignees 
C2 = -0.6634 pour fibres aleatoires 

| i l = 2 ; ^ 2 = r 2 / 2 1 n ( r ) 

r2 

| l 2 = 
31n(2tyZ>) 

D n h = hM = —J— pour des fibres alignees 
2\<|> 

h = hiso = izD/A^r pour des fibres aleatoires 

r2 

^2 3ln(2h/D) 

/ * = l-27det(a2) 

Tres diluee 

Diluee 

Diluee 
(interaction de 

deux corps) 

Semi-diluee 

Semi-diluee 

Semi-diluee 

Semi-
concentree 

Semi-
concentree 

2.4.2. Fibres en suspension dans unfluide rheofluidifiant 

Grace a un modele cellulaire, Souloumiac et Vincent (1998) ont derive la 

contrainte totale pour une suspension de fibres dans un fluide rheofluidifiant. La matrice 
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est caracterisee par une loi puissance de consistance K et d'indice de rheofluidifiance m. 

Leur expression finale s'ecrit: 

a = -P8+ Â Tf""1 y+ K^2 Jy: PPPp|y: ppf ' V 4>> (2.23) 
p 

avec le coefficient de couplage \i2 exprime par : 

^ 2 = 

r"»+' 

2m-'(w + 2) 
\ — m 

m \-{DI2h) 
(l—m)/m 

(2.24) 

Pour m = 1, l'expression de Dinh et Armstrong (1984) est retrouvee (Tableau 

2.2). 

2.4.3. Fibres en suspension dans unfluide viscoelastique 

Deux demarches differentes, l'une mecanique, l'autre thermodynamique, sont 

suggerees dans la litterature pour decrire le comportement de suspensions de fibres dans 

un milieu viscoelastique. Ces deux approches convergent vers des resultats analogues. 

Approche mecanique 

Azaiez (1996) a developpe une equation constitutive pour des fibres en 

suspension dans un milieu viscoelastique. La chaine macromoleculaire du polymere est 

materialised par une altere elastique : deux billes identiques et sans masse sont reliees 

entre elles par un ressort (Bird et al., 1987b). Le modele FENE-P (« Finitely Extensible 

Non-linear Elastic - Peterlin ») est utilise pour exprimer la force d'un tel connecteur. 

Ainsi la contrainte totale dans le composite s'ecrit (Azaiez, 1996): 
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a = x m +x f =- J P8 + ̂ (ZB-8)Y+Tl(Y)^(| i1Y+|i2a4 :Y), (2.25) 
m 

ou Tjo et TI(Y) sont respectivement les viscosites au plateau newtonien et du polymere 

(la viscosite du solvant a ete negligee). A,m est le temps de relaxation de la matrice. La 

fonction Z prend la forme Z=b/(b — trB) avec b un parametre adimensionnel 

mesurant l'extensibilite du ressort. Finalement B represente le tenseur de conformation 

adimensionnel B de la macromolecule, son equation d'evolution temporelle etant donnee 

par: 

B = — ( C O - B - B - Q ) ) + - ( Y - B + B-Y) 

m{\-(j) ' 1 _Z_ 
CTB + —K- ^-(a2-B + B-a2) + — [ c r 5 + w( l -o- )a 2 ] 

K 

ou m est la dimension du probleme. Un point interessant dans les travaux d'Azaiez 

(1996) est que le modele prend en compte les interactions fibre-polymere par le 

coefficient de couplage o. En testant ce modele sur des thermoplastiques (LLDPE) 

renforces de fibres de verre jusqu'a une fraction volumique de 35%, Guo et al. (2005) 

montrent la necessite du couplage fibre-matrice. Les modeles d'Oldroyd-B, de Giesekus, 

de FENE-CR et de Phan-Thien - Tanner sont egalement utilises pour representer le 

comportement de la matrice (Azaiez, 1996; Azaiez et al., 1997; Azaiez, 2000). 

Approche thermodynamique 

En s'appuyant sur les travaux d'Ait-Kadi et Gremla (1994), Ramazani et al. 

(1997) modelisent le comportement rheologique de composites thermoplastiques a fibres 
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courtes, l'approche decrivant l'orientation des fibres etant donne par l'equation (2.13). 

lis y introduisent les interactions fibre-matrice dans la formulation du tenseur des 

mobilites. Dans le cas d'un fluide FENE-P, ils obtiennent ainsi une loi constitutive tres 

similaire aux travaux d'Azaiez (1996). Ramazani et al. (2001) presentent les possibilites 

du modele a predire le comportement d'une suspension de fibres dans un fluide de 

Boger. 

2.5. Calcul de la fonction de distribution d'orientation et 

approximations de fermeture 

Au regard des equations donnant revolution de az et des lois de comportement, il 

est necessaire de connaitre le tenseur d'orientation a4. Generalement le tenseur 

d'orientation &2 est utilise pour representer l'etat d'orientation tandis que le tenseur a4 

reste inconnu. Cependant revolution de a4 fait intervenir le tenseur d'orientation a6 

(Advani & Tucker, 1987) et ce schema se repete ainsi pour les tenseurs d'ordre 

superieur. Ce probleme est evite en utilisant les approximations de fermeture : elles 

permettent d'evaluer un tenseur d'ordre (2i+2) par un tenseur d'ordre (2i). Les relations 

de fermetures les plus repandues estiment a4 en fonction de a2. 

2.5.1. Resolution de la fonction de distribution d'orientation 

L'equation de Fokker-Planck possede des solutions analytiques uniquement pour 

deux cas extremes. Dans les cas intermediaires, il est necessaire de recourir a des 

methodes numeriques en remarquant que les temps de calcul peuvent devenir 

exorbitants. Si la diffusion prevaut (Q -» QO), Bird (1987b) presentent la resolution. A 
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l'oppose pour une diffusion nulle (C/ = 0), l'equation de Fokker-Planck possede une 

solution analytique (Dinh, 1981; Dinh & Armstrong, 1984). Le facteur de forme A, 

apparaissant de facon implicite, les chercheurs (Lipscomb, 1986; Lipscomb et al., 1988) 

expriment cette solution sous la forme : 

¥ = J_ri + ^ ] : p p T 3 / 2 , (2.27) 
47UL J 

ou Y est le tenseur des deformations finies et est relie a celui des gradients de 

deformation par yo] = ( E _ I ) E ' - 8 (Dinh & Armstrong, 1984). Ce dernier tenseur E 

satisfait l'equation differentielle suivante (Lipscomb, 1986; Lipscomb et al., 1988): 

DV 1 

— = -(-G)+?iY)-E. (2.28) 
Dt 2V U 

Pour que l'orientation initiale des fibres soit isotrope, il faut que E = 8. A partir 

de la solution de l'equation de Fokker-Planck pour des ecoulements convectifs 

transitoires, il est possible de determiner les evolutions des tenseurs d'orientation. Avec 

une orientation initiale isotrope des fibres, les tenseurs a2 et a4 s'ecrivent respectivement 

(Lipscomb, 1986; Lipscomb et al., 1988): 

2 2 = ~ k I p p t1 +^0 ] : ppV'2dp' (2-29) 

** =7- IPPPPr i + 'Y[01 :ppT324>. (2.30) 

Des lors pour des ecoulements purement convectifs, les composantes de ces 

tenseurs d'orientation sont aisement calculees. Ainsi, cette procedure est a l'origine 

d'approximations de fermeture. 
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2.5.2. Approximations defermeture basiques 

L'approximation de fermeture hybride a"yb (Advani & Tucker, 1990b) est 

largement utilisee dans les logiciels de simulation numerique puisque elle exhibe un 

comportement stable de 1'orientation des fibres en ayant recours a peu de ressource 

informatique. Son expression est donnee par : 

«£b = ( l - / * ) f l j j + / * f l £ " . (2-31) 

ou l'approximation lineaire a '̂" (exacte pour une configuration isotrope des fibres) est 

formulee par (Hand, 1962): 

^ (2.32) 

+ -(«iA, + «ikSj, + aa8jk + akfiis + a^ + ajk8i,) 

et ou la relation de fermeture quadratique a^ua (juste pour une orientation parfaitement 

alignee des fibres) s'ecrit (Lipscomb et al., 1988) : 

4 7 = ^ , . (2.33) 

Cette approximation hybride fait intervenir la mesure scalaire de l'orientation 

/ * = l -27de t (a 2 ) . Generalement, la relation de fermeture hybride tend a surestimer 

l'orientation reelle des fibres (Advani & Tucker, 1990b). 
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2.5.3. Approximations defermeture ajustables 

Plus sophistiquees, ces relations de fermeture contiennent des parametres 

ajustables qui sont definis en minimisant des solutions particulieres de differents champs 

d'ecoulement (5 a l'origine) obtenues par la resolution de \|/ avec des fonctions scalaires 

de a2. Ainsi deux families se distinguent par le choix de ces fonctions scalaires et leur 

jeu de parametres : les orthotropes (Cintra & Tucker, 1995) et les naturelles (Verleye et 

al., 1994). 

Approximations orthotropes 

Cintra et Tucker (1995) sont a l'origine du developpement des approximations de 

fermeture orthotropes a° r t. Elles sont definies de facon a satisfaire la condition 

d'orthotropie du tenseur a4 dans le repere principal orthonorme forme par les vecteurs 

propres de a2. Dans cette base, les deux valeurs propres independantes de a2 sont notees 

Xi et A.2 avec A,i > X2 (la somme des valeurs propres etant egale a l ) . Comme chaque axe 

principal est un axe de symetrie pour la population de fibres, seulement six coefficients 

sont non nuls. Cintra et Tucker (1995) suggerent done d'utiliser une notation contractee : 

a<w ^ Am' o u chaque paire d'indices est remplacee par un indice unique allant de 1 a 6 

suivant le Tableau 2.3. 

La condition de normalisation de a4 reduit a trois le nombre de termes 

independants (An, A22 et A3J). Afin d'exprimer A^ en fonction ses valeurs propres, il 

est necessaire d'avoir recours a un changement de base : 
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4 n n=V^ q r4X" 1^V> (2-34) 

ou R et Id4 represented respectivement la matrice contractee de rotation (ou de 

passage) d'un tenseur symetrique et le tenseur identite contracte d'ordre 4. Des lors, les 

trois composantes A*u, A*l2 et A^, exprimees dans leur repere principal, sont 

entierement fonctions de leurs valeurs propres X, et X2. En utilisant des interpolations 

polynomiales, les auteurs (Wetzel & Tucker, 1999; Wetzel, 1999) donnent l'expression 

generate pour A*mm (il n'y a pas de somme suivant m): 

4 1 = c:+c> x,+cm
3 x2+cm

4 x{x2+cm
5 V + c m

6 x2
2 

+c: xx+c: x,x2
2+c: x>+c x2

3 . (2.35) 
+cil x?x2 + cm x,, x2+el xxx2 + c™ x , 4 +c^ 5 x2 

Ainsi Cintra et Tucker (1995) proposent les valeurs que doivent prendre les 

coefficients C^ pour former les approximations de fermeture ORF et ORL (obtenues par 

des interpolations polynomiales quadratiques). Ces relations apportent des ameliorations 

signifiantes par rapport aux approximations precedentes mais engendrent des oscillations 

non physiques, notamment pour des faibles coefficients d'interaction Q en cisaillement 

simple (ecoulement homogene) et en ecoulement radial (ecoulement non homogene). 

II est a noter que tous les etats d'orientation possibles des fibres sont inclus dans 

un triangle UTB (Cintra & Tucker, 1995) ou les sommets correspondent aux etats 

d'orientation limite tels que uniaxial (U), biaxial (B) et isotrope (T). En adoptant une 

interpolation polynomiale d'ordre 4 [Eq. (2.35)], VerWeyst (1998) construit 

1'approximation de fermeture ORT en se basant sur les travaux des chercheurs (Wetzel 
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& Tucker, 1999; Wetzel, 1999). L'ORT est ajustee aux resultats de la fonction de 

distribution \(/ (avec C/ = 0 et A, = 1) pour une multitude de points uniformement repartis 

dans le triangle UTB. De plus, des contraintes imposent que la procedure de 

minimisation respecte les valeurs exactes aux trois etats d'orientation limite. De ce fait, 

les oscillations observees pour ORF et ORL sont maitrisees. 

Tableau 2.3 : Equivalences entre les indices des tenseurs. 

moun ij ou kl 
1 11 
2 22 
3 33 
4 23 ou 32 
5 31oul3 
6 12ou21 

Une autre alternative pour reduire ces instabilites consiste a introduire des 

ecoulements supplementaires pour couvrir un plus vaste etat d'orientation des fibres 

(Chung & Kwon, 2001). Les fonctionnelles de l'ORW sont les memes que pour les 

approximations ORF et ORL, tandis que TORW3 est basee sur une interpolation d'ordre 

superieur (i.e. 3). La fermeture ORW3 est plus performante que 1'approximation ORW 

particulierement pour l'ecoulement non homogene (Chung & Kwon, 2001). 

Approximations naturelles 

Les approximations naturelles etablissent une relation generate pour les 

composantes de a4 en fonction du tenseur unitaire 8, du tenseur d'orientation a2 et ses 

invariants sous la forme generate (Verleye et al., 1994): 
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, (2.36) 

ou l'operateur S transforme un tenseur d'ordre 4 en un tenseur du meme ordre 

completement symetrique : 

S(Tiia) = ^(Tiiki+Tm+Tm+..), (2.37) 

avec un total de 24 termes dans la sommation. Pour etre independant du repere choisi (et 

ainsi d'eviter de calculer la matrice de passage), les coefficients (3; sont des fonctions 

polynomials du 2nd et du 3ieme invariant de a2 (an et am), le premier invariant ai etant 

egal a un. Les coefficients de ces fonctions sont ajustes pour minimiser les ecarts de a^u 

predits par 1'approximation naturelle (NAT) et les solutions analytiques de la fonction de 

distribution d'orientation [Eq. (2.30)]. Cette relation de fermeture predit de bons 

comportements transitoires, tres similaires a ceux obtenus par 1'approximation ORE, 

mais surestime legerement l'etat d'orientation en regimes permanents. Neanmoins, des 

attentions particulieres sont a considerer pour le traitement des singularites generees par 

1'approximation naturelle (NAT) quand elle est utilisee pour des ecoulements combines 

(Dupret & Verleye, 1999). C'est a ce titre que la fermeture IBOF («Invariant Based 

Optimal Fitting») a ete proposee ou la minimisation est effectuee a partir des solutions 

numeriques de la fonction de distribution d'orientation (Chung & Kwon, 2002b). 
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2.5.4. Approximations defermeture diverses 

Le terme a4: y apparait simultanement dans l'equation d'evolution de a2 et dans 

les lois de comportement. Une alternative d'approximation de fermeture consiste done a 

evaluer le tenseur d'ordre deux a4: y. 

Approche de Bay (1991) 

En utilisant les proprietes de a2 et du tenseur des taux de deformation, le 

chercheur (Bay, 1991) a propose l'expression suivante basee sur les travaux de Hand 

(1962): 

tfijkjki=^"kjki+h \i\ (8ij - 3 a u ) - ^ bi% 

1 / . \ a a y 
—(Y- a a+a a 7 ) mn "0 '0ma. a • 
r\ \ ' im mn nj rm m n i n j / n uij 
2. CI d 

mn nm / 

+b6 

Pour un coefficient d'interaction Q donne, les fonctions b2, b6 et bs sont 

ajustees avec la fonction de distribution d'orientation afin de predire au mieux la 

configuration des fibres en regime permanent. Ainsi pour 1CT4 < C, < 10"1, Bay (1991) 

donne les relations pour b2, b6 et bs et montre que cette approche donne des resultats 

legerement meilleurs que la fermeture hybride. 

Approche de Dhont et Briels (2003) 

Leur idee consiste a exprimer le terme contracte d'ordre 2, a4: y, en fonction des 

deux tenseurs symetriques y, *i et d'une combinaison de leurs invariants. Dhont et 

Briels (2003) utilisent une expansion polynomiale jusqu'a l'ordre 2, les ordres 
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superieurs se ramenant aux premiers ordres grace au theoreme de Cayley-Hamilton. Ces 

fonctions dependant des invariants sont determinees pour des cas limites d'orientation de 

fibres. Ainsi pour une orientation isotrope, 1'approximation lineaire permet de 

determiner certaines fonctions et pour une orientation totalement alignee des fibres, 

1'approximation quadratique donne le reste. Dhont et Briels (2003) obtiennent alors : 

a 4 : Y = - ( a 2 Y + Y - a 2 - a 2 - a 2 Y - Y - a 2 a 2 + 2 a 2 - Y - a 2 + 3 a 2 : Y a 2 ) - (2-39) 

Des comparaisons avec la fonction de distribution d'orientation (Cj = 0 et X, = 1) 

montrent que cette approximation est precise a environ 10 % (Dhont & Briels, 2003). 

Approche thermodynamique 

Currie (1982) a observe qu'un potentiel thermodynamique decrit bien le 

comportement des polymeres tout en etant independant des constantes du materiau. II 

exprime alors ce potentiel thermodynamique en fonction des valeurs propres du tenseur 

de Finger. Ainsi Malamatris et Papanastasiou (1991) montrent que l'approximation du 

terme contracte a4: y donne des resultats tres proches de l'equation (2.30), surtout en 

cisaillement. 

Conclusion 

Des approximations de fermeture du tenseur d'orientation a6 sont egalement 

disponibles dans la litterature (Altan et al., 1989). Recemment, le tenseur d'orientation 

a6 a ete approxime en fonction des scalaires de a2 en suivant les demarches similaires 

aux fermetures orthotropes (Jack & Smith, 2006) ou naturelles (Jack & Smith, 2005). 
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Pour resumer, plusieurs strategies sont envisageables pour deriver une 

approximation de fermeture. Mais comme son nom l'indique, les solutions obtenues sont 

plus ou moins precises. 

2.6. Conclusion 

Que se soit pour un fluide newtonien ou non-newtonien, l'ajout de fibres accroit 

considerablement leur viscosite en elongation ou en cisaillement. En outre des proprietes 

intrinseques des polymeres vierges, la rheologie des composites renforces de fibres 

dependant fortement de leur fraction volumique, leur rapport de forme et leur 

orientation. Par rapport a la direction de l'ecoulement, un alignement des fibres donne 

lieu a la viscosite elongationnelle la plus elevee tandis qu'une orientation des fibres a 

45° genere la viscosite en cisaillement la plus importante. Pour des taux de deformation 

eleves, la viscosite en cisaillement ou en elongation d'un fluide rheofluidifiant charge de 

fluide tend a rejoindre celle de la matrice vierge. 

Dans une optique contraire, l'elasticite d'une matrice semble inchangee par la 

presence des fibres, au vu des observations en cisaillement oscillatoire et en relaxation. 

Pourtant la premiere difference des contraintes normales devient non negligeable pour 

un fluide newtonien et augmente pour un fluide viscoelastique. Ce phenomene serait 

done attribue aux interactions entre les fibres bien que Ton note une reduction du 

gonflement de l'extrudat en sortie de filiere. 
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En regime transitoire, la viscosite et la premiere difference des contraintes 

normales exhibent des pics induits par revolution d'orientation des fibres. Le maximum 

pour la viscosite se situe a une deformation plus faible que celui de la premiere 

difference des contraintes normales. L'amplitude de ces pics est une fonction croissante 

de la concentration volumique des fibres. 

La modelisation d'une suspension de fibres resulte d'un couplage entre une loi 

constitutive donnant la contrainte totale dans le materiau, et d'une equation decrivant 

l'orientation des fibres au cours de la deformation. Ces equations d'evolution ont ete 

principalement developpees pour un fluide newtonien et pour des systemes non-

concentres. Les lois constitutives ont quant a elles suscitees plus d'interet pour les 

etendre a differents fluides (newtonien, rheofluidifiant et viscoelastique). Dans tous les 

cas de figure, la modelisation d'une suspension de fibres fait egalement appel a des 

approximations de fermeture, qui generent implicitement des erreurs. 
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CHAPITRE 3 - SYNTHESE DES ARTICLES 

Cette these est presentee par article, chacun faisant l'objet d'un chapitre. Les 

quatre sections introduisent respectivement les quatre articles. 

3.1. Article 1 (Chapitre 4) 

En cisaillement simple ou dynamique a de petites deformations, les proprietes 

rheologiques de polymeres renforces de fibres ont suscite de nombreuses etudes. Leur 

comportement oscillatoire en grandes deformations reste peu investigue et est pourtant 

un phenomene rencontre dans les precedes d'injection «push-pull». Ce mode de 

solicitation est egalement une methode de caracterisation et fait l'objet du premier 

article intitule «Comportement rheologique de polymeres renforces de fibres sous 

ecoulement en cisaillement oscillatoire a de grandes deformations ». 

A des amplitudes de deformation croissante, la reponse d'un materiau a une 

sollicitation sinusoidale peut se mettre sous la forme d'une somme de sinusoides. Ainsi 

sur un rheometre a vitesse imposee (ARES), les signaux bruts du couple, de la 

deformation et de la force normale sont numerises en temps reel. Une analyse de ces 

donnees permet de determiner les fonctions materielles telles que la contrainte en 

cisaillement et la premiere difference des contraintes normales en utilisant les 

caracteristiques geometriques des plaques paralleles. Dans le regime lineaire, la 

concentration des fibres affecte uniquement 1'amplitude de la sinusoide du couple tandis 

que le signal de la force normale est trop faible pour etre mesure. En augmentant la 
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deformation, l'amplitude du couple devient une fonction du temps. En fonction du taux 

de cisaillement, la contrainte en cisaillement d'un polybutene charge de fibres 

s'intensifie avec le temps tandis que le comportement inverse est observe pour un 

polypropylene renforce (matrice viscoelastique). Ces effets sont plus prononces pour des 

fortes concentrations de fibre. De plus, la premiere difference des contraintes normales 

ne devient plus negligeable et manifeste une reponse periodique non sinusoi'dale. Une 

analyse par les transformees de Fourier est effectuee. Le spectre resultant de meme que 

les figures de Lissajous des contraintes en cisaillement et des premieres differences de 

contraintes normales sont expliques en fonction de 1'orientation des fibres. Finalement, 

le modele de Folgar-Tucker-Lipscomb (FTL) predit correctement les resultats 

experimentaux des suspensions a base de polybutene. 

3.2. Article 2 (Chapitre 5) 

Au cours de la mise en forme d'un polymere fondu renforce de fibres, le materiel 

est principalement soumis a des contraintes en cisaillement et en elongation. La premiere 

ayant deja fait l'objet de nombreuses publications dans la litterature, son comportement 

en elongation reste neanmoins inusite a cause des difficultes experimentales rencontrees 

pour generer ce type d'ecoulement. C'est sur ce dernier type de sollicitation que le 

second article, intitule « Etude sur les proprietes rheologiques de polypropylenes charges 

de fibres courtes en ecoulement elongationnel », porte attention. 

Le comportement en ecoulement elongationnel de fibres de verre courtes en 

suspension dans un polypropylene a ete etudie en utilisant trois instruments differents : 
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une geometrie basee sur un mecanisme de tambours (Systeme de Rheologie 

Extensionnel) et montee sur un rheometre rotationnel a deformation imposee, un 

rheometre de Meissner (ou RME qui est la version commerciale chez Rheometric 

Scientific) et un Rheotens. De plus, les resultats des essais en tension uniaxiale sont 

compares avec des donnees prealablement obtenues en utilisant 1'entree convergente 

d'une filiere hyperbolique. Les effets de trois orientations initiales des fibres ont ete 

investigues : aleatoire dans un plan, parfaitement aligne et perpendiculaire a la direction 

d'etirement. Pour les experiences avec le Rheotens, les consequences d'un pre-

cisaillement sur le comportement elongationnel a ete etudie. Une augmentation de la 

viscosite elongationnelle avec l'accroissement de la fraction volumique des fibres a ete 

observee. De plus, l'orientation des fibres en fonction de la direction de l'ecoulement 

affecte la viscosite elongationnelle des composites : plus les fibres sont orientees, plus la 

viscosite est importante. Le comportement a de faibles taux d'elongation montre des 

differences parmi les divers systemes experimentaux, ce qui est en partie explique par 

l'histoire du pre-cisaillement des echantillons et des taux de deformation non 

homogenes. Cependant a des taux d'elongation moderes et eleves, les resultats sont 

comparables et le comportement devient rheofluidifiant. Finalement une nouvelle 

equation constitutive pour des fibres en suspension dans un fluide obeissant au modele 

de Carreau est utilisee pour predire la viscosite elongationnelle et demontre de bons 

accords avec les donnees experimentales. 
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3.3. Article 3 (Chapitre 6) 

La prediction des modeles pour determiner l'orientation des fibres fait appel aux 

approximations de fermeture afin d'estimer le tenseur d'orientation d'ordre quatre SL^. Ce 

point de vue de description est moins precis que celui de la fonction de distribution 

d'orientation mais permet d'economiser du temps de calcul. Le but de l'article 3, titre 

« Amelioration de la resolution numerique de la fonction de probabilite d'orientation : 

Application au modele de Folgar-Tucker-Lipscomb » est de proposer une methode de 

resolution numerique de la fonction de distribution d'orientation qui puisse reduire ces 

temps de calcul. De plus, cela permettra de lever l'ambigui'te induite par l'emploi des 

relations de fermeture. 

La fonction de probabilite d'orientation a ete resolue numeriquement par la 

methode des volumes finis. Differents schemas temporels et spatiaux ont ete testes pour 

reduire considerablement le temps de calcul et pour couvrir une large gamme de 

nombres de Peclet (Pe). Pour Pe < 1000, les resultats sont compares avec des donnees 

disponibles dans la litterature et pour Pe > 1000, ils sont confronted a une solution 

analytique. Les accords sont tres bons et nous permettent ainsi de suivre revolution des 

composantes d'interet de a4 en cisaillement simple pour des ecoulements aller et retour, 

et de les comparer avec celle predite par 1'approximation de fermeture ORW3. 

Finalement, le modele de Folgar-Tucker-Lipscomb est utilise pour predire le 

comportement rheologique d'un polypropylene charge de fibres courtes en cisaillement 

simple. Aucune approximation n'a ete employee. L'exactitude des approximations de 
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fermeture habituellement employees est discutee, et les points cles du modele de Folgar-

Tucker-Lipscomb sont mis en avant dans le but d'ameliorer les predictions du 

comportement des suspensions de fibres. 

3.4. Article 4 (Chapitre 7) 

Les travaux precedents ont permis de mettre en evidence que les modeles de 

Folgar-Tucker-Lipscomb (FTL) ou de Dinh et Armstrong (DA) predisent 

qualitativement 1'ensemble des resultats observes par des mesures experimentales sur 

des suspensions de fibres. Neanmoins, des divergences perdurent et sont attribuees aux 

interactions entre les fibres. C'est a ce titre que l'article quatre, intitule « Modelisation 

de 1'interaction des fibres pour des suspensions non diluees de fibres », presente un 

modele rheologique base sur les travaux de Dinh et Armstrong qui prend en compte une 

description plus precise et plus physique des interactions fibre-fibre. 

Un jeu d'equations rheologiques a ete developpe pour des suspensions non 

diluees de fibres rigides dans un fluide newtonien en prenant en compte les interactions 

hydrodynamiques et fibre-fibre. La force generee par les interactions des fibres est 

modelisee en utilisant un coefficient de friction hydrodynamique lineaire proportionnel a 

la vitesse relative des deux fibres au point de contact, et est ensuite ponderee par la 

probabilite que ce contact ait lieu. L'equation devolution du tenseur d'orientation 

d'ordre deux, composee de termes convectif et diffusif cause par les interactions des 

fibres, est derivee pour predire 1'orientation des fibres sous ecoulement. Le bien connu 

tenseur d'orientation d'ordre quatre, relie a la contribution hydrodynamique, et un 



53 

tenseur d'interaction d'ordre quatre, propose dans cet article, sont utilises pour 

determiner la contrainte totale dans le composite. Des approximations de fermeture 

lineaire et quadratique ont ete formulees pour decrire le tenseur d'interaction du 

quatrieme ordre. Les resultats sont presentes en utilisant la forme quadratique qui a ete 

trouvee plus precise que la relation lineaire. Le modele decrit correctement revolution 

de la viscosite et de la difference de contraintes normales dans un ecoulement retour en 

cisaillement simple. De plus, l'orientation des fibres et le nombre moyen de contacts par 

fibre sont predits. Le nouveau coefficient d'interaction propose varie avec l'orientation 

des fibres, ce qui semble realiste. 
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CHAPITRE 4 - ARTICLE: RHEOLOGICAL BEHAVIOR 

OF FIBER-FILLED POLYMERS UNDER LARGE 

AMPLITUDE OSCILLATORY SHEAR FLOW* 

J. Ferec ab, M.C. Heuzeya, G. Ausias b and P. J. Carreaua 

a Center for Applied Research on Polymers and Composites (CREPEC), 
Chemical Engineering Department, Ecole Polytechnique de Montreal, 

POBox 6079, Stn Centre-Ville, Montreal, QC, CanadaH3C3A7 

Laboratoire d'Ingenierie des MATeriaux de Bretagne (LIMATB) 
Universite de Bretagne Sud, rue de St Maude, 56325 Lorient, France 

Abstract 

Small and large amplitude oscillatory shear measurements (SAOS and LAOS) 

were used to investigate the rheological behavior of short glass fibers suspended in 

polybutene and molten polypropylene. Raw torque and normal force signals obtained 

from a strain controlled instrument (ARES rheometer) were digitized using an ADC 

(Analog to Digital Converter) card to allow more precise data analysis. The fiber 

concentration did not affect the torque signal in the SAOS mode, except for its 

magnitude, whereas the normal force signal was too low to be measurable. With 

increasing strain amplitude, the magnitude of the torque became a function of time. 

Depending on the applied frequency and strain rate, the stress in the filled polybutene 

increased with time, whereas for reinforced polypropylene (viscoelastic matrix), the 

behavior was opposite, i.e. the stress decreased with time. These effects were more 

Cet article a ete accepte au Journal of Non-Newtonian Fluid Mechanics. 
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pronounced at high fiber content. In addition the primary normal stress differences were 

no longer negligible at large deformation amplitude and exhibited a non-sinusoidal 

periodic response. Fast Fourier-transform (FFT) analysis was performed and the 

resulting spectra, along with Lissajous figures of the shear stress and the primary normal 

stress differences, are explained in terms of fiber orientation. The experimental results 

for the suspensions in polybutene are well predicted by the Folgar-Tucker-Lipscomb 

(FTL) model. 
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4.1. Introduction 

Composite materials are now widely present in the manufacturing industry, 

especially those involving short glass fibers suspended in thermoplastic matrices. 

Adding these fibers enhance considerably the physical properties of the products, 

without requiring any substantial modifications of the processing machines. 

Improvements are strongly related to the internal structure characterized by the fiber 

orientation and dispersion. The bulk rheological properties of fiber suspensions are 

functions of the filler as well as the matrix, and knowledge of these properties is 

important to determine the internal structure. The rheological behavior of filled systems 

is generally quite complex, and the relationships between the fiber at the microstructural 

level and the macroscopic properties are still not fully understood. 

Oscillatory shear experiments are commonly used to investigate polymeric 

viscoelastic properties in order to have insight of the microstructure (Ferry, 1980). 

Numerous studies have been performed on the rheological behavior of filled polymers, 

which manifest remarkable non linear viscoelasticity even at very low deformation 

amplitude. Generally the addition of a filler increases the storage and loss moduli of the 

neat resin kitano (Greene & Wilkes, 1995; Kitano et al., 1984a; Mobuchon et al., 2005; 

Mutel & Kamal, 1986), especially when the fiber aspect ratio (length/diameter) is large 

(Kitano et al., 1984a). Greene and Wilkes (1995) demonstrated that the elastic modulus 

G' increases more than the loss modulus G" at low frequencies and less at higher 

frequencies, a behavior also observed by Kitano et al. (1984a). On the other hand, 
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Mobuchon et al. (2005) showed that from the examination of the loss angle (8), the 

matrix elasticity was unchanged by the presence of the fibers and this has been 

confirmed by several authors (Laun, 1984; Sepehr et al., 2004d; Zirnsak et al., 1994). On 

their part, Zirnsak et al. (1994) have related a normal stress enhancement to fiber-fiber 

interactions, which induce an anisotropic fiber orientation. By performing stress 

relaxation experiments, Sepehr et al. (2004d) observed that the elasticity of their 

suspensions was that of the matrix. Numerous investigations report no yield stress for 

short fiber filled polymers (Chan et al., 1978; Kitano et al., 1980; Kitano et al., 1984b; 

Mobuchon et al., 2005), which is not the case for long fibers (Servais & Manson, 1999; 

Thomasset et al., 2005). Finally, the Cox-Merz rule does not generally apply to fiber 

suspensions, as noted by Kitano et al. (1984a) and Mobuchon et al. (2005). This has 

been explained by a different fiber orientation induced during simple shear flow 

(Mobuchon et al., 2005). 

In terms of pre-shearing effects, Onogi et al. (1977) reported an increase of G' 

and G " for titanate fibers suspended in a polystyrene solution, and related this effect to a 

structure re-formation following pre-shearing. Mobuchon et al. (2005) also looked at the 

effect of pre-shearing in the case of a 30 wt % short glass fiber reinforced 

polypropylene. Creep tests were performed under two different stresses before carrying 

out frequency sweep tests, and they observed that the complex viscosity decreased with 

increasing stress values due to strong fiber alignment during the pre-shearing. 
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Kim and Song (1997) investigated the influence of time, frequency and strain 

amplitude on the dynamic moduli of a short glass fiber reinforced polystyrene. At a 

constant angular frequency, they found that the complex viscosity for a deformation of 

0.3 dropped more rapidly than for a deformation of 0.02. They explained this behavior 

by assuming that more fibers were aligned in the flow direction. A similar phenomenon 

has been observed for block copolymers containing lamellar micro-domains (Gupta et 

al., 1996). Kim and Song (1997) also looked at the effect of pre-shearing in oscillatory 

mode at a constant strain amplitude. They noticed that the initial value of the complex 

viscosity was not recovered and was smaller for the larger pre-oscillatory frequency. 

Furthermore, Kim and Song (1997) performed subsequent frequency sweeps and 

showed that the complex viscosity decreased to reach a constant value at low frequency. 

They concluded that the fiber orientation induced a drop of the complex viscosity, 

especially at high fiber content. This hypothesis has been confirmed by the results of 

Harlen and Koch (1997) who have modeled the small amplitude oscillatory shear flow 

of fibers suspended in an Oldroyd-B fluid, and predicted a slow orientation of the fibers 

in the flow direction. Petrich et al. (2000b) also confirmed these findings through 

experiments on cellulose acetate propionate filaments and carbon fibers suspended in a 

Boger fluid. 

Large amplitude oscillatory shear (LAOS) flow is particularly helpful to 

investigate complex fluids that exhibit microstructures that depend on the deformation 

history. Increasing the deformation in oscillatory shear flow increases the non-linear 
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properties of filled polymers, and in the non-linear viscoelastic region, the stress 

response is no longer harmonic (Giacomin & Dealy, 1993). Using a sliding plate 

rheometer, Ericsson et al. (1997) have investigated the dynamic properties of a glass 

fiber-filled polypropylene. They showed that the loops of the shear stress vs. shear rate, 

or Lissajous curves, became skewed for an applied strain of 0.1, indicating the presence 

of higher harmonics. Mutel and Kamal (1986) have characterized the behavior of a 10 

wt % fiber filled polypropylene under oscillatory shear flow using parallel plates in 

rotational flow. Even if at low deformation the loss and storage moduli exhibited strong 

strain dependence, they found that the stress response presented no higher harmonics. 

By increasing the fiber concentration up to 40 wt %, Mutel (1989) observed a slight 

third harmonic for a strain amplitude of 2.1. 

It is also possible to measure the normal stress differences for large amplitude 

oscillatory shear flow, as done by Endo and Nagasawa (1970) for concentrated 

polystyrene solutions in chlorinated diphenyl. They showed that the normal stress 

differences oscillated at twice the applied frequency, as predicted by the theory on 

elastic liquids (Lodge, 1964). 

The overall objective of this work is to investigate the effect of fiber orientation 

on the rheological behavior of two short glass fiber suspensions under large amplitude 

oscillatory shear flow. The first suspension is based on a Newtonian polybutene matrix 

(PB), whereas the second one is polypropylene (PP)-based. Results are mainly presented 

using Lissajous figures, while Fast Fourier Transforms (FFT) are also performed to 
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analyze the material responses. Furthermore, the time-dependent behavior of the 

polybutene composites is compared to predictions of the Folgar-Tucker-Lipscomb (FTL) 

model. 

4.2. Experimental 

4.2.1. Materials 

The first type of suspensions is a model system composed of a polybutene matrix 

(PBO, Stanchem Indopol HI00), while the second one is a commercial composite based 

on a polypropylene matrix (PPO, Basell Hostacom). The polypropylene composites were 

provided by Basell with, respectively, 10 (PP10) and 30 (PP30) wt % of glass fibers, 

which corresponds to 3.3 and 11.5 in terms of vol %, respectively. To prepare the 

samples required for rheometry, the polypropylenes were blended in an internal mixer 

(Brabender) with 1 wt % of stabilizer (Irganox B225) in order to reduce thermal 

degradation (Sepehr et al., 2004c). As a consequence of this blending, some fiber 

breakage occurred and the final average length was L = 320 |im, while the polydispersity 

(weight average over number average, LwlLn) was 1.16 (for measurements over 500 

fibers using an optical microscope). The aspect ratio r, defined by LID, was equal to 20 

(diameter D = 16 urn). For the PP composites, all tests were performed at a temperature 

of 200 °C under a nitrogen atmosphere. 

At the test temperature of 20 °C, the polybutene matrix (PBO) has a constant 

viscosity of r|o = 37 Pa-s. The glass fibers to be incorporated to the PB-based composites 
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were obtained from the calcination at 600 °C for 40 min of the 30 wt % filled 

polypropylene (PP30) sample in order to keep the same fiber aspect ratio for both 

matrices. The PB composites were prepared by incorporating the appropriate fiber 

content into the polybutene and the suspensions were gently hand-mixed in order to 

achieve proper wetting of the fibers and to avoid further fiber breakage. Two composites 

materials were prepared with 10 and 20 wt % of fibers (PB10 and PB20), or 3.8 and 8.1 

vol %, respectively. Noting that the polybutene matrix density is PPBO = 880 kg/m3, 

whereas the fiber density is pf = 2500 kg/m , it was important to prevent fiber 

sedimentation and to homogenize the PB-based suspensions prior to rheological 

measurements. For this purpose the suspensions were periodically hand mixed and 

stored under vacuum to remove rapidly the air bubbles introduced during mixing. 

According to the definition of the fiber concentration regimes(Doi & Edwards, 1978a), 

PP10 and PB10 were semi-dilute with Mr1 « <|> « 1/r, while PP30 and PB20 were 

concentrated with ty > 1/r. 

4.2.2. Rheometry 

Measurements of viscoelastic properties were carried out using two different 

rotational rheometers (TA-Instruments ARES and Anton Paar Physica MCR 501) using 

parallel plates. This geometry is advantageous for particle suspensions measurements 

since the gap can be set to be larger than the fiber length. The parallel plates used had a 

diameter of 25 mm for the polypropylene and 50 mm for the polybutene composites, 

respectively, as done in previous studies (Sepehr et al., 2004c; Sepehr et al., 2004d). The 
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preparation of PP samples of a diameter of 50 mm for rheometric measurements 

presented experimental difficulties, while using 25 mm plates for the PB samples did not 

provide good response signals in the measurements. For all experiments, the gap H was 

set to 1.5 mm, which provided a maximum deformation of 4.3 and 8.3 depending on the 

geometry used (yR = RQmax IH). This allowed the gap to fiber length ratio to be larger 

than 3 (Attanasio et al., 1972). 

The strain controlled rheometer (ARES) was used to perform the LAOS 

measurements and allowed a maximum amplitude deformation of 0max = 0.5 rad. This 

rheometer is equipped with a standard 2KFRTN1 force transducer, which can measure a 

maximum torque of 200 mN-m and a maximal normal force of 20 N (as specified by the 

manufacturer). The raw data, collected from the signal panel, were digitized using a 12-

bit 16 channel USB-based Analog to Digital Converter (ADC) with a 100 ksamples/s 

rate (National Instruments DAQ-Pad 6020E). This ADC card was plugged into the 

ARES computer that contains a home-written Lab View routine to handle the raw data. 

Three channels were used to sample simultaneously the strain, the torque and the normal 

force. For all tests, the scan rate was fixed to 10000 data per second and then averages 

for each 1000 data were used to generate 10 average values per second. To reduce the 

mechanical and electronical noises, the rheometer was placed on a stable environmental 

table and the connections made with double shielded BNC cables. Oscillatory time 

sweep tests were performed up to 2500 s. For the systems based on polybutene, the 

strain amplitude varied from 0.1 to 7 under three different frequencies (0.01, 0.1 and 1 
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Hz), while smaller deformations (0.1 to 3) were used for the polypropylene composites 

at two frequencies (0.005 and 0.01 Hz). 

From Carreau et al. (1997), the torque T and the normal force Fz that the fluid 

exerts on the upper disk are expressed, respectively, by: 

r = 27If G*(r)r2dr, 

F*=n£[Ni(r)-N2(r)]rdr: 

(4.1) 

(4.2) 

where aze(r) is the shear stress, and N\(r) and N2(r) are respectively the primary and 

secondary normal stress differences evaluated at the radial position r. In the following 

development, the Weissenberg hypothesis is used, i.e. N2 is assumed to be negligible. To 

compare experimental results for the shear stress, oze, and the primary normal stress 

differences, N\, with the model predictions, these quantities have to be evaluated in a 

similar manner. From Carreau et al. (1997), the two materials functions are related to the 

torque and the normal force, respectively, by: 

°ze=Tl(Y«)Ytf 
2nR3 

t/ln 
3 + - 2iiR3 

dlnyR 

N, = -
2F 

nR2 1 + 
1 d\nFz 

2 dlnjR 

(4.3) 

(4.4) 

To calculate the experimental shear stress and the primary normal stress 

differences, the derivatives in Eqs. (4.3) and (4.4) were obtained by plotting In T/2nR3 

versus lny^ and In Fz versus InyR, respectively, for the various suspensions. It is worth 
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mentioning that these expressions were developed for steady shear flow, while no 

analytical solution exits for large amplitude oscillatory shear flow. Therefore, Eqs. (4.3) 

and (4.4) were used as approximations in the case of LAOS. For the model predictions, 

macroscopic quantities were calculated from the shear stress component GZQ(r), the 00-

component Gee(r) and the zz-component Gzz(r) of the total stress tensor, combining 

expressions (4.1) and (4.2) with Eqs. (4.3) and (4.4), to provide the simulated stress asim 

and primary normal stress differences jV,s,m: 

d\n 
3 + -

27Ci?3 

Ns,m = 1 + 

d\nyR 

1 dlnFz 

2 d]nyR 

2 r* 
-Il[Gw(r)-ozz{r)]r• dr. 

(4.5) 

(4.6) 

Finally, the possible impact of fluid inertia and viscous dissipation was assessed. 

In rotational shear flow, the complex Reynolds number Re is used to measure the 

influence of the fluid inertia and is given by (Yosick et al., 1998): Re* = 2npJH21 rf, 

where p is the fluid density,/is the applied frequency and r\ the complex viscosity of 

the matrix. The largest calculated value of Re was for the PB20 system and was about 

—A * 

3.9x10 \ Since Re was much smaller than 1, all the suspensions were considered 

inertialess. Furthermore, the criterion suggested by Giacomin and Dealy (1993) to 

investigate the effect of fluid inertia on the oscillatory shear velocity profile was 

verified. Inertia is negligible for a gap H < Xs I 40, where the shear wavelength A,s is 



65 

/ /— (&} 
given by Xs=-sJpyR / f-yjo^os — and aj and 81 are the fundamental harmonic 

V 2 J 

amplitude of the shear stress and phase delay, respectively. In our case this approach 

indicated again negligible inertia for both systems. The effect of viscous dissipation that 

can result in a temperature increase and impact the viscosity, or in the worst case cause 

thermal degradation, was also verified for the polypropylene matrix. A LAOS test was 

performed at 200 °C under a strain deformation of 3 and a frequency of 0.005 Hz for 

1500 s, then followed by a rest time of 600 s and subsequently the same LAOS test was 

conducted. No noticeable decrease of the shear stress and primary normal stress 

differences was observed, ruling out the effect of viscous dissipation for these tests. 

4.3. Modeling 

4.3.1. Orientation tensors 

The modeling approach used in this work considers all fibers to be straight 

circular cylinders with uniform length and diameter, and a fiber aspect ratio r » 1 , and 

hence the influence of the fiber ends is neglected. The suspensions are further assumed 

to be homogeneously dispersed in the volume. Fiber orientation can be described by a 

unit orientation vector p parallel to the main axis of the fiber, while for a fiber 

population a statistical orientation distribution function \|/(p) is used to describe the 

average state of orientation in a fluid element. Second- and fourth-order orientation 

tensors have been defined by Advani and Tucker (1987): 
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a 2 = |,PPV(P)4>> (4-7) 

a4 = |(PPPPV(P)4>, (4-8) 

where a2 is a positive and symmetric tensor with a constant trace equal to one, which 

states that the fiber length does not change under flow. Higher is the orientation tensor 

order, more precise is the fiber orientation state description (Advani & Tucker, 1987). 

4.3.2. Fiber motion 

The time derivative (D/Dt) of &2 can be obtained from the expression of p 

established by Jeffery (1922) for ellipsoids from prolate to oblate forms in the dilute 

state. For non-dilute suspensions interactions between particles may occur, and Folgar 

and Tucker (1984) have taken into account a randomizing effect of interactions by 

adding a diffusion term to the Jeffery equation. For particles suspended in a Newtonian 

fluid and at low Reynolds number, one obtains: 

a 2 = - ^ - = - - ( (o-a 2 -a 2 -co) + - (Y-a 2 +a 2 - 'y-2Y:a 4 ) + 2C / |Y|(8-3a2), (4.9) 

where |y| = J—y:y is the generalized deformation rate, 8 is the identity tensor and A, = 

(r -1) / (f+l) is the form factor. For large aspect ratio prolate spheroids (or rod-like), A, 

tends towards 1, whereas for large aspect ratio oblate spheroids (or disked-shaped), X 

tends towards -1. The quantities y and co are the rate of strain and vorticity tensors 

defined, respectively, by y = K + Kf and co = K-K t , where K* is the velocity gradient 

tensor. If interactions between neighboring fibers are neglected, the interaction 
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coefficient Cj in Eq. (4.9) is equal to zero and the case of dilute suspensions is 

recovered. 

4.3.3. Constitutive equation 

A general constitutive equation for dilute axisymmetric particles suspended in a 

Newtonian fluid has been proposed by Lipscomb et al. (1988), who have derived it 

following the work of Jeffery (1922), Hand (1961) and Giesekus (1962). The expression 

is as follows: 

c = - P 8 + Ti0Y+Tl0<|)[^a4:Y + 5(a 2 -Y+Y-a 2 ) + Cy + 2Fa2Z) l.], (4.10) 

where P is the hydrostatic pressure, r|o the Newtonian fluid viscosity, (j) the volume 

fraction of particles and A, B, C and F are material parameters. Dr is the rotary diffusion 

coefficient related to the Brownian motion of the particles. Given that glass fibers are 

not subjected to Brownian motion (Chaouche & Koch, 2001), the term containing F is 

equal to zero, hi their paper, Lipscomb et al. (1988) have presented the specific material 

coefficients for prolate to oblate spheroids (see also Sepehr et al. (2004c) for an 

interesting review of the many expressions attributed to these material coefficients). 

Lipscomb et al. (1988) found that for ellipsoids of large aspect ratio the geometric shape 

factors A = r 121n(r), B = 0 and C = 2. For our model simulations the coefficients B and 

F were therefore neglected, C was fixed to 2 and the coupling and interaction 

coefficients A [Eq. (4.10)] and Cj [Eq. (4.9)] were used as fitting parameters, as done by 

Sepehr et al. (2004c). 
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4.3.4. Closure approximations 

The set of governing equations consisting of Eqs. (4.9) and (4.10) is not totally 

complete as a relationship to evaluate 84 from a2, or closure approximation, is required. 

The early closure approximations proposed were the linear (Hand, 1961) and quadratic 

ones (Doi & Edwards, 1986), which are exact for random and perfectly aligned fiber 

orientations, respectively. Advani and Tucker (1990a) have combined them to propose 

the hybrid closure. Better accuracy is, however, obtained using natural (Verleye et al., 

1994) and orthotropic closure approximations (Cintra & Tucker, 1995). The latter has 

been improved by Chung and Kwon (2001), who optimized the fit by using a 2nd order 

polynomial expansion of the two largest eigenvalues of a2. In our simulations, the ORW 

closure (Orthotropic fitted closure approximation for a Wide range of Cj) has been 

applied (Chung & Kwon, 2001). 

4.4. Results and discussion 

4.4.1. Preliminary tests 

The first step of this work was to evaluate the two derivatives present in Eqs. 

(4.3) and (4.4) in order to get the correct rheological properties. For the systems based 

on polybutene these two derivatives are equal to 1. Figure 4.1 shows ln(7727t7?3) and 

In Fz as functions of In yR for the neat polypropylene and its composites. Due to the 

shear thinning of the matrix, different slopes are necessary to describe properly the 

molten polymer behavior. The calculated slopes are < 1 for the torque and < 2 for the 
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normal force, with 1 and 2 being the values used by the rheometer software package. 

The correct values of the derivatives applied to evaluate the shear stress and the primary 

normal stress differences in Eqs. (4.3) and (4.4) are chosen according to the root mean 

square shear rate yRMS, which is defined as yRMS = I ["y2 {t)dt =-f=, where 70sc 
\ osc \ £ 

is the input signal period. The quantity yRMS is found to be more appropriate than the 

maximum shear rate yR evaluated at the rim of the parallel plates. 

Figure 4.2 reports the complex viscosity as a function of deformation at different 

frequencies for the polybutene systems. Before the strain sweep test, the filled sample 

was pre-sheared at 10 s"1 for 1000 s in order to align the fibers in the flow direction 

(Sepehr et al., 2004d). As expected the neat polybutene exhibits a constant viscosity, 

while PB20 shows a strain hardening behavior more pronounced as the applied 

frequency decreases. This is attributed to a fiber re-orientation effect, from a pre-aligned 

state to a more disorganized structure due to the oscillatory flow, as will be shown later 

from the model predictions. As the strain gets very large the complex viscosity 

decreases, indicating that the fiber structure breaks down. It can also be seen that the 

lower is the applied frequency, the lower is the strain at which the fiber re-orientation 

process occurs. 

In Figure 4.3, the complex viscosity of PPO and PP30 as function of the applied 

strain is presented. No strain hardening is observed for the polypropylene and its 30 % 

composite. At higher frequency, the shear-thinning behavior is more pronounced and r\* 
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is found to be a strong function of the deformation amplitude even at small strain. This 

strain-dependence reflects a non-linear behavior and, therefore, non harmonic stress 

responses are expected. In contrast to the filled polybutene, the fiber reinforced 

polypropylene exhibits no strain overshoot, possibly indicating that the fiber 

rearrangement is not as important as in the case of the PB systems because of the high 

viscosity of the matrix and the lower strain used. The fiber rearrangement may also be 

hidden by the shear-thinning phenomenon. According to Hyun et al. (2002), the 

suspensions based on polybutene are of type III (weak strain overshoot), whereas the 

polypropylenes are of type I (strain thinning). 

4.4.2. Polybutene suspensions in LAOS 

To detect departures from linearity, we examined the Lissajous curves of oze and 

N\ vs. JR. When the stress-strain loops are plotted, an ellipse should be obtained if the 

signal response is harmonic. Figure 4.4 reports the shear stress in LAOS as a function of 

strain for an applied frequency of 0.1 Hz at various cycles (2nd, 125th and 250th) for PB0 

and PB20. As shown in Figure 4.4a and as expected, the Lissajous curves (shear stress 

vs. strain) for PB0 are not functions of time even at large deformation, up to 7 in 

magnitude. On the contrary, the Lissajous curves for PB20 change with time (as 

indicated by the arrow in Figure 4.4b) until a regular shape is obtained after 250 cycles. 

The evolution of the shear stress is due to fiber orientation, as these samples have not 

been pre-sheared and as will be shown by the model predictions. At large strain 

amplitude, the sinusoidal stress responses of both samples remain linear with strain. 
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Wang et al. (2001) have reported a similar behavior for cheddar and mozzarella in 

LAOS, and have called it the "large strain linear regime". 

The measured primary normal stress differences of PB20 are reported in Figure 

4.5 for yR = 7 and for samples that were not preconditioned. The normal stress signal for 

PBO was too weak to be measured (values smaller than the transducer minimum) and 

this is indicative that the polybutene is almost inelastic as shown by Sepehr et al. 

(2004d). However, the presence of fibers introduces some linearity for the polybutene 

system. The effect of fiber addition on N\ is illustrated in Figure 4.5, showing that the 

normal stress-strain loops exhibit a butterfly-wing-like shape. Nevertheless, in the 

presence of fibers the principal axis of the ellipses is always parallel to the deformation 

axis. It means that the phase angle remains close to 90°, suggesting that fibers have no 

effect on the elasticity. This has been confirmed by Sepehr et al. (2004d), who observed 

that the elasticity of the suspensions was the same as that of the matrix. Zirnsak et al. 

(1994) have related the normal stress enhancement to fiber-fiber interactions, which 

induce an anisotropic fiber orientation. In addition, fiber orientation causes an increase 

of the primary normal stress amplitude (as indicated by the arrow in Figure 4.5). 

Although the normal stress average has a positive offset, some negative values are 

observed just after the flow is reversed. This is coherent with observations of Sepehr et 

al. (2004d) who performed consecutive stress growth experiments in clockwise and 

counter-clockwise directions for similar model suspensions. Immediately after steady 

state was reached in the clockwise direction, flow reversal resulted in the normal stress 

differences exhibiting negative values at first, followed by positive values until reaching 
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the same steady state as in the clockwise direction. This was attributed to a crystalline 

type of structure induced by flow, and we believe that the same phenomenon is 

illustrated in Figure 4.5 although the flow field is more complex than in the stress 

growth experiments. 

Fast Fourier Transform (FFT) of the shear stress and primary normal stress 

difference signals between the 200th and the 250th cycle has been performed. The relative 

intensity of the primary normal stress differences is normalized by the maximum value, 

i.e. that of the second harmonic. The PBO and PB20 shear stress responses were found to 

be harmonic (results not shown), confirming the elliptic shape of the Lissajous curves of 

Figure 4.4. It implies that up to a deformation of 7 at 0.1 Hz, the Lissajous curves for 

the shear stress were nearly independent of strain. In the case of N\, the experimental 

data were shifted to zero before performing the FFT analysis in order to remove the peak 

introduced by the nonzero positive constant value. The FFT results for the PB20 normal 

stress are depicted in Figure 4.6. With the addition of fibers, the normal stress 

differences oscillate at twice the applied frequency (i.e. 0.2 Hz), as predicted by the 

Lodge theory on rubber-like liquids (Lodge, 1964) and observed for commercial 

polystyrene (Endo & Nagasawa, 1970). Nevertheless, a slight non harmonicity is noticed 

at 0.4 Hz. In addition, the anisotropy of the fiber orientation results in a non negligible 

signal response at 0.1 Hz (for low fiber content, i.e. 10 wt %, we also noted a response at 

0.1 Hz). This fundamental harmonic in the JVi spectrum may be explained by time-

dependent memory effects (Manfred et al., 1998), i.e. due to fiber rotation, which is not 

perfectly reversible at short times (Sepehr et al., 2004d). The simultaneous presence of 
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the first and second harmonics explains the butterfly wing-like slight dissymmetry 

shown in Figure 4.5. 

Sample PB20 was also pre-sheared at 10 s"1 during 1000 s before performing a 

LAOS test. The primary normal stress differences during some of the first cycles (2nd, 6th 

and 14th) are illustrated in Figure 4.7. While in the 2nd cycle the Lissajous curve is 

nearly elliptic, a well-defined butterfly wings-like shape is obtained towards the 14th 

cycle as expected for a second-order fluid (Endo & Nagasawa, 1970). This behavior is 

explained by the fact that most of the fibers which are initially aligned along the shear 

flow direction get disoriented by the LAOS test, therefore inducing a more isotropic 

structure. Furthermore, the normal stress response becomes symmetric with respect to 

the deformation axis. Hence, we suggest that this symmetry is characteristic of fiber 

orientations that are symmetric with respect to the flow direction in LAOS tests. 

The viscous dissipated energy per cycle and per unit volume (2ia) as a function of 

strain has been determined from the Lissajous figures. Carreau et al. (1997) present the 

general expression for the heat generation rate per unit volume as — riy: y. Therefore, 

for one cycle Ea is: 

E ° = 2 f " ^ 8 " ' ) ir(0: ir(0 dt = -(-n(a4» £ " 2C»2Y2 cos2 (a*) dt 
(4.11) 

= 27t2(T1(a4))/Y^=47t2(T1(a4))/72
RMS = 47t2/Y«(Tl(a4)) 

2 / 
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where (T|(a4)) is the viscosity of the suspension for a pre-averaged fiber orientation 

during a period Tbsc- A strain exponent close to 2 was found for the neat polybutene (as 

expected for Newtonian fluids) but as well for the fiber-filled PB systems, and the 

proportionality with the frequency as predicted by Eq. (4.11) was observed (for reason 

of conciseness these results are not presented, as some others in the section on 

polypropylene where indicated). 

4.4.3. Polypropylene suspensions in LAOS 

The shear stress as a function of strain for the 30 wt % filled PP is depicted in 

Figure 4.8 for a frequency of 0.005 Hz and maximum deformation of 3. As for the PB 

in Figure 4.4, this sample has not been pre-sheared. Up to the 12th cycle, we observed 

that the Lissajous curves for the neat PP were perfectly overlapping ellipses, showing 

that the matrix was thermally stable. However, in the case of PP30 the stress amplitude 

decreases with time as shown by the arrow in Figure 4.8, although the stress response 

retains an elliptical shape. This stress drop may be attributed once more to the fiber 

orientation (as discussed later), and as predicted by the theory of Harlen and Koch 

(1997). 

Figure 4.9a presents the normal stress-strain loops for PPO at a frequency of 

0.005 Hz and maximum strain of 3. As for the Lodge rubber-like liquids (Lodge, 1964), 

the unfilled matrix exhibits a (nearly) symmetric shape loop due to its response at twice 

the applied frequency, as confirmed by the slope of = 2 for In Fz versus lnys at low 
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shear rate (Figure 4.1b). Note that the area of the normal stress-strain loop is close to 

zero (due to the symmetry with the ordinate axis) indicating a pure elastic response. 

Moreover, the normal stress differences depict a non zero and positive offset (Lodge, 

1964). Figure 4.9b reports the normal stress-strain loop for sample PP30 for the same 

conditions as PPO. The asymmetric shape is attributed to a partially pre-oriented fiber 

structure owing to the procedure of sample preparation by mold compression, as 

discussed further. The normal stress amplitude decrease seen in Figure 4.9b is most 

probably due once more to fiber orientation effects. Moreover, the normal stress-strain 

loops are no longer symmetric; hence, the dissipated energy is not negligible any more. 

Consequently, the asymmetrical fiber structure induces a "normal" dissipative energy. 

As for the neat polypropylene, the normal stress average of PP30 is positive. 

Nevertheless, some negative values for the normal stress differences are found when the 

flow is reversed, a behavior that is in agreement with the observations on PB20 in 

Figure 4.5. Sepehr et al. (2004c) who studied the stress growth behavior of short fiber 

filled polypropylenes showed similar results. In their study, a 30 wt % filled PP sample 

was sheared in the clockwise and counter-clockwise directions, and the normal stress 

differences presented negative values in flow reversal before recovering and exhibiting 

positive values. This behavior was attributed to a non-affine deformation or to a 

crystalline structure of the fiber-filled systems. 

FFT performed during cycles 7 to 12 clearly demonstrated that the shear stress 

signal was harmonic even for the fiber-filled polypropylene. Figure 4.10 shows the FFT 

results for the normal stress signal and confirms that the PPO response oscillates at two 
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times the applied frequency. For PP30, however, the first and the second harmonics are 

the predominant frequency responses, justifying the dissymmetry shape of the normal 

stress-strain loops. The appearance of the first harmonic was initially believed to be due 

to the shear-thinning behavior of the matrix, as seen in the decreasing slope of Figure 

4.1b. However, the same peak is observed for PB20, which depicts no important shear 

thinning. Therefore, as justified for PB20 the appearance of the first harmonic seems to 

be caused by time-dependent memory effects induced by the orientation of the fibers 

(Manfred et al., 1998) (the material response during the first half-cycle is different than 

the one in the second half-cycle). To support this hypothesis, we refer to the work of 

Sepehr et al. (Sepehr et al., 2004c; 2004d). These authors showed that the time required 

to reach steady state for the forward flow of PB- and PP-based fiber suspensions was 

different from that for the reverse. 

To confirm that the fibers are partially pre-oriented during sample preparation 

under compression molding, some PP30 samples were pre-sheared at 0.08 s"1 during 

1000 s in the clockwise (CW) and in the counter clockwise (CCW) directions, 

respectively, and LAOS tests were then performed. The stress versus strain curves 

showed similar shapes indicating that the stress signal was not very sensitive to the 

initial fiber orientation. However, a large effect was seen for the normal stress-strain 

loops, which are relatively similar except for an opposite symmetry when the flow 

direction for the pre-shear was changed (Figure 4.11a and Figure 4.11b). Indeed, the 

curves show a prominence in the strain direction depending on how the fibers were pre-

aligned. This is strikingly different from the symmetrical ellipse observed previously for 
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sample PB20 (Figure 4.7). It may be explained by the difficulty of aligning the fibers in 

the flow direction during pre-shearing for the highly viscous PP composite, which is also 

more concentrated than PB20. 

We also examined the viscous dissipated energy at two frequencies for the PP-

based samples and it could be seen, as for the PB-based samples, that more energy was 

lost when the fiber content was increased. The slope for the unfilled matrix was close to 

2 and decreased slightly as the fiber concentration increased. The dissipated energy was 

no longer a linear function of the applied frequency [Eq. (4.11)] in contrast to the results 

obtained with the PB system. This is explained by the shear-thinning character of the 

matrix. 

Finally, Figure 4.12 presents the fundamental shift angle 8) of the PP systems, which is 

defined as the difference between the stress and deformation signals (Giacomin & 

Dealy, 1993): 

8, =5„ ( / ) - & „ . (4.12) 

It is found that with increasing strain, the PP systems tend to behave more as a 

Newtonian fluid, as observed by Sepehr et al. (2004d). Moreover, it was found that the 

phase angle is not affected by the pre-shearing. Also at very low deformation, the 

composite elasticity is not affected by the presence of the fibers (Figure 4.12), which 

confirms the results of Mobuchon et al. (2005). 
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4.4.4. Predictions from FTL model for PB-based systems 

In order to gain insight of the effect of fiber orientation on the rheological 

properties, FTL model simulations were performed and compared with the results for the 

PB systems. The predictions in LAOS, based on Eqs. (4.9) and (4.10), are shown in 

Figure 4.13 for a PB20 sample that has not been pre-sheared. Figure 4.13a shows the 

shear stress versus time, whereas Figure 4.13b reports the shear stress as a function of 

imposed deformation. The PB20 stress behavior is well described using two fitting 

parameters, i.e. A = 90 and C/ = 0.0005. These two parameters are then used to predict 

the primary normal stress differences with time, and the predictions are also quite good 

as shown in Figure 4.14a. The most interesting aspect of the modeling is the description 

of the evolution of the fiber orientation state, through the second-order orientation tensor 

components. For our simulations, we have chosen two different initial orientations, i.e. 

nearly planar random (Figure 4.14a) and fully-aligned by pre-shear (Figure 4.14b), 

given respectively by: 

a2 = 

a2 = 

0.45 

0 

0 

"0 0 

0 1 

0 0 

0 

0.45 

0 

0" 

0 

0 

0 

0 

0.1 

(4.13) 

(4.14) 

The nearly planar random orientation [Eq. (4.13)] considers that some fibers are 

aligned in the z-direction (flow orientation is the 0-axis). This initial orientation is 
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chosen because as the samples are loaded into the rheometer, they are squeezed until the 

desired gap is reached. The second orientation [Eq. (4.14)] corresponds to full 

orientation in the flow direction under a pre-shear. Figure 4.14b reports the simulated 

normal stress evolution with time in LAOS when the fibers are initially aligned in the 

flow (0-) direction. The first cycles show that the normal stress contribution from the 

fibers is negligible, given that the suspended medium is modeled as a Newtonian matrix. 

The FTL model fails to predict the initial normal stress response, which oscillates at the 

applied frequency (explaining the elliptic shape of the normal stress-strain loop depicted 

in Figure 4.7a). After several cycles, the primary normal stress differences oscillate at 

twice the applied frequency and the FTL model predicts with accuracy the suspension 

behavior. 

The simulations results for the second order orientation tensor a2 for the nearly 

planar random case [Eq. (4.13) and Figure 4.15a] show that most fibers tend to align in 

the flow direction during the oscillatory shear flow test, i.e. OQQ increases from 0.45 to ~ 

0.67. The other simulation results performed with all fibers initially aligned with the 

flow direction [Eq. (4.14) and Figure 4.15b] indicate that the fibers loose their 

preferential orientation as soon as the LAOS test starts, and reach a similar final 

orientation as seen for the previous case (Figure 4.15a). This is in agreement with the 

conclusions drawn from Figure 4.7 for the effect of pre-shear on sample PB20 and 

indicates that the LAOS test results in a fiber orientation that is between planar random 

and fully aligned. From the model predictions and experiments, we also suggest that the 
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normal stress-strain loop responses exhibit symmetric shapes for fiber orientations that 

are symmetric (perfectly aligned or isotropic) with respect to the flow direction. 

Furthermore, we note that the equilibrium orientation is reached more rapidly when 

fibers are initially aligned (~ 1000 s) than for an initial planar random orientation (~ 

2000 s). This emphasizes that the LAOS test induces fiber orientation close to that of 

aligned fibers in the shear flow direction. 

Unfortunately, the FTL model is unable to predict quantitatively the results for 

the PP composites, mainly because viscoelasticity is not taken into account. 

Nevertheless, it could predict qualitatively the decrease of the stress amplitude with time 

by using different initial fiber orientations than those used for the PB suspensions (i.e. 

planar random and fully-aligned). An initial fiber orientation with au = 0.25, a$Q = 0.5 

and azz = 0.25, results in a decrease of the shear stress amplitude with time, as seen 

experimentally for the PP suspensions (Figure 4.8). Such an initial orientation was 

determined by examination of a PP-sample disk molded for rheometry, using optical 

microscopy (Sepehr, 2003). Using the FENE-P model instead of the Newtonian 

assumption for the matrix could improve the model predictions by taking into account 

viscoelastic effects; however, the FENE-P model overestimates the shear-thinning 

effect. This will result into incorrect predictions of the shear stress amplitude. 

4.5. Conclusions 

The rheological behavior of short glass fiber suspensions was investigated under 

large amplitude oscillatory shear flow. Material functions such as shear stress and 
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primary normal stress differences were determined from the raw signals (torque and 

normal force) obtained using a parallel plate rheometer. For the suspensions based on 

polybutene, the shear stress amplitude grows with increasing cycles of deformation to 

reach a constant value after more than 20 cycles. The opposite behavior, i.e. a decrease 

of the shear stress amplitude, was observed for the polypropylene composites. For both 

filled systems the evolution was attributed to fiber orientation under flow, with the 

differences in behavior caused by different initial fiber orientations. The primary normal 

stress difference was found to be more sensitive than the shear stress to the fiber 

orientation. The normal stress-strain loops showed symmetrical shapes if the fiber 

orientations were symmetric with respect to the flow direction. Fast Fourier Transform 

(FFT) was performed for both PB and PP-filled systems. Harmonic responses were 

observed for shear stresses, whereas non-harmonic signals were obtained for the primary 

normal stress differences. Viscous dissipation energy increased with fiber content and 

the behavior of the polypropylene composites became more Newtonian with increasing 

deformation. Finally, a model based on the Folgar-Tucker- Lipscomb (FTL) equations 

predicted quite well the behavior of a 20 wt % fiber filled polybutene in LAOS. 
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Figure 4.1 : (a) Torque and (b) normal force as functions of the rim shear rate for 

the neat PP and based polypropylene composites. 
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normal stress difference responses for PB20. 
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Figure 4.13 : Comparison of model predictions and shear data for PB20 in 

LAOS for yR = 7 and/= 0.01 Hz. The ORW closure approximation and C, = 0.0005 and 

A = 90 have been used for the predictions. The initial fiber orientation is given by Eq. 

(13): (a) Shear stress as a function of time; (b) Shear stress as a function of deformation. 
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Figure 4.14 : Comparison of model predictions and normal stress data for PB20 

in LAOS for yR = 7 and/= 0.01 Hz. The ORW closure approximation, C, = 0.0005 and 

A = 90 have been used for the predictions: (a) Normal stress differences as a function of 

time for an initial planar random fiber orientation [Eq. (4.13)]; (b) Normal stress 

differences as a function of time for initial aligned fibers [Eq. (4.14)]. 
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Figure 4.15 : Simulation of the second-order orientation tensor for PB20 in 

LAOS for yR = 7 and/= 0.01 Hz using the ORW closure approximation (C/ = 0.0005, A 

— 90): (a) Variations of a2 components with strain: initial orientation given by Eq. (4.13) 

; (b) Variations of a2 components with strain: initial orientation given by Eq. (4.14). 
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Abstract 

The behavior of short glass fiber - polypropylene suspensions in extensional flow 

was investigated using three different instruments: the SER wind-up drums geometry 

(Extensional Rheology System) with a strain-controlled rotational rheometer, a 

Meissner-type rheometer (RME) and the Rheotens. Results from uniaxial tensile testing 

have been compared with data previously obtained using a planar slit die with a 

hyperbolic entrance. The effect of three initial fiber orientations was investigated: planar 

random, fully aligned in the stretching flow direction and perpendicular to it. The 

elongational viscosity increased with fiber content and was larger for fibers initially 

orientated in the stretching direction. The behavior at low elongational rates showed 

Cet article a ete soumis au journal Rheologica Acta. 
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differences among the various experimental setups, which are partly explained by pre-

shearing history and non-homogenous strain rates. However, at moderate and high rates, 

the results are comparable, and the behavior is strain thinning. Finally a new constitutive 

equation for fibers suspended into a fluid obeying the Carreau model is used to predict 

the elongational viscosity, and the predictions are in good agreement with the 

experimental data. 
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5.1. Introduction 

Fiber reinforced polymer materials have received attention from many 

researchers in the last decades. These composites improve considerably stiffness, 

strength and heat distortion resistance in comparison with unfilled polymers. Given that 

the filler particles have geometrically anisotropic shapes, the reinforcement of the 

solidified materials may depend also on fiber orientation. Therefore, it is of interest to 

develop relationships between flow properties and fiber orientation during polymer 

processing. 

In common processing techniques such as extrusion, injection molding and blow 

molding, the material is subjected to a combination of shear and elongational flows. 

While many papers discuss the rheological properties of fiber suspensions in shear flow 

(Ausias et al., 1992; Kamal & Mutel, 1989; Laun, 1984; Ramazani et al., 2001; Sepehr 

et al., 2004c; Sepehr et al., 2004d), few reports deal with the studies of fiber-filled 

polymers in extensional flow, and there are many contradictions in the literature about 

these properties. Metzner (1985) published an interesting review on polymer 

suspensions, mentioning that fiber suspensions show large resistance to strain in 

extensional flow. One of the pioneering work was done by Chan et al. (1978), who 

investigated the elongational viscosity of high-density polyethylene (HDPE) and 

polystyrene (PS) melts filled, respectively, with 20 and 40 wt % of glass fibers. They 

observed that the elongational viscosity, nE, of the composites was always larger than 

that of the matrices. This was confirmed by several authors (Kobayashi et al., 1995; 
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Laun, 1984; Ooi & Sridhar, 2004; Thomasset et al., 2005) and especially by Takahashi 

et al. (1999) who used a low density polyethylene (LDPE) filled with glass beads and 

fibers and studied the composite behavior in uniaxial elongation with a Meissner-type 

elongational rheometer. However, using a Gottfert tensiometer (Rheotens), Lin et al. 

(1997) surprisingly observed that above a critical fiber content, the elongation viscosity 

of a glass fiber reinforced polypropylene (PP) dropped. Also at low strain rate, Chan et 

al. (1978) showed that the elongational viscosity of composites showed large values but 

decreased with increasing deformation rates. Chan et al. (1978) noted that the Trouton 

ratio T|E/TIO was close to 3 for both unfilled polymers at low strain rate (PS and HDPE), 

whereas it increased at high Hencky rates for a PS matrix. Moreover, the ratio 

TlE/Tlcomposile w a s l a r S e r f o r a 2 0 w t % fiber filled system than for a 40 wt % content. 

They explained this particularity by the fact that higher fiber concentrations could 

induce larger shear rates for the fluid trapped between fibers, and consequently result in 

lower shear viscosities due to the shear-thinning character of the matrix. Similar results 

have been published (Creasy et al., 1996a; Creasy et al., 1996b; Creasy & Advani, 1997) 

for long discontinuous carbon fiber in poly-ether-ketone-ketone (PEKK). For long glass 

fibers (Z=3.1mm) suspended in a polybutene (Newtonian fluid), Mewis and Metzner 

(1974) showed that the elongational viscosity was independent of the strain rate and 

T I E A C " * increased by a factor of 156. Weinberger and Goddard (1974) found a 

constant elongational viscosity that was 26 and 23 times larger than the shear viscosity 

for glass fibers suspended in a highly viscous silicone oil and in a polybutene, 

respectively. In their paper on the resistance to uniaxial extensional flow of fibers 
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suspended in a Newtonian epoxy (Epikote) and Boger fluid (polyisobutylene + 

polybutene + kerosene) matrices, Ooi et al. (2004) found the ratio T|E/r|Jiatnx larger than 

3 for both composites at low Hencky strain. These measurements were performed using 

a filament stretching technique, ensuring that no necking occurred. They found that fiber 

addition had a marginal effect after the onset of strain hardening for the Boger fluid. 

Using a Rheometrics Elongational Rheometer (RER), Kamal (Kamal et al., 1984) 

et al. (1984) observed that the elongational viscosity of glass fiber filled PP increased 

with fiber content and decreased with strain rate. From measurements in an on-line slit 

rheometer mounted on an injection molding press, Mobuchon et al. (2005) evaluated the 

apparent planar extensional viscosity of fiber-filled PP from the pressure drop in an 

hyperbolic die. For strain rates varying between 0.1 and 200 s'\ they determined that the 

Trouton ratio, T|E/r|matnx, dropped 40 to 4 with shear rate for the unfilled PP, and from 

42 to 4.2 and 54 to 5.4 for the 10 wt % and 30 wt % filled PP, respectively. Takahashi et 

al. (1999) found that a LDPE filled with glass beads exhibited a weak strain hardening, 

and showed a strain-softening behavior when filled with fibers. Kobayashi et al. (1995) 

investigated the influence of 10 vol % of potassium titanate whiskers suspended in a PS 

matrix and of their orientation during uniaxial elongational tests (using a Meissner-type 

elongational rheometer). They concluded that the whiskers prevented the strain-

hardening behavior. Kobayashi et al. (1995) concluded that the elongational viscosity 

was almost independent of the filler orientation, which is in contradiction with the 

Batchelor theory for fibers in Newtonian fluids (Batchelor, 1971) and the Goddard 
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analysis in non-Newtonian fluids (Goddard, 1976). Also, Kobayashi et al. (1995) used 

X-ray diffraction patterns to show that the initially random oriented whiskers became 

remarkably aligned in the stretching direction. Zhang et al. (2001) analyzed the changes 

in fiber orientation using scanning electron microscopy of quenched samples of glass 

fiber-filled PP melts subjected to biaxial extensional flows, They found an appropriate 

range of strain rate, for which the degree of fiber alignment in the flow direction 

increased. Behavior in elongational flow is in contrast with that in the shear, where 

significant stress overshoots have been observed due to fiber orientation (Sepehr et al., 

2004c). That is why Kobayashi et al. (1995) suggested to increase the filler content, 

filler length and aspect ratio in order to highlight the influence of the orientation changes 

of non-spherical particles on the elongational viscosity. Model predictions (made from 

Lipscomb (1988) constitutive equation, where the Newtonian viscosity was replaced by 

a Carreau expression) for isotropic and aligned fiber orientations with respect to flow 

have been presented by Thomasset et al. (2005). They found that their measured 

apparent elongational viscosity data fell between the two limiting cases (3D random and 

fully aligned fiber orientations). On the other hand, Wagner et al. (2003) did not observe 

any significant strain hardening for 12 wt % fibers in a polyamide-6 although the fibers 

oriented from a random state to a completely aligned orientation, as observed from 

selected micrographs taken during the tests. Ooi et al. (2004) assumed that fiber 

orientation occurred under elongational flow but no strain-hardening was observable for 

the suspensions in a Newtonian matrix, whereas the tensile stress for the suspensions in 

a Boger fluid (PIB) grew with strain from a stress free condition to a plateau and then 
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the behavior became strain hardening before reaching a second plateau. Takahashi et al. 

(1999) concluded that when particles were small and their aspect ratio large (length » 

diameter), strain hardening became insignificant. For glass fiber-filled HDPE 

composites, Laun (1984) found that the highest tensile stress was obtained when the 

fibers were aligned along the elongational flow. The same value of the stress was 

reached when the fibers were initially oriented perpendicularly to the principal axis of 

the strain, suggesting that the fibers alignment most probably increased during 

elongation. However, no strain hardening phenomena were noticeable in the tensile 

stress versus strain plot. Finally, Kobayashi et al. (1995), as Wagner et al. (2003), noted 

that the orientation of non-spherical fillers was strain dependent. 

A few theoretical expressions have been derived to predict the stress generated 

by non-dilute fiber suspensions in elongational flow. Batchelor (1971) derived an 

expression to relate the force imposed by a particle on a Newtonian surrounding medium 

to the particle characteristics. From first order singularities in the force distributions, the 

specific elongational viscosity r\f for perfectly aligned fibers can be obtained: 

SP = T 1 E - 3 C ' r \ 44r2 

lE 3r|0
matrix 91n(Vf)' 

where (j) is the fiber volume fraction and r is the aspect ratio, LID (length over diameter). 

Batchelor (1971) extrapolated the formula to reach the dilute domain. Petrie (1999) 

modified this extrapolation to obtain a better correlation expressed as: 
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iff = - r , 2 " " - ^ , , , (5.2) 
ln2r-ln l + 2r VVK))-i-' 

where e is an adjusting parameter. Later, Lubansky et al. (2005) extended the original 

Batchelor theory to take into account the cylindrical shape of fibers as higher order 

singularities along the principal axis. For the semi-dilute regime of constant circular 

cross-section particles they obtained: 

2(K2[ln(K/44>) + 8/3] 
,E 9In (7c/<» [In (TC/<(>) - 3 ] " ^ ' } 

In summary, there are a lot of controversies or contradictions in the literature on 

the rheological behavior of fiber suspensions in polymers under elongational flow. Open 

questions are: do fibers cause strain hardening in elongational flow, and is fiber 

orientation responsible for the strain hardening? In most of the previous studies, the 

fibers were initially aligned in the stretching direction due to sample preparation. What 

would be the effect of other fiber orientations? Therefore, the main objective of this 

work is to determine the influence of the initial fiber orientation on the elongational 

behavior of short glass fiber-filled polypropylene. In addition, the Dinh and Armstrong 

governing equation is used to analyse the trends in the transient regime. We also report 

elongational data for short glass fiber-filled PP obtained using three different 

instruments. The results for uniaxial elongation are compared with data previously 

obtained in planar elongation using a slit die. Finally, an extension of the Carreau model 

for suspended fibers in a polymeric fluid is proposed to describe the steady uniaxial 

elongational data. 
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5.2. Modeling 

In this section, the equations that describe the evolution of a fiber population 

with respect to the matrix flow are presented. We also propose a new constitutive 

equation for fibers suspended into a fluid obeying the Carreau model. 

5.2.1. Orientation tensors 

A unit vector p, directed along the principal axis of the particle, is generally used 

to describe the fiber orientation. A probability distribution function \|/ can represent a 

fiber population in an elementary cell fluid, and a second- and a fourth-order orientation 

tensors can be defined as (Advani & Tucker, 1987): 

a 2 = f p p i | / ^ , (5-4) 

a4 = J^PPPPV^, (5.5) 

where &2 is a positive and symmetric tensor with a constant trace equals to one, which 

states that the fiber length does not change under flow. 

5.2.2. Fiber motion 

At low Reynolds numbers, Jeffery (1922) derived the ellipsoid motion p in a 

Newtonian medium for dilute suspensions. Later, Folgar and Tucker (1984) have taken 

into account a randomizing effect of fiber interactions by adding a diffusion term 

(-C, |y| Vln\|/) to the Jeffery equation. Q is an interaction coefficient, |y| is the effective 

deformation rate and V represents the nabla (or del) operator. Moreover, \\f may be 
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regarded as a convected quantity in the sense that when a fiber leaves one orientation, it 

must appear in another one (Bird et al., 1987b). The combination of the continuity 

relation with the Jeffery equation yields the equation of change for \|/: 

D\|/ 
^ • ( p W ^ + QfflVV, (5-6) 

Dt 

where DIDt represents the material derivative and reduces to partial derivative in the 

case of homogenous flows. Defined by X = (r2-l) I (r2+l), the form factor A, appears 

implicitly in Equation (5.6). In the scope of this work Eq. (5.6) was discretized using a 

finite volume method. Hence no closure approximation for the fourth-order orientation 

tensor was needed. Details about this numerical procedure are presented in a 

forthcoming paper (Ferec et al., 2008b). 

5.2.3. Constitutive equation 

A constitutive equation for rigid cylindrical particles suspended in a Newtonian 

fluid has been proposed by Dinh and Armstrong (1984). Their expression may be 

written as: 

r2 r 
g = -P5+ri0Y+T10(t>3ln D Jy:ppppWP, (5.7) 

where P is the hydrostatic pressure, 8 is the identity tensor, r|o the Newtonian fluid 

viscosity and y is the rate of strain tensor. The average spacing h between a fiber and its 

neighbors is given by(Doi & Edwards, 1978a, b): 
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D h = —TJTI/§ , for aligned fibers, 

DK 
h = , for 3D random fibers. 

4§r 

(5.8) 

(5.9) 

Souloumiac and Vincent (1998) have derived a constitutive equation for rigid 

cylindrical particles suspended in a shear-thinning matrix with a viscosity represented by 

a power-law. Using a cell model approach, the total stress is the sum of the contribution 

of the matrix and the fibers: 

C = -Pb + K\i\m~'y+K<$> r 
m+\ \ — m 

m 
\-m\ 

\-{DI2h) « (5.10) 2m-l(m + 2) 

frpppplrppr'v^p 
p 

where K is the consistency index and m is the power-law index. 

By considering Equations (4.10) and (5.10), it seems possible to express the total 

stress of fiber suspensions in a generalized Newtonian fluid (GNF) described by the 

Carreau model (1997). After some straightforward calculations, we obtain: 

m-\ m-\ 

a = ~P8 + v[o l + (?Lm|Y|) 2 Y+Tlo^JY^PPP l + (V/:pp)2 2 W P , (5.11) 

with the coupling coefficient (j,2 expressed as: 

| I 2 -f{D/2h) = -
2m~x(m + 2\ 2m-x(m + 2) 

\ — m 

m \-{DI2h) (\-m)ln 
(5.12) 
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We note that when m tends to 1,(0.2 = r2/31n(2h/D), which is the Dinh and 

Armstrong expression. In their paper, Souloumiac and Vincent (1998) assumed a similar 

power-law index for the suspension and for the unfilled matrix. Also, as done by Yasuda 

with the Carreau model, an additional exponent parameter can be added to improve the 

fit with the experimental data (Carreau et al., 1997). 

5.2.4. Extensional viscosity 

To determine the transient elongational viscosity T)E+ °f a Newtonian fluid, the 

equation of change for \|/ [Eq. (5.6)] is coupled with the expression for the bulk stress 

tensor [Eq. (4.10)] developed by Dinh and Armstrong (1984). It is convenient to define 

r)E
+ for fiber suspensions as (Batchelor, 1971; Mewis & Metzner, 1974; Mongruel & 

Cloitre, 2003): 

<= — , (5.13) 
e 

where index " 1 " denotes the principal stretching direction. Appendix 1 gives the 

transient elongational stress components for the Dinh and Armstong expression 

according to the fourth-order orientation tensor components. Appendix 2 presents the 

elongational stress components for the new Carreau-based model [Eq. (5.11)] for fibers 

perfectly aligned in the stretching direction. 
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5.3. Experiments 

5.5.7. Materials 

A linear unfilled polypropylene (PPO, Hostacom G3 NOIL) and two filled 

polypropylenes, containing respectively 10 and 30 wt % glass fibers (PP10 and PP30), 

supplied by Basell, have been studied. An intermediate fiber content of 20 wt % (PP20) 

was obtained by blending equal quantities of the two last products. The filler consists of 

treated glass fibers with a density of p/= 2500 kg/m3, nominal diameter D = 16 um and 

average length L = 250-320 jam (fiber breakage during sample preparation is discussed 

below). In order to investigate the effect of particle shape, a model suspension of micro-

beads (PPB11) was prepared using the same base PP with a volume fraction 

corresponding to the glass fiber content of sample PP30 (i.e. ty = 11.5 vol %). The micro-

beads were untreated hollow glass beads (D = 10 u.m) with a density of p̂ , = 1100 kg/m3. 

To reduce the thermal degradation, 1 wt % of stabilizer (Irganox B225, Ciba Specialty 

Chemical Inc.) was added to the materials during sample preparation (Sepehr et al., 

2004c). Density measurements of PPO, PP10 and PP30 were performed on a Thermo 

Haake PVT100 equipment. The sample nomenclature, fiber volume concentration and 

density of the composites are presented in Table 5.1. Three regimes of fiber 

concentrations are proposed in the literature according to fiber dimensions (Doi & 

Edwards, 1986): dilute, in which <|> < D2/L2; semi-dilute D2/L2 < § < DIL and 

concentrated (j) > DIL. The respective regimes are also presented in Table 5.1. PP10 is in 

the semi-dilute regime whereas PP20 and 30 are in the concentrated one. 
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5.3.2. Elongational devices 

The elongational experiments were carried out using a SER Universal Testing 

Platform (Xpansion Instruments LLC, model SER-HV-A01) specifically designed for a 

controlled rate rheometer (ARES, TA Instruments) (Sentmanat, 2004; Sentmanat et al., 

2005). It is composed of two wind-up drums, which ensure a uniform extensional 

deformation during experiments. The device is incorporated into the oven of the ARES, 

and allows performing the tests at high temperature under a nitrogen atmosphere. The 

experiments were carried out at 200 °C. All results obtained with the SER geometry 

were averages of three tests. 

A Gottfert Rheotens device was also used to test the composites in uniaxial 

extension at 200 °C for the unfilled, 10 wt % and 30 wt % filled polypropylenes. In the 

Rheotens experiment, a filament extruded at constant shear rate is stretched by two 

counter-rotating wheels whose velocity is increased with time, starting from that at 

which the tensile force is zero, and the resulting tensile force is recorded as a function of 

time. By knowing the average extrusion velocity (vo) and that of the wheels at a given 

time (v), the draw ratio (DR) is calculated as DR = v/v0. The spinline length and the 

acceleration factor were fixed at 0.09 m and 0.005 m/s2, respectively. A capillary with a 

length to diameter {LID) of 20 with D — 0.002 m, was used to extrude the composites 

using a Gottfert Rheotester 1000 capillary rheometer. The extrusion rates used in this 

work were in an appropriate range to avoid solidification of the extrudate along the 

spinline, as well as to avoid melt fracture, namely, between 200 and 300 s"1. 
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Finally, a Meissner-type uniaxial extensional rheometer (RME, Rheometric 

Scientific), equipped with rotary clamping devices, was used to verify the deformation 

uniformity of the filled PP. Using a video acquisition system, the analysis of the sample 

width versus time data gives the true Hencky strain rate applied on the sample. The PP 

specimens were supported with an air bed, which is fed through a fritted table. The 

temperature chamber was set at 200 °C. As for the SER unit, the RME results were 

averages of three tests. A lot of care have been devoted when using the device as 

prescribed by Schweizer (2000). 

The planar elongational results reported for the slit die with a hyperbolic entrance 

(Mobuchon et al., 2005) were obtained using the Binding analysis (Binding, 1988). 

5.3.3. Simple shear measurements 

Measurements of the shear properties were carried out using a stress controlled 

rheometer (CSM, Bohlin Instruments) under nitrogen atmosphere at 200 °C. The 

parallel-plate geometry was used instead of the cone-and-plate geometry to avoid wall 

effects, and the latter are not significant if the parallel-plate gap is greater than three 

times the fiber length (Attanasio et al., 1972). For all experiments, the gap was around 

1.5 mm with a plate diameter of 25 mm. Frequency sweep tests were performed from the 

highest to the lowest frequency in the linear domain (y = 0.01). Before the dynamic 

measurements, the samples were pre-sheared at 1000 Pa during 1000 s to pre-align the 

fibers in the shear direction. 
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5.3.4. Samples 

For the SER unit, rectangular samples (1.8 cm x 1.3 cm x 0.08 cm) were used. 

Given that the sample length and width are larger compared to the thickness, the filler 

was assumed to take a 2D planar orientation. Samples for three different initial fiber 

orientations were prepared as shown in Figure 5.1: 

- The first case consisted in obtaining a planar random orientation (PRO) as 

illustrated in Figure 5.1a. Firstly, the materials were mixed into a Brabender internal 

mixer at 40 RPM at 200 °C under a nitrogen atmosphere for 5 min. Then, the blends 

were compressed at 200 °C into a rectangular mold of a thickness close to that of the 

final samples to minimize fiber orientation during compression. For sample PP30, the 

average fiber length was evaluated to be L = 320 um after blending and calcination of 

the matrix at 500 °C for 40 min. Consequently the fiber aspect ratio was r ~ 20. 

- In the second case samples with nearly fully aligned fibers were prepared. 

Strands were produced using a Leistritz twin screw extruder (type ZSE18HP-40D) and a 

converging slit die. Afterwards, two layers of the extruded tape were compression 

molded at 200 °C. The final samples were cut parallel (PARA, Figure 5.1b) and 

perpendicular (PERP, Figure 5.1c) to the extrusion flow direction. For these processing 

conditions, the average fiber length for PP30 was reduced to L ~ 250 um: therefore, the 

aspect ratio became r ~ 16. It was verified that the samples had a uniform cross-section 

and were free of voids. 
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For the RME experiments, samples of 75 mm x 7 mm x 2.1 mm were obtained 

by compression molding of the strands produced in twin screw extrusion. Samples with 

parallel (PARA, Figure 5.1b) and with perpendicular (PERP, Figure 5.1c) fiber 

orientations were prepared. 

In the case of the Rheotens experiments, pellets were used as received. The initial 

fiber orientation could not be controlled, but it is expected that large extrusion shear 

rates in the capillary rheometer will induce a high alignment of the fibers before the 

sample is stretched by the Rheotens. 

5.3.5. Elongational rheometry 

During elongational deformation, a tensile force F{t) appears in the sample. The 

RME measures directly F{i), whereas for the SER unit mounted on the ARES rheometer, 

F{t) is determined according to the measured torque and the drum radius. The tensile 

stress growth function T|E
+(0 at a constant Hencky rate e is expressed as: 

. , , o(t) Fit) 

"<"=T4' <5'14) 
where A(f) is the instantaneous cross-sectional area, which evolves exponentially with 

time as: 

f o V /3 

A(t)= ^ 4,exp(-e/) . (5.15) 
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In Equation (5.15), p and po are the densities at the test and room temperature, 

respectively, and AQ is the initial cross-sectional surface of the unstretched specimen 

before sample loading. Assuming a similar uniform deformation in the thickness and the 

width (w), Equation (5.15) yields the width of the specimen being stretched as a function 

of time: 

w = w0exp(-e//2), (5.16) 

where wo is the initial width at the test temperature. 

Figure 5.2 reports the true Hencky strain rate applied in a typical RME test by 

analysing the width evolution versus time obtained by video camera. The results are 

presented for the unfilled matrix (PPO) and the 30 wt % filled polypropylene (PP30) in 

the initial PARA and PERP configurations. The nominal strain rate applied is 0.1 s"1, and 

for the unfilled matrix (PPO), it is well reproduced as two times the slope gives the true 

Hencky rate [cf. Eq. (5.16)]. In the case of the filled PP large differences are observed, 

probably due to slip between the rotary clamps and the material as the tensile force 

increases considerably for filled systems. Surprising, the lowest true Hencky rate is 

observed for the PP30 - PERP sample, while the largest tensile stress was obtained for 

aligned fibers in the stretching direction (PP30 - PARA sample). It seems that for PP30 

- PERP, the deformation of the width was not uniform. The insert in Figure 5.2 depicts 

the width decrease for sample PP30 - PERP as measured in the middle (A-B), on the left 

(C-D) and on the right (E-F) side of the sample, close to the rotary clamps, respectively. 

It indicates that the deformation along the specimen length is uniform. Moreover, a 
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straight mark was initially placed along the width of the PP30 - PERP sample. With 

time, the marker deformed non-homogeneously, showing more pronounced strains at the 

edges than at the center of the samples. Hence, our RME data for the PARA samples 

were obtained under non-uniform deformation conditions. However, it is nearly 

impossible to assess the effect of the non-homogeneity on the measured elongational 

viscosity. Finally, for the SER data we were unable to verify if the deformation was 

uniform for containing fibers samples. 

5.4. Results and discussion 

5.4.1. Transient elongational viscosity 

The transient elongational viscosities, r|E
+, of the unfilled matrix PPO as well as 

that of the model suspension of beads in PP (PPB11), determined with the SER unit, are 

shown in Figure 5.3. Also shown is the predicted linear viscoelastic (LVE) behavior 

determined from the shear relaxation modulus after a step strain for PPO and PPB11. For 

PPO, the curves are superposed for all applied strain rates at short times and coincide 

with the predictions of the linear viscoelastic regime; no strain hardening can be 

observed at any strain rate. For PPB11, again a good superposition in the linear 

viscoelastic regime at different Hencky rates is observed. As expected, the presence of 

glass beads induces no strain hardening, but increases slightly the elongational viscosity 

as compared to the neat polypropylene. 
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Figure 5.4 presents the transient elongational viscosity for samples PP30 -

PARA and PP30 - PERP obtained with the SER unit at Hencky strain rates of 0.05 s"1 

and 0.1 s"1. Figure 5.4 also reports the transient elongational viscosity obtained with the 

RME at true Hencky rates of 0.088 s"1 for PP30 - PARA and 0.068 s"1 for PP30 - PERP, 

respectively. For both samples, the data from the RME are located between the 

boundaries delimited by the SER data, as expected considering the applied strain rates. 

For PP30 - PERP, both the RME and SER data show a slight strain-hardening (this 

behavior is explained below). Except for the initial data at 0.1 s"1 for PP30 - PARA, 

these results are in good agreement and confirm that no slip occurred in the SER unit. 

Figure 5.5 reports the transient elongational viscosity of fiber-filled sample PP30 

for three different initial fiber orientations (shown in Figure 5.1). These samples have 

been stretched at a constant Hencky strain rate of 0.05 s"1. Independently of the initial 

fiber orientation, the transient viscosity of the melt is strongly increased by the presence 

of the fibers and the steady-state regime is reached rapidly. As expected, the largest 

values are observed when the fibers are oriented parallel to the principal axis of the 

strain (fibers resist to the stretching). A slight strain-hardening behavior is observed for 

the PRO and PERP initial orientations, which could be explained by fiber alignment 

during the elongation test. The PRO sample showed a transient behavior between that of 

the PARA and PERP samples, as initially some fibers were already aligned and 

contributed to the largest stress (Batchelor, 1971; Dinh & Armstrong, 1984). Also the 

value of the transient elongational viscosity for PRO sample tends to reach that of the 
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pre-oriented sample, i.e. PP30 - PARA, while the PERP sample needs a much longer 

time to reach a similar orientation. If the deformation is assumed to be uniform during 

the tests, as we tried to verify with the RME, this would mean that the planar random 

orientation is transformed into a fully aligned orientation as the elongational test is 

performed. However, we cannot rule out a possible effect of the non-homogeneity of the 

flow. 

To describe the observed trend of the elongational viscosity, the equation of 

change for the probability distribution function [Eq. (5.6)] is combined with the Dinh 

and Armstrong governing equation [Eq. (4.10)] for a Newtonian matrix in the transient 

case (the transient case has not been developed for the Carreau-based model). Appendix 

1 presents the transient elongational viscosity obtained with the Dinh and Armstrong 

formulation, for which no closure approximation is needed. Details for setting the three 

initial probability functions (i.e. PARA, PRO and PERP) are given in Appendix 3. The 

matrix viscosity was taken as the zero-shear viscosity of the neat polypropylene (i.e. r|o 

= 27 kPa.s) and the fitting parameters, JJ,2 and Cj, were chosen to be equal to 85 and 

0.001/V3- 0.00058, respectively. The results are represented in Figure 5.5 by the short 

dashed lines. At short times, the effect of the matrix elasticity is not described by the 

model formulated for a Newtonian matrix, but the purpose of these simulations is to 

highlight the effect of fiber orientation at large deformations. As expected, a plateau is 

predicted for fully aligned fibers in the stretching direction, which is in good agreement 

with the PP30 - PARA data. In the case of the initial planar random (PRO) fiber 
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orientation, a slight strain hardening is predicted, followed by a plateau when the fibers 

are totally aligned at long times or large Hencky strains. This is qualitatively in 

agreement with the data. For the initial perpendicular orientation (PERP) case, a slight 

decrease in the elongational viscosity is predicted, followed by a strong strain-hardening 

and then the steady plateau. Except for the initial decrease, the predictions are also in 

qualitative agreement with the data. Therefore, the model predictions confirm the 

observed transient behavior of the filled polypropylenes. Interestingly, the strain 

hardening in the PRO and PERP samples appears at the same Hencky strain, i.e. £H = 

0.6. Strain hardening has been observed for the initial PERP orientation at different 

elongational rates and appear at the same Hencky deformation (8H - 0.6), as shown in 

Figure 5.6. As the applied elongational rate is increased the strain hardening becomes 

barely visible. This is a similar strain behavior as observed for the overshoot in shear 

flow of fiber filled polypropylenes (Ausias et al., 1992), and for reversible shear flow of 

model fiber suspensions (Sepehr et al., 2004d). 

5.4.2. "Steady" elongational viscosity 

In this section we report "steady" elongational viscosity data as final values 

(plateau region) of the transient elongational viscosity curves, which may not be the real 

steady-state regime in elongation. Figure 5.7 compares the shear and elongational 

viscosities of various samples evaluated at the effective deformation rate y = v3e where 

y and e are, respectively, the shear and Hencky rates. The "steady" values of the fiber 

filled PP presented in Figure 5.7 were obtained with PARA samples for which closest 
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values to steady state were obtained. For comparison, the complex viscosity and steady-

shear data for the neat PP (PPO) are also reported. It can be observed that for PPO the 

Cox-Merz rule applies quite well. The zero-shear viscosity was determined using the 

Carreau-Yasuda model, for which the best fitting parameters were rjo = 27 kPa.s, Am = 

0.99 s, m = 0.28 and a = 0.51. At low Hencky rates, the Trouton ratio (7> = TIE/TIO) for 

PPO reaches the theoretical value of 3. With increasing strain rate, the elongational 

viscosity of PPO shows a strain-thinning behavior, observed as well for the fiber-filled 

systems. The strain-thinning appears at lower strain rate as the fiber content increases. 

This phenomenon has also been observed for glass beads (Poslinski et al., 1988) and 

short glass fibers (Crowson & Folkes, 1980) suspensions in shear flow. Also shown in 

Figure 5.7 are the new Carreau-base model predictions [Eq. (5.11)], where the fiber 

orientation was chosen as perfectly aligned in the stretching direction. Details of the 

calculations for the elongational flow are reported in Appendix 2. The fits are in very 

good agreement with the data and allow us to extrapolate the elongational viscosity at 

low strain rate. Table 5.2 presents the values of the parameters used, along with the 

evaluated Trouton ratios for the fiber suspensions. The presence of fibers increases 

considerably the Trouton ratio defined by TL /r)p0rap0Slte where r]E is the elongational 

viscosity at low Hencky rates. The zero-shear viscosity of the suspensions r|g0mpos,te was 

estimated by fitting frequency sweep data for pre-sheared samples with the Carreau-

Yasuda model. Table 5.2 shows that the Trouton ratio increases from 3 for unfilled PP 

to 19.3 and 18.6 for PP20 and PP30, respectively. The slightly smaller Trouton ratio for 

PP30 compared to PP20 is possibly explained by small differences in fiber alignment in 
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simple shear for PP30 as compared to PP20. For a similar 30 wt % filled PP in planar 

extension, Mobuchon et al. (2005) found a Trouton ratio of about 54 at a deformation 

rate of 0.2 s"1 that decreases to 5.4 at 200 s"1. 

From Eq. (5.12), it is possible to determine the average distance h between fibers 

for the different fiber volume fractions and with the model parameters used to fit the 

data of Figure 5.7. Table 5.2 lists the determined parameters and Table 5.3 compares 

the average distances between fibers calculated using Eq. (5.12) with the theoretical 

values for perfectly aligned fibers from Eq. (5.8) (Doi & Edwards, 1978a, b). The results 

show that the fitted distances h are much smaller than the theoretical values for perfectly 

aligned fibers. A plausible explanation comes from Laun (1984), who suggests that 

macroscopic uniaxial elongation induces a complex flow between the rigid fibers on a 

microscopic scale (shear and elongation), as illustrated in Figure 5.8. Eq. (5.8) was 

developed for static conditions and, in elongation the average distance h is strongly 

influenced by hydrodynamic interactions and the matrix elasticity (a strong adhesion 

between the matrix and the fillers is expected as glass fibers are treated with silane). 

Therefore, developing an appropriate and meaningful theoretical expression for the 

coupling coefficient \±2 remains a challenging task. 

The specific elongational viscosity, r||p, defined as T|E - 3r|0 ((() = 0) /3T)0 ((|) = 0) , 

is presented in Figure 5.9. r||p shows a high dependence on fiber volume fraction. The 

Batchelor expression [Eq. (5.1)] underestimates the data in the concentrated regime. A 

good agreement is obtained for PP10 and PP20 when the Petrie expression [Eq. (5.2)] is 
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used with e - 1.24. The formulation of Lubansky et al. [Eq. (5.3)] deviates considerably 

as the fiber concentration increases. The cited theories have been developed for semi-

dilute systems and additional work is required to extend them to cover the concentrated 

regime. 

Figure 5.10 presents the new Carreau-based model parameters, i.e. characteristic 

time related to the matrix Xm and power-law index m, as functions of the fiber volume 

fraction. A decreasing linear dependence of Xm with (j) is observed, which indicates that 

the strain-thinning behavior appears more rapidly with increasing fiber content. A 

quadratic correlation gives a good approximation of the variation of m with the fiber 

volume fraction. The variation of the coupling coefficient (0.2 as a function of the power-

law index m is reported in Figure 5.11. As m increases [i2 decreases, indicating that at 

high Hencky rates, the elongational viscosity of the filled PP tends to reach that of the 

neat matrix. 

The Rheotens experiments were performed for different shear rates under stable 

extrusion conditions. The elongational viscosity was calculated from the tensile force 

versus draw ratio using the Wagner et al. analysis (1998). For this purpose, the tensile 

force versus draw ratio curves were divided into two regions, namely, a linear one 

characteristic of the viscoelastic behavior at low draw ratios, and a non-linear one 

related to a purely viscous behavior of the unfilled PP and the suspensions at high draw 

ratios. Results for two different extrusion rates, 200 and 300 s"1, are shown in Figure 

5.12 and compared with data obtained with the SER (from PARA samples) and the 
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planar hyperbolic die (Mobuchon et al., 2005) for samples PPO, PP10 and PP30. The 

effective deformation rate based on the second invariant of the rate-of-deformation 

tensor is used to report the data for different flows. Also, in order to compare planar and 

uniaxial elongational results, the elongational viscosity is normalized according to the 

Trouton ratio (3 for uniaxial and 4 for planar elongation) using the zero-shear viscosity 

values of the materials (listed in Table 5.2). Firstly, we note from Figure 5.12 that the 

elongational viscosity increases with increasing fiber content, as expected. Secondly, the 

data from the three different instruments are in very good agreement from moderate to 

high strain rates, while discrepancies are observed at low rates for all samples. The 

Rheotens data cover lower elongational rates than those from the other two rheometers, 

and the low rate data for the neat PP (Figure 5.12a) are somewhat higher than the 

theoretical value expected from the Trouton relation. The range for the extrusion rate 

when operating the Rheotens is quite limited since extrusion at shear rates lower than 

200 s"1 would induce premature filament crystallization, while for rates larger than 300 s" 

extrusion instability such as draw resonance would be observed. Between these two 

boundaries, the influence of the shear rate in the capillary die prior to the Rheotens 

experiments is negligible especially at large deformation rates. The Rheotens 

experiments have been repeated many times for the neat PP, confirming the trend 

reported in Figure 5.12a. 

Again, it is interesting to note from Figure 5.12 that the qualitative trend of the 

data obtained with the Rheotens, the hyperbolic die, and the SER are very similar, 

except for the much larger elongational viscosity values for the unfilled PP obtained at 
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lower deformation rates with the planar hyperbolic die (Figure 5.12a) and the very large 

values for the PP30 data obtained at low rates with the SER unit (Figure 5.12c). The 

trends depicted by both the Rheotens and the hyperbolic die data are coherent, 

suggesting that the elongational behavior is first strain-hardening at low strain rates, and 

then becomes strain-thinning at larger strain rates. However, the SER data rule out the 

possible strain hardening at moderate rates (> 0.1 s"1) with a smooth decrease of the 

elongational viscosity with strain rate. The observed discrepancies between the SER 

results and those of the other techniques may be explained by the different flow 

kinematics in the converging die and in the Rheotens experiments. Finally, we note that 

the trend for the elongational behavior of the suspensions is similar to that of the unfilled 

matrix, with an almost constant viscosity value at low extensional rates and a strain-

thinning behavior at high elongation rates. 

5.5. Concluding remarks 

In this work, the elongational flow behavior of short glass fiber-filled 

polypropylenes was investigated for different fiber contents and initial fiber orientations. 

The presence of the fibers increased considerably the elongational viscosity, and the 

dynamic fiber orientation during tensile tests induced a slight strain hardening. The 

transient elongational viscosity was observed to be strongly dependent on the initial 

fiber orientation and considerably larger transient values were obtained for initially 

aligned fibers in the flow direction. The Dinh and Armstrong governing equations 

coupled with a finite volume method was used to solve the probability distribution 
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function and predict the transient elongational viscosity of the materials. The predictions 

were qualitatively in good agreement with the experimental data. 

We have compared the "steady" elongational viscosity data as a function of the 

effective deformation rate obtained from three different rheometers: a SER unit mounted 

on an ARES, a slit die with a hyperbolic entrance and a Rheotens. At low strain rates, 

discrepancies were observed in the data from the three rheometers; however, the 

superposition of the data was astonishingly good at moderate to high strain rates for all 

materials investigated. The elongational behavior of the composites was found to be 

similar to that of the polymer matrix over the range of strain rates investigated, with a 

plateau at low elongational rates and strain-thinning at large rates. A novel constitutive 

equation was proposed to calculate the steady-state elongational viscosity of fiber 

suspensions in a generalized Newtonian fluid (GNF) described by the Carreau model. 

This model predicts fairly well the fiber-filled polypropylene behavior over the range of 

Hencky rate investigated in this study. 
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5.7. Appendix 1 

From the Dinh and Armstrong expression (Dinh & Armstrong, 1984), the normal 

stress components are defined as: 

cn=2r\0E + r]0^i2(2aml-aim-aU33)e, (5.17) 

a2 2 = - r | 0 e - T|0<|>|x2 {-2aU22 + a2222 + a2233) e , (5.18) 

o33=-r^-i\0^i2(-2all33+am3+a3333)e. (5.19) 

According to the definition of Eq. (5.13) , the transient elongational viscosity is 

written as: 

( * * 1 
T)E = Jr|0+ri0(j)^2 2aU]]— IaU22— Zan33+a2233+—a2222+--a3333 . p.zU) 

V 1 1 ) 

Thanks to the equation of change for \|/, the fourth-order orientation tensor 

components are determined easily and the transient extensional viscosity is expressed 

without the need of a closure approximation for the fourth-order tensor. 
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5.8. Appendix 2 

Eq. (5.11) is used to express the steady extensional flow in the case where fibers 

are perfectly aligned in the principal stretching direction (xi). Therefore the orientation 

distribution function is simply a Dirac function: 

i|/ = 5 ( p - x , ) . 

Then the normal stress components are given by: 

O„ = 2ETI0 

°22 = °33 = - £ T 1 

l + (?imV3e) 2 + 2er|0(t)|j,2 l + (?if2e)2 

l + (XmV3e)2 

m-\ 

Consequently the steady elongational viscosity is written as: 

T1E = 3rl 

m-\ 
v2 l 2 

l + (XmV3e) 2
 + 2 T I ^ | I 2 l + (AT2fe) 

(5.21) 

(5.22) 

(5.23) 

(5.24) 

where "km, m, p.2 and A,f are used as fitting parameters. 
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5.9. Appendix 3 

In order to achieve model predictions for the transient elongational viscosity, 

initial orientation functions have to be defined to take into account the three initial fiber 

orientations of Figure 5.1. Following Advani and Tucker (Advani & Tucker, 1987), 

highly orientated states (i.e. parallel and perpendicular to the stretching direction) are 

obtained by a non-conventional distribution function having the form: 

y(<p, G) = K±smpQ sin"(p for PERP, (5.25) 

\|/((p,0)=^=sin / 'ecos> for PARA, (5.26) 

where K± and K= are constants that satisfy the normalization condition. Both p and q 

are taken equal to 60 to give aligned fiber orientation. The planar random orientation 

state (not to be confused with a bi-planar orientation obtained by adding Eqs. (5.25) and 

(5.26) with respect to the normalization condition) is reached with the following 

distribution function: 

\|/((p,6) = ^ x 5 | e - - ] for PRO, (5.27) 

where 8 is the Dirac function and Kx is introduced to respect the normalization 

condition. 
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Table 5.1 : Sample nomenclature, fiber content and density. 

Sample 
PPO 

PP10 
PP20 
PP30 

0 r%i 
0 

3.3 
7.1 
11.5 

Regime 
-

semi-dilute 
concentrated 
concentrated 

P rkg/m3l 
760 
817 

883* 
961 

Tio [kPa.s] 
27.0 

34.0** 
41.0** 
69.0** 

* calculated 

** pre-sheared samples 

Table 5.2 : Elongational parameter values for Eq. (5.11). 

PPO 
PP10 
PP20 
PP30 

„ matrix 

' lo 
[kPa.s] 
27.0 
27.0 
27.0 
27.0 

Tlo 
[kPa.s] 
27.0 
34.0 
41.0 
69.4 

A™ 

[s] 
3.64 
3.06 
2.19 
1.30 

m 

[-] 
0.71 
0.59 
0.51 
0.46 

h 
[s] 
-

23.96 
38.94 
30.95 

H2 

[-] 
-

116.9 
185.9 
194.3 

T|EO 

[kPa.s] 
81.0 
289 
793 
1290 

Tr 

[-] 
3.0 
8.5 
19.3 
18.6 

Table 5.3 : Calculated average distance between fibers. 

PP10 PP20 
h From Eq. (5.8) (aligned) 78.1 53.2 

[urn] From Eq. (5.12) 9.67 8.35 

PP30 
41.8 
8.18 
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(a) (b) (c) 

Figure 5.1 : Schematic representation of the three different initial fiber 

orientations used with the SER unit: (a) PRO: planar random orientation, (b) PARA: 

fibers aligned parallel to the extensional flow direction and (c) PERP: fibers oriented 

perpendicularly to the elongational flow direction. The arrows indicate the stretching 

flow direction. 
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Figure 5.2 : Hencky strain rate as measured by a video camera for the unfilled 

matrix (PPO), for 30 wt % fiber filled polypropylene with fibers aligned parallel to the 

flow (PP30 - PARA) and perpendicular (PP30 - PERP) to the stretching direction. The 

nominal Hencky strain rate was 0.1 s" . Also shown in the insert are the width changes 

for PP30 - PERP in the middle of the sample (A-B), and close to the left (C-D) and right 

(E-F) of the rotary clamps. 
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Figure 5.3 : Transient elongational viscosity of the unfilled matrix PPO and the 

glass bead filled polypropylene PPB11 (values multiplied by 10) at 200 °C for Hencky 

strain rates ranging from 0.05 to 20 s"1 obtained with the SER unit. Also shown is the 

predicted LVE behavior as determined from the shear relaxation modulus after a step 

strain. 



135 

107 

106 

x10 

V> SP 

PP30 - PARA 

PP30-PERP \ 

SEFUU = 0.05 s"1 

SEReH = 0.1 s"1 

RME eH = 0.088 s" 

SER eH = 0.05 s"1 

SEReH = 0.1 s"1 

RME eu = 0.068 s" 

102 

t [s] 

Figure 5.4 : Comparison of the transient elongational viscosity of the 30 wt % 

fiber filled polypropylene with fiber parallel (PP30 - PARA) and perpendicular (PP30 -

PER) to the stretching direction obtained with the SER unit (at Hencky rates of 0.05 and 

0.1 s"1) and with the RME (at the corrected Hencky rates). 
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Figure 5.5 : Transient elongational viscosity at a Hencky strain rate of 0.05 s" 

for PP30 with different initial fiber orientations: (a) parallel to the stretching direction, 

PARA, (b) planar random orientation, PRO and (c) perpendicular to the stretching, 

PERP. Also shown is the transient elongational viscosity for PPB11 and the LVE regime 

of PPO for the purpose of comparison. The dashed lines represent the model predictions 

(Eqs. 5, 6 and 20) for the different initial fiber orientations. 
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Figure 5.6: Transient elongational viscosity as a function of Hencky 

deformation at different strain rates for PP30 with the initial fiber orientation 

perpendicular to the stretching direction. 
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Figure 5.7 : Shear and elongational viscosities of PPO. Also shown are the 

elongational viscosity data of fiber filled PP when the fibers are aligned (obtained from 

PARA data in elongation). The dashed lines represent the model predictions. 
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(a) (b) 

Figure 5.8 : Schematic illustration of microscopic distortions produced by 

aligned fibers in uniaxial elongation: (a) initial state with length LQ and (b) elongated 

state with L = 2Z0 [taken from Laun (1984)]. 
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Figure 5.9 : Specific elongational viscosity of polypropylene systems. Also 

shown are the predictions of various models for the uniaxial elongational viscosity. 
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Figure 5.10 : Matrix characteristic time and power-law index as functions of 

fiber volume fraction. The lines represent the best fits (linear for Xm and quadratic for 

m). 
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Figure 5.12 : Comparison of the reduced "steady" elongational viscosity of PP 

and its composites from measurements using three different instruments: (a) PP0, (b) 

PP10and(c)PP30. 
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Abstract 

The probability distribution function for fiber orientation under flow (Fokker-

Planck equation) is numerically solved using a finite volume method. Different time and 

spatial schemes have been tested to reduce considerably the computational time and to 

cover a wide range of the Peclet (Pe) number. For Pe < 103, the results are compared 

with data available in the literature and for Pe > 103, the numerical schemes are assessed 

using an analytical solution. Excellent agreement was observed and the method allowed 

us to describe the evolution of the fourth order orientation tensor components of fibers in 

transient simple shear (forward and reverse) flows, and compare with the predictions of 

an orthotropic closure approximation. In addition, the Folgar-Tucker-Lipscomb (FTL) 

model was used with no closure approximation to predict the rheological behavior of a 

Cet article a ete soumis a Journal of Non-Newtonian Fluid Mechanics. 
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short fiber-filled polypropylene in simple shear flow. The accuracy of commonly used 

closure approximations is discussed, and key aspects of the FTL model that still need to 

be improved are highlighted in the scope of this work. 



147 

6.1. Introduction 

Thermoplastics reinforced by short glass fibers are widely used in the 

manufacturing industry as their physical properties are enhanced compared to the 

unfilled matrix. Fiber orientation and dispersion determine the degree of improvement. 

The rheological behavior of filled systems is generally quite complex due to the strong 

coupling between fiber orientation and flow. Understanding how fibers evolve with flow 

can considerably help to predict the microstructure and the ultimate properties. 

The complete orientation of a single fiber can be described by a unit vector p directed 

along its principal axis, or equivalently by the spherical coordinates cp and G. A 

distribution function \\f(r,p,t) is introduced to take account of the specific mass center 

position r and orientation p at time t of a fiber. Several studies have been devoted to 

steady flows for \|/(r,p) (Chiba et al., 2005; Chinesta et al., 2000; Chinesta et al., 2003; 

Mokdad et al., 2007). Here we focus on homogeneous flows in the absence of fiber 

concentration gradients. Therefore, the probability distribution function reduces to 

i|/(p,/) = i|/. 

Jeffery (1922) was the first to develop an expression for the time evolution of p 

for a single spheroid suspended in a Newtonian fluid in the absence of external torque. 

More recently, Folgar and Tucker (1984) added to Jeffery equation a phenomenological 

diffusion term in order to take into account fiber interactions. Therefore, a general form 

of the time evolution for particles can be written as (Advani & Tucker, 1987): 
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P = PH
 LV\|/ = - -co-p + - ( Y p - Y : p p p ) r-Vy, (6.1) 

\|/ 2 2 V 

where co and y are the vorticity and deformation rate tensors, respectively. V is the 

differential operator d/dp (Bird et al., 1987b). The shape factor X - (r2-l) I (r2+l) is a 

parameter related to the particle aspect ratio, r (r = LID for a cylindrical particle, where 

L and D are its length and diameter, respectively), and Dr is the rotary diffusivity. For Dr 

= 0, the Jeffery equation (pH) is recovered; for Dr = 0 and X = 1, the Dinh and 

Armstrong (1984) result developed for slender particles is obtained; finally for 

Dr - C, |y|, Equation (6.1) is the Folgar and Tucker (1984) expression, where C/ is the 

interaction coefficient and jy| the effective deformation rate. 

To deal with a fiber population instead of a single fiber, the orientation 

distribution function \j/ is introduced (Advani & Tucker, 1987). It represents the 

probability of finding a fiber between the angles (p and (q> + t/(p), and between 0 and (9 + 

dQ). The distribution function \|/ must respect the normalization condition and must be 

periodic as the particle ends are indissociable. Moreover, \|/ may be regarded as a 

convected scalar in the sense that when a fiber leaves one orientation, it must appear in 

another one. From Bird et al. (1987b), the continuity relation can be expressed as: 

D\\i 

Dt 
= -V-(p\|/), (6.2) 
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where DIDt represents the material derivative and reduces to partial derivative in the 

case of homogenous flows. Combining Equation (6.1) with Equation (6.2), we obtain the 

following time evolution of the probability distribution function: 

^ = -V-(p„V) + 2>rVV, (6.3) 

where the Laplacian operator, V2, refers to d2/dp2 (Bird et al., 1987b). This expression is 

known as the Fokker-Planck equation and has been the subject of numerous 

investigations in order to predict the fiber distributions for steady shear flows. Advani 

and Tucker (1990a) have solved Equation (6.3) for transient flows in order to propose 

accurate closure approximations. They used a finite difference technique with an 

implicit time derivative and a central difference formula for the (p and 0 derivatives. At 

each time step, the solution was obtained using a Gauss-Seidel relaxation method. 

Nevertheless, the global conservation of the numerical method was destroyed by the use 

of following boundary conditions: \|/((p,8 = 0) = \|/((p,0 = 7i) = 0 . The latter state that 

there is no probability of finding fibers oriented in the ((p,0 = O) and ((p,0 = 7t) 

directions, which is not always correct. Therefore, the distribution function needs to be 

re-normalized in a post-processing step after each time iteration (Advani, 1987), which 

could incorporate inaccuracies in the calculations. Strand et al. (1987) applied the 

Galerkin method to resolve the Fokker-Planck equation, using basis functions that were 

spherical harmonics. A set of ordinary differential equations in time was then obtained 

and solved by the spectral method. Solutions up to Peclet numbers (shear rate / rotary 



150 

diffusivity), Pe, equal to 60 were possible, as a constraint was imposed by the ill-

conditioning of the modal matrix. Kamal and Mutel (1989) have adopted a finite 

difference algorithm to evaluate the unsteady convection - diffusion problem. To cover 

a wide range of Peclet number, a power-law scheme was implemented to interpolate 

properties between the nodes (Mutel, 1989). Periodic boundary conditions were applied 

and the numerical solution was obtained with a cyclic tridiagonal-matrix algorithm (C-

TDMA). For various values of Pe (with a max = 2-104), Kamal and Mutel (1989) got 

accurate results but they did not mention the computational time required. In his work, 

Bay (1991) solved the Fokker-Planck equation using a finite volume method, which did 

not need re-normalization. The explicit time integration and the centered difference 

formulas did not allow to reach solutions for Pe > 102 except by reducing the time step, 

which required very long CPU times (Bay, 1991). Han and Im (1999) were able to solve 

numerically the Fokker-Planck equation with a finite element method using triangular 

elements, but only for a maximum Peclet number of 103. In a recent investigation by 

Mandal (2004), Equation (6.3) was also cast into a finite difference technique using a 

Crank-Nicholson time scheme. The solution at each time step was obtained by a LU 

decomposition, where L and U are lower and upper triangular matrices, and its 

efficiency was verified with the normalization condition. The author showed results up 

t o P e = 102. 

Advani and Tucker (1987) defined the moments of the probability distribution 

function, known as the orientation tensors. They are formed by the dyadic products of p 

averaged over the orientation space, with \\f as the weighting function. The second- and 
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fourth-order orientation tensors a2 and a4, which are generally used in rheological 

modeling, are given by Advani and Tucker (1987) as: 

a2=fpPV4>> (6-4) 

a4 = |)PPPP¥4>- (6.5) 

These orientation tensors are symmetric and respect the normalization conditions 

(i.e. a2 has five independent components). From the two previous definitions and with 

the help of Equation (6.3), Advani and Tucker (1987) obtained the following time 

evolution for the second orientation tensor: 

Da2 

Dt = ~ 2 ^ C ° ' a 2 _ a 2 ' a ) ^ + 2 ? l ^ ' a 2 + a 2 ^ ~ 2 ' i , : a ^ + 2 C / ' * 8 _ 3 a 2 ' ) ' (6'6) 

where 8 represents the identity tensor. The fourth-order orientation tensor a4 appears in 

this expression. In order to determine a4, the sixth-order tensor has to be known, and so 

forth. That is why a closure approximation is needed to express the a4 components as a 

function of a2. Different hypothesis for closure approximations have been suggested in 

the literature. The earliest ones were based on the linear (Hand, 1961) and quadratic 

(Doi & Edwards, 1986) assumptions. Advani and Tucker (1990a) have proposed a 

combination known as the hybrid closure. However, better accuracy is obtained by using 

natural (Verleye et al., 1994) and orthotropic closure approximations (Cintra & Tucker, 

1995). The first one is based on the invariant of a2, whereas the second one is 

constructed using the eigenvalues of a2. Cintra and Tucker (1995) have developed the 

ORS (orthotropic smooth closure) approximation, which consists of a linear 
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interpolation between extreme cases (isotropic, planar random and fully oriented) of 

fiber orientation. This was found to predict a very poor behavior when modeling flow-

induced orientation. Then, Cintra and Tucker (1995) used a second order polynomial 

interpolation, where the coefficients were fitted from five different flow data and the 

orientation distribution function was numerically solved for C/ = 0.01 and |y| = 1 s" . 

The solution obtained from the derived ORF (orthotropic fitted closure) predicted non-

physical oscillations when Q became small. By solving the orientation distribution 

function for C/ = 10~3, the fitting procedure led to the ORL (orthotropic closure, fitted 

for low Q). Chung and Kwon (2001) optimized the fit by using a 2nd order polynomial 

expansion of the two largest eigenvalues of a2 over a wide range of Q. They increased 

from five to eight the number of flow situations fitted and proposed the ORW closure 

(orthotropic fitted closure for a wide range of Cj). Recently, improvements were 

obtained with the ORW3 (orthotropic fitted closure for a wide range of C/ with a 3rd 

order polynomial expansion) (Chung & Kwon, 2001). 

In the present work, we have developed a robust and fast numerical method to 

solve the probability distribution function. The overall objective of this work is divided 

into three distinct parts. The first one consists in solving the Fokker-Planck equation 

over a wide range of values of the interaction coefficient Q. The computational time 

required for various conditions should not depend on the values of the shear rate and the 

interaction coefficient used, and should be reasonable. In the second part, the 

performance of the most recent orthotropic closure approximation (ORW3) is tested for 
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transient forward stress growth and especially reverse flows, for which the initial 

orientation is not isotropic (the development of the closure approximation was done for 

the forward direction with an initial isotropic orientation). Finally, the probability 

distribution function is used to predict the rheological behavior of a 30 wt % fiber filled 

polypropylene under shear flow. In this case, no closure approximation is needed and it 

allows to assess the real performance of the Folgar-Tucker-Lipscomb (FTL) model 

(Sepehr et al., 2004c). 

6.2. Calculation of the orientation distribution function 

The Fokker-Planck equation [Eq. (6.3)] has to be solved numerically except 

under specific conditions, where some analytical solutions are available. A 

dimensionless form for Eq. (6.3) by using the following notation changes: j = jy*, 

CO = y <0*, t = tDr and the Peclet number Pe = y/Dr., is: 

^ = -PeV- (p ; ¥ ) + V2V)/, (6.7) 

where p^ is the dimensionless hydrodynamic contribution given by the Jeffery equation 

(Strand et al., 1987). 

6.2.1. Discretization by the finite volume method 

When the effects of diffusion are important (Pe ^ QO), there is no analytical 

solution of the Fokker-Planck equation and then, the recourse to a numerical solution is 

required. Following the work of Bay (1991), a finite volume method is chosen because it 
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is well known for its local conservativeness property needed to respect the normalization 

condition, which is included in the formalism of the model. The surface of the unit 

sphere is discretized with incremental areas AA = sin 0 Acp A0, where A6 and sin 9 Acp 

are the edge lengths. Figure 6.1 depicts the control volume used to perform the flux 

balance. As \|/ is symmetric, only one half of the sphere is meshed in order to reduce the 

computational time. Consequently, the node number in the 0-direction is the same as the 

one in the cp-direction. Also, to evaluate the probability distribution function and the 

derivatives appearing in the diffusion terms at the four boundaries, a central differencing 

approach is employed as the variations are assumed linear (different schemes for the 

discretization of Eq. (6.7) have been implemented in the past, namely central, upwind, 

hybrid differencing and power-law (Versteeg & Malalasekera, 1995)). Therefore, the 

discretized form of the Fokker-Planck equation [Eq. (6.7)] is: 

(aM+aaP)i|/T
P

+At -<xaE\\f
x
E
+Ax -aaw\\fx+Ax - a a ^ x + A x -aas\yl+Az = 

(1 -a)aEyx
E + (1 -a)flw\|f^ + (1 -<X)«NVN + (1-a)<*sVl+ [_aM _ (!_a)aP]\|/p 

(6.8) 

When a = 0, the explicit scheme is recovered (Bay, 1991); a = 1 gives the fully implicit 

scheme and the Crank-Nicholson scheme is obtained for a = 0.5. The appendix details 

the expressions for the coefficient GE, «W, «N, #S» «M and aP. As done by Bay (1991), the 

following periodic boundary conditions are applied to calculate the distribution function 

(Figure 6.2): 

v(<p,e) = \|/(<p,e+7t), (6.9) 

\|/(cp,e)=\|/(<p+7i,7c-e). (6.io) 
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Most frequently in the literature the initial orientation was assumed to be 

isotropic, or V|/(cp,0) = l/47t. Given that most of the distanced off diagonal entries are 

zeros, the global matrix is stored with the skyline scheme (Dhatt & Touzot, 1984). 

Therefore, the whole matrix is factorized with a LU decomposition only once (at the first 

time iteration) because the matrix remains unchanged. At each time iteration, the right-

hand side of Eq. (6.8) is updated and the transient solution is then obtained by a forward-

backward resolution procedure. The appropriate time step AT is the minimum value 

chosen between Ax = 0.1/Pe (user setting) (Han & Im, 1999), Ax = CrA9/0 or 

AT = CrA(p/(p in order to ensure scheme stability. Cr is the Courant number (ratio of a 

time step to a cell residence time: it is < 1 when convection dominates) and is set equal 

to 1. Fortran 90 programming language was used to write the distribution function 

computational code. All the simulation results presented hereafter were computed on a 

Linux PC (series 6219-38, Pentium IV, 2.8 GHz, 1 Go RAM). 

6.2.2. Accuracy of the numerical method 

At each time step the distribution function was computed, and the orientation 

tensor components of a2 and a4 could be evaluated using Equations (6.4) and (6.5). 

Figure 6.3 depicts the computed non-zero components of a2 (except the a^ component 

that can be obtained from the trace of a2 = aw +022 + 033 = 1) for simple shear flow (1,2 

and 3 are the velocity, gradient and vorticity directions, respectively). The central 

scheme was applied and a 40x40 cell grid was used. For the numerical solution, the 

shape factor was set to A, = 1. Figure 6.3 also shows the results of Advani (1987) and 
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Bay (1991) obtained using finite difference and finite volume methods, respectively. 

Globally, our numerical predictions are in very good agreement with the results of the 

two previous investigations. Solutions up to a Peclet number, Pe = 10 were obtained 

and for all cases the CPU time was less than one minute. This is to be compared with the 

work of Bay (1991), where few days of CPU time were required for Pe = 10 . In fact, 

even with modern computers the program used by Bay and tested in the scope of our 

work would require very long calculation times. 

Different time and spatial schemes were employed and Table 6.1 shows the 

required CPU times for various combinations. The time step was fixed as Ax = 0.1/Pe for 

a total flow time, tmax, = 100 s. With the explicit scheme, no solution was reached due to 

time instability. Refined time steps were needed, which increased considerably the 

calculation time as mentioned by Bay (1991). For the Crank-Nicholson and the fully 

implicit schemes, accurate solutions were obtained in less than 2 s of CPU time except 

for Pe = 10 with the central scheme, where spurious oscillations appeared (Figure 6.4). 

As the discretization error of the fully explicit scheme is 0(Ai) compared to 0(Ax1) for 

the Crank-Nicholson, the latter was preferred. 

6.2.3. Validation 

When Peclet number tends towards infinity (Pe —> oo), the diffusion term in the 

Fokker-Planck equation becomes insignificant and convection dominates. In this case an 

analytical solution exists as the Jeffery equation can be solved in terms of an initial unit 

vector and a deformation gradient E. For different value of X, the solution of the Fokker-
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Planck equation for an initially isotropic fiber orientation becomes (Lipscomb, 1986; 

Lipscomb et al., 1988): 

1 r mi -1-3/2 
l|/ = — ' 

471l I + Y ^ P P J , (6-11) 

where "f0' is the finite strain tensor and is related to the deformation gradient by 

^0] = (E _ 1 f • E"1 - 8 (Dinh & Armstrong, 1984). The deformation gradient E must 

satisfy the following differential equation (Lipscomb, 1986; Lipscomb et al., 1988): 

— = -(-(0+Xy)-E. (6.12) 

In equilibrium (no flow), an isotropic fiber orientation is obtained for E = 8. The 

Fokker-Planck equation [Eq. (6.11)], can be solved for unsteady convection flows to 

obtain the following expression of the time evolution of a2 for an initially 3D random 

distribution: 

a 2 = 7- |PPr i + V°]:PPT3/^P- (6-13) 
4TC JP

 L J 

A similar result could be easily obtained for &4 and higher order tensors, since 

they are even. 

In order to test our finite volume method at high Peclet numbers, Equation (6.13) 

was used and the analytical results are compared to the numerical results in Figure 6.4 

for the a\\, an and 022 components, obtained using both the central and power-law 

schemes. At high Peclet numbers, all downstream fluxes are immediately transported 

following the flow direction. Therefore, the central scheme fails to predict the correct 



158 

behavior as spurious oscillations appear at large deformation. Accurate solutions are 

predicted only with the power-law scheme as it is an upwind type method. 

These benchmark tests allowed us to completely validate the code used for the 

solution of the Fokker-Planck equation on a wide range of the Peclet number. Moreover, 

by increasing the number of cell grids, a study of the normalization condition versus the 

number of nodes showed that the order of accuracy is 0(AQ2, A(p2). Consequently, the 

global discretization error varies as 0(AT2 , AG2, A(p2). 

6.3. Investigation of the fourth-order orientation tensor components 

in simple shear flow 

Lipscomb et al. (1988) have proposed a general constitutive equation for 

axisymmetric particles suspended in a Newtonian fluid by following the ideas of Jeffery 

(1922), Hand (1961) and Giesekus (1962). The total stress in the composite is expressed 

as: 

o = - P 8 + Tl0y+Ti04>[^a4:y + JB(a 2Y+y.a 2 ) + Cy + 2Fa 2D r ] , (6.14) 

where P is the hydrostatic pressure, r|0 the Newtonian fluid viscosity, ty the particle 

volume fraction and A, B, C and F are material parameters. Dr is the rotary diffusion 

coefficient related to the Brownian motion of the particles. In their paper, Lipscomb et 

al. (1988) have presented the specific material coefficients for spheroids. For a large 

fiber aspect ratio, the geometric shape factors B, C and F are equal to 0, 2 and 0, 
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respectively and A is used as a fitting parameter. Consequently, the shear stress, the 

primary and the secondary normal stress differences in simple shear flow are given by: 

<̂ i2 =ri0[H-2(b(l + ̂ «1212)]y, (6.15) 

JV,=24)tv4(a1211-a1222)7, (6.16) 

N2=2tyr\0A(al222-am3)y, (6.17) 

where 1 and 2 denote the velocity and gradient directions, respectively We note that the 

rheological functions are directly related to the aun, #1211, #1222 and #1233 components of 

the fourth order orientation tensor. 

Figure 6.5 presents the evolution of selected components of a4 in simple shear 

flow as functions of strain and for different values of the Peclet number, with an initial 

isotropic fiber orientation. The linear closure approximation, which is exact for this 

initial conformation, yields #1212 = 1/15 and zero for #1211, #1222 and #1233. This result is 

confirmed by the numerical solution of the distribution function (Figure 6.5a). For the 

lowest Peclet number (Pe =1) diffusion is the dominant phenomenon. That is why there 

is little change of 01212 and a very weak evolution is observed as a function of strain. 

When the Peclet number increases, the hydrodynamic convection becomes predominant 

and #1212, #1211, #1222 and #1233 exhibit increasing overshoots up to Pe = 104 (Figure 6.5a 

to Figure 6.5d). For Pe > 50, important decreases are depicted after the overshoots, then 

undershoots are predicted before reaching the steady regime; these predictions are 

strongly dependent on the Peclet number. Similar undershoots were experimentally 

observed by Sepehr et al. (2004d) for fiber-filled Boger fluids. Also Figure 6.5 presents 
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the 0(1212, «i2ii, 01222 and 0(1233 components as predicted using the 0RW3 closure 

approximation (Chung & Kwon, 2001). In the transient state the ORW3 closure 

approximation tends to either overpredict or underpredict the behavior calculated by the 

numerical solution of the Fokker-Planck equation. However, the steady-state values are 

fairly well predicted by the ORW3 closure approximation apart from the ai2i2 

component, where the deviation increases at large Peclet numbers. Nevertheless, these 

general good agreements confirm that this closure approximation was indeed developed 

to represent this type of flow. It is interesting to investigate what happens for reverse 

flows with a non-isotropic fiber orientation as the initial conformation, and this is 

achieved in the following paragraph. 

Figure 6.6 reports the 01212, o"i2ii, 1̂222 and 01233 components determined by the 

computation of the probability distribution function for reverse simple shear flows (a 

negative constant shear rate was considered). For these, the initial orientation is set by 

the final orientation reached during the previous forward flow. The results are reported 

for different values of the Peclet number and as functions of the absolute deformation. 

As previously noted, high diffusion (lowest Pe) induces no huge changes on the key 

components of 84 and, therefore, on fiber conformation. At large Pe convection becomes 

more significant, which causes 01212 to exhibit an overshoot before reaching steady state. 

For the largest Peclet numbers (Pe = 103 and 104), convection is the dominant 

phenomenon under the investigated deformation range and again, 01212 exhibits a large 

overshoot before reaching the steady-state regime. Similar overshoots have been 

observed experimentally for fiber suspensions in reverse flows (Sepehr et al., 2004c; 
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Sepehr et al., 2004d). The components related to the normal stress differences (Eqs. 

(6.16) and (6.17)) exhibit positive to negative values and slight undershoots are depicted. 

For reverse flows, negative normal stress differences followed by slight positive 

overshoots have also been observed experimentally for short fiber-filled polypropylene 

(30 wt % of glass fiber, r = 20 and y = 0.1s"1) (Sepehr et al., 2004c) and in polybutene 

and Boger model fluids (20 wt % of glass fiber, r = 20 and 5s"' < y < 10s"1) (Sepehr et 

al., 2004d). Figure 6.6 also shows the results obtained from the ORW3 closure 

approximation. Again in the transient state, the closure approximation tends to smooth 

out the curves. Components of &4 related to the normal stress differences are well 

predicted, but some significant deviations are observed for 01212- As for Figure 6.5 

(forward flow), the steady-state values of 01211, 1̂222 and 01233 numerically calculated 

from the probability distribution function and the ORW3 closure relation are very 

similar in reverse flow, except again for the 01212 component. 

6.4. Comparison of experimental data with Folgar-Tucker-Lipscomb 

model predictions 

We can now assess the performance of the Folgar-Tucker-Lipscomb (FTL) 

model without the use of any closure approximations. This is achieved by numerically 

solving the fiber distribution function \|/ [Eq. (6.7)]; then, the fourth order orientation 

components are calculated using Equation (6.5) while the stresses are determined by 

expression (6.14), where A and Pe are used as fitting parameters. Figure 6.7 and Figure 

6.8 compare the model predictions for an isotropic initial fiber orientation with 



162 

experimental data obtained on suspensions containing 30 wt % of short glass fibers in 

polypropylene (PP30) provided by Basell (Sepehr et al., 2004c). The average fiber 

length, L, is close to 260 urn and its diameter D = 14 jam. The fiber weight fraction of 30 

wt % corresponds to a volume fraction, (j), of 11.5 %, which is in the concentrated 

regime (Doi & Edwards, 1978a). Stress growth measurements were performed at a shear 

rate of 0.1 s"1 with a strain controlled ARES rheometer (Rheometric Scientific) using a 

parallel plate geometry with a 25 mm diameter. The gap was set to 1.5 mm, which 

allowed fibers to rotate freely at least in the shear plane. In order to correct for variations 

of the shear rate with plate radius, the predicted rheological functions (shear stress, 

primary and secondary normal stress differences) were calculated as follows: 

M Y R ) = T 1 O l + 24> 
( 4 i* ^ 

\ + A—\annfdy 
R o 

YR 

y, (6.18) 

2 r 
Nl{yR) = 2^f]0Ay—](ann-al22l)ydy, (6.19) 

YR o 

2 YR 

N2{yR) = 2tyr)0Ay— \{an22-ami)ydy, (6.20) 

YR o 

where YR is the strain at the disk rim and y is the deformation at a radial position r. 

Figure 6.7a compares the reduced viscosity growth PP30 data for the forward 

direction with the predictions of the FTL model for an isotropic initial fiber orientation 

numerically computed for Pe = 3200, A = 30 and Pe = 105, A = 25 and predictions using 

the ORW3 closure approximation for Pe = 770 and A = 30. The corresponding 

comparisons for the reduced normal stress differences are presented in Figure 6.7b. It is 
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interesting to note that the FTL model qualitatively describes the rheological behavior of 

the fiber filled PP. Nevertheless, it fails to predict the width of the viscosity overshoot 

(Figure 6.7a) and also the width and the position of the normal stress difference 

overshoot (Figure 6.7b). Furthermore, no important deviations are observed in the stress 

growth predictions using the distribution function computation (DFC) or using the 

ORW3 closure approximation. However, different values for the parameters Pe and A 

have to be used to obtain best fits. Surprisingly, the best fit of the viscosity overshoot is 

obtained for the largest Pe number (Figure 6.7a), indicating that the diffusion part due 

to fiber interaction is negligible. A light viscosity undershoot at a deformation close to 

20 strain units is predicted by the numerical solution obtained with Pe = 3200 and or 

using the ORW3 closure approximation. For fiber reinforced polypropylene, no 

undershoot was observed as reported by Sepehr et al. (2004c), whereas for fiber filled 

Boger fluids an undershoot appeared at a strain close to 30 (Sepehr et al., 2004d). 

Figure 6.8a and Figure 6.8b compare the stress growth PP30 data in reverse 

flow with the predictions of the FTL model using the DFC solution or the ORW3 

closure approximation. Globally the FTL model using the DFC or the ORW3 closure 

approximation qualitatively predicts the reduced rheological properties (i.e. a reverse 

overshoot for the viscosity and a negative undershoot followed by a positive overshoot 

for the normal stress differences). Nevertheless, the quantitative predictions using the 

ORW3 closure approximation are quite poor. A better behavior (but the fit remains 

poor) could be obtained by using DFC with a large Peclet number (Pe = 105): the width 

of the viscosity and normal stress difference overshoots increases. 
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6.5. Discussion 

In previous papers, the probability distribution function was not numerically 

solved to predict the rheological behavior of fiber suspensions in shear flows, due to the 

huge CPU times required. The Moore law specifies that the CPU velocity doubles every 

18 months (Moore, 1965). Therefore, the CPU time of the present code would have been 

approximately 20 min as apposed to a few days as in the work of Bay (1991), would the 

tests have been performed about 15 years ago. This explains why many closure 

approximations were derived to avoid the large CPU times. However, the errors induced 

by these closure relations were not clearly highlighted. Sepehr et al. (Sepehr et al., 

2004a; 2004c) have mentioned that multiple behaviors were predicted when using 

different closures. Hence, the choice of an appropriate closure approximation still 

remains arbitrary and until now, the FTL model was assessed solely using closure 

approximations. 

The use of closure approximations has saved a lot of computation time especially 

in the finite element/finite volume framework. Numerous studies have been performed 

to derive better closure relations. The recent closure approximations (orthotropic and 

natural) generally describe quite well the behavior in transient and steady flows. In this 

work, the CPU time required to estimate a$ using the more reliable DFC approach is 

comparable to the one needed to solve the FTL model using closure approximations. In 

the case of the orthotropic closure, the CPU time required to calculate the eigenvalues of 

a2 and to rotate the fourth order orientation tensor from its principal axis to laboratory 
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coordinates can be very long. The same observation is made for natural closure 

approximations such as IBOF (invariant-based optimal fitting (Chung & Kwon, 2002b)) 

that can be costly when it requires calculating the symmetric part of a fourth order 

tensor. Moreover, using the DFC numerical solution avoids the implicit errors induced 

by a closure approximation and gives a better description of the fiber orientation in 

space. 

The FTL model qualitatively describes the rheological behavior of fiber 

suspensions in polypropylene in transient forward and reverse flows, despite the fact that 

in the model the matrix is assumed to be Newtonian whereas polypropylene is 

viscoelastic. However, the FTL model fails to predict the widths and positions of the 

transient viscosity and normal stress difference overshoots. For large Peclet numbers, the 

FTL model appears to be more accurate suggesting that the Jeffery equation is a key 

base to develop a new model. Efforts have to be devoted to better model fiber-fiber 

interactions, which are believed to play a major role in concentrated regimes. This has 

been partly achieved by the modeling of fiber direct contacts with neighboring fibers 

(Ferec et al , 2008a). 

6.6. Concluding remarks 

A finite volume method has been used to solve numerically the time evolution of 

the orientation probability distribution function in simple shear flow. The focus has been 

on reducing considerably the CPU time and to cover a large range of the Peclet number, 

from pure diffusion (Pe = 0) to pure convection (Pe —> oo). The new method allows 
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solving the Fokker-Planck equation with a short CPU time, similar to the one required 

with the use of closure approximations. Compared to closure relations, the solution of 

DFC does not induce approximations or errors, apart from those of numerical nature. 

Moreover, the probability distribution function results in a superior description of fiber 

orientation as opposed to the use of orientation tensors. This work has allowed testing 

the performance of a recent closure approximation (ORW3), especially for predictions in 

reverse flow and over a wide range of the Peclet number. Results have shown that the 

ORW3 closure approximation gives reasonable results although discrepancies still exist 

with respect to experimental data for a fiber suspension based on polypropylene. 

The solution of the probability distribution function has also been used to assess 

the FTL model with regards to experimental data for a short fiber filled polypropylene. 

The predictions are then not biased by the use of closure approximations. It is found that 

the Jeffery equation, which is the base of the FTL model, catches the main physic behind 

the rheological behavior of fiber suspensions, but efforts have to be devoted to better 

describe fiber-fiber interactions. 
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6.8. Appendix 

The coefficient a^, aw, «N, as, «M and ap are expressed as: 

sin6p Acp AG 
n = -

A; 
^=De-Fe/2 
a^=D

w + Fw/2 , (6.21) 

a*=Dn-Fj2 

"s=Ds+Fs/2 
ap=aE+aw+aN+as+Fe-Fw + Fn-Fs 

where the fluxes are evaluated as: 

D = D s i n e . ^ P 
e 

Dw 

Dn 

D. 

Fe-

K 
Fn-

Fs--

eA0 

A0 

-D A G 
r sin 9P Acp 

-D A e 

sm0 p Acp 

= 0esin6eAcp 

= 0wsin0wAcp 

= sin 0pcpn A0 

= sin 0pcps A0 

(6.22) 

(6.23) 
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Table 6.1 : Calculation CPU time for different spatial schemes, time schemes and 

Peclet numbers. 

Time scheme Spatial scheme Pe<10 J Pe = 104 

Explicit scheme 

Fully implicit 
scheme 

Crank-Nicolson 
scheme 

Central differencing 
Power law 

Central differencing 
Power law 

Central differencing 
Power law 

N.A. = Not Available 

N.A. 
N.A. 
2s 
2s 
2s 
2s 

N.A. 
N.A. 
N.A. 
2s 

N.A. 
2s 
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Figure 6.1 : Control volume used to perform flux balances for the probability 

distribution function. The faces of the control volume labelled as e, w, n and s refers to 

east, west, north and south directions. 
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Figure 6.3 : Comparison of calculation results in simple shear flow (1: velocity 

direction; 2: gradient direction) with r = oo; (••) Advani results; (o) Bay results; (•) Bay 

results; (A) Bay results (r = 10 instead of infinity for all previous cases), adapted from 

Advani (1987) and Bay (1991): (a) a\\ component; (b) an component; and (c) an 

component vs. deformation. 
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Figure 6.4 : Comparison of calculated results in simple shear flow (1: velocity 

direction; 2: gradient direction, r = oo) for the attractive components of a2: (A) Fokker-

Planck analytical solution without diffusion [Eq. (6.13)]; ( ) Central scheme; ( ) 

Power law scheme. 
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Figure 6.5 : Comparisons of ann, a\\\i, ami and a\m components obtained by 

solving the orientation distribution function and the ORW3 closure approximation in 

simple shear (forward direction) at different Pe numbers. 
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Figure 6.6 : Comparisons of 01212, 01112, 01222 and anw components obtained by 

solving the orientation distribution function computation or the ORW3 closure 

approximation in simple shear (reverse direction) for different Pe numbers. 
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Figure 6.7 : Experimental stress growth data for PP30 as compared to model 

predictions from the orientation distribution function computation (DFC) and from the 

ORW3 closure approximation for forward flow (CW) at y = 0.1 s"1: (a) Transient 

viscosity, and (b) transient normal stress difference as functions of strain. 
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Figure 6.8 : Experimental stress growth data for PP30 as compared to model 

predictions from the orientation distribution function computation (DFC) and from the 

ORW3 closure approximation for reverse flow (CCW) at y = 0.1 s"1: (a) Transient 

viscosity and (b) transient normal stress differences as functions of strain. 
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Abstract 

A set of rheological equations is developed for non dilute suspensions of rigid 

fibers in a Newtonian fluid taking into account hydrodynamic and fiber-fiber 

interactions. The force generated by the fiber interactions is modeled using a linear 

hydrodynamic friction coefficient proportional to the relative velocity at the contact 

point, and weighted by the probability for contacts to occur. The equation of evolution 

of the second-order orientation tensor, containing advection and diffusion terms due to 

fiber interactions, is derived to predict fiber orientation under flow. The well known 

fourth-order orientation tensor, related to the hydrodynamic contribution, and a newly 

proposed fourth-order interaction tensor are used to evaluate the total stress in the 

composite. A linear and a quadratic closure approximation are proposed to describe the 

fourth-order interaction tensor. Results are presented using the quadratic form, which is 

found to be more accurate than the linear one. The model is shown to describe well 

Cet article est a ete soumis au Journal of Rheology 



181 

simple shear data of suspensions of glass fibers in a Newtonian polybutene. Moreover, 

fiber orientation and the average number of contacts per fiber are predicted. The newly 

proposed interaction coefficient varies with fiber orientation, which appears to be 

realistic. 
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7.1. Introduction 

Thermoplastic polymer composites containing short fibers can be extruded or 

molded into the desired shape without any significant modification of conventional 

processing equipment. Owing to flow, the fiber orientation changes dynamically during 

processing and the final orientation pattern is retained in the part following 

solidification. From this orientation state, it is possible to determine the mechanical and 

other physical properties of the final product. However, this is not a simple task since 

fiber motion and rotation are affected by fluid flow and vice versa. 

Many investigations have been carried out to elucidate the rheological behavior 

of suspensions of elongated particles. Some pioneering theoretical developments have 

been presented by Jeffery (1922), who developed a model for a single dilute spheroid 

suspended in a Newtonian fluid. He calculated the stress around a particle in the absence 

of external torque and derived the evolution equation of the unit vector p directed along 

the particle principal axis. 

Generally, fiber suspensions are concentrated systems and fibers can not be 

considered as individual particles. Therefore, a reference cell that contains a large 

number of fibers needs to be defined (Batchelor, 1971). The orientation state of this fiber 

population in the reference cell can be represented by a probability distribution function, 

from which Advani and Tucker (1987) have defined orientation tensors, second- and 

fourth-order tensors, a2 and a4, respectively. These describe more easily the fiber 

orientation state than the probability distribution function, without significant losses. 
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Fiber suspensions can be characterized according to the volumetric fraction of 

solid particles in the fluid. Depending on the fiber volume fraction (j), some quantities 

such as hydrodynamic or fiber-fiber interaction forces dominate the system. Typically, 

the number of fibers per unit volume n is divided into three distinct regimes (Doi & 

Edwards, 1978a). In the dilute regime defined by n « ML , where L is the length of the 

particle, the fibers are allowed to move without interference from other particles. By 

increasing the number of fibers, 1/Z3 < n < l/DL2 (D = particle diameter), the semi-dilute 

domain is reached and non-negligible hydrodynamic interactions between fibers are 

encountered. Furthermore, some fiber contacts are possible. Finally, the concentrated 

regime is characterized by the numerous contacts of a fiber with its neighbors, and in 

this state, n > \/DL2. 

From experimental observations in concentrated systems the primary fiber 

orientation is that of the flow direction, but some deviations appear in injection parts 

(Bay, 1991) and extruded tubes (Ausias et al., 1994). The modeling of these effects 

represents a challenging task. Folgar and Tucker (1984) and then Advani and Tucker 

(1987) included into the Jeffery equation an empirical diffusional term that accounts for 

particle interactions. This phenomenological term is proportional to the effective 

deformation rate |y| = vV: j/2 and to a constant diffusion coefficient C/, as shown 

below in the time evolution equation for the second-order orientation tensor (Advani & 

Tucker, 1987): 
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^ = ~\ ( co-a 2 -a 2 -a ) )+^(Y-a 2 + a 2 .y -2a 4 :Y) + 2C / |Y|(8-3a2), (7.1) 

where CO and y are the vorticity and deformation rate tensors, respectively. 8 is the 

identity tensor and the shape factor X = (r2-l) / (r +1) is a parameter related to the 

particle aspect ratio r = LID. Several authors have tried to express the diffusion 

coefficient Cj as functions of the fiber aspect ratio and volume fraction. Based on 

experimental data, Bay (1991) proposed the following exponential function: 

C, = 0.0184exp(-0.7148r(|)). (7.2) 

Phan-Thien et al. (2002) also suggested an empirical expression, where the 

numerical parameters were obtained by best fits of the direct simulation predictions with 

experimental data: 

C7=0.03[l-exp(-0.224r(|>)]. (7.3) 

Finally, Ranganathan and Advani (1991) assumed a simple relationship between 

the diffusion coefficient and the average inter-fiber spacing ac for non dilute 

suspensions, with Cj = KL/ac, where K is a constant. 

In terms of constitutive equations, Hand (1961) and then Giesekus (1962) 

derived expressions for dilute ellipsoid suspensions in a Newtonian fluid of viscosity r|o. 

Lipscomb et al. (1988) have extended the previous work to propose a more general 

governing equation with corresponding material coefficients (A, B, C and F) for dilute 

ellipsoid suspensions, represented by: 
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o = - P 5 + Ti0Y+Ti0(|)[^a4:Y + 5(a2-Y + y.a2) + Cy + 2Fa2JDr], (7.4) 

where P is the total hydrostatic pressure and Dr the rotary diffusivity due to Brownian 

motion. For slender particles (i.e. r » 1), the fibers are large enough that the Brownian 

motion can be omitted (Chaouche & Koch, 2001). For semi-concentrated fiber 

suspensions, Dinh and Armstrong (1984) have calculated the forces induced by the fluid 

on cylinders of an infinite aspect ratio and derived the particle motion and rotation. 

Using the cell model approach developed by Batchelor (1970b), they expressed the 

stress contribution of the fibers by averaging the fiber contribution with the orientation 

distribution function. Eq. (7.4) reduces to that of the Dinh and Armstrong (1984) result if 

A is the only non zero coefficient. 

More recently, fiber interactions have been modeled by direct simulation 

methods. These techniques have been used for rigid fibers by Yamamoto and Matsuoka 

(1996) and Ausias (2006) who took also into account a fiber length distribution. Schmid 

et al. (2000) and Joung et al. (2001) did similar investigations for flexible fibers. 

Although of considerable interest, these direct simulations can not be easily introduced 

into commercial software packages owing to their large computational time. 

Finally, Sandstrom (1993) and Sandstrom and Tucker (1993) have presented a 

theory for concentrated fiber suspensions with strong fiber interactions. The inter-fiber 

contact forces are modeled as linear lubrication forces between particles and are 

weighted by the probability distribution function. Le Corre et al. (2005) used a 

numerical analysis based on the homogenization of discrete and periodic structures to 
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investigate the relationships between the microstructure and the macroscopic rheological 

properties of concentrated suspensions of fiber bundles having an average planar 

orientation. More developments have been achieved by Djalili-Moghaddam and Toll 

(2005) who considered the total stress as the sum of the contributions of the matrix, the 

hydrodynamic forces acting on the particles and the interaction forces between fibers. 

In this paper we present a rheological model for non dilute fiber suspensions, in 

which interactions between fibers are taken into account. The approach uses the fiber 

orientation distribution function from which new conformation tensors, called 

interaction tensors, are constructed. An evolution equation for the orientation is derived, 

and a constitutive law is developed by adding a fiber-fiber contribution to the total stress 

equation proposed by Dinh and Armstrong (1984). Closure approximations required to 

evaluate the fourth-order interaction tensor are also proposed. The new model contains a 

few adjustable parameters that are determined by fitting experimental data for short 

glass fiber-filled reinforced polybutene. 

7.2. Model formulation 

7.2.1. Definitions 

The test fiber is denoted by the superscript a, whereas the superscript P refers to 

the neighboring fiber (Figure 7.1). The location of the mass center of the test fiber is r£, 

and sa is an arc length measured along the fiber axis with sa = 0 at the center. The unit 

vector p a along the major axis of the fiber describes its orientation. The vector r™ is 
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expressed with respect to a fixed coordinate system R (the velocity of the coordinate 

origin is set to zero) and a particle coordinate system Ra (where the 1-direction is taken 

collinear to pa) on the fiber element. Similar definitions are used for the neighboring 

fiber using the superscript p\ The surrounding fluid angular velocity is defined by 

Q ~ = - V x v ~ . 
2 

7.2.2. Hypotheses 

(1) All fibers are considered as straight and rigid cylinders of uniform length L, 

constant diameterD and large aspect ratio r » 1 (absence of Brownian motion). 

(2) The bulk flow is assumed to be homogeneous, whereas the velocity gradient 

is constant over the fiber length (Vvro = K )̂, so the fluid velocity is given by v°° = K • r£. 

(3) The suspended fibers are assumed to be distributed uniformly, i.e. there is no 

concentration gradient. Therefore, for homogeneous flows the probability distribution 

functions V|/pa and \|/pp are independent on the spatial location of the fibers and n 

becomes a constant. 

(4) The translational and rotational inertia of particles are neglected. 

Furthermore, gravitational effects are negligible. 
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(5) The suspending fluid is assumed to be incompressible and a continuous 

Newtonian medium. The fluid motion is determined by the Stokes equation (negligible 

translational and rotational fluid inertia). 

(6) The particle-particle interaction force is linear with respect to the relative 

velocity at the contact point (hydrodynamic friction). 

(7) In dilute or semi-dilute suspensions, the particle extra stress consists mostly 

of the hydrodynamic stress and fiber-fiber interactions are less significant. Affine 

motion and rotation are then assumed. 

7.2.3. Equations for fiber motion 

From Kim and Karrila (1991), the time evolution for the change of orientation of 

a test prolate spheroid a yields: 

p^=05 a xp a - (Q°°+C- 1 -H:Y)xp a =- -a ) -p a +-^- (Y-p a -Y:p a p o t p a )> (7 .5 ) 
Z Z Ic 

where 05a is the angular velocity of fiber a. Expressed in R, the resistance tensors are, 

C = r|0Z3[7c8 + ( X c - 7 c ) p a p a ] and H = - - r i 0 Z , X ( e - p a ) p a , respectively where e is 

the third order permutation tensor and Xc, Yc and YH are resistance functions. For the 

dilute regime, we find that the rotational drag coefficients are Xc = 4n/r2 and Yc = 1/6. 

Expression (7.5) is equivalent to the Jeffery (1922) equation, when YH I Yc is the form 
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factor (Kim & Karrila, 1991). In the limit of infinite aspect ratio (i.e. the form factor, A, = 

1), the slender body theory is recovered, which reduces the Jeffery equation to: 

K = - - o > - p a + - ( Y - P a - Y : p a P a p a ) - K - p a - K : p a p a p a - (7.6) 

For the case of fiber motion with interactions, we assume that the test fiber a 

suspended in a Newtonian fluid is subjected to an external force caused by a neighboring 

interacting fiber p\ Using the previous development, the equation for the change of 

orientation for any fiber a becomes: 

p a = G5axp<x = [ Q - +CT1 -(H: Y+T,)]xp a , (7.7) 

where Ti represents the global torque produced by all neighboring fibers, which act on 

the test fiber a. To determine Ti, the differential interaction moment dT\ has to be used, 

which is given by dl\ = sa\>a x df\. It is simply the lever arm times the applied 

differential force df\. The general form for the force due to short range fiber-fiber 

interactions has been proposed by several authors (Djalili-Moghaddam & Toll, 2005; 

Gibson & Toll, 1999; Sandstrom, 1993). If a linear lubrication is assumed, it gives: 

f, = Dr}0kAr, (7.8) 

where A: is a dimensionless geometric factor and the relative velocity between two fibers 

at the interaction point Ar is expressed as: 

Ar = r£ + s V - r £ - s a p a 

p a . (7.9) 
= r c r c + y l Y P - Y : P P P j - y ( Y P -Y=P P P j 
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Ar is taken to be a simple function of the rate-of-deformation tensor. It means 

that only fluid deformation modifies the distance Ar between the two fibers at the 

interaction point. The next step considers that the short-range interaction force is 

function of the fiber contact probability. As the average inter-fiber spacing increases, 

one would expect the effect of interaction to decrease and vice versa. The inter-fiber 

spacing is a physical parameter that directly indicates the available space for fiber 

rotation. The interacting fiber (3 modifies the test fiber a rotation through the force 

weighted by the probability that the neighboring fiber interacts with the test fiber. This 

quantity is proportional to the probability \|/pp to find a fiber with an orientation p13. The 

orientation of the neighboring fiber is independent of that of the test fiber, which means 

that the orientations of neighboring fibers are not correlated. We used the following 

classical assumptions: a contact occurs if the distance between the nearest points of the 

two fibers is shorter than the fiber diameter D and there is no excluded volume effect. 

The positions along the test fiber and the interacting fiber of this nearest point are sa and 

.r, respectively (see Figure 7.1). Doi and Edwards (1978a), and then Sandstrom (1993) 

have proposed an evaluation of this probability as: 

Pc = 2nD p a x p p \f tdfPdsads*. (7.10) 

The interaction force [Eq. (7.8)] is weighted by this contact probability Pc to give 

the elementary interaction force: 

df, = 2kj]0nD2Ar|pa xpp | \\f tdp*dsads*. (7.11) 
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Then, the above expression is used to express the global torque Ti. Integration 

over the neighboring and test fiber lengths gives all the possible interaction positions. It 

implies that all the contact point positions (described by the arc lengths sa and .r) will 

have the same probability to occur. An extra integration over all directions of p^ takes 

into account all the possible orientations of the neighboring fiber. With these 

considerations, the global torque Ti is evaluated to result in the expression of the 

orientation time evolution for the test fiber a: 

P
a=p«-(t)Mj|paxpfiY-pa-^y:papvV^dPP' VAT> 

where the dimensionless scalar M = 2k 13nYc . The term in brackets represents the fiber 

rotation induced by fluid deformation only. Since interactions modify also fiber rotation, 

a perturbation velocity is introduced similarly as done by Folgar and Tucker (1984), 

which is proportional to the effective deformation rate |Y| . This diffusional term is not 

due to the Brownian motion, but represents the rotational fluctuations undergoing by the 

test fiber, when the suspension is flowing. Therefore, the test fiber evolution can be 

expressed as: 

pa=p£-<f>M j|paxpp ^ 1 1 , ,dln\ | / a
A 

- 7 P - - Y :P P P +<7|Y| V.dpP, (7.13) 
2 ' 2 ' J | " dpa 

where q is a dimensionless interaction coefficient. We notice that when the fiber volume 

fraction <|) is small, Eq. (7.13) reduces to the time evolution equation for slender particles 

[Eq. (7.6)]. 
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7.2.4. Time evolution of the second order orientation tensor 

From Bird et al. (1987b), the probability distribution function may be regarded as 

a convected quantity. Then, the dynamic change of the second orientation tensor is 

derived from Eq. (7.13) as: 

- ^ - = - - (co-a 2 -a 2 -o) ) + - ( Y - a 2 + a 2 Y - 2 Y : a 4 ) 

- ^ M ( Y - b 2 + b 2 - Y - 2 Y : b 4 ) . (7.14) 

Some already known tensors appear, such as the second- and fourth-order 

orientation tensors a2 and a4 (Advani & Tucker, 1987). New tensors are also introduced, 

the second- and fourth-order tensors b2 and b4, called interaction tensors. They are 

defined by forming the dyadic products of the vector p a , weighted by the potential 

I n R I 

p x pp |, and then twice integrating the product with respect to the distribution 

function over all possible directions (Djalili-Moghaddam & Toll, 2005). Because the 

distribution function is even, the odd-order integrals are zero, so only the even-order 

tensors are of interest: 

b2 = J jPV|paxpP|¥pPVp«V4>a, (7.15) 
P P 

b4 = J JpVpV|paxpp|x|/pPi|/pa4>>a. (7.16) 
P V 

The interaction tensors are completely symmetric. Moreover, all the terms in Eq. 

(7.14) have been averaged easily except the last term on the right hand side, which 
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requires an approximate solution. To achieve a simplest form, we follow the approach 

done for the FENE-P model by Peterlin (1955), Bird et al. (1987b), and Carreau et al. 

(1997) who consider the average macromolecule length as a characteristic length. In our 

case, the pre-averaging of the scalar quantity | p axpn\ | / ^dp® with respect to the 

distribution \|/pa indicates that the average contact number is representative of all the 

contact points. Hence we obtain the following scalar function: 

/ = trace b2 = J j\paxp^^padp^dpa . (7.17) 
P V 

Toll (1998) referred t o / a s the average number of contacts per fiber. Moreover, 

he defined a second scalar invariant g of the fiber orientation distribution, defined as: 

g= \l\paV\yp^padp*dP
a. (7.18) 

P V 

Some generic values off and g for different fiber orientations are listed in Table 

7.1. According to Toll (1998), the scalar quantities / and g are related to the average 

number of contacts per fiber Nc as: 

Nc=-rW + m g + l). (7.19) 

For slender fibers, the average number of contacts per fiber reduces to: 

Nc=-rty. (7.20) 
K 

Using the pre-averaging, the equation of change for a2 becomes: 
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£>a2 1 . . 1 .. . . . 
—f- = --(<»-a2-a2-a>) + -(Y-a2 + a2-Y-2Y:a4) 

u t l Z , (7.21) 
- ^ M ( Y - b 2 + b 2 - Y - 2 t : b 4 ) + 2 / ^ | y | ( 8 - 3 a 2 ) 

where the last term is a diffusion term. If we refer to Equation (7.13), which gives the 

average angular velocity of a particle in a concentrated suspension, the variance is equal 

to 2/( |)M^|Y| compared to 2C, |y| for the Folgar and Tucker (1984) model. This quantity 

evolves with time: it is maximum for a random orientation state and tends to zero for 

perfectly aligned fibers (see / values in Table 7.1). The variance in this model is a 

function of the number of fiber contacts, not accounted for in the Folgar and Tucker 

model. 

In Appendix 1, it is proven that the average mass center of a fiber moves affinely 

with the bulk flow. 

7.3. Stress determination 

The total stress for slender fiber supensions has been derived by Dinh and 

Armstrong (1984) as: 

r2 

o = - P 8 + r|0Y+r|0<|>—XAy:*4. (7.22) 
071 

For non dilute suspensions, there is an additional stress contribution due to the 

contact forces acting on the fibers. From the previous development, the deviatoric stress 

1 becomes: 
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2 

T = i y y + T ] 0 ^ X A y : a4 + #, j* j>pVf,v|/ c/pa , (7.23) 
6n {J p 

where the stress contribution comes from the Newtonian matrix, the hydrodynamic 

forces (same as previously) and the fiber interactions (Toll & Manson, 1994), 

respectively [hypothesis (7)]. In order to simplify the development, we use Eq. (7.6) to 

represent the motion of the test fiber. Combining Eqs. (7.11) and (7.23) yields the stress 

induced by fiber interactions: 

k 24r 2 

37t2 
x^^-jkyib,. (7.24) 

We note that the fluid velocity at any contact point is close to that of the fluid 

velocity at a neighboring contact point. Hence, using the assumption that particles do not 

perturb the fluid flow, the velocity at the contact point is r£ + spK • pp ~ r£ + saK • p01. 

Finally, the total stress tensor including fiber-fiber interactions is given by: 

a - - J P 5 + ri0Y+Ti0^Z,Y:a4+ri0^2-^TA:Y:b4 . (7.25) 
on 3K 

Expression (7.25) reduces to that proposed by Djalili-Moghaddam and Toll 

(2005) for short range interactions (concentrated regime), if the slender-body 

coefficients (used here) are replaced by the Shaqfeh-Fredrickson coefficients (Shaqfeh 

& Fredrickson, 1990). Furthermore, in the work of Djalili-Moghaddam and Toll (2005) 

the interaction distance is arbitrary, whereas in this work it is taken as the fiber diameter, 

as already done by Sandstrom (1993). Again, we note that for very low fiber volume 
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fraction, the term in (j)2 becomes insignificant and the total stress [Eq. (7.25)] reduces to 

the Dinh and Armstrong (1984) result [Eq. (7.22)]. 

7.4. Approximations 

Equations (7.21) and (7.25) do not represent a complete set of rheological 

equations yet. To achieve this, we need to state some approximations. The first one has 

to relate the fourth-order orientation tensor to the second order one. Many closure 

approximations have been proposed in the literature, but will not be reported further in 

this paper (see (Chung & Kwon, 2001) and (Sepehr et al., 2004c) for more details). The 

ORW3 closure approximation (Orthotropic fitted closure approximation for wide Cj 

values with 3rd order polynomial expansions) developed by Chung and Kwon (2001) is 

used to evaluate the fourth-order orientation tensor. This closure has been chosen as the 

diffusion coefficient in Eq. (7.21) evolves with time and it has been shown to give 

reliable results for a wide range of Cj (Chung & Kwon, 2001, 2002a). In the next 

development, a relationship between the second-order orientation tensor and the second-

order interaction tensor is proposed. Finally, we suggest closure approximations for the 

fourth-order interaction tensor. 

7.5. Onsager and Maier-Saupe potentials 

First, we note that the scalar quantity p a x p p known as the Onsager potential 

(Onsager, 1949) cannot be expressed in a simple form without the use of a closure 

approximation. Nevertheless, it is possible to relate the interaction tensor b2 to the 
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orientation tensors (second and fourth) by correctly approximating the Onsager 

potential. It is often replaced by the Maier-Saupe potential (Maier & Saupe, 1959) 

expressed as paxpp . These two potentials are obviously different, but they share the 

essential properties that their maximum are reached when the fibers are orthogonal and 

then decrease when the fibers orient (Grmela & Dlugogorski, 1996). By performing 

some straightforward algebraic calculations (see Appendix 2), we obtain: 

b 2 = — ( a 2 - a 4 : a 2 ) , (7.26) 
o 

where the numerical pre-factor 3TI/8 is introduced to reach the exact value o f /= id A for 

an isotropic fiber orientation, as already done by Dhont and Briels (2003) who evaluated 

the Onsager potential using a Ginzburg-Landau expansion. 

7.5.1. Interaction closure approximations 

As initial simple approximations we propose two closures, one based on the 

quadratic formulation and the second one formulated with a linear combination. The 

quadratic closure, called IQUA, has the following form: 

b%=jbubat (7.27) 

whereas the linear closure (ILIN) can be written as: 

byu = -—(5A + 8tt8y, + 5,75yA.) 
3 5 . (7.28) 

+ - (V>« + b^j, + babJk + budv + bj,dik + bjkbu) 
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It was shown by Sepehr et al. (2004b) that linear orientation closures produced 

oscillations, while quadratic orientation approximations were not efficient to predict the 

correct behavior for reverse flows. Results obtained with the quadratic form (IQUA) 

seem to be more relevant than the ones obtained with the linear interaction closure 

(ILIN). Hence, for simplicity, we chose the IQUA approximation for the interaction 

tensor in the following comparison with experimental results. Other closure 

approximations will be examined in another investigation. 

7.6. Predictions and comparison with experimental data 

7.6.1. Model predictions 

The present model, formed by Equations (7.21), (7.25), (7.26) and (7.27), has 

been tested in simple shear flow for forward and reverse stress growth experiments. The 

deformation is calculated as y = yt, where the applied shear rate is set at 1 s"1. All 

predictions are obtained with the following conditions: r|o = 1 Pas, <|) = 10 % and r = 20. 

The closure approximation for the 4th order interaction tensors is the IQUA [Eq. (7.27)]. 

The only adjustable parameters are the dimensionless numbers k and q, with k taking 

into account the intensity of the friction force and q proportional to the diffusion term. 

The resistance functions XA and Yc are set to 1 and 1/6, respectively, from the dilute 

regime. Results from the Folgar-Tucker-Dinh-Armstrong (FTDA) model are also 

compared. The FTDA model consists of Equations (7.1) and (7.22), where the 

interaction coefficient C/ is set to 0.01. For both models, the initial fiber orientation is 

assumed to be 3D random (isotropic) and the closure approximation for the 4th order 
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orientation tensor is the ORW3 (Chung & Kwon, 2001). The system of equations of 

each model is solved using the Matlab® software. 

Figure 7.2 and Figure 7.3 report the predictions for the shear stress growth 

coefficient r|+ and the first normal stress growth function N\+ in forward (clock-wise 

(CW) direction) and reverse (counterclock-wise (CCW) direction) flows, respectively, 

for different values of k. In comparison to the FTDA predictions, the results show that 

by increasing k the steady-state values are reached more rapidly. In addition, the relative 

amplitude of the overshoots for the stress growth functions in the forward direction 

(Figure 7.2a and b) depends on the k value, especially for the first normal stress growth 

function. We note some oscillations in the predicted functions. For the reverse direction 

(Figure 7.3a and b), the overshoots are predicted at lower strain values as k increases. It 

is a reasonable result since fewer fibers are aligned in the flow direction for large k. All 

of these observations confirm that fiber interactions prevent fiber orientation, which is 

physically realistic. As in Figure 7.2a and b, we note oscillations in the predicted 

functions for the reverse (counterclock) flow: the local undershoots followed by a slight 

overshoot, observed at strains larger than 10 are probably due to the quadratic closure 

approximation used for the 4th order interaction tensor. 

Effects of different values of q on r| and iVi+ are presented in Figure 7.4 and 

Figure 7.5 for forward and reverse flow experiments, respectively. In the forward 

direction (Figure 7.4a and b), q does not affect the strain at which the overshoots of the 

stress growth functions are predicted. In addition, as q increases the maximum value of 
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the stress growth coefficient r| is unchanged, whereas the maximum of the first normal 

stress growth function N\+ slightly decreases. However, the relative amplitude of the 

overshoots with respect to the steady-state values is a strong function of q and the steady 

values become larger as q is increased. In analogy with results of Figure 7.3a and b, the 

overshoots for reverse flows (Figure 7.5a and b) occur at lower strain values as q 

increases. Similar results have been reported by (Sepehr et al., 2004c) using the Folgar-

Tucker-Lipcomb model and different values of the interaction coefficient Cj. Since 

parameter q is related to diffusion, it is reasonable to expect that q and C/ produce 

similar effects. 

Key components of a2 and the trace of b2, / have been also calculated for 

forward (Figure 7.6) and reverse (Figure 7.7) stress growth experiments, both for k = 

0.3 and q = 0.5. Figure 7.6 indicates that for an initial 3D random state most of the 

fibers orient in the shear direction. The scalar / depicts a decrease from / = rc/4 to a 

steady value o f / = 0.4588, with a small undershoot at a strain close to 10. For the 

reverse flow (Figure 7.7), fiber tumbling is predicted by the model, as illustrated by the 

a2 components. Also, / exhibits an overshoot before reaching the same steady state of 

0.4588 indicating that fiber contacts increase during tumbling. 

7.6.2. Comparison with experimental data 

Experiments have been performed on suspensions of short glass fibers in a 

Newtonian polybutene matrix (PB Indopol H100, t|o=35.1 Pas at 20°C). The fibers 

were obtained from the calcination at 600°C for 40 min of a 30 wt % filled 
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polypropylene provided by Basell. The average fiber length, L, was close to 320 urn and 

its diameter D = 16 urn. Four different weight fractions of fibers were used (10 % 

(PB10), 15 % (PB15), 20 % (PB20) and 25 % (PB25), corresponding to volume 

fractions, <|), of 3.8, 5.8, 8.1 and 10.5 %, respectively). Sample PB10 was in the semi-

dilute regime whereas PB15, PB20 and PB25 were in the concentrated one. The 

composites were prepared manually by gently mixing the fibers in the matrix in order to 

avoid fiber breakage. Measurements were performed with an Anton Paar Physica 

MCR501 rheometer using a parallel plate geometry with a 25 mm radius. The gap was 

fixed at 1.5 mm, which allowed fibers to rotate freely at least in the shear plane. Stress 

growth experiments were carried out at a shear rate of 10 s"1. The torque and the normal 

force exerted by the material on the disks are respectively given by Carreau et al. (1997): 

2 J I R 

T= J Jo e z ( r ) rVr dQ, (7.29) 
0 0 

2JTR 

F= ^ozz(r)rdrdQ. (7.30) 
0 0 

These quantities are dependent on the strain y and different values are obtained at 

different radius r. To compare the experimental data with the model predictions, the 

predicted rheological functions have to be evaluated under the same conditions, i.e. same 

deformation. Using straightforward calculations, the model predictions are calculated as: 

Tl(YR) = — h(Y)Y3^Y, (7.31) 
R 0 

2 7R 

^ ( Y R ) - ^ 2 ( Y R ) = ^ - J [ ^ , ( Y ) - ^ 2 ( Y ) ] Y ^ Y , (7-32) 
YR o 
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where YR is the strain at the disk rim and y is the deformation at the radius r. 

Furthermore, the IQUA [Eq. (7.27)] approximation is employed for the interaction 

tensor. The three quantities XA, k and q are chosen as fitting parameters. A simple 

optimization technique was applied to determine the suitable coefficients, which were 

fixed for the four fiber concentrations. 

The predicted reduced steady-state viscosity and normal stress difference as 

functions of the fiber volume fraction are compared to the data in Figure 7.8 for a shear 

rate of 10 s"1. The fitting parameters are found to be XA = 17.116, k = 0.112 and q = 

0.220. The viscosity and normal stress data describe linear dependences at low fiber 

concentrations as observed by Sepehr et al. (2004d) for similar suspensions, but exhibit 

quadratic trends as fiber contents increase. The largest fiber volume fraction that was 

used by Sepehr et al. (2004d) was <j) = 7.06 %, as compared to (j) = 10.5 % in our work. 

The quadratic dependences for both the reduced viscosity and normal stress difference 

are well predicted by the model. Kitano and Kataoka (1981a) have also reported 

quadratic behaviors with vinylon and nylon fibers in silicone oil. Also shown are the 

reduced normal stress difference, which also exhibits a quadratic dependence. 

Figure 7.9 reports the transient shear viscosity and normal stress difference as 

functions of deformation for an applied shear rate of 10 s"1. The stress growth data were 

obtained in reverse flow (counterclock-wise (CCW) direction) following a first stress 

growth in the clockwise (CW) direction, since they have been observed to be more 

reproducible (Sepehr et al., 2004d). The data and model predictions for the four 
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composites are presented in Figure 7.9 using a semi-log scale to highlight the behavior 

at low strain. In Figure 7.9a, we can see that the magnitude and the width of the stress 

growth overshoot, which have been related to fiber tumbling (Laun, 1984; Sepehr et al., 

2004c), are fairly well described by the model. In Figure 7.9b, for the normal stress 

difference, the model predictions are in good qualitative agreement with the data. The 

model predicts correctly that under reverse flow the normal stress difference takes 

initially negative values (nevertheless underestimated) before rising and depicting a 

positive overshoot. However, the amplitude of the overshoots is slightly underestimated. 

Obviously, better fits would be obtained if different values for the parameters were used 

for each suspension. 

Another interesting point is to compare the values obtained for the interaction 

coefficient Cj using the new model with those of the literature, namely of Bay (1991) 

and Phan-Thien et al. (2002). Comparing Eq. (7.1) and Eq. (7.21), we can express our 

interaction coefficient as: 

Ct=f$Mq. (7.33) 

In contrast to the empirical Phan-Thien et al. expression [Eq. (7.3)], which is 

only dependent on the particle aspect ratio r and the fiber volume fraction §, the new Cj 

is proportional to § and the scalar f, which is a function of the inter-fiber spacing, as 

suggested by Ranganathan and Advani (1991). It implies that the proposed diffusion 

coefficient evolves with time as/depends on fiber orientation, contrarily to Bay model 

[Eq. (7.2)], and Phan-Thien et al model [Eq. (7.3)]. Figure 7.10 presents the computed 



204 

values for large deformation (steady-state regime) of Cj [Eq. (7.3)], just as the Bay and 

Phan-Thien et al. models. Our results show the same tendency as the Phan-Thien et al. 

expression, which supports the validity of Eq. (7.33). (Bay, 1991) obtained their 

numerical coefficients from measurement of fiber orientation in injection, as compared 

to transient shear flow in your case. Phan-Thien et al. (2002) proposed the empirical 

expression [Eq. (7.3)] by comparing simulations with the experimental data of Folgar 

and Tucker (1984) for nylon fibers (non rigid fibers as in your case) in silicone oil. All 

this could explain the observed deviation of one decade. In addition to being related to 

diffusivity as suggested by Folgar and Tucker (1984), the proposed Q is dependent on 

fiber orientation. This affects considerably the transient fiber orientation and is of major 

importance for the modeling of processes. 

Finally, with the trace of the second-order interaction tensor, it is possible to 

predict the average contact number per fiber as a function of the material deformation 

using Eq. (7.20). This is given in Figure 7.11 for reverse flow (CCW). As expected, a 

maximum of fiber interactions occurs at a given deformation and then the average fiber 

contacts decrease to reach a steady value. Moreover, the effective contact number per 

fiber is similar to the one obtained by Ausias (2006) from direct simulations. For their 

largest concentrated suspensions (()) = 11.5 %), their computed average contact number 

was close to 2.0, similarly to what we find for ty = 10.5%. To justify the trends in Figure 

7.11, we have computed the average spacing between fibers (h) according to Dinh and 

Armstrong (1984). For PB25, it is found that h = (nL)'m ~ 44 urn for totally aligned 
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fibers and h = (nL )' ~ 6 urn for isotropic orientation. Consequently, more contacts are 

expected when fibers disorient, as predicted by the model. The small oscillations, that 

appear at large deformation, as already observed in Figure 7.2 to Figure 7.5, are 

attributed to the used of the quadratic closure approximation for the 4th order interaction 

tensor. 

Our first observations show that the physics from which the model is derived is 

of a great relevance. The proposed approximations seem to be quite reasonable but 

further efforts are necessary, mainly concerning the closure approximations. The 

orientation probability distribution function should be numerically solved in order to 

suggest better closure approximations dealing with the new fourth order interaction 

tensor. Improvement of the present work can also be accomplished by modeling the 

interacting force with a nonlinear lubrication expression such as a power law instead of a 

linear one. Finally, the obtained diffusivity is isotropic and improvement could be 

achieved by using an anisotropic diffusivity. 

7.7. Conclusions 

A new mathematical formulation has been proposed to describe the rheological 

behavior of fiber suspensions in the non dilute regime and can be considered as an 

extension of the Dinh and Armstrong (1984) model. It takes into account fiber-fiber 

interactions with linear lubrication forces. In addition to the orientation tensors, this 

development allowed to introduce interaction tensors. A new equation of change for the 

second-order orientation tensor was derived, and an additional extra stress term was 
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developed to take into account the contribution induced by the interacting forces. 

Closure approximations were proposed to estimate the fourth-order interaction tensors 

and the most accurate one is based on a quadratic derivation. 

In order to validate the model, a rheological study of suspensions with fiber 

volume fractions close to those encountered in industrial applications have been 

performed using a Newtonian polybutene matrix and glass fibers. Despite the simple 

assumptions postulated at the fiber scale, start-up flow results showed a fairly good 

agreement in terms of the predicted viscosity and normal stress difference. The 

measured reduced viscosity and normal stress difference were found to be quadratic 

functions of the fiber volume fraction, as predicted by the model. Moreover, the 

interaction coefficient Cj derived from the model described most of the observations 

found in the literature. Finally, the new model requires only a small set of constitutive 

parameters (3), which are all directly linked to the physics and geometry at the fiber 

scale. In the present study, the same three parameters have been used to predict all the 

investigated fiber suspensions at different volume fractions, ranging from the semi-dilute 

to the concentrated regimes. 
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7.9. Appendix 1: Fiber mass center velocity 

The global hydrodynamic force FH applied along the fiber length in the dilute 

regime is expressed as: 

F H =A-(v~- r c " ) , (7.34) 

where r™ is the mass center velocity of the test particle. A is a second order 

hydrodynamic resistance tensor, which contains fluid drag coefficients, and is expressed 

by A = r|0ZlYAd + (XA -YA)papa] in the R coordinate systems (Figure 7.1). 

Coefficients XA and YA describe the drag exerted on the fiber from the axial and 

transverse fluid motion, respectively. For dilute suspensions of fibers in a Newtonian 

fluid, the slender body theory results in YA = 2XA = 2 (Dinh & Armstrong, 1984). A force 

balance for negligible fiber inertia gives r™ = K • r a as derived by Dinh and Armstrong 

(1984), and it shows that the fiber centroid moves affmely with the effective medium in 

the absence of any other forces besides those imparted by the suspending fluid. 

Furthermore, in the case where contacts between fibers are taken into account, 

the total force on the test fiber is now the sum of the global hydrodynamic and 

interaction force. Again, a force balance for negligible fiber inertia gives the motion of 

the center mass: 

rc
a = K-rc

a + 2^1onZ)2I2A-1-(rP-rc
a) j ] p a x p P | ¥ p P V , (7.35) 
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where r£ is the mass center velocity of the neighboring fiber. Consequently, the center 

mass deforms non-affinely if the interactions are present. The Dinh and Armstrong 

(1984) expression is recovered when the number of fibers per unit volume (n) is small. 

However, if we suppose that rj? is close to r^ plus a perturbation velocity, as 

done for p a in section C, the next result is obtained after simplification: 

r« = K T « - 2 M 1 I - ^ A - ' .̂ f- J|paxpp|iyy , (7.36) 

where the parameter Dt is expressed in m/s. According to hypothesis (3), it implies that: 

rc
a = K-rc

a. (7.37) 

This result clearly shows that the mass center of the fibers moves affinely with 

the bulk fluid. 
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7.10. Appendix 2: Evaluation of interaction tensors with Maier-

Saupe approximation 

The scalar quantity can be extended as follow: 

|p<*xpp| => |pa xpp |2 = (pa xpp)2 = (p a xp p ) . (pa xpp). 

= (eiJkPM) M ^ ) = (v5™) ( P ? P M ) 
= (SjmSkn-5jn5km)(p"pto^) ( 7 3 8 ) 

= 8JAnP«pto^5JAmp«pM 

= I - P V P V 

Moreover, we introduce a numerical pre-factor of 3TI/8 to reach the exact value 

of K/4 for the isotropic average value. After replacing expression (7.38) into Eq. (7.15), 

we get: 

b2= JJpV|p axpp |V p^P aV 

3TC 

8 i p p' 

371 

J JpV (1 - PV : PV) ¥pa¥p^PaV 
. a n l > 

J J(pV -PVPV : pV) V ^ dpW • (7.39) 
8 „„ 

8 
p" 

y(a 2 - a 4 : a 2 ) 

, P P 

J(P P - P P P P .a2)\|/pBdp 



Table 7.1 : Calculated values o f / a n d g for different fiber orientations. 

Orientation £ g__ 

Unidirectional 0 1 
2-D random 21% 2/n 

2-D(1/Wl;1/2^2)* 1/2 1/2 
3-D random id A 111 

3-D ('/3->l; y3->2; '/3^3)** 2/3 l/3_ 
* 14—>1 = 50% of fibers aligned in the 1-direction 

** V3—>1 = 1/3 of fibers aligned in the 1-direction 
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Figure 7.1 : Schematic representation of two interacting fibers. Superscript a 

represents the test fiber, superscript (3 refers to the neighboring fiber. 
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Figure 7.2 : Predicted stress growth functions for forward flow (CW); ORW3 

and IQUA closure approximations, y = 1 s-1 and q = 0.5: (a) transient viscosity; (b) 

transient primary normal stress differences as functions of strain. 
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transient primary normal stress differences as functions of strain. 
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Figure 7.5 : Predicted stress growth functions for reverse flow (CCW); ORW3 

and IQUA closure approximations, |y| = 1 s"1 and k= 0.3: (a) transient viscosity; (b) 

transient primary normal stress differences as functions of strain. 
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217 

0.8 

0.0 

-0.2 

11 r" i i i i i i i | i i i i i i i i 

OR 

0.4 

0.2 

Reverse 

\ 
? 

"n 
G22 

• f 

• • I I • 1 I t I I 

0.1 10 100 

M 

Figure 7.7 : Predicted variations for key components of &2 («n, «22 and a^) and 

for the scalar/as functions of deformation for reverse flow (ORW3 and IQUA closure 

approximations, 1 s , ; & = ! ,* = 0.3 and ? = 0.5). 



218 

2.5 

2.0 

1.5 

1.0 

0.5 

0.0 
0.00 

. 

-

o--

A 

O 

1 1 

• t|r pred. 

rir exp. 

- (NrN2yal2 

(NrN2)/Gn 

A 

• • 

pred. 

exp. 

.•• 

** 

i 

A . . - " 

1 

1 

.A"'" 

S O 

1 

. 

-

/ O 
/ 

0.02 0.04 0.06 0.08 0.10 0.12 

Figure 7.8: Predicted reduced steady shear viscosity and normal stress 

differences compared to experimental data as functions of fiber volume fraction (ORW3 

and IQUA closure approximations). (|y| - 10 s'l,XA = 17.116, k = 0.112 and q = 0.220). 

<3\2 represents the shear stress component of the matrix. 



219 

120 

100 

(a) 

IF 80 
03 

V 60 

40 

20 

800 

600 

400 

200 

0 

-200 

-400 

-600 

-800 

I I I I I I 1 1 I | 

PBIOpred. * PBIOexp. 
PB15pred. * PB15exp. 
PB20 pred. . . -•• . o PB20 exp. 
PB25 pred.-^DO°oDn\ D PB25 exp. 

.••'oD °a\ o PB matrix 

V 
D a a a 

oofia ̂ -. 'P„ 

• O - d - 5 o o o ' » ' 0 ° 
% 

*• POfinnOQDaool 

N"oc 
^ y S * " * ^ N*ooopQD«o«>«)j 

O O O O OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOq 

.J I 

10 

M 

100 

03 

PBIOpred. 
PB15pred. 
PB20 pred. 
PB25 pred. 

0......°° 

/ ooo • - . ° 0 M 

P „ < / _ "-OQQ j 

,ooo OOOOoO^O^*^*4 *,£ 
> A A iAA^^/VWVV 

I T 

o 
a 

° O o o 0 0 o 0
8 

D a a a DQDDDD 

- J I I • • • ' 

o 

o 

o 

PBIOexp. 
PB15exp. 
PB20 exp. 
PB25 exp. 
PB matrix 

(b) 

10 

M 

100 
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CHAPITRE 8 - DISCUSSION GENERALE 

Ce chapitre presente une discussion generate au regard des aspects 

methodologiques et des resultats en lien avec la revue de la litterature. 

8.1. Degradation et stabilite thermique 

Afin de realiser les essais rheologiques sur les polypropylenes a de hautes 

temperatures (200 °C), une quantite de 1 % en masse d'antioxydant (Irganox B225, 

Ciba) a ete additionnee a tous les echantillons pendant leurs preparations. Cet ajout a ete 

juge suffisant pour stabiliser les differents polypropylenes pendant la duree des 

experimentations qui n'excedent generalement pas plus de quatre heures. 

Egalement, tous les essais rheologiques a hautes temperatures ont ete effectues 

sous une atmosphere d'azote, hormis ceux realises a l'aide du rheometre RME. En effet, 

le volume assez important de la chambre operatoire, le long temps de stabilisation de la 

temperature et la courte duree du test en elongation ont fait que l'utilisation d'azote n'a 

pas ete jugee necessaire. C'est de l'air qui a ete employe comme substitut. 

Le polybutene est quant a lui stable a la temperature ambiante mais reste sensible 

a une variation de temperature. Durant les essais experimentaux, le controle en 

temperature a ete opere par l'emploi d'un systeme Peltier. 
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8.2. Conditionnement initial des echantillons 

Que ce soit pour les systemes a base de polybutene ou de polypropylene, 

l'orientation initiale des fibres apres 1'installation des echantillons dans la geometrie du 

rheometre reste aleatoire, dans le sens d'inconnue. Le moulage par compression des 

pastilles a base de PP et la fixation de l'entrefer de la geometrie des plaques paralleles 

pour les composites a base de PB ne garantissent pas une orientation initiale isotrope des 

fibres. 

Ainsi en cisaillement, la majorite des tests commence par un pre-cisaillement des 

fibres afm d'aligner la majorite des fibres suivant la direction de l'ecoulement. Ce test 

sert a done a conditionner l'echantillon pour une meilleure repetatibilite des resultats. 

Contrairement aux echantillons destines a des mesures en cisaillement, ceux 

prepares pour effectuer des mesures en elongation ont suscite de nombreuses precautions 

pour controler l'orientation initiale des fibres (orientation aleatoire des fibres dans un 

plan, fibres paralleles et perpendiculaires a la direction de retirement). 

8.3. Homogeneite dans la deformation 

Les mesures en elongation sont et restent des mesures difficiles a realiser bien 

que de nouveaux dispositifs sont recemment apparus sur le marche. En particulier, la 

geometrie SER montee sur un rheometre a vitesse en fait partie. Pour des systemes 

charges, la difficulte reside principalement dans l'uniformite de la deformation des 

echantillons. A l'aide de l'acquisition video disponible sur le RJVIE, il a ete demontre des 
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deformations non uniformes des echantillons charges mais la complexity de 

l'appareillage peut etre aussi a l'origine de ces problemes (glissement de l'echantillon 

entre les chenilles...). Grace au dispositif simplifie du SER, il faudrait a nouveau verifier 

l'homogeneite de la deformation de l'echantillon a l'aide d'une acquisition video 

notamment. Dans le cas le plus defavorable, il serait interessant d'essayer de quantifier 

cette non-homogeneite. 

8.4. Programme Fortran de la resolution numerique de la fonction de 

distribution d'orientation 

Le programme resolvant la fonction de distribution d'orientation des fibres est 

ecrit en Fortran 90. Initialement, il est fortement inspire du listing du programme de Bay 

(1991) disponible dans sa these (une dizaine de pages). Apres l'incorporation de toutes 

les modifications effectuees au programme et presentees au chapitre 6, le programme 

final est compose de plus de 2000 lignes de commande. II ne sera pas done consumable 

comme listing dans cette these mais pourra etre fourni sur demande. 

8.5. Modele rheologique 

Au vu des recherches effectuees dans la litterature, le modele de Folgar-Tucker-

Lipscomb et ses variantes ont suscite de nombreuses attentions. Le modele propose au 

chapitre 7 presente une autre alternative bien qu'il existe de nombreuses similitudes. Ce 

dernier a ete teste uniquement en cisaillement simple pour des regimes transitoires et 

etablis. Ses performances ou bien ses lacunes devront etre mises en evidence sous 
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d'autres types de sollicitation (elongation, oscillation dynamique...). II a aussi ete 

uniquement teste pour des suspensions a base de polybutene : il serait interessant de 

l'utiliser pour predire le comportement d'autres materiaux composites. Finalement, le 

modele propose pourra faire l'objet de nombreuses recherches futures tout comme l'a 

ete celui de Folgar-Tucker-Lipscomb au cours du dernier quart de siecle. 
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CHAPITRE 9 - CONCLUSIONS 

Cette these intitulee « Etude et modelisation du comportement rheologique de 

suspensions de fibres rigides en regime non-dilue » apporte une contribution majeure a 

la comprehension de ces systemes. L'originalite de ce travail consiste en : 

- La caracterisation rheologique de suspensions de fibres dans des ecoulements 

de type industriel, a savoir les grandes deformations oscillatoires et 1'elongation. 

- Une contribution numerique sur la reduction du temps de calcul de la fonction 

de distribution d'orientation des fibres par la methode des volumes finis. 

- La proposition d'un modele rheologique qui prend en compte une meilleure 

description des contacts fibre-fibre par l'introduction de tenseurs d'interaction. 

Comme son titre l'indique, cette these interessera certainement les industriels qui 

utilisent les precedes d'injection de type «push-pull». En effet, des mesures 

rheologiques ont ete effectuees en grandes deformations oscillatoires («Large 

Amplitude Oscillatory Shear ») sur deux matrices distinctes, l'une en polybutene (PB, 

quasi newtonien) et l'autre en polypropylene (PP, viscoelastique), toutes deux renforcees 

par des fibres de verre (meme distribution en longueur et en diametre). Les resultats 

experimentaux montrent que pour les composites a base de PB, l'amplitude de la 

contrainte en cisaillement augmente graduellement pour atteindre une constante apres 

plusieurs cycles, ce qui est attribue a une orientation des fibres suivant la direction de 

l'ecoulement. Cette observation a ete validee par les predictions du modele de Folgar-
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Tucker-Lipscomb (FTL) pour un PB charge a 20% en masse de fibres. Pour les 

composites en PP, l'amplitude de la contrainte en cisaillement diminue progressivement 

au cours des cycles etudies. Phenomene oppose a celui du PB, l'orientation des fibres est 

toujours a l'origine de ce comportement. Pour les deux systemes, les courbes de 

Lissajous (contrainte en cisaillement vs. deformation) conserve une forme constante et 

les transformees de Fourier confirment ces reponses harmoniques. A de grandes 

deformations, les premieres differences de contraintes normales mesurees sont plus 

sensibles aux phenomenes d'orientation des fibres que les contraintes en cisaillement. 

Les figures de contrainte normales vs deformation exhibent des formes symetriques si la 

configuration d'orientation des fibres est elle-meme symetrique suivant la direction de 

l'ecoulement. De plus, le spectre des transformees de Fourier montre des reponses non 

harmoniques. L'aire des courbes de Lissajous indique que l'energie de dissipation 

visqueuse augmente avec le taux de fibres et les composites a base du PP presentent un 

caractere plus newtonien avec une deformation croissante. 

Egalement cette these suscitera l'attention des industriels en ce qui attrait aux 

observations realisees en ecoulement elongationnel. Ces dernieres indiquent que la 

presence des fibres dans un polypropylene augmente considerablement sa viscosite 

elongationnelle. En regime transitoire, differentes orientations initiales des fibres ont ete 

preparees : planaire aleatoire, perpendiculaire et parallele a la direction d'etirement. Ce 

dernier cas genere la viscosite elongationnelle transitoire la plus elevee a cause de la 

resistance des fibres a retirement. Pour les deux autres cas, la dynamique d'orientation 

des charges provoque un leger comportement rheoepaississant sous deformation. Ces 
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observations sont confortees par le modele Folgar-Tucker-Lipscomb (FTL), qui predit 

de fa9on qualitative ces phenomenes de rheoepaississement sous deformation. En regime 

etabli, la viscosite elongationnelle en fonction du taux effectif de deformation a ete 

comparee pour trois appareillages differents (l'unite SER montee sur un rheometre 

rotationnel ARES, un systeme rheometre capillaire Rheotens et l'entree convergente 

d'une filiere hyperbolique planaire). Le comportement a de faibles taux d'elongation 

montre des disaccords entre les trois appareils. Cependant a des taux d'elongation 

moderes et eleves, les resultats sont tres comparables pour les trois materiaux (PPO, 

PP10 et PP30). Le comportement elongationnel des composites est tres similaire a celui 

de la matrice : un plateau est observe pour des faibles taux d'elongation et une 

rheofiuidifiance apparait pour des taux d'elongation plus eleves. De plus, une nouvelle 

equation constitutive est proposee pour determiner la viscosite elongationnelle en regime 

etabli d'une suspension de fibres dans un fluide Newtonien generalise decrit par le 

modele de Carreau. Ainsi, de bonnes predictions sont obtenues sur toute la plage de taux 

d'elongation etudies. 

Afin d'utiliser les principaux modeles rheologiques applicables aux suspensions 

de fibres disponibles dans la litterature, dont le modele Folgar-Tucker-Lipscomb (FTL), 

il est necessaire de connaitre le tenseur d'orientation d'ordre quatre a*. Les 

approximations de fermeture entrainent generalement des erreurs implicites et la 

resolution numerique de la fonction de distribution d'orientation \)/, qui donne de 

meilleurs resultats, consomme enormement de temps de calcul. Dans ce travail, une 

methode basee sur les volumes finis a ete utilisee pour resoudre numeriquement 
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F equation de Fokker-Planck pour i[/. Les resultats sont tels que les temps de calcul sont 

considerablement reduits et comparables a ceux utilisant les approximations de 

fermeture. De plus, une large gamme du nombre de Peclet est maintenant envisageable 

sans que les resultats ne soient alteres, ceci n'etant pas possible avec l'emploi des 

relations de fermeture. 

Finalement cette these propose une nouvelle loi de comportement pour des 

suspensions de fibres, inspiree des modeles de Folgar-Tucker-Lipscomb (FTL) et de 

Dinh et Armstrong (DA). Un jeu d'equations rheologiques a ete developpe pour des 

suspensions non diluees de fibres rigides dans un fiuide newtonien en prenant en compte 

les interactions hydrodynamiques et fibre-fibre. La force generee par les interactions des 

fibres est modelisee en utilisant un coefficient de friction hydrodynamique lineaire 

proportionnel a la vitesse relative des deux fibres au point de contact, et est ensuite 

ponderee par la probabilite que ce contact ait lieu. L'equation d'evolution du tenseur 

d'orientation d'ordre deux, composee de termes convectif et diffusif cause par les 

interactions des fibres, est derivee pour predire F orientation des fibres sous ecoulement. 

Le bien connu tenseur d'orientation d'ordre quatre, relie a la contribution 

hydrodynamique, et un tenseur d'interaction d'ordre quatre, propose dans cet article, 

sont utilises pour determiner la contrainte totale dans le composite. Des approximations 

de fermeture lineaire et quadratique ont ete formulees pour decrire le tenseur 

d'interaction du quatrieme ordre. Les resultats sont presentes en utilisant la forme 

quadratique qui a ete trouvee plus precise que la relation lineaire. Le modele decrit 

correctement Fevolution de la viscosite et de la difference de contraintes normales dans 
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un ecoulement retour en cisaillement simple. De plus, l'orientation des fibres et le 

nombre moyen de contacts par fibre sont predictibles. 

Le travail de cette these est une avancee sur la comprehension du comportement 

rheologique des suspensions de fibres rigides, notamment par ces deux etudes 

approfondies sur leurs caracterisations rheologiques en grandes deformations 

oscillatoires et en elongation. II apporte egalement une solution concrete sur la 

resolution numerique de la fonction de distribution d'orientation, qui a auparavant 

suscite de nombreux problemes. Finalement, il a ete propose un modele rheologique 

permettant une meilleure description des contacts fibre-fibre par 1'introduction de 

tenseurs d'interaction. 

Perspectives 

Les travaux effectues dans cette these laissent envisager de nouvelles 

perspectives de recherches. 

En grandes deformations oscillatoires, l'utilisation d'un rheometre rotationnel a 

restreint l'etude a des deformations plutot moderees. De plus, la geometrie de plaques 

paralleles ne garantit pas un taux de cisaillement uniforme. II serait alors interessant 

d'utiliser un rheometre a glissiere compose de plaques paralleles «sliding plate 

rheometer» (Giacomin et al., 1989) pour approfondir l'etude. Pour une meilleure 

analyse, le rheometre devra etre equipe d'un dispositif permettant de mesurer les forces 

normales, puisque cette etude a demontree que la premiere difference des contraintes 
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normales etait tres sensible a l'orientation des fibres. C'est ainsi que des essais 

orthogonaux (oscillations dynamiques selon la direction de la force normale) pourront 

aussi apporter des informations complementaires sur l'etat d'orientation des fibres. 

L'ideal serait de coupler ce mouvement a un cisaillement simple ou dynamique. Aussi et 

dependamment des systemes a etudier, l'utilisation d'une geometrie couette permettrait 

d'investiguer leur comportement a des deformations plus importantes que celle des 

plaques paralleles. La sollicitation couverte dans ce travail etait sinuso'idale : il serait 

interessant d'envisager une sollicitation en creneaux avec des deformations croissantes 

pour tenter de faire un lien avec des essais transitoires consecutifs dans des directions 

opposees. 

En elongation, l'utilisation du RME avec le systeme d'acquisition video a montre 

que la deformation n'etait pas uniforme. Pour la geometrie SER montee sur un 

rheometre a vitesse controlee, un appareillage similaire permettrait de valider les 

resultats et d'obtenir pourquoi pas des informations quant a revolution de l'etat 

d'orientation des fibres. Dans un autre registre, Pemploi de capteurs de pression plus 

sensibles sur la filiere hyperbolique convergente montee sur une presse a injection serait 

d'un grand interet: il serait alors envisageable d'aller chercher a obtenir la viscosite 

plateau en elongation du materiel. Egalement dans ce chapitre, il a ete propose une 

equation constitutive pour des fibres en suspension dans un fluide obeissant au modele 

de Carreau. A date, elle a ete utilisee pour predire la viscosite elongationnelle en regime 

etabli et peut tout autant s'appliquer en cisaillement. Aussi en se basant notamment sur 
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les travaux de Jeffery (1922), il serait fort interessant de proposer une equation 

d'evolution de l'orientation des fibres en suspension dans un fluide de Carreau. 

Le temps de calcul pour la resolution numerique de la fonction de distribution 

d'orientation est maintenant nettement comparable a celui de l'emploi des dernieres 

approximations de fermeture et ceci sans generer d'erreurs significatives. Son 

implantation dans un logiciel de simulation numerique de l'ecoulement tel que Fluent® 

ou Moldflow® devient alors envisageable. 

Pour le modele rheologique propose, la force d'interaction est lineaire mais rien 

n'empeche d'investiguer le cas non lineaire. Egalement, il a ete suggere que les positions 

des points de contact le long de la fibre etait equiprobable, chose qui n'est 

vraisemblablement pas realiste. II serait aussi interessant d'effectuer des modifications 

mineures sur le programme de la resolution numerique de la fonction de distribution 

d'orientation pour tenir compte des nouvelles considerations du modele. A partir de la, il 

sera possible de proposer une relation plus precise entre les tenseurs d'interaction et 

d'orientation et aussi de generer une approximation de fermeture plus precise pour b4. 

Mais un des defis majeur consiste a determiner une equation d'evolution pour le tenseur 

d'interaction du second ordre. Certains coefficients restent egalement indetermines et 

necessitent des expressions analytiques en fonction des parametres des materiaux. 

Finalement ce modele a ete developpe pour des corps minces et il serait fort interessant 

de le reecrire pour des sphero'ides, des disques ou des plaquettes par exemple. 
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ANNEXE A : ETUDE MORPHOLOGIQUE 

Le Tableau A.l ci-apres liste les caracteristiques dimensionnelles des fibres pour 

les differents polypropylenes charges (PP10 et PP30). La mention « granule » indique 

que les dimensions des renforts sont mesurees dans l'etat de livraison tandis que la 

mention «pastille» donne les mesures dimensionnelles apres la preparation des 

echantillons avant les mesures rheologiques. Les fibres sont obtenues par calcination de 

la matrice et un microscope optique a ete utilise pour effectuer les mesures sur une 

population de plus de 500 fibres. 

Tableau A.l : Caracteristiques dimensionnelles des fibres dans les 
polypropylenes. 

Type 

PP10 (granule^ 
PP10 (pastille) 
PP30 (granule) 
PP30 (pastille) 

L 
[Mm] 

404 
375 
326 
317 

K 
Dim]1 

142 
132 
159 
136 

k 
[Mm]2 

424 
394 
346 
337 

K 
[Mm]3 

472 
439 
420 
392 

L IL 

1.11 
1.11 
1.21 
1.16 

D 
[Mm] 

16 
16 
16 
16 

r 

25 
23 
20 
20 

ou L est la longueur moyenne des fibres, La est l'ecart-type, Ln =^«,X(. / ^ » , est la 

longueur moyenne en nombre et Lw = '^niLi
2 /^n^ est la longueur moyenne en 

masse. «,- represente le nombre de fibres ayant la longueur L-t. 
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ANNEXE B : COURBES DE VISCOSITE 

La Figure B.l montre les courbes de viscosite du polypropylene vierge (PPO) et 

de ses composites (PP10, PP20 et PP30). Les mesures ont ete effectuees par un 

rheometre a contrainte impose (CSM, Bohlin Instruments) sous une atmosphere d'azote 

a 200 °C. Pour tous les essais, l'entrefer de la geometrie des plaques paralleles, de 

diametre 25 mm, a ete fixee autour de 1.5 mm. Les tests de balayage en frequence ont 

ete realises des hautes jusqu'aux basses frequences dans le domaine lineaire (y = 0.01). 

Egalement avant chaque mesure, les echantillons ont ete pre-cisailles a 1000 Pa pendant 

1000 s pour aligner les fibres dans la direction du cisaillement. 
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Figure B.l : Courbes de viscosite du PPO, PP10, PP20 et PP30. 


