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Supplementary Note 1: General 6-band k - p Hamiltonian

The electronic band structure of the heterostructures are evaluated from 6-band k - p theory. We consider a two-
dimensional hole gas (2DHG) under the influence of a gate electric field F = Fe, applied along the z direction, which
is perpendicular to the 2DHG plane, an externally applied uniform magnetic field

B =B (e,sinfcos¢+eysinfsing + e, cosb), (11)

and an in-plane confinement represented by an effective parabolic potential

22 2
Vi(z,y) = —ag (l4 + 14) ) (12)
x y

characterized by the lengths I, and I, and where ag = h*/(2mg). The minus sign in the potential comes from our
electron-energy convention (a typical hole band has negative effective mass). Results provided in the main article are
converted back into the hole perspective to agree with literature. The total Hamiltonian can be written as a sum
of multiple contributions: a kinetic part Hy(K), a spin-orbit part Hy,, an epitaxial strain part H. and a potential
energy part V(r). We write the mechanical wavevector K = k + eA /h, where (r|k = —iV (r| and A is the vector
potential for the externally applied magnetic field B = V x A. The components of K have the following commutation
rule: K x K = eB/(ih). We first write the Hamiltonian in the basis of the bulk Bloch states at the I'-point in the
cartesian representation:

BX = {|pz+> ) |py+> ) ‘pz+> ’ |pm_> ’ |py_> ) |pz_>} : (13)

The Hamiltonian is

Hyp(K) = Hy(K) + Hyo + H. + V(1) (14)

where V(r) = &4 (2) + eF.z + V| (7, y), where &p+ is the valence band edge energy at the I'-point without spin-orbit
interaction. The kinetic term is

Hy(K) = 1oxo ® HY,(K) + H(K) ® 1353 + Hy(K), (15)
with
K,LK,+ K,MK,+ K. MK, K;N,K,+ K,N_K, K,N.K,+ K,N_K,
H{fU(K) = KyN:K, + K,N_K, K.MK, +K,LK,+ K.MK, KyN{K,+ K.N_K, , (16)
K.N.K,+ K,N_K, K,NyK,+ K,N_K, K, MK, +K/MK,+ K,LK,
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where L, M and N4 are related to the Luttinger parameters v, 2 3 and &:

L 140 07M
M - 1 =20 01| [
Netao| =0 0 3 3] |s]" (17)
N_ —«p 0 0 3 -3 K
with
1Yo
HE(K) = > eaprKaKpoy, (18)
aBy
with go = 2 and o, the Pauli matrices. The H, term is
Hy(K) =Uly | | —2i00 Y €apyKaaKsJ3 | @ 022 | Usx, (19)

afy

where ¢ is the cubic-in-J correction to the hole g-factor, J, are the unitless spin 3/2 matrices ([Jo, Jg] = t€apyJy)
and where the unitary Ujx is defined further below. The spin-orbit term is proportional to the bulk split-off gap Ag
and given by

Ao
Heo = = Zﬁ:oa ® Ay (110)
where
00 0 0 0 ¢ 0 —i 0
Ao = |00 —i|, Ay, = |0 00}, A=1i 00 (111)
0 O -1 00 0 0 0
Hy, has eigenvalues 0 (x2), —2Ay/3 (x2) and +Ay/3 (x4). Finally, the strain term H. = 1oy ® HE,, where
(assuming a diagonal strain tensor)
legs +meyy +me.. 0 0
Hy, = 0 MEge + leyy + me.. 0 : (112)
0 0 MEgy + MEyy + I,

where €;; are the components of the strain tensor and [ and m are related to the a, and b deformation potential

constants:
-1 2[5

Note that the ordering between material constants (e.g. v1, ay, Ept, ete .. .) and wavevector operator components

K; must be preserved as indicated. This is because (a) different components of K; do not mutually commute (c.f.
K x K = eB/(ih)) and improper ordering would lead to incorrect Zeeman splittings and (b) the k, operator does
not commute with position-dependent material parameters. In fact, if v|z) = |z) y(z) where v(z) is the value of v at
position z, then for any envelope function (z|¢)) = ¥(2): (2| [v, k.] [} = v/ (2)¥(2) where v/(2) = L(2).

The k - p Hamiltonian is instead often written in a basis that diagonalizes H,, or that commutes with the total
angular momentum J = L 4+ S. A somewhat conventional basis is the following [1]:

3 3 31 3 1 3 3 11 1 1
BJ—{’272>7 272>a 2a_2>7 27_2>a 2a2>a‘27_2>}7 (114)




where

33 ) = ) = =2 () + il ), (115)
5+5) = ILHH =~ @lp) ~ =) - ilp,-)), (116)
35 ) = ILH= = o lot) = i) + 21, (117)
\2,—‘;’>EHH—>=}<M ) =il (118)
3+5) =180+ = = (pet) + o) + i1y, (119)
55 =1807) = = (lpct) = iy +) = ). (120)

The unitary Ujyx connecting the two bases is therefore

—S9 iSQ 0 0 0 0
0 0 S23 —Sg ’ng 0
U _ Sg iS@ 0 0 0 523
X710 0 0 s odsy 0]
0 0 —S83 —S83 ng 0
—S83 —i83 0 0 0 S3

with so = 1/V/2, s3 = 1/V/3, 56 = 1/v/6 and sa3 = 1/2/3.

(121)

Supplementary Note 2: First diagonalization of the k- p matrix at B =0 and k| =0

The 6-band k - p matrix is first written down at k, = k, = 0 (and B = 0) and Vj(x,y) = 0, whose eigenstates
provide an orthonormal basis on which the full Hamiltonian at K # 0 is projected. We do so in a basis similar to B
but with a different ordering;:

By = {|[LH+),[SO+),[HH+),[LH-),[SO—),|[HH-)}. (21)

Then, the Hamiltonian Hi" = Hy.,(B = 0; k, = k, = 0) takes the following appearance:

w Ho': O
Y :{ -~ HU__} (22)

where

_kz (’Vl + 2’72)]{52 2\/§Ukz’72kz O

HF = —kyiks, 0 , (24)
T _szY—kz
-1 V20 0
H. =a,Tre+b-de 0 of, (25)
T 1
000
V., =&+ + +eF.z— Ay 10 (26)
T 0
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Here, 7+ = 71 + (1 £ 3)7y2, de = €42 — ... We assume that all layers are pseudomorphic to each other, i.e., the
in-plane lattice constant does not change along the growth direction and €,, = €,,. The energy band offsets between
Ge and SiGe and the deformation potential constant b are obtained by linearly interpolating the values reported in
reference [2]. The Luttinger parameters 7; 2,3 and g-factor parameter  are taken from reference [1]. The three v 2.3
and k are interpolated in the full composition range of SiGe according to the method outlined in reference [3]. We
stress again that the ordering between k, and material parameters must be preserved as it is shown.

The block-diagonal structure of (22) suggests that its eigenstates are of two types (2 x 2 = 4 including pseudospin
o):

H; o) = ‘2 k. (272)
3 1
Liioh =[5 5 Y1) +o |35 ) 1), (210)

where the first (H states) consists of pure HH subbands with associated envelope functions (z| f/*) and spin-independent
energies EZH, and where the second (L states) consists of superpositions of pure LH and pure split-off holes with
envelope functions (z| ff} and (z|f7), respectively with spin-independent energies EJL [ and j are subband indices for
H and L subbands, respectively. To compute the envelopes and energies, we start from the spin-up (¢ = 4) block H,
in (22), which we diagonalize by the finite difference method using a mesh-spacing 6z = 0.01 nm. The eigenstates of
H_ are the time-reversed conjugates of the eigenstates of H .

Using the eigenstates of Hy" as the new basis for the Hilbert space, the full 2DHG Hamiltonian Hy.,, for K| #0
takes the following appearance (bold symbols indicate that we are in the eigenbasis of Hg" ):

0 ind (sinf )
H.,(K)) = B + ag {M,YKT + 50, + 2 (SQI?Q N.ry— N > 7“4
B

20 0 202
sin 6 ]
O (e Ny + iNfrg K +iNy K_r4) + hec.

212,

+ o |:iM1K— +M,K? +
+ Vi(z,v),

where Ky = K, £ik,, Kﬁ =K2+K;={K_,K.}/2,{A,B} = AB+BA, ry = xsing—ycos$ and lp = \/h/(eB).
The gauge for the in-plane part of the B-field is set as A, = e, - A = —Brysinf, while the gauge for the out-of-
plane part of the field is left arbitrary for now, provided it does not include any z operator. Regardless of the gauge
the in-plane components of the wavenumber satisfy the commutation relation [K_, Ky]/2 = cos6/l%. Hamiltonian

(28) implicitly depends on strain and on the SOI strength Ay through the envelopes |ff’s’h> and the energies ET
(r ={H,L}). Those terms do not explicitly appear in (28) because the k - p Hamiltonian does not contain terms such

as Aok or de - k4. It also integrates out the z dimension through the matrices M and N. We have

Ef 0 0 0
w 0 EY 0 o
0 0 0 EHY
with E™ = diag{ET, E7,...} (r = {H,L}) are the energies of Hy". The M-matrices are
—I‘ﬁ{ 0L 0 O 0 TX ()L 0
0 I'y 0 O 0 0 T 0
_ Il _
I 0 0 0 Fﬁ{ _TH 0O O 0
(G 0 0 0 [0 0 u O
o0 Gt o0 0 {0 00 uf
My=149 4 -GY 0 |7 Mo=15t 00 0 (211)
10 0 0 -G |0 800




The non-zero blocks of these matrices are all explicitly expanded in terms of the eigenstates of Hy" :

Tihy == (' + i),
Ty = = UF Rl = Gl + 715
27
Guzf =—(fl"|6r+ == q Fia!
1
Clas = 6<f5'“‘f5"’> F2(F15) ~2051050) = 5 USTalsp)

T, =~ 5 P <3u+ 1)+ Pk |ff>> 7

3
TlI,{l’ = D) <fzh| [Q7kz] \fm

TL, = —% ((Folusl ) — (FHuc | £2)) — 5i (f Tas kel 1£5)

3 o
=35 (fl'lve + sl f7)
3 °
0 =3 (fl'lve = sl f5) s
where uy = {73, k.} £ [x, k.| and

1 S
5= 5 (VR - 11)). 5=z (1 v2I).
The N matrices are
H P 0 0
i 0 0 0 L 0
orr 0 o . 0 L', 0 0
N—Y = 4 L L N = 4 1 ~L
]_" ? Y )
8 8 OL 121 0 0 I, }L
L 0 0 0 I,
0 0 G 0 0 0 R o
_ [ + _ NL —
Ny 0 0 0 GHXT ’ Ne=Ni=1y o o mxt|"
GHE o 0 0 0 0 0 0

where

Flfl,w = <fzh| Y- |fz}/l>,

Pl = —5 o R L,

T = — (311 115) = e L)

Py = =5 ST k19 = 5 U s B}

Glug = —V2f1 <3F~Iff> quf% ¢§|f;>>,

Gl = =3 (M alf)

Guu V2 (f2136 + L|f) = V2|36 + LIFS) + 2 (f1f7) — 10(fflqlf5),
R =3V2i (f!sf;),

Ry =3V2i ({51 |15 — (s 115)) -

(212a)
(212b)

(212¢)

(212d)
(212¢)

(212f)
(212g)
(212h)

(212i)

(213)

(214)

(215)



Supplementary Note 3: Fan-diagram calculations

The fan-diagram calculations of section 9 below are performed by diagonalizing (28) with V|/(z,y) = 0 and in the
axial approximation (which corresponds to & = 0 in My), and by writing K_ in terms of the ladder operator

gk
a= N (31)

Inserting this into (28) reveals that all eigenstates must be of the form

Im — 1) cuy
_ |m) cr+
lp) = Im+1)c_ |’ (32)
|m 4+ 2) c—

where m is an integer labeling Landau levels and c,, are vectors of coefficients. Following the approach outlined in
Reference 4, replacing all the a’s within the Hamiltonian by the corresponding m, the fan-diagram is readily computed
for as many Landau levels m > —2 as required.

Supplementary Note 4: Quantum channel system

The quantum channel Hamiltonian eigenstates |6;4, N) with associated energy Efy at ky = 0 and B = 0 are
calculated from (28) by setting k, = 0 and B = 0, and by introducing a parabolic confinement potential —agz?/12:

HE = B + agM, k2 + ag (iMyk, + Mok? + hec.) — %x? (41)
x
Projecting this Hamiltonian onto an in-plane basis of harmonic oscillator eigenstates |n) (with a'a|n) = |n)n,

n—1)y/n and a' |n) = |n + 1) v/n + 1), with

aln) =

1 [z .

provides and eigenbasis of quantum channel subband edges on which the full quantum channel Hamiltonian away
from k, = 0 and B = 0 is projected. The result is

1 1 1
[ c 2

H = Eg + g (ley + L,ka + @Lg + @Lgky + %Lz;) s (43)

where

E° 0

Bl — [0 EC} : (44)
and B¢ = diag{Ef o, E{ 1,..., ES o, ES 1, .. }. Some L-matrices are further expanded into f-independent L-matrices:
Ly, =Ly cosf 4 Ly sin, (45a)
L3 = L3y cos + Ly sin 6, (45b)
Ly=Ly cos?6 + Ly sin? 6 + Ly sin 6 cos 6. (45c¢)

Just like the M-matrices in the QW Hamiltonian, the L-matrices in the QC system are computed from the eigen-
states of the QC Hamiltonian at ky =0 and B = 0:



L, = Ty = (64, N|my — 2myk, |6';i', N'), (46a)
L, =T, = (5;i, N|mg|5";7', N'), (46b)
L, = Gios = (3;1, N| M, + 2mz — 2my{xz, k, } |¢';7', N'} (46¢)
Ly = G2 = (6;i, N|ng — Nz + iy {z, k, } |6';7, N') (46d)
Ly, = 2,6, =4(5;4, N|mgz|5';i', N'), (46¢)
Ly = E63 = 2(6;4, N|myz |6;i', N'), (46¢)
Ly, =Z, 60 =4(5;4, N|mgz? |6';i',N'), (46g)
Ly = Z6o = (634, N|N,2*|6";i',N'), (46h)
i)

Lix = Zy 61 = 4(5;4, N|n12? |6';4¢', N'), (

N
D
]

with &g the 2 x 2 identity matrix and o1 2,3 the Pauli matrices. The m and n matrices are

mo = M., — M, — M, (47a)
m; = M, + M, (47D)
m; = i(My — M), (47¢)
n, = —i(N, — N}), (47d)
n; = Nj + NI, (47e)
iy = i(N; — Ni). (47f)

Supplementary Note 5: Quantum dot system

The quantum dot system eigenstates |5; ¢, N1, No), with associated energy Ef’ N,.N,» are calculated at B = 0 similarly
to those of the QC system, i.e., by introducing into (28) an in-plane parabolic potential —cag (:z:z/l_fﬁ + yz/lé):

2 2
Hgd = ng + ag [M,\/kﬁﬁ + (iMlk_ + M2k2_ + hC)j| — Qo (?‘4 + :ll/éi) s (51)
z Y

and by projecting the in-plane degrees of freedom onto a harmonic oscillator basis, acted upon by the following two
ladder operators:

1 [z . 1 [y .
=—7—=\7 loks |, = 7 lyky | - 2
“ ﬂ(zx“ ) “ ﬁ(@“”) 52

The a;’s satisfy [a;, a;] = 0, ;. Bigenstates of (51) provide an orthonormal basis on which the full & - p Hamiltonian
with B > 0 can be projected. The result is (with B lying in the y-z plane)

e cosOLo| + —5—L4 +
B

. il
H — Y ap { coi 0 blIl2 0
22 212,

in 0 0
— sin0 |iLyy + ooy + i oo Ly + hic.| b
212 212

where

EY 0
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with B¢ = diag{EﬁQO,E‘f’o,l,...} are the eigenvalues of (51) and the L-matrices are expanded in terms of the
eigenstates of (51):

Ly, =G},6.6-+GY 6.6+ (5ba)
= (&34, N1, No| My + [iM, {Cy, k_} +2M; ¢ — 4iMaC_k_ +h.c]|6';i', N, N3),

Ly =Gl 6, +Gf,5- (55b)
= (&34, N1, No| Ny — iNL ¢y — Ny {Cy, b} + 2N1C by 654, NY, N3)

Lyy = (634, N1, No|4M, (¢ — 4 [Ma® + hee.] |64, N{, Nj) (55¢)

Ly = (634, N1, N2 2N, (. 674, Ny, N3) (55d)

Ly = — (534, N1, N2| N, ¢} |6';d', N7, N3) (55¢)

Lyx = 4i (533, N1, No| N1 ¢ ¢ + NI¢2 |64, Ni, N3) (55f)

with 61 = (61 £i62)/2 and {1+ = (x £ iy)/2. The ground state two-level system with energy hw is computed by
diagonalizing (53) with B = 0.05T.



Supplementary Note 6: Perturbative framework

Away from K| = 0, Hamiltonian (28) becomes non-diagonal, and folding it down onto any given set of subbands,
labeled as the A set, can be performed by means of a Schrieffer-Wolff transformation with K| as the perturbation
parameter. The contributions from all remote subbands, the B set, are eliminated up to the desired perturbation
order. More explicitly, the unperturbed Hamiltonian is E§" (Kj-independent), while the perturbation W (K)) =
Wi(K)) + W3(K)) is at least linear in Kj:

o
Wi(K|) = —%va + (iaoM K_ +h.e.), (61a)
B
9  cosd sin? 0 9 o  Sinf 4 — N—
Wy (K|) = ag M, K + WI\/IQ + FNA/% + |MyK= + T (e N, + iINTreK_ +iNj K_r¢) +he|p.
B B B
(61b)
We use the following convention:
0,7,k indices that run through the whole Hilbert space
a,B,7,6, indices that run through the A set
Ay by Uy eee indices that run through the B set
We also define the following projection operators [5]:
P = Z Pa) (¢al; (62)
acA
Q= lpx) (pal, (63)
AeB
and superoperators:
P|X]=PXP, (64)
Q[X] = QXQ, (65)
D[X]=PXP+QXQ, (66)
O[X]=PXQ+QXP, (67)
(pil O[X] |;)
LIX]= i) ——=————— (] 68
where Ej is the energy of subband i of the unperturbed Hamiltonian (or at K;j = 0). It is clear from the definition

of £[X] that O[L][X]] = L[X] and D[L[X]] = 0. Up to 3'¢ order (and only keeping terms up to k%), the effective
Hamiltonian for the A set is given by

Heff(KH) = P[ng] + P[W1] + P[W,]
[swa (W1, Wi)| + P [swo (W1, W2)] + P [swa(Wz, W1)] + P [swa (W2, W) (69)

)
P[ 3(W1,W1,W1)] +P [SW3(W1’W17W2)] +P [SW3(W13W27W1)] +P [SW3(W27W1aW1)] )

—- -

SW
SW
where

swa(X,Y) = = (L[X]Y — XL[Y)), (610)

N~ DN~

swa(X,Y, Z) = = (LILIX]Y)Z + XL[Y L[Z]] + LIXPLY]|Z + XLIL[Y|PZ]). (611)
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In the special case where B || e, and the A set consists of the 2-fold LH ground state, A = {|L1; %)}, one obtains
the following effective Hamiltonian (assuming EY = 0):

Het = agVKT + 202—3gL + [iB K- +iByK? +iByK_ K K_+hc], (612)
B
where the bold symbols are 2 x 2 matrices acting in the A subspace. In terms of the M-matrices:
Y =P[M,] + aoP [sm (Ml, M{) + 5wy (M{, Ml)}

= 7122,
g, = P[M,] + 200P {SWQ (MI,M{) _ swy (M}, Ml)}

= g10z,

By = aOP[Ml]
= p1o4,

By = aZP [swo (M, My) 4 swy (Mg, M;)] — a3P [sw3 (M1, My, My)]
= fao_,

[33 = Otg’P SWo (M,y, Ml) —+ SWo (Ml, M—y) — SWo (MI, Mz) — SWo (Mg, MI>:| + OZS’P |:SW3 (Ml, Ml, MI) —+ C.p.:|
= /83U+7
where c.p. means cyclic permutations. Inserting this back into (612) gives

Heg = omKﬁ 2 gro.+ [(iB1 K- —iBoK3 +iB3K_K{K_) oy +hel]. (613)

2[

The linear Rashba parameter 81 of the QW ground state L1 is exactly described by a first order SWT. It is given
by

B = aoTt, (614)

where Tlel belongs to the My matrix described in Section 2. The g-factor component ¢ is given exactly by a ond
order SWT. It is given by

Tk Th T T
L gt 1,0 41,1
9h = Gl + 209 Z ELJ7]EL - Z EL _pH |- (615)
j#1 1 J 11 !
An effective Hamiltonian for the quantum channel ground state is found using a similar approach but with the
unperturbed Hamiltonian given by Eg° and the perturbation being (c.f. (43))

1

W(k,) = ag (ley + Lk + TN
B

1
— L, 2z2 —Lsk, vt L > (616)

For the QC effective parameters g¢ I and 3¢, only a 1% order SWT is required for an exact description. They are
given directly by the corresponding matrix elements in the L matrices described above (with i =1 and N = 0):

g1 = Gi;l,o (617)
91 = Gl (618)
Bi = aoTip. (619)
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Supplementary Note 7: Additional ground state parameters of the QW system

Similarly to 87, the other two cubic Rashba parameters ﬂgﬁ can be evaluated as a function of [, and F,. The result
is shown in Fig. S1. Note that in contrast to HH systems, 48 > ~4 for LH levels.

25 100 1000
(a) -5 (b) —50
80 800
T 20 60 £ 600 E
= 0 % 0 3
- = £
15 20 ¥ 200 ¥°
5 0 < 50 0 =
§ 0 0
10
0 5 10 15 0 5 10 15
F, [V/pum] F, [V/pm]

FIG. S1. Cubic Rashba parameters (a) 85 and (b) 8% as a function of [, and F., with Sn content z = 16%.
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Supplementary Note 8: Derivation of the estimation for g9

Starting from the effective Hamiltonian for the QW ground state L1, and only considering the effective mass term,
the Zeeman splitting term, the linear Rashba term and the parabolic confinement along z, one gets

Hfﬁ =Hy+ W, (81)
where
pr2 . @0 p a?
Hy = ozofyHKH + @glaz — aog (82)
=i K_o4 +h.c. (83)

The part Hy without linear Rashba is easily diagonalized by writing x and the wavevector components in terms of
ladder operators

1 T .

with A = = P14 chosen such that the Hamiltonian is readily diagonalized. With B = Be, and ky = 0, the mechanical
wavevector components become

1

K, =k, = a—al 85
T A

K, =0+ = = —~(a+ab). 86

y 2 \@%( ) (86)

Neglecting quadratic-in-B terms, the eigenvalues of Hy (denoted by Eﬁf}) are

p

i
Bl =——F—(@n+1)+ Wgﬂr (87)

with 0 = +1 and n > 0 being the eigenvalue of afa |n) = |n) n. Contributions to the energy from the linear Rashba
term W are treated by simple perturbation theory. While 15¢ order perturbation gives no contributions, 2" order
perturbation gives

D1 \2

@ |O+|W\n’a’>\ @) (1 2
ZEEDY o S o \etE) (83)

n'o! En o 40{0 —'y” x B

2
@ _ = 0= |W[n'a)*  (B) ( 12 >

Eg~ ~ -7 (89)

’ Z EY —BY) dag /P \N BB

Subtracting Ey_ = Eéo_) + E(2_) from Ey; = E(O) Eé_i_) gives an approximation for the Zeeman splitting energy of
the QC ground state. Multiplying by % /aq to get the g-factor,

95 = L (Boy — Eo-) (810)
«p
1 [(BPL°
p 1la
= . 811
gL * p ( (7)) ) ( )
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Supplementary Note 9: Consistency of the theory for wide channels

The behavior of g and §f is inconsistent with the principle that the quantum well values should be recovered as
lp — oo. Fig. 2c and 2d of the main Article show that g¢ and gf tend to zero if I; > g ’95)_/[(’7@1/45{7]” and that

only if A7 = 0 does g5 tends to its respective quantum well value. In this section, we show that the theory employed
for the quantum channel s in fact coherent, despite what Fig. 2 might suggest.

Here we demonstrate that the energy dispersion of the channel orbitals versus B converge to the fan-diagram of the
QW system as [, — co. We select the following heterostructure parameters: [, = 15nm, x = 16%, and F, = 6 V/um,
such that 87 # 0. The fan-diagram of the QW ground state is computed with the method outlined at the end of
Section 1 above, and is shown in Fig. S2 (bottom right). In contrast to HH levels, where the fan-diagram opens up
linearly with B, a LH fan-diagram opens as v B near B = 0 if g # 0.

This fan-diagram is shown alongside the dispersions obtained from (43) for finite I,. As [, increases, the energy
gap between adjacent QC orbitals decreases as expected. Coupling between orbitals cause the g-factor of the lowest
QC orbital to become very small: this is noticeable already from I, > 58 nm (see Fig. S2 below, first panel), as the
Zeeman energy splitting for the NV = 0 orbital is much smaller than that of N > 1 orbitals. For very large [,., orbitals
gather closely near B = 0, but remain well separated at larger fields. As [, — oo, the orbitals spectacularly reorder
themselves such that the fan-diagram of the last panel is roughly recovered. The level reordering implies that beyond
some value of I, g6 does not represent the g-factor of the QW ground state anymore.

The energy level structure computed from (43) does not show all spin-split pairs like the fan-diagram does. This
is merely an artifact of the eigenvalue sorting method. In the former, all levels closest to a given energy guess are
shown, whereas in the former, all Landau levels closest to an energy guess are shown.
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FIG. S2. Quantum channel energy dispersion as a function of the out-of-plane magnetic field up to 0.05 T for increasing widths
lz. The bottom right panel labeled I, — oo is the fan-diagram of the QW system. All other panels are computed from (43)
with k, = 0. QW parameters in all cases are [, = 15nm, z = 16% and F. = 6 V/um (8} ~ 1.21 meV nm). The zero of energy
is placed on the QW L1 subband (EY = 0).
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Supplementary Note 10: Ge;_,Sn, Material parametrization

Most of the material parameters of bulk Ge;_;Sn, (with the exception of the three Luttinger parameters i 2 3)
are calculated on the full composition range x € [0, 1] according to a Vegard relation between the parameters of pure
Ge and pure Sn. For instance, the parameter P(x) is given by

P(z) = (1 — 2)P%° 4+ 2P — z(1 — x)bp, (101)

where PS¢ and PS" refer to the parameter of pure Ge and pure Sn, respectively, and bp is a bowing for parameter
P, if available.

The three Luttinger parameters 7 2,3 are interpolated within the composition range = € [0,0.2] by fitting a Vegard
relation on the parameters reported in Reference 6. The Luttinger parameters are therefore given by

x x 0.2) T x
() = 1_7) Ge T _7(1_7)1)_, 102
() ( 02/ To2m 02\ 02/ (102)
where ’y§0'2) = 29.2108, 7§0.2) = 12.2413 and 7%0'2) = 13.7387 are the values at x = 0.2. The bowing parameters are

by, = 20.3391, by, = 9.6609 and b,, = 9.8187. All other parameters used in the %k - p framework are shown in Table
S1.

TABLE S1. Material parameters and
bowings of the 6-band k - p framework.

Ge Ge1_zSn, Sn

Lattice constant
ao [A] 5.652357* —0.0838 6.480117°

Bulk band energies

£y V] 0 0.69""
Ao [eV] 0.290°  —0.100%8  0.770°
Elastic constants

cizf/en  0.333° 0.425"

Deformation potentials

a, [eV] 1.24° 1.58'

b [eV] —2.86¢ —2.73

Effective mass and spin parameters

o 13.38° t t

Y2 4.24° f f

3 5.69° f f

K 3.41° —11.84F
0.06° 0.30"

References: *:[7], *:[8], “:[9], *:[2],
°:[1], %:[10], &:11], :[12], ":[13], I:[14]
" Relative to Ge
T See (102)
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