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A queuing model with arrivals according to a

two-dimensional diffusion process

Mario Lefebvre

Abstract

In the case of heavy traffic, the arrival process in a queuing
model can be approximated by a diffusion process. In this pa-
per, we consider such a model. The number X(t) of customers
in the system at time t evolves according to a degenerate two-
dimensional diffusion process. In a particular case, the distri-
bution of X(t) is calculated explicitly. Moreover, a stochastic
control problem known as a homing problem is formulated, and
the equation satisfied by the value function is derived.

Keywords: arrival process, Gaussian process, stochastic op-
timal control, first-passage time, dynamic programming.

1 Introduction

In classical queuing models, the arrivals of customers constitute a
discrete-space stochastic process. For instance, in the case of the
M/M/k model, customers arrive according to a Poisson process. How-
ever, in some applications, the arrivals occur almost according to a dif-
fusion process; in particular, in the case of heavy traffic (for instance,
on the Internet).

In this paper, we assume that the number X(t) of customers in the
system at time t is such that

dX(t) = ρ[Y (t)]dt− kX(t)dt, (1)

dY (t) = m[Y (t)]dt+ {v[Y (t)]}1/2dB(t), (2)
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where {B(t), t ≥ 0} is a one-dimensional standard Brownian motion.
The functions m(·) ∈ R and v(·) > 0 are such that {Y (t), t ≥ 0} is a
diffusion process. Moreover, the non-negative constant k is the rate at
which the customers are served. The function ρ(·) should be such that
if k = 0, then X(t) will increase with time t.

This type of degenerate two-dimensional diffusion process, which
was proposed by Rishel [1], has been used in reliability theory to model
the wear of devices. Indeed, wear should be strictly increasing with
time.

In the next section, a particular case for the various functions in
Eqs. (1) and (2) will be considered. Then, in Section 3, an optimal
control problem for the two-dimensional process {(X(t), Y (t)), t ≥ 0}
will be studied.

2 A particular case

Suppose that m(·) ≡ µ > 0 and v(·) ≡ σ2. Then, {Y (t), t ≥ 0} is a
Wiener process with positive drift µ and dispersion parameter σ > 0. A
Wiener process, being a Gaussian process, can take both positive and
negative values. Therefore, the function ρ(·) should be such that ρ[Y (t)]
is a non-negative function. For example, we could take ρ[Y (t)] = Y 2(t).
However, if we assume that y := Y (0) and µ are both large enough,
and that σ is small, then the probability that Y (t) becomes negative
is negligible.

We choose ρ[Y (t)] = cY (t), with c being a positive constant. With
this choice, we can appeal to the following proposition to compute the
joint probability density function of the random vector (X(t), Y (t)).

Proposition 1. (See [2].) Let {X(t), t ≥ 0} be an n-dimensional
stochastic process defined by

dX(t) = (AX(t) + a)dt+N1/2dB(t), (3)

where {B(t), t ≥ 0} is an n-dimensional standard Brownian motion,
A is a square matrix of order n, a is an n-dimensional vector, and
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N1/2 is a positive definite square matrix of order n. Then, given that
X(t0) = x, we may write that

X(t) ∼ N(m(t),K(t)) for t ≥ t0, (4)

where

m(t) := Φ(t)

(
x+

∫ t

t0

Φ−1(u)adu

)
(5)

and

K(t) := Φ(t)

(∫ t

t0

Φ−1(u)N[Φ−1(u)]′du

)
Φ′(t), (6)

where the symbol prime denotes the transpose of the matrix, and the
function Φ(t) is given by

Φ(t) := eA(t−t0) =
∞∑
n=0

An (t− t0)
n

n!
. (7)

In our case, we have

A =

[
−k c
0 0

]
, a =

[
0
µ

]
and N1/2 =

[
0 0
0 σ

]
. (8)

Moreover, for n ≥ 1,

An =

[
(−k)n −c(−k)n−1

0 0

]
. (9)

Hence, if t0 = 0, the function Φ(t) is given by

Φ(t) =

[
1 0
0 1

]
+

[
−1 + e−kt − c

k

(
−1 + e−kt

)
0 0

]
=

[
e−kt − c

k

(
−1 + e−kt

)
0 1

]
. (10)

Next, we find that∫ t

0
Φ−1(u)adu =

 c µ (−k t−1+ek t)
k2

µ t

 . (11)
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It follows that

m(t) =

 e−k t

(
x+

c µ (−k t−1+ek t)
k2

)
− c (e−k t−1)(µ t+y)

k

µ t+ y

 . (12)

Finally, with

N =

[
0 0
0 σ2

]
, (13)

we calculate ∫ t

0
Φ−1(u)N[Φ−1(u)]′du = − c2σ2(−2 k t+4 ek t−e2 k t−3)

2 k3
− c σ2(−k t−1+ek t)

k2

− c σ2(−k t−1+ek t)
k2

σ2t

 (14)

and

K(t) =

 c2σ2(2 e2 k tk t−3 e2 k t+4 ek t−1)e−2 k t

2 k3
c σ2(k t−1+e−k t)

k2

c σ2(k t−1+e−k t)
k2

σ2t

 . (15)

Notice that for t large, X(t) has a Gaussian distribution with mean
and variance that are both proportional to t.

Making use of the above results, we can compute the probability
that X(t) will become equal to zero as a function of time, so that the
queue is empty. Similarly, if the system capacity is finite, we can easily
compute the probability that the system will become saturated.

The actual number of customers in the system is given by

Xr(t) :=


0 if X(t) ≤ 0,

X(t) if 0 < X(t) < r,
r if X(t) ≥ r,

(16)

where r is the system capacity.
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3 A homing problem

In this section, we suppose that the constant k in Eq. (1) is replaced by
the function b0u[X(t), Y (t)], where b0 is a positive constant and u(·, ·)
is a control variable that is assumed to be a continuous function.

Let

τ(x, y) := inf{t > 0 : X(t) = 0 or Y (t) = γ | X(0) = x, Y (0) = y},
(17)

where x > 0 and y > γ, and γ ≥ 0 is assumed to be small. The random
variable τ(x, y) is called a first-passage time in probability theory.

Our aim is to find the control that minimizes the expected value of
the cost function

J(x, y) :=

∫ τ(x,y)

0

{
1

2
q0u

2[X(t), Y (t)] + θ

}
dt, (18)

where q0 and θ are positive constants. Hence, the optimizer tries to
empty the queue as soon as possible, while taking the quadratic control
costs into account. We also stop controlling the process if the arrival
rate of customers becomes small enough. This type of stochastic con-
trol problem is known as a homing problem; see Whittle [3] and [1].
The author has written several papers on homing problems; see, for
example, [4].

To find the optimal control u∗[X(t), Y (t)], we can try using dynamic
programming, which enables us to express u∗ in terms of the value
function

F (x, y) := inf
u[X(t), Y (t)]
t ∈ [0, τ(x, y))

E[J(x, y)]. (19)

The function F (x, y) gives the smallest expected cost, starting form
X(0) = x and Y (0) = y.

We can prove the following proposition.
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Proposition 2. The value function F (x, y) satisfies the dynamic pro-
gramming equation

0 = inf
u(x, y)

{
1

2
q0u

2(x, y) + θ + [ρ(y)− b0u(x, y)]Fx(x, y)

+m(y)Fy(x, y) +
1

2
v(y)Fyy(x, y)

}
, (20)

where Fx = ∂
∂xF (x, y), etc. The equation is valid for x > 0 and y > γ.

We have the boundary conditions F (0, y) = F (x, γ) = 0. Moreover, the
optimal control is given by

u∗(x, y) =
b0
q0
Fx(x, y). (21)

If we substitute the expression for u∗(x, y) into the dynamic pro-
gramming equation, we find that to obtain the value function, we must
solve the second-order non-linear partial differential equation (PDE)

θ− b0
2q0

[Fx(x, y)]
2+ρ(y)Fx(x, y)+m(y)Fy(x, y)+

1

2
v(y)Fyy(x, y) = 0.

(22)
Assume now that instead of the service rate, the optimizer can

control the arrival rate of the process, so that the two-dimensional
process (X(t), Y (t)) is defined by the system of stochastic differential
equations

dX(t) = ρ[Y (t)]dt− kX(t)dt, (23)

dY (t) = b0u[X(t), Y (t)]dt+m[Y (t)]dt+ {v[Y (t)]}1/2dB(t). (24)

Proceeding as above, we obtain the following corollary.

Corollary 1. In the case of the controlled process defined in Eqs. (23)
and (24), the optimal control is given by

u∗(x, y) = −b0
q0
Fy(x, y). (25)
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Furthermore, the value function satisfies the PDE

0 = θ − b0
2q0

[Fx(x, y)]
2 + [ρ(y)− kx]Fx(x, y)

+ m(y)Fy(x, y) +
1

2
v(y)Fyy(x, y). (26)

Finally, in some cases, Eq. (26) can be linearized.

Proposition 3. Suppose that v(y) ≡ σ2. The function

G(x, y) := e−αF (x,y), (27)

where

α :=
b20
q0σ2

, (28)

satisfies the linear second-order PDE

αθG(x, y) = [ρ(y)−kx]Gx(x, y)+m(y)Gy(x, y)+
1

2
σ2Gyy(x, y). (29)

The boundary conditions are G(0, y) = G(x, γ) = 1.

Remark 1. The linear PDE in (29) is in fact the Kolmogorov back-
ward equation satisfied by the moment-generating function of the ran-
dom variable τ(x, y):

M(x, y) := E
[
e−sτ(x,y)

]
, (30)

with s = αθ > 0, for the uncontrolled process (X0(t), Y0(t)) obtained
by setting u[X(t), Y (t)] ≡ 0 in Eq. (24). Moreover, the boundary con-
ditions are the appropriate ones.

4 Conclusion

In this paper, a queuing model in which customers arrive (approxi-
mately) according to a degenerate two-dimensional diffusion process
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was studied. The model is such that, in the case of the absence of
service, the number of customers in the system is strictly increasing.

In a particular case, we were able to derive the distribution of the
number X(t) of customers in the system at time t. It would be inter-
esting to obtain this distribution in other cases.

Then, a stochastic control problem was formulated for the queuing
model. We derived the non-linear partial differential equation satisfied
by the value function, and we saw that it is sometimes possible to
linearize this equation. In a next step, we could try to obtain explicit
solutions to special problems.
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