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RESUME

Cette thése propose une approche originale pour le contedlengillages autours d’objets rigides
en mouvement. L'approche proposée permet de maintenir dixepologie du maillage, et ainsi
d’éliminer le recours a un processus d’interpolation déstiEms entre les pas de temps lors de simu-
lations en régime transitoire. Afin de simplifier le traitethdu mouvement des objets, leur évolution
est décrite dans un espace de calcul, qui est par la suitddrare vers I'espace physique grace a des
opérateurs différentiels. Deux types d’opérateurs difiéiels ont été étudiés, les premiers inspirés de
fonctionnelles de forme des éléments (Longueur, Aire éh@yonalité),

et les seconds des équations de Winslow. Lune des contnisuprincipales de cette étude est
I'extension des équations d’Euler-Lagrange aux fonctatles de forme, ainsi qu'a leurs combi-
naisons, et I'application de ces fonctionnelles au tragieihde maillages non-structurés. Deux tech-
niques distinctes de discrétisation de ces équations aiweds partielles ont été étudiées. La pre-
miere technique est basée sur un schéma de différencesdimesf points, et la seconde sur un
schéma de volumes finis utilisant une linéarisation desatpers.

Une seconde contribution a consisté a introduire la notéoglidsement des noeuds du maillage sur les
frontieres des objets en mouvement. En intégrant les tqabaide glissement des nceuds, gérées dans
I'espace de calcul, et les techniques de transformatiofedpdce de calcul vers I'espace physique,
une approche robuste de contrble des maillages pour dertnédggdéplacements des objets a pu étre
mise au point.

Cette approche, combinée a une seconde méthode de gestiayugtlanmrent dans I'espace physique
utilisant les fonctions a bases radiales, a permis de trdé® configurations d’objets en mouvement
le long de trajectoires complexes. La méthodologie globadénsi pu étre utilisée pour traiter des

configurations représentatives d’applications en ingénie



Vi

ABSTRACT

The main objective of this thesis was to generate unstredtneshes with fixed connectivity for large
rigid body motion. The proposed approach consists in géingra mesh in computational space for a
generic configuration of the moving body. The managemenbdyand mesh motion is then carried
out in computational space using a sliding mesh paradigner#frds, the mesh in physical space is
obtained through PDE mapping operators. Two different nmagppperators based on functionals and
Winslow equations have been investigated to recover thsigdlyspace by the computational mesh.
One of the main contributions of this study is extending thieELagrange equations of Length,
Area, Orthogonality functionals and their combinatiomsynstructured grid technologies. Two new
discritization techniques are implemented, validated@nrdpared for performing different mapping
operators on unstructured grids. The first approach useparfcartesian stencil inside each patch
of the computational mesh and discritizes the mapping ¢pesran that using conventional finite dif-
ference schemes. The second approach used finite volumigizidion technique by linearizing the
system of mapping equations. Finally, the Radiad basis Faninterpolation technique can be used
as a secondary mesh motion technique and after the mestgstidbicedure. Combination of these
two techniques allow us to handle more complex trajectamig¢se boundaries in physical space.
The overall methodology is applied to complex geometridigomations representative of engineer-

ing applications.
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CHAPTER 1

INTRODUCTION

Computational fluid dynamics (CFD), through the integratibnnoaovative numerical techniques,
provides an attractive methodology for the simulation ofvfllased applications around complex ge-
ometries. Within its very short life span, enormous advarnicdéoth solvers and geometric modelling
have been achieved, turning these into reliable tools amaght them within the reach of the research
and application engineer.

Recently, solvers for treating high Reynolds number flowsgusimstructured grids for both viscous
and inviscid regions have been proposed by Hassan et aB) 198 et al. (2001), Yang & Mauvriplis
(2005) and Hassan et al. (2007). Extensions to unsteady $iowsgations, based on the full Reynolds
averaged Navier-Stokes equations using different typé&srbfilence modelling and grids have been
proposed successfully [Rhee (2005, 2009)]. These achiewsrdepend, entirely on the grid genera-
tion procedure which is critically important in providindiak between the physics and the geometry.
This is specially the case for unsteady flows including mgwoundaries.

Such unsteady phenomena occur, for instance, in turbomeghproblems which require consider-
able computational effort with regards to both geometrgciditization and physics modelling. As
illustrated in Fig. 1.1(a), the flow in these problems is r@mtly unsteady due to the relative motion
between the different components of the machine. Anothamgke, shown in Fig. 1.1(b), is a com-
plex flow around a screw propeller, commonly used in maridestries. The study of the flow around
these configurations is characterized by a boundary mofitarge amplitude. A more complex sit-
uation occurs in the case of two boundaries that are in velatiotion, as illustrated in Figs. 1.1(c)
and (d) for the flow in a gear pump. In addition to the compedajeometry, the effects of bound-
ary proximity and large relative motion contribute to th#idulties of these problems. Furthermore,
the flow is fully turbulent, highly three-dimensional andagiplly non-uniform. It is thus a veritable
challenge to simulate accurately such complex flow fieldsortter to capture the fluid features in
such unsteady problems, the mesh motion should be direatigled and adapted to the flow field
simulation and its unsteadiness. Hence, the goal of megbtatda is to increase the accuracy of

numerical calculations subject within the constraint ahpoitational costs and an acceptable error.



(d)

Figure 1.1 Examples of unsteady flow requiring moving meshes



To simulate such problems, the efficient and reliable geiveraf time evolving meshes is a prelimi-
nary requirement. This is expressed in terms, on one hamdyalfd mesh for smoothness and quality,
and on the other hand, of meshing tools capable of succdssétinent of prescribed body motions.
These two factors provide a continuing challenge for tramtsinesh generation methodology.
Unstructured mesh generation techniques are capable toceré@in element properties such as size
control and flexibility, in addition to providing suitablenaronments for automation. Unlike their
structured counterpart, unstructured meshes can be nwthitally by insertion, removal, refine-
ment and coarsening of elements.

State of the art mesh motion methodologies applicable teeadyg problems can be divided into two
major categories, as illustrated in Fig. 1.2, namely, ormigrwhich maintains the mesh topology
whereas the other is based on changing topology. These tpgyare briefly reviewed in the next

section by considering their advantages and limitations.

1.1 Problem formulation

For configurations involving moving boundaries, specialith large body motions such as turbo-
machinary problems, mixer blades and control surface defteproblems, a robust mesh movement

technique is a requisite.

Reneshi ng

| Changi ng Local
topol ogy Renmeshi ng
Mor phi ng

Unstructured
nesh notion —
t echni ques

— Sl i di Ng Cel |l s

Fi xed

t opol ogy Sl i di ng Zones

Def or ni ng
mesh

Overset grids

Figure 1.2 Classification of Different moving mesh Methodpds



The most demanding characteristic of an unsteady flow wiglands to moving grid generation is
when large amplitude of the relative motion of the boundaaiee present. For instance, the simulat-
ing of an oscillatory airfoil can be handled successfulljpngghe spring analogy technique for small
displacement about a reference position, but this willfailarge amplitudes.

Modelling viscous effects to capture flow features near theldaries requires very high aspect ratio
cells, where the spacing of the first layer from the boundarylme10-° times the domain character-
istic length. Thus, even with a very small motion, the bougdan traverse many layers of nearby
cells, potentially leading to invalid meshes. The problesndmes more difficult for body motion in
close proximity or in contact.

Considerable efforts have been addressed at these typesldémps and several mesh movement
strategies have been successfully demonstrated in thatlite. In this section, these strategies are
categorized in two main groups, based on changing and fixgaldgy of the mesh, as shown in
Fig. 1.2. These are reviewed in terms of their applicabibtiarge relative motion, and assessed with

respect to robustness and efficiency.

1.1.1 Mesh motion by topological change

The early attempts in dynamic grid generation are esssnteaheshing techniques, where the entire
grid is regenerated based on the new position of the bowslasipresented in Anderson et al. (2005),
Kwak & Pozrikidis (1998), Saksono et al. (2007), Schneideale(1992) and Cristini et al. (2001).
This approach has been applied for adaptive flow simula@nwell as for the simulation of flow
with moving bodies. This can produce meshes of very highityuéthe defined size function is well
behaved, for example by equidistributing the error acrbesdbmain [Persson (2005)]. However, it
IS very expensive computationally, as in addition to theialctemeshing, the technique requires the

interpolation of the solution at each time step.

A major improvement of the efficiency of this approach is tplgpemeshing locally as determined
by a mesh quality indicator, [Hassan et al. (2000)]. Basech@aindicator, elements are removed,
resulting in one or more voids in the mesh which are then reegeaccording to the required distri-
bution of mesh parameters provided by the error indicatnoggss and merged into the global mesh,
[Hassan et al. (1998)]. Although applied locally, compat@the complete remeshing, this method

remains computationally expensive for transient probleifes some applications, essential physical



features of the flow such as weak secondary shocks will beblestuse of the inherent numerical
diffusion resulting from the interpolation schemes transhg data from one mesh to another [Has-
san et al. (2007)]. In addition, specially in 3D cases, theegated void can be nonconvex, for which
remeshing with the desired quality can be a complicated taskome cases, to satisfy the defined
mesh sizing inside the voids, the surface of voids has toiinesbed to be prepared for applying the

volume meshers. This procedure increases the complexibheahethod considerably.

Another mesh adaptation method, called morphing, appiiesl ledge collapse operations for mesh
coarsening, and incremental point insertion algorithmsrfesh refinement. These procedures always
require and operate on a valid mesh [Baker (2001, 2003)]. Fawimg mesh applications, these
algorithms can be integrated with the mesh movement preedddorm an adaptation algorithm that
will modify the mesh of a domain whose shape is evolving iretirtf inverted elements are created
after moving the boundary, the motion step is halved andithegss is continued. In general, a given
movement step of the boundary can be broken up into suchemnsédips. If the situation persists, the
step can be further refined. Although the method is very flexilts robustness depends heavily on

maintaining mesh quality during each adaptation cycle.

1.1.2 Mesh motion by fixed topology

Another approach to mesh motion is to adjust the computaltion physical mesh to the moving
boundaries by the movement of all internal nodes based opréseribed boundary motion, without
modifying the mesh connectivity. Such mesh motion techesquhere the connectivity remains fixed

are called mesh deformation.

Deforming mesh algorithms have been presented in thetliterawith various approaches according
to the amplitude of the body motion. A widely used method hesnbpresented by Batina (1991)
which considers the mesh as a network of linear springs alwdssthe static equilibrium equations
for this network to determine the new location of the gridmei A disadvantage of this approach is
that the grid smoothness and regularity are lost when tlieigsubjected to large motion.

This has been improved in Farhat et al. (1998) by the addititorsional springs for controlling
the arbitrary motion of grid points. The difference betwe&eniex and segment springs to calculate

the equilibrium edge lengths is presented in Blom (2000), tedsegment spring method based



on the modified stiffness has been applied for a pitching#ivihere the original spring analogy
methods had failed. However, despite these improvemdmgsapproach proved to lack of robustness

particularly for large deformations.

Another promising method is based on the Radial Basis Furstidarpolation presented in Rendall
& Allen (2009) which can be applied to mesh motion while pres® the cells’ connectivity. This is
an interpolation technique where the displacements of @ymnodes are propagated onto the inte-
rior nodes. A small system of equations, involving only tleeibdary nodes, has to be solved and no
mesh connectivity information is needed. The method cadledarge mesh deformations caused by
translations, rotations and deformations, for both 2D abdri2shes. This can be compared to PDE-
based approaches in terms of mesh quality and efficiency dtionms where the surface deformations
are smooth, such as in fluid-structure interaction probleitss has been applied successfully for
large relative motions in engineering applications butsithe cells remain attached to the boundary
and the connectivity matrix remain fixed, it is not suitalae periodic rotary objects like modelling

the mixer blades or propellers.

PDE operators, such as Laplace equation with various diffyscoefficients, have been used as
a mechanism to generate and to smooth meshes. Solutions teqgiation satisfies the min/max
principle, which means that the dependent variables onntegior of the domain are bounded by
the values on the boundary of the domain [lllinca et al. (J99%panier et al. (1993) and Zhang
et al. (1993)], thus insuring valid grids. While the behawdrthe Laplace equation is similar to
that of the spring analogy, Poisson’s equation with fordimgctions provides a better control on
the mesh deformation procedure. These control functionst i@ defined to produce the desired
grid shape near the boundaries. However, these have to bstedija posteriori, which decreases
the automation capabilities and robustness of the metheahcé] the secret of each "good" system
of Poisson equations is selecting appropriate forcing semich is thus equivalent to constructing

valid grids in mesh deformation technique.

Notably, in an effort to simultaneously control both, edgegdths, which can be achieved by Laplace’s
equation, and the normal mesh spacing in moving boundatylgms, Helenbrook (2001) proposed
the use of biharmonic equations. In this technique, not omdgh spacings will be continuous at
interfacial or periodic boundaries, but it also allows threwdation of problems with greater boundary

deformation than second-order methods or Laplace eqatihile this method is valuable for both



free-surface and interfacial flow calculations, it stillshiamitations for the large linear and rotary

motions in unsteady flow problems.

Another attempt to solve large mesh deformation has begyoped by Yang & Mavriplis (2005) us-
ing linear-elastic smoothing. One advantage of this apgraathat it uses a variable elastic stiffness,
inversely proportional to the cell volume, in order to presethe mesh quality in viscous layers. In
Yang & Mauvriplis (2007), an optimization procedure basedt@adjoint method for linear elasticity
mesh deformation technique is presented. This technigeiesde compute an optimal distribution
of the modulus of elasticity to enhanced the robustness siemh@ the range of applicability of this
mesh deformation technique for large displacement casegie Wéry robust for several engineering
applications, this method has the same limitations as tipaca equation and gives invalid cells for
large motions, specially around high curvature regionshars corner points of boundaries. This is
due to the type of the system of equations, which is elliptid @ill be further discussed in Chapter
4.

Another technique is overset grids [Benek et al. (1986)] simaplify the mesh management by su-

perposition of the static and moving parts of the grids aetgense of the cost of interpolation.

In spite of the considerable advances achieved in the areastfuctured mesh movement, there re-
main several critical issues relating to robustness andlegiity of these methods. This thesis presents
a contribution to this generic problem with the specific gmaéxtend the range of applicability of

relative large body movement and boundary proximity.

1.2 Proposed approach

The ability to move objects in a physical domain gives thespmkty of simulating unsteady engi-
neering problems. To do that, the generation of an initiadhm&ith respect to the desired resolution
of the initial solution is required. The solution is advad@e time and, at each time step, the coordi-
nates of the points are updated according to the prescribezhgputed movement of the boundaries.
Itis clear that, without using adaptive and mesh motionnegples, the mesh becomes more and more

distorted and eventually invalid.



The methods described so far, all share one major chamstatemvhich is that the mesh motion is
carried out in physical space. Generally, each methodfiesta particular set of requirements at the
expense of their important capabilities. For example dangtions can be handled by local remeshing
techniques but present difficulty with accuracy and comipleSimilarly, while the spring analogy is
very efficient and easy to apply, it fails for large motionsirthermore, despite their significant ben-
efits, the Radial Basis Functions interpolation, linear aldgttechniques and biharmonic equations
are still not capable of handling large linear or periodi@arg motions encountered in the engineering
applications. This is due to the constraint of the attachrofcells to the boundaries and the difficulty

of maintaining mesh topology as the motion evolves.

A new approach is presented in this thesis, based on a flow@gnathere the grid cells are advected
past moving boundaries by a fictitious potential-like flumfl In this approach, the cells are allowed
to slide on the boundaries in order to release the constrpmnesent in the conventional mesh defor-
mation techniques. In addition, the cells connectivitiel e maintained except at specific points
on the boundary. Despite this method’s capability to hataitge motions and even contact and sep-
arating boundaries, it requires special treatment of ggll$ on the boundaries. This is especially the
case for bluff bodies where additional forcing terms areinegl as to maintain the mesh validity and
guality explained in the following chapters.

The way around this difficulty and instead of dealing withciag terms, the sliding procedure can be
managed in computational space, where the boundariesnapéif@d and the cells remain isotropic
for all the evolving steps. Then, the computational meshapmed to the physical domain to achieve

the respective physical mesh.

1.3 Objectives

In the previous sections, several moving mesh techniques leen reviewed for large relative mo-
tions. From this analysis many of the difficulties encousetietan be related to the fact that the mesh
remains attached to the moving boundaries, resulting ialichmeshes for large deformation. An-
other difficulty arises from the management of the grid motrophysical space.

In the present work, it is proposed specifically, to follondatevelop the "Fixed topology" branch

shown in Fig. 1.2 in order to achieve the goal of modeling maskiement generated by large rigid



body motions, while lifting the constraint that mesh nodasain attached to moving boundaries.
The main advantage of this approach is to preserve the mestectvity as time evolves, making
it well suited for Arbitrary Lagrangian Eulerian (ALE) flovoksers. By its very definition, the ALE
approach combines both the Lagrangian and Eulerian referfemmes and allows for a flexible, mov-
ing grid. This is helpful in problems with large deformatiohboundaries where the grid tracks the
fluid or boundary. In addition, an often overlooked issue wving grids is the discretization of the
Geometric Conservation Law (GCL) presented in Farhat & Les®i{1996). These consist in two
equations that state that cell volumes must be bounded bystivéaces (Surface Conservation Law,
SCL) and that a volumetric increment of a moving cell must h&aétp the sum of changes along the
surfaces that enclose the volume (Molume Conservation L&i)VThese requirements for the time
dependent meshes in a finite volume method have been présertbang et al. (1993), Trépanier
et al. (1993) and are implicitly verified in the present ag@toas the grid connectivity is fixed. For

example, the continuity equation on a moving grid is

oV -
I 0-ds = 1.1
pr ygcw ds =0 (1.1)

Where 0V /ot is the rate of change of the cell's volume andepresents the velocity of control
volume surfaces. If the above relation is satisfied, themeluould be conserved for all the control
volumes. Consider Fig. 1.3, in which grid points are movindnisTligure reveals how the size of
subcontrol volume 2qop changes due to the motion of nodesl Baitherefore, to satisfy VCL on
the shown triangle, the normal component of velocities bfsufaces a and b (i.€w,,), and(w,);)
are evaluated as follows

v

AVy Displaced volume due .
to movement of subsurface "a*~

Avb: Displaced volume due
to movement of subsurface "b"

Figure 1.3 Simple deformation of an element due to its twoasbthovement
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AV,
s @ =S (1.2)

wheres, ands, are surfaces of a and b, and/, andAV}, are the swept volumes by their correspond-

ing surfaces. Based on this definition of subsurface vetsithe VCL law would be satisfied.

The strategy to address these issues is based on the degooiplhe grid management and domain

geometry requirements by;

1. sliding cells on the boundary,

2. managing grid motion in computational space, which desze difficulties in handling physical

domain features, especially in regions where boundaryature varies rapidly,

3. achieving geometric conformity through a mapping procedrom a generic grid in computa-

tional space to physical space.

1.4 Thesis outline

The subsequent chapters of this desertation deal with thepaghes that were developed for the
purpose of unstructured mesh motion with large amplitudelsfixed connectivity of cells.

First of all, the mesh deformation and mesh motion techrgquephysical domain are studied and
developed in Chapter 2. This is to understand the pros and aoeach method. Amongst the
methods described in this chapter, we have focused on the matson techniques based on the fixed
connectivities, knowing their constraints and trying fotlhem in order to improve their capabilities.
One possible approach to avoid the mesh breaking down on tdgadogy techniques in physical
domain is allowing the cells slide over the boundaries uaisfip condition model. This method has
been explored in Chapter 3, but still needed some modificatiomvercome the difficulties that are
encountered in that chapter.

To do that, the problems of sliding the cells over the bouiedaare solved by managing the mesh
motion around a set of generic boundaries in the computatispace following by mapping the
computational mesh to the physical domain using a propepmgperator.

Thereafter, various mapping operators are introducedamddon unstructured meshes in Chapter 4
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and the resulting meshes are compared with respect to theditygand smoothness. Chapter 5 studies
a novel method to slide the mesh in computational spacewoilp by mapping the computational
mesh to the physical domain at each evolving step.

Finally, this document ends up with conclusion remarks amggjestions for future works.
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CHAPTER 2

MESH MOTION IN PHYSICAL DOMAIN

In this chapter various mesh movement strategies in physjp@ece are reviewed and studied. This
is followed by specific examples in order to explore theirralsteristics and to demonstrate their
applications. Some of these strategies are designed tageadvalid mesh given a set of prescribed
boundary displacements by recomputing new mesh point owaiss without altering the connectivity

or topology of the mesh which adds considerable capabiitynfoving boundary problems. These

methods can be divided into PDE based and algebraic teasiqu

2.1 Mesh deformation based on fixed connectivity

In all mesh deformation techniques used in transient probj¢he computational mesh is adjusted to
the physical boundaries and is updated at every time stepoMof all interior nodes in the physical
domain is based either on the prescribed boundary motiotineoboundary and following that, the

mesh motion is carried out by solving the problem.

2.1.1 Laplace equation

Generally, the proposed strategy for adaptive modificdtotime evolving meshes is divided up into

four parts:

move the domain boundaries

apply the boundaries velocity to the internal grid nodes

update the nodal positions

grid management of special nodes
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Given the coordinates of nodeat timet as X¢, then the new coordinates:™ at timet + 1 are

obtained by the addition of displacemefft’,

X = X1 4 gttt (2.1)

The method of computing the mesh displacement or deformatit’ is based on the solution of a

boundary value problem using the following Laplace equmtio

V2P =0 (2.2)

As part of a preliminary exploration, two ways to evalud{e' were investigated; one is based on
solving Egn. 2.2 wher®® = X represents the nodal position, and another ué?ng w, the velocity

field, as proposed by lllinca et al. (1995).

As it is known, the nature of the Laplace equation is that thiatmisplacements will be largest close
to the moving boundary and diminishing for large distantesddition, the Laplace equation locates
each node as the average position of its surrounding poBdsically, the results obtained by the
coordinate-basedH{ = )?) Laplace equation gives the new position of the grid, and gimilar to
the spring analogy where all edges are considered as a rketfvgprings and the final solution is
achieved when the springs reach their equilibrium state.

In the second method, the updated position for each nodé¢asel using the solution of the velocity

field and a specified time stefyt,

X = X4 At (2.3)

The main advantage of this method is the preservation of #ghrtopology at each time step. This
technique works well in convex regions, but it may producerfyeshaped or even inverted elements
in concave regions. Typically, the mesh surrounding coa@mometrical items is pulled outwards
leading to geometry-overlaying meshes. Due to excessstertion, such meshes are usually quite

difficult to recover via a posteriori quality improvemenbts. Therefore, application of this approach
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in its original form to meshes generated for arbitrary domaas generally not entirely adequate. Ad-
ditional controls are necessary to prevent elements franglshistorted during smoothing [Kovalev
(2005)].

Fig. 2.1 shows the mesh at maximum displacement (beforesiorg resulting from the linear mo-

tion of a body (circle), using both the solution of Eqn. 2.28tas a displacement (Fig. 2.1(c)) and the
solution of the same equation cast as velocity (Fig. 2.1(Bhe comparison of the resulting meshes
in Fig. 2.1(b) shows that using the velocity to update the pesition of interior nodes, extends the

applicability of the procedure to a displacement approxatyat0% higher than the circle radius.

The main reason why the method is stiff and unable to handde lmotion is that both smoothing
methods yield the same direction field for the displacemewators. Fig. 2.2 illustrates how the
interior nodes do not have the freedom to adapt their pos#tczording to the boundary’s curvature.
This velocity field has been determined by settlﬁg: (1,1) on the inner boundary nodes as a
boundary condition, which yields a stiff condition for disgpement. Hence, the mesh loses its validity

for large amplitude of motions.

2.1.2 Linear elasticity

A recent formulation, presented by Stein et al. (2003), forvimg boundary and mesh deformation
problems can be obtained using a model based on an analogiyefdinear elastic behavior of a

material where the strain is proportional to the stress eretament.

The mesh is computed from the linear elasticity equatiomsclvcan be written as:

1 9
2 V.V = 2.4
Viut ooV V = 0 (2.4)
0
2 _ . e
Vit 55,V Y = 0

where the nodal displacement vector is giveriby: ui + v;. The parameter (Poisson’s Ratit) in

the denominator is typically set so that the coefficiefit —2v) is equal to the aspect ratio of the local

!Poisson’s Ratio is defined as the ratio of lateral strain talarain and is always positive in sign.
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(c) Final Mesh (2) using displacement (d) Final Mesh (3) using boundary velocity

Figure 2.1 Comparison of mesh displacement using boundapfadiement and velocity, computed
using Laplace equation

cell. This produces stiffness in regions with high aspetibreells and ensures that boundary-layer
elements track closely the local boundary as it moves. Theiso to these equations is a vector
field defining the displacement of each node. Yang & Mauvriffi805) showed how linear-elastic
smoothing can be used to perform very large deformationsva$cid and viscous meshes. Their
implementation uses a different form of the linear-elastiations shown in Eqn. 2.5, for which the

modulus of elasticity is allowed to vary and Poisson’s ra¢éimains constant. One advantage of this
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Figure 2.2 Propagated mesh velocity vector on the inteodes

approach, is that in regions of larde (Young’s modulus or modulus of elasticity) the mesh cells
are displaced as a solid body. Thus, an appropriate préscripf the distribution of E can be used
to avoid severe mesh deformation in critical regions of tlesim With a distribution of E inversely
proportional to the cell volume or to the distance from théodaing boundaries, much of the mesh
deformation can be relegated to regions where the mesh rsexoand can sustain larger relative

deformations.

ﬁ[ E(—v) @}JFQ[L@%L
Or (1+v)(1—-2v)0x  Jy 2(1+v)dy
0 Ev ov 0 E  Ou

(2.5)

8x[(1+u)(1—2u)8y]+8y[2(1—|—u)8y] .
Q[L@]Jrﬁ[ E(l —v) @]
0r2(1+v)ox” Oy (1+v)(1—2v)0y
0 E  Ou o0 Ev ou, 0

oy e ar a2 o

The moving procedure is applied by finding the valuelobn the cell nodes and updating their
position using this computed velocity field. This method astigularly advantageous when several
boundaries move in different directions. Fig. 2.3 shows a&CRA012 airfoil rotated by360° in

four equal steps 090°. It has been shown by this figure, that the method allow exterarge
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deformations of poor quality meshes.
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(d) o
the displacement of adlrior points in the physical domain

(c) 6 = 270°
Another method that has been studied in the current work isaRBasis Functions interpolation

Figure 2.3 Incremental rotation of a NACAO0012 airfoild60° using the linear elasticity model [figure
are interpolated from the boundary positions at each tiye. 9 the RBF formulation, the interpo-

courtesy of professor R.P. Dwight TU Delft, Dwight (2006)]
lation functions(.X') which describes the displacement of the interior nodes is

(RBF). In moving boundary problems

2.1.3 Radial basis functions



18

i=N,

p(X) = Z a;d([| X — X |]) (2.6)

wherep(X) is the function to be evaluated &t, ¢ is a given basis function similar to a function of
distance field. The nodes; represent the known boundary value displacements)\gmsithe number

of boundary points. In this method, nodéentifies the center for a RBF. Whilg; is the location

of that center, the coefficient; is found at each point by solving a global interpolation peof. The
RBF interpolating function, Eqn. 2.6, can be convenientlyregped as matrices when considering

the entire set of mesh points. Usiig’ to denote a boundary mesh point.

r, = Cygay (2.7)
Ys = Cssay (28)
where
Ly Ys, ail
xS - ' Y ys - ' b a/il? — ' (2-9)
stb ySNb a?}\jb

TheC,, is expressed by

(bslsl ¢S182 ce ¢515Nb

¢5Nb51 ¢3Nb52 cee ¢3Nb5Nb

which is aN, x N, matrix and its components are defined as

stisj = ¢(|| XSq', - XSj ”) (211)

Some basis functions are presented in Table 2.1, wh@re: |) = 0V || = ||> 1, and more can be
found in Rendall & Allen (2008). Choosing the proper basis figrcprovides the combination of

mesh quality and matrix conditioning.

To determine the dependence @finterior points on theV, boundary points, the following matrix

must be formed, whereindicates an interior node
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Table 2.1 Basis functions fafx ||< 1

Name Definitiong(|| = ||)
Wendland'sC'0 (1= z|)?
Wendland'sC?2 (I=z D" |z +1)
Wendland'sC'4 (1= = D35 || = ||> +18 || = || +3)

Wendland'sC6  (1— ||« [)¥(32 || « ||> +25 || 2 ||> +8 || = || +1)

¢’U151 ¢’U152 ct ¢v151\/b
Ags = : o : (2.12)

¢UN51 ¢UNS2 ¢vN5Nb

The positions of the domain interior points given by the vesi, andy, are

Ty = Aasaac - Aasos_slxs (213)
Yp = Aasay = Aasc’;slys (214)

In the original RBF methods, th&,; matrix is created based on the undisturbed boundary poots f
the initial mesh and the interior nodes are updated by th#txret each step. In this work thé,,
matrix is created based on the previous displaced bounddrgridle large amplitudes and motions.

The influence of updating’,; at each time step is studied in the following two examples.

This method was applied to rotate two different geometi@eSIACA 0012 airfoil and a four-petal
rose for exceptionally large deformations by taking sevietarmediate steps. The initial mesh for
the NACA 0012 airfoil was generated for an incidence angle,0°, shown in Fig. 2.4(a). The mesh
quality defined as the distribution of minimum angle is shawhig. 2.4(b). The airfoil is then rotated
about its centroid by a total 360°. Fig. 2.5 shows the resulting mesh at four angular positiéss
the boundary cells remain attached to the body, the celleiddmain become highly skewed through
this large deformation. Although the mesh maintains itsgl the quality will decrease as shown

in Figs. 2.6.
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Figure 2.5 Deformed mesh around a rotated NACAQ0012 airfdibat angular position using Radial

Basis Functions interpolation method
In the second test case, the more complex geometry of a neecdmundary of a four-petal rose

configuration is investigated. The initial mesh and its gyalre given in Fig. 2.7(a) and (b). The
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Figure 2.6 Mesh quality at four angular positions for theatet NACA0012 airfoll

cross is rotated60° in the clockwise direction around its centroid. Figs. 2)§@ show the resulting
mesh at four angle positions, and the corresponding meshygsajiven in Figs. 2.9. By comparing
the undeformed and deformed meshes, it can be seen thabthapis of the cells decreases with
increasing rotation, and the cells gradually become eli@ugd his elongation yields very poor mesh

quality at the final step.

2.2 Mesh movement by changing connectivity

At the end of the mesh deformation procedures describedeiptévious sections, some elements
in the domain become flattened and stretched, so that theotchedm no longer produce a valid
grid. Each pair of such elements can be cured by a swappirggg@uoe which changes the skewed

and flattened elements to more isotropic triangles and allbw motion process to continue. This



22

70
%
<11
o
VAN 74 X 60
"‘" ;‘ A% o
<> 4‘§AVAVA4'A7‘
R vy,
DO ‘u%%vmgm‘y‘ 50
o AIKEDOLK
SAVAVS A
RS R =
SR v c
A % o “0
sied | @
R K>
< B | ©
<] o) 30
0% <
s | o
Vs i o X
KRS0 S5t > 2
A'%‘ REOEH o KPR “i‘gﬁu N
OOOERRREE
AVAVAVAVAWAVAWAW:; SRR 10
AVAVAVAVA %, v oV SORRNSSX
eSS AsSes s
N LK SRR 0
SR '4}}7" 0 5 10 15 20 25 30 35 40 45 50 55 60
R0 AT ard va)
s RGOS Mini |
< IS inimum angle
g Y AV v AVAVA Vs

, NN
17 AN )
i SR
i i
o A
i sty
ol I
(4),( i )
i ittt 72
WW‘ N .
‘ NN //////////
DR 74
l‘y’%(\(\(\m{,\‘\ T =
T T =
W\

(@) 6 = 90° (b) 0 = 180°

_

\\\\‘\\
Nannna
\\§:;:\§§§§i\ \‘\

N

N

N
NN
NMTHGTHI
\\\\§§ N

S
NN

N

S
NN

N

=
\
N
N N

N

N

N

N

N
N

N

N
D
NN

N
N

N
N

N
=
S
S
—

N
N
X

/

N

=
=
==

=\

=

=

=

m

\
N

N
=

=

—

N
==

=

=

==
=

—=—
——

=

=

/

~

y

\
~
==

=

N
N

N

—
=—
N

N
NN

N
~

N\
N\

—

)

—_—
==

\\

N\
N\
N
N

==

——

M

W\
A\ '\\&\\\}

\ \\\\\\\\\§§§\<§\\1\\
s

—
—

==
NN
N\

>
==

EZ

=

() 6 = 270° (d) 6 = 360°

Figure 2.8 Deformed mesh around a rotated four-petal rdeeiaangular position using Radial Basis
Functions interpolation method

requires the establishment of a criterion based on gridtygual the application of the curing step.

Fig. 2.10 shows how the application of this swapping procedian improve and cure a highly
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Figure 2.9 Mesh quality at four angular positions for thetetl four-petal rose

stretched grid with elements piled up ahead of the movinghtaty, as presented in Section 2.1.1.

This procedure is then followed by a smoothing step basedamtalce’s equation to improve mesh

quality.

To asses this, the method was implemented to a moving andndiefp body shown in Fig. 2.11.

As it is depicted, the method can handle any large motionisnia with changing topology and high

curvatures as well.

This method has been developed and extended successfBIylyg Alauzet & Olivier (2011) where

the mesh is smoothed after the swapping procedure usingaaticél-like equation and a mesh

optimization technique.

(d) 0 = 360°
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Figure 2.10 Swapping the flattened mesh to avoid mesh breakdo

2.3 Discussion

In all methods presented in this chapter, the managemeheahesh movement takes place in phys-
ical space either through fixed or changing topology.

Amongst the mesh deformation techniques for mesh motioh Witd topology, Laplacian type
smoothing restricts nodal displacement to a certain limibrider to avoid sever element distortion
and, as such, it is not suitable for the objectives of thiskwashich is to handle arbitrary large mesh
motion. Poisson equations can extend the amplitude of tit@@mby an appropriate choice of the
forcing terms. But, this approach deals with a posterionrnfation in forcing terms which decreases
the prospect for automation of the method. Ideally, theif@yterms should be chosen so that all mesh
points move in the domain according to the boundary shapeéiagaction of motion. However, choos-
ing these forcing terms needs several trials to achievedbkerbsulting mesh in physical space.

The linear elasticity approach is one of the most robustrtegcles among PDE based methods for
large mesh motion problems. Using this method maintainsieh validity around concave corners
in the physical domain as well.

The radial basis functions interpolation method is by farrtost efficient method for large deforma-
tions and gives better resulting mesh quality than lineastedity.

The strong point of all deformation techniques is the pnegt@yn of the connectivity of the mesh
throughout the mesh motion, thus avoiding the use of intatjpm techniques at each time step.
However, all methods will eventually fail, because of thetfthat the cells remain attached to the

boundaries during the motion.
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Figure 2.11 Moving and deforming boundary in domain basedwapping edges and smoothing
nodes

One solution to this problem is by swapping edges to cure #teefled cells. This maintains the
number of nodes, edges and cells, and can be applied for emmmations in both 2 and 3D unsteady
problems. However, this does not avoid interpolation atbgr. Indeed, depending on the discretiza-
tion techniques used by the flow solver, interpolation mal/st required even after applying the

edge swapping. This depend on how the primitive variablestared, i.e. at cell centers or mid point

of the edges.

An original solution to overcome this drawback, proposethia work, is to allow the cells to slide
past the boundaries. Removing the no-slip condition givesiiesh motion considerably increased

degrees of freedom to realize the amplitude of the motion.
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CHAPTER 3

MESH MOVEMENT USING SLIDING CELLS

This chapter presents a new method to generate moving griddaxge amplitude for rigid body
motions. This is based on an analogy of particles (grid kalisected using a slip condition, where
the cells slide over the boundaries. The context is one gklanotion where the grid connectivity
Is preserved, except at specific nodes on the boundariesdditiam to having a suitable form for
using ALE methods, the proposed algorithm is capable of lirapepproaching as well as separating
boundaries. This boundary detection is achieved by defiaiggasi-distance field in the domain to
control the movement of interior nodes. Unlike other methdlde proposed approach leads to higher
efficiency and precision by avoiding the need for interpolaf variables as time evolves, and it

simplifies grid management in the physical domain.

3.1 A flow analogy for mesh motion

All the mesh deformation techniques investigated in Chapt@xcept overset method) will finally
fail for large boundary motions essentially because of thestraint whereby cells remain attached
to the boundaries. The proposed solution to lift this re8on is to allow cells to slide over the
boundaries using a slip condition. Moving the grids in tippach will be based on a model where
each cell is considered as a patrticle flowing past the domaimdaries analogous to a potential-
like flow. The cells on the boundary are allowed to slip andbfela trajectory along the body as a
streamline as schematically shown in Fig. 3.1. As a resells oear the boundary will be deformed
due both to the sliding motion and movement of the boundahe dlobal grid motion can now be
reformulated as an extension of previous methods, usingrR@dels, such as the Laplace equation or
linear elasticity model described in Chapter 2, with the esiten of using a slip boundary condition.
The modified method for adaptive modification for time evotymeshes will be based on the solution

of the following B.V.P., using Laplace’s equation
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Figure 3.1 Sliding cells on a moving solid boundary

V2P =0 (3.1)

whereP is the nodal position for interior nodes. This equation isad, subject to the nodal positions

of the boundary nodes, as shown in Fig. 3.1.

Figure 3.2 illustrates the direction of moving nodes aroarfwbundary. As can be seen in this figure,
in contrast to the directions shown in Fig. 2.2, the pathdiftg moving nodes near the body conform
to the curvature of the boundary. These curvilinear dioeiare obtained by applying the slip con-

dition and allowing the cells to slide over the boundary.

Two particular points shown in Fig. 3.2 require special timeent. These are the separation and the
reattachment at the "leading" and "trailing" edgesere, two adjacent cells split or re-attach at the
leading and trailing edges, respectively. After re-attaeht, the body cells at the trailing edge are
shed into the domain.

The procedure of this new approach consists in the followiegs

1. Separating two contiguous elements along a common edige stagnation point

1The use of the terms leading and trailing edges in the preseriext are not strictly the same as the definitions in
fluid mechanics.



28

Figure 3.2 Generated mesh and direction of motion of the galst on a circle

2. Sliding the nodes on the boundary
3. Re-attaching the elements which are leaving the tragitge

4. Smoothing the mesh.

Figures 3.3 shows the sliding procedure at the leading alohty edges as the boundary moves in the
(—x,0) direction. In Fig. 3.3(a) the candidate node and edge arkedaccording to the direction of
the motion. The candidate node ahead of the boundary withceghe node of the leading edge and
two neighboring cells will be detached from the candidatgesshared between them. The next step
Is to add a node with the same coordinate as the leading edige243, to the nodes list which, for
this specific example, is nod®51. In the subsequent displacement steps, both ngtieand2951

will slide along their respective boundaries at the same p&dg. 3.3(b) shows how node4 that
attaches to the leading edge and two adjacent celksand667, are split. The rest of the nodes on
the upper and lower surfaces are moved along the boundatypamard the trailing edge.

At the trailing edge, the candidate node is shed into the dgraad the two elements are combined
along the two boundary edges. Fig. 3.3(c) depicts rityddeaving the trailing edge, and nodes!

and2932 which are merged at the trailing edge, as shown in Fig. 3.2(t¢r all these modifications,
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(b) Leading edge at,

(c) Trailing edge at; (d) Trailing edge ato

Figure 3.3 Treatment of the leading and trailing edges
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a Laplace equation-based smoothing on the new positionedbdlindary is solved to yield the new
nodal positions of the entire mesh. During this procedure,number of nodes, cells and the edges
remain constant and the method preserves the connectiatsixnexcept around the leading and

trailing edges.

3.2 Application of the method

The method has been applied for an airfoil sliding horizthyta the (—z, 0) direction and the result
Is shown in Figs. 3.4 at four different steps. In this figuree @an follow tagged sample points as
the airfoil passes through the mesh. In particular, one taermve that the mesh resumes its previous

geometry and topology after the passage of the body.

This was applied extensively to test the procedure and fooinebrk adequately for slender bodies.
However, in the case of a bluff body moving through the domidiis approach results in a stretching
of the cells ahead of the body after just a few time steps. igiance, in the case of a circle moving

in the (—z, 0) direction shown in Fig. 3.5, stretched cells appear cleaftlsr only three time steps.

This is essentially the same problem that was encountergdtiaé no-slip boundary presented in
Section 2.1.1. Namely that the moving body pushes the de#lacof it, and these become flattened
and eventually yield invalid meshes. At first sight, thisngontradiction with the objective of sliding
meshes, as this approach was proposed as a way to avoiddbiempr What is happening is that
there are two effects at work: the body motion piles and cesges the cells ahead of it, and the
sliding on the body moves these out of the way. For bluff bediee former effect dominates and the
sliding does not move the cells away fast enough. So, theveowéd be a restriction on the time step

related to the cell size ahead of the stagnation point.

Another method to resolve this situation is to modify the eloglquation, so that the propagation
of the boundary velocity is increased. Hence a proper fgréarm to propagate the boundary’s
displacement to the interior nodes is required. The madeitf this term can be based odiatance

parametemwhich behaves like a distance field solution and can be chot¢by solving Eq. 3.2. This
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Figure 3.4 Sliding an airfoil through the cells
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Figure 3.5 Created flattened cells ahead of a moving circleXndirection

Is a much less computationally intensive task than comguhe actual distance field.
V(EV$) =0 (3.2)

wherek; < 1 can be a constant number for all cells. This method castsdbadary propagation
problem as the solution of a boundary value problem, Eq.i8.%hich the front (boundary) to be
offset is the isovalue = 0 of a so-called quasi-distance field, and is viewed as ther ipoendary
condition. Then the values @f are computed exactly for each node on the far field boundatlyeas
distance to the closest point on the body. The iso quasatlist curves which are equivalent to the
given offset quasi distance are the resulting offset and nede extracted from the computational
domain. Fig. 3.6 and Fig. 3.7 depict the quasi-distance fielddV ¢/|V ¢| for the profile illustrated

in Fig. 2.4. As can be seen from Fig. 3.7, the calculated uedtors based oW ¢ are naturally
perpendicular to the body surface and yield a proper caitieni the prescribed forcing term. These
iso-p values are not exact distances from the boundary, but betey@roximately like the exact

values which can be obtained by solving the Level-Set or iakequations.

Generally, the updated position for each node in the movowugtary problem is obtained using

X = X! 4 AX, (3.3)
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Figure 3.7V¢/|V ¢| vectors around a NACA0012

In the present formulation, the update of the location aérimél nodes was related to their distance

from the boundary using

(3.4)

where« is a constant number and, is the boundary’s velocity. The entire procedure has been
applied to the displacement of a cylinder in a cavity, whaelenode position updated using Eqgn. 3.4

after sliding the cells on the boundary at each time steps.B@, 3.9 and 3.10 present the results
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when the cylinder is moving in negativedirection at three different time steps= 1,¢t = 50 and
t = 100 respectively. It is obvious that the time step has a fictgidefinition in this problem and

only represents the evolution procedure.
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3.2.1 Restriction

Two points in the mesh require special treatment; theseharsdparation and the reattachment at the
"leading" and "trailing" edges. This is specially importaat fegions of the boundaries where the
curvature is small i.e. bluff bodies. The process of sepagaivo cells along their common edge may
lead to invalid cells depending on the valence of the corvigcof the candidate node. The require-
ment is that, at the point of separation ("leading edge"), agfaiells must have the proper valence
(the number of edges and their arrangements attached fodim) which depends on the direction of
the local motion of the boundary. The ideal configuratiomvamin Fig. 3.11, is that three edges are
attached to the leading edge (node 1). According to thetitreof the motion, negative-direction,
node number 6 in Fig. 3.11 (a) is the candidate to be attachégktieading edge and cell(5,6,1) and
cell(6,7,1) have to be separated by their common edge ingketime step, as shown in Fig. 3.11

(b). This kind of arrangement will result in a valid cell candration after parting. In some cases,

() (b)

Figure 3.11 Ideal configuration for cell parting ahead otllag edge

separation of the cells ahead of the leading edge creataldroells on the boundaries. This usu-
ally happens when the leading edge is positioned on the p#redoundary where the curvature is
a minimum. This situation is critical to the robustness @& #itheme as rotation or deformation of
the boundaries changes the position of the leading anéhtgaéldges. Figs. 3.12 and 3.13 show

two different pathological states which can be expectedhas ¢volves. Again, in these figures it is
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N56,2
N6,1,2
6,10,NP+1
6,7,10
(a) (b)
Figure 3.12 Invalid cells after separation along a singlgeed
A5,2,3 A5,2,3
A51.2 A5,1,2
A5,6,NP+1 A5,6,NP+1
A6,9,NP+1 A6,9,NP+1
A6,8,9 A6,8,9
A5,10,6 A5,10,6

(@) (b)

Figure 3.13 Invalid cells after separation along a misadyjadge
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assumed that the boundary is moving in the negatidérection. Figs. 3.12(a) and Fig. 3.12(b) show
how invalid cells may appear during the time evolution whaly@ne edge is attached to the leading
edge. In addition, Figs. 3.13(a) and 3.13(b) illustratediteation when the slope of edges attached
to the leading edge deviates substantially from the dwaadf motion.

To treat these undesirable states and reach a correctasatistrated in Figs. 3.11, swapping the
edges and, in some cases, smoothing, has been applied.léagll 3.14(a) depicts how local swap-
ping can prepare the cells ahead of the leading edge-al, so that at the next time step, shown in

Fig. 3.14(b), an adequate configuration is encounterechétrtiling edge, where the cells re-attach
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Figure 3.14 Swapping applied only on edge attached to the L.E

like fluid particles leaving the boundaries in a potentiahfieeld, an inverse procedure is applied.

3.3 Evaluation of the method

In this chapter the idea of sliding cells over the boundary l@en proposed in order to release the
major constraint in all mesh deformation techniques stlicheChapter 2. This constraint relates to
the attachment of the cells on the boundary, as it is movirigarphysical space.

While the sliding method presented in this chapter has préwdre a suitable tool for large motion

applications, leading edge treatment in the bluff body or@iand dealing with forcing terms de-
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creases the robustness of the method.

Generally, the major drawbacks of the sliding mesh in thespay domain are the:

propagation of body velocity in the domain and the definitba proper time step or CFL-like

number for the mesh,

valence or arrangement of the edges attached to the leadijeg®de,

complexity of computing the forcing term,

weekness of Laplace equation to handle large mesh defamati

To overcome these difficulties, it is proposed to manage dmtbary motion and the grid movement
In computational space rather than physical space. Thengoitbn can be transferred to the phys-
ical domain by applying a proper set of mapping operatorsaah enoving step. This approach is

developed in the next chapters and applied to complex caatign of bodies in relative motion.
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CHAPTER 4

MAPPING DOMAINS

To alleviate some of the main issues identified in the apidinaof the mesh sliding procedures when
carried out in physical space, a new original approach ipgsed, in which the mesh motion takes
place in computational space, where grid management idiisdp The mesh in the physical domain
is then obtained by a mapping of the computational mesh tgliysical domain. Such mapping
operators, which allow various types of grid control, hagetused extensively in structured meshes,
but these do not have direct extensions to unstructured.grid

In this chapter, the extension of various mapping operadanastructured grids is studied, and several

methods are compared with regards to mesh quality and smesxth

4.1 “A mesh to make a mesh*

A widely used methodology to generate and to smooth meshesnap an isotropic grid in compu-
tational space onto an arbitrary domain in physical spabes dan be performed by the solution of a
system of partial differential equations, where the tasipetpe in the physical domaifl, is imposed
by the body coordinates through the boundary conditione®PDE used in the mapping procedure
in spaceC, as illustrated in Fig. 4.1. Hence, a physical mesh is caedeugh a transformation of a

computational mesh.

Laplace’s equation, in general form with various coeffitsers one of the most common mesh map-
ping schemes. Essentially, this consists in placing eade abthe average position of its neighbors.
However, around sharp corners in nonconvex regions, thaadeatan yield inverted cells. Exten-
sions, through Poisson equations with a set of control fanstthat serve as logical space weights
are used to overcome this drawback. Their behavior, howmsifficult to predict and can still result

in folded cells in extreme cases.

It is known that the Laplace equation is able to map any candavnain to a convex one. However,
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C Q

Figure 4.1 Mapping of a computational dom&fnn) to physical spacér, y) .

mapping a convex domain to a concave region using that exugitres a tangled mesh in most cases.
This drawback can be avoided by reformulating this opetagonverting dependent and independent
variables of the Laplace equation, giving a new form of therafor, named the Winslow equations.

Solution to these equations gives a valid and smooth megtysigal space with concave boundaries.

Spekreijse (1995, 1996) introduced a composite mappingtwhcludes forcing terms to maintain or-
thogonality near boundaries. Similarly, Garon (1983), iKhgseh & Mastin (1996) and Khamayseh
& Hansen (2000) have used Beltrami differentials on strctgrids to control the area and angular
distortion of the cells near physical boundaries. In Villaan & Acosta (2009) and Villamizar &
Weber (2007), a new system of elliptic operators have beeretkto obtain uniform cell area by
controlling the Jacobian along the curvilinear coordirdatections. However, these forcing terms are

difficult to choose a priori to obtain a specific mapping bebav

A more direct approach, where the desired characteristitiseoresulting mesh can be established
a priori is possible via variational methods. This approéwhgenerating structured quadrilateral
meshes for two dimensional domains has been proposed iredaai(2009), Castillo et al. (1988),
Chibisov et al. (June 2006) and Khattri (2007). This apprdadbased on minimizing appropriate

variational principles for controlling grid spacing, at@ad orthogonality.
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4.2 Mapping Models

Generally, the mapping techniques based on PDEs, congshiimg these operators discretized by
finite difference schemes on structured grids. In unstrectgrids the conventional discretization by
Green’s integration schemes are not directly applicablecaBge they are in nonconservative form,
they do not have a natural extension to unstructured me#tses result, these methods were largely

ignored for the generation and/or smoothing of unstruckgrés in the physical domain.

In the present work, two mapping procedures are considénehe first approach, the Winslow equa-
tions are solved on a triangulated computational spacetsfiorm the mesh from the computational
to the physical domain. The second mapping procedure usgstens of PDE equations based on
functionals, in order to get an improved transformationha& mesh in terms of its validity, quality

in the physical domain, and conformity to the boundary shagee Winslow equations are solved

by two different discretization techniques 1) a modifiedtéirifference scheme applicable on an un-
structured grid, and 2) a finite volume formulation appliedtlee linearized mapping equations. For

the functional based operators, only the finite volume teglenhas been applied.

4.2.1 The Winslow operator

Laplacian mapping, on both structured and unstructurecheggesan be achieved by the following

system of partial differential equations in the computagicdomainC,

Tee +Tyy = 0 (4.1)

Yee + Yy = 0

This system of equations yields valid meshes for regulangoes, but tangled meshes result for
large variations of boundary curvature. The validity ofstmapping can be extended by inverting
the independent with dependent variables in Eqns. 4.1. Téfosmulated, this yields the Winslow

(Winslow (1967)) equations in computational spége,),

L(x) = guTee — 2¢12%Tey + goaTny =0 (4.2)

L(y) = g11Yee — 2G12Yen + Go2Yny =0
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where

gm = x4y
g12. = Tely+ Yelyy

g = Ti+Y;

System of Eqns. 4.2 yields smooth meshes for most convetemmvex shapes, but inappropriate
mesh distributions can result for sharp concave cornerseMaege changes of curvature occur. In
Knupp & Steinberg (1993) and Knupp (1999) it is mentioned Wigile the Winslow operators guar-

antee continuum global mapping, truncation errors can teddlded meshes. In such instances,
additional control is needed to adapt the mesh around thadaoies to insure the validity of the

results, especially around discontinuous parts of theipllyboundary. Therefore, in order to de-
vise a mesh mapping appropriate for arbitrary boundaryeshapthe physical domain, in addition to

positive Jacobians for all cells, other measurable catemiist also be considered.

4.2.2 Mesh mapping by functionals

In mapping methods based on functionals (Castillo et al.§1)98 monitor function is defined to con-
trol the cells desired properties, specially near high atume parts of the domain boundary. These
operators are based on variational smoothing methods,rardeaved by the minimization of appro-
priate grid functionals for area, length and orthogonatityen in Eqns. 4.3 - 4.5, and denotedfag

F;, and Fp, respectively,

1

Fa = 5 [ i a2t — 2acagpen, sy 43)
1

F, = 5//(x§+y§+x3,+y§)d§dn (4.4)
1

Fo = 5// (xgx%+2x5xny5yn—|—y§y,27)d£d17 (4.5)

Knupp & Steinberg (1993), Chibisov et al. (June 2006) and Kh@007) have shown that a linear

combination of these functionals given by Eqgn. 4.6 resultsdlid meshes for many engineering
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applications.
F(Z’,y) :CUAFA(.T,y)+WLFL(ZE,y>+WoF0(.T,y) (46)
where the weight parameters, w; andw, Vverify the following conditions,

wa+wr+wo =1

wAZ()u WLZO,WOZO

Applying the Euler-Lagrange relations to the weighted covation of the three functionals (Egns. 4.6)

yields the following system for a general mapping procedure

L'(z) = a1zee + byee + c1ey + dyen + e1Tyy + [Yny =0 (4.7)

L'(y) = asyee + bxee + Coyey + dgy + €2ypy + [y, =0
where,

a1 = waY; +wp +woly, , a3 = waT; +wp + Woy;

b= (wo — wa)Tyyy

c1 = 2(wo — wa)Yeyy + dworex, , 2 = 2(wo — wa)Texy + dwoyeyy
d = (wo + wa)(Teyn + Tnye)

€1 = WAy +wr +wori , €2 =wal; +wr +woyp

= (wo —wa)weye

It is interesting to note that by taking the following comiilon,w, = 0,wp = 0 andw;, = 1, in the

system of Eqns. 4.7 yields,

£/<I) =Tge + Tpy =0 (4.8)

L'(y) = Yee + Yy =0

This shows that the Euler-Lagrange equations for the Iefogittional result in a linear and decoupled

system of Laplace equations. The solution of Egns. 4.8 lemdssmooth mesh by maintaining the
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edges length in physical space but, for same practical@gifans, gives folded and degenerated cells
around the concave regions of the boundary. Moreoverngette weights for the area,, = 1, and

the orhtogonality,wp = 1, the functionals produce unfolded (valid) but nonsmoottsyrit is noted
that the orthogonality functional fails to converge in sarases. Therefore, to overcome the resulting
nonsmooth mesh and poor convergence behavior of usingdudiMfunctionals, it was proposed to
choose a combination of the area, length and orthogonailitgtionals. Generally, in this method,
adjusting the weights requires a trial and error proceduredch new configuration to achieve a valid
mesh.

In Knupp & Steinberg (1993), itis proposed that choosingtk&ghted parameters ag = 0.5, wp =

0.5 andw; = 0 gives valid results for a wide range of engineering applcet The resulting func-

tional is called area-orthogonality afO functional.

4.3 Ellipticity study of mapping operators

In variational methods, the ellipticity of the operator & tdominant factor that controls the charac-
teristic of the final mesh. For instance, higher elliptioitpkes the operators tend towards the length

functional, where the boundary curvature has minimal ¢fhecthe final mesh.

The type of Eqns. 4.7 depends on the coefficient maftixdefined as

a1 b ¢ d e
To=| " CTo=| A (4.9)

b as d c¢s f e

Knupp & Steinberg (1993) have shown that the operator ipt&lin dimensiork if
k
det( Z L jwiw;) > c|w|* (4.10)
By rewriting Eqn. 4.10 for two dimensional space gives,
det(?]lwf + 27}2&)“&)2 -+ %ng) Z C|u)|2k (411)

for all vectorsw = (wy, ..., wy) @and some constant
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Applying this analysis to the Winslow operators, the coeffit matrix7;; is defined as,

x2 4 92 0
Tn = o (4.12)
0 2+
—2xex, + 0
I, - (zewy + Yeyn)
0 —2(xewy + Yeyn)
2 4 92 0
T = | ¢ %
0 Tg + Y

which always gives a positive value for Eqn. 4.11. This comdithat the Winslow operators are

elliptic. The7;; matrices for the length functional, wherg = 1 in Eqn. 4.7 are,

10 00 1 0
7'11 — ) 7’12 — ) 752 - (413)
0 1 00 0 1
Again, substituting these into Eqn. 4.11, yields
det(Tiwi + 2Towiwy + Tpow) = (Wi + w3)? (4.14)

which is also always positive. Hence, the length functiasalliptic. Similarly, for the area func-

tional,ws = 1, 7;; can be written as

2

—T
T = o Zy” (4.15)
—:Cnyn xn
T, — ey Tely + TyYe
Tely + Tyl —2x¢xy,
2
Ye  —TeYe
Tp = N
—$£y§ {L‘g

and by substituting these expresions into Eqn. 4.11, gives

det(Ty1w? 4 2Towiws + Toow?) = 0 (4.16)
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Thus, in contrast to the length functional, the equatiomgte area functional are quasilinear and
parabolic. This means that the solution to the area funatioan be a discontinuous mesh in the
physical domain and, from a mathematical point of view, matyaxist for arbitrary boundary shapes.
However, it has been the practical experience in this waak the area functional gives a valid mesh
for most applications. Similarly, The orthogonality operaby takingwo = 1, wy, = wa = 01in

Eqn. 4.7, can be shown to be parabolic, as follows,

ZL’2 X
o= | Y (4.17)
TnYn Yy
Arexy + 2ycyy  Tely + Tyl
T, =
Teln + TnYe ey + 2T¢1y
xg Teye
Ty = ,
TeYe  Ye
and, replacing/;; in Eqn. 4.10, gives
det(Ty1w? 4 2T1owiws + Toow?) = 0 (4.18)

Therefore, the orthogonality functional results in nonsthameshes for most of domains. Despite
the fact that the value of discriminants for both area andagtnality are equal zero, in Knupp &

Steinberg (1993), the authors concluded that the use obgotiality as a standalone method for
automatically generating grids is not recommended. Exaswill be presented in section 4.5 that

clearly demonstrate the effect of the ellipticity of digat individual and combinations of functionals.

4.4 Numerical discretization

The most straightforward method to solve the system of E20r Eqns. 4.7 is using a finite differ-
ence scheme on a structured parametric mesh. The Winslaatop&, and the variational operator,
L', are significantly more complex to implement on unstructureeshes than on structured grids,
but there are clear advantages in terms of flexibility ancegaity in using unstructured domain dis-
cretizations. However, little attention has been devobegktend the method to unstructured meshes.

The reason is that in contrast to Laplace and Poisson egsatibe Winslow operator is in non-
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conservative form, and therefore, conventional discatitn schemes cannot be applied directly to

unstructured meshes.

The extension to unstructured meshes will be investigasgnguwo methods, one based on finite

differences and the other on a finite volume technique taelige Eqns. 4.2 and Eqgns. 4.7.

4.4.1 Finite difference scheme

The idea of numerical discretization using finite differeschemes is to approximate the model equa-
tions, Eqns. 4.2 or Eqns. 4.7, by means of Taylor series epas using discrete sets of points. To
obtain a consistent scheme, there must be a sufficient nuofleighbors to solve the resulting al-
gebraic system resulting from these developments. For#issical structured grid arrangement, this
technique is straightforward, but it is not generalizablarnstructured meshes because the number of

cells surronding a given node is variable as illustratedign &.2.

In Winslow (1997), a finite difference scheme is proposedifst and second derivatives on unstruc-
tured meshes with equilateral triangles where all the angjte equal tar/3. This was extended by
Knupp (1999) to any N-valent logical mesh using a local magpnethod which is created locally
over each discrete polygon around a given nddge,y;). A computational stencil based on a regular
polygon is created with the same number of corner points esitimber of elements surrounding

the node in computational spa€e From these, Taylor series expansions can be used to olytaén fi

)

Figure 4.2 Structured and unstructured discretizatiomciite
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difference expressions for the first and second order dems

In this work, another finite difference method on unstruetumeshes is introduced, which is easier
to apply compared to the previous works and closer to thaiclalsschemes used on structured grids.
This algorithm is based on a 9-point Cartesian stencil forins@tle each patch around the node
(&,m;) in the computational space, as shown in Fig. 4.3. The valtiéiseastencil points can be
obtained by interpolation or a least-squares reconstmuctiethod. From these, the first and second
order derivatives are approximated to second order acgurathe Cartesian stencil with an equal
spacingA¢; = An;. In the present study, the values of the dependent variabléise stencil nodes
are linearly interpolated from the nodal values of the elet:surrounding the node, amxt;, An;

are chosen as a fixed fraction of the length of the shortes eoignected to nodg;, ;).

Figure 4.3 Proposed 9 point stencil for the finite differediseretization of the mapping operation
for unstructured mesh

The discrete operators fdl(x) and £(y) are solved using an SOR-type iterative procedure. Since,
almost all cells generated in the computational spacefgdtie Delaunay criteria, the polygons are
very close to the ideal regular polygon presented in Knu@®99). This property insures that all the
information from the polygon surrounding the node contiisuto the solution process. Fig.4.4 il-
lustrates a situation where a triangle)/ PN, does not contribute directly to the construction of the
stencil’'s model. This could give rise to an uneven contrdoubr skewed weighting of the nodal in-
formation. However, it is estimated that this would, hetic&ly, be smoothed out by the neighboring

stencils.
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Figure 4.4 Missing information by cell(M,P,N) on the 9 postéencil

4.4.2 Finite volume scheme

Recently, Karman (2010) has introduced a finite volume dé&gat®n of the Winslow operator based
on linearizing the equations by freezing the metric coedffits of the equations. For a given point, a
control volume is constructed in virtual space where thmele shapes are nearly ideal (as equilateral
triangles and quadrilaterals in hybrid meshes). Thesealitontrol volumes are created locally
around each node i1 as a local computational space with the same number of neigigonodes

as in physical space (Knupp (1999)). Several advantagesnaireerated in Karman (2010) to using
such virtual control volumes. Firstly, no existing validngputational mesh is required and all that
is needed is the element connectivity. The second advargageng the equilateral triangles around
each node which influence the quality of the resulting megheérphysical space. This extension to

the control volume scheme is now described in detail.

As mentioned in the previous section, the Winslow opera&oesin nonconservative form because
the three coefficients;11, g12 and ¢g22 are functions of gradients of the dependent variables in the
computational space. Using a linearization procedure sE4r2 can be integrated over a control

volume defined around each point of the mesh in computatspwde.

The integration path for the application of Green’s theotismformed by joining the centroid of
each triangular element to the midpoints of its sides, asshyy the dashed lines in Fig. 4.5. The

cell edges divide each triangular element into three equesa and, collectively, these areas form
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nonoverlapping contiguous control volumes associateld awitode in the mesh. The hashed region in
Fig. 4.5 indicates a control volume with a centroid node Whscthe storage location of all dependent

variables.

This results in the integral form of the linearized Eqns. 4.2

gi11 // ZL’&dF — 2912 // ZEgndF —|—g22 // xm?dF =0 (419)

Applying the divergence theorem to the second order derevérms, for example for the first one,

where the components of functidnis F' = (z¢,0). A similar procedure is applied to the,, term.

gives

One critical step in the procedure is the calculation of tfess derivatives which requires a special
treatment. In Karman (2010), the authors proposed the useigrhented cells around the control
volumes. In the present work, it is proposed to solve all gherators in computational domain and
without considering the virtual control volumes describbed Karman (2010). This method uses
actual control volume in computational space leading tovgkar arithmetic procedure. In addition,

the cross derivatives are found using the same control velmad without considering auxiliary cells.

Figure 4.5 Computational mesh and a control volume
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Applying this procedure to the term,,

[[enir = [[ - qar

This can be computed using different techniques dependirtheevaluation of the terny - Q. In
Karman (2010), an expanded stencil, shown by the dashedhlifig. 4.6, is chosen to evaluate the

cross derivative terms in order to bring more informatiotthi® centroid point of each patch.

In this work, the same control volume shown in Fig. 4.5 is usetbmpute the cross derivative terms
and by integrating the terms in baglandn directions, the value of fluxes in these two directions will

be obtained. The average value of these two fluxes gives tifeir®f that cross derivative term,

Q= %(Ql + Q2)

where@; = (0, z,) and@Q; = (z¢,0).
Integrating over the control volume and applying the diesige theorem for each dependent variable,

for exampleg, gives
/ v - Fdl' = j{F.ﬁdS (4.20)

The term under the RHS integral represents the net flux thaepdlrough the surface of the volume

Figure 4.6 Augmented stencil used in Karman (2010) for cdeswative terms
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and, for the Winslow operator, can be evaluated as

1
J11 j{xgnde — 2g12[§(7{ TyngdS + j{xgnde)] + gmf%nyds =0 (4.21)

1
g1 ]{ygnde — 2g12[§(j§ YpngpdS + j{ygnde)] + gggj[ynnde =0 (4.22)

where, following a counter clockwise direction, the lergyti the sides of each control volume are

calculated by

n.dS = An
n,dS = —A¢

It has been our specific experience that for the cross deverms, applying the Green’s theorem
only to one component on each actual control volume sidenaroode(¢;, ;) yields a degenerated
final mesh in most cases for geometries with severe boundavgttire variations. In other words, for
arbitrary deformations in ther, y) plane, the values of the calculated fluxesgn ;) are dominated
by the values from the cross derivatives terms. Moreov&mgaonly one component of the cross

derivative term after applying the Green’s theorem, wrgmtgforms the final mesh.

4.5 Validation of the mapping methodology

The proposed discretizations, based on both finite difteeand the finite volume techniques, have
been validated using several domain configurations priegpatgradation of geometric difficulties.

A central difference method is used for the modified finitéedénce technique and the variables are
updated using gauss seidel iterative method in the finitermelapproach. The comparison between

discretization schemes and mapping operators are prelssgparately in the following sections.
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45.1 Validation of the finite difference scheme

First of all, to demonstrate the validity and accuracy offthge difference technique with a 9-point
stencil shown in Fig. 4.3, a sequence of mapping operaticre warried out. This consisted of
mapping a physical domain to a computational dom&in;> C using Laplace’s equations, followed
by a re-mapping of the resulting mesh from the computatitmidle original physical domaig, — (2,

by applying the Winslow operators. This procedure is shostrematically in Fig. 4.7.

Laplace (FV)

Winslow (FD)

Figure 4.7 Solving Laplace’s equation to transfer physionakh to computational domain using a
finite volume discretization technique, and solving Wimslequation on the computational mesh
using the modified finite difference scheme to recover playsigace by the computational mesh.

By comparing the original mesh in physical space with the veced mesh obtained by the finite
difference scheme, the accuracy of the method can be egdluat

This cyclic sequence was carried with an isotropic mesh rgéee@ around 200% bump shown in
Fig. 4.8(a). Solving Laplace’s equations on physical sgadeased on a finite volume discretization
method, the mesh in computational space is obtained as shdvig. 4.8(b). The effect of the bump
is clearly reflected in the computational domain.

The Winslow operators are then applied on the mesh showmgirdi8(b), using the proposed 9-point
cartesian stencil. The boundary condition in this step kenaas the physical boundary shown in
Fig. 4.8(a).

Comparing the original mesh in the physical domain, Fig.a),&nd the final recovered mesh shown
in Fig. 4.9, gives an error which is shown in Fig. 4.10. Theeis computed as the difference between
the original and the resulting physical nodal coordinal#so= | X, iginai mesh — X rp|) @and it can be
observed from Fig. 4.10 that these are belb®¥o. This example confirms the ability of the method

to transfer the coordinates of the grid points from comporat to the physical space. It should be
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noted that the resulting mesh obtained by the finite diffeeestheme is not relevant to the size of the

defined stencil inside the patches, which illustrates timsistency of the method.
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Figure 4.8 Mapping from physical to computational space

To further illustrate this discretization scheme, a stiaigne, with zero thickness and coinciding
nodes on both sides, is mapped to a circle using the Winsl@ratpr. As can be seen in Fig. 4.11(b),

all cells are valid around the circle.

4.5.2 Comparison of finite volume and finite difference schess

To compare the finite difference and finite volume discréitires of the Winslow operator, the map-

ping of a mesh around a slit in th€, ) plane to a sharp wedge fawas used. Fig. 4.12(b) shows
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Figure 4.9 Final mesh in physical domain

Figure 4.10 The error value at each node indicates the diftex between the original and the resulting
mesh obtained by finite difference scheme

the resulting mesh obtained using the finite volume distatin. This test case has also been solved
using the finite difference scheme to illustrate the linmias$ of this discretization method. While the
finite difference scheme is highly efficient for configuratavith mild boundary curvature variations,
the degenerate grids in Fig. 4.12(c) clearly show its limiteen large curvature variations, nearing

discontinuities, are presented.

The next example exhibits a comparison of convergencerigstof the computations performed
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Figure 4.11 Mapping a straight line with coincided nodes trele using Winslow equations and
finite difference scheme

by both discretization techniques for the computationasimeghown in Fig. 4.11(a). The resulting
meshes are shown in Figs. 4.13(a) and (b) and the convergatecef computations are presented in
Fig. 4.13(c). The cost of unit calculation using finite diface scheme is 2 times more than the finite
volume method, but as it can be seen by Fig. 4.13(c) this mdetbaverges around 10 times faster
than finite volume technique. Hence, the global efficienctheffinite difference scheme is 5 times

more than the finite volume technique. The overall perforredaa comparable in terms of memory.

4.5.3 Validation and comparison of different mapping operaors

To compare the two mapping operators, Eqns. 4.2 (Winslow)4an (functionals), a generic mesh
around a circle in computational space, Fig. 4.14(a), ispadyo a configuration around a four-petal
rose shown in Fig. 4.14(b),(c), using finite volume disaaion technique.

As it can be seen from Fig. 4.14(b), the cells near the cormaiigtained their isotropy by solving
Egns. 4.7 withv, = wp = 0.5,w;, = 0, while the Winslow operator, Eqns. 4.2, cannot achieve the
same quality around highly curved regions as shown in Figl(4). The closeup part of Fig. 4.14(c)
illustrates this effect as the highest curvature part issseterapidly towards the interior cells when
using the Winslow operator, whereas in Fig. 4.14(b) thesca# pulled properly towards the corners.
A formal comparison of the grid quality based on the minimumgla is shown in Figs. 4.15. These an-
gle distributions show that théO functional operator produces fewer skewed cells than threshiv

operator.

Individual weighted functionals and weighted combinasiofilength (), area () and orthogonality

(O) are studied to distinguish the effect of each, using theatiBnuous spike geometry. As can
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(1.1)
4
0.25 0.75
(a) Grid in computational space
(1,1)
7145,
0.25 0.75
(b) Finite volume mesh (c) Finite difference mesh

Figure 4.12 Mapping of a slit in computational domain to &epn physical space using Winslow
equations
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Figure 4.13 A straight line with coinciding nodes mapped tirele using the Winslow operator



59

VAVAVA

yVAYAY

TSCE

K
Y GAVAVAVAVA

KER)

%

K

K7
5

>

i
b

N

A
VAVAVAVAVAVAVAVAY

a
YAVAVAVAVAVAVAV

IVavs
)

¢

A\

% \7

(c) Mesh using the Winslow operator

N

X

v,
2

4
4
XEREE
K
o

R

x5

e
v
0

AR

o

N

VAN

vAvs

XX
O
K

iy

s

K7
s

K

X

Vavy
SR

N
K

K

0

5
v
X

i

vavy

KRR
XX

X
o

2

X

v
0

0
%
0

va)

iy
i

vay

%

s

TAVAVAY

o

N

vy

%
a2y

K
Yav,

Vv,
%)

\VAVAVAVAVAV/
)

\VAVAVAYAVAV4

7y
Iy

N
K
A

<]
VAVAVAVAY
S AYAVAV,
,,.uv‘uv‘ﬁé'

VA

4%
Y
Y,

o
TAY

e
X
YAV

N

VAVAVAY

AV
AVAY

VAY

>

VAVAV/
AVA
SR

7
7AVAVAVAVAVAY
252
25
VAVAVAV/
YAV O

22
o
25

V4

=55,

20

VAVAV
A
\

s

LR

V4

v

%
%
<

77
5

AVA
V4

<

VAVAVAVAVAN
2

YAVA

VAYAY

77

V4

77

AVA
X
X2

VAN
VAA
32

v

VAVAVaYa)

K7
NS

2,

L7

W
von
0
"
25

ik

)
i
'l
/!
/

AVav,

TATA%
/i
iy

Aa,
X0

D

OV

YAVAVAVAVAVAVAV

252
R

7

7Y

ELA
<

VAYAVAVAVAVAVAY!

20

Va0
oY

N

o

S
(AVAYA

YAV

v
é'

5

(&) Mesh around a generic multiply connected domain

circle in computational space

VAVAVAVAY

aAvA

XK
A,
vy
K
%)

XX

2
K

Figure 4.14 Comparison of the two mapping operators

%

X
X
3
XX
S
o

)
2

W

N

N
N

1
N
N

A

S

N

»m‘
0

R

vavy,

Z7

X%

77

277

N
0%
2%
2
22

S

S
e

X5

vavi
2%

=
Z

)
VAV,
VAVASSS
L
Z

NAVAVAVAVLY,

2
Vav,
Yavi
Yavi
vz

S

XR
N
AV

AV
&
e

VAV

AV
Vi

o

Vay

v
VAN

Vave
v,
AV
VAV
VAV
5

AV

VAV

AVA
VAV

YAV
VAVAY
AV
AVAY
VAVAVAY
AVAVA
AVAVAY

Vay
\

VAN

TAY
ZA
AV

AVAVAVAN

JAVAVAVAV

N

AN
N

VAY
AVA

VAVAVAY

N/
AV

i\
VAVA
\/

VAN

\VAV)
5
VAV4
AV

Vi
oY
Vava
V4
VAN

%

AVAVAVAV,
TAY
5
S
\VA

VA

JAY
V4

N

ev
(b) Mesh using thelO functional operator

AV
N




60

Functionals Winslow
40 40
KL Ko
K 82 oo
28 oo 28 [
b 24 e
= £
[0} (0]
© 20 | © 20|
(0] (0]
o o

oY ]

] e : 12 [ e

5 10 15 20 25 30 35 40 45 50 55 60
Minimum angle

10 15 20 25 30 35 40 45 50 55 60
Minimum angle

(a) For theAO functional operator (b) For the Winslow operator

Figure 4.15 Comparison of the mesh quality for the two mappipgrators using Minimum angle
distribution

be seen in Figs. 4.16(a) and (b), the area and orthogonalitgtibnals, when used alone, create
nonsmooth meshes due to lack of ellipticity of their cormgping Euler-Lagrange equations, whereas
the length functional, Fig. 4.16(c), gives a smooth meshnaigss of the boundary curvature, but in
some cases generate invalid cells. The area-lenggi) combinationw, = w;, = 0.5 andwp = 0,
tries to overcome two important limitations of its indivalufunctionals, namely lack of smoothness
for the area and folding for the length functional. Howewtbe solution to thed L equations fails
around the tip of the spike, as shown in Fig. 4.17(a). The seifeet can be seen in Fig. 4.17(b)
for orthogonality-length@L), wo = w; = 0.5 andw, = 0, due to effect of the length functional.
But here, more cells are folded compared to Fig. 4.17(a). Asshown in Fig. 4.17(c) even though
the AO meshes are not always completely satisfactory because obitelliptic operator, the grids

smoothness is better than its individual functionals.

4.6 Mesh smoothness

In contrast to the traditional definition of mesh quality,igthusually considers individual criteria of
each element, smoothness of a mesh has a global definitiars, Tiese two distinct definitions of

mesh quality and mesh smoothness may be contradictory fioe ases. Indeed, a smoother mesh
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(b) O,wo =1l,wa =wr, =0 ) Lwr=1ws=wo =0

Figure 4.16 Comparison of individual functionals for a spije@metry



(@) AL,wp =0,ws =wr, =0.5
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(b) OL,ws = 0,wr, = wp = 0.5 (c) AO,wy, = 0,ws = wp = 0.5

Figure 4.17 Comparison of combined functionals for a spilengetry
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does not necessarily imply better mesh quality.

In this work, a new method, based on the local area ratiogisgmted in order to compare the smooth-
ness of the resulting meshes obtained by different mapiegadgrs. The mesh smoothness is quan-
tified for each cell as

A
SR; = —————
maz(A,)

, form=123 (4.23)
whereS R; represents the smoothness ratlgjs the area of cell and the denominator represents the
maximum area of its adjacent cells. The best value$®yis as close as possible to one.

The Smoothness Factad$ £') of a mesh, is defined as follows,

1 &

1
SF = — Zmin(SR
1

S—Ri) (4.24)

Ne
whereNN, is the total number of elements in the mesh. The range of sdtuehis factor ig) < SF <

1, and hence, the greatéi’, the smoother the mesh.

In addition to theS R; distribution and the global value &fF' for a mesh, another measure to assess
the smoothness of a mesh by each mapping operator is ineddés it is known, in computational
space, the is@- (and iso¢) values are straight lines and the effect of the mappingaipes is to
deflect these straight lines according to the defined boynctamditions in physical space. Some
operators distort these lines in a smooth manner while sahegdo not. For a better understanding
of the properties of these mapping operators and theirtsftecthe final mesh, these two criteria are

compared for a given geometry.

Fig. 4.18(a),(b) show the isplines in computational space and their deflection inthHe, n), y(£, 7))
space by applying the mapping operator based on the areacinmic As mentioned earlier, the re-
sulting nonsmooth mesh or ispfiso-) lines in physical domain can be related to the lack of ellip-
ticity of this operator. The poor quality of the generatecsmby the area functional is quantified in
Fig. 4.18(c), while Fig. 4.18(d) shows the area ratio givgrElgn. 4.23 for all cells. A distribution
of SR close to 1 represents a smoother mesh, which, for this spegéimple gives onlg3% of the
cells close toSR =~ 1.

Fig. 4.19(a) shows the effect of another nonelliptic opmran the deformation of isg-lines, with

wo = 1 andw;, = wy = 0. In this case, despite the increase in mesh quality compartte area
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functional, the smoothness of the mesh decreases sligkdlexpected and shown in Fig. 4.20, the
AO functional gives a better quality and a smoother meshtbatbest quality and smoothest mesh is

obtained by the Winslow operators as depicted in Fig. 4.21.

Table 4.1 summarizes these results by a comparison &f khior these operators. The Winslow op-
erator yields the maximum value, followed by AO and A funoats. The orthogonality, O, operator

generates the least smooth mesh, with the mininsiimvalue in this table.

To further assess their characteristics, these operaters applied to a four-petal geometry. As

=
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Figure 4.18 Comparison of mesh quality and mesh smoothne#sfoyictional whereSF = 0.746



%

(a) Iso# lines, physical space

"O" functional

w
a

w
o

N
a1

N
o

=
13

Percent

=
o

4]

0 5 10 15 20 25 30 35 40 45 50 55 60

Minimum angle

Percent

50

45

40

35

30

25

20

15

10

0

"O" functional

01 03 05 07 09 11 13 15 17 19 21

(b) Mesh quality

(c) Mesh smoothness

65

Figure 4.19 Comparison of mesh quality and mesh smoothne€¥ bynctional whereSF = 0.739
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Figure 4.20 Comparison of mesh quality and mesh smoothnés&bjunctional whereSF = 0.817
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Figure 4.21 Comparison of mesh quality and mesh smoothne®drislow operators wher§ F' =
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Table 4.1 Comparison of global Smoothness FactoF, ", for the spike geometry, based on different
mapping operators

Operator Smoothness Factar
"Winslow" Fig. 4.12 (b) 0.824
"A" Fig. 4.16 (a) 0.746
"O" Fig. 4.16 (b) 0.739
"AO" Fig. 4.16 (f) 0.817

expected and shown in Figs. 4.22(a) and 4.22(b), the mesimebitusing the area and orthogonality
functionals are discontinuous, but are valid. Fig. 4.28(g¥trates again that the length functional,
or Laplace’s equation, creates a very smooth grid aroungbliigsical boundaries, however folded
cells appear in nonconvex regions. Results for combinedifumas, AL, OL and AO operators are

shown in Fig. 4.23. The length functional inverts the cell®\L and OL operators, even though the
whole mesh is smooth. However, the nonelliptic AO operateega satisfactory and valid mesh for
this specific geometry. The Smoothness Facidr, for all valid meshes around the four-petal rose
are shown in Table 4.2. As expected from these various agserahe Winslow operator generates
the smoothest mesh, followed by results for the AO operatbile the smoothness of the meshes

obtained using A and O functionals are very close to each.othe

4.7 Limitations

The objective of analyzing the mapping operators is to agvalprocedure within the global method-

ology for moving grids. As such, the choice of a particulasht@que should verify the following

Table 4.2 Comparison of global Smoothness Fact6§™, for the four-petal geometry, based on
different mapping operators

Operator Smoothness Factar
"Winslow" Fig. 4.14 (c) 0.938
"A" Fig. 4.22(a) 0.779
"O" Fig. 4.22(b) 0.774
"AO" Fig. 4.23(c) 0.828
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requirements:

e produce valid or invertible mesh,
e have good smoothness or quality,

e be well adapted to the physical boundaries.

To asses possible candidates with respect to these critiferent functional and the Winslow op-

erators have been applied to various geometries, and thitimgsmeshes compared for quality and
smoothness. To evaluate the behavior of the mapping operfip extreme cases, two different
boundaries have been chosen. In the first example, the opedial with a highly deformed bound-
ary, whereas in the second one, the effect of a discontirunty nontrivial boundary has been con-

sidered.

Figs. 4.24(a)-(c) depict the computational mesh and twiemiht physical boundaries, a high ampli-
tude bump and a large spike. As it can be seen from Figs. 4-Bp(@amongst the six different map-
ping operators applied on the computational mesh with tha@ary condition shown in Fig. 4.24(b),
only the A, AO functionals and the Winslow operators gerekatlid meshes in physical space. In
this example, the O functional generates an invalid andmonth mesh, while the role of the Length
parameter in the AL and OL functionals is clearly shown ing=i#425(c) and (d). Moreover, as it can
be guessed from the type of the mapping operator, the Winstpvations, which are elliptic, natu-
rally diffuse the effect of the bump towards the interiorloé domain. On the other hand, the effect of
the bump in Figs. 4.25(a) and (e) is limited mostly arounghéak where applying the nonelliptic A
and AO operators. In Figs. 4.25(a) and (e), the resultinge®sexhibits characteristics related to the
type of the operators, that is parabolic for the A functioc@inpared to the AO functional which is
hyperbolic. From a mathematical point of view, it is knowattkhe parabolic equations are closer to
the elliptic than the hyperbolic counter part. Therefoefpdmed cells are confined to a region closer
to the peak of the bump in Fig. 4.25(e), when compared to thed=25(a).

Figs. 4.26(a)-(f) show that all the mapping operators ohiiced in this chapter generate invalid
meshes around the peak of the large spike, except the Wirtglevator. Analysing this on the basis
of the volume of the physical domains, shows that Fig. 4.PAés a smaller volume compared to

that of Fig. 4.24(c) which means that the computational meshg. 4.24(a) will be more squeezed
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or deformed to fill Fig. 4.24(b) when compared to Fig. 4.24fddwever, all the methods except the
Winslow operator generate inverted cells around the dismeous point on the spike.
Therefore, the features on the boundary such as discotim@nd variations in curvature, have a

direct effect on the resulting mesh in terms of validity, stthmess and quality.

(3.3)

@)

(3,3) (3.3)

2.25 205

0.2 2.8 0.2 2.8

(b) (c)

Figure 4.24 (a) Computational mesh, (b) bump and (c) spikengétes
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4.8 Discussion

In the present work, two PDE-based mapping operators wenpared, namely the Winslow and the
functional-based operators derived from Knupp’s work [Kp@& Steinberg (1993)].

According to the resulting mesh obtained from both types apping models, the validity, smooth-
ness and quality are directly depend on the defined geomretheiphysical space. For instance for
four-petal rose geometry, fewer skewed cells appear arthummdoncave corners in domain by AO
functional comparing to the Winslow operator, whereasHerspike geometry is the opposite.

On the other hand, the individual functionals of area ankagonality give nonsmooth mesh because
of their type in equations. Also, the length functional (lsagg@ equation), which is elliptic in type,
generates tangled mesh in highly curved regions.

Therefore, according to the cases demonstrated in thigeh&ginslow equation and AO functional
will be used in our methodology to handle the mesh motion iyspfal domain based on sliding cells

and mapping domains.
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CHAPTER 5

APPLICATION TO MESH MOTION

The methods described in Chapter 2, all share one major ¢bastic which is that the mesh motion
is carried out in physical space. All the methods which preséhe mesh connectivities, finally fail
for very large motions because of the fact that the boundelty cemain attached to the boundaries
as time evolves. As a remedy, using a slip condition to allesvdells to slide over the boundaries for
rigid body motions was described in Chapter 3. However, thethad presents difficulties regarding
the management of grid valence as required for local eles@itting at separation and reattach-
ment points. Another difficulty is the nodal velocity propdign inside the domain to avoid tangled
meshes. Consequently, in this chapter, these difficultiesaddressed by managing grid motion in
computational space, and then, mapping the grid to physpaade using a system of PDE operators.
Managing cell movement in computational space decreaffesitlies in handling physical domain
features, especially in regions where boundary curvatares rapidly. The major goal of this ap-
proach is to preserve the mesh connectivity as time evobxegpt when the cells split at the leading
edge, slide over the boundaries and re-attach at the gatige.

This chapter constitute a general framework for large rigpdy motions and applied to several ex-

amples to illustrate the application of the approach.

5.1 Generic boundary in the computational domain

The unstructured mesh management and mesh sliding teerequire a computational mesh with
a set of generic boundary definitions that match the elenogalagy of the physical mesh.

An important characteristic is that the computational m&stuld be easy to generate and be a valid
mesh with positive areas and Jacobians for all cells. Thepatational mesh should be as generic
as possible, and clearly identify the parts of the boundahat are set in motion. Since boundary
movements can be decomposed into a combination of tramslatid rotation motions, two elemen-

tary generic configurations are defined in the computatidoalain: a slit for translation, and a circle
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for rotational motion, shown schematically in Figs. 5.1 &#. More complex trajectories can be

obtained as combinations of these.

Direction of transition

- -

X
C § Q

Figure 5.1 Mapping of a generic configuration for transkatieotion

Direction of rotation M

=<V

C : Q

Figure 5.2 Mapping of a generic configuration for rotatiomaition.

Sliding of the boundaries in computational spéc each step yields the valuesidf, ) andy (¢, n)
in physical domair() by solving the mapping operators presented in Chapter 4. dlleving sec-
tions describe the details of using the generic geometiesinputational space for both translation

and rotational motions.
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5.2 Translational motion

To manage the mesh for translation motion, a computatioeahns created such that the boundary
points lie on a slit with zero thickness. These boundary fsoame displaced or relocated at each
step in the computational domain so that they conform to tneect geometry in physical space by

applying mapping operators. This relocation is accomplilgby updating the topological connections
for the cells attached to the boundary. This linear traimslas presented in details and applied to the
motion of a cylinder in a cavity to illustrate the basic metbtmgy. The effect of large variations in

the proximity of boundaries in relative motion is studiedhgsthe case of a cylinder moving past an

array of bumps.

5.2.1 Sliding a circle inside a cavity

Figure 5.3 shows the link between boundary nodes (circleshaesh nodes of the body (slit) (squares).
The boundary conditions applied to the mesh nodes which theveame coordinates of the corre-
sponding body nodes. In Figs. 5.4 and 5.5, the moving bodyows as a set of circles: single circles
at leading and trailing edges and pairs of circles in betwedra given step the motion consists in
changing the topological connection of the mesh nodes (squ#o the body nodes (circles) as the
body moves through the mesh. For translation motion, thehmedes in computational domain re-
main fixed and the boundary nodes split the cells that lie erdéfined trajectory. Each mesh point
lying on the moving body has a corresponding node on the kaynthat changes at each time step.
For instance, corresponding to mesh nede computational space is nogen the boundary. In the
next step, nodg + 1 becomes the corresponding point forThe mapping operator will be solved at
each time step, but with different values of the boundarnyda@mns. It is necessary to mention that all
the dimensions and lengths, except moving boundaries,tmdmmputational and physical domains

are equal. This is not a requirement, but is used here to gyntipé procedure.

In carrying out this procedure, there is a clear separatigmid motion (topological connection) and

domain mapping.

Figures 5.6 illustrates the application of this procedusa@ the Winslow operator at three time

steps. Tracking specific nodes, in both computational arygipal spaces (for example nodes 456
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and 1366), clearly shows the mesh deformation resulting ftte motion of the cylinder.

Comparison of the Winslow operator with the Area, Orthogityal Area-Orthogonality functionals,

is achieved by analyzing the igoer iso+ contours in(x, y) plane. The smoothness of these results
are shown in Figs. 5.7(a) and (b) for the istines in the computational domain and its corresponding
image in the physical space at the intermediate time stemobF6(d).

Figures 5.8 - 5.10 show the equivalent resulting meshessanglines obtained by the Area, Orthog-
onality and Area-Orthogonality functionals in the physidamain, respectively. As expected from
the type of the functional equations and lack of ellipticitye iso# lines in these figures are nons-

mooth, as are the meshes in the physical domain. Finalljyasrsin Fig. 5.11, the Length functional
generates an invalid mesh for this test case.
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Figure 5.6 Computational and corresponding physical meBisgtintermediate and final steps
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Figure 5.7 Isor lines in (a) computational and (b) physical domains by WWinsbperators

:

Figure 5.8 Mesh and isg4ines in physical domain by A functional
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Figure 5.11 Invalid mesh in physical domain by L functional

An analysis of the smoothness of the resulting mesh, basettieodifferent functionals and the
Winslow operator, is shown in Figs. 5.12. In this example, differences between the igoeon-

tours are clearly reflected in SR values as shown in Figs.. 5-2ally, global smoothness can be
assessed from the Smoothness Factors given in Table 5.1.

. "A" functional

"O" functional
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"AQ" functional
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SR

21 23

(c) (d)

Figure 5.12 Comparison of mesh smoothness around the mowtlg at the intermediate step for
different mapping operators

It can be observed that the Winslow operator has the maxinmaloevor theS F', while the Orthog-
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onality functional has the lowest value. Interestinglythis specific example, the Area functional

gives a smoother grid than the Area-Orthogonality fun@lon

Fig. 5.13 shows the mesh quality at the intermediate stepdbass the different mapping operators.
Although the Winslow operator generates the smoothest riesiArea and Area-Orthogonality func-
tionals generate better quality meshes based on the minamgpe criteria, while the Orthogonality
functional gives the poorest one. Comparison of $tfeévalues and mesh quality, indicates that im-
proving one criteria will not necessarily improve the othso, the resulting mesh is very dependent

on the characteristics of the physical boundaries, in aufdib the mapping operators.

5.2.2 Sliding a circle past obstacles

The effect of proximity of boundaries in large relative nootis illustrated by the motion of an object
moving past an array of bumps in a two-dimensional mesh. Téshes in both computational and
physical spaces are shown in Fig. 5.14-5.18 where the pyseesh is obtained by using the Winslow
operator. The minimum distance between the moving circtethe peak of the bumps B2R.
where R¢ is the circle’s radius. The zoomed views of the moving cisi®w how the isotropic
cells between the slit in computational domain and the buanedlattened in order to preserve their
validity. Figure 5.19 shows a detailed view of the mesh ingitgl space when the circle passes over

a bump and moves toward the following one, in four differeotion steps.

Table 5.1 Values of F for the sliding circle at intermediate step, case in Fig. 5.6

Operator Smoothness Factar
Winslow Fig. 5.6 (d) 0.906
A Fig. 5.8 0.868
O Fig. 5.9 0.734
AO Fig. 5.10 0.851




85

"A" functional "O" functional
25 25
20 20
e 15 B A5 (B -
[} 5]
o o
() )
a 10 I e 1 1
5
00 5 10 15 20 25 30 35 40 45 50 55 60 5 10 15 20 25 30 35 40 45 50 55 60
Minimum angle Minimum angle
(a) (b)
"AQ" functional Winslow
25 25
20 20 [ B
e 15 e 15
[} 5]
o o
[} )
a 10 o 10
5 5
00 5 10 15 20 25 30 35 40 45 50 55 60 0 10 15 20 25 30 35 40 45 50 55 60
Minimum angle Minimum angle

(©

(d)

Figure 5.13 Comparison of mesh quality around the movindecatthe intermediate step for different

mapping operators
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Figure 5.19 Modelling the boundary proximity using the Wingoperator at four different time steps
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5.3 Rotary motion

Rotational motion is obtained by rotating about the circéggater which differs from the translation
motion. This rotary motion is realized by the generic confagion of a circle rotating inside a mesh
in computational spacés, n), as shown in Fig. 5.20. The topological connections betwieemesh
nodes and the body nodes are updated at each angular pdsitionved by the solution of the map-
ping operator with the updated boundary conditions. The igricomputational space is fixed, only
the connection to the boundary nodes change, thus maimgainé same connectivity. Also, to have
an equivalent motion afAt¢ in bothC andf2 spaces, the angular rotation can be controlled with
respect to the motion defined {b The pointers of the cells lying on the body are modified, asd a
these refer to the physical boundary coordinates, theytitotegsa new set of boundary conditions
for the mapping operators. These equations are solvéespace at each iteration with the evolving
boundary conditions if. This procedure is repeated until the trajectory is coneplet physical
space. This is illustrated in Fig. 5.20 by the movement otthvendary noded's, N = 1 in C andf2

respectively.

This process of sliding boundary nodes is illustrated inemgetails in Fig. 5.21, which shows for
element number 350 (at the top of the diagram) how the boyrmtzinters change froril — 62 to
60 — 61, and finally to59 — 60 in the three consecutive steps in both the computationakspad the

mapped physical space.

To demonstrate the applicability of the proposed methagiglthe rotation of three complex shapes

with highly curved regions is presented in the followingts®ts.

5.3.1 Rotation of a NACA0012 airfoil

The first example is the rotation of an airfoil shown in Fi2%. The results obtained by the Winslow
operators are shown at six angular positions. The mesh mo#in be understood by following the
path of nodel which represents a boundary node on the airfoil and cell rut® which slides on

the boundary. In contrast to the RBF method presented in Chaptee whole mesh maintains its

isotropy for this severe rotation.
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(a) Physical Space; (b) Physical Spacéy

(c) Computational Space, (d) Computational Space;

Figure 5.20 Rotating physical boundary and sliding compartat boundary over the mesh points

5.3.2 Four-petal rose rotation

A more complex mapping is illustrated in Fig. 5.23, showihg mesh around the generic circle in
computational space, mapped to physical space around-pétairrose. The mesh motion methodol-
ogy can be visualized by following the movement of dedind nodel through three successive time
steps. As it can be seen from the figures, when the circlessiéne (¢, n)-plane, the one-to-one

mapping procedure maintains the cell connectionginy) plane and only changes the node coordi-

nates. By solving Eqns. 4.7, the cell shapes and their waladié controlled at each iteration. The
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Euler-Lagrange equation for the AO functional is used f@s &xample.

5.3.3 Relative rotary motion

The third example is the rotation of two four-petal rosesppasite directions as shown schematically
in Fig. 5.24. As it can be seen from this figure, the moving lofauies are two circles in computational
space, mapped to two four-petal roses in physical spacehisarase, the circles are discretized with

the same number of nodes.

The objective for this case is to illustrate relative motisith a wide range of amplitudes for the
proximity of boundaries, while maintaining a fixed conneityi This complex motion is shown in
Fig. 5.25 at three different steps. These results were rddaiising the Winslow equations. As is
shown in these figures, the cells in the computational domaadhifferent time steps are fixed except
for the pointers on the boundaries. For example, trackinmtary node$ and240 in computational
space at different time steps shows how these two circlesligiag inside the computational mesh.
In addition, cell numbet, as a boundary cell number in the physical space, revealsh®boundary

cells slide over the surfaces.

Figure 5.26 shows the evolution of tlt& values for a complete rotation. As it can be seen by
the figure, theSF values are consistent in the sense that they are respgatydated at eachn®

whereas the general variation f60° rotation is bounded betwe@®R52 and0.856.

5.4 Combination of translational and rotational motion

All individual methods presented in this thesis have litmtas, but combination of these methods,
somehow, may cover their limitations. For instance, theamepnstraint of the RBF or linear elas-
ticity methods, as explained in Chapter 2, is attaching thie teethe boundaries as motion evolves.
Therefore, generating skewed cells in domain is inevitables constraint can be released by using
sliding cells as a preliminary mesh motion technique to leamdder applications such as moving

boundaries on a curvilinear trajectories.

Generally, an arbitrary motion of the boundaries in the pfajspace can be decomposed into two
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elementary motions, translation and rotation. These twegyof motions have been explored and

studied extensively and a framework for grid motion is predan this study.

In the presented method, combination of these two elementations becomes possible by defining
a parametric space, (u,v), between the computatioal ansigaiyspaces, as shown in Fig. 5.27. The
first step is sliding the computational mesh on the genenmbary. This is followed by mapping
the computatioal to the parametric mesh which the locatiaihe boundary in parametric space is
corresponding to the location of the generic boundary déiiméhe computatioal domain. Finally, the
parametric mesh is deformed using a secondary mesh motionitgie, RBF, to replace the boundary
on its curvilinear trajectory. Two complex trajectories ®ONACAO0012 airfoil are presented below to

demonstrate the potential of this combination techniquéémdling large body motions.

5.4.1 Sliding a NACAO0012 airfoil on a sinusoidal trajectory

This novel approach has been applied for a NACA0012 airfaihwan oscillatory motion and large
amplitude in the physical domain. The trajectory is showRig 5.28 which is a sinusoidal motion in
two sequential periods. The sliding direction of the sld airfoil in the computational and parametric
spaces, are shown in Fig. 5.29. Figure 5.30 shows the paiametsh and sliding motion in six
different steps. This mesh is transfered from computatispace using the Winslow operator at each
motion step. Figure 5.31 reveals the corresponding def@mmesh in the physical space by applying
the RBF technique on the parametric mesh.

To evaluate the resulting mesh, thé’ values are calculated for the entire mesh at each step and
shown in Fig. 5.32. As it can be seen by the figure, the SmosethRactor varies by less tharv%
while its amounts remain always abobe). This indicates the strength of the mapping operators
which maps the slit to an airfoil in the parametric space gislire Winslow operator, and also reveals

how RBF technique maintains the grid smoothness for highlgrde#d meshes in the physical space.

5.4.2 Cobra-like motion of a NACA0012 airfoil

A Cobra-like motion is used to demonstrate sequentially dsgbesliding and mesh deformation

techniques. In Fig. 5.33, this prescribed motion is showentihe incidence angle of the airfoil
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increases gradually to the vertical position and droppiagkito the horizontal situation. Again in
this example, the linear motion of the slit in negatixelirection takes place in the computational
domain and mapped to the parametric space using the Wingjoatien as shown in Fig. 5.30. This
is followed by deforming the parametric mesh, accordingh® defined trajectory in Fig. 5.33, to
the physical space using the RBF technique. This type of mdtigirates that the combination of
both sliding and RBF techniques is a plausible method to partbis type of complex motion by
maintaining the cells connectivities except where the blamy splits the mesh. The resulting mesh
in physical space is shown in Fig. 5.34 in six different mgvateps. The change of the smoothness
factor, shown in Fig. 5.35, is aboitr6% and varies betweein909 and0.9014 which shows the mesh

is indeed smooth during the motion.
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Figure 5.24 Boundaries in (a) computational and (b) physipates
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Figure 5.30 Linear motion of a NACAO0012 airfoil in the paranespace
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Figure 5.31 Sinusoidal motion of a NACAQ0012 airfoil in the gioal space obtained by sliding mesh
and RBF method as a secondary mesh motion technique



106

0.908

0.906 /\

A
ANIA AW,
(RN LY
VIRV,
NIVARY

\V%

0.9

0 0.2 0.4 0.6 0.8 1 12 1.4 16 18 2 22 24

X

Figure 5.325'F' values for sinusoidal motion of a NACA0012 airfoll

===

Figure 5.33 Cobra-like trajectory for a NACA0012 airfoil inyshical domain



107

ISR

DR

KORERRROOORK
R

ot
o

e T S T e e T ST s S e
S i DRRRERERRRR0 X S S S S EESNEENES
PROSEREAXANS A RO RRAERA O R R LSRR
RS X R R R R R
& T e VAR
2.;*mve'”A“““""Axﬁes&sﬁmsssssx:‘sﬁﬁ%a?E&uﬁ‘ﬁ' %
H R0 IR ROy
SRR ORI AAIKK]
SRR CRRRERD
SRR R

%
KKK
SYAVAY)
0
K

2P

R
R0
ROSRRAN

&
5
s

ay
2

o
R,

KIS E PR
R
RIS
RS
PR

R

aVaY)
o
1
iy
=
=i

S
X
%
K
X5

‘,
R
K
EROK]
ERSOLKY
R

20

X
v
Ay
AVAVAVA
T,
3

X
0%

Xt
Y

X

B O B RS

5

o
X

P
v

KK

o
%

S AR
1664 1 1K

S
RORERK

X
RREX

IR

KK
R
A

K
RS

X!
R
25,

»
S

R
CETRRXRS e % AN XH
AR % e S e SES
K R R R 2 O K T e e e e RN éﬁ'!ﬁ!
peX SRRt S % s X s SRR XXt R KA
X KRR KR XX RRRRKKKIOGRS R RKKIRRERRSE ST & RIS A N
N R R XXX IR SGKK) 0 KERRK K O L e P ~'¢A§g‘¢‘¢‘a¢‘m7
it S AR, PRERS K&t R LRI Al X R EES
£ e KIS
2 SRRRRORR 005 KXo S oxee KK R e A R LXK
RX X RS BRI % i airi
St ] R 4 X 2 S XK H e S XA
REOOORASAEES SRS KRR % JooRE] RO, R XA KRR 2
AT i KRS R AN IR X XX, K] KOOI R R RN KX NSO
BEERReKs R R XK RORXRROR % ke BRORR AR i Loz o
BERRRS KRR R KK XRIIRK RN R PRI AR SRR St an)
ORRRIEREY RIRRARR R e KNS RS H] PR O O SRR e e A
KRR RSB 3 T KRR XXX KKK O CRRRRIS R RVAVAVAAYS > RRREA e RS
KRR R KRN S O AN AV KRR B 55 KEERZEN
R R R X R RRAKOR a DO KRR R R AR RN AR EREES
R ORORRRRE XY, I el i R RO R R OO,
VA ORI Y S L P Vo VAV Vs e L s Sy RELE
RISISRRRRRRIK A AT AT SATATS| RO % A A T S AU SN BT
BN % i s IO VAV TS (R o SRERROONERIRS R
RO AR s R AA S TSSOt K
By K g O] A SR ORRRRRON
BRAY] & RE RO AN RS
KROR! s 0% RO SRS A 3085701 O R SR
Rkpes 55 ] DRRRE RSty X RS
DORRK RN PO ISR
DRSO SRR e I S S SRR
BSOSO R KRR XXX XXX KKK KKK IIRIIE v B RN AR KRR R INTIEKRRE]
B R AR AR RRHX IR RARARKRKRKIIIORE, KXY S N SV RRERRROERKRN

S

A

D i
R TR ROSIEE
DRI EDER
5

2
o

SRR

XXX SRSSSES
PRRRIRRKIREREOR0 N
R

NN

£t

XRBR S S SSER Y RRRRAF
TR

v
i

X5

X%
RIS
KRS
¥

o
A%
AY
Vi
S
)Y

Yay;

%
TAVANY
R
YAV

0 s

R RARRRARRARRRAN, AR
R R Y
AR

s,
o,

RN

R AR

S N R S A R
N

K

X

X

Lk
S

X
KK

vl
oo
v,

o

2
DR
AN

e
RN
&

o

AV
]

.v
R
%
Vv
s
¥
5
B
Vv

TaTavis

o
KRN
X
o

XK
SRR

5
X
R

2
5
s
K
55
VAP,

s

5
>
5
sl

R

SRR R

Xk
5
K
*
T
%X
e
L
R
S0
I
RO
K
K

ERERRE

'
»:
%
X
5
y
F
AV
5
AV

e
X

v

o4

Va
!
SR
AVAY
fAVAYAY

AR
A

5
X

A
R

e
&
%)

AV,

KxE
e
Y

:

v

R
LK
KISREROR

B

PORE
£

X

>
o2
X
i
X
KL
o
VY

X
55
X
5
X
s

g

XOVAVAY
A

%
X
vy

BEAIE Y
OIS TR RN
SRR N AT
;,‘;,'g.'.mmm.'gmv‘ﬁ,au

PRV

iR
W i wu;,«m'gtggn
i

)

KPR
R
R
0

Y

K

R
B

2
X
%
S8
N\
i
o

|

N
&
R
T

3
e

R
'S4
RS
)
o
0%
D
XX
SRRE
QSR
I B8
o

DN
AR

Y

A

JOK
Wy
)

A
ORI
A VAY A A a2
AT

%
(A
ot
e
RS

VAV,

)
K]
X
oK

bEES

aaTavarr

SEISORDk
K

vAY

K
KT
o
XX

bocusiy

SRy

2
A
~

OO
AT
ke

i
i

u
oA
%

K
RV

X

"y

X0

S35

Ak
26

5

000
DOSK

SR

Kl

oy
RRREK
00

5

S,
R
RO

XX

XS
AR
REOB
EREER
AR
O,
L

X

A% A

T
KR
PR
RRIISAR
RROOOOORREY

K
SR
7 AN
s
e i RS SIRE
o e
L LR

oy
XK
K

avis

B
R

KRS
e

50

KRS

R

KK
N
RIOOOARK
S

7% A
0% TR
oy AN
oo e et
S Bes s
2 e

AT

%

s,
AR
S

R

% A
PR R

davave o i o (1
B

,mmuq.

.m
5
s
K
R
SRR

™
8
KON
TAVav.s
&
S
Xy
LONERS
DO
YLK
PSR
5
X

X

i
ke
i
e

XS
W

S
B
%

0

i
A,

R

AL
PR
DRARTONR LI
ATV SRS TR
AN S
ARV LSS,

s

iy
i

IR
NV
W

AR
5
A
IR

X

O
R
avavy
KRG

X
ORI

EEPIRK
SEE T
SRR
A OPISORIRIK
R
= RBRKe

G

5
o
R

TaY,

0%

&
R
R

s
RS
RO
AT
S0

KRY
R
OO

NS
X
A
R
L

K
SRS

5

IR R
R SN S
S SANNSRSSSS SRR TSI R
LRk
X

SRR
KRR
dl
XX
v

oy
Vav

g
XK,
o
%Y,
o
5
NS
K%
e
KK
K
RAXK
0
il
s
QO

7

o

5

o

R
BEEH

m
5
X
B
3

f AR

4
AV
SRK

i

R NN PR
KRS R ORI K X R
S N e R

TS
N
AV
KL
N

&N

7

LK
K
av
K
K]

ot
K
RS
KRR
o,
7,
Vs

u
N
#VA
;
s
O
R
)
Ay
YAV
&
LK
s
5

o
AV

X
2
2

X
by

2]
3
K

%

K]
R

RS AR
OORRKL AR ANNRARARRARRRRY 1; K
A g S PR RBI RN
5 R e SRR

!

g
S
VAVArIpa
Kt

4610550 ::A'ii‘én

L
2

S
RRISERERR:
ORRIARA KN
2ERR00COCIRAR

Vari
AVS

§ SR
NS Sa, e

v
X

XX
o

<l
=
i
5
S

s
e
Rk

SOOICRORIRIIR,
EREARESHOCOOCKK

B

Kf

2
Kl
b

L

kS

YT
SN
KRR
S

|

PRRSRRTTEREERE R
PROCRIRERS R RRRRRRRRARRARAIARERAN

N

R R K R XK XX

4t
K

AT AT A ATATA VAT AT ATA S TATATATATAAS Al RS
i
RO

avyY
)

X
<
o,

X
X
X
K

B

R 5 SR
KZRSRARES RSRSRSRRRRRRAR

Ko
g

R

K

v
av
AVAYAVA}

O
s

RPN R

0y

oS,

o
o,

o RTORES CERIRARE
R R DB SRR I RO 1 KR!
R R R IR A KK IR KA RRRERRH Tt A T T T e
NN KRR RO & R R RO KRR RS KRR KRSIRSRE S
KRR i PR
SRR ORI

ol
S
PRRey
K

S
A
AV
£t

LAY
Vs
AVAYAVa}
9K

v

POk
vay

O
o
3
o
%
5t
5
5

S

5
A
o
&
KO
Tavsd
£
X
3
&
eV
KK

£ RS KAERRIN
S e
O o e SRR REREA

i
7%

W

oY
Vay
o

AR KPS
AR
RSO RSEEY
FYVAER AV A VAV AVAVS ATA T e S ra VAV A
e AT S X
N RS
g o X PRI
SO e SRRSO KR
o R % RERROOKT

o
W

T
wiTay

&

%

A

RO

%0
LRk
o,
V.8

R

R O

2R

%

% =

s

KRR
ORI
&

KRS

KRS
5 AR RDAN
TAYAY % ] ISR KO0 L
) 8 Y R
DKL ERE00R B s o
S
R e

VAV
Ko

CRRARO0
DR

XA

T

i
S
K2

Vo ATV AT A

ay
oK
S

K

X
5
KN
B
v,

TR

XX
R
X

s

s

KR

v
Vi

7y,

LA2426!
VAT e 55
R
i
%

S
Vv
R

08

K0

e

s

vt
%
s

K
oy

T

AR
Vs

o
¥

RN

ARNS

o
RS

u,‘
S

AR

50

AR

RAX

A

T

R, e R s o
KRR DR A XX X O SRS
SRRk X

S5
AR
RS
2
oz
BAVLSS:
e
Rk
e
RIS
Y.

oK
5

:
2
&
N

AR R KRR,
S e o
R RS KHIIIKRIR IR KRNI

X
it
&
s
SR
%

<l
4%,
vy
POt
SR
SRR

v
%

X

X
ROKs

)

RS
S
X

3
K
RSE
R
5

ASTA
K

4’:?
&
RS
X
)

X
NN
%)

%

0
s
X

0k
X
X
X
K0T
S
PR

S
a5
PR

A
o
s

<k <

Yoy
KX
S

a
K

R

&

%

KK
A

i
K0
RO
<]
12

v

&
K
X

0

AV

5

ot

s

PP
RS
RN
K5

K

X
5
%
s

A

J

KT
oKl

...Q.
S
LR

5

av,

3

K

REKERY

IR
A3

X
A4y
Vava

o
X
XX

R
20K

,
%
e
L
%
B
AVay
YaY)
"

X
e
KK

Ik
fAY)

0
K
R

oK

3

S
=

X
X

oav

w.w,
AR
7

5
o
5

%

X

kK
R
5
s

b

%
oK
4%
7
o
oKL
Y
KKRY
R
ERERA
S
X

AVAY

5
X
VAVAVAY

SRR BRRCETA TS
RS BB,
RIRBRRAR AR, TR LRI RRSRK
CRSIINSORRR, N N N S S S S S S S S e S s Mt ATAVir a0 A,
DA O RIS R R R R R R R R o A
PR RN RN RN NN NN SR RN S SRR AR KRR SIR IO

v
v,
v,
X
£
KA
X7
%
RIAAX

%
%

AKX
XX

Yay

%
KX
X
Y,
wava
s
K
v
Rox
L&
%A
1
X
%
5
KK
5
X
s
K
R0
N

wavs
AVAYS

S

)

I#V
VRt
S

o,

K
&

X
X
RS

..

KN
X

DY

VAT

)
DL
X

S

K

K]
20 SRR,
s SRR

5 OO

Lo
K
0%t

%
R
o
K
A
Rk
g
X

A
]
:

St
I
o

5
K
SRR

K]
%
KT

5
KR
v

o
CF
X
o4
v

S
ERVS
o

X0
KX
Kl
AVAVas
R
050
X
R
RXE
I
K
5

L5

XY XX RN
R R R R R RIS X II SN DO

iz

K

X
S

DR

Y
i
kt

(e) ®

Figure 5.34 Cobra-like motion of a NACA0012 airfoil in the plga space using sliding cells and
RBF method as a secondary mesh motion technique
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

6.1 Conclusions

In this thesis a novel method for large rigid body motion loaea the sliding cells and mapping
domains was presented. This method was proposed to ovetbenddficulties encountered in tradi-

tional mesh motion techniques which maintain the cells eatinity in unstructured grids.

Amongst several methods reviewed, linear elasticity and RERrtiques are considered the most
robust tools capable of dealing with large body motions wiitad topology. These methods appear
to be promising steps towards moving mesh even with highcaspgo cells around the boundaries.
However, despite the applicability of these two methodsy timally fail in large relative motions or
amplitudes. This is because of the fact that the cells remtiached to the boundaries as motion
evolves. Our strategy consists in lifting this constrapaiowing the cells to slide over the bound-
aries, thus avoiding piling up of cells in the physical domaihe major features of this new moving

mesh framework are described below.

Maintaining cells connectivity: Sliding cells around the boundaries allows the cells cotivides
to remain constant. This sliding technique avoids inteapoh errors in moving mesh problems,

which has a direct influence on the accuracy and efficienclgeo§tmulations.

Sliding cells in computational space:The major reason of using the computational space in the
field of CFD is to ease the discretization process. But the naijorof using a computa-
tional mesh in this thesis is to ease the management of matidhis approach, the boundaries
are simplified for translation and rotational motions, wites sliding technique will not suffer
from rapid changes in boundary curvature, and also the @noloif leading edge in bluff bod-
ies. Also, the cells in computational space always remainapic, therefore, there is no limit
to motion due to the piling up and skewess of neither cellhédomputational nor physical

domains.
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Moreover, since the cells slide over the boundaries as msicm@ boundary edge at each mo-
tion step, GCL can be applied on the physical mesh currectlptier words, the time rate of

change of the total volume of the physical domain remainstzon.

Mapping operators: To transfer the computational mesh to physical space at si@h) various
mapping equations were explored and applied. Amongst thgmaches, two types of op-
erators, the Winslow and the AO functional, have been utityachosen to transfer the mesh
from computational to physical space. These nonlinearatpes have been solved on unstruc-
tured grids around different geometries. We show, accgrtbrthe type of equations that the
Winslow operator gives the smoothest meshes, whereas thidional deals better with
rapid changes in curvature and nonsmooth physical bowslarherefore, choosing a correct
mapping operator depends on the geometric complexity, edsethe type of motion does not
have a significant role in this matter.

In addition, two new approaches to discretize the mappimgaiprs, one based on the finite dif-
ference and the other on finite volume, have been consid&redformer one is more efficient
while the latter method is more robust. However, for thin $ibgl boundaries in translation

motion, the finite difference scheme is suggested becauteedficiency.

Mesh smoothness vs mesh qualityAlthough, the definition of a good mesh is usually related to
the control of solution error, the initial mesh smoothnasd quality play a significant role in
increasing the efficiency and accuracy of simulations. Ma®asures have been introduced
in the literature to evaluate the size, shape, skewness astl quality. Nonetheless, these
methods are unable to measure the mesh smoothness. In thiswew method is presented
to measure the global smoothness of a mesh. It can be geneaall that there is a link be-
tween quality and smoothness, however, for some cases thgybecontradictory. In such
cases, despite the fact that we may have elements with atdepjuality, the shape of cells are

dispersed. This usually occures when the mapping operatensonelliptic.

Combination of mesh sliding and mesh deformation technique Finally, the RBF method as a
secondary mesh motion technique in physical space andséiftery procedure was used. This
new combined approach improves the capability of the metbdandle curvilinear trajecto-
ries. The results for this approach showed very smooth palysieshes for arbitrary motion

trajectories. Furthermore the meshes near the boundadie®tishow any evidence of severe
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deformation.

6.2 Future work

The following extensions are recommended in order to aehaawore robust mesh motion technique

for large amplitudes and fixed connectivity.

e Improvement to the finite volume discretization techniqae rhapping operators. Using a

marching technigue to solve parabolic PDEs is more adapitbdivese type of operators.

e Implementing an optimization technique to optimize theueal ofw;, wo andw, in order to

achieve the best combination of functionals.

e Finding a meaningful definition fot'F'L,,.., andAt,,.., for moving meshes. This has led us

to preserve the grid validity due to the moving boundary.
e Adding viscous layers to the sliding procedure.

e Extending the mapping and sliding procedures to both 3x&irad and unstructured meshes.
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