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Quantification of Autoignition
Risk in Aeroderivative Gas
Turbine Premixers Using
Incompletely Stirred Reactor
and Surrogate Modeling
The design and operation of premixers for gas turbines must deal with the possibility of
relatively rare events causing dangerous autoignition (AI). Rare AI events may occur in
the presence of fluctuations of operational parameters, such as temperature and fuel com-
position, and must be understood and predicted. This work presents a methodology based
on incompletely stirred reactor (ISR) and surrogate modeling to increase efficiency and
feasibility in premixer design optimization for rare events. For a representative premixer, a
space-filling design is used to sample the variability of three influential operational param-
eters. An ISR is reconstructed and solved in a postprocessing fashion for each sample,
leveraging a well-resolved computational fluid dynamics solution of the non-reacting flow
inside the premixer. Via detailed chemistry and reduced computational costs, ISR tracks
the evolution of AI precursors and temperature conditioned on a mixture fraction. Accurate
surrogate models are then trained for selected AI metrics on all ISR samples. The final
quantification of the AI probability is achieved by querying the surrogate models via Monte
Carlo sampling of the random parameters. The approach is fast and reliable so that user-
controllable, independent variables can be optimized to maximize system performance
while observing a constraint on the allowable probability of AI.
[DOI: 10.1115/1.4055481]

1 Introduction

In typical gas turbines aiming to achieve lean premixed com-
bustion, the design and operation of premixers focus on attaining
residence times low enough to prevent autoignition (AI), but high
enough to obtain adequate mixing. Premixers are designed to
achieve residence time distributions that are at least two orders of
magnitude below typical ignition delays [1]. However, at engine
conditions, intermediate radicals are formed even at these short

time scales and if their reactions can progress to a critical point
determined by local mixture concentration, residence time, tem-
perature, and turbulent mixing rates, ignition kernels with local-
ized heat release can form and rapidly lead to a propagating flame
in the premixer [2,3]. Thus, rare AI events may occur in the pres-
ence of fluctuations of various physical quantities and must be
understood and predicted.

Computational fluid dynamics (CFD) simulations can be
employed to improve the understanding of the AI process inside a
premixer. These simulations must feature an accurate description
of the turbulent mixing process and a detailed chemical mecha-
nism that can properly model reaction pathways of low-
temperature precursors (e.g., H2O2) at high pressures [4].
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However, a significant number of simulations at different operat-
ing conditions may be required to design premixers and compute
the probability of rare AI events. AI may be caused by the vari-
ability of the initial operating conditions of the premixer, and a
strategy to compute its probability is to sample a large number of
conditions from the distribution that defines their uncertainty,
propagate the system in time, and count the number of samples
leading to AI. This procedure is carried out by so-called forward
uncertainty quantification approaches, which determine the uncer-
tainty in the prediction of selected quantities of interest due to
known variability of input and/or model parameters, usually
described by probability density functions. In combustion studies,
forward propagation of uncertainties provided prediction intervals
on laminar flame speeds [5,6], ignition delay times [7,8], and NOX

emissions [9–11]. Monte Carlo methods provide the most direct
approach for propagating uncertainties and estimating the vari-
ability in the predictions, although they require a significant num-
ber of realizations. Thus, Monte Carlo methods are unfeasible
when the realizations are obtained by CFD simulations due to
their high dimensionality and computational cost. Several studies
focused on solving these issues by either reducing the number of
samples needed to accurately compute the output probability den-
sity functions [12–14] or using surrogate models (also known as
metamodels) [15–18], which are low-order functions constructed
(trained) upon a reduced number of CFD simulations. In the latter
case, the training of accurate surrogate models may be still hin-
dered by the high dimensionality of the uncertain parameter space
and the computational cost of the several CFD simulations
needed. Thus, a crucial need exists to develop and employ compu-
tationally inexpensive methods that simplify calculations with
detailed turbulence and chemistry models, provide predictions
within a reasonable degree of accuracy, and capture system
responses to perturbations and, eventually, rare events.

This work presents a methodology based on incompletely
stirred reactor (ISR) and surrogate modeling to quantify AI risk in
aero-derivative gas turbine premixers accurately and with low
computational costs. The ISR modeling removes the need to per-
form many computationally expensive reacting flow simulations
by relying only on one well-resolved CFD simulation of the inert
flow, which is then kinetically postprocessed. A surrogate model,
trained on several ISR simulations of a premixer, then aims to
compute the probability of AI kernel formation and thus quantify
the AI risk in the premixer due to the variability of its operational
parameters. An ISR can be defined here as the premixer volume
within which conditional averages of reacting scalars, conditioned
on a mixture fraction that denotes fuel/air mixing, are homogene-
ous but with the flow and mixture fraction being inhomogeneous.
By directly considering the mixing field, provided by a CFD com-
putation and featuring the mixture fraction mean and variance,
and the scalar dissipation rate (SDR), ISR equations are solved for
reacting scalars, such as concentrations of AI precursors and tem-
perature, so that AI metrics can be explicitly analyzed and used in
a surrogate model. This approach is computationally not expen-
sive since the ISR only involves the solution of a set of ordinary
differential equations that are solved in a postprocessing fashion,
further allowing the use of detailed chemistry. The coupling of
CFD with an ISR as a postprocessing step is similar to what is typ-
ically performed in Chemical Reactor Network approaches using
ideal reactors (e.g., see Ref. [19] for a review). However, an ISR
allows for an elaborate treatment of unmixedness and micromix-
ing effects which are crucial for AI and other low Damk€ohler
number phenomena. The ISR theory was first developed by Bilger
and coworkers [20–23] on the theoretical foundation laid by the
conditional moment closure (CMC) method for turbulent reacting
flows [24]. Methods based on ISRs have previously been applied
to experimental lab-scale combustors [22,25], a heavy-duty diesel
engine [26], and model aero-engine combustors [27–30], demon-
strating good accuracy for predicting gas-phase pollutants and
soot. More recently, ISR theory has also been validated as a suita-
ble approach to estimate AI propensity. Using a network of ISRs

to postprocess non-reacting CFD computations, Iavarone et al.
[31,32] successfully reproduced hydrogen AI locations in a turbu-
lent atmospheric coflow of heated air [3], whereas Gkantonas
et al. [33] observed the good performance of the ISR network
(ISRN) in capturing the AI behavior inside an aero-derivative gas
turbine premixer previously studied with reacting CFD [1]. The
same premixer used in Refs. [1,33] is also investigated here. How-
ever, this work focuses on predicting the occurrence of AI in the
premixer, rather than the location of AI kernels. For this purpose,
a single ISR, rather than a network, is used, enabling stochastic AI
modeling thanks to its reduced computational cost.

The specific objectives of the present work are to (i) perform
stochastic AI modeling by considering uncertainties in three influ-
ential input quantities, i.e., fuel temperature, air temperature, and
fuel mixture composition, of an ISR representation of a premixer
with real-life geometric complexity; (ii) investigate the effect of
these quantities on the probability of AI; (iii) quantify the AI risk
in the premixer at different operating conditions. The first objec-
tive of the work is carried out by training a surrogate model on
several ISR simulations of the premixer. The ISR simulations are
performed in postprocessing and take as input the mixing field,
provided by a non-reacting CFD simulation of the premixer, and
different possible values of the three influential operating condi-
tions. Temperature and species mass fractions, conditioned on the
mixture fraction, are obtained as output and provide indications
about the occurrence of AI in the premixer at the considered con-
ditions. For a selected ISR output, which acts as an AI metric, the
most accurate response surface, indicating the relationship
between the variable and the input parameters, is found by
employing and comparing different surrogate-modeling
approaches. The second and third objectives are then achieved by
querying the surrogate model via Monte Carlo sampling of the
random influential input parameters. The paper is structured as
follows. The derivation of the ISR equations is first presented, fol-
lowed by details on the submodels used in the computations. A
brief description of the investigated premixer and the mixing field
obtained by a reference CFD simulation is then reported. Next, the
solution strategy employed for the stochastic modeling of the pre-
mixer is presented. Results and key conclusions close the paper.

2 The Incompletely Stirred Reactor Approach

The derivation of the governing equations for an ISR, either as
a single reactor or as part of a reactor network, is based on the
singly-conditioned CMC method presented in various works (e.g.,
see Refs. [24,30]) and validated for AI in several studies [34–37].
The ISR equation may be viewed as a zero-dimensional (or spa-
tially integrated) approximation of the full multidimensional
CMC equation. The underlying concept is to make the mixture
fraction PDF and the SDR, dictating micromixing, appear in the
governing equation and consequently extract those quantities
from a reference CFD simulation, here describing the non-react-
ing flow. The ISR equations are solved in a postprocessing fashion
so that any chemical mechanism of arbitrary complexity can be
used as well as various operating conditions, as considered in Sec.
4 for three influential input parameters. As the flow and mixing
fields are precalculated and only a subset of processes are solved,
the computational time is drastically reduced compared to a
detailed CFD simulation. For the problem of AI, where only small
density changes are expected to occur before AI happens, postpro-
cessing non-reacting flow mixing patterns introduces only small
errors [4].

2.1 Mathematical Model. An ISR is considered to be a vol-
ume V (here, the whole premixer volume) within which condi-
tional averages of reacting scalars, conditioned on the mixture
fraction, are independent of position. In contrast to a perfectly-
stirred reactor, which has a uniform composition, this allows an
ISR to have mixture fraction inhomogeneities which are important
for AI calculations. The partially stirred reactor (PaSR) model,
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D
o
w
n
l
o
a
d
e
d
 
f
r
o
m
 
h
t
t
p
:
/
/
a
s
m
e
d
i
g
i
t
a
l
c
o
l
l
e
c
t
i
o
n
.
a
s
m
e
.
o
r
g
/
g
a
s
t
u
r
b
i
n
e
s
p
o
w
e
r
/
a
r
t
i
c
l
e
-
p
d
f
/
1
4
4
/
1
2
/
1
2
1
0
0
6
/
6
9
2
3
7
0
4
/
g
t
p
_
1
4
4
_
1
2
_
1
2
1
0
0
6
.
p
d
f
 
b
y
 
E
c
o
l
e
 
P
o
l
y
t
e
c
h
n
i
q
u
e
 
-
 
C
a
n
a
d
a
 
u
s
e
r
 
o
n
 
1
7
 
J
u
n
e
 
2
0
2
6



derived from the Monte Carlo PDF method (e.g., see Ref. [38]),
has similarities with the ISR model. However, in a PaSR, there is
no direct link between the reactor mixing rates and the ones from
the flow field. Various versions of the ISR governing equations
have appeared in the literature [20–23,26,29]. Here, the derivation
is presented for completeness.

The equations are derived from the transport equation of the
conditional expectation (here considered to be density-weighted
and time-averaged) of a generic species a, Qa � hYajn ¼ gi, but
also include the mixture fraction PDF, Pg, with g being the sample
space variable of the mixture fraction, n. Based on Ref. [24], the
transport equation reads

@�qQaPg

@t
þ @

@xi
�qhuiYajgiPg
� �

¼�Qa
@2�qhNjgiPg

@g2

þ�qhNjgiPg
@2Qa

@g2
þ�qh _xajgiPg (1)

where N � D$n � $n is the SDR. Note that differential diffusion
effects can be included in Eq. (1) but a unity Lewis number
assumption is used here instead since no highly diffusive species
are present in the fuel-air mixture (see Sec. 3). Considering statis-
tically stationary flow, integration of Eq. (1) over the reactor’s
volume and the application of the flux divergence theorem to its
left-hand side lead to

þ
A

�qhujgiQaPg � dA ¼�
ð

V

Qa
@2�qhNjgiPg

@g2

 !
dV

þ
ð

V

�qhNjgiPg
@2Qa

@g2
þ �qh _xajgiPg

 !
dV

(2)

In Eq. (2), conditional correlations between reacting scalars and
velocity are neglected, so all fluctuations about the conditional
mean in the inlet and outlet flows are not considered, consistent
with ISR theory [24]. By definition, conditional reactive scalar
statistics and their functions, e.g., chemical source terms, are also
considered uniform inside an ISR core. Hence, they can be moved
out of the integral on the right-hand side of Eq. (2). This allows
for the introduction of the core-averaged mass density, q��, mix-
ture fraction PDF, P��g , and SDR, N��g , in the equation, which can
be computed by CFD simulations after appropriate time-
averaging. The core-averaged quantities are given by

q�� �

ð
V

�qdV0

V
; P��g �

ð
V

�qPgdV0

q��V
; N��g �

ð
V

�qhNjgiPgdV0

q��VP��g

(3)

In addition, a mass-flow-rate-weighted mixture fraction PDF for
the inlet and outlet streams can be introduced, which is given by

P�g �
1

_m

ð
A

�qhujgiPg � dA (4)

Combining Eqs. (2)–(4), the ISR equation then reads

QaP�ð Þout � QaP�ð Þin
sr

¼� Qa
d2N��g P��g

dg2

þP��g N��g
d2Qa

dg2
þ h _xajgi

 !
(5)

where the reactor residence time, sr � ðq��VÞ= _m, has been uti-
lized. Note that the partial derivatives in Eq. (2) have been
replaced with ordinary ones in Eq. (5) since conditional statistics
are now only a function of the mixture fraction. To close the first
term on the right-hand side of Eq. (5), the transport equation for

the mixture fraction PDF may be utilized [24]. If molecular fluxes
are neglected, the PDF equation is equivalent to Eq. (1) with
Qa ¼ 1 and no chemistry source term. Since Qa is constant, its
derivative is zero. Considering stationary flow, the integration of
the PDF equation over the core volume readsþ

A

�qhujgiPg � dA

q��V
¼

P�g
� �

out
� P�g
� �

in

sr
¼ �

d2N��g P��g
dg2

(6)

where Eq. (3) and the flux divergence theorem have been applied.
Furthermore, to derive the final ISR equation, the conditional
averages at the ISR outlet are considered equal to the conditional
averages at the core, i.e., ðQaÞout ¼ Qa, consistent with the stirred
reactor concept, as discussed in Ref. [23]. Consequently, the ISR
equation may be derived as follows:

P�g
� �

in

srP��g
Qa � Qað Þin
� �

¼ N��g
d2Qa

dg2
þ h _xajgi (7)

In the special case of completely unmixed inlet streams, as in a
premixer, the inlet PDF, ðP�gÞin, is zero at 0 < g < 1 since only
mixture fractions at 0 or 1 are possible, i.e., the inlet PDF consists
of two Dirac d-functions at the mixture fraction space bounds.
Considering that Dirichlet conditions are used for the bounds in
CMC and ISR equations, then the ISR equation is written as

0 ¼ N��g
d2Qa

dg2
þ h _xajgi (8)

Equation (8) is virtually identical to the steady-state flamelet
model for unity Lewis number [39]. Although the core-averaged
PDF and residence time do not appear in Eq. (8) directly, they dic-
tate the profile of the core-averaged SDR profile, N��g . The latter
may be calculated from the double integral of Eq. (6) as follows:

N��g ¼
1

srP��g

ðg

0

ðg0

0

P�g00
� �

in
� P�g00
� �

out

� �
dg0dg00

¼for Eq: 8 1

srP��g
1� �n
� �

g�
ðg

0

ðg0

0

P�g00
� �

out
dg0dg00

 !
(9)

where �n is the well-mixed mixture fraction calculated from the
mass flow rates of the inlet streams. For example, consider a fuel
stream with mass flow rate _mf and an oxidizer stream with _mox,
then �n ¼ 1=ð1þ _mox= _mfÞ.

2.2 Solution Strategy. The ISR approach for AI risk quantifi-
cation starts with the calculation of the average non-reacting flow
field using CFD. As discussed in Ref. [29], the modeling approach
for the reference CFD simulation can vary given the availability
of resources, but care must be taken for each specific application
so that the underlying mixing field is well captured. It is important
to note that flame growth and stabilization are not of particular
interest from a risk assessment and rare event identification per-
spective. Consequently, flame effects on the mixing field do not
need to be considered in the approach, similar to what was
attempted in Refs. [31–33]. In addition, perturbations to influen-
tial variables, such as fuel composition and temperature at the pre-
mixer inlet, do not affect the inert flow significantly but can alter
AI behavior. Thus, non-reacting CFD can be reliably used to
describe mixing and then coupled with an ISR for performing sen-
sitivity analyses within a relatively wide range of conditions (con-
cerning AI propensity) and for training a surrogate model. The
ISR equations are then solved using an in-house code. Here the
form of Eq. (8) is selected since the focus is on aero-derivative
premixers with completely unmixed inlet streams. The evaluation
of the core-averaged SDR via Eq. (9) requires knowledge of the
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mean residence time and the mixture fraction PDF. In this work,
these quantities are extracted from a non-reacting CFD simula-
tion, described in detail later. The core-averaged density and mix-
ture fraction PDF are found using Eq. (3) for which some
information on the CFD grid is required. At each CFD cell, Pg is
modeled with a presumed b-function computed from the time-
averaged mixture fraction and the mixture fraction variance,
which are readily available from the simulation. In the case of sin-
gularities, the b-function is replaced or complemented by d-
functions. In Eq. (9), it is evident that the division with the core-
averaged PDF can lead to numerical problems when the PDF
tends to zero. To ensure that the SDR does not take unrealistically
high values, the division with the PDF can be approximated as
1=P��g � P��g =ðP��2g þ �2Þ, where � is an absolute tolerance for the
core-averaged PDF (here � ¼ 10�9). The double integration in Eq.
(9) can also prove cumbersome and may result in negative values
of the SDR due to machine precision errors when the PDF tends to
zero [24]. The realisability problem could be solved using the
methods of [40,41] to find the double integrals numerically without
limitations to the PDF shape. However, this might not prove neces-
sary in a premixer system with completely unmixed streams.
Assuming that the outlet PDF follows a narrow normal distribution
in mixture fraction space around the well-mixed value, i.e.,
ðP�gÞout ! Nð�n;r2

oÞ, the double integral can be found analytically
using

ðg

0

ðg0

0

P�g00
� �

out
dg0dg00 ¼ 1

2
g� �n
� �

1þ erf
g� �nffiffiffiffiffiffiffi

2r2
o

p
 ! ! 

þ
ffiffiffiffiffiffiffi
2r2

o

p

r
exp

 
� g� �n
� �2

2r2
o

!!
(10)

Equation (10) is used to calculate the double integral of the outlet
mixture fraction PDF after finding an appropriate standard
deviation matching the CFD simulation. Interestingly, in the
limit of ro ! 0, i.e., perfect mixing at the outlet, it

follows that ðP�gÞout ! dðg� �nÞ, and its double integral is given

by ðg� �nÞHðg� �nÞ where H is the Heaviside function. As men-
tioned previously, the outlet PDF can also be numerically inte-
grated if care is taken to locations of negligible probability [41].
Hence, there is no limitation in the configurations that can be rep-
resented. For a scalar / with a conditional mean Q/, the uncondi-
tional mean counterpart within the premixer core and at the outlet
can then be found by

/�� ¼
ð1

0

Q/P��g dg; /�out ¼
ð1

0

Q/ðP�gÞout dg (11)

As far as the numerical setup of the ISR equations is concerned,
the mixture fraction space is discretized using 101 nodes clustered
around the stoichiometric mixture fraction and sufficient resolu-
tion around the most-reactive mixture fraction [4], which will be
described later. Pure air is imposed at g¼ 0, whereas the fuel
composition is imposed at g¼ 1. The oxidizer, Tox, and fuel tem-
perature, Tf, are also imposed at the boundaries g¼ 0 and g¼ 1,
respectively. The pressure is assumed constant and equal to the
nominal operating pressure of the premixer. The system is
assumed adiabatic; therefore, the conditional enthalpy remains
constant throughout computations and the conditional temperature
may be identified via a reverse calculation (here with an absolute
tolerance of 10�8). All simulations are initialized from “pure
mixing” solutions using the same boundary conditions. As will be
detailed later, the fuel composition, Tox and Tf, and their uncer-
tainty are studied in detail in this paper since they are crucial for
AI. An operator splitting technique is then implemented for the
solution of the ISR equations, which are marched in time until
convergence is reached. First, the diffusion term of Eq. (8) is com-
puted using a second-order accurate numerical scheme and the

VODPK solver [42], followed by the integration of the chemistry
employing the chemical mechanism by Jella et al. [1] and first-
order moment closure [24]. The effect of the operator splitting
between diffusion and chemistry has been assessed at steady-state
with an amplitude mapping closure model [43] for the conditional
SDR profile. The results were then compared with the method of
lines finding negligible differences for temperature, major species,
and radicals for pseudo-time steps below 2 ls (e.g., see Ref. [44]
for a similar assessment applied to the elliptic CMC equation). A
constant time-step of 1 ls is used here.

3 Investigated Premixer and Computational Fluid

Dynamics Analysis

An experimental premixer is investigated here to demonstrate
the ISR stochastic analysis framework. The same premixer was
previously studied by Jella et al. using reacting CFD [1]. Further-
more, Gkantonas et al. [33] successfully employed ISR theory to
estimate AI propensity in this premixer, so it was preferred here
as a benchmark case. The premixer was designed to have a char-
acteristic residence time approximately six times shorter than the
worst-case AI delay of typical natural gas and features multiple
jets injecting pure air into a cross stream of gaseous fuel in the
form of a film [1]. The distributed injection of air and fuel results
in a range of residence times that significantly damps Intermediate
Frequency Dynamics for a wide range of operating conditions
[45].

A representation of the mean flow and mixing fields obtained
with non-reacting large eddy simulation (LES) is shown in Fig. 1.
The Favre-filtered continuity and momentum equations, as well as
transport equations for the mixture fraction, ~n, and its subgrid
scale variance, ~n002 , were solved using the Star-CCMþ CFD soft-
ware. The Wall-Adaptive Large Eddy Simulation (WALE) model
of Nicoud and Ducros [46] was used to model subgrid stresses.
The filtered SDR, ~N , used in the subgrid scale variance transport
equation, was computed considering both the resolved and subgrid
scale contributions [47,48] as in ~N ¼ D$~n � $~n þ CN

~n002 lsgs=
ð2qD2Þ, where CN¼ 42 [49,50], lsgs is the subgrid scale viscosity
and D is the filter width estimated as the cube root of the LES cell
volume. The molecular diffusivity was calculated from the kine-
matic viscosity of the mixture using a constant Schmidt number
(Sc¼ 0.7). A bounded central differencing scheme was employed
for the convective terms in the momentum equation while the dif-
fusion terms were discretized using pure central differencing.
Second-order upwinding was used for all scalars. The temporal
terms were discretized using an implicit second-order backward
differencing scheme, and a time-step restricting the CFL number
to less than 0.5 was chosen. The mesh cell size in the premixer
was 0.2 mm or smaller.

Fig. 1 Normalized mean velocity magnitude field (top) and
mean scalar dissipation rate (bottom) in a section of the investi-
gated premixer. For interpretation of the references to colour in
the text, the reader is referred to the web version of this article.
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The CFD simulation was set at representative full load condi-
tions. These conditions were chosen as the combination of pre-
heat, pressure, and stoichiometry represent a highly reactive
operating scenario. In addition, the fuel mixture composition is
also of critical importance. In service, the engine is operated with
natural gas. However, a gaseous blend of highly reactive dimethyl
ether (DME) fuel and less reactive methane (CH4) is used in this
experimental premixer to increase the frequency of AI events [1].
As discussed in Ref. [1], gaseous DME is used to increase the
reactivity of methane and thus model the effect that higher hydro-
carbons may have on the fuel AI propensity. DME-blended meth-
ane is then employed to test the robustness of high-pressure
premixers to AI. The CFD simulation considered a fuel mixture of
pure CH4 with 40% (v/v) DME. As explained in Sec. 4, the fuel
composition, as well as the temperatures of the air and fuel
streams, are modified in the ISR computations, while considering
the same underlying mixing field. As the deviations are deemed
small enough to cause little differences in velocity and density,
the changes in the mixture fraction distribution are negligible.

A detailed CFD analysis on this premixer has already been pro-
vided by Jella et al. [1], so only a brief summary is provided here.
Figure 1 shows the normalized mean velocity magnitude and
mean SDR fields in a section of the premixer, as computed from
the non-reacting simulation. The presence of the air jets can be
inferred by the red “spots” in the mean velocity field in the
upstream region, indicating high velocity. Each red spot is also
associated with a wake on the lee side that affects the local resi-
dence time and mixing rate. The flow decelerates between the last
row of air jets and the guide vane, and is then quickly accelerated
on its way to the vane’s trailing edge and toward the premixer
exit. Until the flow reaches the premixer exit, the mixing intensity
is low and the mixture fraction has attained the well-mixed value
closely as also indicated by the overall very low SDR values in
the downstream region of Fig. 1. Most of the mixing occurs near
the fuel injection region where the SDR is very high (not shown).
Toward the last rows of air jets, the SDR reaches moderate values
but can still span several orders in magnitude depending on the
location relative to the air jets, until a significant decay is
observed soon after the last row or air jets.

Information regarding the mixing field can also be obtained
through the core-averaged mixture fraction PDF, P��g , which is
also directly used in the ISR computations. Figure 2 shows the
profile of P��g as a function of g, i.e., the sample space variable for
the mixture fraction, up to a reference mixture fraction, g0. Two
peaks are evident in the PDF profile, one at g¼ 0, corresponding
to the air stream, and another at the well-mixed mixture fraction,
�n. In reality, the PDF profile is tri-modal since another peak exists
at g¼ 1, corresponding to the fuel stream (not shown). The local
distribution and the width around �n are a measure of the unmixed-
ness within the premixer. For the same residence time, the higher
the PDF at a particular mixture fraction, the lower the local value
of the conditional SDR, as inferred by Eq. (9). At the same time,
the PDF indicates the extent at which the stoichiometric, nst, and

the most reactive mixture fractions nmr (as defined by Mastorakos
[4]) are present in the premixer at both the large and small scales.
The most reactive mixture fraction corresponds to the location of
the first AI kernel in mixture fraction space in the absence of
hydrodynamic stretch. The difference in temperature between the
fuel and oxidizer streams inevitably results in variable AI delay
times for each mixture fraction, with nmr having the most favor-
able conditions for AI, at least when micromixing effects are not
present. Figure 2 shows the dependency of nst and nmr with
increasing level of DME. The premixer’s target equivalence ratio
is overall fuel-lean with �n being significantly smaller than nst and
nmr for all conditions. It is also evident that up to about 20% (v/v)
DME in the fuel, the first AI kernel is more likely to occur in fuel-
rich zones, whereas for higher DME levels, AI is more likely in
fuel-lean zones. With different operating conditions, nst and nmr

differ but so is the probability of finding these mixture fractions in
the premixer. These observations are important for the remainder
of the discussion since they can help explain some of the trends
observed in the stochastic analysis.

4 Stochastic Analysis Framework

Once the mixing field from the non-reacting LES simulation is
averaged, the ISR approach described in Sec. 2 can then be
applied. An ISR network (ISRN) approach can be also applied on
the same LES simulation, and results obtained by ISRN in terms
of AI propensity and its sensitivity to operating conditions have
been presented by Gkantonas et al. [33]. However, the ISR
approach guarantees lower computational costs than the ISRN one
while maintaining acceptable accuracy, as a close agreement in
terms of premixer AI behavior between the two approaches was
observed. As this study focuses only on the occurrence, or the
absence, of AI inside the premixer, which can be captured by a
single ISR, the latter was employed.

The boundary conditions are considered fixed for each ISR sim-
ulation. In reality, uncertainties and fluctuations affect the nomi-
nal values of the boundary conditions, introducing stochasticity in
the output quantities of the premixer. The effect of the random
variability of input parameters on the premixer behavior must be
predicted and quantified via a stochastic analysis. Figure 3 depicts
the general framework of the stochastic analysis adopted in this
work. Three random input quantities to the premixer were

Fig. 2 Core-averaged mixture fraction PDF with well-mixed
mixture fraction indicated (left) and dependence of stoichiomet-
ric and most reactive mixture fraction to amount of DME in the
fuel for the reference temperatures (right) Fig. 3 Methodology scheme
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considered, namely, the fuel temperature (Tf), the air temperature
(Tox), and the amount of DME (%DME) in the fuel mixture con-
sisting primarily of methane. A space-filling design was generated
over the three-dimensional parameter space via the latin hyper-
cube sampling method [51]. For each sampled combination,
numerical simulations were performed with the ISR approach. A
surrogate model (also called meta-model or response surface) was
trained on selected AI metrics obtained as output from the ISR
simulations. A brute-force Monte Carlo sampling of the probabil-
ity density functions (PDFs) of the input parameters was per-
formed and the samples were fed to the surrogate model to obtain
the characterization of the distributions of the selected AI metrics.
The AI metrics were selected at the premixer exit and correspond
to the mass-averaged temperature, T�out, and the conditional tem-
perature at stoichiometry, hTjgstiout (gst being the sample space
variable of the mixture fraction at stoichiometry, nst). They allow
to determine if an AI kernel formation event has occurred in the
premixer, whereas their probability density function, obtained via
Monte Carlo sampling, provides the frequency of AI and hence a
quantification of the AI risk.

The methodology described above was slightly modified by the
inclusion, prior to the surrogate training step, of a classification
method through which the three-dimensional parameter space was
clustered in two different subspaces. As a consequence, two sepa-
rate surrogate models were trained on the corresponding subspa-
ces and achieved higher fitting accuracy than those obtained by
only one surrogate model trained on the whole parameter space.
Further details are provided in the following section.

5 Results and Discussion

An event can be classified as rare if the frequency of its occur-
rence is low, or when the overall observational cost is so large
that a specific procedure is required to induce it [52]. Although
there is no probability level that universally defines a rare event, if
we consider a random variable described by a normal distribution,
we can say that rare variable outcomes are located at the PDF
tails, which require special focus. The aim of this work is to
explore the nature of the PDF tails of quantities that can be related
to the occurrence of high-temperature AI in a premixer, given a
PDF of three input parameters, i.e., Tf, Tox, and %DME in the fuel
mixture. Normal distributions were considered for the three
parameters, with variable means, representing different operating
conditions, and fixed standard deviations r, equal to 5 K, 10 K,
and 2%, for Tf, Tox, and %DME, respectively. For the space-
filling design, the ranges of variability of the parameters were set
to include the different mean values and their 65–6r uncertainty.
A total of 500 different combinations were sampled from the
parameter space via LHS, and 500 ISR simulations were

performed for each input combination. The simulations took about
5 h to run concurrently over 20 processors. Figures 4 and 5 show
the values of T�out and hTjgstiout obtained by each ISR simulation.
In the figures, Tox, T�out and hTjgstiout are normalized by the refer-
ence value of Tox, i.e., at the representative full load state, Tox;ref ,
whereas Tf is normalized by the reference value of Tf, Tf ;ref . It can
be seen that the two AI metrics correlate with each other since
high values of T�out correspond to high values of hTjgstiout. A more
pronounced discontinuity can be noticed in the values of the con-
ditional temperature at stoichiometry at the exit of the premixer,
hTjgstiout. Since T�out is a mass-averaged temperature (see also
Eq. (11)), its values are lower than the corresponding ones of
hTjgstiout. Hereafter, the results of the methodology described in
Sec. 4 will be shown only for one of the two AI metrics, namely,
T�out, as the two quantities strongly correlate with each other and
the results obtained for hTjgstiout would lead to the same discus-
sions and conclusions. The normalized values of
Tox=Tox;ref ;Tf =Tf ;ref and T�out=Tox;ref will be reported.

The training of the surrogate model was attempted for T�out over
the whole parameter space. The accuracy of the surrogate was
evaluated during training by 5-fold cross validation. After train-
ing, the surrogate fitting errors, i.e., the difference between the
values of T�out provided by the 500 ISR simulation and the corre-
sponding values obtained by the surrogate model, were evaluated.
Several surrogate models, such as quadratic and rational-quadratic
polynomials, Gaussian processes (GPs), and support-vector
machines, were trained in MATLAB on all the 500 T�out values but
none provided acceptable fitting errors (not shown here). It can be
seen in Fig. 4 that a sharp discontinuity exists in the set of
T�out=Tox;ref values as there are no values between about 1.33 and
1.89. This can affect the training of response surface and lead to
large fitting errors. Thus, a normalized threshold value of
ðT�out=Tox;refÞtr ¼ 1:67 was chosen to distinguish two distinct
regions: the subspace of input parameter values at which high-
temperature AI does not occur inside the premixer, corresponding
to values of T�out=Tox;ref � 1:67, and the subspace where AI brings
the normalized mass-averaged temperature at the premixer exit
above 1.67, namely, T�out=Tox;ref > 1:67. The different behaviors
are mostly correlated to the variability of Tox and %DME, while
the occurrence of AI seems to be less sensitive to Tf. A classifica-
tion algorithm, or classifier, can be trained on the ISR responses
to automatically distinguish between no-ignition and AI regimes.
For each regime, a separate response surface can be constructed to
map the stochastic input parameters to the AI metrics. The meth-
odology scheme of Fig. 3 was then modified to include the classi-
fication step prior to the training of the surrogate models. In the
updated scheme, shown in Fig. 6, the ISR responses are used to
train the classifier and the surrogate models. The input parameterFig. 4 T �out/Tox;ref obtained by the 500 ISR simulations

Fig. 5 hT jgstiout/Tox;ref obtained by the 500 ISR simulations
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combinations sampled via Monte Carlo are provided to the classi-
fier first, which assigns each combination to either the no-ignition
or the AI regime. Based on the assigned regime, the corresponding
surrogate model yields the output quantity. Eventually, the charac-
terization of the distributions of the selected AI metrics, and thus
a quantification of AI risk, are obtained.

Several classifiers were trained and compared based on their
accuracy, which was evaluated via 5-fold cross-validation. The
Classification Learner module in MATLAB was used for this task.
Logistic Regression provided the highest accuracy (99.2%) in
classifying the no-ignition versus AI regimes, as can be seen in
Fig. 7, which shows the scatter of the input Tox=Tox;ref and %DME
values and the separation between the no-ignition region, marked
by blue dots, and the AI one, marked by red dots. The crosses
indicate the combinations of input values that were wrongly
assigned to a certain regime.

After the classification step, two different response surfaces
were trained for low T�out values (T�out=Tox;ref � 1:67) and high T�out

values (T�out=Tox;ref > 1:67). Figure 8 shows the parity plot com-
paring the low T�out=Tox;ref values obtained by the ISR simulations
and those obtained by a GP with Mat�ern 5/2 kernel (whose mathe-
matical description and details can be found in Ref. [53]) trained
in the no-ignition region of the parameter space. Figure 8 also
reports the histogram of the surrogate fitting errors, defined as
dT ¼ jT�out;GP � T�out;ISRj, where T�out;GP and T�out;ISR are the values
of the mass-averaged exit temperature obtained by the GP and the
ISR, respectively. The low-order model is able to predict the low
T�out values with acceptable accuracy as the maximum fitting error
is lower than 60 K (corresponding to a relative error lower than
6%). Similarly, Fig. 9 shows the parity plot of the high T�out=Tox;ref

values obtained by the ISR simulations and another GP with
Mat�ern 5/2 kernel trained in the AI region of the parameter space.
Figure 9 also reports the histogram of the GP fitting errors dT pre-
viously defined. The low-order model fits the high T�out values
with excellent accuracy as the maximum fitting error is lower than
1 K. The training of the two GPs was performed in less than one
minute on a 4-core laptop. The higher accuracy of the GP for high
T�out can be explained by two considerations. First, the number of
training points is higher in the AI region of the parameter space
since about 62% of the sampled input combinations determine AI
in the ISR simulations. A lower number of samples may affect the
accuracy of the response surface fitting. Second, the no-ignition
region may actually contain ISR simulations where a cool flame
exists, characteristic of DME-air combustion (e.g., see Ref. [54]
for a recent review on the topic). This may be defined as low-
temperature AI. By looking at the parity plot of Fig. 8, sparse data
around 1.11 can be noticed, possibly indicating a discontinuity
related to the occurrence of low-temperature AI. A third subspace
may be identified by considering T�out=Tox;ref lower than 1.67 but
higher than 1.11, where another surrogate model may be trained
with lower fitting errors. An unsupervised classifier can also be
used to distinguish the no-ignition and ignition regions without
the need to specify a temperature threshold. Depending on the
number of training points, an unsupervised classifier might have a
higher accuracy than the classifier used in this work. It might also
distinguish the no-ignition region from the low-temperature AI
one, where cool flames, characteristic of DME-air combustion,
occur. These are open questions that will be addressed in future
studies.

The capability of the trained GPs to predict a PDF of T�out was
assessed by considering only one random input quantity, which
was described by a hypothetical normal distribution with normal-
ized mean l¼ 0.99 and normalized standard deviation r¼ 0.01,
i.e., Tox=Tox;ref ¼ Nð0:99; 0:01Þ. Additional 45 ISR simulations
were performed at fixed %DME¼ 40 and normalized
Tf =Tf ;ref ¼ 0.92, while Tox=Tox;ref was instead varied from 0.93 to
1.05, and provided 45 T�out=Tox;ref values above 1.67. By knowing
the correspondence between Tox and T�out values, a PDF of T�out

can be established a priori. The GP trained for high T�out must be
able to replicate this known PDF. The latter was compared to the
one obtained from 108 realizations of T�out provided by the GP
queried by as many random samples from the normal distribution
of Tox. The 108 realizations of T�out were computed in less than 4 h
on a 12-core processor. Excellent agreement was found between
the known PDF of T�out and the one computed by the GP, as shown
in Fig. 10, even for very low PDF values, of the order of 10�7. In

Fig. 6 Methodology scheme modified by the presence of a
classification step before the surrogate model training

Fig. 7 Classification of T �out. Two clusters are distinguished by
the classifier: the “no ignition” region (blue dots) and the
“autoignition” region (red dots). The crosses indicate points
that are wrongly assigned by the classifier. For interpretation of
the references to colour in this figure legend and in the text, the
reader is referred to the web version of this article.
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Fig. 10, the PDF values are related to the non-normalized values
of T�out, although the normalized values of T�out=Tox;ref are reported.
This result confirms the accuracy of the GP, even for additional
data points that were not used for the training of the GP itself, and
validates the use of a response surface for fast estimation of an AI
metric.

At the Monte Carlo sampling stage, normal distributions are
assumed for Tf, Tox, and %DME, having (non-normalized) stand-
ard deviations rTf

¼ 5 K, rTox
¼ 10 K, and r%DME¼ 2, respec-

tively. First, the following mean values are considered for the
input distributions: lTf

¼ 0:92 Tf ;ref ; lTox
¼ 0:99 Tox;ref , and

l%DME¼ 20. A total of 107 random samples of the normal PDFs
were provided to the classifier and assigned to the corresponding
subspaces where T�out was computed by the related surrogate
model. Figure 11 shows the obtained scatter of T�out=Tox;ref values,
along with the output of the ISR simulations. The ISR values of
T�out=Tox;ref are indicated by filled circles, whereas the 107 surro-
gate realizations of T�out=Tox;ref are marked by empty circles. A
PDF of the non-normalized T�out values was then obtained and is
also shown in Fig. 11. The probability of T�out > T�out;tr, with
T�out;tr ¼ 1:67 Tox;ref , can be seen as the AI probability in the pre-
mixer at the considered nominal (mean) values of the input quan-
tities and is given by PAI ¼

Ð1
T�out;tr

PðT�outÞdT�out. At these

Fig. 8 Parity plot of normalized mass-averaged exit temperatures T �out/Tox;ref £ 1.67 obtained by the ISR
simulations and the surrogate model (left) and histogram of the fitting errors of the surrogate model (right)

Fig. 9 Parity plot of normalized mass-averaged exit temperatures T �out/Tox;ref > 1.67 obtained by the ISR
simulations and the surrogate model (left) and histogram of the fitting errors of the surrogate model (right)

Fig. 10 PDF (in logarithmic scale) of T �out obtained by the
trained Gaussian Process when propagating the uncertainty of
only one input quantity, Tox, characterized by a distribution
Tox/Tox;ref 5N (0:99; 0:01)
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conditions, the probability that AI would occur in the premixer is
about 54.6%.

Different mean values of Tf, Tox, and %DME can be considered,
while keeping constant their standard deviations. Since the fuel
temperature appears to have the lowest influence on the onset of
AI in the premixer, the AI risk was quantified at different mean

value pairs of Tox and %DME, while keeping Tf =Tf ;ref ¼ 0.92
fixed. Figure 12 shows the probability distributions of T�out

obtained at normalized lTox
=Tox;ref � �T ox=Tox;ref ¼ 0.96, 0.99,

1.02, and l%DME¼ 0, 20, 40. When l%DME¼ 0, the volumetric
amount of DME in the fuel mixture cannot be negative, hence a
half-normal PDF of %DME was considered for the positive values
of %DME. Once again, 107 random combinations were sampled
for each case. It can been seen from Fig. 12 that AI never occurs
for the lowest amounts of DME in the fuel mixture as increasing
the air temperature does not change the premixer behavior. When
the mean volumetric amount of DME is equal to 20%, AI occurs
5% of the time at lTox

=Tox;ref ¼ 0.96, and increasing the air tem-
perature determines a higher probability of AI, up to 97% at
lTox

=Tox;ref ¼ 1.02. Finally, when the mean volumetric amount of
DME is 40%, AI occurs at all the considered mean air
temperatures.

In order to capture rare AI events, the analysis described above
was repeated for another set of mean values, i.e., lTf

=Tf ;ref ¼ 0.95,
lTox

=Tox;ref ¼ 1.03, and l%DME¼ 3. Since computing a probability
of order 10�6 with 90% accuracy requires around 108 realizations
[52], as many random samples were taken and fed to the classifier
and the surrogate models. Samples with negative values of
%DME were disregarded during the process. The resulting values
of T�out=Tox;ref are shown in Fig. 13, which also illustrates the posi-
tion of the sampled region in the parameter space. The cloud of
sampled points barely crosses the AI subspace, indicating AI may
occur in the premixer at these conditions. The resulting PDF of

Fig. 11 (Left) T �out/Tox;ref obtained by the 500 ISR runs (filled circles) and the 107 realizations of the surrogate
models (open circles). (Right) PDF of T �out computed by the surrogate models.

Fig. 12 PDFs of T �out at different mean values of Tox and %DME
and corresponding autoignition probabilities PAI

Fig. 13 (Left) T �out/Tox;ref obtained by the 500 ISR runs (filled circles) and the 108 realizations of the surrogate
models (open circles). (Right) PDF (in logarithmic scale) of T �out computed by the surrogate models.
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T�out is also shown in Fig. 13 (note that the vertical axis is logarith-
mic) and confirms the occurrence of rare AI events bringing
T�out=Tox;ref up to around 2.22. At these conditions, the probability
that AI would occur in the premixer was calculated as previously
described and is equal to PAI ¼ 2:8� 10�6.

6 Summary and Conclusions

A novel approach using ISR postprocessing on a non-reacting
CFD solution and surrogate modeling for stochastic estimation of
nonpremixed autoignition in a aero-derivative premixer has been
presented. The variability of three influential input parameters,
i.e., fuel temperature, air temperature, and volume fraction of
dimethyl ether (DME) in the fuel mixture, was propagated to esti-
mate the distributions of physical quantities labeled as AI metrics,
as they can indicate the occurrence of high-temperature AI inside
the premixer. In this work, the mass-averaged temperature at the
premixer exit was chosen as the target AI metric.

A total of 500 ISR simulations of the premixer were first per-
formed at input parameter combinations sampled via a space-
filling design. The obtained estimations of the mass-averaged
temperature at the premixer exit revealed the presence of two dis-
tinct regions of the three-dimensional parameter space, which hin-
dered the training of a single surrogate model for the chosen AI
metric. Thus, a classification step was introduced before the
response surface training to distinguish the no-ignition and AI
regions. The classifier was trained on the already performed 500
ISR simulations. On each subregion of the parameter space identi-
fied by the classifier, an accurate surrogate model was then trained
for the AI metric on the same ISR simulations. The probability
distribution of the mass-averaged exit temperature was then com-
puted by propagating the variability of the input parameters via
Monte Carlo sampling. The classifier assigned each random sam-
ple to the correct subspace, where the corresponding surrogate
model mapped the input parameters to the AI metric. The AI
probability was then estimated at several nominal values of the
input quantities by integrating the obtained probability density
functions of the mass-averaged exit temperature.

In order to obtain a reliable estimate of probabilities of rare
events, such as AI in an aero-derivative premixer, a large number
of realizations is necessary. For Monte Carlo methods, computing
a probability of order 10�6 with 90% accuracy requires around
108 realizations. Intense research focused on mitigating this issue,
leading to variance reduction methods for unbiased probability
estimators. The issue is alleviated here by employing response
surfaces that can provide 108 realizations at much reduced compu-
tational costs with limited loss of accuracy. Moreover, the training
of accurate response surfaces may require a significant number of
CFD simulations, up to a point where using response surfaces
does not reduce any computational effort. This risk is mitigated
by using an ISR approach which combines detailed chemistry
with average flow and mixing fields obtained from one inert CFD
simulation, thus keeping the computational cost at the lowest.

In this methodology, the accuracy of the AI risk quantification
is strongly related to the efficiency of the classification method.
The frontier that separates the no ignition and the AI regions must
be predicted by the classifier correctly. Other classification algo-
rithms, in a supervised or unsupervised fashion, can be employed
to achieve higher accuracy. Moreover, instead of single ISR runs,
simulations employing a network of ISRs, i.e., the ISRN
approach, can be leveraged to improve the characterization of the
border between the subspaces with a moderate computational pen-
alty. The accuracy of a classifier, trained on both ISR and ISRN
simulations, will benefit from the enhanced characterization of the
frontier manifold. Nonetheless, the methodology presented in this
work has shown its capability to quantify the AI risk in an effi-
cient and computationally feasible way. Small fluctuations of
input parameters can cause significant changes in the premixer
output response, and simple physics-based tools that combine
chemical reaction and mixing effects, such as the ISR approach,

can be reliably used to study the premixer robustness to AI risk.
AI is expected to become more important in the future with a tran-
sition from conventional to next-generation fuels. Hence, it is
very important to characterize the input uncertainties (e.g., in
terms of a mean and a variance) and to be aware of the tails of the
distributions (e.g., at 66 standard deviations), so that premixer
systems can be evaluated at these remote (typically off-design)
conditions. Based on the AI risk, different premixers can be
ranked, and the best premixer design and operating conditions can
be selected for its intended use. The use of this joint ISR(N)-clas-
sifier-surrogate approach for premixer design optimization for
rare AI events are expected in future works.
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