POLYPUBLIE e |

PO'YtGChnique Montréal D'INGENIERIE

Titre:
Title:

Auteur:
Author:

Date:
Type:

Référence:
Citation:

POLYTECHNIQUE

A [
UNIVERSITE o3

Synthese topologique et géométrique des manipulateurs paralleles
en translation

Xiaoyu Wang
2006

Mémoire ou these / Dissertation or Thesis

Wang, X. (2006). Synthese topologique et géometrique des manipulateurs
paralléles en translation [Ph.D. thesis, Ecole Polytechnique de Montréal].

PolyPublie. https://publications.polymtl.ca/7784/

Document en libre acces dans PolyPublie
Open Access document in PolyPublie

URL de PolyPublie: ) -
PolyPublie URL: https://publications.polymtl.ca/7784/

Directeurs de
recherche: Luc Baron, & Guy Cloutier

Programme

Advisors:

Program: Unspecified

Ce fichier a été téléchargé a partir de PolyPublie, le dépot institutionnel de Polytechnique Montréal
This file has been downloaded from PolyPublie, the institutional repository of Polytechnique Montréal


https://publications.polymtl.ca/
https://publications.polymtl.ca/7784/
https://publications.polymtl.ca/7784/

UNIVERSITE DE MONTREAL

SYNTHESE TOPOLOGIQUE ET GEOMETRIQUE DES MANIPULATEURS
PARALLELES EN TRANSLATION

XIAOYU WANG
DEPARTEMENT DE GENIE MECANIQUE
ECOLE POLYTECHNIQUE DE MONTREAL

THESE PRESENTEE EN VUE DE L’OBTENTION
DU DIPLOME DE PHILOSOPHILE DOCTOR
(GENIE MECANIQUE)

AVRIL 2006

(© Xiaoyu Wang, 2006.



Library and
Archives Canada

Bibliotheque et
* Archives Canada
Direction du
Patrimoine de I'édition

Published Heritage
Branch

395 Wellington Street

395, rue Wellington
Ottawa ON K1A ON4

Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-24552-1
Our file  Notre référence
ISBN: 978-0-494-24552-1
NOTICE: AVIS:

L'auteur a accordé une licence non exclusive
permettant a la Bibliothéque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par I'Internet, préter,
distribuer et vendre des theses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette these.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

In compliance with the Canadian Conformément a la loi canadienne

Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canada

sur la protection de la vie privée,
quelques formulaires secondaires
ont été enlevés de cette thése.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



UNIVERSITE DE MONTREAL

ECOLE POLYTECHNIQUE DE MONTREAL

Cette these intitulée:

SYNTHESE TOPOLOGIQUE ET GEOMETRIQUE DES MANIPULATEURS
PARALLELES EN TRANSLATION

présentée par: WANG Xiaoyu

en vue de 'obtention du dipléme de: Philosophize Doctor

a été diiment acceptée par le jury d’examen constitué de:

M. GOURDEAU Richard, Ph.D., président

M. BARON Luc, Ph.D., membre et directeur de recherche

M. CLOUTIER Guy, Doct., membre et codirecteur de recherche
M. BIRGLEN Lionel, Ph.D., membre

M. HAYES John D., Ph.D., membre




a ma femme Yuhong et a toute ma famille

1Y



REMERCIEMENTS

Je tiens, tout particuliérement, a remercier mon directeur de recherche Prof. Luc
Baron, ainsi que mon codirecteur de recherche Prof. Guy Cloutier pour m’avoir fait

confiance et m’avoir adroitement dirigé au cours de mes recherches.

Je remercie tres sincerement les membres du jury pour avoir accepté de lire et

d’évaluer ma these.

Ma reconnaissance va a ’ensemble de mes colleges du laboratoire de CAE pour leur
précieuse aide tant au niveau de la langue francais qu’au niveau de la connaissance

scientifique.

Mes remerciements iront aussi vers ceux qui m’ont poussé au cours de ces travaux

de recherche.

Enfin, un grand merci a toute ma famille ; ma mere, mon pére, mon frere et surtout

ma femme pour leur amour et pour leur soutien inconditionnel.



vi

RESUME

Cette these présente une contribution a la synthése topologique et géométrique des
manipulateurs paralleles (MPs). Notre intérét s’est porté sur les MPs a 3 degrés de

liberté, et plus particulierement, aux MPs en translation (MPTs).

La topologie d'un manipulateur est, en général, la description de la structure de
sa chaine cinématique, i.e., la nature de tous ses couples cinématiques et leur
arrangement alors que la géométrie est un ensemble de contraintes dimension-
nelles et géométriques sur les positions et orientations relatives entre les couples

cinématiques.

Ce travail consiste a développer les outils de syntheése topologique et géométrique
permettant de générer et d’évaluer systématiquement les MPTs de toutes topolo-

gies et géométries.

L’objectif premier de cette these est de proposer une approche générale de synthese
topologique permettant de déterminer la topologie d'un MP en fonction de ses degré
de liberté de manipulateur et degré de mobilité de l'effecteur. Le deuxiéme objectif
consiste a proposer une méthode de synthese topologique permettant de déterminer
la topologie d'un MP de sorte que son effecteur n’ait que 3 degrés de mobilité en
translation a travers un espace de travail. Le troisieme objectif est de développer un
nombre raisonnable de modeles géométriques qui peuvent s’appliquer aux MPTs

de toutes topologies et géométries.

Dans le cadre de ce travail, une revue de la littérature a été réalisée afin d’identi-
fier la problématique et de positionner nos travaux de recherche par rapport aux

travaux réalisés dans les domaines concernés. Par la suite, le probleme de synthese
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topologique et géométrique a été étudié.

La premiere problématique abordée est d'identifier les particularités topologique
et géométrique des manipulateurs spatiaux. Pour cela, nous avons effectué une
analyse des architectures connues et proposé des définitions pour la topologie
et la géométrie. Puis, nous avons proposé une représentation topologique origi-
nale des manipulateurs qui permet de décrire adéquatement la chaine cinématique
et de caractériser la propriété cinématique. Cette représentation a une structure
de graphe, ce qui permet une description numérique sous forme de matrice et de

générer systématiquement les topologies.

La deuxieme problématique abordée est de formaliser la topologie en fonction du
degré de liberté de manipulateur et la mobilité de l'effecteur. Pour celle-ci, nous
avons d’abord précisé les termes : degré de liberté de manipulateur (DDL),
degré de mobilité (ou mobilité) de leffecteur (DDM), et nature de la
mobilité de Ueffecteur (NDM). Afin d’établir le lien entre la topologie et les
DDL, DDM, et NDM, nous avons introduit la notion de configuration initiale
et nous avons proposé, basée sur cette configuration, une représentation numérique
de la topologie et de la géométrie. Par la suite, nous avons effectué une analyse
systématique de ’espace tangentiel a la configuration initiale et nous avons établi
le lien entre la topologie et les DDL et DDM. Selon la théorie des groupes de Lie,
ce lien est aussi valide dans 'espace de déplacement voisinant la configuration ini-
tiale. Cependant, cette analyse ne permet pas d’établir de fagon rigoureuse le lien

entre la topologie et la NDM, car I'espace tangentiel dépend de la configuration de

manipulateur.

Nous avons donc procédé a 'analyse de 'espace de déplacement et nous avons

proposé pour la premiere fois une approche de synthese qui permet de déterminer
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la topologie d'un MP qui ne génere que le déplacement en translation a l'intérieur
d'un voisinage de son espace de travail. Les deux analyses ont abouti & une ap-

proche originale de la synthese topologique et géométrique des MPTs.

Afin d’automatiser le processus de synthese, nous avons développé des modeles
géométriques qui peuvent s’appliquer aux MPTs de toutes topologies et géométries.
Pour ceci, nous avons proposé une méthode originale de définir un référentiel
a chaque membrure, qui permet de traiter de facon uniforme les joints prisma-
tiques, les joints rotoides et les joints rotoides tres éloignés. Pour la premiéere
fois, les problemes des modeles géométriques direct et inverse des MPTs ont été

systématiquemient étudiés.

Les travaux présentés dans cette these permettent de produire un environnement
de synthese topologique et géométrique des MPTs. Une étude systématique de la
littérature nous a permis de valider 1'originalité de nos travaux et notre contribu-
tion en ce qui concerne la synthese topologique et géométrique. Des applications de
nos approches nous ont permis de proposer de nouvelles topologies et de nouvelles
géométries. L'ensemble des méthodes, des techniques proposées et des travaux fon-
damentaux que nous avons réalisés pourront étre utilisés a 1’étude théorique et a

la conception cinématique des MPTs
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ABSTRACT

This thesis presents a contribution to the topological and geometric synthesis of
parallel manipulators (PMs). Focus was put on 3-degree-of-freedom (DOF) PMs,
and especially on translational PMs (TPMs).

The topology of a manipulator is, in general, the description of the structure of its
kinematic chain, i.e. the type of its kinematic pairs and their general arrangement,
while its geometry is a set of dimensional and geometric constraints on the relative

position and orientation of its kinematic pairs.

This work is aimed at developing topological and geometric synthesis tools in or-
der that TPMs of all topologies and geometries can be generated and evaluated

systematically.

The first objective of this thesis is to propose a general topological and geometric
synthesis approach allowing of the determination of the topology of a PM according
to its manipulator’s DOF and its end-effector’s (EE) DOF. The second objective
is to derive topologies of PMs which generate only translational displacement. The
third objective is to develop a reasonable number of kinematic models which can

apply to TPMs of all topologies and geometries.

First of all, a literature review was carried out in order to pinpoint key issues
concerning the topological and kinematic synthesis of PMs and base our research
on the most recent achievements in the related fields. After that, the synthesis

problem was studied.

The first problem addressed in this thesis is to identify the particular aspects of spa-



tial manipulator topologies and geometries. To this end, analysis of known spatial
manipulator architectures was performed and the terms topology and geometry
were redefined in order to take into consideration the structure characteristics pro-
per to spatial manipulators. The analysis also leads to a topological representation
with which kinematic chain structure and the mobility can be better characterized.
The representation has a graph structure and can be easily adapted for matrix
form numerical representation, making it possible for topologies to be generated

systematically.

The second problem is to formulate relations between the topology of a PM and
its manipulator’s DOF and EE’s DOF. To better characterize a manipulator as
a mechanism and its EE as a rigid body, appropriate definitions were made on
the manipulator’s degree of freedom (DOF), the end-effector’s degree of
mobility (DOM), and the nature of the end-effector’s mobility (NOM). In
order to establish relations between topology and DOF and DOM, the concept of
initial configuration was introduced which lead to an integrated topology and
geometry representation. From the analysis of a set of linear equations established
in displacement tangent space at the initial configuration, topology and geometry
conditions were then derived for a PM to have a given DOF and DOM in the tan-
gent space. According to the group theory, the PM will have the given DOF and
DOM within a neighborhood of the initial configuration. However, tangent space
analysis does not ensure that the NOM will not change once the PM leaves the

initial configuration.

Analysis in displacement space was then performed and a new topological synthesis
approach was proposed. With this approach, the resulting PMs will only generate
translational displacement within an entire neighborhood of the initial configura-

tion. The analyses in tangent space and in displacement space together lead to a
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new topological and geometric synthesis approach of TPMs.

In order to achieve automatic synthesis, a kinematic model was proposed which
takes both topology and geometry as design variables and can therefore apply to
TPMs of all topologies and geometries. This was done by performing a special
frame assignment, which enables prismatic joints and revolute joints to be treated
in a unified way. Then for the first time, the forward and inverse kinematic pro-

blems of TPMs were systematically studied.

The work presented in this thesis makes it possible to create a platform for au-
tomatic topological and geometric synthesis of TPMs. Its originality comes from
the fact that the main problems addressed here are open problems in kinematic
synthesis of TPMs which are identified through a systematic literature review. Ap-
plications of the results from this work have allowed us to propose new topologies
and geometries of 3-DOF PMs. The results of this work can be used for theoretical
studies and kinematic design of TPMs.
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INTRODUCTION

0.1 Contexte

La majorité des manipulateurs sont actuellement des manipulateurs sériels (MSs).
A cause de leur architecture sérielle ouverte, toutes les imperfections (jeux, flexions
et frottements, par exemples) s’amplifient et additionnent leurs néfastes négatifs le
long de la chaine cinématique. Ces manipulateurs présentent donc des faiblesses au
niveau de la rigidité, de la précision, et ont un rapport charge sur poids relativement
faible. Ces manipulateurs s’averent alors peu adaptés a des taches qui exigent une

grande rigidité et une bonne précision.

Il existe des manipulateurs dune autre architecture mécanique, nommés manipula-
teurs paralleles (MPs), qui sont caractérisés par des chaines cinématiques fermées.
Un MP met ses éléments en parallele et son effecteur est simultanément supporté
par plusieurs chaines cinématiques. Les MPs présentent donc une plus grande rigi-

dité et un meilleur rapport charge sur poids par rapport aux MSs.

Malgré le grand potentiel que présentent les MPs, leur utilisation industrielle reste
encore marginale. Ceci s’explique d’une part, par la problématique commune a la
synthese de tous les manipulateurs spatiaux, et d’autre part, par la complexité des

modeles cinématiques particuliere aux MPs.

Ce travail est motivé par le besoin grandissant d’outils de synthese topologique et
géométrique des manipulateurs spatiaux et par le besoin de mettre en valeur des

MPs.



0.2 Topologie et géométrie

Au niveau de la cinématique, un manipulateur est défini par sa topologie et sa
géométrie. Par topologie nous désignons combien de solides dont un manipulateur
est composé, comment ces solides sont reliés par quels types de couples cinématiques,
et quels sont les caractéristiques de la disposition de ces couples cinématiques (pa-
rallélisme, perpendicularité, par exemple). Un manipulateur se distingue d’autres
manipulateurs de la méme topologie par sa géométrie. La géométrie est donc un
ensemble de parametres particuliers qui permettent de déterminer les positions et
orientations relatives des couples cinématiques d un manipulateur. La synthese to-
pologique et géométrique d'un manipulateur consiste ainsi a déterminer sa topologie

et sa géométrie en fonction des taches pour lesquelles il est envisagé.

0.3 Syntheése des manipulateurs spatiaux

Aujourd’hui, les principales méthodes de synthese des manipulateurs spatiaux ne
permettent pas, en toute généralité, de déterminer automatiquement la topologie et
la géométrie d'un manipulateur en vue de satisfaire a une tache donnée. La synthese
topologique est souvent réalisée en faisant appel & nos connaissances antérieures,
a notre expérience, et a notre intuition, afin de déterminer le plus possible des
topologies qui conviennent a priori aux contraintes de satisfaction des exigences
cinématiques. Pour chacune de ces topologies, une synthése géométrique est par la
suite effectuée afin de comparer la performance de chaque design. Cette démarche
est longue, ardue, et loin d’étre optimale a cause des contraintes de temps qui de-
viennent de plus en plus primordiales. Il devient nécessaire d’utiliser des méthodes
de synthese plus systématiques qui permettent de définir & la fois la topologie et la

géométrie.



0.4 Syntheése des MPs

La mise en parallele de plusieurs chaines cinématiques conduit a des avantages au

niveau des performances cinématique, statique et dynamique, mais entraine aussi

des inconvénients qui se résument dans la liste suivante :

— espace de travail limité;

— les modeles géométriques direct et inverse complexes:;

— découplage difficile des mouvements en translation et en rotation ;

— plus de singularités;

— difficile d’obtenir une performance dans I'espace d’orientation qui est comparable
a celle des MSs.

Afin de pallier ces inconvénients, une des principales méthodes que nous trouvons

dans la littérature est de découpler le mouvement de 6 degrés de liberté (DDLs) en

deux mouvements de 3 DDLs en mettant en série deux MPs a 3 DDLs. La synthese

des MPs a 3 DDLs est donc fondamentale et utile a la syntheése des MPs a 6 DDLs.

L'importance de la synthese des MPs a 3 DDLs se justifie aussi par le fait qu'un

grand nombre d’applications n’exigent que 3 DDLs.

Les questions posées par la synthese des MPs sont de plusieurs types. La premiere
a laquelle nous sommes confrontés est de déterminer la topologie afin d’obtenir le
DDL du manipulateur et le degré de mobilité (DDM) de l'effecteur désirés. Ceci
est plus problématique pour les MPs que les MSs a cause des contraintes im-
posées par la mise en boucle des chalnes cinématiques. Observant les topologies
connues des MPs a4 3 DDLs, nous constatons que le DDL ne se calcule pas sim-
plement par le nombre de couples cinématiques, ce qui est la cas pour les MSs.
La deuxiéme question porte sur la nature de mobilité (NDM) de l'effecteur, c’est-
a-dire le type de mouvement que peut réaliser l'effecteur qui se caractérise par

le DDM en translation, le DDM en rotation, et le couplage entre le mouvement



en translation et le mouvement en rotation. Il s’agit de déterminer la topologie
en fonction de la NDM, citons les manipulateurs sphériques, les manipulateurs en
translation (MPTs). Une autre question importante est la représentation topolo-
gique. La problématique réside dans la représentation des caractéristiques de la
disposition des couples cinématiques. Les représentations existantes ne permettent

pas, soit de les représenter, soit de les discerner aisément d’autres informations.

A partir de ce constat, nous proposons d’étudier la synthese topologique et géomé-

trique des MPs a 3 DDLs, en particulier, des MPTs.

0.5 Objectifs

L'objectif de cette these est de combler les lacunes dans la synthése des MPTs en
proposant une approche de synthese permettant de définir a la fois la topologie et

la géométrie.

Pour commencer, le premier chapitre présente une étude bibliographique mettant
en valeur les travaux réalisés dans le domaine de la cinématique des manipulateurs.
L'objectif de cette étude consiste a identifier les problématiques, a positionner notre

recherche, et a baser notre étude sur les réalisations les plus récentes.

Le deuxieme chapitre présente une synthese des travaux que nous avons réalisés

dans le cadre de cette these par articles.

Le troisieme chapitre aborde les concepts fondamentaux sur la topologie et la
géométrie. Il est usuel de considérer que la topologie et la géométrie sont les
concepts évidemment bien définis. Pourtant ce n’est pas le cas pour les MPs spa-
tiaux. Effectuant une analyse des architectures connues des manipulateurs, nous

identifions les caractéristiques de la disposition relative des couples cinématiques



qui sont essentiels pour déterminer le DDL, le DDM, et la NDM. Puis, nous propo-
sons une définition des termes topologie et géométrie, ce qui est essentiel pour
la synthese topologique et géométrique. Nous élaborons une méthode originale de

représentation plus fidele de la topologie d’'un manipulateur.

Le quatrieme et le cinquieme chapitres détaillent une analyse de l'espace tangen-
tiel de l'espace de déplacement afin de formuler la topologie et la géométrie en
fonction des DDL et DDM. Nous introduisons le concept de configuration initiale
et proposons une représentation numérique de topologie et géométrie permettant
d’introduire la topologie en tant que nouvelle variable de synthese. Nous abordons
la synthese topologique et géométrique en fonction de la NDM basée sur cette
analyse et proposons une approche itérative de synthese permettant de générer la

topologie et la géométrie simultanément.

Le sixieme chapitre porte sur le déplacement en orientation et vise a compléter
notre approche de synthese topologique dont une partie est proposée dans les qua-
trieme et cinquieme chapitres. L’objectif premier de ce chapitre est de déterminer
quelles sont les topologies de chaine cinématique sérielle permettant a l'effecteur les
déplacements en translation avec une orientation constante. Le second objectif est
de déduire les conditions pour l'effecteur de maintenir une orientation constante
sous les contraintes imposées par la mise en parallele des chalnes cinématiques

sérielles.

Le septieme chapitre présente la modélisation cinématique. Nous proposons des
modeles cinématiques pouvant s’appliquer a plusieurs topologies. Nous détaillons

la résolution des problemes des modeles géométriques direct et inverse.

Enfin, nous présentons une conclusion générale sur 'ensemble de nos travaux en-

trepris dans le cadre de cette thése suivie de recommandations.



CHAPITRE 1

REVUE CRITIQUE DE LA LITTERATURE

Les contraintes pesant sur la conception des manipulateurs ont beaucoup augmenté
tant du point de vue de I’'amélioration des performances cinématique, statique et dy-
namique que de celui de la réduction des temps consacrés a la syntheése topologique
et géométrique. L’amélioration des performances est dictée par des taches exigeant
de plus en plus de rigidité, de précision, de vitesse, et de capacité d’accélération de
la part des manipulateurs. La réduction des temps consacrés a la synthese topolo-
gique et géométrique est dictée par des critéres économiques. Ces contraintes ont
conduit a de nombreuses évolutions dans le domaine de conception des manipula-

teurs.

La performance cinématique a été améliorée grace a 'adoption des architectures
paralleles et des techniques d’optimisation de la géométrie. Les temps consacrés
a la synthese géométrique ont été réduits grace a l'usage de plus en plus courant
de 'outil informatique et de I'extension de ses capacités de calcul. Par contre, la
problématique d’'intégrer la synthése topologique a celle géométrique des manipu-
lateurs spatiaux n’est pas encore abordée. Afin de mettre en valeur de différentes
topologies et géométrie des MPs, il faut développer un environnement de synthése

topologique et géométrique de ces derniers

Comme nous ’avéns mentionné dans l'introduction, ce travail porte sur la synthese
topologique et géométrique des MPTs. Afin de bien asseoir les bases de cette these,
une étude bibliographique est nécessaire. Ce chapitre se divise principalement en

sept parties. Dans la premiére, nous commencons par présenter la terminologie. La



seconde partie présente une breve historique des manipulateurs. Dans la troisieme
partie, nous comparons des différents aspects des MPs avec les MSs. La quatrieme
partie présente la représentation topologique. La cinquiéme partie détaille les prin-
cipales méthodes de synthese topologique. Dans la sixiéme partie, nous présentons

la synthese géométrique. Une conclusion est présentée a la fin.

1.1 La terminologie

Par définition, la robotique est hautement interdisciplinaire. Etant donné le nombre
trés important de chercheurs oeuvrant dans les domaines concernés, nous pouvons
imaginer la quantité de publications réalisées depuis les dernieres décennies. Chacun
amenant les définitions, notations, et conventions de sa propre discipline, il est
compréhensible qu’il régne une certaine confusion relative a la terminologie dans la
vaste littérature. Afin de faciliter la compréhension de ce manuserit, il est nécessaire

de préciser les définitions et les conventions adoptées

Les définitions suivantes proviennent, sauf indication contraire, des travaux de (AN-

GELES, 2003).

Cinématique : I'étude des mouvements en fonction du temps, indépendamment

des causes qui les produisent ;

Couple cinématique : un ensemble de conditions particulieres auxquelles est as-
sujetti un corps rigide par rapport a un autre, qui limite des mouvements
de I'un par rapport a l'autre et qui détermine leur DDLs relatifs (DDLs de
couple), également désigné «liaison cinématique ;

Couple cinématique inférieur : un couple cinématique constitués de deux corps

qui ont une surface, une ligne ou un point commun ;

Joint : réalisation physique d’un couple cinématique (IFTOMM, 2003);
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Couple prismatique (P Couple cylindrique (C

Couple rotoide (R) Couple hélicoidal (

Couple sphérique (S) Couple plan (E

Fic. 1.1 Nllustration des couples cinématiques inférieurs

Variables articulaires : les variables décrivant la position relative entre deux

corps liés par un joint (PARALLEMIC, 2002).

Tel que montré a la Fig. 1.1, il n’existe que six couples cinématiques inférieurs soit :

rotoide (R), prismatique (P), cylindrique (C), sphérique (S), plan (E) et hélicoidal

(H).

Couple rotoide : joint de type pivot réduisant le mouvement entre deux corps a
une rotation autour d’un axe qui leur est commun. La situation relative entre

les deux corps est donnée par 'angle autour de l'axe.

Symbole normalisé : R;

Couple prismatique : joint de type glissiere réduisant le mouvement relatif entre
les deux corps a une translation le long d’un axe. La situation relative entre

les deux corps est mesurée par une distance .



Symbole normalisé : P ;

Couple cylindrique : joint de type cylindrique réduisant le mouvement relatif
entre les deux corps a une translation le long et une rotation autour d’un axe
qui leur est commun. La situation relative entre les deux corps est mesurée
par une distance et un angle autour de ’axe.

Symbole normalisé : C;

Couple sphérique : joint de type sphérique réduisant le mouvement relatif entre
les deux corps aux rotations autour d’'un point qui leur est commun.

Symbole normalisé : S;

Couple plan : joint de type plan réduisant le mouvement relatif entre les deux
corps aux translations sur un plan et a la rotation autour de la normale de
ce plan qui leur est commun.

Symbole normalisé : E;

Couple hélicoidal : joint de type hélicoidal réduisant le mouvement relatif entre
les deux corps a une rotation autour et une translation proportionnelle a la
rotation le long d'un axe qui leur est commun. La situation relative entre les
deux corps est mesurée par une distance ou un angle autour de 1'axe.

Symbole normalisé : H;

Degrés de mobilité d’un corps : le nombre de variables indépendantes pour

déterminer les mouvements d’'un corps;
Pose d’un corps : la position et 'orientation de celui-ci;
Degrés de liberté d’un couple : les mouvements relatifs permis par un couple;

Ordre d’un joint : le nombre de corps liés par un joint moins un (voir Fig. 1.2);

Ordre d’un corps : le nombre de joints reliant un corps aux autres corps (voir

Fig. 1.3);
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N

F1G. 1.3 Corps d’ordre deux et trois

Chaine cinématique : un ensemble de corps appelés membrures en général ri-

gides (solide) assemblés par des joints (voir Fig. 1.4);

Chaine cinématique ouverte : une chaine cinématique dont toutes les variables

articulaires sont indépendantes;

Chaine cinématique sérielle : une chaine cinématique ouverte dont les corps
sont liés 'un apres 'autre consécutivement. Le premier et le dernier corps ne
sont liés qu’a un autre corps;

Chaine cinématique arborescente : une chaine cinématique ouverte dont au
moins un corps est lié a plus de deux corps;

Chaine cinématique fermée : il existe au moins une boucle dans la chaine
cinématique;

Chaine cinématique parallele : il n'existe que deux corps qui sont liés & plus

de deux corps;
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) série ) arborescente
) fermée d) parallele

Fic. 14 Les cha.mes cinématiques série, arborescente, fermée, et parallele

Mécanisme : une chaine cinématique dont un corps est désigné comme la base,

certains autres comme des effecteurs, et certains joints commes joints ac-

tionnés (T'sar1, 2001) (voir Fig. 1.5).

A propos des MPs, Jean-Pierre Merlet (MERLET, 1997) donne les définitions sui-

vantes :

Un manipulateur parallele généralisé est un mécanisme en chaine cinéma-
tique fermée dont 1'organe terminal (effecteur) est relié a la base par plusieurs

chaines cinématiques indépendantes ;

Un manipulateur paralléle est constitué d’'un organe terminal & n DDLs et



__

o)

Fi1G. 1.5 Un mécanisme
Corps 0 : la base, corps 6 : I'effecteur, joint R : joint actionné

d’une base fixe, reliés entre eux par au moins deux chaines cinématiques

indépendantes, la motorisation s’effectuant par n actionneurs simples;

Un manipulateur pleinement parallele est un manipulateur parallele dont le
nombre de chaines est strictement égal au nombre de DDLs de 'organe ter-

minal ;

Un manipulateur sériel est un mécanisme en chalne cinématique sérielle.

Dans I’étude des propriétés cinématiques des mécanismes, nous utilisons les termes

«topologie» et «géométries. Nous proposons les définitions suivantes :

La topologie d’un mécanisme est une description qualitative des propriétés d’un
mécanisme tel que :

— l'ordre de chaque corps;

— lordre de chaque joint;

— le type de chaque joint;
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(a) 3-UPU (TsAl, 1996) (b) un MP de I'Université Laval du Canada

F1G. 1.6 Deux mécanismes de différentes topologies

- lidentification de la base, de l'effecteur et des joints actionnés;

— un graphe décrivant les relations entre tous les joints et corps;

~ les contraintes géométriques tel qu'une perpendicularité, un parallélisme, etc.
La géométrie d'un mécanisme est une description quantitative. Ce sont les va-
leurs numériques déterminant les positions et orientations relatives des joints de

chaque corps du mécanisme (distance, angle entre les azes des joints, par exemple).

&

(a) Y-Star (HERVE ET SPARACINO, 1992) (b) une géométrie proposée
par Baron (BARON, 2001)

Fi1G. 1.7 Deux mécanismes de méme topologie mais de géométries différentes

La figure 1.6 montre deux mécanismes dont les topologies sont différentes tandis

que la Fig. 1.7 montre deux mécanismes de méme topologie mais de géométries
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différentes.

1.2 Historique

Le premier schéma dun manipulateur humanoide fut I'oeuvre de Léonard de Vinci
aux alentours de 1495 (WIKIPEDIA, 2006). Ce n’est qu'en 1961 que le premier
manipulateur industriel a été réalisé : c’est un MS (ENGELBERGER, 1964). Au cours
du dernier siecle, une architecture de manipulateur, fondamentalement différente,
a aussi vu le jour : il s’'agit d'un MP. En 1931, cette architecture a été brevetée
aux Etats-unis (GWINNETT, 1931)(Fig. 1.8), mais nous ne savons pas s'il s'agit de
la premiére conception d'un MP ni si un MP de cette architecture a jamais été

construit (BONEV, 2003).
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FiG. 1.8 MP breveté en 1931 (GWINNETT, 1931)

Une décennie plus tard, un nouveau MP a été inventé par Willard L.V. Pollard

(POLLARD, 1940). Le MP de Pollard est bien connu comme la premiere réalisation
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F1G. 1.9 Le premier MP (POLLARD, 1940)

de MP. Cette invention ingénieuse représente un MP de 5 DDLs composé de trois

parties en séries (Fig. 1.9).

Fi1G. 1.10 Plateforme de Gough (GOUGH, 1956)

Seize ans apres, de 'autre c6té de I'Atlantique, un nouveau MP a vu le jour grace a

Gough V.E.(GougHh, 1956). Ce MP sert de machine a tester les pneus (Fig. 1.10).

En 1965, le fameux article de Stewart D. a été publié (STEWART, 1965). Dans cet
article, a été présenté une plateforme de mouvement a 6 DDLs pour 'usage de la

simulation de vol (Fig. 1.11).
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F1G. 1.11 Schéma de la plateforme de Stewart (STEWART, 1965)

En 1971, le bureau de brevet et de marque du commerce des Etats-unis a accordé un
brevet a M. Klaus Cappel pour son invention et I'usage de cette invention comme
simulateur de vol (BONEV, 2003). Le premier simulateur de vol a été aussi construit

(Fig. 1.12).

"

FI1G. 1.12 Le premier simulateur de vol (Courtoisie de Klaus Cappel)

Ce n’est qu'en 1978 que Hunt a introduit le concept de MP et suggéré, dans son
livre (HUNT, 1978), I'utilisation de ce type de structure en robotique. Depuis cette
date, un grand nombre de chercheurs se sont intéressés aux MPs et les recherches

systématiques ont été effectuées.
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Il est a noter que dans de nombreuses applications, 6 DDLs ne sont pas exigés ; cer-
tains DDLs sont méme non désirables pour des situations particuliéres (ANGELES,
2002). Les MPs ayant moins de 6 DDLs attirent alors de plus en plus 'attention
des chercheurs, le MP de Delta (CLAVEL, 1988), le MP de Y-Star (HERVE ET SPA-
RACINO, 1992), I'Oeil agile (GOSSELIN ET HAMEL, 1994), et l'appareil le ShaDe
(BIRGLEN, 2002) sont juste quelques exemples que 1'on pourrait qualifier de grand

succes.

1.3 MP versus MS

Comme nous l'avons mentionné dans l'introduction, la synthése des MPs et celle
des MSs ont des problématiques communes. Afin de bien identifier la particularité
de la synthese des MPs et de tirer avantage des techniques développées dans la
synthese des MSs, nous effectuons une analyse des caractéristiques des MPs par

rapport aux MSs.

FiGg. 1.13 Un MS

La Fig. 1.13 illustre un MS tandis que la Fig. 1.14 un MP.

Pour les MPs, I'effecteur est relié a la base par plusieurs chaines cinématiques et
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Fic. 1.14 Un MP

généralement, un seul joint de chacune de ces chaines est actionné et mesuré, alors
que les autres joints sont laissés libres. Contrairement a un MS traditionnel a chaine
cinématique ouverte, un MP est constitué de chaines cinématiques fermées. Ainsi,
au lieu de mettre en série les actionneurs (chaque actionneur doit porter les sui-
vants) et les imperfections des axes (jeux, flexions, frottements, qui s’amplifient et
additionnent leurs effets néfastes le long de la chailne cinématique), le MP met ces
éléments en parallele, ce qui permet a la fois de rigidifier la structure mécanique,
d’améliorer la précision et de diminuer la puissance des moteurs. Les joints pres
de la base sont préférablement choisis comme joints actionnés. Les actionneurs ne
constituent donc pas une charge pour les autres actionneurs et il peut normale-
ment étre évité d’utiliser des transmissions mécaniques entre les joints actionnés
et les actionneurs. Le poids d'un MP est ainsi généralement plus faible que celui
d'un MS de rigidité équivalente. Il génere donc des accélérations élevées et aussi
des temps de cycle plus faibles. Une autre conséquence non négligeable de la pa-
rallélisation des systemes d’actionnement réside dans la symétrie inhérente a la
structure mécanique qui induit une standardisation des actionneurs de chaque axe
du manipulateur (CHAILLET ET PERRARD, 2001). Par ailleurs, 'adoption d’une

topologie et d'une géométrie identiques pour chacune des chaines cinématique rend



19

possible d’adopter la méthode de fabrication modulaire. En plus des taches tradi-
tionnellement remplies par les MSs, les MPs s’averent aussi tres prometteurs pour

de nouvelles applications tels que les appareils Haptiques (BIRGLEN ET AL., 2002).

Puisque les MPs ont des caractéristiques complémentaires aux MSs, ils peuvent

potentiellement répondre aux besoins auxquels les MSs ne peuvent satisfaire.

Fi1G. 1.16 3-PRRR (KiMm ET Tsal, 2002)

Les avantages s’accompagnent aussi de nombreux inconvénients. Pour un MP, la
mise en boucle de plusieurs chaines cinématiques impose un nombre important

de contraintes supplémentaires par rapport aux MSs, ce qui aboutit & un modele
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Fi1G. 1.17 3-RRRRR (ZLATANOV ET AL., 2002)

cinématique beaucoup plus complexe. Une chaine cinématique d'une seule boucle
constituée de 6 joints rotoides peut admettre 16 configurations différentes (RA-
GHAVAN ET ROTH, 1990); le modele géométrique direct d'un MP sphérique a 3
DDLs se réduit & un polynéme de 8ieme degré (GOSSELIN ET AL., 1994) ; le modele
géométrique direct de Stewart-Gough peut avoir jusqu’ a 40 solutions réelles (DIET-
MAIER, 1998). Ce qui nous intéresse le plus est le lien entre la topologie et le DDL,
le DDM, et la NDM. C’est une problématique principale que nous allons aborder.
Ceci se justifie en observant les trois MPs montrés par Fig. 1.15, 1.16 et 1.17 qui
sont tous a 3 DDLs et sont tous constitué des joints de 1 DDL. Par contre, les
nombres de joints de chacun de ces MPs sont différents, soit 9, 12, et 15 respecti-
vement. La nature de mobilité de l'effecteur mérite encore plus d’attention, car le
premier produit les mouvements sphériques, le second génere les mouvements en
translation, tandis que le troisieme, dépendant de la configuration, peut étre un

MP sphérique ou un MP en translation (ZLATANOV ET AL., 2002).
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1.4 Représentation topologique

Afin d’effectuer la synthese topologique et géométrique, il est essentiel d’iden-
tifier tous les éléments déterminants de la topologie et de la décrire de fagon

systématique.

En général, la représentation topologique des manipulateurs spatiaux est un exer-
cice difficile. Il en existe plusieurs types, chacune d’entre elles permet une représen-
tation plus ou moins bonne, mais s’accompagne souvent dune perte d’information
ou de certaine confusion. Parmi celles-ci, nous pouvons citer la représentation to-
pologique par : vue en perspective, schéma cinématique, dessin d’assemblage, et

graphe d’agencement (COMPANY, 2000).

1.4.1 Vues perspectives

Dans ce type de représentation, les joints et les corps composant le mécanisme ne
sont pas facilement visibles et identifiables. Nous pouvons voir l'aspect général du
mécanisme et la disposition des joints et des corps , mais pas de maniere précise.
En plus, ce type de représentation nécessite souvent la numérotation, la nomencla-
ture et des explications supplémentaires. La Fig. 1.18 est un exemple de ce type
de représentation. Il est & noter que certains logiciels de simulation sont munis
d'une fonction de visualisation tridimensionnelle de I'architecture des manipula-
teurs particuliers permettant de montrer la topologie et la géométrie (GOURDEAU,

1997).
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F1G. 1.18 Vues perspectives
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F1G. 1.19 Dessin d’assemblage

1.4.2 Dessin d’assemblage

Des dessins d’assemblage permettent de fournir toute I'information topologique et
géométrique. Mais pour des mécanismes spatiaux complexes, nous avons besoin
de plusieurs vues, vues de coupe ou vues de section, les inconvénients deviennent

évidents. La Fig. 1.19 montre un exemple de ce type de représentation.
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Fi1G. 1.20 Symboles des joints cinématiques (ISO, 1981)

1.4.3 Schéma cinématique

Il existe plusieurs conventions sur la représentation schématique de mécanismes. Il
s’agit de la norme (ISO, 1981) résumée a la Fig. 1.20. Ce type de schémas, tres
pratiques pour représenter ’agencement des différents joints et corps composant
un mécanisme, possedent a la fois la simplicité et la lisibilité pour les mécanismes
plans et les mécanismes spatiaux simples, mais manifestent de l'inadéquation pour

les mécanismes spatiaux complexes.

1.4.4 Représentation par graphes, matrices, schémas structurel et fonc-

tionnel

Du point de vue cinématique, un mécanisme contient un ensemble de corps et
un ensemble de joints. Ces ensembles de corps et joints peuvent étre représentés
sous une forme abstraite appelée graphe. Dans une representation par graphe, les
sommets représentent les corps alors que les lignes les joints du mécanisme. Pour

distinguer les différents types de joints et corps, les lignes et sommets sont notés
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(a) Schéma structurel (b) Graphe

(¢) Schéma fonctionnel

F1G. 1.21 Représentation par schéma structurel, graphe, et schéma fonctionnel

ou colorés (Fig. 1.21 b). Puisque les graphes sont propices a la représentation

numérique, les mécanismes peuvent donc étre représentés sous la forme de matrice.

Dans une représentation structurelle, chaque corps est représenté par un poly-
gone dont les sommets représentent les joints. Spécifiquement, un corps binaire est
représenté par une ligne avec deux sommets, un corps ternaire un triangle hachuré
avec trois sommets, et un corps quaternaire un quadrilatére hachuré avec quatre
sommets, etc. Pour distinguer les différents types de joints et corps, les polygones
et sommets sont notés ou colorés (Fig. 1.21 a). Nous pouvons remarquer qu’'une
représentation fonctionnelle fournit un peu plus de détails qu'une représentation

structurelle (Fig. 1.21 c).

1.4.5 Graphe d’agencement

Proposée par (PIERROT, 1991), la convention de représentation (voir Fig. 1.22)

donne plus de facilité a la représentation topologique sur papier. Les symboles sont
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Représentation
Nom de joint
Joint passif Joint actionné
Rotoide R
Prismatique P

F1G. 1.22 les symboles des graphes d’agencement (PIERROT, 1991)

— - AR ——*3\; R, PN —
OreR, —1=R,—2)  _ JareR 5
R, =6 =R,

F1G. 1.23 les symboles des graphes d’agencement (BARON, 1997)

d'une forme géométrique simple et uniformisée, un rectangle simplement avec une
lettre significative. On peut aisément dessiner une topologie sur papier. Fig. 1.23

montre une représentation similaire (BARON, 1997).

1.4.6 Représentation alpha-numérique

FiGg. 1.24 Puma200 Fi1G. 1.25 Stanford

La méthode de représentation alpha-numérique est tres répandue en robotique. La

topologie d’'un mécanisme est représentée par une série de symboles normalisés



F1G. 1.28 Mécanisme de bennett

des couples cinématiques. Par exemple, la topologie du manipulateur Puma200
(Fig. 1.24) est représentée par RRRRRR, celle du manipulateur Stanford (Fig. 1.25)
par RRPRRR. Néanmoins, cette méthode représente trés peu les propriétés cinéma-
tiques tel que le DDL, le DDM, et la NDM. Il est évident que les trois mécansimes
montrés dans les Fig. 1.26, 1.27 et 1.28 ont une méme représentation topologique
alpha-numérique, mais leurs propriétés sont fort différentes. Cette méthode est
donc souvent accompagnée par des parametres de Denavit-Hartenberg (DENAVIT

ET HARTENBERG, 1954) pour décrire un mécanisme.

Une exploration de la littérature ne nous a pas permis de trouver de représentations
symboliques de mécanismes qui permettent de représenter aisément les dispositions
spéciales et indispensable pour le fonctionnement des mécanismes. Ces dispositions

spéciales peuvent étre un parallélisme, une perpendicularité ou bien d’autres.
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1.5 Synthese topologique

1.5.1 Approche basée sur la théorie de graphe

Un apport théorique de la synthése de mécanismes provient des travaux de (DOBR-
JANSKYJ ET FREUDENSTEIN, 1967). Il s’agit d'une approche basée sur la théorie de
graphe, une représentation abstraite de la structure cinématique, ce qui ressemble
un peu a la représentation symbolique de la structure des composés chimiques.
L'information essentielle d’une structure cinématique est l'agencement des corps
et des joints et celle-ci peut étre représentée par un graphe (FREUDENSTEIN ET
Woo0, 1974). L’avantage évident de cette méthode est que les graphes peuvent étre
énumérés systématiquement en effectuant I'analyse combinatoire (FREUDENSTEIN
ET MAKI, 1979). Quand nous mettons en place des algorithmes d’ordinateur en
exprimant les graphes sous la forme de matrice, il est possible d’automatiser le

processus de synthese.

Cette approche a permis a de nombreux autres auteurs de réaliser la synthese des
mécanismes plans. Cependant, dans le cas des mécanismes paralléles spatiaux, elle
n’a pas encore été adaptée afin de prendre en compte les positions et orientations
particuliéres entre les joints qui sont susceptible d’influencer la nature de mouve-

ments générés.

1.5.2 Théorie des groupes de Lie et synthése topologique

1.5.2.1 Théorie des groupes de Lie

La théorie des groupes est I'un des outils les plus puissants de la physique mathéma-

tique. Un groupe G est un ensemble sur lequel une loi de composition (produit ou
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multiplication) ¢ : G x G — G a été définie, tel que

1. L’ensemble est fermé par cette loi:sia € G et b € G, alors ©(a, b) € G. Cette

condition est souvent appelée la regle de groupe.

,2(by ).
3. Il existe un élément neutre e, tel que (e, a) = ¢(a,e) = a, pour tout élément

a€d.

2. La loi est associative : p[g(a,b), ¢ = ¢la,:

4. Tout élément a € G posséde un inverse unique a~! dans G tel que

pla™ta) =e.
Un sous-ensemble H de G est appelée sous-groupe de G sil est lui-méme un

groupe, avec la méme loi de multiplication que G.

Un groupe de Lie est une variété différentielle réelle ou complexe munie d’une
structure de groupe, les opérations sur ce groupe devant également étre différen-
tiables. La dimension d’un groupe de Lie est la dimension de la variété qui lui est

associée (LEDERMANN, 1973).

Un groupe de Lie matriciel est un groupe de Lie dont tout élément est une

matrice carrée inversible, la regle de groupe étant la multiplication matricielle.

Une algeébre de Lie G est un espace vectoriel sur lequel a été défini un pro-

duit{appelée crochet de Lie) [, | : G X G — G, tel que Vz,y,2 € G and o € R
Lo+ 2] = [2,2] + [y, 2

2. [z,7+y] = [22] + [2,]

3. [az,y] = [z, ay] = o[z, y]
4. [x,y] = —[y,x]
9. [.73, [yv:” + [yv [z7x]] + [z’ [x,y]] =0

Il est possible d’associer a tout groupe de Lie G une algebre de Lie G dont 'espace

vectoriel est 'espace tangentiel de G ; G s’obtient par exponentiation des éléments
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de G ; la dimension de G est la dimension de I'espace vectoriel de G (MCCARTHY,
1990).

Le fait que le groupe de Lie et 1'algeébre de Lie correspondent parfaitement a 'en-
semble des déplacements des corps rigides est une clef voite de l'analyse et de la

synthése des mécanismes (HERVE, 1978).

Nous rappelons, dans un premier temps, la représentation de I'ensemble des déplace-
ments dun solide par un groupe de Lie. Nous vérifions d’abord si les déplacements
d’un solide satisfont a tous les quatre axiomes des groupes de Lie. D’aprés (HERVE,
1999), deux déplacements de suite de pose d’'un solide engendrent un nouveau
déplacement qui est le produit de composition de ces deux déplacements, l'en-
semble des déplacements est donc fermé par la loi de composition (multiplication
de deux matrices de transformations homogenes). Etant donnés trois déplacements
consécutifs, effectuer les deux premiers et ensuite le dernier amene le solide a la
méme pose qu’effectuer le premier et ensuite les deux derniers, la loi de compo-
sition est donc associative; il est évident que l'absence de déplacement est un
déplacement neutre équivalent a la matrice identité de transformation homogene ;
tout déplacement a un inverse unique qui déplace le solide a sa pose précédente.
L’ensemble des déplacements des solides est ainsi un groupe, plus précisément un
groupe de Lie. Si H(¢) est la matrice de transformation homogéne représentant la
pose d’un solide, qui est en fonction du temps, alors nous avons le groupe spécial
matriciel Euclidien :

SE@3) = {H@t)|t € R+) (1.1)

avec le produit matriciel comme regle de groupe.

Par la suite, nous nous intéressons a l’algebre de Lie associée au groupe de Lie

de déplacements d'un solide. L’opérateur tangentiel T(t) (MCCARTHY, 1990) est
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défini comme

ou le point désigne la dérivée par rapport au temps. Puisque
HHOH#) ' =1 (1.3)
ol 1 est une matrice identité, nous avons
HOH@® ' +HOH@) =0 (1.4)
Si une opération 1 est définie, tel que
(T (t1). T(t2)) = T(t1)T(t2) — T(82)T(t1). (1.5)

les équations (1.2)~(1.5) nous permettent de prouver que ¢ est un crochet de Lie

(HERVE, 1978). Nous avons donc l'algébre de Lie associée a SE(3)
SE(3) = {T(t)|t € R} (1.6)
dont le crochet de Lie est défini comme

[T(t1), T(t2)] = T(t1)T(t2) — T(t2)T(t1) (1.7)

Tous les théoréemes mathématiques des groupes peuvent ainsi étre employés pour
I’analyse et la synthese des manipulateurs. Le point important pour nos travaux
dans le cadre de cette these est que la propriété des déplacements de 'effecteur des

MPs peut étre analysée dans l'espace tangentiel de 'espace de déplacements.
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1.5.2.2 Synthese topologique basée sur la théorie des groupes de Lie

La synthése de mécanismes basée sur la théorie des groupes de Lie a été formalisée
de fagon systématique grace aux travaux de (HERVE, 1999). Cette approche de
synthese et des exemples de son application sont présentés dans les paragraphes

qui suivent.

Les déplacements relatifs d'un solide par rapport a un autre relié par un joint est
un sous-groupe de Lie. La mise en série de deux joints entre trois solides permet
un ensemble de déplacements relatifs entres les deux solides & chacune des deux
extrémités de la chaine cinématique. Cet ensemble est représenté par I’ensemble des
produits de composition des éléments des deux sous-groupes de Lie qui représentent
respectivement les déplacements relatifs permis par les deux joints. En mettant en
série des joints, nous pouvons donc construire des générateurs des sous-groupes
de Lie des déplacements. Par exemple, un générateur du sous-groupe de Lie des
translations spatiales peut étre réalisé en mettant en série trois joints prismatiques.
Cependant, l'indépendance des trois sous-groupes de Lie des trois joints reste a

vérifier. Ceci est le principe de la synthese des MSs basée sur la théorie des groupes

de Lie.

Si deux chalnes cinématiques sérielles sont mises en paraliele, I’ensemble des déplace-
ments du solide partagé par ces deux chaines est représenté par l'intersection de
deux sous-ensembles des déplacements associés respectivement aux chaines cinéma-
tiques sérielles. La synthese des MPs est donc transformée en la synthese des MSs
dont les sous-groupes de Lie de déplacements doivent avoir une intersection qui
convient au sous-ensemble des déplacements demandés. Un grand succes d’applica-
tion de cette approche a été la syntheése du MP de Y-Star (HERVE, 1991). C’est un
MP composé de trois chaines cinématiques identiques n’ayant que des déplacements

en translation (Fig 1.29). Quelques autres topologies ont été réalisées, toujours par
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les memes chercheurs.

FiG. 1.29 MP de Y-Star

Bien que la synthése topologique soit élégamment formalisée, la résolution du
probleme demeure toutefois fort difficile pour les MPs, car réaliser une synthese
de plusieurs chaines cinématiques sérielles en fonction de I'intersection de leurs
sous-ensembles des déplacements est tout un défi comparable a celui engendré par

la problématique originale.

1.5.3 Syntheése basée sur la théorie des visseurs

L'opérateur tangentiel défini dans I'équation (1.2) a la forme suivante :

0 —w: wy, g
W, 0 —w; vy
T = (1.8)
—Wwy Wy 0 w
0 0 0 1
Si
Wye Vg
w = Wy R v = Uy (19)

Wy v,
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alors, les éléments de l'opérateur tangentiel peuvent étre assemblés dans une ma-

trice colonne, tel que

w
t= (1.10)
v

Dans |'étude cinématique, cette matrice colonne est appelé torseur de vitesse
(STRAMIGIOLI ET BRUYNINCKX, 2001). De fagon similaire, un torseur de force

est défini comme

m
w= (1.11)
f

Les torseurs de vitesse et les torseurs de forces sont généralisés en leur donnant le
nom visseur. Symbole : . Un n-systéme de visseurs est toutes les combinaisons

linéaires de n visseurs indépendants.

Dans 1'étude des visseurs, un concept important est la notion réciprocité. Le

produit réciproque est défini comme

$08, =81 TS, (1.12)
ou
01
r= (1.13)
1 0

et O est une matrice zéro 3 x 3 tandis que 1 est la matrice identité 3 x 3.

Deux visseurs sont réciproques si leur produit réciproque est égal 4 0. Deux systemes
de visseurs sont réciproques si chaque visseur d’un systéme est réciproque a tous

les visseurs de 'autre systéeme (STRAMIGIOLI ET AL., 2002).

La théorie des visseurs a été employée a la synthese des MPs, en particulier des

MPs ayant moins de 6 DDLs.
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Parmi les premiers travaux visant a utiliser la théorie des visseurs aux MPs, nous
pouvons citer ceux de (AGRAWAL, 1991). La cinématique instantanée de chaque
chaine cinématique sérielle (sous-chaine) a été modélisée comme un systéme de vis-
seurs, appelé le systéme de torseurs de vitesse instantanée. Les contraintes exercées
sur l'effecteur par chaque souschalne ont été représentées par un autre systeme de
visseurs, appelé le systeme de torseurs de force instantanée. Les deux systemes de

visseurs sont réciproques.

Dans les travaux de (LEGUAY-DURAND ET REBOULET, 1997), une revue systématique
de la théorie des visseurs dans le contexte de la conception des MPs a été présentée.
Les auteurs ont précisé une méthodologie de synthese des MPs basée sur cette
théorie. La chaine cinématique parallele est décomposée en souschaines sérielles qui
partagent le méme effecteur et la méme base. Ensuite, chacune de ces souschaines
est représentée par un systeme de torseurs de vitesse et un systéme de torseurs de
force qui doivent étre réciproques. La mobilité de I'effecteur de la chaine parallele
est déterminée par l'intersection des systemes de torseurs de vitesse. Les DDMs

contraints sont déterminés par 1'union des systemes de torseurs de force.

Pour obtenir les DDMs, les conditions nécessaires sont les suivantes : 1) chacune des
souschaines posséde au moins les mémes DDMs requis pour 'effecteur ; 2) I'union

des systemes de torseurs de force équivaut aux DDMs qui doivent étre éliminés.

Etant donné les DDMs, la synthese topologique se réduit a déterminer les systemes
de torseurs de force, puis les systemes de torseurs de vitesse, la topologie proprement

dite, pouvant étre générés par la définition de réciprocité.

Quelques années plus tard, des travaux similaires ont été présentés dans la littérature
(FRISOLI ET AL., 2000). Cette méthodologie a permis de trouver de nouvelles to-

pologies des MPs (KONG ET GOSSELIN, 2001).
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Les topologies issues de cette méthodologie peuvent garantir la mobilité requise
pour les déplacements infinitésimaux mais pas pour les déplacements a travers un
espace de travail parce que les systémes de torseurs de vitesse changent avec la

configuration.

1.6 Synthese géométrique des MPs

En effet, la synthese géométrique des MPs est un probleme d’optimisation : étant
donnée la topologie d'un MP, trouver la géométrie de celui-ci de sorte d optimiser
ses performances. Parmi les divers problémes (configurations singulieres, dextérité,
espace de travail,etc.), celui du modele géométrique en est un essentiel afin de

mettre en place une solution d’optimisation.

L’étude du modele géométrique comporte quatres parties principales

— Modélisation cinématique : trouver la représentation mathématique du lien entre
les variables articulaires et la pose de l'effecteur, établir le modeéle géométrique
proprement dit ;

— Probleme du modele géométrique direct (MGD) : trouver la pose de l'effecteur
a partir des variables articulaires ;

— Probleme du modele géométrique inverse (MGI) : trouver les variables articu-
laires a partir de la pose de l'effecteur;

— Matrice Jacobienne : trouver les matrices qui associent la vitesse de l'effecteur

aux vitesses articulaires en définissant une relation linéaire entre ces derniers.



36

1.6.1 Modélisation cinématique

Les travaux théoriques liés a la modélisation cinématique des mécanismes spatiaux

remontent aux années 50.

La propriété cinématique (position, orientation, vitesse, et accélération) d'un solide
est identique a celle d'un référentiel qui lui est attaché. Un solide peut donc étre

représenté par des géométries primitives (point, line, et plan) et des vecteurs.

La notation la plus répandue pour les MSs est celle de (DENAVIT ET HARTENBERG,
1954). Elle permet une modélisation en effectuant un paramétrage minimum des
chaines cinématiques ouvertes simples constituées de joints rotoides et prismatiques
de fagon systématique. Afin de faciliter la formulation dynamique, une variante de
cette notation, appelée Denavit-Hartenberg modifié (CRAIG, 1986) est largement
adoptée dans la littérature. Il est a noter que la singularité des parametres se pro-
duit dans certaines situations, deux axes s’approchent d une configuration parallele
par exemples. Dans ce cas-ci, les parameétres sont fort sensibles a la disposition des
joints, un petit changement de l'orientation relative entre deux joints peut intro-
duire une tres grande variation de certains parametres. Pour pallier ce défaut, les
auteurs de (HAYATI ET MIRMIRANI, 1985) ont proposé une modélisation basée
sur la notation de Denavit-Hartenberg en introduisant un cinquieme parametre.
Pourtant, ce cinquieme parametre s’accompagne de nouveaux problemes de sin-
gularité. Une modélisation beaucoup plus élaborée a été proposée par (ZHUANG
ET AL., 1992) en vue d’éviter toute singularité de parametre et a visé principale-
ment ’étalonnage robotique. Cette modélisation s’avere plutdt encombrant pour la

synthese géométrique.

Le paramétrage de Denavit-Hartenberg modifié par (KHALIL ET KLEINFINGER,

1986) est un exemple adapté a la modélisation des chaines cinématiques non sérielles
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qu’ils soient arborescentes ou fermées. Ce paramétrage est systématique et adapté

a une génération automatique de la géométrie.

La plupart des modélisations cinématiques réalisées dans 1'étude des MPs sont les
modélisations personnalisées dans le but de réduire le nombre de parametres et de
simplifier le modele géométrique (BARON ET AL., 2002). Ceci est du aux particu-
larités tres présentes des topologies des MPs étudiés. Pour réduire la complexité
du modele géométrique, le parallélisme, I'intersection, et la perpendicularité sont
souvent adoptés dans la disposition des joints. Un modele géométrique ainsi établi
de facon personnalisée n'est pas adapté a un MP d'une topologie différente. En
outre, lors de la définition du référentiel d'un solide, le point d’origine de celui-
ci est toujours localisé sur axe d'un joint, d'une part, le probleme d’instabilité
numérique peut se produire si des joints se trouvent trés éloignés par rapport au
référentiel global, ce qui est inévitable durant une synthése géométrique automa-
tisée ; d’autre part, un joint prismatique n’a pas d'axe, la définition du référentiel de-
vient problématique, car de différentes définitions conduisent a de différents modeles

géométriques et induisent aussi de I'instabilité numérique potentielle.

Toutes ces modélisations cinématiques s’effectuent sur une topologie donnée et tres

peu de travail a été réalisé en prenant la topologie comme une variable de synthese.

Dans sa these, Ramstein a fait des démarches dans le but d’introduire la topologie
comme variable de synthése (RAMSTEIN, 1999). Mais seules des topologies de MSs
sont abordées de maniere significative. Son algorithme d’optimisation choisit tres
rapidement une seule topologie de MS et ne se concentre ensuite que sur la synthese
géométrique. Cecl peut s’expliquer par le fait que la topologie est représentée par
des variables non continues, la nature d’'un joint ne peut étre que zéro ou un,
ce qui fait en sorte que la nature d’un joint ne peut évoluer de fagon continue,

chaque croisement de l'algorithme génétique conduit & un changement dramatique
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de topologie.

1.6.2 Résolution des problémes des modeles géométriques

Dans la littérature, on estime que le MGI des MPs est beaucoup plus simple que le
MGI des MSs et on compare toujours le niveau de difficulté du MGD des MPs a celui
du MGI des MSs. Nous remarquons que ce n’est pas le cas. A 'origine de cette fausse
impression est la hyperparticularité de la chaine cinématique des MPs étudiés. Si
chaque chaine cinématique reliant 'effecteur a la base d'un MP a 6 DDLs a une
topologie générale, son MGI est aussi difficile que le MGI des MSs a 6 DDLs et le
niveau de difficulté de son MGD est tel qu’il n’est pas comparable & celui du MGI
des MSs, car il peut admettre plusieurs millions de solutions (GOSSELIN, 1988).
Depuis des années, on ne cesse d’emplover de nouvelles techniques de solutions,
citons les travaux de (BOUDREAU ET AL.. 1998), (BARON ET ANGELES, 2000), et
(WANG ET OEN, 2002). Dans les parties qui suivent, nous présentons les techniques

essentielles pour la solution du modele géométrique.

1.6.2.1 Solution numérique

Le modele géométrique des MPs est généralement un systéme d’équations haute-
ment non linéaires, les méthodes numériques restent toujours les principaux outils
pour le solutionner. L'efficacité de ce type de solution dépend d’une connaissance
d'un estimé initial de la solution qui peut parfois étre probiématique ou méme
conduire a une divergence du processus de résolution ; les algorithmes s’arrétent,
en général, a la premiere solution, trouver la totalité des solutions exige des tech-
niques complexe et beaucoup de temps de calcul. Bien que les solutions numériques

puissent étre suffisamment efficaces sous certaines conditions, elles ne fournissent
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pas de compréhension théorique telles que les singularités, le nombre de modes

d’assemblage, et la NDM.

Les inconvénients des solutions numériques peuvent étre palliés en employant les
techniques polynomiales. Il s’agit de ramener la solution d’un systeme d’équations
non linéaires a celle d'un systeme de polynémes en vue de réduire la complexité du

probleme.

1.6.2.2 Solution algébrique

Il existe des géométries qui peuvent induire un modele géométrique moins com-
plexe. C’est le cas pour les MPs a 6 DDLs dont la position et l'orientation sont
découplées et pour les MPs & 3 DDLs. Il est possible que le systeme d’équations
associé au modele géométrique se réduit a un polynéme monovariable a moins de
5 degrés dont la solution est une fonction explicite des parametres géométriques
et les variables articulaires des joints actionnées. Ce type de solution permet de
trouver le nombre exact de solutions et permet une compréhension théorique au

niveau des singularités, du mode d’assemblage, du DDL, et du DDM.

La solution algébrique est en fait la solution la plus avantageuse tant pour la
synthese géométrique et 1'analyse cinématique que pour les applications en temps
réel, car elle n’exige pas de résolution itérative, ce qui permet d’économiser énormé-

ment le temps de calcul.

1.7 Conclusion

Nous venons de présenter une étude bibliographique de synthese topologique et de

synthese géométrique ainsi que les techniques les entourant. Nous constatons qu’il
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n'existe pas de représentation topologique des manipulateurs sur papier ayant a
la fois une grande simplicité et permettant de représenter adéquatement les ca-
ractéristiques de la disposition relative des joints (parallélisme, intersection, et per-
pendicularité par exemple) ; il n'existe pas non plus de représentation topologique
continue permettant d’intégrer la topologie en tant que variable dans la synthese

des MPs.

Les travaux portant sur la synthese topologique des MPs s’appuient principalement
sur la théorie des groupes de Lie et la théorie des visseurs. La synthese basée sur la
théorie des groupes de Lie s’effectue en disposant judicieusement des joints afin que
I'intersection des sous-ensembles générés par des souschaines cinématiques soit un
sous-ensemble requis. C’est un exercice généralement extrémement difficile qui exige
une compréhension tres approfondie de la théorie des groupes de Lie et la théorie
de synthese de mécanismes. Il demeure un probleme ouvert de mettre en place des

algorithmes pour générer automatiquement des topologies avec cette approche.

La problématique liée a la méthode de synthese basée sur la théorie des visseurs
est qu’elle s’appuie sur 'analyse de la cinématique et de la statique sur une seule

configuration, le probleme sur la propriété cinématique globale reste a aborder.

En ce qui concerne la synthese géométrique, la modélisation cinématique s’effectue
généralement sur une seule topologie de fagon personnalisée et peu adaptée pour

s’appliquer a plusieurs topologies.

La plupart des travaux ne s’occupent que d’'une seule partie de la synthese topo-
logique et géométrique. Les travaux proposés daus cette thése traitent les deux
parties, et ce dans un esprit de les intégrer afin de produire un environnement de

synthese topologique et géométrique automatisée des MPTs.
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CHAPITRE 2

ORGANISATION GENERALE DE LA THESE

Cette these est présentée sous la forme d'une thése par articles. Les résultats et les
discutions des travaux réalisés sont présentés en détail dans les articles présentés
aux chapitres 3, 4, 5, 6 et 7 qui ont été ou seront soumis pour publication dans
les revues internationales reconnues dans les domaines de la robotique et de la
conception de mécanisme. Ce chapitre consiste a présenter en francais une synthese

générale des travaux réalisés dans cette these.

2.1 Les travaux proposés

Notre recherche porte sur la synthese topologique et géométrique des MPTs.

Du point de vue cinématique, un manipulateur est défini par la topologie et la
géométrie. La topologie d'un manipulateur est au sens large la structure de la chaine
cinématique, une propriété généralement indépendante des dimensions. Elle est, de
toute évidence, une description qualitative de la chaine cinématique. Etant donné
la topologie d'un manipulateur, la géométrie est alors un ensemble de parametres
définissant les position et orientation relatives entre les couples cinématiques ad-
jacents. Il est a noter que la topologie implique aussi les position et orientation
relatives particulieres de certains couples cinématiques. C’est surtout le cas pour

les MPs a mobilités restreintes.

La synthese de manipulateurs comporte, traditionnellement, deux étapes :
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Synthese topologique : cette étape consiste a définir toutes les topologies ad-

missible pour une tache donnée;

Synthese géomeétrique : ayant choisi une topologie qui convient a priori aux
contraintes de satisfaction de la tache, cette étape est de déterminer la géomé-

trie de maniére a optimiser la performance du manipulateur.

En vue de produire un environnement de conception cinématique automatisée,
nous proposons une approche de synthese des MPTs permettant de prendre en
considération la topologie et la géométrie simultanément. En résumé, les objectifs

de ce travail sont les suivants :

1. Réaliser une étude de l'aspect topologique et géométrique des manipulateurs
permettant d’identifier les dispositions particuliéres des couples cinématiques
afin de décrire la topologie de fagon adéquate; par la suite, proposer une
méthode de représentation topologique efficace pour la synthese et la docu-

mentation des mauipulateurs;

2. Déduire les conditions topologiques et géométriques pour un MP d’avoir 3

DDMs;

3. Proposer une approche de synthese topologique et géométrique en fonction

de la NDM;

4. Déterminer la topologie de toutes les sous-chaines cinématiques admissibles

pour composer un MPT ;

5. Proposer un modele géométrique prenant en compte la topologie et la géométrie

simultanément et, s’appuyvant sur ce modele, proposer les solutions aux problemes

des MGD et MGI.
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2.2 Chapitre 3 : topologie et diagramme topologique des MSs et MPs

A la suite de I'étude bibliographique menée dans le chapitre précédent, nous consta-
tons que l'aspect topologique et géométrique des manipulateurs spatiaux n’a pas
été abordé de facon rigoureuse. Bien que la topologie des mécanismes ait fait 1'ob-
jet de recherche depuis de longues années, on a traité uniquement la nature des
couples cinématiques et l'agencement général de ces derniers indépendamment de
toute dimension. Ceci ne pose pas de probléme significatif aux mécanismes plans,
est néanmoins loin d’étre suffisant pour les mécanismes spatiaux. La complexité du
modele géométrique fait en sorte que le DDM et la NDM des mécanismes spatiaux
ne peuvent plus étre déterminés uniquement par la nature des couples cinématiques
et leur agencement général, car ils dépendent aussi des position et orientation rela-
tives entre les couples cinématiques. Il est donc nécessaire que la topologie comporte

un aspect dimensionnel et sa représentation en reflete conséquemment.

Nous introduisons les nouveaux concepts suivants :

Composition cinématique : la composition cinématique d’un manipulateur est
un ensemble d’informations sur les nombre et nature de tous ses couples
cinématiques et leur agencement général ;

Contraintes essentielles : les contraintes essentielles d'un manipulateur sont les
positions et orientations relatives particulieres entre certains de ses couples
cinématiques qui sont requises pour qu’il possede des propriétés cinématiques
particulieres telles que le DDL, le DDM, la NDM, etc.

En conséquence, nous redéfinissons

Topologie : la topologie d’un manipulateur est la composition cinématique et les

contraintes essentielles ;

Géométrie : la géométrie d’'un manipulateur est un ensemble de contraintes di-

mensionnelles et géométriques sur les positions et orientations relatives entre
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ses couples cinématiques qui lui sont particuliéres par rapport a tous les autres

manipulateurs de la méme topologie.

A partir d’une analyse topologique des manipulateurs dont I'architecture est connue,

nous avons identifié des contraintes essentielles suivantes :

— parallélisme ; — alignement ;

— perpendicularité ; — équidistance;

- colncidence; — contrainte coplanaire;
— intersection ; — contrainte concourante.

Un symbole a été proposé pour chacune de ces contraintes. Ensuite, nous inspi-
rant de la représentation des mécanismes au moyen de graphes, nous proposons
de représenter la composition cinématique sous forme de diagramme. La nature
d'un couple cinématique est identifiée par une lettre significative en majuscule. En
superposant les symboles de contraintes essentielles sur les liens, nous complétons

la représentation topologique que nous appelons diagramme topologique.

Certaines combinaisons de couples cinématiques sont tres fréquentes parmi les to-
pologies connues. Nous introduisons donc le concept de joint complexe, une com-
binaison de plusieurs couples cinématiques, afin de simplifier la représentation d’un

nombre trés important de manipulateurs.

Nous avons montré par de nombreux exemples que notre approche est simple et
efficace pour représenter adéquatement la topologie d'un manipulateur. Il y a une
treés bonne correspondance entre un diagramme topologique et les manipulateurs
visés. Le diagramme topologique peut étre facilement adapté a une représentation
numérique sous forme de matrice permettant ainsi la génération automatisée des

topologies.

Ayant identifié les aspects fondamentaux de la topologie et de la géométrie des
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manipulateurs, nous pouvons entamer notre recherche sur la synthese topologique

et géométrique.

2.3 Chapitre 4 : analyse de mobilité des MPs 4 3 DDLs

Pour la synthese des manipulateurs, la topologie et la géométrie doivent satisfaire,
avant tout, au DDL requis. Traditionnellement, le degré de liberté ou mobilité d un
mécanisme est défini comme le nombre de variables indépendantes pour décrire sa
configuration (MCCARTHY, 1990). Pour les manipulateurs sériels ou plans, plu-
sieurs formules généralisées de Chebyshev-Grubler-Kutzbach bien connues per-
mettent de calculer le degré de liberté en fonction de la topologie (ANGELES ET
GOSSELIN, 1988). Cependant, pour les mécanismes en chaine cinématique fermée,
il n’existe pas d’équation simple a cette fin. Il est donc nécessaire d’effectuer une
analyse systématique afin de déduire les conditions topologiques et géométriques

pour qu'un MP ait 3 degrés de libertés.

Afin de mieux caractériser un MP en ce qui concerne le degré de liberté du mécanisme

et le degré de mobilité de I'effecteur, nous distinguons

degré de liberté (DDL) : le DDL d'un MP est le nombre de variables indépen-
dantes pour décrire sa configuration ;

degré de mobilité (DDM) : le DDM d'un MP est le nombre de variables indépen-
dantes pour décrire les position and orientation (pose) de son effecteur;

degré de motorisation : la degré de motorisation d'un manipulateur est le nombre

de couples cinématiques qui peuvent déterminer la pose de son effecteur.

Au voisinage d'une configuration non singuliere d'un MP, le déplacement de tous
les solides est continu. L’analyse de mobilité peut donc s’effectuer dans ’espace

tangentiel & une configuration initiale.
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Les équations structurelles dans l’espace tangentiel sont données comme les sui-

vantes :
m; mg
te= (Tidis) =D (Tradea). Vi k€ {1, 2,3}, j £k (2.1)
=1 =1

ol t désigne le torseur de vitesse normalisé dont la structure correspond a la na-
ture du joint et la valeur numérique correspond a la géométrie, et ¢ est la vitesse
articulaire. Il s’agit d'un systéme d’équations linéaires et la mobilité du MP est
dictée par celui-ci. Si le nombre d’équations est égal au nombre de joints passifs, le
MP est isocontraint. Les torseurs de vitesse des joints passifs de chaque sous-chaine
liant 'effecteur & la base peuvent étre assemblés dans une matrice W; (j = 1,2, 3)
et la matrice
W; -W, O

WB = (
O, W, -—-W;

!\3
o
~—

est appelée la matrice des joints passifs. La matrice

] 0 0 Wl (@] O
A= 0 z, 0 O W, O (2.3)
0 0 zz O O W;

ou x; (j = 1,2,3) désigne le torseur de vitesse normalisée du joint actionné de
la j%™¢ sous-chaine, est appelée la matrice des joints. A la suite d’une analyse de
I’équation (2.1), les conditions topologiques et géométriques pour le MP d’avoir 3

DDMs et d’étre isocontraint sont déduites comme les suivantes :

1. les combinaisons des nombres de joints passifs des trois sous-chaines sont

(2,5,5), (3,4,5), et (4,4,4);

2. la matrice des joints passifs Wy est une matrice carrée inversible ;
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3. le rang de la matrice des joints A est égal a 15.

Si le nombre d’équations est supérieur au nombre de joints passifs, le MP devient
surcontraint. Dans ce cas-ci, le MP ne peut étre assemblé et avoir le DDM de-
mandé que sous des conditions géométriques particulieres. Analysant la solution
de T'équation (2.1), nous constatons que chaque MP surconstraint est équivalent
a un MP isocontraint dont les vitesses a certains joints sont égal a 0. En ce qui
concerne la cinématique, il n’est donc pas nécessaire de traiter le cas des MPs sur-
contraints séparément, car ils ne sont que des MPs isocontraints avec des géométries
particulieres. De fagon similaire, chaque MP souscontraint a un équivalent dans les
PMs isocontraints et peut s’obtenir en ajournant des joints a son équivalent. En
conséquence, du point de vue cinématique, la synthese topologique et géométrique

des MPs 1socontraints incluent celles des MPs surcontraints et souscontraints.

2.4 Chapitre 5 : synthese topologique des MPT's basée sur la cinématique

instantanée

Ayant déduit les conditions topologiques et géométriques pour un MP d’avoir le
DDL et le DDM requis, le probléeme qui suit dans la syntheése est de définir la
topologie a partir de la NDM. Pour cela, nous caractérisons la NDM dans 1'espace
tangentiel et la décrivons avec trois torseurs de vitesse dont la combinaison linéaire

forme 'espace tangentiel du déplacement de 'effecteur.

Soient o; et ¢; (i = 1,2, 3) vecteurs unitaires 3 x 1, et

Nous décrivons l'espace tangentiel du déplacement de l'effecteur de la maniere
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suivante :

{t.} = Im(G) (2.4)

ou Im(G) désigne I'image de la matrice G. Si

d’apres 'équation (2.1), nous avons

t. € Im(A,), i=1, 2, 3 (2.6)

En comparant I’équation (2.4) avec I’équation (2.6), il en résulte que

Im(G) = Im(A1) N Im(Az) N Im(Aj3) (2.7)

L’équation (2.7) nous permet de déduire la topologie et la géométrie a partir de la

NDM.

Tel que montré par les équations (2.2) et (2.5), chaque colonne de la matrice A; (i =
1,2,3) est un torseur de vitesse normalisée. En effet, elle contient les coordonnées
Pliickoniennes normalisées de ’axe d'un joint. Afin d’exploiter la structure spéciale
d'un torseur de vitesse normalisé, nous partitionnons la matrice A; (i = 1,2,3) en
deux parties, une partie composée des 3 premieres lignes, I'autre partie composée
des 3 dernieres lignes, soit

Ay;

A, = Ji=1,23 (2.8)
Ap;

En conséquence, I'équation (2.7) peut se réécrire comme les suivantes :

Im(Gy) = Im(Ap1) N Im(Aya) N Im(Ays) (2.9)



Im(GL) = Im(ALl) N ]m(ALg) N [m(ALg) (210)

Nous remarquons que seuls les joints rotoides sont impliqués dans 1'équation (2.9).

Les équations (2.9) et (2.10) nous montrent que la synthése peut s’effectuer dans
IR? auquel nous sommes le plus habitués. La dimension de Im (Gy) et Im (Gp),
dépendant de la NDM, peut étre 0, 1, 2, et 3 qui correspondent respectivement a
trois sous-espaces de IR?, soit un point, une ligne, un plan, et un espace tridimen-
sionnel. Nous résumons l'intersection de deux sous-espaces de IR* dans le tableau

2.1.

TAB. 2.1 L’intersection de deux sous-espaces de IR?

point ligne plan tridimensionnel
point point point point point
ligne point point ligne
plan ligne plan
tridimensionnel tridimensionnel

Etant données Gy et G L, nous pouvons aisément déduire Ay, et Ar; (1 =1,2,3),
la topologie et la géométrie proprement dit, en utilisant les résultats des travaux

présentés dans la section précédente et le Tableau 2.1.

Cette approche de synthese ne garantit la NDM qu’a une seule configuration. 11
nous reste a étudier comment déterminer si un MP peut maintenir la NDM partout

dans un espace de travail.



2.5 Chapitre 6 : synthese topologique des MPTs basée sur analyse de

déplacement

La synthese des MPTs basée sur 'analyse de 'espace tangentiel nous permet de
déduire la topologie et la géométrie de maniere que le DDL, le DDM, la isocon-
trainte, et la NDM soient satisfaits a une configuration initiale. Afin de vérifier
s'ils sont satisfaits a travers un espace de travail, nous allons analyser d’abord le
déplacement de l'effecteur avec une orientation constante qui est permis par une
sous-chaine particuliére, puis les orientations atteignables sous les contraintes de

toutes les sous-chaines.

L'idée principale est qu’en imposant une contrainte d’orientation a l'effecteur, sa
capacité de déplacement en translation est réduite ; une sous-chaine admissible doit
avoir la pleine capacité en translation sous une telle contrainte. Sous la contrainte

d’une sous-chaine, l'orientation de l'effecteur est définie par 1'equation (2.11).

m

R, (6)Re(c0) !H [R,L(e»R«(ai)]] R,(0.)Ra(a)Ra(05) = Q. (211)

i=1

Afin de caractériser les différentes situations des joints rotoides, nous introduisons

les notions suivantes :

Membrure rotoide : une membrure portant deux joints rotoides;

Membrure rotoide de travers : une membrure portant deux joints non para-
lleles ;

Angle de membrure : 'angle entre les axes de deux joints d'une membrure

rotoide de travers;

Membrures rotoides de travers supplémentaires : deux membrures rotoides

de travers dont les angles de membrure sont égals ou supplémentaires ;

Membrure rotoide de H : une membrure portant deux joints rotoides paralleles ;



Membrure rotoide de n-H : une chaine de (n — 1) membrures rotoides de H;

Hyper membrure rotoide : les membrures définies ci-dessus avec la présence
des joints prismatiques entre les joints rotoides.

Sous-chaine-T : une sous-chaine n’ayant que des joints prismatiques;

Sous-chaine-I : une hyper membrure rotoide de n-H;

Sous-chaine-A : une sous-chaine composée d'une seule (hyper) membrure rotoide
de travers et des (hyper) membrures rotoides de n-H;

Sous-chaine-Z : une sous-chaine composée de deux (hyper) membrures rotoides
de travers supplémentaires et des (hyper) membrures rotoides de n-H;

Sous-chaine-Y : une sous-chaine ayant au moins deux (hyper) membrures rotoides

de travers non supplémentaires.

Analysant 'équation (2.11). nous avons déduit les sous-chaines admissibles pour

composer un MPT (tableau 2.2).

TAB. 2.2 Les sous-chaines admissibles pour composer un MPT

3-joint 4-joint 5-joint 6-joint
Sous-chaine-T Oui Non Non Non
Sous-chaine-1 Non Oui Non Non
Sous-chaine-A Non Non Oui Non
Sous-chaine-Z Non Non Oui Oui
Sous-chaine-Y Non Non Non Oui

Nous avons aussi déduit les combinaisons des sous-chaines nécessaires pour que le
MP soit isocontraint et pour éliminer la possibilité des déplacements en orientation

de l'effecteur dans un espace de travail (Tableau 2.3).



TAB. 2.3 Les combinaisons des sous-chaines pour un MPT

T | A Z
Sous-chaine-T
Sous-chaine-I Y
Sous-chaine-A Y A Y
Sous-chaine-Z Y

ou “A” représente une sous-chaine-A, “Y” représente une sous-chaine-Y.

Les résultats présentés dans les Tableaux 2.2 et 2.3 completent ainsi notre approche
de synthese topologique des MPTs. Une modélisation topologique et géométrique
et la résolution des problemes des MGD et MGI sont nécessaire afin d’effectuer une

synthese conjointe topologique et géométrique.

2.6 Chapitre 7 : modélisation topologique et géométrique des MPTs

Apres le probleme de synthése topologique, le probleme a aborder lié a la synthese

conjointe topologique et géométrique est le paramétrage topologique et géométrique.

2.6.1 Paramétrage topologique et géométrique

Pour représenter la nature d'un joint, nous introduisons un couple (x,w) ol K est
un entier naturel identifiant 'orientation du joint par rapport aux autres joints
de la méme sous-chaine et w est un nombre réel non négatif qualifiant la nature

du joint, 0 correspondant a un joint prismatique. Ce paramétrage de la nature de
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joint permet un passage continu d'un joint rotoide vers un joint prismatique. La

topologie d'un MP de n DDLs est donc représentée par n matrices tel que

val HJQ e Rj.?n]'—l H/]mj

wj1 W2 - Wim;-1 Wjim,
ou m; désigne le nombre total de joints de j*™¢ sous-chaine.

Afin de représenter la géométrie et d'éviter toute singularité au niveau du pa-
ramétrage, nous introduisons le concept de la configuration initiale. Le paramétrage
géométrique s'est ensuite effectué sur la configuration initiale. L’orientation d'un
joint est représentée par un vecteur unitaire n tandis que la position par un couple
(T, w) ou 7 est un vecteur unitaire représentant la direction du moment du vec-
teur 7 (étant aligné avec I'axe du joint) par rapport a l'origine du référentiel global
et w est la nature du joint. Les coordonnées Pliickoniennes de 1’axe du joint s’ob-
tiennent a partir du triplet (n, 7, w) tel que

wn

1= (2.13)

La topologie et la géométrie d’'un MP de n dlls sont donc représentées par n matrices

tel que
i1 M2 0 Mymo1 Tim,
Ty Mo 0 Mymo1 Mym, |0 =121 (2.14)
W1 Wiz 0 Wimy-1 Wim,

2.6.2 Modélisation géométrique

A la configuration initiale, un référentiel est défini pour chacune des membrures de

la fagon suivante :
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1. les origines de tous les référentiels coincident ;

2

I'axe z du référentiel est dans le sens du vecteur n;
3. T'axe y du référentiel est dans le sens du vecteur 1 ;

4. le sens de 'axe x du référentiel se définit en utilisant la regle de la main

droite ;

5. la variable articulaire q est définie tel que § = wq ou 6 désigne I'angle de

rotation du référentiel par rapport a son orientation initiale.

La pose d'un référentiel par rapport au référentiel précédent le long de la sous-
chaine se calcule par
1 1
R z\Wj 45 Bx
)R (10303 B

Jii Jii

Cj,’i = Bx(— )Ghjl (215)
olt Gp;; est une matrice de transformation homogeéne de rotation entre ces référen-
tiels a la configuration initiale. L'équation donnant la position d’un référentiel par

rapport au référentiel précédent est :

ﬁ Cos(wj,iqj,i) — ’ll’?i -U,L]l sin2 (u'l";ql"i)
P = ULN sin(w;q;.i) = # sin(w;ig;.) (2.16)
0 0

Il est évident que si w;; approche 0, nous avons

0
1im0pj’i = | g;. (2.17)
Wi —
0

ce qui correspond & un joint prismatique.
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Pour un MP de n DDLs, le modele géométrique est donné par

m; my,
H;, (H Cj,i) Cje= Hio (H Ck,i) Cr e
i=1

i=1

Le probleme du MGI des MPTs peut, en effet, se transformer en la résolution des
problémes correspondant respectivement aux trois sous-chaines. En exploitant la
particularité des sous-chaines, nous avons déduit les solutions explicites pour toutes
les sous-chaines ayant 5 joints. Le probléme du MGD est résolu par des méthodes
numériques. La matrice Jacobienne est formée implicitement comme un systéme

d’équations linéaires et elle s'obtient aisément par la résolution de ce dernier.

L’ensemble de ces travaux nous permettra de mettre en place un environnement

de synthese topologique et géométrique automatisée des MPTs.
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Abstract

This paper deals with manipulator topology. The term topology was first intro-
duced into robotics to characterize the kinematic structure of a manipulator wi-
thout reference to its dimensions. Its dimension-independent aspect does not pose
a considerable problem to planar manipulators, but makes it no longer appropriate
to describe spatial manipulators especially spatial parallel manipulators, because
such properties as the degree of freedom of a manipulator and the degree of mobi-
lity of its end-effector as well as the nature of their mobilities are highly dependent
on some dimensional elements. In order to address this import issue in kinematic
synthesis, we introduce the essential geometric constraints into the concept of to-
pology. We also propose a topological representation providing a better correspon-
dance between the physical manipulator and its kinematic properties, a necessity
for the topological synthesis and documentation. The essential constraints can also

improve the efficiency of the topological synthesis methods.
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3.1 Introduction

As far as the kinematics is concerned, a mechanism is a kinematic chain with one
of its links designated as the base and another as the end-effector (EE). A ma-
nipulator is a mechanism with all or some of its joints actuated. Driven by the
actuated joints, the EE and all links undergo constrained motions with respect to
the base (TsAr, 2001). A parallel manipulator is a mechanism whose EE is connec-
ted to its base by at least two independent kinematic chains (MERLET, 1997). The
early research works on manipulators mostly dealt with a specific design ; each one
being described in a particular way. With the number of designs increasing, the
consistency, preciseness and conciseness of topological description of manipulators
become more and more important. To describe how a manipulator is kinemati-
cally constructed, many different terms and definitions have been proposed. The
words architecture (HUNT, 1982a), structure (HUNT, 1982b), topology (POWELL,
1982), and type (FREUDENSTEIN ET MAKI, 1965; YANG ET LEE, 1984) all found
their way into the literature, describing kinematic chains without reference to di-
mensions. However, the kinematic properties of spatial manipulators are highly
sensitive to some dimensional elements. The problem is that with the original de-
finition of the term topology (the term topology is preferred here to other terms),
manipulators of the same topology are sometimes producing a completely different
mobility of their EE, and hence, are too different to be classified in the same ca-
tegory. It is therefore necessary to take into account some dimensional elements

when dealing with topology.

Words used to define geometic details are equally diverse. Parameter (DENAVIT ET



HARTENBERG, 1954), dimension (CHEN ET RoTH, 1969; CHEDMAIL, 1998) and
geometry (PARK ET BOBROW, 1995) are among the terms used to this end. As for
the kinematic representation of parallel manipulators, one can hardly find a method
which is adequate for a wide range of manipulators and commonly accepted and
used in the literature. However, in the classification (BALKAN ET AL., 2001; Su
ET AL., 2002), comparison studies (GOSSELIN ET AL., 1995; TsA1 ET JosHI, 2001)
(equivalence, isomorphism, similarity, difference, etc.) and manipulator kinematic

synthesis, an effective kinematic representation is essential.

This work is aimed at identifying and introducing essential geometrical constrains
into the topology and proposing a new topological representation accordingly. The
representation should work for all serial and parallel manipulators and be as much
precise and concise as possible. It should also be appropriate to facilitate the au-

tomatic topological and geometrical synthesis of such manipulators.

Section 2 of this paper presents some definitions and background on the kinema-
tics of serial and parallel manipulators. It underlines the importance of geometric
constraints in determining the kinematic properties of mechanisms. Section 3 in-
troduces the concepts of kinematic composition, essential constraints, a new sepa-
ration between topology and geometry. In Section 4, the kinematic representations
are reviewed and their limitations identified. Based on this review, we propose a
new representation of the topology of manipulators, called topological diagrams.
Several examples of topological diagrams of both serial and parallel manipulators
is presented in Section 5. Finally, section 6 discusses the advantages and limita-
tions of using these topological diagrams, and how it can improve the efficiency of

topological synthesis algorithms.



3.2 Basic Definitions and Background

Some basic concepts and definitions about kinematic chains are necessary to review
for the discussion on topology and topological representation. A kinematic chain
is a set of rigid bodies, also called links, coupled by kinematic pairs. A kinematic
pair is, then, the coupling of two rigid bodies so as to constrain their relative
motion. We distinguish upper and lower kinematic pairs. Upper kinematic pairs
constrain two rigid bodies such that they keep a line or point contact, while lower
kinematic pairs constrain two rigid bodies such that a surface contact is maintained
(ANGELES, 2003). A joint is a particular mechanical implementation of a kinematic
pair (IFToMM, 2003). As shown in Fig. 3.1, there are six lower kinematic pairs
corresponding to the types of joints, i.e., prismatic (P), revolute (R), cylindrical
(C), helical (H), planar (E) and spherical (S) (ANGELES, 1982). Since all these
pairs can be obtained by combining the R and P pairs, it is sufficient to deal only
with them in the kinematic modeling. To characterize links, the notions of simple
link, binary link, ternary link, quaternary link and n-link is introduced to indicate
how many other links a link is connected to, where n is the degree of connectivity of
that link (BARON, 1997). Similarly. binary joint, ternary joint and m-joint indicate
how many links are connected to a joint, where m is the degree of connectivity
of that joint. These basic concepts constitute a common basis for the kinematic

analysis and synthesis of both serial and parallel manipulators.

For kinematic analysis, the kinematic description of a mechanism includes basic
information and parameters. The basic information is which link is connected to
which other links by what types of joints. This basic information is often referred
to as structure, architecture, topology, or type, respectively, by different authors.
This basic information alone is of little interest, because the kinematic properties

of the corresponding mechanisms can vary too much to characterize a mechanism.
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Prismatic (P) C} lindrical (

Revolute (R) Helical (

Spherical (S) Planar (

Fi1G. 3.1 Lower Kinematic Pairs

This can be demonstrated by the single-loop 4-bar linkages shown in Fig. 3.2.
Without reference to dimensions, all mechanisms shown in Fig. 3.2 are of the same
kinematic structure, i.e., RRRR in a single loop structure, but have very different
kinematic properties, and therefore are used in different applications. For example,
mechanism a) produces planar motion and b) spherical motion, while ¢) is a Bennett
mechanism (BENNETT, 1903) which produces spatial motion. Finally, mechanism
d) allows no relative motion of its links. Moreover, figure 3.3 shows three parallel
manipulators having the same kinematic structure, i.e., 3-PRRR, but producing
very different kinematic properties. For example, mechanism a) has 3 degrees of
freedom (DOFs) and its EE has no mobility. Conversely, mechanism b) has 3 DOFs
and its EE has also 3 DOF's (here, they are in translation). Finally, mechanism c¢)

allows no motion of its joints, and hence its EE has no mobility.
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Fi1G. 3.2 Four-bar linkages having the same kinematic structure RRRR and dif-
ferent modility

FiG. 3.3 Parallel manipulators having the same kinematic structure 3-PRRR and
very different kinematic properties

A particular mechanism is thus described, in addition to the basic information,
by a set of parameters which define the relative position and orientation of each
joint with respect to its neighbors. For complex closed-loop mechanisms, an often
ignored problem is that certain parameters must take particular values in order
for the mechanism to be functional and have the intended kinematic properties.
More attention should be payed to these parameters which play a qualitative role in
determining some important kinematic properties of the mechanism. For kinematic
synthesis, not only do the eligible mechanisms have particular kinematic structures,
but also they feature some particular relative positions and orientations between

certain joints. If this particularity is not taken into account when formulating the
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synthesis model, a great number of mechanisms generated with the model will not

have the required kinematic properties and have to be discarded.

In the next section. we investigate the special joint dispositions and give a new

definition of the term topology by introducing the essential constraints.

3.3 Topology : Revised for the Topological Synthesis

Since the sixties, a very large number of manipulator designs have been proposed in
the literature or disclosed in patent files. The kinematic properties of these designs
were studied mostly on a case by case basis and the characteristics of their kinematic
structure were often not investigated explicitly. The constraints on the relative joint
locations which are essential for a manipulator to meet the kinematic requirements
were also rarely put into the kinematic representation. Constraints are introduced
mainly to meet the functional requirements, to simplify the kinematic model, to
optimize the kinematic performances, or for manufacturing considerations. These

constraints can be revealed by investigating the underlying design ideas.

For a serial manipulator to generate planar motion, all its revolute joints need to be
parallel and all its prismatic joints should be perpendicular to the revolute joints.
For a serial manipulator to generate spherical motion, the axis of all revolute joints
must be concurrent (MCCARTHY, 1990). For a parallel manipulator with three
identical legs to produce only translational motion, the revolute joints of the same
leg must be arranged in one or two directions (WANG ET AL., 2003a). A typical
example of simplifying the kinematic model is the decoupling of the position and
orientation of the EE of a 6-joint serial manipulator. This is realized by having
three consecutive R joint axes concurrent. A comprehensive study was presented

in (OZGOREN, 2002) on the inverse kinematic solutions of 6- R serial manipulators.
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The study reveals how the inverse kinematic problem is simplified by making joint

axes parallel, perpendicular or intersecting.

Optimizing the kinematic performance also gives rise to special relative joint lo-
cations. Isotropic parallel manipulators having orthogonal actuated joint axes pro-
posed in (WENGER ET CHABLAT, 2000; WANG ET AL., 2003b) are examples of
this kind. In summary, these special constraints are the special relative joint loca-
tions, i.e., parallelism, perpendicularity, intersection, coplanarity, etc. To facilitate
the kinematic analysis, kinematic synthesis, classification and comparison studies
of manipulators, the terms kinematic composition, essential constraint, topology,
geometry and their definitions are revisited for the topological synthesis as follows :
— the kinematic composition of a manipulator is the essential information about
the number of its links, which link is connected to which other links by what
types of joints and which joints are actuated;

— the essential constraints are the minimum conditions for a manipulator of given
kinematic composition to have the required DOF of the mechanism and degree-
of-mobility (DOM) of its EE;

— the topology of a manipulator is its kinematic composition plus the essential
constraints ;

— The geometry of a manipulator is a set of constraints on the relative locations of
its joints which are unique to each of the manipulators of the same topology.
Hence, topology also has a geometrical aspect such as parallelism, perpendicularity,
coplanar, and even numerical values and functions on the relative joint locations
which used to be considered as geometry. By our definition, geometry no longer
includes relative joint locations which are common to all manipulators of the same
topology because the later are the essential constraints and belong to the topology

category. A manipulator can thus be much better characterized by its topology.
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3.4 Topological diagrams

3.4.1 Topological representation : a review

The basic notions about link and joint introduced in Section 2 were used to des-
cribe manipulator kinematics. With these notions, the general spatial arrangement
of links and joints of a manipulator can be described with ease. For example, the ki-
nematic chain associated with a serial manipulator is constructed with binary links,
two simple links and binary joints; while that associated with a parallel manipula-

tor is composed of binary links, two multiple-links and binary joints. The limitation

(a) Revolute /@\ K/\%ﬂ , ]
7 ' (

4 /
(b) Prismatic (\)\l .; IgT

u&\ A

b
(d) Spherical é%% }”j

F1G. 3.4 Kinematic joint symbols (ISO, 1981)

(c) Cylindrical )é%&/ {5/)4 % = C!P
RY
| O
£,

of such description is obvious since the information about the joint types and which
joints are actuated can not be provided without lengthy notations. Alphanumeric
representation, 3-UPU or 3-RRR for example, may be the most effective one for
kinematic composition, which is widely used in the literature. In general, the num-
ber indicates the number of identical kinematic chains, the sequence of upper case
letters indicates the joint types along each kinematic chain and the actuated joints

are identified by underlines. One of the more visual representation methods is the
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Representation
Joint name
Passive joint Actuated joint
Revolute R
Prismatic P

F1G. 3.5 Layout graph symbols (PIERROT, 1991)

Rs =37 =ReN

0 r=R, —{1 =R, —2 4 )=R; —5
“R, =6 R, ”

F1G. 3.6 Layout graph symbols (BARON, 1997)

kinematic diagram, i.e., a drawing of a mechanism showing its essential elements
in simplified form with graphical symbols (Fig. 3.4). Although a great deal of effort
has been made to normalize the graphical symbols for kinematic diagrams, e.g.
(SmrTH, 1886; ISO, 1981; THE ASSOCIATION OF GERMAN ENGINEERS, 1993),
the practice in the literature is just far from normalized. Similar to the kinematic
diagram, the kinematic layout graph (Fig. 3.5) was proposed in (PIERROT, 1991).
With the kinematic layout graph, each joint is represented by an uppercase letter
indicating the joint type surrounded by a rectangle; joints carried by the same
link are connected by a line. The kinematic layout graph or its variants (Fig. 3.6)
can be found in a number of recent publications. The common problem with the
above kinematic representations is the poor correspondence between the repre-
sentation and the intended manipulators. One kinematic diagram or layout graph
may correspond to many manipulators with quite different kinematic properties.
For planar mechanisms, there exist three similar representations, i.e., structural
schema, graph, and functional schema (see Fig. 3.7). The graph representation

proposed in (CROSSLEY, 1962; CROSSLEY, 1965) is based on an abstract kinema-
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(a) Structural schema (b) Graph

(¢) Functional schema

FiG. 3.7 Structural schema, graph, and functional schema

tic representation similar to the symbolic representation of chemical compound.
With graph representation, the vertices denote links while edges denote joints. To
distinguish different joints, the edges can be labeled or numbered. Since a graph
can be easily represented by matrices, automatic synthesis algorithms can be im-
plemented and kinematic chains can be systematically enumerated using graph
theory and combinatorial analysis. When used with spatial mechanisms, the graph
representation suffers from the same drawbacks as the kinematic diagram and the
kinematic layout graph. For spatial manipulators, joint and link locations are often
so complex that perspective views and section views have to be used to represent
the kinematic chains. Although the perspective views and section views are sim-
plified as much as possible, the special features of the joint locations, parallelism
and perpendicularity for example, can hardly be recognized by anyone not familiar
with spatial mechanism. The topological and geometrical features can not be dis-
tinguished without complementary notations. A new representation of layout graph
with graphical symbols for geometric constraints was proposed in (WANG ET AL.,

2004). Only one example of this representation was given, whether it is suitable
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for a wide range of manipulators remains to be seen. Denavit-Hartenberg notation
(DENAVIT ET HARTENBERG, 1954) and the initial configuration matrix (WANG
ET AL., 2003a) were used for implicit topological representation when emphasis
was put on geometric synthesis and visual representation could be compromised.
In summary. the existing kinematic representations are only suitable for kinematic

composition or kinematic geometry. There is a lack of topological representation.

3.4.2 Kinematic composition

Taking the basic ideas of graph and layout graph, we propose that the kinematic
composition be represented by a diagram having the graph structure so as to be
eventually adapted for automatic synthesis. The joint type is designated as an upper
case letter, i.e., R for revolute, P for prismatic, H for helical, C for cylindrical,
S for spherical and E for planar. Actuated joints are identified by a line under
the corresponding joint. The letters denoting joint types are placed at the vertices

of the diagram, while the links are represented by edges. But there is a problem

R—-R—R

R——~R—R

R—R—R

a) Physical manipulator b) Diagram
F1G. 3.8 Kinematic Composition of a Planar 3-RRR parallel manipulator

for non serial mechanisms. If a link carries more than two joints, then this link

corresponds to more than one edge. From the diagram, edges corresponding to
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a) Physical manipulator b) Diagram

F1G. 3.9 Kinematic Composition of a Spherical 3-RRR parallel manipulator

one link can not be identified and the fact that no motion is permitted between
them is not reflected. A simple way to solve this problem, while keeping the graph
structure, is the use of an arrow at the edge end. Each joint has two joint elements,
to which element a link is connected is indicated by the presence or absence of the
arrow. Any link connected to the same joint element is actually rigidly attached
and no relative motion is possible. “>R—R—R—" is a serial mechanism while
“>R—ReoR«" or “—R—R—R—" is a single link having three revolute joints. In
this way, the diagram always has a graph structure. The kinematic composition of
a planar parallel manipulator is shown in Fig. 3.8. The most left column represents
the base carrying three actuated revolute joints while the most right column the
end-effector. The end-effector is connected to the base by three identical kinematic
chains composed of three revolute joints respectively. It is noteworthy that a very
different manipulator shown in Fig. 3.9 has exactly the same kinematic composition.
The diagram must bear additional information in order to appropriately represent

the topology.
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3.4.3 [Essential constraints

Essential constraints are defined as the geometrical constrains necessary (but not
necessary sufficient) to obtain the desired DOM of the EE and the DOF of the
mechanism. There are six and only six of such geometrical constrains that qualify

to an essential constrain, i.e.,

/

Joint axes are skew and do not intersect ;
— —  Joint axes are parallel and do not intersect ;
| Joint axes are perpendicular and do not intersect ;

—#%—— Joint axes are skew and intersect ;

Joint axes are parallel and intersect (aligned);

——+—— Joint axes are perpendicular and intersect.

F1c. 3.10 Graphic symbols of the six essential constraints

Superimposing the essential constraint symbols on the kinematic composition dia-
grams shown in Fig. 3.8 and 3.9, we obtain the the topological diagrams shown in
Fig. 3.11 and 3.12. As we can see that the topology of the planar parallel manipu-
lator is fully represented by the diagram. However, the diagram shown in Fig. 3.12
still does not reflect the fact that two joint axes intersect the third joint axis at the

same point.

In order to characterize the relative situations of non-adjacent joint axes, we in-
troduce subscripts and superscripts into the diagram. Axes of the joints with the

same subscript are concurrent while those with the same superscript are parallel.

Fig. 3.13 and 3.14 show diagrams with subscripts and superscripts.
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a) Physical manipulator b) Topological diagram

Fi1G. 3.11 Diagram of a planar parallel manipulator with essential constraints on
the relative joint locations

a) Physical manipulator b) Diagram

F1G. 3.12 Diagram of a spherical parallel manipulator with essential constraints on
relative joint locations

3.4.4 Simplified diagram

For the sake of representation simplicify, complex constraints are introduced and
expressed by constraint vertices. A constraint vertex is indicated by a rectangle.
Inside the rectangle, either a meaningful symbol or a notation index can be placed.

Some symbols are proposed as shown in Fig. 3.15. An example is shown in Fig. 3.16.

Some special constraints on relative locations of revolute joints can be found in a
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b
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U—/—’Ro—/—*io

a) Physical manipulator b) Topological diagram

FiG. 3.13 Diagram of a spherical parallel manipulator with constraints on relative
non-adjacent joint Locations

R——R*——~P——R*X—+—R'

ls——H—R‘—o——E——R‘—H» ?

RG 5

a) Physical manipulator b) Topological diagram

Fi1G. 3.14 Diagram of 3-UPU

large number of manipulator designs, introducing the following complex joints can
greatly simplify their representations. These complex joints are shown in Fig. 3.17,
where the PI joint is proposed by Angeles (ANGELES, 2002). Two examples are

shown in Fig. 3.18 and Fig. 3.19.

3.4.5 Topological diagram

The diagram containing information on both the kinematic composition and the
essential constraints is referred here as the topological diagram. A summary of

topological diagram is given in the following paragraphs.
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@ Coplanar

Concurrent

Intersect at equal angle

[A] Axes (points) forming the edges (vertices) of an equilateral polygon
Equal link length

Fi1G. 3.15 Some additional symbols for complex constraints

H—+~R——R——R!
HZ R ——R———RE—
H*—+—R——~R——R

a) Physical manipulator b) Diagram of a subtopology

Fi1G. 3.16 Diagram with Constraint Vertices

A topological diagram has vertices and edges. There are joint vertices and constraint
vertices. Joint vertices are marked by an upper case letter or a circled graphic sym-
bol denoting a joint, while constraint vertices are indicated by a rectangle denoting
special constraints on joints connected to it. Edges connecting joint vertices denote
links. The leftmost edge corresponds to the base while the rightmost edge to the
end-effector. Links have two kinds of extremities, i.e. with an arrow and without
arrow. Links connected to the same joint element of a joint have the same kind of
extremities pointing to this joint, they are rigidly attached. The ways to indicate

the essential constraints are :
1. superimpose graphical symbols on edges;

2. add subscripts to joint vertices to indicate the concurrent joint axes;

L

. add superscripts to joint vertices to indicate which joints are parallel;

=

add constraint vertices.
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@ Two consecutive parallel revolute joints

@ Three parallel revolute joints

(M PI joint

(A Two revolute joints with general relative location
® Two intersecting revolute joints

@ Two revolute joints intersecting at right angle
® Tree concurrent revolute joints

@ Universal joint

Fi1G. 3.17 Complex Joints

R—=-R——()——R'
R—=-R——()——F’
R—R——()——F’

a) Physical manipulator b) Diagram

F1G. 3.18 Diagram of Delta (CLAVEL, 1988)

Joints can be grouped into complex joints to simplify the topological diagram. Ac-
tuated joints will not be grouped with non actuated joints. When different grouping

is possible, the order from high priority to low priority is shown in Fig. 3.20

3.5 Additionnal Examples of Topological Diagrams

3.5.1 Serial manipulators

Two examples are shown in Fig. 3.21, and 3.22.



F1G. 3.19 Diagram of parallel manipulator proposed by (Kim ET TsAl, 2002)

O~ 0~~~ 0~ ®®

F1G. 3.20 Joint grouping priority order

Fi1G. 3.21 PUMA manipulator

74
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F1G. 3.22 A serial manipulator designed by Victor Scheinman, photo by Les Ear-

nest, scanned by Bruce Baumgart

3.5.2 Parallel manipulators

Three examples are shown in Fig. 3.23, 3.24, and 3.25.

w

FiG. 3.23 4-DOF Flight Simulator by Koevermans W.P. et al., drawing by Merlet,
J.P
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Fi1G. 3.24 5-DOF by Hesselbach J. et al., drawing by Merlet, J.P.
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Fi1G. 3.25 6-DOF Decoupled Manipulator by Nabla, drawing by Merlet J.P

3.6 Kinematic Synthesis Methodology

There exist three major synthesis approaches for spatial manipulators. The first

one consists of three steps :
1. Determine the possible kinematic compositions
2. For each kinematic composition, a parametrization is performed ;

3. With some of the parameters as design variables, the search for suitable

designs is performed.



77

O . all design space O : eligible design space
: searched design space

F1G. 3.26 Illustration of design spaces

The choice of the design variables is usually done by resorting to experience and
intuition. As shown in Section 2, given a kinematic composition, particular geo-
metric constraints must be satisfied in order for the manipulator to have required
kinematic properties. This approach inevitably suffers from the poor correspon-
dance between the suitable design space and the searched design space (illustrated
in Fig. 3.26). With the second approach, synthesis based on screw theory or ins-
tantaneous kinematics for instance, the synthesis model is formulated as implicit
functions with joint types and link geometries as unknowns. It is obvious that the
synthesis can not be performed without the implication of all link geometries, ma-
king it not suitable for qualitative synthesis. The third approach is based on group
theory. This approach is limited to kinematic chains whose displacements form a

Lie group.

The systematic analysis of the essential constraints can improve these synthesis
approaches. Since the essential constraints are relative locations between lines or
between points and lines, they can be easily formulated into the kinematic model.
Only parameters which are not under the essential constraints are taken as de-

sign variables, a good correspondance between the intended manipulators and the
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synthesis model can therefore he achieved. With the kinematic compositions and

essential constraints, qualitative or topological synthesis can be performed.

3.7 Conclusion

By introducing the essential constraints into the concept of topology, we believe
that both serial and parallel manipulators can be better characterized, and would
easier the topological and geometrical synthesis procedures. However, the topolo-
gical synthesis of spatial manipulator is no longer dimension-independent. since
most of the topological syntheses becomes a search for some special geometrical
constraints, which play a key role in determining the required kinematic proper-
ties. On the other hand. it is necessary to identify the essential constraints when
performing geometrical synthesis in order for the design space to correspond to the
intended topology. The proposed topological diagrams are comprehensive, and en-
ables the kinematic composition to be described precisely. The essential constraints
are appropriately reflected, while the geometry is completely extracted from the
diagrams. The graph structure makes it possible to implement computer algorithms
in order to perform systematic enumeration, comparison and classification of serial
and parallel manipulators. The topological diagram is also a useful tool for ma-
nual or automatic synthesis. It is highly flexible and can be extended with ease by

introducing new joint or constraint symbols.
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Abstract

This paper presents a systematic study of the degree of freedom (DOF) of parallel
manipulators (PMs) and the degree of mobility (DOM) of their end-effector (EE).
Kinematic models of PMs of general topology and geometry are established and
the pose of the EE is formulated as implicit functions in terms of the topology and
geometry. Analysis is then carried out in the displacement tangent space. Since in
the vicinity of a non-singular configuration, displacement of any link is continuous,
the DOM in the tangent space is the DOM in the displacement space which is a
neighborhood of that configuration. At a non-singular configuration, the DOM of
a link can not change when the configuration change. Topological and geometrical
conditions are thus derived for PMs to have a given DOF and its EE to have
given DOM, while being isoconstrained when the actuated joints are locked. The

kinematic analysis provides insight into the DOF and the DOM of overconstrained



and underconstrained PMs while allowing them to be treated as isoconstrained

PMs.

Keywords : Parallel manipulator, Kinematics, Mobility.

4.1 Introduction

A parallel manipulator (PM) is a closed-loop mechanism in which the end-effector
(EE) is connected to the base through at least two independent kinematic chains
(subchains) (MERLET, 1997). It has been demonstrated in a great number of ap-
plications that PMs offer better performance than serial manipulators (SMs). The
first application of PMs dates back from the 50s when a PM was proposed for a tire
testing device (GOUGH, 1956). Similarly, another PM was successfully used for a
flight simulator shortly thereafter (STEWART, 1965). It was more than a decade la-
ter that PMs started attracting the attention of robotic researchers (HUNT, 1978).
The main advantages of PMs can be explained by the intrinsic properties of their
closed-form mechanical structure and their actuator layout. In contrast with SMs
which have a cantilever-like structure, the load on the EE of PMs is shared among
the subchains forming a bridge-like structure, offering a better stiffness and posi-
tioning accuracy. Each subchain of a PM has only one joint actuated. It is therefore
possible to use identical actuators, each of them not having to carry the others, and
install them on the base or near to, thus reducing the system inertia and impro-
ving the acceleration capacity. As these performance potentials were realized, more
topologies have been proposed. However, the closed-loop nature of PMs implies
also very complex kinematic models, singularities and limited workspace (GOS-
SELIN ET ANGELES, 1990), making the applications of PMs not as successful as
expected (MERLET, 2002a). One effective way to overcome these drawbacks is to

separate the rotation generating structure from the position generating structure
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and connect them in series to improve the overall performance and reduce the de-
sign complexity (BROGARDH, 2002). In most of the industrial applications, a full
6-degrees-of-freedom (DOF) capacity is not necessary and sometimes even undesi-
rable (ANGELES, 2002). So the design of PMs with less than 6-DOFs became an

important issue in order to take advantage of such structures.

The design work focuses mainly on two different EE mobility, i.e., the spherical
PM, namely SPM, and the translational PM, namely TPM. One among others
an example of SPM is the Agile Eye (GOSSELIN ET HAMEL, 1994). Based on
the intuition of researches many different TPMs have been proposed such as the
Delta from Clavel (CLAVEL, 1988), Y-Star from Herve (HERVE, 1991), the 3-UPU
from Tsai (TsAl 1996), and Orthoglide from Wenger and Chablat (WENGER ET
CHABLAT, 2000). Based on a more systematic synthesis approaches using either
group theory or screw theory, many additional TPMs have recently been propo-
sed. Recently, some special topologies have attracted the attention. For example,
the singularity-free TPM (CARRICATO ET PARENTI-CASTELLI, 2002), the linear
TPM (KoNG ET GOSSELIN, 2002) or the fully decoupled TPM independently pro-
posed by Gosselin (GOSSELIN ET AL., 2004) and Tsai (KiM ET TsAl, 2002).

Kinematic modelling, analysis and synthesis of these PMs have been investigated
on a case by case basis. Only a few works have focused on a systematic studies of
the degree of mobility (DOM) of the EE and the DOF of a PM as a whole. Why
the EE of some overconstrained PMs has multiple DOMs and why the EE of some
underconstrained PMs can be isoconstrained by the actuators. This paper is aimed
at the formulation and analysis of the DOF of PMs of general topology and geome-
try and the corresponding DOM of their EE. Topological and geometric conditions
for a PM and its EE to have the given DOF and DOM to be isoconstrained are
derived. This formulation allow to explain how an isoconstrained PM becomes an

underconstrained or an overconstrained one and how they can be dealt within a



unified formulation.

4.2 Nomenclature

— b : subscript to identify the base;

— e : subscript to identify the end-effector;

— F; : reference frame attached to link i;

— “p. : 3 x 1 position vector of the origin of F, in Fy;

— gj. : joint variable of i" joint of j** subchain;

- p; » 3 x 1 position vector of the origin of F; in F;_;;

— p; + 3 x 1 position vector of the origin of F; in Fy

- A, : 3 x 3 orientation matrix of F; with respect to F;_;

— Q. : 3 x 3 orientation matrix of F, with respect to Fy;

- Q. : 3 x 3 orientation matrix of F,. with respect to Fy;

— C; : 4 x 4 homogeneous transformation matrix of F; in F;_;;
- H, : 4 x 4 homogeneous transformation matrix of 7; in Fy;
—~ 9H, : 4 x 4 homogeneous transformation matrix of F, in Fy;

— Rpz(0) 4 x 4 homogeneous rotation matrix around z axis of ¢;

— Rux{a) 4 x 4 homogeneous rotation matrix around z axis of o}

(a) 4 x 4 homogeneous translation matrix along z axis of a;

B, (a)
— B,(d) 4 x 4 homogeneous translation matrix along z axis of d;

— e : the k" canonical vector which is defined as ey = |0---010--

k-1
dimension is implicit and depends on the context ;

— 9T, : tangent operator of F, in F, expressed in Fy;
— £4T, : tangent operator of F, in F; expressed in F;
— 9t, : tangent vector of F, in F, expressed in Fp

— f4¢, . tangent vector of F, in F; expressed in Frs

-0

n—k
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whose
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F1G. 4.1 6-SPRS PM

— t. : tangent vector of F_ in F; expressed in Fp.

4.3 Degree of Freedom and Mobility : Revisited

Traditionally, the DOF or DOM of a mechanism are defined as the number of
independent variables needed to uniquely specify its configuration (MCCARTHY,
1990). For a SM, this is straightforward, because when the term redundant is
not mentioned, the number of joints, the number of actuators, the DOF of the
mechanism, and the DOM of the EE are all equal to the same number. But for
general PMs, there is usually no set of independent variables which can uniquely
specify its configuration. Theoretically, the number of actuators can be less than
the DOF of the mechanism. For example, the 6-SPRS PM ! shown in Fig. 4.1 has
more DOF than actuators. In fact, the rotation of both the proximal and the distal
links around their axes are extra DOFs. As a conusequence, when a PM 1is said to
have n DOF, it is not clear whether we are refering to the DOF of the mechanism,

the number of actuators, or the DOM of the EE.

1S : spherical joint, P : prismatic joint, R : revolute joint. The underline indicates an actuated
joint.
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FIG. 4.2 An overconstrained PM of topology 2-PRRR and 1-PRSPRSR?

In this work, the following definitions are adopted :

— Configuration : the configuration of a PM is a specific arrangement of all its
links under its structure constraints with each link having a specific pose;

— Degree of freedom : the degree of freedom, namely DOF, of a PM is the
number of independent variables to describe its configuration ;

— Degree of mobility : the degree of mobility, namely DOM, of a PM is the
number of independent variables to describe the pose of its EE;

— Degree of actuation : the degree of actuation, namely DOA, of a PM is the
minimum number of joints which can determine the pose of its EE.

Only a fully parallel PM has its DOF equal to its DOM and DOA. The complexity

of mobility analysis can be illustrated by the overconstrained PM of topology 2-

PRRR and 1-PRSPRSR? shown in Fig. 4.2. This PM has 3 DOMs, 4 DOAs, and

7 DOFs.

2The cylindrical joint, namely C, in modelled as a P and R joints, where the P is underlined
since it is actuated.
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4.4 Kinematics of PMs of General Topology and Geometry

As far as the kinematics is concerned, a manipulator is a kinematic chain which is a
set of rigid bodies, also called links, coupled by Akinematic pairs. In turn, a kinematic
pair is the coupling of two links so as to constrain their relative motion (ANGELES,
2003). Each kinematic pair has two pair elements carried respectively by the two
links it couples. Depending on the nature of the pair elements, a kinematic pair
can be an upper or lower kinematic pair. A joint is a particular mechanical im-
plementation of a kinematic pair (IFTOMM, 2003). There are six tyvpes of joints
corresponding to the lower kinematic pairs—spherical (S), cylindrical (C), planar
(E), helical (H), prismatic (P), and revolute (R) (TsAI, 2001). All these joints can
be realized by combining only the R and P joints. So in this work, without loss of
generality, a PM is modelled as a kinematic chain having only P and R joints, the
Denavit-Hartenberg notation (DENAVIT ET HARTENBERG, 1954) is used for each
subchain. As shown in Fig. (4.3), the i** link of j'* subchain is identified by (j, 1),

link;, m,

linkj, m;-1

F1G. 4.3 Reference frames F}; attached to links 0 to m; of the subchain j

the base being (j,0), and the EE being (j,m;). The base and the EE are identified
differently when treated in different subchains in order to unify the mathematic
expression. A reference frame is attached to each link and denoted by F; o to Fjm;.
The pose, i.e., position and orientation, of a link is represented by an homogeneous

transformation.
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The sequence of links in the j** subchain has a corresponding sequence of homo-
geneous transformations C;o to Cj,n; that defines the pose of each link relative to
the preceding link in the chain. The product of these transformations define the

pose of the EE relative to the base.

H.=H; ., =]]Cjilg.) (4.1)
i=1

For a PM of n DOFs, its subchains are closed by attaching their end link frames
together. The structure equations are thus obtained by equating the transformation

products of all its subchains :

mg mj
He = Hck,i(Qk,i) = ch,i(qj,i)7 \V/] ke {1* 25 T Tl/}, .7 7é k. (42)
i=1 i=1

The possible configurations of the PM and the possible poses of the EE are determi-
ned by eq.(4.2). In general, eq.(4.2) is equivalent to a 6 x (n — 1) nonlinear algebaic
system, for which closed-form solutions are rarely available. The complexity of such
a system is illustrated by the forward kinematic problem (FKP) of generalized 3-
DOF spherical PMs that can be reduced to a univariate 8" degree polynomial
whose solutions can only be computed by numerical means (GOSSELIN ET AL.,
1994). The FKP of the Stewart-Gough platform of general geometry is another a
good example, which admits up to 40 real solutions (DIETMAIER, 1998). Even a
single-loop 6 R chain of general geometry can have up to 16 configurations (RAGHA-
VAN ET ROTH, 1990). Therefore, we can not expect realistically to obtain a good
understanding of the DOF, DOM, and DOA of a PM by directly solving eq.(4.2),
not to say to derive such formula as that of Chebyshev-Grubler-Kutzbach in terms
of the number of links and joints and degree of freedom of movement allowed at
each joint (ANGELES ET GOSSELIN, 1988). It is reasonable that we turn our at-

tention toward the displacement tangent space. From one hand, in the vicinity of a
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non-singular configuration, the displacement of any link is continuous, the DOF or
DOM in the tangent space is the DOF or DOM in the displacement space which is
a neighborhood of that configuration (STRAMIGIOLI ET BRUYNINCKX, 2001). On
the other hand, the Lie algebra associated with the displacement group is the set
of the tangent operators, so if a subchain is a Lie group generator, the dimension

of the displacement is the dimension of the tangent operator space (HERVE, 1978).

4.5 Tangent Space Formulation

Recall that the tangent operator of displacement of a rigid body is defined as :
T(t) = Ht)H(t)™! (4.3)

which computes the direction tangent of a motion (MCCARTHY, 1990). Let

H_| QP (4.4)
o7 1
then
. . _1 . . .
Topao | QP QP _|QQ p-QQp|_| 2w
0T 0 o7 1 oT 0 o7 0

(4.5)
where Q and v are clearly defined as @ = QQ? and v = p — QQTp. The 3 x 1
vector v is the velocity of a point on the link which instantaneously coincides with

the origin of the reference frame, while the 3 x 3 skew symmetric matrix €2 is the
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angular velocity matrix related to the angular velocity vectors w as follows, i.e.,

0 —W, wy u’yl‘
w = vect(2), Q= W, 0 —we |, WwW=E| wy |- (4.6)
—Wwy Wy 0 W,

If the velocity, called twist, of a rigid-body is defined as the ¢ array, i.e., t = [wTvT]T,
the bijective mapping between the tangent operator space {T} and the twist space

{t} becomes self-evident.

A more important property of tangent operator space is its Lie algebraic structure.
Since [T,Tp — TpT,] satisfies all the axioms for a Lie bracket, the tangent space
{T} together with the product

[Ta-, Tb] = [TaTb - TbTa] (47)

form a Lie algebra associated with the displacement group (STERNBERG. 1994).
Many important kinematic properties of rigid body motion can thus be revealed

by tangent space analysis (STRAMIGIOLI ET AL., 2002).

Under the constraints of a subchain, the only variables in the tangent operator of

the EE are ¢; to ¢, by employing the derivative chain rule, we have

T.=HH'=)Y" (%I:eqi) H'. (4.8)

=1

The pose of the EE, H,, can be writen in terms of the ** joint as

H,=H,_,C/H, and ‘HH;'=C'H7} (4.9)
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Using eq.(4.9), the i*" term of the sum of eq.(4.8) is thus written as

He . i ) 3 . B
a—(Ii H;1 = H,, aﬁ(h ‘H.H, T = H,_,C/HH; !
Jg; 0q;

= Hi_lciCi_lHi__ll = Hi_li_l’ i_lTiHi__ll (410)

where ClCi_ ! is the tangent operator “~1*~1T; expressing the motion of F; relative

to F;_1 and expressed in F,;_;. Again, applying the derivative chain rule yieds

i—Lizip Cici_l _ (?Ci—l) g =il T¢dz‘~ (4.11)
qi

where the unit tangent operator, namely " ~'T;, is defined as

“C;! (4.12)

Since, a change of coordinate frames from F, to Fy of a tangent operator is com-
puted as
IT = “H,.°“T°H,, (4.13)

one can easily concluded that eq.(4.10) becomes

1

(aaq. Qi) H'=H, """ 'TH ¢ =""Ty (4.14)
Now, substituation of eq.(4.14) into (4.8) yields

T, = 2:)’*11 = éi—lTiqi (4.15)

which can be readily written in its twist form as

t. = Zm:”—lti = Xm:"—liiqi. (4.16)
i=1 i=1



Finally, the structure equation of a PM of general topology and geometry having

n subchains is given in tangent space as

my my
te=> (Tigia) =Y (Thidea), Vi k{1, 2, - n}, j Ak (417)
i=1 i=1

4.6 Tangent Space Analysis of 3-legged PMs

Following the Denavit-Hartenberg notation, the pose of F; in F;_; is as follows :

C; = B.(d;) Rz (¢:) Rux () Bx (a;) for revolute joints (4.18)
C. = B, (gq)Ru; (0;) Rux (@) Bx (a;) for prismatic joints (4.19)

where a; being the link length, a; the twist angle, d; the offset and 6; the rotation

angle. The unit tangent operator *~1*~1T; can thus be writen as

0 -1 00 0 000
o 1 000 N o 0000]|
T, = (Rjoint), 7T, = (P joint)
0 0 00 0 001
0 0 00 0000
(4.20)

whose corresponding twist forms are given as
=Lim13 = 100100 0]T(Rjoint), "', =[00000 1)7(Pjoint)  (4.21)

Upon changing the reference frame from F;_; to F, we get

P Wi A
=l = (R joint), "', = (P joint) (4.22)
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where 0 is 3 X 1 zero vector, w;, p;, and v; are vectors determined respectively
by the joint orientation and position of a R joint, and the joint orientation of a
P joint. We can see that the unit tangent vectors of R joints and P joints have
very distinctive structures. In fact, if a P joint is considered as a R joint at infinity,
the unit tangent vector is the normalized Plicker coordinates of the joint axis.
This inspires us to represent topology and geometry with the normalized Plicker
coordinates of the joint axes at a given configuration—the structure represents

topology while the numerical values represent the geometry.

Let us introduces the following valiables, i.e.,
- x; : actuated joint rate,

- [fLJT ’l’h]T]T : unit tangent vector of actuated joint,

— y; : vector composed of the passive revolute joint rates.

— Y, : matrix composed of the unit tangent vectors corresponding to y;,
— z; : vector composed of the passive prismatic joint rates,

— Z; : matrix composed of the unit tangent vectors corresponding to z;,

n; N; O, N; O,

x; = .Y, = , Z; = ., W; = (4.23)
m; M; K; M; K;

u = [y 2{ y; 23 y; 23], a =[x’ (4.24)

Thus, the general eq.(4.17) can written in the contexte of 3-DOF PMs as

te = I1x1+ Wl % (425)
21
Yy
1T + Wl ! = XXy + W2 Y2 (426)
zZ] Z2
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Tolo + W2 Y = P33+ W3 Ys (427)

Z9 z23
which is a set of linear equations with the tangent vector of the EE and the passive
joint rates as unknowns. It is obvious that the configuration of the PM is completely

determined by eqs.(4.26) and (4.27) which can be rearranged in a matrix form

Wigu = Xpga, (4.28)

where Wg and Xpg are defined as

W, —-W, O3 -, @ 0
Wpg = ., Xp= (4.29)

0, W, -W; 0 -z z3
where O is zero matrix whose dimensions are determined by the adjacent block ma-
trices. Mathematically, egs.(4.28) and (4.29) can be underdetermined, overdetermi-
ned, or exactly determined. Each situation corresponds to a particular topological

and geometrical design of 3 legged PM.

4.6.1 Isoconstrained PMs of 3-DOF

If a 3-DOF PM is isoconstrained, eq.(4.28) should be exactly constrained, implying
that matrix that the 12 x 12 passive joint matrix, Wg, must be invertable, i.e.,
a non-singular. This provides a theoretical basis for mobility analysis and for the

topological and geometrical synthesis of PMs.

First of all, from the dimension of W g, the total number of passive joints should
be 12 in order for a PM to be of 3 DOF. Then by observing the block columns of

W5, one can concluded that none of the three subchains should have more than
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6 passive joints, otherwise Wy will not have full column rank, that is to say, Wg

becomes singular.

When Wp is square and none-singular, then by premultiplying eq.(4.28) by W3,

we obtain
u=Wgz'Xga (4.30)

It is obvious that the DOF of the PM is equal to 3, because the 3 actuated joint
variables are independent and all other joint variables are their linear combination.
Therefore, by definition, the DOF of the PM is equal to 3. However, that a PM is of
3 DOF's does not necessarily mean that it is of 3 DOMs, an important issue involved
in the topological and geometrical synthesis. Suppose the first two subchains have 6
passive joints apiece, leaving no passive joint for the third subchain, then according
to equation (4.17), the EE can only have 1 DOM. In this case, changing the first
two of the three actuated joint variables affects only the configuration of the PM,
not the pose of its EE, the later being determined solely by the third actuated
joint. Therefore, for a PM to have 3 DOMSs, none of its subchains should have less

than 2 passive joints.

Now, suppose the first subchain has 2 passive joints while the third subchain has
6 passive joints leaving 4 passive joints for the second subchain, then the first six

equations of (4.28) are as the following :
(Wi = W3 [y] 2{ y3 23]" = [~@1 @] [21 2] (4.31)

where [W; — W] is 6 x 6 and non-singular, because W g is non-singular. Premul-

tiplying eq.(4.31) by [W; — W]~ ! leads to

[yl 2] y3 23]7 = [Wi — Wy ' [—a; @[z 22]” (4.32)
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Observing eqs.(4.25) and (4.32), one knows that the tangent vector of the EE
depends only on x; and s, i.e., the actuated joint rates of the first two subchains,
the DOM of the PM is therefore equal to 2. In order for a PM to have 3 DOMs,

the possible combinations of the passive joint numbers are thus (2, 5, 5), (3, 4, 5),

and (4, 4, 4).

Now, we go back to egs.(4.25) and (4.29) to see how the DOM is affected by the
disposition of the actuated joints. From eq.(4.29), the passive joint rates of the first

subchain are given as :

Y T
1 :[ L O}W];}XB[QJ1 - xB} (4.33)
(

Z1 mi—1)x(mi—1)

Let us introduces matrix E as follows

\1,-/ O } Wp'Xp (4.34)
-1)
By substituting equations (4.33) and (4.34) into equation (4.25), we get

te

T
xr1 + W E { 1 To I3 }

T
[mle{ +W1E] [ Iy Ty I3 ]

= |:(131 W1][61 ET ]T[Jfl Iy I3 }T (4‘35)

T
It is clear that the DOM is equal to the rank of matrix { x; W, ] [ e; ET ] .
A good reasoning is that if &, € range (W), the PM will lose one DOM.

Suppose

T = ngla gl € Ile_l: “£1H2 7£ 0 (436)



Since
-1
W1 —WQ 03 Wl _W2 03 1
01 WQ —Wg 01 W2 _W3
we have
wa | Wl
O, O,

Rewrite eq.(4.29) as

-1 Iy 1 1 1 0
! 7)) I
Using eqs.(4.36) and (4.38), we have
_ —& _ —ng _5
Wj! = Wj! Y= '
0 0, 04

Substituting eq.(4.40) into eq.(4.39), we get

&,z 0
u = £1 ! + WBI xo + ng I3

01 —&I9 o

I

So, x1 does not appear in the solutions for y,, 29, y3, and z3. From

t. = xaxs+ W, ¥
Z9
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(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

we know that the PM loses 1 DOM. It is therefore necessary that the unit tangent

vectors of the same subchain are linearly independent for the PM to have 3 DOMs.
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This means that

I 0 0 W1 O (@)
A=]10 z, 0 O W, O (4.43)

which we call the joint matriz has full column rank. From eqs.(4.25) to (4.27),

(4.29), and (4.43), we have

a a 1
tse = A =A =A a = ABa (4.44)
u W;3'Xpa W;'Xp

where matrix B and t3. are defined as

te
1
B= Cote= |8, |- (4.45)
W;'Xp
t.

Equation (4.44) shows that the DOM of the PM is equal to the rank of the matrix

product AB. Now, by performing singular value decomposition of matrices A and

B, ie,

Ap

A=U, vi, B=Ug A% (4.46)
O4 Op
we get
A A A,VIU ApVTE
AB = U, A ViUB B Vg —U, AV aVYB BVB
OA OB OA OB




A4ViUg

0]

ApVT
O

(4.47)

Since both A and B have full column rank, the diagonal matrices A4 and Ap are

invertable. From a corollary of the linear algebraic theorem on the rank of a product

of two matrices, i.e., if matrix one is invertable, then the rank of the product of

matrix one and matrix two is equal to the rank of matrix two. We know that AB

is of rank 3, that is to say, t3. is of 3 dimensions, the PM is of 3 DOMs. Observing

equation (4.45), it should be pointed out that the relative positions of the three

actuated joints do not affect the DOM of the PM. Even their axes coincide, reducing

the rank of matrix Xp to 2, matrix B is still of rank 3, leaving the DOM of the

PM unchanged.

In summary, for an isoconstrained PM to have 3 DOFs and 3 DOMs, the necessary

and sufficient conditions are as follows :

1. the passive joint number combinations of the subchains are (2, 5, 5), (3, 4, 5),

or (4, 4,4);

2. the passive joint matrix is square and non-singular ;

3. the joint matrix has full column rank.

Behind the above mathematical statements is the topological and geometric infor-

mation. Rewrite equation (4.28) as

VBu = XBa, VB =

N, O -N, O O
M, K, -M, -K, O
O O N, O -N;
O O M K. -—-M;

(4.48)

to reveal the special structure of the unit tangent vectors, i.e. the upper half of the
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F1G. 4.4 A new isoconstrained spherical PM

tangent vector of a prismatic joint is a zero vector while the lower half is a zero
vector for the tangent operator of a R joint whose axis passes through the refe-
rence origin. This can be easily verified with the new isoconstrained spherical PM
shown in Fig. 4.4. Observing the block rows of the passive joint matrix, necessary
conditions for it to be non-singular is that each two subchains must have at least
three passive revolute joints in distinct directions; each subchain must have less
than four prismatic joints, providing essential information about the overall joint

composition of the PM.

If two subchains do not have passive R joints, then the first three rows vanish,
seeming to allow the PM to have three joints less but still have the same number of
variables as the number of equations. However, according to eq.(4.2), the three sca-
lar equations corresponding to the orientation of the EE have only two unknowns,

overdetermined in other words, implying that the PM is overconstrained.
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4.6.2 Overconstrained PMs of 3 DOFs

Mechanisms that still have full cycle mobility, but do not satisfy the Chebyshev-
Grubler-Kutzbach criterion, are called overconstrained mechanisms (HuNT, 1978).
The overconstrained mechanisms have been intensively studied in the field of me-
chanisms and machine theory for over a century. Analysis of such mechanisms are
mostly based on screw theory. Studies presented in (AGRAWAL ET ROTH, 1992;
HuANG, 2004; KONG ET GOSSELIN, 2004; DAI ET AL., 2006) are examples of the
applications of this theory to the analysis of lower-mobility PMs. The common
point of these works is that the joints of the mechanism are represented by screws,
hence the motion (twist) and the constraint (wrench) of the mechanism are repre-
sented by two reciprocal screw svstems, the mobility issue is then transformed into

a statics problem.

Our approach is rather based on geometric analysis and consists in deriving the
overconstrained PMs from isoconstrained PMs by looking for geometries having
zero joint rates at a non singular configuration. Replacing these joints with rigid
attachments, the mechanism becomes overconstrained but keeps the original mo-

bility. We can therefore get a better understanding of the DOM of overconstrained

PMs.

In general, if the number of joint variables is less than the number of the scalar
structure equations, a mechanism can only be assembled under strict geometric
conditions. Moreover, extra conditions may have to be satisfied in order to have a
DOF greater than zero. The planar and spherical four-bar linkages and the Bennett
mechanism (Ho, 1978) are good examples of this kind. These conditions correspond
to the geometries of isoconstrained mechanisms under which relative motion no

longer occurs at some joints.



Rewrite eq.(4.48) as

EROIME

N—— | U
12x15

If any subset of eq.(4.49) has such a form as

vl =0 (4.49)

q,
where ¥ is square and non singular, ¢y; is the joint rate of the I*" joint of the
k*h subchain, g, is a vector whose components are linear combinations of the joint
rates of other joints corresponding to the subset of equations, then no relative
motion happens at joint (k.l). Replacing this joint with a rigid attachment, an
overconstrained PM is obtained. The following two examples illustrate the above

statements.

Example 1 : Translational PM
Observing the TPM shown in Fig. 4.5, we see that the last three R joints of each
subchain are parallel. Since the actuated joints are prismatic, we get a subset of

eq.(4.48) as the follows :

y
N, -N, O !

y, | =0 (4.50)
O N, -N

Y3

Let njo, (j = 1,2, 3) be the first joint orientation vector of the j* subchain while

n;3, (j = 1,2,3) be the orientation vector of joint 3, 4, and 5 of the j** subchain,



then we have
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N; = [ T2 M3 T3 N3 ]
N, = [ Moy Tz Tz Moz ] (4.51)
N; = { 32 T3z 733 N33 ]
Substituting eq.(4.51) into (4.50), then upon rearrangement, we get
G|
Gi3 + Gia + 15
Mo M3 —TNap —MNo 0 0 q
' ’ % =0 (4.52)
0 0 T2 oz —MN3a —N33 G23 + Gos + Gos
432
| G33 + Q34 + G35 |

Obviously, njo, (j = 1,2,3) and n;3, (j = 1,2,3) can be arranged such that the left

hand matrix of eq.(4.52) is not singular, i.e.,

G2 = Qs+ qua+qs=0
G2 = Go3+ Gaa+gos =0
g2 = g3+ gsatqgss =0 (4.53)

So, there is no relative motion at the second joint of each subchain, the joints can

be replaced by rigid attachments without affecting the motion of the PM leading

to an overconstrained TPM shown in Fig. 4.6.

Examples 2 : Spherical PM
A spherical PM of topology 3 — PPRRR (see Fig. 4.7) can be designed such that
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F1G. 4.6 The overconstrained TPM of topology 3-PR?R?R?*(KiM ET TSAlL, 2002)

at an initial configuration, all R joint axes are concurrent, making the lower half of

their unit tangent vector vanish, then we get a subset of eqs.(4.48) as the follows

z1

K, -K, O

z, | =0 (4.54)
0O K, -K;

The P joints can be arranged such that the left hand matrix of eq.(4.54) is not
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P—~P——=Rr—Rr—Ro
AN N
P—/”P——”BU+>R0+>RO

\ N

P—/—~P—=-Rr—~Rr——R

F1G. 4.7 An isoconstrained spherical PM of topology 3-PPRRR

singular, leading to

Z] =29 =23 = 0 (455)

meaning that no relative motion occurs at any P joint. Replacing all P joints with

rigid attachments leads to the overconstrained spherical PM of Fig. 4.8.

The inverse of the above process can be used to analyze overconstrained PMs by
properly adding some joints which will not contribute to the motion of the mecha-
nisms but make them isoconstrained, then all techniques available to isoconstrained

mechanisms can be employed.

4.6.3 Underconstrained PMs of 3 DOFs

If the number of passive joint variables is greater than the number of scalar struc-
ture equations, then the PMs are considered as underconstrained. In general, the

configuration of an underconstrained PM can not be completely controlled by the
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FiG. 4.8 An overconstrained spherical PM of topology 3-RRR (GOSSELIN ET HA-
MEL, 1994)

actuated joints because the set of structure equations can have infinitly many so-
lutions. However, under certain conditions, the pose of the EE can be completely
under the control of the actuated joints. In this case, the DOF of a PM is greater
than its DOM and DOA, allowing its EE to reach a given pose with an infinite
numbers of configurations. This may be useful for link obstruction avoidance. Ex-
tra actuators can be added in order to completely control the PM configuration.
This is different from the redundant actuated PMs and redundant SMs because
the added actuators are decoupled from the pose of the EE. Mathematically, this
means that the set of egs.(4.25) to (4.27) has infinite sets of solutions, but ¢, can
be solved uniquely as function of actuated joint variables. From the same reaso-
ning, we will look into the underconstrained PMs by making an isoconstrained
PM underconstrained. This can not be done by simply adding extra joints to the

subchains because the DOM of the PMs has to be preserved.

Let L; (7 = 1,2,3) be the matrix whose columns are the unit tangent vectors of

the added joints and v be the vector whose components are the added joint rates.



Then from eq.(4.28), we get

| W5 Lp | “ 1 =Xga

v

where the overall added joint matrix Lg is defined as

L, -L, O
O L, -Lj

LBE

then w can be solved from eq.(4.56) as

u= W;XBa - WBILB'U
From eqgs.(4.25) to {4.27), we have

ts. = Xga + Wpu + Lpv

where Wp and Lp are defined as

W, O O L, O O
Wp = O W, O |, Lp=|0 L, O
O O W; O O Lj

Substituting eqs.(4.58) and (4.60) into (4.59), upon rearrangement, we get

tse = (Xg+ WpW5'Xg)a+ (Lp - WpW3'Lg) v
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(4.57)

(4.58)

(4.60)

(4.61)

It is clear that in order for the added joints not to affect the DOM of the PMs, the
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necessary and sufficient condition is
Lp — WpW3'Lg =0 (4.62)

To investigate the subchains separately, rewrite eq.(4.62) as

- 1T - T
Ly o o' | - WoWz'|[Ll o] -0 (4.63)
- 1T - T
o7 L] o7 | - WpyW3'|-L7 L] | =0 (4.64)
- 1T - T
o7 Of Lf| - WpWj'|oT -Lf| =0 (4.65)

If Ly = W;X; where X; has (m; — 1) rows and as many columns as L;. then from

eq.(4.38), we have

Ll Ll wa X,
Wg =W;g X; = (4.66)

0] O O
Comparing egs.(4.60), (4.63) and (4.66), it becomes obvious that eq.(4.63) is sa-
tisfied. This means that the unit tangent vectors of the joints added to a subchain
should be linear combinations of the unit tangent vectors of the passive joints of the
subchain. Figure 4.9 shows a TPM with redundant passive joints, while Fig. (4.10)
shows its equivalent without redundancy. The inverse of the above process can be
used to analyze underconstrained PMs by first identifying the passive joints whose
unit tangent vectors are linear combinations of the unit tangent vectors of other
passive joints of the same subchain, replacing them with rigid attachments, then

the mechanism can be treated as isoconstrained mechanisms.
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F1G. 4.9 A TPM with redundant passive joints

F1G. 4.10 A TPM without redundant passive joint (KONG ET GOSSELIN, 2002)
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4.7 Conclusion

The kinematic modelling of the most general topology and geometry of three-
degree-of-freedom PMs provides a basis for a systematic study of their kinematic
properties. Deriving the tangent space structure equations from the displacement
equations provides an understanding of the underlying relations between the tan-
gent space and the displacement space. By distinguishing the degree of freedom, the
degree of mobility, and the degree of actuation, a PM can be characterized more ap-
propriately. The overall kinematic composition of an isoconstrained PM of 3 DOF's
is revealed by the analysis of the structure equations and the exploration of the
special structure of unit tangent vectors. The topological and geometric conditions
for a PM to have 3 DOMs and be isoconstrained are derived. Any overconstrained
or underconstrained PM has a corresponding isoconstrained PM whose EE has the
same kinematic properties in terms of the actuated joint variables. It is therefore not
necessary, in topological and geometric synthesis, to treat the overconstrained and
the underconstrained cases differently because the isoconstrained designs include
all overconstrained and underconstrained ones as far as the kinematic properties

are concerned.
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Abstract

This paper presents a new synthesis procedure of fully parallel manipulators (PMs)
of 3 degrees of freedom (DOFs) that could be implemented in a computer-aided
synthesis process. Possible designs of PMs are represented by a set of unit joint-
twists at an initial configuration, called here topological and geometric parameters
(TGPs). This makes it possible to represent PMs of all topologies and geometries in
an easy and consistent way. The kinematic bond between the end-effector (EE) and
the base is then formulated as a set of equations involving TGPs, actuated-joint
variables and non-actuated joint variables (passive joints). To achieve the required
type of EE motion, possible topologies are first derived from tangent space analysis,
and then the feasible topologies are retained by further displacement analysis. The

geometries are determined such that the set of equations should be isoconstrained
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when passive-joint variables are taken as unknowns. The synthesis procedure of
3-DOF PMs is illustrated with three numerical examples : one producing a new
architecture of one translation and two rotations, while the other two producing

existing architectures of translational PMs.

Keywords : Parallel manipulator, Synthesis, Topology, Geometry, Kinematics.

5.1 Introduction

A parallel manipulator (PM) is a closed-loop mechanism in which the end-effector
(EE) is connected to the base through at least two independent kinematic chains. A
fully PM is a PM with an n-DOF EE connected to the base by n independent kine-
matic chains, each having a single actuated joint (MERLET, 1997). Applications of
PMs can be found in motion simulators, high-precision surgical tools, precision as-
sembly tools, machine tools, and a number of industrial equipments because of their
high load-carrying capacity, accurate positioning, high speed, and high capacity of
acceleration (BARON, 1997). Despite of the high potential of performance offered
by PMs, many applications are not yet as successful as expected (MERLET, 2002a).
The closed-loop nature of PMs limits the motion of the EE and involves very com-
plex kinematic singularities within the workspace (GOSSELIN ET ANGELES, 1990).
Moreover, it is difficult to find 6-DOF PMs with orientation performance com-
parable to the one of serial manipulators (BROGARDH, 2002). To overcome these
drawbacks, authors of (YANG ET AL., 2001) and (YANG ET AL., 1999) employed
the modular design concept. An ingenious design was proposed in (HAYES ET LAN-
GLOIS, 2005) which makes a 6-DOF PM'’s orienting decoupled from positioning and
yields unlimited rotation. Another strategy is to connect in series two PMs of 3-
DOF (the two together producing the 6-DOF mobility of the EE) in the aim to

improve the overall performance and make the design easier (BROGARDH, 2002).
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The advantages of this kind of hybrid manipulator are illustrated by the hybrid
kinematic machine (TsA1 ET JosHI, 2002). Therefore, the synthesis of PMs of 3

DOF's has become an important design issue.

In the last two decades, numerous topologies of 3-DOF PMs have been published or
disclosed in patent files. These topologies can be divided into two large categories :
spherical PMs (SPMs) and translational PMs (TPMs) (GOSSELIN ET HAMEL,
1994; BARON, 2001). The SPM was proposed and systematically studied by many
authors, e.g. (GOSSELIN ET AL., 1994). For TP\, they can be further divided into
two families. The first family is characterized by 3 parallelogram submechanisms
which constrain the EE to a constant orientation. Many of the first family have
been extensively studied and prototypes built, for example : Delta (CLAVEL, 1985),
Y-Star (HERVE ET SPARACINO, 1992), Orthoglide (WENGER ET CHABLAT, 2000),
and a TPM proposed by the authors of (TSAI ET STAMPER, 1997). The represen-
tative design of the second family is the 3-UPU proposed by the author of (TsAI,
1996), whose singularity problem has been the focus of a great deal of effort for
several years. With the same design principle as the 3-UPU, several TPM topolo-
gies were derived (TsAl1, 1999). In the meanwhile, a significant effort has also been
made in 3-DOF PMs which produce displacement in both translation and rotation.
PMs proposed in (CARRETERO ET AL., 2000) and (XIN-JUN ET AL., 2001) are
two examples of that. The topological and geometrical synthesis of the above PMs

have been accomplished mostly on a case-by-case basis (GOSSELIN ET AL., 2004).

On the design methodology side, group theory has already been applied to the to-
pological synthesis of TPMs (HERVE, 1991). Successful examples of this application
are the synthesis of Y-Star, the establishment of the displacement subgroup inven-
tory (HERVE. 1999) and the synthesis of TPMs with doubly planar limbs (LEE ET
HERVE, 2006). Group theory was also applied to synthesize SPMs (KAROUIA ET

HERVE, 2002). It is noteworthy that mechanisms may produce displacements that
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do not form a group (ANGELES, 2004). This limits the application of this synthesis
approach. Applying screw theory to the synthesis of PMs was investigated and
a detailed procedure was proposed in (LEGUAY-DURAND ET REBOULET, 1997).
With this approach and similar methods, a large number of topologies of TPMs
were generated (CARRICATO ET PARENTI-CASTELLI, 2002; BARON ET ANGELES,
1995; FRISOLI ET AL., 2000; KONG ET GOSSELIN, 2004). Among these topologies,
there is a fully decoupled one that received special attention (KiM ET TSAl, 2002;
KONG ET GOSSELIN, 2002). Generalized constraint equations having the form of
ruled quadric surfaces in the image space were successfully used for planar PM
synthesis which allows 3-DOF planar PMs of all topologies and geometries to have
unified kinematic equations (HAYES ET AL., 2004). The above synthesis approaches
deal mainly with the synthesis of parallel kinematic chains. As a result, when some
joints are actuated, the kinematic properties of the mechanism as a whole were not
examined systematically (GOSSELIN ET AL., 2004). To a great extent, synthesis
still depends on reasoning, intuition, and experience ; there is a lack of automated

tool for topological synthesis (MERLET, 2002b).

In this paper, we propose a synthesis procedure in an effort to develop and even-
tually implement a computer-aided synthesis process. We first investigate and mo-
del the general architecture of fully PMs. Then, with the established model, ins-
tantaneous kinematic analysis is employed to derive the general conditions for the
mechanism as a whole to have 3 DOF and for the EE to have 3 degrees of mobility.
The mobility of the EE is characterized in its displacement tangent space and is
represented by three linear independent 6-dimension arrays. The later is related to
topological and geometrical parameters, actuated-joint variables, and passive-joint
variables in order to match the topological and geometrical parameters to a given

motion type.



123

5.2 Kinematic modelling

Without loss of generality, joints of more than one DOF are decomposed into a
combinations of 1-DOF joints either prismatic or revolute. The EE is connected
to the base by n independent serial kinemnatic chains. The Denavit-Hartenberg
notation (DENAVIT ET HARTENBERG, 1954) for serial mechanism can therefore be

used here for each so-called subchain of the PM.

The link ¢ of serial chain j are identified by (j,0) to (j.m;), the base being (3, 0),
and the EE being (j,m;). The EE and the base are identified by different numbers
when treated in different serial chains in order to have a unified mathematical
expressions. A reference frame is attached to each link and is identified in the same
way as the link. The pose of the EE, i.e., its position and orientation, is defined by
Cartesian variables. The relative position and orientation between links is defined
by joint variables. The joint variable between link (4,7 — 1) and (j,7) is denoted
with ¢;;. The pose of the EE and the relative pose between links are defined by

- °H, : homogeneous transformation of frame b relative to frame a;

- H, : homogeneous transformation of frame j relative to the base frame;

- H. : homogeneous transformation of the EE relative to the base frame.

The sequence of links in a serial chain has a corresponding sequence of homoge-
neous transformations that defines the pose of each link relative to its neighbor in
the chain. The pose of the EE is therefore defined by the product of these trans-
formations through every serial chain 7, i.e.,

m;

He = HJ(q]) = HLiilHj,i(Qj,i)?j =1~ n, q] = [qj,la qj,27 e 7qj,7n]]T (51)

i=1

These serial chains are closed by rigidly attaching their end link frames together.

The closure equations are thus obtained by equating the transformation products
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of all these serial chains, say chains j and k, for example,

m; my,
Hj’i_lHj,i(Qj.z') = Hk’i_lHk.i(Qk,i)a Vi k=1, -, nandj#k (5.2)
i=1 i=1
The set of possible poses of the EE are governed by the system of eq. (5.2). The
kinematic property is deeply hidden into the nonlinearity of the system. Take the
generalized 3-DOF spherical PM as an example. The system reduces to a univariate
8 degree polynomial (GOSSELIN ET AL., 1994). Another example of closed chains
is the generalized single loop closed chain having 6 revolute joints, the famous
inverse kinematic problem of serial manipulators; the system yields a univariate
16" degree polynomial (RAGHAVAN ET ROTH, 1990). Obviously, the roots of these
polynomials can only be computed numerically. It is extremely difficult to match the
topological and geometrical parameters to the degree of freedom of the mechanism
and the degree of mobility of its EE by solving directly these non-linear equations.

It is reasonable that we turn our attention toward the displacement tangent space.

The concepts and theories applied in the following modelling are mainly from (AN-
GELES, 2003; McCARTHY, 1990; STRAMIGIOLI ET BRUYNINCKX, 2001; STRAMI-
GIOLI ET AL., 2002). Let us introduce the following notions :

— 2T} : tangent operator of frame b in frame a expressed in frame a;

— Ty : tangent operator of frame b in base frame expressed in base frame;

— ™aT} : tangent operator of frame b in frame a expressed in frame m

— 2Qy : 3 x 3 rotation matrix of frame b relative to frame a;

— Q; : 3 x 3 rotation matrix of frame j relative to the base frame;

- Q¢ : 3 x 3 rotation matrix of the EE frame relative to the base frame;

- %1y : position vector of the origin of frame b in frame a;

~ 1; : position vector of the origin of frame j in the base frame;

— 1 : identity matrix;
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- O : zero matrix;
- 0: 3 x 1 zero vector.
In general, let the homogeneous transformation of frame b with respect to frame a
be given as
Qb T

H, = (5.3)
o7 1

The corresponding tangent operator is

- - - -1
. a a (1,",, a ﬂ,r.
°T, — °F,°H;! = Qo T Qp 1y
o 0 o 1
_ aQb Uy aQZ” _an"a,,.b
of o0 o7 1
aQban‘ a,",.b _ aQbaQZ’arb aﬂb a,vg
= = (54)
o7 0 0" o

where the dot denotes differentiation with respect to time, the angular-velocity

matrix ?€2, being defined as
0 ="QQf (5.5)
and
“wp =7y — "Q° QL Ty (5.6)

is the velocity of a point on the link b that shortly establishes as the point that is

instantaneously coincident with the origin of frame a. Obviously, the 3 x 3 skew-
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symmetric matrix €2, has only 3 independent components, i.e.,

0 —w; wy
Q=1 w, 0 -—-uw, (5.7)
—wy Wy 0

Let us recall that the axial vector of a matrix A can be computed as

a3z — Qa3 a;; G2 Qig
1
vect(A) = 5| Gis—as | A= ay axp ax (5.8)
Qo1 — Q12 Qg1 Q32 dasg
We thus have
w = vect(N) = [w, wy w.]" (5.9)
where w is the corresponding angular velocity vector.
Q v
The components of the tangent operator T = - can therefore be reassem-
0" 0
- . . . w .
bled into a 6-dimension array, namely the twist t = . From the twist between
v

two rigid bodies under a 1-DOF joint constraint, the type, orientation, and posi-
tion of this joint can be derived. For w # 0, we have the Chasles decomposition

(McCARTHY, 1990)

w w
t= =w

r X w+ hw rXw+ hw
w WXV wlv

r = =
lwll’ w? w?

w=|lw|,& =
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where w is a unit vector, while is the normalized Plucker coordinates
T X W

of the joint axis (ANGELES, 2003). If h = 0 it is a revolute joint; if A # 0 it is a

screw joint ; if w = 0, we simply have
0 v
t= = Jo=|v|,0=- (5.11)
3 v

which implies a prismatic joint in the direction defined by v. The normalized twists

of screw joint, revolute joint and prismatic joint are respectively

. w . w . 0
ts = g = dp = (5.12)

rxXw+ hw r X W 0]
s R P

Since the unit joint-twists contain both joint geometry and joint type information,
we designate the set of the unit joint-twists of a mechanism at an initial configu-
ration as its topological and geometrical parameters (TGPs). The next step is to

formulate the pose and the twist of the EE of a serial chain as a function of the

TGPs.

In general, for 1-DOF joint with ¢(t) as joint variable,

() = T g (5.13)
T(t) = Td(‘(’g)) (5.14)

By combining egs. (5.13) and (5.14), and dropping argument ¢ for brevity since it

is obvious that the items under study are functions of time,

dH{q) _ -
ek TH(q) (5.15)
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With T being constant, H(g) can be solved from eq. (5.15) as
H(q) = (") H(0) (5.16)
For the " joint of a serial chain
“TH,(q) = (¢ )T HL(0) (5.17)
By combining egs. (5.1) and (5.17)

H, =

i

[ T )= H,(0)] (5.18)

n
=1

By changing the reference frame of / ‘”i‘j from j — 1 to 0 and with the properties of
matrix exponential (eX)~! = e=X; eH'XH — H-1oXH  the forward kinematics

is derived from eq. (5.18) as

n

H, = H (ei_lHO(O)(O’i_lTi)OHi—l(O)Qi)i_lHi(o):|

=T

I
—

0 () 0]

=1
YT [ @ 1)g ) o
=1 i: 10 (e ) Hi(O)] (5.19)
i=1
that is
H, = (Toe" Tan . o7 e ) 0, (0) (5.20)

In tangent space, from eq. (5.20), the tangent operator of the EE of a serial chain

can be derived as
n

T, = Z (% 1Tq,) (5.21)

i=1



with its column form as

n

te= (")

i=1
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(5.22)

Since the EE is simultaneously constrained by the three serial chains (j = 1,2, 3),

we have
mi mo ms3
0i=1g. g1} = 04-1F =y _ § : 04-1F -
te = Z( tl,iq],i) - Z( t2.’iq2,i) - ( t3,1’(13,i)
i=1 i=1 i=1
Let
_ i1
O,Jl = tj,i?
Aj = [ a1 - Q-1 Qi Q41 0 Qmy :l s
{6xm;}
. T
q; = [ 95y " Qiki-1 Dk Qiki+1 0 Qimy ]

we can then write eq. (5.23) in matrix form as

te= Ay ¢,= A; ¢,= A; g,

{6Xm1} {mez} {6)(7723}

(5.23)

(5.24)

(5.25)

The structure of A; , A,, and Aj corresponds to joint types and their general

arrangement, i.e. , topology, while their numeric values correspond to kinematic

dimensions, i.e. , the geometries. The topology and the geometries of parallel me-

chanisms are therefore represented by A, , Ao, and Az with &k, ko, and k3 identify

the actuated joints of the mechanism.
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5.3 Tangent Space Analysis

Now, we rewrite eq. (5.24) in such a way that the actuated-joint variables are

isolated from their passive-joint counterparts. Let

B; = | a0 Ghk-1 Gkl 0 Gy } .
{6x(m;-1)} -
Tii = Gja
r T
Ty = 5.1 Lik;—1 Tjk; Likj+1 °° Tjmy ] (5.26)
T
Y, = L i k-1 Likg+l o Timg }

where y; is the passive-joint rate vector, i ,. Tok,, and T3, are actuated-joint

rate variables. Then eq. (5.25) can be written as

B] yl + al,kl Il,kl = BQ y2 + 0127};21'2,};2

{6x(m1—1)} {6x{m2-1)} (527)
By y,+a2,Tok,= Bs  ys+asiTp,

{6x(mz—1)} {6x(m3-1)}

By rewriting eq. (5.27) in matrix form, a set of linear equations arises

yl xl,k]

B, -B; @) —ay1k,  Q2k, 0
Ys = T2k,

0] B, -Bj; 0 —Qaf, A3k,
-~ < y3 ~ ~ I3.k3

12x (m1+mo+ms3—3) —— 12x3
(mi1+ma+m3—-3)x1 3x1
(5.28)

The synthesized mechanism should be iso-statically constrained when all its ac-
tuators are locked. This means that when the actuated-joint rates z;x,, T2k,, and
T3k, are set to zero, eq. (5.28) should have trivial solution for the passive-joint
rates Y, x,, sYor, and Yz, as unknowns. On the other hand, the mapping from

the actuated-joints rate to the passive-joint rate should be unique. The necessary
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condition for this is that the matrix on the left hand side is square and non-singular.

Let

| B, -B, ©
C = (5.29)
12x12 O B2 _:B3

~
12x12

then we have my + mg + m3 — 3 = 12. It is obvious that the columns of each of By,
B,, and B3 should be linearly independent. It can therefore be concluded that the
possible combinations of the numbers of joints of the three subchains are 3 — 6 — 6,

4—-5-6,5—5—05, and 3 — 5 — 7. This necessary condition does not necessarily

mean that the EE will have 3 DOF. From eq. (5.28), we have

Y
_ —Qy i as k 0
Yy =C! ! L1k + : T2k, + L3.k3 (530)
0 _012,152 a3.k3
Ys

where it is clear that if a;;, € range( B; ) then the EE will lose a DOF.
{6x(m;—-1)}

Since

(mi-1)x(m1-1) (mi-1)x(m2—-1) (m1-1)x(m3z—1)

CcC'C= o) 1 o) (5.31)

(mz2—1)x(my—1) (m2=1)x(m2=1) (ma—1)x(mz—1)

1

| (m3—1)x(mi1-1) (m3—1)x(mz2—1) (ma—1)x(m3—1) j

12x12
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we have
1
B, (m1—1)x(m1-1)
c-! {6x(m1-1)} (5.32)
o (ma2—-1)x(m1-1)
{6x(m1-1)} O
e Loy ]
12x(m1—1)
O
B, (m1-1)x(mz-1)
Cc-1 {6x(m2—-1)} _ 1 (5.33)
_ B2 (ma—~1)x{(mz-1)
{6x(m2-1)}
125 (ma—1) S
12x(;2—1)
O
(ml—l)x(‘m:;-l)
c-1 | Bxme-1} | _ 0O (5.34)
B3 (m2—1)x(m3—1)
{6x(m3-1)} 1
—_— (m3~1)x(mz—1)

12x(m3—1) - ~— -/
12x(m1-1)

Let us take the 1% serial chain as an example, i.e., if aix, € range(B;) = 3¢, €

IR™ ! such that a;;, = B,&,, then

—a -B
c! OLkI = C! Ol &

(m1—1)x(m2-1)

_ 0 £ = — 601 (5.35)

(m2=1)x(m2-1)
(rmg+my—2)x1

L (ms—1)x(ma~1)

—~
12x{mga—1)
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and eq. (5.30) becomes

Yy

—

§1$1,k1 1 as i, 1 0
Yy, | =— 0 +C Tog, + C T3 k4(5.36)
y (ma+ma—-2)x1 T @2k, A3.ks
3

It is apparent that x4, no longer appears in solutions for y, and y;. However,
the twist of the EE, t. = Boy, + @04, 7ok, = Bay; + a3, 34, and therefore is
independent of z;4,, the EE loses 1 DOF. One can conclude that for both the
mechanism and its EE to have 3 DOF, A;, A,. and Az must have less than 7
columns, i.e., my,mo, m3 < 6. The only possible combinations of numbers of joints

along three subchains are deduced as 3 —6—-6,4 —5—6, and 5 — 5 — 5.

5.4 The Synthesis Procedure

The type of the motion of the EE is characterized in its displacement tangent space.
The EE twists are represented as 6-dimension columns. When the EE has 3 DOF,
all possible EE twists must form a 3-dimension subspace. This subspace can be
easily formulated as the range of a matrix of rank 3, i.e., G . From the point of
view of screw theory, range(G) is a 3-system of screw. Wi{tégszlt loss of generality,
the reference frame of the EE can be defined such that its origin coincides with the
origin of the base frame. Then the motion type of the EE can be well characterized
by the upper three rows and the lower three rows of the screw system. The 3-
system of screw defined by the upper three rows is a IR* vector space formed by all
possible angular velocity vectors of the EE. The 3-system of screw defined by the
lower three rows is a IR® vector space formed by all possible velocity vectors of the

origin of the EE’s reference frame. The physical meaning of the two partitions can

be illustrated by two examples, i.e., TPMs and SPMs. For TPMs, the upper part
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of the system should be a 3 x 3 zero matrix and the lower part should be a rank-3
3 x 3 matrix, because no rotation is permitted. For SPMs, the upper part of the
system should be a rank-3 3 x 3 matrix and the lower part should be a 3 x 3 zero
matrix, because no translation is permitted to the frame origin of the EE. As far
as the motion type is concerned, the 3-system of screw can be partitioned into two

3 x 3 matrices to facilitate the synthesis according to a given motion type, i.e.

where 01, 05, 03, €1, €2, and c3 are IR? vectors. Since the EE is constrained simul-

taneously by three serial chains, it follows that

range(A;) Nrange(As) Nrange(As) = range(G) (5.38)

The subspace constituted by the set of possible twists of the EE is the intersection

of three subspaces generated respectively by each of the serial chains.

The first synthesis step is to construct matrices A;, A,, and Aj; such that eq. (16)
is satisfied. Instead of working in 6-dimension space, we partition matrices A, As,
and Aj into upper three rows and lower three rows, designated respectively by

Ay, Ay, Ay, A, Ay, and Ajp . Then from eq. (5.38), one must

{3xm1} {3xm2} {3xm3} {83xmi1} {3xma} {3xm3}
have
range( Ay ) Nrange( Aoy ) Nrange( Asy ) = range(Gy) (5.39)
{3xm:} {3xm2} {3xm3}
range( Aip ) Nrange( Ao )Nrange( Azp ) = range(Gp) (5.40)
{3xm1} {3xm2} {3xms3}

It should be pointed out that eq. (5.39) and eq. (5.40) does not necessarily lead to
eq. (5.38). But, as far as the motion type is concerned, eq. (5.39) and eq. (5.40)
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are equivalent to eq. (5.38). Therefore, the minimum number and orientations of
revolute joints for each serial chain can be determined by inspecting eq. (5.39) while
the joint positions and the prismatic joint arrangement can be inferred from eq.

(5.40). The general synthesis procedure can be summarized as follows :

1. Determine how many joints for each of the three serial chains. The combina-
tions can only be (m, = 3,my = 6,m3 = 6), (my = 4,my = 5,m3 = 6), or

(my =5,me = 5,m3 =5).

2. Determine the subspace types of range(Air), range(Asy), and range(Asy)
such that the type of their intersection matches that of range(Gy). For
example,
~ range(Gy) is null then range(A1y), range(Aqy), and range(Asy) can be
of (2-dimension, 2-dimension, 2-dimension),(1-dimension, 2-dimension, 3-
dimension) or (null, 3-dimension, 3-dimension).

— range(Gy) is 1-dimension then range(Aiy), range(Aqy ), and range(Asy)
can be of (1-dimension, 3-dimension, 3-dimension) or (2-dimension, 2-dimen-

sion, 3-dimension).

3. Determine the subspace types of range(Air), range(A,r), and range(Asr)
such that the type of their intersection matches that of range(Gp).
These two steps are straight forward because we are working in the most
familiar IR®. At this stage, the motion types of all serial chains have been
determined, we can either look into the rich inventory of known serial topo-
logies for appropriate serial topologies (BARON ET ANGELES, 1995; HERVE,

1994) or proceed to the numerical steps that follow.

4. Generate Ay, Aoy, and Azy such that their ranges match those determined

at step 2.

5. Construct Az, Asr, and Ay such that their ranges match those determined

at step 3 and normalized the columns of the matrices A;, A, and Aj.
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6. Determine which joints are to be actuated.
B, -B, O

7. Verify if is not singular and the columns of each of Aj,
O B, -B;

A, and Aj are linearly independent. Repeat steps 3-7 if necessary.

8. Extract the topological and the geometrical information from A;, A,, and
Aj; and verify if the subspace types of range(A1y), range(Aqy ), range(Asu),
range(Aiyr), range(As.r), and range(Asp) are still those determined at step

2 and 3 upon some small displacements of the EE. If not, repeat steps 3-8.

5.5 Synthesis Examples

We illustrate the use of our synthesis procedure to the design of three PMs of
different topologies and EE mobility.

Example 1

The desired motion type is 1-DOF in translation and 2-DOF in orientation.

1. This motion type can be characterized by

1 00 0 0O
Gp=|1010]|, G=|000
0 0 Q0 0 01

2. The combination of joint numbers (m; = 4, my = 5, m3 = 6) is selected from

the set of possible number of joints for the serial chains.

3. The subspace of range(Gy ) is of dimension 2. This can be achieved by making
range(A,y) of dimension 2, range(Asy) of dimension 3, and range(Agzy) of

dimension 3.
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4. The subspace of range(Gp) is of dimension 1. This can be obtained by making
range(Air) of dimension 2, range(Asr) of dimension 2, and range(Asg) of

dimension 3.

5. Construct the upper parts of the TGP matrices as

(1110 0 0 0 06934 1
Ay=10001|,Ay=]111 0694 0 |,

0000 0 00 0693 0

[0 0 0 —0.7071 07071 0.9806
Asy={0 0 0 —-07071 -0.7071 0

(011 0 0 0.6934

6. After certain several hundreds of iterations, the lower parts of the TGP ma-

trices are chosen as

-O 000 11000
AL=11100]|,Ax=]00000],
1010 10100
[ 0 07071 07071 0 O O
A= 0 -07071 0.7071 0 0 O
_1 0 0 0 00

7. The first joint of each serial chain is actuated.

B, -B, O
8. det = —0.481,
O B2 —B3
h 12x12 ’

rank(Aq) = 4,rank(Az) = 5,rank(As) = 6.
The resulting PM is illustrated in Fig. 5.1, which is a new architecture with sub-

chains of different topologies, i.e., R3R-R4R-P5R, where underline means an ac-

tuated joint.
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F1G. 5.1 Example 1 : A new architecture of PMs generating 1-DOF of translation
and 2-DOF of rotation of topology R3R-R4R-P5R

Example 2

The desired motion type is the 3D translation at constant orientation.

1. This motion type is 3-DOF translation, i.e.,

000 100
Gy=|1000]|, GL=|010
000 001

2. The combination of joint numbers is chosen as (m; = 5, my = 5,m3 = 5).

3. The subspace of range(Gy ) is null. Subspaces of range(A,y) , range(Aqy) ,

and range(Ajsy) are all of dimension 2 with their intersection being null.

4. The subspace of range(Gp) is of dimension 3. Subspaces of range(Air) ,



range(Asr) , and range(Ajsy) are all of dimension 3.

5. The upper parts of the TGP matrices are chosen as

Ay =

0 0 -0.7071 —-0.7071
0 0 07071 0.7071
11 0 0

i 0 0 -0.7071 -0.7071
0 0 -0.7071 -0.7071
11 0 0

i -1 -1 00 -1
60 0 11 0
0 0 00 O

6. The lower parts of the TGP matrices are chosen as

7. det

A1L=
Ay =
Az =
B, -B,
O B, -B;
o1 ”

1.7071
—0.7071
0

0
0
0
i 0.7071

= 0.7071,

0.7071 0 O
-0.7071 0 O
0 10

1.7071 0.7071 0 0 O
0.7071 0.7071 0 0 O

0 100
0 -1 0
-0.7071 0 O
0 0 0

rank(A1) = 5,rank(Az) = 5,rank(Az) = 5.

o
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The resulting PM is illustrated in Fig. 5.2, which is an architecture that we recently
proposed (WANG ET AL., 2003b) in order to have isotropic properties all the way

along a circular trajectory.

Fia. 5.2 Example 2 : An isotropic architecture of translational PM of topology
3-RUU
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Example 3

The desired motion type is again here the 3D translation at constant orientation.

1. This motion type is 3-DOF translation, i.e.,

000 100
Gy=|l000], Gc=]010
000 001

2. The combination of joint numbers is chosen as (m; = 5, ma = 5, m3 = 5).

3. The subspace of range(Gy) is null. Subspaces of range(Ay) , range(Aaqy) ,

and range(Aasy) are all of dimension 2 with their intersection being null.

4. The subspace of range(Gp) is of dimension 3. Subspaces of range(AiL) ,

range(A,r) , and range(Asr) are all of dimension 3.

This example is similar to example 2, but the geometry described through steps 5

to 7 do not allow isotropy to be reached for this PM illustrated in Fig. 5.3.

FiG. 5.3 Example 3 : An existing architecture of translational PM of topology
3-UPU



5.6 Conclusion

The concept of initial configuration is introduced. At this initial configuration,
unit joint-twists of each serial chain of a PM are assembled into synthesis matrices.
The structure of these matrices corresponds to joint types and their general ar-
rangement, i.e., the topology, while their numeric values correspond to kinematic
dimensions, i.e., the geometry. The topology and the geometry of a PM are there-
fore parameterized using such matrices. The kinematic model of general fully PMs
of 3-DOF is established. With this model, we have the possibility of systematically
synthesizing fully PMs of 3-DOF. A detailed synthesis procedure is proposed and

illustrated with three examples.
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Abstract

For translational parallel manipulators (TPMs), topology synthesis methods that
can be found in the literature are mainly based on screw theory, instantaneous kine-
matics, or group theory. Those based on screw theory or instantaneous kinematics
deal only with the motion type for infinitesimal displacements at a given confi-
guration ; the motion type for finite displacements can not be properly addressed.
Following the method based on group theory, topologies can be derived such that
the intended motion type can be achieved for finite displacements. However, this
method is limited to synthesize only the kinematic chains whose displacements are
a Lie group. In this work, finite displacement equations are emploved for the first
time for the topology synthesis of TPMs. First of all, serial chains with less than
6 degrees of freedom (DOFs) are investigated and topology conditions for them
to generate 3-DOF translation while its end-effector is under a constant orienta-

tion constraint are derived. Then the parallel manipulators (PMs) composed of
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these serial chains are analyzed to find out whether and under what conditions the
end-effector (EE) will keep a constant orientation through a finite workspace. This
leads to a new topology synthesis approach of TPMs. In contrast with the methods
based on Screw theory or instantaneous kinematics, mechanisms synthesized with
this approach will have the intended motion type within a finite workspace and
therefore no additional verification work is needed. Unlike the method based on
Group theory, this approach is not limited by whether a serial chain can generate

a Lie group displacements.

Keywords : Parallel manipulator, Translational, Kinematics, Topology, Synthesis.

6.1 Introduction

From the kinematic point of view, a mechanism is a kinematic chain with one of its
links specified as the base and another one as the end-effector (EE) ; a manipulator
is a mechanism with all or some of its joints actuated; driven by the actuated
joints, the EE and all other links undergo constrained motions with respect to the
base (TsAl, 2001). A parallel manipulator (PM) is a closed-loop mechanism ofin
which the EE is connected to the base through at least two independent kinematic
chains. A fully parallel manipulator is a PM with an n-degree-of-freedom (DOF)
EE connected to the base by n independent kinematic chains, each having a single

actuated joint (MERLET, 1997).

Due to the closed-loop nature, the PMs possess kinematic properties which are
complementary to those of traditional serial manipulators (SM). Applications of
PMs can be found in motion simulators, high-precision surgical tools, precision
assembly tools, machine tools, and a number of industrial equipments because

of their high load-carrying capacity, accurate positioning, high speed, and high
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capacity of acceleration (BARON, 1997).

Although PMs have been very successful in some applications, offering high per-
formance, they are not yet completely accepted in some industrial areas, e.g. the
machine-tool industry (MERLET, 2002a). Complex kinematic model and limited
workspace inherent to closed-form mechanisms may explain this scenario at theo-
retical level (GOSSELIN ET AL., 2004). To overcome some of the drawbacks, one
of the strategies is to connect in series two PMs of 3 DOF (the two together pro-
ducing the 6-DOF mobility of the EE) in the aim to improve overall performance
and make the design easier (BROGARDH, 2002). The advantages of this kind of hy-
brid manipulators are illustrated by a hybrid kinematic machine (TSA1 ET JOSHI,
2002). Therefore, the synthesis of PMs of 3 DOF has become an important design

1ssue.

During the last two decades, a great number of novel designs of PMs have been
reported in the literature and enormous effort has been devoted to their kinema-
tic studies. Amongst the representative architectures of early translational PMs
(TPM), we can cite Delta PM (CLAVEL, 1988), Y-Star PM (HERVE ET SPA-
RACINO, 1992), Orthoglide PM (WENGER ET CHABLAT, 2000), and 3-UPU PM
(TsAI, 1996). Research works on these TPMs were carried out mainly on a case-by-
case basis and they have little in common on synthesis and analysis methodology.
As systematic synthesis approaches were gradually introduced into the topological
and geometric synthesis, the number of new designs had been increasing quadra-
tically. Based on group theory, the synthesis of a family of TPMs was realized by
(HERVE, 1991). The application of group theory also leads to the synthesis of a
set of spherical PMs (KAROUIA ET HERVE, 2002). Graph theory, which has been
successfully used to planar mechanism synthesis, was used to enumerate some PMs
(TsA1, 1999). Applying screw theory to the synthesis of PMs was investigated and

a detailed procedure was proposed in (LEGUAY-DURAND ET REBOULET, 1997).
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With this approach and similar methods, a large number of topologies for TPMs
were generated (BARON ET ANGELES, 1995), (FRrIsoLI ET AL., 2000), (KONG ET
GoOsSELIN, 2001), (CARRICATO ET PARENTI-CASTELLI, 2002). Synthesis based
on instantaneous kinematics was proposed in (WANG ET AL., 2003a). The chief
drawback of the methods based on Screw theory or instantaneous kinematics is

that motion type issue in finite workspace can not be properly addressed.

The objective of this work is to derived topology conditions for fully PMs to have
only translational degrees of freedom within a finite workspace. This is done by
using directly the finite displacement equations. The rest of this paper is organi-
zed as follows. In section 2, some basic concepts and definitions are presented. In
section 3, serial kinematic chains with less than 6 DOFs are analyzed in order to
derive possible subchain topologies which allow each subchain to generate 3-DOF
translation while its end-effector is under a constant orientation constraint. Fully
PMs composed of subchains of these topologies are analyzed in section 4. The syn-

thesis procedure is summarized in section 5. The conclusion is drawn in section

6.

6.2 Kinematic modelling and definitions

A kinematic chain is composed of a set of rigid bodies, also called links in kinema-
tics studies, connected by kinematic pairs. A kinematic pair is, then, the coupling
of two rigid bodies so as to constrain their relative motion. The kinematic pairs
are divided into two categories, namely the upper and lower kinematic pairs. An
upper kinematic pair constrains two rigid bodies such that they keep a line or
point contact ; a lower kinematic pair constrains two rigid bodies such that a sur-
face contact is maintained (ANGELES, 2003). A joint is a particular mechanical

realization of a kinematic pair (IFToOMM, 2003). There are six types of joints
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corresponding to the lower kinematic pairs - spherical, cylindrical, planar, helical,
revolute and prismatic. All these joints can be obtained by combining the revolute
and prismatic ones. The kinematic composition of a manipulator is the essential
information about the number of its links, which link is connected to which other
links by what types of joints and which joints are actuated. The essential constraints
are the minimum conditions for a manipulator of given kinematic composition to
have the required kinematic properties. The topology of a manipulator is its kine-
matic composition plus the essential constraints. The geometry of a manipulator
is a set of constraints on the relative locations of its joints carried by the same
link. The geometry is unique to each of the manipulators of the same topology.
Joint variables of a joint describe the relative position and orientation of two links

coupled by the joint. The number of joint variables is the DOF of the joint.

To simplify the kinematic parametrization and without loss of generality, joints
of more than one DOF are decomposed into the combinations of 1-DOF joints.
Since the EE of a PM is connected to the base by independent serial kinematic
chains, the Denavit-Hartenberg notation (DENAVIT ET HARTENBERG, 1954) for
serial mechanism can therefore be used here for each so-called subchain of PM.
The link 7 of serial chain j are identified by (j,0) to (j,m;) and (j,e), the base
being (j,0), the second last link being (j, m;), and the EE being (j, e). The EE and
the base are identified by different numbers when treated in different subchains in
order to have unified mathematical expressions. A reference frame F is attached to
each link and is identified in the same way as the link. Symbols used to formulate
the kinematic model are as follows :

— b : subscript to identify the base;

— e : subscript to identify the EE;

— F; : reference frame attached to link ¢;

- Q. : 3 x 3 orientation matrix of F. with respect to Fy;
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— R, (0) : 3 x 3 rotation matrix about z axis with 6 being the rotation angle :

R.(0) =

cos(f) —sin(f) O
sin(f) cos(8) 0 |;
0 0 1

~ Ry (a) : 3 x 3 rotation matrix about x axis with a being the rotation angle :

‘ RX(a) =

1 0 0

0 cos(a) —sin(a) |;

| 0 sin(a)

cos(a)

— Ruz (0) : 4 x 4 homogeneous rotation matrix about z axis with 6 being the

rotation angle;

- Rux (a) : 4 x 4 homogeneous rotation matrix about x axis with a being the

rotation angle;

- B, (d) : 4 x 4 homogeneous translation matrix along z axis with d being the

translation distance ;

— By (a) : 4 x 4 homogeneous translation matrix along @ axis with a being the

translation distance;

— C; : 4 x 4 homogeneous transformation matrix of F; in F;_1;

— H,; : 4 x 4 homogeneous transformation matrix of F; in Fy;

— e, : the k™ canonical vector which is defined as

whose dimension is implicit and depends on the context.

The sequence of links in a serial chain has a corresponding sequence of homogeneous

transformations that defines the position and orientation of each link relative to its

neighbor in the chain. The position and orientation of the EE of a PM is therefore
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defined by the product of these transformations through any serial chain ¢, z.e.,

He = <Hci,j>ci,67i = 17 27 3)

7=0
Ci.; = Ba(di;j)Rnz(b; ;)Rux(ai ;)Bx(ai ;) (6.1)
Ci. e = Bz(di, e)ha(Qi, e)th(ai, e)Bx(a’i, e)Bz(di, E)ha(ezﬁ E)

For revolute joint, 6;; is joint variable while d;; is joint variable for prismatic
joint. Other parameters define the geometry of the PM. Equation (6.1) is called
structure equation of the mechanism (MCCARTHY, 1990). Under the constraints
of the structure equations each link will have a particular set of positions and

orientations. To characterize these sets, we adopt the following definitions :
Pose : the pose of a link is its position and orientation ;

Configuration : the configuration of a mechanism is a specific arrangement of all

its links under its structure constraints with each link having a specific pose;

Degree of freedom : the degree of freedom (DOF) of a mechanism is the number

of independent variables in its structure equations;

Degree of mobility : the degree of mobility (DOM) of a manipulator is the num-
ber of independent variables to describe the possible poses of its EE under

the structure constraints.

Configuration space : the configuration space of a manipulator is a metric space
formed by the set of its possible configurations with the 2-norm of the diffe-

rence between two configurations as the metric;

Orientation space : the orientation space of a manipulator is a metric space
formed by the set of the possible orientations of its EE with the 2-norm of

the difference between two orientations as the metric;

Position space : the position space of a manipulator is a metric space formed by

the set of the possible positions of its EE with the 2-norm of the difference
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between two positions as the metric;

Nature of mobility : the nature of mobility of a manipulator is the dimension
of its orientation space and position space as well as the mapping between

the two spaces.

To characterized the mobility of a manipulator, some concepts, derived from the

topological space studies, are introduced as follows :

Path : let 0 < I <1, X be a metric space, and x,y € X. A path from x to y is
a continuous mapping f : I — X such that f(0) =« and f(1) = y;

Connected subspace : a subspace is said to be connected if there exists at least

one path between its any two elements;

Solitary subspace : a connected subspace X is said to be solitary if V&, y with

x € X and y ¢ X no path exists between x and y;

Neighborhood : let X be a metric space and & € X. A neighborhood of x is a

connected subspace, an open ball around x of radius ¢. denoted by

B: (x) ={y € X | metric(xz, y) =0, Vo <¢, witho,e e Rand o, e > 0}

Single element subspace : a solitary subspace which has only one element.

The configuration space of a PM can usually be partitioned into several solitary
subspaces ; a PM can not pass from one solitary subspace to another without having
to be reassembled. So each solitary subspace corresponds to a so-called assembly
mode. The nature of mobility of a PM may depend on assembly mode. Even wi-
thin the same assembly mode, the configuration space may still be partitioned
into subspaces with each of them corresponding to a different nature of mobility.
The capacity of a PM to produce only translational displacements can therefore
have different scopes : all assembly modes, some assembly modes or just within a

configuration neighborhood. Given a PM of 3 DOF, if there exists a configuration
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neighborhood within which it has 3 DOM and it is impossible for it to change the
EE orientation, then it can be qualified as translational PM (TPM). The first step
to the topological synthesis of TPMs is to identify the subchain topologies which
allow the EE to have 3 translational DOMs while it is constrained to a constant

orientation.

6.3 Possible subchain topologies for TPMs

By taking the orientation part of equation (6.1), we get

R, (60)Rx (o) [H [Rz(ei)Rx(aiH:I Rz (0e)Rx(e)R2(0E) = Q. (6.2)

From equation (6.2), we know that imposing a constant orientation constraint only
affects the revolute joints. Depending on the number of revolute joints and their

relative locations, we distinguish
Single revolute joint : the only revolute joint of a subchain ;

Solitary revolute joint : the revolute joint of a subchain which is parallel to non

of other revolute joints of the same subchain ;
Revolute link : a link carrying two revolute joints ;
Skew revolute link : a link carrying two non parallel revolute joints;
H revolute link : a link carrying two parallel revolute joints;
n-H revolute link : a serial chain of n — 1 successive H revolute links;

Conjugate skew revolute links : two revolute links with their twist angles being

either equal or supplementary one another;

Hyper revolute link : the above revolute links with the presence of some pris-

matic joints between the revolute joints.
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In the analysis of the orientation constraints presented in the following sections,
subscripts identify the positions of revolute joints relative to other revolute joints

in the same subchain.

6.3.1 Subchains with only one (n)-H (hpyer) revolute link

Let © be the sum of all revolute joint variables, then from equation (6.2), we get
R,(0) = Rx(—a0)Ry(—60) QeRz(—0p)Rux(— ) (6.3)

All entries other than © and Q. in equation (6.3) are geometry-determined constant.

It is obvious that under a constant orientation constraint, we have
© = constant

which reduces the DOF of the subchain by 1. So only subchains of more than 3
DOF can have an (n)-H (hpyer) revolute link in order to produce 3 DOF translation

with constant EE orientation.

6.3.2 Subchains with only one (hyper) skew revolute link

Let 6, and 6;,; be the joint variables of the joints carried by the revolute link, then

from equation (6.2), we have

R, (ZA: 91’) R (ox) R, ( 2”: 9k+1>

1=1 i=k+1

=  Rx(—a0) Rz (—60) Q:R, (—0£) Rx (—a) (6-4)

where p is the total number of revolute joints.
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The only unknowns in equation (6.4) are »_ 6; and > i1
i=1 i=k+1
Let
lll 112
Ry(—a0)Ra(—00)QcRa(—0p)Rx(—ae) = | Iy Iy
ls1 32

then by substituting equation (6.5) into equation (6.4), we get

k » a2
Rz (Z 01) Rx (ak) Rz ( Z 9k+1> = 121 122
=1

i=k+1
l31 132

Upon rearrangement, equation (6.6) becomes

_ . - ] _
sin 0,
1=1k 1
— Ccos ;Hi = sin(a) l23
- l
| cgloar) | L
sin ;
i=k+1 ) I3
p
cos 0; = T l32
i:%l sin{ay,) |
ctglax) | L

hs
123

l33

l13
123

133
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(6.5)

(6.6)

k P
From equation (6.7), we know that }_ 6, and ) 6; are constrained to fixed values,

i=k+1

1=1
the DOF of the subchain is reduced by 2; a subchain with only one (hyper) skew

link has to have at least 5 joints in order for it to generate 3-DOF translation under

constant EE orientation constraint.
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6.3.3 Subchains with at least two (hyper) skew revolute links

Let f* and g¢** links be the neighboring (hyper) skew revolute links, i.e. f <
g, a5 #0, ag #0and a; =0 for f < j < g. Let h = g+ 1, then equation (6.2)

can be written as

H [R2(0:)Rux(:)] Ra(0f) R (ay)

H [R.(6;)Rx(0)] R (0, ) Rx(ag) R, (61 )R (an)
i=f+1
IT Re(6)Rx(0i)] = Ru(—a0)Ra(—60)QcRa(—65)Ru(—ac)  (6.8)
i=h+1
that is
F-1
[Ro(6:)Ru(:)] Ra(65)R (Z 6) R, (6,)Rx (o)
i=1 f+1
IT [Ra(6)Rx(a:)] = Ru(—0)Ra(—00)Q.Ru(—05) Rox( ) (6.9)
i=h+1
Let
f-1 g P
Q = [[R2(0)Bx(0i)], b= Y 6;, Qo= [] Ra(6)Ru(e:)]  (6.10)
i=1 i=f+1 i=g+1

Substitution of equation (6.10) into equation (6.9) yields

QlRz(Of)RX(af)RZ(HE)RX(Q’g)RZ(eh)RX(ah)QZ
= Rx(—a0)R:(—00)QcR.(—05)Ru(—a) (6.11)
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Rearranging constant entries of equation (6.11) gives

Rz(gf)RX(af)RZ(GE)RX(QQ)Rz(()h)
= QTR (~a0)Ry(—00)Q.Ro(—b5)Ru(—. ) QIR (a) (6.12)

Let

€11 €12 €33

1TRx(_ao)Rz(_90)QeRz(_9E)Rx(_ae) gRZ(ah)E a1 €y ez | (6.13)

€31 €32 €33

then substitution of equation (6.13) into equation (6.12) leads to

€11 €12 €13

Rz(of)Rx(af)Rz(9E)Rx(ag)Rz(0h): €21 €22 €33 (6-14)

€31 €32 €33

Eliminate 6 from equation (6.14) by multiplying its both sides with ez, we get
T
RZ(ef)RX(af)R'z(HZ)Rx(ag)e3 = [ €13 €23 €93 ] (615)
Premultiplying both sides of equation (6.15) with
egRZ(_BE)RX(_O‘f)RZ(_Gf)
leads to

sin (arr) [ers sin (05) — ea3 cos (05)] + es3 cos (ay) = cos (ay) (6.16)
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Under the condition that e3; + e3; # 0, 65 can thus be solved from equation (6.16)

as

cos (ay) — eszcos (ay)

. €13
. — arcsin | ————= (6.17)
sin (af) /€35 + €3, (\/ef3+e§3>

Multiplying both sides of equation (6.15) by Rx(—a;)R,(—6;) gives

s = £ arccos

R, (05)Rx(0g)€s = Ru(—0)Ra(=07) | 1 x4 egs]T (6.18)

f5. can solved from equation (6.18) as

T
eng(—af)Rz(—Of) [ €13 €23 €93 }

fy. = arcsin -
sin (o)

(6.19)

Multiplying both sides of equation (6.14) with Ry (—a,)R.(—8s)Rx(—as)R.(—6y),

we have

€11 €12 €13

R, (01) = Rx(—ag)Ra(—0s)Ru(—as)Ra(=0f) | €2 ex €23 (6.20)

€31 €32 €33

gy, can be solved from equation (6.20) as

61 = arccos (e;fo<—ag>Rz(—ez>Rx<—af>Rz(—6f>[en egl]T) (6.21)

From equation (6.17), (6.19), and (6.21), we know that the DOF of the subchain
is reduced by 3.

If €2, + e3; = 0, since rotation matrix is orthonormal, it follows that e33 = +1 and
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equation (6.16) becomes

That is

This means that

becomes

Rz(ef)RX(af)RZ(GZ)Rx(af)ei% =
Rz(ef)RX(af)RZ(GE)RX(—O‘f)e3

RZ(ef)RX(O‘f)RZ(GZ)RX(W —aysles =

which leads to

af

Ox

Conjugate links in

cos (af) = £ cos (ay)

af = Qg ,0f = —Qg ,0r Qf =

T — Oy (6.23)

ft link and g** link are conjugate. In this case equation (6.15)

= e3foray = q4
= egforay = —ay

= ezforay=m—aq,

= Qy Gy = —Q

, (6.24)
= 7 9): =0 62 =0

this relative configuration is said to be aligned. Substituting

equation (6.24) back into equation (6.14) leads to

‘9f+9h

0 — 6,

= arccos(ey;) —7wforay = aq

arccos (eq1) foray = 7 —agoray = —ay

(6.25)

Equations (6.24) and (6.25) reduce the DOF of the subchain by 2.

The above two situations are summarized as

— a subchain with two non conjugate (hyper) skew revolute links loose 3 DOF
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when its EE is constrained in a constant orientation ;

- a subchain with two conjugate (hyper) skew revolute links loses only 2 DOF
when its EE is constrained in a orientation which is reachable by aligning the
two conjugate links .

To characterize a subchain by its revolute joint situations, we introduce the follo-

wing definitions :

T-subchain : a subchain with only prismatic joints;

I-subchain : a subchain whose revolute joints are all parallel ;

A-subchain : a subchain composed of one (hyper) skew revolute link and other

links ;

Z-subchain : a subchain composed of two conjugate (hyper) skew revolute links

and other links;

Y-subchain : a subchain composed of at least two non conjugate (hyper) revolute

links and other links.

Then, from the above analysis, the possible subchain topologies for TPMs are

derived as listed in table 6.1.

TAB. 6.1 Possible subchain topologies for TPMs

3-joint 4-joint 5-joint 6-joint
T-subchain Yes No No No
I-subchain No Yes No No
A-subchain No No Yes No
Z-subchain No No Yes Yes
Y-subchain No No No Yes
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The orientation space of the EE of a 3-DOF PM under the constraints of the 3

subchains is analyzed in the next section.

6.4 Analysis of the EE orientation space of PMs of 3 DOF

The orientation space of a PM is formed by the orientation part of the set of
solutions of equation (6.1). In order to synthesize topologies of TPMs, the reasoning
is as follows : if
1. the orientation part of the set of solutions of equation (6.1) has only finite
number of elements, (i.e. all solitary subspaces of the orientation space is a
single element subspace, no orientation path exists between any two of them,
meaning that the EE of the PM can not pass from one orientation to another

without the PM having to be reassembled), and
2. each subchain allows the EE to have 3 DOMs in translation without the EE
having to change orientation,

the PM is naturally a TPM.

When performing orientation analysis, we assign reference frame to (hyper) revolute
link only; the prismatic joint parameters are merged into the hyper revolute link
parameters in order to make the mathematical expressions concise. By rearranging

equation (6.2), it follows,

Qi.,e (9,‘)

Il
=
N
—~
A
=)
~—
;;U
—~
=2
(=]
S~—

| S— |

0. = (6, 60 - 6, ] (6.26)

where p; is the total number of revolute joints in #** subchain. Equation (6.26)

defines the orientation of the EE under the constraints of i* subchain. The PM is
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obtained by making the end link frames of the three subchains coincide and rigidly

attached. The orientation part of the structure equations is thus given as

Qe = Ql,e (01) = QQ.e (02)
Q2,e (02) = QS,e (03) (627)

6.4.1 PMs with a T-subchain

Under the constraint of the T-subchain, the orientation space of the EE is a single

element space solely determined by the geometry of this subchain. i.e.

Ql,e = Rz(el,O)Rx(al,O)Rx(al,e)Rz(el.E) (6-28)

The EE will not have any displacement in orientation. From the point of view
of eliminating displacements in orientation, the second and third subchains can
be of any possible subchain topologies derived in the previous section (table 6.1).
However, if the dimension of the orientation space of any of the other subchains is
lower then 3, the PM becomes overconstrained, exact geometries of the base and
the EE are necessary for equation (6.27) to have any real solution, i.e. for the PM

to be assembled.

6.4.2 PMs with an I-subchain

Let the first subchain be an I-subchain, then from equation (6.26), we get

Ql,e = Rz(el,O)Rx(al,O)Rz (Z 91,]‘) Rx(al,c)Rz(el,E) (6~29)
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If the second subchain is also I-subchain, then

Q2. = Ry(f20)Ry(a20) R, <Z 0. ]> x(02.)R.(02. ) (6.30)

Substituting equations (6.29) and (6.30) into equation (6.27) yields

(Z 91 ]) Q] e)Rz(el,E)Rz(_GZ.E)Rx(_aZe)
= Rx(—a1.0)Rz(—91,O)Rz(92,0) az 0 (Z 6, ]) (6-31)
Let

T
[gn 912 g13] = Rux(a1, )Rz(01 £)Ra(~02 )Rx(—02 c)es

[921 g22 923}T = Rx(—al,O)Rz(—el,O)Rz(92,0)Rx(a2.0)e3 (6-32)

which depend only on the geometry of the subchains. By comparing equations (6.31)

and (6.32), we get

R, (i 914‘) [ dgu G912 Gi3 r = [ g21 G22 G23 ]T (6.33)
A\Jj=l1 .

If g13 # go3, then equation (6.33) has no real solution, the PM can not be assembled.
If 913 = go3, then from equations (6.33) we get

P
Ze _ (911921 + 912922)
1. = arccos 5 5

=1

gi1 + g1

leading to a single element orientation space; the third subchain can be of any

topology listed in table 6.1.
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If the second subchain is an A-subchain, then from equation equation (6.26), we

(S (S )

= Rx(—GQ,o) z(_92,O)QeRz(_02.E)Rx(_a2,e) (6-34)

have

By rearranging equations (6.29) and (6.34), we get

QeRz(_gl,E)Rx(_al,e) = Rz(el,o) al 0 (Zgl ]> 6. 5

QeRz(_92 E)R (—062 e)

= RZ(GQ’O) 012 0 (Z 02 ]> ag f2 ( Z 02_]') (636)

j=rf2+1

From equations (6.35) and (6.36), we can solve

- —A3Cs + \/AIB2 + BY — BiC?
0S z 01s j = A?,’ n B§
L2 —ACy = \/AZB? + B — BiC?
(O}] Z 92’ j = A% n B%
o —AyCy + \/A2BZ + B} — B3C?
(053] Z 925 7 = 42 T B2
j=fa+1 o2 2

where the right hand entries are all geometry-determined parameters.

It is clear that under the constraints of an I-subchain and an A-subchain, the EE
has only two possible orientations, each corresponding to an assembly mode; given
an assembly mode, it is impossible for the EE to change orientation. The third

subchain can be of any topologies listed in table 6.1.



169

6.4.3 PMs with three A-subchains

Let ft* (i = 1,2,3) (hyper) revolute link be the (hyper) skew revolute link of it*

A-subchain, then from equation (6.26). we have

7=1
(Za]) (i JRy(0: 5), i=1,2 3 (6.37)
Jj=fi+1
Let
T .
g = [ a; b ¢ } = R, (0i,0)Rx(ai0)es, i=1, 2, 3 (6.38)

which is function of the base geometry, and

T
[xi Yi Zi}

Rz(ﬁi 0 al 0 (Z 92 ]> O[l f1 ( Z 61 J> €3

Jj=fi+1
1=1,2,3 (6.39)

h;

By substituting equation (6.39) into equation (6.37), we have
hi = Qi,eRz(-ei,E)Rx(_ai,e)eB, 1= 1, 2, 3 (640)

Since Qi e = Qo = Qs = Qe, Qi (i = 1,2,3) can be eliminated by taking the
scalar product of equation (6.40), i.e

A= hThQ = eng(al,e)Rz(el,E_02,E)R/x(_a2,e)63
A2 = hlhs = elRy(as )Ru(02 £ — 05 £)Rx(—3 c)es
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A3 = hghl = eng(ag, e)Rz(93, E — 91, E)Rx(—a’1, 6)83 (641)

With equations (6.38) and (6.39), taking the scalar products between g; and h;
(t=1,2,3) leads to

d;=glh; = elRy(0y f)es, i=1,2 3 (6.42)

which is function of the geometries of the base, the EE, and the (hyper) skew

revolute links.

Writing equations (6.41) in scalar form gives

r1Zo + Y1Y2 + 2129 — /\1 =0 (643)
ury + vys + w9 — A =0 (644)
ury + vy + wzy — A3 = 0 (6.45)

where u = z3, v = y3, and w = z3. h; (¢ = 1,2, 3) being unit vector leads to

T+ Y+ —-1=0 (6.46)
T+ yr 4+ 22 -1 =0 (6.47)
w4+ P+ -1 =0 (6.48)

Writing equation (6.42) in scalar form gives

a1y + b1y1 + ¢z — d1 =0 (649)
asTy + bgyg + Cozo — dg =0 (650)

azu + b3v + csw — d3 = 0 (6.51)
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Equations from (6.43) to (6.51) are a set of 9 equations with 9 unknown, i.e.
T1, Y1, 21, X2, Y2, 22, U, U, W
Eliminate z; from equations (6.45) and (6.46) with equation (6.49), we get

udy + (va; — uby)y; + (wa; — uey)z; — a3 = 0(6.52)

—ai +di — 2bidiyr + (@ + b3)y5 + (—2c1ds + 2bicaryn) 21 + (af + c}) 27 = 0(6.53)
Using equation (6.52) to eliminate y; from equation (6.53) yields

aj [(v® + v*) df — 20b1d1 A3 + 2ua; (vhy — diAs) + 2 (—u? + A3)]
+ aj (=" + A3) — 2a] (—w (ua; + vby) + (u* +v%) &1) 21y
+ 2a} (w(a} +b7) — (uay + vby)) 21 A3 + (v + w?) 2iaf

+ a} (v +w?) 23b] — 2afvwhici 2} + af (u? +0?) 23

— 2ua} (vb) —wicy) 22 =0 (6.54)
Eliminate z, from equations (6.44) and (6.47) with equation (6.50), we get

uds + (vag — uby)ys + (was — ucy)ze — asde = 0(6.55)

—a3 + da — 2badays + (a3 + b2)y2 + (—2cady + 2bycoyn) 20 + (a2 + )22 = 0(6.56)

y2 in equation (6.56) can be eliminated by using equation (6.55), we get

a3 [(u? + v?) 3 — 2vbsdads + 2uas (vhy — dada) + b2 (—u? + A3)]
+ ag (—’02 + ,\3) - 2a§ (—w (uag + vby) + (u2 + v2) 02) 2ody
+ 2a3 (w (a3 +b3) — (uay + vhy)) 22X + (v* + w?) 22a5

2,2 2\ 22 2 2 2 .2\ .,2.22
+ a3 (u® 4+ w?) 2363 — 2a5vwbecozy + (u? +v?) 2353



— 2uaj (vhy — wacy) 23 =0 (6.57)
Eliminate z; from equation (6.43) with equation (6.49), we get
a1ty — To(—di + biyr + c121) + agz120 — a3 =0 (6.58)
1 can be eliminated from equation (6.58) with (6.52)

(U(l] — ubl) (dll'g — C1T921 + 12122 — a1/\1) + (659)
bl.’Ez (’Udl + wayz] — uc12] — (Ll)\3) — a1ys (Ud1 + wa12y — uc121 — al)\g) =0

Eliminate z, from equation (6.59) with equation (6.50). we get

—’Ua%ag)\l + uajagsbi A + do (U(lel + waib1z1 — vajcz — albl)\;g)

+y2 (—uaiasd; — walagzy + uajaze;z; + a2asAz)

(6.60)
—b2y2 (valdl + waib121 — vajci121 — a1b1/\3) +
ZQ(’UG%G;QZl - ua,lagblzl — C9 (va1d1 + wa1b1z1 —rvaictizy — albl)\g) =0

Eliminate y, from equation (6.60) with equation (6.55), we get
2A (u,v,w) 2122 + 2B (u, v, w) 21 + 2C (u,v,w) 22 + 2D (u,v,w) =0 (6.61)

where ?A(u,v,w), 2B(u,v,w), 2C(u,v,w), and 2D(u,v,w) are quadratic function

of u, v, and w.

Eliminate z, from equation (6.61) with equation (6.57), we get
(vag — uby)? (*Ag (u, v, w) 2} + 4 A; (u,v,w) 21 + 4y (u,v,w)) = 0 (6.62)

where *A(u,v,w); (i = 0,1,2) is quartic function of u, v, and w. Rewrite equa-
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tion (6.54) as
2By (u,v,w) 22 + 2By (u,v,w) z; + B (u,v,w) = 0 (6.63)

where 2B; (i = 0,1,2) is quadratic function of u, v, and w.

For equations (6.62) and (6.63) with z; as unknown to have real solutions, the

Sylvester resultant must be zero, i.e.

A0 (u,v,w) A (u,v,w) 4Ag (u, v, w) 0
4 0 A0 (u,v,w) YA (u,v,w) AAg (u, v, w)
(’U(IQ — ubg) =0
2By (u,v,w) 2By (u,v,w) 2B (u,v,w) 0
0 2'BO ('U,,U,'U/') QBI (U,U,U}) 232 (U,U,'LU)
(6.64)
Expanding equation (6.64) leads to
8C (u, v, w) (vag — uby)* (va; — uby)* = 0 (6.65)

where 8C(u, v, w) is 8" order polynomial of u, v, and w.

Eliminating w from equation (6.48) with equation (6.51) gives
V(b3 + &) + 2v(uashs — bads) + u” (a3 + c5) — 2uasdz — 3 +d3=0  (6.66)
Similarly, eliminating w from equation (6.65) with equation (6.51) gives
8D (u,v) (vaz — uby)* (vay — uby)* = 0 (6.67)

where 8D(u,v,w) is 8" order polynomial of u, v, and w.
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If (vas — uby) (var — uby) # 0, then
8D (u,v) =0 (6.68)

Eliminating v from equation (6.68) with equation(6.66) leads to

16
D ku'=0 (6.69)
=0

where k; (1 = 0 ~ 16) is geometry dependent coefficient.

If (vas — ubs) = 0, then from equation (6.66), we have

u? (afa} + 2aiazbibs + b3b5 + alch + bla3)

— 2ua (a1a3ds + bibsds) — a (c3 —d3) =0 (6.70)
If (va; — uby) = 0, similarly, we get

u? (adaj + 2agazbobs + b33 + adca + bgag)

- 2ua2 (0203613 + b2b3d3) - a,g (Cg - dg) =0 (671)

From equations (6.69)~(6.71), we know that the set of equations (6.43)~(6.51)
has only finite number of solutions, i.e. the EE can have only finite number of
orientations with each orientation corresponding to an assembly mode. Given an

assembly mode, it is impossible for the EE to change orientation.
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6.4.4 PMs with three Z-subchains

Let fi* and gt* (i = 1,2,3) (hyper) revolute links be the conjugate links, then from
equation (6.26), we get

Qe = RZ(GLO) az O (Zez ]) az fz)
(Z 0; ]> (i )Ry Z 0;. ]> (i )RL(6; £) (6.72)

j=fi+1 j=g;+1

Let

fi Pi
Zl]’ 1 = 291371/22 Zezﬁj

j=fi+1 j=gi+1

From equation (6.72), we get

R, (0, 0)Rx (i, 0)Ra(9i)Rux(ai, 1, )R2(9:)
Ru(ai, 7 )Ra(vi)Ru(ai, o )Ra(6: B — Ok, £)Rau(—a, )
= Ry (0k. o)Rux(ak, o)Ra(wk)Rx(ak, 5,)
R.(¢r)Rx(ak, )Ra(dn), 4, k = 1,2, 3; i # k (6.73)

Equation (6.73) is equivalent to 6 scalar equations with 9 unknowns, having infinite
number of solutions. So what is to be investigated is whether there exists a confi-

guration neighborhood within which the PM has only translational displacement.

From the analysis of the last section, we know that if the two conjugate (hyper)
skew revolute links are aligned, the subchain can allow the EE to have 3-DOM

displacement with a constant orientation.
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T— 1
Let ® = || 7 — ¢, || - If & = 0, the two (hyper) conjugate revolute links of each

T — @3
subchain are aligned and equation (6.72) can be written as

Qe = Rz(ei,o)Rx(ai,o)Rz(% + ¢ + W)Rx(ai,e)Rz((gi,E) fori=1, 2,3 (6-74)
while equation (6.73) as

Rz(/‘r;i + 1,//'1' + 7T)R'x(ai. e)Rz(ei, E — 9!;, E)Rx(_ak. e)
= Rx(—ai 0)Ra(0k. 0 — 0, 0)Rular, o)Ra(ior + ¥ + 1)
fori. k=1,2, 3;i#k (6.75)

Let

Air = Ryla; )R.(6i 5 — Ok, 5)Rx(—u, c)es

i = Rx(—ai0)Ra(fr0— 0i0)Rxlak o)es, i, k=1, 2, 3; i #k (6.76)
which depend only on the geometry, then
Ro(@i + ¥ + )ik = p; (6.77)
If the PM has such a geometry that
eSXNk=ejp i, k=12 3 i#k (6.78)

then from equations (6.74) and (6.77) we know that the EE has an unique orien-
tation when the two (hyper) conjugate revolute links of each subchain are aligned,

and ¢; (i = 1,2,3) can take any value so long as ¢; + ¢; (i = 1,2,3) satisfies
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equation (6.77). Equation (6.77) also shows that when the two conjugate links are
aligned, a Z-subchain has the same effect as an I-subchain. The next step is to

see if the EE can be constrained to this orientation through out a configuration

neighborhood.
Let
g = Rz(ei,O)Rx(ai,O)eS
h; = R,(0i.0)Rx(ai 0)Ra(wi)Rx(ai 5, )Ra(@:)Rx(ay, 5, )es

fori=1, 2,3 (6.79)

where g; and h; (i = 1,2,3) are respectively the first and last revolute joint orien-

tation. If ® = 0, from equations (6.79) we get
hj|¢=0 = Rz(ei,o)Rx((lto)eg = & fOI' 7= 1, 2, 3 (680)

Since h;, hy, and hjs are respectively the last revolute joint orientation of each
subchain, they should undergo the same rotation with respect to hy|g _ g, holg _ .

and hs|g _ . Therefore 3Q, a rotation matrix, such that
h;, = Qhi|;_,=Qgi,i=1, 2,3 (6.81)
Let the unit vector s be the rotation axis of Q, ¢.e.
s=Qs (6.82)
Taking the scalar product between equations (6.81) and (6.82) yields

his=gl/ss (W —gl)s=0,i=1, 2, 3 (6.83)
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From equation (6.79), we have

h;-g, = Rz(ei.O)Rx(&i,o)Rz(’Pi)Rx(az‘. fi)
[Rz(¢5)Rx(Q’i, fi) - RZ(W)RX(OJL fl)] €3, 1 = 1, 2, 3 (684)

Upon simplification of equation (6.84), we get

h; —g; = 2sin(ay, 5)sin(7/2 — ¢;/2) R,(6;,0)Rx (s, 0)Ra(42:)

Ra(0 1) [ cos (/2 ~ 9,/2) sin(r/2-0/2) 0] (6
Comparing equations (6.83) and (6.85), we have
[ cos(m/2— 6,/2) sin(r/2—,/2) 0] Mi(z)s=0 (6.86)
where
M; (i) = [Ra(fh,0)Rux(cr, o) Rali) Rl 1)) (6.87)
From equation (6.86), we know that with ® approaching 0, we have
(10 0] [lim M, (e)]s=0 (6.58)

and

[ ]
[1 0 0] [limMs ()] |s=0 (6.89)
| ]
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Let

1 0 0]M (1)
N@)=det| [1 0 0Malga) [.9= [p1 p2 ps]” (6.90)
1 0 0]Ms(¢s)

then from equation (6.89) we know that

lim N (9) = 0 (6.91)

$—0

From equation (6.91), we may conclude that if the PM is put into a configuration
where ® = 0 but |N (9)] > 0, then within a neighborhood of this configuration,
® will remains 0, i.e. the EE will keep a constant orientation. In fact, this is true,
since

1. N(9) is continuous,

2. ;)ir_r%)N (9) =0,

3. if ® = 0, ¥ can take any element in IR,
3 € R? and & > 0, such that ® = 0 and |N (Jy)| > Jy, leading to that in
configuration space, along any path from a configuration where ® = 0 and ¥ = 9
to a configuration where | N (9)| > g9 < g, 9 > 0 we have & = 0 because from the
limit definition, we have Veg > 0, §y > 0, g9 <€ &g, Jo > 0, such that if 0 < ® < o

then |N (J)| < o, implying that for ® to pass from 0 to o, it is necessary that
IN (9)| < eo.

If every subchain of the PM allows the EE to have 3 DOM in translation while
keeping a constant orientation, then the PM is TPM within a neighborhood of the

configuration where ® = 0 and ¥ = 9.

When the PM reaches a configuration where ® = 0 and

N (9)| = 0, the Z-subchain
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can leave the aligned configuration passing to a general configuration and can no

longer constrain the EE’s orientation.

6.5 Topological synthesis of TPMs

With the analyses carried out in the previous sections, the topological synthesis of

TPMs becomes straightforward and can be summarized as follows :

The first step is to determine the type of each subchain. The type of the first
subchain can be of any of those listed in table 6.1. Depending on the choice of
the first subchain, the second and third can be determined such that a constant

orientation configuration neighborhood exists.

1. If the first subchain is a T-subchain, then the second and the third can be

any of those listed in table 6.1

o

If the first subchain is an I-subchain or a Z-subchain, then at least one of the

second and the third should not be an Y-subchain;

3. If the first subchain is an A-subchain, then the second and the third must be

an A-subchain.

This can also serve as a verification for the synthesis based on instantaneous kine-

matics.

Then, the next step is to determine the topology of a subchain of a given type so
as to generate 3 DOMs in translation. This can be done by using the synthesis

methods for serial kinematic chains.
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6.6 Conclusion

The proposed kinematic model applies to the most general topologies and geome-
tries of 3-DOF PMs and therefore allows a thorough analysis of how the trans-
lational displacement and the configuration of a PM are affected by a constant
orientation constraint on the EE. The topological constraints are derived for a
serial kinematic chain of less than 6 joints to produce 3-DOF translation with a
constant orientation of the EE. This, together with the proposed concepts, such as
revolute link, A-subchain, serial kinematic chains can be effectively characterized.
The analysis of the orientation solutions of the forward kinematics of all subchain
combinations confirms which kinds of combination can produce a constant EE
orientation in a finite configuration space. The finite configuration space may be
the entire configuration space, a particular assembly mode, or a neighborhood in
the configuration space. It is mathematically proven that a 3-DOF PM can pro-
duce only translation within a neighborhood of its configuration space but loose

this capacity outside the neighborhood.
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Abstract

This paper presents a kinematic modelling of translational parallel manipulators
(TPMs) of different topologies. The concept of initial configuration is at first intro-
duced. Based on the initial configuration a continuous topological and geometric
parametrization is carried out. A special frame assignment is then performed. In
order to treat the revolute joints and the prismatic ones in a unified way, joint
variables are normalized, making the geometric model and the Jacobian matrix
dimension-homogeneous. With the proposed kinematic model, design parameter
space is continuous, a great advantage for implementing global optimization al-
gorithms, simulated annealing, evolutionary algorithms for instance. The inverse
kinematic problem is investigated using extensively matrix manipulation and it
is found that there exists a closed-form solution if no serial kinematic chain lin-

king the base to the end-effector has more than 5 joints. A numerical approach
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for the forward kinematic problem is proposed. The whole work forms a basis for

simultaneous synthesis of topology and geometry of TPMs.

Keywords : Parallel manipulator, Translational, Kinematics, Topology, Geometry,

Synthesis.

7.1 Introduction

A parallel manipulator (PM) is a closed-loop mechanism in which the end-effector is
connected to the base through at least two independent kinematic chains (MERLET,
1997). Due to the closed-loop nature, PMs provide, in general, high load-carrying
capacity, accurate positioning, high speed, and high capacity of acceleration (AN-
GELES, 2003). The closed-loop nature also implies very complex kinematic mo-
del, singularities, and limited workspace (GOSSELIN ET ANGELES, 1990). Another
drawback which attract researchers’ attention is the performance in orientation
space of 6-DOF PMs. It is difficult to find 6-DOF PMs with orientation perfor-
mance comparable to serial manipulators (BROGARDH, 2002). To overcome these
drawbacks, authors of (ZANGANEH ET ANGELES, 1998) proposed a modular solu-
tion, employing a hybrid structure. Another solution is to connect two 3-DOF PMs
to produce 6-DOF motion in order to improve the overall performance and make
the design easier. This can be illustrated by the hybrid kinematic machine (TSAI
ET JOSHI, 2002). Therefore, the kinematic studies of 3-DOF PMs have become an

important design issue.

Early designs of 3-DOF PMs have been realized mostly by resorting to researchers’
experience, intuition, and ingenuity. Agile eye PM is the earliest design of spherical
PM (GoOsSELIN ET HAMEL, 1994). Delta PM is among the most successful trans-

lational PMs (TPM) (CLAVEL, 1985). Other TPM designs which have been under
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extensive studies include 3-UPU PM (T'sa1, 1996), Orthoglide PM (WENGER ET
CHABLAT, 2000). Kinematic studies of these 3-DOF PMs have been mostly ac-
complished on a case-by-case basis (GOSSELIN ET AL., 2004). Parallel to these well
known designs, a great deal of effort has been made on the topological synthesis
methodology. Y-Star PN (HERVE ET SPARACINO, 1992) is the first TPM synthe-
sized based on the group theory. Another synthesis approach is based on screw
theory. This approach was explained in detail and demonstrated by examples in
(LEGUAY-DURAND ET REBOULET, 1997). With these systematic approaches, se-
veral large families of PM topologies have been proposed. On TPM side, we can
cite (KONG ET GOSSELIN, 2004), while (KAROUIA ET HERVE, 2002) can be cited
for spherical PMs. The most distinctive topology of TPMs was proposed indepen-
dently by (KONG ET GOsSsELIN, 2001) and (KiM ET TsAr, 2002), it is a fully
decoupled TPM.

Although the considerable advantages and the enormous effort by researchers, ap-
plications of PMs are far from what we have expected, there is still a long way to
go on the road to put into full play of PMs (MERLET, 2002b). Topological and
geometric synthesis is still an open problem for PMs of less than 6 DOF (MERLET,
2002a). The work presented in this paper is motivated by the need for systematic

topological and geometric synthesis of TPMs.

In section 3, we investigate how to represent joint type with continuous variables
and how to parameterize the topology. In section 4, we study the integrated to-
pology and geometry representation. In section 5, an original frame assignment is
proposed by which parameter singularity can be avoided. a generalized kinematic
modelling is proposed. Particular aspects of kinematic model for TPMs are detailed
in section 6. In section 7, inverse kinematic problem is fully investigated. Section
8 deals with forward kinematic problem and a numerical solution is proposed. The

Jacobian matrix is formulated in section 9 and the topological and geometric syn-
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thesis procedure is presented in section 10. The conclusion is presented in the last

section.

7.2 Nomenclature

— b : subscript to identify the base;
— e : subscript to identify the end-effector;
— F; : reference frame attached to link i;
— G; : 3x3 orientation matrix of F; with respect to F;_; at the initial configuration ;
— Gy, : 4 x 4 homogeneous orientation matrix of F; with respect to F;_; at the
initial configuration ;

~ 4p_: 3 x 1 position vector of the origin of F, in Fy;
— p, : 3 x 1 position vector of the origin of F; in F;_;;
- p, : 3 x 1 position vector of the origin of F; in F
- A, : 3 x 3 orientation matrix of F; with respect to F;_;;
- 4Q, : 3 x 3 orientation matrix of F, with respect to Fy;
~ Q. : 3 x 3 orientation matrix of F, with respect to Fy;
- R, (0) : 3 x 3 rotation matrix about z axis with 6 being the rotation angle :

cos(f) —sin(d) 0

R.(0) = | sin(d) cos(6) 0 |;
0 0 1

— Ry, (0) : 4 x 4 homogeneous rotation matrix about z axis with 6 being the
rotation angle;

- By (r) : 4 x 4 homogeneous translation matrix along x axis with r being the
translation distance;

— C; : 4 x 4 homogeneous transformation matrix of F; in F;_1;

— H; : 4 x 4 homogeneous transformation matrix of F; in Fyp;

— 9H, : 4 x 4 homogeneous transformation matrix of F, in Fy;
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e; : the k" canonical vector which is defined as

whose dimension is implicit and depends on the context ;
— 4T, : tangent operator of F, in Fy expressed in Fp

— 14T, : tangent operator of F, in Fy expressed in F I

. : tangent vector of F, in F, expressed in Fp;

f.d¢, : tangent vector of F, in F; expressed in F I

t. : tangent vector of F, in Fy expressed in JF;.

7.3 Topological Representation

Suppose two links coupled by a revolute joint and a reference frame is attached to
each of them ; at an initial configuration, the origins of the two reference frames
Fi_1 and F; coincide; the joint axis is parallel to the z-axis of F;_; and intersects

the negative side of the x-axis of F;_; at right angle (Fig. 7.1).

Fi1G. 7.1 Two links coupled by a revolute joint
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The relative orientation and position are given as

A, = R,(6:)G; (7.1)
p; = —-rieg+rR,(8:)e; (7.2)
r;cos(6;) — r; —2r; sin?(6;/2)
p; = r; sin(6;) = r; sin(6;) (7.3)
0 0

Instead of taking 6; as joint joint variable, we define
g = rib; (7.4)
to measure the relative pose of the two links and ¢; is referred to as normalized

joint variable. In addition, we define

w; = ! (7.5)

Ty

Then from equations (7.3), (7.4), and (7.5), we have

—2sin®(w;q;/2) /w;
P; = sin(w;q;) /w; (7.6)
0
It is evident that

0

lim p; = i
wi—0 4 (7.7)

0

lirn0 A, = lim0 R, (w:iq;) Gi| = G

Equation (7.7) is just the relative pose of the two links when they are coupled by

a prismatic joint. With the above formulation, revolute joints and prismatic ones
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can be treated in a unified way and the normalization of the joint variable is the

key to achieve this.

Although it is a well-known fact that a prismatic joint is actually a revolute joint at
infinity, the two types of joints are always treated differently and the type of a joint
is always represented by a boolean variable : a joint can only be either revolute or

prismatic, nothing in-between.

Inspired by this observation and the basic concept of fuzzy logic, we introduce the
concept : joint nature which is a non negative real number to characterize the
level of the “revoluteness” of a joint. In the above example, it is just w; defined by
equation (7.5). This allows us to deal the prismatic joints and the revolute ones in

the same way.

Definition : the type of a joint in a kinematic chain is represented by a pair (k, w)
where K 1s a natural number identifying its orientation from other joints, while w

s a non negative number characterizing its membership to revolute joint.

The topology of a fully parallel mechanism of n-DOF is represented by n matrices

with each matrix representing a subchain from the base to the end-effector :

Rj1 K2~ Kim;—1 Kjim;

Wil Wiz 0 Wim;—1 Wym,
where m; is the total number of joints of j** subchain.

This numerical representation is aimed at simultaneous synthesis of hoth topology

and geometry.
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7.4 Geometric Representation

Instead of describing separately the geometry of each link, we describe an initial
configuration. This is done by giving the coordinates of all joint axes with respect

to the global reference frame.

Definition : the location of a joint azis at an initial configuration is represented
by a triple (n, m,w) where N is a unit vector defining the orientation of the joint
aris, m is a unit vector indicating the direction of the moment of n with respect

to the origin of the global reference frame, w is the nature of the joint.
It is here that the topology information is integrated into the geometric definition.

The Pliucker coordinates of the joint axis is simply

l= (7.9)

With this representation, it should be avoided to position the joint such that its
axis is too close to the origin of the global reference frame, because this will lead
to parameter singularity, that is w will approach infinity. This does not limit the
representation method, because it the relative location of the joints that defines

the geometry, changing the reference frame does not change the geometry.

The topology and geometry of a fully parallel mechanism of n-DOF is represented
by n matrices with each matrix representing a subchain from the base to the end-
effector :

N1 Mya o Ajm,1 Mjm,

M1 Mz o Mmoo My, |J=1,2,,n (7.10)

Wija Wiz - Wim;—-1  Wjim,
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where m; is the total number of joints of j** subchain.

Those are the design parameters, they are continuous and suffer from no parameter

singularity problem.

7.5 kinematic modelling of general PMs

Fi1G. 7.2 End-effector reference frame

The reference frames for all links are defined at the initial configuration and this

is done by following the rules given below :
1. Locate the reference frame for the end-effector such that no joint axis passes
through its origin (Fig. 7.2);

2. Change the reference frame of the topological and geometric parameters to
the end-effector frame : recall that ®p, and Q. denote respectively the po-

sition and the orientation of the end-effector frame in the base frame. For
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every joint (the subscript is dropped off for simplicity), if >w = 0 then

- ebe,’:L
“ = Ebem
‘w = 0 (7.11)

otherwise, let P be a point on the axis, ®r and °r denote its positions in the

base frame and in the end-effector frame respectively, we then have

€h = ebe,h
‘r = eQb(br - bpe)
‘m = °rx®n=°Qylrx"n-"p, xn) (7.12)

Let [bpex] denote the cross product matrix associated with *p,, since
br x n =bm = tm/bw (7.13)
by substituting equation (7.13) into (7.12), we have
‘m = —°Q, [*p.x] 0 + QP w (7.14)

then, the Plicker coordinates of the axis in the end-effector frame can be

computed as

en e 9) by
- Q " (7.15)
m _eQb [bpex] eQb bm/bw

Finally, ‘w = 1/{|®*m||; and *m = *m/°w.

. Links of subchain j from the base to the end-effector are identified by link(j, 0)
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Fic. 7.3 Link reference frames

to link(j, m;), the base being link(j, 0) and the end-effector being link(j,m;);
joint coupling link(j,i—1) and link(j, ¢) is identified by joint(j, ) ; frame F;
is attached to link(j,i)(Fig. 7.3); the base and the end-effector have mul-
tiple rigidly attached frames with each of them corresponding to an individual

subchain ;

. The reference frame for link(j, ) is defined such that

e _ N o ~ o
Qi = [emj,i+lxenj,i+la M, enj,H-l] (7.16)

the z-axis of F;; being parallel to the axis of joint(j,7 + 1) and the x-axis
intersecting the the axis of joint(j,i + 1) and pointing from the intersec-
ting point to the origin of the end-effector frame (Fig. 7.4). The y-axis is
determined as usual by the right-hand rule.
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5. The normalized joint variable of joint(j,¢) is denoted by g;;, the rotation

angle with respect to the initial configuration is denoted by 6, and

6]',7; = ’wj,,'(jj.i (718)

Link(3,1) Joint(j,i + 1)

Joint(j, 1)

F1G. 7.4 Reference frame definition for link(i, 5)

6. Compute the link geometry matrices from *Q,, €Q;y, - - -, and ‘Qjm, :

for Gj; to Gjm;-1
Gji =""1Q.Qjq (7.19)

Gjo, Gjm;, and G; are treated differently, i.e.

Gjo = "QQy0 (7.20)
Gj,mj = 1 (721)
Gj. = ImiQ, (7.22)

The sequence of links in each subchain has a corresponding sequence of homoge-

neous transformations that defines the pose of each link relative to its neighbor in
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the chain. The pose of the end-effector is therefore constrained by the product of

these transformations through every subchain. With the above frame assignment,

the pose of link(j,¢) with respect to link(j,7 — 1) is given as

1 1
Cj.z' = Bx(*_)ha(u'j,in.i)Bx(T)Gh]’,i

Wi Wy
The corresponding 3 x 3 orientation matrix is given as

Aj; = Ra(w;,q5:)Gyj

The corresponding position is given as

This leads to

1 g 1 2 2 ((Wia9i
o cos(w;;q;.) o o7 o (
— 1o —
p] [ u'ji Sln(w.]?lqjvl) - u] i Sln(u’]ﬂlq] 1)
0 0
When w;; approaches 0, we have
hm A]1 = Gj,i
wj.i—~0
0
wj,i—0 Pj.i 95
0

This corresponds to the situation of a prismatic joint.

(7.24)

(7.27)

(7.28)



198

The pose of the end-effector under the structure constraint of subchain j is

my
H, = H;, <HCM> Cje i =12 -, m (7.29)
=1

In terms of orientation and position, equation (7.29) can be written as

mj

Qe = Qj.,() <H A]J> Aj,e~, 1 = 1, 2, mj (730)
i=1

Qi = QioJ[Ajx k=12 i (7.31)

k=1

Pii = Pio+ > (Qusapys). k=12 i (7.32)
k=1

pj,e = p]O+Z Js 1— 1p]1 +Q]m3p]e [ 17 27”'7777’]'(7'33)

Equations (7.31) and (7.32) are used to compute the orientation and position of

links other than the base and the end-effector.

For a PM of n degree of freedom, the n subchains are closed by rigidly attaching
together their fist link frames and last link frames respectively. The structure equa-
tions are obtained by equating the transformation products defined by equation

(7.29) of all subchains, i.e.,Vj, k = 1,2 ---, nand j # k

my mi
H; o (H (o} i> Cje= Hio (H Ck, i> Ch.. (7.34)
i=1

=1

7.6 Kinematic model of TPMs

In our previous work, it was concluded that for the kinematic model of a PM of 3

DOF to be neither underdetermined nor overdetermined and for it to be a TPM,
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—-+R'" 4R =R =R 4+R'—
b) —+R'=—wR 4“4R =R 4 R'—

0 —-R'" 4+ R =R 4R = R'—

¢ R —R “~*R —R —R —

) —+R =R —R 4R =R —

: two consecutive joints are parallel

: two consecutive joints are not parallel
Superscript : joints with the same superscript are parallel

FiG. 7.5 Topologies of 5-revolute-joint subchains

the following conditions must be satistfied :

1. The joint number distributions among the three subchains are (3, 6, 6),
(4, 5, 6) or (5, 5, 5);

2. Joints of 3-joint subchain are all prismatic ones;

3. Kinematic composition of a 4-joint subchain is one of the followins :
— 3 parallel revolute joints and one prismatic joint ;
— 2 parallel revolute joints and 2 prismatic joints;

— one revolute joint and 3 prismatic joints;

4. the topology of a 5-joint subchain is one of those shown in Fig. (7.5).
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From the topological and geometrical representation (7.10), the tangent vector (or

twist) corresponding to the j'h subchain is

¢
g2
oo | WL WiaTyz WisThE WidTha WisTys . 735
J = . . R R R as (7.35)
77lj’1 77lj_2 77lj~3 m;4 m;s .
qa
gs

where the dot denotes differentiation with respect to time. The normalized Jacobian
matrix is

Wji1Mj1 WMy WisTjs WM e Wj5sTjs

J; = (7.36)

~ ~ ~ ~

771j,1 77lj’2 77lj’3 77lj,4 77lj,5

Investigating the topologies shown in (Fig. 7.5), there are two groups of joints for
each topology ; joints of the same group are parallel each other. Given a topology

shown in (Fig. 7.5), let the joints in group one be represented by

7191 7191
77lgl,l 7rlg1,2

Wg1,1  Wg1, 2
while group two by
Tlgg Tlg2 7192
Mg 1 Mg 2 Mg 3

Wg2,1  Wg2,2 Wy 3



and let

u"gl, 1Ng1 ’wgl, Qngl wg?, 1n92 Wga, Qng2 ujg?. SngQ

X =
Mg11 Mg, 2 Mg 1 Mgo, 2 My2 3

It is obious that

range(J) = range(X)

Ifwy 1 =wg 2=00r wy 1 = wy, 2= we, 3 =0, the rank of J will be reduced
by 2 because the upper three rows of X becomes rank one submatrix, meaning
that the inverse instantaneous kinematic model becomes a set of four independent
linear equations with five unknowns, an underdetermined system. Noticing also

that w > 0, we can conclude that

1091‘ 1 + ’Ll)gl’ 2 > 0

W21 + Wy2, 2 + Wq2, 3 > 0

7.7 Inverse kinematics of TPMs

The inverse kinematics of 3-joint subchain and 4-joint subchain are straight for-

ward, so their solutions will not be presented here.

For inverse kinematics of 6-joint subchains, depending on topology and geometry,
some of them can have closed-form solutions but most of them can only be solved
numerically. How to find all solutions to this problem and how to compute them
efficiently have been a subject of intensive studies for several decades. Efforts have
been concentrated on individual topologies, no non-iterative formulation can ap-

ply to a wide range of topologies. In the context of simultaneous topological and
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geometrical synthesis of PM, the adaptability of the solution to different topolo-
gies is of most importance, so the numerical method becomes a natural choice, the

adaptability being preferred to the efficiency in this case.
We will focus on closed-form solutions for 5-joint subchains.

From the previous section we know that for all 5-joint subchains there are always
two joints in one direction while the other three in another direction. So the basic
idea to solve the inverse kinematic problem is to project the EE position vector onto
the vector representing the three parallel joint direction in order to eliminate the
three parallel joint variables and reduce the problem to the solution of a quadratic
polynomial with one of the other two parallel joint variables as unknown. We will
present solutions for two kinds of subchains. Solutions for the rest of the subchains

can be found in the appendices.

7.7.1 Subchains of R'R'R2R?R?

7.7.1.1 Solve ¢; and ¢

a) Non of joint(1) or joint(2) is at infinity (wiw, # 0)
Rewrite equation (7.30) and (7.33) as

Qe = AcA1A2A3A4AA, (7.37)

P. = Po+ Qop, + Qipy + Qapz + Qzpy + Qups + Qsp, (7.38)

Upon rearrangement, equation (7.38) can be written as

QJ (P — Po — Q2p3 — Qaps — Qups — Qsp.) = p1 + Q) Qup, (7.39)



where

e e
py = —— + R, (wiq1) — (7.40)
wy wy

Since joint(1) and joint(2) are parallel one another, joint(3), joint(4), and joint(5)
are parallel each other, G;, Gz and G, are simply rotation matrices about z-axis.

Let
Gi = Ry (-01), Gz = Ra(=03), Gy = Ra(—5) (7.41)

Since Q; = QpA; and A; = R, (wi1q;) R, (—03,), we have

Qip: = QoR. (w1g1) Ry (—5s) |—— + R, (wags) ﬂ} (7.42)
Wao Wy
= Qo |—-R, (wlql) R, (—52) a + R, (wﬂh + wqu) R, (—52) ﬂ]
Wa Wo

The end-effector having a constant orientation means
wiq + wage = 0 (7.43)
Therefore, equation (7.42) becomes

Qip, = Qo |—Rz(w1g1) R, (—02) 2)_12 + Ry (—52) (7.44)

€
wo
By substituting equations (7.25) and (7.44) into the right hand of equation (7.39),
we get

€;

P+ QAQp, = -2 4R, (wq) ;— ~ R, (w1q1) Ry (—32) Z— +R, (—f) 22

wn wo
= Rz (w1‘h) ’li_'ll _R'Z(_ﬂQ) 2)_12:| - {Z_Vll _Rz(_ﬁQ)Z)_IQ
= R,(wigi)u—-u (7.45)
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where
€1 €1

u = { U Us Us ]T: — — R, (=)

un Wo

(7.46)

is a geometry dependent vector. By adding equation (7.39) to equation (7.45), we
get

Qf (P — Po — Qops — Qspy — Qups — Qsp.) = R, (wig)u—u  (7.47)

Multiplying both sides of equation (7.47) by Qo leads to

Pe — Po+ Qou — Qups — Qzpy — Qups — Qsp, = QoR, (w1q1) u (7.48)

By projecting both sides of equation (7.48) onto Qses. we get

e:{QI (P — Py + QOU) - egQIQQﬂg - egQZQ3P4
e3 Q1 Qups — €5 Q1 Qsp,
= egQZQORZ (unq1) w (7.49)

Since Joint(3), joint(4) and joint(5) are parallel each other, we have

e;Q1 =eQ] = e]QIQ: =€l Q] Q. =€l (7.50)

e;Qi = e;Q5 = €3Q7Qs = €5 QTQs = €] (7.51)
Substitute equations (7.50) and (7.51) into equation (7.49), then

el QT (p. — po + Qou) — elp, —elp,
- 63TP5 - egQZQsPe
= €; Q] QoR, (w1q1) u (7.52)
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Observing equation (7.26), we know that
elp=0 (7.53)

in addition to

Qs = QA5 = QiR,; (wsqs) Gs
= QIQ; =R, (wsq5) Gs
= e;Q[Q:;=¢€lGs (7.54)

Qe = QuAsA. = Q4R (wsgs5) G5G.
= Qi = Q.GIGIR, (wsgs)"
= Qqez = QeGZGge3
= e;Q; = eG:G.Ql (7.55)

Substituting equations (7.53), (7.54), and (7.55) into equation (7.52) yields
e3G5G.Q; (P, — po + Qou) — e;Gsp, = €3 GG Q; QuR, (wig1)u  (7.56)

Let
'UT = [ V1 Vg U3 ] = eg‘G5GeQZ"QO

k= egG5GeQZ (Pe — Py + Qou) — e:{GE»Pe

which depend only on the geometry, then

(7.57)

vIR, (W) u =k (7.58)



with its scalar form being as

(viuy + vous) cos (wrqr) + (vaug — viug) sin (wrqr) = k — vaus (7.59)

From equation (7.59}), q; can be easily solved and g, is then computed from (7.43)
b) Joint(1) is at infinity (w; = 0, ws # 0)

If w; =0 and wy # 0, from equation (7.43) we have

I
o

92 (7.60)

and equation (7.44) becomes
Qupy =0 (7.61)

By substituting equations (7.28) and (7.61) into the right hand of equation (7.39),

we have

T
pL+QiQip, = [ 0 ¢ 0 ] (7.62)

Combining equations (7.39) and (7.62) leads to

T
P, — Py~ Qopy ~ Qupy — Qups ~ Qsp. = Qo [ 0 g 0 | (7.63)

Projecting both sides of equation (7.63) onto Q,es results in

e?QZQng - €3TQ4TQ3P4
— el QTQup; — fQIQsp,
T
= efQIQo[ 0 ¢ 0] (7.64)

el Q7 (p. — po)
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By substituting equations (7.50) and (7.51) into equation (7.64), we get

egQZ (Pe — Po) — egpa - esTP4
— e3p5—e;Q1Qsp,
T
= el QI Qo [ 0 q 0 ] (7.65)

Substitution of equations (7.53), (7.54), and (7.55) into equation (7.65) gives

T

e1GsG.Q! (p. ~ o) - €1 Gsp, = eIGsG.QTQ [ 0 g 0] (7.60)
Now we introduce intermediate variables
k= egG5G€QZ (pe - pO) - egG5pe
T
ul = [ U Uy Us ] = egTGsGeQeTQo
which are geometry-dependent only, then we have
T o d —
ul0 g 0] =k (7.67)
1.€.
Uogqy = k (768)

q; is therefore solved.
¢) Joint(2) is at infinity (w, = 0,w; # 0)

If wy = 0 and w; # 0, from equations (7.43) and (7.28), we have

T
Q1=0701=0,02=[0 g2 0] (7.69)



Then, since Q1 = QoA; and A; = R, (w1q1) R, (—052). we have

T
Qip; = QoR. (w1q1) Ry (—52) [ 0 ¢ O }

=Qwu¢ahq2ﬂT (7.70)

Comparing equations (7.39), (7.69) and (7.70) yields

T
m—m—%m—%m—%m—%%=%&Fﬁﬂ0m0} (7.71)

Equation (7.71) is different from equation (7.63) only by element R, (—3,). Simi-

larly to the deduction process for the case of w; = 0,ws # 0. we get
T
€5 GsG.Q] (p. — po) — ] Gsp, = €] GsG.QIQuR, (—2) [0 ¢, 0] (7.72)
Introduce intermediate variables

k = e§G5G6QZ (pe - pO) - egGSpe
T
ul = [ up Uy Us ] = el GsG. QI QR (—/3)

we then get
T
ul0 g 0] =k (7.73)

1.€.

u2q2 = k (7.74)

go is solved.



7.7.1.2 Solve g3, q4, and g5

With ¢; and ¢ having been solved, Q;, Q2, p;, and p, are known. In addition, Qs

is also known because

Qe = QSAe = QSGe = Q5 = QeGZ

Consequently, equation (7.38) can be written as

~1
~1
(@)
~—

P. = Py + Qups + Qspy + Qups + Qsp, (7.7

Substitute equation (7.25) into (7.75), we then get

e e e e
Pe=pP + Q [——1 + Ry (wsgs) —1] + Qs [——1 + R, (w4qs) —
Ws wWs Wy W4

e e
+ Q [——1 + R, (wsgs) —1] + Qsp.
ws Wy
that is, upon rearrangement
e e e e
Po=Pr — Q— + Q:R; (w3gs) — — Qs— + QsR, (wyqs) —
w3 Ws wy Wy
€] e
— Qu— + QR, (wsgs) — + Qsp, (7.76)
Wsy Ws

Write Q3 and Q4 in terms of geometry and joint variables, i.e.

Qs = Q2R; (w3q3) G = Q2R (w3gs) R, (—053)
Qs = QsR, (U)4Q4) Gy = QsR. (U'4Q4) R. (—ﬂ4)
Q. = Q:A5A, = QuR, (wsg;5) G:G. = QuR, (wsgs) = QeGeTcsT (7.77)
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Substitute equations (7.77) into equation (7.76), then we get
e e e
P.=Py — Qui+ QuRy (wsgs) = — QaRa (wsgs) R (=1%5) -

Wy
e
+ QiR (wags) T~ QsRa (w401 R (=) o

+ QGG + Qup, (7.78)
This can be simplified as

e e e
P.=P, — Qo— + QR (wsgs) [—1 — R, (—0s) —1]
’LUB uva

+ QzR; (wyqy) [% - R, (-54) Z—j

4

+ QeGTGT— + Qsp, (7.79)
Arranging all terms involving g, to the left hand of equation (7.79) leads to

QTQ:R, (wigs) [— ~ R, (~f) Z—j
= Q2T (pe - pZ - QSpe + QZ_l - QeGZGgﬂ>
s Ws

~R, (wsg3) [;—3 — R, (~ ) Z—J (7.80)

Although scalar equations obtained from expanding equation (7.80) will allow us
to deal with all situations of joint(3) and/or joint(4) and/or joint(5) being at
infinity, we prefer to do some symbolic computations for each of these situations,
because those cases involve more simplified equation and can provide a better

computational efficiency.

a) W3W4a Wy 7£ 0



By introducing the following intermediate variables

€ [
p=QJf (pe ~py— Qsp, + Qu— — QeGeTGg_l)
ws Ws
u= |2 R 2] o= |2 Ry () 2
Wy

e
ws Wy Ws

equation (7.80) can be written as

P — R, (wsgs) u = Q) QsR, (wags) v (7.81)

Take 2-norm of equation (7.81) to eliminate g :

p’p+ulu—-2p"R, (wsgs)u = viv=
T T T
+u u—vow
PR, (wsgs)u = 2P 5 (7.82)
Write equation (7.82) in scalar form :
T T T
. +u u—vov
(p1u1 + paug) cos (w3gs) + (p2ua — pruz) sin (wsgs) = Lr > — p3us3
(7.83)
gs can be solved from equation (7.83).
Rewrite equation (7.81) as
R, (wsgs) v = Q3 Qo [p — R, (wsgs) u] (7.84)

Then, g4 can be computed from equation (7.84) and g5 can be computed from the

fact that wsqs + waqs + wiqs = 0.
b) W3W4Wsy = 0

To better reveal implications of one or two of the w3, w4, and ws approaching zero,



rewrite equation (7.75) as

Q3 (Pe — P2 — Qsp.) = p3 + Aspy + AzAyp; (7.85)

Recall that

A; = Ry (wsgs)Gs =R, (wsgs) Rz (—F3) = Ry (wsgs — 33)
AsAy = A3R, (waqs) Gy = AzR, (waqs) R, (—54)

= R, (wsqs +waqs — F3) Ry (—0s) = Ry (wsqs + waqs — P5 — P4)
Qe = QA3ALAZA, = Q2A3A4Rz (UJ5Q5) G;G,

= QR, (wsqs + waqs + wsqs — F3 — B4) G5Ge

= Ry (wsqs + wags + wsgs — B3 — A1) = Q3 Q.G G] (7.86)
and let
P. = Q; (p. — P~ Qsp.) (7.87)
which is known, then from equations (7.25), (7.85), (7.86) and (7.87), we have

P = p3+Asp,+ AzAyp;

e e e e
= [~ R u—] R, (wsgs — ) [—u— T R, (waas) —u—]
e [ 4
+ Ry (wsgs + waqs — B3) Ry (—f4) [—w—; + R, (wsgs) w—s] (7.88)

If two of ws, wy, and ws are equal to zero, then the third joint variable is zero
because wsqs + waqy + wsgs = 0. In these cases, according equation (7.28), the

kinematic equations reduce to a set of linear equations :



1. if w3 = wy = 0, then equation (7.88) becomes

p=-exq+ R, (—0s) eaqu (7.89)

o

if wy = ws = 0, then equation (7.88) becomes
P =R, (—0s)eqs + R, (=53 — B4) €205 (7.90)
3. if ws = w3 = 0, then equation (7.88) becomes

P = e+ Ry (=05 — B4) €xgs (7.91)

These are simple sets of linear equations with joint variables as unknown and can

be easily solved.

Cases of only one joint being at infinity are discussed below :
1. if w3=0, then equation (7.88) can be written as

e e
p=exg + R, (—0F) [—u—; + R, (w4qs4) w—i]

€1

e
+ R, (waqs — P35 — B1) {—w—; + R, (wsgs)

Upon rearrangement of equation (7.92), we get

p+R, (—8) = - QIQ.GTGTZ _ ey,
Wy Ws
= R, (—03) R, (waqs) [% — R, (—04) z—j (7.93)

Taking 2-norm of equation (7.93) can eliminate ¢4 and a quadratic equation

with g3 as unknown is obtained and can be easily solved ;



2. if wy=0, then equation (7.88) can be written as

e
p = |- +R,(wsgs) —1} + R, (w3gs — 33) €2qs
’UJ3 v3
€ €1
+ Rg(wsgs — 35— Ba) [—— + R, (wsg5) —} (7.94)
ws Ws

Upon rearrangement of equation (7.94). we get

€ €
P+ — - QQ.GIG]—
w3 Ws

= R, (w3g3) [% + R, (—03) eaqs — Ry (=533 — B4) } (7.95)

€
Ws
Taking 2-norm of equation (7.95) can eliminate g3 and a quadratic equation

with g4 as unknown is obtained and can be easily solved;

3. if ws=0, then equation (7.88) can be written as

e e e e
p= —— + R, (w3gs) — | + Ry (wsgs — Bs) | —— + Ry (wyqu) —
w3 ws Wy Wy
+Rz (w3g3 + wiqs — B3) Rz (—04) €205 (7.96)
Upon rearrangement of equation (7.96), we get
e e
P+— — Ry (=8;) — — Ry (—f5 — ) eags
w3 W4y
€1 2y €1
= Rz J - Rz —_ h— 797
(wsgs) ™ (—5s) " (7.97)

Taking 2-norm of equation (7.97) can eliminate g3 and a quadratic equation

with ¢5; as unknown is obtained and can be easily solved.



7.7.2 Subchains of R*'R'R?R*R}

7.7.2.1 Solve g3 and ¢,

Rewrite equation (7.38) as

Pe — po — Qopr — Qip2 — Qups — Qspe = Qzp3 + Qap4 (7.98)

Since joint(1), joint(2), and joint(5) are parallel, we have

e QuQ1 = ef, efQIQs=¢]
egQgQQ = eg‘Q%QlAz = eng (U/Q(]z) GQ = egGQ
e;QiQs = elQIQuA; = el GyR, (wsgs) Ry (—35) (7.99)

Multiplying equation (7.98) with el Q gives
e?Qg (Pe — po — Qspe) = 93TG2P3 + egTGsz (w3q3) Ry (—053) p4 (7.100)
If wsw, # 0, substitute p given by equation (7.25) into equation (7.100), then

€ e
egQg (pe — Po — Q5pe) = eg:Gg |:—u—; + Rz (w3q3) w_;]

e e
+e3 GoR, (wsgs) Ry (—0s) {——1 + R, (wiqs) —1] (7.101)
’UJ4 w4
gs can be eliminated by the fact that wsgs + wsqs = 0. After being simplified,

equation (7.101) becomes

e e
e?QE (Pe — Po — Qspe) + e;{sz—; - egTGQRz (—0s) w—z

e
= e GaR, (w3g3) w_13 — R, (—0) (7.102)

€1
Wy
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So, g3 is ready to be solved. For wsws = 0, the solution is similar to R' R RZR?R2.

7.7.2.2 Solve ¢y, ¢, and g5

Rewrite equation (7.38) as

Pe — po — Qspe = Qop1 + Qup2 + Q2 (03 + Asps) + Qups (7.103)

where ps + A3p, is known. Substitute p given by equation (7.25) into equation (7.103),

then
e e e e
Pe—po— Qspe= Qo |—— + Ry, (w1q1) _1} T {__1 + Ry (w2q2) _1}
w1 wn wo wa
€1 €
+Q2 (p3 + Asps) + Q4 [—— + R, (wsgs) —] (7.104)
ws ws

a) W1W2W's # 0

Recall that
Q. = QiA5A,. = Q4R, (ws%) G;G. = Q4R, (w5Q5) = QeGZGg,T (7-105)
After simplification, equation (7.104) becomes

e
Pe — 0o + C20_1 - Q5pe
wy

[$] e e
-Q.GT G?w—ls — QoR, (wrq:) u—l “R,(=5) w_; - (7.106)

e e
QR (1) |2+ Ga pa + Aaps) = GaRy (ua) GaRy (1100) Ga
72 )
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Let
e e
P = pe—po+Qo— — Qsp. — Q.GITGT 2
un Ws
e e
u = [_1 - R, (_ﬂl) —
un W9
e e
v = {w—z + Gy (p3 + Asps) — GaR, (w3g3) GaR, (w4qy) G4u—)15
Then

P — QR, (w1q1)u = Q1R, (waqo) v (7.107)

Take the 2-norm of equation (7.107) to eliminate ¢, that is
20" QoR, (w1g1) u = p'p + uTu — vTw (7.108)

g1 can therefore be easily solved. g, can be solved by substituting ¢; back into

equation (7.106) and g5 is solve by wyq; + waqas + wsqs = 0.
b) W1Wa2Wy = 0

If two of wy, we, and ws are equal to 0, equation (7.104) simply become a set of

linear equations :

1. if wy = w, = 0, then equation (7.104) can be written as

Qoe2q1 + QoRz (—51) €292 = Pe — po — Qspe
—QoR., (—/31) Ga(ps + Azpg) (7.109)

2. if wy = w5 = 0, then equation (7.104) can be written as

QoR, (“ﬁl) €292 + QoR; (—51) G:R, (w3q3) G;R, (w4q4) Gyeygs



3.
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= Pe — Po — QSpe - QORz (_ﬂl) G2 (P3 + A3p4) (7110)

if ws = wy = 0, then equation (7.104) can be written as

Qoe2q1 + QoR, (—51) GaR, (w3gs) GsR, (waqs) Gaeags

=Pe — po — Qspe — QoR; (—51) G2 (ps + Asps) (7.111)

Equations from (7.109) to (7.111) are sets of linear equations with joint variables

as unknowns and can be easily solved.

The followings are the situations of only one of wy, ws, and ws being equal to O :

1.

o

if w; = 0, then equation (7.104) can be written as

P — Qoe2q1 = QoR; (—51) R, (w2go) u (7.112)

where

€ (&
P = Pe—po— Qspe — QGTGI =2 + QR, (-5;) —
Wy Wy

e
u = — +Gy(ps+ Asps) — GoR, (—f5) Ga—
2

e
w Wy
By taking the 2-norm of equation (7.112), go can be eliminated and ¢; can

be solved from a quadratic polynomial ;

if wy = 0, then equation (7.104) can be written as

P = QoR; (v1g1) Rz (—51) €202 + 1] (7.113)

where

e e
P = Pe—po— Qspe + Qo— — Q.GTGI =
wun Ws
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u = —+RZ<—51)G2(p3+A3p4)—RA—&)GQRz(—ﬁs)G{—;

By taking the 2-norm of equation (7.113), ¢; can be eliminated and ¢, can

be solved from a quadratic polynomial;

3. if ws; = 0, then equation (7.104) can be written as

P — Vg = QoR, (whqu) v (7.114)

where

P = Pe—po = Qopet Qo ~ QRa (=)
—QoR; (=51) G2 (ps + Aspa)

u = QoR,(-/) GaR, (—3) Gyer

v = |2 R, (-5)

€
wq Wao

€1
W9

By taking the 2-norm of equation (7.114), ¢; can be eliminated and g5 can

be solved from a quadratic polynomial.

7.8 Forward kinematics of TPMs

The forward kinematic problem is to determine the pose of the end-effector when
the joint variables of the actuated joints are known. A TPM has 15 joints, only 3
of them heing actuated and the rest 12 are passive joints. Observing the structure
equation of a TPM (7.34), it is equivalent to a set of 12 non linear equations with
the passive joint variables as unknown. Finding all solutions of this problem is
beyond the scope of this work. We are interested in finding solutions when the
end-effector keeps its orientation it has at the initial configuration. Under this

premise, the number of unknowns in the structure equations can be reduced by 6.
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Since closed-form solutions depend greatly on judicious kinematic modelling for a
specific topology and demand a great deal of symbolic mathematical manipulation,
it is therefore not adaptable for simultaneous topological and geometric synthesis
for which a wide range of topologies need to be dealt with. So a reasonable choice

is to employ numerical solutions based on a general kinematic model.

To improve the efficiency of the numerical solutions, we will do some preprocess
to the kinematic model to eliminate as many unknowns as possible and instead
of solving the passive joint variables, we transform the problem into solving the
end-effector’s position. By doing so, we can always limit our initial guess within a
reasonable range, not too far from the end-effector’s position at the initial configu-

ration.

In what follows, we present the process to eliminate all passive joint variables and
to transform the problem to a set of equations with the end-effector position as

unknown.

7.8.1 Position manifold

The structural constraints imposed by each subchain together with the constant
orientation constraint on the end-effector form a position manifold. This manifold

can be derived by eliminating the passive joint variables.

We take the R'R'R?R?R! subchain to illustrate the deduction of the position

manifold. The first joint is supposed to be the actuated joint.

Rewrite equation (7.38) as

Pe — po — Qop1 — Qspe = Qip2 + Qap3 + Qsps + Qups (7.115)



Substitute p given by equation (7.25) into equation (7.115), then

e e
Qfp. - Q7 (Po + Qop1 + GI'GI pe + QerGsTu—;) + ;fz
e e e e
= Rq(w2q2) Go [GzT—l — L + R, (=) = — Ry (—f3) G4—]]
wa w3 Wy Ws
€1 €1
R (10202 G () | < = R (-50) £ (7.116)
w3 Wy
Let
e e
a = —Qf (po + Qopr + GIGY p. + Q.GIGE u—1> + u—l
5 2
e e e e
a = Gj— — — + Ry (—f) — — R, (—3) Gy—
ws w3 Wy Ws
e e
a3 = — —R,(—f8)— (7.117)
ws Wy
then
Q{pe +a; = Rz (wQQQ) GQ [32 + Rz (wgq;;) a3] (7118)
Multiply both sides of equation (7.118) with el QT to eliminate ¢,
el QI p. + ela; = el Goa, + €] GoR, (wsgs) a3 (7.119)
Let
a;, = el Gy (7.120)

then expanding equation (7.119) leads to

(0,31(141 =+ (1,32(142) CcOSs (Ulg(]g) + (—(1,32(1,41 -+ (131(142) sin (11,’3(]3)

= e?Q{pe + esTal - engaz — 033043 (7.121)



Let
TAT
a; = e;Q
fii = asiaq + aseaq
fiz = —asz041 + azag
T T
fiz = e;a; — e3 Goay — asgsays

then equation (7.121) can be written as
fi1 €08 (waqs) + fizsin (wsqs) = plas + fis (7.122)
Take the 2-norm of equation (7.118) to eliminate g5 :
pLp. +2pL Qua; + ala; = aj a, + 2a) R, (wsqs) a3 + al ay (7.123)
Expanding the second term on the right hand of equation (7.123) gives

2 ((131021 + a,32a22) Cos (UJ3Q3) +2 (—032(121 + a310f22) sin (w3(I3)

T T T T T
= P, Pe + 2p; Q121 + @] a; — aja; — azaz — az3azs (7.124)
Let
as = 2Qia;
far = 2(asian + as2am)
foo = 2(—a32001 + a31022)

T T T -
fiz = aja; —ala, —alaz —asam (7.125)
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then, equation (7.124) can be written as

fa1 cos (w3gs) + fazsin (wags) = Pl pe + plag + fos (7.126)

From equations (7.122) and (7.126) we get

(fifez — fiofn) cos (wags) = —frop]Pe + P! (—froas + frras)
—fiafas + frafo (7.127)
(fifer = frzfor) sin (wsgs) = fupepe + p; (fnas — faas)
+fufos — fiafa (7.128)
Let
by = —fi
u = —fa6 + foa;
by = —fiafas+ fiafe
bs = fu
v = fuas— faas

by = fiifes — fiafa
bs = (fiifz — f12f21)2 + (fi1fo2 — f12f21)2

By taking the square sum of equations (7.127) and (7.128), the position manifold

is obtained as the following :

2

(bipI'pe + pTu + b2)2 + (bspfpe + pIv + bi)” —bs=0 (7.129)

For manifold (7.129), if one joint is at infinity, the manifolds become a quadratic
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equation :

plpe+ P! Dipe + plu+b=0 (7.130)

If two joints are at infinity, the manifold become a linear equation :

plu+b=0 (7.131)

For subchains of R'R'R?R?R? and R'R?R?R?R!, since there are three parallel
joints, under a constant orientation constraint, the end-effector will only undergo
planar motion. The position manifold can be easily derived from the general kine-

matic model and has the form of equation (7.131).

7.8.2 Numerical solution

Let
p. = [ Ty = ]T (7.132)

where x, y, and z are the Cartesian coordinates of the origin of the end-effector
frame. It is obvious that the position manifolds are polynomials in z, y, and z. Let
F;(z,y, z) denote the position manifold of j*" subchain, then the forward kinematic

problem can be stated as the solution of the following set of polynomial equations :

Fi(z,y,2) = Fy(z,y,2) = F3(z,y,2) =0 (7.133)

The number of monomials of a fourth-order polynomial in three variables makes it
cumbersome to program the algorithms. So instead of expanding the manifolds to
explicit polynomials in z, y, and z, we keep the compact vector form and present

the following rules to compute the partial derivatives :
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D and wu are constant matrix and vector respectively,

9 (pZpe) = 2pTle, M = 2p, ey, 5 (b:pe) = 2p; e3
oz ¢ dy 92
Q% = efu, Q% =eju, @ =eju
%‘?pe) = e{Dp, + p; De
d (Péype) _ ¢!Dp, + p/De,
5} (pé?De) _ e:;,ere + peTDes

Following the above rules, the partial derivative of equation (7.129) with respect

to = is computed as

OF (z, y, =)

9z = 2 (blpzpe + peTu + b2) (lepgel + E{U)

+2 (bsp] pe + PLV + by) (2b3pL €1 + €] V)

At this point, the Newton-Raphson method is ready to be implemented to find the
solution of equation (7.133) :

1. Start at an initial guess p;
2. Compute the values of Fy(z,y, z), Fi(z,y, z), and Fi(z,y, 2)

3. Compute the Jacobian matrix :

dF(x. y.z) OFi(xz.y.2) OFi(z. y.2)
oz Oy Oz

P = OF2(x. y.2) OFy(z.y.2) OFa(z. y.2)
ox dy 8z

OFs3(x. y. z) OFs(z.y.z) OF3(x.y,2)

ox dy z



4. Compute the step of the next iteration :
-1 T
Ap=P [ Fi(z, y, 2) Fo(z, y, 2) F3(x, y, 2) }

5. If the predefined precision or maximum number of iterations is reached, end

the process;

6. p = p— Ap and perform the next iteration, change the initial guess if neces-

sary.

7.9 Jacobian matrix

The Jacobian matrix plays an important role in evaluating the performance of a

PM. The set of Jacobian matrices form a metric space. Traditionally. for a Jacobian

matrix, the columns corresponding to prismatic joints have zero elements in the

angular velocity rows, while those corresponding to revolute joints have unit vectors
in the angular velocity part. The drawbacks are :

~ Two Jacobian matrices of different topologies are always in two isolated sub-
spaces, no path exists between them, making a great number of potential designs
missing ;

— A revolute joint far enough from the global reference will surely cause singularity
of the Jacobian matrix and make it impossible to evaluate the design. In practice,
there exist many ways to actuate a revolute joint, slider-crank mechanism for
instance ; a revolute joint may even be realized by a slightly curved guide and
driven by slightly curved rack gear allowing the joint axis to be placed very far
away from the manipulator reference frame. If a revolute joint is not an angle-

driven one, then the traditional formulation of the Jacobian matrix will not work.

In this work, to make Jacobian metric space a continuous one, the joint variables are
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normalized and the angular velocity part of a Jacobian matrix can have any element
in IR?; a revolute joint approaching infinity will not necessarily leads to a singular
Jacobian matrix. This allows the whole spectrum of topologies and geometries to

be taken into consideration and be evaluated.

7.9.1 Jacobian matrix of subchains

Considering an n-joint subchain, following the tangent operator definition and equa-

tion (7.23), we have

“Llp, = 6,071 = B, (—i> R (W) g (1,0) ' B, (i) (7.134)

f dt w;
Since } )
0 —-w; 0 O
dR z \W;q; _ w; 0 00 i
h (u ¢ )ha (wiQi) = q; (7-135)
dt 0 0 00
0 0 0O
therefore } .
0 —Ww; 0 0
i1 w; 0 0 1]
P T,‘ = q; (7136)
0 0 00
0O 0 00O
The corresponding tangent vector is
o w;e
Ll = | U0, (7.137)

€2



S
Q]
o0

Let

S, = Q Q (7.138)

P x]Qi Q;

which is the tangent vector coordinate transformation matrix, then

_ o wqe
T =S T =8 ’ gi (7.139)
€2

Let
I Ww;€3

= Si—l (7140)
X €2

then the Jacobian matrix of the subchain is given as :

fovj fovj e T,
J=| V7 (7.141)

X1 X2 0 Xan
7.9.2 Jacobian matrix of TPMs
Let the tangent vector of the end-effector be denoted by
t. = (7.142)

Suppose the first joint is actuated and let

T
qj = [ gdj2 g3 " qjmj :| ’ j= 17 27 3 (7143)

T
q = [QH q21 431] (7.144)



then

W, ™2

v

o

X2

]
[N
Ne)

Wiy o TWim, | Wy W W o
33 jm; 11 21 31 e]-e;frq, i=1 23

X3 0 Xjm; X111 X211 X31
(7.145)

They are 18 linear equations with 18 unknown. g; can be easily solved as linear

combination of ¢, ¢o, and g3 :

where F; is know

We

Ve

a;=F;q,j=1,2,3 (7.146)

n. Therefore

w11 Wo1 ™31

=F;q+ ejelq, j=123 (7.147)

X111 Xo1  Xs31

the Jacobian matrix is computed as

w11 W21 W31

J=F,+ ejel, j=1,2 0r3 (7.148)

70

X1t X211 Xsi

7.10 Synthesis procedure

By definition, the end-effector of a TPM is always connected to the base by three

serial kinematic chains. Since a TPM is defined by the nature, the orientation and

the position of each of its joints at an initial configuration, its topological and

geometric synthesis is, in fact, the synthesis of the three subchains. To describe the

j** subchain, parameters introduced in section 3 are summarized as the followings :

1. m; € N : the number of joints;

2. Kj1, Kja, -+

*, Kjm; € N 1 identify which joints have the same orientation ;



3. M1, Mo, * -+, Ny, * UNIL vectors representing the joint orientations;

4. 11, g, -+, Ty, © unit vectors representing the orientations of the mo-
ments of the above unit vectors when each of them is aligned to a different
joint axis;

9. Wj1, Wj2, ***, Wjp, : joint natures;

The following is the topological and geometric synthesis procedure :

1. Determine my, mso, and m3 such that the triple
(ma, ma, ma) € {(5,5,5). (4,5,6), (3,6,6)}

2. For j=1,2,3,if

(a) m; =3 then
— wj = wj2 = wy3 = 0 (no revolute joint) ;
- k;=(kj1, K2, Kj3) € {(1,1,2), (1,2,1), (1,1,2)}
— according to kj, construct 7y, 72, N3, and then mj;, Mmjo, M3
(b) m; =4 then
- construct (w;i, wj2, wys, wjs) such that wjwjpw;zw;s = 0 (at least
one prismatic joint).
- Let S = {k |k=1,2,3,4;w; # 0} (the set of revolute joint sub-
scripts), construct (kj1, Kj2, Kj3, Kj1) such that Ve, d € S, Kjc = Kjq
(all revolute joints are parallel);
— according to k;, construct n;; ~ 1,4 and then m;; ~ 14
(c) m; =5 then

- construct K;=(k;1, Kja, K;3, Kja, K;5) such that

k; € {(1,1,2,2,2),(2,2,2,1,1),(2,1,1,2,2),

(1,2,2,2,1),(2,2,1,1,2)}

— Let Sl = {klkleS,/‘ﬁ]]‘:l}, SQ = {klk’:].Ns,I{]k=2}7
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construct (w;1, wjo, w;z, Wjs, wjs) such that wj. +w;q > 0if ¢,d € 5,
and wjc + wjq +wjr > 0if ¢, d, f € Sy;
— according to k;, construct ;; ~ n;5 and then mMm;; ~ ™m;s

(d) m; =6 then there is no special constraint on the topological and geome-

tric parameters.

Algorithms for the above process can be easily implemented to perform automatic
topology and geometry generation. After that, kinematic model can also be esta-
blish automatically by following the procedure proposed in section 4. The perfor-

mance evaluation can then be carried out according to different evaluation criteria.

7.11 Conclusion

Fundamental issues concerning simultaneous topological and geometric synthesis
of TPMs were systematically studied. First of all, the concept of initial configura-
tion was introduced, making it possible to represent revolute joints and prismatic
joints in a unified way. Then a singularity-free parametrization of both topology
and geometry was proposed. After that, joint variables were normalized, which
enables the joint type to be seamlessly incorporated into kinematic model, it is
no longer necessary to reformulate the kinematic model when a revolute joint is
replaced by a prismatic one or vice versa. Inverse and forward kinematic problems
were investigated, detailed solutions were proposed, and the Jacobian matrix was
formulated, making the proposed kinematic model ready to be used for kinematic
synthesis. Finally, a topological and geometric synthesis procedure was presented

which was aimed at automatic generation of topologies and geometries of TPMs.
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7.12 Appendix 1 : Inverse kinematics of TPMs

7.12.1 Subchains of R*'R'R'R?R?

Knowing Joint(1), Joint(2), and Joint(3) being parallel, let

Gl = Rz (_ﬁl) ’ G2 = Rz (_ﬂl) (7149)

Since wi1q; + wags + w3qs = 0, we have

Q: = QoA1A»A;
= QoR, (_wIQI) R, (‘51) R, (—w2<12) R, (—52) R, (—ws%) G
= QoR: (-5 - 52)Gs (7.150)

So Q3 is known.

Rewrite equation (7.38) as

Pe — Po— Qopr — Qupy — Qap3 — Qsp. = Q3 (pg + Agps) (7.151)



where

€ €
Py +Ayps = — 4 R, (w4q4) —
Wy Wy

+ R, (wsq) Re (<51) [—j—;mz (wsae) S| (7152

If wyws # 0, since waqq + w3gs = 0, equation (7.152) can be written as

e e e e
Py + Asps = Ry (waqq) {—1‘ - R, (—84) —l} - —+ R, (—=54) 1 (7.153)
Wy Ws Wy Ws
Let
€1 €1
u= [ up Uz Uz ] zw—4-Rz(—ﬁ4)w_5
then equation (7.153) can be written as
ps+ Asp; =R, (wsgs)u —u (7.154)
Given the first three joint axes being parallel, we have
e; Qo =e3Qi = e;QrQi=e;
Q) =e;Q; = esQQe=e; (7.155)
Multiplying equation (7.151) with e Q7 gives
egQg (P. — po~ Qsp.) = egQgQB (ps+ Asps) (7.156)

Combining equations (7.154) and (7.156) gives

el Q) (. — po — Qsp.) + €3 Qf Qau = €5 Q) Q3R (wags) u (7.157)
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Equation (7.157) has the same form as equation (7.56) and is ready to be sol-
ved for g4. For joint(4) or joint(5) being at infinity. the treatment is similar to

R'R'R’R?R2.
Having solved ¢4 and gs. since
Pe = P3+ Qsps + Qups + Qsp. = p3 = p. — Qaps — Qup; — Qsp, (7.158)

and from (7.150), we have

Qs = Q3Ay = QoR; (=51 — 52) GsR, (wagqs — F4)
Qs = QA5 = QuR, (—051 — 32) GsR, (wags + wsgs — B4) G5 (7.159)

So p5 is known. Write p, in function of ¢q, ¢o, and g3 :

Ps = Py + Qopy + Qup, + Qa2p; (7.160)

Equation (7.160) has the same form as equation (7.75) and can solved similarly

and will not be repeated here.

7.12.2 Subchains of R'R*R?R’R!
Rewrite equation (7.38) as

—Q1p; — Q2p3 — Q3py = py — P + Qopy + Qups + Qsp. (7.161)

Since joint(2), joint(3), and joint(4) are parallel, we have

TAT TAT TAT T
e;Q1 = eQ; = e3QQe=¢3
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IaYs T™NT TNT T
e3Q; = e3Q3 =>e3QQ3=¢;

Q = Q0A1=Q0Rz(w1(11)G1

= egQ{Qo = equTRz (—w1qr)
Qs = QiR, (waqa + wsqz + wyqy — P2 — B3) Gy
= e1QIQu=elGy

e1QIQs = efQTQuR, (ws05) Gs = €] GuR, (wsg5) Gs  (7.162)
. . . . T T K]
Multiplying equation (7.161) with e3 Q] yields

e; Qi (pp—p.) + €3G R, (—wiq1) py

+ 6§G4p5 + 6{G4Rz (w5q5) G5p€ =0 (7163)
Since wyqy + wsqs = 0, if wywq # 0, equation (7.163) can be simplified as

e
egG{RZ (—w1qn) [Qg (Po — P.) — _1]

wy

+eTG4R, (—wiq1) <ﬂ + G5pe) = —¢l (G{ﬂ - G4fl) (7.164)
Ws w Ws

1

¢: is the only unknown in equation (7.164) and can be easily solved. g5 can be
solved by wyq; +wsq; = 0. For joint(1) or joint(5) being at infinity, the treatment
is similar to R'R' R*R?R?.

Having solved ¢; and g5, p;, Q1, Q4, Qs, and p; become known. From equa-
tion (7.38), we have

QT (Pe — po — Qop1 — Qspe — Qups) = p2 + Azps + AsAgps (7.165)

The left side of equation (7.165) is known and the only unknowns in the right

hand are ¢3, q4, and g5 which can be solved by using the same techniques as for



equation (7.75)

7.12.3 Subchains of R'RZR’R'R!

7.12.3.1 Solve ¢, and ¢3

Rewrite equation (7.38) as

Pe — po — Qop1 —

Since

eaTQoTQl
e; Q) Q:
e; Qp
e; Qg

TAT
e; Qy Qs

Qs3ps — Qups — Qspe = Qip2 + Qops

= e] QI QoR, (—u101) G1 = €] G,
= ejGiR, (w2q2) R, (— )
= elQl = elQIQ; =€l
= e;Q =elQiQ,=¢e]

= egQngGZ

Multiplying equation (7.166) with eX QI gives
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(7.166)

e3TQ(:)r (pe - PO) - engTQeGeTPe = egG1P2 + egTGle (w2Q2) R, (—52) P3 (7-167)

If ws = 0 and w3 # 0, since waqo + w3gs = 0 we have wyq2 = wsgs = 0. Combining

equations (7.26), (7.28), and (7.167) gives

e; Q¢ (pe

g2 can be easily solved.

— po) — egQngGeTPe = e3TG'1€2(12

(7.168)
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Similarly, if w3z = 0 and wy; # 0, we have
e Qo (Pe — po) — €3 Q) Q.G p. = €5 G1R, (—f2) eaga (7.169)
g3 can be easily solved.

If wows # 0, substitute p given by equation (7.25) into equation (7.167), then

e e
e3TQg (Pe — po) — eaT oTQeGeTPe + eaTGl—l - e3TG1Rz (—062) —
Wo w3
T €1 €]
= €3 Gle (wQQQ) _— = Rz (_/32) — (7170)
Wa wWs
g2 can be easily solved. g3 can be solved by wyqs + w3g3 = 0.
7.12.3.2 Solve ¢, q4, and g5
Rewrite equation (7.38) as
Pe = po + Qop1 + Q1 (p2 + Anps) + Qsps + Qaps + Qspe (7.171)

where p, + Ajp; is known. Substitute p given by equation (7.25) into equation (7.103),

then

Pe — Po — QeGZpe = QOpl
+QoR; (w1g1) G1 (p2 + Azps)
+QuR; (w191) GiR, (—52) Gips

+QoR; (w1g1) G1R, (—52) GsR, (waqs) R, (—54) ps (7.172)

If two of Joint(1), Joint(4), and Joint(5) are at infinity, we have



fum—y

.wp=uy =0

Qoezq1 + QoGiR, (—2) Gseaqs = pe — po — QG p.
—QoGi (p2 + Agps)

S

Lwg=ws =0

QoGiR, (—32) Gsezqs + QuGiR, (—5,) GsR, (—54) e2qs

= Pe — Po — QeGeTPe — QoG (p2 + Ayps)
3. Wy = W1 = 0
Qoezq1 + QuG1R, (—532) GsR, (—4) e2gs

=Pe—pPo— QeGeTPe — QoG (p2 + Agps)

They are sets of linear equations and can be easily solved.

If one of Joint(1), Joint(4), and Joint(5) are at infinity, we have

1. U}1=0

p — Qoezqi = QuGiR, (—52) G;R, (w4Q4) u

P = Pe— 00— Qerpe - QOGI (p2 + A2p3)
e
~ Q.GIGi — + QuGiR, () Gs—
5

e
wy

u = e_l _Rz (_ﬂ4)

€
wy Ws

(7.173)

(7.174)

(7.175)

(7.176)



2 Wy = O
P = Qop1R; (w1¢1) [G1R2 (—2) Gsezqs + U] (7.177)
T €1 TT €1
P = Pe—po— QG pe + Qopri— — Q.G G; —
w, ws
- QoR; (w191) G (p2 + Azps)
e e
u = — — GR,(~5)GsR, (—5s) —
w, ws
3. Wy = 0
| S QeGZGsTez% = QoR, (w1q1)u (7.178)

e e
P = Pe—po—QGlp. +Q— — Q.GIGIR, (-3;) —
wy Wy
e [
u = w—l + Gi (p2 + Agps) — G1R, (—02) Gs—}
1

Wy

U W Ws 7é 0

p — QoR, (w1q1) u = QsR, (wags) v (7.179)

e
P = Pe—p0— QeGZpe - QeGZGgu_; + QO_
(3] €1
u o= - + Gi(p2 + Azps) — G1Rz (—32) Gs—

Wy

e e
v = — —Ry(-f) -
uv4 'UJS

The solution of the above equations is similar to the case for R' R' RZR?R1.



7.13 Appendix 2 : Position manifold

b) R'R'R'R2R? and R'R’R?R'R!

Rewrite equation (7.115) as

€ e
QTp. + QF (—Po - Qop1 — Q.GTp, - QeGZGS—l) +—

Ws, woy
€ e € e
= R, (w2go) = — Ay— + AgR, (wsgs) — — AgAz—
W w3 ws Wy
e e
+A2A3Rz ('LL‘4(]4) =L A2A3A4—1‘ (7180)
Wy Ws

Since

A, = R, (wZQQ) R, (_,52)
ArA; = R, (—52) G;
AAsA, = R, (—ﬁz) G:R, (w4q4) R, (—»’34)

equation (7.180) can be written as

e e
Tpe + Q{ (—Po - QOpl - QeGgpe - QeGZGg_l) + _1

Ws Wa
- R |2 - R (-3 2]
+R, (~B2) GaR, (waga) [j—; ~Ra (~f1) %] (7.181)

Let

e
Ws

a = QT (_pO - QOpl - Qerpe - QeGZG?_l)



Wo W3 Wy
€ €
a = - [— — R, (—04) —}
Wy Ws
€1 €
a3 = ——R, (—52) —
Wao w's

then equation (7.181) becomes
Q7 pe + a1 + R, (—52) GsR, (wigs) a3 = R, (waq2) a3
Multiply both sides of equation (7.182) with el to eliminate ¢, :
el QI p. +ela; + el GsR, (wyqs) a; = €3 a3
Let
al =elGs
then expanding the third term of equation (7.183) leads to

(ag1@41 + a22a42) cos (w3qs) + (—ageasy + asiaye) sin (wsqs) =

TAT T
—€3; Pe — €331 — Q23043

Let
fi1 021041 + (22042
fi2 —QA22041 + Q21042
T
f13 —€3a; — A23043

(7.182)

(7.183)

(7.184)



then equation (7.184) can written as

fi1 cos (wsgs) + fizsin (wsgs) = —93TQ1TPe + fi3

Take the 2-norm of equation (7.182), then

p.pe +2pl Qia; + 2 (pI Q1 + a] ) Ry (—32) GsR, (wags) 22

T
= ~ala, —ala + a; as
Let

a; = 2Qa;
(peTaG + g1) cos (w4qs) + (pZaT + go) sin (waqs)
= 2(plQ:+a]) R, (—f3) G3R, (wyqs)

then equation (7.182) can be written as

(pLag + g1) cos (wags) + (Pl ar + go) sin (waqs)

— T T T T T
- _pepe—peas_alal_a2a2+3333

From equations (7.185) and (7.187), we have

(] (fuiar — fi2as) + f1192 — f12g1) cos (w3gs)
= f12P!Pe — Pl a7e; Q{ p. + 92P?! (Ques + fizar + fieas)

+ fi2 (alTal +ala, — a3Ta3) + f1392

[PeT (fiiar — fioas) + fr192 — f1291] sin (w4qa)

= —fuplp.+plase; Qi p. + P (—fi1as — fiza6 + g1Q1€3)

(7.185)

(7.186)

(7.187)

(7.188)
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—fu (aipal + 3532 - agag)e - f1sr (7.189)
Let
bl = f12
D, = —aTGgQrir

u = g2(Qres+ fizar + fioas)

by = fio (31T31 +aja; — agas) + f1392
by = —fn

D, = age; Q]
v = —fnas— fisas + a1Qie3
by = —fn (alTal + agag - agas)e — fi3q
w = fnha7— fioas

bs = fu192 — fi2n

then equations (7.188) and (7.189) can be written as

blpzpe + pZDlpe + pzu + b2 = (pZW + b5) CcOos (UJ3(]3) (7190)

bsPePe + Py DaPe + P v +by = (P, W+ bs) sin (wags) (7.191)
The square sum of equations (7.190) and (7.191) leads to the position manifold :

2
(b:pTpe + pIDip. + pLu + b,)

2 2
+ (bsplpe + PIDope + PIv +bs) — (PIw+05)" =0  (7.192)

For manifold (7.192), if one joint is at infinity, the manifold becomes a quadratic



equation :

p!pe +PLDipe + Plu+b=0 (7.193)

If two joints are at infinity, the manifold becomes a linear equation :

plu+b=0 (7.194)
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CHAPITRE 8

DISCUSSION GENERALE

Dans tous les domaines d’activités humaines, le niveau d’exigence ne cesse d’aug-
menter. Les manipulateurs ne sont pas d’exceptions. Dune part, de plus en plus
d’applications exigent des performances plus élevées de la part des manipulateurs.
D’autre part, dictées par la considération économique, les contraintes sur le temps
consacré a la conception et a l'optimisation de nos produits deviennent primor-
diales. L’adaptation des techniques existantes étant limitée, il nous faut dorénavant
concevoir de nouveaux mécanismes plus performants et plus adaptés. Il faut aussi
développer des outils de syntheése automatisés afin de réduire le temps du cycle de
conception et d'obtenir les résultats optimaux. C’est a partir de ce constat que nous
avons orienté nos travaux de recherche vers les MPs qui sont relativement nouveaux
dans la scéne de la robotique et nous avons visé a4 développer un environnement de

synthese topologique et géométrique des MPTs.

L'objectif général de cette these était de résoudre les problemes dans la synthese
des MPs. Notre intérét s’est porté sur les MPs a 3 degrés de liberté, et plus parti-

culierement, aux MPTs.

Traditionnellement, la synthese des manipulateurs s’effectue en deux étapes. La
premiere consiste a choisir une topologie qui convient a priori aux contraintes de sa-
tisfaction de la tache. Ensuite, un paramétrage est effectué afin d’établir un modele
de synthese des manipulateurs de la topologie choisie. La premiére problématique
de cette méthode concerne le choix optimal de la topologie. Puisque le choix de la to-

pologie est principalement basé sur nos connaissances antérieures, notre expérience,
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notre intuition, et notre ingéniosité, on ne sait d’aucune maniere si la topologie choi-
sie est optimale ou non. La deuxieme problématique concerne la correspondance
entre le modele de synthese établi et les manipulateurs visés, c’est-a-dire qu'une
partie des manipulateurs générés par le modele ne satisfont méme pas aux criteres
de base tels que le DDL et le DDM, tandis que ceux qui y satisfont ne représentent
qu’une petite partie des manipulateurs visés. La troisieme problématique concerne
I'implantation d'une méthode de synthese automatisée. Chaque topologie choisie
nécessitant un paramétrage personnalisé, il est impossible d’automatiser le pro-
cessus de synthese. En premier lieu, notre objectif a nécessité une étude appro-
fondie de 'aspect topologique et géométrique des manipulateurs spatiaux afin de
résoudre le probleme de correspondance entre le modele de synthese et les manipu-
lateurs visés. L’idée était d’identifier et d'introduire dans la modélisation topolo-
gique des éléments dimensionnels et géométriques qui sont essentiels a déterminer
le DDL, le DDM, et la NDM d’un manipulateur. Ces éléments dimensionnels et
géométriques que nous appelons contraintes essentielles permettent d’établir un
modele de synthese qui représente mieux les manipulateurs visés. L'introduction des
contraintes essentielles a aussi nécessité une nouvelle approche de représentation to-
pologique, car les méthodes existantes ne sont pas adaptées a la nouvelle définition
de la topologie. Le diagramme topologique que nous avons proposé permet une
meilleure représentation des DDL, DDM, et NDM et facilite la synthése manuelle

ou automatisée et la documentation de cette derniere.

Contrairement aux MSs, le probleme des DDL, DDM, NDM des MPs est un
probleme tres complexe qui a mérité une analyse systématique. Tels que démontrés
dans le chapitre quatre, le DDL, le DDM, et le degré de motorisation d'un MP
peuvent étre différents les uns les autres. Du point de vue mécanique, un MP
peut étre isocontraint. surcontraint, ou souscontraint et les modélisations respec-

tives sont conséquemment tres différentes. Du point de vue mathématique, il s’agit
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des systemes d’équations non linéaires exactement déterminé, surdéterminé, ou
indéterminé. En ce qui concerne la modélisation, chaque manipulateur surcon-
traint ou souscontraint nécessite une modélisation personnalisée et un traitement
mathématique particulier. Etant donné le nombre infini des cas surcontraints et
souscontraints, il est impossible de les traiter de fagon automatique. L’analyse ef-
fectuée dans le chapitre quatre a démontré que chaque manipulateur surcontraint
ou souscontraint a un équivalent parmi les manipulateurs isocontraints dont la
propriété cinématique de 'effecteur lui est identique comme une fonction des va-
riables des joints actionnés. Ce constat permet de ne pas traiter les manipulateurs
surcontraints ou souscontraints de fagon cas par cas et plutét de les traiter de
maniere uniforme en prenant leur équivalent dans les manipulateurs isocontraints.
L’aproche que nous avons proposée pour déterminer la topologie et la géométrie
d'un manipulateur & partir des DDL et DDM permet de générer tous les manipu-
lateurs visés dont ceux surcontraints et ceux souscontraints se déduisent a partir

de leurs équivalents.

Les méthodes existantes de synthese en fonction de la NDM sont basées principale-
ment sur la théorie des groupes de Lie ou la théorie des visseurs. Celle basée sur la
théorie des groupes de Lie ne permet de générer que les manipulateurs dont les sou-
schalnes génerent des déplacements des groupes de Lie. Cependant, la plupart des
souschaines génerent pas de groupes de Lie, cette méthode est grandement limitée.
La méthode basée sur la théorie des visseurs consiste a transformer un systeme
de torseurs de vitesse a un systeme de torseurs de force en utilisant la réciprocité.
Le probléme de synthese cinématique est ainsi transformé a un probleme statique.
Cette transformation ne réduit pas le niveau de difficulté de la synthese. L’approche
que nous avons proposée consiste a déduire la topologie et la géométrie directement
du systeme de torseurs de vitesse qui est done plus efficace que celle basée sur la

théorie des visseurs. Comme la synthese basée sur la théorie des visseurs qui s’effec-
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tue a une configuration particuliere, notre approche soufre aussi de l'inconvénient

de garantir la NDM dans un espace de travail.

L’analyse de l'orientation de I'effecteur dans l'espace de travail a pour objectif de
déduire les conditions pour qu'un manipulateur soit un MPT. L’analyse a démontré
qu’il existe trois catégories de MPTs. L'effecteur des manipulateurs de la premiere
catégorie ne peut pas changer d’orientation a travers leur espace de travail de tous
les modes d’assemblage. Les manipulateurs de la deuxieme catégorie ne sont les
MPTs que pour certains modes d’assemblage tandis que les manipulateurs de la
troisieme catégorie ne sont les MPTs que pour un sousespace de travail dun seul
mode d’assemblage. Le probleme de mobilité des MPTs dans I'espace de travail a

été entierement résolu.

Avec les méthodes de synthese existantes, la synthese topologique et géométrique
s'effectue de facon séquentielle. ¢’est-a-dire que ’on choisit la topologie en premier,
puis pour chaque topologie la synthese géométrique est effectuée. De toute évidence,
cette manieére ne permet pas de déterminer a la fois la topologie et la géométrie
afin d’obtenir les résultats optimaux. Pour résoudre ce probléme, il a été nécessaire
d’introduire la topologie en tant que variable de synthese. La plus simple fagon
de ce faire est de représenter la topologie par une série de variables booléennes
qui correspondent respectivement a la nature de chacun des couples cinématiques.
Puisque les variables booléennes ne prennent que les valeurs 0 ou 1, cette méthode
ne permet pas a un ensemble de designs évoluent vers un autre ensemble de designs
de maniere continue. Jusqu'a date, aucun travail n’a été réalisé avec succes a cet
égard. La méthode que nous avons proposée de représenter la nature des couples

cinématiques avec des variables continues permet de pallier cet inconvénient.

L’ensemble des travaux réalisés dans cette these permettront I'implantation d'un

systeme de synthese automatisé des MPTs. Ceci sera réalisable grace a 'usage de
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plus en plus courant de Voutil informatique et a 'extension de ses capacités de

calcul.
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CONCLUSION

Les travaux réalisé dans cette thése permettent d une part la résolution des problemes
fondamentaux de la synthese cinématique des manipulateurs et d’autre part la mise

au point d'une méthode de synthese topologique et géométrique des MPTs.

Que ce soit un MS ou un MP, il est essentiel d’aborder 1'aspect topologique et
géométrique afin de mettre en place un systeme de synthese cinématique. L'étude
de la littérature que nous avons réalisée a démontré que jusqu'a présent le sujet
de topologie et géométrie n’a pas été traité de maniere rigoureuse. Une définition
adéquate de topologie est essentielle afin d’effectuer efficacement la conception qua-
litative. Elle est aussi indispensable a la synthese géométrique pour que l'espace
de parametres de synthese corresponde aux manipulateurs visés. L’étude de ce su-
jet que nous avons réalisée ainsi que la représentation topologique que nous avons

proposée dans le chapitre trois représentent un apport original a cet égard.

La premiére question qui s'impose a la synthese est de déterminer la topologie et la
géométrie afin d’avoir le DDM demandé. L’originalité de notre réalisation a cette
question est d’avoir déduit les conditions topologiques et géométriques pour un
MP d’avoir 3 DDM et d’étre isocontraint. Ceci a été réalisé grace a une analyse
systématique dans l'esspace tangentiel. Les situations surcontrainte et souscon-
trainte ont aussi été abordée, et ce basé sur celle isocontrainte, permettant de les

traiter de facon uniforme.

Par la suite, nous avons traité la NDM des MPs & 3 DDLs. En représentant la NDM
par deux matrices 3 X 3, nous avons proposé une approche de synthese topologique
et géométrique en fonction de la NDM. Application de cette approche nous a permis

de contribuer une nouvelle architecture de MP & 3 DDLs. Puisque cette approche
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s’appuie sur l'analyse de l'espace tangentiel qui dépend de la configuration, la
NDM d’un manipulateur ainsi obtenu peut changer avec sa configuration. Vérifier
si un manipulateur satisfait a la NDM partout dans un espace de travail reste une

problématique a étudier.

Pour résoudre cette problématique dans la synthese des MPTs, nous avons effectué
une analyse dans l'espace de déplacement. Cette analyse nous a permis de déduire
quelles sont les topologies qui ne permettent a l'effecteur d’avoir la mobilité qu'en

translation. A ce point-ci, notre approche de synthese topologique a été complétée.

La synthese topologique ou géométrique est un probléme qui est grandement étudié
depuis des années. Par contre, la synthese conjointe topologie et géométrie des
MPs reste un probleme ouvert car les récents travaux sur la question consistent
encore soit a trouver de nouvelles topologies soit a optimiser la performance dun
manipulateur d'une topologie donnée. Cependant, la propriété cinématique dun
manipulateur dépend autant de la topologie que de la géométrie. Ce constat nous
a amené a proposer un modele cinématique qui prenne en compte la topologie et
la géométrie. Pour cela, nous avons intégré la nature des couples cinématiques en
tant que variables de synthese dans le modele cinématique, ce qui nous permet
d’envisager, lors de la synthese d'un manipulateur, toutes les topologies en vue
de satisfaire une tache donnée. Cette démarche constitue une de nos contributions
originales. Par ailleurs, nous avons résolu les problemes des MGD et MGI a partir
du modele proposé. Ceci est une contribution importante pour la mise en place des
algorithmes d’évaluation et d’optimisation dans le but d’automatiser le processus

de synthese.

L’ensemble des travaux réalisés dans cette these constituent une plate-forme de

synthese topologique et géométrique des MPs.



En perspective, les éléments présentés dans cette these peuvent étre intégrés avec
les méthodes d’optimisation globale et peuvent étre utilisés pour produire un en-

vironnement de synthese topologique et géométrique automatisée des MPs.

Enfin, un travail de fond sur I'évaluation de performance et la mise ensemble de
tous les éléments nécessaires sont indispensables afin de réaliser la conception au-

tomatisée des MPs.
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