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Summary

Optical fiber plays a critical role as transmission media in the modern
optical communication. Light traveling in the optical fiber is processed
as an electromagnetic wave propagating in a cylindrical dielectric
waveguide.

The propagating light in the dielectric waveguide is described as
bound modes, which are the solution of Maxwell’s equation subject to
boundary conditions. The waveguide modes are classified into axial
symmetric transverse mode, 7E and TM modes, and hybrid HE and EH
modes. Mode classification in cylindrical dielectric waveguides has
always been important to the investigation of modes in optical fiber.

The ordinary optical fiber is typically a two layer structure where an
infinite radius of cladding is assumed. The modal characteristics of the
optical fiber have been studied extensively; however, if the radius of the
outer cladding is not big enough, the two layer structure becomes a three
layer structure.

Mode classification in three layer dielectric waveguides has been
studied extensively in many previous articles. A. Safaai-Jazi and al® and

Achint Kapoor and G S. Singh”, propose a generalized eigenvalue
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equation which can be used to investigate the modal characteristics in the
three layer structures. With the obtained eigenvalue equation, the cutoff
condition of modes in three layer dielectric waveguides can be obtained
at the limit where the modal parameter W tends to zero.

There is hardly any mention of the far-from-cutoff condition in the
three layer dielectric waveguides. Guided by Professor Jacques Bures’s"?
proposal, this work tries to define a value range bounded by the cutoff
and the far-from-cutoff conditions. The effective index of mode varies in
this closed range. This limited range makes it easier to investigate the
modal characteristics in a three layer structure more precisely.

As modal parameter tends to infinity, all the modal power is confined
in the core. This is called far-from-cutoff condition of mode in
waveguides.

The analytical far-from-cutoff expression is found with the
previously obtained eigenvalue equation and through a lot of
mathematical deductions at the limitation of W — .

Two methods are employed to prove the correctness of the
far-from-cutoff expression. The first one is reduction method. The
obtained far-from-cutoff condition in three layer structures is reduced
by setting the radius of the first cladding to that of the core. The reduced

far-from-cutoff expression in three layer structures is identical to the
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far-from-cutoff expression in two layer structures. The second method is
numerical calculation. The far-from-cutoft value is plotted with cutoff
value and effective index together vs. the reduction factor (homothetic
reduction factor of the transversal dimensions of the fiber). The figures
show that the effective index varies in the range bounded by the cutoff
and the far-from-cutoff conditions. It proves the validity of the proposal
of Professor Jacques Bures and the correctness of the far-from-cutoff
expression obtained in this paper.

The work of this paper is the first which gives the analytic
far-from-cutoff expression of modes in three layers structure. It also
makes it possible to investigate modal characteristics of three layers
structure in a limited value range bounded by the cutoff and the

far-from-cutoff conditions.
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Abstract

This paper proposes that the far-from-cutoff condition can form a
value range with the cutoff condition, in which the effective index falls.
To investigate the modal characteristics of three layer dielectric
waveguides, an analytic far-from-cutoff expression of three layer
dielectric waveguides is presented. The far-from-cutoff expression is
obtained with the method of eigenvalue equation. This paper is the first
which derives the far-from-cutoff condition of three layer structures.

The obtained far-from-cutoff condition forms a value range with
the cutoff condition to include the effective index. The effective index of
mode varies in the value range bounded by the cutoff and the
far-from-cutoff condition. It makes it easier to investigate the modal
characteristics in a limited range more precisely.

This paper is a supplement of previous works of mode designation
in three layer dielectric waveguides.

To prove the correctness of the analytic far-from-cutoff expression,
two methods have been employed. One is to reduce the three layer
structure into two layer structures by letting the radius of first cladding to

tend to the radius of core. The far-from-cutoff expression obtained with
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this method is identical to the far-from-cutoff expression obtained before
in the two layer structures. The second method is the numerical
calculation. The numerical calculation results are plotted with the cutoff
condition and effective index together. The figures show that the
effective index varies in the range bounded by the cutoff and the
far-from-cutoff conditions. Both methods do well in proving that the
obtained the far-from-cutoff expression is correct and can be used to

form a value range to include the effective index.



Condensé en Francais

1. Introduction

La fibre optique en verre ou en plastique est certainement le
milieu idéal pour transmettre des communications par optique guidée.
C’est principalement di a la stabilité physique et chimique du milieu, a
I’insensibilité aux interférences électromagnétiques, a la grande bande
passante et aux trés faibles pertes de signal observées principalement au

voisinage de la longueur d’onde d’opération de 1.55 pm.

Le calcul, la nomenclature et la classification des modes
vectoriels guidés dans les guides d'ondes diélectriques cylindriques sont
trés importants pour le développement des recherches sur les fibres
optiques. Excepté pour les modes TEy, et TMy, transverses a symétrie
axiale ayant respectivement des composantes longitudinales e; et A,
nulles, tous les autres modes notés HE,,, et EH,,, sont hybrides et ont des

composantes longitudinales non nulles.

Pour la fibre optique a saut d’indice a deux couches (cceur et
gaine infinie), on peut montrer facilement que 1'équation aux valeurs

propres ou équation de dispersion peur se mettre sous une forme
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quadratique avec un choix de signe pour les racines, ce qui permet de
différencier les HE des EH. Snyder et Lowe ont étudié¢ les limites de
I’équation aux valeurs propres a la coupure puis loin de la coupure des
modes, ¢’est-a-dire respectivement quand le parametre de gaine W — 0
et W — 0. Ainsi, on est en mesure de borner chaque solution modale ce
qui permet de calculer directement n’importe quel mode sans étre obligé

de considérer et de numéroter toute la série des racines.

Lorsque la gaine est finie en présence d’un milieu extérieur, la
fibre optique devient un guide d'onde diélectrique a trois couches et,
selon les valeurs des indices, on peut obtenir des profils en escalier, en W
ou en anneau. A chaque profil va maintenant correspondre des équations
aux valeurs propres différentes, ce qui rend la classification et les calculs
des modes beaucoup plus compliqués. Toutefois, on montre que 1’on
peut garder la méme classification TE, TM, HE et EH et que ces
équations peuvent encore se mettre sous une forme quadratique, ce qui
permet de différencier les HE des EH, comme pour le cas des deux
couches. Safaai-Jazi et Yip® ° ont proposé une équation aux valeurs
propres généralisée pour les profils a trois couches. Ils ont détermin€ les
limites de ces équations pour les quatre familles TE, TM, HE et EH 4 la
coupure, lorsque le parametre modal du milieu extérieur W — 0. Ceci

donne I’une des deux bornes de calcul, mais il manque 1’autre qui n’a
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pas été abordée par ces auteurs, c’est-a-dire le calcul des limites de ces
équations loin de la coupure. Nous croyons qu’il est important de borner
chaque solution du guide d’onde a trois couches avant d’effectuer le

calcul final.

Le but de ce mémoire est de compléter le travail de Safaai-Jazi
et Yip® ?en trouvant les limites des équations aux valeurs propres loin de
la coupure puis de borner et finalement de calculer les indices effectifs
de différents modes. A titre d’exemple, on a pris la fibre SMF28™

opérant 3 A =1.55pum avec un profil effilé caractérisé par différents

facteurs de réduction R.

L'équation aux valeurs propres est obtenue en écrivant la
continuité de deux composantes tangentielles et longitudinales a chacune
des deux interfaces. Ceci conduit a une matrice 8x8 dont le déterminant
doit étre nul : ¢’est I’équation aux valeur propres. Les conditions a la
coupure sont obtenues quand le parametre modal du milieu extérieur
W — 0, soit quand I’indice effectif — I’indice extérieur. Par contre, les
conditions loin de la coupure sont obtenues quand W — oo, soit pour le
rayon de la gaine — oo, mais avec le paramétre modal de la gaine qui
doit rester fini (de la méme fagon que le parametre modal de cceur restait

fini pour le profil & deux couches), ce qui implique que I’indice effectif
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— I’indice de gaine.

On détermine de cette fagon les limites des €équations aux valeurs
propres pour les quatre familles de modes a la coupure et loin de la

coupure. On en déduit ensuite les bornes de calcul pour chaque mode.

2. Equations aux valeurs propres

Comme tous les phénomeénes électromagnétiques, la propagation
de la lumiére dans les fibres optiques est régit par les équations de
Maxwell. Le facteur exp[i(wr-pz)] qui apparait dans les expressions
des champs électrique et magnétique et qui provient de I'invariance en
translation du guide et de la dépendance temporelle, est omis par la suite.
Pour une fibre idéale a sauts d’indice, les équations de Maxwell
conduisent aux deux équations d'onde scalaires appliquées aux deux

composantes longitudinales e; et 4.

0
(D
0

Vie + {nzk2 —,82} e,
Vh +{nk’ - B} b, =

ou k est nombre d’onde dans le vide k=2z/4, et [ la constante de
propagation axiale ou valeur propre d’un mode du guide. En factorisant

les solutions en » et @ et en se servant de I’invariance en rotation, on
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obtient pour chaque couche d’indice 1’équation différentielle en »

dr? r dr 2

r

dzR(r)_i_ldR(”)+|:kg(nj2__ne2ﬂ_)_ﬁ:|R(r)=0 (2)

ou j représente le numéro de la couche d’indice n; et R(r) est le profil

radial des champs e; et A..

Pour les profils a sauts d’indice a trois couches, e. et A s’expriment par
des combinaisons de fonctions de Bessel ou de fonctions modifiées de

Bessel de premiere et seconde espéces. Le choix de ces fonctions dépend

du signe de n} —nl,. Ainsi pour n,>n,, (2) n’est autre que I’équation
différentielle des fonctions de Bessel de premiére et seconde especes

dont les solutions sont des combinaisons linéaires de J, et Y,. Par contre,

si n,<n,, (2) est ’équation différentielle des fonctions modifiées de
Bessel de premiére et seconde espéces dont les solutions sont des

combinaisons de I, et K ,..

Pour chaque couche, on exprime les composantes imaginaires e;
et h. a ’aide de ces combinaisons linéaires avec des coefficients
inconnus. Ensuite, on en déduit deux composantes transverses
tangentielles réelles du champ électrique et magnétique qui s’expriment

a ’aide des dérivées de e. et h, par rapport a r et @.

En ecrivant les continuités de ces quatre composantes aux deux
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interfaces, on en déduit huit équations linéaires reliant les huit

coefficients inconnus. Le systéme se met sous la forme matricielle
Al =0 3)

ou O est la matrice zéro, 4 une matrice 8x8 de coefficients connus et

I la matrice colonne des huit coefficients inconnus.

La solution non triviale de (3), ¢’est-a-dire autre que =0, est
donnée par le déterminant nul de 4. Ceci conduit & ’équation aux
valeurs propres qui peut se mettre sous une forme quadratique dont les

solutions générales sont

§ : %

7 == +1-G, J_{(G,) +4g,(&,T) } 26, (@)
G, =¢&,H,

G,=H, avec le signe + 5)

G; =H, avec le signe —

1 1 1 1 )=
T=V”cﬁ|:[?_(72]H1+52(Z]——2_W]A4] (6)
1 2

_V(g_l){[ZgzZz ~(&,+&)A, ] B [(5,+5)A —25355]} @)
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- + +
H2 =£2{V(£ligz)_g_;__vng“I:(51:7€2)_(51:53):|

1 U; w?
evlata)¢-n)| 5[ Z-Eta) ) gp (B0) 2 ) g
1="2 3 [722 W 1Ts Uzz W2

—& (52Z2 —£3Z5)(Z3 +Z1776)'T' & (Zz _Ks)(gzzs + SBZ]ﬁb )}

ou les différents paramétres sont définis dans 1’article de Safaai-Jazi et

Yip.

Le choix de signe « +» ou « —» dans les expressions définit
respectivement les deux familles de modes hybrides EH et HE. Le mode
n’ayant pas de coupure et correspondant a la valeur d’indice effectif la
plus grande est traditionnellement noté HE,,. Le groupe de solutions

auquel il appartient constitue la famille des HE.

Les équations aux valeurs propres des modes TE et TM se

déduisent des précédentes en faisant v= 0, ce qui donne

e &,8, — 6,8 )— 2R, — £,6,A77, =0 pour les modes TM, 9

(B, -A)-A, - AT =0 pour les modes TE. (10)

Ces équations ont des racines multiples. Les modes sont notés
TEo,, TMy,,, HE,,, et EH,,,. v est le paramétre figurant dans 1’équation (4)
qui détermine 1’ordre des fonctions de Bessel ou de Bessel modifiées
alors que m est le numéro de la solution en commengant le numeérotage

par I’indice effectif le plus €levé.
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3. Limites a la coupure

Proche de la coupure, la puissance modale a tendance a s’étaler
dans le milieu extérieur. Au dela, le mode guidé est coupé et devient
mode de radiation. Lorsque 1’on est proche de la coupure, toutes les
équations aux valeurs propres tendent vers des limites obtenues quand le

paramétre modal du milieu extérieur W — 0, soit n.g — na.
Ces équations limites sont successivement pour les 7E et TM
e (£-1)+&A, =0 pour les modes TM, (1)
m(&-1)+4a,=0 pour les modes TE. (12)

Pour les modes hybrides HE et EH, il vient

v "\2 %
==+ Ezia[(Ez) +4£1£3E32:| 2F, (13)
X

Pour v>1 nous avons

E =-¢C,
E,=(g+¢,) ( j+£2(51+€3)A
E =(&-¢) ( ) (8,-&)A (14)

SRV /)
1

o=sgn(&-1)



Et pour v=1

XVIII

(15)

E
E,=—(¢+&)[B,+(£-1)/T7]

2=_(£1_52)|:Z1+(‘§_1)/(712] (16)

o =sgn(¢-1)

oy

4. Limites loin de la coupure

Ceci constitue la partie originale du mémoire. Lorsque 1’on est

trés loin de la coupure, la puissance modale tend a étre confinée dans le

cceur. Ceci correspond au paramétre modal du milieu extérieur W — o,

¢’est-a-dire quand le rayon de gaine — oo, mais avec le parameétre modal

de gaine qui doit conserver une valeur finie. C’est finalement la méme

situation que pour la fibre a deux couches ou W — o mais avec le .

paramétre de cceur qui reste fini. On obtient finalement les équations

limites

7A,-A, =0 mode TE 17)

e, —&,A, =0 mode TM (18)
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puis pour les modes HE et EH:

e A
—Ezi[(Ez) +451E32}
m=—+ Z (19)
ou
E =2¢D,
E,=(¢ +¢,)D,
E,=(2-£&)D, (20)
E, =vntﬂ|:(§1;—%JDl +%Z4}
- 2v(é-1) -
D, =¢, [Az _—(gz_—)}Az
: (21)

D, =20 - Z2[&,-2(5-1)4,]-2.8.5,
1 2

Le choix de signe «+» ou «—» dans les expressions définit
respectivement les deux familles de modes hybrides EH et HE.
Finalement, les solutions des équations limites (12) et (17) pour les modes
TE, (11) et (18) pour les modes TM puis (13) et (19) pour les modes
hybrides HE et EH permettent de borner chaque solution des €équations

aux valeurs propres.

4. Vérifications, calculs numériques

On peut vérifier de plusieurs fagons indirectes la validité des

équations limites obtenues pour les équations aux valeurs propres a la



XX

coupure puis loin de la coupure. Une premiére fagon est de regarder les
«limites» de ces limites quand on passe de la fibre a trois couches a la
fibre 4 deux couches en faisant tendre le rayon de ceeur vers le rayon de
gaine. On a vérifié que ces limites étaient bien les mémes que celles
données par Snyder et Love. Une autre fagon est de calculer les indices
effectifs d’un mode correspondant a sa coupure et loin de sa coupure
puis celui du mode et de vérifier que sa valeur se situe bien entre les
deux valeurs précédentes. On a pris comme exemple le cas de la fibre
SMF28™ opérant a la longeur d’onde de 1.55 pm avec un facteur de
réduction R (réduction homothétique de toutes les dimensions de la fibre)
allant de 0.2 a 1. Les trois figures suivantes illustrent ces calculs et ’on
peut constater que les courbes des indices effectifs sont bien bornés par
les deux courbes correspondant respectivement a la coupure (sauf pour

HE); qui n’a pas de coupure) et loin de la coupure.
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Figure 1 : Indice effectif du mode HE}, et sa borne inférieure en fonction de R.
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Figure 2 : Indice effectif du mode HE), et ses deux bornes en fonction de R.
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Effective Index, Cutoff & Far from Cutoff of Mode EH 1
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Figure 3 : Indice effectif du mode EH\ et ses deux bornes en fonction de R.

5. Conclusion

En conclusion, nous avons utilisé et complété les résultats de
Safaai-Jazi et Yip en établissant les limites des équations aux valeurs
propres loin des coupures. De cette fagon, on est maintenant capable de
borner chaque solution modale. C’est un moyen efficace de vérifier le
numérotage des modes et d’éviter ainsi de sauter accidentellemnet une

des solutions de la série.

Nous avon verifié que, pour une serie de modes (par exemple

modes HE,), nous n’avons pas de chevauchement.

Toutefois, il n’est pas trés aisé de calculer les valeurs a la

coupure et loin-de-coupure. Nous pensons qu’il est peut-étre possible de
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borner les “bornes” de fagon simple, ce qui éliminerait le numérotage

des solutions.

Il reste a généraliser tout ce que nous avons fait pour les trois
couches au cas des multicouches, particuliérement les quatre couches ou
il semblerait que 1’équation générale aux valeurs propres peut encore se

mettre sous la forme d’une équation quadratique.'®
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CHAPTER 1
INTRODUCTION

1.1 Introduction

Due to its physical and chemical stability, not subject to
electromagnetic interference, high transmission bandwidth and low loss,
optical fibre has been regarded as the ideal medium in which
communication signals are transmitted from one location to another in the
form of light guided through thin fibre of glass or plastic. Optical fibre is
the most promising optical waveguide used in optical communication and
optical information processing systems. It consists of a core having
uniform or graded refractive index and a cladding with a smaller
refractive index. The propagating of light in the optical fibre can be
described as the transmission of an electromagnetic wave in the optical

: 4
waveguide.' ? °

Classification of mode in cylindrical dielectric waveguides has
always been important to the investigation of modes in optical fibre.
Except the axial symmetric transverse mode, 7E,, and TMy, modes, all

the modes are hybrid modes, HE,, or EH,, modes.



When modes in optical fibre are being investigated, a primary
assumption is that the cladding radius extends to infinity, or the ratio of
cladding radius to the core radius is big enough. Then the optical fibre is
then regarded as a two layer dielectric waveguide, and the eigenvalue
equation, the cutoff frequency and the far-from-cutoff frequency of TE,
TM, even HE and EH modes can be easily obtained.” ¢ ” The eigenvalue
of each mode of a two layer dielectric waveguide varies between the value
range formed by the cutoff and the far-from-cutoff condition given by

Snyder and Love,” which will be discussed later in this paper.

In order to distinguish between EH and HE modes, Snitzer’
proposed an amplitude coefficient ratio P, which is the ratio of amplitude
of E, and H,, to designate the hybrid modes of the dielectric rod. P = +1

designates EH mode and P = —1 designates HE mode.

In practice, the sign of the roots of the quadratic eigenvalue

equation is employed to classify the EH and HE modes.>’

If the ratio is not big enough, the structure of optical fibre with
step-index profile will become a three layer dielectric waveguide, or three
layer cladded fibre structure. Depending on the index profiles of the
three layer structures, it can be classified into cladded fibre, tubular and

W-type structure.



The complexity of cylindrical dielectric waveguides brings the
complexity of modal classification. For example, Snitzer 5° scheme was
revealed not to be proper to classify the hybrid mode in cladded fibre by 4.

Safagi-Jazi and al®® Some other articles® ' > "

proposed the
methods of eigenvalue equation of modes to classify the hybrid modes in
various structures of three layer or multilayer cylindrical dielectric
waveguides, like dielectric rode and dielectric tube. The two sets of roots
of a quadratic equation could be used to designate the hybrid modes, HE
and EH modes in arbitrary three layer structures. The set of roots which
might give the zero cutoff frequency corresponding to the dominant HE,
designates the HE modes, whereas the other set of roots designates EH
mode. But none of the above-mentioned methods can apply to all the
structures. To find a global scheme used to designate hybrid modes in all
9

the structures of cylindrical dielectric waveguides. Safaai-Jazi et al’

obtained the eigenvalue equation for the three layer structures.

Out of various important aspects of dielectric waveguides, cutoff
conditions play a major role in the understanding and design of such
structures and the selection of operation wavelength. Some of the
above-mentioned articles describe the cutoff conditions of two and three
layer dielectric waveguides.'* The far-from-cutoff condition is hardly

mentioned and it is believed that it is just as important as the cutoff



condition. Because the cutoff and the far-from-cutoff conditions form a
range, in which the effective index of mode varies, it is helpful to
characterize the modes of dielectric waveguides more precisely and

efficiently.

Compared with the two layer structure, the derivation of the cutoff
and the far-from-cutoff expressions should be very complicated. A.
Safaai-Jazi and Yip® ° and Achint Kapoor and G S. Singh'* derived
separate eigenvalue equations for HE and EH modes in three layer

dielectric waveguides.

The global scheme of A. Safaai-Jazi and Yip® ° is employed to
conduct the mode designation and analysis. The purpose of this thesis is to
specify the effective index range bounded by the cutoff and the
far-from-cutoff conditions of modes in three layer structures with the aid

of the eigenvalue equation method.

Because the transverse components of the fields can be expressed
in terms of the longitudinal components, the vector wave equation
becomes two identical partial differential equations of longitudinal
components E, and H,. The eigenvalue equation can be obtained through
the continuous conditions of longitudinal and tangential components at

one interface. By setting the effective indices of modes tend to the indices



of two adjacent media, the cutoff and the far-from-cutoff conditions occur.
Then the cutoff and the far-from-cutoff expressions could be derived.
This is the eigenvalue equation method used widely in two layer

cylindrical waveguides.

Similarly, in three layer structures, the effective indices of guided
modes could be investigated by determining the two boundaries of the
range of modal parameters using the eigenvalue equation method. Since
there are two different interfaces in three layer structures, the tangential
and longitudinal components of the fields have to be continuous at these
two interfaces. An 8x8 matrix will be obtained to let longitudinal and
tangential components to comply with the boundary conditions. The
determinant of the 8x8 matrix must vanish in order to have a non-trivial
solution of the coefficients. Then a quadratic equation of the propagation
constant will be obtained, which is called the eigenvalue equation and has

two groups of roots, corresponding to the modes HE,,, and EH,n,.

Three layer structures have 5 or more useful combinations of
index profiles; it is extremely difficult to find an appropriate analytic
eigenvalue equation to define all the three layer dielectric waveguides.
Compared with the two layer structure, the derivation of the eigenvalue

equation and the cutoff and the far-from-cutoff conditions is very



complicated. Until now, only 4. Safaai-Jazi and Yip’s® ° global analytic
expressions of eigenvalue equation are applicable to some of the most
popular three layer structures, like cladded fibre, tubular and W-type
structure. Achint Kapoor and G.S. Singh"* made a small modification to

A. Safaai-Jazi and Yip’s® ° method.

1.2 Maxwell’s Equation
1.2.1 Maxwell’s Equation

Light is an electromagnetic wave phenomenon described by the
same theoretical principles that govern all forms of electromagnetic
radiation. Light propagation in the optical fibre can be described as
electromagnetic wave propagation in a circular dielectric waveguide. The
basic principles of the theory—Maxwell’s equations—are summarized in

this section.

Fig. 1 Propagation of electromagnetic field



An electromagnetic field is described as two related vector fields:
the electric field E(7,r) and the magnetic field A(7,r). With the
existence of the source point, the electric and magnetic fields satisfy the

following partial differential equations—Maxwell’s equations:

- - 0B
VxE=—-—— .
- ot G-1)
=L 7 (3.2)
ot
V.B=0 (3.3)
V.D=p (3.4)
where
D=¢E
B=pi (3.5)
E=¢&E,
H= M,

The E,H,D,B are the electric field, the magnetic field, the
electric flux density and the magnetic flux density respectively. The &, s,
&, i are the permittivity and permeability of a vacuum and the relative
permittivity and permeability of the electric waveguide. J is the current

density and p is the charge density.

In the source free region, Jand p are equal to zero, and the



relative permeability is equal to the relative permeability. The Maxwell’s

equations (3.1)—(3.4) are simplified as follows:

- = oH

VxE=—p,— .
xE=-u, Py (3.6)
- - OF

VxH—ga 3.7
V-H=0 (3.8)
V-eE=0 (3.9)

1.2.2 Inhomogeneous Wave Equation

Combining with some mathematical transformations, the above
Maxwell’s equations (3.6)—(3.9) could be changed into the following

inhomogeneous vector wave equation.’

(V2 +#n")E ==V (EVInn’)-i {W%V(WJ}

(62+k2n2)1:1=(§xﬁ)x§1nn2—ﬁxj—jx?lnnz

where k is wave number in vacuum k = 2%0

1.2.3 Boundary Conditions

The electric and magnetic field should satisfy the boundary



conditions.’

The continuity of normal component Aa(n’E) et a(H)

The continuity of tangential component #ixE et AxH

1.2.4 The Mode of Dielectric Waveguides

The electromagnetic field, i.e. the light propagating in the optical
fibre, exists in the form of a bound mode. The electromagnetic field in the
optical fibre can be decomposed into two series of the bound mode of a

waveguide.

The best way to investigate the optical waveguide is to study the
fundamental properties of modes of circular optical waveguides. The
vector fields of these modes are the solutions of Maxwell’s homogeneous

vector wave equation subject to boundary conditions.

1.2.5 Cylindrical Coordinates

Instead of the Cartesian coordinate utilized in the investigation of
slab waveguide, the cylindrical coordinate system (r, ¢, z), with the z-axis
coinciding with the axis of the dielectric structure, is employed for the

mode analysis. With the assumption of the translational invariance and the
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t-dependence of field in optical fibre, the term exp[i( Sz -wr)] can be

separated from the expressions of field and dropped in later deduction. In

the cylindrical coordinate, the field components could be expressed as:

E(r,¢,z)=&(r,$)"

é(r,p)=¢ +z2e. =re, +¢?e¢ + Ze,

and

H(r

4. ) h(r, r e
h(r.g)=h

h, =rh +¢h +Zh,

(3.11)

(3.12)

The &(r,¢) and h(r,4) are invariant along z. And the scalar

Laplacian is rewritten for a cylindrical coordinate system as follows:

v? V%ra—z_v2 -p’
82
o 10 1 62 62
St =t —
or* ror r 6¢ 62
2 2
_ 0 +1 0 o .1 1 07 _p
"ot ror P 6¢

The operator V? is the scalar transversal Laplacian operator.

16( 6j+162 o 10 18
For: orr ror ror

v:=19(,9
ror\_ or

1.3 Eigenvalue Equation

1.3.1 Ideal Fibre

(3.13)

(3.14)
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A typical fibre is considered as an infinitely long cylindrical two |
layer dielectric structure, consisting of core with a radius p and has a
uniform refractive index n; or n,, which is slightly higher than the
refractive index of the cladding n, or n,. The ideal fibre to be discussed in
our future work is assumed to be a non-absorbing, ideal dielectric
structure, source free, with perfect circular on the cross section and

uniform along its axis.

1.3.2 Eigenvalue Equation

Assuming that the waveguide is an ideal optical fibre, non-
absorbing and source free, then the homogeneous vector equation (3.10)

can be rewritten as:

(3.15)

Due to the invariance of éand# along z, the vector Gradient
operators V and Laplacian operators V> in equation (3.15) can be

rewritten as:

V=V +2 (3.16)

9
0z

where the V, is the transversal Gradient operator
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byl

62
oz*

vi-vi+ZA_va-pi (3.17)

where the V? is vector transversal Laplacian operator.
Substituting the equation(3.11), (3.12), (3.16) and (3.17) into the
equation (3.15), the vector wave equation can be reduced to a

homogeneous vector wave equation,7

(Vi+k'n*-p*)e

~(9,+ipz)(¢.V,Inn*)
o2, 12,2 2\7 S Yol 2 (3.18)
(V2 +k’n® -8 )h={(v,+zﬂz)xh}xv, Inn

p is called the axial propagation constant or eigenvalue of the mode of the

waveguide. Generally each mode has a unique value of £.

Through the above boundary conditions, the homogeneous vector
equations can be rewritten as equation groups of variable . This equation

of eigenvalue fis called the eigenvalue equation of a waveguide or the

characteristic equation of a waveguide.

Because the field’s transverse component can be expressed with
the field’s longitudinal components, it’s only necessary to solve the

longitudinal component e, and #,.

The transverse and axial component can be expressed in separated
form because of the cylindrical symmetry and z-dependence, or

translational invariance, of the waveguide. All fields contain the implicit
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time dependence exp(-iwt) , where @ is the angular frequency.

Assuming the discussed optical fibre has step-index profile, the

term of ViIn#n® in the equation (3.18) is vanished

(3.19)

All three components of the electric field and magnetic field in the
Cartesian coordinates satisfy the Helmholtz equation(3.19), but only the
z-component of electric field and magnetic field in the cylindrical
coordinates satisfies the Helmholtz equation(3.19). The components of

electric and magnetic fields can be expressed as:

é(r.¢)=¢ +ze, =re (r,¢)+ ¢§e¢ (r,9)+z2e.(r,9)
i ‘ (3.20)
h (r,¢) =h+Zh =Fh (r,¢)+¢h¢ (r,¢)+2hz (r,¢)

And then substituting equation (3. 13), (3.14) and (3.20) into

equation(3.19), a new differential coupled equation of longitudinal field

components will be obtained:

0
(3.21)
0

Vie + {nzk2 —ﬂz}ez =
Vih +{n’k - B} b,

If the longitudinal and temporal variations are combined, the

modal fields vary as exp[i(ﬂjz—a)t)] , and, consequently, each mode
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propagates along the waveguides with phase velocity v, = a)/ B -

Alternatively, the electric and magnetic fields can be generated by
solving the same equations in regions where the profile is continuous, and
matching any discontinuities through the appropriate boundary conditions
of Maxwell’s equations. In either case, the formulation leads to a

consistent condition for determining the modal propagation constants £,

i.e. an eigenvalue equation.
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CHAPTER 2
CLASSIFICATION OF MODES IN
TWO LAYER FIBRES

2.1. Introduction

The typical optical fibre consists of a core having uniform or
graded refractive index and a cladding with a smaller refractive index. The
small difference of the index of core and cladding at the interface makes
some of the propagating light in the core satisfy continually the total
internal reflection condition at the interface of core and cladding. The
optical fibre is actually a circular dielectric waveguide which permits the

light signals to propagate along the fibre.

The optical fibre is classified into two primary kinds according to
its core index profile, namely, step-index and graded profile. To find the
global scheme of modal classification, only step-index profile fibre will be

discussed.

The classification of modes in two layer structures will be
presented before the more complicated discussion of three layer

structures.
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Fig. 2 Conventional step-index fibre

A typical two layer fibre is considered as an infinitely long
cylindrical two layer dielectric structure, consisting of core of a radius
p and having a uniform refractive index », or ., which is slightly higher
than the refractive index of the cladding », or n, and is assumed to extend

to infinity in the radial direction.

The ideal fibre to be discussed in the future work will be viewed
as a non-absorbing, ideal dielectric structure, source free and perfectly

circular on the cross section and uniform along its axis.

2.2 Eigenvalue Equation
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2.2.1 Helmholtz Equation and Solution

As mentioned in Chapter 1, the term of Vinn’ in the vector wave
equation has disappeared in the case of step-index fibre. The
electromagnetic fields are the solutions of the Helmholtz equation subject

to boundary conditions.

In the cylindrical coordinate systems, the scalar wave equation

(3.21) is rewritten as
(Vi+kn - ¥ =0 2.0

where ¥ is the longitudinal components of electric or magnetic fields.

V? is the transverse Laplacian operator defined by equation (3.14),

k,=2r/A is the free space wave number, and » is the refractive index of

the medium discussed.

With the following equations, the field’s transverse component
could be expressed with the field’s longitudinal components; therefore it

is only necessary to solve the longitudinal component e, and #,.

. %
A A= Lol kxVh
R 2B A A X

oot BV h +| 2 %knzéxve
Y nZkZ_ﬂjZ joaty ﬂo vz

All fields contain the implicit time dependence exp(-iw?), where

2.2)
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w is the angular frequency.

Considering the axial symmetry of the function ¥, we could apply

the method of separate variables, and then the function of ¥(r, @) is given

by:
¥ (r.¢)=R(r)P(4) (2.3)
Substituting above expression (2.3) into Helmholtz equation (2.1),
we get
1 [&R(r) 18R(r)| 1 1 O®(#) 02 5\_
R(r)l: e N R L A
Therefore
P OR(r) 18R(r)| L.7 . .y 1 80(4)
R(r)|: pw +; 5 +7 ko(n neﬂr)— O 2.5)

Since each hand of this equation is a function of only the one
variable respectively, both sides have to be constant to keep the equation

true. Thus, we obtain

PP dY(r) 1dY(r) | o000 o __;d2®(¢)_vz
xp(r){ R }”"o(n )= = (29)

v is a separation constant, and the equation (2.6) resolves into the

following two ordinary differential equations:
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djﬁgr) +%d1;£r) ‘{ké (w2 —nfﬂ»)—‘—;;]R(l‘) =0 2.7
IO(P) . o) —
y ®(¢)=0 (2.8)

The solution to the equation of angular variable ®(¢) has the

same value after a rotation of 27 in the cross section, i.c.

R(r,¢)=R(r,¢+2rx), it is necessary that v be an integer. Each cos(vg)
and sin(vg) could be used in the expressions of fields as their linear

combinations. Then ¢-dependence of the field could be written simply as:

<D(¢){((:)) 29

where vis a positive integer greater than or equal to zero. Two functional

bases are chosen to construct the field function.

F-{on @.10)
g.(9)= {;::E%) 2.11)

Defining waveguide parameters,

U=kpfn -1, (2.12)

and

W =kp\n’, —n’ (2.13)
off g
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The equation of radial variable could be written as:

dr? rodr

2p(.. 2 2
d’R(r) 1dR(r)+[U7 _V,)R(r)=0 in the core (2.14)
P

2 d\I] 2 2
d Tfr)+l (”)_[W_2+V_7]\P(r)=0 in the cladding (2.15)
dr- r o dr P r

where n_and n, are the indices of core and exterior media respectively.

Equation (2.14) is the first kind of Bessel differential equation

which has the following solution form
R(r)=4J, (U1j+ AY, (Ui] (2.16)
p p |

Equation (2.15) is the second kind of Bessel differential equation

which has the following solution form
R(r)= 4, [W—r—]+A4KV [WL) (2.17)
p P

where J, is the first kind of Bessel function, Y, is the second kind of
Bessel function, I, is the first kind of modified Bessel function and X, is
the second kind of modified Bessel function. A, A4,, A;, A4 are
coefficients.

However, the two layer structures, solutions of the form (2.16)
and (2.17) can be simplified. In the core, the solution Y, should be

discarded because Y, diverge as » = 0. In the cladding, the solution 1,
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should be discarded either because 7, diverge as » — 0. 4, and A5 has to be

zero to reject these two terms in equation (2.16) and equation (2.17).

Thus, the function Hr, ¢) has the form as follow:

¥(r.¢)=

or

¥(r.¢)=

JV[Ui]fv(qgs)/J, (V) 0<r<p
(2.18)
K|\wZ|f(8) /K, (W) r>p
[ eof
JV(U%)gV (¢)/J‘,(U) 0<r<p
(2.19)
KV(W’—)gV (¢)/K, (w) r>p

Based on function Hr, ¢), the field’s longitudinal components e,

and A, can be expressed as follows:

e.(r.4)=1(

and

h(r.¢)=g,(4)

5 AJ, (U%)) 0<r<p 220
AZKV(W%)) r>p
BlJl,(U%)) 0<r<p
(2.21)
BZK‘,(W%)) r>p

Since the boundary condition requires that the tangential



22

components of electric and magnetic field are equal at the interfaces

between adjacent media, the boundary conditions are expressed ass:

e.(p-0)=e.(p+0)

2.22
& (p-0)=¢,(p+0) (2:22)

Thus we finally obtain the field’s longitudinal components as:

| JV(U%O)/JV(U) 0<r<p

e.(r.0)=41(¢ ‘ (W%)) /KV(W) o (2.23)
and
h.(r,¢)=Bg, (#) JV(U% )/ » ) veres (2.24)

KV(W%)/K‘,(W) r>p

where 4 and B are coefficients.

With the obtained longitudinal components, we can get the other
components of electric and magnetic fields, i.e. radial and angular ones.
We summarize the fields of two layer cylindrical dielectric waveguides in

core and cladding region respectively.

At the interface of core and cladding, only the longitudinal and
angular components satisfy the continuity conditions. The angular

component is given as follow:



=g, (¢)iUL2

= ip’
=2.(9) 7

and

i
- Uz fv(¢)

i
- U2 fv(¢)

—vB=— B
-

vB

J(

¥

(WA)H, [

J U [—
‘( /p)+A goanU
0

Hy

(7))

p J,(U)

K 7))

P K7

(o)
IN

23

(2.25)

(2.26)

r>p

Substituting the continuity conditions of angular components of

electric and magnetic fields at the interface of core and cladding, two

equations of coefficient 4 and B will be obtained. This equation group

could be rewritten as a matrix as follow:

(57

Lo
Hy

k (nc

A

. K. (")

0, (U)

" WK, (W)

|

L(U) . K.(%)

ur,(v) WK, (W)

“#aw)

|

m ~0(2.27)

As the coefficients 4 and B have nontrivial solutions, the

determinant of the left matrix has to be zero. Then, an equation will be

obtained as follow’:
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uw) |uJ,(U) WK,(W)| “UJ,(U) WK, (W)

(anﬁ)z( v )4=[ JU) | K () }[nz LU) | o Ke(W) (2.28)

This is the eigenvalue equation for the hybrid mode (i.e. e #0
and A #0). Uand W are functions of the effective index, so the primary
variable of this eigenvalue equation is the effective index of mode in the
optical waveguide n.g, which depends on the parameters v, n., ngand V.
This equation has some discrete solutions which correspond to the guide

modes in the waveguide.

2.2.2 Transverse Modes TE,,, and TM,,,

As v=0,0oneof f,(@)andg.(¢) isequalto zero, the other one is
equal to 1. The corresponding modes with circular symmetric fields in
cylindrical dielectric waveguides are transverse electric (TE) which
corresponds to E, = 0, and transverse magnetic (TM) which corresponds to

H, = 0 in the course of their propagation.

The eigenvalue equations of the transverse modes (v = 0) will be

as follows:

l:J(',(U) N K, (W) ][nz 1, (U) o K, (W) o (2.29)

0, ) WK, W) | " T, )" K, )

According to the definition of Bessel function, '* we have
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J(',(U)=—J1(U) and K;(W)z—Kl(W) , the eigenvalue equation of

transverse mode is rewritten as

us, Uy wKk,(w) |\ UJ, (U) F WK, (W)

[JI(U) LK) }(nz H) , . K(#7) Jzo (2.30)

This equation splits into two independent eigenvalue equations

corresponding to transverse modes 7E and TM. With the help of the

continuity conditions of 7 (n’E) et A(H), we could classify these two

equations as follow

The eigenvalue equation of mode TEy,

B(U) | K)

= 2.31
0,(0) Wy () @30
The eigenvalue equation of mode TMyr,
2 Jl (U) +n2 KI(W) =O (2.32)

‘W, ©) WK, W)

2.2.3 Hybrid Mode HE,,, and EH,,,

As v > 1, the situation of f.(¢) and g.(¢#) equal to zero or
one will not appear. Thus v> 1 corresponds to the non-symmetric modes
which are hybrid ones; they are superposition of 7E and 7M mode fields,
due to the fact that both Debye potentials £, and H, are needed to

construct angular-dependent solutions in cylindrical dielectric
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waveguides. This superposition is named as HE or EH according to
whether the TE or TM term dominates in a suitable norm. The eigenvalue
equations (2.28) corresponding to HE and EH modes are transformed as
follow:

it + (i, i = (v ) (%} (2.33)

where 7, =J,(U)/uJ,(U) and n, =K, (W)/WK, (W)

Two group of roots will be obtain by solving this quadratic

equation ofr,,

4
R I ]

2n’

¢

n = (2.34)

Two equations derived from these two roots correspond to two
families of hybrid modes, i.e. HE and EH mode. One of them, which gives
dominant HE|, mode, corresponds to the HE mode while the other one

corresponds to the EH mode. Sign “+” is designated to represents EH

8 9

[Y3R2]

mode while sing represents HE mode.

2.3 Value Range of Effective Index

2.3.1 Value Range
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The eigenvalue equations for HE and EH modes have solutions
only within limited ranges of the parameter U and W. Furthermore, the
effective indices n.g, solutions to the eigenvalue equation, fall into limited
value range, which is formed by two boundaries of the limit W — 0, and
W — . It is very helpful to know the value range of effective range as we
investigate the modal characteristics of optical waveguides, for example,

the single-mode condition.

2.3.2 Cutoff Condition

The value of effective index, at which £ vanished, is called the
cutoff condition. At the value below the cutoff condition, # becomes
purely imaginary, the propagation factor exp(ifz) becomes an
exponentially decaying function and the corresponding mode is said to S

evanescent or non-propagating, or the mode is cutoff.

The wave function is the solution of the wave equation subject to
boundary conditions. We know that the wave equations in the
conventional fibre are combinations of first or second kind of Bessel
functions. Thus, we could express wave functions with first and second
kind of Bessel functions, while modal parameters V, U and W are factors

of arguments of these Bessel function. K, (Wr/p) is used to express the

outmost layer’s wave function. As the increasing of W, the field expressed
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with K, (Wr/p) is more tightly confined to the inside of the guide. As W

decrease, the field penetrates more and more into the outer region. Finally,
when W — 0, the field detaches itself from the guide and begins to radiate
away from it. Under this condition, W — 0, by definition, the cutoff in
dielectric waveguide occurs when the effective index n 4 becomes equal
to the refractive index of the outer region n,, and as a result, propagation
along the axis of the structure can no longer be sustained. The modes
below the cutoff condition are called radiation modes in contrast to the

guided modes which exist above the cutoff condition.

Assuming W — 0, the cutoff condition could be derived from the
eigenvalue equation:’

Table 1 Cutoff Conditions of Two Layer Fibre

Mode Cutoff Condition (W —0)
TEomand TMyy, JO(U)=0
UJV—2 (U) _ 2A V> 1

(v-1)J,,(U) 1-2A

2 2
n ng

:
2
2n

¢

where A=

EH\m J,(U)=0 (U=0)

2.3.3 Far-from-cutoff Condition
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As W — oo, from the definition of second kind of modified Bessel
function, all the modal power is confined in the core. This is called
far-from-cutoff condition. If kp in the equation (2.13) tends to infinity, we
will have W — oo, 1.e. the far-from-cutoff condition. As the neg — Begre, OF
nes — my, U, which is the products of infinity kp and zerom ,
remains finite. The eigenvalue equation will develop to a function of
modal parameter U at the limit of W — oo. It will give us the
far-from-cutoff expressions to solve this equation. The effective index
varies in the range formed by the cutoff and the far-from-cutoff conditions.
Letting W — oo, we will have the far-from-cutoff conditions of the two
layer dielectric waveguides as Table 2.

Table 2 The Far-from-Cutoff Conditions of Two Layer Fibre

Mode Far-from-cutoff Conditions (W — x)
TEqm and TMyp, J(U)=0 (U=0)
HE,, J,(U)=0 (U=0)
EH,, J,.([U)=0 (U=0)

2.4 Conclusion

Except the axial symmetric transverse modes, TEy, and TM,

modes, all the modes are hybrid modes, HE\,, or EH,p,.
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From Table 1, we find that the “U” in the cutoff equation has
discrete roots. For example, the cutoff values of mode TEy,, are the roots
of the equation J, (U) =0, 1.e. the value of corresponding U, =2.41, 5.52,
8.65, 11.79, etc... (zeros of J,). Whereas the far-from-cutoff values of
mode TEqy are the roots of the equation of J, (U)=0, i.e. the value of
corresponding U, = 3.83, 7.02, 10.17, 13.32, etc... (zeros of J,, U # 0).
The eigenvalue of modes TEy,, Us, has a single root between the two

boundaries, U.and U,. Then for the first three values of U,,, ,we have:

241<U, <3.83
5.52<U,, <7.02 (2.35)
8.65<U,, <10.17

For the modes EH,, the vis given, the values of corresponding
U, are the roots of the equation J, (U)=0 (U # 0), the first root of “U”
corresponds to the cutoff condition of first mode, and the m™ root of “U”
corresponds to the cutoff condition of mode EH,r,, and so on. The values
of corresponding U, are the roots of the equation J,, (U)=0 (U # 0).
The first root of “U” corresponds to the cutoff condition of first mode, and
the m™ root of “U” corresponds to the far-from-cutoff condition of mode
EH, ., and so on. The eigenvalue of each EH mode for a given v has a
single root between the intervals formed by U. and U..

(m" zero of J, <U, <m" zero of J,,,, where U # 0 is not included)

v+l
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Although the situation of HE,,, is more complicated, we can still
reach the same conclusion. The eigenvalue U, varies in the range formed

by the U, (cutoff), and U, (far-from-cutoff).

The mode HE\; is the single mode with zero cutoff value, which

always exists in the fibre with step-index profile.
0<U, <241 (2.36)

From the definition of modal parameters, we have

n, =n1-2A(U/V Y (2.37)

where 24=1-»/n} .

For each of the roots of the cutoff or the far-from-cutoff equations,
the U, (cutoff), or U, (far-from-cutoff) has its corresponding cffective

index, named n.g (cutoff) or n g (far-from-cutoff).

If we plot the n.s (cutoff) or nmeq (far-from-cutoff) with the
effective index together, we will find that the effective index is in the

region formed by the n.g (cutoff) or ney (far-from-cutoff).

From Table 1 and Table 2, it can be easily proved analytically that
the effective indices of modes HE,, and EH,,, are in the sequence for a
given order v, and that there is no overlapping of modes for a given order

vin the two layer structures.
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As the modes in optical fibre are investigated, a primary
assumption is that the cladding radius extends to infinity, or the ratio of
cladding radius to the core radius is big enough. Then the optical fibre is
regarded as an ordinary two layer dielectric waveguide, and the
eigenvalue equation, the cutoff and the far-from-cutoff expressions of 7E,
TM, and even HE and EH modes can be easily obtained. But if this
assumption can not be satisfied, the conventional two layer optical fibre
becomes a three layer or multilayer dielectric structure, and consequently
the investigation of modal characteristics and mode classification will be

more complicated.
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CHAPTER 3
CLASSIFICATION OF MODES IN
THREE LAYER FIBRES

3.1 Introduction

With the rapid advancement of optical fibre communications, a
variety of optical fibre component designs have been proposed and
employed in various applications due to their specific modal
characteristics, e.g. the three layer optical fibre or multilayer optical fibre
is used to design the dispersion-shifted and dispersion-flattened fibre.'s
As we discuss the conventional optical fibre above, a primary assumption
is that the cladding radius extends to infinity, or the ratio of cladding
radius to the core radius is big enough. Then the optical fibre is regarded
as a two layer dielectric optical waveguide, and the eigenvalue equation,
the cutoff and the far-from-cutoff conditions of symmetric modes TEyy,,

TMy, and non-symmetric modes HE,,, EH,,, can be easily obtained.

But if the ratio is not big enough, the structure of optical fibre with
step-index profile will become a three layer dielectric waveguide, or a

three layer cladded fibre structure.
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To deal with the three layer structure step-profile dielectric
waveguide, the eigenvalue equation method of Snyder is still regarded as a
proper method. A. Safaai-Jazi et al® ° Achint Kapoor et al'* proposed
the methods of eigenvalue equation of modes to classify the hybrid modes
in various index profile of three layer cylindrical dielectric waveguides,
like the dielectric rod or the dielectric tube. Comparing their methods,
Achint Kapoor et al'* chose the modal term 7, = —KL (w) / WK, (W) intheir
quadratic eigenvalue equation, which could not be employed to obtain the
cutoff and the far-from-cutoff values. On the other hand, the eigenvalue
equation of 4. Safaai-Jazi et al’ ? is a quadratic equation of modal term
n = —JL (x)/x.] (x), where, x=a,a is the modal parameter of the core of
the waveguide. The two sets of roots of this quadratic equation could be
used to designate the hybrid modes, HE and EH modes in arbitrary three

layer structures. The method of 4. Safaai-Jazi et al® ’®

is appropriate as a
global scheme used to designate hybrid modes in all the structures of

cylindrical dielectric waveguides.

Out of the various important aspects of dielectric waveguides, the
cutoff conditions play a major role in the design of such structures and the
selection of operation wavelength. The above-mentioned articles give the
cutoff values of two and three layer dielectric waveguides. Hardly

mentioned are the far from cutoff values of modal parameters. We believe
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that it is of the same importance with the cutoff condition. Because the
two values form a range, in which the mode effective index varies, it will
help us to characterize the modes of dielectric waveguides more precisely
and efficiently.

Comparing the two layer structure, the derivation of the cutoff and
the far-from-cutoff expressions should be very complicated. In this paper,
the global scheme of Safaai-Jazi and Yip®® is employed to conduct our
mode designation and analysis. The final purpose is to specify the
effective index range bounded by the cutoff and the far-from-cutoff

conditions with the aid of the eigenvalue equation method.

Because the transverse components of the fields can be expressed
in terms of the axial components, the vector wave equation becomes two
identical partial differential equations of longitudinal components E, and
H,. The eigenvalue equation can be obtained through the continuity
conditions of longitudinal and tangential components at one interface. By
setting the effective indices of modes tend to the indices of two adjacent
media, the cutoff and far-from-cutoff occur, thus giving the cutoff and the
far-from-cutoff expressions of modal parameters. This is the eigenvalue
(characteristic) equation method used widely in two layer cylindrical

waveguides.
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Similarly, in three layer structures, the effective index of guided
modes could be investigated by determining the two boundaries of the
range of modal parameters using the eigenvalue equation method.
Because there are two different boundaries in three layer structures, the
tangential and longitudinal components of the fields have to be continuous
at these two boundaries. An 8x8 matrix will be obtained by letting axial
and tangential component to comply the boundary conditions. The
determinant of the 8x8 matrix must vanish in order to have non-trivial

solutions of the coefficients.

Thus a quadratic equation of the propagation constant is obtained.
This quadratic equation has two groups of roots, called eigenvalue
equation (characteristic equation), corresponding to the modes HE and

EH.

3.2 Eigenvalue Equation

3.2.1 Introduction

Depending on the index profile of the three layer structures, it can
be classified into cladded fibre, tubular and W-type structure. Step-index
three layer structures have 5 useful combinations of profile of index; it is

extremely difficult to find an appropriate analytic characteristic equation
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to define all the three layer dielectric waveguides. Compared with the two
layer structures, the derivation of the eigenvalue equation and the cutoff,
the far-from-cutoff expressions is very complicated. Until now, only

Safaai-Jazi and Yips® °

global analytic expressions of eigenvalue
equation are applicable to some most popular three layer structures, as
cladded fibre, tubular and W-type structure. Achint Kapoor and G.S.

Singh'* made a small modification to Safaai-Jazi and Yip 5* ° method.

3.2.2 Index Profile
a) Cladded Fibre
The index profile of cladded fibre satisfies the condition

no>n,>n

“n(p)
nit

Fig. 3 Index profile of cladded fibre

b) Dielectric Tube Fibre
The index profile of tubular fibre satisfies three conditions

n,>n =n,
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Fig.4 Index profile of tube fibre |
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Fig. 5 Index profile of tube fibre I1
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Fig. 6 Index profile of tube fibre III

¢) W-type Fibre

38
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¥ N
n(p)
n;

n2

P P2
Fig. 7 Index profile of W-type fibre

3.2.3 The Maxwell Equation and Wave Equation

The three layer structures discussed here is assumed to be a
non-absorbing, ideal dielectric structure, source free, perfect circular on
the cross section and uniform along its axis. The time and z-dependence of

fields expressed as exp[i(fz-wt)] is common to all field components,

where fis the axial propagation constant.

Because of the concentric, symmetric section of the three layer
structure, the method of separation of variables is still applicable. The

field can be expressed as
‘P(r,¢,z,t)=R(r)d>(¢)ei(ﬂ:""') 3.1)

where ¥(r,¢,z,t) represents longitudinal component of electric or
magnetic field and expression (3.1) is only applicable to the circular

symmetric waveguide. (@) is expressed as :

/. (9)

3.2
g.(¢) G-2)

®(4) =={
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_|cos (vo)
1.(9)= {sin(v¢)

_ —sin(vg)
Ev (¢) - {cos(v¢)

(3.3)

where v denotes the azimuthal number.
In the three layer step index structure, the variation of the index is
zero, except in the two interfaces. Hence, the term in the vector wave

equations (3.18) dLnnz/dr is equal to zero. The wave equation is

simplified as:

dr? r dr

dZR(r)+ldR(")+[k§(gr_njﬁ_)-‘;—7}R(r)=0 G4

3.2.4 Boundary Conditions

A three layer structure is divideél into three regions, region I,
0<r<p,region II, p,<r<p, and region /Il, p,<r<ow. The outermost
layer, region /11, extends to infinity. The fields in each region are solutions

to the above wave equation (3.4) subject to boundary conditions as

follows:
ez(pl—0)=e (,014'0) hz(pl_o)zh:(pl+0)
¢,(p—0)=¢,(p +0) hy(p—0)=h,(p,+0) (3.5)
e(p-0)=e(pr0)  h(p-0)=h(p+0) '
e,(p,=0)=¢,(p,+0) hy(p,=0)=h,(p,+0)
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3.2.5 Eigenvalue Equation of Hybrid mode HE and EH

In the /™ layer, the wave equation is rewritten as:

dzR(r)+ldR(r)+{kz(nz.—nz.)—%z—}R(r)zO (3.6)

0 31
dr? r dr ;o

where j=1,23
If n;> neg, the above equation is the first kind of Bessel differential
equation, its solution is the sum of the first kind of Bessel function and the

modified first kind of Bessel functions

R(r)=a,J (ajr)+b Y (a.r) 3.7

vivy vitv \™

2I%

P e
where q; —k0|n,. My

If n;< nes, the wave equation becomes the second kind of Bessel
differential equation, its solution is the sum of the second kind of Bessel

functions
R(r)=a,l, (ajr)+b‘,/.KV (ajr) 3.8)

Due to the function Y,(x) and /,(x) tending to infinity as the
argument x tends to zero or infinity, the two functions should be dropped
off in the innermost and outermost layer’s field. Thus, the field expression
depends on the sign of n;— ne. A function Z,; can be used to define the

longitudinal field components in three layer structures, “v’ is azimuthal

number and k=1, 2, 3, 4.
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Thus, a generalized expression for the field of three layer structure

is written as:

a,z,, (aﬂ’) 0<r=<p
Y(r,4,z,t)=D(9) et b, Z,,(ar)+c,Z,;(ar) 0<r<p, (3.9
d,z,, (asr) r>p,

To include all the three primary fibre structures, cladded, tubular
and W-type, into this generalized expression, where an “s” is used to
evaluate which kind of Bessel functions will be employed to express the

longitudinal field components.

s,=-1  n<n, (3.10)
=123

subscript j represents the 7" layer of the three layer structure.

The function Z,, is defined in Table 3.

For given j and known effective index, the sign of n;— n could be
used to determine the exact the field expression of the j* layer.

Table 3 The generalized function
Zv,l ZV,Z ZV,3 Z ,

The longitudinal components of electric and magnetic fields are
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expressed as follows:

'0)‘ p<r<p, (3.11)

)

and

h.(r.¢)=28.($){a

r>p,

where

x=ap, U=a,p, Uy=a,p,, W=a,p, (3.13)

B cos(v¢) _ —sin(v¢)
1.(9)= {sin(v¢) 8.(9)= {cos(v¢) (3-19)

Similarly, as in the two layer structure processing, we obtain all



the components in three layer structures as follows:

Inthe core: 0<r<p,

N e
ip, | x B
= /.(9) AORTS

er =Sl

Zv,l (x) r v ZV.] (x)
z (XL]
P
h —
Z‘,’l (x) gv (¢) a»S
2 Z:l(x—r—) Zvl[ij k 2
P P X \ P & knf
h =g 2L — N P, g — /__
r sl 2 gv (¢) Z‘,‘l (x) ﬂal pl avS Z‘,.l (x) /UO r vl

. 2 Z, (XLJ Z:/.l(xL)
h¢=slﬂf (#)4- ), B NP |Gy X

x* Z,, (x) V7a"5

In the first cladding: p <r<p,

44

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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or (3.21)

-V a,, + a,,

& r Z,, (Ul) v Z,, (Ul)

ZV 2 (Ul Lj Zv,} (Ul LJ
N ,_/i k LA P

or

—_ — av + av .
P T zZ,w) Tz, (3.22)
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ZV,Z (Ul —r—J Zv,3 [Ul LJ
h = A + 2 e, |2, (4)

1 1
A

or (3.23)

1 Id ' 14
ipz U Zv.z (Ul ;J Zv.3 (Ul ;]
1 1 1 1
8. (8) = a
Uy A

hr = SZ

or

2 ZV,2 (UZ L] ZV.3 (UZ L]
— i _kn_2 1% p2 + p2
V Ho

a., a,
r Z, (Uz ) . Z,, (Uz) ’ (3 ~24)
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or

a,s (3.25)

In the second cladding: p, <r<w

ZM(W_C_J
_ P
“TTZ.w) F 9 (3-26)
L, Z:,A(WpLJ ) ZM[WLJ
_ < P ) My K 1%
Rl 1.(#) _Zv,4 o) Ba,, ’50 rv———ZM ) a, 3.27)

! ¥

.2 ZVA(W—J Zv,4(W_]
P: o () W pm)B,, __/’;\/%kz (3.28)

_ av8

Zv,4(W) r " Zv,4(W) P
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Zv4 W—

r) oz
. 2 E 2 v.4 X , k
e =5 ’Vi,’i 1.(9) —I)‘ﬂav4——p \/z ~va,, (3.29)

Z,,(7) Z,,(")

s, il
=s3’p1g‘(¢) £ ﬂvaﬂ-——#\/%k_a,g (3.30)

V“(W) r Zv,4(W) P

z,, [WL]
h=—nP2lg ($)a, (3.31)

A (WL] z (WL]
.2 v.4 v.4 2
B o=s, 22 (4) _P;ﬂza ___i\/z_;ok&va (3.32)
0

Z,, (W) P> v Z, (W)

z

v,4 D v,4 —
’p P p A 2B, P /ikn_fzaw, (3.33)
Hy P

z,,w)y r " Z,W)

Introducing 7,,7,,7,7,. 757 which are defined as follow:

s Z',l(x)
A 3.34
"7 () (334)
_S_ZZ:/,Z (UI) 3 35
" 0,2,.0) G
7y =2 2 (G1) (3.36)
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_ % Z::.z (Uz)

774 - U2 quz (Uz) (3.37)
_ 5 z,,(U,)

0,2, (0) (3.38)
_ S K, (W)

M= 1 X (7) (3.39)

Applying the boundary conditions of longitudinal components

continuity at » = p, and r = p;, of electric and magnetic field, we have:

e.(p-0)=e.(p+0) (3.40)
e.(p,~0)=e.(p, +0) (3.41)
h.(p,—0)=h.(p,+0) (3.42)
h.(p,-0)=h.(p,+0) (3.43)

Four equations will be obtained as follow:

a,=a,+a, (3.44)
a,+a,=a, (3.45)
a,5=a,+a, (3.46)
a,+a,=a, (3.47)

Applying the boundary conditions of angular components

continuity at » = p; and r = p, of electric and magnetic field, we have:
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e,(p-0)=¢,(p, +0) (3.48)
e,(p,-0)=¢,(p,+0) (3.49)
h,(p,~0)=h,(p, +0) (3.50)
h, (9, —0)=h,(p; +0) (3.51)

Another four equations will be obtained as follow:

1 2
Sly{vgavl_ %k_nlaﬁ}

| o P

(3.52)
1
=5 _z{ﬁv[avz +a‘3]_ %k_l[a‘ oll> +av7ﬂ3]}
1 | 0 |
1B 4, Us
§ 7{)0_"[“"2 +av3]_ 6‘_0k ,0- [a\'6774+av7775]}
2 | ~2 0 >
(3.53)
1|8 Mo W
=835 —Va,, —k—a,n,
W= P & P
sl '1_2 iknlz i77la|/1 v ﬂ atS
X Hy P \ (3 54)
1 ( [e. U B '
=5, a{{ _(; nzzjll[avzﬂz +av3773]—;1‘/[av6 +av7]}
1 ’s U:?
§ _2{ —Q—kng _2[av2’74 + a;lsﬂs]_ﬁv[avs + av7]

Uy (Nt ) P (3.55)

2
= s3 -1_2 ikni E_ av4776 - Vﬁ.avl‘l
w V Ho P P

Rearranging these eight equations, eight linear equations of

coefficient a,, a», as, as, as, as, a-, ag will be obtained as follow:
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avl - a\'2 _av3 = 0 (3.56)
avZ + a‘,3 - av4 = 0 (3.57)
a,—a,—a,; =0 (3.58)
av6 + av7 - av8 = 0 (359)
2 2 2
Vﬁan — 55, i2"'2"“‘;2 =55, x_vﬁvavs - &kim%
P Ul p, Uy p, V €o |
: : (3.60)
+5,8, ’ﬂkx—nzayﬁ + 5,5, ﬂkx—rha‘,7 =0
& P 0 |
U? f U? f U
ﬁvavz +£'Vav3 828 '—%ﬁvaw ~ [Fk =2 78,6 — Lo =2 754,
P P w* p, € P & P
’ kU? 3.61
+ 5,8, LBk N6, =0 ( )
& P
& , X & , x? & , x?
—~kn; —mna,, - ss, —kn; —a,,n, — 5,5, |——kn; —a,.n,
Hy P Hy P Ho P
. : (3.62)
- Vﬁ—av5 + 5,5, x—zﬁvavb + 8,8, —x—z—’q-vav7 =0
P 1 P Us p
2 2 2
Jiknzz ﬂ'74"‘/2 + A ’ﬁkni < 754,3 —s2s3\’ﬁkn32£776a‘,4 ——g—va%
Hy P Hy P Hy P P
: (3.63)
——ﬂ—-vav7 + 5,8, Ulz vﬁav8 =0
P w >

If we regard the eight coefficients a, as, as, as, as, as, a7, as as
eight elements of column matrix 7, then the above eight linear equations

could be expressed by the following form of matrix:

Al =0 (3.64)
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Jd %2
M\K

W %
ga ga 0
Uiy Yy, L
?-bi\ nﬁsi\ ga
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[

O is zero matrix.

The determinant of the matrix 4 must vanish in order to have
non-trivial solutions of the coefficients. A quadratic equation, i.c., the

eigenvalue equation may be derived by an elimination process.*’

Gl + Gy +G, =0 (3.66)
where
G, =ad - bc
G, = (ad' - cb') + (da' - bc’) (3.67)
G,=ad -bc
with
a= e (&4, - &A;) (3.68)
a =£,AB(£-1)= e, (&M, + £A0,) (3.69)
b=pe,(£-1)B (3.70)
b = iA(£,A, — £,A;) + 1,5,A,B (3.71)
c=wme (E-1)B (3.72)
¢ = 6, A( A, — 1A ) + 1,6,A B (3.73)
d = pe, (1A, - 1A;) (3.74)

d = AB(£-1)= e, (A + A7) (3.75)
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and

A =n,-8n,

A, =&, =1

A, =&y, — 1,705 (3.76)
A, = E(my=1,) (11, —715)

As = (‘f‘l)”e

(3.77)
B—vn‘”[;fz —%]
§= ZVZ(UZ)Zt B(UI) (378)

Solving this quadratic equation, two roots of 7, are obtained

m=(1/26)[ -G, +(6)" |
where & =G, —4G,G,

(3.79)

This is the eigenvalue equations of modes HE ., and EH,p,.

In order to derive the cutoff and the far-from-cutoff conditions,

the above equation is rewritten by redefining the 7y, 77,73, 74, 75, 7.

Through the following definitions of Bessel functions,
B, (x)=1B,_, (x)—nB, (x)
KK, (x)=—tK,, (x)-nK, (x) (3.80)

B, canbe J,(x),1,(x),Y,(x)

Redefine:



and

A =(¢-1)7,
where ¥ =sx*,0 =s,U, U} =s,U; , W* =s,¥*

The eigenvalue equation is rewritten as:® 7
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(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)
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7 = }V;+ {—Gz i[(Gz)2 +4g, (ng)z}%} /2(;1 (3.92)

where
G, =¢¢,H,
G,=H, with the upper sign (3.93)
G; =H, with the lower sign
1 1 1 1 \-
T:Vneﬁ-l:[f——ﬁ—lzjl‘ll +&, (ﬁ;— WZJA :| (394)

H, =(£ZZZ —£3Z5)(Zz —ZS)

_V(g_l){[zez ~(5,+5)A] [(&+4)A, 264, ]} (3.95)

U? w?

H,y = v(e te) e _ve,|(B28) (628)
et il

1 —2 W

(e )¢~ 1)[ [232 gz+83j [gz+g3 ivgﬂ (396)
2

)(82A +&, 1776)}

—& (82Z2 )(A +A|'76)+82 (—

It has been shown’ that expression (3.92) is the eigenvalue
equation for modes EH and HE, i.e. two groups of roots of the quadratic
equation, “+” and “-” sign in the expressions make two groups of
solutions represent two classes of hybrid modes, EH and HE modes
respectively. The mode with zero cutoff frequency has been traditionally
referred to as the HE|, mode. Then the group of roots which might include

zero cutoff frequency designates the mode HE.
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3.2.6 Eigenvalue Equations of Modes TE and TM

As discussed in the two layer structures, transverse modes TF and
TM are special situations of hybrid modes HE and EH. As v = 0, the
eigenvalue equations of transverse modes 7F and TM will be obtained

from the eigenvalue equations of hybrid modes HE and EH.
The eigenvalue equation of modes TE
(8, -As)~ (A, +A7,)=0 (3.97)

The eigenvalue equation of modes TM

& (A, —£3A5)r71 ~&, (52Z3 +53Z1776)=0 (3.98)

3.3 Cutoff Conditions

We could derive the cutoff conditions of mode TE and TM from its
cigenvalue equation in the limit of W — 0, i.e. #n.s — n3. Under this
condition, all the modes below the cutoff condition become radiation
modes. n; 1s the refractive index of outer cladding of the fibre.

Letting negr — n3i.e. a3 — 0, the following small argument approximation in the

Table 4° ° will be used in the deduction related with the

=K. (W)[WK, (7).



Table 4 The small argument approximation
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1

vz2

v=0

TEY AR

2(v-1)

x lni}/ A )

—> 0

3.3.1 Cutoff Condition of Mode TE and TM

As v=0, the modes, with one of whose longitudinal components

equal to zero, are circularly symmetric modes and are called 7F and TM

modes.

As W— 0,the 77, > and A, >

For TE modes:

For TM modes:

e (E-1)+&A, =0

m(E-1)+A, =0

3.3.2 Cutoff Condition of Mode HE and EH

As v>1, we obtain®

— \4 2 5 %
==+ EZia[(Ez) +4.9]e3E3'] 2F,
X

where for v>1

(3.99)

(3.100)

(3.101)



59

)
E;=(gl-gz)(v%f-czj+gz(gl-83)54 (3.102)

with

N

(5—1)[(52 +8)A, +83%-1)]

(3.103)

G

And for v =1

E =¢ (5—1)
E,=—(5+8)[A +(&-1)/T7 ]
E,=-(5,-&)[ B +(¢-1)/T7] (3.104)

5= i)

o =sgn(¢-1)

3.4 Far-from-cutoff Condition of Mode HE and EH

As modal parameter W tends to infinity, all the modal power is
confined in the core. This is called the far-from-cutoff condition of mode
in waveguides. No previous work on the derivation of the far-from-cutoff

condition has been seen. This work aims at finding a proper limitation to
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derive the far-from-cutoff condition from the eigenvalue equations of
modes HE and EH. Satisfactory results have been obtained before in two

layer structures at the limit of W — oo.

The defined modal parameters of dielectric waveguides (3.13) can

be rewritten as:

% = (kpy )’ (n? -2, (3.105)
T = (kp,)' (n2 =3, (3.106)
T2 = (kp, ) (n2 —n2,) (3.107)
W2 =—(kp, ) (2, —n2) (3.108)

If kp — oo, W tends to infinity, i.e. the far-from-cutoft condition,

but x,U,,U, remain finite, then the eigenvalue equation of three layer

dielectric waveguides will develop into to the function of modal

parameters x,U,,U,
lim f(x,U0,,0,)=0 (3.109)

With this limit W — oo, 1 — 0, we have A, =(&-1) and 76 — 0,

the far-from-cutoff expression will be derived in next section.

3.4.1 Far-from-cutoff Condition of TE and TM mode
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For TE modes:
A, ~A, =0 (3.110)
For TM modes:

ETA, ~&,A, = (3.111)

3.4.2 Far-from-cutoff Condition of HE and EH modes

To achieve the proposal of finding the other boundary to form a
value range, this work deducts the far-from-cutoff condition of modes in
three layer structures with the help of the eigenvalue equation given by

Safaai-Jazi and Yip 5.} °

For the hybrid modes, v > 0, the eigenvalue equations are

rewritten as follow:

1
. -E i[(E; ) +451E§r
7= 3.112
T=ct £ ( )
where
E =2¢D,
E,=(&+¢,)D,
E;=(£l—82)D2 (3113)
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with

(3.114)

The sign “+” represents the far-from-cutoff conditions of modes
EH, and “-” represents the far-from-cutoff conditions of modes HE

respectively.

Numerical calculations have been conducted to verify the validity
of the above far-from-cutoff obtained from the limit of W — oo. The
numerical calculation results show that the cutoff condition obtained at
the limit of W — 0 and the far-from-cutoff condition obtained at the limit
of W — o can form a closed value range which includes the effective

index of mode HE or EH.
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CHAPTER 4
VERIFICATION, NUMERICAL
CALCULATION

4.1 Transition from three layer to two layer

If we let b— a, the three layer fibre structure will shrink to a
typical two layer fibre structure. Comparing the reduced eigenvalue
equation, the cutoff and the far-from-cutoff conditions with the results
obtained in the Chapter 2, we can verify the validity of the results obtained

in Chapter 3.

Asb— a, we will have

U,—-0,

adl (4.1)
n,—>1n,

£l

and

(7Y

4.2)

>l D>l
L
Bl g o o
|
S

4.1.1 Eigenvalue Equation
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Substituting equation (4.1) and (4.2) into the eigenvalue equation

(3.92), the eigenvalue equation of three layer cladded fibre will reduce to

1

R 1 ’
(/11771 - /‘3'76)(81771 - 33776) = |:an[7 (ﬁ + ﬁ)ﬁl (43)

It is the same with eigenvalue equation (2.28) obtained in the two

layer structures of Chapter 2.

4.1.2 Cutoff Condition
For v =0, the cutoff condition of modes HE and EH in three layer

fibre can be rewritten as follows:

0-7,+A, =0 TE
771 _ 1 _ (4.4)
£-0-m+6A, =0 ™
But, due to
- _ _ 1 I_l(aza) 1 K_l(a2a)
A = — =n,— :—V———V—¢O
=7 =6 =1 =7 a,a 1, (aza) a,a K, (aza)
So, we must have 7 -« to keep equation(4.4) true, then
=
1 J(ea) 1, (a,a)
aa J,(aa) aa J,(xa)
Jy(a)=0 for TE orTM 4.5)

For v> 0, the cutoff condition for three layer structures, applying
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the same assumption as previously discussed for modes 7F and 7M in two

layer structures, the cutoff condition (3.101) is rewritten as:
2Em =& (& +&)A, oA, (6 +&) (4.6)
For EH modes,
2Em, =&,(&+&)A, +05,A,(6,+£) >0
n—0
J, (a)=0 4.7)
For HE modes,
2Em, =¢&,(6,+6)A, —06,A, (&, +6) >0
n, — finite value (4.8)

Because £ — 1, we have C,,C, -0, then E, - 0. It will prove
very simply and directly that the reduced cutoff conditions of modes HE
and FH, including the transverse modes 7E and TM, coincide exactly with

the cutoff conditions we obtained in two layer structure fibre.

4.1.3 Far-from-cutoff Condition

With conditions (4.1) and (4.2),



- 2v(&é-1))- - —
D =g, A, - (_f’z ) A, = &,AA,
U,
— &,A]
And
v ve, - -
D, ZU—IZDI_ng [A4—2(§_1)A3 —&,4,A,
v Ve, —
- ) - _“‘Z)A4
RN A
——_D, iR 50
U-

E =26D, —2¢6A;
E, =(6‘1 +¢‘,‘2)D2 -0

E,=(g-¢&)D,—>0

We will have:
: %
EVH , — -
Jufezes)]
x
=_v .. L
=T 26,6,A}
I eV 2
- B
Jemes)] | e
=Y L — S A S
X 2¢,6,A; ¥ 2680
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(4.9)

(4.10)

(4.11)
(4.12)

(4.13)

(4.14)

(4.15)
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where

7 =%" s (1) (4.16)

T T

aa)  (aa) @.17)
m== Y

(ala)
(@) _, v (4.18)

Substituting the definition of Bessel function into the equation(4.18), we

have:
__V__J+1 (U)
J,(U) u* uJ,(U)
WL 0) | 4n) v @19
uI,(U) U

We will obtain the far-from-cutoff conditions as follow:
']v+1 (ala)
UJ, (aa)
or (4.20)
J. (ala)

- 0
UJ, (aa) -

Furthermore, we could transform the far-from-cutoff condition as

follow:
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J(@,a)=0 (aa=0) Mode TE, TM,, (4.21)
and
J.(aa)=0 (aa#0) Mode HE, 422)
Jou(@a)=0 (aa#0) Mode EH,,

It is identical to the far-from-cutoff condition of a two layer
structure in Table 2 obtained in Chapter 2. It is proved that the two layer
dielectric structure is a special case of a three layer structure. It proves to
some extent that the obtained far-from-cutoff condition of three layer

structures is true.

4.2 Numerical Calculation of the value range

4.2.1 Introduction

As in the eigenvalue equation, the cutoff and the far-from-cutoff
equations obtained in three layer structure are all functions of modal
parameters x,U,,U,.

The cutoff equation:

lim f(%,0,,0,)=0 (4.23)

lim £ (%,0,,0,) =0 (4.24)
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The discrete solutions to the above equations are the cutoff and

the far-from-cutoff conditions, which are all functions of effective index.

Like the n.s (cutoff) and n.g (far-from-cutoff) in two layer
structures discussed before, the cutoff and far-from-cutoff conditions
obtained in three layer structures have the corresponding effective indices,

negr (cutoff) and ng (far-from-cutoff).

To find the roots of the ecigenvalue, the cutoff and the
far-from-cutoff equations, we use the Brent root finding method to find
the effective index or the corresponding effective indices between the 7,4
and n.,;,. The A and ny,;,, we use in the calculation are the indices of the
core and the second cladding of the fibre. The first found root of the
eigenvalue equation is the effective index of the eigenvalue equation,
whereas the first found roots of the cutoff and the far-from-cutoff
equations are the corresponding effective indices of the cutoff and the

far-from-cutoff conditions.

We plot the corresponding effective indices of the cutoff and the
far-from-cutoff conditions, n.g (cutoff) and g (far-from-cutoff) with the
effective index of modes together to show that the effective index varies in

the range formed by the n.g(cutoff) and n.s (far-from-cutoff).

Through the numerical calculation of the eigenvalue, the cutoff
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and the far-from-cutoff equation, we proved that the obtained cutoff
condition could be regarded as a boundary of the range which includes the

effective index.

All calculations are based on the fibre SMF-28™ at the

wavelength A=1.55um.

We plot the effective index, the corresponding effective indices of
the cutoff and the far-from-cutoff conditions vs. the reduction factor R.
The reduction factor R is a homothetic reduction factor of the transversal
dimensions of the fibre.

Table 5 The definition of fibre SMF-28™

Layer Refractive index of layer Radius
1 Si0,+0.0045 =1.448918 4.5 um
2 SiO, =1.444418 62.5um
3 Air =1.000273 ©

4.2.2 Plot of Modes 7E and TM
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Effective Index, Cutoff & Farfrom-Cutoff of Mode TEM
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Fig. 8 Plot of effective index, far-from-cutoff condition of mode TEj,.
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Fig. 9 Plot of effective index, far-from-cutoff condition of mode TMo.

Fig. 8 Plot of effective index, far-from-cutoff condition of mode

TEyis the plot of effective index, cutoff and far-from-cutoff conditions of

mode TE,, corresponding to the equation (3.97), (3.99) and (3.110)

respectively.
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Fig. 9 is the plot of effective index, cutoff and far-from-cutoff
conditions of mode TM,, corresponding to the equation (3.98), (3.100)

and (3.111) respectively.

4.2.3 Plot of Modes HE

Effective index & far from cutsff of mode HE |
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Fig. 10 Plot of effective index, far-from-cutoff condition of mode HE\;.
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Effective Index & Far-from-CutofT of Mode HE
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Fig. 11 Extended plot of mode HE);.

Fig. 10 is the plot of the numerical results of equation (3.92),
(3.101) and (3.112) vs. the reduction factor “R”. From the figure, we find
that there is no cutoff for the mode HE, The effective index tends to the
refractive index of the core. The mode HE}, always exists in the dielectric

waveguide.

Effective Index, Cutoff & Far from Cutoff of Mode HE' 2
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Fig. 12 Plot of effective index, cutoff and far-from cutoff conditions of mode HE».
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Cutoft, Effective Index & Far-from-Cutoff of Mode HE
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Fig. 13 Extended plot of mode HE)».

Fig. 12 is the plot of effective index, cutoff and far-from-cutoff
condition of mode HE), vs. reduction factor, based on the same equation
than the Fig. 10. From Fig. 14, we see that the effective index is bound in a
value range formed by the cutoff and the far-from-cutoff conditions.
From Fig. 11 and Fig. 13, we find that there is no cutoff for the mode HE};,
but mode HE|, will be cutoff as R approaches 0.01. For a given v, the
mode, the cutoff and the far-from-cutoff values of the higher order of
mode “m” will be cutoff earlier than the lower order of mode “m” as the R
tends to zero. And the effective index is still bound in a value range

formed by the cutoff and the far-from-cutoff conditions.
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Fig. 14 Plot of effective index, cutoff and far-from-cutoff conditions of mode HE>,.
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Fig. 15 Plot of effective index, cutoff and far-from-cutoff conditions of mode HE».
Fig. 14 and Fig. 15 show the effective index, cutoff and
far-from-cutoff conditions of mode HE,; and HE»,. It is observed that the

effective index varies in the region formed by the cutoff and the

far-from-cutoff conditions.
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4.2.4 Plot of Modes EH
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Fig. 16 Plot of effective index, cutoff and far-from-cutoff condition of mode EH;,.
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Fig. 17 Extended plot of mode EH).
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Effective Index, Cutoff & Far from Cutoff of Mode EH
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Fig. 18 Plot of effective index, cutoff and far-from cutoff conditions of mode EH;,.

Cutoff, Effective Index & Far-from-Cutoff of Mode EH,,

145 . : :
oS g e
145 e SRR i
P e Cutoft
1,35+ oo - Effective index -
s s Farfrom-Cutoff
13t ¥ -
e 125 ’
»
3
o
£ 125 ] -
145
14+ ‘Z » i
i\ i
1055 ¥
£og
1 1 % ‘; i i i i 3 14
() 0.02 o6d 008 0.08 0.1 042 014 046 048 0.2

Reduction Factor R

Fig. 19 Extended plot of mode EH ).

Fig. 16 and Fig. 18 are plots of effective index, cutoff and
far-from-cutoff conditions of mode EH,, and EH,, corresponding to the
equation (3.92), (3.101) and (3.112). We see that the effective index is

surrounded by the cutoff and the far-from-cutoff conditions.
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4.2.5 Plot of value ranges of modes
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Fig. 20 Plot of value ranges of modes EH, and EH)».

Fig. 20 is the plot of the cutoff and the far-from-cutoff conditions
of modes EH|; and EH\,. We plot the value range bounded by the cutoff
and the far-from-cutoff conditions of two modes for a given v=1 to prove

that two value ranges don’t overlap.

4.3 Discussion

Like the situation in the two layer structure fibre, the effective
index of modes is within the value range formed by the cutoff and the
far-from-cutoff conditions. The eigenvalue, the cutoff and the

far-from-cutoff equations include many terms of the complicated Bessel
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function. The Bessel function, especially the higher order Bessel function
makes the terms of the equation vary dramatically. It makes the function
change sign many times in the tiny section of Brent’s method or Bisection
method. Brent’s or Bisection method is a root-finding method. If the
curves of the function changes too considerably, it is very hard to find a
section which permits the function to change sign only one time in the
tolerance of computer. The accuracy of used Brent’s or Bisection method
is set around the order of 10""~"'®. The numerical computation in this order
of accuracy will take a very long time, but it still makes some errors, like

missing some roots.
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CHAPTER S
CONCLUSION

From the deduction of Chapter 3, the eigenvalue, the cutoff and
the far-from-cutoff equations of a guided mode in the three layer dielectric
waveguides is obtained. The far-from-cutoff equations of modes (3.110),
(3.111), (3.112) have never been obtained in previous papers. The
obtained far-from-cutoff makes it possible to form a value range with the
obtained cutoff obtained in the article.® ° The eigenvalue of mode is
between this value range. In other words, the eigenvalue or effective index
is confined in the range formed by the cutoff and the far-from-cutoff

conditions.

To prove the justness of the obtained cutoff and far-from-cutoff
conditions of modes in three layer structures, we reduce the three layer to
two layer by letting b — a. The reduced cutoff and far-from-cutoff

expressions are identical to the cutoff and far-from-cutoff expressions.

Chapter 4 gives some plots of effective index, cutoff and

far-from-cutoff conditions of mode HE,,, and EH,, (v=1,2 , m=1,2) vs.

reduction factor R. The plots show us that the effective index of mode
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varies between the cutoff and the far-from-cutoff conditions. And we can

observe from the extended plots that it is still true as R tends to zero.

The value range which includes effective makes it more
convenient to investigate the effective index of mode analytically and

numerically.

It is found from Fig. 20, the plot of the cutoff and far-from-cutoff
conditions of modes EH;; and EH,,, that there is no overlapping of the

value ranges of both modes of the same order.

It is proved numerically that the value ranges of each mode of the
same order don’t overlap; furthermore, the modes of the same order don’t

Cross.

It is still very difficult to solve the eigenvalue, the cutoff and the
far-from-cutoff equations. We think that it may be possible to find a value
range which could include the cutoff or the far-from-cutoff values, which

are the boundaries of value range including the effective index.

Until now, we have discussed the classification of modes in two
and three layer structures. The four components of field in the four layer
fibre, one core with three claddings, have to be continuous in three
interfaces. Applying the same method used in two and three layer

structures, we will obtain a 12x12 matrix. To set the determinant of this
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matrix to be zero, we will get a quadratic equation too'®. Solving this
quadratic equation will lead to two group of roots, which present the
modes EH and HE in four layer structures respectively. Choosing proper
modal parameters, the quadratic equation can be transformed to the
eigenvalue equation of modes in four layer structures, then the cutoff and

the far-from-cutoff conditions consequently.
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