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RESUME

Cette these de doctorat aborde le probleme de la réduction du bruit blanc gaussien additif
(BBGA) dans les signaux 1D et les images 2D. Bien que la littérature englobe des méthodes
de réduction du bruit (RB) allant des filtres de base aux modeles avancés d’apprentissage
automatique, les approches actuelles se heurtent souvent a des limitations dans 1’équilibre

entre 'adaptabilité, I'efficacité computationnelle et la RB sans artefacts.

Nous avons introduit de nouvelles méthodes de réduction du bruit gaussien congues pour
intégrer une RB efficace et performante, tout en assurant une large applicabilité a des types
de signaux variés grace a une modélisation adaptative aux données. Le développement de

cette these est guidé par les objectifs suivants :

O1 : Développer une méthode de réduction du BBGA sans apprentissage pour les signaux

1D par morceaux lisses.
02 : Etendre le cadre développé dans O1 aux images 2D.

Dans les deux cas, la méthodologie doit : 1) réduire le bruit tout en préservant les détails
structurels, 2) reposer principalement sur un réglage des parametres adaptatif aux données,

et 3) étre computationnellement efficace, permettant une application pratique.

Nous avons développé le Modele par Morceaux Lisses (MML), qui formule la réduction du
bruit comme un probleme de sélection de modele. Le signal sans bruit est estimé en ajustant
des polynomes de degré < 2 sur tous les intervalles possibles et en sélectionnant une séquence
optimale de morceaux non chevauchants par minimisation de critéeres d’information. Nous
avons démontré empiriquement qu’en agrégeant plusieurs modeles MML locaux obtenus dans
des fenétres glissantes chevauchantes, il est possible de surpasser des versions optimales de
plusieurs méthodes de RB de la littérature. Nous avons fourni des algorithmes pour estimer
les parametres du modele directement a partir des données bruitées et introduit une formu-
lation par Plus Court Chemin pour résoudre efficacement le probléme de minimisation du

critere d’information.

Pour réduire le bruit des images, nous avons introduit S3F (Fusion de Lissage et d’Auto-
Similarité), un cadre sans apprentissage qui oriente adaptativement les pixels vers des straté-
gies de réduction du bruit complémentaires. S3F se compose de trois composantes couplées

un estimateur du niveau de bruit, un débruiteur de régions lisses (MML appliqué sur
des fenétres glissantes sur I'image linéarisée), et un débruiteur de régions texturées basé sur

l'auto-similarité.
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Le MML appliqué sur des fenétres glissantes (MML-FG) génere une carte de variance par pixel
qui sert de détecteur de texture pour partitionner 'image. Les pixels dépassant un seuil de
variance (indiquant une texture & haute fréquence) sont traités par Régression a Rang Réduit
(RRR), qui regroupe des patchs similaires et utilise une Décomposition en Valeurs Singulieres
tronquée avec sélection du rang basée sur les données pour la reconstruction. L’image finale
est assemblée en utilisant 1'estimée MML-FG pour les pixels lisses et en faisant la moyenne
des estimées MML-FG et RRR pour les pixels texturés.

Une motivation fondamentale de ce travail est la reconnaissance que la plupart des techniques

de RB existantes sont insuffisantes sur au moins I'un des aspects suivants :

e Réduction du bruit de haute qualité : une RB efficace sans introduction d’artefacts
o Adaptabilité : produire une RB de haute qualité pour une grande variété de signaux

« Efficacité computationnelle : atteindre une RB de haute qualité tout en évitant le
recours a des algorithmes gourmands en ressources ou a de larges jeux de données

d’entralnement.

Applications et Perspectives

Les applications du cadre MML comprennent la réduction du bruit thermique dans les cap-
teurs, les traces sismographiques et les électrocardiogrammes. Etant donné que le MML a la
capacité d’identifier des segments non lisses, son utilisation pour la détection de pics pourrait
constituer une autre application prometteuse, notamment dans les signaux biomédicaux et
I’analyse de séries temporelles. Les applications de S3F incluent la réduction du bruit dans

les images biomédicales et de microscopie.

Les travaux futurs pourraient se concentrer sur ’extension des méthodes a des modeles de
bruit non gaussiens ou dépendants du signal, des extensions multi-échelles du modele RRR,
et des schémas de pondération optimaux pour 'inférence multi-modeles sous des structures

de corrélation inconnues.
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ABSTRACT

This doctoral thesis addresses the problem of reducing additive white Gaussian noise (AWGN)
in 1D signals and 2D images. While the literature encompasses noise reduction (NR) meth-
ods ranging from basic filters to advanced machine learning models, current approaches often

face limitations in balancing adaptability, computational efficiency, and artifact-free NR.

We introduced novel Gaussian noise reduction methods designed to integrate efficient and
effective NR, while ensuring broad applicability to diverse signal types via data-adaptive
modeling. The development of this thesis is guided by the following objectives:

O1: Develop a training-free AWGN reduction method for 1D piecewise-smooth signals.
02: Extend the framework developed in O1 to 2D images.

In both cases, the methodology should: 1) reduce noise while preserving structural details,
2) rely primarily on data-adaptive parameter tuning, and 3) be computationally efficient,

allowing practical application.

We developed the Piecewise-Smooth Model (PSM), which frames noise reduction as a model
selection problem. The noise-free signal is estimated by fitting polynomials of degree < 2
across all possible intervals and selecting an optimal sequence of non-overlapping pieces via
information criteria minimization. We empirically demonstrated that by aggregating multiple
local PSM models obtained in overlapping sliding windows, it is possible to outperform opti-
mal versions of multiple NR methods in the literature. We provided algorithms to estimate
model parameters directly from the noisy data and introduced a Shortest Path optimizer

formulation to efficiently solve the information criterion minimization problem.

To reduce noise from images, we introduced S3F (Smoothness and Self-Similarity Fusion),
a training-free framework that adaptively routes pixels to complementary noise reduction
strategies. S3F consists of three coupled components: a noise-level estimator, a smooth-region
denoiser (PSM applied on sliding windows over the linearized image), and a textured-region

denoiser based on self-similarity.

The PSM applied over sliding windows (SW-PSM) generates a per-pixel variance map that
acts as a texture detector to partition the image. Pixels exceeding a variance threshold
(indicating high-frequency texture) are processed via Reduced-Rank Regression (RR), which
groups similar patches and uses truncated Singular Value Decomposition with data-driven
rank selection for reconstruction. The final image is assembled by using the SW-PSM estimate

for smooth pixels and averaging the SW-PSM and RR estimates for textured pixels.
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A fundamental motivation for this work is the recognition that most existing NR techniques

fall short in at least one of the following aspects:

o High-quality NR: Effective NR without introducing artifacts
» Adaptability: Producing high-quality NR for a wide variety of signals

o FEfficient Computation : Achieving high-quality NR while avoiding the need for resource-

intensive algorithms or large training datasets.

Applications and Future Directions

Applications of the PSM framework include the reduction of thermal noise in sensors, seis-
mographic traces, and electrocardiograms. Since PSM has the capacity of identifying non-
smooth segments, using it for spike detection could be another promising application, par-
ticularly in biomedical signals and time-series analysis. Applications of S3F include noise

reduction from biomedical and microscopy images.

Future work may focus on extending the methods to handle non-Gaussian or signal-dependent
noise models, multiscale extensions of the RR model, and optimal weighting schemes for

multi-model inference under unknown correlation structures.
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CHAPTER 1 INTRODUCTION

Noise reduction (NR), particularly for Additive White Gaussian noise (AWGN), is a critical
task in signal processing across multiple domains. While numerous techniques have been
proposed to suppress AWGN in acquired signals, both traditional and modern approaches
often struggle to balance noise suppression, detail preservation, computational efficiency,
and cross-domain performance. This thesis addresses these challenges by introducing the
Piecewise-Smooth Model (PSM) method, and its extension, the Sliding-Window Piecewise-
Smooth Model (SW-PSM).

SW-PSM is a principle-based framework that integrates fast curve-fitting, a novel model
selection approach, and adaptive signal representation via local model aggregation. The SW-
PSM framework is designed to reduce noise while preserving the fine-scale details of the signal
via data-adaptive modeling, without requiring computing-heavy routines or external datasets.
Furthermore, the first-principled design of PSM enables generalization to higher-dimensional
signals, such as images. This combination of effectiveness, generality, and efficiency represents

a significant advancement in signal NR.

1.1 Basic Concepts

Noise reduction (NR) represents a fundamental challenge in signal and image processing,
focusing on the enhancement of signal quality through the suppression of unwanted noise
components while preserving the structural features of the signal. These features include edge
discontinuities, fine-scale textures, and localized signal variations that may carry essential
information. Effective NR becomes particularly significant in specialized applications where
signal quality directly impacts analytical outcomes and decision-making processes. This
includes communication systems [1-3], speech processing applications [4,5], and biomedical

signal analysis [6, 7],

The AWGN model represents one of the most widely investigated noise distributions in
signal processing, owing to both its mathematical tractability and its frequent occurrence in

practical applications [8].

This work addresses the problem of recovering a piecewise continuous signal z € R" from

its noise-corrupted observation y € R", where the degradation process follows the AWGN



model. Formally, we model the noisy signal y as
Y=+ w, (1.1)

where the entries in the noise vector w are independently and identically distributed (i.i.d.)
Gaussian random variables with zero mean and unknown non-zero standard deviation o € R.
NR methods produce an estimate £ € R"™ of the unknown noise-free signal x. The NR
performance associated with a signal estimate z will be assessed quantitatively with the

Signal-to-Noise Ratio Improvement (SNRI), defined as

ly — =||”
12 — 2>

SNRI =

A signal estimate  demonstrates improved quality over the noisy observation y when SNRI >
1, with higher SNRI values corresponding to more effective noise reduction performance. For
additional quality assessment, we consider the Peak Signal-to-Noise Ratio (PSNR), defined

as:

max(x)?

1 & .
n > (s — 84)?

=1

The PSNR measures the ratio between the maximum possible signal power, given by max(x)?

and the mean squared error of the reconstruction. It is expressed in decibels (dB), where
higher values indicate better reconstruction quality. A PSNR of 0 dB corresponds to a
reconstruction whose mean squared error equals the peak signal power, while each increase

of 10 dB corresponds to a tenfold reduction in mean squared error.

1.1.1 Definition of signals

Definition 1 A function f(v) : I CR — R is said to be piece-wise smooth in an interval
I C R if it is continuous in I except for a finite number of jump discontinuities, and if in

addition its first derivative f'(v) is piecewise continuous.

The discrete noise-free signal is denoted by x € R", where n > 1 is an integer. The signal x
is assumed to be obtained by sampling an unknown piecewise smooth function f : R — R,
representing a time-varying (or spatially varying) quantity. In the discrete signal context,
the i*" component of z is z[i] := f(i At) for i € S, where the set S = {0,1,...,n— 1} will be

called the signal support, and At > 0 is a constant denoting the spacing between consecutive



samples of f.

Since f(v) is piecewise smooth, it can be well approximated by a Taylor series on each smooth
piece. Consequently it should be possible to find many intervals within S where the signal
x can be approximated by a polynomial. In particular, there should exist a collection of
adjacent and non-overlapping intervals that covers the signal support S in such a way that x
can be well approximated by a polynomial on each interval. Note that considering disjoint sets

facilitates the modeling of discontinuities that may occur between adjacent smooth pieces.

1.1.2 Akaike Information Criterion and Bayesian Information Criterion

A key challenge in statistical modeling is selecting an appropriate model from a set of can-
didates, as models with too many parameters relative to available data frequently lead to
overfitting. Given observed data y € R™ and a parametric model p(y | #) with parameter

vector 6 € R, maximum likelihood estimation (MLE) seeks
0= arg max L0 |y),

where L£(0 | y) = logp(y | 0) is the log-likelihood. While MLE is asymptotically efficient,
it tends to favor overly complex models that fit the noise rather than the underlying signal

when d is large relative to n [9].

This motivates the use of penalized likelihood methods, which complement the log-likelihood
with a term that penalizes overparameterization. A framework for deriving such penalties
is the Kullback-Leibler (KL) divergence, which measures the information lost when a model

p(y | 0) is used to approximate the true data-generating distribution p*(y):

DxL(p*|lp) = / p*(y)log p]();(fj()g) dy.

Minimizing the KL divergence is equivalent to maximizing the expected log-likelihood E,« [log p(y |
6)], which forms the theoretical basis for the Akaike Information Criterion (AIC) [10]. AIC

provides a bias-corrected estimate of the expected KL divergence, and is defined as [9]
AIC = —2£(f | y) + 2d,

where the first term measures the goodness of fit via the maximized log-likelihood, and the
second term penalizes model complexity through the number of free parameters d. A closely

related criterion is the Bayesian Information Criterion (BIC) [11], derived from a Laplace



approximation to the marginal likelihood p(y) = [p(y | 0)p(0) df, and defined as
BIC = —2£(0 | y) + dlogn,

where n is the sample size. Compared to AIC, BIC imposes a stronger penalty on model
complexity when n > 8, resulting in sparser models and offering greater consistency in
model selection as n — oo. By balancing goodness of fit against model complexity, both
AIC and BIC mitigate overparameterization in regression tasks, reducing overfitting risk and

promoting more generalizable models.

1.1.3 Sliding-Window Processing and Estimate Aggregation

Sliding window processing (SWP) is a technique used to process sequential data by dividing
it into overlapping segments that progressively move or slide across the signal. This method-
ology enables processing data through smaller, more manageable blocks for more detailed
analysis, while maintaining contextual continuity. By operating on localized data subsets
(windows), SWP facilitates optimized memory utilization, and reduced computational de-
mands. In this work, the implementation of SWP induces a many-to-one relationship where
individual data points in the noisy signal y may be associated with multiple estimates. To
combine these multiple estimates, we employ an inverse variance weighting (IVW) scheme
giving higher weights to more accurate estimates, thereby producing a robust composite

result.

1.2 Problem Statement

High-quality NR methods are characterized not only by achieving a PSNR higher than that of
the noisy observation y, but also by preserving signal details while avoiding the introduction
of artifacts and oversmoothing. Achieving high-quality NR requires selecting an adequate
model for the noise-free signal, which usually requires model parameter tuning. Developing
methodologies that balance high-quality NR with effectiveness across multiple datasets, while

remaining computationally efficient, remains an open problem in signal processing.

The main elements of the AWGN reduction problem are addressed in detail in the following

subsections.



1.2.1 Artifacts and Oversmoothing

Oversmoothing is a phenomenon characterized by the elimination of signal information by
NR methods, erroneously replacing subtle variations, or sharp transitions in x by smooth
curves. One of the main challenges for NR methods revolves around the preservation of sharp
transitions or discontinuities in the signal [12]. Improper modeling of such abrupt variations
may result in the emergence of artifacts in the form of spikes or spurious oscillations near
sharp edges or, conversely, oversmoothing across discontinuities, leading to the loss of crucial
information [12]. It follows that an accurate localization of discontinuities is essential for

mitigating the adverse effects of oversmoothing and ringing artifacts in signal NR.

1.2.2 Selection of Model Parameters
Noise Level Estimation

To adequately guide NR methods in discriminating noise from signal, most AWGN reduction
methods require information about the standard deviation o of the Gaussian noise distri-
bution that corrupts x. Most NR methods focus primarily on signal estimator design and
assume that o is known. However, this assumption is often not met in practical scenarios
where the noise source and characteristics are unknown beforehand, introducing the addi-

tional challenge of computing an accurate noise level estimate &.

Choosing a Basis

Many NR methods operate by approximating the noisy signal y using a signal model z. If this
model closely matches the true underlying signal, high-quality noise reduction is achievable.
In this setting, y is represented in an alternative domain via a transform F : R" — R",
which facilitates the separation between noise and signal components. Specifically, F(y)
produces a set of components {c;}7_; that capture different features of y in the transformed
domain. The NR procedure is then performed on F(y) by zeroing out or attenuating the
components ¢, associated with noise. The signal estimate z is then constructed using the

retained components.

However, a limitation of this approach lies in the selection of an appropriate transformation.
Transforms relying on fixed basis functions, for example, Fourier or Wavelet transform, can
be too rigid, failing to accurately represent the underlying signal z, thus limiting NR qual-
ity. Alternative approaches relying on data-driven signal representations also require careful

hyper-parameter tuning (for example, the number of elements in the basis and threshold



value), with direct impact on the final result. Therefore, adequate signal representation

remains as an open challenge in AWGN reduction tasks.

1.2.3 Balancing Generalization - Parameter Estimation and Computational Ef-

ficiency

The increasing adoption of machine learning (ML) and artificial intelligence (Al) has signif-
icantly raised in developing robust methods capable of handling diverse data distributions
while maintaining high performance. Models which exhibit minimal performance degrada-
tion across varying conditions, are said to generalize well [13]. In the context of Additive
White Gaussian Noise (AWGN) reduction, generalization means delivering high-quality NR
across a wide array of signal types and noise levels. Achieving this goal requires a com-
bination of adaptive parameter selection, flexible signal representation, and computational
efficiency. However, existing methods tend to prioritize one of these aspects over the oth-
ers. For example, data-driven approaches may improve adaptability, but they come with
higher computational costs. To date, no AWGN reduction technique successfully integrates
all these features. Bridging this gap remains an open challenge, highlighting the need for
deeper exploration of data-driven NR models that balance adaptability, automation, and

efficiency.

1.3 Research Objectives

e Objective 1: Develop a fully-adaptive AWGN reduction method for 1-dimensional
signals that produces high quality NR.

Sub-objective 1.1: Achieve effective NR (SNRI> 1) for a wide family of signals

and different noise levels.

Sub-objective 1.2: Obtain SNRI values higher or comparable to the ones pro-
duced by classical AWGN reduction methods.

e Objective 2: Extend the method in Objective 1 to images. maintain efficiency, and

reduce noise without introducing artifacts (especially blurring and oscillations) .

Sub-objective 2.1: Achieve effective NR (SNRI> 1) for a wide family of signals

and different noise levels.



1.4 Thesis Outline

This thesis is organized as follows: Chapter 2 offers a literature review for AWGN reduction
methods for 1D signals and images. Covering both, classical and modern approaches along
with their respective strengths and limitations. Chapter 3 contains early methodological
approaches that led to the development of the final methods proposed in this thesis. Chap-
ter 4 presents the first article produced in my studies, entitled: Adaptive Noise Reduction
via Optimal Multiscale PiecewiseSmooth Modelling. This article contains a detailed method-
ological formulation of PSM, and SW-PSM, along with extensive experiments. Chapter 5
presents the second research article: Gaussian Noise Reduction in Images via Smoothness
and Self-Similairty Fusion, in which we extended the application of the SW-PSM method
to 2D images and introduce a hybrid methodology that combines SW-PSM with a Reduced
Rank Regression method to reduce noise from smooth and non-smooth noisy regions in an
image. A general discussion of the work is provided in Chapter 6. Conclusions and final

remarks regarding this thesis are offered in Chapter 7.



CHAPTER 2 LITERATURE REVIEW

This section provides a comprehensive critical review of fundamental developments in AWGN
for both 1D signals and images. This review covers the validity and implications of the AWGN
assumption in practical scenarios, main NR methodologies with special attention to data-
driven representation techniques, and current challenges posed by open research questions in
AWGN reduction.

The relevance of NR methods emerges from two fundamental factors: the need for high-
fidelity data in sensitive applications, and the vast diversity of signal characteristics and
noise profiles encountered in practice. These demands continue to motivate active research
in NR methodologies, driving the development of increasingly sophisticated approaches with
a particular emphasis in widely applicable methods. Particular fields of application include
communication systems, [1,3] speech processing [4,5] biomedical signal analysis [6,7], astron-

omy [14,15], and remote sensing [16,17].

2.1 Additive White Gaussian Noise

Among various noise models, additive Gaussian White Noise (AWGN) is one of the most
extensively studied due to its mathematical tractability and prevalence in practical appli-
cations [8]. Many sensor readings naturally exhibit thermal (allso called Johnson—Nyquist)
noise, which originates from thermal agitation of electrons in resistive components, and can
be well-approximated by a Gaussian (normal) distribution. Furthermore, this kind of noise is
uncorrelated, and under suitable acquisition conditions the constant noise-variance assump-
tion holds [18]. Shot noise, which arises from the discrete nature of charge or energy carriers,
such as electrons in electronic circuits or photons in optical systems, is usually modeled
as a Poisson distribution, but when the number of electrons/photons is large, the Poisson
distribution can be suitably approximated by a Gaussian distribution. [19,20]. Since shot
and Nyquist noise are independent of the signal, they can be suitably modeled as additive
noise. For particular cases, multiplicative noise owed to the effects of signal-dependent noise
is also addressed by NR models [21,22]. Active imaging systems, i.e., imaging systems that
illuminate the target with its own controlled source of radiation, such as laser, microscope,
synthetic aperture radar (SAR) imaging, represent typical scenarios of contamination by

multiplicative noise [23].

Particular cases of non-constant noise-variance owed to the effects of temperature-dependent



noise, or varying non-controllable experimental conditions, are also addressed in NR models
[24-26]. The constant-variance assumption may serve as an initial approximation for the
development of mathematically tractable NR frameworks that can be extended to tackle the

non-constant variance AWGN scenario [27-29).

In this dissertation, I focus on the problem of estimating a piecewise continuous signal x € RY
from a noisy observation y € R”Y, where noise contamination follows an additive Gaussian
white noise model, i.e.

y=x+w, (2.1)

where the noise components in w are independently and identically distributed (i.i.d.) normal
variables with zero mean and unknown standard deviation . The goal of NR is to produce

a signal estimate z that closely matches the unknown noise-free signal.

Similarly, I consider the additive white Gaussian noise model for the contamination of two-
dimensional (2D) images. In this scenario, I assume that the noisy image ¥ € R™ " is
generated through the degradation of a clean image X € R™*" by additive white Gaussian

noise (AWGN) with zero-mean and noise level o € R, i.e.,
Y=X+W, (2.2)

where W € R™ " represents the noise matrix whose entries are independently and identically

distributed sampled from a zero-mean Gaussian distribution with standard deviation o.

Similarly to the 1D case, the image noise reduction (INR) problem is formulated as an inverse

problem that seeks to recover an accurate estimate X € R™" of the noise-free image X.

With the intention of reducing notation, the noise model presented in equation 2.2 explic-
itly considers square images. This is done without loss of generality, since the proposed

methodology can be directly applied to non-square images.

2.2 Spatial Domain Noise Reduction Methods

Spatial Domain methods represent some of the earliest and most intuitive noise-removal (NR)
techniques. These methods directly operate on pixel intensities using local neighborhoods to
estimate the clean signal. Specifically, they operate by defining the estimate Z[i] associated
with the i element of z € R” as the output of a mapping f : R¥ — R, applied to a local
neighborhood v; = (y[i — r],...,y[i +7]) € RY of size L = 2r + 1 centered at index i in the

noisy observation y, i.e.,



10

The analogous formulation extends naturally to 2D images. The estimate at pixel (i, j) is
defined as the output of a mapping ¢ : RE*L — R, applied to a square patch of size L x L
centered at (i, 7) yielding the estimate X i, j] = g(vi;). Typical choices for f include simple
statistical estimators such as the mean, median, and mode. A classical example of a more
sophisticated function is the Wiener filter, which incorporates both local variance estimation
and prior assumptions about the signal and noise distributions. Spatial Domain methods tend
to perform reasonably well when the underlying signal is smooth and lacks abrupt intensity
changes. However, their effectiveness diminishes in the presence of sharp transitions or fine-

scale details, where such methods often lead to blurring or edge degradation [12].

Non-linear spatial domain methods such as median-based filters and non-linear total variation
minimization [30], have been developed to mitigate the oversmoothing artifacts commonly
associated [12,31]. Nonetheless, these methods still fail to accurately adapt to rapid signal
changes, resulting in signal estimation estimation errors, and the introduction of artifacts [32].
Examples of spatial domain methods for 2D data are mean, median, Gaussian, and Weiner
filters. The 2D extensions of spatial domain NR methods reduce noise contamination to some
extent, however, they tend to produce blurry image estimates, especially in fast-varying image

regions [33].

2.3 Transform Domain Methods

Transform domain (TD) methods employ a signal transform F : R” — R™ to represent the
noisy signal y in a different basis, yielding the transformed representation F(y) € R". Typi-
cally, the change of basis is chosen so that the noiseless signal  and the noise w correspond

to different elements of the new basis, thus facilitating their separation.

Generally, TD methods follow a three-stage process:

1) Transform: The input signal y is projected onto a new basis by applying F to y. The
transformed signal is denoted by y' = F(y).

2) Thresholding: In this stage, noise reduction is performed directly on the transformed sig-
nal 3/. The main idea is to diminish the contributions of components in y’ that are likely
to correspond to noise. For instance, when F(y) is the discrete Fourier transform of y, it is
common to assume that high-frequency components correspond to rapid fluctuations caused
by noise. Accordingly, frequencies higher than a threshold 7 € R are attenuated or elim-
inated. Thresholding can be implemented in two principal ways: Hard thresholding where
suspected noise-related coefficients are set to zero, and Soft thresholding (shrinkage): where
the magnitude of these coefficients is reduced without nullifying them entirely [34,35]. The
thresholded transformed signal is denoted by by y.
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3) Reconstruction: Finally, the noise-free signal estimate Z is reconstructed by applying the
inverse transform to y’, i.e., £ = F '(y.), where F'(y) : R® — R denotes the inverse

function of F.

2.3.1 Noise Reduction with Fourier Transform and Wavelet Transform

The discrete Fourier transform (DFT), and the discrete wavelet transform (DWT) are clas-

sical choices of F for one-dimensional signals [36-38] and images [39-42].

Discrete Fourier Transform

In the context of noise reduction, the Discrete Fourier Transform decomposes a signal into
its frequency components, representing it as a sum of sinusoidal basis functions with specific
frequencies, amplitudes, and phases. This frequency-domain representation enables noise re-
duction through the elimination of components with small coefficients, based on the principle
that noise typically manifests as low-amplitude, high-frequency components across the entire
frequency spectrum [43]. By applying a threshold to the DFT coefficients and setting those
below this threshold to zero, noise components can be effectively removed while preserving
the dominant signal features represented by large-amplitude coefficients. This thresholding
approach assumes that significant signal information is concentrated in a relatively small
number of frequency components with substantial magnitudes, while noise is distributed
across many coefficients with smaller amplitudes. However, the DFT’s global frequency
analysis provides poor time localization, making it less suitable for signals with transient or
non-stationary characteristics where the temporal context of coefficient magnitudes becomes

crucial for distinguishing between noise and signal components.

An illustrative example of DFT-based noise reduction is presented in Figure 2.1. The left
panel displays the noise-free heavisine [44] test signal = (black curve) with sample size N =
512, the noisy signal y (grey curve) with additive Gaussian noise (¢ = 0.1), and the DFT
reconstruction (blue curve) obtained by retaining only the frequency components shown
in the right panel. In this example, frequency components with Fourier coefficients below
the threshold 7 = 8.3 were eliminated by setting them to zero, where 7 represents the
optimal threshold value that minimizes the root-mean-squared-error (RMSE) between the

reconstructed signal Z and the noise-free signal x, defined as

N 1 N
RMSE(z, &) = ﬁHx — o,

where [|a||z denotes the Euclidean norm of a.
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The sinusoidal waveforms in the right panel correspond to the frequency components pre-
served after thresholding, and its sum produces the blue curve in the left panel. A limitation
of the Fourier-based approach is evident in the reconstruction: the sharp discontinuities near
points 150 and 370 in x are inadequately represented by the global sinusoidal basis functions,
resulting in oversmoothing near these transitions.
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Figure 2.1 Left: Signals z (black curve), y (grey curve, ¢ = 0.1), and thresholded Dis-
crete Fourier reconstruction (blue curve, RMSE=0.04274). Right: Sinusoidal components
employed in the reconstruction.

Discrete Wavelet Transform

Empirical and theoretical studies consistently demonstrate that wavelet-based NR outper-
forms Fourier-based counterparts, [36,43,45,46]. This superiority arises from the wavelet
transform’s use of localized waveforms, which improves the signal representation in both
time and frequency. The specific waveform that is employed to represent the signal in the
wavelet basis is called the mother wavelet. Figure 2.2 displays six common mother wavelets
used in wavelet analysis: Daubechies (db2, db10), Symlet (sym4), Haar (haar), Coiflet
(coif4), and Battle-Lemarie (batt4) wavelets. Each wavelet is plotted over the interval [0, 1]
showing their distinct temporal characteristics and varying degrees of regularity. For exam-
ple, the haar wavelet exhibits simple step-like discontinuities with constant plateaus, making
it suitable for modeling signals containing piecewise constant regions and sharp transitions.
The batt4 wavelet exhibits a sharp variation suggesting its appropriateness for signals char-

acterized by the presence of spike-like features. The choice of mother wavelet significantly
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impacts the signal reconstruction [43], as different wavelets are suited for different signal

characteristics.
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Figure 2.2 Examples of typical mother wavelets used in wavelet analysis.

As mentioned in the previous sub-section, DWT-based methods require a thresholding step.
The main drawback of the hard-threshold approach is the introduction of spurious discontinu-
ities in the signal estimate caused by the abrupt elimination of coefficients [47]. To address
this limitation, multiple soft-thresholding techniques [48-50] have been proposed, demon-
strating improved performance in edge preservation. One of the most popular thresholding
approaches is VisuShrink, where the wavelet coefficients smaller than 7" = o,/2log(N), are
set to zero [44], where o is the noise standard deviation and N is the number of samples in
the signal. Another parameter that needs to be specified in the context of wavelet analysis
is the decomposition level, which determines the hierarchical scales at which the signal is
analyzed through successive filtering and downsampling operations. At each level, the signal
is separated into approximation coefficients (low-frequency content) and detail coefficients

(high-frequency content), creating a multi-resolution representation.

Wavelet-based frameworks exhibit high sensitivity to the number of decomposition levels [45],
a low number level may fail to isolate low-frequency signal trends from noise, whereas an
excessive level may introduce boundary artifacts, cause over-smoothing, and unnecessarily
increase execution time. This sensitivity requires careful selection based on the signal char-

acteristics and the specific application requirements.

An illustrative example of Discrete Wavelet Transform in the noise reduction context is dis-
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played in Figure 2.3, displaying the noise-free signal = (black curve), the noisy signal y (grey
curve o0 = 0.1), and the thresholded Discrete Wavelet Transform reconstructions correspond-
ing to the mother wavelets in Fig. 2.2. In this example, the number of decomposition levels
for each signal estimate was set to minimize the reconstruction error between the estimated

signal and z, and the VisuShrink [45] threshold was used to eliminate small coefficients.

Figure 2.3 illustrates that the haar wavelet (top-left), due to its step-function definition, ac-
curately preserves the first vertical jump near index 150, but produces multiple discontinuity
artifacts (e.g. near indices 25 and 175) and a "staircase" effect on the smooth curves, re-
sulting in the highest reconstruction error. The db2 wavelet (top-right) recovers the smooth
component more faithfully than the haar wavelet, but introduces triangular artifacts in some
regions of the estimate, e.g., around index 200 and 480. The db10 (center-left) wavelet pro-
vides a much smoother reconstruction but introduces a ringing artifact near index 480. The
symd4, coif4 and batt4 (center-right, bottom-left, and bottom-right panels, respectively)
wavelets avoid the introduction of ringing artifacts, but still fail to capture the signal feature

in regions near discontinuities.
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(blue curves) with the mother wavelets in Fig. 2.2.

Figure 2.3 illustrates how an inappropriate choice of wavelet (e.g., haar) can degrade recon-
struction quality, and highlights a fundamental limitation of wavelet methods: their difficulty
in adapting to signal discontinuities, which leads to ringing artifacts or oversmoothing. In

practical NR applications, the noise-free signal is generally unknown, making the selection
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of an optimal mother wavelet a non-trivial challenge, regardless of the thresholding strategy

employed.

To circumvent the limitations that come with the selection of a unique mother wavelet, some
authors have proposed multi-wavelet approaches employing filter banks, in which multiple
wavelets are combined to achieve more robust NR performance [51,52]. Nonetheless, the
efficacy of most multi-wavelet schemes remains highly dependent on several user-defined
parameters, including the number of decomposition levels, thresholding strategies per level,
and the mother wavelets that conform the filter bank [53, 54].

2.4 Data-Driven Representations for Noise Reduction

The reliance on fixed, pre-defined basis functions imposes a rigid modeling framework that can
limit the generalization capacity of traditional noise-reduction methods. To overcome these
limitations, a variety of data-driven representation strategies have been developed. These
methods use information from the noisy signal to guide the construction of representations
that are more effective for noise reduction. Adopting terminology from the machine learning
literature, these methods can be broadly categorized into supervised and non-supervised

representation frameworks.

2.4.1 Supervised Data-Driven Representations:

These approaches aim to learn a function that produces an accurate signal estimate & using

paired noise-free and noise-contaminated signals.

In this context, domain-specific signal datasets have been used to train neural networks to
learn smooth signal representations for 1D signals [55,56], and images [57-60]. Supervised
data-driven representation methods for noise reduction offer several advantages, including
fast execution after training, and adaptive parameter selection. However, they also face
practical limitations:

L1) Generalization to unseen data: supervised methods tend to operate by assuming identical
statistical distributions between training and testing data [61-63]. However, this assumption
often breaks down in practical applications, where noise characteristics and image content
demonstrate significant variability.

L2) Reliance on noise-free data: Supervised methods require access to clean ground-truth
data [55-60]. In many practical settings clean reference signals are unavailable, making su-
pervised training infeasible.

L3) Computational Resources: Conducting effective supervised learning for image noise re-



16

duction requires large training datasets [57, 58], this comes with a substantial demand of
computational resources. As a result, deploying these methods in resource-constrained envi-

ronments remains a significant challenge.

The limitations L.1) and L2) motivated the development of self-supervised learning techniques
for noise reduction. Self-supervised methods operate without requiring clean training data,
and empirical studies have demonstrated that self-supervised image noise reduction methods
are able to achieve performance comparable to their supervised counterparts [64,65], while

improving the generalization to unseen data [66,67].

Nonetheless, limitation L3) has not been completely addressed by self-supervised noise re-
duction methods. These methodologies tend to be computationally intensive [63], as they
require large datasets to match or improve the performance of supervised methods [68], which
limits their use in real-time applications [69-71]. These constraints reduce the practicality of
learning-based models in many real-world settings, where data sources and/or computational
resources are limited. In these scenarios, training-free image NR techniques maintain their
relevance by providing a balance between implementation ease, performance, interpretability,

and computational efficiency.

2.4.2 Non-training Data-Driven Representation Methods for Noise Reduction

Non-training Data-Driven Representation methods for NR provide a noise reduction approach
that operates without training phases or external datasets, directly exploiting the inherent

structure of noisy input data.

These methods typically adapt their representations based exclusively on the input signal.
While their application comes with a decreased performance compared to learning-based
methods [57, 58], the unsupervised design of training-free methodologies circumvents the
limitations of external data dependence and high computational demands (L2 and L3). At
the same time, training-free methods offer data-adaptability, allowing their application to
different domains (addressing L1), and making them particularly attractive for resource-

constrained applications.

Non-Training Data-Driven Methods for 1D Signal Noise Reduction

In the context of 1D signals, popular data-driven representation approaches that do not rely
on train-test stages include Empirical Mode Decomposition (EMD) and Variational Mode
Decomposition (VMD). EMD decomposes the noisy signal into a set of additive components

referred to as intrinsic mode functions (IMFs). In the reconstruction phase the signal esti-
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mate Z is obtained by recombining IMFs that capture signal characteristics, discarding those
dominated by noise [72,73].

In it’s simpler versions, EMD demonstrates a lack of robustness in the presence of noise
non-stationary noise, and in cases where the noise and signal spectrums overlap [74]. In such
cases, noise can disrupt the decomposition process, resulting in inaccurate IMF estimation,
and mode mixing, where frequency components leak into multiple IMFSs, leading to non-
unique IMFs [75,76]. Furthermore, EMD lacks a formal mathematical foundation, and the
stopping criteria often requires empirical tuning or heuristic methods that may limit its

generalization [77,78].

Variational Mode Decomposition (VMD) was proposed as an improvement of the EMD
method to deal with the mode-mixing problem [79]. Unlike EMD, VMD formulates the
decomposition as an optimization problem, yielding IMFs with greater robustness to both

noise and mode mixing [53,79].

The primary limitations of EMD and VMD include the reliance on band-limited components
[72] and sensitivity to user-defined parameters. These parameters include both the number
of IMFs for decomposition [80] and, particularly for VMD, the bandwidth constraint for
IMFs [72]. Such manual parameter selection may restrict both the applicability and generality

of mode decomposition approaches.

Figure 2.4 illustrates an application of the VMD method. The number of decomposition
levels and the bandwidth constraint were selected to maximize the RMSE between the re-
constructed and the noise-free signal. Notably, VMD achieved a lower RMSE than the wavelet
and Fourier noise reduction methods presented in Figures 2.1 and 2.3, despite relying on a
representation basis of only two elements. The first element captures finer-scale details, such
as the discontinuity near index 150 (top-right panel of Figure 2.4), while the second corre-
sponds to a mostly smooth curve that reflects the general shape of x without accounting for

discontinuities.

Data-driven sparse representation methods with statistical foundations have also been devel-
oped to address these challenges. For instance, Saucier et al. proposed an adaptive framework
for constructing multiscale orthogonal basis functions [81]. While this approach demonstrated
superior compression performance compared to conventional wavelet transforms, it incurred

significantly higher computational costs.
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Figure 2.4 Left: Signals x (black curve), y (grey curve), and VMD signal estimate (blue
curve). Right: Intrinsic mode functions composing the VMD signal estimate.

Non-Training Data-driven Representation Methods for Image Noise Reduction

For 2D signals, particularly images, widely used data-driven representation methods that do
not rely on a training stage include patch-matching approaches such as Block-Matching and
3D Filtering (BM3D) [82], its extension, shape-adaptive BM3D [83], and dictionary learning
methods like K-means Singular Value Decomposition (K-SVD) [84]. Both K-SVD and BM3D
gained significant attention in the field by showing substantial NR quality improvements over

traditional spatial and transform domain methods [33].

BM3D groups similar patches across the image and jointly reduces noise on them via collab-
orative filtering in a transformed domain constructed from the data itself [83,85]. Among
non-learning techniques, BM3D achieves state-of-the-art denoising quality for natural im-
ages. Nonetheless, it relies on multiple parameters such as patch size, search window, and
thresholds for grouping and filtering. These are typically selected using default configura-
tions derived from empirical studies [85,86]. BM3D is relatively easy to use in practice, and
depending on the chosen parameters, relatively fast. However, its cross-domain effectiveness
is limited by the need for either manual selection, or domain-specific optimization of multi-
ple parameters [86], which depend on both the image and noise level. Furthermore, BM3D
assumes the presence of repeated structures in the image, limiting its effectiveness in images

with highly textured irregular patterns.
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K-SVD is a dictionary learning algorithm that iteratively updates a set of basis atoms to rep-
resent small overlapping patches of the image [84]. Similar to BM3D, these K-SVD methods
tend to rely on the manual selection of noise-level-dependent parameters such as dictionary

size, limiting its applicability across different domains [70].

While learning-based methods dominate recent literature, classical non-learning approaches
such as BM3D remain as competitive alternatives for Gaussian noise reduction and continue

to serve as benchmarks.

2.5 Current trends and future directions in AWGN reduction

Regardless of methodological diversity in signal noise reduction, model tuning remains a
persistent challenge, limiting both domain generalization and practical applicability. In re-
sponse, hybrid data-driven strategies that integrate robustness, simplicity, interpretability,

and high NR performance emerge as a promising solution

Recent advances in signal noise reduction reflect a growing interest in methods that are
adaptive, efficient, and generalizable. Notably, there is a convergence between traditional
or unsupervised signal processing and deep learning, with modern approaches incorporating
signal priors such as sparsity, smoothness, and multi-scale structures into trainable neural
networks. This fusion improves both interpretability and generalization capabilities [87-89].
In the context of 1D signals, adaptive frameworks like EMD and VMD have been integrated

with neural architectures to enhance NR performance [90,91].

Another emerging focus in signal noise reduction is self-supervised learning. In particular,
blind noise reduction has become a central challenge, driven by the need to handle real-world
noise without prior knowledge of its distribution. These methods relax traditional assump-
tions about noise characteristics, aiming for a more flexible and robust performance. Recent
examples of blind NR models incorporate model architectures like generative adversarial

networks, convolutional neural networks, and transformers [61,92-95].

Emerging directions that address both efficiency and generalization include few-shot and
zero-shot NR [96-99]. A central, unresolved challenge is the design of lightweight, general-
purpose denoisers that retain strong performance under minimal supervision. In this context,
a relevant challenge for modern approaches lies in providing an adequate balance between

accuracy, adaptability, and computational efficiency.
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CHAPTER 3 EARLY AND ALTERNATIVE METHODOLOGICAL
APPROACHES

3.1 Introduction

Prior to the development of the methods presented in this thesis, several alternative ap-
proaches were explored. The final methods emerged from an iterative process of design,
implementation, and refinement of multiple modeling attempts. This chapter reviews earlier
methodological approaches that, while not ultimately adopted, provided valuable insights
and informed the development of the final NR models.

One early approach was based on a signal envelope framework derived from the Lipschitz
constant of the signal, which provided guaranteed bounds on the reconstructed signal. While
this approach offered theoretical guarantees, it was ultimately not adopted its inability to

accommodate signal discontinuities.

The need to explicitly model signal discontinuities led to the development of early signal
covering approaches, which are cruder versions of the final Piecewise Smooth Modeling (PSM)
method introduced in this thesis. Initial versions modeled y via piecewise linear regression,
extensions introduced the use of constant and polynomial models, and, finally, the use of

information criteria minimization to determine an optimal piecewise regression.

The next section describes the initial formulation of the PSM method, whose optimal solution
relied on a mixed-integer linear programming optimizer. This formulation served as an initial
approach to finding an optimal piecewise regression for y; however, it was not included in
the final version of the method, as the derivation was specific to the Akaike Information
Criterion. The final formulation presented in Article 1 includes a unified derivation covering
both the Akaike Information Criterion and the Bayesian Information Criterion for piecewise
regressions with clearer notation. Furthermore, it is designed to be solved directly via a
shortest-path optimizer, which requires the use of information criteria that admit an additive

decomposition with respect to the global model.

3.2 Estimation via Mixed Integer Linear Programming Optimization

The discrete signal of interest is denoted by z € R, where N >> 1 is an integer. The signal

x is assumed to be obtained by sampling an unknown piecewise smooth ! function f : R — R,

lie. differentiable with respect to time ¢ everywhere except at a finite number of localized points.
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i.e. the n'™™ component of z is z[n] := f(nAt), n € {0, 1, ..., N — 1} =: S. The set S will be
called the signal support, ¢ = n At denotes the continuous time variable and At > 0 is the
uniform sampling interval. The signal x is assumed to be degraded by additive zero-mean
discrete white Gaussian noise w € RY with standard deviation o, i.e., the measured signal
y € RY is defined as y = x + w, where the equality holds component-wise for each n € S.
The components of w will be assumed to be mutually independent. It is also assumed that
the function f may have a few localised irregularities, i.e. a few non-smooth regions having
a relatively small extent, e.g. spikes. In this context, the problem is to estimate x using only

y as input, assuming that both f and w are unknown.

3.2.1 Definition of coverings for the signal support

Since f is piecewise smooth, it has a Taylor series on each piece. It follows that it should be
possible to find many intervals within S for which the discrete signal x can be approximated
by a polynomial. More generally, there should exist a covering, which we define as a sequence
adjacent but disjoint intervals that covers the signal support S in such a way that z is
approximatly constant, linear or parabolic on each interval. Note that we choose disjoint

sets to allow for possible discontinuities between adjacent smooth pieces.

The problem consists in finding C, a covering of S that provides the best possible model for the
noisy signal y. For this purpose, we propose to use the Akaike Information Criterion (AIC),
which provides a systematic way to define an optimal compromise between goodness-of-fit

and model simplicity.

The sets that we use to cover the support S will be called covering-sets. They are composed
of consecutive elements of S. For example, if N = 3, then the sets used to build coverings of
the support S = {0,1,2} are {0}, {1}, {2}, {0,1}, {1,2}, and {0, 1,2}. The number of all
possible covering-sets for S = {0,1,.... N =1} is N+(N—1)+(N—-2)+...4+1 = N (N+1)/2.

While the signal of interest x may be smooth almost everywhere, real one-dimensional signals
may contain non-smooth regions. These uncommon regions, manifest as spikes composed of
a few consecutive signal values. To accommodate such exceptions, we consider covering-sets

consisting of only one point.

We define a covering C of S as a union of adjacent and disjoint covering-sets that covers S.
For example, for the support S := {0, 1, 2}, all the possible coverings of S with these covering-
sets are given by {{0}, {1}, {2}}, {{0,1},{2}}, {{0},{1,2}}, and {{0,1,2}}. More generally,
if S; denotes a covering-set for S, where i € {1, 2, ..., N(N +1)/2} =: J is an integer index,
then a covering C of S is defined as a collection of covering sets C := {S; C S,i € J' C J}
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that respects both the non-intersection condition
S;NS; =0 forall (i,j) € J' x J :i#j,

and the covering condition

U Si=85.

ieJ’
3.2.2 Performing all possible curve-fittings

We perform least-squares curve-fittings (constant, linear, and parabolic) for several covering-
sets of S. Curve-fitting on the k™ covering set {ny 1, ng1+1, ..., np2} C S consists in finding

the parameter vector a € R, where d € {1,2, 3}, that minimizes the sum of square errors

er(a) defined as ,
ex(a) == f (y[z]—ﬁ(z,a)) . (3.1)

4 o
1=nNk 1

In (3.1), the form of the function f, : [ng1, k2] X R? — R depends on the model type, i.e.
constant, linear and parabolic. For the constant model, d = 1, a = a¢ and fi(i;a) := ay.
For the linear model, d = 2, a = (ag, a1) and fi(i;a) := ag + a; 3. For the parabolic model,

2

d=3,a=(ap, ar, as) and fi.(i;a) := ag + a1 i + ap i*>. The parameter vector a € R? that

minimizes ey(a) will be denoted by a*. The minimal value of ej(a) is

Ek = ek(a*). (32)

If the model and the fit are good, then each term (y[i] — fx(4;a))/o in (3.1) is approximately a
zero-mean unit-variance Gaussian random variable and Fj, which is the sum of their squares,
is a random variable that follows a chi-square distribution with nyo — ng1 + 1 — d degrees
of freedom. The quality of fit is measured via the chi-square test, i.e. the fit is regarded as
acceptable if

Eyx < Dy as (3.3)

where vy, = ngo — np1 + 1 — d. The critical value p, , is defined as P %(v) > Puv.a) = Q,
where x%(v) denotes a random variable following the chi-square distribution with v degrees
of freedom. The value oo = 0.05 is typically used. The fits that satisfy (3.3) will be called
acceptable fits.

The acceptable fits are labeled by an integer k € {1, 2, ..., m}, where m denotes the total

number of acceptable fits. For k™ acceptable fit in the interval [ny 1, nx 2, this preprocessing
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provides a list of three parameters:

A € {1,2,3} : number of curve-fitting parameters
lee{l,...,n} : Ll :=ngs—ng1+ 11is the support size; (3.4)

Er, >0 : minimal sum of square errors,

where the number of curve-fitting parameters is 1 for constant, 2 for linear, 3 for parabolic.

There may be signal regions where the piecewise-smooth-signal hypothesis fails. For example,
the signal y may contain high intensity localized spikes or highly irregular signal variations.
Such points will be called outliers. In the context of our approach, such outliers manifest
themselves as points that do not belong to any acceptable-fit interval. Since the piecewise-
smooth hypothesis does not apply to these points, and also because they may carry relevant
information, we choose to leave these signal values unchanged. Consequently, to each outlier
at position 7, we associate the signal estimate Z[i] := y[i]. Note that for an outlier of index
k, we use A\, = 1 and E;, = 0.

3.2.3 Defining the optimal signal model via the Akaike information criterion
(AIC)

The k™ acceptable fit occurs in the covering set i), where i(k) is an integer index. For
all acceptable fits, we define the indicator binary variables 0, € {0,1}, k =1, 2, ..., m, and
the corresponding vector 6 := (61, 60,, ...,0,,) € {0,1}™. If 0, = 1, then the covering-set S;,

associated with the k' fit is part of the covering, otherwise it is not.

By definition, the covering-sets are disjoint and cover the signal support S. To take these
constraints into account, we introduce for each acceptable fit of index k£ an indicator array
Uk € {0,1}" defined as

1 if n € Siw),

Ui(n) =
() {0 otherwise,

forn € {0, 1, ..., n — 1} = S. Each point in the support S must be covered exactly one

time. This leads us to define the following N linear constraints,
> 0, Uk(n)=1,n=0,1,..,N—1, (3.5)

that ensure that S is covered with disjoint and adjacent covering-sets. The covering con-

straints (3.5) can be satisfied if the set of local curve-fittings in J4 is rich enough.
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The total number of parameters A used in the global signal model is given by

A=0 M+ 0,1, (3.6)
k=1 k=1

where 7", 0 Ay is the total number of curve-fitting parameters, and >;" | 6, — 1 is the total
number covering sets required to define C. Indeed, if the covering of S takes the form C =
{1, 71}, {i2, j2}, -+, {im, Jm}, then it can be fully specified by the m — 1 integers is, i3, ..., i,

since the first covering set is always given by {1, io — 1}.

The Akaike Information Criterion (AIC), is defined as AIC = —21In(L) + 2k, where L is the
maximized likelihood of the model and k is the number of estimated parameters. In the
context of linear regression with independent and identically distributed zero-mean Gaussian

errors with constant variance, the AIC takes the form [10]

AIC = nln(i Z(yZ — i‘l)Q) + 2k,

where n is the sample size. An AIC-optimal piecewise regression is obtained by minimizing
the AIC.

If the noise standard deviation o is known or estimated, then the AIC takes the form

> 0p Ep +2A, (3.7)
k=1

using the same Ej given by (3.2).

The complete optimization problem can be written explicitly as follows:

ool 13 k=1 k=1
subject to (3.8)

> 0, Uk(n)=1,n=0,1, .., N—1,
k=1

The objective function in (3.8) balances fittings errors, measured by the first term >}, 0y Ejs,
and model complexity, measured by the second term 2 (37, 0r A\ + > 5o, 0 —1). This
problem can be solved as a mixed integer linear program (MILP), optimizing over the m

binary variables 6, that select which acceptable fits compose the optimal covering of S.

Figure 3.1 illustrates the four stages of the PSM covering method. Starting from a noisy

signal y (blue dots, first row) corrupted by AWGN around an unknown piecewise-smooth
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true signal (dashed line,first row), all N(N + 1)/2 contiguous intervals of the support S
(second row) are considered as candidate covering-sets with varying lengths. Each interval is
fitted by a constant, linear, or parabolic polynomial and retained only if the residual sum of
squares passes a chi-square goodness-of-fit test; isolated outliers such as spikes are assigned
a dedicated single-point set. Finally, a MILP optimizer selects from these acceptable fits
a subset that is disjoint, adjacent, and covers each element of S exactly once, minimizing
the AIC objective, with discontinuities between adjacent pieces deliberately preserved rather

than smoothed.

Noisy signal y[n] . ot~
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Figure 3.1 Diagram illustrating the Piecewise Smooth Model selection procedure using cov-
erings.

3.3 SWPSM: Aggregation of Signal Estimates with different values of L

We explored the idea of combining multiple PSM estimates, each characterized by a single
curve-fitting support size several strategies for combining these individual estimates. This
approach was later replaced by the inverse variance weighting of PSM estimates obtained
via sliding window processing, which resulted in a shorter processing time and higher recon-

struction quality.
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3.4 Adaptive Image Linearization

An early approach to image linearization was explored, based on reformulating the search for
a minimal variation pixel sequence as a shortest path problem in the image graph. Dijkstra’s
algorithm was used to construct a Shortest Path Tree rooted at a given pixel, which provided
an efficient and globally optimal solution within the restricted search space of tree paths.
This approach was ultimately abandoned due to several limitations, the most critical being
its sensitivity to noise. Since edge weights were computed directly from raw pixel intensities,
local intensity fluctuations caused by noise tended to dominate path costs, causing the lin-
earizations to follow noise rather than meaningful image structures. Additional limitations
included sensitivity to the choice of root pixel, restriction of the search space to tree paths,

and scalability concerns for high-resolution images.

3.5 PSM 2D

Another explored approach consisted of extending the PSM method to 2D data. Specifically,
it involved extracting image patches, identifying homogeneous regions within each patch, and
performing a 2D covering by fitting two-dimensional polynomial models over each region.
While effective for patches with a smooth structure, this approach produced oversmoothed
estimates in textured regions where no discernible smoothness was present. It was ultimately
replaced by applying PSM to a vectorized representation of the 2D data, which proved more

practical as it does not enforce smoothness in non-smooth regions.
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CHAPTER 4 ARTICLE 1: ADAPTIVE NOISE REDUCTION VIA
MULTISCALE PIECEWISE SMOOTH MODELLING

Submitted on July 3, 2025 to "Digital Signal Processing'. Authors: Noel Plascencia-Diaz

and Antoine Saucier.

Introduction to Article 1

The article presented in this chapter introduces the PSM method, which conforms the funda-
mental methodological element of my dissertation. This article aims to provide a comprehen-
sive exposition of the PSM methodology including: the formulation of the model selection
problem to select a piecewise smooth estimate of y, its solution via shortest-path algorithm,
pointwise variance estimation for the curve-fittings, and a fast curve-fitting method using
cumulants. The article also introduces SW-PSM as an extension to PSM, which produced
substantial improvements over classical NR methods at multiple noise-levels. Methods for
window-size and step-size selection are also provided. The authors of this article are Noel
Plascencia-Diaz and Antoine Saucier. The manuscript was submitted to the Expert Systems

with Applications journal and is currently under assessment by reviewers.

4.1 Abstract

We introduce Piecewise Smooth Model (PSM) selection as a novel solution to the piecewise
regression problem, alongside its extension, the Sliding-Window Piecewise Smooth Model
(SW-PSM), for signal noise reduction. PSM is formulated as an information-theoretic op-
timization problem that partitions a signal into adjacent smooth segments, simultaneously
identifying breakpoints and performing model selection for each segment. SW-PSM im-
proves upon PSM by aggregating multiple local PSM estimates. We empirically demonstrate
that SW-PSM effectively recovers signals with non-polynomial or high-degree features us-
ing only low-degree polynomial fits (degree < 2). Experiments show that data-driven SW-
PSM outperforms oracle-optimized versions of established denoising methods across low to
moderately-large noise levels and multiple signal instances. Sliding-window processing, fast

curve-fitting, and a shortest-path optimizer ensure high computational efficiency.
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4.2 Keywords

piecewise regression, multi-model inference, information criterion, noise reduction

4.3 Introduction

4.3.1 Background and context

Noise reduction (NR) is a fundamental problem in signal processing that aims to enhance
signal quality by suppressing noise while preserving structural components. Effective NR
requires a compromise between noise attenuation and the preservation of relevant signal
features, since excessive filtering may remove fine-scale structures, whereas insufficient NR
may leave residual noise. This challenge is critical in multiple applications where noise
contamination impacts the reliability of acquired data [1,3,4] Among noise models, additive
white Gaussian noise (AWGN) is widely studied due to its mathematical tractability and

prevalence in acquisition systems [8].

4.3.2 Problem statement

In this work, the NR problem is formalized as the estimation of an underlying noise-free
signal while preserving fine-scale structures, including discontinuities, sharp transitions, and

localized variations, and without introducing artifacts such as over-smoothing or ringing.

One of the main challenges in NR lies in the preservation of fast-varying features and dis-
continuities. Methods that fail to adapt to abrupt variations in the noise-free signal often
produce ringing artifacts or excessive smoothing [12]. Furthermore, since the noise-free sig-
nal is inaccessible in practice, parameter selection constitutes an additional difficulty. In-
appropriate parameters may lead to undersmoothing or oversmoothing, making their robust
determination a key issue in NR. These challenges have motivated the development of a wide
range of NR methods, which differ in their modeling assumptions, signal representations,
and parametrization strategies. In the following subsections, we review the main classes of

existing NR approaches.

4.3.3 Spatial domain methods

Spatial filters estimate each sample of the underlying signal by applying a function to neigh-
boring noisy samples within a local window. These methods typically perform well when the

underlying signal varies smoothly. and lacks sharp transitions, but tend to incur in over-
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smoothing otherwise [12]. Classic examples include mean, median, and Wiener filters [100].
To alleviate over-smoothing, non-linear spatial domain methods such as median-based filters
and total variation minimization [12,30,31] have been proposed. While they preserve details

better than linear filters, they still fail to accurately preserve sharp transitions [32].

4.3.4 Transform-domain noise reduction methods

Transform-domain NR methods reduce noise by substituting noisy data with fitted models
[101]. In particular, these methods represent y using a set of basis functions where signal and
noise contribute to distinct coefficients, facilitating their separation. NR is then performed
by reducing noise-related coefficients through thresholding [101]. The effectiveness of this
approach depends critically on the choice of the transformation. Since the shape of noise-
free signal is generally unknown and varies across applications, selecting an appropriate

transformation is nontrivial.

In the context of wavelet-based NR methods, various thresholding strategies have been pro-
posed [47,48,50], with varying success in preserving edges. However, independent of the
thresholding strategy, the selection of an appropriate mother wavelet remains a challenge.
An unsuitable choice limits the representation of signal features and degrades NR perfor-
mance [52]. To mitigate this limitation, some approaches employ wavelet banks [51,52]. The
performance of these methods depends on user-defined parameters, including the number of

decomposition levels, threshold values, and the set of selected wavelets [53,54].

To circumvent the limitations associated with fixed bases in transform-domain NR methods,
alternative data-driven signal representations have been proposed. A prominent example
of methods for constructing data-driven bases is Empirical Mode Decomposition (EMD),
which decomposes y into intrinsic mode functions (IMFs). Its apploication to NR involves
discarding the noise-dominated components, and reconstructing the signal from the remaining
IMFs [72,73]. However, EMD lacks robustness in noisy settings, leading to non-unique
IMFs, which degrades signal reconstruction quality [74-76]. Variational Mode Decomposition
(VMD) mitigates these issues by formulating the decomposition as an optimization problem
[53,79], although its performance remains sensitive to user-defined parameters such as the
number of IMFs and bandwidth constraints [72].

While data-driven representations may allow more flexible and accurate signal representa-
tions, they still lack mechanisms for adaptive parameter selection. Moreover, reliance on
user-defined parameters can be a time-consuming task. We propose a novel NR method in
which we combine optimal piecewise curve fitting to preserve discontinuities in  with a model

aggregation strategy to expand the representation capabilities of the final signal estimator.
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Furthermore, all the parameters needed by our signal estimator are systematically computed

from g, removing the need of manual parameter tuning.

4.4 Definition of signals

The discrete signal of interest is denoted by z € RY, where N >> 1 is an integer. The
signal x is assumed to be obtained by sampling an unknown piecewise smooth ! function
f:R =R, ie the n® component of z is z[n] := f(nAt), n € {0,1, .., N — 1} =: S.
The set S will be called the signal support, t = n At denotes the continuous time variable
and At > 0 is the uniform sampling interval. The signal x is assumed to be degraded by
additive zero-mean discrete white Gaussian noise w € R with standard deviation o, i.e., the
measured signal y € R is defined as y = = + w, where the equality holds component-wise
for each n € S. The components of w will be assumed to be independent and identically
distributed (iid). We adhere to the iid noise assumption which has been widely adopted
in the NR literature [44,45,79,82,102]. In practice, this assumption holds because the
aggregate effect of numerous independent stochastic sources, such as thermal fluctuations and
electronic jitter in sensors converges toward a Gaussian distribution according to the Central
Limit Theorem [8,19,20]. Examples of applications in which the uncorrelated Gaussian noise
assumption serves as a suitable approximation include the instrumentation noise in digital
photography [103], magnetic resonance imaging signals at high signal-to-noise ratios [104] and
electrocardiography (ECG),where high-frequency stochastic interferences can be effectively

modeled as Gaussian fluctuations [105].

It is also assumed that the function f may have a few localised irregularities, i.e. a few
non-smooth regions having a relatively small extent, e.g. spikes. In this context, the problem

is to estimate x using only y as input, assuming that both f and w are unknown.

We propose a signal estimator capable of selecting an optimal piecewise smooth signal model
in which both the support and the underlying curve associated with each smooth segment
of x are estimated. Specifically, we employ a piecewise curve-fitting strategy based on non-
overlapping polynomial fits of degree < 2. The optimal combination of piecewise fits is deter-
mined through information criterion minimization. This problem can be solved using mixed
integer linear programming [106, 107]; however, we propose a novel formulation of the prob-
lem which allows using a shortest path optimizer to find the global solution more efficiently,

significantly reducing the computing time compared to mixed integer linear programming.

lie. differentiable with respect to time ¢ everywhere except at a finite number of localized points.
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4.5 The Piecewise Smooth Model

In the regions where the function f is piecewise smooth, f has a Taylor series on each
piece. It follows that it should be possible to find many intervals within S for which z
can be approximated by a fit to a polynomial model. Generally speaking, our method
consists in defining our signal estimate as a suitable sequence of local polynomial fits on
y. More precisely, for an interval S;; = {i,i +1,...,7}, where (¢,7) € S?, a fit is obtained
by performing a linear regression to the model y[n] = S¢_,c, 2* + w(n], n € S;;, where
d € {0,1,2} is the degree of the polynomial and the ¢;s are real parameters. The fit, or

estimate, of the signal « within S; ; is then defined as

d
2ln] == ¢ n*, ne sy, (4.1)
k=0
where the ¢;s are the parameter estimates obtained via least squares minimisation. We
will say that an interval is smooth if at least one of the three regressions (i.e. for d = 0,1,2)
provides an acceptable fit, as determined by a y2-test at the 5% significance level. Otherwise,

the interval is non-smooth. The set of all such smooth intervals will be denoted by Z.

Since r may contain a few localized irregularities, there may exist some signal points that do
not belong to any smooth interval. Such points, which may be associated with spikes or local
irregular textured patterns, will be called outliers. Since the piecewise-smooth hypothesis
does not apply to these points, and also because they may carry relevant information, we
choose to leave these signal values unchanged in the final signal estimate. More precisely,
if O C S denotes the set of all the time indices associated with outliers, then we define the

signal estimates at these locations by
zn] :==y[n], n € O. (4.2)

Combining both (4.1) and (4.2) allows to produce signal estimates for all points of S.

To construct an estimate of x over the whole support S, we propose to cover S with adjacent
and disjoint intervals. These intervals are typically smooth, but can also be single-point if
they are associated with an outlier. For each smooth interval, the signal estimate is obtained

via (4.1). For each single-point interval, the signal estimate is obtained via (4.2).

The set F, 3 of smooth intervals, which are associated with acceptable polynomial fits, is
defined as
Fop ={Si; €Z, (i,j) € S*:a<|S,;| <B <N -1}, (4.3)
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where |.S; ;| denotes the cardinality of S; ;. Note that we typically use & > 4 to ensure that the
quadratic fit, which uses three parameters, is statistically meaningful. The set of single-point

intervals, which are associated with outliers, is defined as
F, = {{i,i}, i € O}. (4.4)

Note that these single points intervals are denoted as pairs {i,¢} in (4.4) because they will
represent edges in a graph (section 4.7). We consider all the sequences of disjoint and adjacent

intervals taken in

F=FusUF,

that completely cover S. Such a sequence will be called a covering. A collection of local
polynomial models associated with a covering constitutes what will be called a Piecewise
Smooth Model (PSM) of the unknown signal z. For each interval of a covering, there may
be as much as three possible models, i.e. polynomials of degree 0, 1 and 2, hence there are

generally several PSMs for each covering.

4.6 Information Criteria for a PSM

An information criterion (IC) is a model selection metric that quantifies the trade-off be-
tween goodness of fit and model complexity through a penalized likelihood function. In
model selection scenarios involving multiple candidate models, a widely used approach in-
volves selecting the model that minimizes an information criterion value. Different criteria
weight the trade-off between goodness of fit and model complexity in distinct ways, with each
criterion applying its own penalty structure for model complexity. This approach is appro-
priate for noise reduction, as the trade-off between fidelity and parsimony favors smoother

models that avoid overfitting to noise components in the data.

Consider a PSM fitted on y € RY, and composed by m € N covering intervals that we
label by the index k € {1,2,..., m}. Each covering interval is identified by the indices
(ik, jk, di), where iy and jj denote the initial and final indices of the interval over which the

k" polynomial regression is performed, and dj, is the degree of the polynomial regression.

Assuming that o is known, i.e. previously estimated with good accuracy, the curve-fitting
parameters associated with the k' interval are the polynomial coefficients, which are stored
in the array 0 := (Ck0,Cr1, - Cka,) € R*TL we provide a fast curve-fitting procedure in
Supplementary Material S1. For a given PSM, all the curve-fitting parameters are stored in
an array 6 := (01,0, ...,0,,) € R®, where A = 7" (d), + 1). The PSM model also includes

as parameters the m — 1 position indices 71, ja2, ..., Jm—_1, Which can be viewed as break-points
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that fully define the covering of a PSM. It follows that the total number A of parameters for
a PSM is .
A= Z (dy +1 (4.5)

The likelihood function associated with the k™ covering interval will be denoted by £(y;, ;. |0k),
where i, i, = (Yips Yig+1, .- Yj,.). Since noise values are mutually independent and the cov-
ering intervals are disjoint, the likelihood functions L(y;, ;. |0k) associated with a given PSM
covering are independent. It follows that the likelihood function L£(y|f) of a PSM takes the

form
m

y|8 - H ylk ]k‘ek (46)

For a given model, the log-likelihood function is maximized with respect to the parameter ar-

ray . Using the notations ¢(y|6) := In L(y|0) and £(y;, ;. |0x) = In L(y;, ;. |0k), the maximized
log-likelihood function takes the form

E(yik,jklék)v (47)

|
-

((y10)

k=1

where 6 and 0, denote the estimated values of the parameters # and 6y, respectively.

4.6.1 Akaike Information Criterion

Since the AIC is defined as AIC = —2/(y|@) +2 N,,, where N, is the total number of param-
eters [108], using (4.5) and (4.7) yields

AIC = —QZe Vi | Ox) +2((m Z di +1)). (4.8)

k=1 k=1
Since additive constants do not alter the optimal solution in minimization problems, we omit
the term -2 in the penalty term to obtain an effective AIC, denoted by AIC,, which can be
written in the equivalent form

AICo = 3 | =2 Uy, j, | Bx) +2(di +2)] . (4.9)
k=1

The noise components are mutually independent and Gaussian with zero mean, hence the
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maximum likelihood for the k™ interval is

L(Yigil0h) = T, ! ex _L (yln] = &) 2
Yig x|V n=iy mg p 9 p 5 (4 10)
_ 1 exp _l “ Yirsje — i'ik:jk H2
(2mo2)/? 2 o2 '
where ny = jr — 1 + 1. Taking the logarithm of this expression yields the maximized
log-likelihood function, which takes the form
) g 2 1 H Yiege — 'f"ikvjk ”2
C(Yiy e |Ok) = —?ln(27m ) — 5 o : (4.11)
Substituting (4.11) into (4.9) yields
m A S
AICy) =) (nk In(2mo?) + I i U;U““’”“ | + 2(dy, + 2)) : (4.12)
k=1
Since -7, ny = N for all models, (4.12) becomes
m R T | P4
AIC = N In(270%) + Y <” e Tl I® 4 o, + 2)) . (4.13)
k=1

In (4.13), the first term N In(270?) is an additive constant that does not depend on the
model, hence it can be ignored to compare different PSMs. Dropping the term N In(270?)
in (4.13) yields the following effective expression of the AIC, denoted by AIC;:

- i ” Yingx — ‘%ik,jk ||2
AIC, =) +2(dy +2) | . (4.14)

2
k=1 o

Note that for one-point segments associated with outliers, we use dj, = 0 in (4.14).

o A |2
For a given fixed covering, AIC; is minimal if the weight w + 2(dy, +2) is minimal
for each smooth segment of the covering. The estimated signal Z;, ;, is actually a function

T, j. (d) of the degree d of the polynomial fit. This leads us to define dj, by

|| Yir,gr — flkv]k<d) ||2

o2

dy € argminge g 9 +2(d+2). (4.15)

Using the notation & ; := &, ;,(dj), this leads us to the final effective expression of the

Jk
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AIC, denoted by AIC:

I

g

k=1

2 (d + 2)) . (4.16)

4.6.2 Bayesian Information Criterion (BIC)

Since the BIC is defined by BIC = —2£(y|f) 4 In (N) N,, where N, is the number of param-
eters [11], using (4.5) and (4.7) yields

BIC = —2Y" U(yiy jy | O) +1In () l Z (di +1) ] (4.17)
k=1 k=1

In (4.17), the term — In (N) is an additive constant that does not depend on the model, hence
it can be ignored to compare different PSMs. Dropping this term yields an effective BIC,

denoted by BICy, which can be written in the equivalent form

m

BICo = > (=2 (i | Ok) +In (N) (di +2)) . (4.18)
k=1
Using (4.11), (4.18) becomes
o = 2 H Yige — j:ik’jk ||2
BIC; = ) | ni In(270°) + 3 +In(N) (dp+2) ] . (4.19)
k=1 g

As previously, >}, ng = N for all coverings. Dropping this term from the summation yields
another effective BIC, denoted by BIC;, and given by

o = “ Yig,gi — jikajk ||2
BIC, =) +In(N) (dp +2) | . (4.20)

2
k=1 a

Note that for one-point segments associated with outliers, we use d, = 0 in (4.20).

For a given fixed covering, BIC; is minimal if the weight M + In(N) (di + 2) is
minimal for each smooth segment of the covering. As for AIC, the estimated signal Z;, j, is

a function #;, j, (d) of the degree d of the polynomial fit. This leads us to define dj, by

|| Yig,gi — ‘%ikvjk(d> H2

o2

d € argminge (o 1 9 +1n(N) (d+ 2). (4.21)

Using the notation 2 , := Z;, j,(d}), this leads us to the final effective expression of the

Je
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BIC, denoted by BIC:

- n(N)(d;+2)) . (4.22)

2
k=1 o

4.7 Optimal PSM obtained via a Shortest Path Algorithm

To each PSM corresponds a covering of S and the corresponding local polynomial fits. Each

PSM composed of m segments can be characterized by a set of parameters of the form

{{Zkajkadlt;}7 k= ]-727 "'7m}7 (423>

where i, and jj, i < ji, are the boundaries of the k™ interval, and dy is the degree of the
polynomial fit that minimises the local weight, i.e. equations (4.15) and (4.21) for AIC and
BIC respectively. The covering intervals are adjacent and disjoint, hence i, = jr_1 + 1 for
2 <k <m, with i =0 and j,, = N — 1. If we label all the PSM models by an integer
index p € P, then the expressions AIC and BIC given by (4.16) and (4.22) become functions
AIC(p) and BIC(p) of the model index p. It follows that the best PSM models are solutions
of the problems

min,ep AIC(p) (4.24)

if we use the AIC, and
min,ep BIC(p) (4.25)

if we use the BIC.

Both AIC and BIC are expressed as a sum of local contributions that depend only on the
properties of each individual segment of a given model. For AIC, the contribution €2, of the

k' segment is

2% 2
Q. = I = e | + 2(dj, + 2). (4.26)
For BIC, the contribution of the k'® segment is
0 = e~ T Ty i (V) (d +2) (4.27)

Each covering can be regarded as a path composed of edges that link the starting points of
consecutive segments having weights given by (4.26) for AIC or by (4.27) for BIC. From this
standpoint, the optimization problems (4.24) and (4.25) can be regarded as shortest-path
problems in a weighted graph G(V, E, W), where V C S, E C S? and W denote the vertices,
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edges and weights sets, respectively. These problems can be solved efficiently using Dijkstra’s
algorithm. In the following, we define E, V and W.

In Section 4.5, we denoted by F the set of all intervals {i,j} € S? for which the signal is
either smooth (i.e., a polynomial fit is adequate) or an outlier (i.e., no acceptable polynomial
fit exists and ¢ = j). Each {i,j} € F defines an edge between the vertices i and j + 1, i.e.
each edge joins the starting points of consecutive adjacent segments in F. Formally, the set

of edges is defined as
Bi={{i.j+1}:{i,j} € F.
The corresponding set V' of vertices is composed of the starting points of all the segments in
F,ie.
Vi={ieS:{i,j} € F}U{N},
where one additional vertex at coordinate N must be added to include the last segment.

Note that one may have {i,j} = {7, 4} if {4, j} corresponds to an outlier.
For AIC, the set of weights is

For BIC, the set of weights is
g — 275 17 \ -
W= {302] +In(N) (d; ; +2) : {i,j} € Fp.

Figure 4.1 illustrates the construction of the model graph for a noisy piecewise-constant
signal. The left panel shows the noise-free signal = (black curve), which consists of three
constant segments with values 1, 2, and 1; the noisy observations y (gray "x" markers) with
noise level ¢ = 0.1; and the resulting PSM estimate & (dashed curve). The right panel
shows the model graph G(V, E, W), in which each gray directed edge represents a finite-
weight segment model. The optimal path consists of the three edges {1,9}, {9,17} and
{17,25} (black arrows), which correspond to the AIC-optimal PSM. This model comprises
three constant fits over the consecutive intervals {1,8}, {9,16}, and {17,24}, respectively.
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Figure 4.1 Left: Signals: x (solid black curve), y (x), and AIC-optimal PSM % (dashed
curve). Right: Smooth model graph G(V, E,W) for y; vertices (black dots), edges (grey
arrows), and optimal path (black arrows).

4.8 Results for the PSM noise reduction method

4.8.1 Numerical Experiments: description and motivations

In this section, we evaluate the performance of the method when y is a periodic signal con-
taminated with additive white Gaussian noise. We consider square, triangular, and sinusoidal
waves with various periods and noise levels, and we compare the noise-reduction performance
obtained when PSM selection uses either AIC or BIC as the objective function.

Our motivation for selecting these signals is to assess PSM’s ability to address three types
of challenges in noise-reduction estimation: discontinuities (square waves), angular points
(triangular waves), and smooth variations that are neither constant, linear, nor parabolic
(sinusoidal waves). Periodicity allows the estimation challenge —such as accurately detecting
the location of a discontinuity— to recur multiple times within a single waveform, thereby

allowing for a more reliable and comprehensive evaluation of performance.

To quantify the relative strength of x with respect to the noise w, we use the signal-to-noise

ratio (SNR). In the context where the noise standard deviation o is known, the SNR can be

defined as s
SNR:( X >/ _ =]
Efwl?)) ~ VNo
where || ... || denotes the Euclidian norm. After noise reduction, the noise is effectively

reduced to the estimation error £ — z so that the effective SNR increases to a value SNR*

1/2
SNR*:( |« |2 >/: [Ed
|

&= |2 -z

given by
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The corresponding SNR improvement, denoted by SNRI, is defined as

SNR*  VNo
SNR |2 —a|

SNRI :=

where SNRI > 1 indicates that Z is a more accurate representation of x than y, and larger

SNRI values correspond to stronger noise suppression.

To ensure fair comparisons across different signal shapes, all noise-free signals are normalized
l=ll _
=
the particular choice of z, thus allowing noise-level regimes to be controlled only by o.

to satisfy 1, yielding SNR = 1/0. This normalization decouples the noise level from

The PSM estimation method was applied to periodic signals of length N = 512, and period
T € {8,12,...,64}. For the noisy signals, we used o € {0.01,0.025,0.05,0.1,0.2}. The
corresponding set of SNR values is {100, 40, 20,10,5}, spanning low to moderately large

noise scenarios.

4.8.2 Results for SNRI

Figure 4.2 presents the average SNRI, computed over 200 independent noise realizations,
as a function of 7. Results are shown for both AIC-based (black curves) and BIC-based
(grey curves) estimation, applied to square (left), triangular (center), and sinusoidal (right)
waveforms at SNR = 20. It can be observed that SNRI increases with 7. Across signal
types, the highest and lowest SNRI values were achieved for square, and sinusoidal waves,
respectively. For other SNR values, we similarly observe that SNRI increases with T', and
that BIC-based PSM outperforms AIC-based PSM for smoother signals.

For very small periods (7' < 12), the average SNRI tends to fall below 1 for both AIC-
and BIC-based selection. This behavior is not unexpected, as such small periods lead to
a substantial increase in the number of PSM parameters relative to the sample size. In
particular, when 7" = 12 and N = 512, the number of smooth segments in x is 512/6 ~ 85.
Thus, x consists of 84 breakpoints and at least one parameter defining the curve within
each segment, resulting in a minimum of k = 85 + 84 = 169 parameters. In this setting,
N/k =~ 3 < 40, which corresponds to a small-sample regime [109], where both AIC and BIC

are known to be prone to modeling errors.

Figure 4.3 displays SNRI as a function of SNR for the three signal types, with T" = 16
For square waves (left panels), BIC-based selection (grey curves) consistently outperforms
AIC-based selection (black curves) across all SNR levels. The performance gap widens at

T = 64, where BIC attains SNRI values above 5, compared to approximately 2.5 for AIC. For
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Figure 4.2 Mean SNRI (n = 200) versus period 7T for square (left), triangular (center), and
sinusoidal (right) waves at SNR = 20. Black and grey curves correspond to AIC and BIC
minimization, respectively. Error bars represent 4+2 standard deviations.

triangular waves at T' = 16 (top-center panel), AIC slightly outperforms BIC, particularly
at intermediate SNR values. However, for the larger period 7' = 64 (bottom-center panel),
BIC again achieves higher SNRI.
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Figure 4.3 Average SNRI is shown as a function of SNR for 7" = 16 (top) and T' = 64
(bottom). The curves represent AIC-based (black) and BIC-based (grey) PSM selection
for square (left), triangular (center), and sinusoidal (right) waves. Error bars indicate £2
standard deviations.

Figures 4.2 and 4.3 suggest that for simpler signals (those with fewer parameters) and larger
periods T', BIC yields a higher SNRI than AIC. This result aligns with the inherent penalties

of each criterion: for a model with K parameters and sample size N, AIC adds a 2K term
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(Eq. (4.16)), whereas BIC adds In(N) K (Eq. (4.22)). Consequently, for N > 8, BIC penalizes

complexity more strictly than AIC since In(8) > 2, leading it to favor simpler models.

4.8.3 Interpretation

To better understand the NR performance of PSM across the three periodic signals, Fig-
ures 4.4 and 4.5 provide representative estimation examples for 7" = 16 and T = 64, respec-
tively. In both figures, the AIC-minimal estimates are displayed in the left column, while

BIC-minimal estimates appear in the right.

The PSM estimation errors can be categorized into three types: oversmoothing, discontinuity

artifacts, and errors arising from incorrect local-model selection.

Oversmoothing errors may occur when BIC is applied to rapidly varying signals (e.g., small
periods T'). For instance, the right column of Figure 4.4 shows that BIC visibly rounds
the peaks of the triangular and sinusoidal waves (middle and bottom panels, respectively).
This suppression of fine-scale variations explains why the AIC-minimal PSM yields a slightly

superior SNRI for these signals, as shown in the top-center panel of Figure 4.3.

Discontinuity artifacts may arise because the local models used in PSM do not overlap,
which can lead to discontinuities between adjacent models. For example, such artifacts can
be observed in the top-left panel of Figure 4.4, as well as in Figure 4.5 (left column and

bottom-right panel). These artifacts are less likely to occur when BIC is used.

Errors in local model selection stem from three primary causes. First, the limited repertoire
of local models —comprising constant, linear, or parabolic segments— restricts adaptability.
Second, ambiguity occurs when different global models exhibit statistically comparable AIC
values. Finally, discontinuity artifacts can also precipitate the selection of suboptimal local
models. For instance, the top-left panel of Figure 4.5 shows several constant plateaus modeled
by linearly varying segments. Similarly, the bottom-left panel illustrates the use of linear

segments to approximate the sinusoid near samples 325, 350, and 380.

We conclude that the AIC-minimal PSM is generally more effective than the BIC-minimal
version when the signal x contains a large number of segments relative to the sample size. In
contrast, BIC yields superior results as the number of pieces in x decreases (e.g., for larger

periods T of a periodic signal).
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Figure 4.4 Zoomed-in signal comparison (7' = 16): original signal x (grey curve), noisy
observation y with SNR = 20 (grey x markers), and PSM estimate & (black curve) obtained
by minimizing AIC (left column) and BIC (right column). Rows corespond to square (top),
triangular (middle), and sinusoidal (bottom) signals.

4.9 The sliding-window PSM noise reduction method

4.9.1 PSM selection optimisation via sliding-window processing

In the previous section, we showed that PSM can produce discontinuity artifacts and local
model-selection errors. Such errors may arise because several slightly different models can

exhibit comparable statistical performance when evaluated using an information criterion.

To improve the signal estimation accuracy of the PSM method while reducing the compu-
tational cost of solving (4.24) and (4.25), we propose combining PSM-based model selection
with a sliding-window (SW) approach. It will be shown that PSM can produce significantly



43

SNRI: 2.80 SNRI: 4.70
14 14 r
1.2 1.2
] ]
£ 10 Z 10
= B
£ g
B <
0.8 08
0.6 06
I L L I I L L L
100 200 300 400 500 0 100 200 300 400 500
Sample Index Sample Index
SNRI: 1.83 SNRI: 2.27
14 F 14 F
12 r 1.2
k) 3
Z 10 2 10 F
g g
< <
08 08
0.6 06 [, L
100 200 300 400 500 0 100 200 300 400 500
Sample Index Sample Index
SNRI: 1.78 SNRI: 2.43
14 14 F
12 r 1.2
g ‘ 3
£ 10 [ £ 10 f
z :
< 2
0.8 08
0.6 06
I I L L 1 1 I I I
100 200 300 400 500 0 100 200 300 400 500
Sample Index Sample Index

Figure 4.5 Signal comparison for 7' = 64: original signal = (grey curve), noisy observation y
with SNR = 20 (grey x markers), and PSM estimate & (black curve) obtained by minimizing
AIC (left column) and BIC (right column). Rows corespond to square (top), triangular
(middle), and sinusoidal (bottom) signals.

different signal estimates for overlapping windows. This occurs because multiple candidate
models often have information criterion values that are sufficiently close to the minimum to
be considered statistically indistinguishable. By combining estimates obtained from different
windows, this model-selection ambiguity can be reduced, which is particularly beneficial for

complex signals.

Rather than computing a single PSM estimate, we define the estimator Z by suitably com-
bining multiple local PSM estimates derived from overlapping windows. We refer to the
resulting framework as the Sliding Window Piecewise-Smooth Model (SW-PSM). This strat-

egy allows, for each pixel, the selection of the combination of local PSM models that provides
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higher estimation accuracy.

The first step of SW-PSM consists in defining evenly-spaced windows of size L. Generally,
L should be at least as large as the smallest available curve-fit, i.e., such that L > a. The
n'" window is the interval [n A, n A + L — 1], where n € {0,1,....,7}, A € N, with A > 1 is
the step-size (the overlap between consecutive windows is L — A), and 7 := |(N — L)/A|. If
nA+L—1< N—1, then an additional window [N —1— (L —1), N —1] is added to ensure
coverage of the final signal samples. In the second step, PSM estimation is applied to each
windowed signal segment, yielding signal estimates for each window. In practice, the local
signal estimates are computed with the minimum and maximum curve-fitting scales set to 4

and L respectively.

Since a given pixel location ¢ € S may belong to several overlapping windows, the SW-PSM
method generates multiplex estimates of z[i] for each i € S. We denote the k' of these
estimates by Zx[i]. For each i € S, we define the set X; := {#1[i], Z2[i], ..., Tp,[i]}, where
n; € N is the number of windows containing the signal value y[i]. To give greater influence
to more precise estimates in the final reconstruction, we define the final estimate Z[i| as
zli] == Ypi, wik wxli], where the weights (w;1,w;2,,...,wins,) are determined using inverse-
variance weighting. Specifically, each #[i] is assigned the weight w; := oy, 2(Xr, oy O
where 0, denotes the estimated standard deviation of Zj[i], as provided by the curve-fitting
procedure (Eq. (S8) in the Supplementary Material). While IVW is optimal when estimates
are independent, the standard variance formula tends to underestimate true variance in the
presence of correlation. Furthermore, using an excessively small delta should be avoided, as

it can artificially inflate the correlation between estimates.

To prevent the smoothing of spikes that may contain relevant features of x, each X; is used
to compute the number v; of instances in which Z[7] is classified as an outlier that cannot be
satisfactorily represented by a smooth curve. If all estimates in X; are outliers (y; = |X;]),
the original signal value y[i] is retained, i.e., Z[i] := y[i]. Otherwise, when ~; < |X;|, Z[i] is
calculated as a weighted average based solely on the fitted polynomials, excluding outliers.
This approach reduces the influence of unreliable estimates and promotes signal estimation

grounded in models with stronger statistical support.

To evaluate the performance of our method, we consider a family of 500 piecewise polynomial
signals of size N = 512. The k" polynomial piece is defined by a random degree d;, uniformly
sampled from 3 to 6, and a random support size uniformly sampled from 20 to 80. To
generate the kth segment, we select di + 1 equally spaced points within its support and
assign them random values uniformly sampled from the interval [1,2] C R. The degree-dy

polynomial corresponding to the kth segment is obtained using Van der Monde polynomial
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Figure 4.6 Left: Noisy signal y (grey x, SNR = 10), and AIC-optimal local PSM estimates
(grey, overlapping curves) (L = 20, A = 1) . Right: y (grey x, SNR = 10), = (grey), and
SW-PSM estimate (black), i.e., aggregation of local estimates.

interpolation [110] through the randomly generated points. The piecewise polynomial signal
x is obtained by juxtaposing M polynomial pieces generated using the method above. To
ensure that the concatenated signal attains the desired length, we concatenate polynomial
segments until at least 512 points are obtained, and then retain the first 512 samples. To
simulate the presence of outliers, we generated five random and independent spike locations
uniformly distributed on the support {0,1,...,N — 1}. At each spike location, a random
increment with a value sampled uniformly from [—1, 1] was added to x. To generate each

noisy signal y, we added synthetic white Gaussian noise to each piecewise polynomial signal.

Figure 4.6 provides an illustration of the SW-PSM method using AIC as model selection
criterion, window size L = 20, and step-size A = 1. The noise-free signal x (grey curve in
right panel) is one of the piecewise-polynomial signals and y (grey x’s in both panels) is the
corresponding noisy signal at SNR = 10. Figure 4.6 suggests that a suitable aggregation of
the local signal estimates (grey curves, left panel) produces a global signal estimate (black
curve, right panel) that can describe smooth functions that are not necessarily included in

the set of local models (constant, linear, and parabolic).

4.9.2 Effect of window size L on noise reduction quality and computing time

SW-PSM requires the selection of a window size L and a step size A, which influence both
computational cost and NR performance. A larger L allows the PSM selection procedure to
incorporate a broader signal context into each local estimate, but increases computation time
by increasing the number of edges in G(V, E,W). A smaller step size A increases window
overlap and the number of estimates per x[i], potentially improving precision at the expense
of higher computational cost. However, small values of A may also produce more strongly

correlated estimates, which can render inverse-variance weighting suboptimal [111].

We examine the effect of L on SNRI and computational time by applying the SW-PSM
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method to the family of piecewise-polynomial signals described in the previous section, at
SNR = 10. The value SNR= 10 is chosen as a representative intermediate noise level, avoiding
both noise-dominated regimes at low SNR and trivial estimation scenarios at high SNR. The
procedure is repeated for L € {10, 15, ...,50}, with the step size fixed at A = 1 for all values

of L. Figure 4.7 shows the mean SNRI (left panel) and the mean execution time in seconds

18 %
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Figure 4.7 Mean SNRI of SW-PSM (A = 1) over 500 piecewise polynomial signals (SNR =
10) versus L (left), and computing time versus L (right). Black and grey curves denote AIC-
and BIC-minimal estimation.

(right panel), both computed over the 500 signals, as functions of L. The error bars represent
two standard deviations of the corresponding mean values. On the left panel, we observe that
for AIC-optimal SW-PSM estimation (black curve), the mean SNRI increases with L over the
range L € [10, 20], and is maximal for L ~ 20. For BIC-minimal estimation (grey curve), the
mean SNRI decreases as L increases. Furthermore, AIC-optimal estimation outperformed
its BIC counterpart for all values of L. The computation time exhibits a nearly identical
dependence on L for both AIC- and BIC-minimal SW-PSM. For these signals, L > 25 leads
to a significant increase in computation time, e.g., L = 40 results in an approximately fivefold
time increase compared with L = 20. Experiments conducted at other SNR values exhibit

similar qualitative trends in both SNRI and computational time.

In Figure 4.7, the lower SNRI at small L arises from reduced local sample sizes, which cause
the information criterion to select overly complex models, leading to overfitting. Conse-
quently, the estimate follows the noise rather than the true signal. As shown in Figure 4.8
(L = 10, top panel), this results in small, spurious oscillations, e.g., near indices 100, 200,
and 300. Conversely, large L values decrease SNRI because the information criterion favors
low-degree (< 2) polynomial fits over wide intervals, which can result in oversmoothing, as

seen in Figure 4.8 (L = 50, bottom panel), e.g., near indices 50, 100, and 180.

The window size L = 20 (Figure 4.8, center) achieves the highest SNRI because the signals
considered are typically smooth over intervals of this length, making our simple local models

(polynomials of degree 0—2) appropriate.
Representative SW-PSM estimates (L = 20, A = 1, SNR = 10) for a piecewise polynomial
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Figure 4.8 x (grey curve), y (grey x’s, SNR = 10), and AIC-minimal SW-PSM estimate
(black curve) for L € {10,20,50} (top to bottom) and A = 1. The corresponding SNRI
values are displayed above each panel.
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Figure 4.9 Left: AIC-minimal SW-PSM estimate (black; SNRI = 1.80), pure signal = (grey
curve) and noisy signal y with ¢ = 0.1 (grey x’s). Right: BIC-minimal SW-PSM estimate
(black; SNRI = 1.54) for the same x (grey) and y (grey x’s) at SNR=10.

signal are shown in Figure 4.9 for AIC- and BIC-minimal SW-PSM estimates. While AIC-
minimal estimation captures all local spikes (left panel), the BIC-minimal variant (right
panel) can oversmooth these features, e.g. failing to detect the rapid transitions near indices
400 and 490. Consequently, AIC-minimal estimation typically achieves a higher SNRI (1.80)
than BIC (1.54) for this signal family. These findings are consistent with the BIC-induced

oversmoothing of fast-varying signals noted in Section 4.8.
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4.9.3 Choosing L and A

The window size L should chosen so that the local models allow for a sufficiently accurate
estimate of z in each window. One approach is to select L such that the signal is typically
smooth (approximately linear) over intervals of length L. This increases the likelihood that

low-degree polynomials (degrees 0,1,2) yield a good fit to y in each window.

Since the window size L bounds the support of the local models used to fit y within each
window, L must be large enough to ensure accurate local fits and effective noise reduction.
As shown in Figure 4.7 for our reference signals, i.e. the family of piecewise polynomials
described previously, the SNRI peaks between 15 < L < 25 and declines only marginally for

L > 25. Accordingly, we adopt L > 16 as a suitable lower bound for our reference signals.

These observations motivate using SW-PSM with a window size equal to a characteristic
smoothness scale L*, defined as the typical support length over which = can be considered
locally smooth. More precisely, we consider a collection L4 of acceptable linear fits on y
over all the intervals in JF,_164-32, where acceptability is determined using a y2-test at
significance level 0.05. We then define L* as the median of the support sizes of all fits in
L 4. The parameter o = 16 serves as an empirical lower bound based on the observations in
Figure 4.7, indicating that L = 15 is close to optimal for our reference signals. The upper

bound [ = 32 is used promote data-adaptability and limit computing cost.
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Figure 4.10 Mean SNRI of SW-PSM (L = L*) over 500 piecewise polynomial signals (SNR
= 10) as a function of A (left), and corresponding computional time versus A (right). Black
and grey curves denote AIC- and BIC-minimal estimation.

To assess the effect of the window step-size A on NR performance and computation time,
we measured the average SNRI as a function of A using L = L* for the same 500 piece-
wise polynomial of signals at SNR=10. The results are presented in Figure 4.10 for A €
{1,[L*/8],|L*/6],|L*/4],|L*/2],L*}. In the left panel, we observe that for both AIC-
optimal and BIC-optimal SW-PSM estimation (black and grey curves, respectively), SNRI
decreases as A increases. For A > |L*/6] , the degradation in NR performance becomes

more pronounced. In the right panel, computation time decreases as A increases, following
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nearly identical trends for AIC- and BIC-minimal SW-PSM. Moreover, setting A = [ L*/6]
significantly reduces computation time compared with A = 1. For our reference signals,
these experiments suggest that A = | L*/6] , provides a suitable balance between estimation

accuracy and computational cost. In the following experiments, we therefore use L = L* and

A=|L"/6].

4.9.4 Comparison of PSM vs SW-PSM

In Section 4.8, we identified three main sources of reconstruction errors associated with signal
estimation via PSM selection: local model limitations, where the local polynomial fits cannot
accurately represent non-polynomial or fast-varying regions in x; model ambiguity, caused
when information criteria yield similar values across candidates; and discontinuity artifacts
resulting from the non-overlapping constraint in the PSM formulation. The SW-PSM frame-
work is designed to mitigate all three effects by aggregating multiple locally optimal models
estimated within overlapping windows, reducing sensitivity to model ambiguity, improving

signal representation, and attenuating discontinuity artifacts.

We compare the performance of PSM and SW-PSM on the previously introduced periodic
signals at SNR € {10,20}. In Table 4.1, we report the mean SNRI (over n = 200 noise
realizations) for PSM and SW-PSM with AIC-optimal and BIC-optimal model selection,
for periodic square, triangular, and sinusoidal signals at SNR € {10,20} and periods T" €
{16,32,64}, as well as for our reference piecewise polynomial signals. Bold type indicates
the method yielding the highest mean SNRI for each signal. For square signals, BIC-optimal
PSM achieves the highest SNRI values across all tested periods and noise levels, with SW-
PSM yielding slightly lower performance. For triangular and sinusoidal signals, SW-PSM
outperforms PSM for both AIC and BIC selection. For piecewise polynomial signals, AIC-
optimal SW-PSM attains the highest SNRI values, outperforming both BIC-optimal SW-
PSM and standard PSM.

The origin of the performance differences observed in Table 4.1 are clarified by the corre-
sponding reconstruction figures. Figure 4.11 displays representative examples of the PSM
(left column) and SW-PSM (right column) estimates for the periodic signals at 7" = 64 and
SNR=20, and a piecewise polynomial signal. In line with the results displayed in Table 4.1,
we used BIC-optimal model selection for periodic signals, and AIC-optimal selection for the
piecewise polynomial example. The resulting SNRI value for each signal example is displayed

at the top of each panel within the figure.

For square waves, Figure 4.11 shows that the BIC-minimal PSM is a global piecewise-constant

model (black curve in the top-left panel), which matches x (grey curve) structure accurately.
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Table 4.1 Mean SNRI £ (2 std) for PSM and SW-PSM with AIC/BIC model order selection
at SNR = 20 and SNR = 10.

Signal T PSM (AIC) PSM (BIC) SW-PSM (AIC) SW-PSM (BIC)
SNR = 20
16 1.74+£0.17 2.31 + 0.48 1.89 £0.02 2.154+0.02
Square 32 2134040 3.32 £0.94 2.44 4+ 0.07 3.03 + 0.09
64 2.484+0.65 5.02+ 2.44 2.98 + 0.05 3.93 £0.08
16 1.14+£0.08 1.0540.06 1.31+0.01 1.28 £0.01
Triangular 32 1544021 1.31£0.15 1.80 £0.02 1.84 £+ 0.03
64 1914+0.38 2.32+£0.64 2.37+0.03 2.72 £ 0.03
16 1.12+£0.04 0.96 + 0.06 1.43£0.01 1.44 + 0.01
Sine 32 1434+£0.12 1.23+£0.12 1.85£0.02 2.01 £ 0.02
64 1.80+0.29 2.024£0.43 2.49 + 0.02 3.34 + 0.05
Piecewise Polynomial — 1.4240.22  0.99 + 0.22 1.79 + 0.01 1.57£0.01
SNR = 10
16 1.63£0.28 1.97+0.53 1.69 £0.02 1.79£0.02
Square 32 2.024+040 3.26 £ 1.09 2.38 £ 0.06 2.92 +0.09
64 2.444+0.68 4.97 £ 2.47 2.87£0.05 3.79 £0.07
16 1.23£0.08 1.12+0.15 1.48 £0.01 1.55+0.03
Triangular 32 151+0.14 1.63£0.13 1.93 £0.02 2.08 £ 0.02
64 1.844+0.25 1.9140.20 2.53+0.03 2.95 + 0.03
16 1.22+£0.10 1.17+0.11 1.55 £0.01 1.65+0.01
Sine 32 1484+0.12 1.4240.13 2.05 + 0.02 2.37 £ 0.02
64 1.814+0.21 1.78+0.20 2.71+0.03 3.24 + 0.04
Piecewise Polynomial —~ 1.454+0.25 0.98+0.24 1.79 £+ 0.01 1.50 £ 0.01

This is evidenced by the accurate localization of discontinuities between pieces and the flat
plateau estimates. In contrast, SW-PSM relies on locally estimated models whose window
boundaries can fall inside constant plateau intervals. When this occurs, one of the true
plateau boundaries is excluded from the window, which can introduce discontinuity artifacts
within an otherwise constant region, (e.g. near indices 230 and 390 in the SW-PSM estimate
for the square wave) slightly degrading the aggregated reconstruction and leading to lower

SNRI than PSM.

The PSM estimates for triangular and sinusoidal signals (left panels of the second and third
rows in Figure 4.11) exhibit discontinuity artifacts between adjacent smooth curves. In
contrast, the SW-PSM estimates for these signals (right panels of the same rows) are visibly
smoother and exhibit fewer discontinuity artifacts. As a result, higher SNRI values are

obtained by SW-PSM for these signals in comparison to PSM.
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Figure 4.11 Signals: x (grey curve), noisy observations y (SNR=20, grey x), and estimates
(black curve). Columns: PSM estimates (left) and SW-PSM estimates (L = L* and A =
|L*/6]) (right). The SNRI of each estimated example is indicated ar the top of each panel.

Figure 4.12 shows the mean SNRI achieved by SW-PSM as a function of the period T for
square, triangular, and sinusoidal signals at SNR = 20. Error bars represent +2 standard
deviations computed over 200 independent noise realizations. For short periods (1" < 12),
both AIC-optimal and BIC-optimal SW-PSM achieve SNRI > 1, whereas PSM fails to reduce
noise significantly, as shown in Figure 4.2. This behavior further highlights the benefit of
SW-PSM in rapidly varying signals, where aggregation of locally optimal models reduces

reconstruction error more effectively than PSM selection.

For piecewise polynomial signals, the PSM estimate (black curve in the left panel at the
bottom of Figure 4.11) incurs in oversmoothing by representing some regions of = (grey

curve) with overly simple local models. Examples of this are observed near indices 5, 375
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Figure 4.12 Mean SNRI (n = 200) via SW-PSM versus period T for square (left), triangular
(center), and sinusoidal (right) waves at SNR = 20. Black and grey curves correspond to
AIC and BIC minimization, respectively. Error bars represent +2 standard deviations.

and 450, where oscillations in x are represented by linear fits. Furthermore, PSM selection
also incurs in discontinuity artifacts, for example, near indices 290 and 490. In contrast,
AIC-optimal SW-PSM selects richer local models within individual windows, which are then
aggregated into a more accurate global estimate. As observed in the right panel at the bottom
of Figure 4.11, this aggregation reduces oversmoothing artifacts caused by the limitation of a

single, local model while avoiding discontinuity artifacts, leading to the highest SNRI values.

Overall, for the class of synthetic signals considered here, the relative performance of AIC
and BIC within the PSM and SW-PSM frameworks reflects the interplay between global
regularity and local variability. These results suggest that BIC favors simpler models and is
therefore advantageous for signals with large homogeneous regions. In contrast, AIC allows
more complex local models to be selected, which is beneficial for signals exhibiting localized
spikes or fast-varying regions. Furthermore, SW-PSM addresses key limitations of PSM,

specifically discontinuity artifacts, local model constraints, and model selection ambiguity.

4.10 SW-PSM sensitivity to noise-level estimation

The SW-PSM method relies on the assumption that the noise level ¢ is either known or
accurately estimated. To evaluate the sensitivity of the method to the noise-level estimate,
we generated multiple SW-PSM estimates (AIC minimization) by defining the input noise
parameter as ¢ = oc. We varied ¢ € R from 0.6 to 1.4 to simulate deviations in the noise-level

estimation; these deviations were quantified by the relative percentage error ¢ = 100?.

Figure 4.13 illustrates the impact of these deviations on the SNRI distribution, calculated
across a sample of 200 piecewise-polynomial signals for each value of €. For ¢ € [—5%, 5%],
the distributions remain nearly identical, suggesting that signal estimation quality is robust

against small deviations from the exact noise level (e = 0).

For —20% < e < —5%, we observe a slight improvement in SNRI compared to e = 0. This is
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particularly evident when o = 0.1 (Figure 4.13, bottom). Conversely, for € > 5%, the median

SNRI decreases with respect to as € increases.
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Figure 4.13 SNRI performance of SW-PSM estimates as a function of the noise-level esti-
mation error € for ¢ = 0.01 ( € = —20%, top), o = 0.05 (¢ = 0%, center), and ¢ = 0.1
(e = +20%, bottom).

Figure 4.14 displays SW-PSM signal estimates for ¢ = 0.1 at e values of —20%, 0%, and
+20%, corresponding to 6 € {0.08,0.1,0.12}.

The highest SNRI was achieved with & = 0.08 (¢ = —20%). As shown in the top row, this
estimate (black curve) recovers the spikes near indices 100 and 320, as well as the high-
frequency components around index 400, more accurately than when the exact noise level
(e = 0%) is used (black curve in the center of Figure 4.14). The lowest SNRI among the
three examples was obtained with 6 = 0.12 (e = +20%), corresponding to the black curve at
the bottom of Figure 4.14. In this instance, the overestimation of ¢ leads to the most abrupt

elimination of all sharp spikes present in the original signal (grey curve).

Note that in expressions Eq. 4.16 and 4.22 for the information criterion of a PSM, the data-
fidelity term is scaled by 1/02. Since 0 < o < 1, underestimating o assigns a larger relative
weight to data fidelity over model complexity. Consequently, using a slightly underestimated
6 makes the model more conservative by reducing the suppression of high-frequency signal
features. This mitigation of over-smoothing leads to superior signal reconstruction compared

to using the exact noise level, explaining the SNRI gains observed in Figure 4.13 when
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Figure 4.14 Signals: y (¢ = 0.1, grey x’s), x (grey curves) and SW-PSM signal estimates
(black curves) obtained using 6 = 0.08 (top), & = 0.1 (center), and 6 = 1.2 (bottom).

—20% < e < —5%.

Conversely, overestimating ¢ reduces the weight of the data-fidelity term relative to the
complexity penalty in the AIC and BIC expressions. This shift biases the model selection
procedure toward simpler models, which leads to the over-smoothing of high-frequency com-

ponents and a subsequent reduction in SNRI (Figure 4.14, bottom).

Noise-level estimation via high-order differencing

We introduce a noise-level estimation method for piecewise smooth signals that yields ac-
curate or slightly-underestimated values of o, suitable for the SW-PSM method. We derive
this estimate by analyzing local variations in y € R¥. Specifically, we utilize a high-order
differencing approach designed to vanish on piecewise smooth regions of z, and isolating the

noise component.
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For any sample index ¢, we denote a contiguous 5-point segment as v; ;44 = (y[d], y[i+1], y[i +
2], yli +3],yli +4])T € R®. Following the noise model, each segment is composed of a clean
signal component x; ;44 = (z[i], z[i+1], z[i+2], x[i+3], z[i+4])" € R®, and a noise component
w;iva = (Wi, wli + 1], w[i + 2], w[i + 3],w[i + 4])T € R®. Following the piecewise smooth

assumption, for most i’s, the segment x; is well-approximated by a cubic polynomial

z[i +m] = ag + aym + agm® + azm®, m €0,... .4, (4.28)

where the coefficients a; depend on i. The clean segment can be expressed as x;;14 =
S8y ap Py, where Py, := (0%, 1% 2% 3% 4%)T € R® for k € {0, 1,2, 3}.

A unit-norm vector in R® that is orthogonal to Py, k = 0,1,2,3 is v := \/%(1, —4,6, —4, 1),
ie, v' P, = 0 for all k € {0,1,2,3}. Multiplying this vector by y; ;.4 yields v y; ;14 =
v @4 + v w4 Where, if (4.28) holds, v x; ;44 = 0, leaving v y; ;14 = v w;;44. Since
the components of w; ;44 are i.i.d. N(0,0?) and |Jv]| = 1, the projection v'y; ;4 follows a
Gaussian distribution N(0, 0?).

The sequence of all such projections can be computed efficiently via the discrete convolution

product v x y. This leads to the preliminary noise-level estimate

1
§ = M!v * Y2, (4.29)

where M is the dimension of the resulting convolution vector.

If the signal considered is piecewise continuous, then the quantities v’ ;.4 may not vanish
if the interval [i,7 + 4] contains a singularity, e.g. a discontinuity or an angular point. Such

singularities can bias the estimate (4.29).

To mitigate this bias, we restrict the application of (4.29) to locally smooth regions. We
implement a procedure that scans the signal using a sliding window of length ¢ and fits
a third-degree polynomial to each segment. We then evaluate the residuals of these fits
using the Ljung-Box test to verify their independence. A p-value exceeding 0.05 suggests
the polynomial successfully captured the local signal, leaving only noise. and because x is
piecewise smooth, multiple such segments are typically found. These validated segments

are collected as candidate regions. For regions of size ¢, the final noise level estimate &, is

1 v
Go= | =3 82, (4.30)
R =1

where R > 0 € N is the number of candidate regions, and §; is the noise level estimate

calculated as
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corresponding to the i'" candidate region.

The results in Figure 4.15 indicate that larger window lengths ¢ tend to introduce a positive
bias (¢ > 0), particularly in the low-noise regime (¢ < 0.025). Conversely, as o increases,
the estimates generally trend toward underestimation. Based on these distributions, the
estimator using ¢ = 8 yields errors near zero or slightly negative across the tested range of
o. By avoiding significant overestimation, this choice prevents the SW-PSM method from
being biased toward over-smoothing. As discussed previously, the tendency toward slight

underestimation is beneficial, as it preserves fine-scale signal features and results in higher
SNRI values.
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Figure 4.15 Relative estimation error e obtained via 4.29 across five values of . For each o,
boxplots represent the distribution of € for ¢ € {6,8,12,16} (300 realizations per box). The
dashed line at € = 0 indicates the perfect estimate.

4.10.1 Statistical Analysis of the Noise-Level Estimator

The bias of § arises from two distinct phenomena: structural model mismatch and the statis-
tical transformation from power to standard deviation. Let 9; = vTxi,iH denote the residual

of the clean signal. The expectation of §? is given by

1 ¥ 1 M
E[$% = =Y E[(6+Vv wi14)] =0+ = 0. (4.31)
M= ’ M =
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The term ﬁ 3= 0% > 0 represents a positive structural bias. In regions where the signal is not
perfectly cubic (e.g., near singularities or high-order curvatures), this term inflates the noise
estimate. The candidate region selection procedure via the Ljung-Box test is specifically
designed to minimize this bias. By discarding segments that do not locally conform to the
third-degree polynomial model, it filters out regions where the deviation 9; would otherwise

inflate the estimate.

Because the projections z; are computed via a sliding window convolution, they are not inde-
pendent. The covariance between projections at lag k is Cov(z;, z;11) = 02C/(k), where C(k)
is the lag-k autocorrelation of the vector v. For the chosen v, the squared autocorrelations
are C(0)2 = 1, R(1)? = 0.64, C(2)* = 0.16, C(3)* = 64/4900, and C(4)? = 1/4900. The
variance of the sum of squared correlated Gaussian variables is [112]:

204

Var(§2) = m

[M -C(0)? +2 i(M - k)C(k)Q] : (4.32)

For large M >> k, this simplifies to

(4.33)

\Y (A2)~E 1+2§4:(J(k)2
arls ~ M M

) _5.2530"
k=1

This result shows that for a sufficiently large M, the variance of 8% scales linearly with o

and is inversely proportional to the number of samples M.

4.11 Comparison of the SW-PSM method with other NR methods

We now examine the SNRI performance of SW-PSM under minimal-AIC and minimal-BIC se-
lection, in comparison with other noise-reduction methods reported in the literature. Specif-
ically, SW-PSM is evaluated against the following approaches, which are implemented using
standard, publicly available software libraries. These methods were selected because they
are both widely used and publicly available: Total Variation (TV) regularization [30], which
defines the signal estimate by minimizing the L' norm of the gradient of & to preserve sharp
discontinuities while suppressing noise, and which is implemented using the proxtv Python
package [113]; Wiener filtering (WF) [100], that utilizes a frequency-dependent filter based
on the signal-to-noise power spectral density ratio to achieve a minimum mean square er-
ror estimate, implemented using the scipy [114] library in Python; Wavelet thresholding
(WT), employing Daubechies wavelets with universal thresholding [45], implemented using
the PyWavelets library [115]; and Variational Mode Decomposition (VMD) [79], which es-

timates x by decomposing y into data-adaptive additive components. This method solves a
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constrained variational problem to identify the reconstruction components and their respec-

tive center frequencies and is implemented using the vmdpy Python package [116].

Parameters for all non-SW-PSM methods were selected by minimizing the mean squared error
against the exact signal = over a predefined grid. (Supplementary Material S2). Although
such oracle optimization not feasible in practice, it establishes a performance upper bound,
ensuring that results reflect fundamental algorithmic capabilities rather than suboptimal
tuning. Following standard practice in signal denoising and model selection [43,45], this

benchmark provides a near-optimal reference for evaluating practical, data-driven approaches.

In contrast, the SW-PSM parameters (L* and A) were estimated directly from the noisy sig-
nal y. The comparison therefore evaluates how effectively the proposed SW-PSM performs
relative to classical denoising methods whose parameters are selected in a near-optimal (or-

acle) manner.

Table 4.2 Mean SNRI for all methods across SNR levels and signal classes. Errors correspond
to two standard deviations of each mean. For each SNR-signal pair, the two highest SNRI
values are highlighted in bold.

Signal  Method SNR=5 SNR=10 SNR=20 SNR=40 SNR=100

SW-PSM__AIC 2.02+0.02 1.794+0.01 1.79+0.01 1.76 £0.01 1.65+0.01
SW-PSM_ BIC 1.81+0.01 1504+0.01 1.57+0.02 1.63+0.01 1.59+0.01

PP TV 2.09£001 1.71£0.01 147£0.01 1.28£0.01 1.12£0.01
VMD 213+0.02 147+0.01 1.15+£0.01 1.04+0.02 0.99+0.01
WT 1.74+0.01 148+0.01 1.33+0.01 1.24+0.01 1.18+£0.01
WF 210+0.01 1.81+0.01 1.56+0.01 1.34+0.01 0.82+0.01
SW-PSM__AIC 2.13+0.01 1.98+0.01 1.87+0.01 1.85+0.01 1.72+0.01
SW-PSM_ BIC 2.28+0.01 2.13+0.01 1.99+0.01 1.97+0.01 1.80+0.01
Doppler TV 1.92+0.01 155+0.01 1.36+0.01 1.23+£0.01 1.114+0.01
VMD 1.98+0.01 151+0.01 1.25+£0.00 1.10£0.01 1.02+0.10
WT 1.88+0.01 1.66+0.01 1.54+0.01 145+0.01 1.36+0.01
WF 1.95+0.01 1.68+0.01 145+0.01 1.24+0.01 0.72+£0.01
SW-PSM_AIC 2.64+0.01 2.49+0.02 2.45+0.01 2.35+0.01 2.16+0.01
SW-PSM_BIC 2.94+0.01 2.71+0.02 2.81+0.01 2.66+0.01 2.38+0.02
PR TV 298+0.02 241+0.02 2.00£0.01 1.69+0.01 1.41+0.01
VMD 3.09+0.01 2.294+0.01 1.724+0.01 1.334+0.01 1.07+0.01
WT 2.19+0.01 1.82+£0.01 1.574+0.01 1.434+0.01 1.33+£0.01
WF 263+0.01 226+0.01 205%£0.01 1.85+0.01 1.56=+0.01

We evaluated all methods on the Piece-Regular (PR) and Doppler test signals [43] (see Fig-
ure 4.16 for an SW-PSM example), as well as on our reference Piecewise Polynomial (PP)

signals. The PR and Doppler signals were chosen as standard NR benchmarks. The PR signal
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combines sharp transients with smooth regions, testing edge preservation under nonstationary
conditions, while the Doppler signal features spatially varying frequency content, assessing
adaptability to local smoothness. For each signal and SNR value in 5, 10, 20, 40, 100, 500 in-
dependent realizations were generated. Each realization was processed with all NR methods,

and the resulting SNRI was computed.

PR - SW-PSM (AIC) (SNRI = 2.63) Doppler — SW-PSM (AIC) (SNRI = 2.03)
2.0 15
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0.8 0.0
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Sample index Sample index
PR — SW-PSM (BIC) (SNRI = 2.87) Doppler — SW-PSM (BIC) (SNRI = 2.09)
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Figure 4.16 Signals: x (grey curve), y with SNR= 10 (grey x’s), and signal estimate & (black
curve) obtained by our proposed NR methods for the 'Piece-Regular’ (left), and "Doppler’
(right) signals. The SNRI for each example is displayed at the top of each panel.

The average SNRI across realizations is reported in Table 4.2. Overall, SW-PSM consis-
tently outperforms near-ideal implementations of competing methods in low-to-moderate
noise regimes (SNR € [10,100]), while maintaining comparable performance at SNR = 5.
For the Doppler and PR signals, the BIC-optimal SW-PSM achieves higher SNRI than its
AlIC-optimal counterpart. In contrast, for PP signals, which contain more discontinuities and
rapid transitions, the AIC-optimal variant performs better. These results align with previous
observations on the relative behavior of AIC- and BIC-optimal PSM.

Typical estimates for the PR and Doppler signals are presented in Figure 4.16. The left
panels show that while AIC and BIC versions yield comparable results, SW-PSM-AIC can
introduce minor oscillatory artifacts, notably around indices 60, 225, and 500. In the right

panels, both variants fail to track the highest-frequency components accurately.

SW-PSM achieves particularly strong performance on PP signals (Table 4.2). For example,
at SNR = 100, most competing methods provide little noise reduction (SNRI ~ 1), whereas
the AIC-optimal SW-PSM attains a mean SNRI of 1.65, outperforming oracle-optimized W'T
and VMD by factors of approximately 1.47 and 1.67, respectively. Substantial gains are also
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observed at SNR = 20 and SNR = 40.

Figure 4.17 illustrates the estimates (black curves) obtained for a noisy PP signal y at SNR =
20 (o = 0.05). Among the competing methods, AIC-optimal SW-PSM provides the most
accurate reconstruction of z, effectively preserving isolated spikes and smooth regions. In
contrast, the other methods fail to adequately suppress residual noise, notably around indices
250 and 480.

SW-PSM (AIC) (SNRI = 1.92) SW-PSM (BIC) (SNRI = 1.57)
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Figure 4.17 Piecewise polynomial signal z (grey curve), y with SNR= 20 (grey x’s), and %
(black curve) obtained by each of the NR methods.

In summary, SW-PSM consistently delivers superior or competitive SNRI across noise levels
and signal types, despite not relying on oracle tuning. For PP signals at very low SNR, oracle-
optimized VMD and WF may achieve comparable or slightly better performance; however,
SW-PSM dominates in moderate to high SNR regimes. By aggregating information-criterion-
minimal local models to represent the underlying signal, SW-PSM provides a robust and

flexible alternative to existing NR methods.

Finally, we present an application of the SW-PSM noise reduction method for a real ECG
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signal obtained from the MIT-BIH arrhythmia database [117]. We estimated the noise level
6 = 0.011 using Eq. (4.30) with smooth regions of size { = 8, and applied the SW-PSM
method with BIC minimization to the raw signal (grey curve in Figure 4.18). The SW-PSM
estimate (black curve) produced a smooth signal that preserves both the sharp spikes and the
smooth waveform components. As shown in the center panel, our approach avoids removing
clinical features while eliminating high-frequency artifacts. The standardized residuals (right
panel) were compared to a Gaussian distribution N' ~ (0,1) using a Kolmogorov-Smirnov
statistical test. The test passed at a 95% significance level (p > 0.05), suggesting that the

discarded component is statistically consistent with white Gaussian noise.
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Figure 4.18 Left: Raw signal y (grey, 6 = 0.011), and SW-PSM (BIC) estimate & (black).
Center: Detail of y and . Right: Histogram of standardized residuals y — 2.

4.12 Concluding remarks

In this work, we introduced the Piecewise Smooth Model (PSM) and the Sliding-Window
Piecewise Smooth Model (SW-PSM) as novel model-based strategies for reducing Gaussian

noise in piecewise smooth signals.

The PSM method provides an adaptive framework that combines fast curve-fitting with
shortest-path optimization to select an optimal combination of constant, linear, and parabolic
segments using an information criterion. BIC-minimal PSM is particularly effective for sig-
nals dominated by large smooth segments, whereas AIC-minimal PSM better captures fast-
varying or fine-scale features. PSM’s main advantages include fully data-driven parameter
estimation and precise identification of smooth-segment supports. Its limitations arise from

reliance on polynomial segments, which restrict modeling of non-polynomial components, and



62

from the non-overlapping segment constraint, which can introduce discontinuity artifacts in

the signal estimate.

The Sliding-Window Piecewise-Smooth Model (SW-PSM) extends PSM by performing lo-
cal PSM estimation within overlapping windows and aggregating these estimates into a
global reconstruction. This enables low-order polynomial fits to capture higher-order or
non-polynomial features and mitigates boundary discontinuities. Data-driven selection of
window size and step size provides a principled balance between local adaptability, accuracy,
and computational efficiency. Experiments show that SW-PSM consistently outperforms
PSM on triangular and sinusoidal waves, as well as on piecewise polynomial signals of degree
greater than two, while providing comparable results on square waves. Moreover, SW-PSM
surpasses near-optimal versions of established noise-reduction methods across multiple noise
levels, particularly at low to medium noise. Computationally, it replaces a single large op-

timization with multiple smaller ones, achieving at least a twofold speed-up compared to
standard PSM.

Overall, SW-PSM offers a robust, interpretable, and flexible framework that outperforms
alternative methods in capturing both smooth and rapidly varying signal components. Po-
tential challenges for our method should be acknowledged. The shortest-path optimization
strategy assumes that the information criterion associated with a PSM can be decomposed
into additive contributions corresponding to each smooth segment. We show that this as-
sumption is valid for AIC and BIC (Equations (4.16) and (4.22)). Nonetheless, for infor-
mation criteria that do not verify this assumption, e.g. in the case of correlated noise, a
different optimization strategy should be employed. More generally, the additivity assump-
tion is closely tied to the use of non-overlapping segment supports in the PSM formulation.
Allowing overlapping supports within a single global PSM would break the independence be-

tween consecutive segment fits and invalidate the derived information criterion expressions.

Several directions remain for future research. Developing optimization strategies that jointly
accommodate both non-overlapping and overlapping supports within a unified global model,
as well as allowing adaptive (non-constant) window sizes, could further improve modeling flex-
ibility. The PSM framework also shows promise for piecewise regression problems. Extending
it to two-dimensional signals would enable applications in image denoising, enhancement, and

compression.
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4.13 Supplementary Material for Adaptive Noise Reduction for 1-Dimensional

Signals via Multiscale Piecewise Smooth Modeling

4.13.1 Curve-fitting on covering sets via cumulants

The PSM method uses as input the results of all relevant fits on the support S using con-
stant, linear and quadratic models. For a support size L, the set of L-sized intervals is
I ={[i,i+L—-1],i=1,2, .., N—(L—1)}. Fits are performed for L € [2, Lyx], where
2 < Lpax < N. Using L. = N is always possible but it can lead to unnecessary compu-
tations unless the signal is globally smooth, e.g. a straight line or a parabola. In practice,
the length L.« is the maximal interval size for which an acceptable fit to a straight line is
likely, so Lyax is essentially determined by the signal smoothness. It follows that the set of
intervals considered in practice is [ := Uyms*I},.

Fitting a new model independently for each window generates significant computation redun-
dancies that can result in excessive computing time. Considering that the maximal number of
fits for a given regression model is N(N+1)/2 for a signal y € RY | i.e. increases quadratically
as N increases, it is preferable to take advantage of information obtained from previous fits to
perform new fits. In this section, we introduce fast algorithms to compute these regressions

without losing accuracy.

Performing linear regressions requires the evaluation of several summations of the form
Su(i, ) == X! _,u[n], where u € RY is a discrete signal. These summations will be eval-
uated efficiently using

where the cumulant C,[j] associated with the signal u is defined by
Culj] :==> uln], j=0,1, ...,N — 1. (4.35)

A fast computation of C', can be done with the iteration

{ Culjl = Culi—1+uljl i =12, N =1, (4.36)

Cul0] = wu[0].

To perform all the fits required by PSM, the three cumulants Cy, C,, and C,2, are needed.

Since fits must be performed in many intervals [i, j], we will use the following notations for
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the arrays restricted to this range:

zi; = (xfi], i + 1], ..., z[j])T € RI7HL,
vij = (i, yli+1], ... yli])" € R, (4.37)
wij = (w[i], wi+1], ..., w[y])’ € RI7HL

We will also define N;; := j — i+ 1 for the cardinality of the set {7, i+ 1, ..., j}.

4.13.2 Fast computation of regressions for the constant model

The constant model of y in the range [i, j] is
yli +m| = a;; +wli+m|, mel0,j—i,

where a;; € R is a constant and w is the noise. Since the noise variance is constant,
the maximum likelihood estimate of the parameter a;; coincides with the Least Squares
Estimate (LSE), hence curve-fitting to the constant model consists in minimizing F(a; ;) :=
S (yli +m] — a;;)? with respect to a; ;. The first-order optimality condition F”(a; ;) = 0
yields the parameter estimate a;; = (Y)_, y[n])/(j — i + 1), which is the arithmetic average
of the components of y; ;. The estimate #; ; of x; ; is the constant signal ; ; = @, ; uy, where
ug == (1,1,...,1)" € RYii. The fast computation of a;; is performed via the cumulant of y
with

sg = Sy(is ) /(G — j + 1), (4.39)

where S, is defined and computed with (4.34), (4.35) and (4.36) using v = y. The variance

of the components of Z; ; is constant and given by

0_2

Var (2;,[n]) = it

n €[4, j]. (4.39)
4.13.3 Fast computation of regressions for the linear and quadratic models
The linear model of y in the range [i, j] is

yli +m] =aij + b ; m+w[i +m], me0,j—1, (4.40)

where a; ; and b; ; are real parameters and w is the noise signal. Similarly, The quadratic

model of y in the range [i, j] is

yli +m] = a;; +bij m+ci; m* +wli +m], mel0,j—il, (4.41)
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where a; ;, b; ; and ¢; ; are real parameters and w is the noise signal. The models (4.40) and
(4.41) take the vector form

ij = Qi Ug+ bij uy 4wy,
Y 20T T T (4.42)
ym- = CLL]' Uo -+ bi,j U1 -+ CZ'J' U9 + ’LUZ‘J',
respectively, where
ug = (1,1,1,.., )T € RNis,
u; = (0,1,2,..., N;; — )T € RN, (4.43)
uy = (03,1222 ..., (N;; — 1)»)T € RNis,
Both the models in (4.42) can be written in the matrix form
Yij; = H ei,j -+ Wy, 4, (444)

where the form of H and 0; ; depends on the model. For the linear model, they are given by

92'7]‘ = (am, b@j)T € RZ, (4 45>
H = (ug, uy) € RNisx2, '
For the quadratic model, they are given by
91‘73' = (aiyj, bi,j; Ciyj>T < RS, (446)
H = (ug, ui, uy) € RNisx3,

The LSE estimate of the parameter vector 6;; is obtained by minimizing the function
F(6;;) == 3||ys; — HO, ;]|* with respect to 6; ;, where ||...|| denotes the euclidian norm. The

first-order optimality condition VF(6; ;) = 0 takes the form of the linear system of equations

which is known as the normal equations of the least squares problem. The square symmetric
matrix H7 H has dimensions d x d, where d = 2 for the linear model and d = 3 for the

quadratic model. Denoting the solution of (4.47) by éi,j, the estimate &;; of z; ; is

Zi;=H0;; = HH"H) *Hy;,. (4.48)

The variance of the components of Z;; can be obtained as follows. Using the covariance
property cov(Ay; ;, Ay ;) = Acov(yi, vi;) AT with A== H(H"H) ' H" and cov(y; j, yi ;) =
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0% I, where I € R% is the identity matrix, we obtain successively

cov(Ziy, Tij) = cov(Ayis, Ayiy),
= o2AAT, (4.49)
— o> H (HTH)"' H”.

Equation (4.49) is used to compute the variances of the components of Z; ;, which are located
on the diagonal of the matrix cov(%;;,%;;). We use these variances to aggregate multiple

point-estimates via inverse variance weighting.

The evaluation of Z;; and cov(Z; j, Z; ;) with (4.48) and (4.49) requires the computation of

the square matrix H” H and the vector H”y; ;. For the linear model,

T T T
Uy Uy U7T U Uy Yi.
Try _ 0 1 T, 0 Yi,j
H'H={ 07 " | and BTy = 077 ).
tothr Uyt U1 Yij

For the quadratic model,

T T T T
UgUp UT U Uy U Uy Y5
T T
H'"H = uOTu1 ulfup uluy and H'y; ; = Ui{yz‘,j
T T T T
Ug Uz Uy U2 UyU2 U3 Yi,j

The elements of the matrix H” H depend only on N; ; and can be evaluated analytically as

follows:
utug = Zﬁljo_ll = N;j,
wfup = Yoty m = INy (N —1),
wfus = Yty m? = 3Ny — 1) Ny (2N, — 1), (4.50)
uluy = Yodtm? = 7(Nij —1)? NEj. |
wbuy = Loy mt = (N —1) Nij (2Ni; — 1) (3NZ, = 3N, — 1),
U{Ul = uqu.

The evaluation of the quantities u]y for k € {0,1,2}? can be done efficiently using the three

cumulants Cy, C,,, and C,2,, as follows:

NZ,] 1 i
usyig o= > yli+m]l=> yln] =S5,0,j); (4.51)
m=0

n=1
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Nij_ .
u{yi,j = Zm’:o ' my[Z + m]7
N/L]_ . . .
= S ((i+m)—i)yli+m], (452
= Codo (i+m)yli+m] —i Spy yli+ml,
Ny -1 )
uy iy = Lo mPyli 4 m,
Nii—1,. ) .
= Yo (G+m—i) yli+m],
Niyj—l (453)

= Yo ((E+m)2 4% —2i(i +m)) yli +m],
= Sn2y(1,7) + % Sy(i,7) — 20 Spy(i, ).

4.13.4 Oracle Optimization for Competing Noise Reduction Methods

To provide an informative point of reference, we evaluate competing noise reduction (NR)
methods under an oracle optimization strategy. For each method, parameters are selected to

minimize the mean squared error (MSE) with respect to the ground-truth signal.

Wavelet Thresholding. NR via wavelet thresholding is implemented using the discrete
wavelet transform with periodic boundary conditions. A fixed Daubechies-4 wavelet is em-
ployed, providing a good trade-off between computational efficiency and localization of rapid
variations. Soft-thresholding is applied to all wavelet coefficients. The threshold parameter
t is selected via an exhaustive search over 600 uniformly spaced values in the interval [0, 30],
where o denotes the noise standard deviation. For each threshold, the signal is reconstructed
and its MSE is computed. The threshold yielding the minimum MSE is retained.

Wiener Filtering. An oracle search is performed over integer window lengths w € {2,...,72}.

Total Variation Filter. Total variation (TV) filtering is implemented using a proximal
formulation. The regularization parameter X\ is selected by exhaustive search over a loga-
rithmically spaced grid of 100 values, A € {1071° ... 10°}. This logarithmic distribution is
adopted because the reconstruction is characterized by scale-dependent properties, where the
sensitivity to edge preservation and noise removal is highest at lower parameter values [118].
This approach ensures high resolution in the high-sensitivity regions of the parameter space
where X is small. For each candidate A, the signal estimate is computed and its MSE with

respect to x, is calculated. The estimate achieving the lowest MSE is retained.

Variational Mode Decomposition (VMD). For VMD-based NR, oracle optimization is
conducted over multiple parameters. The number of modes is selected from K € {2,3,...,10},

and the quadratic penalty parameter is selected from a logarithmically spaced grid of 40 values
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ranging from o € {10%,...,10%}. A logarithmic scale is used because the inverse relationship
between « and the bandwidth of the resulting modes [79], which makes the decomposition
highly sensitive to small numerical changes in the lower range of «, and less so on larger
values. Furthermore, the logarithmic scaling circumvents the computational complexity of a
fine-grained linear search while maintaining high precision in the high-sensitivity region. For
each parameter pair (K, «), the signal is decomposed into K intrinsic mode functions. The
modes are ordered from high to low center frequency, and NR is achieved by reconstructing
the signal after discarding the first n high-frequency modes, with n € {0,1,2}, n < K. The

combination of (K, a,n) minimizing the Mean Squared Error (MSE) is selected.
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Figure 4.19 MSE profiles for oracle optimization across different NR methods. The plots
validate that the search ranges for the wavelet threshold (¢), Wiener window (w), TV reg-
ularization (\), and VMD parameters (a, K, n) are correctly centered to capture the global
minimum reconstruction error. Optimal values are highlighted with black dots.

Figure 4.19 provides an example of the Mean Squared Error (MSE) profiles between the
estimated and pure piece-polynomial signals for each noise reduction (NR) method. The black
dots denote the optimal parameters identified through the grid search oracle optimization
methods described previously. These plots confirm that the defined search ranges are well-

posed, as they successfully capture the global minimum reconstruction error for each model.
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Similar trends were observed across different scenarios, providing confidence in the sensitivity

analysis and the chosen grids in this study.
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CHAPTER 5 ARTICLE 2: ADAPTIVE IMAGE NOISE REDUCTION VIA
AGGREGATED ONE-DIMENSIONAL SMOOTH MODELING

Submitted on July 10, 2025 to "Digital Signal Processing'. Authors: Noel Plascencia-Diaz

and Antoine Saucier.

Introduction to Article 2

The Smoothness and Self-Similarity Fusion (S3F) model is a training-free framework for
image denoising that integrates piecewise-smooth and self-similarity priors in a principled
and computationally efficient manner. The results presented here strongly delineate multiple
interesting research avenues. In particular, we provide evidence that S3F outperforms both
the two-dimensional extension of the Sliding-Window Piecewise-Smooth Model (SW-PSM)
and BM3D (which remains the state-of-the-art among non-training-based, data-driven image
noise reduction methods), while requiring approximately half the execution time of the latter.
The scope and depth of these findings suggest that at least two independent research articles
may stem from this work: one focused on the piecewise-smooth modeling framework and
its 2D extension, and one centered on the self-similarity component and its integration with
SW-PSM using an improved model weighting scheme. We present this manuscript as a
comprehensive record of the methodology, experiments, and conclusions, noting that it has

not been submitted for publication.

5.1 Abstract

We propose the Smoothness and Self-Similarity Fusion (S3F) model, a novel framework for
additive white Gaussian noise reduction in images. S3F explicitly integrates the comple-
mentary strengths of piecewise-smooth and self-similarity priors, adaptively applying the
appropriate noise reduction (NR) strategy based on the local textural context. The frame-
work utilizes the Sliding-Window Piecewise-Smooth Model (SW-PSM) via directional vec-
torizations for homogeneous regions, and Reduced-Rank Regression (RR) with AIC-based
rank selection for textured areas. Additionally, we introduce a robust noise-level estimation
method for Gaussian noise. Experimental results demonstrate that S3F delivers effective NR
across varying noise intensities in natural images, achieving performance that is superior or
comparable to the BM3D method while requiring approximately 50% of the execution time.

S3F provides a transparent and practical alternative to black-box, learning-based methods,
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particularly in resource-constrained environments.

5.2 Keyword

Image noise reduction, noise level estimation, multi-model inference, reduced rank regression

5.3 Introduction

Image noise reduction (INR) is a fundamental task in image processing, aimed at estimating
a noise-free image from a noisy observation. This computational challenge is particularly
critical in applications spanning medical imaging, computer vision, and remote sensing, where

noise can degrade the quality of posterior analyses [119,120].

The ubiquity of noise in imaging systems arises from various sources, including thermal
fluctuations in sensor electronics, photon shot noise, and quantization errors during analog-
to-digital conversion.Thermal noise can be well-approximated by a Gaussian distribution, is
uncorrelated, and under suitable acquisition conditions, the constant noise-variance assump-
tion holds [18]. Shot noise, which arises from the discrete nature of charge or energy carriers,
such as electrons in electronic circuits or photons in optical systems, is usually modeled as a
Poisson distribution, but when the number of electrons/photons is large, the Poisson process

can be suitably approximated by a Gaussian distribution [19, 20].

5.3.1 Problem statement

We consider the additive noise model where the observed noisy image Y € RM*¥ is generated
through the degradation of a clean image X € RM*N by Additive White Gaussian (AWG)
Noise with zero-mean and noise level o € R, i.e., Y = X + W, where W € RM*¥ represents
the noise matrix whose entries are independently and identically (7id) sampled from a zero-

mean Gaussian distribution with standard deviation o.

The noise reduction (NR) problem is formulated as an inverse problem that seeks to recover
an accurate estimate X € RM*¥N of the noise-free image X. Typically, the quality of image NR

algorithms is quantified using the Peak Signal-to-Noise Ratio (PSNR), defined as PSNR =
max(X)?
MSE

squared deviation between the original and reconstructed images, and higher PSNR values

10 logy, , where MSE denotes the Mean Squared Error, that quantifies the average

indicate better reconstruction quality.
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5.3.2 Literature review

Image Noise Reduction (INR) methods include transform domain filtering techniques in-
cluding Wavelet and Fourier transforms, spatial domain filters such as mean, median, and
Gaussian filters, dictionary-based approaches like K-SVD [84], and block matching algorithms
such as Non-local Means [102] and BM3D [83].

Methods that rely on Supervised Learning (SL) gained significant attention due to their su-
perior performance in specific Gaussian noise reduction tasks [57,58|. Learning-based INR
methods predominantly rely on supervised learning techniques, which assume identical distri-
butions between training and testing data [61-63]. However, this assumption frequently fails
in real-world scenarios, where noise characteristics and image exhibit substantial variability.
Furthermore, the availability of noise-free images is often limited, posing a constraint in the
generalization capabilities of SL-based NR methods [70,121,122]. The limited generalization
of supervised learning-based INR methods represents a methodological limitation that has
motivated the development of Self-Supervised Learning (SSL) INR methods, these techniques
operate without requiring clean training data. Empirical studies have demonstrated that SSL
INR methods are capable of achieving NR performance comparable to their supervised coun-
terparts [64] [65]. Nonetheless, SSL methods tend to be computationally intensive [63], as
they require large datasets to match or improve the performance of supervised methods [68],
which limits their use in real-time applications [69] [70] [71]. These constraints reduce the
practicality of learning-based models in many real-world settings, including those where data

sources and/or computational resources are limited.

In these scenarios, training-free image NR techniques maintain their relevance by providing
a balance between implementation ease, performance, interpretability, and computational

efficiency.

Paper Organization

The remainder of this paper is organized as follows: Section 5.4 details the procedure for
estimating image noise level, Section 5.5 introduces an extension of the Sliding-Window
Piecewise Smooth Model (SW-PSM) for images. This model functions as an initial NR
pass for piecewise smooth regions in Y and utilizes point-estimate variance to identify non-
smooth regions where the SW-PSM method is less suitable. Section 5.6 proposes a Reduced-
Rank Regression model designed to suppress noise where local smoothness assumptions fail.
In section 5.7, we define the final image estimate by aggregating the outputs of both the
SW-PSM and Reduced-Rank Regression frameworks. Section 5.8 presents the results and
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discussion of the proposed methods. Conclusions are presented in Section 5.9.

This work presents the following contributions: 1) the application of the SW-PSM method
for image noise reduction, 2) the introduction of a data-driven reduced rank regression ap-
proach to reduce noise from non-smooth regions, and 3) a classification strategy to distinguish
between smooth and non-smooth regions in Y, ensuring that each local region is processed

using the most suitable noise reduction framework.

5.4 Noise-level estimation

Noise-level estimation on 1D vectors

The proposed framework requires an estimate of the noise standard deviation o, which is
typically unknown. We derive this estimate by analyzing local variations in the observed
signal y € RY. We assume that y is corrupted by additive white Gaussian noise (AWGN),
such that y = z+w, where x is the clean signal and the components of w are independent and
identically distributed random variables (i.i.d.) following a Gaussian distribution N ~ (0, o?).

Specifically, we utilize a high-order differencing approach proposed in [123].

1
§= /vyl (5.1)

where v is a vector designed to isolate the noise by vanishing the smooth components in y

and M is the dimension of the resulting convolution vector.

With the purpose of reducing execution time while maintaining an accurate estimation of o,
we propose to estimate ¢ in an image based on the average of multiple noise-level estimates,
each derived by applying Eq. (5.1) to suitable pixel sequences in Y. We preserve the accuracy
of this procedure by restricting the application of Eq. (5.1) to sequences found in a relatively

homogeneous square patch H € R™*™ within Y, ie., H CY.

Where H is defined as the patch that minimizes the residual sum of squares (RSS) under a
two-dimensional (2D) linear regression of its pixel intensities. Figure 5.1 displays examples
of H of size m x m (m = 50) for the test images Barbara, Boats, Couple, House, Man, and
Plane (obtained from [124,125]) corrupted with AWGN at o = 0.05. The test original images

are presented in Figure 5.4.

Although H is selected for its global linearity, it may still contain localized non-smooth
structures that could bias the estimation of o [123]. We refine the pixel sequence selection

by fitting a third-degree polynomial model using a minimum mean-squared error estimator
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Boat (6 = 0.052)

]

Barbara (¢ = 0.05) Couple (¢ = 0.049) House (¢ = 0.048)  Jet (6 — 0.047) Man (6 = 0.05)

Figure 5.1 Top-left: Noisy Boats image Y and the corresponding homogeneous patch H
(square delimited by dashed lines). Top-right: Smooth patch Y; (zoomed-in) obtained from
Y. The noise-level estimate is & = 0.052. Bottom: H for to different noisy (¢ = 0.05) test
images .

to each of the rows and columns in H and validate the model fit employing the Ljung-Box
autocorrelation test performed across all lags from 1 to m — 1. Using a significance level of
a = 0.05, we reject the null hypothesis of uncorrelated residuals for any sequence exhibiting
significant structural dependencies. Sequences that pass this criterion are designated as

smooth sequences. For the 2d case, our noise level estimate is defined as

1 m
— Y 8, (5.2)
mio

o=

m is the number of smooth sequences that are kept.

5.5 SW-PSM for Image Noise Reduction

Overview

The Sliding-Window Piecewise-Smooth Model (SW-PSM) [123] builds upon the Piecewise-
Smooth Modeling (PSM) framework, a statistical NR method originally developed for 1D
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signals corrupted by AWGN. The PSM method employs an optimized sequence of poly-
nomials to model the signal, utilizing the Akaike Information Criterion (AIC) to balance
goodness-of-fit against model complexity. This approach is particularly effective at preserv-
ing signal discontinuities and angular points while maintaining high fidelity in smooth regions.
SW-PSM extends this framework by analyzing overlapping segments through a sliding win-
dow. Within each window, local PSM estimates and their corresponding uncertainties are
generated. These local estimates are aggregated using inverse-variance weighting (IVW) to

produce a global reconstruction along with a point wise variance of the final estimate.

This section introduces the SW-PSM method in the context of 2D signal processing. To
apply the SW-PSM method to 2D data, we employ vectorization operators that map the
2D input Y to a collection of 1D vectors, which are then processed individually using the
SW-PSM method.

Image vectorization

We define a vectorization vec(Y') of Y as a mapping of Y to a collection of 1D vectors y;,
i.e. vee(Y) = {y1,y2, ..., ye}, where the number of vectors £ € N depends on the vectorization
scheme. Within each vectorization scheme, the supports of any pair of vectors (v;,y;), ¢ # 7,
are non-overlapping. Our method typically combines four SW-PSM estimates obtained from
four different vectorizations. Specifically, we use the four vectorizations shown in Figure
5.2, where the gray lines (horizontal, vertical, and the two diagonals with slopes 1 and -1)
represent the supports of the vectors y; associated with each vectorization scheme. Note
that the dimension of y; depends on ¢ for the two diagonal vectorizations. Using multiple
vectorizations increases the likelihood that a pixel belongs to a sufficiently large smooth

segment in one of the 1D signals y;, leading to more accurate estimates.

The horizontal and vertical vectorizations (Figure 5.2, panels 1-2) cover the image Y entirely;
every pixel is included in exactly one vector y;. In contrast, the diagonal vectorizations (panels
3-4) exclude certain vectors in V(Y) from the estimation process— specifically those near

the image corners with lengths < 4.

SW-PSM Image Estimate

For each pixel-value Y[p] € R at position p := (i,7) € {1,2,...., M} x {1,2,..., N}, we denote
by V,[Y] the subset of vectorized signals whose supports include the pixel at position p. Each
vector in V,[Y] is used to estimate X |[p| and its variance. Note that the number of vectors

¢, € N may be smaller than n when p is located near an image corner.
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Figure 5.2 Illustration of the four vectorization schemes (black squares) used in SW-PSM.
The support of each vector is indicated by gray lines within the corresponding black square.
From left to right: horizontal, vertical, slope = 1 and slope = -1 vectorizations.

The integer indices of the vectors in V,[Y] are collected in the set I, = {1,2, ..., £,}. For each
index k € I,, the corresponding estimate of X|[p] derived from the k-th vector is denoted
by Xi[p]. The final pixel-value estimate X[p] is computed as a weighted average of these

individual estimates with R
_ Zker, Xelpl/(ox[p])?

Xesle) = = o)

where (03,[p])? denotes the variance of Xj[p]. The standard deviation (o[Xps[p]]) of Xps[p]

is given by

(5.3)

1
e, YD)

It may happen that a given pixel does not belong to any smooth signal piece, i.e. it is an

o Xespl] (5.4)

outlier. If this pixel is classified as an outlier for a majority of the estimates X, [pl, p € LY,
then we use X[p] = Y[p] and o[X[p]] = . By applying (5.3) to each pixel in Y, we produce
the SW-PSM image estimate Xpg € Rv*™

5.6 NR via Reduced-Rank Regression

5.6.1 Motivation and overview

Natural images typically exhibit both piecewise smooth regions and heterogeneous structures,
the latter manifesting as highly textured regions and fine-scale details. In textured regions,
high frequency intensity variations occur across small pixel neighborhoods, causing the signal
to deviate significantly from the continuous, piecewise-smooth structure required for SW-

PSM to perform optimally.

To overcome this problem, we exploit the Self-Similarity (SS) property of natural images,
i.e., the tendency for structural patterns to repeat throughout a scene [126]. Building on this

principle, we propose to use a Reduced-Rank (RR) Regression approach to complement SW-
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PSM in non-smooth regions. For a noisy image Y, we consider overlapping L x L patches,
where L € N. We denote y; € R? (with d = L?) as the column-vectorized version of the
patch centered at the i*" pixel. The RR approach is motivated by the fact that similar image
patches often represent the same underlying local structure, differing only by minor spatial

shifts or intensity fluctuations.

Mathematically, self-similarity implies that a reference patch in an image can be matched
with a collection of highly similar patches. Due to structural redundancy, this collection does
not span R?; instead, these vectors cluster within a local signal subspace S; C R? of low rank,
defined by a small number of basis vectors [127,128]. To suppress noise in the non-smooth
regions of Y, we treat noise reduction as the estimation of a basis for S;, which is then used

to filter the reference patch y;.

5.6.2 Patch grouping

For each reference patch y;, we search for all similar candidates within a local neighborhood
N;, defined as the intersection of the image Y and an m x m square centered at pixel i (m > 31
is an odd integer). All overlapping L x L patches within N are evaluated. A candidate patch
y; is included in the set C; if it satisfies the distance threshold: | y; —y; ||?°< qo?d, where

2 is the noise variance, and ¢ > 0 € R is a scalar controlling

d is the patch dimension, o
the selectivity of the search. In this context, we use ¢ = 6, which, with high probability,
ensures that two noisy versions of the same patch are selected as part of the same patch
group without being excessively restrictive [129]. The k™ element of C; is denoted by y; 1, so

that C; = {yi1,¥i2s .- Yin, }» Where n; represents the cardinality |C;.

In scenarios where n; < d, the search results in an underdetermined system, which may pro-
duces inaccurate estimates of the covariance matrix, limiting the model’s ability to accurately
capture the underlying low-rank structure. To mitigate this, we increase the search space of
similar patches using a data augmentation step on the candidate patches within A;. This
involves applying the Dg transformation group (comprising rotations and reflections) to the
neighboring patches [130]. Each transformed version is subsequently evaluated against the
similarity threshold; if a transformed patch satisfies the distance criterion, it is appended
to C;, thereby increasing the sample size and improving the robustness of the subsequent

rank-reduction process.

We then construct the observation matrix Y; = [yi1,¥i2, -+, Yin), Yi € R¥™ by stacking
the similar patches as columns where y; ; = y;, and y; ; with j = 2,3, ..., n; is the j-th closest

patch to y; in Euclidean distance. Within this patch-based framework, the observation matrix
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Y, is modeled as

where X; € R%" represents the unknown clean patch group and W; € R¥™ is a matrix
with white Gaussian noise components. Although the use of overlapping patches introduces
correlation between the noise components of adjacent patches, we follow the standard con-
vention in non-local processing by treating W, as a random matrix [62,82,102] with locally
independent entries distributed as N'(0, ?).

5.6.3 Reduced-Rank Representation and Estimation

Under the Self-Similarity (SS) hypothesis, the high degree of redundancy in natural images
induces strong linear dependencies between the columns of the clean patch group X;, implying
a low-rank structure. We assume X; can be written as X; = U; Z;, where U; € R¥? is an
orthonormal basis spanning the subspace S; C R? and Z; € R¥" represents the coordinates

of X; in the space spanned by U,.

In the reduced-rank (RR) representation framework, it is assumed that X; has a low-rank
structure, meaning that a basis of X; contains £ < n; elements and that the extra n; — k
dimensions are typically composed by noise. Therefore, the goal is to obtain a reduced-rank

estimate of U; that will be employed to reconstruct a noise-reduced version of x;.

To estimate U;, from the noisy patch group Y;, we assume
Y, =UZ; +W;, (5.6)

where W; € R represents a noise matrix [131]. The optimal rank-k estimate of X; = U; Z;
in the Frobenius norm is obtained via the truncated Singular Value Decomposition (SVD) of
Y, [132]. The SVD of Y; is Y; = U;3; V.7, where U; € R™? and V; € R™*™ are orthogonal

matrices. The diagonal entries of 3, € R¥™™ are the singular values \i;, which are non-

INE
negative real numbers arranged in non-increasing order (5\11 > 5\1-72 > > S\ln > 0). The
columns of U; and V; are the corresponding singular vectors, ordered to match this sequence.

The truncated SVD approximation of rank-£ is given by

A

X; = Uzkizsz/z—; (5.7)

where Ulk € R¥* and ‘Z,k € R™** denote the first k& columns of U; and V;, and f)lk € RFxk
is a diagonal matrix containing the k largest singular values in 32;. The residual error of

this approximation is given by the sum of the discarded squared singular values, >>7%,; | S\fj
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Intuitively, the RR model preserves the k£ most significant elements in the basis, and discards

the low-variance elements that are typically dominated by noise.

This approximation is numerically equivalent to performing Principal Component Analysis
(PCA) on Y;. In practice, we perform centered PCA by first computing the empirical mean
patch of the group, y;, = L Z] 1Yi;- The SVD is then applied to the centered matrix
Y. =Y, — 31", where 1" =[1,1,...,1] € R*™,

Given the basis Ui,k: the clean patch estimate X; is obtained by projecting the noisy reference

patch onto the k-dimensional subspace and restoring the mean, i.e.,
T =Yyi+ UZkJUZTk;(yz —¥i)- (5.8)

In this framework, the choice of £ is critical: an excessively small £ may lead to oversmooth-
ing, while an excessively large k£ may retain too much noise. Rather than using arbitrary
thresholds, we propose an objective selection of k via Akaike Information Criterion (AIC) [10].
In the following section, we approximate the likelihood function necessary to compute the
AIC for a rank-k RR model.

5.6.4 Surrogate Likelihood of the RR model

To select the rank k, we employ an information-theoretic approach based on the Akaike
Information Criterion (AIC). While overlapping in Y; introduces statistical dependencies in
the noise, the independent AWGN likelihood serves as a robust and computationally efficient
surrogate likelihood for the model selection framework. We model the clean patch group as
X; =U; Z;, where U, , € R¥*¥ is the orthonormal basis spanning the k-dimensional subspace
of similar patches, and Z; € R¥*™ is the matrix of representation coefficients. Each column
of Z; contains the weights required to reconstruct a clean patch as a linear combination of

the basis vectors in U, .

Under the independent AWGN assumption, the joint probability density function for Y; is

constructed as the product of the probabilities of its d x n; individual entries, given by

L(Yi|Uiy, Z;) = HH

exp
Je1m=1 V2ro?

202

(_(Yi[J} m] — (UsnZi)[j; m])2> ’

where Y;[j,m] and (U; 1. Z;)[j, m] are the pixel values at the j® row and m'™ column of Y;
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and U, ;Z;, respectively. Applying the natural logarithm yields the log-likelihood function

RN L\ (Yiljm) = (Ui Zi) G, m])?
G(YilUig, Zi) =3 > [log (W) 202

j=1m=1

The double sum over the second term in the brackets represents the sum of squared residuals
between Y; and the rank-£ approximation, which is equivalent to the squared Frobenius

norm ||Y; — U; 1.Z;||%. Simplifying the equation above yields the expression

dni

G(Y\Uig, Zs) = T

1
log(2m0?) — — || Yi = UinZi ||3 - (5.9)
20
This function is maximized when || Y; —U; x Z; ||%, is minimal. As established by the Eckart-
Young-Mirsky theorem, this error is minimized when U, j, consists of the first k left singular
vectors of Y; derived via SVD. At this optimum, the residual sum of squares is Z?;k 4 j\fj

The resulting maximum surrogate log-likelihood for a rank-k£ RR model is

A dn; 1 &
ei(Y,-|U,,,€,Zi):—7" log(2n0%) = o > A2 (5.10)
j=k+1

This expression serves as the data-fidelity component in the following subsection, where it is

combined with the model complexity penalty to derive the AIC for the RR model.

5.6.5 AIC for Rank Selection and Model Aggregation

The selection of the rank k requires balancing data fidelity and model complexity. Selecting
a value that is too small, i.e., a small number of components, may omit subtle image features,
producing an oversmoothed estimate Z; that cannot capture fine-scale textures. Conversely,
choosing k£ too large may include noise-dominated singular vectors in the basis, leading to

insufficient noise suppression.

To achieve a balance between under- and oversmoothing, we utilize the Akaike Information
Criterion (AIC) rather than the Bayesian Information Criterion (BIC). Since we are mainly
interested in using the RR approach to reduce noise from non-smooth signal regions, BIC was
not adopted here for two reasons: theoretically, it is better suited for large sample sizes [11],
a condition not guaranteed for the small local patches considered here; and empirically, it
was observed to oversmooth fast-varying structures, whereas the AIC better preserves such

features in noisy signals [123].

To achieve a balance between under- and oversmoothing, we utilize the Akaike Information



82

Criterion (AIC), defined as
AIC = —20(z|) + 2p, (5.11)

where ¢(z|0) is the maximized log-likelihood of the data z given the parameter vector 4
which represents a data-fidelity term, and p € N is the number of parameters defining the
model [10]. For problems requiring the selection of a single model among multiple candidates,
selecting the model that minimizes Eq. (5.11) yields a principled compromise between data

fidelity and model complexity.

The total number of parameters in the RR model includes d parameters for the empirical
means of the d coordinates of each patch vector, k(d — %) parameters required to specify
the orthonormal vectors in U ik [133], and the k singular values. Furthermore, the product
f]lkf/f,; € R¥" in Eq. (5.7) represents the projection coefficients of the patches onto the
subspace spanned by [A]lk Following a fixed-effects approach to PCA [134], we explicitly
include the n; k projection coefficients as incidental parameters in our AIC penalty. If the
noise level is unknown, one additional parameter is included for its estimation. The number
of free parameters for a rank-k RR model associated with the i-th pixel in Y is therefore

1

We utilize Eq. (5.10) as a surrogate of the likelihood term in Eq. (5.11). By substituting
pi(k) and the surrogate log-likelihood from Eq. (5.10) into Eq. (5.11) and discarding constant
terms that do not depend on k, the effective AIC of the rank-k RR model associated with
i-th noisy patch in Y is

1 min(d,n;) < E—1
J:

The selected rank k* is subsequently chosen as the value that minimizes AIC;(k) over the
range k € {1,...,n; — 1}.

5.6.6 Reduced Rank Multi-Model Inference

While minimizing Eq. (5.13) provides a principled mechanism for selecting k, relying on a
single model can lead to instability when multiple ranks yield comparable AIC values. To

account for this model uncertainty, we adopt a Multi-Model Inference framework [135].

Let IC; = {1,2,...,min(d, n;)} denote the set of candidate ranks. For each k € K;, we define
the AIC difference relative to the AIC-minimal model as: A;(k) := AIC;(k) — AIC;(k*).



83

The relative likelihood of the k-th model, given the data, is proportional to exp(—%Ai(k)).
To focus the estimation on the most plausible candidates, we consider only the subset of
models with substantial empirical support, defined as I = {k € K; : A;(k) < 2} [135]. By
normalizing the likelihoods over this subset, we obtain the AIC weights w;(k) [135]

exp (_%Az(k))

w;(k) = , (5.14)
2meK; €XP <_%A2(m))
where 0 < w;(k) <1 and Ypexr wi(k) = 1 We define the final estimate of x; as

This procedure mitigates the ambiguity of selecting a single rank. The covariance matrix of

X! is given by [135]:

cov(x, %)) = > wilk) [0?Uinl], + (Ko — %) (Ris — %)7] (5.16)
keK:

where the variances of the Xs are located in the diagonal of cov(X},%X}).

Each pixel p € {1,2,..., M} x{1,2,..., N} is typically contained in several overlapping patches.
We denote by X *[p, k] € R the point-estimate of pixel p associated with the patch index k,
and we collect these estimates in the list £, = {X*[p, 1], X*[p,2], ..., X*[p, |£,]]. The final
image estimate Xrr € RM*N ig obtained using a weighted average of the point-estimates

X *[p, k] for each pixel position p across the entire image:
£ % * % *
o o Sl X p K]/ (o X[p, k)

XRR[p] - |kg:[q]| 1/(J[X*[p, k])2 , (517)

where o[X*[p, k])? denotes the estimated variance of X*[p, k].

The inverse-variance weighting in Eq. (5.17) is motivated by the classical best linear unbiased
estimate (BLUE) under independent, heteroscedastic errors [111]. However, since each pixel
p may appear in multiple spatially overlapping patches, the estimates {X *[p, k]} are not
mutually independent. Specifically, since patches sharing pixels generate correlated residuals,
the independence assumption required for BLUE optimality is violated. This correlation is
a well-known limitation of patch-based aggregation, shared by methods such as NLM [102]
and BM3D [82], and is generally accepted as a tractable approximation. The justification is

that even correlated averaging reduces variance relative to any single patch estimate [102].
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5.7 Hybrid SW-PSM and RR method

While self-similarity (SS) methods can effectively reduce noise in redundant, non-smooth
regions, the requisite patch-grouping and transformation steps result in significantly higher
computational costs than piecewise-smooth (PS) approaches. However, in regions with low
self-similarity, such as non-repeating structures or stochastic textures, SS methods may be

insufficient for robust noise reduction.

For these reasons, we propose a hybrid framework that integrates the PS and SS hypotheses
into a single estimator, we call this method Smoothness and Self-Similarity Fusion (S3F). In
the first stage of the S3F method, we use SW-PSM model with a dual purpose: 1) providing
the final estimate for smooth regions where the PS assumption holds, and 2) acting as a
baseline to identify non-smooth regions that may benefit from SS-based processing via the
reduced-rank regression (RR) method presented in section 5.6. This texture-guided method
is motivated by the fact that for homogeneous areas, SW-PSM’s local polynomial support is
a superior model precisely because it is optimized for smooth representations. In textured
regions where both the PS and RR estimates are available, a final estimate is obtained

through an averaging scheme.

Within the SW-PSM framework, the variance of a point estimate is inversely proportional
to the spatial support size of the estimated smooth component [123]. While extensive sup-
ports in homogeneous regions yield low estimation variance, the SW-PSM estimate exhibits
significantly higher variance in regions characterized by large variations over small supports,

e.g. high-frequency textures.

Building on this property of the SW-PSM estimate variance, we partition the image domain
D={1,...,N}x{1,..., M} into two disjoint sets based on the SW-PSM estimation variance.

The set of textured (non-smooth) pixel positions is defined as

Dr = {p € D : Var(Xps[p]) > 7}. (5.18)

To ensure that the variance threshold 7 effectively separates smooth and textured regions,
we define 7 as the typical value of the SW-PSM pointwise variance estimate in the homoge-
neous region H defined in Section 5.4, i.e., 7 := median(Var(Xpg(H))), where Var(Xps(H))
denotes the collection of SW-PSM point-wise variance estimates associated with H. Using
the median allows 7 to reflect the typical estimation variance while remaining robust to atyp-
ically high values caused by isolated discontinuities or residual edges that may be found in

H. Conversely, the set of smooth pixel positions is Dg = {p € D : Var(f(ps [p]) < 7}
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The S3-F estimate Xy at pixel p is defined by a spatially adaptive selection rule that switches
between the SW-PSM and RR models. Depending on whether a pixel belongs to the smooth

or textured partition, the estimate is given by:

ulyl Xps|p) if p € Ds, (5.19)
H = 5 5 .
wpslplXes [Pt plXnnlr]
S ershltenal 1P €D

where wpg[p] and wgrg [p] are the inverse variance weights associated with the estimates Xpg|[p]
and XRR[p], respectively. This formulation ensures that smooth regions benefit from the
piecewise-smooth model, while textured regions are processed using a linear combination of

the SW-PSM and RR estimates.

To account for the possible bias in the IVW weighting scheme, we introduce a simpler,

uniformly weighted hybrid estimate X, defined as

Sl = Xps[p] if p € Ds, (5.20)
UPI= Y pslplt Xnnls] if p e Dy '
! .

SW-PSM RR S3F
Noisy PSNR:29.37 dB PSNR:29.97 dB PSNR: 31.10 dB

Figure 5.3 Left to right: Noisy (¢ = 0.05) sample, SW-PSM |, RR, and S3F (uniform weight-
ing) estimates.

A comparison of the image estimates provided by SW-PSM, RR with ¢ = 8 and patch size
9 x 9, and the proposed S3F framework is presented in Figure 5.3. The leftmost panel shows
a zoomed-in region of the Barbara image at o = 0.05. The SW-PSM estimate (second panel)

reduces noise in homogeneous regions, such as the face and hand, yet remains less effective
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in the high-frequency "striped" textures. Conversely, while the RR estimate (third panel)
successfully reconstructs the redundant textures of the clothing, it introduces noticeable
artifacts in the smoother regions. The S3F estimate with uniform weighting aggregation
(rightmost panel) successfully integrates the advantages of both methods; by using only the
SW-PSM estimate on the smooth region and combining both RR and SW-PSM estimates
on the textured regions, S3F achieves a PSNR improvement of more than 1 dB over the
individual SW-PSM and RR models.

5.8 Results and Discussion

5.8.1 Image Noise Reduction with synthetic AWGN

Figure 5.4 Test images used in the experiments. Each pair corresponds to the original image
(left) and its texture segmentation when o = 0.05 (right), depicting smooth (black) and
textured (white) regions.

We evaluated the performance of the proposed noise reduction (NR) methods against the
benchmark BM3D algorithm as implemented in [85]. Two variants of the S3F method were
tested: one utilizing inverse variance weighting (S3F-IVW) and uniform weighting (S3F-UW)
for aggregation. The evaluation was conducted on grayscale images corrupted with synthetic
AWGN at three noise levels: o € {0.025,0.05,0.1}.

The test images are displayed in Figure 5.4 along with an example of the textural segmen-
tation (o = 0.05) described in Section 5.7, with smooth and textured regions represented by
black and white pixels, respectively. We chose an evaluation set combining standard natural
scenes (e.g. couple, house, plane, boat, and peppers) with images characterized by dense

texture, including grass, sand, and texture _mosaic. All test images are accessible in [124].

All NR methods utilized the noise level estimation procedure described in Section 5.4. Per-
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Table 5.1 PSNR results for various denoising methods at Noise Level = 0.05.

Signal SW-PSM S3F-UW S3F-IVW BM3D
Airplane 34.84 35.51 35.68 36.88
Brodatz Sand 28.51 29.45 28.79 28.96
Chemical Plant 29.48 30.42 29.92 30.97
aerial 28.32 28.91 28.56 28.19
grass 26.10 26.85 26.39 26.75
baboon 27.93 28.67 28.27 28.52
Barbara 29.86 31.55 30.96 32.30
boat 31.05 32.01 31.54 32.09
bridge 28.69 29.27 28.96 29.04
couple 30.87 31.79 31.41 31.98
house 34.96 36.13 36.03 38.29
man 30.98 31.69 31.36 31.82
moonsurface 30.71 31.09 30.91 30.38
peppers 32.46 33.08 32.86 32.78
plane 32.39 32.87 32.78 33.91
texmosl 24.31 25.09 24.62 23.28

formance was quantified using the Peak Signal-to-Noise Ratio (PSNR), where higher values
indicate superior noise suppression. For the self-similarity component of our Hybrid method
we use a patch size of 9 x 9, which is the typical patch size employed by self-similarity-based
NR methods [82,102,128]. The resulting PSNR values for 0 = 0.05 are presented in Table

5.1, tables for other noise levels can be consulted in the Appendix.

Table 5.1 shows that S3F-UW typically outperforms S3F-IVW and SW-PSM. The most
significant performance differences, with PSNR gains reaching 0.5 dB, are observed in the
baboon, grass, and texture mosaic images, which are characterized by predominantly tex-
tured content. We attribute the performance degradation of the IVW scheme relative to
uniform aggregation to the assumptions of the IVW design. Specifically, by assuming inde-
pendence and neglecting the correlation between estimates, the SW-PSM framework tends
to underestimate the true variance [136]. This leads the IVW to erroneously overweight the
smooth component of the S3F model, resulting in a reduction in NR performance. Since
similar observations were drawn for other noise levels (see Appendix 5.10.3), in subsequent

analysis we adhere to the uniformly weighted variant of S3F.

Figure 5.5 illustrates the PSNR performance of the SW-PSM, BM3D, and S3F-UW methods
across four noise levels (o € {0.01,0.025,0.05,0.1}) and all the test images. At ¢ = 0.01,
S3F-UW exhibits a higher median PSNR and a notably tighter interquartile range compared
to both the standalone SW-PSM and BM3D. As ¢ increases, the performance margin between
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Figure 5.5 Comparative PSNR analysis for o € {0.01,0.025,0.05,0.1}. Boxes represent the
performance of SW-PSM, BM3D, and the proposed S3F-UW across the image dataset.

the S3F-UW and BM3D narrows, with both methods maintaining similar median values at
o = 0.05. While the PSNR gains are less pronounced at the highest noise level (o = 0.1),
S3F-UW maintains a higher lower-quartile and higher median than SW-PSM.

Figure 5.6 PSNR obtained for the SW-PSM (black, solid curve), S3F-UW (black, dashed),
and BM3D (grey) models for the (left to right) disks, baboon, aerial, and bridge images at
varying o.

We present image-specific examples of PSNR comparisons across noise levels in Figure 5.6.
The leftmost panel corresponds to disks, a synthetic image which adheres strictly to a
piecewise-smooth prior but is designed to have low self-similarity (see Appendix 5.10.2 for
more details). Here the SW-PSM (solid black) outperforms BM3D (gray), which suffers from
the absence of self-similar patches. Conversely, in the heavily textured natural images ba-
boon, aerial, and bridge (panels 2-4), BM3D frequently surpasses the standalone SW-PSM,
as the latter struggles to differentiate high-frequency textural details from noise. Across both
categories, the S3F model (dashed line) consistently appears as the most robust approach;
it avoids the significant performance drops of BM3D in non-redundant smooth regions while

matching or exceeding BM3D’s performance in textured images. This stability across diverse
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SIF-UW BM3D
PSNR: 31.09 dB PSNR: 30.38 dB.

S3F-UW BM3D
PSNR: 33.08 dB PSNR: 3278 dB

S3F-UW
PSNR: 31.69 dB

Figure 5.7 From left to right: Noisy image (¢ = 0.05), original image, S3F-UW estimate, and
BM3D estimate for moon (top, & = 0.053) peppers (center, & = 0.052), and man (bottom,
6 = 0.048). The actual noise level is o = 0.05.

image characteristics validates the effectiveness of the texture-guided fusion approach.

We encountered multiple instances in which S3F-UW preserves fine-scale features more faith-
fully than BM3D. Examples of this are provided in the reconstruction of moon at ¢ = 0.05
shown in the top panel of Figure 5.7; while the BM3D estimate (right) tends to oversmooth
small crater textures, the S3F-UW approach (left) retains them.

A detailed illustration of superior texture preservation via the S3F-UW approach is provided
for the peppers image reconstruction at o = 0.05 (Figure 5.7, bottom), with zoomed-in regions
displayed in Figure 5.8. Notably, the S3F-UW estimate (Figure 5.8, top row) recovers fine-
scale details of the original image (center row) with greater precision than BM3D (bottom
row). Specifically, the BM3D estimate exhibits pronounced oversmoothing artifacts in the
first four panels from the left; in contrast, these fine-scale details are preserved with greater
fidelity in the S3F-UW result. Furthermore, BM3D tends to suppress the white spots in the

original image and introduces checkered artifacts (Figure 5.7, rightmost panel); conversely,
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S3F-UW

Original

BM3D

Figure 5.8 Zoomed fragments of peppers. Rows: original image (center), S3F-UW estimate
(top), and BM3D estimate (bottom); the latter two were obtained from a noisy observation
at 0 = 0.05 with 6 = 0.052.

the S3F-UW method better preserves these features without introducing discernible visual

artifacts.

Even when BM3D marginally outperforms S3F-UW in global PSNR (e.g., Figure 5.7, bot-
tom), the latter often preserves fine-scale details with greater fidelity. As demonstrated in
Figure 5.9, textures in the rings, hair, and grass (panels 1 - 3) are more accurately recovered
by S3F-UW. Furthermore, unlike BM3D, the S3F-UW estimate remains free of characteristic

checkered artifacts (rightmost panel).

As shown in Figure 5.10, which illustrates the execution time across the test images at
o = 0.05, the S3F-UW model reduces processing time by approximately 50% relative to
BM3D. We attribute the reduced execution to the fast optimization techniques in the SW-
PSM framework, specifically, sliding-window processing, shortest-path optimization and fast
curve-fitting. Furthermore, by restricting the low-rank estimation to a subset of the image,
the S3F-UW approach benefits from an additional reduction in execution time in comparison

to patch based methods that are applied to the entire image domain.

5.8.2 Noise Reduction on Raw Images

We evaluated the NR performance of the S3F-UW method on raw natural images. Unlike

the synthetic AWG noise reduction scenario presented in the previous section, we treat the
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S3F-UW

Original

BM3D

Figure 5.9 Zoomed fragments of man. Rows: original image (center), S3F-UW estimate
(top), and BM3D estimate (bottom); the latter two were obtained from a noisy observation
at 0 = 0.05 with 6 = 0.048.

raw images as inherently noisy. We process each raw image using the S3F-UW method with

the noise-level estimate in Section 5.4.

Figure 5.11 shows a comparison of the S3F-UW method applied to raw image fragments
extracted from baboon (6 = 0.0085), Barbara (6 = 0.0084), couple (6 = 0.0075), and peppers
(6 = 0.0073). The top row displays the original signal, while the bottom row shows the
corresponding S3F-UW estimate. Notably, the S3F-UW estimate reduces noise from smooth
regions (white texture in baboon, the skin in Barbara, and the smooth regions in couple, and

peppers) while preserving the detail of textured regions.

The preservation of fine-scale details alongside smooth textures is further illustrated by the
zoomed-in regions of the Barbara image in Figure 5.12. corresponding to the S3F-UW (top
row) image estimate of a raw version of the Barbara image (bottom row). Comparing the
raw image (bottom row) with the S3F-UW reconstruction (top row) highlights the model’s

ability to recover the characteristic striped textures. Simultaneously, the noise within the
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Figure 5.10 Execution time in seconds for SW-PSM, S3F-UW, and BM3D at a noise level
of ¢ = 0.05. The box plots illustrate the distribution of computational time across the test
images.

i baboon

Original

Figure 5.11 Top: Fragments of raw test images. Bottom: Corresponding S3F-UW image
estimates.

skin tones is significantly attenuated We may therefore conclude that the S3F-UW estimator
effectively reduces noise in smooth regions without blurring edges, and also performs well in

complex textured regions.

5.9 Concluding Remarks

We introduced a novel image noise reduction framework that adaptively integrates piece-
wise smooth and self-similarity-based approaches by leveraging local textural content. By
dynamically balancing these two strategies, the proposed method enhances noise reduction
across diverse image regions, using the SW-PSM framework not only for initial estimation

but as a tool to identify non-smooth regions. Furthermore, we refined the self-similarity
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Hybrid (UW)

Original

Figure 5.12 Top: Details of the S3SF-UW image estimate. Bottom: Corresponding fragments
of the raw image.

component through a principled AIC-based selection of regression components and the ap-
plication of Inverse Variance Weighting to combine multiple reduced-rank models. Finally,
the global image estimate is computed as the mean of the piecewise smooth and self-similarity
estimates, ensuring a balanced reconstruction that preserves high-frequency details without

compromising the integrity of homogeneous regions.

Self-similarity methods often face a trade-off between under-smoothing and over-smoothing,
driven by patch size [137]. Small patches recover fine details but overfit in smooth regions,
while large patches offer robust noise reduction at the expense of structural features. Multi-
scale variants address this but introduce significantly parameter-heavy models. Our method
circumvents these problems by using a multiscale piecewise smooth model for homogeneous

regions, reserving a single-scale self-similarity model to refine fine-textured details.

Compared to learning-based methods which require intensive offline training and massive
datasets, our method only requires the noisy image to operate, making it suitable for appli-

cations where data variability is high or training data is scarce.

It was shown that S3F-UW performs consistently across different noise levels and images with
particularly strong performance at smaller noise levels, where it was observed that S3F-UW
outperforms BM3D in PSNR in multiple instances while providing a reduction in execution
time. Qualitative assessments showed an improved preservation of detailed textures. The
performance of the proposed method across different image types demonstrates its robustness

and suggests that it may be useful for other real-world applications.

Future developments could explore alternative data-driven weighting schemes. Specifically,
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Stein’s Unbiased Risk Estimate (SURE) could be employed as a self-supervised tuning strat-
egy to optimize the mixing weights without requiring noise-free data [61]. Additional research

could explore extensions to other noise distributions and non-stationary noise.

The results obtained in this work reinforce the idea that principled statistical methods, when
properly extended and engineered, can remain competitive, and even preferable, in domains

where data variability, interpretability, and availability are ongoing challenges.
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5.10 Appendix

5.10.1 Stability of the Noise Level Estimate

We evaluate the performance of (5.1) on noisy linear signals y with length N € {2F &k =
6,7,...,11}. These signals were corrupted with AWGN with o € {0.01,0.02, ...,0.3}, span-
ning low-to-moderately large noise level regimes. To quantify the degree in which the noise
corruption affects the pure signal z, we compute the signal-to-noise ratio (SNR), given by
SNR = % (Zf\io x[i]2)1/2 . For each pair (N, o), we generate 300 noisy linear signals denoted
by y. Each y is characterized by a random slope sampled uniformly from [—100,100] C R,
and an intercept set to zero without loss of generality. Subsequently, we compute the noise
level estimate G for each y. The estimator’s performance was assessed using the absolute
percentage error € = 100@. The results of this experiment are displayed in Figure 5.13
in terms of the average € across experimental realizations, denoted by €. Each gray curve in
the left panel of Figure 5.13 corresponds to € as a function of N for a fixed o. The black
curve reports the average € across noise levels as a function of N. The right panel displays
the standard deviation STD(€) = STD(e)/+/300.
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=
N
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Figure 5.13 Left: Mean absolute percentage error € as a function of sample size N. Each
gray curve corresponds to a fixed noise level o € {0.01,0.02,...,0.30}. Black curve: Average
€ over noise levels. Right: Standard deviation of € as a function of IV, reported for the same
set of noise levels.

Figure 5.13 demonstrates that accuracy and stability improve with increasing N : at N = 64,
the estimator exhibits relatively large errors (¢ ~ 12%) and variability (STD(€) ~ 8%),
whereas at N = 2048, € falls below 3%. This trend confirms estimator consistency, as larger
samples reduce both bias and variance. Moreover, convergence of the gray curves toward the

mean trajectory indicates decreasing sensitivity to o at larger V.
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5.10.2 Disks Image

The synthetic test image is a 256 x 256 grayscale composition designed to evaluate piecewise-
smooth modeling in the absence of self-similarity. The image is populated with a stochastic
distribution of disks with radii R ranging from R,,;, = 4 to R4 = 25.6. The quantity of
disks for a given radius follows a fractal power-law distribution, N(R) = kR™¢, where the
constants k£ and d are calibrated to yield exactly N,,, = 1 disk at the maximum radius
and N,,.. = 800 disks at the minimum radius. Each disk is centered randomly within the
image domain, with internal pixel intensities defined by a local linear gradient A(i,j) =
a(i—1ip) +b(j — jo), where the slopes a and b are drawn from a uniform distribution U(—1, 1).
Finally, the composite image values are normalized to the unit interval [0, 1], resulting in a
complex, overlapping piecewise-smooth structure that lacks the repeating patterns typical of
natural textures. An example of this image and its image estimates is displayed in Figure
5.14.

S3F-UW

SW-PSM BM3D
PSNR: 29.43 dB PSNR: 26.72 dB PSNR: 20.04 dB
» »

Figure 5.14 First and second panels: Noisy (¢ = 0.05) and original disks image. Third to
fifth panels: SW-PSM, S3F-(UW) with ¢ = 6 and 9 x 9 patches, and BM3D estimates.

5.10.3 Additional PSNR Tables



Table 5.2 PSNR results for various denoising methods at Noise Level = 0.01.

Signal SW-PSM S3F-UW S3F-IVW BM3D
airplane 43.13 42.57 42.39 43.62
aerial 33.79 34.50 34.12 31.86
baboon 37.69 39.30 37.81 38.40
Barbara 39.59 40.63 39.86 41.26
boat 38.94 40.16 39.21 39.26
bridge 38.98 40.23 39.01 39.35
chemical plant 39.25 40.27 39.33 40.42
couple 40.24 40.98 40.20 40.53
grass 31.32 32.20 31.69 30.84
house 44 .49 42.97 43.41 47.32
man 41.03 41.21 40.91 41.34
moonsurface 34.23 34.75 34.30 31.94
peppers 38.57 39.53 38.77 37.97
plane 41.89 41.69 41.53 42.56
sand 34.51 35.78 34.98 33.46
texmosl 26.79 27.73 27.14 24.79

Table 5.3 PSNR results for various denoising methods at Noise Level = 0.025.

Signal SW-PSM S3F-UW S3F-IVW BM3D
airplane 38.71 38.00 37.51 39.50
aerial 31.78 32.39 32.14 30.69
baboon 32.48 33.01 32.46 32.99
Barbara 34.36 34.27 34.06 35.96
boat 34.76 34.83 34.53 35.33
bridge 33.10 33.40 32.97 33.36
chemical plant 33.63 33.72 33.52 34.93
couple 34.90 34.83 34.55 35.35
grass 28.77 29.69 29.15 28.66
house 38.96 36.89 36.29 42.04
man 35.15 34.49 34.31 35.62
moonsurface 32.88 33.18 32.95 31.33
peppers 35.50 35.60 35.30 35.01
plane 36.46 35.75 35.57 37.48
sand 31.90 32.85 32.28 31.55

texmos1 26.32 27.25 26.67 24.64




Table 5.4 PSNR results for various denoising methods at Noise Level = 0.1.

Signal SW-PSM S3F-UW S3F-IVW BM3D
airplane 30.23 31.23 31.14 33.65
aerial 24.42 25.14 24.73 25.10
baboon 23.79 24.84 24.17 24.88
Barbara 25.23 27.38 26.13 28.81
boat 27.35 28.20 27.85 29.13
bridge 24.99 25.67 25.32 25.68
couple 27.03 28.00 27.52 28.76
chemical plant 25.68 26.74 26.16 27.45
grass 21.90 22.80 22.19 23.07
house 30.71 31.98 31.91 34.84
man 27.29 28.06 27.75 28.61
moonsurface 28.04 28.47 28.42 28.74
peppers 28.73 29.54 29.32 30.46
plane 28.29 29.30 29.03 30.42
sand 24.88 25.64 25.15 25.88

texmosl 21.19 21.96 21.48 21.22
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CHAPTER 6 GENERAL DISCUSSION

6.1 Gaussian noise reduction in one-dimensional piecewise smooth signals

This work addressed the long-standing problem of signal noise reduction. The proposed
approach builds upon the PSM procedure, a novel formulation for piecewise regression that
combines model selection and shortest path optimization. Compared to other piecewise
regression methods in the literature [106, 138], the PSM method is designed to handle the

case where multiple functional forms are considered for the individual regression candidates.

For one-dimensional signals, the methods and results presented in Chapter 4 provide strong
evidence that the SW-PSM method successfully reduces noise across a wide variety of piece-
wise smooth signals. In particular, it outperforms oracle-optimized versions of classical noise
reduction methods by preserving both smooth and fast-varying regions with greater detail.
This performance gain is attributed to the accurate piecewise curve-fitting solution provided
by locally optimal piecewise-smooth models, combined with the inverse variance weighting
framework. The results on raw ECG signals further highlight the potential of the SW-PSM
method for real-world applications, where the exact noise level is unknown. One noted
limitation is that the SW-PSM method performs less well in regions where the noise-free
signal exhibits fast variations, that is, where the signal deviates from the piecewise-smooth
assumption. Interesting extensions to improve the SW-PSM method include modifying the
PSM method to allow solutions that admit overlapping and non-overlapping supports, and

integrating small-sample correction terms in the Information criterion cost function.

6.2 Gaussian noise reduction in natural images

For images, the S3F method proposed in Chapter 5 yields results that are comparable to,
or exceed, those of the established BM3D method on several test cases. By restricting the
reduced-rank regression model to a subset of pixels in the noisy image, the S3F method
reduces computing time to roughly half that required by BM3D. The results in Chapter 5
further indicate that the uniform weighting scheme of SW-PSM combined with reduced-rank
regression outperformed the inverse variance weighting scheme, suggesting that more refined

model weighting strategies could lead to additional improvements in noise reduction quality.

Although recently developed image noise reduction methods are typically designed to handle
both Gaussian and non-Gaussian noise, the S3F method offers a principled and interpretable

alternative that can be extended to other noise distributions, avoids computationally de-
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manding calculations, and delivers results comparable to those of classical Gaussian noise

reduction benchmarks.

The general objectives guiding this thesis, i.e., designing high-quality, applicable, and gen-
eralizable Gaussian noise reduction frameworks, were successfully met. In particular, the
SW-PSM method introduced in Chapter 4 yields excellent results for Gaussian noise reduc-
tion. Image noise reduction poses a greater challenge, as natural images typically contain re-
gions that are not adequately captured by the piecewise-smooth hypothesis. To address this,
the S3F methodology combines the piecewise-smooth and self-similarity hypotheses based
on the textural context of the image, producing a model that balances image adaptation,

computational efficiency, and high-quality noise reduction.
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CHAPTER 7 CONCLUSION

7.1 Summary of Works

The proposed methodologies are motivated by the observation that methods that reduce
Gaussian noise without introducing artifacts typically rely heavily on parameter tuning.
Parameter tuning is a non-trivial task in the sense that it requires optimization procedures
which not necessarily guarantee successful NR across signals coming from disparate domains.
The work contained in this thesis represents an effort to reconcile high-quality noise reduction,

applicability across domains, and efficient computation.

We proposed PSM as a theoretical framework for data-adaptive Gaussian noise reduction.
For 1D signals, we extend PSM to SW-PSM, in which multiple local PSM estimates are com-
bined to increase the accuracy of the signal estimate. The results of SW-PSM demonstrate
substantially better performance than classical NR methods. Particularly, the SW-PSM
method relying only on noisy data was shown to outperform oracle-optimized versions of
classical and state-of-the-art NR methods for 1D signals at low-to-moderate noise levels,
while maintaining a comparable at higher noise-levels. This was achieved for a large family
of signals and with minimal manual parameter tuning. Furthermore, efficient computation
was also achieved, taking less than one second to reduce noise from a signal of 512 points.
This was done without relying on parallel computation, indicating that there is still room
for improving computing speed. This factors show that SW-PSM represents a high-impact
contribution to the field of AWGN reduction in 1D signals.

7.2 Concluding Remarks

We introduced the Smoothness and Self-Similarity Fusion (S3F) framework, a training-free
method for additive white Gaussian noise reduction in images that adaptively integrates two
complementary modeling strategies based on local textural content. The framework operates
in three coupled stages: a noise-level estimator derives & directly from the noisy image;
the SW-PSM method is applied via four directional vectorizations, producing a pixel-wise
estimate Xps and a pointwise variance map that simultaneously drives IVW aggregation
and partitions the image into smooth (Dg) and textured (Dr) regions; and a Reduced-Rank
Regression (RR) estimate Xrr is computed for pixels in Dy via AIC-based rank selection
and Multi-Model Inference over competitive rank candidates. The final estimate retains Xps

in smooth regions and combines both estimates via uniform weighting in textured regions, a
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scheme found empirically superior to inverse-variance weighting.

Experimental results demonstrate that S3F-UW performs consistently across noise levels
and image types, outperforming BM3D in PSNR across multiple images at lower noise levels
while requiring approximately 50% of its execution time, and avoiding the checkered artifacts
characteristic of BM3D. The method’s advantage is especially pronounced in images with low

self-similarity, where BM3D degrades significantly.

Unlike supervised learning approaches that depend on large, clean datasets, or classical filters
requiring manual tuning, the proposed methods operate directly on noisy observations and
remain competitive in terms of NR performance while introducing a minimal amount of

artifacts.

7.3 Limitations

Despite its strengths, the proposed methodology is subject to a number of limitations. The
current framework assumes additive Gaussian noise with constant variance. While this is
a common assumption in many signal processing applications, it restricts applicability in
scenarios where noise is signal-dependent or varies spatially, such as in computed tomography

imaging or low-light photography.

Additionally, the application of SW-PSM to images relies on a predefined set of vectorization
schemes. Although effective in practice, this strategy may inadequately capture local signal

structures in images with highly-textured areas, potentially failing to reduce noise.

Another way to improve the PSM method would be to allow overlapping intervals in the
covering definition. This has the potential of improving the signal estimation on angular

points.

While the current implementation of S3F yields good results using a uniform weighting
scheme for the SW-PSM and Reduced Rank Regression (RR) models, the development of an

improved weighting scheme remains as an open challenge.

Finally, while the computational efficiency of the method is acceptable for most static image
applications, scaling to large-scale image datasets or to real-time video processing environ-

ments may require further optimization.

7.4 Future Research

There are several promising directions for future investigation. Extending the current meth-

ods to handle non-stationary Gaussian noise, or other noise models such as Poisson and
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Poisson-Gaussian, widen the applicability of the proposed methods.

Including data-adaptive vectorization strategies could enhance the ability of SW-PSM to

represent and reduce noise from complex textures more effectively.

The optimal model fusion problem in S3F may be adequately tackled by minimizing the
Stein’s unbiased risk estimator (SURE) to select the model’s weights. We also think that the
S3F model may benefit from a more adaptive design, where the patch size and the parameter

q controlling the number of similar patches could be selected according to the image structure.

In summary, this thesis lays a principled and practical foundation for adaptive statistical
noise reduction. By offering adaptability, interpretability, and competitive performance, the
proposed methods make a meaningful contribution to both the theoretical understanding and

practical deployment of noise reduction techniques in signal and image processing.
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APPENDIX A GENERATION OF SYNTHETIC
PIECEWISE-POLYNOMIAL SIGNALS

We generate synthetic piecewise smooth signals by concatenating M signal pieces s, so, . .., Sn,
where s, € RMr and M, < N. The piece lengths M, € N are independent and uniformly
distributed (i.i.d.) random variables, using M ~ U[20,80] ! for 1 < k < M. The total
number of signal pieces M is chosen to be the smallest integer that satisfies S0 | My, > N

for a predefined signal length N € N.

The k' signal piece is defined as a polynomial of degree dj evaluated on the support
Sy =11, 2,..., My}. The dis are independent integer random variables equidistributed
on {3,4,5,6}. These polynomials, chosen independently, are of the form

dk+1 )
fet) =" i t70 (A1)
i=1
To determine the polynomial coefficients (ay, g, . . ., agr1), we generate a list with dj.+1 pairs

Py =A{(t;,pi) |t = 1,2,...,d, + 1}. To ensure signal values in [1,2] C R, we take t; as equally
spaced samples from the support Si, and p; as uniformly distributed random variables over
the interval [1,2] C R. The list P, combined with (A.1) yield the system of equations

(3 S S ~ U = oy D1

9 8 2 .t Qs Do

S g =1 (A2)
tir tarr tig oo tga] [aan Pd+1

which is solved to obtain (aq, ag, ..., ag11), and compute the values signal piece by evaluating
(A.1) on the points in Sk.

The piecewise polynomial signal x is obtained by juxtaposing M polynomial pieces generated
using the method above. To ensure that the length of the concatenated signal matches N,

the initial NV points constituting the concatenation of pieces are selected.

To simulate the presence of signal outliers in the form of spikes, we generated a fixed number
N, € N of random and independent spike locations iy, is, ..., ix,, uniformly distributed on

the support {0,1,..., N — 1}. For each location iy, k € [1, Ny, a random increment Ax;, ~

!The notation X ~ Ula,b] indicates that a random variable X is uniformly distributed on the interval
[a, b].
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U[—1, 1] was added to z[ig]. The increments Ax;_ are mutually independent. The value of
N used here is the integer part of 0.01 N. Finally, a white Gaussian noise with standard

deviation o was added to = to produce the final noisy signal y = = 4 w.
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