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RÉSUMÉ

La recherche présentée dans cette thèse porte sur la modélisation des comportements multi-
agents pour les systèmes de conduite autonome. Alors que les travaux en apprentissage
automatique se sont longtemps concentrés sur la construction de représentations de scène à
partir des données de capteurs (sensor data), nous supposons l’accès à des représentations ab-
straites fiables de l’environnement. Munis de ces représentations, nous examinons la chaîne
de décision des véhicules autonomes (VAs), en particulier les modules de prédiction et de
planification, et proposons des méthodes pour les améliorer. Dans la chaîne de planification,
le module de prédiction doit produire des prédictions multimodales et précises des agents
environnants. Le module de planification doit générer une trajectoire efficace vers la destina-
tion tout en respectant des critères de sécurité et de confort. L’évaluation en boucle fermée
(closed-loop) de la chaîne de planification est essentielle pour le déploiement des VAs, car
elle permet de mesurer la déviation du planificateur entraîné par imitation (imitation drift).
Cela exige des simulateurs capables de produire les comportements d’agents “de fond” qui
réagissent aux actions du VA.

Nous apportons plusieurs contributions visant une modélisation axée sur les données des
interactions entre agents : (1) des Transformers d’ensembles séquentiels produisant des pré-
dictions multimodales et multi-agents sous forme d’ensembles à cardinalité variable, tout en
restant permutation-équivariants et en modélisant les interactions temporelles inter-agents;
(2) CtRL-Sim, un simulateur réactif de comportements appris par renforcement hors ligne,
qui remplace le rejeu de journaux par des agents apprenants réagissant à la politique de
l’ego et permettant des déploiements stables en boucle fermée, y compris sous attaques ad-
versariales potentielles; (3) des modèles de diffusion latente vectorisée pour synthétiser de
nouvelles géométries routières et des états initiaux d’agents dans les scènes de conduite; (4)
un cadre d’apprentissage par renforcement contraint pour la spécification des comportements
d’agents, qui formule la planification comme une optimisation sous contraintes explicites de
sécurité et d’autres exigences comportementales, afin d’arbitrer entre efficacité et respect des
contraintes.

Empiriquement, la prévision par ensembles séquentiels offre un moyen efficace de projeter
l’évolution future de scènes entières tout en conservant des modes divers et sensibles aux
interactions. Le remplacement du rejeu non-réactif par CtRL-Sim améliore le réalisme des
autres agents dans l’environnement et permet d’évaluer les planificateurs face aux comporte-
ments adversariaux. En couplant la génération de scènes initiales avec CtRL-Sim, Scenario
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Dreamer synthétise des simulations réactives entièrement en boucle fermée, ce qui autorise
l’étude des effets de l’entraînement et de l’évaluation des planificateurs dans des scénarios
nouveaux et de longue durée. Notre approche par renforcement contraint pour la spécifica-
tion des comportements permet de définir des politiques qui respectent des seuils de sécurité,
évitant le besoin de “reward engineering”. Nous étendons ensuite ce cadre de spécification de
comportements contraints à Group Relative Policy Optimization (GRPO), en introduisant
Constrained GRPO, et en établissant une approche simple pour assurer une application fi-
able des contraintes dans une optimisation de politique sans critique. Pris ensemble, ces
composants constituent les bases d’une pile comportementale où prévision, planification et
simulation sont co-conçues pour le développement en boucle fermée des VAs. Nous espérons
que ce travail servira de fondation à de futures recherches en modélisation des comportements
pour la conduite autonome.
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ABSTRACT

The research presented in this thesis focuses on multi-agent behaviour modelling for au-
tonomous driving systems. While prior machine learning research largely concentrated on
building scene representations from sensor data, we assume access to reliable abstract world
representations. With this assumption, we study current approaches through the decision-
making stack of autonomous vehicles (AVs), namely the prediction and planning modules,
and propose approaches for improving them. The prediction module of an AV should produce
accurate, multi-modal forecasts of surrounding agents, while the planning module should gen-
erate an efficient route toward its destination while satisfying safety and comfort standards.
Closed-loop evaluation of the planning module is essential to the deployment of the decision-
making stack as it can measure imitation drift. This requires simulation frameworks that
can produce the behaviours of background agents which react to the AV’s actions.

We make several contributions on these components, with the goal of modelling the interac-
tive behaviours of agents in a data-driven manner: (1) Sequential Set Transformers that pro-
duce multi-modal, multi-agent forecasts as variable-cardinality sets, remaining permutation-
equivariant while modelling inter-agent interactions over time; (2) CtRL-Sim, a reactive be-
haviour simulator trained with offline reinforcement learning, which replaces log-replay with
learned agents that respond to the ego policy and support stable closed-loop rollouts with
potential adversarial attacks; (3) Vectorized latent diffusion models for synthesizing novel
road geometries and initial agent states in driving scenes; and (4) Constrained reinforcement
learning for behaviour specification that frames planning as optimization under explicit safety
and other behavioural constraints, trading off efficiency with constraint satisfaction.

Empirically, sequential set forecasting provides an efficient way to forecast the future rollout of
entire scenes while maintaining diverse, interaction-aware modalities. Replacing non-reactive
log-replay simulation with CtRL-Sim improves the realism of surrounding agents and allows
AV practitioners to evaluate their planners against long-tail behaviours. Coupling the gen-
erative model of initial driving scenes with CtRL-Sim, Scenario Dreamer synthesizes entire
closed-loop reactive simulations, affording the ability to study the effects of training and
evaluating planners in novel and long scenarios. Our constrained RL approach to behaviour
specification allows us to define policies that respect safety thresholds, circumventing the need
for reward engineering. We further extend this constrained behaviour specification frame-
work to Group Relative Policy Optimization (GRPO), introducing Constrained GRPO and
establishing a simple recipe for reliable constraint enforcement in critic-free policy optimiza-
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tion. Together, these components form the basis of a behaviour stack in which forecasting,
planning, and simulation are co-designed for closed-loop development of AVs. We hope that
the work presented in this thesis serves as the basis for future research in the field of behaviour
modelling for AVs.
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CHAPTER 1 INTRODUCTION

Autonomous driving (AD) is an interdisciplinary engineering grand challenge at the inter-
section of robotics, computer vision, and artificial intelligence. The goal is to enable vehicles
to navigate safely and efficiently without human intervention. Solving the AD problem has
significant implications for transportation safety, efficiency, and accessibility. In a classical
AD system, the software stack is built in a modular manner, with distinct components for
perception, prediction, planning, and control. Perception modules process sensor inputs to
build a representation of the environment (e.g. detecting other vehicles, pedestrians, and the
road layout). The prediction module generates forecasts of the future trajectories of other
dynamic agents (vehicles, pedestrians, etc.), while the planning module uses this information
to decide the ego vehicle’s future path or maneuver. Finally, the control module executes the
low-level commands to follow the planned trajectory as faithfully as possible, e.g., steering,
throttle, braking.

Most of the early work in machine learning for autonomous driving was concentrated in per-
ception, with a focus on improving the accuracy of object detection and scene understanding,
whereas planning and decision-making often relied on rule-based or optimization-based meth-
ods. Notably, deep neural networks have revolutionized perception tasks in autonomous driv-
ing, such as detecting and classifying objects [1, 2] or interpreting camera and LiDAR data
[3, 4] in harsh weather conditions. To support machine learning research in these problems,
many open-source datasets and benchmarks have been proposed [5, 6, 7, 8].

The modular nature of the autonomy stack plays a crucial role in allowing for explain-
ability and safety of generated plans by keeping planners as human-engineered frameworks.
However, we argue that this limits our ability to leverage large driving datasets to improve
decision-making. Very recently, we have witnessed a surge in learning-based approaches on
the problems of multi-agent motion forecasting and ego-agent trajectory planning and deci-
sion making. Both academia and industry have increasingly found it important to incorporate
learning-based methods for prediction and planning, integrating them with or even replacing
classical rule-based algorithms.

We assume we are provided with good abstract representations from the perception stack, and
are tasked with modeling the distribution of possible multi-agent future worlds. Following
this, we are then tasked with generating a safe and efficient plan along a predefined route,
taking into account the multi-agent context. The first of these problems, namely multi-agent
motion forecasting, demands the ability to model the (latent) intentions of other agents and
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the ability to forecast the joint probability distribution over their possible paths. While
recurrent neural networks [9, 10] can model the sequential nature of agent trajectories, a
good generative model should also model the multi-agent social interaction nature of the
problem. Early deep learning approaches tackled this problem with pooling mechanisms for
pedestrian forecasting [11], and in autonomous driving specifically [12, 13]. More recently,
the attention mechanism emerged as a good alternative for modelling the social interaction
between agents [14, 15, 16, 17, 18].

The problem of generating local plans and actions for the ego-agent comes with its own
set of challenges. The autonomous agent is required to meet certain safety standards while
ensuring that the plans it generates are feasible, efficient, and comfortable for the riders.
Some recent modular stacks join the prediction and planning modules into one fully differ-
entiable stack [19, 20]. This allows an agent to model what is happening around it and plan
a route using a classical planning module, while employing differentiable cost functions to
effectively update the plan. Reinforcement learning (RL) has emerged as a promising ap-
proach for solving the decision-making problem, where an agent must learn to take optimal
actions through trial-and-error. This has the important side-effect of allowing the agent to
learn closed-loop behaviours, mitigating imitation drift issues from imitation-based policies
at inference [21, 22]. The success of RL in games [23] has inspired its application to driving
for tasks like route planning, lane changing, and collision avoidance. However, an important
limitation of RL for driving is the behavior specification bottleneck: many objectives (safety,
legality, comfort, progress, social compliance) must be encoded into a single scalar reward,
and different scalarizations can induce qualitatively different behaviors. As a result, it can
be difficult to exert fine-grained control over the learned policy, whereas classical planners
can expose these objectives and constraints explicitly [24, 25].

An important shortcoming of RL is its reliance on a simulator to learn closed-loop opti-
mal policies. In driving environments, the simulator needs access to the rich distribution of
possible agent behaviours in order for the RL planner to learn how its actions affect its envi-
ronment. The rise of deep generative models has opened the door for data-driven simulators
that can support driving requirements. The appeal of data-driven approaches lies in their
ability to generate more realistic agent behaviours compared to heuristic-based simulators
[26, 27, 28]. Driven by this desideratum, Waymo released the Waymo Open Sim Agents Chal-
lenge (WOSAC) [29] in which participants must model the multimodal autoregressive future
rollout of up to 8 agents in driving scenes. Successful approaches are those that assign high
likelihood to the log-replay data. However, an issue with optimizing this imitation objective
is that one recovers the log-replay data distribution. Since datasets are usually composed of
near-optimal driving, planning policies trained in these environments will not learn how to
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deal with long-tail events (e.g., dangerous drivers).

Scene
Representation

tracks, lanes, map

Prediction

What might
other agents do?

Planning

What should
the Self-Driver do

Closed-loop
Behaviour Simulation

How do interactions
unfold over time?

Training / Evaluation

safe?
robust?

Training

Figure 1.1 A typical modular decision-making stack for autonomous driving. Scene
representations are used for prediction and planning, while closed-loop behaviour simulation
supports training and evaluation of the planning stack.

These limitations reveal a broader theme: robust autonomous driving depends on under-
standing, predicting, controlling, and simulating the behaviour of agents in interactive driving
scenes. This motivates the central thesis of this dissertation:

Robust autonomous driving systems require data-driven behaviour modelling.

Objectives. The objectives of this thesis are to develop data-driven methods for modelling,
predicting, and controlling agent behaviours in autonomous driving systems. Concretely, we
aim to:

1. Design generative models that capture the joint, multimodal behaviour of interacting
agents.

2. Develop controllable and reactive simulation frameworks for closed-loop evaluation and
training.

3. Formulate principled reinforcement learning approaches for planning that enable ex-
plicit behaviour specification under safety and performance constraints.

Figure 1.1 summarizes how this thesis fits within a typical modular decision-making stack.
Starting from scene representations, the stack must predict how other agents may behave,
plan what the ego vehicle should do, and evaluate and/or update these decisions in closed-
loop simulation. In the following sections, we highlight the specific solutions proposed in this
thesis for prediction, planning, and closed-loop behaviour simulation.
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1.1 Multi-Agent Motion Forecasting with Sequential Set Transformers

A fundamental challenge in autonomous driving is motion forecasting: the problem of pre-
dicting how other agents (e.g., vehicles, cyclists, pedestrians) will behave in the future. This
is inherently a multi-agent problem – an autonomous vehicle (AV) must reason about the
joint behaviour of many interacting agents, each influencing other surrounding agents and
each having their own latent intention. In Chapter 4, we present our proposed solution: Au-
toBots, a latent variable sequential set transformer architecture. This is a chapter by article
and the corresponding article is:

R. Girgis, F. Golemo, F. Codevilla, M. Weiss, J. A. D’Souza, S. E. Kahou, F. Heide,
and C. J. Pal, “Latent Variable Sequential Set Transformers for Joint Multi-Agent
Motion prediction,” in ICLR, 2022

In this work, we model the problem of multi-agent motion forecasting as a time-evolving set
of elements; at each timestep we have a set of agents where each agent has associated state
attributes (e.g., position, velocity, agent type). At its core, Autobots is an encoder-decoder
Transformer [30] architecture. The encoder first generates an embedded representation of
the social-temporal history of all agents using multi-head self-attention layers. The decoder
then employs learnable seed parameters spanning the future horizon, and applies a series
of transformer decoder blocks with attention to the encoder-generated context tensors. In
order to model the latent intention of each agent, we introduce a discrete latent variable,
which allows us to compute exact likelihoods [31]. Crucially, the discrete latent variables
are represented using seed query parameters spanning the number of possible modes being
modeled and the number of future timesteps. This design makes AutoBots both efficient and
effective at modelling the joint multi-modal distribution over future multi-agent trajectories.

AutoBots was well received in the literature and industry, having been cited over 280 times
since its publication, with 117 citations last year alone. It was an important work because it
demonstrated the utility of permutation-equivariant factorized attention blocks for improving
multi-agent motion prediction for autonomous driving, by effectively capturing agent inter-
actions and producing rich, diverse predictions that can be used by a planning algorithm.

1.2 Controllable Multi-Agent Simulation via Offline RL

An important aspect of the deployment of any autonomy stack is rigorous testing. Traditional
evaluation relies on replaying logged real-world driving data, with the behaviour of other
agents being replayed. This has the obvious drawback that agents cannot react to the



5

actions of the planner. Heuristically-driven policies have been proposed to alleviate the
reactivity problem, with hard-coded rules for how agents should behave in the vicinity of
other agents[32, 33]. However, such policies tend to produce unrealistic behaviours which
can provide an incorrect signal of the robustness of the planner being evaluated. Moreover,
rule-based approaches can produce behaviours which lack diversity, further limiting their
applicability to measuring robustness. There has been a recent surge in research for learning
how to simulate realistic and diverse behaviours from real-world data [27, 34, 35, 36, 37].
While these approaches provide more realistic, reactive and diverse behaviours, either they
are not easily controllable, or require iterative sampling procedures to produce interesting
behaviours. In Chapter 5, we propose CtRL-Sim [26], a framework for controllable behaviour
simulation via offline reinforcement learning. The contents of this chapter are a re-written
version of our publication at the Conference on Robot Learning in 2024,

*L. Rowe, *R. Girgis, A. Gosselin, B. Carrez, F. Golemo, F. Heide, L. Paull, and C.
Pal, “CtRL-sim: Reactive and controllable driving agents with offline reinforcement
learning,” in CoRL, 2024. (* joint co-first author, order determined by a coin flip).

In this work, we first build on the Nocturne simulator [38] by adding the Box2d physics
engine, which ensures the agent motion through scenes remains realistic. We then replay the
logged scenarios from the Waymo Open Motion Dataset [39] through the physics-enhanced
Nocturne environment recording actions, rewards, and states of all agents. At the heart of
this framework is its offline reinforcement learning formulation, where we train a next-token
prediction transformer to jointly model the actions, rewards and state rollouts of all agents.
At test time, we can produce nominal reactive driving behaviours for all agents. To enable
inference-time controllability, we employ the exponential tilting mechanism [40, 41], enabled
by the choice of decomposition of the joint distribution. We present experiments showcasing
the realism of the produced behaviours compared to prior approaches, and the effectiveness
of the exponential tilting control knobs. Since its publication, it has been well received in
the literature and industry, having been cited a total of 20 times.

1.3 Vectorized Diffusion Models for Scenario Generation

In the previous section, we highlighted our proposed solution for controllable and reactive
simulation using the CtRL-Sim framework. Agents are randomly initialized in predefined
road maps, and learn to navigate towards a goal while minimizing collisions and off-road
rates through an aggregated reward function. Cornelisse et al. [42] showed that generalization
performance of learned agents on unseen road structures scales with the number of maps used
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during RL training. While there are large datasets of recorded driving logs and corresponding
maps, current simulators [28, 38, 43] only cover 1750km from the Waymo Open Motion
Dataset [39] while a human driver averages 22,000 km annually. In Chapter 6, we present
our novel vectorized latent diffusion model [44], to generate novel road geometries along
with initial agent bounding boxes in abstract representation spaces. The contents of this
chapter are a re-written version of our publication at the Conference on Computer Vision
and Pattern Recognition in 2025,

L. Rowe, R. Girgis, A. Gosselin, L. Paull, C. Pal, and F. Heide, “Scenario dreamer:
Vectorized latent diffusion for generating driving simulation environments,” CVPR,
pp. 17 207–17 218, 2025 (© 2025 IEEE)

Our proposed model can generate large map structures thanks to its inpainting capabilities.
Combining the Vectorized latent diffusion model with our CtRL-Sim framework (Chapter 5),
we propose Scenario Dreamer, a framework for generating simulation environments. Eval-
uating pretrained RL agents in Scenario Dreamer–generated scenes exposes significant be-
havioural shortcomings, mainly higher collision rates and lower success rates, with the effect
amplified on long routes. Although it has only recently been published, this work has been
well received in the literature, having been cited 18 times. Its core novelty is its vectorized
latent diffusion model which provides a good prior on abstract representations and allows for
efficient generation of scenes.

1.4 Constraint-Satisfying Policies in Reinforcement Learning

Reinforcement learning (RL) has emerged as a powerful framework for decision-making in
Markov Decision Processes. Classically, RL aims to maximize the sum of scalar rewards,
called the return, by interacting with an environment through trial and error. In the context
of driving however, one needs to maximize efficiency towards reaching a predefined goal while
minimizing violations of certain behavioural constraints. These can include safety constraints
such as reducing collisions to an extremely low percentage, reducing the rate agents veer off
road, or even satisfying realism constraints. In Chapter 7, we present a framework that builds
on the Constrained Markov Decision Processes (CMDPs) to restrict the feasible policy space
of a reward-maximizing agent to ones that adhere to behavioural constraints [25]. Part of
the work presented in Chapter 7 was published at the International Conference on Machine
Learning in 2022,

J. Roy, R. Girgis, J. Romoff, P.-L. Bacon, and C. J. Pal, “Direct behavior specifi-
cation via constrained reinforcement learning,” in ICML, 2022
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In this work, we propose a direct behaviour specification framework which lets designers spec-
ify the desired behaviour rates of agents in an intuitive way. We first show the effectiveness
of this framework in the world of video-games where agents must navigate through complex
environments toward their predefined goals while respecting certain constraints (e.g., not
jumping too often). This published framework was well received in the literature having
been cited over 50 times since its publication. Its main contribution is that designers can
specify desirable behaviour rates using the constrained reinforcement learning framework,
avoiding expensive reward engineering.

More recently, we extend this framework to Group Relative Policy Optimization (GRPO)
algorithm for RL finetuning (RFT) of large vision-language models. This work is currently
under review and is available as an arXiv preprint:

*R. Girgis, *R. de Schaetzen, L. Rowe, A. Robitaille, C. Pal, L. Paull. "Constrained
Group Relative Policy Optimization." Under review, 2026. (* joint co-first author).

Specifically, we mathematically analyze the effects of combining multiple reward components
with GRPO, and formulate a principled way to reliably improve the advantage estimation
in the constrained RL framework. We show the scalability of combining the behaviour
specification framework with our improved advantage estimation for GRPO for the NAVSIM
end-to-end pseudo-simulation driving challenge. Overall, we show that this framework can
play an important role in the decision-making framework of autonomous vehicles, providing
designers with an intuitive way to specify desirable behaviours. The content of Chapter 7 is a
revised version of the original publication, and further incorporates our Constrained GRPO
method and experiments described above.

1.5 Thesis Organization

The rest of this thesis is organized as follows. Chapter 2 reviews the background needed for
the thesis, including attention mechanisms, latent variable models, diffusion models, and re-
inforcement learning. Chapter 3 reviews prior literature relevant to the proposed approaches
in this thesis. We then present our contributions in turn. Chapter 4 details AutoBots, a
latent-variable sequential set transformer for forecasting joint, multi-modal, multi-agent fu-
tures. In Chapter 5, we propose a framework for synthesizing long-tail, closed-loop behaviour
simulations using offline reinforcement learning. Chapter 6 develops a vectorized latent dif-
fusion model for generating new road-map geometries. Combined with the framework from
Chapter 5, this enables fully data-driven world simulation with adversarial agent behaviours
to train or evaluate driving policies. Chapter 7 introduces our direct behaviour-specification
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framework based on constrained reinforcement learning, and extends it to modern critic-free
policy optimization frameworks to enable finetuning of large vision-language models.

The work presented in this thesis demonstrates how modern machine learning, from Trans-
formers to diffusion models and constrained RL, can be employed to address the unique
challenges of driving in multi-agent, highly dynamic environments with strict safety require-
ments. Collectively, we believe our work moves the field closer to autonomous vehicles that
can predict, plan, and interact with the complexity of the real world with greater reliability
and safety awareness.
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CHAPTER 2 BACKGROUND

In this Chapter, we present the key theoretical concepts and frameworks we build our methods
upon. We start by presenting the Transformer architecture along with its key architectural
components. We employ multi-head attention in Chapters 4, 5 and 6 for dealing with spatial
and temporal data structures. Next, we turn our attention to latent variable models, a key
concept for dealing with multimodality in the AutoBots work of Chapter 4, while variational
autoencoders and diffusion models were the basis for the vectorized latent diffusion model in
Chapter 6. The final major framework we cover is reinforcement learning. We focus on the
general framework and present key algorithms we build upon in this thesis, particularly in
Chapters 7, 5 and 6.

2.1 Attention Mechanisms

In this thesis, we make extensive usage of the attention mechanism. It is particularly at-
tractive for attending to other road users, an essential part of making driving decisions. We
employ the attention mechanisms in our models presented in the next Chapters. In this
section, we explore some of the attention mechanisms that have been proposed in the past.

2.1.1 Soft Attention

One of the big successes of attention mechanisms is in neural machine translation. Earlier
approaches [45, 46] used an encoder-decoder framework where the encoder is used to encode
the input sentence into a compressed representation and a decoder was used to generate
the new sentence. However, this compressed representation behaves as a bottleneck, with it
being tasked with representing all the information from the input sequence.

Bahdanau et al. [47] recognized this problem and proposed an attention mechanism to cir-
cumvent it. In their seminal work, instead of using the bottleneck features produced by the
encoding RNN at every timestep, they allow the decoder to attend to all hidden features
produced by the encoder, effectively producing a context ci for every decoded word yi. The
output sequence is modeled by si = fϕ(si−1, yi−1, ci) where the si is the hidden state of the
decoder RNN. The attention mechanism used to produce the context ci is as follows,

ci =
t∑

j=1
αijhj (2.1)
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where h1:t is the set of all hidden representations produced by the encoder, and αij are the
attention weights produced by

αij = exp(eij)∑t
k=1 exp(eik)

(2.2)

where eij = a(si−1, hj) is an alignment model that measures the similarity between the
previous hidden state of the decoder and the jth encoder hidden state.

2.1.2 Transformer and Set-Attention Building Blocks

We review the core components of the Transformer architecture introduced by [48] and the
Set Transformer of Lee et al. [49], adopting notation consistent with those works.

Scaled Dot-Product Attention. Given a set of nq query vectors Q ∈ Rnq×dk , and nk

key–value pairs K ∈ Rnk×dk and V ∈ Rnk×dv , a single (scaled) attention head maps queries
to outputs by

Attn(Q,K,V) = softmax
(

QK⊤
√
dk

)
V, (2.3)

where dk is the key/query dimension and dv is the value dimension. We bring the reader’s
attention to the similarity between Equations 2.1 and 2.2 to Equation 2.3: the main difference
being that alignment model used to generate the softmax logits is generated by a scaled dot-
product between the keys and the query vectors.

Multi-Head Attention (MHA). Multi-head attention applies h parallel projections of
queries, keys, and values, computes attention of Equation 2.3 in each projected space. The
output representation is then concatenated and linearly projected back to the hidden dimen-
sion of the model:

MHA(Q,K,V) = concat(head1, . . . , headh) WO,

headi = Attn
(
QWQ

i , KWK
i , VWV

i

)
,

(2.4)

where the learnable parameters are WQ
i ∈ Rdk×d(h)

k , WK
i ∈ Rdk×d(h)

k , WV
i ∈ Rdv×d(h)

v for
i = 1, . . . , h, and WO ∈ R(h d(h)

v )×dout . Typically d(h)
k = dk/h and d(h)

v = dv/h.

Self-Attention on Sets. A useful special case is self-attention, where the same input
provides queries, keys, and values. For an input set (or sequence) X ∈ Rnx×d,

MHSA(X) ≡ MHA(X,X,X). (2.5)
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Self-attention enables all elements of the set to interact and is a central mechanism in Set
Transformer layers [49]. In the context of autonomous driving where multiple agents are
interacting, we can view these agent states as a set per timestep. The MHSA block is
therefore quite useful for this problem.

Feed-Forward Network (rFFN). Following Vaswani et al. [48], we use a row-wise feed-
forward network, rFFN(H) = ϕ(HW1 + b1)W2 + b2, applied independently to each row,
with a nonlinearity ϕ (e.g., ReLU or GELU). This nonlinearity processes the output to-
ken representations, transforming them following the rich attention to other set/sequence
elements.

Multi-Head Attention Block (MHAB). We adopt a residual + LayerNorm (LN, [50])
design with an attention sublayer followed by an rFFN sublayer. Given an input X ∈ Rnx×d

and a conditioning context C ∈ Rnc×d, a (cross-)attentional MHAB computes

H = LN
(
X + MHA(X,C,C)

)
,

MHAB(X,C) = LN
(
H + rFFN(H)

)
.

(2.6)

When C = X, Eq. (2.6) reduces to a self-attention block, MHAB(X,X), as commonly used
in Set Transformers [49].

Decoder Block with Causal Masking (MHADB). The Transformer decoder augments
a masked self-attention sublayer with cross-attention to an encoder context [48]. Given an
output sequence Y ∈ Rt×d and an input/encoder sequence X ∈ Rnx×d,

H′ = LN
(
Y + MHSAcausal(Y)

)
,

H = LN
(
H′ + MHA(H′,X,X)

)
,

MHADB(Y,X) = LN
(
H + rFFN(H)

)
,

(2.7)

where MHSAcausal applies a time (causal) mask such that position u can only attend to
positions ≤ u. Classically in the context of next-token prediction, during training, teacher
forcing is used by shifting Y right by one token, enabling a single forward pass. At test time,
the decoder generates autoregressively, i.e., the output tokens are used as inputs at the next
timestep.
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Remarks. Eqs. (2.4)–(2.7) cover the attention primitives used throughout our models. In
Chapter 4, we make extensive use of self-attention on sets (Eq. (2.5)) and cross-attention
(Eq. (2.6)) to build AutoBot’s encoder, while decoder-style blocks (Eq. (2.7)) are employed
for generating future multi-agent trajectories. In Chapter 5, we also make use of these
transformer blocks for controllable multi-agent behaviour simulation. In Chapter 6, we show
how these attention blocks can be used for vectorized latent diffusion models in generating
novel road structures.

2.2 Latent Variable Models

Suppose one is interested in learning a generative model of data x which originates from
the distribution p(x). Latent variable models assume that the data is generated by some
underlying random process with unobserved (latent) random variables z. The latent variables
are assumed to originate from some known prior distribution p(z) (e.g., p(z) = N (0, I)). This
results in the following joint distribution

p(x, z) = p(x | z) p(z). (2.8)

The latent variables z can be interpreted as providing the essence of what the corresponding
datapoints x are.

We are generally interested in learning a deterministic mapping f : Z × Θ → X (with pa-
rameters θ ∈ Θ) such that the data likelihood is maximized. The generative process involves
sampling z ∼ p(z) and passing it through the deterministic mapping fθ in order to generate
the parameters of the distribution p(x | z) from which we can sample x. Intuitively, we aim
to maximize the probability of every datapoint x in the dataset under this generative pro-
cess through the latents. The latent variables allow us to represent the complex distribution
over the dataset p(x) in terms of the simpler distributions p(x | z) and p(z). The marginal
likelihood of the data can be obtained by

p(x) =
∫
p(x | z) p(z) dz (or

∑
z
p(x | z) p(z) if z is discrete), (2.9)

which is intractable in most interesting problems due to the cardinality of z and the nonlin-
earity of fθ.

If we follow the generative process above, we are not guaranteed to sample good values of
z ∼ p(z) that result in high-probability data. It is therefore necessary to refine the prior
belief over the latent variables in order to sample relevant values of z. This can be done by
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computing the posterior distribution p(z|x) using Bayes’ rule

p(z|x) = p(x|z)p(z)
p(x) (2.10)

which allows us to infer the latent variables conditioned on the observations. However, as
we mentioned above, p(x) is intractable making Equation 2.10 also intractable. It is always
possible to introduce a probability distribution q(z) over the latent variables and transform
the optimization problem into

q∗(z) = arg min
q(z)∈Q

KL[q(z)∥p(z|x)] (2.11)

However, this optimization problem is still intractable since it depends on p(x). We can see
this by using the definition of the Kullback–Leibler (KL) divergence and Bayes’ rule,

KL[q(z)||p(z|x)] = Eq[log q(z)]− Eq[log p(z|x)]

= Eq[log q(z)]− Eq[log p(x, z)] + log p(x)
(2.12)

Moving the components around

log p(x)−KL[q(z)||p(z|x)] = Eq[log p(x, z)]− Eq[log q(z)] (2.13)

where the right-hand side is known as the evidence lower bound (ELBO). Since the minimum
value of the KL(.||.) ≥ 0, then maximizing the ELBO provides a lower bound on the maximum
likelihood of the distribution p(x).

Notice that the ELBO is equal to the log-likelihood of the data in the event that q(z) = pθ(z|x)
(since the KL would equal 0). The Expectation-Maximization (EM) [31] algorithm provides
a method to maximize the likelihood of the data with latent variable models using this fact.
Latent variable models output the parameters of the data distribution conditioned on the
latent variables, pθ(x|z). Suppose the current parameters of the model are denoted by θold. In
the E-Step, we substitute q(z) = pθold

(z|x) noting that this distribution is easy to compute
analytically for certain models (e.g., Gaussian mixture models) using pθold

(x|z) and p(z).
This gives us the following expression

ELBO = Eq[log pθ(x, z)]− Eq[log q(z)]

=
∑

z
pθold

(z|x) log pθ(x, z)−
∑

z
pθold

(z|x) log pθold
(z|x)

= Q(θ, θold) +Hθold
(z|x)

(2.14)
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where H(.|.) is the entropy of the distribution and is constant with respect to θ. Notice that
Q(θ, θold) is the expectation of the posterior with respect to the old parameters θold. The
M-step then consists of maximizing Q(θ, θold) with respect to the parameters θ. Intuitively,
the EM algorithm first makes the KL divergence term equal to zero (E-step) using the old
parameters θold resulting in log p(x) = ELBO. Then, it optimizes the ELBO using the new
parameters but fixing q(z) = pθold

(z|x). These steps are repeated until convergence is reached.
The model we propose in Chapter 4 uses discrete latent variables and the EM Algorithm to
model the multiple possible futures of agents.

2.2.1 Variational Inference and VAEs

For many problems, it is not possible to compute pθold
(z|x) analytically. Variational inference

offers an alternative. We first note that it is possible to re-write the ELBO to reveal the
variational inference objective [51]:

ELBO = Eq[log p(z)] + Eq[log p(x|z)]− Eq[log q(z)]

= Eq[log p(x|z)]−KL[q(z)||p(z)]
(2.15)

Here, we see that in order to maximize the data likelihood, we should generate likely data
using z ∼ q(z) and minimize the KL divergence between q(z) and p(z). Using amortized
inference [52], Variational Autoencoders (VAE) [53] use a parameterized inference model (also
known as the encoder), qϕ(z|x). Hence, in VAEs, the training procedure first encodes x into
z using the encoder, and employs a decoder pθ(x|z) to output the same data point. Then,
the objective in Equation 2.15 reduces to a reconstruction loss of the data with an additive
KL regularizer on the latent distribution.

2.2.2 Diffusion Models

Diffusion probabilistic models and related approaches [54, 55, 56] have come to the forefront
of generative modelling. At their core, these models are inspired by non-equilibrium ther-
modynamics in which they define a parameterized Markov chain trained using variational
inference to produce samples from a data distribution. Our goal in this section is to present
the foundations of deep denoising diffusion models (DDPMs) proposed by Ho et al. [56],
which builds on [54, 55].

Diffusion models [54] are an instance of latent variable models where the data distribution is
defined by q(x0) =

∫
q(x0:T )dx1:T and the latent variables are all the intermediate xt values

in the Markov chain. Notably, these latent random variables are of the same dimensionality
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as the data itself x0. The central idea behind diffusion models is that the generative process
is defined by a forward process and reverse process. The approximate posterior in diffusion
models is a fixed Markov chain, defined as the forward process, that adds small amounts
of Gaussian noise to the data in T steps following a specific variance schedule β1, . . . , βT ,
which is fixed a-priori in DDPM [56]. Mathematically, the forward process is expressed as

q(x1:T | x0) :=
T∏
t=1

q(xt | xt−1),

where q(xt | xt−1) := N
(
xt;

√
1− βt xt−1, βtI

)
.

(2.16)

The βt values are such that as T → ∞, the latent xT becomes distributed according to an
isotropic Gaussian. Thanks to the defined forward process, it is noteworthy that one could
sample xt at an arbitrary timestep t in closed form,

q(xt | x0) = N
(
xt;
√
ᾱt x0, (1− ᾱt)I

)
,

where we define: αt := 1− βt, ᾱt :=
t∏

s=1
αs

(2.17)

This is easily shown by exploiting the property of combining multiple Gaussian distributions

xt = √αt xt−1 +
√

1− αt ϵt−1

= √αtαt−1 xt−2 +
√

1− αtαt−1 ϵ̄t−2

...

=
√
ᾱt x0 +

√
1− ᾱt ϵ,

where ϵt−1, ϵt−2, . . . ∼ N (0, I). (2.18)

noting that ϵ̄t is the result of combining two Gaussians with different variances. The reverse
process is also defined by a Markov chain with learned Gaussian transitions with parameters
θ,

pθ(x0:T ) := p(xT )
T∏
t=1

pθ(xt−1 | xt)

where p(xT ) = N
(
xT ; 0, I

)
, pθ(xt−1 | xt) = N

(
xt−1; µθ(xt, t),Σθ(xt, t)

) (2.19)

It is important to note that the true one-step reverse posterior, q(xt−1 |xt) is not tractable in
general as it requires access to the entire data distribution q(x0). However, if we condition
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on x0, the reverse process is tractable and Gaussian,

q(xt−1 |xt,x0) = N
(
xt−1; µ̃t(xt,x0), β̃tI

)
, β̃t = 1− ᾱt−1

1− ᾱt
βt, (2.20)

with mean
µ̃t(xt,x0) =

√
αt (1− ᾱt−1)

1− ᾱt
xt +

√
ᾱt−1 βt

1− ᾱt
x0. (2.21)

Substituting x0 = 1√
ᾱt

(xt −
√

1− ᾱtϵt) (from isolating x0 in Equation 2.18), we can re-write
the mean in terms of xt only,

µ̃t(xt,x0) = 1
√
αt

(
xt −

1− αt√
1− ᾱt

ϵt
)

(2.22)

Given the forward (approximate posterior) q(x1:T |x0) and the learned reverse model pθ(x0:T )
in (2.19), variational inference yields

log pθ(x0) = log
∫ pθ(x0:T )
q(x1:T |x0)

q(x1:T |x0) dx1:T

≥ Eq[log pθ(x0:T )− log q(x1:T |x0)] =: −LELBO.

(2.23)

where the last inequality is thanks to Jensen’s inequality. Expanding the two factorizations
and regrouping terms gives the standard KL decomposition

LELBO = Eq
[

KL
(
q(xT |x0) ∥ p(xT )

)
︸ ︷︷ ︸

LT

+
T∑
t=2

KL
(
q(xt−1 |xt,x0) ∥ pθ(xt−1 |xt)

)
︸ ︷︷ ︸

Lt−1

− log pθ(x0 |x1)︸ ︷︷ ︸
L0

]
.

(2.24)

Ho et al. [56] propose learning to predict the noise ϵθ(xt, t) and infer

x̂ θ
0 (xt, t) = 1√

ᾱt

(
xt −

√
1− ᾱt ϵθ(xt, t)

)
, µθ(xt, t) = µ̃t

(
xt, x̂ θ

0 (xt, t)
)
, (2.25)

and choose a fixed variance Σθ(xt, t) = σ2
t I, which is either σ2

t = β̃t or βt. With these choices,
each KL term in (2.24) reduces (up to a constant) to a weighted MSE:

Lt−1 ∝ Eq
[
λt
∥∥∥ϵ− ϵθ

(
xt, t

)∥∥∥2
]
, xt =

√
ᾱt x0 +

√
1− ᾱt ϵ, ϵ ∼ N (0, I), (2.26)

with weight
λt = β2

t

2σ2
t αt (1− ᾱt)

. (2.27)
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Finally, Ho et al. [56] propose ignoring constants LT and replacing L0 with a simple Gaussian
term, which reduces DDPM’s training to minimizing the “simple” objective below

Lsimple = Ex0∼q, t∼U{1,...,T}, ϵ∼N (0,I)

[∥∥∥ϵ− ϵθ
(√

ᾱt x0 +
√

1− ᾱt ϵ, t
)∥∥∥2

]
, (2.28)

which is equivalent to minimizing the ELBO in (2.24) under the variance choices above (up to
constants and per-step weights). We provide the training and sampling algorithms of DDPM
in Algorithms 1 and 2.

Algorithm 1 DDPM Training
1: Inputs: variance schedule {βt}Tt=1, with αt := 1− βt and ᾱt :=

∏t
s=1 αs; network ϵθ(·, t)

2: while not converged do
3: Sample data x0 ∼ q(x0)
4: Sample timestep t ∼ Uniform{1, . . . , T}
5: Sample noise ϵ ∼ N (0, I)
6: # Form noisy input xt =

√
ᾱt x0 +

√
1− ᾱt ϵ

7: # Gradient step on the simple loss
8: θ ← θ − η∇θ

∥∥∥ϵ− ϵθ(xt, t)
∥∥∥2

9: end while

Algorithm 2 DDPM Sampling
1: Inputs: {βt}Tt=1, αt := 1− βt, ᾱt :=

∏t
s=1 αs, choose σ2

t ∈ {β̃t, βt} where β̃t = 1−ᾱt−1
1−ᾱt

βt
2: Initialize xT ∼ N (0, I)
3: for t = T, T − 1, . . . , 1 do
4: Sample z ∼ N (0, I) if t > 1, else set z = 0
5: xt−1 = 1

√
αt

(
xt −

1− αt√
1− ᾱt

ϵθ(xt, t)
)

+ σt z

6: end for
7: return x0

One important problem with DDPMs is their heavy computational demands since the latents
and all computations are performed in the high-dimensional space of RGB images. Rom-
bach et al. [57] propose a two-stage training paradigm where one first trains a (variational)
autoencoder on the original image to obtain a compressed representation, z0. Then, given
the compressed representation, they train a latent diffusion model making the whole process
more efficient. At sampling time, we first sample from a Gaussian distribution the initial
random latents, zT ∼ N (0, I), and perform T steps of reverse diffusion until we obtain z0.
The autoencoder’s decoder is then used to obtain the sample from our data distribution. We
make use of latent diffusion models in the context of initial map and agent generation in our
Scenario Dreamer model, presented in Chapter 6.
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2.3 Reinforcement Learning

Reinforcement learning (RL) [58] is a framework for automatically learning control policies
that satisfy an objective in sequential decision problems. The control problem in RL consists
of solving a Markov Decision Process (MDP) (S,A, P,R, γ) where:

• S is the state-space;

• A is the action-space available to the agent;

• P is the state transition probability function of the system, P (st+1|st, at);

• R is the reward function that generates a scalar reward as a function of the state-action
pair, rt = R(st, at);

• γ ∈ [0, 1] is a discount factor.

The RL problem simplifies the control problem as the interface between the agent and its
environment, as portrayed in Figure 2.1. At every timestep t, the agent samples an action at
according to its stochastic policy π(at|st). The environment reacts by producing the agent’s
next state, st+1, and the next reward, rt+1 = R(st, at).

The return, Gt, is defined as the sum of discounted rewards along a trajectory,

Gt =
T∑
k=0

γkrt+1+k (2.29)

The goal of reinforcement learning algorithms is to find the optimal policy, π∗(at|st) that
maximizes Gt. Notice that for γ = 0, the agent becomes myopic, only caring about maxi-
mizing the immediate reward, while γ = 1, the agent becomes farsighted. See Sutton and
Barto [58] for a more in-depth discussion on the discount factor’s usefulness in infinite horizon
problems.

2.3.1 Value Functions

All reinforcement learning algorithms need to estimate the value of a state in order to improve
its policy. The value of a state, V π(s), is defined as the expected sum of rewards the agent
will receive if it follows policy π in state s.

V π(s) = E[
T∑
k=0

γkrt+1+k|π] (2.30)
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Figure 2.1 The Agent-Environment Interface in Reinforcement Learning.

A fundamental property of value functions is that they have a recursive relationship,

V π(s) =
∑
a

π(a|s)
∑
s′
P (s′|s, a)[R(s, a) + γV π(s′)] (2.31)

This is also known as the Bellman equation for V π(s). Similarly, the value of a state-action
pair, Qπ(s, a), expresses the expected sum of rewards for being in state s, taking action a

and following policy π thereafter. It can be expressed as

Qπ(s, a) =
∑
s′
P (s′|s, a)[R(s, a) + γV π(s′)] (2.32)

We are interested in learning the value function from raw experience collected under a given
policy. One way to achieve this is to use a Monte-Carlo approach where the value of every
state is updated based on the full return obtained, which can only be computed at the end
of the episode. As stated by Sutton and Barto [58], a more novel way (and central to all RL
methods) is to use temporal difference (TD) learning, where one bootstraps the estimate of
the state value using the old state value function estimates, i.e.,

V (st)← V (st) + αδt (2.33)

where δt = rt+1 +γV (st+1)−V (st) is the TD error, α is the step size, and V (s) is our current
state value function approximation of the true value function, V π(s), for policy π. A very
similar equation can be written out for the TD error of the state-action value function.

The advantage function is an important quantity that indicates how much better it is to
perform action a in state s rather than taking an action according to the policy π. It is



20

defined as the difference between the state-action value and the state value,

Aπ(s, a) = Qπ(s, a)− V π(s) (2.34)

This quantity will be useful for our introduction to Proximal Policy Optimization below.

2.3.2 Policy Gradient Methods

In the previous section, we presented value functions which do not directly provide a policy
but can be used to infer one by choosing the action that maximizes the value in a given
state (e.g., ϵ-greedy policy). However, it is often desirable to learn a parameterized policy,
πθ(a|s), directly from experience without the need to consult a value function. A major
advantage to directly learning a parameterized policy is that it can naturally be stochastic
(a Softmax policy). This can lead to a smoother learning procedure as action probabilities
would smoothly change during training, rather than an abrupt change due to state-action
value shifts. In addition, learning a policy directly is more amenable to continuous action
spaces.

An important theoretical result is the policy gradient theorem (PGT), which expresses the
gradient of the objective function (to maximize the expected return) with respect to the
policy parameters. We refer the reader to Chapter 9 of Sutton and Barto’s Introduction to
Reinforcement Learning book [58] for a proof of the policy gradient.

The direct implementation of the PGT leads to the REINFORCE gradient estimate for policy
parameters:

∇J(θ) = ∇θGt log πθ(at|st) (2.35)

Intuitively, this expression shows that we should change the parameters of the policy in the
direction that maximizes the expected return Gt. However, this estimate of the gradient is
known to have high variance as it can only be estimated once Gt can be computed. For
this reason, it is known as a Monte Carlo approach and can be slow to learn good policy
parameters. Using a baseline function that varies with the state (but not the action) to
compare the return to has been shown to reduce the variance. An obvious choice is to use
the state value function, which would provide an indication of how well the agent is doing
compared to the (estimated) average value of the state. This would change Equation 2.35 to

∇J(θ) = ∇θ(Gt − V (st)) log πθ(at|st) (2.36)
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Actor-critic methods combine the bootstrapping of temporal difference learning with policy
gradients by replacing Gt−V (st) in Equation 2.36 with rt+1 + γV (st+1)−V (st), i.e., the TD
error of a learned state value function. As is the case with all TD methods, this increases bias
while reducing the variance of the value estimates. Actor-Critic methods have dominated
the field of RL, achieving state-of-the-art on many tasks [59, 60, 61, 62]. Next, we present a
few actor-critic approaches which we employ in future chapters.

Proximal Policy Optimization

Proximal policy optimization (PPO; [62]) is an on-policy method building on Trust Region
Policy Optimization (TRPO; [63]). The main idea behind TRPO is to improve the training
stability of policy gradients by ensuring that the policy does not change too fast between
training iterations. This is carried out by applying a KL constraint on the policy before and
after the update. The surrogate objective function is

L(θ) = max
θ

E[ πθ(at|st)
πθold

(at|st)
Ât − βKL[πθ(.|st), πθold

(.|st)]] (2.37)

where β is a hyperparameter, Ât is the advantage function, θold and θ are the parameters
before and after the update, respectively. The main idea is to ensure that the ratio rt(θ) =
πθ(at|st)
πθold

(at|st) ≈ 1. However, the experiments in TRPO revealed that it is difficult to choose the
value of β that performs well across tasks. PPO proposes to change this objective slightly to
make it more stable and efficient to solve:

LCLIP(θ) = E[min{rt(θ)Ât, clip(rt(θ), 1− ϵ, 1 + ϵ)Ât}] (2.38)

In addition to the policy learning, in order to compute the advantage, it is necessary to learn
the state value function. Using Generalized Advantage Estimation (GAE; [64]), for a fixed
length T trajectory segment, the advantage is estimated by

Ât = δt + (γλ)δt+1 + · · ·+ (γλ)T−t+1δT−1 (2.39)

where δi is defined in Equation 2.33, γ is the discount factor and λ determines how much one
wishes to bootstrap on later values. With this formulation of the Advantage function, one
only needs to learn a state value function. The final loss function in PPO is

Lt = E[LCLIP
t (θ)− c1(Vθ(st)− V targ

t )2 + c2S[πθ](st)] (2.40)
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where LCLIP
t is defined in Equation 2.38, S[πθ](st) measures the entropy of the policy, the

regression target for learning the state value function is shown in the middle and c1 and c2

are hyperparameters controlling the relative importance of the components in the loss terms.
The RL experiments we present in Chapter 6 all use PPO with the loss function shown in
Equation 2.40 to learn agent policies.

Group Relative Policy Optimization

In their seminal work, Ouyang et al. [65] propose the usage of PPO to finetune large language
models (LLMs) towards preference optimization. Specifically, after a round of supervised
finetuning of a LLM on demonstration data, a reward model is trained to predict if a specific
LLM-generated response (i.e., an action) would be preferred by a human labeler. This reward
model is then used in an instance of the PPO algorithm presented in Section 2.3.2 where the
environment is a bandit environment, i.e., the agent takes a single action, receives a reward,
and the episode terminates. The objective function in this instance of PPO can be written
as

JPPO(θ) = Eq∼P (Q), o∼πθold (O|q)

 1
|o|

|o|∑
t=1

min
(
rt(θ)At, clip

(
rt(θ), 1− ε, 1 + ε

)
At

),
where rt(θ) = πθ(ot | q, o<t)

πθold(ot | q, o<t)
.

(2.41)

where At is computed using GAE (Equation 2.39) where the value function is replaced by
the reward model.

One issue with this approach is the need for a value function, which in the language space, is
also a large model, bringing with it substantial memory and computational costs. In addition,
the reward model could be prone to over-optimization during training. To mitigate this, [65]
proposed to add a per-token KL penalty from the reference model, where the reference model
is the original one before training began. Specifically, the new reward function becomes

rt = rϕ(q, o≤t)− β log πθ(ot|q, o<t)
πref(ot|q, o<t)

(2.42)

where rϕ is the reward model, πref is the reference model and β is the coefficient controlling
how close we remain to it.

Operating with the assumption that one has access to a queryable reward function that
provides scalar values to a query (e.g., BLEU/ROUGE, math checker), Shao et al. [66]
proposed to get rid of the reward model altogether for advantage estimation. Instead, they
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propose generating G candidate outputs {oi}Gi=1 ∼ πθold(O | q) to a given question q ∼ P (Q)
and perform the advantage estimation within the group using

Âi,t = ri,t −mean(rt)
std(rt)

(2.43)

Equipped with this advantage estimate, the PPO objective is modified to the group relative
policy optimization (GRPO)

JGRPO(θ) = E q∼P (Q), {oi}G
i=1∼πθold (O|q)

 1
G

G∑
i=1

1
|oi|

|oi|∑
t=1

min
(
ri,t(θ) Âi,t, clip

(
ri,t(θ), 1− ε, 1 + ε

)
Âi,t

)
− βKL

(
πθ ∥ πref

),
where ri,t(θ) = πθ(oi,t | q, oi,<t)

πθold(oi,t | q, oi,<t)
.

(2.44)

where the KL objective has been modified to be between the trained policy and the reference
policy directly, rather than being part of the reward. GRPO has shown great promise in
mathematical reasoning [66] as well as in autonomous-driving-focused research [67, 68, 69].
We make use of GRPO in our experiments in Chapter 7.

Soft Actor-Critic

Soft Actor–Critic (SAC; [59]) is an off-policy, model-free actor-critic algorithm based on the
maximum entropy reinforcement learning framework. It augments the classical RL objective
by incorporating the entropy measure of the policy into the reward. The goal is to encourage
stochasticity in the action distribution to support continual exploration while maximizing
return. The maximum-entropy objective can be written as

J(π) =
∑
t

E(st,at)∼π[r(st, at) + αH(π(· | st))] , (2.45)

where α > 0 is the temperature (i.e., entropy weight) which controls how important entropy
is. In addition to exploration, the entropy maximization also incentivizes multimodality in
the policy, i.e., if two actions are equally good, they should have equal likelihood under the
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policy. The soft Q-value function can be computed using the modified Bellman backup,

V π(s) = Ea∼π[Qπ(s, a) − α log π(a | s)] ,

Qπ(s, a) = r(s, a) + γ Es′∼P [V π(s′)] .
(2.46)

SAC employs three sets of parameterized models: the state-value function Vψ(st), the action-
value function Qθ(st, at) and the policy πϕ(at|st). While in theory one can estimate the state
value by sampling an action and querying the action-value function; however, making it a
separate function stabilizes training [59]. The soft state value function is trained to minimize

JV (ψ) = Est∼D

[1
2
(
Vψ(st)− Eat∼πϕ

[
Qθ(st, at)− log πϕ(at | st)

])2
]

(2.47)

using the state and action samples from a replay buffer. The soft Q-function minimizes the
soft Bellman residual

JQ(θ) = E(st,at)∼D

[1
2
(
Qθ(st, at)−

(
r(st, at) + γ Est+1∼p

[
Vψ̄(st+1)

] ))2
]

(2.48)

where Vψ̄(st+1) is a target value network, typically an exponentially moving average of the
network weights ψ. Although it is not strictly necessary, SAC employs two sets of parameters
(θ1 and θ2) of the Q-function to mitigate positive bias in the policy improvement step. Each
function is trained independently to minimize Equation 2.48, and use the minimum of the
two for training the state value function (Equation 2.47) and the policy in Equation 2.50.
Finally, the policy is trained to minimize the policy improvement step, which follows

Jπ(ϕ) = Est∼D

DKL

πϕ( · | st )
∥∥∥∥∥ exp

(
Qθ(st, ·)

)
Zθ(st)

 (2.49)

Ensuring that π ∈ Π is a set of policies that we can model tractably, such as a spherical
Gaussian, we can rewrite the KL divergence as

Jπ(ϕ) = Est∼D [log πϕ(at | st )−Qθ(st, at)] (2.50)

which ignores the partition function Zθ(st) since it is intractable and does not contribute to
the gradient with respect to the policy parameters. We provide the final algorithm for how
one can train a policy using SAC in Algorithm 3. We employ a modified version of SAC in
our experiments in Chapter 7.
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Algorithm 3 Soft Actor-Critic
1: Initialize parameters ψ, ψ̄, θ and ϕ.
2: Initialize replay buffer B.
3: for updates u = 1, 2, . . . (until convergence) do
4: # Data collection
5: for each environment step do
6: Sample from current policy: a ∼ πϕ(· | s)
7: Interact with environment to get next state and reward: (s′, r)
8: Append transition (s, a, r, s′) to B
9: end for

10: # Policy gradient update
11: for each gradient step do
12: ψ ← ψ − λV ∇̂ψJV (ψ)
13: θi ← θi − λQ∇̂θi

JQ(θi) for i ∈ {1, 2}
14: ϕ← ϕ− λπ∇̂ϕJπ(ϕ)
15: ψ̄ ← τψ + (1− τ)ψ̄
16: end for
17: end for
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CHAPTER 3 LITERATURE REVIEW

In this chapter, we present the related work corresponding to the contributions of this thesis.
We note that the literature review for multi-agent motion forecasting is not included here, as
Chapter 4 is a chapter by article and already integrates its related work section. Instead, we
focus on prior literature related to controllable data-driven behaviour simulation for our pro-
posed approaches in Chapters 5 and 6, and constrained reinforcement learning for behaviour
specification for the work in Chapter 7.

3.1 Data-Driven Simulation for Autonomous Driving

Data-driven simulation for autonomous driving can be naturally decomposed into two coupled
subproblems: the generation of an initial scene and the modelling of agent behaviour over
time. Formally, we consider the joint distribution

P (X0:T ,M | c) = P (X1:T | M,X0, c)P (M,X0 | c),

where M denotes the map, Xt the multi-agent state at time t, and c denotes conditioning
information. The first term, P (M,X0 | c), corresponds to initial scene generation, including
map structure and initial agent configurations, while the second term, P (X1:T | M,X0, c),
models the evolution of agent behaviours through interactions in the environment. These
components are typically embedded within a simulation environment that defines how scenes
are represented, generated, and evolved over time. In this section, we review prior work along
these axes, covering simulation environments, initial scene generation, and agent behaviour
modelling, and discuss how they relate to the approaches proposed in this thesis.

3.1.1 Simulation Environments for Autonomous Driving

Driving simulators usually require a lot of manual effort in designing environments that are
realistic and can support the rich interactions between multiple agents [8, 70, 71]. As a
result, it has been difficult to scale to larger environments. In addition, due to the synthetic
nature of the simulators, models tend to suffer from a significant sim-to-real gap. To address
these issues, recent works have proposed data-driven driving simulators that are based on
real driving data [72]. Prior data-driven approaches to simulation have fallen under two main
approaches. The first focuses on reconstructing driving environments from sensor inputs using
neural rendering techniques [73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83]. Other work instead
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utilizes post-perception outputs to represent driving scenes in an abstract representation
comprising agent bounding boxes and HD maps [38, 43, 84, 85, 86, 87, 88]. In this work,
and in line with this thesis’ work, we adopt the abstract environment representation. This
allows us to efficiently evaluate AV planners with sufficient complexity while having lower
computational demands and memory footprint.

Generative Simulation Environments Open-source, data-driven simulators narrow the
sim-to-real gap relative to hand-crafted engines. However, they remain constrained by two
factors: the scarcity of public driving data and the short duration of most recorded logs.
To mitigate these limits, recent work resorts to diffusion generative models to synthesize
driving environments either directly from sensor inputs [89, 90, 91] or from post-perception
abstract representations [92, 93]. Parallel efforts apply diffusion as a generator of interac-
tive worlds in other domains, including video games [94, 95, 96] and robotics [97, 98, 99].
SLEDGE [93] adopts a tailored latent diffusion model to produce bounding boxes and lane
graphs, and couples these with rule-based agent controllers (IDM, MOBIL), which limits
behavioral realism [32, 33, 93]. DriveSceneGen [92] uses diffusion for initial scene synthe-
sis and a motion-prediction model for agent behavior; however, the resulting scenarios are
short and largely non-reactive (typically ≤20 seconds). Scenario Dreamer (from Chapter 6)
addresses these shortcomings by pairing a novel vectorized latent diffusion model for initial
scene generation with CtRL-Sim [26] from Chapter 5, yielding a fully data-driven, closed-loop
generative driving simulator capable of arbitrarily long and interactive simulations.

3.1.2 Initial Scene Generation: Modelling P (M,X0 | c)

Recent work focused specifically on the task of initial scene generation. Some target either
the generation of initial agent bounding boxes configurations within a given map [100, 101],
while others have focused solely on the generation of lane graphs [102]. More recent work
has focused on modelling the joint initial distribution of both [92, 93]. SceneControl [101]
utilizes a vectorized diffusion model for initial agent generation but does so in data space. In
addition, it does not focus on the problem of vectorized HD map generation, and assumes
this is provided. Both SLEDGE and DriveSceneGen employ diffusion models to generate
the initial scene by processing it as a rasterized image, leading to unnecessary computation.
Building on the rich recent literature on vectorized scene representations [103, 104, 105, 106,
107, 108, 109, 110, 111, 112, 113, 114, 115], in Chapter 6, we propose a novel vectorized latent
diffusion model that generates the initial scene (vectorized map elementsM and agent states
X0), enhancing the speed and performance of the scene generation and extrapolations.
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3.1.3 Agent Behaviour Simulation: Modelling P (X1:T | M,X0, c)

We define agent behaviour simulation as the problem of modelling the behaviour of agents
in simulation (e.g., pedestrians, cyclists, vehicles). The literature has explored two main ap-
proaches for behaviour simulation (1) rule-based modelling, and (2) data-driven approaches.
As the name implies, rule-based approaches rely on heuristics, defined by humans, to pro-
duce plausible agent behaviours, such as adhering strictly to the center of the lane [32, 33].
However, such approaches can often produce rigid or unrealistic agent behaviors, and can fail
to capture the different modalities of agent behaviours.

To address these limitations, recent research explored generative models that can reproduce
the behaviors of real-world agents using large-scale trajectory datasets as supervision [27, 34,
35, 116, 117, 118, 119]. Many of these methods draw inspiration from the literature on joint
motion prediction [18, 109, 111, 120, 121], where the task is to predict the future behaviour
of multiple interacting agents. However, an important difference to consider is the fact that
motion prediction is an open-loop problem, where one only needs to make predictions of the
future; those predictions are not used to control the agents’ behaviours. This distinction
is important because it means open-loop generated forecasts cannot affect the state of the
environment [6].

To generate realistic simulated behaviours, other lines of work employed generative adver-
sarial imitation learning (GAIL) [122], whose goal is to generate trajectories that are in-
distinguishable from expert demonstrations [123, 124, 125]. Other related approaches have
additionally combined imitation approaches with reinforcement learning to enforce desirable
properties, e.g., compliance with traffic rules [126, 127]. While these approaches all exhibit
better realism compared to rule-based approaches, they still face a key limitation: their lack
of controllability which is often necessary for useful simulated training and evaluation.

More recent work has focused on the problem of controllability with the goal of providing the
user with a way to specify how agents should act. Conditional generative models have been
explored in this regard [36, 128, 129, 130, 131, 132, 133] with the idea of incorporating dif-
ferent conditioning factors, allowing the user to produce diverse and conditioned behaviours
at inference time. [128, 129] employ high-level latent variables that capture abstract driving
styles. MixSim [130] conditions on explicit route information, defining a specific route for all
agents. [36, 132, 133, 134, 135] all enforce safety or scenario-level requirements through dif-
ferentiable constraints, and employ some form of iterative refinement. Another direction has
introduced retrieval-augmented generation[136], drawing realistic examples from a database
to generate controllable traffic scenarios.
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While these methods represent a step towards more flexible traffic simulation, they come with
their own set of drawbacks. Some lack interpretable control over the generated behaviours
[129] or require costly test-time optimization procedures to steer the generated behaviours,
such as latent variable optimization [128], Bayesian optimization [130, 137, 138], or the
simulation of expensive diffusion processes [36, 115, 132, 133, 134, 135]. In contrast, CtRL-
Sim (presented Chapter 5) introduces a more efficient procedure for controllability, without
the need for iterative test-time optimization, while maintaining interpretable knobs on the
returns. It achieves this by learning a conditional multi-agent behavior model that conditions
directly on factorized returns. By applying an exponential tilting of the predicted return
distribution [40] at test time, CtRL-Sim provides fine-grained, human-interpretable, and
efficient control over agent behaviours, all while staying grounded in real-world data.

Return-Conditioned Policies and Offline Reinforcement Learning We position
CtRL-Sim within the field of offline RL. Table 3.1 presents the different ways explored in
the literature for learning policies in offline RL, and how these methods can sample return-
maximizing actions at test time. Prior methods in offline RL differ in how the policy is
modelled during training and how inference is performed; we refer the reader to Table 3.1
for a breakdown of the different approaches. As CtRL-Sim employs a return-conditioned
policy for controllable simulation, we briefly present a class of related methods that learn
return-conditioned policies (RCPs) [40, 41, 140, 141, 142, 143, 144] for offline RL. RCPs
are concerned with learning the joint distribution of actions and returns, such that action
sampling is conditioned on the return distribution. Instead of modelling the return dis-
tribution, the Decision Transformer [140] conditions the learned policy on the maximum
observed return, Gmax in the dataset. That is, at inference time, the actions are sampled
from at ∼ pθ(at|st, Gmax). Lee et al. [40] instead propose to employ the learned return dis-

Approach Density Estimation Action Sampling Density
Decision Transformers (DTs) log pθ(at|ot, Gt) pθ(at|ot, Gt)
Reward Weighted Regression (RWR) exp(η−1Gt) log pθ(at|ot) pθ(at|ot)
Reward Conditioned Policies (RCPs) log pθ(at|ot, Gt)pθ(Gt|ot) pθ(at|ot, Gt)pθ(Gt|ot) exp(κGt − η(κ))
Reweighted Behavior Cloning (RBC) log pθ(Gt|ot, at)pθ(at|ot) pθ(Gt|ot, at)pθ(at|ot) exp(κGt − η(κ))
Implicit RL via SL (IRvS) log pθ(at, Gt|ot) pθ(at, Gt|ot) exp(κGt − η(κ))
Model-Based RCPs (MB-RCP) log pθ(ot+1|at, ot, Gt)pθ(at|ot, Gt)pθ(Gt|ot) pθ(at|ot, Gt)pθ(Gt|ot) exp(κGt − η(κ))
RCP with Future Rollout (CtRL-Sim) log pθ(st+1:T |at, st, Gt)pθ(at|st, Gt)pθ(Gt|st) pθ(at|st, Gt)pθ(Gt|st) exp(κGt − η(κ))

Table 3.1 Offline policy modelling approaches in prior work [26]. We can see that
methods differ in the decomposition of the joint distribution over actions and returns, with
some approaches utilizing state prediction as a regularizer. We note that this table is adopted
from prior work [41, 139].
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tribution, combined with exponential tilting, in order to sample high-return actions while
remaining close to the empirical distribution. CtRL-Sim adopts exponential tilting of the
predicted return distribution for each agent to finely control agent behaviour. Additionally,
CtRL-Sim explicitly models the future sequences of states.

3.2 Behaviour Specification Through Constrained RL

In Chapter 7, we propose a constrained RL framework for behaviour specification and extend
it to driving with large vision-language models. In this section, we review prior work on
constrained reinforcement learning, reward specification, and RL-based behaviour control in
video games. We then discuss related work on constrained and multi-objective RL for large
language models, with particular focus on how these methods express and enforce desired
behaviours.

3.2.1 Constrained Reinforcement Learning

Constrained Markov Decision Processes (CMDPs) [145] provide a principled framework for
reinforcement learning under explicit behavioural constraints. A large body of prior work
has focused on developing algorithms that enforce constraints while optimizing for reward.
Broadly, existing approaches can be divided into two families.

Lagrangian-based methods. Lagrangian approaches [146, 147, 148] incorporate the con-
straints into the main objective through a set of multipliers, forming a single Lagrangian
function. Learning then reduces to finding a saddle point of this function, corresponding to a
feasible solution to the constrained maximization problem. These methods are conceptually
simple and widely used, but typically rely on dual ascent schemes that may introduce insta-
bility, especially when dealing with multiple constraints or high-variance gradient estimates.

Projection-based methods. An alternative line of work [149, 150, 151, 152] uses projec-
tion operators to map the updated policy back into the feasible region after performing a
reward-maximization step. Such methods provide more direct feasibility guarantees under
certain assumptions, but often require carefully designed trust regions or Lyapunov functions
to remain stable.

Most prior work on constrained RL focuses on the single-constraint setting [148, 152, 153, 154]
and typically seeks to minimize cumulative cost regret over the course of training [155]. In
contrast, our work focuses on leveraging CMDPs as a behaviour specification mechanism,
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allowing for multiple simultaneously enforced constraints that are both interpretable and
easily configurable.

3.2.2 Reward Specification

A central motivation for our work is the difficulty of specifying complex behaviours through
a single reward function. This challenge has inspired several alternative approaches in the
literature.

Imitation and human-in-the-loop methods. Imitation Learning [156] bypasses reward
engineering entirely by using expert demonstrations to define the task. Other methods
introduce human feedback during training, either to guide the agent toward desired be-
haviours [157] or to prevent catastrophic errors during exploration [158]. Our approach
shares a similar motivation—capturing designer intent more directly—but does so by speci-
fying constraints via indicator functions and thresholds, avoiding the need for demonstrations
or continuous human intervention.

Natural language as a specification interface. Another promising direction is the use
of natural language to specify tasks [159, 160]. While this can provide a more intuitive
interface for human designers, language is inherently ambiguous and can be exploited by
agents (reward hacking). Moreover, these methods typically require training an additional
language-to-reward model, adding further complexity.

Inverse reward design. Another interesting approach is Inverse Reward Design [161,
162, 163], which treats the provided reward function as a single observation of the designer’s
latent intent and learns a probabilistic model over possible true reward functions. This is
particularly useful in settings with changing environments, but our work focuses on fixed-
distribution environments where explicit behaviour specification is more appropriate.

3.2.3 Reinforcement Learning in Video Games

Video games have long served as challenging benchmarks for deep RL research [164, 165, 166].
However, the use of RL in actual game production remains relatively rare. This gap stems
from multiple practical considerations, including the difficulty of shaping desired behaviours,
challenges in interpretability, and strict compute constraints during runtime [167, 168].
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More recently, there has been growing interest in leveraging RL to power non-player char-
acters (NPCs) in commercial games. Applications include navigation [168, 169], automated
testing [170, 171], play-style modeling [172], and content generation [173]. Our work con-
tributes to this emerging area by proposing a constrained RL framework that enables direct
behaviour specification, making RL-controlled agents more controllable and predictable—key
properties for production use.

3.2.4 Constrained RL for LLMs

Multiple objectives with (vision-)language models. In the context of large (multi-
modal) language models, there is extensive work on safety and multi-objective optimization
via reinforcement learning [174, 175, 176, 177, 178]. For example, Constitutional AI [178]
can be viewed as optimizing a multi-objective alignment target, most notably balancing
helpfulness and harmlessness. In practice these signals are reduced to a single scalar reward
and optimized with standard RLHF pipelines [65], e.g., PPO-style updates [62]. Moving
beyond fixed scalarization, Moskovitz et al. [174] frame composite reward models in RLHF
as a constrained optimization problem, enforcing per-component thresholds via a CMDP
formulation and using dynamic weight adjustment (i.e., Lagrange multipliers) to mitigate
over-optimization. Similarly, Dai et al. [176] cast alignment as maximizing reward subject
to explicit cost constraints, formalizing the trade-off between helpfulness and safety-related
costs. Wang et al. [179] study multi-objective reward modeling in RLHF, emphasizing inter-
pretability as a tool for designers to verify and debug adherence to human preferences.

Multi-Reward Optimization with GRPO. While the approaches above address multi-
objective alignment for RL-finetuned (vision-)language models, they are largely developed
outside the GRPO setting. GRPO [66] has recently become a popular alternative to PPO for
RLHF-style fine-tuning, motivating a wave of follow-up work that analyzes and modifies its
normalization and optimization biases. Dr.GRPO [180] identified that due to the standard
deviation term, GRPO would artificially increase response lengths during training in the
domain of reasoning. Their proposed approach alleviates these issues by removing the per-
group standard deviation term, but does not explicitly focus on the problem of multi-objective
optimization. DisCO [181] analyzes GRPO under binary rewards and shows that group-
relative normalization induces a difficulty-dependent reweighting (down-weighting examples
that are too easy or too hard). The authors propose a discriminative optimization framework
whereby they naturally increase the scores of positive answers while reducing the scores of
negative answers through a log-sum-exp function.
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In the multi-objective GRPO domain, Li et al. [182] train a multi-head reward model predict-
ing K=4 attributes (politeness, meaningfulness, actionability, safety), aggregate these scores
into a single scalar reward via a fixed weighted sum (with wk=1), and then optimize this com-
bined objective with GRPO—mirroring the common practice of scalarizing rewards prior to
normalization. Following reward model training and combination, the final policy is trained
to maximize the combined scalar reward using GRPO, akin to Scalarizing rewards as shown
in Section 7.4.3. We note that recent prior and concurrent work [183, 184, 185] has already
observed that, under multiple objectives, GRPO’s normalization makes it difficult to learn
from components with low standard deviation. To address multi-objective pathologies, Ichi-
hara et al. [183] propose Multi-Objective Group Relative Policy Optimization (MO-GRPO),
focusing on mitigating reward-hacking behavior of GRPO in the presence of multiple objec-
tives: they show that GRPO’s advantage is more strongly correlated with reward components
that exhibit higher variance, and advocate scalarized advantages so that components with
different variances are scaled to have equal influence. However, MO-GRPO does not account
for the consequences of a weighted-combination pipeline, which Theorem 7.4.1 shows can
greatly attenuate their intended effects; this attenuation renders the Lagrangian multipliers
nearly useless. Concurrent to our work, GDPO [185] also supports advantage scalarization
and emphasizes that naïve GRPO normalization can collapse multi-reward signals, proposing
reward-decoupled (and conditional) objectives to better preserve per-reward learning signals.
Plan-R1 [184] proposes a planning objective with GRPO in which the reward is multiplica-
tive, effectively imposing a hard constraint on behavior (see Section 7.5.2 for details). They
further highlight that group-wise normalization can erase cross-group scale differences, but
do not provide a mathematical analysis of the issue. Similarly to Dr.GRPO, they propose
Variance-Decoupled GRPO, which changes advantage estimation to divide by a constant
value rather than the standard deviation. In Chapter 7, our goal is to ensure that increasing
the Lagrangian multiplier in our proposed Constrained GRPO algorithm faithfully results
in stronger enforcement of the behavior specification; as we show experimentally, scalariz-
ing advantages provides this guarantee compared to the traditional approach of scalarizing
rewards.

In contrast to prior GRPO variants that primarily target stability or reward-hacking, we
study advantage scalarization through the lens of constrained policy optimization. We show
that scalarizing rewards before GRPO’s group normalization can implicitly reweight objec-
tives as a function of within-group variances and cross-term correlations, distorting the pre-
scribed priorities encoded by the multipliers. By contrast, scalarizing advantages preserves
the intended role of the multipliers and yields a coherent learning signal for constrained
optimization.
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4.1 Abstract

Robust multi-agent trajectory prediction is essential for the safe control of robotic systems.
A major challenge is to efficiently learn a representation that approximates the true joint
distribution of contextual, social, and temporal information to enable planning. We propose
Latent Variable Sequential Set Transformers which are encoder-decoder architectures that
generate scene-consistent multi-agent trajectories. We refer to these architectures as “Au-
toBots”. The encoder is a stack of interleaved temporal and social multi-head self-attention
(MHSA) modules which alternately perform equivariant processing across the temporal and
social dimensions. The decoder employs learnable seed parameters in combination with tem-
poral and social MHSA modules allowing it to perform inference over the entire future scene in
a single forward pass efficiently. AutoBots can produce either the trajectory of one ego-agent
or a distribution over the future trajectories for all agents in the scene. For the single-agent
prediction case, our model achieves top results on the global nuScenes vehicle motion predic-
tion leaderboard, and produces strong results on the Argoverse vehicle prediction challenge.
In the multi-agent setting, we evaluate on the synthetic partition of TrajNet++ dataset to
showcase the model’s socially-consistent predictions. We also demonstrate our model on gen-
eral sequences of sets and provide illustrative experiments modelling the sequential structure
of the multiple strokes that make up symbols in the Omniglot data. A distinguishing feature
of AutoBots is that all models are trainable on a single desktop GPU (1080 Ti) in under 48h.



35

4.2 Introduction

Many problems require processing complicated hierarchical compositions of sequences and
sets. For example, multiple choice questions are commonly presented as a query (e.g. natural
language) and an unordered set of options [186, 187]. Machine learning models that perform
well in this setting should be insensitive to the order in which the options are presented. Sim-
ilarly, for motion prediction tasks [188, 189] where the inputs are agent trajectories evolving
over time and outputs are future agent trajectories, models should be insensitive to agent
ordering.

In this work, we focus on the generative modelling of sequences and sets and demonstrate this
method on a variety of different motion forecasting tasks. Suppose we have a set of M ∈ N
sequences X = {(x1, . . . , xK)1, . . . , (x1, . . . , xK)M} each with K ∈ N elements. Allowing
also that X evolves across some time horizon T , we denote this sequence of sets as X =
(X1, . . . ,XT ).

This problem setting often requires the model to capture high-order interactions and diverse
futures. Generally, solutions are built with auto-regressive sequence models which include t
steps of context. In our approach, to better model the multi-modal distribution over possible
futures, we also allow to include a discrete latent variable Z, to create sequential models of
sets of the form

P (Xt+1|Xt, . . . ,X1) =
∑
Z

P (Xt+1, Z|Xt, . . . ,X1).

In this work, we propose this type of parameterized conditional mixture model over sequences
of sets, and call this model a Latent Variable Sequential Set Transformer (affectionately re-
ferred to as “AutoBot”). We evaluate AutoBot on nuScenes [190] and Argoverse [191],
two autonomous driving trajectory prediction benchmarks, on the synthetic partition of the
TrajNet++ [192] dataset, a pedestrian trajectory forecasting benchmark, and Omniglot [193],
a dataset of hand-drawn characters that we use for predicting strokes. All of these provide
empirical validation of our model’s ability to perform robust multi-modal prediction. Specif-
ically, we make the following contributions:

• We propose a novel approach for modelling sequences of set-structured continuous vari-
ables, and extend this to a latent-variable formulation to capture multi-modal distri-
butions.

• We provide a theoretical analysis highlighting our model’s permutation sensitivity with
respect to different components of the input data structures.

• We validate our method with strong empirical results on diverse tasks, including the
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large-scale nuScenes and Argoverse datasets for autonomous driving [190, 191], the
multi-lingual Omniglot dataset of handwritten characters [193], and the synthetic
partition of the TrajNet++ pedestrian trajectory prediction task [189].

4.3 Background

We now review several components of the Transformer [48] and Set Transformer [49] architec-
tures, mostly following the notation found in their manuscripts. For additional background,
see their works and Section 2.1 of the background chapter.

Multi-Head Self Attention (MHSA) can be thought of as an information retrieval sys-
tem, where a query is executed against a key-value database, returning values where the
key matches the query best. While [48] defines MHSA on three tensors, for convenience, we
input a single set-valued argument. Internally, MHSA then performs intra-set attention by
casting the input set X to query, key and value matrices and adding a residual connection,
MHSA(X) = X+MHSA(X,X,X).

Multi-Head Attention Blocks (MAB) resemble the encoder proposed by Vaswani et
al. [48], but lack the position encoding and dropout [49]. Specifically, they consist of the
MHSA operation described in Eq. 2.5 followed by a row-wise feed-forward neural network
(rFFN), with residual connections and layer normalization (LN) [50] after each block. Given
an input set X containing nx elements of dimension d, and some conditioning variables C
containing nc elements of dimension d, the MAB can be described by the forward computa-
tion,

MAB(X) = LN(H + rFFN(H)), where H = LN(X + MHSA(X,X,X)). (4.1)

Multi-head Attention Block Decoders (MABD) were also introduced in [48], and were
used to produce decoded sequences. Given input matrices X and Y representing sequences,
the decoder block performs the following computations:

MABD(Y,X) = LN(H + rFFN(H))

where H = LN(H′ + MHSA(H′,X,X))

and H′ = LN(MHSA(Y))

(4.2)

Our model, described throughout the following section, makes extensive use of these func-
tions.
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Figure 4.1 Overview: Our model generates multiple possible futures for agents based on
several input timesteps. The input trajectories are encoded into a context tensor that captures
their respective behavior and interaction with surrounding agents. While Transformer-based
architectures are often autoregressive, we decode all future steps at once. This is accomplished
via learnable seed parameters. Our decoder transforms these, together with the map and the
context into the possible future trajectories that we call “modes”.

4.4 Latent Variable Sequential Set Transformers

Latent Variable Sequential Set Transformers is a class of encoder-decoder architectures that
process sequences of sets (see Fig 4.2). In this section, we describe the encoding and decod-
ing procedures, the latent variable mechanism, and the training objective. Additionally, we
provide proof of the permutation equivariance of our model in Appendix A.1, and implemen-
tation details in Appendix A.2 as well as a discussion of the special case of AutoBot-Ego,
which is similar to AutoBots but predicts a future sequence for only one element in a scene.

4.4.1 Encoder: Input Sequence Representation

AutoBot takes as an input a sequence of sets, X1:t = (X1, . . . ,Xt), which in the motion predic-
tion setting may be viewed as the state of a scene evolving over t timesteps. Let us describe
each set as having M elements (or agents) with K attributes (e.g. x/y position). To process
the social and temporal information the encoder applies the following two transformations.
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Figure 4.2 Architecture Overview. Our model takes as input a tensor of dimension
K,M, t. A row-wise feed-forward network (rFFN) is applied to each row along the t ×M
plane transforming vectors of dimension K to dK . After adding positional encoding (PE) to
the t axis, the encoder passes the tensor through L repeated layers of multi-head attention
blocks (MAB) that are applied to the time axis (time encoding) and the agent axis (social
encoding) before outputting the context tensor. In the decoder, the encoded map and the
learnable seed parameters tensor are concatenated and passed through an rFFN before being
passed through L repeated layers of a multi-head attention block decoder (MABD) along
the time axis (using the context from the encoder) followed by a MAB along the agent axis.
This figure shows the process for predicting one possible future trajectory (“mode”). When
multiple modes are predicted, each mode has its own learnable seed parameters and the
decoder is rolled out once for each mode.

Appendix A.1.3 provides a proof of equivariance with respect to the agent dimension for this
encoder.

First, the AutoBots encoder injects temporal information into the sequence of sets using
a sinusoidal positional encoding function PE(.) [48]. For this step, we view the data as a
collection of matrices, {X0, . . . ,XM}, that describe the temporal evolution of agents. The
encoder processes temporal relationships between sets using a MAB, performing the following
operation on each set where m ∈ {1, . . . ,M}:

Sm = MAB(rFFN(Xm))

where rFFN(.) is an embedding layer projecting each element in the set to the size of the
hidden state dK . Next, we process temporal slices of S, retrieving sets of agent states Sτ at
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some timestep τ and is processed using Sτ = MAB(Sτ ). These two operations are repeated
Lenc times to produce a context tensor C ∈ R(dK ,M,t) summarizing the entire input scene,
where t is the number of timesteps in the input scene.

4.4.2 Decoder: Multimodal Sequence Generation

The goal of the decoder is to generate temporally and socially consistent predictions in
the context of multi-modal data distributions. To generate c ∈ N different predictions for
the same input scene, the AutoBot decoder employs c matrices of learnable seed parameters
Qi ∈ R(dK ,T ) where T is the prediction horizon, where i ∈ {1, ..., c}. Intuitively, each matrix of
learnable seed parameters corresponds to a setting of the discrete latent variable in AutoBot.
Each learnable matrix Qi is then repeated across the agent dimension M times to produce the
input tensor Q′

i ∈ R(dK ,M,T ) Additional contextual information (such as a rasterized image
of the environment) is encoded using a convolutional neural network to produce a vector
of features mi where i ∈ {1, ..., c}. In order to provide the contextual information to all
future timesteps and to all set elements, we copy this vector along the M and T dimensions,
producing the tensor Mi ∈ R(dK ,M,T ). Each tensor Q′

i is concatenated with Mi along the dK
dimension, as shown on the left side of Figure 4.2 (bottom). This tensor is then processed
using a rFFN(.) to produce the tensor H ∈ R(dK ,M,T ).

We begin to decode by processing the time dimension, conditioning on the encoder’s output
C, and the encoded seed parameters and environmental information in H. The decoder
processes each of m agents in H separately with an MABD layer:

H′
m = MABD(Hm,Cm)

where H′ is the output tensor that encodes the future time evolution of each element in the
set independently. In order to ensure that the future scene is socially consistent between set
elements, we process each temporal slice of H′, retrieving sets of agent states H′

τ at some
future timestep τ where each element h′

τ ∈ Hτ is processed by a MAB layer. Essentially, the
MAB layer here performs a per-timestep attention between all set elements, similar to the
Set Transformer [49].

These two operations are repeated Ldec times to produce a final output tensor for mode i.
The decoding process is repeated c times with different learnable seed parameters Qi and
additional contextual information mi. The output of the decoder is a tensor O ∈ R(dK ,M,T,c)

which can then be processed element-wise using a neural network ϕ(.) to produce the desired
output representation. In several of our experiments, we generate trajectories in (x, y) space,
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and as such, ϕ produces the parameters of a bivariate Gaussian distribution.

Note on the learnable seed parameters. One of the main contributions that make
AutoBot’s inference and training time faster than prior work is the use of the decoder seed
parameters Q. These parameters serve a dual purpose. Firstly, they account for the diversity
in future prediction, where each matrix Qi ∈ R(dk,T ) (where i ∈ {1, ..., c}) corresponds to one
setting of the discrete latent variable. Secondly, they contribute to the speed of AutoBot
by allowing it to perform inference on the entire scene with a single forward pass through
the decoder without sequential sampling. Prior work (e.g., [194]) uses auto-regressive sam-
pling of the future scene with interlaced social attention, which allows for socially consistent
multi-agent predictions. Other work (e.g., [195]) employ a single output MLP to generate
the entire future of each agent independently with a single forward pass. Using the attention
mechanisms of transformers, AutoBot combines the advantages of both approaches by deter-
ministically decoding the future scene starting from each seed parameter matrix. In Appendix
A.2.5, we compare the inference speed of AutoBots with their autoregressive counterparts.

4.4.3 Training Objective

Given a dataset D =
{
(X1, . . . ,XT )

}N
i=1

consisting of N sequences, each having T sets, our
goal is to maximize the likelihood of the future trajectory of all elements in the set given the
input sequence of sets, i.e., max p(Xt+1:T |X1:t). In order to simplify notation, we henceforth
refer to the ego-agent’s future trajectory by Y = Xt+1:T . As discussed above, AutoBot
employs discrete latent variables, which allows us to compute the log-likelihood exactly. The
gradient of our objective function can then be expressed as follows:

∇θL(θ) = ∇θ log pθ(Y|X1:t) = ∇θ log
(∑

Z

pθ(Y , Z|X1:t)
)

=
∑
Z

pθ(Z|Y ,X1:t)∇θ log pθ(Y , Z|X1:t)
(4.3)

As previously discussed in [194], computing the posterior likelihood pθ(Z|Y ,X1:t) is difficult
in general and varies with θ. As discussed in [31], one can introduce a distribution over the
latent variables, q(Z), that is convenient to compute. With this distribution, we can now
decompose the log-likelihood as follows:

log pθ(Y|X1:t) =
∑
Z

q(Z) log pθ(Y , Z|X1:t)
q(Z) +DKL(q(Z)||pθ(Z|Y ,X1:t)), (4.4)
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where DKL(.||.) is the Kullback-Leibler divergence between the approximating posterior
and the actual posterior. A natural choice for this approximating distribution is q(Z) =
pθold

(Z|Y ,X1:t), where θold corresponds to AutoBot’s parameters before performing the pa-
rameter update. With this choice of q(Z), the objective function can be re-written as

L(θ) = Q(θ, θold) + const.

Q(θ, θold) =
∑
Z

pθold
(Z|Y ,X1:t) log pθ(Y , Z|X1:t)

=
∑
Z

pθold
(Z|Y ,X1:t)

{
log pθ(Y|Z,X1:t) + log pθ(Z|X1:t)

}
.

(4.5)

where the computation of pθ(Z|X1:t) is described in Appendix A.2.2. Note that the posterior
pθold

(Z|Y ,X1:t) can be computed exactly in the model we explore here since AutoBot operates
with discrete latent variables. Therefore, our final objective function becomes to maximize
Q(θ, θold) and minimize DKL(pθold

(Z|Y ,X1:t)||pθ(Z|X1:t)).

As mentioned, for our experiments we use a function ϕ to produce a bivariate Gaussian dis-
tribution for each agent at every timestep. We found that to ensure that each mode’s output
sequence does not have high variance, we introduce a mode entropy (ME) regularization term
to penalize large entropy values of the output distributions,

LME = λe max
Z

T∑
τ=t+1

H(pθ(Xτ |Z,X1:t)). (4.6)

As we can see, this entropy regularizer penalizes only the mode with the maximum entropy.
Our results in Section A.3.2 show the importance of this term in learning to cover the modes
of the data.

4.5 Experiments

We now demonstrate the capability of AutoBots to model sequences of set-structured data
across several domains. In subsection 4.5.1 we show strong performance on the competitive
motion-prediction dataset nuScenes [190], a dataset recorded from a self-driving car, cap-
turing other vehicles and the intersection geometry. In subsection 4.5.2, we demonstrate
our model on the Argoverse autonomous driving challenge. In subsection 4.5.3, we show
results on the synthetic partition of the TrajNet++ [189] dataset which contains multi-agent
scenes with a high degree of interaction between agents. Finally in subsection 4.5.4, we show
that our model can be applied to generate characters conditioning across strokes, and verify
that AutoBot-Ego is permutation-invariant across an input set. See Appendix A.3.2, for
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an illustrative toy experiment that highlights our model’s ability to capture discrete latent
modes.

4.5.1 NuScenes, A Real-World Driving Dataset

In this section, we present AutoBot-Ego’s results on the nuScenes dataset. The goal of this
benchmark dataset is to predict the ego-agent’s future trajectory (6 seconds at 2hz) given the
past trajectory (up to 2 seconds at 2hz). Additionally, the benchmark provides access to all
neighbouring agents’ past trajectories and a birds-eye-view RGB image of the road network
in the vicinity of the ego-agent. Figure 4.3 shows three example predictions produced by
AutoBot-Ego trained with c = 10. We observe that the model learns to produce trajectories
that are in agreement with the road network and covers most possible futures directions. We
also note that for each direction, AutoBot-Ego assigns different modes to different speeds to
more efficiently cover the possibilities.

We compare our results on this benchmark to the state-of-the-art in Table 4.1. Min ADE
(5) and (10) are the average of pointwise L2 distances between the predicted trajectory and
ground truth over 5 and 10 most likely predictions respectively. A prediction is classified as
a miss if the maximum pointwise L2 distance between the prediction and ground truth is
greater than 2 meters. Miss Rate Top-5 (2m) and Top-10 (2m) are the proportion of
misses over all agents, where for each agent, 5 and 10 most likely predictions respectively
are evaluated to check if they’re misses. Min FDE (1) is the L2 distance between the
final points of the prediction and ground truth of the most likely prediction averaged over
all agents. Off Road Rate is the fraction of predicted trajectories that are not entirely
contained in the drivable area of the map.

We can see that AutoBot-Ego obtains the best performance on the Min ADE (10) metric and
on Off Road Rate metric, and strong performance on the other metrics. Furthermore, using an
ensemble of three AutoBot-Ego models slightly improves the performance. This demonstrates
our model’s ability to capture multi-modal distributions over future trajectories due to the
latent variables. AutoBot-Ego excelled in maintaining predictions on the road, showing that
the model has effectively used its capacity to attend to the map information. Finally, we note
that like all other models, AutoBot-Ego struggles to predict the probability of the correct
mode, which results in poor performance of the Min FDE (1). The most interesting part of
AutoBot-Ego is its computational requirements. We highlight that AutoBot-Ego was trained
on a single Nvidia GTX 1080 Ti for 3 hours. This is in large part due to the use of the decoder
seed parameters which allow us to predict the future trajectory of the ego-agent in a single
forward pass. Note that in Appendix A.2.5, we present the inference speed of AutoBot-Ego
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Model Min ADE
(5)

Min ADE
(10)

Miss Rate
Top-5 (2m)

Miss Rate
Top-10 (2m)

Min FDE
(1)

Off Road
Rate

Noah_prediction 1.59 1.37 0.69 0.62 9.23 0.08
CXX 1.63 1.29 0.69 0.60 8.86 0.08
LISA(MHA_JAM) 1.81 1.24 0.59 0.46 8.57 0.07
Trajectron++ 1.88 1.51 0.70 0.57 9.52 0.25
CoverNet 2.62 1.92 0.76 0.64 11.36 0.13
Physics Oracle 3.70 3.70 0.88 0.88 9.09 0.12
WIMP 1.84 1.11 0.55 0.43 8.49 0.04
GOHOME 1.42 1.15 0.57 0.47 6.99 0.04
AutoBot-Ego (c=10) 1.43 1.05 0.66 0.45 8.66 0.03
AutoBot-Ego (ensemble) 1.37 1.03 0.62 0.44 8.19 0.02

Table 4.1 Quantitative Results on the nuScenes dataset. Other methods: LISA [195];
Trajectron++ [196]; CoverNet [197]; Physics Oracle [190]; WIMP [198]; GOHOME [199]

compared to an auto-regressive version. Ablation studies on various components of AutoBot-
Ego are also presented in Appendix A.3.1.

4.5.2 Argoverse Results

Table 4.2 shows the results of AutoBot-Ego (with c = 6) on the Argoverse test set. While our
method does not achieve top scores, it uses much less computation, less data augmentation
and no ensembling compared to alternatives. Further, we compare quite well to the 2020
Argoverse competition winner, a model called “Jean”. In addition, we note that the Argoverse
challenge does not restrict the use of additional training data and that many of the top
entries on the leaderboard have no publicly available papers or codebases. Many methods
are therefore optimized for Argoverse by means of various data augmentations. For example,
Scene Transformer [16] used a data augmentation scheme that includes agent dropout and
scene rotation which we have not, and the current top method and winner of the 2021
challenge (QCraft) makes use of ensembling.

We believe that a fair comparison of the performance between neural network methods should
ensure that each architecture is parameter-matched and the training is FLOP-matched.
While the Argoverse leaderboard does not require entrants to report their parameter or
FLOP count, we report available public statistics to enable comparison here. First, Scene
Transformer [16] reports that their model trains in 3 days on TPUs and TPU-v3s have a
peak performance of 420 TeraFLOPS, which means their model could have consumed up to 3
days × 24 hours × 420 TFLOPS, or 108,000,000 TFLOPS. On the other hand, AutoBot-Ego
was trained on a Nvidia 1080ti for 10 hours, consuming roughly 396,000 TFLOPs, or 0.4% as
much. Jean’s method [200] consumes roughly 8,600,000 TFLOPs (training our method uses
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Figure 4.3 NuScenes Trajectory Prediction. Top row: birds-eye-view of road network
with ground truth trajectory data where given trajectory is cyan and held-out trajectory
information is pink. Bottom row: diverse trajectories generated by the different modes of
AutoBot-Ego. The model generates trajectories that adhere to the road network and captures
distinct possible futures.

only 5% of that compute). While the method currently topping the leaderboard has not re-
vealed their model details, the fact that they used ensembles very likely requires significantly
more compute than our method.

4.5.3 TrajNet++ Synthetic Dataset

In this section, we demonstrate the utility of the having social and temporal attention in
the encoder and decoder of AutoBot. We chose to evaluate on the synthetic partition of the
TrajNet++ dataset since this was specifically designed to have a high-level of interaction
between scene agents [192]. In this task, we are provided with the state of all agents for
the past 9 timesteps and are tasked with predicting the next 12 timesteps for all agents.
The scene is initially normalized around one (ego) agent such that the agent’s final position
in the input sequence is at (0, 0) and its heading is aligned with the positive y direction.
There are a total of 54, 513 unique scenes in the dataset, which we split into 49, 062 training
scenes and 5, 451 validation scenes. For this experiment, we apply our general architecture
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Model Min ADE (↓) Min FDE (↓) Miss Rate (↓) DAC (↑)
AutoBot-Ego (Valid Set) 0.73 1.10 0.12 -
AutoBot-Ego (Test Set) 0.89 (top-5) 1.41 (top-5) 0.16 (top-6) 0.9886 (top-3)
Jean (2020 winner) 0.97 1.42 0.13 0.9868
WIMP 0.90 1.42 0.17 0.9815
TNT 0.94 1.54 0.13 0.9889
LaneGCN 0.87 1.36 0.16 0.9800
TPCN 0.85 1.35 0.16 0.9884
mmTransformer 0.84 1.34 0.15 0.9842
GOHOME 0.94 1.45 0.105 0.9811
Scene Transformer 0.80 1.23 0.13 0.9899

Table 4.2 Quantitative Results on the Argoverse test set. Other methods that had
an associated paper: Jean [200]; WIMP [198]; TNT [201]; LaneGCN [202]; TPCN [203];
mmTransformer [204]; GOHOME [199]; Scene Transformer [16].

(AutoBot) to multi-agent scene forecasting, and perform an ablation study on the social
attention components in the encoder and the decoder.

Table 4.3 presents three variants of the model, and a baseline extrapolation model which
shows that the prediction problem cannot be trivially solved. The first, AutoBot-AntiSocial,
corresponds to a model without the intra-set attention functions in the encoder and decoder
(see Figure 4.2). The second variant, AutoBot-Ego, only sees the past social context and has
no social attention during the trajectory generation process. The third model corresponds
to the general architecture, AutoBot. All models were trained with c = 6 and we report
scene-level error metrics as defined by [14]. Using the social attention in the decoder signif-
icantly reduces the number of collisions between predicted agents’ futures and significantly

Model Ego Agent’s
Min ADE(6) (↓)

Number Of
Collisions (↓)

Scene-level
Min ADE(6) (↓)

Scene-level
Min FDE(6) (↓)

Linear Extrapolation 0.439 2220 0.409 0.897
AutoBot-AntiSocial 0.196 1827 0.316 0.632
AutoBot-Ego 0.098 1144 0.214 0.431
AutoBot 0.095 139 0.128 0.234

Table 4.3 TrajNet++ ablation studies for a multi-agent forecasting scenario. We
investigate the impact of using the social attention in the encoder and in the decoder. We
found that AutoBot is able to cause significantly fewer collisions between agents compared to
variants without the social attention, and improves the prediction accuracy on the scene-level
metrics while maintaining strong performance on the ego-agent. Metrics are reported on the
validation set.
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outperforms its ablated counterparts on scene-level minADE and minFDE. We expect this
at a theoretical level since the ego-centric formulation makes the independence assumption
that the scene’s future rollout can be decomposed as the product of the individual agent’s
future motion in isolation, as remarked in [14]. AutoBot does not make this assumption as it
forecasts the future of all agents jointly. We refer the reader to Appendix A.3.3 for additional
ablation experiments and qualitative results on this dataset.

4.5.4 Omniglot, Stroke-based Image Generation

To demonstrate the general efficacy of our approach to sequence generation, we demonstrate
AutoBots on a character completion task, a diverse alternative to automotive and pedestrian
trajectory prediction. We set up two different tasks on the Omniglot dataset [193]: (a)
stroke-completion task in which the model is presented with the first half of each stroke
and has to complete all of them in parallel and (b) character-completion task in which
the model is given several full strokes and has to draw the last stroke of the character.
In task (a), the model is trained on the entire Omniglot dataset (training set), in which
strokes are encoded as sequential sets of points, and we are comparing the performance of
AutoBot qualitatively against that of an LSTM baseline with social attention and discrete
latents (similar to AutoBot but with classic RNN architecture) on a held-out test set. With
the first task, we illustrate that our model is flexible enough to learn to legibly complete
characters from a variety of different languages. In task (b), we train AutoBot-Ego only
on characters “F”, “H”, and “Π” to demonstrate that our discrete latent variable captures
plausible character completions given the context of the other strokes, e.g. a character “F”
can be completed as an “H” when the top stroke is missing. The results of these experiments
can be found in Fig. 4.4. Implementation details and additional results can be found in
Appendix section A.3.5.

4.6 Related Work

Processing set structured data. Models of set-valued data (i.e. unordered collections)
should be permutation-invariant (see Appendix A.1 for formal definitions), and be capable
of processing sets with arbitrary cardinality. Canonical forms of feed forward neural net-
works and recurrent neural network models do not have these properties [49]. One type of
proposed solution is to integrate pooling mechanisms with feed forward networks to pro-
cess set data [205, 206, 207]. This is referred as social pooling in the context of motion
prediction [11, 12, 13]. Attention-based models [14, 15, 16, 17, 49] or graph-based mod-
els [103, 195, 201, 208] have performed well in set processing tasks that require modelling



47

Figure 4.4 Omniglot qualitative results. Left: stroke completion task. We show examples
of characters generated using AutoBot and an LSTM baseline. The first two columns show
the ground-truth image of the character and the corresponding ground-truth strokes. In this
task, the models are provided with the first half of all strokes (cyan) and are tasked with
generating the other half (pink). The four other columns show the generated future strokes,
one for each latent mode. We can see that AutoBot produces more consistent and realistic
characters compared to the LSTM baseline. Right: character completion task. We show two
examples of characters completed using AutoBot-Ego and an LSTM baseline. The first two
columns show the ground-truth image of the character as before. In this case, the models are
provided with two complete strokes and are tasked with generating a new stroke to complete
the character. We observe that AutoBot-Ego generates more realistic characters across all
modes, given ambiguous input strokes.
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high-order element interactions. In contrast, we provide a joint single pass attention-based
approach for modelling more complex data-structures composed by sets and sequence, while
also addressing how to generate diverse and heterogeneous data-structures. Although those
properties exist in concurrent motion prediction papers [14, 15, 16, 194, 209], our proposed
method is targeting a more general set of problems while still getting competitive results in
motion prediction benchmarks at a fraction of other models’ compute.

Diverse set generation. Generation of diverse samples using neural sequence models is an
important part of our model and a well-studied problem. For example, in [210] a variational
(CVAE) approach is used to construct models that condition on attributes for dialog gener-
ation. The CVAE approach has also been integrated with transformer networks [211, 212]
for diverse response generation. For motion prediction, [13] and [12] use a variational mecha-
nism where each agent has their own intentions encoded. [209] output Gaussian mixtures at
every timestep and sample from it to generate multiple futures. The most similar strategy
to ours was developed by [194]. Other recent works [14, 34] use continuous latent variables
to model the multiple actors’ intentions jointly. We built on this method by using one joint
transformer conditioned on the latent variables and added a maximum entropy likelihood
loss that improves the variability of the generated outcomes.

Sequential state modelling. We are interested in data that can be better represented as a
sequence. The main example of this is language modelling [48, 213], but also includes sound
[214], video [215], and others [216, 217]. For motion prediction, prior work has largely focused
on employing RNNs to model the input and/or output sequence [11, 12, 13, 14, 194, 195, 208,
209]. With its recent success in natural language processing, Transformers [48] have been
adopted by recent approaches for motion forecasting.[218] uses a graph encoding strategy for
pedestrian motion prediction. [219] and [204] propose a transformer-based encoding to predict
the future trajectories of agents separately. In contrast, AutoBots produces representations
that jointly encode both the time and social dimensions by treating this structure as a
sequence of sets. This provides reuse of the model capacity and a lightweight approach.
Concurrent to our method, [15], also jointly encodes social and time dimensions but flattens
both of those axis into a single dimension.

4.7 Conclusion

In this paper, we propose the Latent Variable Sequential Set Transformer to model time-
evolution of sequential sets using discrete latent variables. We make use of the multi-head
attention block to efficiently perform intra-set attention, to model the time-dependence be-
tween the input and output sequence, and to predict the prior probability distribution over
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the latent modes. We validate our AutoBot-Ego by achieving competitive results on the
nuScenes benchmark for ego-centric motion forecasting in the domain of autonomous vehi-
cles. We further demonstrate that AutoBot can model diverse sequences of sets that adhere
to social conventions. We validate that since our model can attend to the hidden state
of all agents during the generative process, it produces scene-consistent predictions on the
TrajNet++ dataset when compared with ego-centric forecasting methods.

Limitations. Our approach is limited to operate in a setting where a perceptual pipeline is
providing structured sets representing the other entities under consideration. If our approach
is used in a robot or autonomous car, any errors or unknown entities not captured by sets
used as input to the algorithm would not be modelled by our approach. Memory limitations
may also limit the number of sets that can be processed at any time. In future work, we plan
to extend this line of work to broader and more interpretable scene-consistency. Further,
we would like to investigate the combination of a powerful sequence model like AutoBot
with a reinforcement learning algorithm to create a data-efficient model-based RL agent for
multi-agent settings.
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CHAPTER 5 CONTROLLABLE DRIVING BEHAVIOUR SIMULATION
WITH OFFLINE REINFORCEMENT LEARNING

In the previous chapter, we showed how latent variable sequential set transformers can effec-
tively model multi-agent interactions, and can generate diverse and realistic future scenes.
In this chapter, we examine how real-world driving data can be leveraged to evaluate an
autonomous-vehicle (AV) planning stack, contrasting this with the classical simulation ap-
proach of replaying recorded logs. The latter results in unrealistic simulations that have
non-reactive agents or agents that are heuristically controlled using handcrafted rules. More
recent approaches employ generative models from real-world data but these may necessitate
costly iterative sampling to control and cannot effectively sample long-tail simulations. In
this chapter, we focus our attention on methods to better simulate other agents’ behaviour
with the goal of controllability and reactivity. To that end, we propose CtRL-Sim, a method
that leverages return-conditioned offline reinforcement learning to generate traffic agents’ be-
haviours. We start with real-world driving data that is processed through a physics-enhanced
Nocturne simulator to ensure the realism of state transitions. This results in an offline
RL dataset with multi-component reward annotations. Next, we train a return-conditioned
multi-agent behaviour model with a specific factorization of the joint distribution of actions,
returns and state-rollouts such that we can sample diverse and interesting behaviours at in-
ference time. We show that CtRL-Sim can generate realistic safety-critical scenarios while
providing fine-grained control over agent behaviours. The contributions of this chapter are:

1. We propose CtRL-Sim, which is to the best of our knowledge, the first mathemat-
ical framework applying return-conditioned offline RL for controllable and reactive
behaviour simulation. Specifically, CtRL-Sim uses exponential tilting of the factorized
return-to-go to control different axes of agent behaviour.

2. To enable multi-agent return-conditioned policy learning, we propose an autoregressive
multi-agent encoder-decoder Transformer architecture that models reactive interactions
among agents while conditioning on the factorized return-to-go.

3. We extend the Nocturne simulator [38] with a Box2D physics engine, which facilitates
realistic vehicle dynamics and collision interactions.
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5.1 Introduction

The planning stacks of autonomous vehicles have benefited greatly from recent research in
safe navigation of urban environments [220]. However, this progress is still limited to nominal
driving environments, where the behaviours of pedestrians and other drivers are expected.
With the goal of widespread adoption, it is imperative that we train and/or evaluate our
driving policies on long-tail scenarios. While simulation can be efficiently used to validate
the safety of a driving stack on long-tail scenarios, a core challenge with such simulators is
their ability to generate realistic and diverse driving behaviors of other agents while ensuring
their reactivity to the ego-agent’s (and other agents’) actions. An important aspect of a
simulator is agent controllability as it would allow designers to scale the evaluation efficiently
and ensure robustness to a spectrum of other agent behaviors.

One common solution to simulation is to fix other agents behaviours to those exhibited in
driving logs. However, this is clearly lacking the reactivity requirement, yielding unrealis-
tic interactions, and therefore, uninformative to the planning stack designers. To address
reactivity, other approaches have proposed rule-based policies [32, 33]. However, rule-based
policies will often lack diversity, and can be largely unrealistic due to heuristic rules. Gen-
erative models learned from real-world data have come to center-stage as they can greatly
enhance the realism of simulated agent behaviours[27, 34, 35, 36, 125, 130]. However, these
approaches still lack controllability [27, 34, 35] or require costly sampling procedures for
behavior control [36, 128, 130, 132, 133].

In this chapter, we propose CtRL-Sim to address the limitations of prior work. CtRL-Sim
utilizes return-conditioned offline reinforcement learning (RL) to enable reactive, closed-loop,
controllable, and probabilistic behaviour simulation within a physics-enhanced Nocturne [38]
environment. Our approach relies on using the physics-enhanced Nocturne environment to
replay scenarios from the Waymo Open Motion Dataset to curate an offline RL dataset.
We annotate this dataset with different reward terms including off-road rewards, vehicle-
to-vehicle collisions and reaching a goal. We then propose a return-conditioned multi-agent
autoregressive Transformer architecture [140] within the CtRL-Sim framework to imitate
the driving behaviours in the curated dataset. Since CtRL-Sim is fully probabilistic, we
leverage exponential tilting [40] as a mechanism to produce a spectrum of behaviors given
identical initial conditions. While Lee et al.[40] proposed this tilting in the realm of reward
maximization, we explore the full space including reward minimization to produce adversarial,
long-tail, behaviors. Figure 5.1 shows an overview of how the tilting mechanism of CtRL-Sim
is used to generate diverse behavior. As we depict in the figure, the controllable generation
relies on the use of a tilting coefficient for each reward component, circumventing any costly
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Figure 5.1 CtRL-Sim Overview [26]. CtRL-Sim allows for controllable agent behaviour
from existing datasets. This allows users to create interesting edge cases for testing and
evaluating AV planners.

iterative sampling approaches.

We demonstrate the effectiveness of CtRL-Sim at producing controllable and realistic agent
behaviors compared to prior methods. Furthermore, we show that finetuning the base models
on adversarial scenarios further enhances the controllability of adversarial behaviors while
maintaining realism. We believe that CtRL-Sim can serve as a useful framework for enhancing
the safety and robustness of AV planners by using the simulator for training and evaluation.

5.2 CtRL-Sim

In this section, we present the CtRL-Sim framework for behaviour simulation. We start by
introducing CtRL-Sim in the single-agent setting, and subsequently show its extension to the
multi-agent setting. Given the state of an agent st at timestep t and additional context (e.g.,
the road structure, the agent’s goal), the behaviour simulation model employs a driving policy
π(at|st,m, sG) and a forward transition model P(st+1|st, at) to control the agent through the
scene. Note that at is the action, m is the map context, and sG is the prescribed goal state. In
this work, we employ a physics-enhanced Nocturne simulator, providing a physically-realistic
forward transition model P . All we are missing is modeling the policy π(at|st,m, sG). The
desiderata for the policy, π, are that it should induce a distribution over trajectories that
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matches real driving behaviour and admits interpretable control over an agent’s behaviour,
enabling the generation of long-tail counterfactual scenarios.

5.2.1 Controllable Simulation via Offline RL

We consider the common offline RL setup where we are given a dataset D of trajectories
τi = {. . . , st, at, rt, . . .}, with states st ∈ S, actions at ∈ A and rewards rt. A potentially
unknown and possibly suboptimal behaviour policy, πB(at|st), is responsible for generating
this dataset of trajectories through its execution in a finite-horizon Markov decision process.
At any timestep t, we define the return-to-go as the cumulative sum of rewards collected from
that point until the end of the trajectory:

Gt =
T∑
t′=t

rt′ . (5.1)

The central goal of offline reinforcement learning is to learn a policy π that achieves perfor-
mance comparable to, or exceeding, the best behaviors demonstrated in the dataset D.

The primary insight of this work is the observation that offline RL can be an effective way
to perform controllable simulation. Specifically, at inference time, we can tilt the distribu-
tion over actions towards specific behaviours by adjusting the values of the return-to-go Gt.
This requires a different formulation of the policy such that it is conditioned on the return
π(at|st, Gt, sG)1. In Table 3.1, we present the different approaches that have been explored
in the Offline RL literature focusing on learning return-conditioned policies. Our approach
in this work is to model the joint distribution over returns and actions of an agent for a
given dataset. Specifically, we adopt a specific factorization which ensures that the policy is
conditioned on the return-to-go Gt,

pθ(at, Gt|st, sG) = πθ(at|st, sG, Gt)pθ(Gt|st, sG) (5.2)

We note that [139] found it helpful to also utilize a model-based return-conditioned policy,
whereby the future state is modelled as part of the joint distribution being learned. Gontier
et al. [139] showed that this objective provides a useful regularizing signal for the policy,
even though the future state prediction is not directly used at inference time. In this work,
we extend this approach to predicting the full future state rollout of the agent; this also

1Note that we omit the additional context m for brevity.
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provided a regularizing effect. The final distribution CtRL-Sim models is thus given by

pθ(st+1:T , at, Gt|st, sG) = pθ(st+1:T |st, sG, Gt, at)πθ(at|st, sG, Gt)pθ(Gt|st, sG) (5.3)

At inference time, we generate actions by first sampling returns Gt ∼ pθ(Gt|st, sG) and then
sampling actions at ∼ πθ(at|st, sG, Gt). One can observe that this vanilla sampling procedure
recovers the imitative policy since the model will be sampling likely returns under the learned
density of the data distribution. Following prior work in offline RL [40, 41, 139], we can also
sample actions from an exponentially-tilted policy distribution. This is done by sampling the
returns from the tilted distribution

G′
t ∼ pθ(Gt|st, sG) exp(κGt) (5.4)

with G′
t being the tilted return-to-go and where κ represents the inverse temperature; higher

values of κ concentrate more density around the best outcomes or higher returns, while
negative values of κ concentrate on less favourable outcomes or lower returns.

For maximal controllability, it is desirable to model the individual components of the reward
function rather than their weighted sum. For example, we would like to model an agent’s
ability to reach its goal, drive on the road, and avoid collisions. Formally, given C reward
components, our learned policy should be conditioned on all its factored dimensions; this
allows us to control each dimension of behaviour separately. This entails modelling separate
return components as Gc

t ∼ pθ(Gc
t |st, sG) for each return component c. Applying this factor-

ization, we can now rewrite the learned policy while explicitly accounting for the conditioning
on all return components,

πθ(at|st, sG, G1
t , . . . G

C
t ) (5.5)

At test time, each return component will be accompanied by its own inverse temperature κc

to enable control over each return component, which enables sampling actions that adhere
to different behaviours specified by {κ1, . . . , κC}, as shown in Algorithm 5 in Appendix B.1.

To implement our framework for multi-agent behaviour simulation, we extend the approach
presented above to the multi-agent setting. Across all agents we have sets of the joint states
St, goal states SG, actions At, and returns-to-go Gt. The final multi-agent joint distribution
we model is:

pθ(St+1:T ,At,Gt|St,SG) = pθ(St+1:T |St,SG,Gt,At)πθ(At|St,SG,Gt)pθ(Gt|St,SG), (5.6)
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where the returns and actions from the previous timesteps are shared across agents, while at
the present timestep they are masked out so one can only observe one’s own current return
and action.

5.2.2 Multi-Agent Behaviour Simulation Architecture

In this section, we aim to parametrize the multi-agent joint distribution presented in Equation
(5.6) for behaviour simulation within the CtRL-Sim framework To that end, we propose an
encoder-decoder Transformer architecture [30], as illustrated in Figure 5.2 where

• The encoder creates a representation of the initial scene, which consists of the initial
agents’ states and the map of the environment.

• The decoder autoregressively generates the multi-agent scene rollout, predicting actions
and return-to-go values.

Encoder

We are given the initial joint state of all agents in the scene, S0 as well as their goals SG,
and the map context m. Each agent i’s initial state sit is composed of its position, velocity,
heading and agent type (e.g., vehicle, cyclist, pedestrian), and is encoded using an MLP.
The goal state of this agent, siG, is composed of the ground-truth final position, velocity and
heading of the agent, and is also encoded using a (different) MLP. We then concatenate these
two embeddings and pass them through a linear layer to obtain a final agent embedding of
size d. In order to encode agents’ identities throughout the simulation, we employ learnable
positional embeddings which are added to the final agent embeddings.

The map context is represented as a set of road segments m := {rl}Ll=1, where each road
segment is defined by a sequence of points rl := (p1

l , . . . p
P
l ), where L is the number of

road segments and P is the number of points per road segment. We apply a per-point
MLP to the points of each road segment rl. To produce road segment-level embeddings,
we then apply attention-based pooling [221] on the embeddings of the points within each
road segment, yielding L road segment embeddings of size d. The initial agent embeddings
and road segment embeddings are then concatenated into a sequence of length N + L and
processed by a sequence of E Transformer encoder blocks.
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(a) Model Overview (b) Inference Time Forward Pass

Figure 5.2 CtRL-Sim Architecture [26]. 5.2a (left) The agent and map data at t = 0
are encoded and fed through a Transformer encoder as context for the decoder, similar to
[27]. Trajectories are arranged first by agents, then by timesteps, embedded, and fed through
the decoder. For each agent, we encode (st, Gt, at) (i.e. state, return-to-go, action) and we
predict from these (Gt, at, st+1, . . . , sT ). 5.2b (right) At inference time, the state predicts the
return-to-go. The return-to-go is tilted (i.e., reweighted to encourage specific behaviors) and
is used to predict the action, which in turn is used to predict the next states.

Decoder

We propose a decoder architecture tailored for modelling the joint distribution in Equation
(5.6) as a sequence modelling problem. That is, we model the probability of the next token in
the sequence conditioned on all previous tokens, pθ(xt|x<t) [140]. In this work, our problem
can be referred to as a sequential set [18] where our sequences are of the form,

x = ⟨. . . , (s1
t , s

1
G), (G1,1

t , . . . , GC,1
t ), a1

t , ..., (sNt , sNG ), (G1,N
t , . . . , GC,N

t ), aNt , . . . ⟩ (5.7)

where sit, siG, and ait correspond to the state, goal, and action of agent i at timestep t,
and Gc,i

t corresponds to the c’th factored return component for agent i at timestep t. We
note the connection of such sequences to the ones considered in the Multi-Game Decision
Transformer [40], but extended to the multi-agent and goal-conditioned case. In contrast
to the Decision Transformer [140], CtRL-Sim’s architecture predicts the return distribution
and samples from it at inference time. We argue that this enables flexible control over the
agent behaviours and circumvents the need to specify an expert return-to-go. Moreover, this
should ensure that samples remain likely under the data distribution. We obtain state-goal
tuple (sit, siG) embeddings in the same way that (s0, sG) are processed in the encoder.

Following recent work that tokenizes driving trajectories [27, 222], we discretize the actions
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and return-to-go values into uniformly quantized bins. We then embed the action and return-
to-go tokens with a linear embedding. To each input token, we additionally add two learn-
able embeddings representing the agent identity and timestep, respectively. The tokenized
sequence is then processed by D Transformer decoder layers with a temporally causal mask
that is modified to ensure that the model is permutation equivariant to the agent ordering.
We refer the reader to the Appendix B.5 for details.

Training

Given a dataset of offline trajectories (e.g., ones from Section 5.3), we train CtRL-Sim by
sampling sub-sequences of length H × N × 3, where H is the number of timesteps in the
context. The state, return-to-go, and action token embeddings output by the decoder are used
to predict the next return token, action token, and future state sequence, in that order. This
allows us to sample these values while respecting the decomposition of the joint distribution
of Equation (5.6). The final loss function is of the form:

L = Laction + Lreturn-to-go + αLstate (5.8)

where Laction and Lreturn-to-go are cross-entropy loss functions, α controls the strength of the
auxiliary state prediction loss, and Lstate is an L2 loss function.

Figure 5.3 Qualitative results of multi-agent simulation with CtRL-Sim [26]. The
teal agents are controlled by CtRL-Sim, and other agents in pink are set to log-replay through
physics.
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5.3 Experiments

5.3.1 Experimental Setup

In this section, we present the details of the dataset used in our experiments, the evaluation
metrics, and the baselines we compare to CtRL-Sim .

Offline RL Dataset

Based on the Waymo Open Motion Dataset (WOMD) [223], we derive a multi-agent offline
reinforcement learning dataset. To accomplish this, we extend the Nocturne simulator [38]
by incorporating a physics engine based on the Box2D library. As detailed in Appendix
B.2.1, this allows us to simulate realistic vehicle dynamics and collisions. Each scene in the
WOMD is played back through the physics-enhanced Nocturne simulator, computing the
per-timestep actions and factored rewards for each agent. The factored rewards we consider
in this work are

• a goal position reward, if an agent is within one meter of its goal. The goal is defined
as the final ground-truth position.

• a vehicle-vehicle collision reward, measured if an agent collides with another agent.

• a vehicle-road-edge collision reward, measuring if an agent drives off the road.

The action space is defined by a tuple of the acceleration and steering angle of the vehicle.
Similarly to Nocturne [38], we omit scenes containing traffic lights since these are inaccurate in
that version of the dataset, and exclude pedestrians and cyclists from the training scenes. As
shown in Table 5.1, scenes played back through the physics-enhanced simulator reconstruct
adequately the ground-truth scenes, as recorded in the dataset. We provide more details in
Appendix B.2.2.

Evaluation

We evaluate CtRL-Sim on (i) imitation, its ability to imitate the behaviour policy that gen-
erated the Waymo Open Motion driving data, and (ii) controllability, its ability to generate
counterfactual scenes consistent with specified tilting coefficients. Following the standard
Waymo Open Sim Agents Challenge (WOSAC), we adopt the 1-second history given to the
model, and simulate the next 8 seconds for all agents. In addition, we run all our evaluations
on 1,000 random scenes from the test set. For the imitation evaluation, we compute the



59

relevant metrics for up to 8 agents controlled by CtRL-Sim, where the remaining agents are
set to log-replay through physics. We employ the same three main categories of metrics as
reported by [130] for evaluating imitation performance:

1. Reconstruction: these include average and final displacement errors, and goal success
rate.

2. Distributional Realism: these use the Jensen-Shannon distances (JSD) between the
predicted trajectories and ground-truth.

3. Common Sense: these include the rate at which scenarios include instances of collisions
or agents veering off the driveable area.

For the controllability experiments, we define one "interesting" interactive agent controlled
by the CtRL-Sim agent as an agent who is moving, and whose goal state is within 10 meters
of another moving agent. All agents except for the CtRL-Sim-controlled interesting agent are
set to log replay through physics. We measure the model’s sensitivity to changing the tilting
values of the different reward components and report the corresponding metric. Specifically,
we report the goal success rate for the goal reward control, collision rate for the vehicle-vehicle
reward control, and offroad rate for the vehicle-road-edge reward control.

Methods under Comparison

For our imitation evaluation, we compare CtRL-Sim to several baselines which have been
proposed in the literature. These include:

1. Replay-Physics employs an inverse bicycle model to obtain the ground-truth log-replay
actions and executes through the simulator. This should recover the ground-truth (GT)
trajectory closely as it replays it.

2. Actions-Only is an encoder-decoder model inspired by Trajeglish [27] where the decoder
trajectory sequences only contain actions. We note that there is a significant difference
with Trajeglish as we do not use the k-disks algorithm for actions.

3. Imitation Learning (IL) is identical to the architecture in Section 5.2.2 except with the
removal of returns and the future state prediction.

4. Decision Transformer (DT): The GT Initial Return variant specifies the initial ground-
truth return-to-go from the offline RL dataset, with the goal of acting as an imitative
policy. This approach is privileged because it uses the GT initial return.
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5. Max Return follows the standard DT approach of selecting the maximum observable
return in the dataset. The DT architecture is identical to that of CtRL-Sim except
the return token precedes the state token, and the returns and future states are not
predicted by the decoder.

6. CTG++ is a reimplementation of [132], a competitive Transformer-based diffusion
model for behaviour simulation.

For CtRL-Sim ablations, we evaluate several variants:

1. CtRL-Sim (Base) as the base CtRL-Sim as described in Section 5.2, trained on the
offline RL dataset.

2. A CtRL-Sim model which is trained without the state prediction head, named CtRL-
Sim (No State Prediction).

3. CtRL-Sim (Positive Tilting) applies κc = 10 tilting to all components c of the CtRL-Sim
Base model.

4. CtRL-Sim (GT Initial Return) which uses the ground-truth initial return-to-go, and at
each timestep decrements the obtained reward from the initial return-to-go until the
episode terminates.

In evaluating CtRL-Sim for controllability, we focus on the base model and a finetuned
version of the model, (named CtRL-Sim FT ). Using CAT [224] for collision generation, we
finetune a pre-trained base CtRL-Sim model on synthesized long-tail scenarios. We show
that this step allows for better controllability as the WOMD’s driving distribution mainly
covers nominal driving behaviours. We refer readers to Appendix B.7 for details of CAT and
our proposed finetuning procedure.

5.3.2 Results

Imitation

In Table 5.1, we showcase the general imitation results of the baselines and CtRL-Sim.
Firstly, we observe that CtRL-Sim models tend to perform competitively against other imi-
tation baseline methods. The CtRL-Sim (Positive Tilting) model achieves the best balance
between distributional realism, reconstruction performance and common sense. Its strong
performance on the common sense metrics demonstrates the effectiveness of exponential tilt-
ing for generating good driving behaviours. Secondly, we note that while imitation learning
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ADE FDE Goal Success JSD Collision Off Road Per Scene
Method (m) ↓ (m) ↓ Rate (%) ↑ (×10−2) ↓ (%) ↓ (%) ↓ Gen. Time (s) ↓
Replay-Physics∗ 0.47 0.97 87.3 7.6 2.8 10.7 1.1
Actions-Only [27] 4.81±0.52 11.89±1.42 32.7±1.4 10.4±0.3 19.9±1.2 27.6±1.0 3.3
Imitation Learning 1.24±0.05 1.95±0.10 77.4±1.3 8.3±0.1 5.8±0.2 12.1±0.2 3.4
DT (Max Return) [140] 1.56±0.04 3.07±0.16 63.3±0.8 8.4±0.1 5.3±0.3 11.0±0.2 20.7
CTG++† [132] 1.73±0.10 4.02±0.32 38.8±5.4 7.4±0.2 5.9±0.4 15.0±1.5 44.0
CtRL-Sim (No State Prediction) 1.32±0.03 2.21±0.06 72.4±0.8 8.2±0.2 6.1±0.4 12.0±0.3

CtRL-Sim (Base) 1.29±0.04 2.13±0.08 73.0±1.3 8.1±0.2 5.8±0.4 11.8±0.2 8.2
CtRL-Sim (Positive Tilting) 1.25±0.03 2.04±0.08 72.9±1.5 7.9±0.1 5.3±0.2 11.0±0.2

DT∗ (GT Initial Return) 1.10±0.02 1.58±0.07 77.5±1.5 8.4±0.1 5.3±0.3 11.9±0.3 20.8CtRL-Sim∗ (GT Initial Return) 1.09±0.02 1.60±0.06 77.2±1.1 8.1±0.2 5.6±0.4 12.2±0.1

Table 5.1 Multi-agent simulation results over 1000 test scenes [26]. We report
mean±std across 5 seeds. CtRL-Sim achieves a good balance between reconstruction per-
formance, common sense, realism, and efficiency. ∗ indicates privileged models requiring GT
future. † indicates reimplementation.

(IL) performs similarly to CtRL-Sim and has better inference time (since it decodes fewer
tokens), a major disadvantage is its lack of controllability. While DT (Max Return) exhibits
strong performance on the common sense metrics, it performs poorly on the reconstruction
metrics compared to CtRL-Sim models. Finally, we also confirm that the prediction of the
future state rollout, i.e., CtRL-Sim (Base), performs (slightly) better than CtRL-Sim (No
State Prediction) baseline across all metrics.

Controllability

One of the two main objectives of CtRL-Sim is intuitive controllability over agents’ be-
haviours. This is enabled through exponential tilting of the return distributions of the indi-
vidual components. While DT can in theory generate suboptimal behaviours by specifying
low initial return-to-go values, we argue that a user would have difficulty in calibrating this
value as it demands prior knowledge of the problem domain and lacks an intuitive knob for
smooth behaviour changes. As discussed in Section 5.2, CtRL-Sim provides a clear interpre-
tation and smooth knob over behaviours in the form of exponential tilting:

• A negative tilt will push the behaviour distribution towards worse than average be-
haviours observed in the data.

• Conversely, a positive tilt will yield behaviours better than the average.

We show the results of our controllability evaluation in Figure 5.4. For each reward dimension
c, we exponentially tilt κc between -25 and 25 and observe how this affects the corresponding
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Figure 5.4 Effects of exponential tilting [26]. Comparison of CtRL-Sim base model
(magenta) and fine-tuned model (purple) across different reward dimensions. Rewards range
from -25 to 25 for vehicle-vehicle collision (left), vehicle-edge collision (middle), and goal
reaching (right). Results show smooth controllability, with fine-tuning enhancing this effect.
We report mean±std over 5 seeds.

Planner Metrics Adversary Realism
Progress Coll. w/ Adv. JSD Coll. Speed

Adv. Method Tilt Reactive? Control? (m) ↓ (%) ↑ (×10−2) ↓ (m/s) ↓
CAT ✗ ✗ 53.3 61.4 18.7 6.9

CtRL-Sim −10
✓ ✓

57.5±0.1 10.0±0.5 10.8±0.3 7.4±0.5

10 57.7±0.1 8.7±0.5 10.3±0.5 8.3±0.6

−10 56.1±0.2 33.8±1.9 17.4±0.6 6.3±0.2

CtRL-Sim FT 10 ✓ ✓ 57.1±0.1 18.5±1.6 12.6±0.7 6.1±0.2

50 57.4±0.2 12.8±0.2 15.6±1.2 6.0±0.3

Table 5.2 Adversarial scenario generation results over 1000 test scenes [26]. We
report the mean±std over 5 seeds for the CtRL-Sim models. Finetuning CtRL-Sim on CAT
data improves the ability to generate adversarial scenarios compared with the base CtRL-Sim
model. Compared with CAT, CtRL-Sim is reactive and controllable, while exhibiting better
collision realism.

metric of interest. We also show the results of DT when conditioning on the minimum and
maximum possible return.

As we hypothesized, we observe a monotonic change in each of the relevant metrics cor-
responding to the return-to-go component as the tilting value increases. We note the im-
portance of the fine-tuning procedure of CtRL-Sim on long-tail scenarios as it enhances the
overall policy’s ability to generate negative long-tail scenarios. Specifically, at -25 tilting,
the finetuned model is able to generate 2.1× as many collisions and 1.8× as many offroad
violations as the base model. Figure 5.5 (and B.1, B.2 in Appendix B.8) show qualitatively
the effects of tilting.
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Effects on a Planner

In this section, we focus on CtRL-Sim’s ability to produce adversarial agents that interact,
and possibly collide, with a data-driven planner. Table 5.2 shows the results on a held-out
test set of two-agent interactive scenarios from the Waymo interactive dataset. In this setting,
one agent is controlled by the adversary policy while the other is controlled by the data-driven
planner. We note that the data-driven planner in our experiments is a positively tilted CtRL-
Sim base model, since it exhibited good driving behaviour in Table 5.1. For the adversarial
policies, we evaluate both the base and the finetuned CtRL-Sim models. With -10 tilting
applied, the finetuned model generates 238 more collisions with the planner than the base
model over 1000 scenes, which we attribute to its exposure to simulated collision scenarios
during finetuning. We note that finetuning was performed in only 30 minutes on a single
NVIDIA A100-large GPU, with only 3500 CAT scenarios. This showcases the potential for
scaling CtRL-Sim on new data sources through finetuning, which would enable generation of
a wide-range of driving behaviours. While CtRL-Sim does lose some of its ability to generate
good driving behaviours compared to the base model, we can see that, with a +50 tilting
value, the model can reduce its collision rate with the planner by 21.1%.

We also compare CtRL-Sim against a state-of-the-art collision generation method, CAT [224],
which uses a motion prediction model to select plausible adversarial trajectories that overlap
with the ego plan. Although CAT generates more collisions, it has two major shortcomings.
Firstly, CAT is not controllable; it cannot control how adversarial the agents are. Secondly,
and crucially, CAT agents are non-reactive to the ego’s actions; their trajectories are gener-
ated and fixed prior to the simulation, which greatly hinders their ability for wide adoption.
This is evidenced by a larger adversary collision speed than all finetuned CtRL-Sim models.

Vehicle-Vehicle Tilting

Positive TiltingNegative Tilting

Vehicle-Edge Tilting

Positive TiltingNegative Tilting

Figure 5.5 Qualitative results of vehicle-vehicle and vehicle-edge tilting [26]. Two
traffic scenes comparing positive vs. negative tilting of a CtRL-Sim-controlled agent (shown
in teal). Bounding boxes in red indicate traffic violations. Other agents are log-replay through
physics, with interacting agents in pink. Goals are marked by small circles.
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5.4 Conclusion

In this chapter, we presented CtRL-Sim, a novel framework applying offline RL for control-
lable and reactive behaviour simulation. Our proposed multi-agent behaviour Transformer
architecture allows CtRL-Sim to employ exponential tilting at test time to simulate a wide
range of agent behaviours. We presented experiments showing the effectiveness of CtRL-Sim
at producing controllable and reactive behaviours, while maintaining competitive perfor-
mance on the imitation task compared to baselines.

Limitations The learned policies produced by CtRL-Sim in its current form may make
large-scale RL training on CtRL-Sim scenarios prohibitively expensive. However, we believe
that further optimizations of the model and simulator such as exploring more compact mod-
els, utilizing model quantization or Flash Attention [225], reducing the planning frequency,
or making the simulator GPU-accelerated [28] can further improve the inference latency. In
addition, an interesting extension to CtRL-Sim is to condition the policy on language de-
scriptions of what happens in the scenario [132]. We leave these extensions for future work.
In addition, CtRL-Sim is a data-driven approach that relies on the map information and
initial agent configuration. We believe that for large-scale data-driven simulation, we will
need models that can synthesize the entire scenario, including the initial scene. We propose
an approach in the next chapter.

Finally, Table 5.1 highlighted that the usage of privileged GT initial return information
provides a strong prior for simulated rollouts. We argue that this observation points to a key
limitation of CtRL-Sim: the factorization of the return components assumes an independence
that is not necessarily true. Specifically, CtRL-Sim treats the return-to-go distributions as
follows:

pθ(Gcoll
t , Ggoal

t , GoffRoad
t |st, sG) =

∏
k∈{coll,goal,offRoad}

pθ
(
Gk
t | st, sG

)
, (5.9)

However, we note that these components are coupled by shared dynamics and absorbing
events which violate this independence assumption. For example, aggressive maneuvers can
increase the likelihood of reaching the goal, but this would co-vary with higher collision
probability and/or off-road risk. In general, there exists a small set of latent factors (e.g.,
scene difficulty, road geometry, traffic density) that would jointly modulate these rewards in
a more faithful manner; we leave the exploration of such factors to future work.
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CHAPTER 6 SYNTHESIZING INITIAL SCENES FOR FULLY
DATA-DRIVEN SIMULATION

In the previous chapter, we presented our CtRL-Sim framework for modelling reactive and
controllable behaviour simulation. One of its limitations is its reliance on the pre-recorded
initial scene configurations, limiting our ability to scale training and evaluation to new en-
vironments. Prior work for synthesizing initial scene configurations employed rasterization
of the vectorized map, and modelled the data distribution with the parameter-heavy image-
based diffusion models. In this chapter, we introduce a novel vectorized latent diffusion
model for initial scene generation that directly operates on the vectorized scene elements.
We demonstrate that this vectorized scene-generation approach attains superior generation
quality while using fewer parameters, offering substantially lower generation latency, and re-
quiring markedly fewer GPU-hours for training than the strongest image-based approaches.
Moreover, we show that the model’s training can be extended to allow it to learn how to
inpaint; this allows us to extrapolate to generating large scenes. Combining this proposed
initial scene generation and CtRL-Sim from Chapter 5, we propose Scenario Dreamer, a fully
data-driven closed-loop generative simulator that supports training and evaluation of existing
AV planners. We validate its practical utility by showing that pretrained PPO agents struggle
more in Scenario Dreamer-generated environments than in traditional non-generative simu-
lators, with the gap widening on long routes and adversarial scenarios. The contributions of
this chapter are:

1. We introduce a novel vectorized latent diffusion model for initial scene generation. It
offers practical computational advantages as well as produces better quality over prior
methods that utilize a rasterized scene encoding.

2. Combining the vectorized latent diffusion model with CtRL-Sim from Chapter 5, we
present Scenario Dreamer, a fully data-driven generative simulator for autonomous
driving planning.

3. We show that Scenario Dreamer environments challenge RL planners, especially on
long and adversarial driving environments.

The contents of this chapter make reference to content from the following publication:

L. Rowe, R. Girgis, A. Gosselin, L. Paull, C. Pal, and F. Heide, “Scenario dreamer:
Vectorized latent diffusion for generating driving simulation environments,” CVPR,
pp. 17 207–17 218, 2025 (© 2025 IEEE)
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6.1 Introduction

Simulators are essential for the safe and scalable deployment of autonomous vehicles (AVs)
[72, 73, 226, 227]. They play a key role in exposing AV planners and policies to rare and
hazardous conditions, and therefore can lower the overall testing costs and ensure robustness.
Although simulators have become much faster and more realistic recently, they remain largely
reliant on pre-recorded driving logs [43, 86, 87], which mostly consist of nominal driving
behaviours. As we saw in Chapter 5, offline reinforcement learning can be an effective way
of extracting long-tail behaviours grounded in real-world logs. In this chapter, we argue that
the reliance on driving logs is fundamentally limiting for a few reasons.

Firstly, the average person drives each year roughly 22, 000 km [228] while the Waymo
Open Motion dataset (WOMD;[223]), which is used in GPUDrive[87], Waymax[43] and
Nocturne[38] simulators, only covers 1, 750 km of unique roads. As noted by Cusumano
et al. [229], the WOMD maps are small and are composed of incomplete road networks con-
structed from several US cities. In order to support scalable driving policies, it is imperative
that we expose planners and driving policies to a wider range of road geometry, which we
cannot necessarily obtain through recorded logs unless one has access to a costly network of
data collectors. While OpenStreetMap [230] provides broad geographic coverage, its maps
are often too coarse for high-fidelity simulation, lacking reliable lane-level geometry, traffic-
control detail, and dynamic context; moreover, relying on existing maps or logs still requires
searching for rare structures, such as roundabouts, rather than directly generating targeted
road configurations. While one could in theory send data collectors to record and annotate
logs from said desirable road structures, we argue that generative models provide a more
efficient solution.

The second problem is the lack of adversarial agents within them. While there has been
a recent surge of methods for long-tail behaviour simulation [26, 128, 224], one is always
limited by the data distribution. For example, in our CtRL-Sim work [26], while one can
simulate adversarial behaviours through exponential tilting, we find that this approach can
easily lead to degenerative behaviours where agents seek to collide rather than collisions
happening “organically". When a road accident happens, it is likely the case that it was
due to an error of judgment rather than the colliding agent seeking to cause a crash. Many
existing approaches tackle the problem of long-tail scenario generation with realism in mind
[68, 128].

Finally, safety validation of autonomous vehicle planners in simulation requires simulation
of billions of miles of diverse driving experiences[231, 232]. It is important to know how an
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agent would interact with other agents it shares the road with for extended periods. Current
approaches to data-driven behaviour simulators are bounded by the length of the driving
logs, which are usually less than 30 seconds. This inhibits progress in supporting scalable
training and evaluation of autonomous vehicles. Ideally, agents are placed in infinitely large
simulated worlds where they are allowed to drive for long stretches, providing autonomous
driving companies with valuable data on how the autonomy stack behaves in the simulated-
wild.

In this Chapter, we present a first step towards a simulation framework that solves all three
of the problems listed above. Our solution, called Scenario Dreamer [44], is a framework for
synthesizing new road structures in which we can simulate agents. Recent work has shown
the successful usage of diffusion generative models for synthesizing driving environments
comprised of bird’s eye view (BEV) agent bounding boxes and lane graph [92, 93]. However,
these methods encode the driving scenes as rasterized BEV images, which makes them un-
necessarily costly as compute is wasted on empty pixels in the scene [92, 93]. Furthermore,
these approaches do not directly address the problem of fully data-driven agent behaviours
within the simulation environments: [93] employs unrealistic rule-based models, while [92]
only generates short, non-reactive agents rollouts.

Scenario Dreamer [44] is a fully data-driven generative simulator to train and evaluate au-
tonomous driving planners. We decompose the data-driven simulator into two separate con-
ceptual components. The first focuses on the initial scene generation problem including the
state of all agents in the scene and the road structure within a field-of-view (FOV). For this,
we propose a vectorized latent diffusion model that operates on vectorized scene elements
directly. We show that this approach is more efficient than rasterization for the problem of
initial scene generation and offers higher quality scene extrapolation in dense road geome-
tries. Furthermore, thanks to the vectorized representation, we can explicitly control scene
density by specifying the number of lanes and agents within a given field of view (FOV).
Learning to generate the map in a vectorized manner allows us to learn and use the lane
graph connectivity, eliminating the need for post-processing heuristics used by sledge [93].

The second component of Scenario Dreamer tackles the problem of behaviour simulation
where we build on CtRL-Sim [26] from Chapter 5. Equipped with our behaviour simula-
tion approach, we inherit the advantages associated with exponential tilting [26, 40] which
enable test-time control for generating safety-critical scenarios. Both models are trained sepa-
rately on real-world driving data. We show that Scenario Dreamer provides more challenging
environments for RL planning agents, trained in GPUDrive [87], compared to existing non-
generative environments. This work unlocks the ability to synthesize a limitless quantity of
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unbounded and interactive safety-critical environments, which we hope stimulate future au-
tonomous driving planning research. Through its inpainting, we show that Scenario Dreamer
can also generate large maps, extending beyond the original FOV.

6.2 Proposed Framework

We approach generative driving simulation by decomposing it into initial scene generation
and behaviour simulation. This section details our initial scene generator trained on real-
world data, followed by a generative simulation framework for closed-loop evaluation of AV
planning agents. Initial scene generation produces BEV object bounding boxes and the map
within a fixed FOV. Following [93], we use a 64m×64m FOV centered and yaw-aligned to the
ego. Let F denote this region, and let FP and FN be the 32m×64m areas ahead of and behind
the ego, respectively. A scene generator samples initial scenes IF = {O,M} from p(IF ). Here
O = {oi}No

i=1 contains traffic participants (e.g., ego, vehicles, pedestrians, cyclists) and static
objects (e.g., cones); each oi ∈ R8 stores 2D position, speed, cos / sin heading, length, width,
and class. We represent the map as M = {L,A}, following [93], where L = {li}Nl

i=1 are
Nl centerlines with li ∈ R20×2, and A ∈ {0, 1}Nl×Nl×4 encodes successor, predecessor, left,
and right adjacency. To support arbitrarily long simulations, the generator also samples
p(IFP

| IFN
), enabling stitching of new FP to existing FN (see Figure 6.3).

6.2.1 Vectorized Latent Diffusion for Initial Scene Generation

Our goal is to model data-generating distribution of the initial scene, p(IF ). We pro-
pose learning an approximation from real-world driving scenes using a diffusion model,
p̃(IF ) ≈ p(IF ). Diffusion models have shown strong capability in capturing highly com-
plex distributions such as generating images or video [233, 234]. In this chapter, we approach
this problem using a two-stage training process: (1) we learn a compact latent representation
of the No objects, {hO

i }No
i=1, and the Nl centerlines, {hL

i }
Nl
i=1, through a low-β variational

autoencoder [235]; (2) we train a diffusion model to sample from the latent distribution
p(H) := p({hO

i }No
i=1, {hL

i }
Nl
i=1). We refer the reader to Chapter 2 for our presentation on both

components. Figure 6.1 presents an overview of our architecture.

Autoencoder

The autoencoder is based on Transformer blocks [236] for the encoder Eϕ and decoder Dγ.
These operate directly on vectorized scene elements, unlike [93] which rasterizes the scene.
The encoder embeds the No + Nl vectors with per-vector MLPs and embeds one-hot lane-
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Figure 6.1 Overview of initial scene generation with our vectorized latent diffusion
model [44]. Left: Each vectorized scene element is embedded into a latent representation
with a variational autoencoder parameterized with factorized attention blocks. The lane
attention additionally fuses the lane connectivity information, A. The latent Transformer
diffusion model ϵθ is trained to sample from the autoencoder’s latent distribution. Right:
Scenario Dreamer samples novel driving scenes by randomly initializing No +Nl noise tokens
which are iteratively denoised with ϵθ over T steps and decoded into vectorized scene elements.
The ego vehicle is denoted in red, with other agents colored in blue and pedestrians in
purple. (© 2025 IEEE)

connectivity types cij for all centerline pairs (i, j). It then applies NE factorized atten-
tion blocks for lane-to-lane, lane-to-object, and object-to-object relationships with dedicated
multi-head attention layers [109, 110, 237], as in Chapter 4. The lane-to-lane attention layers
are responsible for capturing spatial relationships between different centerline segments, and
they fuse the connectivity embeddings into keys/values. The lane-to-object attention layers
inject map context into the object embeddings, and object-to-object attention layers capture
inter-object relationships. The output of the encoder, Eϕ, maps lanes and objects latent em-
beddings into compressed latent dimensions Kl and Ko with mean/variance parameterization
as in a VAE [238] from Chapter 2. An important feature of the encoder is its avoidance of
object-to-lane attention layers, effectively ensuring that lane latents are independent of ob-
ject features; this enables lane-conditioned object generation at inference. The decoder Dγ
samples latents

{
{hO

i }No
i=1, {hL

i }
Nl
i=1

}
∼ Eϕ, processes them through ND factorized attention

blocks, and reconstructs continuous lane/object vectors with an ℓ2 loss. The lane connectiv-
ity is predicted by concatenating the embeddings of lane-pairs and applying an MLP with
cross-entropy supervision. Training uses the standard ELBO with low-β regularization.
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Figure 6.2 Qualitative results of Vectorized Environment Generation [44]. Vec-
torized environments generated by Scenario Dreamer with the proposed vectorized latent
diffusion model trained on the Waymo dataset (top row) and nuPlan dataset (bottom
row). (© 2025 IEEE)

Latent Diffusion Model

We train a latent diffusion model to sample from the latent distribution induced by the
autoencoder, p(H), which we factorize as:

p(H) =
∑
No,Nl

p({hO
i }No

i=1, {hL
i }

Nl
i=1|No, Nl)p(No, Nl). (6.1)

≈
∑
No,Nl

pθ({{hO
i }No

i=1, {hL
i }

Nl
i=1}|No, Nl)p(No, Nl) (6.2)

where p(No, Nl) is approximated with training set statistics, and we approximate p(H) as
p(H) ≈ pθ(H). We model the conditional distribution pθ(·|No, Nl) with a diffusion model
with weights θ, which samples No object latents and Nl lane latents for the autoencoder’s
decode to use. Unlike image-based models, we deal with variable set sizes; pθ is designed
with a customized transformer architecture which employs AdaLN-Zero conditioning [239].
Similarly to the general theme of this thesis, this architecture is composed of a sequence of
NDM factorized attention blocks (illustrated in Figure 6.1), which are composed of object-
to-lane, lane-to-lane, lane-to-object, and object-to-object attention layers. This factorized
processing approach allows each layer to model the layer-specific interactions while allowing
for different hidden dimensions for object and lane tokens for an efficient design. That is,
since the road geometry requires a high level of spatial reasoning and detail compared to the
object tokens, we set a larger hidden dimension for the lane latents, while object tokens are
represented with a smaller dimension. We employ the standard DDPM objective to train pθ,
where pθ is parameterized as a noise-prediction network ϵθ that learns to predict the noise of
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noised lane and object latents at varying noise levels:

Ldm = EHt,ϵt∼N (0,1),t

[
∥ ϵt − ϵθ(Ht, t) ∥2

2

]
,

where Ht denotes a stacked tensor of No object latents and Nl lane latents that is noised
over t forward diffusion steps with noise vector ϵt := (ϵL, ϵO) containing both the object and
lane noise vectors. We refer readers to the Appendix for more details.

Addressing Permutation Ambiguity

One issue with Vectorized diffusion is the phenomenon called permutation ambiguity [106]:
when vector elements are excessively noised during training, e.g., with large t values, they lose
the underlying structure such that the model cannot correctly determine the permutation
of the ground-truth signal. In image-based transformer diffusion approaches (e.g., DiT),
positional encodings are applied to different grid patches. In a similar vein, we address
permutation ambiguity by introducing sinusoidal positional encodings to latent tokens ahead
of the factorized attention blocks. Our positional encoding scheme involves defining an
ordering of the tokens (per token type) during training. This allows the model to better
infer a noised token’s relative spatial position and thus the ground-truth signal toward which
it should regress. To achieve this, we propose a recursive ordering procedure: Specifically,
our positional encoding follows a recursive procedure: tokens are ordered by minimum x-
value, and if x-values differ by less than ϵ meters, they are subsequently ordered by minimum
y-value, then maximum x-value, and finally maximum y-value. This design choice has the
useful byproduct of facilitating inpainting: tokens in IFN

form a contiguous subsequence of
ordered tokens that precede those in IFP

, recalling that FN and FP are the regions behind
and ahead of the ego-agent.

Scene Generation Modes

Our proposed vectorized latent diffusion model supports multiple modes of scene generation
within a single trained model:

1. Initial scene generation. To sample 64m×64m scenes from p(IF ), our vectorized la-
tent diffusion model first samples (No, Nl) ∼ p(No, Nl) from the joint distribution found
in the training data, with dataset-dependent limits on No and Nl to ensure realistic
scene density. A user can also exhibit a bit of control over the scenes being generated
by manually specifying (No, Nl). After setting (No, Nl), latents {hO

i }No
i=1, {hL

i }
Nl
i=1 are
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sampled using the diffusion model over T = 100 reverse diffusion steps, followed by a
single inference call to the Autoencoder’s decoder, Dγ, for the final vectorized scene
elements.

2. Lane-conditioned object generation. To sample object bounding boxes O condi-
tioned on a known map M, we first encode the vectorized elements of a road map M
using the autoencoder’s encoder, Eϕ. We then sample No ∼ p(No|Nl) object latents
from the diffusion model; these are diffused while being conditioned on the encoded
map latents at each denoising timestep. The generated object latents can be decoded
into object bounding box configurations with the autoencoder’s decoder, Dγ.

3. Scene inpainting In order to sample the area in front of the ego conditioned on the
area behind the ego, p(IFP

|IFN
), we first note that unlike the grid-structured image do-

main with boundaries naturally defined (e.g., along x = 0; Sledge [93]), vectorized lanes
can easily be on both sides of such a boundary. We preprocess scenes into partitioned
(artificially split at x=0) and non-partitioned (lanes may cross x=0). Our autoencoder
is trained to reconstruct both scene types, while the diffusion model is trained with a
conditioning label to distinguish them. We found that inpainting quality significantly
improved when we condition on the encoded latents of IFN

during training, as this
explicitly teaches the model to inpaint and yields lane geometries that remain consis-
tent across the x=0 boundary. Our diffusion model requires specifying the number of
new lanes and objects to occupy the new 32mx64m region, IFP

. We train a classifier,
fϕ, to predict the number of lanes in front of the ego, NFP

l , conditioned on the map
behind the ego-agent,MFN

. At inference, we first sample NFP
l ∼ fϕ, followed by sam-

pling NFP
o ∼ p(NFP

o |NFN
o , NFN

l +NFP
l ). We then generate IFP

as expected: (1) encode
the latents for IFN

using the encoder; (2) initialize NFP
o and NFP

l tokens to Gaussian
noise; and (3) generate the vectorized scene IFP

through T diffusion steps, ensuring
that tokens in IFN

are set to their un-noised encoded latents at each denoising step.
An example of an inpainted scene is shown in Figure 6.3.

6.2.2 Full Scenario Simulation Framework

Recall from Chapter 5 our behaviour simulation framework, CtRL-Sim [26], which employs
return-conditioned supervised learning to control multiple agents conditioned on an initial
scene I, formulated as

pθ(At,Gt|St, I) = πθ(At|St,Gt, I)pθ(Gt|St, I). (6.3)
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Figure 6.3 Example of Scenario Dreamer Inpainting [44]. Illustrative example of
Scenario Dreamer’s inpainting capabilities, where the initial tile is outlined in solid lines and
the inpainted tile in dashed. The model generates consistent lane geometries at the scene
boundaries, even at complex intersections. (© 2025 IEEE)
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We remind the reader that a key advantage of CtRL-Sim’s decomposition is it enables ex-
ponential tilting [40] of the learned return distribution at inference to generate good or
adversarial driving behaviours.

In this chapter, we couple our vectorized latent diffusion model with the CtRL-Sim model to
form our full scenario simulation framework, which we call Scenario Dreamer. We note that
we employ a slightly modified version of CtRL-Sim in this Chapter, removing the reliance
on the Nocturne environment [38] for speed of simulation. In addition, we adopt the use of
a k-disks tokenization scheme introduced by Philion et al. [240]. The goal of our Scenario
Dreamer framework is to create adversarial scenarios that specifically challenge the ego agent
(e.g., an AV planner). To this end, our CtRL-Sim model is trained with a reward function
that penalizes collisions with the ego vehicle.

Scenario Dreamer supports the evaluation of AV planners within its generative simulation
environments over arbitrarily long simulation lengths thanks to the CtRL-Sim behaviour
simulation and the vectorized latent diffusion model’s inpainting ability. In such environ-
ments, we define a route for the AV planner to follow, and simulate the other agents using
CtRL-Sim. We follow the Waymo dataset filtering scheme employed in Nocturne [38] and
GPUDrive [87] to ensure that the scenarios are valid for simulation (i.e, absence of traffic
lights, which lack annotated traffic light states). We provide more details on the simulation
framework in the Appendix.

6.3 Experiments

6.3.1 Experimental Setup

In this section, we present the details of the dataset used in our experiments, the evaluation
metrics we employ, and the baselines we compare to the Scenario Dreamer Framework.

Datasets

We train the vectorized latent diffusion model separately on both the Waymo Open Motion
Dataset [223] and the nuPlan dataset [86]. Our model is trained on vehicles, pedestrians, and
cyclists, and we solely focus on the lane centerlines and their connectivity, excluding other
map elements for both datasets. We note that there is no barrier in theory to adding the
road edges to the architecture, but opted against it as our focus in this work is multi-agent
interaction; this is in line with SLEDGE’s approach [93]. In addition, for nuPlan, we also
have access to the traffic light states and therefore include these as vectorized element types.
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For both datasets, we use a 64m ×64m FOV centered on the ego vehicle and centerlines are
processed using the compression algorithm from [93]; details are provided in the Appendix.

Metrics

We assess vectorized latent diffusion on both lane graph generation and initial agent bounding
box generation tasks. For lane graph generation, we report Urban Planning metrics,
following prior works [92, 93, 102]. Such metrics focus on distributional realism of lane
graph connectivity using the Frechet distances on node features from nodes with degree
̸= 2; these are referred to as key points. To this end, the following features are computed:
Connectivity computes the degrees of all key points across the lane graphs; Density computes
the number of key points in each lane graph; Reach computes the number of available paths
from each keypoint to others; and Convenience computes the Dijkstra path lengths for all
valid paths between key points. As in SLEDGE [93], the Urban Planning metrics are scaled
by suitable powers of 10 for readability. Frechet Distance (FD) measures the perceptual
quality of the generated spatial lane positions by computing Frechet distances between the
penultimate layer lane embeddings of a separately trained Scenario Dreamer autoencoder
model. We additionally measure the longest Route Length by traversing the generated
lane graph from the origin, and Endpoint Distance, which measures the average distance
between the endpoint of lane i and starting point of lane j for all predicted successor edges
(i, j) in the generated lane graphs. All lane graph generation metrics are computed on 50k
generated lane graphs and 50k ground-truth test lane graphs.

For initial agent generation, we focus on the distributional realism of agent placements,
reporting Jensen-Shannon Divergence (JSD) metrics as in [101]. These include: Nearest
Distance between each vehicle and its neighbours, Lateral Deviation from the closest center-
lines, Angular Deviation from the closest centerline, Length and Width of the vehicles, and
Speed of the vehicles. The JSD metrics are computed over 50k real and generated scenes and
scaled by suitable powers of 10. We also report the Collision Rate of the agent bounding
boxes in the initial scene. Behaviour simulation metrics are similar to those of the agent
generation, and to the ones from Chapter 5. We present the specific details in the Appendix.

Methods under Comparison

On nuPlan, we compare against SLEDGE (both DiT-L and DiT-XL) [93], retraining their
models using the official open-source code. SLEDGE rasterizes driving scenes to an image
latent, models that latent with a latent diffusion model, and then decodes back to a vectorized
representation. On the Waymo dataset, we use DriveSceneGen [92] as the baseline. We note
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that the DriveSceneGen diffusion model did not converge; therefore, to provide an upper
bound on its performance, we rasterized 50k ground-truth training scenes with their pipeline
and applied DriveSceneGen’s vectorization post-processing. Our proposed vectorized latent
diffusion is the only method that processes scene elements fully in vector space end-to-end.

For behaviour simulation, we compare CtRL-Sim against the rule-based IDM [32] and a
data-driven baseline Trajeglish [240], with quantitative and qualitative results reported in
the Appendix. The Scenario Dreamer latent diffusion model is available in two sizes: the
base model (B) with 377M parameters, trained over 24 hours on 4 A100 GPUs, and the large
model (L) with 679M parameters, trained over 32 hours on 8 A100 GPUs. Additional model
specific details are provided in the Appendix.

6.3.2 Results

Initial Scene Generation

Table 6.1 summarizes lane-graph results on nuPlan and Waymo, and reports per-scene gen-
eration time, parameter counts, and diffusion training GPU-hours (GPUh). On nuPlan,
Scenario Dreamer outperforms SLEDGE across all metrics. Interestingly, Scenario Dreamer
(Base) surpasses SLEDGE’s largest DiT-XL on every metric while using ∼ 2× fewer pa-
rameters, ∼ 7× lower inference latency, and ∼ 10× fewer GPUh. Our reimplementation of
SLEDGE DiT-XL underperforms the scores reported by [93]; nevertheless, Scenario Dreamer
(L) exceeds the published SLEDGE results on all metrics.

Per-Scene Num. Perceptual Quality ↓ Urban Planning ↓ Route Length ↑ Endpoint Dist. ↓
Dataset Method Gen. Time (s) ↓ Parameters GPUh FD Conn. Dens. Reach Conve. (m) (m)
nuPlan SLEDGE (DiT-L) [93] 0.48 539M 96 1.89 2.34 2.43 0.70 2.44 35.34±8.63 0.47±0.32

SLEDGE (DiT-XL) [93] 0.67 769M 960 1.44 1.67 1.74 0.51 1.68 35.83±8.35 0.42±0.29

Scenario Dreamer (B) 0.09 377M 96 1.05 0.28 0.45 0.07 0.14 37.04±10.21 0.32±0.80

Scenario Dreamer (L) 0.16 679M 256 0.67 0.18 0.43 0.03 0.33 36.87±10.37 0.25±0.71

Waymo DriveSceneGen (GT Raster)∗ [92] - - - 40.59 4.53 1.18 0.64 5.58 41.61±18.61 0.01±0.00

Scenario Dreamer (B) 0.08 376M 96 1.61 0.17 1.05 0.56 3.81 38.23±12.78 0.32±0.90

Scenario Dreamer (L) 0.16 678M 256 1.38 0.03 0.95 0.28 2.05 38.92±13.56 0.21±0.75

Table 6.1 Quantitative Assessment of Lane Graphs [44]. Assessment of lane graph
generation evaluated on the Waymo Open Motion and nuPlan test datasets. For each metric
and dataset, the best method is bolded. ∗ denotes a privileged version of the method. (© 2025
IEEE)

The improved inference time and superior lane generation quality highlight the effectiveness
of the vectorized architectural prior. Vectorized processing of the road structure focuses the
parameter capacity on relevant scene elements since each latent corresponds to a specific
scene element, avoiding wasteful capacity modelling empty pixels. Practically, this results in
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Scenario Dreamer’s latent diffusion model requiring far fewer Transformer layers to model
effectively compared to SLEDGE. Concretely, the largest SLEDGE diffusion model requires
28 Transformer layers for processing, whereas Scenario Dreamer’s largest latent diffusion
model requires only 6 lane-to-lane attention layers.

Table 6.2 presents the results on agent generation on the nuPlan and Waymo datasets. As
indicated by the lower JSD metrics and fewer collisions compared to baselines, Scenario
Dreamer is better at generating realistic initial agents. In the Appendix, we visualize a
random sample of Scenario Dreamer, SLEDGE, and privileged DriveSceneGen generated
scenes, where Scenario Dreamer scenes exhibit visually more realistic lane graph and agent
configurations.

Distributional JSD ↓ Collision Rate ↓
Dataset Method Near. Dist. Lat. Dev. Ang. Dev. Len. Wid. Speed (%)
nuPlan SLEDGE (DiT-L) [93] 0.53 0.63 3.60 11.84 10.16 0.46 22.3

SLEDGE (DiT-XL) [93] 0.49 0.49 3.26 11.16 10.29 0.47 21.2
Scenario Dreamer (B) 0.12 0.15 0.17 0.22 0.14 0.07 11.9
Scenario Dreamer (L) 0.09 0.11 0.18 0.25 0.17 0.06 9.3

Waymo DriveSceneGen (GT Raster)∗ [92] 0.63 1.01 2.43 58.86 54.51 18.70 0.2

Scenario Dreamer (B) 0.07 0.07 0.07 0.40 0.25 0.36 5.4
Scenario Dreamer (L) 0.06 0.05 0.07 0.42 0.25 0.38 4.8

Table 6.2 Quantitative Assessment of Agent Placement [44]. Assessment of initial
agent bounding box generation evaluated on the Waymo Open Motion and nuPlan test
datasets. ∗ denotes privileged version of the method. (© 2025 IEEE)

Table 6.3 summarizes ablations on key architectural choices. Replacing the learned lane-
connectivity head with a heuristic based on endpoint distance and relative orientation (Heuris-
tic topology) degrades the Reach and Connectivity Urban Planning metrics, indicating that it
is better to learn the lane connectivity directly rather than using post-processing heuristics.
Removing our lane-ordering scheme (No lane ordering) introduces permutation ambiguity
during training and inference, reducing generation quality as hypothesized above. Finally, a
non-factorized variant with a comparable parameter count (Non-factorized) both underper-
forms and increases inference latency by roughly 2×, underscoring the accuracy and efficiency
benefits of the factorized design.

Per-Scene Perceptual Quality ↓ Urban Planning ↓ Route Length ↑ Endpoint Dist. ↓
Method Gen. Time (s) FD Conn. Dens. Reach Conve. (m) (m)
Scenario Dreamer (Non-factorized) 0.20 1.21 0.51 0.67 0.16 0.55 36.71±9.95 0.37±0.76

Scenario Dreamer (No lane ordering) 0.09 1.36 0.60 0.07 0.21 0.71 36.70±9.94 0.35±0.74

Scenario Dreamer (Heuristic topology) 0.09 1.05 0.28 0.44 0.12 0.60 37.13±9.85 0.30±0.23

Scenario Dreamer 0.09 1.05 0.28 0.45 0.07 0.14 37.04±10.21 0.32±0.80

Table 6.3 Ablation of Vectorized Latent Diffusion [44]. Ablation experiments validating
the design choices of Vectorized Latent Diffusion (B) for lane graph generation on the nuPlan
dataset. (© 2025 IEEE)
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Impact on RL Planner

Table 6.4 summarizes the performance of a PPO [62] planner (see Chapter 2 for details)
trained in GPUDrive [87] on 100 Waymo training scenes, reformatted to be compatible with
Scenario Dreamer simulation environments. The policy is trained to follow a set of waypoints,
defined as a route while avoiding collisions. We evaluate the planner in (i) generative Scenario
Dreamer environments with 55 m (SD (55m)) and 100 m (SD (100m)) routes, and (ii) non-
generative Waymo test scenes (Waymo Test). For consistency, Waymo maps are reduced
to centerlines only. We report collision rate (Coll.), off-road rate (Offroad; lateral deviation
> 2.5 m from the route), and success rate (Succ.; route completion). Replacing non-reactive
log-replay agents with reactive CtRL-Sim behaviors yields only marginal changes in the RL
policy’s performance (Row 1 vs. Row 2), underscoring the realism of CtRL-Sim. Evaluating
on SD (55m), which matches the average Waymo route length, produces comparable planner
performance (Row 1 vs. Row 2), further affirming Scenario Dreamer’s fidelity. Increasing
the route length to 100 m notably degrades performance (Row 2 vs. Row 3), and negative
tilting in CtRL-Sim exacerbates this effect (Row 3 vs. Row 4), indicating that longer and
more adversarial scenarios are more challenging for the planner.

Other Agent Behaviour Test Environment Avg. Route Length (m) Collision (%) Offroad (%) Success Rate (%)
Log Replay Waymo Test 55 29.3±0.6 6.9±0.8 63.8±0.8

CtRL-Sim (Pos. Tilt) Scenario Dreamer (55m) 55 33.8±1.2 6.4±0.7 59.8±1.7

CtRL-Sim (Pos. Tilt) Scenario Dreamer (100m) 100 52.8±1.4 9.1±1.6 38.2±1.9

CtRL-Sim (Neg. Tilt) Scenario Dreamer (100m) 100 59.0±1.3 9.0±0.8 32.1±1.3

Table 6.4 RL Planner Results [44]. PPO agents are trained in GPUDrive on 100 Waymo
scenes and evaluated on 250 scenes (Waymo test scenes or 55m/100m-route Scenario Dreamer
(SD) scenes). mean±std reported over 5 seeds. (© 2025 IEEE)

6.4 Conclusion

In this chapter, we present Scenario Dreamer, a fully data-driven generative simulator en-
abling the evaluation of autonomous driving planners. The key novelty of Scenario Dreamer is
our proposed vectorized latent diffusion model that efficiently models the initial scene as a set
of vectorized elements. Coupling the diffusion model with CtRL-Sim from Chapter 5 allows
us to simulate long-tail environments within large maps through inpainting. We hope our
approach to simulation can serve as a foundation for future work in data-driven approaches.

Limitations and Future Work A first limitation of our work is in the problem of large-
scale map generation. While we partially address this problem in Scenario Dreamer with
inpainting, we believe this is still limiting since CtRL-Sim agents cannot persist beyond the
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edge of the map. Furthermore, it is not trivial to perform loop closure of the map generation
because of the behind-ahead-of-ego construction. We believe this is an important avenue for
future work in order to faithfully support long-horizon simulation for training or evaluation.
Another important limitation is our restriction to only generating centerlines ignoring other
road structures, e.g., road boundaries. While this should not be a difficult to integrate
with vectorized latent diffusion, one must be careful with certain road boundary polylines
as they do not always adhere to a start-end structure, e.g., roundabouts. In addition, in
our nuPlan experiments, we observed that traffic lights signalization of lanes did not provide
valid traffic logic. Scenario Dreamer also does not account for varying weather conditions,
which can affect road-surface friction and agent behaviours; incorporating such conditions
would be an interesting direction for future work. Finally, an interesting extension would be
to ground the conditioning variables for initial scene generation in coarse road topology from
OpenStreetMap [230], while using the generative model to synthesize simulation-ready lane
geometry and targeted road structures.
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CHAPTER 7 SPECIFYING DESIRABLE BEHAVIOURS WITH
CONSTRAINED REINFORCEMENT LEARNING

Reinforcement learning for autonomous driving has been explored as a potentially powerful
framework for generating good driving. However, the standard Reinforcement Learning for-
mulation of maximizing a single scalar reward does not afford designers the ability to specify
behavioural constraints. The most common approach is to manually tune the weights of a
reward function, a process that could demand many iterations with expensive experimenta-
tion. Furthermore, this process may give rise to agents that “hack” the reward function—i.e.,
exploit misspecified proxies or metric loopholes to maximize nominal reward via behaviours
misaligned with the designer’s intent. In this chapter, we advocate for the use of constrained
reinforcement learning as a practical way to substantially reduce the effort required to specify
the behaviours we want agents to exhibit. Specifically, we use Lagrangian methods to auto-
matically weigh each of the behavioural constraints agents should respect. We showcase our
approach in the realm of NPC design in video games with SAC as the basis of our algorithm.
We extend our method to the realm of end-to-end autonomous driving by finetuning large
pre-trained vision-language models with constrained-GRPO, showcasing the general utility
of this framework. The contributions of this chapter are:

1. We demonstrate that reward engineering does not scale gracefully with increasing task
complexity.

2. We introduce a formulation that allows designers to directly specify the desired fre-
quency of key events, offering a more interpretable and intuitive way of guiding agent
behaviour than reward shaping alone.

3. We develop a novel reinforcement learning algorithm capable of jointly satisfying a
large number of constraints without collapsing performance on the main RL task.

4. We expand our proposed framework to constrain RL-finetuned large pre-trained vision-
language models (VLMs) with GRPO, named Constrained GRPO. We study the com-
mon practice of scalarizing rewards prior to normalization, and prove that it implic-
itly reweights objective components based on within-group variances and inter-term
correlations, thereby distorting the relative importance intended by the Lagrangian
multipliers.

5. For constrained GRPO, we empirically demonstrate improved stability and faithfulness
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of the behaviour specification in a gridworld environment and a realistic simulation-
based autonomous driving setting with a VLM-based planner. We further validate this
framework with a constrained version of soft Actor-Critic [59] on a set of constrained
tasks illustrative of the development cycle required for deploying RL agents in video
games in Appendix D.

7.1 Introduction

Reinforcement Learning (RL) has shown rapid progress and led to many successful applica-
tions over the past years [65, 241, 242, 243]. The central idea of RL is that the success of
an agent on any specific task can be measured by a single scalar function, and its task is to
maximize that function; this is generally referred to as the reward hypothesis [58, 244, 245].
While the idea of a single reward function has proven quite useful in developing the theoreti-
cal framework, it can be significantly limiting to force all desirable information from real-life
problems into one single reward function. In practice, human-designed reward functions of-
ten lead to unforeseen behaviours and represent a serious obstacle to the reliable application
of RL in the industry [246].

Concretely, for a designer working on applying an RL method to a real-world problem, the
task of reward specification implies one can :

1. Describe mathematically the desired behaviour that the agent should maximize.

2. Write a computer program for which the optimal policy generates the desired behaviour.

3. Train an RL agent on that task using one of the methods available in the literature.

4. Evaluate whether the trained agent exhibits the expected behavioural characteristics.

In practice, it is difficult to specify that reward function to produce the desired behaviour,
which leads to many costly design iterations and policy training [161, 247]. Further exac-
erbating the issue is the fact that most Deep RL algorithms cannot be guaranteed to find
the optimal policy [58]. In other words, even if the reward function is correctly specified,
it can still lead to undesirable behaviours. An example of the type of behaviors a designer
might be seeking is shown in Figure 7.1. We argue that the same challenge arises in driving:
rather than relying on delicate reward tuning, we should encode key safety and behavioral
requirements as constraints (Figure 7.2).

Most of the literature in reinforcement learning focuses on the problem of improving the
reliability and efficiency of algorithms that yield a (near-)optimal policy given the reward
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Figure 7.1 Overview of Environments [25]. Depictions of our setup to evaluate direct
behaviour specification using constrained RL; Arena environment (left); OpenWorld envi-
ronment (right). We can see that agents are faced with large environments that they must
navigate while respecting certain behavioural constraints. In this chapter, we proposed the
use of constrained RL in order to learn policy that adheres to behaviour specifications. For
more information see: https://sites.google.com/view/behaviourspecificationviacrl/home.

function. Of course, this is an important and difficult problem that demands attention from
researchers. However, as argued by Daniel Dewey [24], modern AI research will need to
contend with the problem of reward design in order to obtain policies that “do the right
thing".

Constrained Markov Decision Processes (CMDPs) [145] offer an alternative framework for
sequential decision making. In CMDPs, the agent still seeks to maximize a scalar re-
ward function, but the feasible policy space is restricted to those that satisfy a set of con-
straints, each expressed through cost functions. We note that it is generally recognized
that this framework offers an easier way for the end user to define their tasks [155]. How-
ever, most work focuses on the issue of constraint-satisfying behaviours maintaining “safe"
exploration[149, 152, 248, 249]. In this chapter, we specifically present the benefits of CMDPs
in regard to direct behaviour specification [25], and how it extends to constraining reinforce-
ment finetuning of large multimodal models with constrained GRPO [250].

7.2 Empirical Analysis of Reward Engineering

We start with an empirical study that showcases the impracticality of using reward engineer-
ing to generate desired behaviours, motivating the need for the direct behaviour specification
framework. We consider a simple navigation task in which the agent is tasked with reaching
a goal location while being subject to additional behavioural constraints. These constraints
are (1) looking at a visible marker 90% of the time, (2) avoiding forbidden terrain 99% of
the time and (3) avoiding running out of energy also 99% of the time. The environment

https://sites.google.com/view/behaviourspecificationviacrl/home


83

1st Stage
UUID: 3c542be991515ccd, Intent: GO_RIGHT, Speed: 7.4 m/s

Figure 7.2 Driving Environment Overview Example scene of the driving problem and
the context the agent is presented with. The agent does not perceive privileged information,
i.e., the bounding boxes in the images and the vectorized scene representation in the center
are only provided for illustrative purposes. In our experiments, the agent is limited to only
observing the three front views, due to computational limitations, along with its speed and
intention as textual prompts.

is depicted in Figure 7.1 (left) and the details are presented in Appendix D.2. The reward
function for this task is of the form:

R′(s, a) = R(s, a)− 1 ∗ wnot-looking − 1 ∗ win-lava − 1 ∗ wno-energy (7.1)

where R(s, a) gives a small shaped reward for progressing towards the goal and a terminal
reward for reaching the goal, and the 1’s are indicator functions which are only active if their
corresponding behaviour is exhibited.

A central difficulty in reinforcement learning practice lies in tuning the weights of auxil-
iary reward components, e.g., wnot-looking, win-lava, wno-energy, so that the agent achieves its
primary objective (reaching the goal) while simultaneously respecting additional behavioural
requirements. This tuning process is commonly known as reward engineering. If these weights
are set too low, the agent disregards the constraints altogether; if set too high, the agent
becomes overly constrained and fails to solve the main task. Striking the right balance is
rarely intuitive, and in practice is often approached through repeated trial-and-error across
the space of coefficients {wk}.
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Figure 7.3 Exposing reward engineering with one and two constraints [25]. Enforcing
behavioural constraints using reward engineering. Each grid represents a different metric.
Within each grid, each square represents the final performance (according to that metric)
of an agent trained for 3M steps using the reward function in Equation 7.1 parameterised
as given by the grid coordinates. Performance is obtained by evaluating the agent on 1000
episodes. The leftmost column indicates the episodic return of the trained policies, the
middle columns indicate whether or not the agent respects the behavioural constraint(s) and
the rightmost column indicates the average return for these feasible policies only. a) The
“looking-at marker" behaviour does not affect too much the main task and, consequently, all
chosen weights allow the agent to satisfy the constraint (looking at marker 90% of the time)
and many of them also lead to good performance on the main navigation task (−0.1 ≥ w ≥
−2). b) When also enforcing the “Not in Lava" behaviour, which is much more in the way of
the main task, most of the resulting policies do not respect the constraint or perform poorly
on the navigation task, highlighting the difficulty of choosing the correct penalty weights
ahead of time. Out of 49 experiments, only two yielded good performing feasible policies:
(−0.10,−2.0) and (−0.25,−1.0). In the largest search with 3 behavioural constraints, none
of the 343 experiments found a good performing feasible policy (see Figure 7.4).

To highlight the difficulty, we perform grid searches over three settings: a single constraint,
two constraints, and three constraints. For each case, we sweep 7 values per weight, ranging
from 0.1 to 10 times the scale of the main reward. This results in 7, 49, and 343 separate
training runs, respectively. The outcomes (Figures 7.3 and 7.4) show that as the number of
constraints increases, the fraction of runs yielding a successful policy decreases dramatically.
One can imagine that a grid-search becomes more and more infeasible as the size of the policy
increases, as in our VLM for driving experiments in Section 7.5.2. In practice, the engineer
is forced into an undesirable trade-off: rely on ad-hoc manual tuning guided by intuition, or
resort to an increasingly expensive grid search. While expert heuristics or more advanced
search strategies can mitigate the burden to some extent, the approach of reward engineering
does not scale with task complexity.
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Figure 7.4 Exposing reward engineering with three constraints [25]. An even larger
proportion of the experiments are wasted finding either low-performing policies or policies
that do not satisfy the behavioral constraints. In this case, none of the 343 experiments
yielded a feasible policy that also solves the task (success rate near 1.0), showcasing that
reward engineering scales poorly with the number of constraints due to the curse of dimen-
sionality and to the compounding effect of the multiple constraints in narrowing the space of
feasible policies.[25]
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It is worth emphasizing that even if the reward hypothesis holds in principle, i.e., that all
tasks can be cast as maximizing a scalar reward function [58], this does not imply that the
function itself admits a simple or human-intuitive form. Complex, multi-faceted behaviours
may only be expressible through reward functions whose structure exceeds the limits of
human intuition [245]. In the following sections, we introduce a practical framework based
on constrained Markov decision processes (CMDPs), which offers a more interpretable and
human-centric interface for specifying behavioural requirements.

7.3 Constrained Markov Decision Processes

Constrained Markov Decision Processes (CMDPs) [145] extend the standard MDP framework
to settings where multiple cost constraints must be satisfied in addition to the main objective.
Formally, we define a set of cost functions Ck : S ×A → R, each associated with a threshold
dk ∈ R that must not be exceeded in expectation. The set of feasible policies is defined as

ΠC = {π ∈ Π : JCk
(π) ≤ dk, k = 1, . . . , K} , (7.2)

and the optimal policy is the one that maximizes the expected return within this feasible set:

π∗ = argmaxπ∈Π JR(π) s.t. JCk
(π) ≤ dk, k = 1, . . . , K. (7.3)

Unlike standard MDPs, where it is sufficient to restrict the search to stationary deterministic
policies, optimal policies in CMDPs may require considering the broader space of stationary
stochastic policies to guarantee optimality [145].

A widely used family of algorithms for solving CMDPs relies on Lagrangian relaxation, which
has been shown to produce good feasible solutions in practice [148, 149, 152, 155]. This
approach is based on the saddle point characterization of optimal solutions for nonlinear
programs with inequality constraints [251, 252, 253]. The central idea is to combine the main
RL objective and constraints into a single Lagrangian function:

max
π

min
λ≥0
L(π, λ), L(π, λ) = JR(π)−

K∑
k=1

λk (JCk
(π)− dk) , (7.4)

where λ = {λk}Kk=1 are nonnegative Lagrange multipliers that determine the relative impor-
tance of each constraint. Uzawa’s method [251] solves this min–max problem by alternating
between gradient ascent on the policy parameters and gradient descent on the multipliers.
This gradient ascent–descent procedure [254] is conceptually similar to the optimization dy-



87

namics of Generative Adversarial Networks [255].

The maximization of the Lagrangian with respect to the policy can be interpreted as opti-
mizing an unconstrained objective with a modified reward function

L(s, a) = R(s, a)−
K∑
k=1

λk Ck(s, a), (7.5)

allowing any standard policy optimization method to be applied directly. For the multipliers,
the gradient simplifies to

∇λk
L(π, λ) = −

(
JCk

(π)− dk
)
, (7.6)

and a projected gradient step ensures λk ≥ 0 via a max-clipping operator. Intuitively, if a
constraint is violated (JCk

(π) > dk), the corresponding multiplier λk increases, which raises
the penalty in L(s, a) and encourages the policy to reduce constraint violations. Conversely,
if a constraint is satisfied (JCk

(π) < dk), the multiplier decreases, allowing the optimization
process to shift focus toward other constraints or the main reward function R.

7.4 Direct Behaviour Specification

In most reinforcement learning benchmarking environments, researchers can focus on improv-
ing current algorithms at finding better policies, faster and more reliably, with the assumption
that the reward function is provided and its maximization results in a desirable policy. In
industrial settings, multiple behavioral desiderata are typically imposed on the agent, and
combining these objectives into a single reward function is often challenging and non-trivial.
In the following sections, we present a framework that leverages CMDPs to specify such
behaviors more efficiently.

7.4.1 Indicator cost functions

The difficulty of specifying the desired behaviour of an agent using a single reward func-
tion arises primarily from the need to carefully tune the relative weights assigned to each
reward component. As the number of components grows, identifying appropriate relative
scales becomes increasingly complex (see Section 7.2). While the prioritization and satura-
tion properties of CMDPs can help decompose the behavioural specification problem [155],
significant design challenges remain.

First, CMDPs allow for arbitrary cost function definitions, which can unintentionally lead
to undesirable or unforeseen behaviours. Second, determining appropriate constraint thresh-
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olds dk is often non-trivial and difficult to do based solely on intuition. For example, in their
Mujoco experiments, Zhang et al. [152] ran an unconstrained version of PPO [62] to esti-
mate typical cost magnitudes before applying their constrained solver with manually selected
thresholds.

In this chapter, we propose a simple way to bypass this separate threshold-estimation phase
by focusing on a subclass of CMDPs that enables a more intuitive connection between the
cost functions Ck and their expected returns JCk

. Specifically, we restrict cost functions to
be indicator functions of the form:

Ck(s, a) = I
(
behaviour k is met in (s, a)

)
, (7.7)

which simply expresses whether the agent exhibits behaviour k when taking action a in state
s. An appealing property of this design is that the expected discounted sum of indicator
costs can be re-expressed as an expectation over the visitation distribution, allowing us to
interpret JCk

(π) as a re-scaled probability of exhibiting behaviour k during interaction with
the environment:

JCk
(π) = Eτ∼pπ

[
T∑
t=0

γtCk(st, at)
]

(7.8)

= Z(γ, T )E(s,a)∼xπ(s,a)[Ck(s, a)] (7.9)

= Z(γ, T ) Pr
(s,a)∼xπ

(
behaviour k is met in (s, a)

)
. (7.10)

By dividing both sides of the constraint JCk
(π) ≤ dk by Z(γ, T ), we obtain a normalized

threshold d̃k ∈ [0, 1] that represents the desired frequency of behaviour k under the policy.

In practice, we compute the empirical mean of the indicator costs over the batch, giving
equal weight to all state–action pairs regardless of their temporal position:

J̃Ck
(π) := 1

N

N∑
i=1

Ck(si, ai), (7.11)

where i indexes samples in the batch. For numerical stability, we train the corresponding
critic Q(k) with a discount factor γk < 1, when a critic is used.

Although indicator cost functions are simple as defined in Equation 7.7, they are expres-
sive enough to capture a wide range of behavioural preferences. Crucially, they provide clear
semantics for setting constraint thresholds as probabilities and enable intuitive, low-effort be-
haviour specification by simply choosing a behaviour rated̃k ∈ [0, 1], assuming the constraints
are binding and a feasible policy exists.
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Indicator costs offer a practical advantage: they allow us to model both desired and undesired
behaviours without affecting episode termination tendencies. With arbitrary cost functions,
it may seem sufficient to flip their sign to enforce the opposite behaviour. However, as
Kostrikov et al. [256] observed, whether a behaviour is enforced through bonuses or penalties
interacts subtly with termination conditions: bonuses may encourage the agent to delay
termination to accumulate more reward, while penalties may lead it to terminate prematurely.
Indicator costs circumvent this issue: the opposite behaviour is enforced simply by inverting
the indicator, 1− I(s, a), without altering the sign of the constraint.

7.4.2 Multiplier Normalization

When a constraint k is violated, the corresponding Lagrange multiplier λk increases in order
to place greater emphasis on satisfying that specific behavioural requirement. While it is
crucial that the multipliers have enough capacity to grow relative to the main objective,
constraints that are slow to learn can lead to multipliers reaching excessively large values.
This, in turn, may produce very large policy updates and destabilize the overall learning
dynamics. We show an example of this in our experiments in Section D.2.3

To preserve the ability of a single constraint to dominate the updates when necessary, while
ensuring the overall scale of the updates remains bounded, we propose to normalize the
multipliers. A simple and effective way to achieve this is through a softmax parametrization:

λk = exp(zk)
exp(a0) +∑K

k′=1 exp(zk′)
, k = 1, . . . , K, (7.12)

where zk are unconstrained parameters associated with each multiplier and a0 is a dummy
parameter used to allocate a normalized weight

λ0 := 1−
K∑
k=1

λk

to the main objective JR(π). With this reparametrization, the resulting min–max optimiza-
tion problem becomes

max
π

min
z1:K≥0

L(π, λ) with L(π, λ) = λ0JR(π)−
K∑
k=1

λk
(
JCk

(π)− dk
)
, (7.13)

which ensures that all multipliers remain properly scaled, thereby stabilizing policy updates
while still allowing individual constraints to take precedence when required.
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7.4.3 Constrained GRPO

Following our proposed framework for behaviour specification, in this section we extend it to
Group Relative Policy Optimization (GRPO). Recall that GRPO [66] estimates advantages
by within-group standardization, i.e., subtracting the group mean and dividing by the group
standard deviation (Section 2.3.2). We repeat the equation of the advantage estimation here
for clarity of presentation,

Âi,t = ri,t −mean(rt)
std(rt)

(7.14)

In the presence of multiple objectives, there are two natural ways to linearly combine them
within GRPO’s advantage estimation, and each has distinct implications for the resulting
optimization dynamics.

Scalarized Rewards

In the Scalarized Rewards approach, we first collapse the main reward and all constraint
costs into a single scalar by linear combination, and then apply GRPO’s within-group stan-
dardization to this combined signal (as is common in prior work [182]). The following result
characterizes the resulting advantage in terms of per-component standardized variables.

Theorem 7.4.1 (Implicit reweighting under scalarized rewards). Let

x :=


R

C1
...
CK

 ∈ RK+1, λ :=


λR

λ1
...
λK

 ∈ RK+1,

and define the scalarized reward RS := λ⊤x. Denote the within-group mean and covariance
of x by µ := E[x] and Σ := Cov(x), respectively, and let

σRS
:=

√
Var(RS) =

√
λ⊤Σ λ .

Further, define per-component standardizations

Z := D−1(x− µ), D := diag(σR, σC1 , . . . , σCK
)

σR > 0, σCk
> 0 ∀k ∈ {1, . . . , K},
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so that
ZR := R− µR

σR
,

ZCk
:= Ck − µCk

σCk

, k = 1, . . . , K,
(7.15)

where µ(·) and σ(·) denote the within-group mean and standard deviation of the corresponding
component. Then the GRPO advantage obtained by standardizing the scalarized reward,

AScRew := RS − E[RS]
σRS

,

admits the expansion

AScRew = (Dλ)⊤Z
σRS

=
K∑
j=0

(
λj σj
σRS

)
Zj, (7.16)

where we index j = 0 as the main reward component (λ0≡λR, σ0≡σR) and j = k corresponds
to cost Ck. Consequently, the effective contribution of each standardized component Zj is
scaled by λjσj/σRS

, and therefore depends on within-group scales and (through σRS
) the full

covariance structure Σ.

Proof. By definition, RS = λ⊤x and E[RS] = λ⊤µ, hence

RS − E[RS] = λ⊤(x− µ).

Moreover,
Var(RS) = Var(λ⊤x) = λ⊤Cov(x) λ = λ⊤Σ λ,

which yields σRS
=
√

λ⊤Σ λ.

Next, from the definition of Z, we have x− µ = DZ. Substituting into Eq. (7.4.3) gives

RS − E[RS] = λ⊤DZ = (Dλ)⊤Z.

Dividing both sides by σRS
yields

AScRew = RS − E[RS]
σRS

= (Dλ)⊤Z
σRS

,

which is the first equality in Eq. (7.16). Expanding the dot product gives the summation
form in the second equality, completing the proof.

To summarize, our main observation is revealed in Eq. (7.16): under scalarized rewards,



92

the effective contribution of each standardized component Zj and the intended trade-offs
encoded by the Lagrangian multipliers, λ, are implicitly distorted by component variances
and correlations.

Scalarized Advantage

In our constrained GRPO approach, we first compute a GRPO-style standardized advantage
per component (reward and each constraint) using the respective component’s within-group
mean and standard deviation as in Eq. (7.15). We then form a single advantage by linearly
combining these standardized components using their current Lagrangian weights

AScAdv = λRZR −
K∑
k=1

λk ZCk
, (7.17)

where λk, λR ≥ 0 are Lagrange multipliers associated with constraint k and the reward term,
respectively. This yields an advantage signal whose relative trade-offs are explicitly controlled
by the multipliers.

Main Takeaway

We conclude that if one wants λ to faithfully encode their intended reward-constraint trade-
off independently of group scales and covariance, the per-component standardization followed
by combining terms using λ is the more faithful approach. In general, scalarizing rewards
is not invalid but has the caveat that it implicitly reweighs the multipliers by the compo-
nents’ standard deviations (and ρ). This results in agents effectively having to satisfy the
high-variance components first prior to satisfying the low-variance ones, regardless of the
Lagrangian multiplier λi values. We illustrate the differences with a numerical example in
Appendix D.4.1. In our experiments in Section 7.5.2, we present results on a toy environment
and in the real-world NAVSIM driving benchmark, comparing both approaches with fixed
and varying Lagrangian multipliers.

7.5 Experiments

To evaluate our proposed constrained-GRPO, we first present experiments on a toy gridworld
environment to showcase the empirical difference between scalarized rewards and scalarized
advantages. Finally, we evaluate our approach in the realm of large vision language models for
autonomous driving with GRPO [66] finetuning. In this setting, the agent is an autonomous
driving vehicle tasked with generating a plan through a driving scene as shown in Figure 7.2.
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The success of GRPO with specified constraints on dealing with long-tail scenes highlights the
applicability of this framework to real-world problems. In Appendix D, we further validate
our proposed framework with a constrained version of soft Actor-Critic [59] on a set of
constrained tasks for deploying RL agents in video games.

7.5.1 Constrained GRPO: Gridworld Environment

We start our experiments with an intentionally minimal gridworld environment as it allows
us to isolate the differences between scalarized rewards and scalarized advantages in uncon-
strained and constrained GRPO. In this environment, an agent is randomly initialized on a
10× 10 grid and is tasked with navigating to a randomly sampled goal location, receiving a
sparse scalar reward only upon reaching the goal. Each episode contains 20% lava tiles, and
stepping onto lava incurs a penalty (i.e., a cost). In addition, the agent has a battery that
depletes at every timestep and receives a penalty whenever its battery level drops below 10%.
The action space comprises five discrete actions: moving in the four cardinal directions, or
staying in place to recharge. Further environment details are provided in Appendix D.4.4.

We begin by comparing the two scalarization strategies under fixed reward and penalty
weights. We consider two settings for the battery-penalty weight, λfixed

battery ∈ 0.0, 0.1, and
sweep the lava-penalty weight over λfixed

lava ∈ 0.0, 0.01, 0.05, 0.1, 0.2, 0.3, 0.5, 0.7, 1.0. Figure 7.5
reports performance as a function of λfixed

lava for each choice of λfixed
battery. Across the sweep,

scalarized advantages achieves consistently higher goal-reaching rates and exhibits greater
seed-level stability (smaller error bars). By contrast, scalarized rewards tends to optimize
the lava rate in a unilateral manner: even the smallest non-zero lava weight, λfixed

lava = 0.01,
drives lava visitation to near-minimal levels. Scalarized advantages instead yields smoother,
more gradual control of the lava rate, which we argue better matches the intended semantics
of the weights. When both penalties are active (λfixed

battery = 0.1, bottom row of Fig. 7.5),
scalarized advantages relaxes the lava rate for λfixed

lava ≤ 0.5, whereas scalarized rewards behaves
essentially identically to the λfixed

battery = 0.0 case—effectively optimizing the lava penalty the
same way regardless of whether the battery penalty is present.

We next evaluate the two scalarization strategies in the constrained regime. In this ex-
periment, we enforce thresholds d̃lava = d̃battery = 0.01 and train for 512k episodes; Ap-
pendix D.4.4 reports additional results under different threshold values. Figure 7.6 compares
Constrained GRPO using scalarized advantages (ours) to a scalarized rewards baseline. In
line with the fixed-weight setting, scalarized advantages produces more stable learning across
five seeds, evidenced by the consistently narrower shaded region throughout training (row 1).
It also yields richer behavior-rate dynamics (row 2,3, left column): the Lagrangian multipliers
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Figure 7.5 Fixed-weights GRPO comparing Scalarized Rewards with Scalarized
Advantages. Final performance of GRPO policies evaluated over 1,000 episodes in the
gridworld with fixed penalty weights, comparing scalarized rewards (blue) and scalarized
advantages (red). Scalarized advantages consistently achieves higher goal-reaching rates while
tracking the intended trade-off induced by the lava-weight sweep more faithfully, whereas
scalarized rewards suppresses lava visitation disproportionately.

(row 4, left column) adapt so that the constraint rates rise toward the threshold, effectively
encouraging the policy to use its available cost budget. In contrast, scalarized rewards quickly
drives both constraint rates near zero early in training (row 2,3, right column) and keeps them
there, even as the learned multipliers remain small (row 4, right column).

This behavior is explained by the implicit reweighting described in Theorem 7.4.1. In partic-
ular, we call the scaling factors applied to the Zj terms in Eqs. (7.16) and (7.17) the effective
weights. Notably, even though the learned multipliers λlava and λbattery remain small, the re-
sulting effective weights are both larger and substantially noisier due to within-group variance
and covariance effects (row 5, right column). This becomes especially problematic when the
induced importance ordering shifts, for example, around 150K steps where the goal and lava
weights swap (red/green). Overall, these findings support scalarized advantages as a more
dependable advantage construction for Constrained GRPO, since it preserves the intended
role of the Lagrangian multipliers in enforcing behavior specifications.
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Figure 7.6 Learning Dynamics of Constrained GRPO with d̃lava = 0.01 and d̃battery =
0.01 on the gridworld, comparing scalarized advantages (left) and scalarized rewards (right).
Scalarized advantages yields more stable training and uses the available cost budget, with
behavior rates adapting toward the specified thresholds as the Lagrangian multipliers adjust.
In contrast, scalarized rewards collapses constraint rates toward near-zero early in training
with the effective weights remaining larger and noisier despite small learned multipliers.

7.5.2 Constrained GRPO: Autonomous Driving Benchmark

Benchmark Details We focus our experiments on the NAVSIM (v2) benchmark [257]
which consists of 103k training (Navtrain) and 12k testing (Navtest) scenarios curated from
OpenScene [258], a redistribution of the nuPlan [6] dataset. The NAVSIM v2 benchmark
proposes to evaluate agents using pseudo-simulation on the most difficult scenarios from
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NAVSIM challenge [259] (Navhard split) with a two-stage evaluation protocol. The first stage
introduces simulation metrics to evaluate the closed-loop planning capability of planners in
an open-loop evaluation manner. Specifically, the 4-second generated trajectory (sampled at
10-hz) is executed without feedback in the world using the kinematics bicycle model with an
LQR controller. While the first version of Navsim [259] executed the recorded trajectories
without reacting to the ego agent, Navsim-v2 employs rule-based reactive planner, called
Intelligent Driver Model (IDM;[32]) to improve the simulation realism. The second stage
adopts Multi-Traversal Gaussian Splatting [260] to synthesize subsequent driving scenarios
which start from sub-optimal position and/or heading. The resulting Navhard evaluation
split consists of in 450 stage 1 and 5, 462 stage 2 observations.

The primary metric introduced in the NAVSIM-v2 benchmark is the Extended PDM score
(EPDMS), named after the rule-based planner Predictive Driver Model (PDM; [261]). The
metric is calculated by aggregating multiple scores together using the following:

EPDMS =
∏

m∈Mpen

filterm(agent, human)
︸ ︷︷ ︸

penalty terms

·
(∑

m∈Mavg wm filterm(agent, human)∑
m∈Mavg wm

)
︸ ︷︷ ︸

weighted average terms

(7.18)

The penalty terms consist of (1) no at-fault collisions, (2) driving within the drivable area, (3)
driving in the correct direction, and (4) respecting traffic light signalization. As we can see
from Equation 7.18, if any of these penalty terms are 0 (i.e., due to a violation of that term),
the planner receives a score of 0 for that scenario. The filterm function is a filtering mechanism
on the penalty terms which ensures that if a rule is violated by the human expert driver in
that scenario, the penalty violation gets ignored. The weighted average terms consists of
(1) the ego-progress measured along the route (wm = 5), (2) time-to-collision to ensure
safety margins with other agents are respected (wm = 5), (3) history comfort (wm = 2),
(4) extended comfort (wm = 2), which evaluate the comfort of the plan in relation to the
history and future, and (5) lane keeping (wm = 2). The final EPDM score is a scalar value
between [0, 1]. We also report the average displacement error (ADE) at 4 seconds of the
output trajectory compared to the ground-truth for stage one scenarios.

Base Model Pretraining

We start from a pre-trained VLM, a Qwen2.5-VL 3B Instruct model [262], that we first
supervise finetune on Covla dataset [263], a dataset of 83 hours of nominal Japanese driving.
Specifically, we follow the initial pre-training recipe highlighted in [264], where we treat
generating a planned trajectory as a next-token prediction problem in the original token
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vocabulary, thus representing trajectories as text. Furthermore, the model is also trained
with automatically-generated chain-of-thought annotations by a pre-trained Qwen2.5-VL 72B
Instruct in a zero-shot manner, and concatenated to the trajectory strings. Following this
first stage of supervised finetuning, we further supervise finetune the model on 92, 000 scenes
from the Navsim benchmark [257, 259], leaving ≈ 11, 000 scenes for RL finetuning. This
allows the model to learn domain-specific driving for the benchmark.

Model Configurations

Recall that we are primarily interested in the usefulness of formulating behaviour specification
as a constrained RL problem. We implement a set of baselines to showcase the performance
of representative methods proposed in the literature. All of our experiments in this Section
employ GRPO as the RL algorithm. Below we present all the variants we compare in our
experiments.

1. EPDMS as rewards: This approach applies the EPDMS metric as the reward function.
CaRL [265] and Plan-R1 [184] both employed a similar reward function; CaRL in a
closed loop setting with PPO as the learning algorithm while Plan-R1 in the nuPlan
benchmark. The authors propose the use of this reward function since they found that
multiple reward functions would result in exploitative behaviour by the agent. We can
view this approach as imposing a hard constraint on behaviour when the agent commits
any violations.

2. Equally-weighted linear terms: Perform a linear combination of penalty components
and the main weighted average terms (WAT) with equal weights set to wi = 0.25:

R(τ) = w1NC + w2DAC + w3DDC + w4WAT (7.19)

where WAT corresponds to the weighted average terms in Equation 7.18. This is the
approach employed by prior work [182, 183]. While Li et al. [182] scalarize the rewards
(see Section 7.4.3) while Ichihara et al. [183] scalarize the advantages (see Section 7.4.3).

3. Informed weight terms: Given our experience with the dataset from initial trial-and-
error experimentation, we attempt to manually set the weights in order. These were
informed by the results of the SFT model. We set the weights to w1 = 0.1, w2 =
0.8, w3 = 0.05, w4 = 0.05 in Equation 7.19. We evaluate both scalarization approaches
as in 2.
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4. Constrained GRPO: The last model variant is the constrained GRPO version of Equa-
tion 7.19. That is, we aim to maximize the main reward (i.e., WAT) subject to mini-
mizing violation of the constraints: NC, DAC and DDC. For simplicity, in this section,
we ignore the bootstrap constraint as there is no clear notion of a success in our task
since we do not have a goal position. All constraint satisfaction thresholds are set to
0.99. We evaluate the less optimal version with scalarized rewards, and our proposed
fix to constrained GRPO with scalarized advantages

We found that traffic light compliance (TLC) was almost always respected; we chose to ignore
it in almost all baselines, with the exception of EPDMS.

Results

We finetune all our models for two epochs through the 11k held-out scenes for RL finetuning.
In our experiments, the agent is limited to only observing the three front views in Figure 7.2,
due to computational limitations, along with its speed and intention as textual prompts. All
our experiments are performed on 8 A100 GPUs, with each RFT run taking nearly 20 hours.
We set the beta parameter to 0.02 to constrain the policy to the reference SFT policy, a
learning rate of 1e−6, set the number of group generations to 16, and perform two iterations
of policy optimization per batch of data. We update the Lagrangian multipliers at the same
rate as the policy. Tables 7.1 and 7.2 present the results of all the baselines on NAVSIM
Stage 1 and Stage 2, respectively. We add the PDM [261] planner’s results, the planner
whose predictions are used to compute the extended PDM score for the agent’s trajectories.
In the following, we present our observations about our results.

Behaviour specification through constrained RL is useful for AV planners. Our
results align with our prior belief that AV planners stand to benefit from the behaviour spec-
ification through constrained RL framework. Specifically, we observe that our constrained
GRPO variants (bottom two rows in Tables 7.1 and 7.2) produce the best overall results,
with the scalarizing advantages approach having the highest EPDMS. Specifically, for in-
distribution (stage 1) scenarios, both models provide a significant improvement in perfor-
mance compared to the starting SFT checkpoint; this is not true of other baselines. For out-
of-distribution (stage 2) scenarios, as expected, there is a performance drop across all metrics.
However, both constrained GRPO models still exhibit strong performance, showcasing the
usefulness of our behaviour specification framework for limiting bad driving behaviours.
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Configuration Name NC ↑ DAC ↑ DDC ↑ TLC ↑ Ego Progress ↑ Comfort ↑ EPDMS ↑ ADE@4s (m) ↓
PDM-C 0.944 0.988 1.00 0.995 1.00 0.877 - -
SFT Checkpoint 0.953 0.789 0.978 0.993 0.836 0.976 0.651 2.539
GRPO with EPDMS [184, 265] 0.897 0.800 0.947 0.990 0.944 0.978 0.612 6.900
GRPO, ScRew, Equal Weights [182] 0.891 0.625 0.876 0.989 0.968 0.976 0.445 9.050
GRPO, ScAdv, Equal Weights [183] 0.908 0.661 0.900 0.989 0.954 0.973 0.490 7.172
GRPO, ScRew, Informed Weights 0.887 0.643 0.887 0.987 0.967 0.978 0.463 8.509
GRPO, ScAdv, Informed Weights 0.932 0.765 0.971 0.993 0.890 0.976 0.623 3.495
Constrained GRPO, ScRew 0.955 0.887 0.987 0.993 0.868 0.976 0.743 3.344
Constrained GRPO, ScAdv (ours) 0.957 0.928 0.989 0.998 0.796 0.977 0.774 3.361

Table 7.1 Stage 1 NAVSIM-v2 Results. Stage 1 results on the NAVSIM-v2 benchmark’s
Navhard split which measures the policy’s ability to generalize to unseen scenarios during
training. We compare the different reward function configurations explored in the literature
and our proposed Constrained GRPO approach, as depicted in Section 7.5.2. ScRew stands
for Scalarized rewards, while ScAdv stands for Scalarized Advantages. We can see that
the best performing models are the constrained approaches, with our scalarized advantages
approach to constraining behaviour performing the best on the EPDMS metric.

Scalarized advantages outperform scalarizing rewards. Our results reveal the clear
pattern that scalarizing advantages provides a significant improvement in performance com-
pared to scalarizing rewards. Specifically, across all three weight variants (equal, informed and
constrained) focusing only on EPDMS, we see that scalarizing advantages always outperforms
scalarizing rewards; this is true for both the in-distribution and out-of-distribution scenarios.
Our mathematical analysis in Section 7.4.3 provides a hint for why this is: not accounting
for the variances of different components (rewards or constraints) hurts the optimization pro-
cess since the advantage, and therefore the gradient with respect to the parameters, will be
dominated by components with higher variances.

To further understand the differences, we bring the reader’s attention to Figure 7.7. We
can see that the constrained GRPO with scalarized rewards does not seem to react to the
Lagrangian multiplier weight adjustments. This is particularly obvious in the drivable area
compliance (DAC) and the ego-progress (EP), which is a proxy for the main reward WAT.
Specifically, even though the weight for DAC is near its maximum of 1.0 and the reward weight
is near 0.0, the DAC constraint never reaches a satisfactory level, while the ego progress goes
up, and exhibits a very slow decay until the end of training. In contrast, constrained GRPO
with scalarized advantages reacts within the first 1000 steps of training to the setting of the
DAC Lagrangian multiplier. Furthermore, we see that the ego-progress diminishes in reaction
to its multiplier decreasing to near 0.0. Finally, we observe an interesting behaviour in the
multipliers with the constrained advantages variant at around 2500 steps, where the multiplier
weight for the no at-fault collisions (NC) constraint rises sharply. This occurs because, at
that training step, DAC had reached a satisfactory level, whereas the NC constraint dropped
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sharply. This confirms our mathematical findings that scalarizing advantages ensures the
multipliers have their intended effect.

Configuration Name NC ↑ DAC ↑ DDC ↑ TLC ↑ Ego Progress ↑ Comfort ↑ EPDMS ↑
PDM-C 0.881 0.906 0.963 0.985 1.00 0.915 -
SFT Checkpoint 0.800 0.756 0.869 0.981 0.878 0.963 0.444
GRPO with EPDMS [184, 265] 0.749 0.759 0.829 0.969 0.979 0.945 0.381
GRPO, ScRew, Equal Weights [182] 0.751 0.696 0.787 0.968 0.986 0.954 0.347
GRPO, ScAdv, Equal Weights [183] 0.767 0.705 0.813 0.971 0.981 0.949 0.370
GRPO, ScRew, Informed Weights 0.754 0.695 0.791 0.969 0.986 0.954 0.350
GRPO, ScAdv, Informed Weights 0.778 0.731 0.831 0.972 0.944 0.962 0.385
Constrained GRPO, ScRew 0.810 0.784 0.866 0.976 0.939 0.952 0.436
Constrained GRPO, ScAdv (ours) 0.853 0.830 0.897 0.986 0.863 0.967 0.516

Table 7.2 Stage 2 NAVSIM-v2 Results. We present Stage 2 results on the NAVSIM-
v2 benchmark’s Navhard split which measures the policy’s ability to generalize to long-tail
settings where agents need to produce corrective behaviours. We compare the different re-
ward function configurations explored in the literature and our proposed Constrained GRPO
approach, as depicted in Section 7.5.2. ScRew stands for Scalarized rewards, while ScAdv
stands for Scalarized Advantages. We see significant improvement in the EPDMS score with
our constrained GRPO with scalarized advantages approach. This indicates the scalarized
advantages allow the model to learn the correct signal for driving as it is less susceptible to
the noise of the constraint terms.

Hard constraints significantly impact the learning dynamics. Our experiments in-
dicate that employing a hard-constraint approach (i.e., GRPO with EPDMS [265]) produces
suboptimal behaviours compared to a soft-constraint approach. This is true for both the in-
distribution (stage 1) and out-of-distribution generalization (stage 2) as shown by the overall
EPDMS metric being lower. As our analysis suggested in Section 7.4.3, when different signals
constitute the reward function, it is important to account for different variances of individual
terms. The hard-constraint approach does not allow us to make this distinction, which we
believe makes the learning problem more difficult.

7.6 Conclusion

Our work demonstrates that CMDPs provide a powerful and flexible framework for task spec-
ification in reinforcement learning. In particular, we proposed a framework that expresses
desired agent behaviours as constraints on the frequency of specific indicator events within a
CMDP formulation. Through a series of experiments, we showed that this constraint-based
methodology is preferable to traditional reward engineering, which typically requires exten-
sive hyperparameter searches over candidate reward functions. We evaluated our framework
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Figure 7.7 Multiple Constraints on NAVSIM training. Constrained GRPO plots of
constraint and multipliers values through training, comparing with (a) scalarized rewards
with (b) scalarized advantages. Focusing on the ego progress and the drivable area compli-
ance, we see that with the scalarized rewards, the policy does not adhere to the multiplier
settings as we intend. First, the drivable area compliance (DAC) stays below its minimum
threshold 0.99 throughout its training even though the multiplier value had moved close to
its maximum value of 1.0. Moreover, we see that even though the ego-progress (a component
of the WAT reward) is set to a very low value, the scalarized rewards variant still maximizes
it. Conversely, the scalarized advantage model allows the different components to adhere
to the multiplier setting. In addition, we see that at around 2500 training steps, something
interesting happens in the scalarized advantage model’s multipliers; since the DAC constraint
is satisfied and the no at-fault collision (NC) takes a sharp dip, the Lagrangian optimiza-
tion pushes the NC multiplier higher and squashes the DAC multiplier. This confirms our
theoretical findings that scalarizing the advantages leads to better adherence to the specified
multiplier weights.

in scenarios involving multiple simultaneous constraints across three different environments.
Our results indicate that satisfying a large number of constraints simultaneously is inherently
challenging and can systematically hinder progress on the main task of interest. To address
this, we introduced a normalization scheme for the constraint multipliers, which improved
training stability, and proposed a bootstrap constraint to guide the early stages of learning.
This bootstrap mechanism allows practitioners to incorporate prior knowledge about the
task: when the success threshold is stringent, achieving high task performance is prioritized,
while a more relaxed threshold simply helps the agent escape the initialization regime, after
which the other constraints dominate. Overall, as we have shown, our method is simple to
integrate into existing policy-gradient implementations and scales effectively across domains.
We extended our framework to the RL finetuning of large vision-language models with GRPO
and showed that scalarizing advantages is the principled way to incorporate constraints into
the GRPO learning objective. We hope that these insights will encourage broader adop-
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tion of constrained reinforcement learning methods in autonomous vehicle settings and foster
stronger interactions between the research and applied RL communities.
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CHAPTER 8 CONCLUSION

Autonomous driving is a grand challenge at the intersection of robotics, computer vision,
and artificial intelligence, aiming for safe and efficient navigation without humans. Solving
it promises major gains in transportation safety, efficiency, and accessibility. Modern auton-
omy stacks are modular, with perception, prediction, planning, and control modules that
communicate sequentially. The perception stack builds an environment representation from
sensors while the remaining modules decide what the autonomous vehicle should do. This
thesis sets out to advance the state of knowledge of data-driven approaches for behaviour
prediction, planning and multi-agent behaviour simulation.

8.1 Synthèse des travaux / Summary of Works

In Chapter 4, we introduced Multi-Agent Motion Forecasting with Sequential Set Transform-
ers. This first contribution focused on multi-agent motion forecasting, where we cast this
problem as a sequential set prediction problem and introduced AutoBots, latent-variable en-
coder–decoder transformers. Our use of discrete latent seed parameters provides an inference-
efficient way to model distinct behavioural modes for agents, while the factorized attention
mechanism provides a nice way to capture inter-agent interaction and scene context. Through
extensive experiments, we showed that our model is both effective and accurate at modelling
the uncertain future trajectory of ego-agents, and can generate scene-consistent multi-agent
scenarios.

In Chapter 5, we introduced CtRL-Sim, a framework for multi-agent controllable simulation
using return-conditioned supervised learning. CtRL-Sim is trained to imitate policies from
logged driving data using a next-token prediction transformer over actions, return-to-gos,
and state rollouts, executed in a physics-aware Nocturne [38] simulator. We show that the
resulting agents are realistic, diverse, and crucially controllable at inference via exponential
tilting [40], which adjusts behavior rates without retraining. With this work, we aim to
address two important problems in behaviour simulation: (1) replacing non-reactive log
replay agents with reactive ones; and (2) generating long-tail adversarial scenarios to evaluate
planners.

In Chapter 6, we focus our attention on initial scene generation in the abstracted world using
our proposed vectorized latent diffusion model. We show this approach is an efficient and
effective architectural prior compared to rasterizing the vectorized scene and employing an
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image-based diffusion model. Combining our vectorized latent diffusion model with CtRL-
Sim, we propose a fully data-driven simulation framework trained on driving log data. We
evaluate self-play trained PPO policies on scenario-dreamer generated long-tail scenarios,
showcasing its possible future usage for planner evaluation.

In Chapter 7, we propose the use of constraint-satisfying policies in reinforcement learn-
ing. Specifically, we formalized the direct behaviour specification problem via Constrained
Markov Decision Processes. We showcased how traditional scalarized rewards with fixed
weights are a limiting approach, and does not scale well with the number of reward func-
tions being combined. With our proposed framework, designers can choose measurable upper
bounds on undesired behavior (e.g., collision or off-road rates) while retaining task-efficiency
objectives. The formulation proved effective in interactive video-game domains, even with
a large number of competing constraints. We extend our framework to the special case of
the recently-proposed Group Relative Policy Optimization (GRPO) and show the impor-
tance of scalarizing advantages for the framework’s effectiveness. With this, we show the
scalability of constrained-GRPO in the context of RL fine-tuning of large Vision-Language
models. This illustrates that constraint-aware optimization can guide even powerful function
approximators toward acceptable policies without hand-tuned reward shaping.

8.2 Limitations de la solution proposée / Limitations

While we believe our work in this thesis has advanced the state of knowledge for behaviour
modelling in autonomous driving, we believe there are several limitations.

• Scene Abstraction. By design, we focused our attention on post-perception vector-
ized worlds in all of our proposed work. While this is fine for current modular stacks,
it is the author’s belief that future work will move more and more towards end-to-end
driving. As such, it remains to be seen if the methods explored in this thesis would
easily scale to domains where the input is raw sensor inputs. We believe that since
the publication of our work in Chapter 4, it has been shown that the central idea of
AutoBots, namely factorized attention for spatial and temporal axes, extends well to
the domain of end-to-end driving, i.e., starting with sensor data [107]. Our experiments
in Chapter 7 on VLMs for autonomous driving showcase the extendibility of behaviour
specification through constrained RL to sensor inputs. However, the problem of simu-
lating sensor-data in multi-agent environments remains an open problem [266].

• Distribution Shifts in behaviour simulation Our behaviour simulation framework,
presented in Chapter 5 and employed in Chapter 6, employs offline reinforcement learn-
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ing to simulate long-tail behaviours. While we showed this approach is effective at
challenging planners, we observed a failure case: negatively tilting agents produced
adversarial agent behaviours where agents looked to crash with other agents. We see
this as a direct consequence of the formulation of the reward function.

• Controllability calibration. While CtRL-Sim from Chapter 5 employed exponential
tilting knobs for controllability, it was hard to decide exactly what value of the tilting
coefficients one should use. We believe control knobs for effective simulation frameworks
should have clear indicators of the knob values to what the resulting behaviours will
produce.

• Large-Scale Simulation. To support real autonomous driving planner training and
evaluation, we need large realistic worlds with realistic, closed-loop, reactive agent be-
haviours. While this thesis presented solutions towards this end goal in Chapter 6, even
in our abstracted vectorized worlds, we still cannot effectively generate large coherent
maps. In addition, in such large worlds we need agents that can continuously drive in
these large environments. While CtRL-Sim can be effective for the 9 seconds scenes
from Waymo dataset [223], it is unclear how it would fare in scenes that are 1-2 minutes
long.

• Scalability and compute. As with the general field of machine learning, the problem
of computational demands came more and more to the forefront during the development
of this thesis. High-capacity transformers, diffusion models and large vision-language
models at scale are computationally intensive. We avoided the problem of practical
deployment of most of our algorithms as this requires further engineering for latency,
memory, and energy budgets. AutoBot is the only model we had the chance to deploy
in real-world autonomous driving setting with Torc Robotics. Academic research will
need to address the problem of scarcity of compute compared to industrial labs.

8.3 Context of the Work and Author Contributions

In this section, I provide contextual information on the publications featured in this thesis.
In addition, I provide the specific contributions I made to each publication.

8.3.1 AutoBots

The work in Chapter 4 is joint work with Florian Golemo, Felipe Codevilla, Martin Weiss,
Jim Aldon D’Souza, Samira Ebrahimi Kahou, Felix Heide and Christopher Pal. Through
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many discussions with my co-authors, I contributed the core intuition around treating tra-
jectories as sequential sets with transformers and introduced a latent-variable formulation
to capture multi-modal predictions. The factorized attention over temporal and spatial di-
mensions organically came out of many discussions. I implemented most of the codebase,
with Felipe Codevilla leading the nuScenes data setup and Florian Golemo supporting results
aggregation. Martin Weiss helped further clarify the manuscript and wrote the proofs for
equivariance of the encoder and decoder. Samira Ebrahimi Kahou, Felix Heide and Christo-
pher Pal supervised the work throughout.

Context

The pandemic was in full effect when this project started and the collaboration with all my
co-authors had been moved to the online sphere. We were initially tackling this problem from
the RL perspective in driving, building a toy environment and using multi-head attention to
perform cross-attention between agents. Once we decided to explore real-world datasets, such
as nuScenes, we began our pursuit of novel architectures for dealing with spatial-temporal
data; we later coined the result of our exploration AutoBot.

Recent Developments

AutoBots was one of the first methods to propose the powerful idea of factorized attention.
It was concurrent work with the Scene Transformer [109]. Since then, Plenty of work has
built on ideas from Autobots; here we focus on work in motion prediction for autonomous
driving. Work that followed on Autobots and concurrent work included QCNet [267], Way-
former [268] which both used interleaved factored attention similar to Autobots. Further
work, such as motionLM [222], approached the trajectory forecasting problem as an autore-
gressive transformer model; we also present a similar work in Chapter 5. Finally, other
work took inspiration from Autobots to design a language-conditioned diffusion model for
multi-agent simulation [36, 132] and even used vanilla diffusion models for joint motion fore-
casting using factorized attention [115]. In industry, we have seen AutoBots used and cited
by autonomous driving companies including Waymo, Torc Robotics and Nvidia.

8.3.2 CtRL-Sim

The work in this chapter was published at CoRL 2024. This is joint work with Luke Rowe
(equal Authorship), Anthony Gosselin, Florian Golemo, Bruno Carrez, Felix Heide, Liam
Paull and Christopher Pal. For this work, I developed the main idea behind using reward
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conditioned supervised learning with multiple reward components, and the use of exponen-
tial tilting for adversarial behaviour simulation. Luke Rowe developed the novel multi-agent
transformer architecture as well as the main infrastructure to train simulation models. An-
thony helped with idea generation, helping debug and code the simulator and running exper-
iments. Bruno was responsible for writing the main code for the Box2d simulator, built on
top of Nocturne [38], which supported evaluation in realistic environments. Florian, Felix,
Liam and Chris all provided supervision for this project throughout, as well as helped with
the writing and architectural Figure generation (mainly Florian).

Context

I initially started this project with the help of Bruno Carrez for the simulator (from March
2022 until January 2023) and Anthony Gosselin as a new Master’s student. Florian came
in to help with the conceptualization, while Felix and Chris provided supervision. We were
initially building the reward-conditioned model using the codebase for AutoBots, while the
idea for using multiple reward functions came to me while working on the project in the
previous Chapter (constrained RL). I believe Luke joined the project in the Summer 2023
and at which point I started getting busy with a few personal life matters. He started working
with the AutoBots codebase and experienced a little bit of success but then transitioned to
the new multi-agent transformer architecture.

Recent Developments

This work has been well received by the industry with teams from Ubisoft, Waymo, Torc and
Fortelix interested in building on the work. Academically, the work has been cited 11 times
as of this moment, with some work on superintelligent agent risks [269], and other works
building visual versions of CtRL-Sim [266]. This work is the first to explore the strengths
of exponential tilting and test-time behavior modification through the lens of reinforcement
learning in the realm of autonomous driving.

8.3.3 Scenario Dreamer

In this chapter, we present our proposed Vectorized latent diffusion approach for generating
driving environments. This work was done with Luke Rowe (First Author), Anthony Gosselin,
Liam Paull, Christopher Pal and Felix Heide. I mainly operated in a secondary role in
this project, contributing to discussions and the overall design of the Scenario Dreamer
architecture and proposed overall approach for simulation. In addition, I trained the RL
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planning agent in GPUDrive and adapted the GPUDrive codebase accordingly to make the
trained RL agent compatible with the Scenario Dreamer representation. Furthermore, I
helped set up the infrastructure on the Torc Robotics’ research servers to support the project
8-GPU nodes for training. Anthony helped with running experiments on the cluster, while
Liam Paull, Chris Pal and Felix Heide provided valuable supervision.

Context

At the start of the Scenario Dreamer project, I was working as a full-time researcher at Torc
Robotics. There, I was focused on behaviour simulation, prediction and planning for Torc’s
autonomy stack. We invited Luke Rowe to come work as a research intern in the summer
of 2024 at Torc Robotics following our joint work on CtRL-Sim (Chapter 5). Following
recent work on map generation (SLEDGE;[93]), Luke and I were interested in devising an
approach for vectorized scene generation using diffusion models, as opposed to rasterizing
the vectorized scene. I helped develop the idea through regular discussions with Luke and
ran the large-scale training jobs on the compute infrastructure provided by Torc Robotics.
Furthermore, I modified the Gpudrive [28] simulator to ensure the PPO policies we trained
there can be transferred to work well in the Scenario Dreamer-generated scenarios.

Recent Developments

As the Scenario Dreamer work has only recently been published, it has had a limited impact in
the literature. Most of the work that has cited this work is in the realm of long-tail behaviour
simulation. At Torc Robotics, this work has been extended to generate temporally consistent
scenario rollouts that support sensor simulation for driving [270].

8.3.4 Constrained RL

The work in Chapter 7 was done in collaboration with Julien Roy (First Author), Joshua Ro-
moff, Pierre-Luc Bacon and Christopher Pal. For this work, I contributed to the development
of the ideas for behaviour specification, developed the example for naive grid search reward
shaping exploration, performed literature review in a joint effort with Julien, and developed
the experiments on the OpenWorld environment. Julien Roy was the main architect of the
project, conceptualizing the main problem and idea for this project, and the development and
experiments on the ArenaEnv. Joshua Romoff, Pierre-Luc Bacon and Chris Pal all provided
supervision for this project throughout, as well as helped with the writing.

Fast-forward to 2025, I extend the direct behaviour specification framework to the context of
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Vision-Language Models (VLMs) for driving with GRPO. With the collaboration of Rodrigue
de Schaetzen, I implemented the behaviour specification framework inside the modified open-
source codebase for VLM-R1 1. This modified codebase is a private codebase written by
Rodrigue de Schaetzen and Luke Rowe’s Poutine model [264] which employed GRPO on a
single reward function to solve the Waymo end-to-end challenge. Instead, I cast the end-to-
end autonomous driving problem within the context of direct behaviour specification, and
showed its successful application to GRPO for the driving problem, proposing constrained
GRPO. As presented in the results of Section 7.4.3, the mathematical analysis I performed
provided a principled way of incorporating constraint optimization into the GRPO algorithm.
This paper is currently under review.

Context

I had just finished working on AutoBots (Chapter 4) and was ready to focus on a new project.
I started talking with Julien about this project in April 2021 while he was interning at Ubisoft.
A few months later, I joined him there as an intern as well to focus on this project. Our goal
was to provide a method for easily applying RL to video games. In 2025, I am a contributor
to a method that performed state-of-the-art on the Waymo End-to-end challenge at the time
of the competition, although my role was mainly supervisory. Given that our method applies
RL to a problem which has multiple reward components, we pursued its extension to the
constrained policy optimization framework I had previously worked on.

Recent Developments

This work has been used by Ubisoft for controlling NPC agents’ behaviours. It has inspired
directions in the safe reinforcement learning literature, which deals with the problem of
satisfying safety constraints during exploration and deployment, such as avoiding dangerous
states as well as limiting risk while still maximizing reward [271].

8.4 Améliorations futures / Future Research

In this section, we propose several directions we hope to explore in the future to expand our
knowledge of the field and help push the field of autonomous driving forward.

Constrained Self-Play for Behaviour Simulation Recent work has shown that we can
learn realistic agent behaviours through self-play reinforcement learning in pre-recorded initial

1https://github.com/om-ai-lab/VLM-R1
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scenes [42, 229]. While Cusumano et al. [229] showed that reward conditioning can give rise
to a wide range of agent behaviours during training and this was important for the planner’s
final performance, we believe this work can be pushed even further using the behaviour
specification framework we proposed in Chapter 7. Concretely, agents can be initialized with
varying constraint thresholds, with certain agents having high safety standards while others
care more about reaching their goals. Such a framework would enable agent training with
heterogeneous agents that tightly respect their behavioural personalities. We believe that this
self-play approach unifies the open-ended adversarial training that yields high robustness with
the rule-based rigor that produces safe behaviour policies.

Probing Learned Representations in Interactive Driving Policies Modern decision-
making policies, from open-loop imitation to closed-loop imitation, self-play reinforcement
learning, and constrained RL, are trained under markedly different feedback regimes and
seem to produce policies with different characteristics [272]. A future direction is to system-
atically study how these training regimes shape the representational content of the resulting
policies, especially under distribution shift, partial observability, and safety constraints. Con-
cretely, one can probe internal policy states for task-relevant variables such as goal intent
and, in interactive multi-agent settings, test whether these representations capture predictive
structure about other agents, e.g., encoding their intents/goals or anticipating their future
actions—merely correlating with behavior or instead being causally used via targeted inter-
ventions and counterfactual rollouts; this was recently done in a hierarchical reinforcement
learning setting [273]. This analysis can be extended from privileged vector-state policies to
pixel-based, end-to-end planners, where representation quality may determine whether the
policy captures the underlying scene dynamics or overfits to spurious visual cues. Finally,
mapping scaling laws for representation quality and controllability as a function of model
capacity, dataset size, and closed-loop interaction budget could provide a principled lens for
choosing between IL, RL, and constrained RL when building reliable driving stacks.

Large-Scale Map Generation We aim to extend the vectorized latent diffusion model
from Chapter 6. Our current model is limited to an ego-centric field of view of 64 m ×
64 m. While we can stitch larger areas via inpainting, this introduces three issues: (1)
it relies on an ego-agent to define “ahead” and “behind”; (2) it cannot guarantee global
consistency under loop closures (e.g., three 90◦ turns); and (3) agents cannot persist once
they exit the original FOV. These limitations constrain long-horizon interaction learning,
since the planner cannot reliably encounter and re-encounter agents over extended distances.
Concretely, addressing this calls for generation that is not tied to a single ego frame, supports
loop-consistent topology, and maintains agent continuity beyond the initial window. We view
large, consistent, and persistent map generation as a particularly fruitful avenue for further
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research.

End-to-End Reasoning and Planning with Task-Relevant Latent World Mod-
els We see the next frontier as reasoning-first autonomy: agents that maintain beliefs over
task-relevant latent intentions, roll out counterfactual futures, and plan under explicit un-
certainty and constraints. While this thesis largely operated in the abstract-representation
regime (with the exception of our constrained GRPO experiments), the path forward is to
couple these abstractions with perception via task-aware latent world models, i.e., models
that learn predictive state abstractions optimized for downstream driving decisions rather
than pixel-perfect reconstruction. Concretely, a driving world model should anticipate not
only geometric trajectories, but also decision-critical events and affordances (e.g., merging
intent, right-of-way resolution, and occlusion-induced uncertainty), enabling planners to rea-
son about neighbouring agents’ goals, the effects of weather and road conditions on dynamics,
and the long-horizon consequences of their own actions. Realizing this vision calls for ob-
jectives that are closed-loop and constraint-aware: the world model should be shaped by
the queries a policy needs to act safely and effectively, aligning its latent predictions with
downstream control and safety specifications rather than purely reconstructive losses. This
naturally motivates agents that actively query the world model to evaluate alternative plans
through differentiable “what-if” rollouts in latent space, with explicit uncertainty to support
risk-sensitive decision-making. Recent directions such as JEPA-style world models [274, 275]
provide a promising template for these task-driven objectives by emphasizing prediction in
representation space and invariances aligned with decision-relevant structure, offering a prin-
cipled path toward scalable, reasoning-centric autonomy in driving.
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APPENDIX A LATENT VARIABLE SEQUENTIAL SET
TRANSFORMERS & AUTOBOTS

A.1 Permutation Equivariance of the Model

In this section, we prove the permutation equivariance of the Latent Variable Sequential Set
Transformer with respect to the dimension M . To do so, we analyze the model’s response
to permutation along this dimension of the input tensor. This tensor, X, is of dimension
(K,M, t), where K,M, t ∈ N. The dimensions t and K are ordered, i.e. if we index into the
tensor along dimension M (we denote this operation as Xm where m ∈ {1, . . . ,M}) then we
retrieve a (K, t)-dimensional matrix. However, the M dimension is unordered. This implies
that when we index by another dimension, for example t, we retrieve an invertible multiset of
vectors, denoted Xτ = {x1, . . . ,xM} where τ ∈ {1, . . . , t} and xm ∈ Xτ are K-dimensional.

Our proof that our model is permutation equivariant on M demonstrates a clear difference
with the properties of similar models. For example, the model proposed in Set Transform-
ers [49] features a permutation equivariant encoder combined with a permutation invariant
decoder. And while Deep Sets [205] provides a theoretical framework for designing neu-
ral network models that operating on sets, they do not directly address the processing of
hetereogeneous data structures as we do here.

The rest of the section will proceed in the following manner:

1. Provide definitions and lemmas of the mathematical structures we will use in our proofs.

2. Show the permutation equivariance of the AutoBot encoder on M .

3. Show the permutation equivariance of the AutoBot decoder on M .

For clarity, we re-state the motivation for proving permutation equivariance in this particular
model. In tasks like motion prediction, we may not be able to uniquely identify moving
objects (perhaps due to occlusion or similar visual features). Therefore, we may wish to
represent these objects as a collection of states evolving over time. Readers may benefit
from this perspective on X as a time-evolving (t) collection of M objects with K attributes.
We described Xτ as a multiset for generality, as it permits repeated elements. However, in
motion prediction tasks it might be safe to assume that no two distinct objects will share
the same attribute vector. By proving that our model is equivariant with respect to M , we
ensure that it will not waste capacity on spurious order-specific features. The inductive bias
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for this type of task differs from other settings like machine translation where word order is
meaningful.

A.1.1 Definitions and Lemmas

A permutation equivariant function is one that achieves the same result if you permute the
set then apply the function to the permuted set, as you would achieve if you had applied
the function to the set then applied the same permutation to the output set. We provide a
formal description in Def A.1.1.

Definition A.1.1 (Permutation Equivariance). Let X be the set of n vectors {x1, . . . ,xn},
and Sn the group of permutations of n elements π : X → X. Suppose we have a function
f : X→ X, we call f Permutation Equivariant iff f(π(X)) = π(f(X)).

One of the central components of the Sequential Set Transformer is the Multi-Head Self
Attention function (MHSA : X → X) originally introduced in [48]. MHSA computes an
updated representation for one input vector in a set of input vectors by processing its relation
with a collection of other vectors. Without the explicit addition of positional information to
the content of these vectors, this operation is invariant to input order. MHSA is a content-
based attention mechanism, and updates the contents of a single input vector based on
the contents of the others. However, if we define fMHSA as the function applying MHSA to
update each input vector, then we have created a permutation equivariant function, described
in Lemma A.1.2.

Lemma A.1.2 (fMAB is Permutation Equivariant on M). Let X be a set of D-dimensional
vectors {x1, . . . ,xM}, and fMAB : RD×M → RD×M be a function that applies MAB (as defined
in Equation 4.1 of the main text) to each xm ∈ X. Then fMAB(Xτ ) is permutation equivariant
because ∀π ∈ Sm, fMAB(π(X)) = π(fMAB(X)).

Having discussed the preliminaries, we now show the permutation equivariance of AutoBot’s
encoder.

A.1.2 AutoBot Encoder Properties

Theorem A.1.3 (AutoBot Encoder is Permutation Equivariant on M). Let X be a tensor
of dimension (K,M, t) where K,M, t ∈ N, and where selecting on t retrieves an invertible
multiset of sequences, denoted Xτ = {x1, . . . ,xM}, where τ ∈ {1, . . . , t} and xm ∈ Xτ are
K-dimensional. The AutoBot encoder, as defined in Section 4.4.1, is permutation equivariant
on M .
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Proof. What follows is a direct proof of the permutation equivariance of the AutoBot encoder.
The encoder is a composition of three functions, rFFN: RK×t → RdK×t, fMAB : Rdk×M →
Rdk×M , and fMAB : RdK×t×M → RdK×t×M .

First, we show that the embedding function rFFN is equivariant on M . Let rFFN represent
the application of a function e: RK → RdK to each element of a set Xτ where τ ∈ {1, . . . , t}.
Then rFFN is equivariant with respect to M by Definition A.1.1. Specifically, we can see
that the function rFFN satisfies the equation ∀π ∈ SM , rFFN(π(Xτ )) = π(rFFN(Xτ )). In the
AutoBot encoder, the function rFFN is applied to each set Xτ , and because it is permutation
equivariant on M for each, the application to each set represents a permutation equivariant
transformation of the entire tensor.

Next, we show that the function fMAB, which applies a Multi-Head Attention Block (MAB)
to each set, (X1, . . . ,Xt), is equivariant on M . fMAB is permutation equivariant with respect
to the M dimension of X because MAB is permutation equivariant on each set Xτ by Lemma
A.1.2.

Finally, we define a function fMAB which applies a positional encoding along the time dimen-
sion of X then a Multi-head Attention Block (MAB) to each matrix in X, {X1, . . . ,XM}.
fMAB is permutation equivariant with respect to the M dimension of X because the collection
of matrices {X1, . . . ,XM} is an unordered set, and the uniform application of a function to
each element of this set satisfies permutation equvariance.

A composition of equivariant functions is equivariant, so the encoder is equivariant on M .

A.1.3 AutoBot Decoder Properties

We now provide a direct proof the the permutation equivariance of the AutoBot decoder
on M . The decoder is an auto-regressive function initialized with a seed set Xt containing
M vectors of dimension dk, each concatenated with a vector of latent variables and other
context of dimension 2dk. For τ ∈ {1, . . . , T − t} iterations, we concatenate the output of
the decoder with the seed, the previous decoder output, and the latents to produce a tensor
of dimension (3dK ,M, τ). In particular, the decoder is a composition of three functions,
rFFNdec: R3dK×τ → RdK×τ , fMAB : Rdk×M → Rdk×M , and fMABD : RdK×M×τ → RdK×M×τ .

Theorem A.1.4 (AutoBot Decoder is Permutation Equivariant on M). Given an invert-
ible multiset Xt with M vector-valued elements, and an auto-regressive generator iterated
for τ ∈ {1, . . . , T − t}, the AutoBot decoder, formed by a composition of three functions,
rFFNdec: R3dK×M → RdK×M , fMAB : Rdk×M → Rdk×M , and fMABD : RdK×τ×M → RdK×τ×M ,
is equivariant on M .
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Proof. First, we must establish that the function rFFNdec: R3dK×M → RdK×M is equiv-
ariant with respect to M . The AutoBot decoder applies rFFNdec to each set Xτ where
τ ∈ {1, . . . , T − t}, transforming the M vectors of dimension 3dK → dk. Because rFFNdec

represents a uniform application of edec to each element of the set, we can see that it satisfies
the definition of permutation equivariance, specifically that ∀π ∈ SM , rFFNdec(π(Xτ )) =
π(rFFNdec(Xτ )).

Next, we take the function fMABD, which first applies a function PE : Rdk,M,τ → Rdk,M,τ to X
adding position information along the temporal dimension, then applies fMABD : RdK×τ →
RdK×τ to each matrix {X1, . . . ,XM}. fMABD is permutation equivariant with respect to the
M dimension of X because the collection of matrices {X1, . . . ,XM} is an unordered set,
and the uniform application of a function to transform each element independently does not
impose an order on this set.

Similar to the final step of the previous proof, we see that a function fMAB applying a multi-
head self-attention block (MAB) to each set {Xt+1, . . . ,Xτ} is equivariant on M because
MAB is permutation equivariant on each set (see Lemma A.1.2).

The composition of equivariant functions is equivariant, so the decoder is equivariant.

A.2 Model Details

A.2.1 Ego-Centric Forecasting

AutoBots can be used to predict the future trajectories of all agents in a scene. However,
in some settings we may wish to forecast the future trajectory of only a single agent in the
set. We call this variant “AutoBot-Ego”. Referring back to the encoder presented in Section
4.4.1, instead of propagating the encoding of all elements in the set, we can instead select
the state of that element produced by the intra-set attention, s ∈ Sτ . With this, our encoder
proceeds with the rest of the computation identically to produce the tensor Cm

1:t, which is an
encoding of the ego element’s history conditioned on the past sequence of all elements.

AutoBot-Ego’s decoder proceeds as presented in section 4.4.2, with one exception. Since
AutoBot-Ego only generates the future trajectory of an ego element, we do not perform
intra-set attention in the decoder. As a consequence of only dealing with a single ego-agent
in the future generation, we do not repeat the seed parameter matrices Qi across the M
dimension, where i ∈ {1, . . . , c}. The objective function is updated to compute the likelihood
of one element’s future given the entire input sequence. That is, in AutoBot-Ego, Y = Xm

t+1:T .
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A.2.2 Expectation Maximization Details

Our model also computes the distribution P (Z|X1:t) of discrete random variables. To achieve
this, we employ c learnable vectors (one for each mode) concatenated into the matrix P ∈
R(dK ,c), which behave like seeds to compute distribution over modes prior to observing the
future (these seed parameters should not be confused with the decoder seed parameters Q).
The distribution is generated by performing the computations

p(Z|X1:t) = softmax(rLin(F)), where F = MABD(P1:c,C),

where rLin is a row-wise linear projection layer to a vector of size c.

A.2.3 Context Encoding Details

In the nuScenes dataset, we are provided with a birds-eye-view 128× 128 RGB image of the
road network, as shown in Figure A.1. In the TrajNet dataset, we are also provided with
a birds-eye-view of the scene, as shown in Figure A.2. We process this additional context
using a 4 layer convolutional neural network (CNN) which encodes the map information into
a volume of size 7 × 7 × (7 ∗ c) where c is the number of modes. We apply a 2D dropout
layer with a rate of 0.1 on this output volume before processing it further. As our model
employs discrete latent variables, we found it helpful to divide this volume equally among all
c modes, where each mode receives a flattened version of the 7× 7× 7 volume. As described
in Section 4.4.2, this context is copied across the M and T dimensions, and concatenated
with the decoder seed parameters during the sequence generation process. Intuitively, each
mode’s generated trajectory is conditioned on a different representation of the context.

Figure A.1 AutoBots Context Encoder. Example of the birds-eye-view road network
provided by the Nuscenes dataset. Our CNN encoder produces a volume which we partition
equally into K modes. This allows each generated trajectory to be conditioned on a different
representation of the input image.
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Figure A.2 TrajNet Map Example. Example birds-eye-view map provided by the TrajNet
benchmark. The footage was captured by a drone and pedestrians and bicycles are freely
moving through the scene.

Parameter Description Toy OmniGlot Nuscenes Argoverse TrajNet TrajNet++

dk
Hidden dimension throughout all
parts of the model. 64 128 128 128 128 128

Learning Rate Learning rate used in Adam Optimizer. 1e-4 5e-4 7.5e-4 7.5e-4 7.5e-4 5e-4
Batch size Batch size used during training. 6 64 64 64 64 64
c Number of discrete latent variables. 10 4 10 6 5 6
λe Entropy regularization strength. 3.0 1.0 30.0 30.0 5.0 30.0
Dropout Amount of dropout used in MHSA functions. 0.0 0.2 0.1 0.1 0.3 0.05

Lenc
Number of stacked social/Temporal blocks
in the encoder. 1 1 2 2 2 2

Ldec
Number of stacked social/Temporal blocks
in the decoder. 1 1 2 2 2 2

H Number of attention heads in all MHSAs. 8 8 16 16 8 16

Table A.1 Hyperparameters used for AutoBots across all four datasets.
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A.2.4 Implementation and Training details

We implemented our model using the Pytorch open-source framework. Table A.1 shows
the values of parameters used in our experiments across the different datasets. The MAB
encoder and decoder blocks in all parts of AutoBots use dropout. We train the model using
the Adam optimizer with an initial learning rate. For the Nuscenes and TrajNet++ datasets,
we anneal the learning rate every 10 epochs for the first 20 epochs by a factor of 2, followed
by annealing it by a factor of 1.33 every 10 epochs for the next 30 epochs. For the Argoverse
dataset, we anneal the learning rate every 5 epochs by a factor 2 for the first 20 epochs.
In all datasets, we found it helpful to clip the gradients to a maximum magnitude of 5.0.
For the Nuscenes experiments, our model takes approximately 80 epochs to converge, which
corresponds to approximately 3 hours of compute time on a single Nvidia Geforce GTX
1080Ti GPU, using approximately 2 GB of VRAM. We used mirroring of all trajectories and
the map information as a data augmentation method since the dataset’s scenes originate from
Singapore and Boston. For Argoverse experiments, our model takes approximately 30 epochs
to converge, which corresponds to approximately 10 hours on the same resources. In order to
improve the performance, we use other agents in the certain scenes as an ego-agent, effectively
doubling the size of the dataset. We chose agents that move by at least 10 meters. This,
in-turn, increases the training time to approximately 24 hours. For the TrajNet, TrajNet++
and Omniglot datasets, our model takes approximately 100 epochs which corresponds to a
maximum 2 hours of compute time on the same resources.

A.2.5 Performance - Comparing Seed Parameter Decoder with Autoregressive
Decoder

One of the main architectural contributions of our work compared to our contemporaries is
the use of seed parameters in the decoder network to allow for one-shot prediction of the entire
future trajectory (compared to the established way of rolling out the model autoregressively
timestep by timestep). To this end, we created an ablation of our model that predicts the
future timesteps autoregressively and we compare its performance to ours across different
variables (number of agents, input sequence length, output sequence length, and number of
modes). Figure A.3 shows the inference rate (i.e. full trajectory predictions per second)
of AutoBot-Ego (top) and AutoBot (bottom). We can see that in the single-agent case
(AutoBot-Ego ), both the seed parameter version of the model as well as the autoregressive
ablation are able to operate in real-time (≥ 30 FPS), save for when using a prediction horizon
longer than 20 steps. We chose 30 FPS as a real-time indicator line since most cameras used
in self-driving cars output at least 30 FPS [276]; Lidar data is usually slower to retrieve
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at 5-20 FPS. The performance difference is more obvious when comparing AutoBot to its
ablation. The autoregressive model is barely able to perform at 30 FPS when the number of
agents is low, the number of input steps is very low, the predicted future steps are under 20,
and the number of modes is low.
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Figure A.3 AutoBots’s Inference Rate To show the impact of using a seed parameter decoder
as opposed to an autoregressive decoder, we compare the inference rate of AutoBots with its autore-
gressive but otherwise identical ablation. We plot how the inference rate varies with increasing size
of input/output variables. From left-to-right, these variables correspond to 1) number of agents,
2) number of observable timesteps for each agent, 3) prediction horizon, and 4) number of modes.
The top row corresponds to AutoBot-Ego while the bottom row corresponds to AutoBot.

A.3 AutoBots Additional Results

A.3.1 Ablation Study on Nuscenes

Table A.2 shows the results of ablating various components from AutoBot-Ego on the Nuscenes
dataset. As we can see, the model trained without the map information performs significantly
worse across all metrics. This shows that indeed AutoBot-Ego learns to attend to the map
information effectively. The ‘No Latent Variable’ version of our model is a model without
the latent variable, and therefore, without the decoder seed parameters. This model then
becomes auto-regressive and samples from the output bivariate Gaussian distribution at ev-
ery timestep. We note that this version of the model is significantly slower to train (taking
approximately three times as long) due to its autoregressive nature. In order to generate
ten trajectories, the generation process is repeated c = 10 times. This model uses the same
transformer encoder and decoder blocks as described in Section 4.4. As we can see from its
performance on the ADE metrics, without latent variables, the model is not capable of gen-
erating diverse enough trajectories. This is expected since the output model ϕ is now tasked
with accounting for both the aleatoric and epistemic uncertainties in the process. Finally,
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the ‘No Data Augmentation’ model shows that although it is helpful to augment the data
with mirroring, even without it the model is still capable of producing strong performance.

AutoBot-Ego Min ADE
(5)

Min ADE
(10)

Miss Rate
Top-5 (2m)

Miss Rate
Top-10 (2m)

Off Road
Rate

No Map Information 1.88 1.35 0.72 0.58 0.22
No Latent Variable 1.77 1.34 0.76 0.64 0.07
No Data Augmentation 1.47 1.08 0.66 0.47 0.03
AutoBot-Ego 1.43 1.05 0.66 0.45 0.03

Table A.2 NuScenes Ablation Study.. We study the performance benefits of AutoBot-
Egoover various ablated counterparts.

A.3.2 Analysis of Entropy Regularization

This dataset contains the trajectories of a single particle having identical pasts but diverse
futures, with different turning rates and speeds, as shown in Figure A.4 (top row). In the
second row of Figure A.4, we show that our model trained without entropy regularization,
λe = 0.0, can cover all modes. However, the short trajectory variants are all represented using
only one of the modes (2nd row, 3rd column), as shown by the growth of the uncertainty
ellipses as the trajectory moves forward. This shows that AutoBots learn to increase the
variance of the bivariate Gaussian distribution in order to cover the space of trajectories.
The third row of Figure A.4, shows the learned trajectories for this variant trained with
λe = 3.0. As we can see, the entropy regularization penalizes the model if the uncertainty
of bivariate Gaussians is too large. By pushing the variance of the output distribution to a
low magnitude, we restrict the model such that the only way it can achieve high likelihood is
to minimize the distance between the mean of the bivariate distributions and ground-truth
trajectories.

Ablation Study - Importance of Entropy Loss Term. In Table A.3, we show an
ablation study to evaluate the importance of the entropy component on training the model
for nuScenes. Again, we observe that for multi-modal predictions, enforcing low entropy
on the predicted bivariate distributions has a great positive impact on the results, with an
increased λe resulting in better performance. This was observed on all evaluated metrics
with the exception of the min FDE, which was poor regardless of the model. Furthermore,
we can see from Table 4.1 that, in general, all prior models have a difficulty obtaining strong
performance on the min FDE (1) metric, with the best value having an overall error of 8.49
meters. This may be due to the difficulty of predicting the correct mode when one only has
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Figure A.4 Influence of entropy loss on particle experiment. The input trajectory
(cyan, only shown in top row) is identical in all cases. The model trained without an entropy
loss term (middle row) covers all modes with high variance, while the model with moderate
entropy regularization (bottom row) is able to learn the modes with low variance and without
overlap.

access to two seconds of the past sequence.

λe
Min ADE
(5)

Min ADE
(10)

Miss Rate
Top-5 (2m)

Miss Rate
Top-10 (2m)

Min FDE
(1)

Off Road
Rate

0 1.75 1.29 0.67 0.58 9.55 0.10
1 1.71 1.22 0.65 0.57 9.03 0.08
5 1.70 1.14 0.62 0.53 9.11 0.05
30 1.75 1.14 0.63 0.54 9.51 0.04
40 1.72 1.11 0.60 0.51 9.01 0.04

Table A.3 NuScenes Quantitative Results by Entropy Regularization. We study
AutoBot-Ego’s performance when varying the entropy regularization term on nuScenes, and
see that increased entropy improves model performance (particularly Min ADE 10 and Off
Road Rate) up to a limit.

A.3.3 TrajNet++ Ablation and Qualitative results

Table A.4 shows the effect of increasing the number of social/temporal encoder and decoder
layers in the general AutoBot architecture. We can see that increasing the number of layers
in the decoder has a positive impact on the performance of the joint metrics. This is expected
since as we increase the number of social layers, the model can use high-order interactions
to model the scene. Figure A.5 shows an example scene generated by each of the model
variants.
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Model Ego Agent’s
Min ADE(6) (↓)

Number Of
Collisions (↓)

Scene-level
Min ADE(6) (↓)

Scene-level
Min FDE(6) (↓)

Lenc = 1, Ldec = 1 0.108 273 0.152 0.281
Lenc = 2, Ldec = 1 0.102 214 0.138 0.254
Lenc = 3, Ldec = 1 0.099 227 0.135 0.245
Lenc = 1, Ldec = 2 0.099 164 0.132 0.248
Lenc = 1, Ldec = 3 0.091 123 0.121 0.225
Lenc = 2, Ldec = 2 0.095 139 0.128 0.234
Lenc = 3, Ldec = 3 0.090 98 0.119 0.216

Table A.4 TrajNet++ ablation studies for a multi-agent forecasting scenario. We
investigate the impact of the number of social/temporal layers in the encoder and the decoder.

A.3.4 TrajNet, A Pedestrian Motion Prediction Dataset

We further validate AutoBots on a pedestrian trajectory prediction dataset TrajNet [189]
where we are provided with the state of all agents for the past eight timesteps and are tasked
with predicting the next 12 timesteps. In this experiment, we apply our general architecture
(AutoBot) to a multi-agent scene forecast situation, and ablate various the social components
in the decoder only, and decoder and encoder.

Model Number Of
Collisions

Scene-level
Min ADE(5)

Scene-level
Min FDE(5)

AutoBot-AntiSocial 474 0.571 1.02
AutoBot-Ego 466 0.602 1.07
AutoBot 326 0.471 0.833

Table A.5 TrajNet ablation studies for a multi-agent forecasting scenario. We
evaluate the impact of using the extra social data as a set and the actual multi-agent modelling
on this context. We found that AutoBot is able to cause fewer collisions between agents
compared to variants without the social attention.

In Table A.5, we present three variants of the model. The first, AutoBot-AntiSocial corre-
sponds to a model without the intra-set attention functions in the encoder and decoder (see
Figure 4.2). The second variant, AutoBot-Ego, only sees the past social context and has
no social attention during the trajectory generation process. The third model corresponds
to the general architecture, AutoBot. All models were trained with c = 5 and we report
scene-level error metrics as defined by [14]. Using the social data with the multi agent mod-
elling in the decoder greatly reduces the number of collisions between predicted agent futures.
Furthermore, we can see that AutoBot significantly outperforms its ablated counterparts on
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Figure A.5 TrajNet++ qualitative results. In this example scene, we see five agents
moving towards each other with their input trajectories (blue) and their ground-truth future
trajectories (black) shown in the left figure. The different rows show three of the c = 6 scene
predictions made by each model variant. AutoBot-Ego and AutoBot-AntiSocial produce
some modes containing collisions or socially inconsistent trajectories, while AutoBot, which
has social attention in the decoder, achieves consistent trajectories.

generating scenes that match ground-truth, as observed by the reduced scene-level minADE
and minFDE. We expect this theoretically since the ego-centric formulation makes the in-
dependence assumption that the scene’s future evolution can be decomposed as the product
of the individual agent’s future motion in isolation, as remarked in [14]. AutoBot does not
make this assumption as we condition between agents at every timestep.

Figure A.6 shows an example of multi-agent trajectory generation using the three different
approaches for predicting the scene evolution. We present four of the five modes generated by
the model for this example input scene. One can observe that the only model achieving scene-
consistent predictions across all modes is AutoBot . Interestingly, we also observe that the
different modes correspond to different directions of motion, highlighting the utility of using
modes. In fact, the modes in AutoBot condition the entire scene future evolution, producing
alternative realistic multi-agent futures. We refer the reader to Figures A.7, A.8, A.9 and
A.10 where we show some additional qualitative results of AutoBots’ variants compared to
AutoBot on the TrajNet dataset. These results highlight the effectiveness of the sequential
set attention mechanism in the decoding process of our method and how important it is to
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predict all agents in parallel compared to a 1-by-1 setup.

Figure A.6 TrajNet qualitative results. In this example, we see two agents moving
together in the past (cyan) and future (pink, left). We compare how different variants of
AutoBots make predictions in this social situation. AutoBot-Ego and AutoBot-AntiSocial
produce some modes containing collisions or unrealistic trajectories, while AutoBot, which
has intra-set attention during decoding, achieves consistent trajectories.

A.3.5 Omniglot Additional Details and Results

The LSTM baseline used in our Omniglot experiments have a hidden size of 128 and use c = 4
latent modes. The input is first projected into this space using an embedding layer, which is
identical to the one used in AutoBot. All input sequences of sets are encoded independently
using a shared LSTM encoder. During the decoding phase, we autoregressively generate
the next stroke step using an LSTM decoder. In order to ensure consistency between the
predicted future strokes, inspired by Social LSTM [11], the LSTM baseline employs an MHSA
layer at every timestep operating on the hidden state of the different strokes making up the
character. We concatenate a transformation of the one-hot vector representing the latent
mode with the socially encoded hidden state at every timestep. The output model is identical
to the one used AutoBot, generating a sequence of bivariate Gaussian distributions for each
stroke. We performed a hyperparameter search on the learning rate and found the optimal
learning rate to be 5e−4. Furthermore, as with all our other experiments, we found it helpful
to employ gradient clipping during training.

We provide additional results on the two tasks defined in Section 4.5.4. Figure A.11 shows
additional successful AutoBot results on task 1 (completing multiple strokes) compared to
an LSTM baseline equipped with social attention. These results highlight the effectiveness of
sequential set transformers for generating consistent diverse futures given an input sequence of
sets. Figure A.12 shows examples where both models fail to correctly complete the character
in task 1. Figure A.13 compares AutoBot-Ego with the LSTM baseline on predicting a new
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Figure A.7 TrajNet qualitative results 1/4. Example scene with multiple agents moving
together. These trajectories are plotted over the birds-eye-view image of the scene where we
zoom into interesting trajectories. We can see that only AutoBot produces trajectories that
are realistic in a group setting across all modes.

stroke given the two first strokes of a character (task 2). These results highlight that although
not all modes predict the correct character across all modes, all generated predictions are
consistent with realistic characters (i.e., confusing “F" with “Π" or “H" with “Π").
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Figure A.8 TrajNet qualitative results 2/4. Example scene with two agents moving
separately in a road setting. We want to highlight this interesting scenario where some
modes of AutoBots-Solo and AutoBots-AntiSocial results in trajectories that lead into the
road, while AutoBot seems to produces trajectories more in line with the ground-truth, and
lead the agent to cross the road safely.

Figure A.9 TrajNet qualitative results 3/4. Additional example scenes with multiple
agents moving together. Again, we wish to highlight the advantage of modelling the scene
jointly, which is evident by the results of AutoBot.
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Figure A.10 TrajNet qualitative results 4/4. Example scenes with two agents moving
together. Again, we see that AutoBot produces trajectories consistent with the scene across
all modes (e.g., not crashing into the bushes) and maintains the social distance between the
walking agents.
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Figure A.11 Omniglot Task 1 Additional Results. These are some additional random
characters from the Omniglot stroke completion task. We can see that AutoBot produces
plausible characters on the test set, while the LSTM struggles to create legible ones.
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Figure A.12 Omniglot Task 1 Failure Cases. There were some characters where AutoBot
failed to learn the correct character completion. We can currently only speculate why that
is the case. Our first intuition was that this might occur when there are 90 degree or less
angles in the trajectory that is to be predicted but in Fig. A.11, we can see that there are
examples where this does not seem to be a problem. We believe that this might be due to a
rarity of specific trajectories in the dataset but more investigation is required.
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Figure A.13 Omniglot Task 2 Additional Results. These are some additional random
characters from the Omniglot character completion task. Again, we can see that AutoBot
produces plausible characters on the test set, where different modes capture plausible varia-
tions (e.g. F to H and H to PI), while the LSTM struggles to capture valid characters in its
discrete latents.
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APPENDIX B CONTROLLABLE BEHAVIOUR SIMULATION &
CTRL-SIM

B.1 Action Sampling Algorithm

We present our action sampling procedure in Algorithm 5 for controllable behaviour genera-
tion with exponential tilting of the factorized predicted return-to-go values.

Algorithm 5 The action sampling algorithm used by CtRL-Sim to allow for factorized tilting
of the exhibited behaviour.

1: Input: {κ1, . . . , κC} ▷ The specified inverse temperature for each return-to-go
component.

2: for c = 1 to C do
3: G′c

t ∼ pθ(Gc
t |st, sG) exp(κcGc

t)
4: end for
5: at ∼ πθ(at|st, sG, G′1

t , . . . G
′C
t )

6: return at

B.2 Nocturne Physics Simulator and Offline RL Dataset

B.2.1 Physics-based Nocturne Simulator

Base environment. In CtRL-Sim, we build on Nocturne [38], a lightweight 2D driving
simulator derived from real trajectories in the Waymo Open Motion Dataset (WOMD) [223].
Scenes contain dynamic agents (vehicles, pedestrians, cyclists) and map context (lane bound-
aries/markings, traffic signs, crosswalks). Each agent is assigned a goal equal to the final
waypoint of its WOMD ground-truth trajectory; if the trajectory has missing timesteps, the
goal is set to the waypoint immediately preceding the first gap. By default, agents output
actions that replay their exact 9 s trajectories at 10 Hz. In the original Nocturne setup for
RL, 10 simulation steps (1 s) of context are provided, and the agent must reach its goal within
the next 80 steps (8 s).

Extensions. We augment Nocturne with a Box2D-based physics layer to enable realistic
vehicle dynamics and collisions. Control forces integrate to accelerations that determine speed
and heading, with friction modelling to capture sliding and grip. We impose plausible limits
on acceleration, braking, and turning radius, and permit physical vehicle–vehicle contact.
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These additions allow more faithful simulation of scenarios such as emergency braking, low-
friction surfaces, and multi-vehicle collisions.

B.2.2 Offline RL Dataset Collection

Actions are acceleration and steering angle. The reward is the sum of three terms: goal
position, vehicle–vehicle collision, and vehicle–road-edge collision. We confirmed that running
WOMD scenes through the simulator (detailed next) yields rollouts that closely reconstruct
the logged trajectories (Table 6.4). Following Nocturne [38], we exclude pedestrians/bicyclists
and scenes with traffic lights, yielding a training, validation, and test set containing 134150,
9678, and 2492 scenes.

Trajectory reconstruction. At timestep t, we compute at = (accel, steer) by using the
inverse bicycle model from the current simulated state ŝt and the next logged (GT) state st+1.
We clip acceleration to [−10, 10] and steering to [−0.7, 0.7] rad, apply forward dynamics to
obtain ŝt+1, and iterate; Table 6.4 reports reconstruction accuracy.

Rewards. For each agent, their goal is set to the final state (i.e., position, heading, and
velocity) of the ground-truth logged trajectory. The goal position reward is defined by:

Rg(st, sG) = 1goal achieved(st, sG), (B.1)

where goal achieved(·) is 1 if the agent ever reaches within 1 metre of the ground-truth goal,
and 0 otherwise. The vehicle-vehicle collision reward is defined by:

Rv(st, St − {st}) = −10× 1vehicle-vehicle collision(st, St − {st}) (B.2)

+ min(dist-nearest-vehicle(st,St − {st}), 15)
15 , (B.3)

where dist-nearest-vehicle(·) computes the distance between the agent of interest and its
nearest agent in the scene. Finally, the vehicle-road-edge collision reward is defined by:

Re(st,m) = −10×1vehicle-road-edge collision(st,m)+min(dist-nearest-road-edge(st,m), 5)
5 , (B.4)

where dist-nearest-road-edge(·) computes the distance between the agent and the nearest
road edge.
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B.3 Evaluation Metrics

We define the Goal success as the fraction of evaluated agents (over all test scenes) that come
within 1 m of the ground-truth goal. The final and average displacement errors (FDE/ADE)
are computed per agent over test scenes and then averaged. For each scene s, collision and
off-road rates are the fractions of evaluated agents in s that collide with another agent or a
road edge, respectively; the overall rates are the averages of these per-scene values.

We compare real vs. simulated rollouts via the Jensen–Shannon distance (JSD)
√
DKL(p||m) +DKL(q||m)

2 , (B.5)

using normalized histograms. Unlike prior work reporting the JSDivergence [125, 130], we
use its square root, the JSDistance, for better readability. We compute JSD for linear speed,
angular speed, acceleration, and nearest distance with the following bins: acceleration—21
uniform bins in [−10, 10] (one per valid value); linear speed—200 bins in [0, 30]; angular
speed—200 bins in [−50, 50]; nearest distance—200 bins in [0, 40].

B.4 Individual JSD Results

In Table B.1, we report the per-feature JSD results for Table 6.4.

B.5 CtRL-Sim Training and Inference Details

Training. We train CtRL-Sim on randomly subsampled sequences of length H × N × 3
with H=32 and N=24. Actions are discretised into 20 (accel) × 50 (steer) bins, yielding
1000 action tokens. Each return-to-go component Gc,i

t is quantised into 350 bins. Scenes
are encoded in a global frame as in [27, 109]: we centre/rotate on a random agent, take the
L=200 closest lane segments within 100 m (each subsampled to P=100 points), and up to
N=24 nearest agents within 60 m as social context. The model uses hidden size d=256, E=2
Transformer encoder blocks and D=4 decoder blocks, with loss weight α=1/100; supervision
is applied only to moving agents. We apply goal dropout (zeroing 10% of goal embeddings) and
set state/return/action embeddings to zero at missing timesteps. To maintain permutation
equivariance[18, 109], we modify the causal mask so each agent at the current step can attend
to its own action and return-to-go tokens, to all agents’ state tokens at the current step, and
to all agents’ tokens in the past. Training uses AdamW with a linearly decaying LR from
5×10−4 over 200k steps, batch size 64. At inference we sample actions with temperature
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JSD (×10−2)
Method Lin. Speed Ang. Speed Accel. Nearest Dist. Meta-JSD
Replay-Physics∗ 0.1 11.5 17.4 1.2 7.6
Actions-Only [27] 4.1 ± 0.7 16.8 ± 0.3 15.6 ± 0.5 5.1 ± 0.5 10.4 ± 0.3
Imitation Learning 1.0 ± 0.1 13.4 ± 0.3 16.9 ± 0.4 2.1 ± 0.2 8.3 ± 0.1
DT (Max Return) [140] 2.7 ± 0.1 13.4 ± 0.2 15.4 ± 0.5 2.2 ± 0.3 8.4 ± 0.1
CTG++ [132] 3.2 ± 0.9 11.9 ± 0.9 12.4 ± 0.4 2.2 ± 0.3 7.4 ± 0.2

CtRL-Sim (No State Prediction) 1.2 ± 0.1 13.7 ± 0.2 15.9 ± 0.7 2.0 ± 0.2 8.2 ± 0.2
CtRL-Sim (Base) 1.1 ± 0.2 13.8 ± 0.2 15.6 ± 0.5 2.0 ± 0.3 8.1 ± 0.2
CtRL-Sim (Positive Tilting) 1.4 ± 0.1 13.6 ± 0.2 14.8 ± 0.5 1.8 ± 0.2 7.9 ± 0.1

DT∗ (GT Initial Return) 1.1 ± 0.2 13.4 ± 0.2 16.8 ± 0.6 2.1 ± 0.2 8.4 ± 0.1
CtRL-Sim∗ (GT Initial Return) 1.1 ± 0.2 13.8 ± 0.3 15.3 ± 0.6 2.2 ± 0.2 8.1 ± 0.2

Table B.1 Breakdown of Meta-JSD in Table 6.4. For each metric, the best unprivileged
method is bolded and second-best is underlined. ∗ denotes a privileged method requiring
the ground-truth future trajectory.

1.5. The CtRL-Sim architecture has 8.3M parameters and trains in ∼ 20 hours on 4×A100
GPUs.

Inference. CtRL-Sim supports arbitrary numbers of agents. When the number of CtRL-
Sim -controlled agents exceeds N=24, we process per-timestep subsets of 24 agents: pick a
controlled agent not yet processed, normalise the scene to it, add its 23 nearest neighbours,
and repeat until all controlled agents are covered; if an agent appears in multiple subsets, we
keep the model’s first prediction. We use context length H=32 (the most recent 32 steps)
and center/rotate on the agent at the oldest context step. During the first 10 steps (1 s) of
rollout, states and actions are clamped to ground truth while the return-to-go is predicted
at every step.

B.6 Baseline Details

In this section, we describe the design decision of each baseline employed in our work. We
note that for all models below, we scaled them in order for all models to have approximately
the same number of learnable parameters as CtRL-Sim’s architecture.

Actions Only The actions-only baseline is encoder-decoder architecture implemented in
exactly the same way as CtRL-Sim with a few ablations. These include removal of states
and returns from the decoder sequence, and no state rollout predictions. This model was
inspired by [27] but differs in that the model also has access to the agents’ goals, and does
not employ their k-disks action tokenization.

Imitation Learning The imitation learning baseline is also based on the CtRL-Sim multi-
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agent behaviour simulation architecture but lacks factorized return information. It is a step
better than the actions-only baseline since it considers the states in the decoder sequence,
and this is corroborated by its improved performance on multi-agent simulation results of
Table 6.4.

DT The Decision Transformer baseline is based on the seminal work [140]. We adopt an
identical architecture to CtRL-Sim’s with some minor difference based on the algorithm to
provide a fair comparison. The lack of a return prediction based on states, and instead
returns are chosen at inference time based on domain knowledge. In DT, returns are the
first token fed to the decoder, followed by states in order to predict actions. We show that
this is suboptimal for controllability (results in Figure 5.4) and does not provide intuitive
mechanism for selecting the return values to target.

CTG++ The CTG++ baseline is our diffusion reimplementation of Zhong et al. [132],
closely following their architecture with a few changes: (i) we diffuse jointly over states
and actions (not actions plus a unicycle model), since Nocturne’s physics are not unicycle-
governed and its forward model is non-differentiable; (ii) we condition on the current timestep
and goal for parity with CtRL-Sim; (iii) we generate at 2 Hz as in CTG++, train with 100
diffusion steps but evaluate with 50—Table B.2 shows negligible differences; (iv) because we
do not have information on the original network size, we explored different hidden dimension
sizes of the transformer architecture (Table B.2); and (v) for future-relative encoding we use
the last observed timestep which we found more stable. CTG++ uses ground truth at train
time and constant velocity at test.

B.7 CAT Simulated Data Collection and CtRL-Sim Finetuning

The Waymo Open Motion dataset largely contains nominal driving scenes. To enhance
control over the generation of safety-critical scenarios after initial pretraining, we finetune

ADE FDE Goal Success JSD Collision Off Road Per Scene
Method (m) ↓ (m) ↓ Rate (%) ↑ (×10−2) ↓ (%) ↓ (%) ↓ Gen. Time (s) ↓
CTG++† 1.72 3.97 41.7 7.7 6.4 17.4 44.0
CTG++ (128 hidden dim) 1.83 4.32 37.8 7.6 7.0 17.7 25.0
CTG++ (100 diffusion steps) 1.87 3.98 43.0 8.6 7.9 16.8 140.0

Table B.2 Ablations of CTG++ on Multi-agent simulation results over 1000 test
scenes. We report the results across all metrics of different configurations of the CTG++
baseline [132]. † indicates the original model results, with 256 hidden dimension and 50
diffusion steps at inference time.
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CtRL-Sim on a simulated dataset of safety-critical scenarios generated by CAT [224]. CAT is
a state-of-the-art collision generation method that involves fixing the agent’s future trajectory
to a trajectory predicted by a DenseTNT trajectory predictor. In its essence, CAT searches
for a trajectory that has high likelihood of colliding with the log-replay future trajectory of
an ego vehicle, while having high probability under the behaviour prior (DenseTNT). For
more details, we refer readers to [224]. A notable limitation of CAT is its lack of reactivity
to the ego since the agent’s trajectory is fixed at the beginning of the simulation. Moreover,
unlike CtRL-Sim, CAT cannot control the degree to which the agent is adversarial.

To collect the simulated safety-critical dataset, we run CAT on a subset of the interactive
validation split of the Waymo Open Motion Dataset, which involves two interacting agents.
Following CAT’s methodology, we select one of the two interacting agents to be the ego
(whose trajectory is fixed to the log-replay trajectory) and the other interacting agent to be
the CAT adversary. In total, we collect 3577 CAT scenarios for finetuning, of which around
60% contain ego-adversary collisions. To encourage CtRL-Sim to learn how to generate
safety-critical scenarios without forgetting how to generate good driving behaviour, we adopt
a continual pre-training strategy for finetuning [277] where we randomly sample 3577 real
training scenarios from the offline RL dataset in each training epoch, or a 50% replay ratio.
We rewarm the learning rate to the maximum learning rate of 5e-4 over 500 steps and follow
a linear decay learning rate schedule to 0 over 20 epochs. The finetuned CtRL-Sim model
should be more capable of generating long-tail scenarios as it is more exposed to such scenarios
during finetuning. Finetuning takes roughly 30 minutes on 1 NVIDIA A100-Large GPU.

B.8 Additional Qualitative Results

Figure B.1 presents additional qualitative results illustrating the effect of positive exponential
tilting on each reward component. In the left panels, CtRL-Sim without tilting yields a
vehicle–vehicle collision at a left turn; with positive vehicle–vehicle tilting, the CtRL-Sim-
controlled agent shifts toward the right side of the lane and avoids contact. In the middle
panels, no tilting leads to a vehicle–edge collision as a bus pulls to the curb; with positive
vehicle–edge tilting, the agent maintains a safer offset. In the right panels, the agent reaches
the goal without tilting; with positive goal tilting, it arrives much faster and nearly avoids
a conflict with a turning vehicle. Figure B.2 shows two further adversarial-collision cases
generated with negative vehicle–vehicle tilting.
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Figure B.1 Qualitative results of the effects of positive tilting [26]. We show the
evolution of three traffic scenes with the top panels applying no exponential tilting to the
CtRL-Sim-controlled agent (shown in teal) and the bottom panels applying positive tilting
to the same CtRL-Sim-controlled agent. Bounding boxes outlined in red contain a traffic
violation. All other agents are set to log-replay through physics, with the agent interacting
with the CtRL-Sim-controlled agent denoted in pink. Goals are denoted by small circles.

B.9 Multi-Agent Simulation Results with Higher Temperature Sampling

In Table B.3, we report results from the same experiments as Table 5.1 except with an action
sampling temperature of 1.5.

B.10 Fine-tuning CtRL-Sim on CtRL-Sim Scenarios

Instead of fine-tuning on CAT scenarios, we fine-tune CtRL-Sim on adversarial cases it gen-
erates itself. We construct a simulated dataset of scenarios by rolling out a single CtRL-Sim
-controlled agent with negative tilts while all other agents replay logs through physics, and we
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Figure B.2 Qualitative results of vehicle-vehicle tilting [26]. We show the evolution
of two traffic scenes with the top panels applying positive exponential tilting to the CtRL-
Sim-controlled agent (shown in teal) and the bottom panels applying negative tilting to the
same CtRL-Sim-controlled agent. Bounding boxes outlined in red contain a traffic violation.
All other agents are set to log-replay through physics, with the agent interacting with the
CtRL-Sim-controlled agent denoted in pink. Goals are denoted by small circles.

keep a scene only if it yields a vehicle–vehicle or vehicle–road-edge collision. For tilting, for
the vehicle–vehicle cases we sample κveh-veh, κgoal ∼ U(−25, 0), while for the vehicle–road-edge
cases we sample κveh-edge, κgoal ∼ U(−25, 0). Negatively tilting the goal relaxes goal-seeking,
making violations easier to elicit. We collect 5,000 scenarios of each type to form a safety-
critical dataset. Fine-tuning follows Appendix B.7 with a larger replay ratio: each epoch
mixes in 90,000 real scenarios from the offline RL set (90% replay), which we found helped
avoid forgetting how to generate good driving behaviour. Figure B.3 shows controllability
comparable to the CAT-finetuned CtRL-Sim model.
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Reconstruction Distributional Realism Common Sense
Method FDE (m) ADE (m) Goal Suc. Rate (%) Meta JSD(×10−2) Collision (%) Off Road (%)
Replay-Physics∗ 0.97 0.47 87.3 7.6 2.8 10.7
Actions-Only [27] 11.70 ± 1.12 4.78 ± 0.42 34.4 ± 1.3 14.3 ± 0.3 22.8 ± 0.7 29.7 ± 1.7
Imitation Learning 2.42 ± 0.17 1.47 ± 0.07 73.8 ± 1.2 12.3 ± 0.5 7.3 ± 0.6 13.1 ± 0.4
DT (Max Return) [140] 3.25 ± 0.17 1.67 ± 0.05 60.5 ± 1.2 12.3 ± 0.4 6.1 ± 0.7 11.6 ± 0.3

CtRL-Sim (No State Prediction) 2.57 ± 0.16 1.52 ± 0.07 66.2 ± 1.0 12.3 ± 0.3 7.6 ± 0.7 13.1 ± 0.3
CtRL-Sim (Base) 2.49 ± 0.10 1.50 ± 0.04 67.9 ± 1.2 12.2 ± 0.2 7.6 ± 0.3 13.1 ± 0.5
CtRL-Sim (Positive Tilting) 2.38 ± 0.08 1.44 ± 0.03 67.2 ± 1.0 12.1 ± 0.1 6.7 ± 0.4 12.3 ± 0.3

DT∗ (GT Initial Return) 1.94 ± 0.07 1.28 ± 0.02 73.7 ± 1.5 12.2 ± 0.3 6.6 ± 0.4 12.6 ± 0.4
CtRL-Sim∗ (GT Initial Return) 1.97 ± 0.08 1.30 ± 0.03 71.1 ± 0.9 12.2 ± 0.1 7.2 ± 0.5 13.1 ± 0.3

Table B.3 Multi-agent simulation results over 1000 test scenes with action tem-
perature = 1.5 over 3 seeds. This table presents the results from the same experiments
as Table 6.4, but with an action sampling temperature of 1.5 instead of 1.0. This allows for
a comparison of the impact of the temperature hyperparameter. Overall, an action sampling
temperature of 1.0 yields better results.

B.11 Dynamic Exponential Tilting

We study dynamic exponential tilting, where the tilt changes at a timestep, focusing on late
tilting to test its effectiveness at later timesteps. Concretely, we apply a −10 tilt to the CtRL-
Sim FT model only in the final half of the rollout (last 4 s), evaluate each reward component
independently on 1,000 scenes across 5 seeds (Fig. 5.4), and report mean±std in Table B.4.
Compared to applying negative tilting at all timesteps, late tilting yields higher goal success
and lower collision/off-road rates; compared to no tilting, it yields lower goal success and
higher violation rates, showing tilting remains effective even when applied late. Notably, late
tilting performs similarly to full tilting on the goal return-to-go, likely because goal avoidance
can be achieved within the last 4 s, whereas provoking vehicle–vehicle or road-edge collisions
late is harder without early planning.

Tilting Goal Success Rate (%)
0 69.0± 0.7

-10 (Late) 64.1± 1.3
10 63.1± 2.6

(a) Goal Tilting

Tilting Collision Rate (%)
0 14.5± 1.5

-10 (Late) 18.2± 2.3
10 28.9± 1.8

(b) Vehicle-Vehicle Tilting

Tilting Offroad Rate (%)
0 15.2± 0.9

-10 (Late) 17.4± 1.0
10 21.6± 0.6

(c) Vehicle-Edge Tilting

Table B.4 CtRL-Sim-FT’s titling Results. We report the results of the CtRL-Sim FT
model over 1000 test scenes applying (a) Goal Tilting, (b) Vehicle-Vehicle Tilting, and (c)
Vehicle-Edge Tilting. We either apply no tilting, -10 tilting, or no tilting for the first half of
the rollout and -10 tilting for the second half of the rollout (i.e., Late). We report the mean
± std over 5 seeds.
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Figure B.3 Effects of exponential tilting [26]. Comparison of CtRL-Sim base model
(magenta) and a CtRL-Sim model fine-tuned on adversarial CtRL-Sim scenarios (purple).
As opposed to Figure 5.4, this fine-tuned model does not involve using CAT to select the
adversarial scenarios. Rewards range from -25 to 25 for vehicle-vehicle collision (left), vehicle-
edge collision (middle), and goal reaching (right). Results show smooth controllability, with
fine-tuning enhancing this effect. Mean and std are reported over 5 seeds.

B.12 Failure Cases

Figure B.4 illustrates two CtRL-Sim failure modes. On the left, a CtRL-Sim -controlled
agent (green) with zero tilting drifts off-road, which is likely caused by imitation drift, due
to limited training exposure to recovery near road edges. On the right, using strong negative
vehicle–vehicle tilting (κveh-veh = −50) produces erratic, implausible behaviour by pushing
the model out of distribution. This can be mitigated by moderating the tilt; empirically,
values in [−25, 25] yield more plausible outcomes.
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Figure B.4 Failure cases [26]. Visualization of two failure cases of CtRL-Sim. The agent
controlled by CtRL-Sim is depicted in teal. On the left, the agent drifts off the road, likely
due to imitation drift. On the right, the agent’s behaviour is erratic and implausible due to
extreme tilting values (-50).
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APPENDIX C VECTORIZED LATENT DIFFUSION & SCENARIO
DREAMER

C.1 Additional Results

C.1.1 Behaviour Simulation

JSD (×10−2) ↓ Agent Collision Planner Collision
Method Control? Lin. Spd. Ang. Spd. Acc. Near. Dist. (%) ↓ (%) ↓
IDM [32] ✗ 9.2 0.4 19.8 1.6 7.2 5.8
Trajeglish† [240] ✗ 19.5 0.3 19.7 4.0 6.4 7.0
CtRL-Sim (Positive Tilting) ✓ 4.1 0.1 20.1 1.3 6.2 4.9
CtRL-Sim (Negative Tilting) ✓ 4.2 0.2 26.1 1.5 10.9 11.9

Table C.1 Simulation Methods Comparison. Comparison of different methods for be-
haviour simulation over 1000 Waymo test scenes. † indicates reimplementation. (© 2025
IEEE)

Since we use a modified CtRL-Sim model for Scenario Dreamer, we provide additional sim-
ulation experiments in this section. We detail its architectural changes in appendix C.3.2.

Table C.1 reports behaviour-simulation results on held-out WOMD test scenes. We compare
CtRL-Sim to IDM [32] (used in SLEDGE [93]) and Trajeglish [240]. All methods use the
Scenario Dreamer lane graph (lanes resampled to 50 points) and simulate within an 80 m×
80 m FOV around the ego; IDM assigns each agent a random lane-graph route, while the
ego follows an IDM planner on the route closest to the logged trajectory. We report JSDs
(linear/angular speed, acceleration, nearest distance) and collision rates—Agent Collision
and Planner Collision. To assess controllability we also include exponentially tilted CtRL-
Sim variants with κ= + 10 and κ=− 50.

CtRL-Sim performs competitively against both baselines across JSD and collision metrics.
The positively tilted model attains the best JSDs (except acceleration) and the lowest
planner-collision rate (4.9%), whereas IDM and Trajeglish show higher planner collisions,
indicating weaker coordination with the IDM planner. Negative tilting increases planner
collisions by 7 pp with only modest JSD degradation, demonstrating controllability, while
remaining realistic evidenced by only a modest increase in JSD metrics. Notably, this CtRL-
Sim variant is not fine-tuned on adversarial data, unlike the variant in Chapter 5.
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C.1.2 Qualitative Results

Figure C.1 shows Scenario Dreamer L in lane-conditioned object generation and initial scene
generation (trained on nuPlan and Waymo). Random initial scenes in Figs. C.3 and C.4
compare our model to a retrained SLEDGE DiT-XL [93]: despite ∼100M fewer parameters,
4× lower inference latency, and ∼ 4× fewer GPU hours, Scenario Dreamer L yields higher-
quality scenes. When contrasting rasterized ground truth processed by DriveSceneGen [92]
with our samples, the vectorization pipeline often produces lane-graph errors, whereas Sce-
nario Dreamer L generates more realistic lane geometries. This demonstrates the effectiveness
of the proposed vectorized latent diffusion modelling approach.

Figure C.2 highlights inpainting near complex lane borders with Scenario Dreamer L model,
where we are able to inpaint at the border of complex lane geometries, such as intersections.
The project webpage visualizes the diffusion chain across generation modes. Figure C.5
demonstrates diversity under the same initial conditions: (top) multiple inpaintings of the
same partial scene; (bottom) full scenes conditioned on 24 lanes and 8 agents—both. We
see that both approaches yield plausible variations of the initial scene. Figure C.6 shows
qualitative closed-loop CtRL-Sim rollouts within Scenario Dreamer environments.



172

nuPlan

Lane-conditioned Object Generation

Waymo Waymo

Initial Scene Generation

nuPlan

Figure C.1 Lane-conditioned object generation and initial scene generation qual-
itative results [44]. We visualize samples from the Scenario Dreamer (L) model in lane-
conditioned object generation mode (columns 1 and 2) and full scene generation mode
(columns 3 and 4) on both the nuPlan and Waymo datasets. (© 2025 IEEE)
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Retile Retile

Figure C.2 Scenario Dreamer inpainting [44]. We visualize the inpainting capabilities of
Scenario Dreamer trained on the Waymo dataset. The initial tile is outlined in a solid line,
and the new inpainted tile is outlined in a dashed line. The ego route is visualized as a solid
black line. (© 2025 IEEE)
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Scenario Dreamer L

Waymo

DriveSceneGen SLEDGE

nuPlan

Scenario Dreamer L

Figure C.3 Qualitative results comparison across methods (set 1) [44]. We visualize
samples from the Scenario Dreamer (L) model trained on the Waymo dataset and the priv-
ileged DriveSceneGen model (columns 1 and 2) along with samples from Scenario Dreamer
(L) and SLEDGE DiT-XL both trained on nuPlan (columns 3 and 4). (© 2025 IEEE)
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Scenario Dreamer L
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DriveSceneGen SLEDGE
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Scenario Dreamer L

Figure C.4 Qualitative results comparison across methods (set 2) [44]. We visualize
samples from the Scenario Dreamer (L) model trained on the Waymo dataset and the priv-
ileged DriveSceneGen model (columns 1 and 2) along with samples from Scenario Dreamer
(L) and SLEDGE DiT-XL both trained on nuPlan (columns 3 and 4). (© 2025 IEEE)
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Figure C.5 Scene Diversity [44]: (Top) Right-half of the scene inpainted from the same
left-half of the scene. (Bottom) Random samples with the same initial conditions: 8 agents
and 24 lanes. (© 2025 IEEE)

Figure C.6 Behaviour Simulation Examples [44]: CtRL-Sim rollouts (blue) with IDM
ego planner (red) simulated from SD initial scenes. (© 2025 IEEE)
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C.2 Simulation Framework Details

C.2.1 Simulator Properties

Scenario Dreamer enables evaluation of AV planners within its generative environments over
arbitrarily long horizons, for example, along a 500 m route. We first sample an initial scene
IF and select a route represented by lane centerlines resampled at 1 m intervals, obtained via
a depth-first traversal of the lane graph from the origin. We then apply an SE(2) transform
to align (renormalise) IF to the end of the current route segment, and the vectorized latent
diffusion model inpaints the next segment IFP

conditioned on the existing map IFN
. This

cycle of route extension and inpainting repeats until the desired route length is achieved.

Scenario Dreamer, trained on the Waymo dataset, provides the generative environments
for AV-planner evaluation. Maps use a centerline representation with 50 points per lane
segment plus connectivity. The simulator supports vehicles, pedestrians, and bicyclists. Non-
planner agents are controlled by the trained CtRL-Sim model acting in (∆x,∆y,∆θ) with
actions drawn from the k-disks vocabulary (Fig. C.9). The AV planner outputs steering and
acceleration, which are integrated using a forward bicycle model [87] to update the state.
At each timestep the planner observes a 64 m radius context, while CtRL-Sim simulates
agents within a slightly larger 80m×80m field of view (FOV) around the AV’s position. This
restricted FOV minimizes simulation latency, while agents outside the radius remain in a
constant state until they enter the FOV; if an agent exits the FOV, they are not allowed to
re-enter. This limited FOV allows us to achieve efficiency using a lightweight 8M parameter
behaviour model, which is at least 5× smaller than several state-of-the-art behaviour models
[119, 240, 278]. The planner’s objective is to complete the route within a time limit without
collisions and with path deviation < 2.5 m; a run fails on any collision, excessive deviation,
or timeout.

C.2.2 Adversarial Simulation Environments

Scenario Dreamer supports the generation of adversarial simulation environments by lever-
aging the controllability of CtRL-Sim through exponential tilting. For adversarial episodes,
one agent from within the simulation radius is sampled from a negatively tilted return dis-
tribution. Recall that this is rewarding collision behaviours with the ego vehicle. Table C.1
shows that we can indeed produce significantly more collisions through tilting.
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C.2.3 Training Scenario Dreamer-compatible RL Agents in GPUDrive

We train PPO [62] planning agents on 100 simulation-compatible Waymo scenarios for 100
million steps using the GPU-accelerated GPUDrive simulator [87]. Training requires approx-
imately 24 hours on a single A100-L GPU. To ensure compatibility with Scenario Dreamer
environments, we make four key modifications to the GPUDrive simulator:

1. Route-conditioning: We replace goal-conditioning with route-conditioning, as Sce-
nario Dreamer provides a route for the planner to follow. The route is defined by the
sequence of lane centerlines nearest to the logged ground-truth trajectory of the ego.

2. Map simplification: We remove road edges and crosswalks from the map, retaining
only lane centerlines that are preprocessed in the same way as in Scenario Dreamer.

3. Route deviation penalty: To encourage on-road driving in the absence of road edges,
we penalize the planner for lateral deviations exceeding 2.5 + width = 4.83m from the
lane centerline.

4. Episode termination: Episodes end only when the ego either reaches the end of the
prescribed route (i.e., the goal) or when the episode times out after 9 seconds.

The reward function consists of three components: a collision penalty with weight 0.1, a
route-deviation penalty with weight 0.05, and a goal-achievement reward with weight 1.

C.3 Model Details

C.3.1 Vectorized Latent Diffusion Model

Autoencoder

Encoder The autoencoder’s encoder Eϕ takes as input a set of lanes {li}Nl
i=1, a set of objects

{oi}No
i=1, and a lane-connectivity tensor A ∈ {0, 1}Nl×Nl×4. Separate 2-layer MLPs, fl and fo,

embed lane and object vectors, respectively; lane/object type are concatenated to the inputs
before the MLPs.

l0
i = fl([li, cli]),

o0
i = fo([oi, coi ]),

where cli is the lane type of lane i and coi is the object type of object i. A 2-layer MLP fa

additionally processes the lane connectivity type aij := A[i, j] between all (directed) edges



179

(i, j) connecting lane i to lane j

a0
ij = fa(aij).

The lane, object, and lane connectivity embeddings are then processed by a sequence of
NE factorized attention blocks (FABs), where each FAB consists of sequential lane-to-lane
(L2L), lane-to-object (L2O), and object-to-object (O2O) attention layers. First, we define
Lk := {lki }

Nl
i=1, Ok := {oki }No

i=1, and Ak := {akij}(i,j)∈[Nl]×[Nl] as the set of embeddings for the
lanes, objects, and lane connectivities following the output of the k’th FAB. The k’th FAB
updates the k’th layer lane, object, and lane connectivity embeddings as

(Lk+1,Ok+1,Ak+1) = FABk(Lk,Ok,Ak),

where FABk is decomposed as follows

Lk+1 = L2Lk(Lk,Ak),

Ok+1 = L2Ok(projk(Lk+1),Ok),

Ok+1 = O2Ok(Ok+1),

Ak+1 = EdgeUpdatek(Lk+1,Ak)

where L2L is a Transformer encoder block [236] whose multi-head self-attention incorporates
the edge features Ak into the keys and values, following [279]. L2O is a Transformer decoder
block in which lane embeddings are first projected to the object hidden dimension via a
linear layer projk, and O2O is a Transformer encoder block. Because we operate on sets and
require permutation equivariance, L2L, L2O, and O2O omit positional encodings. Finally,
EdgeUpdatek updates the lane-connectivity embeddings akij as

ak+1
ij = f 2

k ([akij, f 1
k ([lk+1

i , lk+1
j ])]),

where [·, ·] denotes concatenation along the feature dimension, and f 1
k , f

2
k are each 2-layer

MLPs. For the partitioned scenes, to predict the number of lanes in IFP
, we additionally

define a learnable query vector q and each FABk in the encoder is augmented with a lane-
to-query (L2Q) attention layer following the L2L layer

Qk+1 = L2Qk(Lk+1
FN

,Qk),

where Q0 = {q} and Lk+1
FN

denotes the embeddings of the lanes in IFN
of a partitioned scene.
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After NE FABs, the lane and object embeddings are projected to Gaussian mean/variance
parameters with latent dimensions Kl and Ko, respectively, as in a standard VAE. The
transformed query vector qNE is then passed through a 3-layer MLP fnum to predict the
number of lanes in IFP

.

µi
L = fL

mean(lNE
i ),

σi
L = fL

std(lNE
i ),

µi
O = fO

mean(oNE
i ),

σi
O = fO

std(oNE
i ),

N̂FP
l = fnum(qNE )

where fL
mean, f

L
std, f

O
mean, f

O
std are linear layers.

Decoder Given sampled latents {{hO
i }No

i=1, {hL
i }

Nl
i=1} ∼ Eϕ from the encoder, separate 2-layer

MLPs fhl
and fho process the lane and object latents, respectively

l0
i = fhl

(hL
i ),

o0
i = fho(hO

i ).

We additionally derive lane connectivity features a0
ij by processing the incident lane embed-

dings l0
i , l0

j through a 2-layer MLP fha for all i, j

a0
ij = fha([l0

i , l0
j ])

Similarly to the encoder, we then process the lane, object, and lane connectivity embeddings
with a stack of ND FABs. The resulting embeddings are used to predict the lane positions,
lane type, object features, object type, and lane graph connectivity, for all i, j

l̂i = flane(lND
i ),

ĉli = flane-type(lND
i ),

ôi = fobject(oND
i ),

ĉoi = fobject-type(oND
i ),

âij = fconnectivity(aND
ij ),

where flane, fobject are 4-layer MLPs and flane-type, fobject-type, fconnectivity are 3-layer MLPs.
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The autoencoder loss function is defined by

Lae = λlane
1
Nl

Nl∑
i=1

(
ℓ2(li, l̂i) + ce(ĉli, cli)

)
+ 1
No

No∑
i=1

(
ℓ2(oi, ôi) + ce(ĉoi , coi )

)
+ λconn

1
N2
l

Nl∑
i=1

Nl∑
j=1

ce(âij, aij)︸ ︷︷ ︸
reconstruction loss

− β

2

( 1
Nl

Nl∑
i=1

[
1 + log(σL

i )2 − (µL
i )2 − (σL

i )2
]

+ 1
No

No∑
i=1

[
1 + log(σO

i )2 − (µO
i )2 − (σO

i )2
])

︸ ︷︷ ︸
KL loss

+λnumce(N̂FP
l , NFP

l ),

where λlane, λconn, λnum are coefficients to scale the respective lanes, ce(·, ·) denotes the cross
entropy loss, and β scales the KL loss. For non-partitioned scenes, λnum = 0.

Latent Diffusion Model

Since we already covered the (latent) diffusion model setup in Chapter 2, we omit it from
this appendix. The only difference is that instead of modelling x0, the latent diffusion model
models the joint distribution over lane and object latents: pθ({hL

i }
Nl
i=1, {hO

i
No

i=1}|No, Nl). We
let H0 denote the matrix of stacked lane and object latents. Then, the diffusion model models
the distribution: pθ(H0|No, Nl).

Architecture We decompose Ht into lane latents HL
t and object latents HO

t . The la-
tent diffusion model ϵθ takes as input Nl noised lane latents and No noised object latents
(HL

t ,HO
t ) := {{hL

i,t}
Nl
i=1, {hO

i,t}No
i=1} and a timestep t, and predicts the noise ϵt such that

Ht =
√
ᾱtH0 +

√
1− ᾱtϵt. The noisy lane and object latents are first embedded with sep-

arate 2-layer MLPs for all i, where femb,l embeds the lane latents into hidden dimension dl

and femb,o embeds the object latents into hidden dimension do < dl. We apply a sinusoidal
positional encoding to each embedded latent vector to mitigate the permutation ambiguity
problem

l0
i = femb,l(hL

i,t) + pL
i ,

o0
i = femb,o(hO

i,t) + pO
i ,

where pL
i and pO

i are the positional encodings of the i-th lane and object, respectively. We
then pass the latent embeddings through NDM Factorized Attention Blocks (FABs) with
AdaLN-Zero conditioning [239]. Concretely, each FAB in the latent diffusion backbone per-
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forms the following operations:

Lk+1 = O2Lk(projk1(Ok),Lk,C),

Lk+1 = L2Lk(Lk+1,C),

Ok+1 = L2Ok(projk2(Lk+1),Ok+1,C),

Ok+1 = O2Ok(Ok+1,C),

where O2Lk, L2Lk, L2Ok, and O2Ok are DiT blocks [239] with AdaLN-Zero conditioning
by a context vector C. The context C is the sum of (i) a sinusoidal encoding of the diffu-
sion timestep t, (ii) a learnable embedding indicating the scene type (partitioned vs. non-
partitioned), and (iii) a learnable “city/domain” embedding—{Singapore, Las Vegas, Boston,
Pittsburgh} for nuPlan, and {simulation-compatible, simulation-incompatible} for Waymo.
The projections projk1 and projk2 map object latents to dimension dℓ and lane latents to di-
mension do, respectively. After NDM FABs, the lane and object embeddings are decoded with
4-layer MLP heads.

ϵ̂iL,t = f lϵ(l
NDM
i ),

ϵ̂iO,t = f oϵ (oNDM
i ).

Training and Implementation Details

Dataset. The nuPlan dataset contains ∼1,300 hours of logs across four cities (Las Vegas,
Boston, Pittsburgh, Singapore). Following [93], we sample 450,000 training frames and 50,000
validation frames using per-city intervals of 30 s (Las Vegas), 1 s (Boston), 2 s (Pittsburgh),
and 2 s (Singapore). nuPlan provides vehicles, pedestrians, and static-object classes and three
lane types: centerline, green light, and red light. In Scenario Dreamer, traffic-signal phases
are represented as lane-aligned vectors that overlap the lane centerlines.

The Waymo Open Motion Dataset comprises 487,002 training scenarios and 44,097 validation
scenarios spanning 1,750 km of unique roadway across six U.S. cities (San Francisco, Phoenix,
Mountain View, Los Angeles, Detroit, Seattle). For training, we construct initial scenes by
sampling a random timestep within each scenario. Following Nocturne [38], scenes are tagged
as simulation-compatible (no traffic-light signals) or simulation-incompatible; this enables
classifier-free guidance at inference to favour compatible scenes while still leveraging the full
dataset during training. For Waymo, Scenario Dreamer models vehicles, pedestrians, and
bicycles, and represents lanes with a single centerline type.
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(a) Non-partitioned scene (b) Partitioned scene

Figure C.7 Partitioned vs. Non-partitioned Scenes [44]. In Figure C.7a, we show a
non-partitioned scene where lanes can arbitrarily cross the x = 0 boundary. In Figure C.7b,
we split the lanes that cross the x = 0 boundary (shown in red). (© 2025 IEEE)

We preprocess both the nuPlan and Waymo datasets into partitioned and non-partitioned
scenes; see Figure C.7 for examples of both formats. For partitioned scenes, we add suc-
cessor/predecessor connections to lanes split by the x = 0 border. Additionally, we follow
the lane graph preprocessing approach introduced in SLEDGE [93] where we merge adjacent
lanes that are restricted to a single traversable path; this removes all key points in the lane
graph with degree = 2. Each traffic scene is processed within a 64m×64m field of view (FOV)
centered on the ego agent. We further exclude off-road vehicles, defined as those located more
than 1.5m from a lane centerline from the Waymo dataset.

Autoencoder details The autoencoder architecture is shared across datasets with minor
dataset-specific adjustments. For nuPlan, we add ∼1M parameters to predict lane type
(centerline / green-light / red-light), a head omitted for Waymo since global traffic-light
states are not modeled there. We train for 50 epochs on a single A100 GPU (≈36 hours).
Dataset limits are set to (No, Nl) = (30, 100) for Waymo and (61, 100) for nuPlan. The model
uses NE = 2 encoder and ND = 2 decoder factorized Transformer blocks, hidden sizes of 1024
(lanes), 512 (agents), and 64 (lane connectivity), and latent sizes of 24 (lanes) and 8 (agents).
Optimization uses AdamW (learning rate 1e−4, weight decay 1e−4) with total batch size 128
and a linear decay schedule with 1000 warm-up steps. Loss weights are λlane = λconn = 10,
λnum = 0.1, and β = 0.01. All lane/agent features are min–max normalised to [−1, 1] using
training-set statistics. No dropout is applied.

Latent Diffusion Model The latent diffusion model uses NDM=2 factorized Transformer
blocks with hidden sizes 2048 (lanes) and 512 (agents). Following [57], we normalise latents
using mean/std estimated from a subset of training latents; during training we sample these
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normalised latents to form each batch rather than regressing the mean latent as in SLEDGE
[93], which we found introduces a beneficial regularization effect. The base model (B) contains
one lane-to-lane (L2L) DiT block per FAB, while the large model (L) uses three L2L blocks to
allocate more capacity to lane generation; both share the same autoencoder latents. We train
with AdamW (lr 1e−4, weight decay 1e−5), batch size 1024, and an EMA of 0.9999; the lane
noise-prediction loss is scaled by 10. Diffusion uses 100 steps with a cosine variance schedule
[280]. At sampling, we apply low-temperature sampling [281] to lane latents with α=0.75
and clip noisy lane/object latents Ht to (−5, 5) after each denoising step. For classifier-free
guidance, we drop conditioning with probability 0.1 during training and use guidance scale
s=4.0 at inference. No dropout is applied.

To address the challenges associated with permutation ambiguity during training, as pre-
viously mentioned, we order the lane latents and object latents by minimum x-value. If
x-values differ by less than ϵ = 0.5 meters, they are subsequently ordered by minimum y-
value, then maximum x-value, and finally maximum y-value, where the maximum is only
applied for lanes, since objects are composed of a single point. Figure C.8 illustrates the
proposed ordering for the lanes and agents within a given scene. A sinusoidal positional
encoding is applied to the embedded lane and object latents to imbue the noisy latents with
relative spatial information.

C.3.2 CtRL-Sim Behaviour Model

Architectural Details

The Scenario Dreamer behaviour model builds upon the architectural details of CtRL-Sim,
with modifications to support arbitrarily long rollouts without relying on log-replay trajecto-
ries. In CtRL-Sim, the goal state for each agent is defined as the final state in the log-replay
trajectory and used as conditioning. However, since the Scenario Dreamer initial scene gen-
erator provides only the initial agent states, we model agent behaviours directly from these
initial states without any notion of goals.

To accommodate multiple agent types (e.g., vehicles, pedestrians, cyclists), we adopt the
k-disks tokenization scheme [240], utilizing a discrete vocabulary of size 384, as visualized
in Figure C.9. We also remove absolute timestep conditioning, to enable extended rollouts.
We adapt its map encoder to process Scenario Dreamer maps in a compact representation.
In this representation, adjacent lanes are merged when there is only one traversable path,
simplifying the lane structure.

The original CtRL-Sim models the undiscounted return over fixed trajectory lengths T ,
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Figure C.8 Proposed ordering scheme [44]. We illustrate the proposed ordering scheme
for the lanes of a partitioned scene, where agent ordering follows a similar approach. We order
first by minimum x-value, and if the difference is less than ϵ, we then order by minimum
y-value, then maximum x-value, then maximum y-value. Importantly, all lanes before the
x = 0 boundary (in IFN

) are assigned an ordering strictly lower than the lanes after the
x = 0 boundary (in IFP

). (© 2025 IEEE)

defined as Gt := ∑T
i=t ri. However, we found that this approach does not generalize to

trajectories longer than T . This significantly limits its applicability to rollouts of arbitrary
length. We instead model the discounted return over a fixed horizon of H = 2 seconds, defined
as Gt := ∑t+H

i=t ri. This adjustment enhances controllability in practice, as the discounted
return focuses on a shorter, more actionable horizon of 2 seconds.

Reward function As mentioned earlier, we aim to produce agent behaviours that challenge
the planner. We therefore define the reward function as follows

rt(sti, stego) = −10× 1veh-ego coll(sti) +
||sti − stego||2, 10)

10 ,

where stego is the state of the ego vehicle, or planner, at timestep t, and 1veh-ego coll(sti) is the
indicator function of vehicle i at timestep t colliding with the ego.

Training and Inference Details

Training. We train CtRL-Sim on the full Waymo Open Motion Dataset: 487,002 train-
ing scenarios and 44,097 validation scenarios, holding out a subset of simulation-compatible
validation scenes for testing. It consumes sequences of length H × N × 3 with horizon
H=32 and N=24 agents; return-to-go components Gi

t are discretised into 350 bins. Follow-
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Figure C.9 Visualization of the k-disks tokenization scheme [44]. Each point denotes
the ∆x,∆y offset and ∆θ offset denoted by the extending line. (© 2025 IEEE)

ing [109, 111, 240], we encode agents and map in a global frame by centring/rotating to the
ego. Agent states match Scenario Dreamer’s object format, with an additional binary ego
indicator.

The map context is a set of road segments M:={li}Nl
i=1, each li:=(p1

l , . . . , p
P
l ) with P=50

points and connectivity. Because Scenario Dreamer outputs 20-point lanes, we upsample
them to 50 for CtRL-Sim . Per sample, we select up to 100 lane segments within a 125×125 m
FOV centred on the ego at a random context timestep t, and up to 24 agents within an
80×80 m FOV at t as social context. The model uses hidden size d=256, E=2 Transformer
encoder layers, and D=4 decoder layers, and processes all dynamic agents (vehicles, pedestri-
ans, cyclists). Embeddings for missing state/action/return tokens are zeroed; return tokens
with horizon truncated to H ′<H are also zeroed. Optimisation uses AdamW with total
batch size 64 and a learning rate of 5×10−4 linearly decayed over 500k steps. The CtRL-Sim
architecture has 7.6M parameters and trains in ∼48 hours on 4×A100 GPUs.

Inference Recall that although CtRL-Sim is trained with at most N=24 agents, at inference
it scales to larger scenes by processing 24-agent subsets per timestep. However, the ego must
be included in every subset because returns are defined relative to its pose. We use context
length H=32: at each step the most recent 32 frames are fed, and the scene is normalised to
the ego’s position and orientation at the latest context frame. Departing from the original
physics-enhanced dynamics, we adopt a delta-based forward model that applies the predicted
(∆x,∆y,∆θ)—derived from the k-disks action vocabulary—directly to the agent state each
timestep. This does not enforce strict physical realism but is applicable across multiple agent
types and works well in practice [27].
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C.4 Evaluation Details

C.4.1 Metrics

Urban Planning Metrics

Urban-Planning metrics. We assess the distributional realism of generated lane-graph
connectivity by comparing node-level statistics at key points [93, 102, 282]—nodes with degree
̸= 2—using 1D Fréchet distances. Key points are shown as black dots in Fig. C.7a. Following
[93], we compute the following features on both 50,000 ground-truth test graphs and the
generated graphs:

• Connectivity — degrees of all key points; list length 50,000×avg-num-keypoints-per-graph.

• Density — number of key points per graph; list length 50,000.

• Reach — for each key point, the number of paths to other key points; list length
50,000× avg-num-keypoints-per-graph.

• Convenience — Dijkstra path lengths for all valid key-point pairs; list length 50,000×
avg-num-paths-per-graph.

We report the (unsquared) Fréchet distance (not the squared variant) and, for readability,
rescale the Connectivity, Density, Reach, and Convenience distances by ×10, ×1, ×1, and
×10, respectively.

Agent JSD Metrics

Following SceneControl [101], we compute the Jensen-Shannon Divergence (JSD) metrics,
which evaluate the distributional realism of the initial vehicle bounding box configurations
by comparing 50, 000 real and generated scenes. The Jensen-Shannon Divergence between
two normalized histograms p and q is computed as

DKL(p||m) +DKL(q||m)
2 ,

where m is the pointwise mean of p and q and DKL is the KL divergence. We compute the
following features for computing JSDs:

• Nearest Distance — distance from each vehicle to its nearest neighbour; histogram
clipped to (0, 50) m with 1 m bins; JSD scaled by 10 for readability.
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• Lateral Deviation — lateral offset to the closest centerline (vehicles within 1.5 m
only); histogram clipped to (0, 1.5) m with 0.1 m bins; JSD scaled by 10.

• Angular Deviation — heading difference from the closest centerline (vehicles within
1.5 m only); histogram clipped to (−200, 200) degrees with 5 degrees bins; JSD scaled
by 100.

• Length — generated vehicle lengths; histogram clipped to (0, 25) m with 0.1 m bins;
JSD scaled by 100.

• Width — generated vehicle widths; histogram clipped to (0, 5) m with 0.1 m bins; JSD
scaled by 100.

• Speed — generated vehicle speeds; histogram clipped to (0, 50) m with 1 m bins; JSD
scaled by 100.

The total feature list length for computing each above JSD metric is 50, 000×avg-num-vehicles-per-scene.
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APPENDIX D DIRECT BEHAVIOUR SPECIFICATION &
CONSTRAINED GRPO

D.1 Extension of the approach

D.1.1 Bootstrap Constraint

One challenge that can arise when there are many constraints with the above multiplier
normalization scheme is that the coefficient assigned to the main objective in the Lagrangian
is defined as

λ0 = 1−
K∑
k=1

λk.

As the number of constraints grows, this formulation dilutes the weight and leaves very little
(or even no) room for the main objective during the search for a feasible policy. Consequently,
the optimization process may have limited capacity to improve on the main task until fea-
sibility is achieved. Moreover, when additional constraints are introduced, the optimization
path can become discontinuous between different feasible regions, further hindering progress
on the main objective.

A natural solution is to endow the main objective with the same status as the behavioural
constraints that are being enforced. This can be achieved by defining an additional function
SK+1(s, a) that captures some notion of success on the primary task. Many reinforcement
learning tasks are, in fact, defined in terms of such sparse and well-specified success conditions,
which are typically complemented with a dense reward function to guide exploration toward
these conditions [283].

We propose the usage of a success constraint of the form

JSK+1(π) ≥ d̃K+1,

where SK+1 is implemented as an indicator cost function, analogous to those described earlier,
and add it to the existing set of behavioural constraints

{JCk
(π) ≤ d̃k}Kk=1.

While using the success constraint alone can support learning progress on the main task,
it typically provides only a sparse signal, which may be difficult to discover in challenging
domains.
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Since the success function SK+1 is intended to be highly correlated with the reward function
R, we can go a step further and replace the reward multiplier λ0 with the success multiplier
λK+1 when enforcing this constraint. This allows the optimization process to leverage the
dense reward signal while still emphasizing success as a behavioural requirement. However,
to preserve a genuine maximization objective over the original reward, we retain λ0 when the
other constraints are already satisfied, so that maximum progress can be made on JR(π).

Concretely, we take the larger of the two coefficients for weighting the main objective:

λ̃0 := max
(
λ0, λK+1

)
,

and substitute λ0 with λ̃0 in Equation 7.13. In this framework, the (K + 1)-th constraint is
referred to as a bootstrap constraint.

This approach of encoding the success criterion as part of the constraint set can be interpreted
as a way to relax the behavioural constraints during optimization without modifying the
underlying convergence requirements. For comparison, Calian et al. [154] propose adjusting
the learning rates of the Lagrange multipliers to automatically soften constraints that remain
unsatisfied after a certain period. In contrast, the bootstrap constraint enables progress on
the main task from the outset, without converting hard constraints into soft ones.

D.1.2 Constrained SAC

In this section, we illustrate how our algorithm can be integrated with the Soft Actor-Critic
(SAC) framework in Algorithm 6. The exact values of all hyperparameters used in our
experiments are reported in Tables D.1 and D.2.

An important difference between the standard, unconstrained Soft Actor-Critic algorithm [59]
and our constrained version lies in the update schedule. In the unconstrained setting, SAC
is typically updated after every environment step to maximize sample efficiency. In the con-
strained setting, however, the constraint objectives must be optimized on-policy. Updating
the SAC agent after every environment step would therefore yield only one-sample estimates
of the Lagrange multipliers’ objectives, leading to very high variance. Conversely, freezing the
SAC agent for as many environment steps as the multiplier batch size Nλ would substantially
degrade the overall sample efficiency of the algorithm.

One option would be to relax the on-policy requirement of the multiplier updates. However,
in preliminary experiments we observed that updating the multipliers very frequently while
using a large replay buffer—containing many transitions generated by previous policies—leads
to significant overshooting and instability, ultimately harming convergence. This highlights
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Algorithm 6 SAC-Lagrangian with Bootstrap Constraint
Require: learning rate β, replay buffer B, entropy coefficient α, minibatch sizes Nθ and Nλ

Require: Initialize policy πθ and value functions Q(k)
ϕ randomly, k = 0, . . . ,K + 1

Require: Initialize Lagrange multiplier parameters zk
Require: Collect transitions to fill B with max(Nθ, Nλ) samples
1: for updates u = 1, 2, . . . (until convergence) do
2: # Data collection
3: Sample from current policy: a ∼ πθ(· | s)
4: Interact with environment to get next state, reward and indicators: (s′, r, {e(k)}K+1

k=1 )
5: Append transition (s, a, r, s′, {e(k)}K+1

k=1 ) to B
6: # Policy gradient update
7: if u mod Mθ = 0 then
8: Sample a minibatch of Nθ transitions uniformly from B
9: Sample next actions a′

i ∼ πθ(· | s′
i) (i = 1, . . . , Nθ)

10: for k = 0, . . . ,K + 1 do
11: Set “rewards”: r(0)

i ← ri, r
(k)
i ← e

(k)
i

12: Compute targets: y(k)
i ← −α log πθ(a′

i | s′
i) + minj∈{1,2}Q

(k)
ϕj

(s′
i, a

′
i)

13: Update critics (Adam descent):

∇ϕj

1
Nθ

Nθ∑
i=1

∥∥Q(k)
ϕj

(si, ai)−
(
r

(k)
i + (1− donei) γ y(k)

i

)∥∥
2

14: end for
15: Re-sample current actions ai ∼ πθ(· | si)
16: Update policy (Adam ascent):

∇θ
1
Nθ

Nθ∑
i=1

[
− α log πθ(ai | si) + max(λ0, λK+1) min

j
Q

(0)
ϕj

(si, ai)

+ λK+1 min
j
Q

(K+1)
ϕj

(si, ai)−
K∑
k=1

λk min
j
Q

(k)
ϕj

(si, ai)
]

17: end if
18: # Multipliers update
19: if u mod Mλ = 0 then
20: Take a minibatch of the most recent Nλ transitions from B
21: for k = 0, . . . ,K + 1 do

22: Compute average costs: J̃Ck
(π)← 1

Nλ

Nλ∑
i=1

e
(k)
i

23: Update zk (Adam descent):{
∇zk

[
λk
(
J̃Ck

(π)− d̃k
)]
, if k = K+1,

∇zk

[
λk
(
d̃k − J̃Ck

(π)
)]
, otherwise.

24: end for
25: end if
26: end for
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a trade-off between three factors: (i) the variance of the multiplier objective estimates, (ii)
the degree to which these updates remain on-policy, and (iii) the overall sample efficiency
of the algorithm. In practice, we found that the update frequencies Mθ and Mλ reported in
Tables D.1 and D.2 provide a good balance between these factors.

Another important implementation detail is that we maintain K+ 1 separate critic networks
to model the discounted expected returns of both the reward and each cost component.
Specifically, Q(0) is used for the main reward objective, while Q(k) for k = 1, . . . , K + 1
correspond to the critics associated with each constraint in the Lagrangian. Using separate
critics prevents rapid changes in the effective scale of the objective, as seen by the critics,
when the multipliers λk are adjusted. Each critic can therefore focus on modeling the agent’s
behavior with respect to its specific signal (reward or cost), leading to more stable learning.

D.2 Experiments with Constrained SAC: Arena environment

In this section, we train constrained SAC agents [59] to solve navigation tasks with up to 5
constraints imposed on their behaviour. Many of these constraints interact both with the
main task and with one another, which substantially restricts the space of admissible policies.
To evaluate the effectiveness of the proposed framework in specifying complex behaviours
under multiple simultaneous constraints, we conduct the majority of our experiments in the
Arena environment (Figure 7.1, left). This environment allows us to systematically assess
how easily desired behaviours can be specified and how well the algorithm handles a large
number of concurrent constraints.

D.2.1 Environment details

In the Arena environment, the agent must reach a green tile (Fig. 7.1, left). We train
with constraints {On-Ground, Not-in-Lava, Looking-At-Marker, Under-Speed-Limit, Above-
Energy-Limit}. Observations include XYZ position, heading and velocity; goal pose relative
to the planner frame and its Euclidean distance; and an on-ground flag. For Looking-At-
Marker the agent also receives its XZ look vector, Y-angular velocity, the marker’s relative
XZ position and distance, the normalized looking–marker angle, and a marker-within-field-of-
view indicator (fixed cone). For Energy it receives normalized energy value and an indicator
saying if it is currently recharging. For Lava it receives an in-lava indicator plus 25 vertical-
raycast indicators indicating in-lava=1, in-safe-tile=0. We append per-episode constraint-
violation rates and normalized remaining time; the agent’s complete observation vector has a
dimensionality of 53. The action space has five continuous scalars in [−1, 1]: vx, vz, yaw rate,
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jump, and recharge. A reward of 1 is given on reaching the goal (terminal) and 0 otherwise,
with a small distance-based shaping term [283].

We also add to the agent’s observations the per-episode rates of indicator cost functions to
the agent observation for each of the constraint as well a normalised representation of the
remaining time-steps before reaching the time limit condition. This results in a total di-
mensionality of 53 for the observation vector. The action space is composed of 5 continuous
actions (clamped between -1 and 1) which represent its XZ velocity and Y-angular velocity,
a jump action (jump is triggered when the agent outputs a value above 0 for that dimen-
sionality) and a recharge action (also with threshold of 0). The reward function is simply 1
when the agent reaches the goal (causing termination), 0 otherwise, and augmented with a
small shaping reward function [283] based on whether the agent got closer or further away
from the goal location.

D.2.2 Hyper-parameters

Most of the hyper-parameters are the same as in the original unconstrained Soft Actor-Critic
(SAC) [59]. Some additional hyper-parameters emerge from the constraint enforcement as-
pect of our version of SAC-Lagrangian and are described in the Algorithm section above. An
Adam optimizer [284] is used for all parameter updates (policy, critics and Lagrange multipli-
ers). For all experiments taking place in the Arena Environment, the policy is parameterized
as a two layer neural networks that outputs the parameters of a Gaussian distribution with
a diagonal covariance matrix. The hidden layers are composed of 256 units and followed
by a tanh activation function. The first hidden layer also uses layer-normalisation before
the application of the tanh function. As we already noted, we use K + 1 fully independent
critic models to estimate the expected discount sum of each of the constraints and of the
main reward function. The critic models are also parameterized with two-hidden-layers neu-
ral networks with the same size for the hidden layers as the policy but instead followed by
relu activation functions. Table D.1 shows the hyper-parameters used in our experiments
conducted in the Arena environment.

D.2.3 Experiments

Multiplier Normalization Our first set of experiments examines the impact of normal-
izing the Lagrange multipliers. To highlight this effect, we designed a simple illustrative
scenario in which one of the constraints remains unsatisfied for an extended period of time.
Concretely, the agent is tasked with meeting the impossible constraint of never touching the
ground for the first 7.5M environment steps, after which the constraint is relaxed. As shown
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in Figure D.1 (red), the multiplier associated with the unsatisfied constraint grows with-
out bound. While this initially leads to faster convergence on the main task, it eventually
destabilizes the entire learning process with the critic loss diverging and overall performance
collapsing. In contrast, when applying our normalization technique (Figure D.1, blue), both
the multiplier and critic losses remain bounded, effectively preventing these instabilities.

Single Constraint satisfaction We leverage our framework to encode various behavioural
preferences as indicator functions, each associated with a specified threshold. Figure D.2
shows that our SAC-Lagrangian algorithm with multiplier normalization is able to solve the
navigation task while satisfying the imposed behavioural requirements when each constraint
is applied individually. Notably, the impact of different constraints on main task is not
uniform: some constraints, such as avoiding jumps, have little effect and allow the agent to
solve the task quickly, whereas others, such as avoiding specific terrain types (e.g., lava),
substantially increase the difficulty of the navigation problem.

Table D.1 Hyper-Parameters for Arena Experiments [25]. We present the hyper-
parameters used for experiments in the Arena Environment.

General Discount factor γ 0.9
Number of random exploration steps 10000
Number of buffer warmup steps 2560

SAC Agent Learning rate β 0.0003
Transitions between updates Mθ 200
Batch size Nθ 256
Replay buffer size 1,000,000
Initial entropy coefficient α 0.02
Target networks soft-update coefficient τ 0.005

Lagrange Multipliers Learning rate β 0.03
Initial multiplier parameters value zk 0.02
Transitions between updates Mλ 2000
Batch size Nλ 2000

Constraint Thresholds Has reached goal (lower-bound) 0.99
NOT looking at marker 0.10
NOT on ground 0.40
In lava 0.01
Above speed limit 0.01
Is under the minimum energy level 0.01
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Figure D.1 Effects of Multiplier Normalization in the Arena Environment [25]. The
multiplier normalization keeps the learning dynamics stable when discovering a constraint-
satisfying behaviour takes a large amount of time. To simulate such a case, an impossible
constraint is set for 7.5M steps and then replaced by a feasible one for the last 2.5M steps.
The method using unnormalized multipliers (red) keeps taking larger and larger steps in
policy space leading to the divergence of its learning dynamics and complete collapse of its
performance.
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Figure D.2 Single Behaviour Specification in the Arena Environment [25]. Each
column presents the results for an experiment in which the agent is trained for 3M steps
with a single constraint enforced on its behaviour. Training is halted after every 20, 000
environment steps and the agent is evaluated for 10 episodes. All curves show the average
over 5 seeds and envelopes show the standard error around that mean. The top row shows
the average return, the bottom row shows the average behaviour rate on which the constraint
is enforced. The black dotted lines mark the constraint thresholds.

Multiple Constraints Satisfaction In Figure D.3, we first show that an unconstrained
SAC agent can indeed learn to navigate properly while not respecting any of the constraints.
This assures us that none of the constraints are trivial to solve. The next row shows that when
all constraints are imposed simultaneously, the agent is correctly able to learn a feasible policy
but cannot simultaneously perform well on the main navigation task. In this setting, the agent
converges to a trivial behaviour that focuses exclusively on satisfying the constraints, from
which it is difficult to escape without violating them. By introducing a success constraint (row
(c)), the agent is able to satisfy all behavioural constraints while also achieving success on the
navigation task at convergence. The addition of the success constraint promotes exploration
of regions of the policy space that would otherwise remain infeasible, enabling the discovery
of feasible solutions with significantly better task performance. The best results are obtained



196

when using the success constraint as a bootstrap constraint, effectively transferring the weight
λK+1 to the main reward during the search for a feasible policy.

D.3 Experiments with Constrained SAC: OpenWorld Environment

In this section, we further test the scalability of our approach in the OpenWorld environment
(Figure 7.1, right), a significantly larger and more diverse map generated using the GameR-
Land map generator [285]. This experiment is designed to examine whether our framework
remains effective in richer and more realistic settings that are representative of industrial
applications for agent behaviour specification in video games.

D.3.1 Environment details

The OpenWorld environment is a large map (about 30,000× the agent’s size) with multi-
storey buildings and staircases, mountains, tunnels, natural bridges, and lava. It contains 50
jump pads that launch the agent on contact. At the start of each episode, a goal is placed
randomly; the agent must navigate to it while also keeping gaze on a designated marker.
The action vector has five scalars: planar translation in the XY frame (2), jump (1), view-
rotation controlling the look direction independent of travel (1), and recharge (1); notably,
recharging immobilises the agent.

The agent receives as observation at every timestep: (i) its XY Z position relative to the
goal, and its normalised velocity and acceleration; (ii) relative position to the nearest jump
pad; (iii) marker features—relative XZ position and distance, the normalised look–marker
angle, and a marker-within-field-of-view indicator (fixed cone); (iv) energy features—current
energy, an indicator for “recharging now,” and a boolean flag for “recharged on the previous
step”; (v) several additional constraint indicators — standing in lava, on ground, and below
the minimum energy level; and (vi) two 8× 8 raycast channels around the agent to sense (1)
lava, and (2) other collidable geometry (e.g., buildings, doors, mountains).

D.3.2 Hyper-parameters

The SAC agent in the OpenWorld environment uses the same architecture and similar hyper-
parameters as in [168]. The raycasts and raw state described above are processed using two
separate embedding models. For the raycasts, we employ a CNN with 3 convolutional layers,
each with a corresponding ReLU layer. The raw state is processed using a separate 3-layer
MLP with 1024 hidden units at each layer. The two representations are concatenated into
a single vector representing the current state. The policy is parameterized by a 3-layer
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Figure D.3 Multiple Behaviour Specification in the Arena Environment [25]. Each
row presents the results of an experiment in which an agent is trained for 10M steps. Training
is halted after every 20, 000 environment steps and the agent is evaluated for 10 episodes.
All curves show the average over 5 seeds and envelopes show the standard error around
that mean. (a) Unconstrained SAC agent; none of the behavioural preferences are enforced
and consequently improvement on performance is very fast but none of the constraints are
satisfied. (b) SAC-Lagrangian with the 5 behavioural constraints enforced. While each
constraint was successfully dealt with when imposed one by one (see Figure D.2), maximising
the main objective when subject to all the constraints simultaneously proves to be much
harder. The agent does not find a policy that improves on the main task while keeping the
constraints in check. (c) By using an additional success constraint (that the agent should
reach its goal in 99% of episodes), the agent can cut through infeasible policy space to
start improving on the main task and optimise the remaining constraints later on. (d) By
using the success constraint as a bootstrap constraint (bound to the main reward function)
improvement on the main task is much faster as the agent benefits from the dense reward
function to improve on the goal-reaching task.
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MLP that receives as input the concatenated representation and outputs the parameters of a
Gaussian distribution with a diagonal covariance matrix. Each hidden layer is composed of
1024 hidden units and is followed by a ReLU activation function. The critic models are also
parameterized by 3-layer MLP, are composed of 1024 hidden units and use ReLU activation
functions. Table D.2 shows some of these hyper-parameters with a focus on the constrained
enforcement aspect of our version of SAC-Lagrangian.

Table D.2 Hyper-Parameters for OpenWorld Experiments [25]. We present the hyper-
parameters used for experiments in the OpenWorld Environment.

General Discount factor γ 0.99
Number of random exploration steps β 200
Number of buffer warmup steps β 2560

SAC Agent Learning rate β 0.0001
Batch size Nθ 2560
Replay buffer size 4,000,000
Initial entropy coefficient α 0.005
Target networks soft-update coefficient τ 0.005

Lagrange Multipliers Learning rate β 0.00005
Initial multiplier parameters value zk 0.02
Transitions between updates every timestep
Batch size Nλ 5000

Constraint Thresholds Has reached goal (lower-bound) 0.80
NOT looking at marker 0.10
NOT on ground 0.40
In lava 0.001
Is under the minimum energy level 0.01

D.3.3 Experiments

In the OpenWorld environment, we evaluate whether the proposed framework scales effec-
tively to more complex and realistic tasks. Unlike the Arena environment, OpenWorld fea-
tures uneven terrain, buildings, and interactable elements such as jump pads, making this
setting much closer to real-world reinforcement learning applications in the video game in-
dustry. For this experiment, we trained a SAC-Lagrangian agent to solve the navigation
problem while adhering to four behavioural constraints: On-Ground, Not-In-Lava, Looking-
At-Marker, and Above-Energy-Limit. The SAC component uses the same hyperparameters
as in [168]. The results, shown in Figure D.4, indicate that although training in this larger
and more complex environment requires up to 50 million environment steps, the agent suc-
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cessfully completes the task while respecting all constraints. These findings provide strong
evidence that the proposed framework scales favourably to more challenging environments
for direct behaviour specification.
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Figure D.4 Multiple Behaviour Specification in the OpenWorld Environment [25].
A SAC-Lagrangian agent trained to solve the navigation problem in the OpenWorld envi-
ronment while respecting four constraints and imposing the bootstrap constraint. Results
suggest that our SAC-Lagrangian method using indicator cost functions, normalised multi-
pliers and bootstrap constraint scales well to larger and more complex environments.

D.4 Additional Details on Constrained GRPO

D.4.1 Numerical Example of Theorem 4.4.1

We provide a simple 1-constraint example to understand the difference in practice. Let
λR = 0.3 and λC = 0.7 (since both must sum to 1), σR = 0.5, σC = 0.2, and ρ = 0.1. Then
we can compute the standard deviation of the combined signal with scalarized rewards as

σRS
=
√

(0.32 · 0.52) + (0.72 · 0.22) + (2 · 0.3 · 0.7 · 0.1 · 0.5 · 0.2)

≈ 0.215174.

With σRS
, the effective weights on (ZR, ZC):

Scalarized Advantages: (0.3, 0.7),

Scalarized Rewards:
(

0.3·0.5
0.215174 ,

0.7·0.2
0.215174

)
≈ (0.697, 0.651).

As we can see from this simple example, the reward term was 2.33 times less important
according to the current Lagrangian multiplier. However, the 2nd approach effectively scales
its coefficient to be even more important than the constraint.

With this, we conclude that if you want λ to faithfully encode your intended reward–
constraint trade-off independently of group scales and covariance, the per-component stan-
dardization followed by combining terms using λ is the more faithful approach. In general,
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the second approach is not invalid but has the caveat that it implicitly reweighs the multipli-
ers by the components’ standard deviations (and ρ). This results in agents effectively having
to satisfy the high-variance components first prior to satisfying the low-variance ones, regard-
less of the Lagrangian multiplier λi values. In our experiments in Section 7.5.2, we present
results on a toy environment and in the real-world NAVSIM driving benchmark, comparing
both approaches with fixed and varying Lagrangian multipliers.

D.4.2 Environment Details

Our gridworld is a 10×10 grid in which the agent is initialized uniformly at random and must
navigate to a randomly sampled goal location. Reaching the goal yields a sparse terminal
reward of 1.0. At the start of each episode, 20% of the tiles are designated as lava; stepping
onto a lava tile incurs a penalty of 1.0 (i.e., a cost). The agent is also equipped with a
battery that drains by 5% at every timestep and incurs a penalty whenever its charge falls
below 10%. The action space consists of five discrete actions: moving in the four cardinal
directions, or staying in place to recharge at a rate of 20% per timestep. The agent observes
a compact state representation consisting of:

• its (x, y) position, normalized to [0, 1]2;

• the goal (x, y) coordinates, normalized to [0, 1]2;

• the current battery level in [0, 1];

• a 5 × 5 local occupancy map centered on the agent, where entries indicate lava tiles
(flattened to a 25-dimensional vector).

Episodes last at most 80 timesteps and terminate early only upon reaching the goal.

D.4.3 Implementation Details

We train a categorical policy parameterized by a two-layer MLP (hidden size 128 with ReLU
activations) that outputs action logits. Policies are optimized with the GRPO clipped ob-
jective (ϵ = 0.2) using 2 epochs per update, minibatches of size 2048, and an entropy bonus
of 0.001. Training runs for 8000 update steps; each update collects 64 episodes via grouped
rollouts (group size 8 across 8 groups). We use Adam for the policy optimizer (learning rate
5× 10−4 by default) and, when constraints are enabled, a separate Adam optimizer for cost
weights (learning rate 10−2). Cost weights are parameterized via a softmax over {reward,
lava, battery} parameters and updated every step and initialized with logits of 0.02.
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D.4.4 Additional Experiments

We include additional results comparing scalarizing rewards with scalarizing advantages for
a single constraint in Figure D.5, and with both battery and lava constraints in Figure D.6.
We refer the reader to the caption for more details.
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Figure D.5 Learning Dynamics of Constrained GRPO with d̃lava = 0.01 on the grid-
world, comparing scalarized advantages (left) and scalarized rewards (right). In this experi-
ment, we set d̃lava = 0.01 and do not enforce the battery constraint. Scalarized advantages
again produces a stronger final policy and makes effective use of the allowable cost budget,
with the lava rate touching the specified threshold in order to allow for success on the main
task. In contrast, scalarized rewards drives the constraint rate to near-zero early in training;
despite small multiplier values, the corresponding effective weights remain larger and noisier,
leading to less stable learning and lower final performance.
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Figure D.6 Learning Dynamics of Constrained GRPO with d̃lava = 0.01 and d̃battery =
0.1 on the gridworld, comparing scalarized advantages (left) and scalarized rewards (right).
In this experiment, we set d̃lava = 0.01 and d̃battery = 0.1. Scalarized advantages again
produces a stronger final policy and makes effective use of its allowable costs’ budget, with
both the lava rate and battery rate stabilizing near their specified thresholds in order to allow
for success on the main task. In contrast, scalarizing rewards drives both constraints’ cost
rates to near-zero early in training. Even with small multiplier values, the corresponding
effective weights remain larger and noisier, leading to less stable learning and lower final
performance. Interestingly, we see that when it tries to creep higher, the effective multipliers
react excessively, resulting in the agent not adequately navigating the environment, as shown
by the poor goal success rate.
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