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ARTICLE INFO ABSTRACT

Keywords: Static liquefaction, defined as the loss of strength after strain softening under undrained shear, is often the cause
Static liquefaction of catastrophic failures in loose earthfills, waste dumps and tailings storage facilities. The number of failures
Grading does not cease to increase yearly, revealing operational faults, construction defects, and a lack of knowledge
DEM

regarding liquefaction triggering. While liquefaction is well understood at the scale of a representative
elementary volume of soil, the triggering mechanisms at the particle scale are seldom studied. This study
aims to analyze the links between the micro- and macro-mechanisms controlling static liquefaction by means
of numerical simulations using the Discrete Element Method. We consider mono to highly size polydisperse 2D
samples of discs, prepared at varied densities from loose to dense packings. As expected, loose samples liquefy,
while dense ones continue to exhibit resistance under undrained shearing. Some medium-dense cases liquefy
only temporarily, recovering their shear strength at larger strains. We reveal a dual mechanism for liquefaction
through multi-scale analysis: a collapse of the contact network—marked by the coordination number dropping
below 3—and the emergence of low-density regions. Temporary liquefaction involves transient connectivity
loss with minor density fluctuations, enabling stress recovery. In contrast, full liquefaction combines both
effects, leading to an irreversibly disconnected and heterogeneous microstructure.

Micro-structure

1. Introduction Significant research efforts have been dedicated to understand the
mechanisms of static liquefaction in loose granular soils (Castro, 1969;
Verdugo and Ishihara, 1996; Lade and Yamamuro, 2011). It is well

known that liquefaction susceptibility decreases with increasing the

Waste storage structures—such as tailings dams and waste dumps—
are particularly vulnerable to static liquefaction. This phenomenon
refers to a sudden loss of strength in loose, saturated soils subjected
to undrained (constant volume) monotonic loading. As shearing pro-
gresses, pore water pressure builds up, reducing effective stress to
near zero and resulting in flow-like deformation. Numerous examples
of failures due to liquefaction in tailings storage facilities have been

state parameter (Been and Jefferies, 1985) (i.e., decreasing the initial
relative density and/or increasing the consolidation mean stress), and is
sensitive to the granular fabric (Li and Dafalias, 2012; Lii et al., 2017).
Moreover, empirical evidence shows that intrinsic material parameters,

documented throughout the 20th century (Dobry and Alvarez, 1967;
Fourie et al., 2001; Verdugo and Gonzalez, 2015; Santamarina et al.,
2019) and continue to occur in recent years (Morgenstern et al., 2015,
2016; Robertson et al., 2019). Similarly, several failures have been
reported in dumps composed of discarded construction materials (Zhao
et al., 2024), municipal solid waste (Blight and Fourie, 2005), and coal
mine waste (Dawson et al., 1998).

such as particle size distribution (PSD), could significantly influence
the liquefaction susceptibility (Troncoso and Verdugo, 1985; Karim and
Alam, 2014; Kwa and Airey, 2017; Pires-Sturm and DeJong, 2022).
Undrained strength at a given state parameter increases with particle
size polydispersity, as a result of enhanced dilative tendencies (Ahmed
et al., 2023). For instance, Yamamuro and Lade (1997) studied the
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influence of non-plastic fine content (FC) on fabric and undrained
strength of loose silty sands. They conceptually proposed that, at low
FC, fines partially occupy the voids between sandy grains without
significantly affecting the load-bearing granular structure; i.e., mainly
acting as floating particles that do not bear interparticle forces. This
condition is called underfilled and is characterized by a soil skeleton
primarily formed by the coarse fraction of the soil (Thevanayagam
et al,, 2002). On the other hand, at high FC the fines generate an
overfilled condition, in which they dominate the force chain network
and carry most of the stresses. Between these two extremes lies a
transitional state, where granular chain forces include both fines and
coarse grains, creating unstable force chains that lead to a compressible
fabric highly susceptible to liquefaction. As a result, although the
transitional packing corresponds to the densest state, it exhibits the
lowest liquefaction resistance (Thevanayagam et al., 2002; Lade et al.,
2009; Huang et al., 2023). Beyond this threshold, further addition
of fines promotes a more stable overfilled fabric, thereby increasing
the liquefaction resistance (Sadrekarimi, 2014). However, while recent
empirical studies exist (Rahmani and Naeini, 2020; Gobbi et al., 2022;
Yazdani et al., 2022), there are not measurable microstructural parame-
ters to support this conceptual framework. In this context, a gap persists
in establishing robust connections between micro-scale mechanisms
and macro-scale responses associated with static liquefaction in grain
size polydisperse materials. Advancing our understanding of this phe-
nomenon could enhance the reliability of predictive models. However,
this requires a comprehensive multi-scale approach that captures the
fundamental processes governing material behavior across scales.

To the best of the authors’ knowledge, only a limited number
of particle-scale physical experiments on liquefiable soils have been
reported, likely due to the inherent complexity such tests would in-
volve. For instance, Sukhumkitcharoen et al. (2024) performed biaxial
tests and applied image-based analysis to track the evolution of lo-
cal density and void anisotropy in liquefiable 2D granular samples.
They observed a strongly heterogeneous evolution of these quantities,
with localized changes preceding macroscopic instability. However,
the void-based anisotropy measures remain primarily descriptive and
cannot be directly related to force transmission or contact-network
organization. To address this gap, several researchers have proposed
numerical simulations based on the Discrete Element Method (DEM).
In DEM, undrained conditions can be modeled either by enforcing
constant volume or by coupling the solid phase with fluid dynamics.
The latter approach, which involves solving fluid flow equations and
integrating them with DEM to capture fluid-solid interactions (Polania
et al,, 2022; Coppin et al.,, 2023; Wang et al., 2024; Zeghal and
El Shamy, 2004), demands substantial computational resources. Alter-
natively, when fluid transport processes such as erosion or particle
dragging are neglected, constant volume conditions offer a practical
and widely accepted approximation for simulating undrained behavior
in granular materials (Dyvik et al., 1987; Shafipour and Soroush, 2008;
Liu et al., 2015; Otsubo et al., 2022).

DEM has opened a window into the grain-scale mechanisms that
drive failure. At the microscopic level, static liquefaction reflects a
fundamental breakdown in the internal structure of granular mate-
rials (Gong et al., 2012). As shearing continues under monotonic
undrained conditions on loose specimens, the network of contacts that
transmits forces between particles gradually weakens (Huang et al.,
2018). This process can happen abruptly: the number of force-carrying
contacts drops, contact chains collapse and the internal fabric loses
its ability to resist shear (Cardenas-Barrantes and Ovalle, 2025). The
majority of these DEM-based investigations have focused on cyclic
strain-induced liquefaction (Soroush and Ferdowsi, 2011; Zhang and
Evans, 2020; Yang et al., 2022; Rahman et al., 2021), emphasizing the
role of the granular fabric in the ability to rebuild the force network
during cyclic mobility (Evans and Zhang, 2019; Wang et al., 2016;
Wang and Wei, 2016; Wei et al., 2018; Yang et al., 2021). Moreover,
recent DEM studies that systematically control the initial granular
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fabric have demonstrated its significant influence on undrained stress
paths (Salimi et al., 2025; Irani et al., 2024), providing microstructural
insights into how loading orientation and sample preparation methods
affect liquefaction susceptibility (Yang and Wu, 2017; Zhang et al.,
2023; Yang and Taiebat, 2024). For instance, using DEM numerical
simulations, Otsubo et al. (2022) demonstrated the important role of
inherent fabric anisotropy and local void orientation in controlling
both static and cyclic liquefaction resistance. Interestingly, Martin
et al. (2020) observed that fabric evolution under monotonic loading
differs from that under cyclic loading. In the latter, contact loss is
uniformly distributed throughout the specimen, and the main contact
network does not collapse upon cycling. In contrast, during monotonic
undrained loading of loose packings, the force network breaks down
rapidly following the peak deviatoric stress (Gong et al., 2012).

Few micro-structural DEM studies on the specific effect of grading
on liquefaction have been reported (Zuo et al., 2023; Basson et al.,
2024b; Banerjee et al., 2023). It has been shown that polydispersity
increases the undrained strength due to higher particle connectivity,
and the force network during constant volume shearing exhibits in-
creased anisotropy of strong contacts, thus improving the undrained
strength (Basson et al., 2024a). Yet, important questions remain open.
Although expanded grain size polydispersity enhances packing density,
it has no influence on the normalized critical shear strength (i.e., inter-
nal critical friction angle) (Yang and Luo, 2018; Amirpour Harehdasht
et al., 2018; Polania et al., 2023; Girumugisha et al., 2024). This decou-
pling between solid fraction and strength raises complementary issues
for liquefaction. Whether a broader PSD enhances micro-structural
stability by facilitating denser packings, or instead promotes local insta-
bilities due to phenomena such as stress concentration or local density
heterogeneity, remains an open question. More fundamentally, the
relationship between the evolving contact network and the macroscopic
softening that culminates in failure at large strains is still not fully
understood. Addressing these issues requires a detailed investigation of
the material’s micro-structure—a challenge for which DEM may excel.

With the aim of gaining deeper insights into the particle-scale
mechanisms responsible for triggering soil liquefaction, this study em-
ploys DEM simulations of highly grain size polydisperse assemblies. We
simulate undrained shearing conditions by imposing constant volume
boundary conditions on samples with varying PSD and initial densities.
The density of the specimens is controlled by randomly removing a de-
fined number of floating particles after initial consolidation. As a result,
before shearing the specimens share an identical initial fabric among
force-carrying grains, while their overall densities vary. We capture
the response of loose specimens that exhibit pronounced liquefiable
behavior, dense specimens that remain stable and non-liquefiable, and
intermediate cases that lie within the transition zone between these
two extremes. The results are analyzed from both a macro-mechanical
perspective and a micro-mechanical viewpoint, using descriptors such
as coordination number, amount of floating particles, and local solid
fraction distributions. By bridging the micro- and macro-scales, this
approach allows for a more comprehensive understanding of the con-
ditions that govern the onset and evolution of static liquefaction in
granular soils.

This paper is organized as follows: Section 2 describes the nu-
merical approach used to prepare 2D granular assemblies of discs
at different PSD and initial densities, and to shear them under con-
stant volume at large strain; Section 3 presents the macro-mechanical
behavior observed in the numerical tests and identifies the cases of
liquefaction, temporary liquefaction and no-liquefaction, depending on
both the initial density and PSD; Section 4 presents and discusses
the micro-structure and connectivity, the analysis of the evolution of
local density, and the bridge between micro- to macro-mechanical
descriptors; finally, Section 5 summarizes our findings, conclusions and
perspectives.
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2. Numerical method
2.1. Contact dynamics with linear elasticity

To simulate undrained shearing of granular materials under con-
stant volume conditions, a numerical method must allow for internal
rearrangements and local contact deformations. In most cases, this is
achieved using soft-particle DEM (Cundall and Strack, 1979; Weinhart
et al., 2019), where particles are assumed to slightly overlap at con-
tacts. This local deformation is modeled through force-displacement
relationships (e.g., linear spring or Hertz-Mindlin contact law), often
coupled with damping to account for energy dissipation. Therefore,
in the soft-DEM framework the contact force arises from the overlap
between particles, and Newton’s equations of motion are integrated ex-
plicitly with small time steps to resolve the dynamic interactions. Such
methods inherently allow for constant volume shearing via contact
compliance.

This study employs a different approach to simulate constant vol-
ume shear tests, using Contact Dynamics (CD) with regularized contact
laws inspired by soft-DEM techniques. In classical CD, particles are
treated as perfectly rigid and contact interactions are governed by non-
penetration and Coulomb friction constraints, resolved implicitly at
each time step 6r. This makes CD particularly efficient and numeri-
cally robust for dense granular systems, especially when dealing with
highly size polydisperse assemblies, as it allows for significantly larger
time steps compared to soft-DEM. The equations of motion are inte-
grated over 6¢, and contact interactions are enforced through kinematic
constraints formulated as complementarity conditions. In the normal
particle contact direction, the Signorini condition ensures unilateral
contact, where the normal force f, and the normal relative velocity
u, must satisfy a non-penetration condition (see Fig. 1b). Coulomb’s
friction law governs the tangential interaction, where the tangential
force f, must satisfy |f,| < u,f,; sliding is activated when u, # 0
(see Fig. 1c). Energy dissipation is governed by the friction coefficient
u,, along with restitution coefficients in the normal and tangential
directions. A global solution for contact forces and particle velocities
is obtained using a nonlinear, iterative Gauss-Seidel-type algorithm,
which can be parallelized efficiently (Renouf et al., 2004). Further
details on the algorithm and its mathematical formulation are provided
by Radjai and Dubois (2011).

In constant volume shearing, strains must therefore be accommo-
dated through local rearrangements and slight elastic deformations
at contacts. This physical behavior can be incorporated into the CD
framework without modifying its fundamental structure. As shown
by Krabbenhoft et al. (2012), a linear elastic contact law can be refor-
mulated as a Signorini-type condition via a simple change of variables.
Specifically, considering a linear normal force-displacement relation
fn, = k,6, where k, is the contact stiffness and 6 the normal overlap
between two contacting particles, one can define a shifted gap variable
5 =6+ f,/k,. Note that in the present study, only circular grains in a
2D framework are considered. Under this assumption, a linear normal
contact law is used and the same stiffness k, is assigned to all parti-
cles (da Cruz et al., 2005). Therefore, the elastic law is mapped into
a form compatible with the classical Signorini condition, in this case
expressed in terms of § and f,. As shown in Fig. 1a, this is equivalent
to replacing the normal velocity u, by a modified velocity i, = §/6t
in the usual contact graph representations. This reformulation allows
elastic compliance to be included directly within the CD algorithm, still
satisfying its implicit, non-smooth resolution scheme. The method thus
retains its key advantages — robust contact handling, strict volume
conservation, and large stable time steps — while being capable of
capturing the small elastic deformations necessary to simulate constant
volume shearing. See Krabbenhoft et al. (2012) for more details about
the numerical implementation.

All simulations presented in this work were performed using the
open-source platform LMGC90, a computational framework developed
at the University of Montpellier for modeling the dynamics of collec-
tions of deformable or rigid particles with various contact laws (Dubois
et al., 2011, 2018).
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Fig. 1. Graphic representation of (a) the standard linear elasticity contact law,
(b) the regularized linear elasticity at non-smooth contact dynamics for normal
forces and (c) the tangential part.
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Fig. 2. Particle size distributions (PSDs) used in this study for each size span
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2.2. Sample preparation

We generated two-dimensional granular samples made of discs with
controlled size polydispersity, characterized by the size span parameter
S defined as:

- dmax - dmin , (1)

dmax + dmin

where d,,, and d;, denote the maximum and minimum particle di-
ameters, respectively. We considered eight values of S’ ranging from
0.1 (quasi-monodisperse) to 0.8 (highly polydisperse) in increments of
0.1. For each value of S, Fig. 2 shows the particle size distribution
(PSD) constructed by dividing the size range [d ;. dmax] iNto N, = 12
discrete classes. The total particle volume was uniformly distributed
among these classes, ensuring a controlled range of particle sizes.

Particles were deposited into a square container of dimensions /,
and /,, using a potential-based deposition algorithm (Taboada et al.,
2005; Voivret et al., 2007). To ensure that the number of grains exceeds
a minimum representative elementary volume (REV) (Quiroz Rojo
et al., 2025; Cantor and Ovalle, 2025), the total number of particles
increased linearly from 10,000 for .S = 0.1 to 18,750 for S = 0.8.
Therefore, I, depends on S to ensure a REV; for instance: [, ~ 87d,,,,
for § =0.1, and /,, ~ 36d,,,, for § =0.8.

max

2.3. Consolidation stage

Once the particles were deposited, each sample was uniaxially com-
pressed by applying a vertical pressure P, = 10 kPa, as schematically
presented in Fig. 3a, until the packing fraction ¢ = V,/V stabilized (V;
is the total volume of solid particles and V is the sample volume). A
sample was considered stable when the relative variation of ¢ between
two successive time steps was less than 4¢ = 10~*. In all simulations,
gravity was set to O to avoid a stress gradient, and the interparticle
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Fig. 3. Schematic of the numerical protocol: (a) consolidation stage with rigid
boundaries, and (b) simple shear configuration with periodic boundaries along
the horizontal axis—shown by red dashed lines—, white discs are particles
glued to the top and bottom walls to generate a rough surface.

Table 1

Summary of the main model parameters.
Parameter Symbol Value
Maximum particle diameter dpax 1.0m
Interparticle friction coefficient " 0.3
Particle density p 2.7g/cm®
Consolidation pressure P, 10kPa
Normal contact stiffness k, 10°P,
Top and bottom walls speed v, 4.107%d,,,. 57"

friction coefficient was set to u = 0.3. The normal contact stiffness was
fixed at k, = 10°P,. Table 1 summarizes the parameters used in the
DEM model.

To enable large deformations and minimize boundary effects —
particularly during shearing —, periodic boundary conditions were
imposed along the horizontal direction (i.e., at the vertical walls).
Under this condition, any particle leaving one side of the container
immediately re-enters from the opposite side, simulating an infinite
horizontal domain (see Fig. 3a). Under periodic horizontal boundary
conditions and zero gravity, the lateral stress is not prescribed during
consolidation and emerges from the internal equilibrium of the contact
network. As a result, the initial stress state is not strictly isotropic.
This is analogous to simple shear conditions, where only the vertical
consolidation stress is controlled. Fig. 4 shows the horizontal to vertical
stress ratio (o,,/0,,) during the consolidation phase for all samples as
a function of the normalized time /7., where 7, is the time at the end
of this stage. The stress state is nearly isotropic for quasi-monodisperse
samples (i.e., S = 0.0 — 0.5) and deviates to anisotropic consolidation
of 6,./c,, ~70% for S = 0.7. All samples are prepared under the same
imposed vertical pressure P,, providing a consistent reference state for
comparing the subsequent simple shear response across all S. Thus, the
periodic boundary configurations are particularly well-suited for simple
shear simulations, as they enable reaching large strains and critical
state conditions.

To generate assemblies spanning a wide range of initial packing
fractions within a given polydispersity class, we introduce a numerical
control procedure based on the removal of floating particles. This
procedure is not intended to mimic a physical densification or loosening
mechanism, but rather to systematically vary the packing fraction while
preserving the same load-bearing contact network after consolidation.
The number of removed floating is given by the parameter g, defined
as the fraction of floating particles N, remaining in the sample after
this process. Clearly, this number depends on f and the polydispersity:
N (B, .S). Since floating particles do not contribute to force transmission
or particle interlocking, removing them at the end of the consolidation
stage does not modify the topology of the load-bearing contact network
of the consolidated sample, nor the force anisotropy within a given
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Fig. 4. Stress ratio o,,/0,, as a function of consolidation time for all samples.

polydispersity set. It is worth-noting that the floating-particle removal
procedure does not correspond to a laboratory preparation method
and is not intended to reproduce a specific densification or loosening
process. It is used here as a numerical tool to generate initial samples
spanning a wide range of packing fractions within a given polydisper-
sity, while preserving the load-bearing contact network at the end of
the consolidation stage.

For each value of S, we generated a set of eleven samples by
uniformly varying g within [0, 1]. This approach allows us to produce
samples with identical contact network micro-structure after consolida-
tion, but different packing fractions. Fig. 5(a) shows that for S = 0.1, ¢
varies from 0.78 to 0.83 across f = 0 to 1, respectively; similarly, the
range of ¢ for .S = 0.8 over all g values is from 0.82 to 0.88. A total
of 88 samples were prepared in this manner. Fig. 6 presents examples
of initial configurations for two samples with S = 0.8: corresponding
to (a) a loose state with ¢ = 0.82 (f = 0.0), and (b) a medium-dense
configuration ¢ = 0.86 (8 = 0.7). Within a given .S, samples with the
lowest packing fraction are referred to as loose, those with the highest
packing fraction as dense, and intermediate cases as medium-dense.

The removal of floating particles modifies the initial PSD, with the
extent of this modification increasing with .§ and decreasing with g.
However, the resulting changes in grading remain relatively minor, as
illustrated in Fig. 5(b), which shows that the removal process primarily
affects the finer fractions. Since the coarsest particles are consistently
engaged in force chains, the number of grains in the coarser size classes
remains unchanged. Conversely, even when the maximum number of
floating particles N £(0,5) is removed, the inlet in Fig. 5(b) shows that
the proportion of grains of size d,,;, decreases by less than 3% across
all S.

To assess the robustness of the floating-particle removal procedure
with respect to its inherent randomness, additional preparation tests
were conducted. For three representative polydispersity levels (S = 0.1,
0.5, and 0.8), the entire preparation protocol — including deposition,
consolidation, and floating-particle removal — was repeated using
three independent random seeds differing only in the stochastic aspects
of particle deposition; thus exhibiting distinct initial configurations.
This resulted in a total of 154 preparation runs. For each S, the
standard deviation of the solid fraction across realizations remained
below 0.023, while the standard deviation of the coordination number
did not exceed 0.042. These variations are small compared to the
corresponding mean values and to the intrinsic fluctuations expected
in granular assemblies. Consequently, these additional results demon-
strate that the preparation protocol yields statistically robust initial
states and that the trends reported in the following sections are not
sensitive to the specific realization of the random removal process.

To further assess whether the removal of floating particles affects
the initial void topology, we computed the probability distribution
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Fig. 7. Probability distribution functions of the normalized local density ¢, /(¢,) at the end of the compression stage for representative polydispersity cases
(S €1[0.1,0.4,0.8]). Four cases within each .S case are presented: g € [0.0,0.5,0.7,1.0].

functions of the normalized local packing fraction ¢; /(¢; ) at the end
of the consolidation stage. To this end, we computed the local solid
fraction ¢; by discretizing the sample into a regular mesh of cell size
Ax = Ay = d,,,,. This resolution was chosen after a sensitivity analysis
to balance spatial detail and computational cost. At each time step, ¢;
was measured as the ratio of grain area to cell area, allowing us to
track how density is redistributed as .S and g change. Fig. 7 presents
the distributions for representative values of the .S € {0.1,0.4,0.8} and
all values of g. For all polydispersities, the distributions are close to
Gaussian and centered around the mean value. Increasing f mainly
leads to a sharpening of the distribution peak, reflecting a progressive
reduction of local density fluctuations. This effect is barely noticeable
for quasi-monodisperse samples and becomes increasingly pronounced
as the size polydispersity increases, while the overall shape of the
distributions remains unchanged. These observations indicate that the
floating-particle removal procedure does not significantly alter the
initial void topology, but rather provides a controlled way to adjust
density heterogeneity prior to shearing.

2.4. Simple shear test

After the consolidation stage, each sample was subjected to a strain-
controlled simple shear test under constant volume (isochoric) condi-
tions. To enforce volume conservation, the top and bottom walls of
the box were kept fixed in the vertical direction. As shown in Fig. 3b,
shearing was applied by imposing a constant horizontal velocity v, on
the upper and lower walls, in opposite directions. To minimize slippage
at the boundaries and ensure that shear deformation was transmitted
uniformly into the granular bulk, a layer of particles was glued to both
the top and bottom walls. These glued grains, selected among those
deposited during the preparation phase and later consolidated, act as
rough elements and are shown in white in Fig. 3b.

The intensity of shear can be characterized by the inertial number
I=yd \/m, where 7 is the shear rate, d is the mean particle diameter,
p is the particle density, and p is the mean pressure. Note that, since the
system evolves under constant volume, p is not fixed but evolves during
shearing. Therefore, to ensure a consistent and quasi-static regime at
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Fig. 8. Stress paths of all the numerical constant volume shear tests; dashed red lines correspond to the critical state line ¢/p = 0.3; red points indicate the

average stress values at critical state.

the beginning of shearing, a horizontal velocity v, was imposed such
that the initial inertial number satisfies I < 1073 for a reference
pressure of p = P,. This procedure results in shear rates ranging from
7 = 4.6 x 10775~ for the quasi-monodisperse samples .S = 0.1, to
7 = 1.1 x 107*s7! for the most polydisperse ones (S = 0.8), ensuring
all tests are initiated under quasi-static flow conditions.

3. Macroscopic response

The macroscopic mechanical response of the granular assembly is
characterized using the stress tensor, defined as:

1
%:VZﬁ@ )
Ve

where indices i and j run over the Cartesian coordinates x and y, the
term f denotes the ith component of the contact force at contact c,
and /¢ the jth component of the branch vector connecting the centers
of mass of the two particles in contact.

Since we consider a dry granular medium, all stress components rep-
resent effective stresses. We define the mean stress p and the deviatoric
stress ¢ as:

_ 0] + 0, _01—0p
p= 5 q= 5
where ¢, and o, are the principal components of the stress tensor.

Fig. 8 shows the stress states reached by each sample in the (p,q)
plane for all simulations. Each set corresponds to a fixed polydispersity
index S, with varying values of 8, from loose (f = 0) to dense initial
states (f = 1). The data at large shear strains generally collapse onto
a linear trend corresponding to the critical state line. A linear fitting
of all the tests at critical state results in gq/p = 0.3, with a coefficient
of determination RZ = 0.99. As discussed in the introduction, this is
consistent with previous results suggesting that the internal friction
angle is not affected by the PSD.

As expected, in denser samples (f§ — 1) the tendency to dilate
develops relatively high stresses along the critical state line. Moreover,
higher values of both ¢ and p are attained in samples with higher S, sug-
gesting that polydispersity promotes stronger packing configurations
capable of sustaining greater loads. In contrast, stresses tend to vanish
in loose samples (f — 0), which is indicative of mechanical instability

3

and is consistent with the phenomenon of static liquefaction. These
initial observations qualitatively suggest that a substantial portion of
the loose specimens undergoes a liquefaction-like transition during
shearing.

To better distinguish the samples that liquefy from those remaining
stable, Fig. 9 presents the stress-strain responses of all numerical
tests: (a) ¢/ P, and (b) p/P, are plotted versus y up to 0.3. Note that
Fig. 9 is not intended to provide a quantitative comparison of shear
strength across different values of S, since polydispersity and initial
packing fraction are intrinsically correlated. Instead, this figure is used
to identify and classify the different mechanical responses as a function
of S and p. Since the peak stresses occur at very low strains of y < 0.01,
both plots employ logarithmic scaling for the strain axis to enhance
the visualization. Three distinct mechanical responses are typically
observed. First, liquefaction is characterized by a rapid and irreversible
loss of both ¢ and p after reaching a peak. This behavior, observed in
loose samples with low g, reflects a transition to mechanical instability
and is known as static liquefaction. Second, in dense samples with
large B, both ¢ and p increase with strain and reach a plateau at
large y, corresponding to a steady critical state. These samples exhibit
strain hardening — i.e. increase in shear strength upon undrained shear
deformation — and maintain mechanical integrity throughout loading.
Third, an intermediate behavior that we call “temporary liquefaction”,
occurs in samples with intermediate values of §. These samples exhibit
an initial increase in ¢ and p, followed by a sharp drop and subsequent
recovery toward a critical state at large strains. This transient collapse
followed by re-strengthening indicates a temporary loss of resistance
that is recovered upon continued shearing. These behaviors are consis-
tently found across different values of polydispersity S, but the g ranges
associated with each regime depend strongly on S. For instance, in the
case of S = 0.8, samples with f < 0.6 undergo full liquefaction, while
p = 0.7 shows temporary liquefaction, and # > 0.8 does not exhibit
liquefaction and reaches a critical strength plateau. Conversely, for .S =
0.1, all samples undergo static liquefaction except g = 1, which exhibits
temporary liquefaction. Furthermore, temporary liquefaction appears
across different combinations of # and S—specifically for (S = 0.1,
p=1.0),(S=0.7, f=0.6), and (S =0.8, # =0.8).

In the following section, we shift our focus toward a micro-structural
description of the assemblies, aiming to identify the underlying mech-
anisms responsible for these macroscopic behaviors. In particular, we
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Fig. 9. Stress-strain response for all tests: (a) deviatoric stress ¢ and (b) mean stress p as a function of the shear strain y, for samples from monodisperse (.S = 0.1)

to highly polydisperse (S = 0.8), and g € [0, 1].

investigate how particle connectivity and packing homogeneity evolve
during shear, and how these structural features correlate with the
observed mechanical responses.

4. Microscopic analysis

As defined in Eq. (2), the granular stress tensor is constructed
from quantities associated with the contact and force network. This
expression can be conveniently rewritten as an average over all contacts
as:

(€3]

where n, = N,/V is the contact density, with N, the total number
of active contacts (i.e., contact carrying a non-zero force) within the
assembly. Then, it is possible to demonstrate that n, is itself related
to two key micro-structural descriptors: ¢ and the mechanical coordi-
nation number z,,, defined as the average number of active contacts
per particle, excluding grains with 1 and O contacts. Indeed, for a
two-dimensional packing of discs with mean grain diameter (d), one
obtains n, = 2z,,¢/(x(d)?) by assuming (d*>) ~ (d)2. While this

0jj = ”c(ffl;')wel/’

N

approximation slightly underestimates (d?) in the most polydisperse
cases (by up to about 20% for S = 0.8), it remains accurate enough
for the present analysis and is consistent with the trends observed in
our simulations across all .S and f. Consequently, the stress tensor can
be expressed in terms of simple micro-structural parameters — solid
fraction and coordination number — along with the average contact
force and branch length, using the following form (Agnolin and Roux,
2007; Khalili et al., 2017):

~ ZM¢ cjc
Oij ~ 2”<d>2 (fi lj>VceV»

)

This highlights that variations in connectivity and local density
directly control the macroscopic shear response. In the following, we
analyze these two descriptors separately: first the evolution of the
contact network, then the heterogeneity of local packing density.

4.1. Connectivity of the contact network

For two-dimensional packings of rigid frictional grains, mechanical
stability is typically achieved for z,, lying between 3 and 4 (Andreotti
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Fig. 10. Mechanical coordination number z,, as function of shear strain y for three sets S =0.1, S =0.7 and .S = 0.8.

et al.,, 2013; van Hecke, 2009); values below this range indicate an
unstable state. Fig. 10 shows the evolution of z,, with y for three
representative polydispersity levels. Initially, all samples start with
essentially the same initial connectivity (z,, ~ 3.5 at y < 1073),
demonstrating that the initial micro-structure is comparable across
sets and that removing floating grains during sample preparation does
not alter it. In non-liquefying samples, z,, gradually increases as the
contact network strengthens. In fully liquefied samples, by contrast,
z)s experiences an abrupt drop to values below 2.5 and remains low
throughout the test, signaling a breakdown of the contact network
that coincides with the macroscopic loss of shear strength. Temporary
liquefaction exhibits an intermediate behavior: after a sharp decrease to
around 3.3-3.4, z,, partially recovers toward its initial value. However,
in some cases this recovery remains insufficient to exceed the apparent
threshold of z,, ~ 3.4, leaving the material in a mechanically unstable
state. The magnitude and timing of this drop depend strongly on both
density and S: higher polydispersity softens the abruptness of the drop,
while increasing density delays its onset. These observations suggest
that, in our samples, a critical coordination number of about 3.4 serves
as microscopic indicator of liquefaction. Similar findings were reported
by Yang et al. (2022) and Zhang et al. (2023). It should be emphasized
that the critical coordination number z,, ~ 3.4 identified here is not
intended as a universal threshold, as its absolute value may depend
on dimensionality and particle properties. However, within the present
framework of 2D assemblies of rigid frictional grains prepared with
identical force-bearing micro-structures at the end of the consolidation
stage, this threshold emerges consistently across a wide range of initial
densities and size polydispersities (Kruyt and Rothenburg, 2014; Azéma
et al., 2007; Taghizadeh et al., 2017).

While z,, provides a global average measure of connectivity, a
complementary perspective is obtained by examining the probability
distribution of contacts P., which quantifies the fraction of particles
with ¢ contacts. This descriptor highlights how different contact num-
bers contribute to the overall network structure (Nguyen et al., 2014).
Fig. 11 shows the evolution of P, for § = 0.8 (polydisperse) and S = 0.1
(quasi-monodisperse), in different mechanical behaviors (liquefaction,
temporary liquefaction, and hardening). In the non-liquefying case at
S = 0.8, the distributions remain virtually unchanged throughout shear,
with P; and P, dominating the connectivity, while P, ~ 0.35. Thus,
roughly 90% of the particles have 0 to 4 contacts, and fewer than 10%
of the grains form more than 4 contacts. By contrast, liquefying samples
show a drastic reorganization of the contact network. For the highly
polydisperse case (S, #) = (0.8, 0.0), P; collapses from 50% to about 10%
at y ~ 0.0025, while P, surges to nearly 100%, indicating a fully discon-
nected state. A similar trend occurs in the quasi-monodisperse liquefied
sample (S, #) = (0.1,0), where P; and P, initially account for about 80%
of the connectivity before dropping sharply; note that these samples
initially have no floaters (i.e., By = P, = 0). Temporary liquefaction
cases (S,0) = (0.8,0.7) and (S,p) = (0.1,1.0) follow a similar initial
trajectory as liquefying cases, with a sudden rise of P, and collapse
of P;. However, after recovery, P, decreases and P; rises back toward

their pre-liquefaction values, restoring partial connectivity. This re-
covery mechanism distinguishes temporary liquefaction from complete
liquefaction and reflects the reformation of a load-bearing network.
These analyses demonstrate that liquefaction corresponds to a sharp
and nearly complete breakdown of contact connectivity, whereas tem-
porary liquefaction represents a transient loss followed by partial re-
covery. However, connectivity alone does not fully explain why some
samples recover and others do not. To address this point, we now exam-
ine local density variations during shear, which provide complementary
insights into the mechanisms behind recovery or persistent failure.

4.2. Local density

The connectivity analysis revealed that the collapse of the contact
network is a key marker of liquefaction. Moreover, the stress tensor
formulation (Eq. (5)) shows that both connectivity and packing fraction
contribute to the macroscopic response. Potential differences between
liquefaction and temporary liquefaction should arise from local varia-
tions in density. Capturing these heterogeneities is therefore essential
to explain why some samples recover their strength while others do not.
The local packing fraction is computed following the method described
in Section 2. For the most polydisperse set .S = 0.8 and three values
of p, Fig. 12(a) presents the probability distribution functions (PDF)
of the normalized local density ¢;/(¢;) over y, where (¢;) is the
mean local density of the sample. At the beginning of the test, the
liquefying sample already exhibits slightly looser local regions than
the temporary and non-liquefying cases. As shear progresses, its PDF
shifts markedly toward lower local densities and develops long tails,
revealing the emergence of extended low-density zones. In contrast, the
PDFs for the temporary and non-liquefying cases remain narrow and
largely stable, indicating limited local rearrangements despite ongoing
shear.

To quantify the temporal variations of the local density, Fig. 12(b)
displays the standard deviation (STD) of the normalized local density
during shear. This metric provides a simple measure of how hetero-
geneous the sample becomes upon constant volume shearing. Across
different levels of polydispersity .S € {0.1,0.7,0.8}, non-liquefying and
temporary-liquefying samples maintained low, practically constant STD
values. In contrast, fully liquefied samples exhibit a sharp increase in
STD that fluctuates with shear strain, coinciding with the collapse of
connectivity reported earlier. This correlation indicates that liquefac-
tion involves not only contact loss but also the development of strong
local density fluctuations, whereas recovery is possible only when these
heterogeneities remain moderate.

Although statistical indicators (PDFs and STD) reveal the presence
of density fluctuations, they do not provide spatial information regard-
ing the location of these heterogeneities. To clarify it, we examine the
spatial distribution of ¢; during shear to identify whether liquefaction
is associated with localized voids or a more diffuse rearrangement.
Fig. 13 displays ¢; maps for (a) a case of liquefaction and (b) a
temporary liquefaction case, at key deformation stages: initial state,
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Fig. 12. (a) Probability distribution functions (PDF) of the local density ¢, normalized by the average local density (¢, ) throughout shear-strain for three cases

of most polydisperse case S = 0.8: liquefaction (f = 0.0), temporary liquefaction (# = 0.7) and hardening (# = 1.0). (b) Standard deviation (STD) of the distribution
of ¢, /(¢,) as a function of y, for samples that exhibit liquefaction, temporary liquefaction and Hardening.

peak stress, minimum stress (post-liquefaction), and critical state. In controlled by the spatial organization of local voids. The present nu-
the liquefied sample, large macro-voids appear after the peak, near merical results provide complementary evidence that the development
the sample boundaries, and progressively migrate inward, persisting of extended low-density regions is a key micro-structural mechanism
until the end of the test. Conversely, the temporary liquefaction case underlying static liquefaction.

exhibits transient low-density zones that dissipate during continued The heterogeneity of the local density is also reflected in the normal
shear, leading to the recovery of connectivity and macroscopic strength. contact force network. Fig. 14 illustrates the evolution of force chains
Similar conclusions were reached experimentally by Sukhumkitcharoen at different shear strains for two representative cases: (a) fully lique-

et al. (2024), where liquefaction resistance was shown to be strongly fying sample (S, ) = (0.1,0.0) and (b) temporarily liquefying sample
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Fig. 14. Normal contact force networks for different shear strain levels: (a) liquefaction case (S, f) =

(b)

(0.1,0.0) and (b) temporary liquefaction case (S, #) = (0.8,0.7);

red lines represent the strong force network (> (f,)) and black lines are the weak network (< (f,)).

(S, ) = (0.8,0.7). The network is represented by strong forces (greater
than the mean normal force (f,)) and weak forces (< (f,)). In the
initial state, force chains percolate throughout the assembly in both
cases, indicating a mechanically stable load-bearing structure. Upon
shearing, however, markedly different behaviors emerge. In the fully
liquefying case, force-chain percolation progressively degrades, and
force-free regions first develop near the top and bottom boundaries. By
contrast, in the temporarily liquefying case, the network experiences
only a transient loss of connectivity, followed by reorganization and
re-percolation, without the formation of low-force or void regions
adjacent to the boundaries. Overall, these observations indicate that
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boundary-adjacent regions are the first to respond to the collapse of
the force-chain network. Nevertheless, the subsequent development of
low-density zones is governed by the ability of the contact network to
reorganize, rather than by an artificial boundary effect.

4.3. Connecting micro-structural stresses to macroscopic response

At the macroscopic scale, the onset of full or temporary liquefaction
was systematically associated with a sharp drop in mean stress p (see
Fig. 9b). To understand this behavior, we can combine the definition
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of the mean stress p (Eq. (3)) together with the micro-mechanical
expression of the granular stress tensor in Eq. (5). Assuming that
the branch vectors and contact forces are statistically uncorrelated, a
condition well verified in our simulations, p can be written in terms of
micro-structural descriptors:

zy ¢ (f)

T {d)’
where (—) denotes a mean value, thus (f)/(d) is a measure of the
mean local stress. This micro-to-macro relation is classical in granular
mechanics and has been widely used in various contexts (Agnolin
and Roux, 2007), such as identifying mechanism of compaction in
soft granular materials (Cantor et al., 2020; Cardenas-Barrantes et al.,
2021) or rupture in wet granular media (Khamseh et al., 2015). Note
that Eq. (6) does not rely on a small-strain assumption and remains
formally valid at large deformation, as it directly derives from the
microscopic definition of the stress tensor. However, its simplified
form assumes weak correlations between contact forces and branch
vectors, as well as negligible cross-effects between force anisotropy and
fabric anisotropy. In highly polydisperse samples, these assumptions
may be less strictly applicable than in monodisperse samples owing to
enhanced geometric heterogeneity, which explains the slightly larger
discrepancies observed in the most polydisperse cases. In the present
study, we test whether Eq. (6) can capture the precursors of lique-
faction. Specifically, we compare p obtained directly from the stress
tensor (Eq. (3)), with p,,;.,, from Eq. (2). Fig. 15 shows this comparison
for the quasi-monodisperse .S = 0.1 and most polydisperse .S = 0.8
samples. Despite small quantitative differences, p,,.., closely tracks p
over the entire shearing path, including the abrupt drop associated with
liquefaction. The small discrepancy arises from the assumption that the
branch vectors and contact forces in Eq. (4) are uncorrelated across
all polydispersities. Nevertheless, Polania et al. (2025) reported that
this correlation increases slightly with higher polydispersity. This close
match demonstrates that the evolution of p, and thus the macroscopic
strength, is primarily governed by micro-structural variables, namely
coordination number and packing fraction.

Linking micro- to macro-scale mechanisms reveals that liquefaction
emerges from a dual process: the collapse of the contact network
combined with the formation of extended low-density regions. In tem-
porary liquefaction, this is manifested as a transient loss of connectivity
with limited density heterogeneity, allowing recovery. In contrast, full
liquefaction involves a severely disconnected and highly heterogeneous
micro-structure, preventing any structural recovery.

©
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5. Conclusions

Static liquefaction remains one of the most critical failure modes
in tailings storage facilities and granular waste deposits. Although its
macroscopic features are well established, the particle-scale mecha-
nisms that trigger instability remain elusive. In this work, we addressed
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this gap using two-dimensional numerical simulations based on the
Discrete Element Method in its Contact Dynamics formulation. We ex-
tended the method to include contact elasticity, allowing us to capture
small force fluctuations and network rearrangements during instability.
We systematically varied the initial density of the assemblies, while
preserving a constant force-bearing micro-structure. To accomplish
this, we prepared samples by selectively removing a controlled frac-
tion of floating particles after consolidation. This approach allowed
us to isolate the role of density from other micro-structural factors
and explore the combined effect of density and size polydispersity on
liquefaction.

Across eight particle size distributions, ranging from quasi-mono-
disperse to polydisperse samples, each spanning densities from loose to
dense states, and sheared to critical states at large strain of 0.3, three
distinct mechanical responses emerged: full liquefaction, temporary
liquefaction and hardening. As expected, loose samples systematically
liquefied, while dense samples did not. Intermediate cases displayed
temporary liquefaction, characterized by a transient drop in shear
resistance, followed by recovery at large strains. Increasing size poly-
dispersity and initial density enhanced resistance to liquefaction and,
at large strains, led to higher ultimate shear strengths. Our results are
consistent with trends reported in both experimental and theoretical
studies.

An important contribution of this study lies in the multi-scale anal-
ysis linking micro-structural evolution to macroscopic response. The
onset of liquefaction coincided with the collapse of the contact network,
captured by the mechanical coordination number dropping below ~ 3,
regardless of size polydispersity or initial density. Simultaneously, local
packing fraction maps revealed the formation of extended low-density
regions in fully liquefied cases, while temporarily liquefied samples
maintained comparatively homogeneous density fields. By combining
these insights, we identify a dual mechanism for liquefaction: loss
of connectivity at the contact scale, coupled with the emergence of
heterogeneous density domains. Temporary liquefaction corresponds to
transient connectivity loss with limited density heterogeneity, enabling
recovery. Full liquefaction involves both effects, producing a discon-
nected and highly heterogeneous micro-structure from which recovery
is impossible.

The perspective of this study is to apply multi-scale approaches to
investigate the role of the material fabric on liquefaction behavior.
For instance, in anisotropic structured soils the undrained effective
stress path strongly depends on the principal stress directions, and
might significantly increase the static liquefaction susceptibility along
a given orientation. The evolution of the micro-structure is crucial
in that case. Likewise, the influence of non-plastic fines in undrained
behavior could be tracked down to the interactions between fines and
coarse grains forming unstable force-chains. Also of major relevance,
this study should be extended to 3D systems, larger assemblies, and
to non-spherical or angular particles, where dimensionality, finite-size
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effects, and shape-induced interlocking may modify the absolute value
of liquefaction thresholds. Nevertheless, the onset of liquefaction is
anticipated to remain associated with a collapse of the contact network,
even if the critical coordination number shifts in 3D. Also exploring
coupled hydro-mechanical effects and validating these findings against
physical model experiments would provide further insights into the
relevance of these micro-scale mechanisms for real liquefiable tailings
and natural granular soils.

From an engineering perspective, the mechanisms identified in this
study provide a particle-scale interpretation of liquefaction triggering
that complements classical state-based approaches used in practice. The
collapse of the contact network offers a micro-mechanical explanation
for the sudden loss of effective stress observed during undrained load-
ing, while the development of extended low-density regions sheds light
on the irreversible nature of full liquefaction in loose granular deposits.
The existence of temporary liquefaction highlights that transient insta-
bility does not necessarily imply permanent loss of strength, which may
help explain post-instability strength recovery observed in some tailings
storage facilities and granular embankments (Wang et al., 2002; Ver-
dugo, 2024). Finally, the stabilizing role of size polydispersity provides
micro-structural support to common engineering strategies favoring
well-graded materials and densification to mitigate liquefaction sus-
ceptibility. Together, these findings bridge particle-scale mechanisms
and engineering observations, and contribute to a more mechanistic
understanding of liquefaction risk in granular soils and tailings.
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