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Résumé

Cette these porte sur 'application des méthodes gravimétriques et électriques
pour la prospection des gisements miniers. Les objectifs visés de la recherche
sont : (1) la mise au point d’une technique d’inversion gravimétrique rapide pour
des données prises en surface; (2) le développement d'un outil numérique pour
modéliser le potentiel électrique mesuré en surface et en forage lorsque le milieu
est hétérogene; et (3) le développement d’une technique d’inversion stochastique
permettant d’estimer les résistivités du sous-sol a partir du potentiel électrique.

La premiere technique concerne I'élaboration d'un programme d’inversion 3D
permettant d’'interpréter des données gravimétriques en utilisant un ensemble de
contraintes telles que la distance minimum, la courbure minimum et la compacité.
Ces contraintes sont intégrées dans une formulation Lagrangienne. Une méthode
d’inversion multi grille est mise en oeuvre pour résoudre séparément les courtes et
les longues ondes gravimétriques. Le domaine est décomposé en une multitude de
prismes rectangulaires juxtaposés. Le probléme est résolu en calculant le modele
des parametres, i.e. la densité de chaque prisme. Des poids sont assignés a chaque
bloc en fonction de la profondeur, de Uinformation a priori sur la densité et de
I'intervalle autorisé pour la région investiguée. Le programme est testé sur des

données synthétiques. Les avantages et les comportements de chaque contrainte
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sont comparés pour une reconstruction 3D. La distribution des densités estimées
du modele dépend de I’ensemble des contraintes utilisées. La meilleure combinaison
de contraintes pour le multi corps semble étre le minimum de courbure couplée
avec le minimum de volume. La méthode d’inversion est également testée sur des
données réelles.

Le deuxieme outil développé dans cette these est un programme de modélisation
du potentiel électrique 3D pour interpréter des données de surface et de forage. Basé
sur une équation intégrale, le programme calcule les densités de charge causées par
les gradients de conductivité a chaque interface de la maille, permettant ainsi ’es-
timation du potentiel avec exactitude en un point donné. La modélisation génere
une matrice imposante constituée des intégrales des fonctions de Green. Cette ma-
trice est stockée en utilisant une méthode de compression pyramidale. Le potentiel
est comparé avec des solutions analytiques et des solutions numériques obtenues
par un code de modélisation par différences finies. La comparaison a été faite pour
deux modeles simples. La méthode intégrale est plus précise autour du point source
et aux limites du domaine pour le calcul du potentiel en utilisant une configuration
pole-pole. Une technique est proposée pour calculer la matrice de sensibilité (Jaco-
bien) et les matrices Hessiennes en 3D. Elle est basée sur la dérivation du potentiel
électrique par rapport & un bloc de conductivité en utilisant ’équation intégrale;
elle nécessite de calculer seulement le champ électrique au point source. Une ex-
tension directe de cette technique permet de déterminer les dérivées secondes. La
technique est comparée avec des solutions analytiques et avec la méthode de calcul
de la sensibilité utilisant le produit scalaire des densités de courant calculées aux
points source et récepteur. Les résultats sont tres précis pour le calcul du poten-

tiel et le calcul des sensibilités quand la fonction de Green incluant 'image de la
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source est utilisée. Le calcul des trois composantes du champ électrique sur les
interfaces de la maille est fait simultanément et rapidement en tirant avantage de
la compression matricielle.

Le troisieme outil développé consiste a interpréter les mesures de potentiel
électrique a partir d’une approche géostatistique non linéaire incluant de nouvelles
contraintes. Cette méthode estime un modele de covariance analytique pour les
résistivités a partir des données de potentiel. Les parametres de résistivité sont
obtenus en cokrigeant les données de potentiel électrique mesuré, les parametres
fixés le long des forages et les gradients de résistivité connus dans le sous-sol. Le
code est testé sur plusieurs modeles synthétiques. Les données sont recueillies en
configuration pole-pole dans un plan incluant les forages émetteur et récepteur.
De forts contrastes de résistivité sont retrouvés en utilisant cette méthode. Pour
les applications réelles, 'ajustement de la matrice de covariance est facilité par
I'information géologique disponible et les cas d’études menés sur les sites. Le code
est testé sur deux cas réels. Les géométries et les résistivités sont en accord avec

I'information géologique disponible.



Abstract

The aim of this thesis is the application of gravity and resistivity methods for min-
ing prospecting. The objectives of the present study are: (1) to build a fast gravity
inversion method to interpret surface data; (2) to develop a tool for modelling the
electrical potential acquired at surface and in boreholes when the resistivity dis-
tribution is heterogeneous; and (3) to define and implement a stochastic inversion
scheme allowing the estimation of the subsurface resistivity from electrical data.
The first technique concerns the elaboration of a three dimensional (3D) in-
version program allowing the interpretation of gravity data using a selection of
constraints such as the minimum distance, the flatness, the smoothness and the
compactness. These constraints are integrated in a Lagrangian formulation. A
multi-grid technique is also implemented to resolve separately large and short
gravity wavelengths. The subsurface in the survey area is divided into juxtaposed
rectangular prismatic blocks. The problem is solved by calculating the model
parameters, i.e. the densities of each block. Weights are given to each block de-
pending on depth, a prior: information on density, and density range allowed for
the region under investigation. The present code is tested on synthetic data. Ad-
vantages and behaviour of each method are compared in the 3D reconstruction.

Recovery of geometry (depth, size) and density distribution of the original model
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is dependent on the set of constraints used. The best combination of constraints
experimented for multiple bodies seems to be flatness and minimum volume for
multiple bodies. The inversion method is tested on real gravity data.

The second tool developed in this thesis is a three-dimensional electrical re-
sistivity modelling code to interpret surface and subsurface data. Based on the
integral equation, it calculates the charge density caused by conductivity gradients
at each interface of the mesh allowing an exact estimation of the potential. Mod-
elling generates a huge matrix made of Green’s functions which is stored by using
the method of pyramidal compression. The potential is compared with the analyti-
cal and the numerical solutions obtained by finite differences codes for two models.
The integral method is more accurate around the source point and at the limits
of the domain for the potential calculation using a pole-pole array. A technique
is proposed to calculate the sensitivity matrix and the Hessian matrices in 3D. It
is based on the derivative with regards to the block conductivity of the potential
computed using integral equation; it only needs to compute the electrical field at
the source location. A direct extension of this technique allows the determination
of the second derivatives. The technique is compared with the analytical solutions
and with the calculation of the sensitivity according to the method using the in-
ner product of the current densities calculated at the source and receiver points.
Results are very accurate when the Green’s function that includes the source im-
age is used. The calculation of the three components of the electric field on the
interfaces of the mesh is made simultaneously and quickly in taking advantage of
matrix compression.

The third method consists to interpret electrical potential measurements from

a non-linear geostatistical approach including new constraints. This method es-
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timates an analytical covariance model for the resistivity parameters from the
potential data. The resistivity parameters are obtained by cokriging the measured
electrical potential data, the fixed resistivity parameters along the boreholes and
the known resistivity gradients in the subsurface. The code is tested on various
synthetic models. The data here is collected in the pole-pole array in a plane
including the transmitter and receiver boreholes. High resistivity contrasts are re-
covered using this method. In real applications, the adjustment of the covariance
matrix is aided by available geological information and the case histories on the
sites. The code is tested on two real cases. Geometries and resistivity agree with

the available geological information.
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Chapitre 1

INTRODUCTION ET
REVUE DE LITTERATURE

Problématique

Les réserves minérales au Canada diminuent considérablement en métaux tel
que le cuivre, l'or et le zinc. Une exploitation a faible cott est généralement obte-
nue lorsque la mine est a ciel ouvert. De nos jours, il est peu probable de dénicher
des gisements en surface, puisqu’ils sont déja majoritairement en exploitation. Les
gisements a grande profondeur offrent un potentiel économique plus attrayant.
Cependant le mort-terrain reste un obstacle pour certaines mesures effectuées en
surface, c’est le cas de mesures électriques. Il est donc nécessaire de forer le terrain
pour contourner cet obstacle. Avec une source d’émission dans 'un des forages, on
est capable de mesurer le potentiel électrique dans les autres forages. La recons-
truction des propriétés physiques du milieu a partir de ces données est appelée

tomographie électrique. Une autre technique de prospection consiste a mesurer le



potentiel gravimétrique en surface pour déceler les variations de densité dans le
sous-sol. Les variations de densité indiquent la présence de gisements plus denses
que la roche encaissante. Les mesures gravimétriques de surface et aéroportées ne
sont pas génées par le mort terrain, mais elles perdent en résolution au fur et a
mesure que 1’on s’éloigne de la surface de la terre.

La proposition d’une these en imageries gravimétrique et de résistivité électrique
3D est ainsi guidée par deux objectifs : détecter des gisements et minimiser les
couts d’exploitation. On propose une revue de la littérature sur les méthodes de
modélisations gravimétrique et électrique et sur les différentes méthodes d’inversion
pour pouvoir définir par la suite nos objectifs et notre méthodologie.

Dans cette these, nous avons mis au point deux méthodes d’interprétation au-
tomatique des données gravimétriques et électriques. La premiere technique corres-
pond a l'inversion des données gravimétriques acquises en surface par un opérateur.
Actuellement les méthodes d’inversion sont souvent limitées par le stockage des
matrices jacobiennes. Dans le cas particulier d’une topographie plane, 'inversion
proposée inclut plusieurs fagons de contraindre la solution, tout en minimisant
I'espace mémoire requis pour le calcul sur ordinateur. A ce jour, il n’y a pas de
publications utilisant la symétrie des coefficients de sensibilité pour optimiser le
probleme de 'inversion gravimétrique.

La deuxieéme technique consiste a interpréter des données de potentiel électrique
prises en mode tomographique. Pour y parvenir, il est nécessaire d’avoir un outil de
modélisation aussi précis que possible car I'erreur peut se propager sur les résultats
de l'inversion. La méthode intégrale en est un et a été retenue, mais elle demande
beaucoup d’espace mémoire. Pour palier cet inconvénient, on utilise une méthode

de compression matricielle. Pour la premiere fois, la méthode intégrale est utilisée



pour modéliser un milieu de conductivité arbitraire composé d’une multitude de
prismes. Le processus inverse consistant & interpréter le potentiel électrique, pour
retrouver une distribution tri-dimensionnelle de la conductivité, est fait a partir
d’une méthode géostatistique appelée cokrigeage. Notre approche nouvelle, dans
le cadre de la géophysique, consiste a déduire la structure du sous-sol a partir des

données observées, en définissant un modele de covariance des parametres.

Revue de la littérature

Dans de nombreux domaines de la physique appliquée, nous sommes tendus
vers le méme objectif : déterminer la distribution spatiale des propriétés physiques
a partir de mesures directes ou indirectes (Demoment et al., 2001). La résolution
d’un tel probléme nécessite qu’il soit décomposé en trois étapes :

— un probléme d’instrumentation ou ’on doit recueillir des données en mini-

misant le bruit des instruments et les erreurs de mesures directes ;

— un probleme direct oli, connaissant la distribution spatiale des propriétés phy-

siques du milieu et le modele mathématique régissant le probleme physique
a résoudre, on calcule numériquement les données directes et/ou indirectes.
Ce modele mathématique doit étre relativement simple pour pouvoir étre
implémenté assez facilement tout en fournissant une description correcte du
probléme physique;

— et un probléme inverse ou 'on doit reconstruire la distribution spatiale des

propriétés physiques du milieu & partir des mesures.



Une bonne estimation des propriétés physiques s’effectue correctement a condi-
tion de bien cerner les trois étapes précédentes. On se propose de montrer 1’état
actuel de la recherche pour les problemes direct et inverse en gravimétrie et en
résistivité électrique, en classant les références par type de modélisation et par

type d’inversion.

Probleme direct en gravimétrie

Dans le tableau 1.1, on a regroupé les trois types de modélisation les plus
utilisées en gravimétrie. La modélisation avec un prisme rectangulaire droit est
facile & mettre en oeuvre. En général, elle ne tient pas compte de la topographie,
a moins de discrétiser le domaine plus finement en surface. Le prisme polygonal
droit et le polyedre permettent de modéliser des corps plus réalistes. Cependant,

la mise en oeuvre pour l'inversion gravimétrique est plus fastidieuse.

TAB. 1.1: Méthodes de modélisation en gravimétrie et en magnétisme

Méthodes Références

Prisme rectangulaire | Sorokin (1951); Hadz (1953); Plouff (1966); Nagy (1966);

droit Sharma (1966); Mufti (1973); Plouff (1976)

Prisme polygonal | Talwani et Ewing (1960); Talwani (1965); Plouff (1976);

droit Cady (1980); Kwok (1989)

Le polyedre Paul (1974); Barnett (1976); Okabe (1979); Strakhov
et al. (1986); Gotze et Lahmeyer (1988); Pohanka
(1988); Holstein et Ketteridge (1996); Li et Chouteau
(1998)

Probléeme direct en électrique

Dans le tableau 1.2, on regroupe les références principales liées aux différentes

' méthodes de modélisation électrique (méthode analytique, méthode des milieux



alpha harmoniques, méthode par équation intégrale, méthode par différences finies
et méthode par éléments finis). Les méthodes analytique et intégrale permettent
de modéliser des corps simples et servent de base fiable pour vérifier la justesse des
autres méthodes. La méthode des milieux alpha harmoniques permet de modéliser
des corps 3D rapidement sans étre trop cotteuse en temps calcul. Les méthodes par
éléments finis et par différences finies sont plus cotiteuses, mais plus précises. Une
étude comparative pour les méthodes par différences finies a été faite par Spitzer
et Wurmstich (1999). Bien que le but ne soit pas de calculer le potentiel électrique,
on a ajouté au tableau 1.2 les auteurs qui ont contribué a 1’évaluation analytique

ou numérique de la matrice de sensibilité (Jacobienne).

Probleme inverse en électrique et en gravimétrie

On peut trouver les bases de l'inversion en géophysique parmi les auteurs Mar-
quardt (1970); Jackson (1972); Tikhonov et Arsénine (1974); Jackson (1979); Oris-
taglio et Worthington (1980); Tarantola et Valette (1982); Lines et Treitel (1984);
Menke (1984); Scales (1987); Meju (1994); Parker (1994); VanDecar et Snieder
(1994) et plus généralement les méthodes d’optimisation dans Luenberger (1969,
1973); Avriel (1976); Bazaraa (1979); Bertsekas (1982); Culioli (1994); Shewchuk
(1994); Bertsekas (1995); Gauvin (1995a); Nocedal et Wright (2000). On classe
le tableau 1.3 par type d’inversion en résistivité électrique (DC), en gravimétrie
(GRAVI) et les autres méthodes (AUTRE). Ce tableau donne une idée de la fonc-
tionnelle minimisée, du nom donné dans la littérature et de la solution dans les
cas les plus simples. Lorsque la méthode ne peut étre résumée en deux lignes, le

lecteur devra se référer a 'article cité.



Objectif de la recherche

Cette these a pour but de contribuer a la détection et a la quantification des
gisements miniers par le développement de méthodes numériques capables d’esti-
mer les propriétés physiques du sol. Les trois objectifs visés par le présent travail
sont :

— la mise au point d’une technique d’inversion rapide permettant de prendre en
charge des données gravimétriques de surface pour ’estimation des densités
du sous-sol ;

— le développement d’un code de modélisation permettant de simuler le poten-
tiel électrique pour des mesures prises en surface et en forage;

— le développement d’une technique d’inversion permettant d’estimer les

résistivités électriques du milieu a partir des mesures de potentiel électrique.

Méthodologie proposée

Pour atteindre les objectifs énoncés, notre démarche propose les trois directions

suivantes :

La modélisation et 'inversion gravimétrique 3D

Le principal objectif de l'inversion gravimétrique est de cartographier le sous-
sol avec une distribution 3D des densités. Pour parvenir a nos fins, le sous-sol est
discrétisé en une multitude de prismes rectangulaires. La mesure gravimétrique
issue d’'un prisme est donnée par une solution analytique. La mesure en un point
de la surface est la somme des effets de chacun des prismes a ce point. En sup-

posant que la densité est constante a l'intérieur de chaque prisme, le probleme



de modélisation directe devient treés simple et peut étre formulé sous une forme
matricielle. Connaissant les densités du sous-sol, la modélisation directe permet
de calculer 'anomalie gravimétrique. Connaissant maintenant I’anomalie observée
(mesures de terrain), l'inversion consiste a retrouver la distribution des densités
qui génere celle-la. Le probleme d’inversion adopté ici est basé sur la formulation
du Lagrangien. A 'intérieur de cette formulation, plusieurs contraintes sont intro-
duites. Une des contraintes combine & la fois les dérivées premiéres et la contrainte
de volume minimum. Ces contraintes permettent de stabiliser la solution et offrent
un éventail d’option a l'utilisateur. On a choisi d’inverser des données sur une
topographie plane pour minimiser l’espace mémoire sans pour autant exclure la

possibilité d’inclure une topographie.

La modélisation électrique 3D

L’objectif principal est de simuler le potentiel électrique généré par un dipole de
courant dans un sol présentant une distribution de résistivités électriques. Pour des
questions pratiques et analytiques, le domaine est décomposé a ’aide de prismes
rectangulaires. L’approche adoptée pour modéliser le potentiel est basée sur le
calcul des densités de charges surfaciques s’accumulant aux interfaces des prismes
lorsque l'on injecte un courant électrique. Le calcul du potentiel se décompose
en deux étapes. La premieére consiste a résoudre un systeme linéaire compressé
pour en déduire la distribution 3D des densités de charges surfaciques. La seconde
étape consiste a multiplier les densités de charges surfaciques avec une matrice
géométrique composée d’intégrales de surface pour calculer le potentiel électrique
a une position exacte du récepteur. Cette méthode tient compte de la conductivité

du milieu ou se trouve ’électrode de courant. Dans le but d’inverser les données de



potentiel électrique, une autre méthode de calcul des sensibilités est proposée pour
un domaine 3D. Sur la méme lancée, on dérive aussi les coefficients constituant la
matrice Hessienne, lorsque la linéarisation du probléeme inverse se fait au deuxieme

ordre pour un domaine 3D.

L’inversion électrique 3D

L’inversion des données électriques étant la suite logique apres la modélisation
électrique, on propose de mettre en place une méthode géostatistique basée sur
Panalyse des données observées. En effet, la formulation du probleme inverse cor-
respond a un cokrigeage non linéaire permettant d’inclure autant de variables
secondaires possibles, sachant que la variable primaire est la résistivité électrique.
Le probleme électrique étant non linéaire, on estime au premier ordre le calcul du
potentiel électrique pour formuler le cokrigeage itératif. Les contraintes utilisées
dans le cokrigeage sont les données observées, les résistivités échantillonnées ou
estimées le long des forages et les gradients discrets de résistivité entre deux unités
lithologiques. La solution du cokrigeage peut s’écrire sous forme primale donnant
acces a la variance des parametres ou sous forme duale. On démontre que la forme
duale est similaire a la méthode du maximum a posterior: dans le cas Gaussien et

qu’elle ne permet pas d’accéder a la variance de cokrigeage.

Contributions originales de la these

De l'avis de 'auteur les contributions principales de cette theése sont :



Pour la méthode gravimétrique

— la programmation d’un code d’inversion 3D mettant en oeuvre une nou-
velle contrainte combinant la régularisation classique de Tikhonov et une
contrainte locale de volume minimum ;

— la minimisation de l'’espace mémoire pour stocker la matrice de sensibilité

souvent, contraignant en optimisation.

Pour la méthode électrique

— la programmation d’un code de modélisation du potentiel électrique a partir
de la méthode intégrale pour une distribution arbitraire 3D de la resistivité;

— une nouvelle écriture des coefficients de la matrice Jacobienne et des coeffi-
cients de la matrice Hessienne pour un domaine 3D ;

— la programmation d’un code d’inversion du potentiel électrique a partir d’'une
méthode de cokrigeage ;

— l'incorporation des contraintes de gradient de résistivité imposées comme
mesures dans le processus d’inversion.

Les travaux ont fait 'objet de publications (Boulanger et Chouteau, 2001, 2004;

Boulanger et al., 2004).

Plan de la these

Le premier chapitre décrit la méthode d’imagerie gravimétrique 3D prenant en
compte les données de surface sur une grille réguliere. On propose en premier lieu
un calcul de 'anomalie gravimétrique issue d’une cellule. Une analyse de la symétrie

des coefficients de sensibilité permet de minimiser de ’espace mémoire. Une étude
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de la sensibilité aide a mieux comprendre le comportement du programme d’inver-
sion gravimétrique. Une formulation intégrant plusieurs contraintes est présentée
avec plusieurs tests synthétiques a 'appui. Finalement, un test sur des données
réelles du camp minier de Rouyn-Noranda (Abitibi, Québec) fournit une structure
de densité et est comparée avec I'information géologique connue.

Le deuziéme chapitre présente la modélisation électrique par la méthode intégrale.
La premiere partie est consacrée au développement du systeme linéaire discret pour
le calcul de la densité de charge. Une partie du chapitre évalue les coefficients de
sensibilité suivant deux méthodes. La troisieme partie est dédiée a la compres-
sion matricielle pour stocker de larges matrices et pour accélérer les calculs. La
derniere partie est orientée sur le calcul du champ électrique. Le code est testé
avec les réponses de modeles simples.

Le troisiéme chapitre présente la méthode d’inversion électrique en utilisant la
formulation du cokrigeage. La premiere partie de I’article présente la notation et la
théorie, ainsi que les méthodes utilisées pour l'estimation de la résistivité électrique.
Une comparaison est faite entre le maximum a posteriori et le cokrigeage. Une
méthode est proposée pour déterminer le modele de covariance des parametres. La
deuxieme partie de 'article consiste a tester la méthode d’inversion. La troisieme
partie présente des applications de la méthode pour des cas réels.

Le quatriéme chapitre fait la synthese de 1’étude, suivi de la conclusion.



TAB. 1.2: Méthodes de modélisation électrique et calcul de la sensibilité
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Méthodes

Références

Intégrales et autres

Webb (1931); Evjen (1938); Muskat et Evinger (1941);
Van Nostrand (1953); Cook et Van Nostrand (1954);
Roman (1959, 1963); Onodera (1963); Budak et al.
(1964); Mooney et al. (1966); Keller et Frischknecht
(1966); Nabighian (1966); Dieter et al. (1969); Mer-
kel et Alexander (1971); Merkel (1971); Large (1971);
Snyder et Merkel (1973); Hohmann (1975); Snyder
(1976); Lee (1975); Nabighian et Elliot (1976); Ed-
wards (1977); Daniels (1977); Dobecki (1980); Wait
(1982); Lytle (1982); Lytle et Hanson (1983); Daniels
et Dyck (1984); Schulz (1985); Xu et al. (1988); La-
Brecque et Ward (1990); Telford et al. (1990); Ap-
parao et al. (1992); Zhdanov et Keller (1994); Hvoz-
dara (1994); Straub (1995a,b); Hvozdara et Kaikkonen
(1998); Boulanger et Chouteau (2004)

Milieux alpha harmo-
niques

Stefanescu (1970); Stefanescu et Stefanescu (1974);
Petrick et al. (1981); Shima (1990, 1992)

Différences finies

Brewitt-Taylor et Weaver (1976); Mufti (1978); Dey
et Morrison (1979b,a); Scriba (1981); Mundry (1984);
Wurmstich et Morgan (1994); Spitzer (1995); Zhang
et al. (1995); Zhao et Yedlin (1996); Spitzer et Wurm-
stich (1999); Wang et Mezzatesta (2001)

Eléments finis

Coggon (1971); Pridmore et al. (1981); Murai et Ka-
gawa (1985); Sasaki (1992, 1994); LaBrecque et al.
(1996, 1999); Lesur et al. (1999a); Bing et Greenhalgh
(2001)

Calcul de la sensibi-
lité

Geselowitz (1971); Barker (1979); Chave (1984); Boer-
ner et West (1989); McGillivray et Oldenburg (1990);
Park et Van (1991); Li et Oldenburg (1991); Szarka
(1992); Shima (1992); Li et Oldenburg (1992); McGil-
livray (1992); McGillivray et al. (1994); Spies et Ha-
bashy (1995); Loke et Barker (1995, 1996a); Spitzer
(1998b, )
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TAB. 1.3: Méthodes d’inversion

Méthodes et
Fonctionnelles
minimisées

Solutions et
Descriptions. Inverse
généralisée G79 et
R=G9G; N=GG9;
Crm, = G79G™9"

Références

Moindres carrés
minE = ||(d — Gm)||?

m = [GTG]_IGTd,
solution surdéterminée.
G99 = [GTG]”lGT,

N = G[GTG]_lGT,
R=1,Cpmm =[GTG]!

DC : Dines et Lytle
(1981); Daily et Owen
(1991)

Longueur minimum
minE =
2 + AT (d — Gm)

m = GT[GGT]| 14,
solution sousdéterminée, A
multiplicateur de
Lagrange.

G™9 = GT[GGT1,

R =GT[GGT] G,

N =1,

Cmm = GT[GGT|2GT

Moindres carrés amortie
minkE =
lld — Gm||* + €l|m][?

m = [GTG + eI|1GTd,
solution mixte biaisée
pour cas surdéterminé et
sousdéterminé évitant la
partition du

probleme(e — 0).

G9 = [GTG + eI]"1GT

DC : Inman (1975);
Petrick et al. (1977);
Pelton et al. (1978);
Oristaglio et Worthington
(1980); Petrick et al.
(1981); Shima (1990);
Tong et Yang (1990);
Dabas et al. (1994);
Lehmann (1995); Olayinka
et Yaramanci (2000)

Moindres carrés pondérée
minE = ||[Wy(d — Gm)||?

m = [GTWdG]_lGTde,
solution surdéterminée.

G™9 = [GTW,G]~1GTW,

DC : Tripp et al. (1984)

Longueur minimum
pondérée amortie / my
minE = ||Wm*(m -
mo)|[?+(d—G(m—mg))" A

m =
mo+WnGT[GW,,GT] 14,
solution sous déterminée.
A multiplicateur de
Lagrange. G79 =

Wi GT[GW,,GT]| 1

GRAVI :Boulanger et
Chouteau (2001)
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Méthodes et
Fonctionnelles
minimisées

Solutions et
Descriptions. Inverse
généralisée

Références

Moindres carrés pondérée
amortie / mg minE =
1/2
[W3/?(d=G(m—mo))|>+
1/2
€l [Wal* (m — mo) |2

m = mg + [GTWdG +
Wy "LGTWyd, solution
mixte. G79 =

[GTW,G + W) 1 GTW,

DC : Lytle et al. (1980);
Smith et Vozoff (1984);
Daniels et Dyck (1984);
Constable et al. (1987);
Yorkey et al. (1987);
Sasaki (1989);

de Groot-Hedlin et
Constable (1990); Daily et
Owen (1991); Li et
Oldenburg (1992);
Kallman et Berryman
(1992); Meju (1992);
Narayan (1992); Sasaki
(1992); Ramirez et al.
(1993); Meju (1994); Ellis
et Oldenburg (1994);
Narayan et al. (1994);
Sasaki (1994); Liu (1994);
Loke et Barker (1995,
19964a,b); LaBrecque et al.
(1996); Borcea et al.
(1996); Shi et al. (1997);
Cohen-Bacrie et al.
(1997); Vauhkonen et al.
(1998); LaBrecque et
Ward (1990); LaBrecque
et al. (1999); Lesur et al.
(1999b); Bing et
Greenhalgh (2000); Zhou
et al. (2000); Ramirez et
Daily (2001); Jackson

et al. (2001)

GRAVT :Last et Kubik
(1983); Guillen et
Menichetti (1984);
Barbosa et Silva (1994);
Li et Oldenburg (1996);
Pilkington (1997); Li et
Oldenburg (1998)
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Méthodes et

Solutions et

Références

Fonctionnelles Descriptions. Inverse

minimisées généralisée

Subspace Algorithms Skilling et Bryan (1984);

mink = Kennett et Sambridge

l|[d — Gm||?> + ||m||? (1998); McGillivray
(1992); Oldenburg et al.
(1993); Oldenburg et Li
(1994)

Minimisation d’une norme | m*+! = mF + Ta—%%i) DC : Dobson et Santosa

L1 minFE =
ld — Gm|[* + [|[Vm||r,

(1994)

GRAVI :Bertete-Aguirre
et al. (1998); Portniaguine
et Zhdanov (1999)
AUTRE :Acar et Vogel
(1994)

Maximum a posteriori
mazP = exp — [(d —
ém)TCH(d — Gm) +

(m — mo)T Cipk (m — mo)]

m=mg+ [GTCL'G +
Crl 1 1GTCLl (d — Gmy),
solution mixte.

G 9= [GTC’(ZJIIG +
Chll1GTC,}

DC : Pous et al. (1987);
Mackie et al. (1988); Park
et Van (1991); Zhang

et al. (1995, 1996); Yang
et LaBrecque (1998);
Maillol et al. (1999)
GRAVTI :Lee et Biehler
(1991); Zeyen et Pous
(1991, 1993); Camacho

et al. (1997)

Moindre carrés avec SVD
minE = ||(d — Gm)||?

Am = VL TUTAd,
solution surdéterminée.
V,U et L matrices
vecteurs propres des
données, des parametres
et des valeurs propres

DC : Inman et al. (1973);
Weidelt (1975)

Lagrangien augmenté
pondéré

minL = ||Wi*m||? + (d —
Gm)T XA+ ¢||(d — Gm)||?

m =

[Win+cGTG)71GT (cd+N),
solution mixte. A
multiplicateur de
Lagrange.

DC : Bertsekas (1982,
1995); Gauvin (19954a)

Rétroprojections (d — Gm)

m = W(QG)Tm,. matrice

Wi=1/3;Gi5, Q
matrice de pondération,
m, résistivité apparente.

DC : Wexler et al. (1985);
Noel et Xu (1991); Shima
(1992); Cosentino et al.
(1998)




15

Méthodes et

Solutions et

Références

Fonctionnelles Descriptions. Inverse

minimisées généralisée

Autres rétroprojections - DC : Santosa et Vogelius
(1990); Barker (1992)

SIRT mktl = DC : Dines et Lytle

minE = ||(d — Gm)||?

m* + WGT (mg — mk).
matrice Wi; = 1/3 ", Gij,
mg résistivité apparente.

(1979, 1981); Brunner
et al. (1999)

Recuit Simulé et
Algorithme Génétique

DC : Sen et al. (1993);
Chunduru et al. (1995,
1996); Kishimoto et al.
(1996)

Principe de Fermat

DC : Berryman et Kohn
(1990); Kallman et
Berryman (1992)

Programmation linéaire ;
Cokrigeage et Simulation ;
Autres

GRAVI : Mottl et
Mottlova (1972); Safon

et al. (1978); Rene (1986);
Xia et Sprowl (1992);
Garcia-Abdeslem (1995);
Boschetti et al. (1997);
Asli et al. (2000)

DC :Boulanger et al.
(2004)

AUTRE :Gloaguen et al.
(2004)
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Chapitre 2

MODELISATION ET
INVERSION GRAVIMETRIQUE

2.1 Introduction

Ce chapitre échafaude la premiere méthode d’interprétation géophysique pour
la recherche de gisements miniers. On présente article “Constraints in 3D gravity
inversion”, dont le texte est publié dans la revue Geophysical Prospecting (Bou-
langer et Chouteau, 2001). Cet article constitue un tout en regroupant d’une part
la modélisation directe, et d’autre part I'inversion gravimétrique.

Le but de 'inversion est de déterminer le modele des parametres a partir d’ob-
servations. Bien qu’une solution satisfaisant les données observées puisse étre ob-
tenue facilement, la non unicité des méthodes potentielles est causée par la nature
du probléme physique et la sous-détermination du probleme. Pour composer avec
cette non-unicité en utilisant un tres grand nombre de cellules contigues de densité

inconnue, plusieurs auteurs ajoutent de 'information a priori pour contraindre la
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solution. Green (1975) utilise une matrice de pondération appropriée pour fixer
certains parametres lorsque de l'information géologique ou la densité est dispo-
nible. D’autres auteurs comme Li et Oldenburg (1996, 1998); Pilkington (1997)
contrecarrent la décroissance de la sensibilité des cellules avec la profondeur en
les pondérant avec une fonction inverse de la profondeur. Last et Kubik (1983)
cherchent une solution compacte avec sa contrainte de volume minimum. Guillen
et Menichetti (1984) et Barbosa et Silva (1994) concentrent la solution le long
d’axes d’inertie. Une contrainte globale appelée “lissage” est utilisée pour trou-
ver un modele avec un minimum de structures (Djeridane, 1996; Li et Oldenburg,
1996).

Dans ce qui suit, on propose en premier lieu un calcul de 'anomalie gra-
vimétrique issue d’une cellule ; celui-la permet une analyse de la symétrie des coef-
ficients de sensibilité conduisant a une minimisation de ’espace mémoire. Le com-
portement de la sensibilité est présenté pour aider a mieux comprendre 'aboutisse-
ment d’un modele d’inversion. Puis, le probléme inverse basé sur une formulation
lagrangienne nous permet d’insérer toutes les contraintes d’égalité avec une norme
pondérée comme fonction cout. Les troisieme et quatriéme parties sont réservées
a la solution de la formulation lagrangienne et & une application de la technique
multigrille, respectivement. Des tests sont exécutés en utilisant différentes com-
binaisons de contraintes sur des données modélisées. Finalement, un test sur des
données réelles du camp minier de Rouyn-Noranda (Abitibi, Québec) fournit une

structure de densité qui est comparée a 'information géologique connue.
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2.2 Résumé

Un programme d’inversion pour des géométries tridimensionnelles (3D) est de-
veloppé afin d’interpréter des données gravimétriques, utilisant un ensemble de
contraintes. Cet ensemble comporte les contraintes de distance minimum, de cour-
bure minimum, de rugosité et de compacité, qui peuvent étre combinées par le
biais d’une formulation Lagrangienne. Une technique de multigrille est aussi mise
en oeuvre pour résoudre séparément les longues et les courtes ondes gravimétriques.
Le sous-sol dans l'aire d’étude est divisé en blocs prismatiques rectangulaires, et
le probleme est résolu en calculant le modele des parametres, i.e. la densité de
chaque bloc. Des poids sont assignés a chaque bloc en fonction de la profondeur,
de l'information a priori sur la densité et de l'intervalle autorisé pour la région
investiguée. Le présent code est testé sur des données modélisées pour un dyke
incliné et un multi-corps. Les résultats, combinant différentes contraintes et un
poids dépendant de la profondeur, sont exposés pour le dyke incliné. Les avantages
et les comportements de chaque méthode sont comparés pour une reconstruction
3D. La récupération de la géométrie (profondeur, taille) et de la distibution des
densités du modele original sont dépendants de ’ensemble des contraintes utilisées.
Par expérimentation, la meilleure combinaison de contraintes pour le multi-corps
semble étre le minimum de courbure couplé avec la contrainte de volume minimum.
La méthode d’inversion est testée sur des données réelles du camp minier de Rouyn-
Noranda (Québec). Le modeéle d’inversion 3D pour les dix premiers kilometres est
en accord avec les contacts lithologiques majeurs affleurant a la surface ; ceci nous
permet de déterminer la géométrie des plutons et des roches intrusives situés en

profondeur.
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2.3 Constraints in 3D gravity inversion

2.3.1 Abstract

A three dimensional (3D) inversion program is developed to interpret gravity
data using a selection of constraints. This selection include minimum distance,
flatness, smoothness and compactness constraints, which can be conbined using
a Lagrangian formulation. A Multi-grid technique is also implemented to resolve
separately large and short gravity wavelengths. The subsurface in the survey area
is divided into rectangular prismatic blocks and the problem is solved by calcula-
ting the model parameters, i.e. the densities of each block. Weights are given to
each block depending on depth, a priori information on density and density range
allowed for the region under investigation. The present computer code is tested on
modeled data for a dipping dyke and multiple bodies. Results combining different
constraints and a weight depending on depth are shown for the dipping dyke. Ad-
vantages and behavior of each method are compared in the 3D reconstruction.
Recovery of geometry (depth, size) and density distribution of the original model
is dependent on the set of constraints used. The best combination of constraints
experimented for multiple bodies seems to be flatness and minimum volume for
multiple bodies. The inversion method is tested on real gravity data from the
Rouyn-Noranda (Quebec) mining camp. The 3D inversion model for the first 10
km is in agreement with the known major lithological contacts at the surface; it
allows the determination of the geometry of plutons and intrusive rocks at depth.

Key words : gravity, three-dimensional, depth weighting, surface sensitivity,

inversion, multi-grid, Abitibi.
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2.3.2 Introduction

The goal of inverse theory is to determine the model parameters from the
observations. Although a solution that satisfies the observed data can easily be
found, its non-uniqueness in potential methods is caused by the nature of the
physics and the underdetermination of the problem. To deal with non-uniqueness
using models composed of a large number of contiguous cells of unknown density,
many authors add a priori information to constrain the solution. Green (1975) uses
an appropriate weighting matrix to fix some of the parameters when geological or
density information are available. Others authors (Li et Oldenburg, 1996, 1998;
Pilkington, 1997) counteract the decreasing sensitivities of cells with depth by
weighting them with an inverse function of depth. Last et Kubik (1983) find a
compact solution with a minimum volume constraint. Guillen et Menichetti (1984)
and Barbosa et Silva (1994) concentrate the solution along inertial axes. A global
constraint called “smoothing” is used to find a model with a minimum structure
(Li et Oldenburg, 1996; Djeridane, 1996).

In the following article we first propose an analytical calculation of the gravity
anomaly derived from a cell model; it allows analysis of the symmetry of the sen-
sitivity coefficients leading to minimization of the amount of memory storage. The
behavior of sensitivity is presented to help understand the convergence to a model
in the inverse problem. A simple analytical relation is developed from the sensiti-
vity of a spheric cell to automatically choose the dimensions of the model domain.
Then, the inverse problem based on a Lagrangian formulation allows us to insert
all equality constraints with a weighted norm cost function. Third and fourth parts
are devoted to the solution of the Lagrangian formulation and to an application of

multi-grid technique respectively. Tests are performed by using different combina-



21

tions of constraints on modeled data. Finally a test on real data from the mining
camp of Rouyn-Noranda (Abitibi, Quebec) yields a density structure of the upper

10 km which is compared with the known geological information.

2.3.3 Gravity modeling

The purpose of forward modeling is to compute the gravimetric response g at
the surface due to a density distribution of the subsurface. This calculated anomaly
is compared with the observed anomaly ¢°® in the survey area. For convenience we
decide to discretize the subsurface as an ensemble of rectangular prisms (figure 2.1).
This classic method can consume huge memory space for large set of observations,
however we will use the symmetry of the kernel to minimize the amount of memory.
Thus the attraction g at each surface station is due to the sum of the responses
of each block. The solution for the gravitational attraction g; = g(z;, yi, zi) of a
4 right rectangular prism with dimensions described by the limits 2} < 2’ < x,

vy <y <yhand 2{ <2 <z} using Cartesian coordinate is given by :

=y [ [Py [T i (2.1)
R e e e (R R R e ERrl DR

1
The density p; is assumed to be constant within the prism. A solution of this
integral was first developed by Hadz (1953) and used by others authors (Nagy,
1966; Banerjee et Gupta S.P., 1977; Bear et al., 1995). A synthetic development is

made by Li et Chouteau (1998) and a proof is given for the validity of the equation

2.2 when gravity is calculated outside, on the boundary and inside the prism.
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Figure 2.1: Discretization of the subsurface with prisms. Gravity stations
g(xi, yi, z;) are located at the center of the upper face of prisms in the
top layer. The stations lie on a horizontal grid at a constant elevation
zi(= zp). Increments in x, y and z directions are dzx, dy and dz. nox and
noy are the number of observations in x and y directions respectively, and
ncx = noxr+2xpad, ncy = noy—+2x%pad, ncz the number of cells in z,y, 2
directions. pad indicates the cells added around the domain of observation.
Line linking cells A and B indicates the maximum of sensitivity G}/1X.
The gray zone delimits the domain above a minimum sensitivity, used to
calculate the gravity data.
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(2.2)
where :

e g; is the gravitational attraction measured at point (z;,y;, 2;)
e p; is the contrast of density for the 5% prism

e 7y is the universal gravitational constant

® fipgs = (—1)P(=1)?(—1)° with p,q,5 = 1,2

®a, =1; — T, by =y — y, and ¢; = z; — z,

/

e (x,,y), 2,) are the coordinates of the eight corners of the 5% prism
® Tpgs = (a + b2 + c?)/2 is the distance between one corner of the prism and the

observation site (z;,y;, 2;) as displayed in figure 2.1

The term at the right side of the equality, noted G;j, is the kernel. This response
is valid only at the station g; and for one prism p;. Gravity stations g(x;, y;, z;) are
located at the center of the upper face of prisms in the top layer with a constant
elevation z; depending on the observation points with regards to the ground level
(typically z; = zp = —0.1 m). This is to take account of the actual height of
the instrument above the ground. To obtain the total response at each station g;

(1 =1, N), we sum the gravity response of M = ncz * ncy * ncz prisms :

M
9i = Z Gij pj (2.3)
j=1

In matrix notation as g = Gp where G is also called the sensitivity matrix
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relating the gravimetric acceleration g and the contrast of density p. To avoid
exponent in units, we use the g.cm™ (= 1000 kg.m3) for the contrast of density
and the mGal (= 1075 m.s™2) for the gravitational attraction. In the next section,
properties of the kernel are used to minimize memory storage and to determine

the dimensions of the model domain with a simple analytical relation.

2.3.4 Sensitivity matrix

The aim of this section is to show the symmetry and the behavior of the kernel
G when it is normalized by weighting coefficients. Finally, a relation for determining

the dimensions of our domain and a choice of cell size is proposed.

2.3.4.1 Symmetry and storage optimization

Figure 2.2 shows for one station g; that the kernel is symmetric with respect to
the vertical z axis. This pattern is identically the same for all stations located at
coordinates (z;, y;, z;). The product G;; p; is just a spatial convolution of G;; with
the 3D density distribution p;. Thus the model can be split into four quadrants
using its symmetry to calculate only the sensitivity of the first quadrant (figure
2.2a). If we choose the coordinates (zo, yo, z0) for the station g at the corner of the
2D data grid (see gray zone in figure 2.1), we need to calculate only the first row
of the matrix G (Gy; with j = 1,M). The rest of the elements of G;; can be called
by finding the appropriate value of j. In fact, we store Gy; in a three dimensional
array G(ig, jg, kg) where ig = [1, noz + pad], jg = [1, noy + pad] and kg = [1, ncz].
Indices associated to the observations are i0 = [1,noxz] and jo = [1,noy| and to
the parameters are ip = [1,ncz|, jp = [1,ney] and kp = [1,ncz]. Five nested

loops operating on jo, io, kp, jp, ip indices respectively are used to compute the
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sensitivity terms. These indices serve to determine, among other things, the indices
ig = |(ip — pad) —io| + 1, 79 = |(jp — pad) — jo| + 1 and kg = kp which call the
appropriate value of sensitivity. The amount of memory to store for G(ig, jg, kg)
is just a (1xM) vector with M = (nox + pad) * (noy + pad) * ncz instead of a (NxM)
matrix. pad is the numbers of cells of padding used to extend the model domain

and is discussed in the next paragraph.

2.3.4.2 Weighting the sensitivity matrix

We now analyze the behavior of the sensitivity G;;, normalized by the universal
gravitational constant -, when it is weighted by a factor depending on the mean

depth of the cell p, where € is a small number to avoid singularity at the

(s
surface). This artifice is used by some authors (Li et Oldenburg, 1996; Pilkington,
1997) to give an equi-probability to each cell during the inversion process and to
desensitize cells at surface. Figure 2.2b shows a cross-section of the contributions of
each cell to gravity observation at the surface. Obviously the sensitivity is highest
on near-surface cells. Thus every density distribution will be preferably determined
at the surface if the matrix G is not altered. Figures 2.2 and 2.3 show how the kernel
calculated with equation 2.2 reacts when weighted by ?j_e;g with three distinct
values of 3. For § = 0.0 the form is “natural” and pictured as a shallow hemisphere.
In the case of >= 0.8 the pattern is spread like a bulb (figure 2.3 a) giving more
emphasis to intermediate depths. For 8 = 1.9 the sensitivity is practically constant
just under the station g; at coordinate (0,0, —0.1). A consequence would be to yield
extreme density contrast and concentrate the solution at depth. On these figures,
we see that the maximum sensitivity with depth lies approximately on the straight

1
line z = [%—J_ﬁ—g]i x calculated with a simple spheric model. Proof is given in the
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next section “Model domain for inversion”. Numerous tests on synthetic inversion
indicate that a weight depending on a power [ like Z—zﬁ is appropriate for
adjusting the reconstruction of synthetic bodies. The best value found in our tests
is = 0.9 and an acceptable range is [0.5,1.0]. Li et Oldenburg (1998) use a
weighting function which take account of the elevation z, of the gravity station
(w(z) =< z+ 29 >77/?). In our case, data are always inverted at elevation 2q < 62
and results are not affected by our depth weighting function. Inclusion of the

elevation zg in the weighting function will be made if needed.

2.3.4.3 Model domain for inversion

A way is proposed to choose automatically the dimensions of the inversion
domain in the x and y directions by padding (pad) the gravity data grid with
cells around, therefore avoiding possible distortion in the reconstruction along the
boundary. To obtain an analytical formulation, the subsurface is modeled by a
network of spheres of radius r;. The associated analytical kernel G is :

4 4 (z+¢€)

G, = V37

: (2.4)
(@ + %+ (2 + €)%)2

We want to know the influence of a cell B on a reference cell A located at
the surface (see figure 2.1). As the inversion reconstruction favors the cells at the

surface, a weight @ is introduced depending on the inverse mean depth for each

cell like :

1
T < z+4e>B

Q (2.5)

The sensitivity kernel G is weighted with the scalar @) giving a new one noted
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Figure 2.2: Normalized sensitivity coefficients G/

for 8 = 0 and for a station located at zg = —0.1 m.

a) plan view at the surface. Numbers 1 to 4 deli-

mits the four quadrants. b) section at Y = 0 m.

Equation 3.8 of maximum sensitivity for 3 = 0 is
plotted as a dipping black line.
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sensitivity coefficients G /-y for a station located at

z0 = —0.1 m and for a) 8 = 0.8 and b) § =

1.9. Equation 3.8 for the selected [ is plotted as a
dipping line.

28



29

Gsp = Gs Q7' The maximum of the function G according to z (8g2,5 = 0)

leads to :

1+
2 _

e

DN

(z+¢)=(

)2 d (2.6)

>

1

where d = [12+y?]2 is the polar distance in x —y plane. Along this straight line
(equation 2.6), we have the maximum of sensitivity with depth G5 (For g = 0,
without weighting, the relation is z = 0.7 * z in the plane x — z). If we replace

equation 2.6 in the function G we obtain G23X

2-8
4 A\
GMAX ’ygﬂrs 3 (1+ B)3\/_ C(;_B p) 2 (2.7)

Now we compare the influence of the sensitivity G2 s of a cell B (figure 2.1) to

the sensitivity Gﬁﬁ of a reference cell A located at the surface along the line define

by equation 2.6. In such a way we define an admissible threshold ¢ chosen like

with Gty =~ 3772 (r,)?7% at (5,55, 2;) = (0,0,7,) and GZ; = GM{X.

We find an inequality for the polar distance d :

1+8 1
q> (1+p)4-% (2-p)2

- 1

(3\/3 100)

Practically we replace 7 by the increment of the prism in z direction (0z = 2r)

Ts (2.8)

and divide the length d by the minimum between the two increments dx and dy.
Thus the number of extra cells to add around the domain is pad = W{_??W}‘ As
a result, the minimum storage for the sensitivity matrix is equal to ((nox + pad) *

(noy + pad) * ncz), where nox and noy are the number of observations in z and y

directions, and ncz the number of cells in z direction.
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2.3.4.4 Cell size

The determination of the optimum cell size for a given problem is fundamental
in inversion. Two competing criterion have to be considered : (1) a sufficiently small
cell size such that short wavelength present in the observed data can be modeled ;
(2) a sufficiently large cell size such that the total number of parameters to invert
for remains limited and allows computation to take place within a reasonable time.
In appendix 2.4.3, we develop the necessary formulation to address the problem.
We come to the conclusion that the maximum cell size which is able to fit the
shortest wavelength in the data should be less than 1.2 dz where dx is the distance
between gravity observations. In the inversion code discussed here, we always take

a cell size equal to dx. This is a general rule used by others authors as well (Li et

Oldenburg, 1996).

2.3.5 Formulation

The formulation of an inverse problem consists in finding an acceptable model
closest to an initial guess (Backus et Gilbert, 1967). The inversion using the cri-
terion of minimum distance as proposed by Green (1975) consists in minimizing
the distance of an acceptable model from an initial one subject to an equality
constraint (g% — g) = G (p — p®)) imposed through the Lagrange multipliers.
We rewrite here the Lagrangian function L(p,8) which minimize the semi-norm
HIW (p — p°)|13 subject to equality constraints A(p — p°) = b in a standard form
(Gauvin, 1995b) as :

Lp8) =35 (o~ VW' W(p— )+ (b-Alp- )6 (29)
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The Lagrangian function L(p,8) is composed of augmented matrix (Jackson,
1979; Pilkington, 1997) :
o AT = [GT|HT] where Gy is the sensitivity matrix and H .y is the first centered
derivative (g 0) or the second derivative (€ 9?) matrix. £ is a coefficient giving
more or less importance to the matrix H. The first and the second derivates are
usually referred to as “flatness” and “smoothness” constraints in the literature.
Practically we choose £y as the square norm of the matrix |Gz||? with ||z|| = 1
(Golub et Van Loan, 1996) multiplied by a small number g (g = ug [|Gz|?). In
the tests presented in this paper ug = 10™* was used. If the balancing coefficient
&y is too large when the conjugate gradient is running, we choose to decrease &g
iteratively by a factor to ensure convergence.
o b7 = [Ag”|07] where the vector bixwiw) consists of Ag which is the difference
between the observed g and calculated g anomaly, and a null vector 0.
e 07 = [a”|¢”] where Oiyns+w) is a Lagrange multiplier associated to equality
constraints and splitted in two others (a for Ag and ¢ for 0)
e p? is the vector of initial contrasts of density.
e Wyw = P71QV is equal to a product of three diagonal matrix P,Q and V.
e P is the matrix of the “hard” constraint, where P;; is fixed to n ~ 1072 or 1
whether the value of the j** initial contrast of density p? is fixed by geological
information or not, respectively. Moreover, if p; takes a value beyond the global

limits defined by pmin < pj < Pmaz, Pj; is fixed to 7.
1
<2j+€>6

maz{|p; |}
oy (10 +10-5)

e @ is the depth weighting matrix with diagonal elements Q;; =
e The matrix V is a minimum volume constraint where V;; = ay is
a coefficient giving more or less importance to the minimum volume constraint.

For ay = 1, V}; takes value between 0 and 1. The scalar maz{|p;|} avoid huge
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increase of V;; and numerical instability. When all p; are equal to zero, we assign
V;; = 1. Behavior of this constraint is to concentrate the solution in a minimum
volume by decreasing the amplitude of small contrast of density p;. The constraint

of Last et Kubik (1983), which minimize the volume or maximize the compactness,

1

is formulated as Vj; = o

and differ from V;;. But global aim of V;; and V}; is

the same. V = I if we don’t use the minimum volume constraint.

Minimization of the objective function L(p,8) with respect to the contrast of
density p and the Lagrange multipliers @ vectors give, after some manipulations, a

system of two equations. This system is solved iteratively and can be written as :

(AW 1AW HT 6% = b (2.10)

PP =pF W AW T 6* (2.11)

W is modified at each iteration k. At each iteration k, we find a solution 8% of
equation 2.10 with a rmskq error < 107! % rmsl, (CG for Conjugate Gradient).

6% is replaced in equation 2.11 to give the solution p**1. The anomaly g**! and the

k+1

vector AgFT! are calculated to estimate a global rmsgy, error or a x? magnitude

(%= ||-9L0fi;:& ||3 where o; is the error standard deviation). The program stop when
it reaches the rms’éL error target < 1072 % rms%L or x> < N + \/ﬁ7 and/or a
maximum of iterations. Successive solutions can be viewed as an increment ApF
added to the current contrast of density p* yielding p**! = p* + Ap*. Ap” can be

expressed as :
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Apt = WL AW T (AW 1) (AW 1))~ b (2.12)

The code works with absolute value of density in the input file, and a back-
ground density value pp is asked to the user. pp is subtracted from the density of
all prisms to obtain contrasts of density. The code is stable with respect to back-
ground density variations since contrasts of density are added at each iteration
around p°.

Equation 2.10 can be written explicitly as :

GW-| W I'GT W HT] |« Ag

= (2.13)
HW-! ¢ 0

First implementation of the problem didn’t make use of flatness/smoothness
constraint (A = G). It was solved using the singular value decomposition of the
product (GW1)(GW )T = VLVT where L and V correspond to the eigenvalue
and eigenvector matrix respectively. The system to resolve is VLV” a = Ag and
the solution of the estimated Lagrange multiplier ¢ is given by (Lines et Treitel,
1984) :

6 =VL(L*+X1)"'VTAg (2.14)

with A the Marquardt’s damping factor. But this solution is not tractable when
the number of data is large. Therefore we use the conjugate gradient method (Golub
et Van Loan, 1996) to resolve the system of equations 2.13. A special case was made
to solve equation 2.14 with the conjugate gradient when A = G. In fact the product
U= (GWY)(GW)T is a square positive definite matrix and if we scale it with

its diagonal (Ug = diag(U)), we obtain the scaled system :
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Us; as = Ags (2.15)

with U, = U V2UU4 "2, a = Ug?a, and Ag, = Uy~ '/?Ag. Thus the par-
ticularity of the matrix Uy is its symmetry which allows to obtain all its elements
only with the first row of Us. The amount of memory to storage becomes a vector
of length (1xN) instead of a (NxN) matrix. Furthermore updating and resolution of

the system become very fast.

2.3.6 Multi-grid

Multi-grid technique is generally used to resolve discretized differential equa-
tions with iterative or relaxation methods. A good tutorial can be found in Briggs
(1987) and a more detailed analysis in Hackbusch et Trottenberg (1982). The aim
of our approach is to use this technique for the under-determined inverse problem.
Thus we decide to sample gravity observations in x and y directions for solving
first long anomaly wavelengths and then short wavelengths. We need for this to
decompose the observation set in several levels. The first level is the finest com-
posed of all data and the last one is the coarsest. In the case of two levels, we
solve the system of equations 2.10 and 2.11 with A = G for the coarse level. The
density found for this level is transferred by a tri-linear interpolation to the finest
level. The same equations are now solved for the finest level giving the final density
result. The same global rmsgy, error or x? magnitude is used for each level. If the
number of levels is greater than two, we run these levels in different manner by
designing a cycle. More details about how we use the multi-grid method is given

in appendix 2.4.4.
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2.3.7 Modeled data
2.3.7.1 Dipping dyke

For testing the program, we use a simple dipping dyke model of density 0.2
g.cm™3 placed in a background of pg = 0 g.cm™3 (see figure 2.4). This synthetic
model is geometrically the same as the one used in the article of Li et Oldenburg
(1996, 1998). Figure 2.5 show the anomaly calculated from this synthetic model.
The subsurface is divided into 21x21x10=4410 cubic cells of 1km edge. Gravity
effects g; are computed at the surface straight above the center of the cells at
z; = —0.1m. The data have been contaminated by uncorrelated Gaussian noise
of maximum amplitude 0.5 mGal. We generate the noise vector v, added to g®
as v, = [0.5% var(g®)]z * N(0,1) ~ 0.12 % N(0,1) where N(0,1) is a normally
distributed random numbers with maximum amplitude of £5. var(g®®) is the
variance of the observed data ¢°. In each figure a cross section at z = 0 km and a
plane at z = 4.5 km are shown. The starting model for inversion is an homogeneous
ground with density p° = 0 and the initial penalty matrix P = I. Positivity of p* is
imposed here during the inversions on synthetic data by cutting densities beyond
the global limits [pmin, Pmaz] chosen to be 0 and 0.2 g.cm ™2 respectively, otherwise
small negative amplitude of p* are observed around the dike. For all inversion tests,
the coefficient 3 in the weighting criterion @ is fixed at 0.9 and ay = 1 to compare
all techniques. The program stops when y? < 470. 0; = 0.5 mGal for all stations.

Figure 2.6 shows the results of inversion using only the minimum distance
constraint (Green, 1975) for recovering density model. We find a density value of
0.185 g.cm~3 and a good estimate of the depth to the top of the dyke, but its slope

cannot be recovered (the white line contours the initial dyke model in figures 2.6 to
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2.10). This behavior is due to the sensitivity pattern presented in figure 2.3 which
spreads the solution as depth increases. For compact bodies without anisotropy,
this type of inversion gives good results with a good spatial resolution only in x
and y directions. Tests have been made for different value of the coefficient 3 in
the range [0.5, 1] and the effect is to slightly move the solution vertically. Figure
2.7 shows the resulting model for the multi-grid technique with a FMV cycle with
a maximum level equal to 3. The reconstruction shows a compact image with a
maximum density value of 0.185 g.cm™3. The solution is not perfect, but attractive
because it is quickly obtained by taking advantage of the matrix symmetry explai-
ned in equation 2.15. This technique is not really appropriate for synthetic model
with only one body, but could be an interesting technique in the case of multiple
bodies for which mixture of long and short wavelengths are expected. Moreover,
experience shows that the coefficient 5 must be chosen at 0.8 to best replace the
top of bodies. Tests were made by using jointly the multi-grid technique and the
flatness constraint, but improvement was found to be not significant. A reconstruc-
tion is found when using only the flatness operator giving a good estimate of the
density 0.185 g.cm™3 (see figure 2.8). The two last inversions use the criterion of
minimum volume in conjunction with depth weighting. Figure 2.9 lead to a better
solution with maximum density of 0.2 g.cm™3. The limits of the dyke are better
restricted eliminating the “natural” diffuse behavior visible in preceding figures.
By using this time the minimum volume criterion and the flatness operator, the
solution of the last test (figure 2.10) gives a good density estimate of 0.2 g.cm™.
The two last inversions seem to best recover the geometry and density value for

the dyke model.
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Figure 2.6: Density model obtained from inverting
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2.3.7.2 Multiple bodies

With this modeled data, we want to explore the ability and limitation of the
current formulation to recover more complex structures from gravity data, i.e.
contiguous bodies with various depths, sizes and geometries. Figure 2.11 shows a
plan view and a vertical section of the modeled structures consisting of blocks ligh-
ter (—0.2 g.cm™3) and denser (0.18 g.cm™3) than the background (2.82 g.cm™).
Figure 2.12 displays the gravity anomaly contaminated by uncorrelated Gaussian
noise of maximum amplitude 0.5 mGal and computed from the model at the sur-
face (29x36 stations and 35x42x10 parameters). Inversion was performed using
alternative constraints as on the previous dyke model. Figure 2.13 shows the resul-
ting model for inversion using compactness (o = 1) and flatness constraint with
B = 0.9. Convergence has been reached after 3 iterations. CPU time on a Sparc
Ultra-1 143 MHz SUN workstation took 35 minutes. The horizontal position of all
the bodies is well recovered in the two results. Depths to the top are also generally
close to the ones of the model. Only extensions of the largest bodies appear to be
overestimated in figure 2.13. This could be probably caused by the lack of sensiti-
vity of the response to the deeper part of the model. Also the data set presented in
figure 2.12 is a limited window over the complete anomaly ; truncation of the ano-
malies may play a role in blurring the reconstructed model. However, this test on
multiple bodies allows to estimate the resolving power of the inversion method in
real applications where geology is definitively more complex than the dyke model.

This is particularly true for the next application in Abitibi.
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Figure 2.12: Anomaly due to the synthetic model shown in
figure 2.11 and contaminated by uncorrelated Gaussian noise.
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2.3.8 Test on real data
2.3.8.1 Geological context

The data used for testing the inversion code cover the Blake River Group, a
subdivision of the Abitibi Greenstone Belt in Quebec (Canada), well-known for the
Cu-Zn-Au rich mining camp of Rouyn-Noranda. The Blake River Group is located
between the Destor-Porcupine Fault (DPF) to the north and the Larder Lake-
Cadillac Fault (LLCF) to the south (figure 2.14). Inside the andesite-basalt matrix
(2.85 g.cm™3) composed of several volcanic cycles (Péloquin et al., 1990; Gibson et
Watkinson, 1990), the region is intruded with syn- or post-volcanic granodiorite-
tonalite (2.74 g.cm™3) plutons mapped at the surface such as the Flavrian pluton
(FP) and the Dufault pluton (DP). Rhyolitic rocks (2.7 g.cm™®) alternate with
andesitic flows in the volcanic sequence and are mainly mapped along the Larder
Lake-Cadillac Fault on about 30 km in the W-E direction and in the eastern part of
the Dufault pluton in the NW-SE direction. It is generally at the contact between
felsic-rhyolites and mafic andesites that massive sulphide mineralization is found.
Some diorite-gabbro (> 3 g.cm™3) dykes and sills cut the Blake River Group in
a SW-NE direction, more or less parallel to the Hunter Creek and Lake Tarssac
faults (HCF and LTF). The volcanoclastic rocks (2.85 g.cm™2) are more scattered
and found along DPF and LLCF faults. The gravity data used in this paper is
extracted from a larger data set. The test zone (28x35 km? area) is delimited by a
black box in figure 2.14. Black dotted lines indicates cross sections chosen among

results of inversion shown in figures 2.16 and 2.17.
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Figure 2.14: Geologic map of the northern part of the Rouyn-Noranda mining

camp. Major lithological contacts and faults are shown. The black box indicates

the area mapped by gravity data. Black dotted lines indicate cross sections

chosen among results of reconstruction shown in figure 2.16 with the observed
data set mapped in figure 2.15.
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2.3.8.2 Residual Bouguer anomaly

The gravity data collected in the north-west area of Rouyn-Noranda between
UTM coordinates [622000, 650000] East and [5340000, 5375000] North have been
corrected for topography. It consists of 1056 stations. The Bouguer anomaly ac-
cording to a 1 km square grid is obtained by kriging gravity data with a Gaussian
model. The Residual Bouguer anomaly (figure 2.15) is obtained by subtracting
the regional anomaly obtained by upward continuing the Bouguer anomaly at
20 km (Jacobsen, 1987) from the Bouguer anomaly. It reaches a maximum ma-
gnitude of about 17 mGal. The residual anomaly displays extreme magnitudes
in four majors parts. The west section has the greatest amplitude associated to
andesite-basalt rocks and a SW-NE strike. The central-south section has the lowest
amplitude and coincides with the Powell at [East,North]=[640,5345] km. At north
of these anomalies an elongated anomaly between -0.87 and 2.94 mGal correspond
to a gabbro-diorite unit appearing on the surface. Another weak magnitude ano-
maly is located at the central-east section and correspond to the Dufault pluton
([East,North]=[647,5355] km). The Flavrian pluton observable on the geologic map
is located at the center. Faults and plutons are positioned schematically to bet-
ter correlate positive and negative amplitude of the residual anomaly with known

geology. The road and the city of Rouyn are exactly located.

2.3.8.3 Inversion result

The residual Bouguer anomaly (figure 2.15) was sampled every 1 km for the
inversion (29x36 gravity stations). The subsurface is discretized into cells of 1 km
side ; the domain is enlarged in x and y directions with 3 cell-wide walls according

to a ¢ = 5% defined in equation 2.8, resulting in a model subsurface parameteriza-
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tion of 35x42x10 prisms. Inversion is carried out with a priori information about
the background density pp of 2.82 g.cm™3 (see Bellefleur (1992)). Combination of
flatness and minimum volume constraints are appropriate for the mineral explora-
tion which seeks to detect dipping bodies with high contrast of density. A weight
Q with 8 = 1 and a rms%; error < 1072xrms%; and rmsk error < 1071 xrmsd
are used. Time execution is about 3 hours and amount of memory is 3.5 M-bytes in
double precision on an Ultra-1 143 MHz SUN workstation. Figures 2.16 and 2.17
show the result of the 3D inversion of the Blake River Group. Two cross sections
located at East=646 km and North=>5356 km are visible on figure 2.16. We observe
on cross-section A-A’ the mafic volcanic complex of Rouyn (CxR) with a density
larger than 2.85 g.cm™ and the Dufault Pluton (DP) with a density smaller than
2.74 g.cm™3 (see Perron et Calvert (1998) for the choice of density values). The
CxR has a vertical extension of about 8 km, whereas the DP seems to stop at 5 km.
Bellefleur (1992) and Deschamps et al. (1993) estimate a same vertical extension
of 6 km for the CxR. Keating (1992, 1993) finds a vertical extension superior to
6 km and mentions that the effect of a two-dimensional inversion compare to a
three-dimensional one is to underestimate thicknesses. For this two major bodies,
their shapes show a trend in the a E-W direction visible on figure 2.17. The 3D
inversion result is in agreement with the major lithological contacts and gives more
precision about the volume of plutons and intrusive rocks. Major structures and
faults are drawn with black lines on figure 2.17. Correlation can be made with the
Lithoprobe seismic reflection profiles 14 and the 3D density distribution to iden-
tify the DPF fault visible in figure 2.17 (see Green et al. (1990)). High-resolution
and regional seismic reflection have been carried out along the Lithoprobe line

21 which is coincident with the road in figure 2.17. Verpaelst et al. (1995) find
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Figure 2.16: Results of 3D inversion of the Blake River Group
data using 8 = 1.0, flatness operator and minimum volume
constraint (o = 0.1). a) North-South cross section A-A’ at
position East = 646 km. b) West-East cross section B-B’ at
position North = 5356 km. DP=Dufault Pluton; CxR = vol-
canic Complex of Rouyn; HCF=Hunter Creek Fault.

a “northeast-facing dip to the Blake River Group central mines sequence, which
has been disrupted by the sub-vertical Hunter Creek fault”. Hunter Creek fault is

located on cross-section B-B’ in figure 2.16b at position East = 630 km.
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2.4 Discussion and conclusions

The 3D gravity inversion using the criterion of minimum distance as proposed
by Green (1975) and formulate with a Lagrange function yields a flexible code
which allows inclusion of flatness, smoothness and minimum volume constraints
that can be used if needed. The code allows to investigate different approaches
to find an acceptable solution. Different powers for the depth weighting factor
have been analyzed to better understand the inverse reconstruction and avoid
concentration of the solution at the surface or at depth. In each case § must lie
in the range [0.5, 1]. We suggest a standard selection of § = 0.8 for the multi-grid
and # = 0.9 for the others constraints. The multi-grid technique quickly yields a
good approximation of the density structure, but it cannot be combined with other
constraints. This is due to two factors : (1) inter-grid interpolation already include
minimum volume constraint ; (2) flatness constraint needs a sufficient number of
cells to be efficient. Good contrast of density can be obtained for each technique but
geometry is never exactly recovered. The best combination of constraints appears to
be, at least for our study, flatness and minimum volume. By analyzing the kernel,
we have found that sensitivity coefficients describe a symmetry with respect to
the vertical z axis. This symmetry allows efficient minimization of data storage.
A simple analytical relation have been derived from the kernel of spheric cells to
assist in the choice of the discretization domain. The code only needs an estimate of
the background density. Local constraints can be included by weighting particular
cells. Density bounds can also be included to limit density contrast excursions.
Weight depending on power of depth for each cell is always recommended.

The basic solution is minimum distance. Then, this method in conjunction
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with the multi-grid technique and flatness constraint can improve solution for
slowly varying densities often encountered in the oil exploration. Method using the
minimum volume constraint (compactness) is particularly suited to high contrast
of density like in archaeological or geotechnical investigations for cavity detection.
Flatness and minimum volume constraints can be the best suited combination for
mineral exploration which seeks to detect a combination of high density contrasts
for small bodies and low contrasts for large bodies (background geology). When
the number of parameters is large (e.g.> to 100x100x40 cells) the code becomes
slow to run. Future work will include adaptive mesh refinement (AMR) in the
inversion process to minimize the size of the matrix G and the time to run the
forward problem. However, the program needs modest storage memory allowing it
to run on a laptop computer. The code is written in C language and is available

from the first author.
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2.4.3 Appendix : Determination of the cell size to fit the

gravity anomaly

There is relationship between the cell size and the wavelength of the computed
anomaly. Shortest wavelength observed in the data will come from the shallowest
bodies. To analyze the sensitivity of the method with respect to the cell size used
in computing the gravity effect, we search the maximum size of a prism located
in the top layer to fit the highest frequency (Nyquist frequency) displayed by the
anomaly. The Fourier transform F,(u,v) of the gravity effect due to a prismatic
body with a finite vertical extend can be formulated from Bhattacharyya et Leu
(1977). If we note u = 2 fy, v =27f,, s = \/qu +2), hy = 2} — 2, a = zhH — 7],

b=yy; —y; and c = 2 — z; then F,(u,v) is

sin(%") sm(%b) sinh(

v S

sc

Fy(u,v) = 16myp 3) ems(ht5) gmiulai+§) o—iv(vits) (2.16)

The Nyquist frequency of gravity data in z direction is given by fy = ﬁ.
If we suppose that éz = 1 and a = b = ¢ then uy = 2nfy = 7. We can plot
for an observation at the surface (center of top face with h; = 0) the normalized
power spectra L%%—Eﬁy in the direction u versus the ratio n = (figure 2.18).
The anomaly from the cubic cell will be able to reproduce the highest frequency
in the data (Nyquist frequency) if the power at the Nyquist frequency is still large
enough. We impose a threshold > 1% of normalized power ( > 10% of normalized
amplitude) as a minimum bound to fulfil this condition. From figure 2.18, it can
be concluded that cells with a size 5= < 1.2 are needed. In all cases presented in

this paper, we use a = éz. The same reasoning is valid for dy.
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2.4.4 Appendix : Multi-grid

Gravity observations are sampled in x and y directions for solving first long
anomaly wavelengths and then short wavelengths. We need for this to decompose
the observation set in several levels. The first level is the finest composed of all
data and the last one is the coarsest. These levels can be run in different manner
by designing a cycle (Nested N-cycle, V-cycle, W-cycle, Full Multi-grid FMV-cycle
and FMVI-cycle) described in figure 2.19. When the inter-grid transfer of density
p; move from a fine grid &' to a coarse grid ¢'t!, noted R = Igf“, it is called
restriction (or injection). A prolongation is made by the operator P = [ gfﬂ for an
interpolation from level §*™! to level §'. We use here simple tri-linear interpolation
I of p; weighted by Vj_jl, defined in section “Formulation” to obtain a better result.
Because two successive level grids do not coincide but overlap each other, we need
to define a neighborhood around each cell p; during the inter-grid transfer of the
density to avoid a density smoothing. Thus, the limits of interpolation at a point
x in the space for prolongation and restriction are defined as pgm(x —vét) <
P (x) Vit < pgm(x + vé') and pgi(x —véttt) < p?iﬂ(x) Vit < p‘gi(x + vttt
respectively (where v = 0.5 only for prolongation in z direction, otherwise v = 1).

Increments of the grid for each level in x and y directions are calculated as §* = 7 4,

and for z direction as ¢! = P—g—i—é'}’ where t = {%£} > 1 is an integer value (¢ € N).
We calculate the Jacobian matrix G depending on the increments 4! in x, v, z
directions, and solve the system of equation 2.11 (with A = G%') with the same

global rms tolerance at each level i.
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Chapitre 3

MODELISATION ELECTRIQUE

3.1 Introduction

La deuxiéme méthode géophysique consiste a détecter des gisements miniers
a l'aide de mesures de potentiel électrique. Dans ce chapitre, on présente une
méthode particuliere pour la modélisation du potentiel électrique. Cette méthode a
fait I'objet d'un article : “3D modeling and sensitivity in DC resistivity using charge
density”, dont le texte a été soumis au mois de novembre 2002 et accepté au mois
de février 2004 dans la revue Geophysical Prospecting (Boulanger et Chouteau,
2004).

L’interprétation des données électriques quand le milieu est hétérogene est
souvent faite en utilisant soit la modélisation par différences finies (FD), soit la
modélisation par éléments finis (FE). La méthode par FD est la plus répandue,
puisqu’elle est relativement simple a programmer comparée a la méthode des
éléments finis. Bien que la méthode par équation intégrale (IE) ait été moins

utilisée pour linterprétation des données de résistivité électrique, beaucoup de
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chercheurs ont contribué a son développement. Une des raisons principales pour
son utilisation limitée est que les matrices résultantes a résoudre sont grandes et
pleines ; ¢’est pourquoi aucun code 3D n’a été développé pour un milieu hétérogene
avec une conductivité arbitraire. Cependant, un des avantages de la formulation
par rapport aux méthodes FE et FD est qu’il est possible de calculer le potentiel
a n’importe quel point dans I'espace 3D sans étre obligé d’interpoler le potentiel
calculé aux noeuds de la maille. On modélise donc avec exactitude le potentiel
en un point. On présente ici un code qui tient compte de ces derniers avantages
et étend la méthode IE au-dela des ses limitations, i.e. un milieu hétérogene 3D
avec une conductivité arbitraire. Une méthode de calcul de la densité de charge
pour un milieu hétérogene arbitraire 3D est développée. Le volume est discrétisé
avec des prismes rectangulaires de différentes tailles dans un systeme Cartésien.
Pour une distribution de conductivité donnée, un systeme d’équations linéaires est
établi. Ce systeme d’équations linéaires, indépendant de la position de la source,
permet le calcul du potentiel et de la densité de courant pour toutes les configura-
tions possibles. Le calcul des densités de charge est validé en utilisant des valeurs
analytiques trouvées dans la littérature.

La méme approche a été utilisée par Snyder (1976) qui présente un calcul des
densités de charge pour un domaine 2D avec une extension infinie. Une variété
de fomulations intégrales, pour le calcul du potentiel électrique quand le milieu
est constitué d’un prisme dans un milieu homogene ou tabulaire, peut étre trouvé
dans Schulz (1985); Poirmeur et Vasseur (1988); Hvozdara et Kaikkonen (1998).
Spiegel et al. (1980) proposent un calcul du potentiel en utilisant la densité de
charge pour un domaine 2D avec une topographie. Poursuivant le développement

de Hohmann (1975), Beasley et Ward (1986) évaluent le potentiel & n’importe quel
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point & partir du calcul du champ électrique dans chaque cellule. Li et Oldenburg
(1991) proposent une étude sommaire sur le calcul du potentiel avec les densités
de charge.

Dans le but de développer un code d’inversion 3D, il est important de calculer la
sensibilité électrique 3D (dérivée premieére ou Jacobienne) et les dérivées secondes
(Hessien). Plusieurs auteurs ont déja proposé différentes techniques pour évaluer
les coefficients de sensibilité. Boerner et West (1989) calculent les dérivées de Fre-
chet basées sur une hypothese de perturbation autour d’une valeur moyenne de la
conductivité. McGillivray et Oldenburg (1990) proposent une étude comparative
des cas 1D et 2D en utilisant un configuration poéle-pole pour calculer la sensibilité.
Sasaki (1994) montre un cas 3D avec une configuration dip6le-dipole et Park et Van
(1991) montrent une distribution 3D associée avec une inversion. Une explication
théorique peut aussi étre trouvée dans 'article de Geselowitz (1971). Récemment,
Spitzer (1998b) a fait une étude comparative sur les différentes méthodes de calcul
de la sensibilité. Dans son article, les coupes de sensibilité sont montrées pour une
variété de configurations possibles de sources et de récepteurs dans le cas d’un mi-
lieu homogene. Une comparaison est faite pour une configuration pole-pole dans le
cas d’un milieu stratifié et d’un prisme rectangulaire de conductivité variable dans
un milieu hote homogene. Bing et Greenhalgh (1999) proposent aussi un calcul
numérique pour les dérivées secondes dans le cas 2.5D pour différentes configura-
tions de mesures entre forages.

A partir de la méthode IE, une nouvelle formulation pour le calcul de la sensibi-
lité comparable a celle développée par Park et Van (1991) est trouvée. L’avantage
est qu’elle requiert seulement le calcul du champ électrique au point source. Les

dérivées secondes pour le cas 3D sont évaluées en suivant le méme raisonnement
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que celui utilisé pour les dérivées premieres.

La premiere partie de I'article présente le développement du systeme linéaire
discret pour le calcul de la densité de charge. La seconde partie de 'article consiste
a évaluer les coefficients de sensibilité suivant la méthode de Park et Van (1991) et
la nouvelle méthode. La troisieme section est consacrée a la compression matricielle
pour stocker de larges matrices et pour accélérer les calculs. Une quatrieme partie
est dévouée au calcul du champ électrique pour permettre une mise a jour rapide
des coeflicients de sensibilité pendant l'inversion. Les résultats du code sont testés
avec les réponses de modeles simples tels que le milieu tabulaire & deux couches et

le contact vertical.

3.2 Résumé

Un programme de modélisation de résistivité électrique 3D est développé pour
interpréter des données en surface et en forage. Basé sur une équation intégrale,
le code calcule les densités de charge causées par les gradients de conductivité a
chaque interface de la maille, permettant ainsi ’estimation du potentiel partout
sans le besoin d’interpoler celui-ci entre les noeuds. La modélisation génere une
matrice énorme constituée des intégrales des fonctions de Green. Cette matrice
est stockée en utilisant une méthode de compression pyramidale. Le potentiel est
comparé avec des solutions analytiques et des solutions numériques obtenues par
un code de modélisation par différences finies pour deux modeles : le cas & deux
couches et le contact vertical. La méthode intégrale est plus précise autour du
point source et aux limites du domaine pour le calcul du potentiel en utilisant une

configuration pole-pole. Une technique est proposée pour calculer les matrices de
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sensibilité (le Jacobien) et Hessiennes pour les cas 3D. La sensibilité est basée sur
la dérivation du potentiel électrique par rapport a un bloc de conductivité en uti-
lisant ’équation intégrale ; elle nécessite de calculer seulement le champ électrique
au point source. Une extension directe de cette technique permet de déterminer
les dérivées secondes. La technique est comparée avec des solutions analytiques et
avec la méthode de calcul de la sensibilité utilisant le produit scalaire des den-
sités de courant calculées aux points source et récepteur. Les résultats sont tres
précis quand la fonction de Green incluant la source image est utilisée. Le calcul
des trois composantes du champ électrique sur les interfaces de la maille est fait

simultanément et rapidement en tirant avantage de la compression matricielle.
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3.3 3D modeling and sensitivity in DC resistivity

using charge density

3.3.1 Abstract

A three-dimensional (3D) electrical resistivity modeling code is developed to
interpret surface and subsurface data. Based on the integral equation, it calculates
the charge density caused by conductivity gradients at each interface of the mesh
allowing the estimation of the potential everywhere without the need to interpolate
between nodes. Modeling generates a huge matrix made of Green’s functions which
is stored by using the method of pyramidal compression. The potential is compared
with the analytical and the numerical solutions obtained by finite differences codes
for two models : the two-layer case and the vertical contact. The integral method
is more accurate around the source point and at the limits of the domain for the
potential calculation using a pole-pole array. A technique is proposed to calculate
the sensitivity (Jacobian) and Hessian matrices in 3D. The sensitivity is based on
the derivative with regards to the block conductivity of the potential computed
using integral equation; it only needs to compute the electrical field at the source
location. A direct extension of this technique allows the determination of the second
derivatives. The technique is compared with the analytical solutions and with the
calculation of the sensitivity according to the method using the inner product of
the current densities calculated at the source and receiver points. Results are very
accurate when the Green’s function that includes the source image is used. The
calculation of the three components of the electric field on the interfaces of the mesh

is made simultaneously and quickly in taking advantage of matrix compression.
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Key words : resistivity, 3D, integral equation, charge density, mode-
ling, sensitivity, Jacobian and Hessian matrices, compression

Short title : 3D resistivity modeling using charge density

3.3.2 Introduction

Interpretation of electrical data when the medium is heterogeneous is usually
done using either finite differences (FD) modeling (Brewitt-Taylor et Weaver, 1976;
Mufti, 1978; Dey et Morrison, 1979a,b; Scriba, 1981; Mundry, 1984; Wurmstich et
Morgan, 1994; Spitzer, 1995; Zhang et al., 1995; Zhao et Yedlin, 1996; Spitzer et
Wurmstich, 1999; Wang et Mezzatesta, 2001) or finite elements (FE) modeling
(Coggon, 1971; Pridmore et al., 1981; Murai et Kagawa, 1985; Sasaki, 1992, 1994;
LaBrecque et al., 1996, 1999; Lesur et al., 1999a; Bing et Greenhalgh, 2001). The
method by FD is the most widespread, since it is relatively simple to program
compared to the FE method. Even though the integral equation (IE) method has
been less used for the interpretation of DC resistivity data, many researchers have
contributed to its development, Bhattacharya et Patra (1968); Pratt (1972); Raiche
(1974); Hohmann (1975); Snyder (1976); Spiegel et al. (1980); Ting et Hohmann
(1981); Wannamaker et al. (1984); Schulz (1985); Beasley et Ward (1986); Poir-
meur et Vasseur (1988); Li et Oldenburg (1991); Xiong (1989, 1992a,b); Hvozdara
et Kaikkonen (1998) just to mention a few. One of the main reasons for its limi-
ted use is that the resulting matrices to solve are large and full; a consequence is
that the 3D codes are not developed for a heterogeneous medium with arbitrary
conductivity. However, one of the main advantages of the formulation compared
to the FE and FD methods is that it is possible to calculate the potential at any

point in the 3D space without the need of interpolating the potential computed
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at the mesh nodes (Spitzer et al., 1999). We present here a code that benefits of
the latter advantage and extends the IE method beyond present limitation, i.e. a
3D heterogeneous medium with arbitrary conductivity. A method of calculation of
charge densities for an arbitrary 3D heterogeneous medium is developed. The vo-
lume is discretized with rectangular prisms of different size in a Cartesian system.
For a given distribution of conductivity, a system of linear equations is calculated.
This system of linear equations, independent of the source position, enables the
calculation of the potential and the current density for all the possible configu-
rations. The calculation of the charge density is validated using analytical values
found in the literature.

The same approach has been used by Snyder (1976) who presents a calculation
of the charge density for a 2D domain with an infinite extension. Various integral
formulations for the calculation of the electric potential when the medium consists
of a prism within a homogeneous or tabular medium are found in the articles of
Schulz (1985); Poirmeur et Vasseur (1988); Hvozdara et Kaikkonen (1998). Spiegel
et al. (1980) propose a calculation of the potential using the charge density for
a 2D domain with topography. Extending the development of Hohmann (1975),
Beasley et Ward (1986) evaluate the potential at any point from the electric field
computed in each cell. Li et Oldenburg (1991) propose a summary study on the
calculation of the potential with charge density.

In the objective of developing a 3D inversion code, it is also of great impor-
tance to calculate the 3D electrical sensitivity (first derivatives or Jacobian) and
the second derivatives (Hessian). Several authors have already proposed various
techniques to evaluate the sensitivity coefficients. Boerner et West (1989) calcu-

late Frechet derivatives based on the assumption of a disturbance around a value
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of average conductivity. McGillivray et Oldenburg (1990) propose a comparative
study for the 1D and 2D cases using pole-pole array. Sasaki (1994) shows a 3D
case with a dipole-dipole array and Park et Van (1991) a 3D distribution associa-
ted with an inversion. A theoretical explanation can also be found in the article
of Geselowitz (1971). Recently, Spitzer (1998b) made a comparative study on the
various methods for the 3D sensitivity calculation. In its article, sections of sen-
sitivity are shown for various possible configurations of sources and receivers in
the case of a homogeneous medium. A comparison is made for a pole-pole array
for a layered earth and a rectangular prism of variable conductivity located in a
homogeneous host medium. Bing et Greenhalgh (1999) also propose a numerical
calculation for the second derivatives in 2.5D for different cross-hole measurement
configurations.

From the IE method, a new formulation for the calculation of the sensitivity
comparable with that developed by Park et Van (1991) is found. The advantage is
that it requires only the calculation of the electric field at the point source. Second
derivatives in 3D are evaluated following the same reasoning as in the case of the
first derivatives.

The first part of the paper presents the development of the discrete linear
system for the calculation of the charge density. The second part of the paper
consists in evaluating the sensitivity coefficients according to the method of Park et
Van (1991) and the new method. The third section deals with matrix compression
to store broad matrices and speed up the computations. A fourth part is devoted
to the calculation of the electric field to allow the fast update of the sensitivity
coefficients during the inversion. The results of the code are tested against responses

of simple models such as the tabular medium with two layers and the vertical
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contact.

3.3.3 Theory
3.3.3.1 Modeling by the calculation of the charge density

Generally, the calculation of the electric potential V(r,rs), at the point r from
a current source [ located at the point rs, by the IE method for a domain made
up of n bodies having each one a closed surface T';, is given by Snyder (1976); Li
et Oldenburg (1991) and is written

Vir,re) = ! G(r,rs) + Zl;r- 2":/ Zg—‘fl G(r,r;) ds (3.1)

4oy

where 7(r;) and ¢ are the charge density on the surface I'; and the permittivity of
the vaccum, respectively. G(r,rs) and G(r,r;) are the Green’s functions. ds is an
elementary surface.

If one cuts out the domain into rectangular prisms in a Cartesian coordi-
nates system, the charge density from equation (3.1) requires to be dissociated
for the x, y and z directions. Thus for a prism of conductivity o,,, six charge
densities are generated 77 =~ = T””(a?n__%  Ups 245 Ts), Tz;,q = 7%(z, +1,Yps Z4;Ts),

- + —_
Y — 7Y . Yy — Y . z — 4z .
Tn,pg =T (xna yp—%7 qurs)a Tn,p,q =T (x'm yp+%7 anTB)') Tn’p’q =T (ajn? yp7 zq—%7'r8)

2t _ =z , .
and 77 = T (Tn, Yp, 244 1 :7s) (see figure 3.1). However, one can sweep the whole
. . - - - - +
T Y z x — T
domain with only three components 7, ., 7Y, et 77 because 75, = Ty 1,

_ + _ +
Y - Y z — z
T =T and Topa = Tnpa—1-

Y pa = Tnp—1gq The potential is expressed thus by
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Figure 3.1: Domain discretization with 3D prisms and notation used for
the calculation of the charge density.
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(3.2)
where nx, ny, nz are the number of cells according to the x, y and z directions
respectively. Notation of the surface integrals J(r.) is given in appendix 3.4.4. The

system is valid for the Green’s function G(r, ;) = or G(ri,rj) =

1
[ri—rj]

L with I = 1y = (@i = 23)? + (s = 1) + (2 = )% and frs = 15| = (@i -

|"'i-7'j|

1
Irs—r]

)% + (yi — y;) + (zi + 2j))Y/2. 05 is the conductivity of the cell where the point
source is located. The charge densities are considered constant on each face of the
prism. The potential calculation for different configurations is given in appendix
3.4.3. By taking the same convention as Snyder (1976); Li et Oldenburg (1991)

with the normal n always directed in the positive direction of the axes, one has

A=l = Zi%inln .V, (see figure 3.2). The charge density for the three components

€0 Oi—1

.’
”k, ”kand ]k is
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Figure 3.2: Charge density at a conductivity interface.
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where 9,V;, 0,V; and 0.V} indicate the gradient of the potential in the cell of
conductivity o, ;; for the x, y and z directions respectively. Two cases explai-
ning the charge polarity on several interfaces are presented in figure 3.3, wi-
thout taking into account the interactions between the various interfaces. For
the charge density 7;7;; for example, there is a singular point when the indices
n =1, p=jand ¢ = k. Snyder (1976); Li et Oldenburg (1991) showed that
the limit of frzfp,q %8161(1”,-_%’].’,“ Tn—1p4)dypdzg when I'V | tends towards 0 is
—ZW%}i (see appendix 3.4.4). Having solved the problem of singularity, one can
include the integral on the diagonal of the linear system below. In fact, the inte-

gral J%(r,_ 14k Ti-1) is equal to —2m when G(r;, 15) and differs from —27

_ 1
[ri—;]
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Figure 3.3: Sign of the charge density at the interfaces of a medium made
up of parallel vertical slabs. a) the source is located in the medium of
conductivity o1 and b) the source is located in the medium of conductivity
o9 (o0, 01, 09, 03, 04] = [1078,1072,1073,107, 107%] S/m). The electric
potential V' decreases around the point source I. When the current flows
from a conducting medium (C) to a resistive medium(R), charges are
positive at the interface (in summary : charge + : C — R and charge - :
R — C).

while taking G(r;, 75 —L— 4+ 1 Using the notations of appendix 3.4.4 and
J | |

T iy [ri—r;

replacing (3.2) into (3.3), the following system of equations can be set up
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indices ¢ = [1,nz], j = [1,ny] et k = [1,nz]. A proof is given for the validity of
all the integrals when they are calculated outwards, on and inside the boundary
of the prism in appendix 3.4.4. For boundary conditions, we have Tﬁ;’k = 0 and
1,5=0(jk) and 7/, =0and &Y, , = 0 (V i, k).
The equation (3.4) defines a system of linear equations Az = b which can be bro-
ken up into A = I + kD where I, k and D are respectively the identity matrix, the

diagonal matrix whose elements are the coefficients &* . ,, &Y .

i3 Ki j ko K7 j o and the matrix

containing the negative values of the surface integrals Ji(r,.), Jg(r,.) and Ji(r,.)

: . T, 7Y, TZ,

except for +£27. x and b are respectively the charge density -2&k ik = ik gnd
€0 €0 €0

the terms kg G(r Ts) m’y’;’kﬁ G(r, Ts) LA G(r, Ts). Since
e ter os % i—1gk7s)s —5, Yy -1k Ts) 5, Uz ijk—11Ts)-

only the source term b changes in the system, we avoid calculating D and thus
the integrals Jg(r,.), Jg(r,.) and J¢(r,.) again, for the same conductivity domain.
An apparent chargeability described in the article of Seigel (1959) can also be cal-
culated by updating only the matrix k& and the vector b. As the matrix A is not
symmetrical, the system AT Az = ATb is initially solved with a conjugate gradient
(Hestenes et Stiefel, 1952; Golub et Van Loan, 1996) to draw advantage from the
structure of the matrix A (dim(A) = (3 * nz x ny * nz)?).

To validate the calculation of the charge density, a two-layer model consisting
of a layer thickness h = 4m and conductivity o; = 0.001 S/m, and of an infinite
medium of conductivity oo = 0.1 S/m is chosen (see figure 3.4). The calculation
of the charge density is validated with the following solution developed by Li et
Oldenburg (1991)
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Figure 3.4: Layered model made up of a layer of thickness h
and conductivity oy, and an infinite medium of conductivity
05. Source | is located in the medium of conductivity o;.

To(n) _ I d = . 2nh —d
€ 270 {(n2 R ; 4 (n* + (2nh — d)?)*/2

N 2nh +d
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(3.5)
n(n) 1 [k (h—d) "'Zk?((nQ_’_th—(h_d)

w  2moy | P+ (h— )PP @k = (h = )P

2nh + (h —d) )}
Y + (2nh + (b — d))2)32

+k

with by = 2722 and n = ((z — 25)* + (y — ys)?)'/2. The numerical and analytical
values of charge density at the interfaces of the tabular medium are compared on
figure 3.5. The calculated charge density is practically identical. The charge density
is positive on the surface and negative at the interface o1 — 05. When the source
is exactly at the surface (z; = 0), the charge density is a Dirac function (see Li et
Oldenburg (1991)). The calculation of the charge density with the Green’s function
G(ry,ry) = IrTlrji thus causes a numerical problem which should be intercepted to

avoid the singularity. However, one will see further in the tests, that the Green’s

function G(rs,r5) = 1 1 L has a more stable behavior for the calculation

=75 T Irs—75]
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of the potential and the sensitivity, since the b term of the system Az =b is not

singular for r; = r;.

3.3.3.2 Calculation of the sensitivity coeflicient

Calculation of the sensitivity by the method of Park et Van (1991)

The sensitivity of the potential at the receiver due to the change of resistivity
of a cell is given by the scalar product of the current density j; of a point source at
the transmitter and current density j, of a fictitious source point at the receiver,

integrated on the disturbed volume v.

ov 1 .

From the bilinear equation described by Lanczos (1961), Park et Van (1991)

give an unambiguous demonstration of (3.6).

Sensitivity for a homogeneous medium

The current density is evaluated by calculating the gradient of the homogeneous

potential V = ﬁG (Tijks Ts,) @t the transmitter and the receiver locations with

1 1
= +
[7s5,5,—Tsul  |Tigk—Thyl

G(Tijk Tsu) . The coordinates of the source s, the receiver
T and the center of the disturbed prism are noted as (Zs,, ¥s,, 2su)s (Trus Yrews Zry)
and (;,y;, zx) respectively. The indices i, j, k locate the cell according to the x, y
and z directions respectively. The indices u and w take values 1 (polar case) and 2
(dipolar case). The equation (3.6) for %% has dimensions [1][2-]2[ L] [M3] = [4].
The product of the sensitivity coefficient multiplied by the resistivity gives Volts

([V] = [A][®]). By taking the notation “p ” for pole and “d ” for dipole, the
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Figure 3.5: Charge density for the two-layer case with the top layer of
4 m thickness and conductivity 0.0001 S/m, and a lower half space of
0.1 S/m (see equation 3.5). A) Analytical normalized charge density. B)
Numerical normalized charge density. The figures a) and b) correspond to
22 and 2. The black contour indicates zero value. The source is located

at (wsaym Zs) = (—5,0, 2) m.
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coefficients of sensitivity are calculated according to

vV, 1 o
=— [ dv s, - jr
ap I /v\ v J 1 J 1

a‘g;—p = —}/dv (j81 _jsz) 'jm
v (3.7)
Tt 2 [ v G —5m)
ap 1], 51 1 T2
OVi—q

1 . . . .
ap = T/dv (JSI _.782) ' (.77‘1 _]T2>
v
The current density is expressed for a homogeneous medium in a cell of coor-

dinates (x;,y;, zx) according to

4

jxsu = - ﬁgxz G(ri,jak, rsu)
jSu = < jy5u = _ﬁay] G(Ti,j,k, rsu) (3'8)
kasu = -éa‘zk G(riij’k’ rs“)

For the receiver point, s is replaced by r and u by w obtaining the current
density. The explicit result for any array with four electrodes in the case of a
homogeneous medium is given in appendix 3.4.5. To obtain %ﬁp‘l, it is enough to
take into account the geometrical factor K and the value of the current [ at the

point source, that is to say %";}‘i = IK aa—‘;.
8

Calculation of the current density using the charge density

The current density calculated in the center of the cell (4,7, k) of conducti-
Vity 0k 1S Js(TijgsTs) = 04k E(Tig7s). Three components of the electric field
E(rizps7s) = —VV (154, 76) calculated in the center of the cell (i, j, k) are expres-

sed according to
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Ex(r,fj,k,rs) = [ 8 Grm,k,'rs +ZZZ[ ’qua(r,-,j,k,xn_%)

n=1 p=1 g=1
Lo Epa
a 1y a
LIy ) + T gk 7 )|

nr nY nz

Ey(Tijg,7s) = — { 5G(Tm1=,1"s +;;;[ ’qua(Ti,j,k,%_%) 5

Yy z
T, T,
P9 7a P4 7a

nr nYy nz

Ez(rid,k,rs) = [ d G ka,’rs —}—ZZZ[ anJa(Tm,k’ n__)

-+

€0

+

n=1 p=1 g=1
+ TT?{:D,(I J“('r- ) ) + Tri,;,q Ja( . )
€ F PR AD) yp-—% o Ti,5.k> Zq_%

By multiplying equation (3.9) by conductivity o; j x, the current density can be
broken up into a primary term jZ (r; ik, 7s) and a secondary term 52 (7s 4k, 7s). The

component j, (7i e Ts) = jE (PijpsTs) + 55 (Tijk, Ts) is Written

47r|:1(0'z]k )8 G('rtjkars +0'1ij2

. I
Jz (ri,j,k, Ts) = “‘Z;azG(ri,j,k, 7'3) -

n=1 p=1
nz x Yy z"
Tn,p,q Tn,p,q Tnﬁp»q
;[ o ‘]g(ri,j.kaxn—%)_*_ o Jf(’”w,k,yp_%)Jr o ‘]alzl(ri»j,k?*zq—%)]]
(3.10)

The current density j, for a fictitious source located at the point (z,,y,, z,) (r
for receiver) is written in the same manner by replacing s by r. The sensitivity
coefficient for a heterogeneous medium at the point (i, 7, k) and for a pole-pole
array with a transmitting point located in (x, ys, 25) and a receiving point located

n (z,, Y, 2r), is written
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Calculation of the sensitivity using the IE
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1 _ . _ ‘
) j/dv 3T (rijges 7s) +3° (Tiies 78] [ (Fiies T ) +3° (i, 7)) (3.11)

To calculate the sensitivity, it is proposed to take the derivative of equation

(3.2) with regards to conductivity o; jj of the block (7,7, k) located at (z;, y;, 2x)

for a pole-pole array with a transmitting point located at (xg, ys, 25) and a receiving

point located at (z,, y,, z-). To simplify the writing, the elements of surface dy,dz,,

dz,dz, and dz,dy, are all associated to ds.

OV (1y,7s)

00 j k

1 0
- = ds Gri_1 ..,
A [ /F?% S (r"_%,J,k ) R

0
+ ds G(7; :_1 4,7
/ﬁ‘,k Tig-ga r)aauk
0
+ ds G(r‘z,‘1+l ks 7'1')8 —
ok ik
+/ ds G(r Tr) 0
s 1,
ey WE=2 T 90,k
i,7.k ’
+ ds G(r Tr) 0
s G(7; ;101 _—
ey ikt T 0o jk L
l,],k %y
1
—Z—“‘Q‘G<7’5,Tr) 5(1’1
o

S

-]

— 25)0(y; — Ys)0(2r — 25)

(3.12)

The boundary conditions for the x direction, with the normal n directed out-
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wards of the cell (4, j, k) (see figure 3.2), are

Tk OimLjk — Oijk N
Lik _ Yi-lj, Wk o %8 Vit (Fy_ 120 Ts)
€0 Tijk T ik e
.,
ot (3.13)

i,k Yi+ljk 1,7,k a
= N 0pVit1 (il jprTs)
€0 T4k 2

% correspond to a unit vector in x direction. From equation (3.13), the partial
derivatives with regards to conductivity o; ; ; are calculated. By using the following
relations 051, n-2 81%-1(1",-_%11-’,‘, Ts) =0,k N-T BxVi(ri_%’j,k, 7s) and 0,415 N
£ 0:Visi(rigs jaoms) = oige - & O Vi(r +13ks rs) and the previously calculated

partial derivatives, we write

a [T
J:k -~

005 ik [_6_0“] T o ik ner azvi(ri‘%aj»k’r")

17.]) ’L?J?

© (3.14)
9 Tigk] _ 1 R
i Bl n-& 0 Vi(Tig1 jpsTs)

doijkl € Oijk 2

By replacing ds n by ds and by introducing equation (3.14) into (3.12), we find
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/ G(ri—é,j,karr) az‘/i(ri_%,j,k,’rs) Z-ds
r

(rH%,j,k, Tr) GxVi(rH_%,j,k, rs) - ds

—
)

+/ G("‘i,j—-,l-,k’rr) 5yvj("”i,j—-§,ka7’s) g-ds

[ Gt A s (319

+
T
)

(Ti,j,k—%’ 7r) O Vi(r, i k-1 rs) 2-ds

+/ . G(ri,j,k+%>'rr) 3sz('l‘,-,j,k+%,rs) z-ds
I\.’L‘

I
—-REG(TS,’I‘,-) 0y — x5)0(y; — Ys)0(2 — 2s)

S

Equation (3.15) follows the Green theorem [(UVV -ds = [ [UV?*V + VU -

VV]dv for the term between square bracket. Therefore, it can be written

dv [G(Ti,j’k, TT)V2V(’I"5J,];, 7"5) + VG('I‘,"j,k, Tr) .
o (3.16)
VV (i Ts)] — G(rs,re) 6(2 — 15)0(y; — ys)0 (2 — 25)

BV(TT,rs) _ '—1 /
Bam’k N 4770.1’,]',]4: V;

Amo?

s

Vi ke VV(igkTs)
T,k

The Laplacian of the potential is written V2V (r; Gk Ts) =

I8(rs 5 e . T . .
_(L;ng”gl Since a constant conductivity is considered in each cell, the term Vo,
2,7,

is null. The term — Z2Tisk—Ts)

S —= s null everywhere except at the point source 7% =
7,

4mo;

5. Moreover, the integral ——_—1]; fVi " G (754 ks Tr) V2V (73 41,75 )dv at the point source

becomes ZWIT;’ fV”k G(Tijes Tr)0(Tij—Ts)dv = ﬁG(rs,rr) 6(zi—245)6 (y;—ys )0 (2 —
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ov

2s). By taking into account the relation oo 02 BV -, the sensitivity for a pole- pole

array is simplified and given by

oV (rers)  —1
00 ik Ao ik

oV (re,re) 1
Opijik 47TPm k

/ VG(Ti,j,k, "‘r) : VV(Ti,j,ka "‘s)dv
Tk (3.17)

/ VG(Tijp,re) - VV (14 Ts)dv
1 gk

The sensitivity for a cell (i, 7, k) is thus the scalar product of the electric field
resulting from the source point r, and the gradient of the Green’s function resulting
from the receiving point r,, calculated at the point r; ;5. This relation differs from
the one given by Park et Van (1991) and described in equation (3.6). The relation
of Park et Van (1991) requires the calculation of the electric field at the source and
at the receiving positions, while the proposed method only needs the calculation of
the electric field at the source point, thus dividing by two the computation time.
Moreover, the sensitivity calculated according to equation (3.17) is balanced by
the conductivity o; ;) (or the resistivity p; ;i) of each cell. Equation (3.17) has
av] -

units given by [2%] = [53][32][15][M?] = [£]. In the case of a homogeneous

medium, it is shown below that the relations (3.6) and (3.17) are identical. Setting

V(rigesTe) = 2222 Q(r; 4 4,70), the relation (3.6) can be simplified for a cell (4, 7, k),
oV 1
_(T.’l’_".“ﬂ = —/ 0ijkVV (TijhsTe) - 00 jxVV (Tijigy Ts)dV
3Pi,j,k I Vigk
:l/ _}__v[fpwkg(r.. r)] VV(rismra)do  (3.18)
T Jy, Py L dm R bk T '
dv
47er3 k / 0,4,k Vel ) Vet

If the charge density is considered constant on each interface and is taken out
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from the integral in (3.2), another simplified form of the sensitivity can be obtained

using the same calculation method,

oV (rers) 1
api,j,k 47Tpi,j,k

J(rraxi+§)ax‘/i(ri+%,j,k’ Ts) — J(Traxi—%) zvi(ri—%,j,k,ﬁ)

+J(rr, Y+l )ayv'j(ri,ﬁ%,k’ rs) — J(rr, yj—%)ayvj("'i,j—%,ka Ts)

+J("‘ra zk+% )8z Vi (Ti,j,k.p%, "'s) - J(T,-, zk—% )8zvk (ri,j,k—%, Ts)

+ZI7—T_G(rsarr) 5(371 - xs)é(yj - y3)5(zk - Zs)
(3.19)

Figure 3.6 shows the calculation of the sensitivity for a homogeneous medium
for a pole-pole array using (3.19). However, it can be seen that the calculation of the
sensitivity with (3.19) generates an artifact around the source. The artifact persists
on various scales whatever the cell size. This behavior is caused because a constant
charge density on the interfaces of each prism is chosen. This approximation is valid
far from the point of current injection, but becomes invalid close to the source. The
volume of the cell must tend towards zero so that the approximation becomes valid.
It is thus not recommended to use this notation for a coarse discretization. Note

that this artifact around the source is not present for the sensitivity calculated

with (3.17).

Calculation of the second derivatives using the IE

In this section, the calculation of the second derivatives in 3D is proposed for
the inverse problem. The minimization of a nonlinear least squares problem can

be carried out by the Newton method. It requires to calculate the gradient and
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Figure 3.6: Sensitivity for a pole-pole ar-
ray calculated analytically for a homogeneous
medium using equation (3.19). Three sec-
tions are represented : a) in X=0 m b) in
Y=0 m and c) in Z=5.25 m. The solid black
line indicates the null sensitivity. In all the fi-
gures, the star and the circle correspond to
the source and the receiver, respectively.
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the Hessian matrix (Bjorck, 1996; Nocedal et Wright, 2000). We note r;(¢) =
V% — Vi(ry,7s) the error for the ith observation , where V% and Vi(ry,7,) are

the observed and calculated data respectively (i = 1,...,m). By minimizing the

function ¢(e) = %||r(o)||% the gradient V(o) and the Hessian matrix V3¢(o) are

written
Vé(o) =J(0) (o)
m (3.20)
V2¢(0) =J(0)"J(0) + Y _ri(0)Cil0)
i=1
where J(0);; = 82’0(;) and C;(o)jk ga’;gﬂ are the Frechet and second derivatives

of the residual vector (o) respectively. When the problem is linearized, the Hessian
is often approximated by the first term like V2¢(a) ~ J(o)TJ(c) by neglecting
the second term. While taking as a starting point the preceding paragraph and by
deriving successively equation (3.12) with regards to conductivities o; jx, 0i—1k,
Tit1jks Tij—1,ks Oij+1,ks Oijk—1 and oy j k11, the coefficients of the second derivative

sparse matrix are

PV (re,r
8( T 3) _4 / VG T,,,J,k,rr) VV(T@,J,k,Ts)d
O',L]k 71_0-1_]/@ Vigk (32]‘)

+

47T03G(rs,rr) 8z — x5)0(y; — ys)0 (2 — 2s)

s
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OV (ry,7s) -1

= Grys 1a O, Vi(r_ 1. v,ra)dy:d
aai—l,j,kao'i,j,k 47r0'i,j,k0'z'—1,j,k /Fyz (rz-%,.’hk ’l",-) n- (‘I", 1k rs) Yz
PV (ry,rs) -1

/ryz G(ri+%,j,ks e)n 'awvi(ri+%,j,k’ Ts)dy;dz

00i+1;k00i 3k A0 kT k Jro,
(3.22)

OV (Tpy7s) -1

- G( .’l‘“—k’rr)n 0 V( ,]——k)rs)dmzdzk
00i;-1k00i5%  AT0i;k0ij-1k Jrez,
OV (1y,1s) -1

= G(T; 501 s Tr) M- Oy V(155401 1y Ts)dzid 2y,
00; 41400551 ATOi k01 j41k Jros (Tig+g o Tr) oVi(Ti g4 g Ts)di

(3.23)

O*V (rp,7s) -1 /
= G —LT n -0,V LT dxz;dy;
80'1,j,k—180'i,j,k 47Tf7i7j,k0i,j,k—1 rey ( Tijk 1‘) ( Tigk s) (AN
O?V (1, Ts) -1
= G(ry; re) -0, Vi(r; s rs)dx;dy;
00;;k+100i 5k 4055 1k0ij k+1 /1“??% ("’J’k+%’ r) 2Vi( i,5.k+1) s)dzidy;
(3.24)
Similar relations are found when V (r,7rs) is derived with respect to p. The
cross terms are obtained with the relation 6‘9_23‘; = 0?0 ag X; The diagonal term is
1 82V TV 8
written ap(?r, rs) _ 47rp”k fV“ VG(rije ) VV(rige, Ts)dv + = 715G (re,7r) O(zi —

aV_ZUaav 462V

z5)0(y; — ys)d(z, — 25) starting from the relation Er i 50, T 01 957

3.3.4 Matrix compression

To make the problem of modeling with IE feasible, the matrix A which allows
the calculation of the charge density is compressed. The authors Li et Oldenburg

(1997) use wavelets to compress the sensitivity matrix in a magnetic inversion
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problem. Portniaguine (1999) selects another method arising from the work of
Burt et Adelson (1983) and Losano et Laget (1996) to compress the sensitivity
matrix in a gravimetric inversion problem. The second method, named pyramidal
compression, is chosen for reasons of fast implementation and conclusive results. A
detailed explanation can be obtained from the thesis of Portniaguine (1999). Here
we present the method using another form of writing to compress the matrices,

and the practical algorithms used in the code of pyramidal compression.

3.3.4.1 Compression and restoration

The compression of a vector column w3 of the level 1 on the level 2 is written
vy = Wyu; where Wi is the matrix of compression of level 1. To compress v; up to
the level L, the vectors wg, w3, ..., vp—1 are successively compressed by the matrix
Wi, that is to say vgyr1 = Wirvr where Wy is the matrix compression of the level
k. It is to be noted that the vector v is pre multiplied by Wy. The pyramidal

compression of a vector column #; of the level 1 on the level L is written

Vg, = WL—I .. .Wngvl (3.25)

Property : each matrix Wy, is equal to its inverse, that is to say

Wi =W, ! (3.26)

The restoration of the vector vy is written by pre multiplying (3.25) with the
matricies (Wz—; ... WaoWj)~1. By taking into account the preceding property, one
thus has



95

v = W1W2 .. .WL_l'vL (3.27)

W = Wgp_y... WeW; is the product of all the matrices of compression and
W1 = W,W, ... Wi_; is the product of all the matrices of restoration, the product
of the matrices of compression by those of restoration is equal to the identity
matrix (W™'W = I). The algorithms of creation, pre and post-multiplication of
the compression matrix Wy on a level k are given in appendix 3.4.8.

The final stage consists in taking only the significant elements of the compressed
vector vy, and cancelling the others compared to a fixed threshold. The threshold
corresponds to a percentage g of the absolute value of the maximum amplitude of
the compressed vector vg. The resulting vector @, is sparse by carrying out the

thresholding

5.6) = v (1) ,IUL(i)IquaX(Ile)’ v (328)

0 [on(d)] < gmax(fuz)

3.3.4.2 Approaches to compress a linear system

Portniaguine (1999) proposes two solutions to compress a linear system Az = b.
The first method consists in preconditioning the linear system WAz = Wb, giving
Az = b after the thresholding. The second, named incomplete factorization matrix
A, is written WA = A. The system to be solved is W—1Az = b. A third method
is proposed. Based on the property W™'W = I, the matrix identity I is inserted
in the linear system between A and z. The system is written (AW™1)(Wzx) = b,

giving after thresholding
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Az =b (3.29)

with A = AW™! and & = Wz. The solution of the system is obtained by the
relation z = W~1%. For the first and second methods, dim(W) = dim(b). For the
third method, dimension changes since the vectors line is compressed instead of

the vectors column (dim(W) = dim(z)).

3.3.4.3 Resolution of the system of equations for the integral method

For our system of equations applied to the integral method, the system ATAz =
ATb is initially solved. Whereas the matrices W and W~ are not stored, the matrix
A is stored in a particular way. A is obtained by post-multiplication of A with W1,
that is to say A = W1 +kD where D = DW~!. The compressed system is solved

with the conjugate gradient method.

(W HT + DTRIW ™ + kD] % = (W7 + DTkb (3.30)

It is needed to store the sparse matrix D and to calculate the products of
this one and of its transposed by a vector column. The algorithms of storage and
product of a sparse matrix by a vector for the sparse row-wise format taken from
the book of Pissanetzky (1984) are given in appendix 3.4.9. This method requires
less memory compared to the standard method consisting in storing two integers
and a real for each element of the sparse matrix. The product of the matrix k
by a vector column does not cause a problem, since this matrix is diagonal. The
products of (W™1)T and W! by a vector column are carried out according to the

codes of compression and restoration described in appendix 3.4.8.
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The system A% = b can also be directly solved, where A is nonsymmetrical, with
the iterative methods “Quasi Minimal Residual” (Freund et Nachtigal, 1991b,a),
“Conjugate Gradient Squared” (Sonneveld, 1989), “Bi-Conjugate Gradient Stabi-
lized” (Van Der Vorst, 1992) and “Bi-Conjugate Gradient Stabilized(1)” (Sleijpen
et Fokkema, 1993). A comparison between the different iterative methods is done
in Table 3.1. Finally, the resolution of the nonsymmetrical linear system is done
by the “Bi-Conjugate Gradient Stabilized(l)” method with 1=2. We choose a thre-
shold q=0.001 % to compress the matrix D, which requires to store less than 40%
of the original matrix.

TaB. 3.1: Comparaison between different solvers for the two-layer model

consisting of 11*11%6 cells. The relative tolerance for all solvers is le-6.

The computer is a Dell Inspiron 8100 PIIT 733 MHz. The maximum num-

ber of iterations is 500. Time is in seconds. PCG : Preconditioned conju-

gate gradient. QMR : Quasi Minimal Residual. CGS : Conjugate Gradient

Squared. BICGSTAB : Bi-Conjugate Gradient Stabilized. BICGSTAB() :
Bi-Conjugate Gradient Stabilized(l) with 1=2

G(ri,rj):ﬁ G(Ti,’l"j):ﬁ‘l—ﬁi_l—r;
Method time(s) | iteration | deviation | time(s) | iteration | deviation
PCG 3.26 158 7.58e-7 2.57 155 8.28e-7
QMR 90.21 500 1.07e-1 7.69 42 9.79e-7
CGS 3.26 19 9.08e-7 2.53 15 7.44e-7
BICGSTAB 4.64 20 8.69e-7 3.49 15 5.63e-7
BICGSTAB(I) 1.73 8 4.73e-8 1.73 7 2.65e-8

To prevent obtaining values different from zero where the charge density must
be null, an additional constraint to the system A% = b is introduced. The indices
of the values of x which must be null are gathered as a set N. A matrix Iy made
up of 1 is generated, in such a way that Iyz = 0 only for the z € N. The new

compressed system to solve is written, with In=1 WL
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W+kD+1Iv) =0 (3.31)

3.3.5 Electric field

First method : charge density

Once the charge density is obtained in the whole space, the three components
of the electric field can be calculated on the interfaces of the prisms. If # is the
solution of the linear system (3.4) ((W~' + kD] = b), then the secondary electric
field E® is obtained by a multiplication of # by the opposite of the matrix D plus
one corrective term —27lz, since the elements of D are Dy = —[21 + J%] on the
diagonal and ﬁ;j = —J}: on the off-diagonal. The total field E is given by the sum
of the primary field ET and of the secondary field ES (E=EF+E%), as follows
—i[iVG + (=Dz — 2n1z)) (3.32)

41 o,

E:

The electric field at the center of the cell (4, j, k) is needed ; it can be evaluated
by interpolating the values of the computed field at the interfaces of the prisms
with a cubic spline (Press et al., 1992). A calculation equivalent to that carried

out with the equation (3.9) can also be used.

Second method : surface integral

The calculation of the electric field described by Beasley et Ward (1986) for a
conducting block located in a homogeneous medium can be generalized when the
model consists of several prisms. The z component of the gradient of the potential

is written
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nr nNY nz

I
0V (rigpta) = e Clrigamm) 43D D
8 n=1 p=1 ¢=1
R N S

+kgl;>1qjg(ri—%,j,k7 Yp— 1 )8:911 V(rn,p—%,q’ rs)

+kflv_p»qJ£(’r‘_ 2 )j:k’ Zq_% )8z” V(Tﬂ,P»q—% ) 1"3)]

2

: T~ — 1 On,p,q—%n—1,pq Yy~ — 1 9n,p,q—On,p—1yq z7 — 1 On,p,g—%n,pg-1
with kn,p,q 4 On—1,p,q ) k”;qu 4 Onp—1,q et kn,p,q 4m On,p,g—1
and indices ¢ = [1,nz], 7 = [1,ny] et k = [1,nz]. The system of equations is

written as [ 4+ Dk]z = b where k is the diagonal matrix of the elements kj ,
kY, and k% . It is necessary to pre multiply [I + Dk|] by W and to solve the

system WW + Dklz = b with D = WD.

3.3.6 Tests
3.3.6.1 Calculation of the electric potential

To validate the calculation of the potential generated by a polar source, the
models of the vertical contact and the two-layer subsurface were used. The IE
and the FD methods (Spitzer, 1995; Spitzer et al., 1999) were compared with the
analytical solution. The code using FD method includes the singularity removal

decribed by Lowry et al. (1989).

Vertical contact

On figure 3.7, the potential in logyy analytically calculated for a vertical contact
(10 2.m / 1000 Q.m) is shown in the three directions. The source is located

at (—5,0,0) m for the analytical solution and the Green'’s function G(rs,1;) =
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1

=y T ]TT| For the Green’s function G(rs,7;) = the source is located at

Ir -5
(—5,0,0.01) m to avoid the singularity. The black line delimits the vertical contact.
The figures a) and b) correspond to the sections X = 0 m and Y = 0 m. Figure c)
represents the plane Z = 0.5 m. The calculations of the potential and of the current
density are given in appendix 3.4.7. Figures 3.8, 3.9 and 3.10 display the poten-
tial and the relative deviation compared to figure 3.7 for the IE method using the
G(rs,r5) =

Green’s functions G(r;, ;) = i+t r,| and the FD method,

1
rs—r;]’ Ir.~rg
respectively. The three methods give satisfactory results. The maximum relative
deviation for figures 3.8 and 3.9 are 56% and 16% at the vertical contact, on the
source side. Around the source the deviation does not exceed 5%. The maximum
relative deviation for figure 3.10 is 100% at the point source, at the contact and in
the medium of 1000 2.m. The more one moves away from the current source, the

more the amplitude of the potential decreases and more likely the relative error is

to increase.

The two-layer case

On figure 3.11, the potential in logyy analytically calculated for a two-layer
subsurface (first layer of 1000 Q.m with a thickness of 4 m overlying an infinite
homogeneous medium of 10 €2.m) is shown in the three directions. The source is
located at (—5,0,0) m. The figures a) and b) correspond to the sections X =0 m
and Y = 0 m. Figure c) represents the plane Z = 0.5 m. The calculations of the
potential and the current density are given in appendix 3.4.6. Figures 3.12, 3.13 and
3.14 show the potential and the relative deviation compared to figure 3.11 for the

Grirs) = "“1“"“+;:;

IE method using the Green’s functions G(r;, ;) = rimrs] T rer

Iri=r5]°

and the FD method, respectively. The maximum relative deviation for figure 3.12 is
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Figure 3.7: Potential (log1[V]) for pole-pole
array calculated analytically for a vertical
contact (medium 1 : 10 Q.m and medium
2 : 1000 Q.m). The source is located at
(—5,0,0) m. The black line delimits the ver-
tical contact. Figures a) and b) correspond
to sections X=0 m and Y=0 m. Figure c)
displays the plan Z=0.5 m.
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Figure 3.8: A) Potential for a pole-pole array calculated numerically by the
IE method for a vertical contact. The Green function used is G(ry, ;) =

?TziTJI B) Relative deviation expressed as a percentage between figure
3.8A and figure 3.7. The maximum deviation is 56%.
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Figure 3.9: A) Potential for a pole-pole array calculated numerically by the
IE method for a vertical contact. The Green function used is G(ry,1;) =
L .. B) Relative deviation expressed as a percentage between

1
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figure 3.9A and figure 3.7. The maximum deviation is 16%.
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Figure 3.10: A) Potential for a pole-pole array calculated numerically by

the FD method for a vertical contact. B) Relative deviation expressed as a

percentage between figure 3.10A and figure 3.7. The maximum deviation
is 100%.
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80% uniformly distributed around the source in the 1000 £2.m layer. The maximum
relative deviation for figure 3.13 is 27% and is in the 10 Q.m medium under the
source. Around the source the deviation does not exceed 2.5%. The maximum
relative deviation for figure 3.14 is 40% at the source point and radially symmetric

about the source.

3.3.6.2 Calculation of the sensitivity

In the following figures, the transmitting current is positive. The sources and
the receivers are represented by a star and a circle, respectively. The calculation
of the sensitivity for a homogeneous medium using a dipole-dipole array is given

in appendix 3.4.5.

Pole-pole, dipole-pole and dipole-dipole arrays for a homogeneous medium

Figure 3.15 shows the sensitivity calculated analytically for various arrays (pole-
pole, dipole-pole and dipole-dipole) for electrodes at the ground surface and at
depth. The solid black line indicates the null sensitivity associated with the polarity
change. It is noticed that sensitivity increases near the transmitting and receiving
positions. One can see in figure 3.15 a) that the negative sensitivity includes the
area located between the electrodes and extends to the surface (it is a circle on
the surface). On figure 3.15 b), when the electrodes are superimposed, the zone of
negative sensitivity forms a closed spherical surface. With the dipole-pole array,
frequently used in electric prospecting, the sensitivity is assymmetrical (figures

3.15 ¢, d and e). The sensitivities for various arrays of dipoles/poles are shown in

figures 3.15 f, g and h.
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Figure 3.11: Potential (logys[V]) for a pole-
pole array calculated analytically for the two-
layer case (first layer of 1000 Q.m with 4 m
thickness and an infinite homogeneous me-
dium of 10 Q.m). The source is located in
(—5,0,0) m. Figures a) and b) correspond
to sections X=0 m and Y=0 m. Figure c)
displays the plan Z=0.5 m.

106



Z [m]

Z [m]

Y [m]

107

a)
E
N
b)
E
N
-10 -8 6 4 -2 0 2 4 6 8 10
X [m]
c)—lO
E
el

-1 0 1 2 3 4

Figure 3.12: A) Potential for a pole-pole array calculated numerically by the
IE method (equation g3.9)) from the two-layer model. The Green function
used is G(ry,r5) = r— B) Relative deviation expressed as a percentage

between figure 3.12A and figure 3.11. The maximum deviation is 80%.
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Figure 3.13: A) Potential calculated numerically by the IE method for
the two-layer model for a pole-pole array. The Green function used is

G(ryrj) = ﬁ—'—ﬁ B) Relative deviation expressed as a percentage

between figure 3.13A and figure 3.11. The maximum deviation is 27%.
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Figure 3.14: A) Potential for a pole-pole array calculated numerically by

FD method for the two-layer model. B) Relative deviation expressed as a

percentage between figure 3.14A and figure 3.11. The maximum deviation
is 40%.
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Figure 3.15: Sensitivity for a homogeneous medium calcula-

ted according to equation (3.6) for various arrays along sec-
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dipole-pole. e) dipole-pole. f) dipole-dipole. g) dipole-dipole.
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and the receiver, respectively.
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Pole-pole array for a vertical contact

We use the case of the vertical contact located at X = 0 m, of resistivity 10 Q2.m
for £ < 0 m and 1000 Q.m for x > 0 m to validate and compare the methods of
sensitivity calculation. The calculations of the current densities and of the electric
field are given in appendix 3.4.7. Sensitivity calculated analytically and numerically
by IE method are shown in figure 3.16. The sensitivity is calculated numerically
using equations (3.4), (3.6) and (3.9) for the Green’s functions G(ri,1;) = E};}—\
and G(r;,r5) = IT.%E'I"_F{iT;l It can be seen on these figures that the amplitude and
the line of null sensitivity are similar. On figure 3.17, the sensitivities %% calculated
analytically and numerically using equations (3.4), (3.9) and (3.17) are shown. By
comparing figures 3.16 and 3.17, the role played by the current density resulting
from the receiving point in the equation (3.6) can be observed. It generates a zone
of negative sensitivity being propagated at infinity and parallel to the vertical

contact.

Pole-pole array for the two-layer case

The case of two layers is one of the most used examples in the literature.
Roy et Apparao (1971) proposed an analytical calculation of the potential in the
form of series. The calculation of the current densities is given in appendix 3.4.6.
Figure 3.18 shows the sensitivity calculated analytically and numerically by the
IE method using equations (3.4), (3.6) and (3.9) for a 4 m thick first layer of
1000 2.m and a homogeneous medium of 10 €2.m. The dissociation of the zone
of negative sensitivity at the interface between the two layers can be observed.
The line of sensitivity is almost equivalent on the three figures. The amplitude of

the sensitivity for the IE method using the Green’s function G(ry, ;) = F;}m is
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Figure 3.16: Sensitivity for a pole-pole array for a vertical contact (medium
1: 10 Q.m and medium 2 : 1000 ©.m). A) Analytical sensitivity. B)
Sensitivity by |E method with the Green function G(r, ;) = ﬁ Q)

Sensitivity by IE method with the Green function G(ry,r;) = ﬁ +
lr-—ir—’"i' Figures a) and b) correspond to sections X=0 m and Y=0 m.
=7

Figure c) displays the plan Z=0.5 m. The thick black line represents the
contact. The finer black line delineates the value of zero sensitivity.
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Figure 3.17: Sensitivity %—‘; for a pole-pole array for a vertical contact

(medium 1: 10 Q.m and medium 2 : 1000 Q.m) calculated using equation
(3.17). A) Analytical sensitivity. B) Sensitivity by IE method with the Green
function G(ri, ;) = C) Sensitivity by IE method with the Green

R
function G(rs,r;) = VTlm - m Figures a) and b) correspond to

sections X=0 m and Y=0 m. Figure c) displays the plan Z=0.5 m. The
thick black line represents the contact. The finer black line delineates the
value of zero sensitivity.
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higher because the source is exactly on the surface causing a lesser evaluation of
the charge density.

On figure 3.19, the sensitivities %—‘; calculated analytically and numerically by
the IE method using equations (3.4), (3.9) and (3.17) are shown. It can be seen that
the zone of negative sensitivity is also dissociated and assymmetrical compared to
figure 3.18. The amplitude of the sensitivity is this time stronger near the current

source.

3.4 Discussion and conclusions

A code for 3D electrical modeling, formulated using the IE developed by Sny-
der (1976), allows the calculation of the potential everywhere in the space without
interpolation between the nodes. The calculation of the charge density is obtained
by solving a linear system ([I + kD] & = b). For various configurations and dif-
ferent model of conductivity, only the vectors k and b need to be changed. The
calculation of the charge density is validated for the layered earth, whose solution
was developed by Li et Oldenburg (1991). The charge densities are of the same
order of magnitude and of the same sign.

The potential obtained by the IE method is compared with the analytical and
numerical solutions obtained by FD method, for a tabular medium and a vertical
contact. The two numerical methods offer satisfying results. However, the IE me-
thod remains of better accuracy around the point source and in the periphery of
the domain.

To store the linear system, the matrix D is compressed in CRS format with the

method of pyramidal compression. For a threshold of q=0.001%, less than 40% of
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Figure 3.18: Sensitivity %—‘; for a pole-pole array for the two-layer model

calculated using equation (3.6). A) Analytical sensitivity. B) Sensitivity by
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between the two medium. The finer black line delineates the value of zero
sensitivity.
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the original matrix is stored. The resolution of the nonsymmetrical linear system
is done by the “Bi-Conjugate Gradient Stabilized(l)” method with 1=2.

The calculation of the sensitivity based on the IE method requires twice less
calculation than that proposed by Park et Van (1991) which need two forward
modeling runs to calculate the current density at the source and receiver points.
For a layered earth and a vertical contact, the distribution and the amplitudes
of analytically and numerically calculated sensitivities are shown. It can be noted
that the sensitivity calculated with the Green’s function G(rj,r;) = |—T‘li—r]| I—r,—ir;_l
offers a better result.

The calculation of the electric field component at a given point is obtained
by the summation of all the charge densities multiplied by a surface integral. This
method is satisfactory when the domain is not too large. A second method consists
in taking advantage of the compressed matrix D to quickly and simultaneously
calculate the three components of the electric field on the interfaces of the prisms.
The three components are interpolated with a cubic spline to yield the estimates

at the center of the prisms.
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3.4.3 Appendix : Potential Calculation with charge density

For a dipole-dipole array the sources and receivers are located at the points A
and B, and M and N, respectively. 145 is the current in Ampere between electrodes
A and B. o4 is the conductivity of the cell where the source point A is located. og
is the conductivity of the cell where the source point B is located. The potential

Vant, Van, Ve, Ven between the different electrodes combinations is given by

]A 1 A x| T (ra) | 2 pa(Ta)
Vanr =7 G(rM,rA +Z‘ZZZ ML XAy [P n__)+ﬂ__
T n=1 p=1 ¢=1 €o
Thpq(T4)
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The potential AV calculated for any array for four electrodes is AV = (Vap —
Van) = (Vem — Van).
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3.4.4 Appendix : Surface integrals for Green function and
its gradients
The Green function G(ry,r;) is written with |r; —r;| = [(zi —;)* + (vi —y;)* +

(zi = 2)?]? and |rs — ] = [(@i — 2)* + (3 — 9))* + (2 + 2)*]"/?

1 1
+

G(riyrj) = lri — 7 |ms —r;'i

In the case where G(ry,r;) = ITTbﬂ’ the terms associated with the vector |r;—77|
in the integrals J%(r;,.) and J(ry,.) are neglected.
The various integrals depending on the minimum (m) and maximum (M) boun-

daries are :

ZM YMm
ﬂmwﬂ=/ / 0y Glrsy 1) dyydz,

Ym
bC bd Ym ™
= I—at(m(—————) + atan(————,—)
CL‘T,;——’I"jl a|r¢—1"j| Ym
Zm
M ZM
Jy (ri,y;) = / / 0y, G(rs,75) dzjdz;
Im Zm
aton () atan (e )
= ||—atan|{ ——— atan{ ———
b‘f’g—’l":i' b|’f‘,;—T;~‘ me
Ym TM
Rz = [ [ 0.6t dedy
Ym Tm
ab ab aar |
= ‘—atan(————) - atcm(—————,)
c}'r,-—rjl le,‘— j| Tm v




M T
Jg(ri,yj) = / / 8xiG(Ti,’l"j) d.’l?dej

ZM
= ’ln(c+ s —13]) — In(d + |r; —r;~|) )
TM Ym
Jy (s, 25) = / / 0y, G(ri, m5) dy;dz;
m Ym , Tig
M
=imm+m—no+mm+m—ﬁb
Ym
Ym
J2(ri, ;) = / / 0., G(riy15) dzjdy;
YMm

— ‘ln(b—&— lri —rj]) — In(b+ |r; —r}l) o

o Ym
Ym T M
Jo(ri, zj) =/ / 0y, G(1s,75) dxjdy;
" . Ym
— {|m(+ iri = ril) + o + i =) |
Ym
z Ym
Jy (ry, x5) = / 0y, G(ri,75) dy;dz;
o o ZM
= ||im(c+ i = ryl) = intd + rs = w)|
Ym
J2 (s, y5) j/ j/ 0,,G(rs,75) dzjdx;
. Ty
= ||mta + 0 = rsl) = infa+ Iri =5
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TN Ym
J(r,-,zj):/ / G(riyrj) dy;dz;

Ym

b b
l—c atan(a—> —d atan(—a——,—)
C|’I‘5—’I’j| d{ri—rj|

+ b in(a+ |r; —r]) + a ln(b+ |ri — r5])
TN

+bin(a+rs —7)) +aln(b+ s — )|
Ym

ITm

YmMm ZM
J(rs, ) =/ / G(ri,rj) dz;dy;
Ym Zm

+a atan(—bd———)

‘—a atan( ;
alr; — 73|

alr; ——rj|)

+c ln(b+ "I‘i —rjl) +b ln(c+ "I‘,; —Tj‘)

YmMm
z

—dln(b+ | —i]) = b In(d+ [ri — 7))

Zm

Ym

zZMm TM
J(Ti,yj) = / / G(T‘g,’l‘j) d:]ﬁdej

- .‘—b atan(mc—f%m) +b atan(ﬁ)

+aln(c+|r; —r;|) + cln(a+ Jry —r4])

M
TrM

—aln(d+|r; —7§]) — d In(a + ri —15))

Im

“m

witha=2;, —z;, b=y, —y;, c=2 — z; et d = 2, + 2;.
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Singular points can be observed for the preceding integrals when the point

(x,y, z) approaches the origin. Singularities are resolved analytically.
Singularity 1

Considering the integral
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_/“ /“ dzdy
e dea @222

For z =0,

dxdy
i00= [ [ w i

The change of variables x = a ¥ and y = a y leads to

+1
ro_a/ / __dzdy
L @

+1 +1 d.’I}dy
= 4a W

because the integral is an even function of z and §. If we use polar coordinates
(x =r cos(f) and § = r sin(#)) and if we integrate over a disc instead of a square,

then we get the approximation

) 27
J(r,O)z/ / rdr d9=27r5
0o Jo r

Assuming that the surface of the disc is equal to the surface of the square

(6% = 4a?), we get

J(r,0) ~ 4y/7a = 7.0898 a

J(r,0) can be calculated exactly. Indeed,
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+1 +1 dz d'y
J(r,0) —4a/ / @+ 1/2
_ /"”/Z/T r() rdr df
6=
0=7/2 r= T(O)
=4a/ dH/

0=m/2
= 4a/ r(60)do
6=0

The integration is made in two stages on the square domain for (z,y) €

0,1]x[0,1]. If 0 < # < % then r(0) = —c;;—(e—). If 7 <0< 7 then r(0) = ———cos(%—G) =

prm ( Ik Hence

0=m/4 do 0=7/2 do
J(r,0) = 4a [/920 cos(0) * /9=W/4 sin(@)]

which yields

J(r,0) = 4a [asinh(l) + In(cotan( ))] ~ 7.05099 a

ool 3

Singularity 2

We consider

. +a pta T dy dz
JI (ry :Ll) = . . (:U2 + yQ + 22)3/2

where a > 0. We want to calculate lim, . J¢(r,z). The change of variables

y=2x y and z =z 2 leads to

8l

+e 4y d
a y Z
Jw(rax) = Sgﬂ’(x)/a /a (1 +,§2+ ;2)3/2
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where sgn(x) = ] 13 denotes the sign of x. If x > 0, we have

+oo  ptoo dir d3
o ) = g dz
M, J2(r,) = sgn(a) /_Oo /_Oo (1+ g2+ 22)%2

Using polar coordinates (§ = r cos(#) and Z = r sin(f)), we have

+o0o 2r
S rdrdf
Jy(r,07) / / 1+T TR

=27

\/1-1—7"2

=27

Similarly, we get J%(r,07) = —2m. It follows that lim, o J(r, z) does not exist

since

Jo(r,07) = +27
(3.34)

Jr,07) = =2

The result is the same for and —L-. It follows that if G(ry,7;) = I—ni—n\ +

Irs—7;] Irs—r5]

then

fri—rj] rl’

Jo(r,0%) = +4rn
(3.35)
Je(r,07) = —4x
The results (3.34) and (3.35) reflect the discontinuity of the electric field when
crossing an electrically charged interface at the junction of two adjacents cells.
Singularity 3

Considering the integral
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a Y R z dz dz
Jz(r?y)_ Y Y (x2+y2+z2)3/2 )

we want to calculate lim,_,o J2(r,y). We have

+a +a dz
Jx(r,y):/_a xdx/% (22 + y + 22)3/2

+a
=/ z f(z* +9?) da

a

The function xf(x? + y?), seen as a function of z, is odd, therefore

Vy e R, Jy(r,y)=0
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3.4.5 Appendix : Sensitivity coefficient for a homogeneous

medium

3Vd d

/vdv 1672

281)(210

Zr,)] i

[Kslﬂ”l + (Zk + 281)(216 — Zr )]

Zsl)(zk + Zry )]

S1,7'1 (

|: s1, r1 (Zk
75,4 7'51‘ Tigk — 7'r1|
[

rige — 7o, [rige — 7o |

1‘3

T":Jrk ’rsl ’ |ri').7a -

- ZTl)] +

[Kslﬂ‘l + (zk + 281)(216 + 2 )])

[KSQJ"l + (zk + Zsz)(zk - ZTl)]

1
N ( [Ksz,ﬁ + (Zk _ 232)(Zk

- 1"32]3 'Ti,j,k — T ‘3

Tijk

3 3
Tijk — Toy| |Tigk —Tri

[Ksyr + (26 — 2s5) (26 + 200)] [Kspir + (2 + 2s5) (2 + Zn)])]
Tijk = Tsa ‘3 Pigge — Til '3 rigk — 7‘;2 |3 Tigk — 7‘:.1 |3
_ l:( [Koima + (2 — 25,) (26 — 21,)] + [Ksyrs + (21 + 250) (26 — 21,)]
Pike — Tar | ITagk — Tral” ok — Th|* Figh — oo’

+ (Ko r, + (2 — 25, (21 + 20,)] | [Ky iy + (20 + 26)) (20 + ZTQ)])
Tigk = Tal [Fage — 1| IPiga — 7o Irige — 7l
_ ( [Koara + (25 — 2s5) (26 — 21,))] n [Kspry + (21 + 2sy) (26 — 21,)]
Tigk — Tss|” Tijk —Tral® Tijk — r;2|3 ik — Tra|®

[Ksz,m + (Zk' - Zsz)(zk + ZT2)]

3
Tige — Tsa|” [Tige — Ty

where K, ., = (z; —

(i — 25,)> + (45 — ys)* +
ysu)2 + (21 + 25, ) )1/2 sz,J,

s, ) (z;

—7ra| = (2

Tﬁa]) Twi - ( i xrw) + (y]

values 1 (polar case) and 2 (dipolar case).

(Zk - Zsu) 1/2

[Ksyry + (21 + 2sy) (25 + zm)])H

gk — Tl i — Tl

- ySw)(y] - yrw)’ T‘J)k - ’rsu} =
Irige — 1a,] = (@ — 25,)” + (35 —
_xrw) + (y] _yrw) + (Zk _er)2)1/2 a’nd

— Y )2+ (21 + er)2)1/2- The indices © and w take
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3.4.6 Appendix : Sensitivity for the two-layer model

The formulation of the analytical potential for a two-layer model is given in
Bhattacharya et Patra (1968); Zhdanov et Keller (1994) and in Roy et Apparao
(1971). The layered medium consists of a layer with a thickness h and a resistivity

p1 overlying an infinite half space of resistivity ps. The reflexion coefficient is k =

p2—p1 (P2 _ 1tk

oL (B=5 +). For a source +I located on the surface at (s, ys, 0), the potential

Vis and Va4 for any point (z,yz) are given below, while posing |r — 7| = [(z —
xs)Q + (y - ys)2 + 22]1/2a l’l" - "';l = [(CL’ - 1‘3)2 + (y - ys)2 + (Z + 2nh)2]1/2 and
P el = [ — ) + (g — ) + (2 — 200,

o0

el 1 = k"
VLS‘E?[ir—rsﬁ;\r—ﬂ Z "|]

=1

for 0 < z < h, and

pl(1—Kk)r 1 = n
I L
> 27 |r —rs] +;\r—r;|

for = > h. The current density due to a source located at the point (z, ys, 0)

is expressed for medium 1 (§1 s = 01E; ) and medium 2 (jo, = 02Fs ;) as

r- . L-(x Ts) (z— ms)k” (z Ts)k”
Jizs = oy _|r L +Zn L=l P [ +Zn 1 p— 7‘”[

y et : [ El skn skn
Jis = iy, =L |lEm) 4y ok (yy) 4y ) ]

| Ir— r—rs® 1 Ir T L - r”|
. _ L- z oo (2+2nh)k™ (z—2nh)k™
\]1,25 2w | e + Z" T jp—rt? + Z" 1 jr— 'r”l3

for 0 <z < h, and



135

I(%s,¥s:,25) air
@ v X
i
h oVi,s
{ P
z
P2
o0V2,s

Figure 3.20: Two-layer model made up of a top
layer with thickness h and resistivity p; overlying
a half space of infinite resistivity p,. The current
is transmitted at the location I(xs,ys, z5) and the
potential is observed at points V; ; and V5.

4

. _ I(1-k) (a: :cs) (z—gs)k™
J2,2s T Tan r 75| +Z""1 IT A ]
0. = ¢ _ 10-k) [ (y=vs) oo (y—ys)k™
J25 =4 joy, = Tom _m + 2t r—r4° ]
. _Ia-k) [ 0o (z+2nh)k"
(J22s T Ton _|1r-zr,,|3 + 2 nm [r—r4]? }

for z > h. For a fictitious source located at the point (z,,y,, z,), s is replaced

by 7.
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3.4.7 Appendix : Sensitivity for a vertical contact

The solution of the potential for a vertical contact is given by the authors
Telford et al. (1990); Zhdanov et Keller (1994). The two quarter-spaces have a
resistivity of p; and py. d is the distance between the source and the vertical
contact. Writing ks = 2288, |r —rg| = [(z — 25)? + (y — ys)? +22Y2 and |r —7| =

[(2d 4z, — )2 4 (y — ys)? + 22]/2. d is the distance between the point source and

the vertical contact. For a source located in medium 1 and 2, the potentials are

written
PlI 1 ks
=8| |
g [y -
and
I - s
Vo, =2 (1-k) 1
’ 27 Ir — 7]

The current density due to a source located at (zs, ys, z5) is expressed by

;

. =1L [ (z—zs) _ ksQd+zs—z)
]1,%5 2 _|T-7'3|3 |T*Té|3
o= I [ =ys) | ks(y=vs)
1, = o
Jis = 3 J1,ys 27 | Jr—rs|® + fr—rh|?
P& {0 Ry e
. 1,25 2m _|1‘*“7's|3 |1‘—T‘I§|3

and

. I(1—ks) (z—xs)
]2,15 - 21 |r_?,s|

] = : I(1—ks) (y—ys)
J2s < Joys = Tm

a — I(1-ks) (z=2s)
\.]2725 21 Jr—re)?
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oVi,s oV2,s z

Py P2

Figure 3.21: The vertical contact model with re-

sistivities of p; and py. The current is transmitted

at the location I(xz,,ys,2s) and the potential is
observed at points V; s and Va.

For a fictitious source located in medium 2 at the point (z, y., 2.), we replace

s by r and k, by —ks.
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3.4.8 Appendix : Algorithms of pyramidal compression

Algorithms 1 and 2 generate the matrix of compression Wy and W on the level
k, respectively. Algorithm 3 calculates the product Wz on the level k. Algorithm
4 calculates the product zW and WTz on the level k. The level k is determined

log(n—1)
log(2)

by the relation k£ = floor[ ] with n = length(zy).

Algorithm 1 Matrix of compression W (z;,, k) on the level k

n = length(z;n)

§=2k-1

for i=1:ndo
Wi(i,i)=1

end for

for i=1+6:20:n—4do
W(i,i—6) =05
Wi, i) = -1
W(i,i+d) =05

end for

Algorithm 2 Matrix of compression transposed W1 (x,, k) on the level k

n = length(zin)
= 2k—1
for i=1:ndo
Wi(i,i)=1
end for
for i=14+6:20:n—46do
W(i—4,i)=0.5
W(i,i) = -1
W(i+6,i) =05
end for

Algorithm 3 Pre multiplication xp,; = Wx (i, k) on the level k

Tout = Tin

n = length(zin)

§=2k"1
w; = —1
wa = 0.5

for i=1+6:20:n—0ds
-Tout(i) = W3 * zin(i - 5) + wy * zzn(z) + wa * ih.'n,(2 + 6)
end for
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Algorithm 4 Post multiplication zp,; = W (24, k) et Pre multiplication transposed
Tout = WTx(zip, k) on the level k

Tout = Tin

n = length(xn)

6 =2k-1
w; = —1
we = 0.5

for i=1+0d:20:n—46do
Tout(i - 6) = Tout(i - 5) + xzn(") * W23
Iout(i) = xin(i) * W13
ZTout(i + 0) = Tout (i + 8) + Tin (i) * wo;
end for
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3.4.9 Appendix : Storage and products of sparse matrices

Storage of the sparse matrices by the sparse row-wise format is based after the
book of Pissanetzky (1984). Algorithm 5 allows the storage of the sparse matrix A
in the vectors val (element A;;), colind (index of the column) and rowptr (index of
the line). The reader will refer to the cited book for more explanations. Algorithm
6 calculates the product of the matrix A by a vector z. Algorithm 7 calculates
the product of the transposed matrix A7 by a vector z. Algorithm 8 calculates
the diagonal of the product AT A for preconditioning the conjugate gradient when

solving for the system AT Az = A7b.

Algorithm 5 Storage of the sparse matrix A : storage(A)

rowptr = zeros(1, size(A,1) + 1)
val = ]
colind = ||
rowptr(l) =1
nnz =1
for i =1:size(A,1) do
for j=1:size(A,?2) do
if ((A(4,4) # 0)) then
val(nnz) = A(i,7)
colind(nnz) = j
nnz =nnz+1
end if
end for
rowptr(i + 1) = nnz
end for

Algorithm 6 Product of the sparse matrix A by the vector z (y=Az) : y =
spAz(val, colind, rowptr, nnz, x,y)

for i =1:length(y) do
temp =0
for j = rowptr(i) : rowptr(i +1) — 1 do
temp = temp + val(j) * x(colind(j))
end for
y(i) = temp
end for
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Algorithm 7 Product of the transposed sparse matrix AT by the vector z (y = ATzx) :
y = spAtz(val, colind, rowptr, nnz, x,y)

for i =1:length(y) do
y(i) =0
end for
for j=1:length(z) do
if (rowptr(j + 1) —1 > rowptr(j)) then
for i = rowptr(j) : rowptr(j+ 1) — 1 do
y(colind(i)) = y(colind(i)) + val(i) * z(j)
end for
end if
end for

Algorithm 8 Diagonal of the product ATA : y = diagspAtA(val, colind, rowptr, y)

for i =1:size(A, 1) do
for j = rowptr(i) : rowptr(i+1) — 1 do
y(colind(j)) = y(colind(j)) + val(j)*
end for
end for
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Chapitre 4

INVERSION ELECTRIQUE

4.1 Introduction

Ce chapitre met en place la deuxieme méthode d’interprétation géophysique
pour la recherche de gisements miniers. Il est le prolongement du chapitre précédent,
puisqu’apres avoir mis en place un code de modélisation électrique 3D, il est naturel
de formuler une méthode d’inversion électrique. Cette méthode a fait I’'objet d'une
publication dont le titre est :“3D geostatistical electrical tomographic imaging :
principles and application for mining targets”. L’article a été soumis au mois de
février 2004 a la revue Geophysics (Boulanger et al., 2004).

Le but de l'inversion électrique est de reconstruire une distribution 3D de
résistivité a partir des mesures de potentiel électrique en utilisant différentes confi-
gurations de sources et de récepteurs. En tomographie de résistivité électrique, le
courant est injecté par un pole ou un dipdle situé en surface et/ou en forage. Le
potentiel électrique est mesuré le long des forages ou a la surface du sol avec un

pole ou un dipdle en mode tomographique. La configuration pole-pole est utilisée
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dans cet article. Le but est de cartographier la distribution de résistivité dans une
région balayée par la méthode. Plusieurs méthodes ont été publiées dans les 25
derniéres années pour inverser un ensemble de données de résistivité. Parmi celles-
ci on a : la méthode des moindres carrés, la méthode des moindres carrés amortie,
la méthode des moindres carrés amortie pondérée, la méthode du maximum a pos-
teriori, la rétro projection, la méthode SIRT, la méthode du recuit simulé et la
méthode des algorithmes génétiques. Toutes ces méthodes peuvent étre appliquées
a des données prises en surface et en forage.

Plusieurs auteurs ont testé la régularisation de Thikonov avec la dérivée premiere
ou seconde pour retrouver une solution. Cette méthode requiert la définition d’un
parametre de régularisation, le multiplicateur de Lagrange, qui équilibre la norme
du modele et l'erreur sur les données. Deux méthodes sont utilisées en ce mo-
ment pour trouver ce multiplicateur : i) la méthode empirique “L-curve” qui est
rapide mais pas toujours efficace; ii) la validation croisée généralisée (GCV) qui
est mieux établie pour les systemes surdéterminés, mais cotiteuse en temps calcul
sous la forme classique. Une variante de la méthode GCV classique, la validation
croisée généralisée stochastique, est plus rapide. Ces méthodes fonctionnent bien
quand les données sont bien distribuées tout autour de la cible avec plus de données
que de parametres. Pour des systémes sous déterminés ces méthodes sont encore
en développement. Ce type de régularisation échoue lorsque les données sont 2D
pour des corps tabulaires ou connectés. Apres plusieurs tests avec la formulation
de Thikonov, on a conclu qu’il était nécessaire de fixer les parametres le long des
forages quand les données tomographiques sont prises en configuration poéle-pole
entre deux forages. C’est le cas pour nos deux sites tests de la mine de Casa Berardi

et du dépot de Mc Connell. Une autre limitation importante de la méthode de la
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régularisation de Thikonov est qu’il n’est pas possible d’incorporer une anisotro-
pie dans la formulation pour retrouver des corps allongés. Pour cette raison, on a
sélectionné une méthode stochastique qui tient compte des corrélations entre les
parametres par le biais d’une matrice de covariance pleine. Cette méthode n’est
pas largement utilisée dans la communauté scientifique, parce qu’il est nécessaire
d’évaluer un plateau, un effet pépite et une portée pour le modele de covariance le
long des directions principales. De plus la matrice est pleine et énorme.

L’information géologique a partir de la surface et des forages est souvent dis-
ponible et peut étre utilisée pour définir un modele géologique 3D en utilisant
un systéme d’information géographique (GIS). Il est alors possible d'imposer des
gradients de résistivité entre les différentes unités lithologiques. Plusieurs auteurs
ont déja utilisé des contraintes de gradient pour améliorer les performances du
krigeage.

On propose d’inclure ici toute 'information a priori dans la fonction objective.
Les exemples d’information disponible sont : les résistivités connues le long des
forages ou ailleurs; les mesures de résistivité in situ; les gradients de résistivité
électrique ; et les limites globales sur les parametres de résistivité. La matrice de
covariance est déterminée a partir des données observées et guidée par I'information
géologique pour la zone d’investigation. On montre 1’équivalence formelle entre la
méthode du maximum a posteriori et le cokrigeage dans le cas non linéaire.

L’article est divisé en trois parties principales. La premiere partie de ’article
présente la notation et la théorie, et les méthodes utilisées pour I'estimation de la
résistivité électrique. On fait une revue rapide de la méthode du maximum a pos-
teriori et du cokrigeage, et on prouve 1'équivalence formelle dans le cas Gaussien.

La méthode pour déterminer le modele de covariance est présentée. La deuxieme
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partie de I'article consiste a tester la méthode d’'imagerie en utilisant différentes
contraintes avec des données synthétiques. La troisieme partie présente l'applica-
tion de la méthode pour les données de la mine d’or de Casa Berardi et du dépot

de nickel de Mc Connell.

4.2 Résumé

On présente une méthode de tomographie de résistivité électrique robuste
basée sur une approche géostatistique non linéaire avec de nouvelles contraintes.
Cette méthode estime un modele de covariance analytique pour les parametres
de résistivité a partir des données de potentiel. Les parametres de résistivité sont
obtenus en cokrigeant les données de potentiel électrique mesuré, les parametres
fixés le long des forages et les gradients de résistivité connus dans le sous-sol. La
modélisation est faite en utilisant une méthode intégrale. Le code est testé sur
plusieurs modeles synthétiques pour démontrer la validité de notre approche. Les
données sont collectées en configuration pole-pole dans un plan incluant les forages
émetteur et récepteur. De forts contrastes de résistivité simulant des cas réels ren-
contrés dans 'industrie miniére sont retrouvés en utilisant cette méthode. Pour les
applications réelles, 'ajustement de la matrice de covariance est aidé par 'informa-
tion géologique disponible et les cas d’études menés sur les sites. On teste le code
sur deux cas réels : la mine d’or de Casa Berardi (Québec, Canada) et le dépot de
Mc Connell (Ontario, Canada). Les géométries majeures et les résistivités sont en
accord avec l'information géologique et les études préliminaires effectuées sur les

sites.
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4.3 3D geostatistical electrical tomographic ima-
ging : principles and application for mining

targets

4.3.1 Abstract

We present a robust electrical resistivity tomography method based on a non-
linear geostatistical approach with new constraints. This method estimates an
analytical covariance model for the resistivity parameters from the potential data.
The resistivity parameters are obtained by cokriging the measured electrical po-
tential data, the fixed resistivity parameters along the boreholes and the known
resistivity gradients in the subsurface. Forward modelling is done using an integral
equation method. We test the code on various synthetic models to demonstrate
the validity of our approach. The data here is collected in the pole-pole array in a
plane including the transmitter and receiver boreholes. High resistivity contrasts
simulating real cases encountered in the mining industry are recovered using this
method. In real applications, the adjustment of the covariance matrix is aided by
available geological information and the case histories on the sites. We test the
code on two real cases : the Casa Berardi gold mine (Quebec, Canada) and the
Mec Connell deposit (Ontario,Canada). Major geometry and resistivities agree with
the available geological information and previously reported case histories on the
sites.

Key words : resistivity, cokriging, covariance estimation, fixed para-
meters, gradient constraint, 3D, Casa Berardi, Mc Connell

Short title : 3D electrical cokriging
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4.3.2 Introduction

The goal of resistivity inversion is to reconstruct the 3D resistivity distribution
from electrical potential measurements using various source-receiver configurations.
In electrical resistivity tomography, current is injected by a pole or a dipole located
at the surface and/or in boreholes. The electrical potential is measured along the
boreholes or at the ground surface with a pole or a dipole in tomographic mode.
The pole-pole configuration is used in this article. The goal is to map the resistivity
distribution in the region scanned by the method. Numerous methods have been
published in the past 25 years to invert a set of resistivity data. These are : the
least squares method (Dines et Lytle, 1981; Daily et Owen, 1991), the damped least
squares method (Inman, 1975; Petrick et al., 1977; Pelton et al., 1978; Petrick et al.,
1981; Tong et Yang, 1990; Olayinka et Yaramanci, 2000), the weighted damped
least squares method (Lytle et al., 1980; Smith et Vozoff, 1984; Daniels et Dyck,
1984; Yorkey et al., 1987; Daily et Owen, 1991; Li et Oldenburg, 1992; Kallman
et Berryman, 1992; Meju, 1992; Ramirez et al., 1993; Ellis et Oldenburg, 1994;
Narayan et al., 1994; Sasaki, 1994; Loke et Barker, 1996a; LaBrecque et al., 1996;
Borcea et al., 1996; Shi et al., 1997; Cohen-Bacrie et al., 1997; Vauhkonen et al.,
1998; Lesur et al., 1999b; Bing et Greenhalgh, 2000; Ramirez et Daily, 2001), the
mazimum a posteriori estimation method (Pous et al., 1987; Park et Van, 1991;
Zhang et al., 1995; Maillol et al., 1999), the back-projection (Wexler et al., 1985;
Noel et Xu, 1991; Shima, 1992; Santosa et Vogelius, 1990), the SIRT method (Dines
et Lytle, 1979, 1981; Brunner et al., 1999), the simulated annealing (Sen et al., 1993;
Chunduru et al., 1996) and the genetic algorithm (Chunduru et al., 1995). All these
methods can be applied to surface and borehole acquired data.

Many authors have tested the Thikonov regularization method with the first
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or second derivative to recover a solution. This method requires defining a regula-
rization parameter, the Lagrange multiplier, which balances the model norm and
the data error. Two methods are used at the present time to find the optimum
trade-off : 1) the empirical L-curve method which is fast (Hansen, 1992), but not
always efficient (Vogel, 1996) ; ii) generalized cross validation (GCV) which is more
established for over-determined systems, but is expensive in CPU time when imple-
mented in the classical form (Golub et al., 1979; Whaba, 1990; Fortier et al., 1993;
Marcotte, 1995). A variant of classical GCV, stochastic GCV, is faster (Hutchin-
son, 1990; Williams et Burrage, 1995; Golub et von Matt, 1997; Sidje et Williams,
1996). These methods work well when the data are distributed in 3D space around
the target with more data than parameters. For under-determined systems these
methods are still in development. This type of regularization fails for 2D distri-
bution of data where the body is tabular or connected between boreholes. After
numerous tests with the Thikonov formulation, we conclude that it is necessary
to fix parameters along the boreholes when the tomographic data is acquired in
pole-pole configuration between two holes, which is the case for our real test sites,
the Casa Berardi mine and the Mc Connell deposit. Another important limitation
of Thikonov regularization is that it is not possible to incorporate anisotropy in
the formulation to recover elongated bodies. For this reason, one will rather select
a stochastic method which accounts for large scale correlations between the para-
meters by means of a full covariance matrix. This method is not widely used in the
geophysical scientific community, because it is necessary to evaluate the sill, the
nugget effect and the range of the covariance model along the principal directions.
Moreover the covariance matrix is full and huge.

Geological information from the surface and from boreholes is commonly avai-
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lable and can be used to define a 3D geological model using a geographical infor-
mation system (GIS). It is then possible to impose resistivity gradients between
the different lithological units. Severals authors have already used the gradient
constraints to improve kriging performance (Chiles et Delfiner, 1999; Brochu et
Marcotte, 2003).

We propose here to include all available a priori information in the objective
function. Examples of available information are : known values of resistivity along
boreholes or elsewhere ; measurements of in-situ resistivities; electrical resistivity
gradients ; and global limits on the resistivity parameters. The covariance matrix
is determined from the observed data and guided by the available geological model
for the area under investigation. We show the formal equivalence between the
maximum a posteriori estimation method and cokriging in the non-linear case.

The paper is divided in three main parts. The first part of the paper presents
the notation and the theory and methods used for estimation of the electrical resis-
tivity. We review briefly the maximum a posteriori and the cokriging methods and
prove their formal equivalence in the Gaussian case. The method for determining
the covariance model parameters is also presented. The second part of the paper
consists of testing the imaging method using different constraints with synthetic
data. The third part presents the application of the method on survey data at the

Casa Berardi gold mine and the Mc Connell nickel deposit.
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4.3.3 Formulation
4.3.3.1 Maximum a posteriori estimation method (MAP)

The MAP estimation method stems from the theory of probability and assumes
Gaussian probability density functions f. Using the Bayes theorem (fpjq = fd—’;die),
the MAP estimation consists of maximizing the conditional probability density fa
for the model p, given the datad (parap = arg maz,{f,a}) or minimizing the nega-
tive of the exponential argument of fq < exp{—0¢(p)} (Pmap = arg miny,{¢(p)}).
The argument ¢(p) = ¢,(p) + da(p), where ¢,(p) = [p — po]"Cpop [0 — po] is the
norm of the parameters corresponding to the unconditional probability density
for the model f,, and ¢q(p) = [d — a(p)]"Co~'{d — a(p)] is the quadratic error
between the observed and calculated data corresponding to the conditional proba-
bility density fq), for the data d, given p. The unconditional probability density
fa for the data d is a multiplicative constant. The maximum likelihood method
(ML) and the least squares method (LS) correspond to parr = arg min,{¢q(p)}
and prs = arg miny{pq4(p)} with Co = I, respectively. paz and prs correspond to
the case where only the data estimate the solution. Thus when the number of data
is small, the estimation can be sensitive to error. The estimated solution gasap is
more stable because a priori information included in ¢,(p) counteract the effect of
the error in the data. A pp4p solution is given in Tarantola et Valette (1982).

For the MAP estimation method we use a model composed of M cells and N
data including Np measurements of electrical potential, Ny fixed resistivity cells
and Ng imposed gradients. Matrices and vectors are defined as :
® Cpypo is the positive-definite covariance matrix of the M parameters p with the

dimension dim(Cpyp,) = M?
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® Caody, Capap and Cgyq, are the positive semi-definite diagonal variance matrices
of the error on the measured data dy ((Cyya,)ii is & constant adjusted in (4.6)), on
the fixed parameters pp ( e.g. (Cypdp)ii = 1 (Q.m)?) and on the gradients g (e.g.
(Cayd,)is = 0.1), respectively. Cp combines the three diagonal matrices Cyody, Capdp
and Cy,d4, -

o d” = [dy7, prT,g"] where d is a vector consisting of the N observed data dy, the
Np fixed resistivities pp of certain cells and the Ng = Ng, + Ng, + Ng, known
gradients g7 = [gT gg’ gF] between two adjacent cells in the x, y and z directions.

e a(p)T = [V(p)T (Fp)T(Hp)T] is the non-linear forward modelling operator consis-
ting of V(p) for the electrical modelling, Fp for the fixed parameters and Hp for
the gradients in the x, y and z directions (HT = [HTHI HY))

e J(p)T = 8‘;—(:)T = [%})’”TFT HT] is the Jacobian matrix consisting of the first
derivatives with respect to p of V(p), Fp and Hp, respectively. All the coefficients
of F' have the value 1 when the cell is fixed and 0 elsewhere. All the coefficients
of H have the value -1 and 1 where the gradient is known between two cells and
0 elsewhere. Matrix dimensions are dim(g‘%) = NxM, dim(F) = NpxM, and
dim(H) = NgxM.

e positivity of p is imposed during the inversion by cutting out resistivities beyond

the global limits [pmin, Pmaz]-

Tarantola et Valette (1982) proposed a formulation of stochastic inversion for a
nonlinear problem by generalizing the solution of a linear problem (Franklin, 1970;

Jordan et Franklin, 1971). By noting Ji = J(pr), the MAP solution is iteratively
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obtained using the relation :
i1 = o+ Coopo i [Jk CoopoJic + Col ' [d — alpr) + Jk(pr — po)] (4.1)

The solution of (4.1) is obtained by preconditioned conjugate gradient least
squares PCCGLS (see appendix 4.4.3). The a posteriori covariance matrix for the

estimated parameters is written as :
Cos = Coopo — Coopo i [k CoopoJic +Col ™" Ik Coopo (4.2)

4.3.3.2 Estimation of the parameter covariance matrix

For solving equations (4.1) and (4.2) and, later (4.8), (4.11) and (4.12) the
parameter covariance matrix needs to be estimated. The parameter covariance
model must be estimated from the available potential data. By linearizing the

forward model we have, at iteration k, the first order approximation :

V(pr) = V(po) + Ji dpi + R(po, bp1) (4.3)

with 8px = pr — po, Je = J(pr) = 3—‘/;,)(,’)1) and d = dp and where R(pg, 6pz) is a
residual term expected to be small.
The error e between the noise-free data V() and the mesured data dy is given
by
do=V(px) +e (4.4)

e includes the contribution of the residual terms R(pg,8px). Two assumptions

are made. First the error has zero mean, i.e. Ele] = 0, and are not correlated,
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i.e. cov(e;, e;) = 0 for ¢ # j. Second, there is no correlation between the modelled
data and the error such that cov(V(px),e) = 0. Expressing dd* = dy — V(pp) =

do — V(pi) + Ji 8px, we have a linear first order relation between dd* and 6py
od* = Ji ka +e (4.5)

The search of the solution is done around a mean value of the resistivity go at
iteration k = 0, such as that the mathematical expectation of 8d°® is null. Taking
po as the apparent resistivity p,, we often obtain E[§d°] = E[Jy 8pp + €] = 0. If
E[8d°)] # 0, then we can calculate dpy = Zil(zzfij) and 8d° = Jodpo. Then
we update *Dgd0 = M§d0 + §d° and “*+Vpy = @ pg + dpg. Others methods can

be used to estimate the mean value pg.

Writing E[(6d*) (6d*)T] = E[(Jy bpr + €)(Jix Spr + €)T] with E[dpy '] =
E[épT €] = 0, we obtain a relation between the covariance matrix of the mesured
data C%, = E[(6d*) (6d*)T], the covariance matrix of the parameters C:fopo =
E[6pr dpr”] and the covariance matrix of the error Cgoq, = Ele €’] corresponding

to the nugget effect of the mesured data, then :
Chi = Ji CE o k" + Codo (4.6)

Note that this matrix is not diagonal and not singular. In addition, we take
Covmw = Coope 2s a constant matrix for all iterations, because its evaluation is
done before starting the inversion scheme. The covariance matrix Cpyp, is calcu-
lated from an admissible model (spherical, exponential, Gaussian) with a null or
quasi-null correlation at infinity (Deutsch et Journel, 1998). The evaluation of the

three ranges a,, ay, a. along the principal directions (after a suitable rotation of
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the coordinate system), the sill and the nugget effect (Cgpd,) of the measured data
is done by comparing the theoretical covariance C% = Jo Cpopo Jo! + Capdy and
experimental covariance Cgg = (6d°) (6d°)” matrices (Asli et al., 2000). The ad-
justment between the two matrices is done manually with the following steps :

i) calculate the matrices C9; and Cgg” ;

ii) transform both matrices into vectors v** and v ;

iii) sort ¥ in decreasing order and apply the same ordering to v ;

iv) bin the vectors v** and v®*Pin Nigg lags and compute the mean for each lag
2

N}
. . _thr N, =R . . _ .
with the relations 9[j] = S e 5 V] for j = 1, Njgg and 0°%P[j] =
P i=1+(j—1)x 52
) lag
. N
Nlag ’L_J*Nlag

, VP[] for j =1, Njgg;

N2 . N
P Tim14 G-

v) Minimize the error for each lag with the relation err[j] = 9™ [j] — v°*?[j]. We

present #** and 9°%P as a function of the lag index j for Ny, = 100.

As the electrical inverse method is non linear, the adjustment between Cgz”
and CY; is not always well resolved. It is important to well adjust the beginning
of the curve C; and Cg3’, because the correlation between cells is maximum for
small lags. The nugget effect helps to stabilize the cokriging system and smooths
the solution when the data are noisy. It is useful to use the geological knowledge
of the investigated site to improve the adjustment of the parameters or to fix some
parameters a priori. The search for the background resistivity pg can be delicate
when the body is not intersected by the holes. In this case the user must find a

curve CY; with a decreasing behavior for the small lags.
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4.3.3.3 Cokriging

The cokriging estimator consists of a linear combination of the observed data :
0prs1 = AxT 8d* where dim(Ag) = NxM. The weights Ax” are determined so as
to minimize the estimation variance L(pg+1;A) = E[(pr+1 — Pr+1) (Pr+1 — Pr41)T] =
E6pr+1 5P£+1] — E6pr+1 513{.;.1] — E[8pr+1 5P{+1] + E[bpr+1 5.5{+1]' The optimal

weights are obtained upon differentiation of L(pg+1; Ag) with respect to Ay :
L(Pr+1: Ak) = Coopo — Chog M — A" Chpy + Ak™ Cly A (4.7)

with pg+1 = po+0pk+1 the true resistivities and pry1 = po+6Pr+1 the estimated
resistivities. pgq1 and 8dF are principal and secondary variable, respectively. With
the cross covariance C§, = Ji Cpopy: J& = J(p1) = Q‘—’% and d = dp, the mini-

%%%m—") = 0, yields the solution of the

mization of L(pg41;Ax), that is setting
simple cokriging at iteration k+ 1 (Journel et Huijbregts, 1978; Chiles et Delfiner,

1999)
Ck A =C
# (4.8)
Sprs1 = A" 6d"

As long as the matrix C%,; is non-singular, the number of data can be signifi-
cantly less than the number of parameters without affecting stability of cokriging
estimates. New measurements provide additional information which may modify
our original estimate. In the event that the matrix Jj C':fopo JiT is singular, a
numerically stable solution is guaranteed when Cgyq, > 0. This condition should
usually be met in practice as Cgyq, includes both measurement error and the effect

of neglected higher order terms in the linear approximation (4.3). If Cgp4, = O,

then Jg C:fopo Ji T must be non-singular (Luenberger, 1969). Combining equation
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(4.6) and (4.8), we obtain :

1 = Po + Coopo J&" [JkCoopmdk” + Caoao) ™" [do — V(o) + Ji(px — po)]  (4.9)

Equation (4.9) corresponds to dual cokriging and is identical to (4.1) when
d = dp. The cokriging variance of the estimated parameters g is identical to (4.2)
and is written L(pg+1;Ax) = Cpp = Cpgpo — AkTC,;‘po. Although the maximum a
posteriori estimation method and the cokriging method are equivalent, the first one
requires specifying a Gaussian distribution for every variable whereas the second
one does not.

Including constraints is straightforward. For the fixed parameters, we have for
each considered block dpp = pr—F pg. For the discreet gradient §g = g—H pg. The
estimation variance L(pPg+1; Ak, 0k, Bx) is minimized with respect to the weights Ay,

oy and By where :

L(ﬁk+1;Ak, Qk, Br) = Cpopo - C::.,d A — CpoPF Q) — Cpog B
- AkTCgpo ~ " Cprpo — B Copo
+ AT Ch A+ AT CEL e + AT CE B (4.10)

T ik T T
+ar Cpg Ay +ar” Cpppp o + 0o Cprg B

+ BT Coy Mt + Bi” Copp i + Bi” Coq Br
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The simple cokriging solution at iteration k + 1 is given by :

ct, o, bl [a] [en,

dpr

k —
Cppd CPFPF Cng Qg Cpppo

C:d Cypp ng B Cgpo

6pr+1 = A" 8d* + oy” bpr + B 69

(4.11)

with pr+1 = po + 6Pr+1. The cokriging variance of the estimated parameters is
written as L(pk4+1; Ak, , Br) = Cpopo — AkTCfpo — " Choppo — Bk Cope.-

The covariance matrices for equation (4.11) are given by :
8 Cprpo = F Cpyp, are the Np lines of the matrix Cpyp,
e C"pr = C%,, FT are the Np columns of the matrix G’fpo = Ji Cpopo (we have
Cgpd = Ct’ipFT)
@ Corpr = F Cpypy FT + Capdp is the Np x Np matrix extracted from the matrix
Coopo- Capdr is the variance matrix of the error on the fixed parameters pgp
e Cypo = H Cpyp, are the N differences between two lines of the matrix Cpypy
where a gradient is known
e Copp = H Cpypy F7 is the Ng x Np matrix extracted from the matrix Cpopy ( We
have Cypp = Cppg”)
o Ck = H Cpypy Ji” is the Ng x N matrix extracted from the matrix CpopyJi (
we have Ciy = C§T)
o Cyg = H Cpypy H' + Cyyq, is the Ng x Ng matrix extracted from the matrix

Chopo- Cd,d, is the variance matrix of the error on the gradients g

Solution (4.11), obtained by preconditioned conjugate gradient least squares

PCCGLS (see appendix 4.4.3) or a LU decomposition, can be written in dual
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cokriging form as

-1

cy ot ok st

dpr
Prs1 = o+ [Cng Corpo” CgpoT] C;f,ad Coror  Cprg dpr (4.12)
C:d Copr  Cag og

We note that Equations (4.1) and (4.12) are identical.

4.3.3.4 Optimal step

For the optimal step we have evaluated two methods :

Backtracking method : When the solution is obtained by PCCGLS, we have
Pr+1 = Po + 6Pk+1. We deduce the increment 8f41 at the iteration £+ 1. However,
selecting the increment 8pg4+; does not necessarily improve the objective function
¢q(Pr+1). A linear search is done by weighting the increment, then pgi1 = po +
X\ 6pg+1. The function ¢4(pr+1) is calculated for prys by reducing the coefficient
)\, initially equal to 1, by a factor a € [2,10] until A € [107%,107?] or until the
solution is satisfactory (Dennis et Schnabel, 1996; Nocedal et Wright, 2000).

Golden section method : Another method to choose A is the golden section
method (Culioli, 1994; Bertsekas, 1995) which leads to a better estimation of A
at an increased cost in computation time. This method cuts the interval [0,1]
for the values of X in several intervals and calculates the function ¢4(Pg+1) in
each interval. Research of the optimum step A continues in the interval where
the function ¢g(pg4+1) is minimum by subdividing this one until the number of
maximum subdivision is reached (see appendix 4.4.4).

For the two methods, the cokriging variance of the estimated parameters is

updated as L' (Pr+15 Ak, @y Bi) = Cpogo + (20 = X%) [L(Prt1; Ay @ity Br) — Coopol.
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After a few tests the Golden section method was observed to be more efficient

and was selected for the inversion scheme.

4.3.3.5 Convergence criterion

Different criteria are selected to stop the inversion process :
1) when the functional ¢(p) reaches a sill or diverges;
ii) after a maximum number of iterations;

iii) if the parameter model pg4; is stationary (Gill et al., 1981) by using the rela-

tion :
pers = i < tolerance (4.13)
maz(||pe+1l], [1pl])
where || - || denotes the Euclidian norm.

4.3.3.6 Forward modelling and sensitivity matrix

The forward modelling of the electrical potential is done by an integral equa-

tion using charge density (Boulanger et Chouteau, 2004). The calculation of the

BV(p)

sensitivity matrix is estimated with

oV (re,1s)
Opi jk 47Pz gk

j/ VG rﬂ"j’k7 rr) Vv(rﬁ ],ks 'rs)d'U (4: 14.)
z J.k

where G(rijk,7r) is the Green function given by G(rijk,7r) = ‘_TH +

|Tz N

s With [rige — 7ol = (20— 20)? + (5 — 90> + (2 — 2)") Y2 and [rigp — 7] =
(5 — z)* + (y; — vr)? + (2 + 2,)2)Y2 1y, 75 and 74 are the distances of the
source, the receiver and the cell (¢, 7, k) from the origin of the cartesian coordinate

system. 7, is the mirror image of the point r, across the ground-air interface. The

sensitivity for a cell (i, 7, k) is thus the scalar product of the electric field resulting
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from the source point r; and the gradient of the Green function resulting from
the receiving point r,, calculated at the point 7; j ;. The method requires only the

calculation of the electric field at the source point.

4.3.4 Modelled data

For all tests with the synthetic data the subsurface is divided into 12 x 12 x
11 = 1584 cubic cells with 20 m sides. The noise-free data are calculated in pole-
pole configuration with 20 transmitters and 20 receivers in tomographic mode.
The synthetic model and the cokriging result are presented in cross sections at the
coordinates X =0 m, Y =0 m and Z = 70 m (for the conducting prism model)
or Z =90 m (for the conducting prism body intersected by two holes model and

the two conducting prisms models).

4.3.4.1 The conducting prism

The inversion program is tested with a conducting prism of resistivity 10 Q.m
hosted in a background of 1000 Q.m (see Figure 4.1). The initial model resistivity
for the cokriging corresponds to the average apparent resistivity of 1054 Q2.m. Fi-
gure 4.2 shows the cokriging result after 2 iterations, when no parameters are fixed
along the boreholes. The body is correctly located with a spreading between the
two boreholes caused by the 2D nature of the measured data. This configuration
has good resolution only in the vertical direction. The high sensitivity along the
boreholes also contribute in generating low resistivities and artifacts at the trans-
mitter and receiver positions. The resistivity of the conducting prism approaches
400 Q2.m instead of 10 {2.m. Figure 4.3 shows the cokriging result after 2 iterations

when resistivity values of 1000 Q2.m are fixed for cells along the boreholes. The
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body is correctly located and better resolved with the same resistivity estimate.
Figure 4.4 shows the cokriging result after 2 iterations when resistivity values of
1000 Q.m are fixed for cells along the boreholes and the known gradients are fixed
around the body. The body is well located and well resolved with the correct re-
sistivity of 10 Q.m. Figure 4.5 shows the adjustment of the covariance matrix Cy;
obtained from the modelled data. We used a, = 80m, a, = 80m, a, = 80m,
sill = 5 % 105 (Q.m)?, azimuth = 0°, dip = 0° and plunge = 0° with a spherical
model for the parameters of the covariance matrix Cpyp, and Cgpgy = 6% 1072 Volt?.
The background resistivity is chosen to be pg = 1150 Q.m to fit the covariance
model. The fit between the theoretical and the experimental covariances is well
resolved at small lags. In this example the adjustment of the covariance was not
always easy because the high sensitivity along the holes influences the theoretical
covariance CY;. Instead of decreasing the experimental covariance curve can oscil-
late for small lags and decrease for large lags. Increasing or decreasing pg suppresses
the oscillations. Figure 4.5 shows that in some cases it is necessary to use a priori
information from geological data and borehole resistivity data, if available, to best
estimate the parameters of the covariance matrix Cpyp, Or to fix some parameter

a priori.

4.3.4.2 Conducting prism intersected by two holes

A conducting body of resistivity 10 {2.m is hosted in a homogeneous medium
of 1000 2.m (see Figure 4.6). The initial model resistivity for the cokriging cor-
responds to the average apparent resistivity of 1103 Q.m. Figure 4.7 shows the
cokriging result after 2 iterations when resistivity values of 1000 {2.m and 10 {2.m

are fixed along the boreholes. The geometry of the body and the conductivity are
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Figure 4.1: Model composed of a conducting

prism of 10 Q2.m hosted in a background of

1000 Q.m. Transmitter and receiver are pre-
sented by a star and a circle, respectively.
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Figure 4.2: Cokriging result without
constraints on the model presented at

’ the figure 4.1 after 2 iterations.
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Figure 4.3: Cokriging result with fixed resis-
tivity along the boreholes of the model pre-
sented at the figure 4.1 after 2 iterations.
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Figure 4.4: Cokriging result with fixed resis-
tivity along the boreholes and fixed gradients
. around the conducting body of the model
. presented at the figure 4.1 after 2 iterations.
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Figure 4.5: Fit of the covariance matrix C3; from

the synthetic data of the model presented at the

figure 4.1. Spherical covariance model parameters
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well resolved.

Figure 4.8 shows the cokriging result after 2 iterations when resistivity values
of 1000 2.m and 10 Q.m are fixed along the boreholes and the known gradients
are fixed around the body. The body is correctly located and identified with a
resistivity of 10 Q.m. Figure 4.9 shows the fit of the model covariance matrix
CY;. The experimental covariance Cagg’ oscillates around C; and presents a nugget
effect except at the first lag. We used a, = 300m, a, = 80m, a, = 80m, sill =
105 (2.m)?, azimuth = 0°, dip = 0° and plunge = 0° in a spherical model for
the covariance matrix Cpyp, and Cgydy = 5 Volt?. The background resistivity was

chosen as pp = 1103 2.m to fit the covariance model.

4.3.4.3 Two conducting prisms

Another simple case consists of two conducting prisms of resistivity 10 .m
intersected by the boreholes in a host medium of 1000 2.m (see Figure 4.10).
The initial model resistivity for the cokriging corresponds to the average apparent
resistivity of 702 2.m. Figure 4.11 shows the cokriging result after 2 iterations
when resistivities of 1000 Q2.m and 10 {l.m are fixed along the boreholes. The
geometry of the two bodies and the conductivity are well resolved. Figure 4.12
shows the cokriging result after 2 iterations when resistivities of 1000 {2.m and
10 2.m are fixed along the boreholes and the gradients are fixed around the body.
The body is correctly identified and best identified with a resistivity of 10 Q.m.
Figure 4.13 shows the fit of the model covariance matrix Cg;. As in the previous
case, the experimental covariance Coy’ oscillates around CY; and presents a nugget
effect except at the first lag. We used a, = 80m, ay, = 80m, a, = 80m, sill =

13%10° (£2.m)?, azimuth = 0°, dip = 0° and plunge = 0° in a spherical model for
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the covariance matrix Cpypy and Cgde = 2 Volt?. The background resistivity was

chosen to be pg = 702 .m to fit the covariance model.

4.3.5 Application to survey data
4.3.5.1 Casa Berardi mine

Geological context and geometry of the boreholes

The Casa Berardi gold mine is located within the Abitibi Greenstone Belt in the
north-western part of Quebec. The region consists of metavolcanic and metasedi-
mentary rocks. Gold mineralization consists of quartz-dolomite-pyrite-arsenopyrite
veins hosted in shear zones, quartz-vein stockworks within silicified host rocks, and
disseminated sulfides within fractured host rocks. These different mineralized sys-
tems develop in volcanoplastic-pyroclastic units near contacts with sedimentary
rocks (Pilote et al., 1990; Spitzer et Chouteau, 2003).

For the interpretation of electrical resistivity at the Casa Berardi mine we used
a priori geological information inferred from drilling and the geophysical inter-
pretation of Spitzer et Chouteau (1997, 2003) who used successive forward 3D
modelling. Figure 4.14 shows the major simplified lithological characteristics of
the site. The auriferous zone is intersected by the two boreholes BH 79652 and BH
79651. Tuffs are found to the south of the auriferous zone and metasediments are
encountered to the north. The overburden consists of glacial deposits. Its thickness
is approximatively 20-30 m.

The azimuth of the two boreholes is N0O°. The holes dip at about 45° (see
Figure 4.14). Electrical potential was measured in pole-pole configuration with 17

transmitters in hole BH 79652 and 24 receivers in hole BH 79651. Figure 4.15
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Figure 4.11: Cokriging result with fixed resis-
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sented at the figure 4.10 after 2 iterations.
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Figure 4.14: Geometry and geology at Casa Berardi.

shows measured apparent resistivity plots. The main feature is the huge increase

in apparent resistivity (10000 §2.m) for deep transmitter /receiver positions.

Cokriging result

Geological information and the electrical forward modelling done by Spitzer
et Chouteau (2003) indicate that the tuffs are conductive and the metasediments
are highly resistive. The ore body is moderately resistive and the overburden is

conductive. In Figure 4.16a we present the sensitivity distribution displayed in
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terms of the logarithmic cumulative sensitivity for all source-receiver positions
(®; = szlvp l(%%(oﬂ)ijl; j =1, M). The figure indicates that low sensitivity regions
are not important in physical and geological interpretations. In Figure 4.16b, we
present the result of the cokriging for the section at Y = —1Im. For the inversion
we use 29x16x21 cubic cells having 15 m sides. The resistivities are constrained
to be within the interval [0,40000] Q2.m. Figure 4.17 shows the adjustment of the
matrix covariance ng for the data presented in Figure 4.15. We use a, = 150m,
a, = 400m, a, = 140m , sill = 7% 107 (Q2.m)?, azimuth = 0°, dip = 0° and
plunge = 0° in a spherical model for the parameters of the covariance matrix Cpypy
and Cgg, = 5 Volt?. The background resistivity is chosen to be g = 1300 Q.m
to fit the covariance model. Fixed parameters are used along the boreholes with
resistivity values inspired by the forward model of Spitzer et Chouteau (2003).
Major lithological characteristics agree with the results of Spitzer et Chouteau
(2003). Metasediments have a very high resistivity of 40000 Q.m and tuffs are

conductive.

4.3.5.2 Mc Connell deposit

Geological context and geometry of the boreholes

Surveys were done at the Mc Connell nickel deposit near Sudbury (Ontario,
Canada) to assess the potential of the borehole electrical method in delineating
massive sulphides. The McConnell deposit is a small tabular body steeply dipping
to the south with a lateral extension of 150 m. It is intersected by three boreholes
BH 78929, BH 78930 and BH 80578 (see Figure 4.18). Metavolcanics are found
to the south and norites are encountered to the north. The overburden thickness

is approximatively 20 m. The three boreholes have an azimuth of 0°N and dip
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48° to 80° N. Electrical potential was measured in pole-pole configuration with 13
transmitters in hole BH 78929 and 14 receivers in hole BH 78930 for the first data
set (Figure 4.19) and with 14 transmitters in hole BH 78930 and 32 receivers in
hole BH 80578 for the second data set (Figure 4.20). Resistivity logging is available
for the three holes (Killeen et al., 1996) and is used to fix the parameters along
the boreholes.

Cokriging result

Figure 4.21a presents the result of the cokriging for the section at Y=0 m.
For the inversion we use 21x10x35 cubic cells having 10 m sides. The resistivities
are constrained to be in the interval [0,30000] 2.m. In Figure 4.21b we present the
sensitivity distribution displayed in terms of the logarithmic cumulative sensitivity
for all the source-receiver positions (®; = S /=1 1(%%1; j=1,M). Figure 4.22
shows the adjustment of the matrix covariance CY; for the data presented in Fi-
gures 4.19 and 4.20. We used a, = 150m, a,, = 60m, a, = 500m, sill = 105 (Q..m)?,
azimuth = —90°, dip = 17° and plunge = 0° in a spherical model for the cova-
riance matrix Cpypy and Cgdy = 0.5 Volt?. The background resistivity is chosen
to be pg = 1200 Q.m to fit the covariance model. These covariance parameters
are constrained using geological information available on the Mc Connell deposit
(Killeen et al., 1996). Fixed parameters are used along the boreholes. Major litho-
logical characteristics agree with the geological model. The massive sulfide is well
located with respect to the proposed geological model. This conducting body is not
completely connected between the three holes as shown in Figure 4.18. Around the
x-interval [0,80]m and z-interval [110,170] m, a highly conductive body corresponds

to a low sensitivity region and is an artifact.
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4.4 Discussion and conclusions

We propose estimating the electrical resistivity using a geostatistical formula-
tion which takes into account the correlations between the parameters (cell resis-
tivities) by means of a full covariance matrix. Obtaining a good fit between the
theoretical and experimental covariances is sometimes challenging. Nevertheless, it
is possible to obtain at least crude estimates of the sill and the ranges along princi-
pal geological directions. It is also possible to validate prior estimates deduced from
geological knowledge. Note that cokriging results are relatively robust to moderate
misspecification of the covariance function. The sill controls the magnitude of the
difference between cokriging estimates without modifying the general picture. On
the other hand, the ranges influence the smoothness of the interpolation. Howe-
ver, we verified that increasing or decreasing the range of the covariance function
by a factor as large as 50 % had only small impact on the image produced. The
geological interpretation that could be drawn from the inversion did not change
significantly.

The cokriging solution can be solved in primal form which gives access to the
estimation variance or in the dual form using the preconditionned conjugate gra-
dient (PCCGLS) or LU decomposition. PCCGLS and LU are two stable numerical
methods.

The program is tested on synthetic data and the solution generally converges
rapidly. When the body is not intersected the solution is less well defined due to
high sensitivity along the holes and low sensitivity between them. Many authors
used ad hoc weights to desensitize the cells along the holes without providing a

physical justification. In our case the sill in the model covariance compensates for
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the low sensitivity between the holes and finds bodies of high resistivity contrast.
However the high sensitivity close to the transmitters and the receivers can pose
problems when modelling the theoretical covariance. When the bodies are connec-
ted between the holes or located along the holes the solution is more precise and
better results are obtained with high resistivity contrasts. The incorporation of
the resistivity gradients in the three directions improves considerably the solution.
The use of gradient constraints is new in electrical tomographic imaging and can
be useful in the mining industry if 3D geological model can be built with a GIS.
Gradient constraints can also be applied in other fields such as in geotechnical
problems where there is better geometrical knowledge on the sites.

A method is said to be ill-posed if a small perturbation in the data corresponds
to an arbitrarily large perturbation in the solution. In real applications, noise in
the data contributes to larger nugget effects which, in turn, contribute to making
the data covariance matrix nonsingular. Cokriging is then stable (well-posed) and
a smooth solution is obtained. In two case studies, the Casa Berardi gold mine and
the Mc Connell deposits, cokriging succeeds in delineating mining targets when
the resistivity along the holes is fixed as a measured data. The solutions agree well
with the known geology. Although all the results presented are in 2D tomographic
mode, the code is designed for the 3D case with electrical potential data located

arbitrary at the surface and along the boreholes.
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4.4.3 Appendix : Preconditioned conjugate gradient least
squares (PCCGLS)

The solution of a linear system Az = b by the conjugate gradient least squares
method is equivalent to a pseudo inverse solution (Hestenes, 1975). Preconditio-
ning can increase the convergence (Bjorck, 1996), in this article we choose the
preconditioning matrix S as S = diag(A). Before preconditioning, the matrix A
is scaled with the diagonal matrix Ay = diag(A). The scaled system is written

A s = by with Ay = Agl/QAAgl/Q, v = Ad—l/axs and b, = A;”Qb.

Algorithm 9 PCCGLS : Preconditioned conjugate gradient least squares (Hestenes,
1975; Bjorck, 1996). Resolution of the linear system Az = b.

r#0

r=b-— Az

d=s5=8S"T(ATr)

Snew = L

for i=1,2,3,... do
t=S"1d
g=At
a = dngw
r=z+at
r=r-—aq
s=S8"T(ATy)
6old = 6new
Onew = sTs
o=
d=s+p0d
if {21l < ¢ then

break

end if

end for
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4.4.4 Appendix : Golden section method

Algorithm 10 Golden section method (function val=goldensection(a,b,n))

gamma = 1/((1 + sqrt(5))/2)
zl=a
z4=10
22 = 24 — gamma * (z4 — z1)
3 = z1 4+ gamma * (z4 — z1)

f1=f(z1)
f2=f(x2)
f3=f(x3)
fa=f(z4)

for k=(n—1):—1:2do
if (f1<72)&(f2<f3)& (f3< f4) then

T4 =22
fa=f2
z2 = 24 — gamma * (z4 — z1)
f2=f(z2)
z3 = z1 + gamma * (z4 — z1)
f3=f(x3)

else if (f1> f2) & (f2 < f3) & (f3 < f4) then
x4 =23
fa=f3
z3 = 22
f3=f2
z2 = 24 — gamma * (x4 — z1)
f2 = f(x2)

else if (f1 > f2) & (f2> f3) & (f3 < f4) then
zl =22
fl=17f2
2 =123
f2=173
z3 = z1 + gamma * (z4 — z1)
f3=f(z3)

else if (f1 > f2) & (f2 > f3) & (f3 > f4) then
zl=2z3
f1=f3
z2 = 24 — gamma * (x4 — z1)
f2 = f(x2)
z3 = z1 + gamma * (z4 — z1)
13 = f(x3)

end if

end for

val = 0.5 % (z1 + z4)

The golden section search the minimum of the function f between the interval
[a,b] in n iterations (Culioli, 1994). The minimum of the function f(val) is found

for the value val € [a,b]. If the function f is time consuming we can evaluate

f(z) at the positions z = {a,a + €,a + (b;a),a -+ 2*(2_a),b —¢€,b} with € ~ 0.01 to
’ interpolate it by a spline function s(z) (Press et al., 1992). We use now s(z) in the
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algorithm 10 instead of f(z) to find the minimum of s(z).



201

Chapitre 5

DISCUSSION GENERALE ET
SYNTHESE DE L’ETUDE

Dans le cadre de cette these deux types d’imageries ont été développées pour
I'exploration minérale, I'une en gravimétrie et ’autre en résistivité électrique. Nous
avons mis en place plusieurs codes permettant de modéliser et d’inverser le champ
gravimétrique et le potentiel électrique. Ces deux méthodes d’imagerie permettent
de localiser des cibles potentielles pour l'industrie minérale. Cette synthese présente
les conclusions attachées aux méthodes développées dans cette these, a savoir les
avantages et les inconvénients concernant : (1) la modélisation et I'inversion gra-

vimétrique; (2) la modélisation électrique et ; (3) l'inversion électrique.

5.1 Modélisation et inversion gravimétrique

L’inversion gravimétrique 3D utilisant le critere de distance minimum comme

proposé par Green (1975) et formulée avec une fonction de Lagrange fournit un
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code flexible qui permet d’inclure les contraintes de minimum de courbure, de

rugosité et de volume minimum. Les conclusions suivantes ont été dégagées :

|

I

Le code nous permet d’investiguer différentes approches pour trouver une
solution acceptable.

Différentes puissances du facteur de pondération en fonction de la profon-
deur ont été analysées pour mieux comprendre le résultat d'une inversion et
d’éviter de concentrer la solution a la surface ou en profondeur. Dans chaque
cas (3 doit se trouver dans U'intervalle [0.5, 1]. On suggeére une sélection stan-
dard de 8 = 0.8 pour le multi grille et § = 0.9 pour les autres contraintes.
La technique du multi grille fournit rapidement une bonne approximation
de la structure de la densité, mais elle ne peut étre combinée avec d’autres
contraintes ; Deux facteurs interviennent : (i) le transfert inter grille inclut
déja la contrainte de volume minimum; (ii) la contrainte de courbure mini-
mum a besoin d’un nombre suffisant de cellules pour étre efficace.

Un bon contraste de densité peut étre obtenu pour chaque méthode, mais la
géométrie n’est jamais entierement restituée.

La meilleure combinaison de contraintes semble étre, du moins pour notre
étude, la courbure minimum couplée avec le volume minimum.

En analysant le noyau, nous avons trouvé que les coefficients de sensibilité
décrivent une symétrie par rapport a 'axe z. Cette symétrie nous permet de
minimiser la taille de la matrice de sensibilité.

Une simple relation analytique est formulée a partir du noyau d’'une sphere
pour nous assister dans la définition du domaine discrétisé.

Le code nécessite seulement un estimé de la densité du milieu encaissant.

Des contraintes locales peuvent étre inclues en fixant certaines cellules.
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— Des bornes de densité peuvent aussi s’ajouter pour limiter les contrastes de
densité.

— Une pondération, fonction de la profondeur de chaque cellule, est toujours
recommandée.

— La solution par défaut est la distance minimum. Cette méthode, en conjonc-
tion avec la technique de multi grille et la courbure minimum, peut améliorer
la solution pour les densités variant graduellement d’un point & un autre, sou-
vent présentes en exploration pétroliere.

— La méthode utilisant la contrainte de volume minimum (compacité) est par-
ticulierement adaptée pour les forts contrastes de densité, comme c’est le cas
dans les investigations archéologiques et géotechniques pour la détection de
cavités ou pour les sites de sulfures massifs.

— Les contraintes de minimum de courbure et de volume minimum peuvent étre
la meilleure combinaison pour ’exploration minérale qui tente de détecter une
combinaison de forts contrastes de densité pour des petits corps et de faibles

contrastes de densité pour les grands corps (géologie du milieu encaissant).

5.2 Modélisation électrique

Un code de modélisation électrique formulé a partir de la méthode intégrale
permet le calcul du potentiel partout dans l'espace sans le besoin d’interpoler
celui-ci entre les noeuds. Le calcul de la densité de charge est obtenu en résolvant
un systéme linéaire. Pour une variété de configurations et différents modeles de
conductivité, la mise a jour du systéme linéaire est rapide. Le calcul des densités

de charge est validé avec un modele tabulaire & deux couches. Les conclusions
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suivantes ont été dégagées :

— Le potentiel obtenu par la méthode intégrale est comparé avec des solutions
analytiques et des solutions numériques obtenues par différences finies pour
un milieu tabulaire et un contact vertical. Les deux méthodes numériques
offrent des résultats satisfaisants. Cependant, la méthode intégrale reste la
plus précise autour du point source et en périphérie du domaine.

— Pour stocker le systeme linéaire, la taille de la matrice est réduite avec une
méthode de compression pyramidale. Un seuil fixe est donné pour compresser
la matrice originale.

— La résolution du systéme linéaire non symétrique est faite avec la méthode
du gradient biconjugué stabilisé (1) avec 1=2. Cette méthode semble pour
Iinstant étre la plus performante.

— Le calcul de la sensibilité basé sur la formulation intégrale requiert deux
fois moins de calculs, que celle basée sur I'équation adjointe qui nécessite de
calculer deux modélisations directes pour évaluer les densités de courant aux
points source et récepteur.

— On montre la distribution et les amplitudes des sensibilités calculées pour un
modele tabulaire et un contact vertical. On peut remarquer les différences
entre les deux méthodes de calcul de la sensibilité en examinant la ligne de

sensibilité nulle.

1 1

— La sensibilité calculée avec la fonction de Green G(r;,7;) = el e
1T i—Ty

offre de meilleurs résultats.
— Le calcul des composantes du champ électrique en un point donné est obtenu
par la sommation de toutes les densités de charge multipliées par une intégrale

de surface. Cette méthode est satisfaisante lorsque le domaine n’est pas trop
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large.

— Une deuxiéme méthode de calcul du champ électrique consiste a tirer avan-
tage du systeme linéaire compressé pour obtenir rapidement et simultanément
les trois composantes du champ électrique aux interfaces des prismes. Les
trois composantes sont interpolées avec une méthode de spline cubique pour

produire un estimé du champ électrique au centre des prismes.

5.3 Inversion électrique

On propose d’estimer la distribution des résistivités électriques en utilisant une
formulation géostatistique qui tient compte des corrélations entre les parametres
(résistivité des cellules) par le biais d’'une matrice de covariance pleine. Les conclu-
sions suivantes ont été dégagées :

— Obtenir un bon ajustement entre les covariances théoriques et expérimentales
peut parfois étre difficile. Cependant il est possible d’obtenir un estimé du pla-
teau et des portées le long des directions principales géologiques. Il est aussi
possible de valider un modele a priori déduit des connaissances géologiques.

— On note que les résultats sont relativement robustes pour une légere imperfec-
tion du modele de covariance. Le plateau controle les contrastes de résistivité
cokrigés, par rapport a une valeur moyenne, sans modifier ’allure générale.
Par contre, les portées influencent le lissage de 'interpolation.

— On a vérifié qu’augmenter ou décroitre la portée de la fonction de covariance
par un facteur aussi large que 50% a un faible impact sur l'image produite.
L’interprétation géologique qui peut étre déduite a partir d’une inversion ne

change pas significativement.
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— La solution du cokrigeage peut étre résolue sous la forme primale, donnant
acces a la variance de krigeage, ou sous la forme duale.

— Le programme est testé sur des données synthétiques et la solution converge
généralement rapidement.

— Quand le corps n’est pas intersecté par un forage la solution est moins bien
définie a cause de la forte sensibilité le long des forages et de la faible sensi-
bilité entre ceux-¢i.

— Le modele de covariance compense pour les faibles sensibilités entre les fo-
rages et peut trouver des milieux présentant de forts contrastes de résistivité.

— La forte sensibilité le long des forages peut poser des problemes pour modéliser
la matrice de covariance théorique.

— Quand les corps sont connectés entre les forages la solution est plus précise
et de meilleurs résultats sont obtenus avec de forts contrastes.

— L’incorporation des gradients de résistivité dans les trois directions améliore
considérablement la solution. L’utilisation des gradients comme contrainte est
nouvelle en tomographie électrique et peut étre utile dans l'industrie miniere
si un modele géologique peut étre construit avec un systéme d’information
géographique (GIS).

-~ Une méthode d’inversion est dite mal posée si a une petite perturbation
dans les données correspond a une large perturbation dans la solution. Dans
les applications réelles, le bruit dans les données contribue a un effet pépite
qui lui-méme contribue a rendre la matrice de covariance non singuliere. Le
cokrigeage est donc stable (bien posé) et une solution lisse est obtenue.

— Bien que tous les résultats présentés soient en 2D, le code est construit pour

des cas 3D avec des données localisées arbitrairement a la surface et le long
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des forages.



208

Chapitre 6

CONCLUSION ET
PERSPECTIVES

Les travaux présentés dans cette these avaient pour objectif I’élaboration de
deux méthodes d’inversion géophysique pour l'interprétation des gisements mi-
niers : la gravimétrie et la résistivité électrique. Pour atteindre les objectifs fixés, il
a fallu mettre en place deux codes de modélisation directe. Pour la gravimétrie la
tache fut simplifiée puisqu’une solution analytique existe déja et peut étre obtenue
rapidement par des logiciels de calcul symbolique. Pour la partie électrique, un
effort plus considérable a été déployé, puisqu’on est parti d’une simple formulation
intégrale générale pour des variables continues, pour ensuite adopter une approche
discrete. Apres la modélisation directe, 'interprétation automatique des données
géophysiques a été faite en programmant deux méthodes d’inversion. Le travail
effectué dans le cadre de cette these a permis de développer des outils originaux

tels que :
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En gravimétrie

La modélisation et 'inversion gravimétrique avec un effort de minimisation

de I'espace mémoire équivalent au nombre de parametres ;

La recherche automatique d’une zone tampon autour du domaine d’inversion

pour éviter les effets de bord ;

La combinaison de plusieurs contraintes dans l'inversion pour stabiliser la
solution ;

— L’étude de la sensibilité en gravimétrie.

En électrique

— L’utilisation de la méthode intégrale pour modéliser un milieu de résistivité

hétérogene arbitraire ;

I

Le calcul théorique des dérivées premieres et secondes de la réponse par

rapport a la variation de résistivité pour un domaine 3D ;

L’utilisation d'une méthode géostatistique non linéaire pour interpréter les
données de potentiel électrique ;

— L’évaluation des parametres de la fonction de covariance a partir des données

observées de potentiel électrique.

A travers cette thése nous avons montré 1'utilité et la faisabilité des méthodes
d’'inversion pour aider ’exploration de gisements. Bien entendu ces travaux ne
constituent qu’une vision du probléme d’interprétation des données gravimétriques
et électriques. Plusieurs idées nous viennent a l’esprit pour améliorer les codes
développés.

Notamment, le code d’inversion gravimétrique peut étre adapté pour interpréter

des données prises sur un terrain comportant une forte topographie. Il suffit de
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calculer une densité apparente en tenant compte de la topographie. Cette densité
apparente, calculée pour des points situés sur la topographie, permet de calculer
une anomalie & une altitude constante pour exploiter le programme actuel. Les
cellules se trouvant dans ’air peuvent étre fixées a zéro pendant toute 'inversion.
Il serait aussi intéressant d’adopter une approche stochastique pour l'inversion
gravimétrique en cherchant les parametres de la fonction de covariance a partir
des données observées. On peut aussi introduire une recherche automatique du
Lagrangien dans le processus d’inversion gravimétrique avec la méthode de valida-
tion croisée généralisée stochastique. On pourrait développer une autre méthode
de modélisation basée sur des grilles multiples imbriquées les unes dans les autres
(Nested Adaptative Mesh Refinement en anglais) pour accélérer la modélisation
directe de 'anomalie gravimétrique.

Pour la partie électrique il faut commencer par améliorer le temps calcul dans
la méthode intégrale en compressant davantage les matrices avec les transformées
en ondelettes. Cette amélioration permettrait de discrétiser plus finement les do-
maines d’inversion et d’envisager d’autres méthodes d’optimisation. L’autre facteur
a améliorer est le temps calcul pour générer la matrice servant a calculer les densités
de charges surfaciques. Bien que le code de modélisation a été construit pour tous
les types de configurations électriques sans limitation sur la position des sources
et des récepteurs, il a surtout été utilisé pour des configurations pole-pole. 11 serait

souhaitable de le tester pour d’autres configurations.
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