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RÉSUMÉ

La production de paires de photons intriquées dans la conversion paramétrique descendante
(parametric down-conversion, PDC) est un élément fondamental de nombreuses technologies
quantiques, incluant notamment l’informatique, la communication et la métrologie quantique.
Grâce aux progrès de la technologie laser ultrarapide, la PDC peut désormais être poussée
dans le régime de haut gain, où les paires de photons se transforment en faisceaux jumeaux
brillants (bright twin beams, BTBs) avec une intensité optique comparable à celle des systèmes
laser commerciaux. L’accès à cet état quantique macroscopique de la lumière permet d’étudier
expérimentalement les interactions lumière-matière extrêmes induites par de la lumière non
classique.

Les phénomènes d’optique non linéaires dans le régime non-perturbatif, tels que la génération
d’harmoniques élevées et l’effet tunnel électronique, sont connus pour être fortement influ-
encés non seulement par la luminosité du champ d’excitation, mais aussi par son évolution
temporelle décrite par la durée de l’impulsion et la phase porteuse-enveloppe (carrier-envelope
phase, CEP). Ces deux aspects ont cependant reçu très peu d’attention dans les réalisations
contemporaines de PDC, en partie parce que le régime de haut gain de la PDC est difficile à
atteindre expérimentalement pour des impulsions de quelques cycles. Cette thèse se concen-
tre donc sur la conception, la caractérisation et la modélisation d’une source de BTBs conçue
dès le départ pour exciter des phénomènes d’optique non linéaire extrême avec des états de
lumière non classiques.

En l’absence d’un champ initial fini, les caractéristiques de la lumière produite par PDC
sont entièrement déterminées par la pompe optique qui excite l’effet et par le milieu non
linéaire qui lui sert de médiateur. La conception des sources de PDC se résume donc à une
sélection et à une optimisation rigoureuses de ces deux composants. Dans ce travail, une
forte amplification paramétrique de BTBs ayant une durée d’impulsion de quelques cycles
est obtenue en combinant un train précompressé d’impulsions de pompe d’une durée de moins
de 10 fs avec un milieu non linéaire possédant une dispersion chromatique quasi-nulle à la
longueur d’onde centrale du processus de parametric down-conversion (PDC).

Après sa conception et sa mise en œuvre, les BTBs sont caractérisés à l’aide de méthodes stan-
dards pour quantifier ses propriétés spatiales, spectrales et statistiques. Afin de révéler ses
caractéristiques temporelles innovatrices, deux mesures inédites dans le contexte des sources
lumineuses générées par PDC sont ici démontrées. Premièrement, la forme de l’impulsion est
mesurée à l’aide de la technique classique de l’autocorrelation résolue en fréquence (frequency-
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resolved optical gating, FROG), démontrant une durée de 3,4 cycles d’oscillation à pleine
largeur à mi-hauteur. Deuxièmement, les fluctuations et les corrélations de la CEP des
BTBs sont mesurées à l’aide d’une nouvelle technique qui est inspirée par l’interférométrie
« f -to-2f » et qui est un analogue temporel de la détection hétérodyne des champs quan-
tiques à bande étroite. Cette technique est ensuite utilisée dans une preuve de concept
démontrant la capacité de remodeler l’état quantique des BTBs en utilisant l’amplitude et
la CEP comme critères de post-sélection.

Enfin, un logiciel de simulation numérique semi-classique modélisant les nombreux phénomènes
optiques linéaires et non linéaires pertinents dans ce régime extrême de la PDC est implé-
menté, puis utilisé pour analyser les aspects dynamiques et les limites de la source de BTBs
ici mise en œuvre. L’analyse numérique révèle le rôle crucial joué par le phénomène de lentille
de Kerr et par la réponse spectrale des détecteurs dans l’observation du caractère non clas-
sique de la source. Des stratégies réalistes sont élaborées pour surmonter les limites de ces
deux aspects dans les travaux futurs.
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ABSTRACT

The production of entangled photon pairs in PDC is a fundamental bulding blocks behind
a wide range of quantum technologies, including quantum computing, communication, and
metrology.. Thanks to advances in ultrafast laser technology, PDC can now be driven into
the so-called high-gain regime, where photon pairs turn into bright twin beams (BTBs)
with an optical intensity that is comparable to that of off-the-shelf laser systems. Access
to this macroscopic quantum state of light enables experimental investigations of extreme
light-matter interactions driven by nonclassical light.

Nonpertubative nonlinear phenomena such as high-harmonic generation and electron tunnel-
ing are known to be significantly influenced not only by the brightness of the driving field,
but also by its temporal evolution described by the pulse duration and the carrier-envelope
phase (CEP). These two aspects however have received very little attention in contempo-
rary PDC implementations, in part because the high-gain regime of PDC is difficult to reach
experimentally for few-cycle pulses. This thesis therefore focuses on the design, characteri-
zation, and modeling of a source of BTBs which is tailored from the outset for the task of
driving extreme nonlinear optics with nonclassical states of light.

In the absence of a finite seed, the characteristics of the light produced in PDC is entirely de-
termined by the nonlinear medium mediating the effect, and by the optical pump that drives
it. The design of PDC sources therefore amounts to the careful selection and optimization
of these two components. In this work, a high parametric amplification of BTBs with a few-
cycle pulse duration is achieved by combining a pre-compressed sub-10-fs pump pulse train
with a nonlinear medium that exhibits near-zero chromatic dispersion at the wavelength of
the central of PDC process.

Following its design and implementation, the BTBs are characterized using standard methods
to unveil its spatial, spectral and statistical properties. To further uncover its novel tem-
poral characterizations, two measurements that are new in the context of PDC-driven light
sources are implemented. First, the pulse shape is measured using the classical technique
of frequency-resolved optical gating (FROG), demonstrating a 3.4-cycle full-width at half
maximum duration. Second, the fluctuations and correlations of the CEP of the BTBs are
measured using a new scheme inspired by f -to-2f interferometry, which achieves a temporal
analogue to heterodyne detection of narrowband quantum fields. This technique is further
used in a proof-of-principle demonstration of the ability to reshaping the quantum state of
BTBs with both the amplitude and the CEP as post-selection criteria.
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Finally, a semi-classical numerical simulation software which models the many linear and
nonlinear optical phenomena that are relevant in this extreme regime of PDC is implemented,
and subsequently used to analyze the dynamics and limitations of the BTBs source here
demonstrated. The numerical analysis reveals the critical role played by Kerr lensing and
by the spectral response of detectors in the observation of the nonclassical character of the
source. Realistic strategies are devised to overcome the limitations of these two aspects in
future works.
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CHAPTER 1 INTRODUCTION

1.1 Context

Ever since its first demonstration in 1960 [1], the laser has been a cornerstone of scientific and
technological progress, driving fiber-based telecommunications [2], barcode readers [3], optical
disk players [4], Lidar [5], laser cutting [6], laser surgery [7], gravitational wave detectors [8],
and much more. Even today, most laser-based technologies rely on the minute control over the
classical degrees of freedom of light [9], e.g. its frequency, its polarization, and its intensity.

Yet, for over a century light has been known to be composed of discrete particles now called
photons [10–12]. This quantization is described by the so-called quantum state of light,
another degree of freedom which determines the statistical and correlation properties of light
in ways that can’t be explained classically [13, 14]. This new "control knob" for optical
science is the basis behind the emerging industries of quantum technology, with quantum
cryptography [15] and computing [16] being arguably the most prominent examples.

Quantum and classical optics have long been seen respectively as the physics of faint and
bright light. Yet, as theoretical understanding and experimental capabilities progressed over
time, brighter regimes of quantum optics appeared : starting from the microscopic regime
with the first implementations of "true" single-photon sources in the 1980s [17,18], then evolv-
ing toward mesoscopic multi-photon nonclassical states of light [19–21], and finally leading to
the demonstration of sources of macroscopic squeezed states of light [22–24] that are intense
enough to be visible to the naked eye and even to drive nonlinear optical phenomena [25–27].

The development of macroscopic quantum optics opens up new opportunities in apply-
ing nonclassical light to areas previously exclusive to classical light. One such example is
quantum-enhanced sensing [28–33], where these novel states combine the classical signal-to-
noise advantage of intense light with the nonclassical advantages provided by squeezing and
entanglement.

More recently, a surging interest appeared in the literature toward the exploration of extreme
light-matter interactions driven by bright squeezed light [34–40], promising to unlock new
capabilities in the control over the quantum state of light and matter [41, 42], and to help
bridge the gap between attosecond and quantum science [43, 44]. These studies focused on
the impact of the enhanced photon number fluctuations that these sources exhibit, yet past
works of classical attosecond physics teach us that the temporal characteristics of the driving
field have just as much if not more importance for extreme nonlinear phenomena [45–50].
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1.1.1 Parametric down-conversion

Figure 1.1 illustrates the optical process known as parametric down-conversion (PDC), a
nonlinear interaction where photons from a intense optical pump split into pairs of entangled
"twin" photons at a lower frequency. This pairwise generation process is a metaphorical
key to the realm of experimental quantum optics, as depending on the degeneracy (or non-
degeneracy) of the generated photons, this effect directly leads to either or both of the two
main nonclassical properties of light : squeezing and entanglement. Thanks to its relatively
good accessibility compared to other sources of nonclassical light, and the high versatility of
photon pairs as a starting point to generate new quantum states of light, PDC has been the
de-facto gateway to experimental quantum optics ever since its experimental demonstration
in 1970 [51].

Figure 1.1 Schematic of PDC. A strong optical pump (p) propagates through a nonlinear
medium (χ(2)) and generates pairs of photons, traditionally labeled as signal (s) and idler (i)
in the non-degenerate case. Energy and momentum conservation laws link respectively the
carrier frequency (ωp = ωs + ωi) and the wave vector (k⃗p = k⃗s + k⃗i) of all three fields.
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This process is initially spontaneous, driven from the interaction of the pump with the om-
nipresent fluctuations of the electromagnetic quantum vacuum [52–55]. As the intensity of the
pump or the interaction length are increased, the strength of this interaction also increases,
and photon pairs generated spontaneously at the start of the interaction can stimulate the
generation of more photon pairs at a latter point. This causes a snowballing exponential
growth that can reach a macroscopic brightness (to date, up to 1013 photon pairs [22]) that
is typically associated with classical light sources. The down-converted light can be emitted
in either of two states depending on whether the two photons of each pair are distinguishable
or not : bright twin beams (BTBs) or bright squeezed vacuum (BSV) respectively [23].

1.1.2 Problem and State of the Art

Based on lessons learned from seminal works in classical attosecond physics [45–50], and
the recent works on nonperturbative nonlinear optical optics with bright squeezed vacuum
[34–40], 5 ingredients can be identified for an ideal source of BTBs or BSV to drive extreme
nonlinear optical phenomena :

1. A macroscopic brightness
By definition, optical nonlinear interactions become more and more efficient as the
intensity of the driving field increases [56, 57]. While advances in optical confinement
methods brought down the energy scale necessary to access nonlinear optics by several
orders of magnitude [50,58], with few exceptions the current experimental threshold is
an average number of photons per pulse ⟨n⟩ ∼ 106 [39] which is still a ways away from
the mesoscopic (⟨n⟩ ∼ 102) and microscopic (⟨n⟩ ∼ 1) scales.

2. A few-cycle pulse duration
The duration of a light pulse not only impacts its peak optical intensity, but also defines
a temporal window that gates the nonlinear interaction. As it approaches the period of
the carrier field, a new regime of extreme nonlinear optics appears where the interaction
is confined to a single half-cycle of the driving field, enabling e.g. the generation of
isolated attosecond pulses [59] or the observation of nonlinear signals that otherwise
interfere destructively with themselves over multiple half-cycles [50].

3. Control over the carrier-envelope phase (CEP)
The CEP is a parameter known to be crucial when extreme nonlinear phenomena are
driven by few-cycle pulses [46, 47, 49, 50], as it significantly affects the peak amplitude
of the electric field one can achieve. As PDC is kickstarted from quantum noise, the
CEP of the generated pulses is either fully random [48, 60], or locked to the (usually
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pseudo-random) CEP of the pump laser. One therefore needs to either measure at least
its shot-to-shot variations [45], or use a so-called CEP-stable pump.

4. Emission of down-converted light in a single spatiotemporal mode
The light emitted in PDC can be viewed as amplified vacuum fluctuations. In this
context, the number of spatiotemporal modes can be qualitatively understood as the
number of independent fluctuations (i.e. degrees of freedom) that are being amplified.
For multimode PDC, all these fluctuations add up incoherently with each other, and
produce entirely different results at each laser shot. For single-mode PDC, the beam
shape, the spectrum, and most crucially the pulse envelope (necessary to define the
CEP) all remain the same at each laser shot; only the phase and number of photons
fluctuate. Single-mode BTBs and BSV further exhibit increased fluctuations of their
intensity compared to their multimode counterparts, which further provides a so-called
statistical enhancement of nonlinear processes [25, 35,40].

5. Exploitable nonclassical features
The main interest of these investigations is to transfer nonclassical features from the
driving field (e.g. squeezing) to new regions of the electromagnetic spectrum [38, 41]
and matter [37], or to unlock some advantage in the driven process such as an enlarged
emission bandwidth [35, 40] or non-Poissonian statistics [37, 42]. This, of course relies
on the pump field being nonclassical in itself.

However, the generation of a state of light which combines all these characteristics at once is
experimentally challenging. On the one hand, parametric amplification of a single mode with
a few-cycle temporal extent requires the use of femtosecond pump pulses to match the band-
width of the down-converted field [61–64]. On the other hand, pushing the parametric gain
toward a macroscopic number of photons requires long interaction lengths, and the ensuing
chromatic dispersion accumulated throughout the interaction severely limits the achievable
bandwidth. Furthermore, the observation of nonclassicality is harder at higher brightness,
both for technical and fundamental reasons [65]. Therefore, most PDC implementations
found in the literature sacrifice at least one of these features in favor of the others.

To provide a rapid overview of the current state of the art, table 1.1 lists 16 recent reports on
the implementation of a squeezed vacuum or twin beams source which achieve at least one
of the listed criteria. So far, few works have demonstrated a macroscopic (≳ 106) average
number of photons ⟨n⟩ [22,24,25,40,63,66–70] or a near-unity (≲ 1.1) number of spatiotem-
poral modes K [20, 25, 40, 62]. Only two works demonstrated both of those characteristics
in a single source [25, 40], but they did not demonstrate the nonclassicality of the resulting
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BSV.

What’s more, for nearly all implementations of BTBs and BSV found in the literature, the
only information provided on the duration of the generated pulse train is the duration of the
pump pulse, which can reasonably be used as an upper bound. Outside of the present thesis,
there has been only one report of a pulse duration measurement being performed on a PDC-
driven light source [40]. It has been done in collaboration with the author [71] subsequently
to this work [72], and revealed a 4.7-cycle pulse duration for a BSV at 1600 nm. Finally,
while the CEP properties of the light generated from few-cycle PDC has been investigated
numerically [60] , no experimental measurement has been reported until now.

Table 1.1 Experimental progress over the last 21 years on the implementation of light sources
driven by PDC.

[Ref.] Year ⟨n⟩ K Duration Nonclassicality
[66] 2004 ∼ 107 16 4.45 ps (pump) —
[67] 2005 ∼ 107 14 4.5 ps (pump) —
[68] 2010 ∼ 106 3750 17 ps (pump) NRF = 0.5
[62] 2011 2.5 1.05 444 fs (pump) —
[22] 2012 ∼ 1013 1.251 18 ps (pump) —

[73] 2014 2.5 × 105 1.41 18 ps (pump) NRF = 0.5
(for K > 400)

[24] 2015 ∼ 1012 1.751 18 ps (pump) —
[74] 2015 ∼ 104 4.31 300 fs (pump) NRF = 0.7
[20] 2016 20 1.15 1 ps (pump) NRF = 0.4

[75] 2016 ∼ 105 100 − 1000 18 ps (pump) NRF = 0.5
(for K > 500)

[21] 2016 6.3 × 105 4.5 × 105 18 ps (pump) NRF = 0.3
[63] 2017 ∼ 108 1.3 − 4 140 fs (pump) —
[25] 2017 ∼ 1011 1.03 1.6 ps (pump) —
[69] 2018 ∼ 109 > 40 16 ps (cross-corr.) —
[70] 2020 ∼ 1010 18 22 ps (pump) —
[40] 2024 2 × 1012 ∼ 1 25 fs (measured) —

1Values measured after significant mode filtering, and therefore incompatible with the reported ⟨n⟩.
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1.2 Research Objectives

This work aims to accomplish four specific objectives. The first and main objective targets
the experimental development of a novel source of quantum light :

1. Design and implement a source of quantum light optimized toward the driv-
ing of extreme nonlinear optical phenomena
The implemented source should demonstrate the five characteristics of an ideal non-
classical pump for extreme nonlinear optics identified above, namely 1) high brightness,
2) a single spatiotemporal mode composition, 3) a few-cycle pulse duration, 4) control
over its CEP, and 5) a nonclassicallity that can be turned into a quantum advantage.

Achieving this objective however requires the demonstration of two novel measurements in
the context of PDC-driven light sources. These demonstration are therefore the two next
objectives of this thesis :

2. Demonstrate a pulse duration measurement on PDC-driven light
While the measurement of pulse durations is a routine exercise in classical ultrafast
optics, it is completely novel for BSV and BTBs. A particular challenge in this new
context is to analyze how the measurement react to the potential presence of multiple
modes.

3. Demonstrate a CEP measurement on PDC-driven light
Similarly, there are well-established methods for the measurement, control, and sta-
bilization of the CEP of pulsed light in classical ultrafast optics, but their extension
to BSV or BTBs has not been demonstrated. Here, a particular attention must be
paid to the phase relation between the down-converted light and its pump, and to the
definition of phase in quantum optics.

Finally, the fourth objective aims to improve theoretical prediction capabilities to support
the design of the source and the analysis of its characterization results :

4. Develop a numerical model of ultrafast PDC in the high-gain regime
Driving PDC in the extreme limits of high parametric gain, few-cycle pulse duration,
and strong spatiotemporal localization implies that the output states will be influenced
by the interplay of chromatic dispersion, diffraction, and high-order nonlinearities. No
readily-available model of PDC addresses all of these effects simultaneously, and the
implementation of one will help not only this work, but also future implementations of
few-mode ultrafast BSV and BTBs.
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1.3 Thesis Outline

First, Chapter 2 presents a detailed literature review of the concepts treated throughout
the rest of this thesis, starting with a textbook-like introduction to the theoretical concepts
of ultrafast, nonlinear, and quantum optics that are applied in subsequent chapters. It is
followed by a practical description of nondegenerate spontaneous parametric down-conversion
(SPDC), and the quantum states of light resulting from that process : photon pairs in the low-
gain regime, and BTBs in the high-gain regime. Various methods to characterize the quantum
state of light are then introduced, and their particular application to BTBs is discussed. The
review finally concludes with a brief with the longstanding problem of defining the concept
of optical phase in the context of quantum optics.

Next, Chapter 3 compiles the technical details on the implementation of pre-established
methods in this thesis toward the experimental generation and theoretical modeling of few-
cycle, single-mode BTBs. It includes a derivation of the numerical model used with details
of its software implementation, a presentation of how standard characterization methods are
realized in this work, and the design guidelines of the BTBs source with a particular focus
on the characterization of its classical pump source.

Then, Chapter 4 presents all experimental results on the generation and characterization
of few-cycle, single-mode BTBs, including many characterization results that appear in the
literature, e.g. photon statistics, the noise reduction factor (NRF), and the Schmidt de-
composition of spectral modes, as well as a new measurement in the context of PDC-driven
light : pulse duration via frequency-resolved optical gating (FROG). The chapter concludes
with the presentation of a novel scheme to measure the CEP of BTBs, and results from its
application to the present source.

Afterwards, Chapter 5 is a numerical analysis of the source implemented in Chapter 4. It
first investigates the pulse propagation dynamics of the pump and the BTBs during the
PDC process, and the role played by the higher-order nonlinear effects. Alternative designs
of the BTBs source are then explored toward the future experimental demonstration of a
nonclassical relation uniting the twin beams. The chapter conclude with an analysis of the
role played by the detection bandwidth on the measured value of the NRF for few-cycle
BTBs.

Finally, the thesis concludes with a global discussion of the results presented here, the limi-
tations of this work alongside potential solutions, and potential future research avenues.
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CHAPTER 2 LITERATURE REVIEW

2.1 Ultrafast Linear and Nonlinear Optics

Pulses of light are electromagnetic waves with a well-defined finite support in time [56], more
often referred to as its duration. In the scalar approximation, i.e. when considering a single
polarization of the field, they can be represented in spacetime by a complex wave function

u(r, t) = A(r, t)ei(ω0t+ϕ0) (2.1)

where A(r, t) is the complex envelope of the pulse at position r and time t normalized such
that the optical intensity I(r, t) = |A(r, t)|2, and ω0 and ϕ0 are the angular frequency and
the phase of the carrier wave. In a medium with a (frequency-independent) refractive index
n, the real part of u is directly related to the electric field by

E(r, t) =
√

2
ncϵ0

Re {u(r, t)} (2.2)

where ϵ0 is the permittivity of free space, and c is the speed of light in vacuum. Equivalently,
the pulse can be represented in frequency domain by the Fourier transform of u

ũ(k, ω) = Fr,t {u(r, t)} = Ã(k, ω − ω0) =
∣∣∣Ã(k, ω − ω0)

∣∣∣ e−iϕ(k,ω) (2.3)

where Ã(k, ω) is the Fourier transform of the spatio-temporal envelope A(r, t), k is the
wavevector, ω is the angular frequency,

∣∣∣Ã(k, ω − ω0)
∣∣∣ is the amplitude spectrum of the

pulse, and ϕ(k, ω) is its spectral phase. The pulse envelope and the complex spectrum
forming a Fourier pair is a mathematical expression of the fact that optical pulses result
from the superposition of multiple monochromatic waves. An important consequence of this
relationship is that the product of the pulse duration ∆t and the bandwidth ∆ν = ∆ω/2π
is lower bounded as

∆t∆ν ≥ TBP0 (2.4)

where the minimal time-bandwidth product TBP0 is a dimensionless constant which depends
on the shape of the optical spectrum and on the definition used for ∆t and ∆ν, e.g. the full-
width at half maximum (FWHM) or the square-root of the second moment of the pulse
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shape. A pulse which satisfies the equality ∆t∆ν = TBP0 is often said to be compressed,
transform-limited, or Fourier-limited. This condition is achieved when and only when all
frequency components are in phase at a specific point in time.

As illustrated in Figure 2.1, in order to produce pulses with an ever shorter duration, one
therefore not only needs to increase their bandwidth, but also to ensure that all frequency
components are in phase. Experimentally, the former is achieved either by the use of lasers
based on gain media with a large amplification bandwidth such as titanium-doped sapphire
[76], or by extending the spectrum of a narrowband source via nonlinear processes [57, 77,
78]. The latter is then attained by careful characterization of the spectral phase via pulse
measurement techniques (see section 2.1.3), and then compression of the pulse by cancellation
of its chromatic dispersion (see section 2.1.4).

Figure 2.1 Spectral (left column) and temporal (right column) representation of 3 distinct
light pulses : a compressed multi-cycle pulse (top row), a compressed few-cycle pulse (middle
row), and a dispersed pulse with a bandwidth supporting a few-cycle duration (bottom row).
Due to chromatic dispersion, the last pulse has the same duration as the first one, and it has
a time-dependent instantaneous frequency that is reminiscent of the chirp of a bird.
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2.1.1 Linear Pulse Propagation in Transparent Media

When considering directional propagation [79] of e.g. laser light, linear propagation of light
pulses is best expressed in the frequency domain, where the envelope evolves according to
the Helmholtz equation

∂2Ã

∂z2 = −k2Ã− (k2
x − k2

y)Ã (2.5)

where k = 2πωn(kx, ky, ω)/c is the wavenumber of the pulse, and kx and ky are its trans-
verse components along the x- and y-axes. The first term describes chromatic dispersion
stemming from the (potentially anisotropic) refractive index n, and the second describes
diffraction. This equation is solved exactly by the solution Ẽ(z) = Ẽ→(0)e−ikzz + Ẽ←(0)eikzz,
which describes independent propagation of forward (Ẽ→) and backward (Ẽ←) propagating
waves along the z-axis with a longitudinal wavenumber kz =

√
k2 − k2

x − k2
y. For the case of

an unidirectional pulse propagating forward through a dispersive medium of length L, the
output pulse is therefore given by

ũ(kx, ky, ω, z + L) = ũ(kx, ky, ω, z)e−ikzL . (2.6)

In simple experimental scenarios where space-time coupling [80] is negligible, equation (2.5)
can be further simplified by assuming that the spatio-temporal envelope A(r, t) is separable
into a product of a spatial (transverse) and a temporal (longitudinal) envelopes

A(r, t) ≈ AT(x, y)At(t) (2.7)

which allows for independent treatment of diffraction and chromatic dispersion. The trans-
verse envelope is typically treated within the paraxial approximation [56], where it is simply
modeled as a Gaussian beam with an appropriate beam waist w0

AT(x, y, z) ∝ 1
q(z)e

−ik x2+y2
2q(z) (2.8)

where q(z) = (z − z0) + izR is the complex beam parameter, z0 is the location of the focal
plane, and zR = πnw2

0/λ0 is the Rayleigh range for a beam with a carrier wavelength in
vacuum λ0. As for the temporal envelope, its evolution is again calculated in frequency
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domain

Ft {At(t, z + L)} = Ãω(ω, z + L) = Ãω(ω, z)e−ikL (2.9)

where k is here evaluated along the z-axis, i.e. for kx = ky = 0.

Spectral Phase and Carrier-Envelope Phase

For a transparent medium where Im {n} = 0, the amplitude spectrum
∣∣∣Ã(k, ω − ω0)

∣∣∣ of the
pulse remains constant. In this case, the only variable parameter under propagation is its
spectral phase ϕ(ω), which evolves as

ϕ(ω, z + L) = ϕ(ω, z) − k(ω)L . (2.10)

When ϕ(ω) evolves slowly within the pulse bandwidth, an intuitive understanding of the
effects of chromatic dispersion on light pulses can be obtained from a Taylor expansion of
the phase and of the propagation constant k around the carrier ω0

ϕ(ω) = ϕ(ω0) + ∂ϕ

∂ω
(ω − ω0) + 1

2
∂2ϕ

∂ω2 (ω − ω0)2 + 1
6
∂3ϕ

∂ω3 (ω − ω0)3 + (...) (2.11)

k(ω) = k(ω0) + ∂k

∂ω
(ω − ω0) + 1

2
∂2k

∂ω2 (ω − ω0)2 + 1
6
∂3k

∂ω3 (ω − ω0)3 + (...) . (2.12)

The zeroth- and first-order terms do not affect the compression of the pulse, as the zeroth-
order terms only describe its carrier phase ϕ(ω0) and its phase velocity vp = ω/k, while the
first-order terms describe its group delay (GD) (i.e. its time of arrival) and group velocity
vg = (∂k/∂ω)−1. These two terms are however significant for extreme nonlinear optics with
few-cycle pulses as they determine the carrier-envelope phase [45,48]

ϕCEP = (ϕ(ω0) − GDω0) mod 2π (2.13)

which describes the relative timing between the carrier wave and the envelope of the pulse.
As illustrated in Figure 2.2, when ϕCEP = 0 (ϕCEP = π/2) one obtains a cosine-like (sine-like)
pulse where the electric-field is maximal (null) at the peak of the envelope. For extremely non-
linear phenomena such as high-harmonic generation (HHG) [49], or electron tunneling [50],
this change in symmetry can make the difference between maximization and total cancellation
of nonlinear signals.
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Figure 2.2 Impact of the CEP ϕ on the electric field of few-cycle pulses. The solid black line
is the carrier wave, and the dashed red line is the envelope.

The second and higher order terms in the expansion of ϕ (k) then describe how the GD of
the pulse (group velocity of the medium) varies as a function of frequency within the pulse
bandwidth. The second-order term, designated as group delay dispersion (group velocity
dispersion), describes a linear dependence; the third-order term describes a quadratic de-
pendence, and so forth. All terms tend to stretch the pulse in time, with even-order terms
stretching it symmetrically in time, and odd-order terms stretching it asymmetrically. Most
pulse compression techniques specifically target cancellation of the group delay dispersion
of the pulse [81, 82], since it is the dominating effect for all but few-cycle pulses. More ad-
vanced methods can target specific higher-order terms or even provide fully-custom dispersion
profiles over broad bandwidths [83,84].

2.1.2 Second- and Third-Order Nonlinear Responses

The electric response of a medium is encompassed in its constitutive relation, which relates
its polarization density P to the applied electric field E [56, 57]. In the simplest case of
a linear, nondispersive, homogeneous and isotropic dielectric medium, the two vectors are
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parallel and proportional

P = ϵ0χE (2.14)

where χ is the electric susceptibility of the medium and in this case is a constant which
can be related to the refractive index n =

√
1 + χ. This proportionality remains valid for

electric fields that are much weaker than interatomic electric fields (∼105 V m−1) and leads to
linear optics as presented in section 2.1.1. However, dieletric media progressively displays a
response which is more and more nonlinear as the intensity of light increases. In this regime
known as perturbative nonlinear optics, this behavior can be expressed by expanding the
constitutive relation as a Taylor series about |E| = 0 [85]. In the scalar approximation, this
takes the form

P = ϵ0
(
χE + χ(2)E2 + χ(3)E3 + ...

)
(2.15)

where the first term is the linear polarization PL = ϵ0χE, and χ(n) is the n-th order nonlinear
susceptibility. All the nonlinear terms are often group together as the nonlinear polarization

PNL =
∞∑

n=2
ϵ0χ

(n)En (2.16)

but theoretical models typically consider only one or two terms. This nonlinear relation allows
for interactions between superimposed light waves, leading most notably to the generation
of new frequency components. Classically this is described as a coupling between multiple
light modes (wave mixing), and quantum mechanically it can be understood as multi-photon
processes that are mediated by the nonlinear medium. To illustrate the richness of nonlinear
optics, it is helpful to consider the form that the n-th order nonlinear polarization term takes
for an input field composed of n distinguishable wavepackets. For instance, for second order
nonlinearities, consider the sum of two wavepackets

E = E1 cos(ω1t+ ϕ1) + E2 cos(ω2t+ ϕ2) (2.17)

where that spatio-temporal dependence of the (real) field envelopes E1 and E2 has been
omitted to simplify the notation. This field yields the 2nd order nonlinear polarization
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P
(2)
NL = ϵ0χ

(2)

2
(
E2

1 (cos(2ω1t+ 2ϕ1) + 1) + E2
2 (cos(2ω2t+ 2ϕ2) + 1)

+2E1E2 (cos ((ω1 + ω2)t+ ϕ1 + ϕ2) + cos ((ω1 − ω2)t+ ϕ1 − ϕ2))) (2.18)

where the result of every second order effect can be seen from new terms that appeared.
First is second-harmonic generation (SHG), which creates new frequency components at
twice the input frequency (2ω1 and 2ω2). Then, there is sum frequency generation (SFG)
and difference frequency generation (DFG), which creates new frequency components at the
sum and difference of the two input frequencies (ω1 + ω2 and ±(ω1 − ω2)). Finally, there
is optical rectification (also called intra-pulse DFG) which creates a pulse with a very low
carrier frequency (usually in the mid infrared to sub-terahertz range).

A similar treatment can be done for higher-order nonlinearities, but leads to much longer
expressions where most terms are simply called n-wave mixing. Moreover, in typical exper-
imental conditions only a handful of nonlinear effects will actually be observable in a single
system. Indeed, for these processes to occur efficiently, they must respect conditions related
to energy and momentum conservation. For e.g. SFG, these conditions are

ℏω1 + ℏω2 = ℏ(ω1 + ω2) (2.19)

ℏk1(ω1) + ℏk2(ω2) = ℏkSFG(ω1 + ω2) (2.20)

and while the former is trivially satisfied, the latter will typically be satisfied for only one or
a few interactions at once in a given system. This condition, known in the nonlinear optics
community as the phase matching condition, measures whether the new frequency compo-
nents generated at one point in the nonlinear medium will add constructively or destructively
with those generated at a latter point.

Just like for linear propagation of pulses in section 2.1.1, it is practical to expand the propa-
gation vectors k in equation (2.20) around some carrier angular frequencies Ω1 and Ω2, and
combine like terms. After simplifying all the constants and assuming collinear propagation
to obtain scalar equations, the frequency-independent terms yield the condition

Ω1n1(Ω1) + Ω2n2(Ω2) = (Ω1 + Ω2)nSFG(Ω1 + Ω2) (2.21)

which is known as phase-velocity matching, while the linear terms yield the condition
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(
∂k1

∂ω1
− ∂kSFG

∂ω1

)
(ω1 − Ω1) =

(
∂kSFG

∂ω2
− ∂k2

∂ω2

)
(ω2 − Ω2) (2.22)

which is known as group-velocity matching. While phase- and group-velocity matching can be
satisfied in typical nonlinear media for a wide range of frequency combinations (e.g. [86,87]),
higher-order phase-matching conditions would require dispersionless propagation of all three
waves which is a much stricter condition to achieve experimentally. Indeed, for e.g. second
order terms, we find the condition

∂2kSFG

∂ω2
1,2

(ω1 − Ω1 + ω2 − Ω2)2 = ∂2k1

∂ω2
1

(ω1 − Ω1)2 + ∂2k2

∂ω2
2

(ω2 − Ω2)2 (2.23)

which can be satisfied if and only if ∂2kSFG/∂ω
2
1,2 = ∂2k1/∂ω

2
1 = ∂2k2/∂ω

2
2 = 0. Group-

velocity dispersion is therefore most often the limiting factor for the phase-matching band-
width of nonlinear interactions with femtosecond pulses.

A notable exception to these considerations appears for odd-order nonlinear interactions,
where a term which is trivially phase-matched appears because it involves only a single wave
interacting with itself. This effect, known as the optical Kerr effect, must therefore always be
considered in the propagation of high-power lasers. It acts as a intensity-dependent change
of the refractive index

∆n(I) = n2I + n4I
2 + n6I

3 + ... (2.24)

where the i-th order nonlinear index ni is related to χ(i+1). The χ(5) and higher-order con-
tributions are often neglected, since they become significant only for extreme intensities of
multiple tens of TW cm−2 [88].

For realistic laser light where the intensity is a function of time and space, the Kerr effect
will therefore induce a space- and time-dependent refractive index, which can have dramatic
consequences for short and tightly-focused laser pulses. The (transverse) spatial dependence
can be understood as reproducing the effect of a lens (most often converging, with n2 > 0 [57])
and is therefore often called Kerr-lensing or self-focusing [89]. By analogy, the temporal
dependence can then be understood as a time lens, which focuses the pulse in time by
expanding its optical spectrum in a process called self-phase modulation (SPM).

The interplay between the Kerr effect, any other phase-matched nonlinearity, diffraction, and
dispersion leads to highly complex pulse propagation phenomena including notably filamen-
tation (diffractionless propagation) [90], soliton formation (dispersionless propagation) [91]
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and supercontinuum generation (dramatic increase of the optical bandwidth) [77,78].

2.1.3 Pulse Measurements Methods

One of the most powerful applications of ultrashort light pulses is time-resolved pump-probe
spectroscopy [59, 92–99], where the short duration of a pair of light pulses is used to a
temporal gate during which a physical system is excited and then observed. Experimental
determination of the pulse duration (or more generally its full temporal shape) is therefore
an important task as it ultimately determines the temporal resolution for these experiments.

The most straightforward approach to measure the duration of an unknown pulse consist in
directly measuring its temporal intensity profile I(t) with a photodiode. The signal S one
observes then is

S(τ) ∝
∫
I(t)g(t− τ)dt (2.25)

where g(t) here is the impulse response of the photodetector. In the limit where g(t) has a
much smaller support in time than the pulse I(t), then S(τ) → I(τ). Otherwise, one needs
very precise characterization of g(t) to deconvolve it, and even then experimental noise will
typically prevent deconvolution of pulse shapes that are much shorter than g(t), limiting this
strategy to picosecond pulses at the shortest [100]. One therefore needs a different approach
to resolve the fast evolution of a femtosecond pulse and even more so to detect any potential
change to the instantaneous frequency of the field underneath the envelope.

On the other hand, measurement of the optical spectrum remains relatively easy to implement
even down to the few-cycle regime. Full characterization of the pulse compression therefore
only requires an additional measurement of the spectral phase, after which the pulse shape can
be calculated via the inverse Fourier transform. This section presents the working principles
behind the methods used in this thesis to determine the spectral phase, which also serve as
examples of the two main approaches to pulse measurement in the femtosecond regime.

Intensity Autocorrelation and Frequency-Resolved Optical Gating

A natural extension of the photodiode measurement consist in replacing the slow, linear
detector with another, faster process that is sensitive to the instant intensity I(t). A typical
example consist in measuring the intensity cross-correlation with a known shorter pulse using
a SFG process [101]. However, experimental access to a temporal gate is a priori known to
be shorter than the pulse to be measured is not commonplace. Therefore, most of these



17

so-called optical gating techniques are self-referenced, i.e. they use a copy of the pulse itself
as the measurement gate g(t) = I(t). In that case, the measured signal is proportional to
the intensity autocorrelation

S(τ) ∝ G(2)(τ) ≡
∫
I(t)I(t− τ)dt (2.26)

which provides an upper bound for the pulse duration, but it is insufficient to recover the
pulse shape even in conjunction with the spectrum [102,103]. The autocorrelation remained
the main pulse measurement technique until the introduction of frequency-resolved optical
gating (FROG) in 1991 [104–106]. Its most common and simplest implementation, known as
second-harmonic frequency-resolved optical gating (SH-FROG) [107], is sketched in Figure
2.3. It is an intensity autocorrelator where the photodetector is replaced with a spectrometer,
yielding a 2D spectrogram

ISH−FROG(ω, τ) ∝
∣∣∣Ft

{
At(t)At(t− τ)ei2ω0t

}∣∣∣2 (2.27)

most commonly called a FROG trace. Determining the pulse shape At(t) from the FROG
trace is a so-called 2D phase-retrieval problem for which many retrieval algorithms exist
[108–113] and are proven to converge to unique solutions [114], despite the absence of an
analytical inversion solution.

Figure 2.3 Principle of FROG measurements based on SHG.

.

The simplicity and low cost of SH-FROG make it the modern "gold standard" of pulse mea-
surement techniques. FROG methods in general also have the advantages of requiring no
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assumption to be made on the pulse shape, and of being able to retrieve a correct aver-
age pulse duration for unstable pulse train [115]. However, FROG measurements become
experimentally more and more challenging as pulses shorten and bandwidths enlarge : the
algorithms take longer to run, and dispersion internal to the FROG implementation stops
being negligible in the retrieval. Some variant methods which tackle these specific issues can
be found in the literature, e.g. d-scan [116] and FROST [117], but are not as widely adopted
yet.

Two-Dimension Spectral Shearing Interferometry

An orthogonal approach to pulse measurement consist in measuring the spectral phase ϕ(ω)
of the pulse "directly" via interferometry, and combining this measurement with a (often
separate, but potentially simultaneous) measurement of the optical spectrum to compute
the pulse shape via the inverse Fourier transform. Spectral phase interferometry for direct
electric-field reconstruction (SPIDER) [118] is the most well-known technique of this form,
but its original implementation suffers from strict calibration requirements.

Recently, a more robust variant known as two-dimensional spectral shearing interferome-
try (2DSI) was demonstrated [119, 120] and is sketched in Figure 2.4. The pulse to be
measured Ãω(ω) (in frequency domain) is upconverted by two (quasi-)monochromatic beams
with angular frequencies ω0 and ω0 + Ω to create a pair of spectrally-overlapping copies of
the pulse with a frequency detuning Ω. Measuring their combined optical spectrum yields
an interference pattern given by the equation

S2DSI(ω′, τ) ∝ |Ãω(ω′)Ãω(ω′ − Ω)| cos (ω0τ + ϕ(ω′) − ϕ(ω′ − Ω)) (2.28)

which is measured as a function of the temporal delay τ between the two monochromatic
beams, and where ω′ = ω+ω0 is the upconverted angular frequency. If the shear Ω ≪ ω, then
the phase difference ϕ(ω′)−ϕ(ω′−Ω) is approximately proportional to the spectrally-resolved
group-delay of the upconverted pulses

ϕ(ω′) − ϕ(ω′ − Ω) = GD(ω′)Ω + O(Ω2) (2.29)

which can then be numerically integrated and frequency-shifted to obtain the spectral phase
of the original pulse ϕ(ω).

Compared to FROG, 2DSI has the advantages of providing a direct measurement of the
spectral dispersion of the pulse (avoiding the need for an iterative algorithm), and of not
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Figure 2.4 Principle of 2DSI measurements.

adding additional dispersion. Its standard implementation is however significantly more
complex than SH-FROG, and can only be reliably used for very short pulses (≤ ∼10 fs).
Indeed, the two (quasi-)monochromatic beams are most-commonly obtained from splitting
the original pulse in three and propagating two copies through a series of dispersive elements.
For this to work however, the input pulse needs to be 1) broadband and 2) nearly compressed
such that the instantaneous frequency of these dispersed copies varies by less than the shear
Ω over the duration ∆t of the pulse. The measured trace however lacks any way to ensure
this condition is satisfied, and in practice one should perform multiple measurements with
different shears and levels of dispersion to ensure convergence of the measurement [120].

2.1.4 Pulse Compression Methods

Once the dispersion ϕ(ω) of a pulse is characterized, its propagation through a physical sys-
tem with the opposite dispersion will compress it to its transform limited duration. Modern
experiments also often "pre-compress" pulses, i.e. cancel dispersion from optical elements
before the pulse train propagates through them, in order to obtain compressed pulses at
a specific latter point. To cancel i.e. group delay dispersion, the simplest method consist
in propagating the pulse through a medium for which the sign of group velocity disper-
sion (GVD) is opposite at the carrier frequency of the pulse and with the proper thickness.
However, in the visible and in the high-frequency end of the near infrared regions of the
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electromagnetic spectrum, most transparent bulk media exhibit positive GVD and therefore
other methods are needed if ones needs to impart negative group delay dispersion (GDD) or
a more complex phase mask to a pulse train.

The three most common free-space solutions to this issue are sketched in Figure 2.5. All of
them can be understood conceptually as using spatial separation of frequency components of
a pulse to then geometrically impart a frequency-dependent group delay. In (a) grating [81]
and (b) prism [82] compressors, the frequency components are first separated angularly and
then made parallel to each other from reflecting off a diffraction grating or propagating
through a prism made of dispersive material. Propagation through a mirrored setup or back
reflection through the same configuration then recombines the pulse as one. In both cases, the
geometry can be adjusted to yield a longer optical path length for longer (red) wavelengths
than shorter (blue) ones, which corresponds to negative GDD. These two strategies are
simple to implement and not too expensive, but they often introduce additional third- and
higher-order dispersion to the pulse which can be significant for few-cycle pulses. Compared
to one another, prism compressors typically have lower losses while grating compressors allow
for much higher tunability and maximal absolute value of the GDD.

Figure 2.5 Schematic of 3 pulse compression methods : (a) grating pair, (b) prism pair, and
(c) chirped mirrors.

In chirped mirrors compressors (c), the pulse is reflected off of a Bragg mirror where the
thickness of the dielectric layers (and therefore the Bragg wavelength) varies within the
structure. Conceptually, one can imagine that some frequency components will reflect off
the outer layer of the mirror while others travel deeper into the mirror before being reflected
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and therefore acquire a larger group delay from the reflection. The frequency-dependent
group delay curve of a single mirror often contains oscillations, which can be mitigated by
more intricate designs [121] and by the combined use of a matched pair of chirped mirrors
with opposite oscillations. Modern off-the-shelf chirped mirror pairs can be bought with
nearly-constant GDD or third-order dispersion over nearly-octave spanning bandwidths with
0.1 % loss per reflection, and custom designs can be ordered to correct for near-arbitrary
dispersion profiles, making it the most suitable solution for the compression of few-cycle
pulses. The biggest drawback of these compressors is the relatively low GDD (∼30 fs2) they
can achieve in one reflection compared to other methods, which is typically addressed by
performing multiple reflections on the mirror pair or combining it with a second dispersion
control method.

2.2 Quantum Description of Light

The first signs of the quantum nature of light appeared at the start of the 20th century,
as Plank and Einstein respectively showed that the spectrum of blackbody radiation [10,
11], and the photoelectric effect [12] could both be explained by admitting the existence
of light quanta with an energy proportional to the optical frequency. Since then, the field
of quantum optics has been in a constant evolution which greatly accelerated in the 1960s,
experimentally by the invention of the laser [1], and theoretically by the first prediction
of a purely nonclassical effect : photon anti-bunching [122]. Today, quantum light drives
some of the most impressive technological and scientific achievements, such as quantum key
distributions [123] and gravitational wave detectors [28].

The main theoretical concept of quantum optics necessary to understand the results presented
in Chapters 4 and 5 are introduced here in a mostly-informal treatment. First, consider a
classical electromagnetic wave in frequency domain

Ẽ(ω) = 1
2
(
A(ω − ω0)eiϕ(ω−ω0) + c.c.

)
(2.30)

where ω = 2πν is the angular frequency corresponding to an optical frequency ν, A(ω − ω0)
is the amplitude spectrum of the field centered around the angular frequency ω0, ϕ(ω − ω0)
is its spectral phase and c.c. denotes the complex conjugate. To describe the same field
in quantum optics, two quantization steps must be taken. The first usually consists in
decomposing the field into a (potentially infinite) series of orthonormal modes, and assuming
there exist some complex amplitudes al such that the probability |al|2 of detecting a photon in
mode l is proportional to the classical intensity in that same mode. The most commonly used
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decomposition is that of monochromatic modes [124], but alternatively broadband "temporal"
modes [125] or even infinitely temporally-localized modes [126] can prove more convenient to
use depending on the source and the measurement apparatus one tries to describe.

From there, the second quantization promotes the complex amplitude al to a so-called an-
nihilation operator âl and its complex conjugate a∗l to a creation operator â†l . We then also
define the Fock basis of states |n⟩l that have a fixed number of photons n in mode l, such
that

âl |n⟩l =
√
n |n− 1⟩l (2.31a)

â†l |n⟩l =
√
n+ 1 |n+ 1⟩l (2.31b)

showing that âl and â†l respectively describe the process of removing or adding a photon in
the mode l. These operators also follow the canonical commutation relation

[âl, â
†
m] ≡ âlâ

†
m − â†mâl = δlm (2.32)

where δ is the Kronecker delta function. While âl and â†l are non-Hermitian (âl ̸= â†l )
and therefore cannot be associated to any observable, they can be combined to create new
operators which are Hermitian. Most relevant for the present thesis are the so-called in-phase
field quadrature x̂l, its conjugate out-of-phase quadrature p̂l, and the number of photons n̂l

x̂l = 1
2
(
âl + â†l

)
(2.33a)

p̂l = 1
2j
(
âl − â†l

)
(2.33b)

n̂l = â†l âl (2.33c)

with the notable absence of an operator corresponding to the phase of the field. Multiple
attempts to define a phase operator can be found in the literature [127–131], but each of them
come with their own mathematical and conceptual difficulties. Due to the unique challenges
related to this observable and its major importance in the interpretation of some the results
in chapter 5, it is discussed separately in section 2.5. In the following sections, the mode
index l is dropped whenever a single mode state is considered to lighten the notation.
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2.2.1 Vacuum State and the Heisenberg Uncertainty Principle

"Vacuum" is the term commonly used to describe the ground state of an electromagnetic field
mode. It is denoted as |0⟩, and can be defined as the state from which no photons can be
extracted

â |0⟩ = 0 . (2.34)

While it arguably the "simplest" state of the electromagnetic field, the vacuum marks one of
the biggest departure between the classical and quantum theory of light. Classically, a mode
without photons would have a perfectly null field amplitude. In quantum optics, one instead
finds that for the vacuum state, this is true only on average

⟨x⟩ = ⟨p⟩ = 0 (2.35a)

∆x = ∆p = 1
2 (2.35b)

where ⟨z⟩ denotes the expectation value of observable ẑ, and ∆z =
√

⟨z2⟩ − ⟨z⟩2 its stan-
dard deviation from repeated measurements. Equation (2.35b) describes the fundamental
uncertainty of electromagnetic fields, often called vacuum fluctuations, which are found in
quantum electrodynamics theory to be responsible for multiple nonclassical phenomena in-
cluding the Casimir effect [132], the Lamb shift [133, 134], and the shot noise of light [135].
Those fluctuations are not unique to the vacuum state, and in fact appear in some way for any
state of light, with a minimal uncertainty dictated by Heisenberg uncertainty principle [136]

∆x∆p ≥ 1
4 (2.36)

which applies to the uncertainty product of any pair of canonically conjugate observables, of
which the pair x̂ and p̂ is only one example.

2.2.2 Coherent States and Shot Noise

A coherent state |α⟩ is defined as the eigenstate of the annihilation operator â with eigenvalue
α, i.e. â |α⟩ = α |α⟩. It is the state used to describe coherent radiation from a laser source
with amplitude |α| and phase arg(α). In the Fock basis, it takes the form
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|α⟩ = e−|α|
2/2

∞∑
n

αn

√
n!

|n⟩ (2.37)

showing that it is a coherent superposition of Fock states with weights that once squared
correspond to a Poissonian probability distribution of photons with mean ⟨n⟩ = |α|2 and
standard deviation ∆n =

√
⟨n⟩. The relative uncertainty in the photocounts statistics of a

coherent light source

∆n
⟨n⟩

= 1√
⟨n⟩

(2.38)

is most commonly called shot noise, and it defines the standard quantum limit of photocounts
experiments performed with a light source with mean photon flux ⟨n⟩, i.e. the best relative
precision achievable without using a nonclassical light state.

2.2.3 Thermal States and Photon Bunching

As its name suggest, a thermal state describes most notably (but not exclusively) the quantum
light state of thermal radiation. It is a mixed state of light, contrary to the previous examples
which were all pure states. It is therefore described by a density matrix

ρ̂thermal (⟨n⟩) =
∞∑

n=0

⟨n⟩n

(1 + ⟨n⟩)n+1 |n⟩ ⟨n| (2.39)

where the only parameter is the average number of photons ⟨n⟩. Its photon statistics instead
follow a Bose-Einstein distribution, resulting in a standard deviation ∆n =

√
⟨n⟩ + ⟨n⟩2 that

is strictly greater than the Poissonian light of coherent states. These additional fluctuations
are sometimes called photon bunching, as they correspond to a correlation in the arrival time
of separate photons [137].

2.2.4 Single-Mode Squeezed Vacuum and Squeezing

Quite generally, in quantum optics the term squeezed is used to describe a quantum state
of light for which the uncertainty in the measurement of a specific observable is made to
be smaller than the standard quantum limit set by a coherent state. In accordance with
Heisenberg’s uncertainty principle, squeezing of some observable requires anti-squeezing of its
conjugate. An extreme example of this are the Fock states, which exhibit infinite determinism
of their photon number, and a completely undetermined phase.
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For the specific case of squeezed vacuum, the two observables are the squeezed quadrature
q̂(ϕ) = x̂ cos(ϕ)+ p̂ sin(ϕ) and its (anti-squeezed) conjugate q̂(ϕ+π/2) = −x̂ sin(ϕ)+ p̂ cos(ϕ).
Contrary to what its name might suggest, a squeezed vacuum does contain photons. It is
actually a superposition of even-number Fock states

|SSM⟩ (r, ϕ) = 1√
cosh(r)

∞∑
n=0

(
−eiϕ tanh(r)

)n

√
(2n)!
2nn! |2n⟩ (2.40)

with an average number of photons ⟨n⟩ = sinh2(r), where r is the squeezing parameter and
ϕ the squeezing angle, such that the ∆q̂(ϕ/2) is reduced by a factor e−r while ∆q̂(ϕ/2 +π/2)
increases by a factor er. The reason for the "vacuum" naming is rather that the average field
remains null at all times (⟨x⟩ = ⟨p⟩ = 0) despite there being photons.

Experimentally, squeezed vacuum is obtained from any spontaneous (non-seeded) paramet-
ric process which generates photons in pairs, most often parametric down-conversion and
four-wave mixing [23]. The most notable experimental use of squeezed vacuum is arguably
in modern gravitational wave detectors [8, 28, 135], where a source of squeezed vacuum is
combined with a high power coherent laser source to produce a phase-squeezed coherent
state and reduce the noise of a gigantic interferometer. To date, the highest levels of squeez-
ing ever reported is 15 dB for continuous wave light [138]. For pulsed light, the technical
challenges involved in generating a local oscillator (LO) that is temporally mode-matched to
the squeezed light have prevented the observation of such high levels of squeezing, and the
current record of 5.88 dB has been achieved with few-ps pulses [139].

2.2.5 Two-mode Squeezed Vacuum

The preceding discussion assumed that the two photons in each photon pair constituting
the squeezed vacuum were indistinguishable and were therefore contained in the same mode.
However, one still obtains squeezed vacuum if the pairs are composed of distinguishable
photon, i.e. if the photons are in separate modes. In that case, one instead obtains an
entangled state of light composed of a superposition of two-mode Fock states

|STM⟩ (r, ϕ) = 1
cosh(r)

∞∑
n=0

(
−eiϕ tanh(r)

)n
|n, n⟩ (2.41)

where |n, n⟩ = |n⟩1 ⊗ |n⟩2 describes a n-photons Fock state in modes 1 and 2. Contrary to
the single-mode squeezed vacuum, there is not only one, but multiple two-mode observables
that are squeezed, e.g. the in-phase quadrature difference q̂1(ϕ) − q̂2(ϕ), the out-of-phase
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quadrature sum q̂1(ϕ+ π/2) + q̂2(ϕ+ π/2), the photon-number difference n̂1 − n̂2, the phase
sum ϕ̂1 + ϕ̂2, and just as many anti-squeezed two-mode observables. If one considers only
one mode of the squeezed vacuum by taking a partial trace over the second mode

ρ̂1 = Tr2 (|STM⟩ ⟨STM|) = 1
cosh2(r)

∞∑
n=0

tanh2n(r) |n⟩ ⟨n| (2.42)

the result is a thermal state with an average number of photons ⟨n⟩ = sinh2(r). The very rich
entanglement properties of two-mode squeezed states make them a workhorse of experimental
quantum optics [23], as they can be used as a starting point in post-selection schemes to
produce a multitude of other quantum light states, including notably heralded single photons
[14,17], sub-poissonian light [19, 21], and band-conditioned states [32].

2.3 Parametric Down-Conversion

Parametric down-conversion (PDC) is a second-order nonlinear optical process, where pho-
tons from a (usually) strong optical pump of angular frequency ωp and wavevector k⃗p are
annihilated to create pairs of photons at a lower optical frequency via DFG. When the two
photons from each pair that are generated are distinguishable (either by their polarization,
frequency, or wavevector), they are traditionally labeled respectively as signal (with angular
frequency ωs and wavevector k⃗s) and idler (with angular frequency ωi and wavevector k⃗i). As
any parametric nonlinear process, it follows the laws of conversion of energy and momentum

ℏωp = ℏ(ωs + ωi) (2.43a)

ℏk⃗p = ℏ(k⃗s + k⃗i) (2.43b)

as presented in details in section 2.1.2. When either of the two down-converted mode is seeded
(stimulated), this process of the basis behind classical optical parametric amplification. In
the unseeded (spontaneous) case, PDC instead creates a squeezed vacuum state, which is here
assumed to be in two modes (signal and idler). When considering only a single, well-defined
narrowband mode âp, âs, and âi for each of the pump, signal and idler beams, and in the
case of perfect phase matching |∆k⃗| = |⃗ks + k⃗i − k⃗p| = 0, their interaction can be described
by the set of coupled equations [140]
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dâs

dz = −igâ†i âp (2.44a)
dâi

dz = −igâ†sâp (2.44b)
dâp

dz = −igâsâi (2.44c)

where g is a constant describing the strength of the nonlinear coupling between all three
modes, and z is the spatial coordinate along the propagation axis. There are no known
general closed-form solution to this set of equations. It can be solved numerically when
the pump has a sufficiently low enough number of photons, and a wide range of approximate
solutions exist for various specific cases [23,54,141,142]. The most prominent strategy consist
in treating the pump classically (âp ≈ Ap) and assume that it is a static field (Ap(z) ≈ Ap(0)).
In this case, the set of equations (2.44) can be solved by taking a second derivative, yielding
a pair of decoupled second order differential equations whose solution follow a Bogolyubov
transformation [143]

âs(L) = âs(0) cosh(G) + â†i (0) sinh(G) (2.45a)

âi(L) = âi(0) cosh(G) + â†s(0) sinh(G) (2.45b)

where G = gApL is the parametric gain, and L is the interaction length of the PDC process
(usually the thickness of the nonlinear medium). The output state is indeed a two-mode
squeezed vacuum state as introduced in section 2.2.5 with squeezing parameter r = G.

2.3.1 Microscopic Regime: Photon Pairs

In the spontaneous regime G ≪ 1 of PDC, also called the low-gain regime, a single signal-idler
photon pair is produced with a probability

P (n = 1) = tanh2(G)
cosh2(G)

≈ G2 (2.46)

which allows for the generation of so-called heralded single photons [17,18], where the detec-
tion of an idler photon heralds the presence of another, single photon in the signal branch.
The implementation of low-gain spontaneous parametric down-conversion (SPDC) sources
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is the most prominent strategy to experimentally achieve single photon states |1⟩, and they
have been used in major experimental demonstration of quantum physics, including the
Hong-Ou-Mandel effect [144] and the violation of Bell inequalities [14].

For these sources, increasing the parametric gain G yields a higher rate of photon pair
production as predicted by equation (2.46) and therefore faster acquisition of data, but it
also comes with a higher risk of production of multiple pairs of photons

P (n > 1) = 1 − P (n = 0) − P (n = 1) = 1 − 1 + tanh2(G)
cosh2(G)

≈ G4 (2.47)

and therefore, in the absence of affordable photon-number-resolving detectors, most heralded
single photon sources operate with a very low parametric gain to ensure that a vast majority
of experimental data points are generated from a single pair of photons.

2.3.2 Macroscopic Regime: Bright Twin Beams

Most texts distinguish the spontaneous, microscopic regime of PDC from a so-called high-
gain regime where G > 1. Past this point, a two-mode PDC source produces (many) photon
pairs more often than not, and only the number of downconverted photons changes from shot
to shot, turning it into a light source that is often called twin beams [23]. This definition
however includes a mesoscopic regime [39], from G = 1 up to G ∼ 3, where the signal and
idler beams contain < 100 photons on average and where quantization effects can still be
observed with relative ease.

Conversely, recent advances of ultrafast laser technology enabled the demonstration of macro-
scopic PDC implementations where the parametric gain reaches records values of G = 16,
corresponding to over 1013 photons per pulse on average [22]. These developments enabled
experimental exploration of nonlinear optical phenomena driven by squeezed vacuum, includ-
ing high-harmonic generation [40] and photoionization [37]. The rest of this thesis focuses
on such sources, with over 106 photons per pulse on average, and interchangeably refers to
this regime as high-gain or as macroscopic. The resulting state is labeled as bright twin
beams (BTBs) to highlight its considerably high photon content making it visible to the
naked eye, and its single-mode equivalent is labeled as bright squeezed vacuum (BSV).

2.3.3 Multimode Bright Twin Beams and the Schmidt Decomposition

The discussion so far assumed that the pump was nonlinearly coupled to a single pair of signal
and idler modes. This assumption is reasonable for an optical parametric amplifier (OPA),
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where a finite seed defines the signal mode, while energy and momentum conservation laws
dictate the corresponding idler mode. In the spontaneous case however, more often than not
a large number of vacuum mode pairs are coupled to the pump.

The information about the mode composition of twin beams is contained in the joint spectral
amplitude (JSA) [143], which in the low-gain (microscopic) regime takes the form

JSA(ks,ki, ωs, ωs) = Ãp(ks,ki, ωs, ωi)sinc
(

|∆k(ωs, ωi)|L
2

)
exp

(
i
|∆k(ωs, ωi)|L

2

)
(2.48)

where Ãp is the complex spectral amplitude of the pump, and ∆k = kp − ks − ki is the wave
vector mismatch of the PDC process dictated by the chromatic dispersion of the nonlinear
medium. In this regime, the JSA can be understood as the probability amplitude of detecting
a pair of signal and idler photons with respectively wavevectors ks and ki, and angular
frequencies ωs and ωi.

In general, the full 6-dimensional form of the JSA is too complex for practical use. Most
works therefore assume separability of the k and ω degrees of freedom as an approximation,
and then use angular filtering to eliminate the k dependence and obtain a 2-dimensional
JSA [143]. In this form, a Schmidt decomposition can be performed on the JSA

JSA(ωs, ωs) =
∞∑

l=0

√
Λlψl(ωs)ϕl(ωi) (2.49)

to obtain the relative occupation (Schmidt coefficients Λl) and the shapes (ψl(ωs) and ϕl(ωi))
of the signal and idler frequency modes. From this decomposition, the Schmidt number

K = 1∑∞
l=0 Λ2

l

(2.50)

further yields the effective number of spectral modes for each of the BTBs, e.g. K = 3
indicates that there are 3 occupied signal modes and 3 occupied idler modes.

2.4 Characterization of Quantum Light

This section introduces various standard characterization methods of quantum light states
and their application to BTBs. For the sake of simplicity, the following examples assume free
space, unidimensional and unidirectional propagation.
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2.4.1 Second-Order Auto-Correlation and Photon Statistics

The classical second-order auto-correlation function

g(2)(τ) = ⟨I(t)I(t+ τ)⟩
⟨I(t)⟩ ⟨I(t+ τ)⟩ (2.51)

describes the correlation between the optical intensity I of two parts of an electromagnetic
field that are temporally separated by a time delay τ . It is particular importance in ultrafast
photonics, where its measurements yields an upper bound for the duration of optical pulses
(as discussed in section 2.1.3). Its zero-delay value

g(2) ≡ g(2)(0) = ⟨I(t)2⟩
⟨I(t)⟩2 = 1 + ∆2 (I(t))

⟨I(t)⟩2 (2.52)

is also classically used as a metric of how "chaotic" a light source is [56]. In quantum optics,
g(2)(τ) describes how the fact of measuring one photon affects the probability of measuring
a second photon at time delay τ . If we consider instantaneous detectors registering the
instantaneous photon flux n(t), we can define infinitely temporally-localized modes with
ladder operators â(t) and â†(t) [126] to find a quantum description

g(2)(τ) =

〈∫
t a
†(t)a†(t+ τ)a(t+ τ)a(t)dt

〉
⟨
∫

t a
†(t)a(t)dt⟩ ⟨

∫
t a
†(t+ τ)a(t+ τ)dt⟩ = ⟨

∫
t n(t+ τ)n(t)dt⟩ − δ(τ) ⟨n⟩

⟨n⟩2 (2.53)

where the commutation relation a(t)a†(t+τ) = δ(τ) is used for the last equality. At zero-delay
and in the limit of high photon flux ⟨n⟩ ≫ 1, we recover the classical result

g(2) ≈ 1 + ∆2n

⟨n⟩2

quantifying the statistical fluctuations of the photon flux. More generally, we find that
g(2) describes the change in the expected number of photons when one performs a photon-
subtraction post-selection

g(2) = ⟨n(n− 1)⟩
⟨n⟩2 (2.54)

as sketched in Fig 2.6. For a so-called bunched light source (g(2) > 1), the measurement of
a single photon on the conditioning detector is correlated with the probability of measuring
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more photons than average on the second detector. For a "coherent" source (meant here
broadly as a source for which g(2) = 1, and not necessarily a coherent state), the measurement
of a single photon on the conditioning detector yields no information on the number of
photons arriving on the second detector. Finally, for an anti-bunched source (g(2) < 1),
the measurement of a single photon on the conditioning detector is anti-correlated with the
probability of measuring more photons than average on the second detector. A famous non-
classical result is that of the single photon state |1⟩, where g(2) = 0 because the photon can
reach only one detector [14].

Figure 2.6 Setup for photon subtraction post-selection and g(2) measurement. The beam-
splitter has a very low reflectivity such that at most a single photon is reflected toward the
upper detector. If no photon is reflected, the transmitted state is the same as the input |ψ⟩,
with an average photon number ⟨n⟩ = ⟨ψ| n̂ |ψ⟩. If a photon is reflected, the transmitted
state is instead |ψ′⟩ ∝ â |ψ⟩ with an average photon number ⟨ψ′| n̂ |ψ′⟩ = g(2) ⟨n⟩.

The photon number probability distribution and the corresponding value of g(2) for common
quantum states of light are listed in table 2.1. Due to the simplicity of its measurement
and its well-known values, g(2) is sometimes used as a metric to uniquely identify the photon
statistics of a source. Yet, states that have otherwise very dissimilar photon statistics can
share nearly-identical values of g(2), such as a coherent state and a macroscopic Fock state.
So, while g(2) does yields insightful and experimentally-relevant information about a given
state, one should always keep in mind its limitations and consider also looking at the full
photon statistics of the source.

In the last decade, there has been a pronounced interest toward the use of BTBs and BSV
as the driving field for multiphoton effects due to their high value of g(2) (and higher-order
correlation functions g(l) with l = 3, 4, 5, ...) leading to a so-called statistical enhancement of
the conversion efficiency [25,26,40]. This effect can be understood classically by considering
a process with an efficiency that scales with the intensity I
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Table 2.1 Photon statistics of common quantum states of light

State Photon number probability distribution P (n) g(2)

Vacuum
|0⟩ δn,0 0

m-photon Fock
|m⟩ δn,m

m−1
m

Coherent
|α⟩ e−|α|

2 |α|2n

n! 1

Thermal
ρth(⟨n⟩)

⟨n⟩n
(1+⟨n⟩)n+1 2

Squeezed vacuum
|SSM(⟨n⟩)⟩ (n+ 1)mod2 n!

2n( n
2 !)2

⟨n⟩n/2

(1+⟨n⟩)(n+1)/2 3 + 1
⟨n⟩

η(I) ∝ Iα

with α ≥ 1. If this process is driven by a light source with a probability density distribution
of intensity P (I), the resulting average efficiency is therefore

⟨η⟩ ∝
∫∞

0 η(I)IP (I) dI∫∞
0 IP (I) dI ≡ ⟨Iα+1⟩

⟨I⟩
= g(α+1) ⟨I⟩α

which is exactly g(α+1) greater than a coherent source for which g(2) = g(3) = g(4) = ... = 1.
A functionally-identical result is obtained with the quantum formulation of auto-correlation
functions [143].

2.4.2 Joint Spectral Intensity, Spectral Covariance and Schmidt Modes

Strictly speaking, a measurement of the JSA is generally necessary to obtain the mode
composition of a BTBs source, but it is rarely measured due to the experimental challenges
involved in simultaneously measuring the amplitude and phase of two broadband fields.
Instead, the joint spectral intensity (JSI)

JSI(ωs, ωs) = |JSA(ωs, ωs)|2 =
∣∣∣∣∣
∞∑

l=0

√
Λlψl(ωs)ϕl(ωi)

∣∣∣∣∣
2

(2.55)

is measured more often due to its intensity-only measurement being much simpler to imple-
ment, at the price of losing phase information. This is typically performed from a measure-
ment of the spectral covariance [63]
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COV (ns(ωs), ni(ωi)) =
∣∣∣∣∣
∞∑

l=0
ulvlψl(ωs)ϕl(ωi)

∣∣∣∣∣
2

(2.56)

which is exactly equal to the JSI in the low gain limit. In the high-gain limit where ul ≈
vl ≈

√
Λl [143], the spectral covariance contains the same information as the JSI, but with

redistributed coefficients. Therefore, if the phase of the underlying JSA is flat, i.e. if

JSA(ωs, ωs) = |JSA(ωs, ωs)| eiϕ

for any constant phase ϕ, then a Schmidt decomposition of
√

COV (ns(ωs), ni(ωi)) yields
the correct Schmidt modes and coefficients, up to detection efficiency [63]. The flat-phase
assumption can be verified aposteriori by comparing the resulting Schmidt number to the
one calculated from the zero-delay second-order auto-correlation function g(2) [145]

K = g
(2)
1 − 1
g(2) − 1 (2.57)

where g
(2)
1 is the single-mode value of g(2), e.g. 2 for BTBs. The JSI (and the spectral

covariance) can also offer a visual indication of the number of modes. Indeed, by definition
a single-mode source must have a JSI of the form

JSI1(ωs, ωs) = |ψ0(ωs)ϕ0(ωi)|2 (2.58)

which is a separable function of ωs and ωi. Therefore, the presence of any frequency correla-
tions in the JSI can be interpreted as a sign of a source being multimode. Examples of the
typical shapes of multimode and single-mode JSIs are presented in Figure 2.7.

The separability condition on the JSI for a single-mode source dictates that the pump ampli-
tude bandwidth must match the phase-matching bandwidth (in the low-gain regime) [61–64].
Equivalently, in time domain this means that the duration of the pump envelope in time must
match the correlation time of the phase-matched vacuum modes [145].

2.4.3 Q Function and Joint Measurement of Non-Commuting Quadratures

The Q function, first introduced by Husimi in 1940 [146], is a quasiprobability distribution
used to represent a quantum state in phase space. It provides a visual representation of the
density matrix ρ̂ of a quantum state by projecting it against every coherent states |α⟩
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Figure 2.7 JSI of a) an heavily-multimode BSV, and b) a single-mode BSV.

Q(α) = 1
π

⟨α| ρ̂ |α⟩ (2.59)

and contrary to other popular representations such as the Wigner distribution [147] or the
Glauber–Sudarshan P representation [148,149], it has the peculiarity of being non-negative.
Experimentally, the Q function can be directly sampled from the simultaneous measurements
of canonically conjugate variables, via e.g. 8-ports homodyne detection or heterodyning
[150–153], and can be understood as the probability density distribution of the result of such
measurements. This feature makes it closely linked to the infamous measurement of the
quantum phase, which is obtained by the same schemes [154–157]. It is also mathematically
equivalent to the Wigner quasiprobability distribution W (α) convolved with a Gaussian
window, but experimentally the two distributions do not perform identically for all states
when they are reconstructed from finite and potentially noisy data [158,159].

2.4.4 Nonclassicality Criteria and the Noise Reduction Factor

A major aspect of quantum optics is to distinguish between states of light that are compatible
with classical electrodynamics, and those that are not and are thus called nonclassical. Many
sufficient nonclassicality criteria can be found in the literature, e.g. negativity of phase space
distributions [160], quadrature fluctuations below the vacuum level (i.e. squeezing) [23, 95],
sub-shot-noise photon-number fluctuations [14, 19, 21, 144], violation of the Cauchy-Schwarz
[161] or other inequalities [65]. Conversely, only a few necessary nonclassicality criteria have
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Figure 2.8 Q function of 6 states of light : a) vacuum, b) coherent, c) squeezed-vacuum,
d) thermal, e) Fock, and f) an eigenstate of the Pegg-Barnett phase operator with s = 300
(see section 2.5 for details). States shown in plots b)-e) all have an average photon number
⟨n⟩ = 10.

been demonstrated so far [162,163] and require specific measurement apparatuses.

For this reason, it is important for experimental demonstrations of nonclassicality to identify
the easiest criterion that can be demonstrated for the particular state considered. In the case
of macroscopic BTBs, most criteria listed above trivially tend toward their classical limit
due to a 1/ ⟨n⟩ dependence in their mathematical formulation. Instead, the nonclassicality
of BTBs is most often demonstrated via a measurement of the noise reduction factor (NRF)
[23,65]
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NRF = ∆2 (ms −mi)
⟨ms +mi⟩

(2.60)

which evaluates the (squared) ratio of the noise between any two light sources to the noise
expected for two coherent light sources with the same average photon numbers. Here, m
denotes the measured number of photons, and its operator is derived from the emitted number
of photons n by modeling losses in the system as transmission through a beamsplitter right
before detection [164]. The NRF is defined such that the standard quantum limit corresponds
to NRF = 1, and any smaller value demonstrates a quantum advantage. Under perfect
conditions, the signal and idler twin beams generated from PDC would reach NRF = 0, i.e.
∆2 (ms −mi) = 0, but any losses, sources of noise, or mismatch in the detection efficiency
will increase it to a finite value. The first two issues are fundamental and limit the degree of
squeezing that can be leveraged from the BTBs. The latter is however purely technical, and
can be remedied either experimentally by introducing controllable losses on both detection
channels, or numerically by using an alternate definition of the NRF [21]

NRF = ∆2 (ms − β (ms)mi)
⟨ms + β (ms)mi⟩

(2.61)

where β (ms) is an experimentally-determined correlation function such that the NRF is
minimized. Its simplest form β = ⟨ms⟩ / ⟨mi⟩ is obtained with noiseless, perfectly-linear
detectors and a single-mode source. Both definitions are used and compared for the results
presented in Chapters 4 and 5, but more focus is given to the second definition (2.61) as it
usually yields lower values due to its lesser sensitivity to imperfect experimental conditions.
Typical values of the NRF ranging from 0.2 to 0.5 have been reported in the literature for
multimode BTBs with 105–106 photons per pulse on average [21,68,73–75].

2.5 The Quantum Phase Problem

The search for a quantum theory of the phase of an electromagnetic field has been a long-
standing open problem in physics, which started with the seminal work of Dirac in 1927 [127].
The search for a solution find importance in the determination of the physical limitations to
e.g. the precision of interferometric measurements [135, 165], the stabilization of the CEP
of few-cycle pulse trains [45,48], and the noise propagation in phase-sensitive nonlinear phe-
nomena such as HHG [47,49].

Conceptually, the fundamental limit of optical phase precision can be understood from the
(approximate) Heisenberg uncertainty relation
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∆n∆ϕ ≥ 1
2 (2.62)

which highlights that any hypothetical state of certain phase (∆ϕ = 0) would also show
complete indetermination of the photon number (∆n = ∞), i.e. either infinite energy or
infinite measurement time. Nowadays, two limits are generally recognized. The first is the
phase analogue to the shot-noise limit [135]

∆ϕ ≳
1

2
√

⟨n⟩
(2.63)

which is achieved for bright coherent states, and can be understood as the standard quantum
limit of phase measurements. The second is known as the Heisenberg limit

∆ϕ ≳
1

⟨n⟩
(2.64)

which can be reached with e.g. suitable squeezed states [135] or SU(1,1) interferometers [166],
and is generally understood as the maximal precision of phase measurements [165,167,168].
The so-called "quantum phase problem" [169–171] stems from the fact that defining any
operator ϕ̂ following the canonical commutation relation

[
n̂, ϕ̂

]
= i

as Dirac attempted will always inadvertently lead to contradictory predictions due to eigen-
values of n̂ being lower-bounded to 0 [169]. Following attempts in the 1960s explored new
operators defined instead as the sine, cosine and exponential of the phase [128,172], which had
other mathematical difficulties such as non-unitarity, and further implied the non-existence
of an actual Hermitian "phase" operator. No single, universally-accepted solution to the
quantum phase problem exists even today, but multiple formalisms have demonstrated good
agreement both with experiments and with theoretical expectations stemming from the cor-
respondence principle and the Heisenberg uncertainty principle.

Here, two of these "modern" solutions are briefly reviewed. The first is the Pegg-Barnett
formalism [130,131], which is the latest and arguably the most recognized "operator approach"
to the quantum phase problem. It first introduces a truncated Hilbert space of Fock states
with a maximal number of photons nmax = s, where a phase operator
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Φ̂s =
s∑

m=0
ϕm |ϕm⟩ ⟨ϕm| (2.65)

with eigenstates

|ϕm⟩ = (s+ 1)−1/2
s∑

n=0
exp(inϕm) |n⟩ (2.66)

can be defined without the usual mathematical difficulties, and then the limit s → ∞ is
applied as a last step to compute physical quantities. This approach converges to the results of
previous attempts for very bright states, but now also correctly predicts a uniform distribution
over 2π for the phase of the vacuum.

The second solution is the so-called "phase-space approach", where a quasiprobability distri-
bution of a state under study is first acquired by the standard means, and then the probability
distribution of a phase measurement can be calculated from it [169]. For instance, starting
from the Q-function Qρ̂ of a quantum state with density matrix ρ̂, we get the probability
distribution [173]

P (ϕ|ρ̂) =
∫ ∞

0

dr
π
rQρ̂(reiϕ) (2.67)

from which e.g. the expectation value and variance can be calculated. The biggest strength
of this formalism is that it shows that the probability distribution (2.67) is identical to the
distribution of the phase difference between the quantum state ρ̂ and a strong coherent-state
LO as one measures in e.g. a multi-port homodyne interferometer [156, 174, 175], therefore
directly connecting theory to experiments. This formalism is also directly connected to a
family of phase operators introduced earlier by Paul [129], and it has recently been shown to
be linked to the Pegg-Barnett formalism [173].
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CHAPTER 3 METHODOLOGY AND DESIGN

This chapter presents the computational methodology used to perform the numerical simu-
lations presented in Chapter 5, and the experimental methodology used to implement and
characterize the bright twin beams (BTBs) source presented in Chapter 4.

3.1 Numerical Model of Ultrafast, High-Gain Parametric Down-Conversion

Recent advances in experimental implementations of bright squeezed states of light have seen
the generation of bright squeezed vacuum (BSV) and BTBs with unprecedented parametric
gain [22,40], resulting in quantum light sources with photon fluxes comparable to off-the-shelf
laser systems. In this regime of extreme nonlinear gain, third-order nonlinear effects can play
a vital role [176] and must be considered on top of the usual effects of diffraction [24,73,177]
and chromatic dispersion [62, 63, 178–180]. The interplay between all 3 effects can create
extremely complex pulse propagation phenomena [181] whcih are difficult to track in quantum
models of parametric down-conversion (PDC), but are relatively well understood in classical
models of ultrafast nonlinear pulse propagation [182].

Recent theoretical studies have highlighted how effective semi-classical models of PDC can
be at predicting the statistical properties of squeezed light and even correlations in the ob-
servables of entangled BTBs [60, 183]. In theses models, a stochastic field mimicking the
properties of the vacuum states of the electromagnetic field is used as a seed in a fully clas-
sical model of nonlinear pulse propagation. This strategy avoids all the challenges involved
in implementing high-order dispersion and nonlinear effects in a quantum framework, with
the main downside being that one needs to run the same simulation multiple times with a
different vacuum seed to obtain statistics on the output observables. This however mim-
ics the behavior of real-world quantum experiments, where one needs to repeat the same
measurement of an observable on multiple systems prepared in the same quantum states in
order to resolve its statistics, enabling a one-to-one comparison of results despite a seemingly
inefficient computational methodology.

3.1.1 Unidirectinal Propagation Equation

We start from the standard wave equation of nonlinear optics [57]

∇2E − 1
c2
∂2E
∂t2

= 1
ϵ0c2

∂2P
∂t2

(3.1)
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where E = E(r, t) is the electric field and P = P(1)(r, t)+PNL(r, t) is the material polarisation
(with linear response P(1) and nonlinear response PNL) at the spatial coordinate r and at
time t, c is the speed of light, and ϵ0 is the vacuum permittivity.

We first identify z as the preferred propagation direction for all light fields considered in this
model, and take a Fourier transform over all other coordinates

∂2Ẽ
∂z2 − (k2

x + k2
y)Ẽ − ω2

c2 Ẽ = − ω2

ϵ0c2 P̃ . (3.2)

In the frequency domain, the linear polarization is given simply as P̃(1) = ϵ0(n2 − 1)Ẽ, where
n is the linear refractive index of the medium which may depend on kx, ky and ω, but is
assumed to be independent of z. Equation (3.2) becomes

∂2Ẽ
∂z2 − (k2

x + k2
y)Ẽ + n2ω2

c2 Ẽ = − ω2

ϵ0c2 P̃NL (3.3a)

∂2Ẽ
∂z2 + k2

zẼ = − ω2

ϵ0c2 P̃NL (3.3b)

where k2
z = n2ω2

c2 − k2
x − k2

y is the squared longitudinal wavevector. In the linear propagation
case P̃NL = 0, equation (3.3b) is solved exactly by Ẽ(z) = Ẽ→(0)e−ikzz + Ẽ←(0)eikzz which
describes independent linear propagation of forward and backward propagating waves, as
seen in section 2.1.1.

To consider only forward propagating components, a standard approach is to first separate
the second-order spatial derivative in the left-hand side into two forward and backward
propagating operators [182]

(
∂

∂z
+ ikz

)(
∂

∂z
− ikz

)
Ẽ = − ω2

ϵ0c2 P̃NL (3.4)

and then assume that Ẽ is composed mostly of forward-propagating components Ẽ→, for
which the backward propagating operator can be approximated as

(
∂
∂z

− ikz

)
≈ −2ikz. Using

this approximation, we obtain the unidirectional pulse propagation equation (UPPE) [79]
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−
(
∂

∂z
+ ikz

)
2ikzẼ = − ω2

ϵ0c2 P̃NL

∂Ẽ
∂z

= −ikzẼ − iω2

2kzϵ0c2 P̃NL (3.5)

3.1.2 Coupled Envelope Equations

We decompose the electric field into two orthogonal polarization modes, corresponding re-
spectively to the ordinary (o) and extraordinary (e) axes of a uniaxial birefringent medium

Ẽ = Ẽoô + Ẽeê (3.6)

for which two scalar coupled-wave equations can be obtained. This decomposition is natural
when modeling a pure type-I parametric down-conversion process, where one polarization is
associated to the input pump (p) and the other is associated to the generated down-converted
(d) light. Going forward, we will therefore substitute Ẽe → Ẽp and Ẽo → Ẽd to highlight how
these equations are applied in the specific case of high-gain PDC in Chapter 5. One should
however keep in mind that despite this notation, nonlinear polarization terms corresponding
to other nonlinear effects also contribute to the total fields, meaning that the output value
of Ẽp could also include e.g. cascaded SHG of the down-converted light.

For both modes, we also introduce an envelope Ã which is shifted in ω and k spaces

Ẽj = 1
2
(
Ãj (ω − ωj) e−ikjz + Ã∗j (−ω − ωj) eikjz

)
(3.7)

where the index j = {p, d} denotes the pump (p) or down-converted (d) mode, and ωj (kj) is
the center angular frequency (longitudinal wavenumber) of envelope Ãj. This representation
makes no assumption about the bandwidth of the fields Ẽj, and only serves to ease numerical
calculation 1) by reducing the required grid size by centering it around the carrier frequency
of each mode and 2) by removing the fast oscillation of the carrier phase from the calculation.

In typical finite-difference schemes, ωj is usually chosen as the central frequency of mode
j, and from there the wavenumber is calculated as kj = ωjnj(ωj)/c. This however usually
leaves a phase mismatch factor ei∆kz which is observed to behave poorly numerically with
the numerical integration technique used. So, we instead choose to set ωd = ωp/2 and
kd = kp/2 to obtain a simpler set of equations which a priori assume a perfectly phase-
matched, degenerate down-conversion process, and then lets the dispersion term −ikzẼ in
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equation (3.5) correct this initial assumption during the numerical simulations.

Finally, to further improve numerical stability, we introduce a reference frame that moves
with the group velocity of the pump vg = (∂kp/∂ω)−1. The envelopes Ãj become

Ãj (ω − ωj) → Ãj (ω − ωj) eiv−1
g (ω−ωj)z (3.8)

which can be inserted into equation (3.5) to obtain 2 final coupled propagation equations

∂Ãd

∂z
= −i

(
kz − kp

2 − v−1
g (ω − ωp/2)

)
Ãd − iω2

2kzϵ0c2 P̃
NL
d (3.9a)

∂Ãp

∂z
= −i

(
kz − kp − v−1

g (ω − ωp)
)
Ãp − iω2

2kzϵ0c2 P̃
NL
p . (3.9b)

3.1.3 Nonlinear Polarization

For each mode, we expand the nonlinear polarization up to third order:

P̃NL = ϵ0

( ∞∑
m=2

χ(m)Fx,y,t {Em(x, y, z, t)}
)

(3.10a)

≈ ϵ0χ
(2)Fx,y,t

{
E2
}

+ ϵ0χ
(3)Fx,y,t

{
E3
}

(3.10b)

and we conserve only terms which are 1- assumed to be phase-matched and 2- overlapping
in frequency with the fields under consideration in the scenario being simulated. For the
second-order nonlinear polarization, this include parametric down-conversion

P̃PDC
d = ϵ0χ

(2)Fx,y,t

{
A∗dApe

iωpt/2
}

(3.11)

and its reverse process, second-harmonic generation (SHG)/sum frequency generation (SFG)
of the BTBs

P̃ SHG
p = ϵ0χ

(2)Fx,y,t

{
A2

de
iωpt

}
(3.12)

which simultaneously models depletion of the pump. A notable exclusion from the χ(2) effects
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is upconversion of the BTBs by the pump via SFG which is often present in the high-gain
regime even when not phase-matched [27]. Inclusion of this term would however require
much larger frequency grids, and its main effect is to introduce very low losses (∼ 10−6) for
the down-converted light mode which is negligible compared to other sources of losses, and
it is therefore neglected.

As for the third-order nonlinear polarization, only the optical Kerr effect is modeled

P̃Kerr
d = ϵ0χ

(3) 3
4Fx,y,t

{(
|Ad|2 + 2

3 |Ap|2
)
Ade

iωpt/2
}

(3.13a)

P̃Kerr
p = ϵ0χ

(3) 3
4Fx,y,t

{(2
3 |Ad|2 + |Ap|2

)
Ape

iωpt
}

(3.13b)

where the degeneracy factor of 2/3 for the cross-polarized terms is here included under
assumption of propagation in a isotropic medium [57], and here used as a first-order approx-
imation for propagation in a birefringent medium.

3.1.4 Numerical Propagation

We implement a split-step Fourier method [182] where for each spatial step ∆z of the sim-
ulation, every term in the right hand side of equations (3.9) is solved separately. For the
dispersion term, we analytically solve the set of differential equations

∂Ãd

∂z
= −i

(
kz − kp

2 − v−1
g (ω − ωp/2)

)
Ãd (3.14a)

∂Ãp

∂z
= −i

(
kz − kp − v−1

g (ω − ωp)
)
Ãp (3.14b)

which in frequency domain yields a simple multiplication of the envelopes by a linear propa-
gation operator

Ãj(z + ∆z) = Ãj(z) exp
(
−i
(
kz − kj − v−1

g (ω − ωj)
)

∆z
)
. (3.15)

Then, the nonlinear polarization term is numerically integrated in a standard fashion using
the explicit fourth-order Runge-Kutta method [182]. After a step-size ∆z, the envelopes
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become

Ãd(z + ∆z) = Ãd(z) + ∆z
6 (kd,1 + 2kd,2 + 2kd,3 + kd,4) (3.16a)

Ãp(z + ∆z) = Ãp(z) + ∆z
6 (kp,1 + 2kp,2 + 2kp,3 + kp,4) (3.16b)

with

k(d,p),1 = − iω2

2kzϵ0c2 P̃
NL
(d,p)

(
z, Ãd, Ãp

)
(3.17a)

k(d,p),2 = − iω2

2kzϵ0c2 P̃
NL
(d,p)

(
z + ∆z

2 , Ãd + kd,1

2 , Ãp + kp,1

2

)
(3.17b)

k(d,p),3 = − iω2

2kzϵ0c2 P̃
NL
(d,p)

(
z + ∆z

2 , Ãd + kd,2

2 , Ãp + kp,2

2

)
(3.17c)

k(d,p),4 = − iω2

2kzϵ0c2 P̃
NL
(d,p)

(
z + ∆z, Ãd + kd,3, Ãp + kp,3

)
(3.17d)

where P̃NL
(d,p) is the sum of all the terms listed in section 3.1.3 when the highest accuracy

is required. When the effects of self-steepening [184] can be neglected, i.e. for narrowband
pulses or when the nonlinear phase-shift is low, the computational load of including the Kerr
effect can be significantly reduced by applying a narrowband approximation ω ≈ ωj on its
nonlinear polarization term (3.13). Indeed, this approximation allows for th eKerr term to
be solved in time-domain, separately from the χ(2) terms, yielding the pair of equations

∂Ad

∂z
= −iωp

2c (n2,SPMId + n2,XPMIp)Ad (3.18a)
∂Ap

∂z
= −iωp

c
(n2,SPMIp + n2,XPMId)Ap (3.18b)

where Ij = ϵ0n(ωj)c|Aj|2/2 is the optical intensity of mode j, and n2 = 3χ(3)/2nϵ0c is the
Kerr nonlinear index for either self-phase modulation (SPM) or cross-phase modulation
(XPM) [57]. These equations are then solved analytically by assuming that Id and Ip remain
approximately constant over one step size ∆Z, in which case the solutions are
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Ãd(z + ∆z) = Ãd(z) exp
(

−iωp

2c (n2,SPMId + n2,XPMIp) ∆z
)

(3.19a)

Ãp(z + ∆z) = Ãp(z) exp
(

−iωp

c
(n2,SPMIp + n2,XPMId) ∆z

)
. (3.19b)

The numerical solver is implemented in Python, using the cupy package to run the main
computation loop on Nvidia GPUs with the CUDA library. It has been tested with a desktop
RTX 2060 and a mobile RTX 3050, taking on the order of 2 minutes to fully solve the pulse
propagation with typical parameters as used in chapter 5.

3.1.5 Vacuum-Equivalent Seed

We first determine the vacuum mode density g contained in the numerical grid. To implement
the split-step Fourier method, we must consider a 3D box with spatial lengths Lx, Ly and Lz

with periodic boundary conditions. In this scenario, the number of modes per unit wavevector
dκ and unit solid angle dΩ is

g(κ,Ω)dκdΩ = κ2LxLyLz

(2π)3 dκdΩ . (3.20)

The solid angle dΩ of a wavevector of norm κ over an "area" dkxdky is

dΩ =

√
κ2 − k2

x − k2
y

κ3 dkxdky (3.21)

which once inserted into equation (3.20) yields

g(κ, kx, ky)dκdkxdky =

√
κ2 − k2

x − k2
yLxLyLz

(2π)3κ
dκdkxdky . (3.22)

Next, we consider the dispersion relation κ = ωn/c of the nonlinear medium, which implies
dκ = dω/vg. We also convert the longitudinal extent Lz = vgT , where T is the width of the
temporal grid, and obtain

g(ω, kx, ky)dωdkxdky =

√
(ωn/c)2 − k2

x − k2
yLxLyT

(2π)3ωn/c
dωdkxdky (3.23)
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Finally, we assume from quantum theory that each monochromatic mode contains a vacuum-
equivalent energy of half a photon E0 = ℏω/2 to find the power density of the semi-classical
seed

Ivac(ω, kx, ky) = ℏω
2 g(ω, kx, ky) = ℏ

√
(ωn/c)2 − k2

x − k2
yLxLyT

2(2π)3n/c
(3.24)

and a spectral electric field amplitude density

|Evac(ω, kx, ky)| =
√

2
nϵ0c

Ivac(ω, kx, ky) (3.25)

which is fixed from one simulation to the next. The only parameter which changes is the
spectral phase : for each monochromatic mode, a pseudo-random phase following an uniform
distribution over 2π and which is uncorrelated from mode to mode is set at the start of
every simulation in order to classically reproduce the statistical fluctuations of the quantum
vacuum field.

3.1.6 Input Pump Beam

The distribution in spacetime of the input pump is assumed to be a separable function of
space and time, i.e. Ap(z = 0, x, y, t) ∝ AT(x, y)At(t). The temporal envelope At(t) is
determined from experimental measurements of the shape of the pulse that are presented in
section 3.3.3. In absence of a precise characterization of the transverse spatial distribution
of the beam, it is approximated as a Gaussian beam with independent beam waists w0,x and
w0,y and focal planes across the x and y axes that are fitted to the measured beam shape on
a Si camera

AT(x, y) = X(x)Y (y) = e−ik0
x2

2qx(zx)√
qx(zx)

e
−ik0

y2
2qy(zy)√

qy(zy)
(3.26)

where q(x,y) = z(x,y) + izR,(x,y) is the complex beam parameter in the x and y directions, z(x,y)

is the longitudinal distance between the focal planes of the beam and the entry face of the
nonlinear medium, and zR,(x,y) = πnw2

0/λ0 is the Rayleigh range. In the implementation,
X(x) and Y (y) are first calculated in their focal plane, and then the beam is propagated
(forward or backward) to the entry face of the nonlinear medium using ray transfer matrix
analysis with the transformations
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q(z + ∆z) = ∆z + q(z) (3.27)

for free-space propagation, and

q2 = n2

n1
q1 (3.28)

for refraction at a flat interface going from a medium with refractive index n1 to a medium
with refractive index n2.

3.2 Experimental Characterization Methods

3.2.1 Spectrum Statistics

Optical spectra presented throughout this thesis have all been acquired using off-the-shelf,
compact USB spectrometers from Ocean Insight (USB2000 and HR2000+ for UV-VIS-NIR
spectra, NIRQUEST for NIR spectra), using an in-house python code which automatizes
data acquisition. In all cases, the free space sources are focused directly onto the input slit
of the spectrometer.

For classical sources where only the average spectrum is measured, the integration time is
adjusted to exploit the full dynamic range of the instrument. For statistical measurements
(expectation value, variance, covariance) of BTBs, the integration time is instead reduced to
1 ms and the repetition rate of the main laser system is reduced to 994 Hz. In the absence
of synchronization electronics, this strategy ensures the spectrometer acquires at most one
laser shot per integration, at the price of having 0.6% of spectra being acquired under dark
conditions.

3.2.2 Photon Statistics

Modern photon number resolving detectors can go up to 100 photons [185]. Yet, photocounts
experiments can still be performed in the macroscopic regime, albeit with a multi-photon
resolution.

To measure the photon statistics of a given pulse train, it is focused onto the active area of
an amplified photodiode, producing a voltage pulse V (t) with an area proportional to the
number of incident photons n
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〈∫
V (t) dt

〉
= Geηn (3.29)

where G is the gain of the amplification circuit (in V A−1), e is the elementary charge, η
the quantum efficiency of the detector, and ⟨ ⟩ denotes the expectation value. To efficiently
integrate the voltage pulse, the photodiodes are connected to a digital "boxcar" integrator
[186], which performs real time calculation of the average voltage Vbxr over a given time
window of length T synchronized with the pulse train

Vbxr = 1
N

N∑
i=0

V (ti) ≈ 1
T

∫
V (t) dt (3.30)

where the last approximation holds if the sampling rate of the digitization is much faster
than the photodiode bandwidth and if the boxcar window length T is much larger than the
voltage pulse duration. The number of photons contained in the ith pulse can therefore be
approximated by

ni ≈ T

Geη
Vbxr,i (3.31)

giving a direct measurements of the photon number from an integrated voltage. In practice
however, better signal-to-noise performance can be obtained by matching the boxcar window
to approximately the full-width at half maximum (FWHM) of the voltage pulse [186], in
which case the approximation (3.30) cannot be used and a separate measurement of e.g. the
average power of the pulse train is necessary to perform the conversion.

Estimation of Population Statistical Moments From Sample Statistics

Analysis of photon statistics involves estimation of the statistical properties of its source
(mean, variance, g(2), NRF, etc.) from a finite sample of size M . This section presents the
estimators used in this thesis and the associated standard error.

First, the population mean ⟨n⟩ is estimated from the sample mean µn. The standard error ∆µ
is then estimated from the sample standard deviation σn via the law of large numbers [187]

∆µ = σ√
M

. (3.32)

Then, the population variance ∆2(n) is estimated from the sample variance σ2
n. Its standard

error ∆σ2 is then given by [187, p. 438]
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∆σ2 = σ2

√
1
M

(
κ− M − 3

M − 1

)
(3.33)

where κ is the kurtosis of the distribution. For the types of sources studied in this thesis,
the value of κ ranges between 3 (for coherent light following a normal distribution) and 6
(for thermal light following an exponential distribution). The later value is used as an upper
bound for error estimation throughout this thesis, but it is left here as κ for generality. When
the sample size M ≫ 1, the standard error on the sample variance can be estimated as

∆σ2 ≈ σ2

√
κ− 1
M

. (3.34)

Since all other statistical parameters presented in this thesis are calculated from the sample
mean and variance, their standard error can be estimated from equations (3.32) and (3.34)
using the propagation of errors [188]

∆f(µ, σ2) ≈

√√√√(∂f
∂µ

)2

(∆µ)2 +
(
∂f

∂σ2

)2

(∆σ2)2 . (3.35)

First, for the standard deviation

STD(n) ≈ σ =
√
σ2 (3.36)

we find a standard error

∆σ =

√√√√(∂σ
∂µ

)2

(∆µ)2 +
(
∂σ

∂σ2

)2

(∆σ2)2 (3.37a)

=

√√√√√( 1
2σ

)2
σ2

√
κ− 1
M

2

(3.37b)

= σ

2

√(
κ− 1
M

)
. (3.37c)

Next, for the zero-delay auto-correlation function

g(2) ≈ σ2

µ2 + 1 (3.38)
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where µ ≥ 1 is assumed, we find a standard error

∆g(2) =

√√√√(∂g(2)(0)
∂µ

)2

(∆µ)2 +
(
∂g(2)(0)
∂σ2

)2

(∆σ2)2 (3.39a)

=

√√√√√(−2σ
2

µ3

)2 (
σ√
M

)2

+
(

1
µ2

)2
σ2

√
κ− 1
M

2

(3.39b)

=
(
g(2) − 1

)√4 (g(2) − 1) + κ− 1
M

. (3.39c)

Then, for the Schmidt number estimated from g(2)

K = g
(2)
1 − 1
g(2) − 1 = 1

g(2) − 1 ≈ µ2

σ2 (3.40)

where the single-mode value g(2)
1 = 2 is assumed for BTBs, we find a standard error

∆K =

√√√√(∂K
∂µ

)2

(∆µ)2 +
(
∂K

∂σ2

)2

(∆σ2)2 (3.41a)

=

√√√√√(2 µ
σ2

)2
(

σ√
M

)2

+
(

−µ2

σ4

)2
σ2

√
κ− 1
M

2

(3.41b)

=
√

4K +K2 (κ− 1)
M

. (3.41c)

Finally, for the noise reduction factor (NRF)

NRF = ∆2(n−)
⟨n+⟩

≈
σ2
−
µ+

(3.42)

where the subscripts ”−” and ”+” denote a photon number difference and sum respectively,
we find a standard error
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∆NRF =

√√√√(∂NRF
∂µ+

)2

(∆µ+)2 +
(
∂NRF
∂σ2
−

)2

(∆σ2
−)2 (3.43a)

=

√√√√√(−σ2
−

µ2
+

)2 (
σ+√
M

)2

+
(

1
µ+

)2
σ2
−

√
κ− 1
M

2

(3.43b)

= NRF
√

1
KM

+ κ− 1
M

. (3.43c)

3.2.3 Pulse Shape

The pulse shape of the various optical sources used throughout this thesis have been measured
using either or both of two standard characterization techniques: frequency-resolved optical
gating (FROG) and two-dimensional spectral shearing interferometry (2DSI). As detailed in
Chapter 2, FROG usually works best for multi-cycle pulses (>10 fs) while 2DSI works best for
few-cycles (<10 fs). A compact, homemade implementation of both techniques are assembled
on the same optical breadboard with the same input leading to a mirror mounted on a
magnetic base, enabling quick switching between the two. Details of the two implementations
are presented here.

Frequency-resolved Optical Gating

The schematic of the FROG is presented in Figure 3.1. The pulse under study is first split
into two copies by a thin, metal-coated beamsplitter. The two copies are retroreflected back
together onto the two input ports of a second beamsplitter. One of the two retroreflectors is
mounted on top of a piezoelectric stage (P-625.1CD, Physik Instrumente), enabling precise
control over the temporal delay between the two copies. The pulses are then focused together
by a single parabolic mirror into a 10 µm thick beta barium borate (BBO) crystal cut for
type I phase matching of SFG. The generated sum frequency (SF) light is spatially filtered
from its fundamental by an iris and then refocused onto the input slit of a spectrometer
(USB2000, Ocean Insight). Data acquisition from the spectrometer and control of the stage
is performed via an in-house python graphical user interface. The pulse shape is retrieved
with the common pulse retrieval algorithm (COPRA) [113], using a modified version of its
publicly-available python implementation Python for Pulse Retrieval (pypret). The pypret
package also contains implementations of other popular FROG retrieval algorithms, including
the principal components generalized projections algorithm (PCGPA) [109] and the ptycho-
graphical iterative engine (PIE) [110]. A separate measurement of the fundamental spectrum
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can be supplied to the retrieval algorithm to help with convergence.

Figure 3.1 Schematic of the FROG implementation.

Two-dimensional Spectral Shearing Interferometry

The schematic of the 2DSI is presented in Figure 3.2. First, a weak and dispersionless
copy of the pulse under study is created using the Fresnel reflection from a beam sampler
(BSF10-B, Thorlabs). The rest of the pulse energy is then used to create two copropagating
and highly dispersed copies of the pulse. The splitting and recombination is performed by
sending the pulse through a cube beamsplitter (BS014, Thorlabs) twice, with an adjustable
phase controlled via the same piezoelectric stage as in the FROG implementation. These two
copies are naturally dispersed by linear propagation through the initial beam sampler, the 1
inch thick beamsplitter cube and an achromatic half-wave plate (AHWP05M-980, Thorlabs).

The three pulses (1 without added dispersion, 2 highly dispersed) are finally focused together
by a single parabolic mirror into a 10 µm thick BBO crystal cut for type II phase matching
of SFG. The generated SF light is spatially filtered from its fundamental by an iris and then
refocused onto the input slit of a spectrometer (USB2000, Ocean Insight). Data acquisition
from the spectrometer and control of the stage is performed via an in-house python graphical
user interface. The pulse shape is then calculated using an in-house implementation of the
standard 2DSI phase reconstruction algorithm [119,120]. The fundamental spectrum can be
estimated from the spectrum of the SFG, or it can be measured separately.
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Figure 3.2 Schematic of the 2DSI implementation.

3.3 Twin Beams Source Design

3.3.1 Main Laser System

The main laser sytem driving all the experiments presented in this thesis is a Pharos Yb:KGW
regenerative amplifier from Light Conversion [189]. The specifications of the particular unit
used are summarized in table 3.1. The laser is always set to its minimal pulse energy setting
of 20 µJ, such that the experiments may eventually be scaled up to operate at the maximum
repetition rate of 993.9 kHz. However, for most experiments and measurements presented
here, the repetition rate is reduced by the integrated pulse picker to 100 kHz or less. The
reason for the down-picking is to match the acquisition bandwidth of some slower detectors
(e.g. spectrometers, cameras) and to avoid thermal lensing effects, which have been observed
at repetition rates of 200 kHz and above.

3.3.2 Design Criteria

Nonlinear Medium and Phase-Matching Bandwidth

First, in order to prepare BTBs with a few-cycle duration, the first step is to find a nonlinear
medium with a suitable phase-matching bandwidth. As detailed in section 2.1.2, group
velocity dispersion (GVD) is most often the limiting factor for the phase-matching bandwidth
of nonlinear processes. A strategy to minimize its effects is to then operate the PDC process
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Table 3.1 Pharos specifications

Model PH2-20W-SP
Carrier wavelength 1026 nm
Average power Up to 20W
Compressed pulse duration 260 fs
Pulse energy 20 µJ - 400 µJ
Repetition rate Single shot - 993.9 kHz
Pulse-to-pulse energy stability <0.5 %
Output beam waist 4 mm
M2 <1.3
Polarization p

at or near the zero-dispersion wavelength of the medium such that only the pump GVD
term remains in equation (2.23). This scheme has been demonstrated with a narrowband
pump and with collinear, quasi-degenerate, type-I PDC [178, 179], in which case the pump
dispersion is negligible and the phase-matching bandwidth is limited only by fourth-order
dispersion of the down-converted light. With a femtosecond pump however, its GVD cannot
be neglected, but its detrimental effects can be mitigated with proper pulse precompression.
Another advantage of this configuration is that the generated BTBs pulses should be nearly-
transform-limited right at the output without need for further pulse compression.

Typical nonlinear media for the generation of bright squeezed light include e.g. lithium
iodate [178], lithium niobate [70,179,190], KTP [62], and BBO [22,40,42,73,75,180,191,192].
Among those, BBO appears as not only the most popular choice, but also the medium which
led to the brightest states to date [22, 40]. This can be attributed to its higher damage
threshold and lower nonlinear index n2 [193], which together allow the use of a pump with a
higher peak intensity.

The zero-dispersion wavelength for the ordinary axis of BBO is at 1393 nm, which indicates
a pump wavelength of 697 nm to obtain nearly-dispersionless down-converted light. Results
from calculating the phase-matching function around these wavelength for noncollinear type-
I PDC are presented in Figure 3.3. We find that phase-velocity and group-velocity matching
can be achieved simultaneously at the zero-dispersion wavelength with a phase-matching
angle θ = 22◦ and a noncollinearity angle α = 3.3◦. In practice, higher gain is expected if
one of the two beams travels alongside the Poynting vector of the pump [24,177], i.e. with a
noncollinearity angle α = 2.8◦. A slight detuning of the carrier frequency of the two beams
is therefore expected in the experiment.
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Figure 3.3 Phase- and group-velocity matching calculation for PDC in BBO. The blue dotted
lines denote the zero-dispersion wavelength.

Parametric Gain

Next, we determine the minimal parametric gain needed for the source to drive nonpertur-
bative nonlinear effects, using high-harmonic generation as an example. Recent advances in
plasmonics have brought the threshold vacuum intensity to drive high-harmonic generation
in the nonperturbative regime down to 0.03 TW cm−2 [58], compared to typical values of
30 TW cm−2 in rare gases [194] and 5 TW cm−2 in bulk crystals [195]. Considering a Gaus-
sian pulse with FWHM duration ∆tFWHM, and a Gaussian transverse beam profile with a
radius at 1/e2 of the maximal intensity w0, the peak intensity is [56]

Ipeak = 2U√
π/ log(16)∆tFWHMπw2

0

≈ 1.88U
∆tFWHMπw2

0
(3.44)

where U is the pulse energy. A target pulse energy for the source can now be established for
the condition Ipeak ≥ 0.03 TW cm−2 by making assumptions about the pulse duration and
the focused beam size. Conservatively assuming e.g. a 3-cycle pulse ∆tFWHM = 3λ0/c = 14 fs
focused down to a 5-wavelength-wide diameter 2w0 = 5λ0 = 7 µm, we find

Utarget = 86 pJ

which corresponds to a parametric gain G = 10.8 for an average photon energy ℏω = 0.14 aJ.
To avoid the detrimental effects of pump depletion which can appear even with %-level
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conversion efficiencies [70,142], we therefore target a pump energy budget of at least 100 nJ.

This target does not account for the higher repetition rate of the present source (1 MHz vs.
10 kHz in [58]), nor the statistical enhancement of multiphoton effects pumped with bunched
light (a factor of 6 for BTBs [25] with the I3 power scaling observed in [58]). Together, these
two effects would reduce the required peak intensity by a factor (600)(1/3), setting a lower
bound for the mean pulse energy

Umin = Utarget

(600)(1/3) = 10 pJ

which corresponds to a parametric gain G = 9.7.

Pump Duration, Carrier-Envelope Phase Control, and Mode Selection

In the regime of extreme (nonperturbative) nonlinear optics, the response is sensitive not
only on the amplitude of the driving pulse, but also on the maximal value of the electric field
underneath the envelope [46,47,49]. For multi-cycle pulses, these two parameters are directly
linked and can only be increased by an increase of the pulse energy, tighter focusing or by
the use of shorter pulse. In the few-cycle regime however, where the pulse duration becomes
comparable to the period of the carrier wave, the electric field strength also depends on the
carrier-envelope phase (CEP).

For BTBs, achieving control over the CEP requires driving the source in the single-mode
regime. Indeed, each downconverted modes in PDC have amplitudes and phases that are
entirely uncorrelated to each other [23,143,191]. The envelope of pulses produced from PDC
results from the superposition of all modes, and therefore in the multimode regime its shapes
changes significantly from shot to shot. Meanwhile, the CEP of a pulse is only defined with
respect to a single, well-defined envelope, a condition which is achieved only for a single-mode
source.

In the low gain regime, the number of Schmidt modes is entirely determined by the frequency
and angular bandwidth of the pump one one hand, and those of the phase-matching function
on the other hand [62–64], with the single-mode limit being reached when the two coincide.
In a spatio-temporal description, reaching the single-mode conditions therefore amounts to
matching the space-time volume of the pump Vpump to the coherence volume Vcoh of the
amplified vacuum fluctuations [145], giving an approximate number of modes

K ∼ Vpump

Vcoh
. (3.45)
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While this calculation can serve as a useful first-order approximation, it will typically over-
estimate the number of modes one experimentally observes in the high-gain regime. Indeed,
as the gain increases (up to pump depletion), the number of modes naturally tends to di-
minish due to mode competition redistributing the relative weights of the Schmidt coeffi-
cients [63, 143,196]. This reduction can be further accelerated by the diffraction [24,73, 177]
and dispersion [180] of high-order modes over the long interaction lengths typically necessary
to reach the high gain regime. Furthermore, while the effective number of modes decreases,
the overall bandwidth of the down-converted light increases with the gain [196], leading to
an underestimation of Vcoh.

For the present work, a pump duration ∆tp ≤ 10 fs is selected to match a target pulse
duration of approximately 2 cycles of the down-converted carrier wavelength (∆tFWHM =
2λ0/c = 9.33 fs). Simulations performed with an early implementation of the numerical
model presented in section 3.1 1 indicated that the single-mode limit can be approached for
this pulse duration and a focused beam diameter of ∼40 µm with a 4 mm thick BBO crystal,
as long as the pump pulse reaches its compressed duration in the latter half of the interaction.
This last condition can be seen as a temporal mode selection being performed progressively by
the pump as it compresses, in a similar fashion to 2-crystal designs where diffraction [40,73]
and dispersion [180] effects restrict the number of modes that are amplified in the second
crystal. The correspondence between the objectives of the project and the design criteria for
the PDC source that have been derived here are summarized in table 3.2.

Table 3.2 Target design of the PDC source

Objective Design criteria
Few-cycle pulses PDC in BBO, pump @ 697 nm
Peak intensity ≥ 0.03 TW cm−2 100+ nJ pump energy
CEP control sub-10 fs pump duration, 4-mm-thick crystal

3.3.3 Classical Ultrafast Pump Preparation

The pump pulse driving the PDC process is prepared in a homebuilt noncollinear optical
parametric amplifier (NOPA). The overall design is based on existing state-of-the-art imple-
mentations [96,197,198], but it is customized toward the particular task of producing µJ-level
sub-10 fs pulses in the visible to near infrared (VIS-NIR) range toward driving PDC in the
near infrared (NIR). A conceptual schematic of the final NOPA design is presented in Figure
3.4 and a picture of the physical implementation is shown in Figure 3.5.

1This early version neglected all transverse effects, and had no χ(3) term in the nonlinear polarization.
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The pulse train from the Pharos system is first directed toward a quarter-turn periscope,
which flips its polarization from p to s. From there, the overall design of the NOPA can be
divided into four sections. The 20 µJ energy budget is split between the two first sections :
(1) 2 µJ (10 %) is used to prepare a broadband seed via supercontinuum generation (SCG),
and (2) 18 µJ (90 %) is used to prepare a high-power visible (VIS) pump via SHG.

Figure 3.4 Schematic of the NOPA.

Figure 3.5 Picture of the NOPA with overlayed beam path

Then (3), the outputs of these two sections are nonlinearly mixed in a parametric ampli-
fication stage, transferring the optical power from the VIS pump to the broadband seed.
Finally (4), this amplified output is compressed by multiple reflections on a pair of chirped
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mirrors, which cancels the chromatic dispersion of the optics located both inside and outside
the NOPA. Fine tuning of the dispersion can be performed by propagating the pulse through
a pair of thin transparent wedged windows set at their Brewster angle right before the out-
put, but for the experiments presented in this thesis this level of precision was not required.
The specifications of the pulse train emitted at the output of the NOPA are summarized in
table 3.3 and more details about the design of each section are presented in the following
sections. The energy and duration of the output pulses are comparable to contemporary
implementations of NOPA pumped with similar laser systems [96,199].

Table 3.3 Summary of NOPA specifications

Pulse energy 1.4 µJ
Carrier wavelength 680 nm
Maximum repetition rate 1 MHz (small thermal lensing over 100 kHz)
Compressed pulse duration 9.5 fs
Fourier-limited pulse duration 8.3 fs
Precompressed pulse duration 120 fs (calculated)

Supercontinuum Seed

The broadband seed is generated via SCG in a bulk yttrium aluminium garnet (YAG) crystal.
It is a popular choice for bulk SCG pumped at wavelengths near 1 µm due to its lack of
birefringence, and its relatively high nonlinearity and optical damage threshold [181].

SCG is mediated by an interplay between third-order nonlinear phenomena (mostly self-phase
modulation and self-focusing, although other effects e.g. Raman scattering and multipho-
ton absorption can become significant when strongly pumping) and linear propagation, i.e.
chromatic dispersion and diffraction. The former extend the optical spectrum of the pump
through multiphoton interactions, while the latter tend to impose a limit the extent of these
interactions by pushing new optical components away from the main pulse.

The SCG pump is focused by a f = 75 mm fused-silica lens to a focal plane located about
5 cm before the entry face of the YAG crystal. This focusing geometry uses the divergence of
the pump beam to balance out nonlinear self-focusing inside the YAG [181], which can lead
to filamentation of the beam, pulse breakup and eventually optical damage of the medium.
3 different thickness of YAG were tested: 2 mm, 3 mm and 5 mm. The output spectrum
obtained with all three crystals is presented in Fig 3.6.

For all three crystals, we observe an asymmetric broadening of the spectrum, with a relatively
flat shape on the short wavelength side and an exponentially decaying shape on the long
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Figure 3.6 Supercontinuum spectra generated in YAG for 3 different crystal thicknesses L

wavelength side. The lower nonlinear phase shift in the thinnest crystal causes a dip in
its spectrum around 800 nm, which would limit the achievable pulse duration out of the
NOPA when using it as the seed. As for the two thicker crystals, they produce extremely
similar spectra, implying that most of the nonlinear broadening occurs in the first 3 mm of
propagation. As such, and in an attempt to reduce the overall chromatic dispersion of the
seed in the setup, the 3 mm thick crystal is used in the final design.

After generation in YAG, the supercontinuum (SC) is collimated by a parabolic mirror and
refocused toward the parametric amplification, after filtering the pump and the low-frequency
part of the SC with a low-dispersion shortpass dielectric filter with a cut-off wavelength of
950 nm (Stock #14-030, Edmund Optics).

Efficient Second Harmonic Pump

To prepare a strong optical pump for the NOPA, a SHG process is driven using all the re-
maining energy (18 µJ) from the Pharos system. The nonlinear medium used is a 2 mm-thick
BBO crystal, cut for type-I phase matching. BBO is used due to its high nonlinearity and
damage threshold [57], helping toward achieving a high conversion efficiency. Its thickness
is in turn selected due to the 260 fs pulse duration of the Pharos and the group velocity
mismatch (GVM) of 99 fs mm−1 [87] for this specific process, which means that the funda-
mental and second harmonic (SH) pulses would not overlap anymore after roughly 2.6 mm
of propagation.

For a monochromatic, flat-top fundamental beam with a constant optical intensity I, the
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conversion efficiency of SHG is given by [56]

η = tanh2
(
g
√
IL

2

)
(3.46)

where g =
√

(8deffω2)/(ϵ3
0c

3n3) is a constant describing the overall strength of the nonlinear
response of the medium, I is the intensity of the fundamental beam and L the length of
the nonlinear medium. Experimentally, the intensity of the fundamental will most often be
non-uniform, meaning that the more intense portions of the beam will be converted with
a higher efficiency than its edges. If the space-time distribution of the intensity I(r⃗, t) is
known, one can consider this non-uniformity by calculating an average efficiency

⟨η⟩ =
∫
η(I)I dr⃗ dt∫
I dr⃗ dt (3.47)

where the only assumption is that all diffraction and dispersion effects can be neglected
throughout the nonlinear interaction. The former approximation can be applied here, since
the high peak power of the fundamental (around 67 MW) permits the use of a collimated
beam. However, a reduction of the conversion efficiency is to expected due to GVM pushing
the SH pulse away from the fundamental throughout the propagation.

Figure 3.7 compares the measured SHG efficiency (blue dots) and the prediction of equation
(3.47) (solid line), where a Gaussian intensity distribution is assumed in both space and time
and the theoretical value of g = 323 mm kW−1 [87, 198] is used. As expected, the measured
SHG efficiency grows slower than the approximate theoretical prediction. By fitting the ratio
between the measured and predicted efficiencies (dashed line), we find that GVM reduces
the conversion efficiency by 25 %.

In the final design, the fundamental is resized to a 1 mm beam diameter by a pair of UV-fused
silica lenses, yielding a peak pulse intensity of 16.6 GW cm−2. From extrapolating the fit in
Figure 3.7, we find that this should push the SHG process to an efficiency of 64 %, yielding
SH pulses with an energy of over 11.8 µJ. While tighter focusing of the fundamental could
yield even higher conversion efficiency, this design is selected to keep the peak intensity to
about 1 % of the damage threshold of BBO [200] to ensure good long-term stability of the
NOPA. After reflection off of 4 consecutive dichroic separators (coating 103947, Layertec)
to eliminate the fundamental, the measured energy of the SH pulses reaching the parametric
amplification crystal is 11 µJ, for a total efficiency of over 59 %.
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Figure 3.7 SHG conversion efficiency for a collimated Gaussian pump

Parametric Amplification and Pulse Compression

The SC seed and the SH pump are focused together inside a 1.5 mm thick BBO crystal cut for
type-I phase matching, with an internal noncollinearity angle of 2.6◦. Figure 3.8 compares the
optical spectrum emitted at the output of the NOPA after the compression stage, with and
without parametric amplification of the SC seed by the SH pump. Parametric amplification
is observed in a bandwidth ranging from 580 nm to 860 nm, with a peak gain of over 900 at
640 nm, yielding a final pulse energy of 1.4 µJ and an overall power efficiency of 7 % for the
entire NOPA.

The output amplified spectrum supports a transform-limited pulse duration of 8.3 fs, but the
pulse is stretched in time due to chromatic dispersion in the YAG crystal, the shortpass filter
and the parametric amplification BBO crystal. To compress the pulse train, it is reflected
multiple times between a matched pair of chirped mirrors (coating 133200, Layertec) designed
to introduce a nearly-constant group delay dispersion (GDD) of −40 fs2 per reflection over the
entire bandwidth. The beam is loosely focused on the mirror pair by a f = 750 mm concave
spherical mirror and is then reflected back toward the mirror pair in a folded geometry to
achieve up to 12 reflections per mirror (−960 fs2). The number of reflections can be adjusted
in multiples of 2 to produce nearly-compressed pulse at the output of the NOPA (6 reflections
per mirror), or to precompress the pulse in anticipation of propagation through the shortpass
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Figure 3.8 Optical spectrum outputted by the NOPA with and without parametric amplifi-
cation.

filter (FELH0950, Layertec), the tunable neutral-density filter (NDL-25C-4, Thorlabs) and
the PDC crystal that are placed past the compressor for certain experiments (12 reflections
per mirror).

Figure 3.9 presents the pulse shape measured with FROG (top left trace, blue lines) and with
2DSI (bottom left trace, blue lines) when the compressor is adjusted to yield a compressed
pulse. In time domain, both techniques find a main pulse peak with a FWHM pulse duration
of 9.5 fs, and are in qualitative agreement over the shape of the pedestal caused by chromatic
dispersion. The small mismatch between the two measurements can be attributed to the
sensitivity of FROG measurements to the phase matching bandwidth, which for few-cycle
pulses can lead to a imperfect retrieval of the optical spectrum. Indeed, the spectrum re-
trieved by FROG (solid blue line) doesn’t quite match the spectrum measured directly with a
spectrometer (solid red line) which is used as is in 2DSI. Therefore, the pulse shape obtained
from 2DSI can be assumed to be more accurate in this case.
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Figure 3.9 Compressed NOPA pulse shape measured via FROG (top left trace, blue curves)
and 2DSI (bottom left trace, red curves). Dashed curves represent the spectral phase.
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CHAPTER 4 FEW-CYCLE, SINGLE-MODE SOURCE OF BRIGHT TWIN
BEAMS

This chapter first presents the technical details on the implementation of the bright twin
beams (BTBs) source based on the design criteria established in section 3.3.2. Then, all
results from characterization measurements performed on that source are presented, including
standard characterization methods from the literature, and two novel measurements in the
context of BTBs : frequency-resolved optical gating (FROG) and joint carrier-envelope phase
(CEP) statistics.

4.1 Implementation

After its generation and precompression in the noncollinear optical parametric amplifier
(NOPA) presented in section 3.3.3, the pump beam goes through a reflective hard-coated
shortpass filter with a cut-off wavelength of 900 nm (FESH0900, Thorlabs) to remove any
leak coming from the main laser system at 1030 nm. It is then focused by a silver parabolic
mirror (f = 76.2 mm) down to a beam diameter of 40 µm inside of a 4-mm-thick beta barium
borate (BBO) crystal to drive parametric down-conversion (PDC). For all experiments except
for the Q function measurements presented in section 4.3, the pump energy is controlled
by a continuously variable, metallic neutral density filter (NDL-25C-4, Thorlabs) offering
tunability between 140 pJ and 1.4 µJ.

After generation, the pump, signal and idler are collimated either by a single silver parabolic
mirror (f = 50.8 mm) for dispersion-sensitive measurements (FROG and Q function) or by
a single plano-convex lens (f = 25.4 mm) for other measurements, and then the pump is
separated from the BTBs using a reflective hard-coated longpass filter (LP0950 - Thorlabs).

The phase matching condition of the source can be tuned by rotating the BBO crystal in the
horizontal plane. The configuration used throughout this chapter is found by first focusing
the BTBs on a pair of InGaAs photodiodes and adjusting the phase matching until their
photon number correlation (as measured in section 4.2.4) is maximized.

4.1.1 Focusing Geometry of the Pump

In early testing of the source, it has been observed that voluntarily introducing a small
misalignment of the parabolic mirror which focuses the pump into the BBO crystal yields
not only improves the parametric gain, but also increases the onset of saturation of the
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PDC process. This behavior can be explained by an effective elongation of the interaction
length for the PDC process and reduction of the peak pump intensity, both caused by the
astigmatism induced by that misalignment.

To model this effect, consider the effective beam area πw2/2 of a Gaussian beam with a waist
w0 at 1/e2 of its peak intensity and with a carrier wavelength λ0, which is focused in the
plane z = 0

πw2(z)/2 = πw2
0/2

(
1 +

(
z

zR

)2
)

(4.1)

where zR = πw2
0/λ is the Rayleigh length. If the same beam exhibits astigmatism such that

it has two foci planes located at e.g. z = zR and z = −zR, its beam area is instead
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where the last approximation holds remarkably well for |z| ≤ zR. For this implementation,
with a 4-mm-thick crystal and a λ0 = 680 nm beam initially focused down to a beam
diameter 2w0 = 40 um, one finds that zR = 1.85 mm and the approximation holds for most
of the propagation in the nonlinear medium. From comparison of equations (4.1) and (4.2),
it becomes clear that the astigmatic beam maintains its minimal effective beam area (and
therefore its peak intensity) over a longer propagation distance. This comes at the price of a
peak intensity twice as small as the original beam, but this effect can be mitigated via either
a tighter focusing or an increased pulse energy.

One might wonder if similar or better results would be achieved simply from a looser focus-
ing of the pump. Figure 4.1 therefore compares the effective beam area calculated for our
parameters (blue line) to that of a aberration-free Gaussian beam with the same minimal
effective beam area (red line). For the astigmatic beam, the relative variation of the peak
intensity due to diffraction throughout the propagation inside the BBO crystal is reduced by
a factor of 2 (14 % vs 28 %), supporting the conclusion that astigmatism helps in reducing
variability of the peak pump intensity throughout the PDC process.

4.1.2 Power Scaling

With the phase-matching and pump geometry now fixed, the scaling of the photon statistics
of the source with the pump energy is now investigated. Results from the measurement
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Figure 4.1 Reduction of diffraction via astigmatism.

of the average number of photons ⟨N⟩ and of the second-order autocorrelation function
g(2) based on 106 consecutive laser pulses of one of the BTBs are presented in Figure 4.2.
Vertically-aligned datapoints of g(2) in the plot correspond to measurements repeated with
the same pump energy, but where the attenuation of the BTBs before impinging on the
photodetector was adjusted to prevent the signal from saturating on the next measurement.
For pump energies up to 110 nJ, the average number of photons increases exponentially with
the square-root of the energy as expected in the parametric (undepleted) regime [23], while
g(2) increases steadily toward the single-mode value g(2)

1 = 2.

Beyond this point, the parametric gain starts growing slower with the pump energy, albeit
not linearly as one would expect in the regime of pump depletion [70], which is to be expected
since at this point the conversion efficiency is barely 0.006 %. Instead, this saturation can
be attributed to the pump experiencing a significant nonlinear phase shift from the Kerr
effect during the propagation, which reduces the pump intensity by a degradation of the
beam and pulse quality. The overall parametric gain is also reduced by the generation of
additional Schmidt modes from self-phase modulation (SPM) [176], which can be observed
by the simultaneous decrease of g(2) in this regime.

From these measurements, the range of pump energies from 90 nJ to 140 nJ, where g(2) > 1.9,
is identified as the operational range of the source, with 110 nJ being the ideal pump energy
since it leads to a maximal value of g(2) and also show no signs of saturation. For the
results in the following sections, the pump energy is adjusted within this range in order to
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Figure 4.2 Power scaling of the source.

accommodate the dynamic range of the various instruments used. This variation in pumping
can cause small quantitative inconsistencies between certain results as the exact shape and
number of modes change. The minimal pulse energy of 10 pJ, identified with the design of
the source in section 3.3.2, is obtained within the operational range with a 122 nJ pump.
Meanwhile, the initial target energy of 86 pJ requires pushing the pump to 146 nJ, where a
moderate degradation of the photon statistics (g(2) ∼ 1.8) is observed.

4.2 Characterization Results

4.2.1 Transverse Beam Shape

Figure 4.3 shows the average transverse shape of the BTBs after collimation by f = 25.4 mm
plano-convex lens. The average is taken from 40000 single-pulse images of the beams taken
with an InGaAs camera (Goldeye CL-008 SWIR TEC1, Allied Vision), with the dark noise
separately measured and subtracted, and the pump energy is set to its optimal value of
110 nJ. Generation of beamlike signal (S) and idler (I) to the left and right of the pump
(not visible in the figure, but observed separately) can be observed, rather than the typical
conical emission of PDC.

This reshaping is the result of a combination of the high parametric gain and of the transverse
Poynting-vector walkoff of the pump [24,177], which strongly favors parametric amplification
of down-converted components propagating along the Poynting vector of the pump and its
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Figure 4.3 Average transverse beam shape of the bright twin beams.

.

conjugate axis in accordance with momentum conservation. The asymmetrical and elliptical
shapes of the twin beams can respectively be attributed to the asymmetry in their generation
conditions (as only one beam copropagates with the pump) and to the astigmatism of the
pump beam.

From the 3.8 mm transverse separation of BTBs observed in this measurement, and knowing
the collimation geometry, the noncollinearity angle of the twin beams with respect to the
wave vector of the pump can be estimated. A geometric approximation of the propagation
of the BTBs from their generation to the camera is sketched from a top-down view in Figure
4.4.

Assuming that the beams propagate nearly-symmetrically with respect to the pump, the
external angular separation is approximately

∆θout = 2 atan
(

∆x
2f

)
≈ 8.6◦

from which the internal angular separation is estimated with Snell’s law by taking the average
refractive index of BBO in the InGaAs detection range n = 1.65 [87], yielding

∆θin = 2 asin
(

sin(∆θout/2)
n

)
≈ 5.2◦

which corresponds to an average noncollinearity angle α = 2.6◦ for each beam. This result
is very close to the angular Poynting-vector walkoff of the pump ρ = 2.8◦, and one may
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Figure 4.4 Approximate beam propagation from the PDC crystal to the camera.

therefore reasonably assume that the idler copropagates with the Poynting vector of the pump
(αi = ρ = 2.8◦), giving a noncollinearity angle for the signal beam αs = ∆θin − αi = 2.4◦. In
accordance with the phase matching conditions, this small asymmetry implies that the signal
and idler beam have slightly different carrier frequencies, which is indeed observed from the
measurement of their spectrum in section 4.2.2.

4.2.2 Spectral Statistics and Schmidt Decomposition

Figure 4.5c summarizes the spectral statistics of the source, calculated from 10000 acquisitions
of the single-pulse spectrum with a pump energy of 110 nJ and measured separately for each
beam. On average (solid lines), the signal (top row) and idler (bottom row) spectra are
centered around wavelengths of 1215 nm and 1375 nm respectively, and support a transform-
limited pulse duration of 8 and 9 fs full-width at half maximum (FWHM), corresponding to
less than 2 optical cycles for both.

The small mismatch between the two pulse durations can be explained by the sharp cut-off
of the response of the InGaAs sensor near 1650 nm, which truncates the measured idler
spectrum more significantly than that of the signal. Large fluctuations of the photocounts
(shaded area) with a standard deviation nearly equal to the average spectral density are
also observed throughout the spectrum and are a direct consequence of the thermal photon
statistics of the source.
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Figure 4.5 Characterization of the spatio-temporal mode structure.

Having access to the statistics of the spectrum of the BTBs enables calculation of their
spectral covariance. Since the signal and idler spectra are collected separately, two "self-
covariances" are obtained

COVs (Nω(ω1), Nω(ω2)) =
∣∣∣∣∣
∞∑

l=0
Λlψl(ω1)ψl(ω2)

∣∣∣∣∣
2

(4.3a)

COVi (Nω(ω1), Nω(ω2)) =
∣∣∣∣∣
∞∑

l=0
Λlϕl(ω1)ϕl(ω2)

∣∣∣∣∣
2

(4.3b)

which together should yield the same decomposition as the cross-covariance (2.56) if the joint
spectral amplitude (JSA) possesses a flat phase [63]. This last assumption can be verified a
posteriori by comparing the Schmidt coefficients of both decompositions to each other, and
also by comparing the resulting Schmidt numbers to the one calculated from the measurement
of g(2)(0).

The top row of Figure 4.6 presents the joint spectral intensity (JSI) obtained for the signal
and the idler beams, based on the calculation of their (individual) spectral covariance using
the same set of spectra as in Figure 4.5. A singular value decomposition performed on the the
square-root of the two JSI yields the Schmidt modes of each beam and their corresponding
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coefficients. The first two modes of each beam are respectively presented in the bottom
row of Figure 4.6, while the coefficients for the first 20 modes are presented in Figure 4.7.
The two decompositions yield nearly-identical coefficients for the first two modes, which
account for over 99 % of the photon content of the twin beams on average, and therefore very
similar quasi-single mode Schmidt numbers are obtained for both beams, i.e. Ks = 1.04 and
Ki = 1.05.

Figure 4.6 Joint spectral intensity and first two modes of the Schmidt decomposition.

The low dimensionality of the state suggests that the relative mode occupation of a given
pulse could be estimated from a measurement of the power spectrum alone [42]. As a proof-of-
principle implementation of this idea, Figure 4.8 presents the results from fitting the relative
weights and phase of only the first two modes of the Schmidt decomposition to the measured
spectral intensity on a set of 6 consecutive single-shot spectra of the signal beam which is
selected for its large diversity. An excellent agreement between the measured and the fitted
spectra is obtained despite the two-mode truncation. By accelerating the measurement of
the spectrum via e.g. optical time-stretch [201, 202], this feature could enable shot-to-shot
temporal mode sorting of the BTBs [203] toward entanglement distillation [204] by rejecting
multimode events in post-selection.
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Figure 4.7 Schmidt coefficients of the spectral modes.

Figure 4.8 Proof-of-principle two-mode decomposition from spectral intensity measurements.
The subset of 6 spectra here presented is selected for its particularly high diversity, and is
not representative of the larger set.

4.2.3 Pulse Duration

Since the twin beams are generated close to the zero-dispersion wavelength of BBO [87],
they are expected to be nearly-compressed after their generation. To confirm this, a second-
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harmonic frequency-resolved optical gating (SH-FROG) measurement is performed on the
signal beam. To obtain a sufficiently strong signal, the pump energy is here increased to
140 nJ. The measured trace, along with results from the retrieval performed with the common
pulse retrieval algorithm (COPRA) [113] are presented in Fig. 4.9. The retrieved pulse indeed
has a nearly-transform-limited duration of 14 fs, which corresponds to 3.4 optical cycles. The
retrieved transform-limited pulse duration of 10 fs closely matches the compressed FWHM
of the pump, and is slightly longer than the value calculated from the power spectrum due to
the phase-matching bandwidth of the second-harmonic generation (SHG) process used in the
FROG measurement. To the best of the author’s knowledge, this is also the first report of a
FROG measurement being performed on either BTBs or bright squeezed vacuum (BSV) [72].

Figure 4.9 FROG measurement of the signal pulse.

The considerable mismatch between the measured and retrieved traces is a telltale sign of
an unstable pulse train, and here can be attributed to the shot-to-shot changes in the pulse
shape resulting from the admixture between the first and higher-order modes. Despite this,
the retrieval process still typically yields the correct average pulse duration of the pulse train
in these conditions [115]. The absence of a well-defined coherent artifact in the middle of
the trace, which would be expected for a heavily multimode state, leads further credence
to the quasi-single-mode Schmidt decomposition obtained in the spectral measurements of
section 4.2.2. The pulse is also expected to be slightly shorter at its optimal parametric
regime, where the occupation of higher-order modes is minimized. While no measurements
were performed for the idler beam, it is expected to exhibit slightly better compression since
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its carrier wavelength is even closer to the zero-dispersion wavelength of BBO.

4.2.4 Photon Statistics

Next are the photon statistics of the BTBs, which are measured using a pair of amplified
high-efficiency InGaAs photodiodes connected to a digital time-gated integrator synchro-
nized to the seed laser. To avoid saturation of the digital integrator, the pump energy is
lowered to 92 nJ. Here, the integrated voltages are converted to a number of photons by
normalizing their mean (58.8 mV) to the average photon flux measured with a power meter
(3.5 × 1011 photons/s at a 99 386 Hz repetition rate with a central wavelength of 1300 nm),
yielding a conversion factor of 59500 photons/mV. An example of the resulting two-channel
photon number readout is plotted in Figure 4.10, where the large shot-to-shot fluctuations
expected for a single-mode source can be observed.

Figure 4.10 50 consecutive and simultaneous readouts of the photons number of the BTBs.

The histograms resulting from over 5.9 × 106 consecutive shots recorded over 1 min are
presented in Fig. 4.11. The length of the joint distribution (top right plot) along the diagonal
direction is indicative of the fluctuations of the total number of photons measured for both
beams m+ = ms +mi, while its width along the anti-diagonal direction instead represents the
fluctuations of the measured photon number difference m− = ms − mi, and where m(s,i) is
the measured number of photons in the signal (s) or idler (i) mode. The sharp and elongated
shape of the distribution is a direct visual consequence of the PDC process which imposes
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that all down-converted photons are produced in pair.

Figure 4.11 Joint (top right plot) and marginal (left and bottom plots) photon probability
distributions.

Turning to the marginal distributions (bottom right for the signal, top left for the idler), an
average photon content ⟨ms⟩ = 3.50 × 106 and ⟨mi⟩ = 3.43 × 106 per pulse is observed for
the signal and the idler respectively. The measured number of photons m̂ are related to the
photon number of the light source n̂ via the standard beamsplitter transformation [164], such
that its first two statistical moments are

〈
m(s,i)

〉
= η(s,i)

〈
n(s,i)

〉
(4.4)

∆2
(
m(s,i)

)
= η2

(s,i)∆2
(
n(s,i)

)
+ η(s,i)(1 − η(s,i))

〈
n(s,i)

〉
(4.5)
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where η(s,i) is the total quantum efficiency for the detection of the signal or the idler photons.
The difference between ⟨ms⟩ and ⟨mi⟩ can therefore be attributed to the slight mismatch
between the detection efficiency of each beam on an InGaAs sensor first observed in the
spectrum measurements of section 4.2.2. Similarly, the measured values of the second-order
auto-correlation functions of each beam

g(2)
s ≈ ⟨m2

s⟩
⟨ms⟩2 = 1.924

g
(2)
i ≈ ⟨m2

i ⟩
⟨mi⟩2 = 1.951

are slightly mismatched due to the truncation of the idler spectrum effectively acting as
a frequency mode filter. Nonetheless, the two values are close to the single-mode limit
g

(2)
thermal = 2, which explains the near-perfect fit of the two marginal distributions to the fitted

thermal photon statistics. The corresponding effective number of spatio-temporal Schmidt
modes

Ks ≈ (g(2)
s − 1)−1 = 1.082

Ki ≈ (g(2)
i − 1)−1 = 1.051 .

The slightly higher values of K observed here in comparison to the ones obtained from
the Schmidt decomposition in section 4.2.2 can be attributed to the fact that the present
measurement is also sensitive to spatial (transverse) modes of the BTBs which are traced
out in the JSI measurement. Taking the value found for the signal due to its spectrum being
detected more efficiently, and assuming separability of spatial and temporal modes [143]

K = KspaceKtime , (4.6)

this implies that the BTBs effectively occupy Kspace = Ks/Ktime,s = 1.04 spatial modes.

4.2.5 Noise Reduction Factor

In an attempt to demonstrate nonclassicality of the generated BTBs, the noise reduction
factor (NRF) is calculated from the joint photon statistics presented in section 4.2.4. The
separately-measured dark noise is first deconvolved from the total measured photon number
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difference noise, as shown in Figure 4.12. After deconvolution, the standard deviation of the
photon-number difference ∆n− = 35 400 photons, which corresponds to

NRF = 181

where the second definition (2.61) was used. This corresponds to a root-mean square noise
13.5 times higher than the shot noise level

√
⟨m+⟩ = 2640 photons.

Figure 4.12 Measured photon number difference statistics. All three histograms follow a
Gaussian distribution.

While a quantum advantage is not demonstrated here, getting this close to the shot noise
limit with these experimental conditions still demonstrate a very high level of photon-number
correlations. For comparison, sub-unity values of the NRF have been reported for source of
BTBs with comparable average photon number per pulse [68, 75], but only in the heavily
multimode (K > 500) where the noise stemming from mismatched detection efficiencies
and the required dynamic range for the detectors are both reduced by a factor

√
K [23].

Furthermore, the relative stability of the source ∆m−/ ⟨n+⟩ = 0.5 % is comparable to the
long-term pulse-to-pulse energy stability of the driving laser system (see specifications in
table 3.1).
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Technical Limits on the Measurement of the Noise Reduction Factor in the High-
Gain, Nearly-Single-Mode Regime

To demonstrate the challenges involved in measuring low values of the NRF in the high-gain,
nearly-single-mode regime, first consider a purely single-mode source of BTBs. Using its
standard definition (2.60), the NRF is

NRF = (ηs − ηi)2∆2n+ (ηs − η2
s + ηi − η2

i ) ⟨n⟩
(ηs + ηi) ⟨n⟩

(4.7)

where ⟨n⟩ = ⟨ns⟩ = ⟨ni⟩ is the average number of photons generated in either the signal
or idler beam, and ∆2n = ∆2ns = ∆2ni is its variance. The first term of the numerator
corresponds to an increase of the NRF from mismatched detection efficiency between the two
beams, while the second term corresponds to addition of quantum noise from losses. The
first term highlights the fact that experimentally measuring NRF < 1 is harder in the high
gain regime, since for twin beams ∆2n ≈ ⟨n⟩2. Using the alternative definition (2.61), the
NRF is only bounded by the detection efficiencies

NRF = ηs − η2
s + β2(ηi − η2

i )
(ηs + βηi)

= 1 + ηs/ηi

2 − ηs , (4.8)

but this definition introduces an asymmetry between the signal and idler such that the NRF
will have a lower value if ηs < ηi than if ηs > ηi. To illustrate this, equation (4.8) is plotted
in Figure 4.13. This asymmetry is a typical result for heralded photon sources [205], and
should be interpreted as meaning that whichever beam is detected with the highest quantum
efficiency (here assumed to be the idler) would work best as an herald to reshape the photon
statistics of its twin in a post-selection scheme [17, 19, 21, 32], rather than the other way
around. In practice, the subscripts s and i can be exchanged freely in equation (4.8) and the
nonclassicality condition NRF < 1 can be achieved for arbitrary detection efficiencies.

Setting the results of this first analysis as a reference point, we can now consider how the
presence of a weakly-excited, potentially unbalanced second spatio-temporal mode in the
detection affects equation (2.61). The relative photon number occupation of mode l is

Λl = ⟨nl⟩
⟨N⟩

(4.9)

where ⟨N⟩ = ∑
l ⟨nl⟩ is the mean total number of photons. To highlight the effects of the

second mode, we assume a nearly single mode source (λ1 ≫ λ2, λ3+ = 0) where the photons
in the first mode are detected with 100% quantum efficiency, yielding β ≈ 1. In this scenario,
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Figure 4.13 Noise reduction factor for single-mode twin beams.

the NRF is dictated solely by the detection efficiencies ηs and ηi of the second mode

NRF = (ηs − ηi)2∆2n2 + (ηs − η2
s + ηi − η2

i ) ⟨n2⟩
2 ⟨n1⟩ + (ηs + ηi) ⟨n2⟩

(4.10)

and now the first term of the numerator cannot be canceled without unbalancing the losses of
the first mode, unless some efficient form of mode filtering (e.g. a quantum pulse gate [62])
is available. Therefore, in the high gain regime where ∆2n2 ≈ ⟨n2⟩2 ≫ ⟨n2⟩, the NRF
will be dominated by the unbalanced detection of that second mode. Considering only the
contribution from this first term and the maximum value of the denominator, we find a
minimum value for the NRF

NRF >
(ηs − ηi)2 ⟨n2⟩2

2 ⟨N⟩
(4.11)

from which a maximum tolerance on the balancing ∆η = |ηs − ηi| of the losses in the second
mode is derived by applying the condition NRF < 1, resulting in
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∆η <
√

2
Λ2

√
⟨N⟩

(4.12)

showing that the NRF becomes more sensitive to the presence of a second mode as the
parametric gain increases. Equation (4.12) is plotted in Figure 4.14 for arbitrary admixtures
of two spatio-temporal modes. For the conditions of the experiment

⟨N⟩ = ⟨ms⟩
ηs

= ⟨mi⟩
ηi

≈ 4.2 × 106

λ2 ≈ K − 1
2 = 0.04

one finds a tolerance |∆η| < 1.7%. Ideally, one would design a source where the tolerance
∆η ≥ 1, such that any potential unbalancing of the second mode does not prevent measure-
ment of nonclassical values of the NRF. Near the single mode limit K−1 ≪ 1, this condition
is achieved if

K ≤ 1 + 4√
⟨N⟩

(4.13)

again showing the increasing difficulty of measuring nonclassicality at higher values of the
parametric gain. Equation (4.13) is plotted in Figure 4.15. For ⟨N⟩ ≈ 4.2 × 106, we find
K ≤ 1.002.

4.3 Carrier-Envelope Phase Correlations and Q function

As presented in Chapter 2, driving of extreme nonlinear phenomena with few-cycle pulse
requires control over the CEP [46, 47, 49]. Each excited modes of the signal (s) and idler (i)
BTBs are known to have a completely random phase ϕ individually, and yet be phase-locked
to the pump (p) with a correlation which is centered around the classical relation [206–208]

ϕs + ϕi − ϕp = const. (4.14)

and which improves with the squeezing parameter r (or equivalently the parametric gain
G). This phase relationship has been observed for a single pair of narrowband modes in a
heterodyne or multi-port homodyne detection schemes [150–153, 209], but not for few-cycle
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Figure 4.14 Maximum loss unbalance for the second mode for sub-2 modes twin beams.

Figure 4.15 Maximum effective number of spatio-temporal modes K to reach NRF < 1 with
a completely unbalanced (∆η = 1) second mode.

modes where this phase now amounts to the CEP of the twin pulses.

In this section, a proof-of-principle implementation of an alternative technique based on
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standard f-to-2f interferometry [45] is demonstrated, where the BTBs are upconverted via
SHG and sum frequency generation (SFG) to spectrally overlap with the pump, which is
temporally-delayed to generate interference patterns in the frequency domain. Measurement
of the spectral fringes on a single-shot basis allows for the simultaneous measurement of 3
phase differences

θSH,s = 2ϕs − ϕp (4.15a)

θSF = ϕs + ϕi − ϕp (4.15b)

θSH,i = 2ϕi − ϕp (4.15c)

and 3 amplitudes

ASH,s ∝ A2
s (4.16a)

ASF ∝ AsAi (4.16b)

ASH,i ∝ A2
i (4.16c)

which we use to 1) observe the phase correlations between the signal and idler, 2) measure
the individual and joint Q functions of the second harmonic (SH) of the signal and the idler,
and 3) demonstrate the capability to implement post-selection schemes bases on both the
amplitude and the phase of BTBs. This scheme is enabled by the fact that the twin beams
here generated are nearly-single-mode, broadband and intense.

4.3.1 Implementation

The schematic of the experiment is presented in Fig. 4.16. From the 1.4 µJ pulse train
generated in the NOPA, about 10% of the pulse energy is picked off from the reflection
of a beam sampler (BSF10-B - Thorlabs) and serves as the PDC pump. The reminder
of the energy is used to sequentially drive supercontinuum generation (SCG) in a 2-mm-
thick calcium fluoride window and SHG in a 10-µm-thick BBO crystal, producing a f -to-2f
interferometric signal on the spectrometer at ultraviolet (UV) wavelengths that gives access
to the CEP of the pump/local oscillator (LO) for the experiment.

After generation of the BTBs, the pump, signal and idler are collimated by a single silver
parabolic mirror (f = 50.8 mm), then the pump is split using a reflective hard-coated longpass
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Pump @ 660nm
sub-10 fs, 1.4 μJ

4-mm thick BBO
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f-to-2f
interferometer

100-um thick BBO
Type I SFG/SHG

Dichroic
mirror

Spectrometer

Figure 4.16 Detailed schematic of the experiment.

filter (LP0950 - Thorlabs). The signal and the idler are refocused into a 100 µm thick BBO
crystal by a silver parabolic mirror (f = 76.2 mm) to drive SHG and SFG. The SH and
sum frequency (SF) beams are collimated by another silver parabolic mirror (f = 50.8 mm)
and then sent trough a pair of dispersing SF11 prisms. The separation of the prisms is
adjusted such that all three beams (SH of the signal, SH of the idler, and their SF) overlap
spatially. The upconverted beams are then mixed linearly with a small fraction of the pump
(which serves as the LO) via a beam sampler (BSF10-C - Thorlabs) which here acts as a
low-reflectance beamsplitter.

The combined beams are finally focused on the slit on a Si-based spectrometer (HR2000+
- Ocean Insight), together with the UV light from the f -to-2f interferometer. The pulse
picking frequency of the driving laser is lowered to 994 Hz and the integration time of the
spectrometer is set to 1 ms. As such, at most one laser shot is registered by the spectrometer
per recording. Recorded spectra containing no laser light (about 0.6% of the raw dataset) are
then identified in post-treatment by tracking the integrated optical power and are discarded.
A total of 500000 spectra are acquired as 5 sets of 100000 spectra over 30 minutes, for an
average acquisition rate of 278 Hz.
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Amplitude and Phase Extraction

All collected spectra are first interpolated to a grid of constant frequency spacing. Then,
for each upconverted beam (signal SH, idler SH, and their SF), an hyper-Gaussian window
is used to isolate the spectral region in the LO spectrum where the interference fringes are
located. A high-pass filter is then applied to the windowed spectra to isolate the interference
fringes from the DC background. A single-shot example of the resulting interferometric signal
(left in wavelength space for clarity) is presented in Figure 4.17.

Figure 4.17 Example of a single-shot interferometric signal on the spectrometer, after digital
removal of the DC background. The fringe phase is equal to the phase differences (4.15), while
the peak-to-peak amplitude of the fringes is proportional to the amplitude of the nonlinear
signals (4.16).

From this dataset, the single-shot spectrum where the fringes have the highest peak-to-peak
amplitude is selected as a reference signal R(ω). All spectra Sl(ω) are then compared to
the reference to extract their in-phase xl = Re(R · Sl) and out-of-phase pl = Im(R · Sl)
components with respect to the reference, where · denotes the scalar product. Finally, the
measured distributions of x and p for the two SHs are rescaled by a constant factor to
yield the correct average number of photons of each beam as measured on the sensor of the
spectrometer

〈
m(s,i)

〉
=
〈
x2

(s,i) + p2
(s,i) − 1

〉
, which are measured separately in the absence of

the LO to be ⟨ms⟩ = 4900 and ⟨mi⟩ = 7400 photons per pulse. For brevity, here and going
forward in this section the subscripts s and i are used to denote the SH of the signal and
idler beams, rather than their fundamentals.

Over the 30-minute total measurement interval, the phase of the interferometer slowly drifts
due to temperature variations in the lab. This drift is tracked using the SF beam, which
is phase-locked to the LO but copropagates with the two SH beams. The phase fluctuation
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between the SF and the LO is shown in the top plot of Figure 4.18, and the corresponding
spectral noise density is presented for the 1st dataset as an example in Figure 4.19, where
the drift appears as 1/f noise at frequencies below 2 Hz. For each of the 5 datasets, a digital
high-pass filter is applied to remove this classical noise, yielding the phase distribution in the
bottom plot of Figure 4.18.

Figure 4.18 Long-term drift of the phase of the interferometer, measured from the interference
of SF beam with the LO.

4.3.2 CEP Anti-Correlation

We first look at the joint probability distribution of the CEP of the BTBs, which is plotted
in Figure 4.20a. The anti-correlation relation (4.14) visually appears from the high concen-
tration of measured events around the anti-diagonal line, while the uniform spread of the
distribution over 2π in the orthogonal direction highlights the full indetermination of the
individual CEPs. To highlight the importance of the pump/LO in this measurement, its
CEP is digitally added to the measured fringe phase, resulting in the histogram presented
in Figure 4.20b. The resulting white noise pattern visually demonstrate that by themselves
and in the absence of a CEP-stable pump, the twin beams exhibit completely random and
uncorrelated CEPs.
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Figure 4.19 Spectral noise density of the phase of the interferometer for the 1st (blue) dataset
of Figure 4.18.

From this measurement, the standard deviation of the CEP sum is found to be

∆
(
2ϕS + 2ϕI − 2ϕP

)
= 730 mrad

where the factor of 2 comes from the SHG process. While this value is relatively large, it is
largely dominated by the dark noise of the measurement, as demonstrated in the following
analysis.

The measurement apparatus effectively implements a frequency-domain equivalent to het-
erodyne detection [154]. Instead of detecting both quadratures of a narrowband field at
frequency ω0 via a LO at a detuned frequency ω0 + δω, the present setup detects a pulsed
field at group delay τg via a LO at a delayed group delay τg + δτg. In both cases, the detec-
tion is also sensitive to the quadratures of an image mode with the opposite detuning with
respect to the LO (ω0 + 2δω for heterodyning, here τg + 2δτg). When the image is in the
vacuum state, the detection setup effectievly implements the same measurement as an 8-port
homodyne detector [151]. The measured quadratures x̂m and p̂m are therefore related to the
intrinsic quadratures x̂ and p̂ of the input state by
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Figure 4.20 CEP correlation measurements.

x̂m = √
ηx̂+

√
2 − ηx̂0 + δx (4.17a)

p̂m = √
ηp̂−

√
2 − ηp̂0 + δp (4.17b)

where x̂0 and p̂0 are the quadratures of the vacuum added by both the image mode and
the detection losses, η is the overall quantum efficiency of the detection scheme, and δx and
δp are classical stochastic variables modeling technical noise. In the ideal case η = 1 and
δx = δp = 0, the simultaneous measurement of x̂m and p̂m yields exactly the Q function of the
input state [152], while any other case instead yields a smoothed version of the distribution.

The impact of vacuum and technical noise on the measured quadratures is experimentally
characterized by measuring the statistics of the two quadratures x̂m and p̂m under dark
conditions, i.e. when the input state is the vacuum. In this scenario, knowing that the first
two statistical moments of the quadratures for the vacuum state are ⟨x0⟩ = 0 and ⟨x2

0⟩ = 1/4,
those of the measured quadratures are

⟨0| x̂m |0⟩ = ⟨δx⟩ (4.18a)

⟨0| p̂m |0⟩ = ⟨δp⟩ (4.18b)
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⟨0| x̂2
m |0⟩ = 1

2 +
〈
δ2

x

〉
(4.19a)

⟨0| p̂2
m |0⟩ = 1

2 +
〈
δ2

p

〉
. (4.19b)

From this measurement, it is found that the dark noise distribution follows a Gaussian distri-
bution in phase space centered around zero for both the signal and idler SHs readouts, with
standard deviations σdark,s = 5.2 and σdark,i = 5.0 respectively, meaning that the detection is
limited by technical noise. This noise distribution broadly defines the confidence area for the
localization in phase space for the set of joint measurements {xl, pl}. The contribution of this
noise to the measured CEP sum fluctuations depends on the amplitudes As =

√
xs2 + ps2 and

Ai =
√
xi2 + pi2 of the signal and idler SHs (the SH subscript used previously is here dropped

to lighten the notation). The numerically calculated dependence is presented in Figure 4.21.

Figure 4.21 Amplitude dependence of the dark noise contribution to the measured CEP
fluctuations.

For high amplitude events (As ≫ σdark,s and Ai ≫ σdark,i), the contribution is small and can
be approximated as

∆ϕdark(AS, AI) ≈
√(

σdark,s

As

)2
+
(
σdark,i

Ai

)2
(4.20)
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while for very low amplitude events (As ≪ σdark,s or Ai ≪ σdark,i), the measured CEP sum
can fluctuate anywhere around 2π from the dark noise alone, and its contribution converges
toward the standard deviation of a uniform distribution with a width of 2π

∆ϕdark(0, Ai) = ∆ϕdark(As, 0) = π/
√

3 . (4.21)

Since the (fundamental) BTBs follow thermal photon statistics, in most measured events
either or both SH beams have an amplitude below the dark noise level, despite the average
amplitude being over 10 times above the dark noise level. The overall contribution ⟨∆ϕdark⟩
of the dark noise to the CEP sum statistics is therefore quite significant, and it is numerically
evaluated from its quadratic mean over the measured joint amplitude distribution

⟨∆ϕdark⟩ =

√√√√ 1
M

M∑
i=0

∆ϕ2
dark(As,l, Ai,l) = 540 mrad .

After deconvolution of the dark noise, the conclusion of the measurement is that the signal
and idler SHs are phase-locked to the pump and to each other with an uncertainty of 490 mrad
on average. On one hand, this value is over 54 times greater than the standard quantum limit
∆ϕSQL ∼

(
2
√

⟨n⟩
)−1

≈ 9 mrad one finds for coherent states with the same average number
of photons [135]. On the other hand, based on the present analysis it is only 4.5 greater than
the average quantum-limited phase noise ⟨∆ϕQL⟩ = 110 mrad one finds for two light sources
with the same amplitude distribution as those measured here. The stark difference between
these two limits illustrates the fact that any hypothetical state which would minimize phase
fluctuations would cover a pie-slice in phase space (see e.g. the Q function of the Pegg-
Barnett phase eigenstate in Figure 2.8) and would therefore always have a large amplitude,
contrary to the thermal-like states here considered.

4.3.3 Q Function

The present scheme yields not only a readout of the CEP, but also the amplitude of each
pulse pair, therefore performing a direct sampling of their Q function (smoothed by the dark
noise). Figure 4.22 show the individual distribution measured for the two SH beams. In each
plot, the contour lines represent the circumference in phase space past which the number of
event per bin drops below the indicated number. Both distributions are broad and circularly
symmetric, owed to the thermal photon statistics and random phase of the fundamentals.

Taking now one quadrature from each beam, the joint distributions plotted in Figure 4.23 are
obtained. Here, squashing of two-mode quadratures resulting from the PDC process can be
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Figure 4.22 Q function of the signal (a) and idler(b) SHs.

observed from the reduced width of the distribution along either the diagonal or anti-diagonal
directions compared to the individual distributions in Figure 4.22. The joint distributions
resulting from the other combinations of quadratures (i.e. xs with pi, and ps with xi) are not
plotted since they are entirely uncorrelated to each other and therefore show no distinctive
feature.

Figure 4.23 Q function of the two-mode in-phase (a) and out-of-phase (b) quadratures of the
two SH beams.

Finally, a proof-of-principle demonstration of the ability to perform post-selection condition-
ing using protocols based on both the amplitude and the CEP of BTBs is presented in Figure
4.24. Each subplot presents the Q function of the idler SH obtained after a applying a binary
post-selection based on the measured amplitude and phase of the signal SH.
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Figure 4.24 Q function of 4 post-selected idler states aiming to mimic the shapes. The dashed
green lines show the delimitation of the post-selected distributions expected in the limit of
infinite squeezing.

Thanks to the large area covered in phase space by the initial state, a wide variety of states
can be generated with a relatively high efficiency and in parallel. In Figure 4.24a, the post-
selection protocol selects events where the signal amplitude fits within a narrow bin, a similar
strategy to those used to generate sub-Poissonian light [21], resulting in a distribution visually
resembling that of a Fock state. In Figure 4.24b, the protocol now selects events where the
signal CEP fits within one quadrant and where the amplitude exceeded 10 times the dark
noise. In Figure 4.24c, the protocol instead selects events where the in-phase quadrature of the
signal fits within a narrow bin. Finally, Figure 4.24d presents the result of a protocol where
only events located near a specific point in phase space are kept, resulting in a coherent-like
state.



93

CHAPTER 5 SEMI-CLASSICAL SIMULATIONS OF PARAMETRIC
DOWN-CONVERSION IN THE HIGH-GAIN, FEW-CYCLE REGIME

This chapter presents simulation results that aim to model the parametric down-conversion
(PDC) process in the bright twin beams (BTBs) implementation presented in Chapter 4,
using the semi-classical numerical model presented in section 3.1. The objectives here are to
clarify the role of the Kerr effect in the generation of ultrafast BTBs, allow the observation
of the internal dynamics of the PDC process i.e. beyond the input/output experimental
observation, and identify potential strategies to experimentally demonstrate nonclassicality
via the noise reduction factor (NRF) with this source.

5.1 Reproduction of Experimental Conditions

As a first step and to establish a reference point for the rest of the numerical analysis, this
section present results of the simulation where the input parameters aim to reproduce the
experimental conditions as faithfully as possible. The pulse shape of the pump right before
entering the beta barium borate (BBO) crystal is measured via second-harmonic frequency-
resolved optical gating (SH-FROG), and the retrieved pulse shape from that measurement
is used as the temporal envelope of the pump in the simulation. In the absence of a detailed
characterization of the transverse beam profile, a Gaussian beam shape with the same beam
waist w0 = 20 µm is assumed. To model the astigmatism of the pump beam, the x and y

focal planes are set to z = L/2 − zR and z = L/2 + zR respectively, where L = 4 mm is the
thickness of the BBO crystal along the propagation direction.

Here, the statistics are calculated from repeating the simulation M = 103 times with different
RNG seeds for the pseudo-random phase of the vacuum-like seed. The pump energy is set to
86.5 nJ, which is equivalent to the pumping conditions in the photon statistics measurements
of section 4.2.4 when accounting for Fresnel reflection.

5.1.1 Results

Figure 5.1 presents the evolution of the photon statistics (the average ⟨n⟩, the second-order
autocorrelation function g(2) and the NRF) of the BTBs as they propagate through the 4 mm-
thick BBO crystal. As expected from the theory of low-gain PDC, the BTBs states starts
off in a heavily multimode regime (g(2) ∼ 1) due to the strongly-chirped pump pulse. As the
pump approaches temporal compression around z = 2.5 mm, the number of down-converted



94

photons starts rising at a super-exponential rate while the number of spatio-temporal modes
is rapidly decreasing. Simultaneously, the NRF can be seen to suddenly increase and reach
unity around z = 3 mm.

Figure 5.1 Evolution of the photon statistics of the BTBs for the conditions of the experiment.
The grey and black NRF curves correspond to definitions (2.60) and (2.61) respectively.

The average number of photons at the output predicted by the simulations is nearly two
orders of magnitude too high. This can be explained by a combination of 3 factors : 1) the
exponential dependence of ⟨n⟩ on the pump field amplitude, which in the high-gain regime
amplifies the uncertainty on the pump intensity (see appendix B), 2) the pump intensity
toward the end of the propagation where the gain increases the fastest in turn depends
nonlinearly on the input intensity, and 3) the numerical model neglects multiple higher-
order nonlinear effects (multi-photon absorption, Raman scattering) and experimental factor
(imperfect Gaussian beam quality) that would all experimentally contribute in reducing the
pump intensity, and their absence in the simulation therefore lead to an overestimation of
⟨n⟩.

This overestimation of the parametric gain should not significantly affect the rest of the results
that do not depend as strongly on the pump intensity, so long as propagation dynamics are
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properly reproduced in the simulation. The simulation indeed predicts an output value of
the autocorrelation function g(2) = 1.85. This is in good agreement with the experimental
result g(2) = 1.937 when considering that the simulated detector has an infinite bandwidth,
whereas the experiment is limited by the quantum efficiency of InGaAs sensors and might
therefore lead to an overestimation of g(2). As for the predicted value of the noise reduction
factor NRF = 719, its higher value in the simulation can be attributed to the dependence of
the NRF on the shot noise level

√
⟨n⟩.

To further ensure that the simulation correctly reproduce the nonlinear propagation of the
pump, Figure 5.2 presents a comparison between the spectrum of the pump at the position
z = 3 mm in the simulation, and the measured pump spectrum at the output of an early
implementation of the BTBs source which used a 3 mm-thick BBO crystal. A good agreement
can be observed between the two spectra, validating that the simulation properly models the
propagation dynamics of the pump, and also demonstrating the importance of including χ(3)

effects in this study.

Figure 5.2 Measured vs. predicted shape of the optical spectrum of the pump after propaga-
tion through a 3 mm-thick BBO crystal.

Next, Figure 5.3 presents the k-space power density of the BTBs at the output z = L plotted
in both linear (left) and log (right) scales. This distribution provides an approximation for
the transverse beam profile in the far-field as measured in section 4.2.1. The asymmetry
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between the signal and idler beams can again be observed, and is even more pronounced
in the simulation, possibly again due to its effectively infinite detection bandwidth. A first
hint as to the reason why the Kerr effect leads to a rise of the NRF above unity is shown in
the log-scale plot, which contrary to the experiment is not limited by the dynamic range of
instrument. It can indeed be observed that the signal and idler beams are spread across the
kx = 0 line despite seeming well-separated in the linear-scale plot. This line is indeed used
as a divider to distinguish the signal from the idler, under the important assumption that
both beams have negligible intensity at that position. While a relative intensity on the order
∼ 10−3 might seem negligible, it is comparable to the relative shot noise level on which the
NRF is based on.

Figure 5.3 Farfield beam shape for the conditions of the experiment.

At first glance, one might think that reshaping the dividing line in a semi-circle-like might
reduce the NRF back down to sub-unity values. However, this strategy provides almost
no improvement to the NRF, because the assumed left-to-right correlations between the
BTBs doesn’t apply to light generated near the kx = 0 line. Indeed, momentum conservation
dictates that on this line, upward (ky > 0) components are instead correlated with downward
(ky < 0) components, while components generated along the pump axis kx = ky = 0 are only
self-correlated and cannot be split. Therefore, any attempt to improve the source toward
demonstrating a quantum advantage via twin beam entanglement (e.g., measuring NRF < 1)
should first aim to improve their separability in k-space.

Turning now to the time-frequency domain, Figure 5.4 presents the statistics of the output
pulses and spectra for the BTBs and the pump. For all curves, a solid line is used to plot the
average and a shaded area shows a width corresponding to one standard deviation. On aver-
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age, the signal pulse has a full-width at half maximum (FWHM) duration slightly longer than
13 fs, in close agreement with the frequency-resolved optical gating (FROG) measurement
in section 4.2.3. As predicted, the idler has a shorter duration of 10 fs thanks to its carrier-
wavelength being closer to the zero-dispersion point of BBO. The signal and idler spectra
also qualitatively resembles the measurements from section 4.2.2, although the simulation
predicts a bandwidth for both beams that is much larger than what the InGaAs spectrom-
eter used in the experiment can resolve. The effective bandpass filtering performed by the
finite detection bandwidth of the detectors can also explain the large experimental value of
the NRF, as such filtering increases the effective losses while also introducing unbalanced
detection of higher-order modes.

Figure 5.4 Output pulse shapes and spectra for the conditions of the experiment.

Finally, Figure 5.5 present the evolution of the average pulse shape of the pump, signal and
idler as they propagate in the BBO. At the beginning of the PDC process, when the pump
is still strongly dispersed, the signal and idler are generated by the most intense of its two
peaks. As the gain increases and the pump compresses, the signal and idler pulses grow
shorter until they reach a minimal FWHM pulse duration of 7.4 fs and 6.8 fs respectively
around z = 3.5 mm, which explains the g(2) peaking around that point from a minimization
of the number of temporal modes. Past that point, group velocity mismatch separates the
BTBs from the pump, dramatically slowing down their amplification and allowing them to
accumulate chromatic dispersion which stretches the two pulses to their final pulse duration
observed in Figure 5.4.

These last results suggest that a future iteration of the BTBs source could achieve significantly
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Figure 5.5 Evolution of the pulse shapes for the conditions of the experiment.

shorter pulses by substituting the nonlinear medium by a 3.5 mm-thick BBO crystal, with
only a slight reduction of the parametric gain. On the other hand, the simulation also
predicts that the NRF is maximal around that point, making it even harder to demonstrate
a quantum advantage in this scenario. Considering the fact that χ(3) effects are suspected
to cause the observed rise of the NRF and that they also affect the pulse shape of all three
beams, it would be more advisable to first alter the source toward the objective of achieving
NRF < 1, and then optimize it for other factors.

5.2 Propagation in a χ(3)-less Medium

To demonstrate that the Kerr effect stemming from the χ(3) response of the nonlinear medium
is responsible for the loss of nonclassical correlations, this section presents results from re-
peating the simulations in section 5.1 with the third-order term of the nonlinear polarization
artificially set to 0. All other parameters, including the RNG seed, are the same to ensure
any change observed is caused by the absence of this term. The number of simulations is
however reduced from 103 to 102 to reduce the calculation time.

5.2.1 Results

Figure 5.6 presents the photon statistics of the BTBs throughout the synthetic χ(3)-less BBO.
The evolution remains similar to what is observed in Figure 5.1 for the first 2.5 mm where
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the pump is not compressed. Past that point, a significant reduction of the parametric gain
can be observed, which can be explained from the slower compression of the pump in the
absence of the self-phase modulation (SPM). On the other hand, the g(2) continues rising
all the way until the end of the interaction rather than peaking at z = 3.5 mm, and most
importantly the NRF remains far below unity throughout the entire propagation. Since the
numerical model is not quantized, the exact value of the NRF found here is meaningless, but
its stark decrease from the previous simulations remains significant.

Figure 5.6 Evolution of photon statistics in χ(3)-less conditions.

Turning to the output k-space power density of the BTBs in Figure 5.7, the conservation of
entanglement can be explained by the well-separated, beamlike shape of the signal and idler,
even when plotted on a log-scale. This link between the NRF and the k-space distribution
of BTBs suggest that the main limiting effect is self-focusing specifically, rather than SPM
or the Kerr effect as a whole.

Quite surprisingly, this χ(3)-induced reshaping of the BTBs stems almost exclusively from self-
focusing of the pump. Indeed, when the simulations are repeated with the χ(3) term removed
only for the down-converted modes, the results are nearly-identical to those presented in
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Figure 5.7 Farfield beam shape in χ(3)-less conditions.

section 5.1. This effect can be understood as self-focusing increasing the angular bandwidth
of the pump, and therefore allowing it to drive phase-matched PDC for other pairs of k-
vectors than the two beam-like directions observed in this χ(3)-less scenario. The conclusion
is therefore that to maintain the entanglement of the BTBs, an effort should be made to
prevent self-focusing of the pump specifically such that the signal and idler remain spatially
well-separated in the far field.

Finally, an interesting consequence from the absence of χ(3) effects is a pronounced reduction
of the asymmetry between the signal and the idler, as can be best observed from the statistics
of their pulse shape and spectrum plotted in Figure 5.8. Here, both beams have a carrier
wavelength around 1350 nm, closely matching the frequency-degenerate design expected from
phase-matching calculations in section 3.3.2. This symmetry extends to the time domain,
where both pulses have a FWHM duration of 13.7 fs despite their mismatched bandwidths.

5.3 Potential Strategies to Reduce Detrimental χ(3) Effects

The results of section 5.2 reflect the expectations from the initial design of the source in
section 3.3.2, demonstrating how significantly χ(3) effect can alter the properties of a twin
beams source in the high gain regime. The present section numerically tests two simple
alterations to the experimental setup that would lead to a reduced third-order nonlinear
response toward the main objective of reaching sub-unity NRF values without sacrificing the
other main features of the source.
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Figure 5.8 Output pulse shapes and spectra in χ(3)-less conditions.

5.3.1 Loosely-Focused, Longer Pump Pulse

The most straightforward change that could be made to the source is to increase the beam
area and the pulse duration of the pump as to reduce the relative strength of the spatio-
temporal lens created by the Kerr effect. Here, the beam radius is increased by a factor
√

10, and the pump is replaced by a Gaussian pulse with a 100 fs FWHM duration, about
10 times longer than the experiment. This results in a spatio-temporal pump volume that is
100 times larger than before, and the main expected consequence is for the BTBs to now be
multimode. To compensate for the resulting lower intensity, the pump energy is increased
by a factor of 6.5 to achieve a average number of photons at the output comparable to that
in section 5.1.

First, Figure 5.9 presents the photon statistics of the BTBs with the enlarged pump. The
number of photons now grows at a steady exponential rate for the entire interaction, thanks to
the new pump being nearly unaffected by diffraction and dispersion, and therefore satisfying
the stationary pump assumption of textbook treatments of PDC. As expected, the greater
spatio-temporal volume covered by the pump results in a larger number of Schmidt modes,
which can be observed by the reduced value of g(2) = 1.1. Interestingly, the inferred number of
mode K = (g(2) −1)−1 ≈ 10 which is much lower than the 100-fold increase one would expect
in the low-gain regime. Most of all, the NRF now maintains sub-unity values throughout
the entire interaction, despite not reaching values that are as low as in the artificial χ(3)-less
scenario.
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Figure 5.9 Evolution of photon statistics in multimode pumping conditions.

A potential explanation for this intermediate result on the reduction of the NRF can be
found by looking at the output k-space power density of the BTBs plotted in Figure 5.10.
The separability of the BTBs is significantly improved when compared to the experimental
conditions, but the enlarged beam area of the pump means that the walkoff-induced spatial
selection effect is reduced [24,177] and downconverted light is generated all along the phase-
matched cone. In this scenario, the use of two apertures to the left and to the right with
matched areas [68] might improve the NRF and even reduce the effective number of modes.

Finally, the biggest downside to this strategy is the resulting temporal and spectral shape
statistics of the BTBs, which are plotted Figure 5.11. Not only the pulses are now stretched
to an average FWHM duration of over 44 fs, but their multimode composition (visible from
the reduced width of the shaded area) means their is no well-defined envelope for the pulses
to define a carrier-envelope phase (CEP) with. This last issue can be solve by filtering (in
space and in frequency domains) the BTBs to recover single-mode statistics as in e.g. [42],
but then the resulting pulse will be longer and the added losses will typically remove any
quantum advantage [23].
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Figure 5.10 Farfield beam shape in multimode pumping conditions.

Figure 5.11 Output pulse shapes and spectra in multimode pumping conditions.

5.3.2 Divergent Pump

Another well-known strategy in the nonlinear optics community to mitigate self-focusing is
to inject a divergent beam in the nonlinear medium [181]. This allows the use of pulses with
much higher peak powers before the beam collapses into a filament by canceling the focusing
power of the Kerr lens with the diffraction of the diverging beam. Here, this scheme was
simulated by placing the geometrical focus of the pump (both in the x and y directions) at
the entry face of the BBO z = 0, and leaving every other parameters unchanged from the
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experimental case.

The resulting photon statistics are shown in Figure 5.12. The cancellation of self-focusing
by the divergence of the pump results in an effective beam area that is larger than in the
experimental case, yet smaller than the astigmatic pump in the χ(3)-less case, and therefore
yielding a parametric gain that is in between these two scenarios. The value of the autocor-
relation function g(2) also rises much faster than in any other simulated scenarios, which can
be attributed to an accelerated compression of the pump pulse by SPM from the initially
smaller beam size. The subsequent drop of g(2) past z = 2.8 mm can then be attributed to
multimode amplification once the pump pulse elongates in time from dispersion. Primarily,
the NRF now stays smaller than one throughout the entire interaction despite the presence
of the third-order nonlinear polarization term, and its final value is even comparable to the
χ(3)-less case.

Figure 5.12 Evolution of photon statistics with a divergent pump beam.

These results suggest that self focusing of the pump is indeed the main cause of loss of twin
beams squeezing. This hypothesis is reinforced by the k-space power density of the BTBs
plotted in Figure 5.13, which has no discernible component along the kx = 0 line even in the
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log-scale plot despite a noticeable broadening of the distribution by χ(3) effects. This also
indicates that an experimental implementation of this scheme would greatly benefit from a
high-dynamic-range analysis of the transverse beam profile of the BTBs to ensure that this
separability is achieved. Such a measurement is however technically challenging due the large
power fluctuations of single-mode sources which further increase the required dynamic range.

Figure 5.13 Farfield beam shape with a divergent pump beam.

Turning finally to the pulse shape and the spectrum statistics in Figure 5.14, the resulting
distributions mimics those from the χ(3)-less simulation with nearly-frequency-degenerate
signal and idler, but this time with a slightly longer pulse duration of over 20 fs due to the
multimode amplification toward the end of the propagation. If the BBO is truncated to the
point z = 2.8 mm where the value of g(2) is maximized, the resulting output pulse duration
is reduced to less than 9 fs for both the signal and the idler, resulting in sub-2-cycle pulses.

5.4 Impact of Frequency-Dependent Quantum Efficiency

While sections 5.3.1 and 5.3.2 focus on solving the loss on nonclassical correlations by self-
focusing in an idealized detection scenario, they do not address the technically difficult prob-
lem of needing near-perfectly balanced detection effiencies for all modes which was highlighted
in section 4.2.4. This issue is further analyzed here by studying the impact of bandwidth-
limited, and more generally frequency-dependent quantum efficiency η(ω) of the detector on
the NRF. To fully isolate it from issues stemming from the generation process, the output
from the χ(3)-less simulations are taken as an input in this numerical analysis. The spectrally-
resolved photon statistics n̂(s,i)(ω) of the signal and idler are converted into detected photons
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Figure 5.14 Output pulse shapes and spectra with a divergent pump beam.

m̂(s,i) by calculating the mean and variance of a binomial process with a probability of success
η(ω) for the photons contained in all frequency bins and then integrating over all frequencies.
The impact of angular filtering is not treated, as it can be easily resolved experimentally with
the use of wide-aperture optics and large-area detectors.

5.4.1 Detector Bandwidth

First, to identify the minimal detection bandwidth required to maintain the NRF < 1 con-
dition, consider a synthetic detector with a rectangular quantum efficiency function

η(λ) = H(λ− λon) −H(λ− λoff) (5.1)

where H(λ) is the Heaviside step function, and λ(on,off) are the cut-on and cut-off wavelength
of detection. The resulting NRF is plotted as a function λon and λoff , using either definitions
of the NRF : (2.60) (left) or (2.61) (right). In both cases, the values in the top left corner of
the plot corresponds to a scenario where the detector bandwidth far exceed the bandwidth of
BTBs, reproducing the results with the perfect detectors in section 5.2. Then, as λon increases
or λoff decreases, the NRF slowly increases toward, and then past unity. The minimum
bandwidth is obtained using eq. (2.61), where sub-unity NRF values are maintained up until
λon = 990 nm and λoff = 2400 nm.

This minimal bandwidth extends far past the cut-off detection wavelength of standard In-
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Figure 5.15 NRF (left: eq. (2.60); right: eq. (2.61)) as a function of detector bandwidth.

GaAs detectors around 1650 nm [210], and while InGaAs detectors with a cut-off wavelength
extended up to 2550 nm are readily available [211], they also come with an increased cut-on
wavelength that is longer than the 990 nm limit found here. A potential solution to this issue
would be to spectrally split the BTBs with e.g. a dispersive prism toward multiple InGaAs
detectors with different, optimized detection bandwidths [211]. An alternative would be to
use a detector based on a different material with a sufficiently broad detection bandwidth.
The only reported detectors with such capabilities are based on HgCdTe (e.g. [212]), which
claim a quantum efficiency of over 70 % over the entire bandwidth required, with the only
downside seemingly being their prohibitive cost. The feasibility of using a HgCdTe-based de-
vice to demonstrate a quantum advantage via the NRF is explored in the following section.

5.4.2 Realistic Detection Scenarios

We now consider how the the non-unity and non-flat quantum efficiency of real detectors
affect the NRF. Figure 5.16 presents a comparison between the quantum efficiency and the
resulting NRF for 3 detection scenarios. All three cases only consider the quantum efficiency
of the detector, and do not include e.g. Fresnel back-reflection from the exit side of the BBO
crystal, reflectance of mirrors, etc. as those effects 1- are generally negligible in comparison
to the losses of the detectors and 2- can be mitigated with the use anti-reflection coatings.

The first scenario is a typical non-extended InGaAs detector, as used in the direct photode-
tection experiments of sections 4.2.1, 4.2.2, and 4.2.4, and it serves as a reference. Those
detectors cover the range from 925 nm to 1650 nm with 50 % quantum efficiency. The quan-
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Figure 5.16 Quantum efficiency and NRF for 3 different realistic detectors.

tum efficiency curve reported by the manufacturer (solid black line) [213] is extrapolated
(dashed black lines) to the full simulation grid by fitting an exponentially-decaying function
to each edges of the curve. Unsurprisingly, the limited bandwidth results in NRF values (light
colors: (2.60); dark colors: (2.61)) that are multiple orders of magnitude above the threshold
value NRF = 1. Importantly, the NRF value predicted by this simulation is two orders of
magnitude higher than the experimental value NRF = 181, indicating that the simulation
overestimates either or both of the number of Schmidt modes and the optical bandwidth.
Despite this discrepancy, this reference point remains useful for assessing the relative impact
of a detector change.

The second scenario uses the reported quantum efficiency of the HgCdTe ZephIR 2.5 detector
by Photon etc [212], which is comparable to that of the InGaAs sensor at its peak and stays
above 50 % on a bandwidth ranging from 825 nm to 2450 nm. The significantly larger
bandwidth indeed results in a 32× and 76× reduction of the NRF calculated respectively
using equations (2.60) and (2.61). This decrease is however not enough to reach the threshold
of nonclassicality, even when accounting for the lower experimental value. Since this detector
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covers the entire minimal bandwidth calculated in the previous section, one must conclude
that the slope of the quantum efficiency curve is now the limiting factor.

Therefore, the third and final scenario studied here is an hypothetical response-flattened
version of the HgCdTe detector. The simulated response is a rectangular function

η(λ) = 1
2 (H(λ− λon) −H(λ− λoff)) (5.2)

where λon and λoff correspond to the wavelengths where the quantum efficiency of the HgCdTe
detector drops to 50 %. Such a response could be attained by combining the HgCdTe detector
with appropriate filters to flatten and cut the quantum efficiency (see e.g. [214] for an example
of such a filter in the Si detection range). The resulting NRF indeed approaches unity for the
first definition (2.60) and reaches a nonclassical value NRF = 0.7 with the second definition
(2.61), confirming the need for not only broadband detection, but also a flat response.

The question is now to determine how flat the response of the detector needs to be to maintain
a quantum advantage. To answer it, the NRF is recalculated by adding a slope to the
otherwise flat quantum efficiency curve η(λ) of the last scenario in the range λon < λ < λoff ,
and the results are plotted in Figure 5.17. The analysis shows that the NRF is indeed quite
sensitive to the slope of η(λ), with the quantum advantage being preserved only if and only
if

∣∣∣∣∣dηdλ

∣∣∣∣∣ ≤ 0.02 %/100 nm

which is on par with the reflectivity fluctuations of state-of-the-art broadband dieletric filters
(e.g. [215]), albeit on a much larger bandwidth. This result leads to the conclusion that
the implementation of this solution is possible though technically difficult. With that said,
the first set of simulations also indicate an overestimation of the optical bandwidth and
possibly also of the number of modes, and consequently the required detection bandwidth and
flatness would also be overestimated. The figures presented here can therefore be reasonably
interpreted as a worst-case estimation of these two parameters.
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Figure 5.17 Dependence of the NRF on the slope of the quantum efficiency curve. The 0.00
point corresponds to the "flat 50% bandpass" case in Figure 5.16
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CHAPTER 6 CONCLUSION

6.1 Summary of Works

In summary, the works presented in this thesis achieves nearly all of the objectives lead
out in the introduction. The bright twin beams (BTBs) implementation here demonstrated
operates in a previously-unexplored regime which combines 4 out the 5 ingredients identified
in the introduction for an ideal source of quantum light to drive extreme nonlinear optical
phenomena, making it uniquely well-positioned toward future experimental investigations
of nonlinear quantum optics. Namely, the source demonstrates a macroscopic brightness
⟨n⟩ ≳ 107, a 3.4-cycle pulse duration that could potentially be compressed down to less 2
cycles, a quasi-single spatio-temporal mode composition K = 1.082 that is achieved without
filtering, and proof-of-principle control over the carrier-envelope phase (CEP) of the generated
pulses.

The characterization results of the source also marks the demonstration of two measure-
ments that are novel in the context of light sources driven by parametric down-conversion
(PDC). First is the measurement of the pulse duration using the classical technique of
frequency-resolved optical gating (FROG), which was subsequently reproduced in an ex-
periment demonstrating high-harmonic generation in solids being driven by bright squeezed
vacuum (BSV) [40]. Second is the measurement of the statistics and anti-correlation of the
CEP in BTBs, which was done using a novel measurement scheme based on classical f -to-2f
interferometry.

Finally, a numerical simulation software here implemented models the extreme regime of
nonlinear pulse propagation demonstrated in the experimental work, including the effects of
diffraction, chromatic dispersion, pump depletion, and Kerr nonlinearity. This model will
help the future improvement of the present BTBs implementation, notably toward achieving
a demonstration of nonclassicality, as well as help in the design of novel sources operating in
this new regime of bright ultrafast squeezed light.

6.2 Limitations and Suggested Solutions

The main limitation of the present work is the absence of a nonclassicality demonstration.
In principle, this suggests that all the results presented here could be reproduced (and even
potentially improved upon) using only classical means. The numerical analysis of Chapter 5
lead out specific criteria and potential strategies on how to adjust the experimental design
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to observe nonclassicality while maintaining most, if not all of the advantageous features of
the BTBs source; i.e. 1) on the generation side, the use of a diverging pump beam to cancel
the detrimental effects of Kerr lensing, and 2) on the detection side, expand the bandwidth
with HgCdTe-based detectors and flatten the spectral quantum efficiency curve with custom
spectral filters.

Another limitation of the experimental work concerns the demonstrated CEP readout tech-
nique based on second-harmonic generation (SHG). While this scheme measures directly the
CEP of the second harmonic (SH) beams and works as a proof-of-principle, the CEP of the
fundamental BTBs can only be determined up to a π phase shift from this measurement.
Therefore, to implement "true" CEP control via post-selection, the scheme would need to be
modified as to forego the upconversion step and instead measure the Q function of the BTBs
directly with a broadband local oscillator (LO) in the near infrared (NIR) that is phase-locked
to the pump. With the current design, two sources could be used to generate a supercon-
tinuum with the required frequency content : 1) the remaining energy of the noncollinear
optical parametric amplifier (NOPA), which is currently used to drive the f -to-2f readout
of the pump CEP, or 2) the currently-unused idler beam centered at 2.1 µm generated inside
the NOPA.

On the technical side, multiple improvement could be implemented relatively straightfor-
wardly to the detection methodology. First, all spectral measurements are performed at a
much lower acquisition rate than other measurements due to the electronics of the spectrom-
eter that are used, and they also cannot accommodate simultaneous measurement of the
signal and idler spectrum. Both issues could be addressed simultaneously by replacing the
spectrometer with a detection scheme based on dispersive Fourier transformation [201, 202],
where the spectrum is read out by stretching the pulse in time with chromatic dispersion
until its time-dependent intensity can be resolved with a photodiode.

Second, the source is here operated at repetition rates of 100 kHz or lower to allow for the
comparison of characterization results that are acquired with different repetition rates, as
thermal effects are observed when the pulse picker is set at repetition rates of 200 kHz and
higher. If all detection schemes could be upgraded to accommodate a 1 MHz readout, the
source could be redesigned to work at the full repetition rate of the main laser system, i.e.
while accounting for the thermal effects. This would enable faster acquisition of statistical
samples and a lower relative contribution of low-frequency technical noise sources to the
measured statistics.

Third and last, the large shot-to-shot fluctuations of the photon number of the source impose
operating it with a mean photon number that is often close to the noise floor of detectors,
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in order to avoid that intense events cause saturation. The use of specialized high-dynamic
range detectors can alleviate this issue to some degree, but a more direct solution to this
problem would be to implement detection scheme with a logarithmic response (e.g. [216]) to
reduce the dynamic range required to fully resolve the fluctuations.

Finally, on the numerical side, the predictive power of the numerical model would significantly
improve is the assumed Gaussian shape of the beam was replaced with a detailed experimental
characterization of the pump wavefront (e.g. with a Shack–Hartmann wavefront sensor [217,
218]), which affects both the peak intensity of the pump and its transverse extent and might
therefore explain some discrepancies between experiments and simulations. The predictive
power is also limited by the relative slowness of its software implementation, which takes
around 26h to simulate only 1000 laser shots on a desktop RTX 2060 GPU, preventing
precise determination of statistical moments. Some speed gains might be achieved from the
writing of custom CUDA code rather than relying on the cupy Python library which is bound
to come with some amount of overhead. Another possibility would be run different levels of
approximations (e.g. undepleted pump, negligible χ(3), etc.) throughout the propagation to
reduce the number of calculations wherever possible.

6.3 Future Research

Beyond the application of extreme nonlinear optics this work is targeting, the source here
implemented can directly find other applications in quantum metrology where bright squeezed
light shines. Potential uses include electro-optic sampling, where photon-number difference
squeezing can be leveraged either directly to achieve sub-shot-noise detection [219], or in post-
selection schemes to extract higher-order statistical moments of the fluctuating electric field
[32]. Another straightforward application is in femtosecond covariance spectroscopy [220],
where the inherent shot-to-shot fluctuations of the BTBs could be leveraged to passively scan
the nonlinear response of materials [40] without the added complexity of a programmable
pulse shaper.

Going beyond the implementation here demonstrated, the insights learned in this research can
be directly applied to the development of new sources of ultrfast BTBs and BSV. Notably, a
two-color BTBs source was built by the author leveraging the understanding built in this work
in collaboration with the Chekhova and Tani research groups of the Max Planck Institute for
the Science of Light [71], as part of a post-graduate internship for the QSciTech program1.
This source is now being upgraded by another student toward driving ultrafast electron

1http://www.qscitech.ca/fr/programme/description-detaillee/

http://www.qscitech.ca/fr/programme/description-detaillee/
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tunneling in nanostructures [50,221].

Turning next to the FROG measurement here demonstrated, an interesting research avenue
would be to upgrade the readout from an averaged, multi-laser-shot measurement to a single-
shot-resolved measurement combined with a simultaneous determination of the relative mode
composition from the optical spectrum. This way, the contribution of each temporal modes
to the overall FROG trace could be separated, enabling potentially for the retrieval of a
temporal analogue of the joint spectral intensity (JSI). This change would also help extend
the technique toward application to few-mode PDC sources.

Then, another interesting exploration would be to see if the scheme here demonstrated to
measure fluctuations of the CEP could also be used to retrieve shot-to-shot fluctuations
of higher-order components of the spectral phase, i.e. the group delay, the group-delay
dispersion, and so forth. In principle, the present scheme can already do so from a simple
change of the numerical analysis, i.e. by extracting not only the fringe phase, but also
fluctuations of the fringe frequency, its chirp, etc., but this idea has not been tested yet.

Finally, the numerical model here implemented could be leveraged toward new investigations
aimed at uncovering novel forms of entanglement that might appear in ultrafast BTBs, linking
e.g. the pulse amplitude with its group-delay [222]. The model is not only uniquely suited
to simulate this novel regime of PDC, but the semi-classical strategy that it uses naturally
reproduce the shot-by-shot data acquisition of experiments, helping toward experimental
validation of such predictions.
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APPENDIX A PHOTON STATISTICS FOR MAXIMAL EFFICIENCY OF
MULTIPHOTON PROCESSES

We consider a light source with a discrete photon number probability distribution

P (n) = pn (A.1)

where pn is the probability to detect exactly n photons over a given time window ∆t such
that the average photon flux ⟨nt⟩ = ⟨n⟩ /∆t. We assume that the time window ∆t is much
smaller that the coherence time of the field such that its inherent statistics are properly
resolved and not averaged out over in integration. We here search optimal values q2

n for the
pn coefficients such that the efficiency of a m-photons perturbative nonlinear process

ηm ∝ ⟨nt⟩m−1 g(m) =

〈
Πm−1

i=0 (n− i)
〉

⟨n⟩ ∆tm−1 (A.2)

is maximized. Squared coefficients q2
n are used to impose non-negative probabilities. ηm

reaches an extremum when its gradient with respect to all coefficients qn is 0:

∂ηm

∂qj

= 0 ∀j ∈ Z + . (A.3)

Any physical and non-trivial solution to this set of equation should also satisfy two constraints
: 1) all probabilities must sum to 1

∑
n

q2
n = 1 , (A.4)

and 2) the source should emit a finite average photon flux

∑
n

nq2
n = ⟨n⟩ . (A.5)

Those two constraints are added to equation (A.3) using the method of Lagrange multipliers.
Under the constraint of finite photon flux (i.e. ⟨n⟩ is a fixed constant), maximizing ηm is
identical to maximizing its numerator

〈
Πm−1

i=0 (n− i)
〉
, simplifying the problem. The new set

of equations to solve is therefore
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∂

∂qj

〈
Πm−1

i=0 (n− i)
〉

− λ0
∂

∂qj

(∑
n

q2
n − 1

)
− λ1

∂

∂qj

(∑
n

nq2
n − ⟨n⟩

)
= 0 ∀j ∈ Z+ (A.6)

2
∑

n

Πm−1
i=0 (j − i)qj − λ02qj − λ12jqj = 0 ∀j ∈ Z+ (A.7)

qj

(
Πm−1

i=0 (j − i) − λ0 − λ1j
)

= 0 ∀j ∈ Z + .

(A.8)

We first consider the 0-th equation. While q0 can be arbitrarily small, it cannot be null for a
finite photon flux since q0 = 0 would imply that any arbitrarily small time window ∆t would
always be guarantied to contain at least one photon. We can therefore solve for the first
Lagrange multiplier λ0

λ0 = 0 . (A.9)

Then, we consider the N -th equation, where is N is defined such that N/∆t is the highest
possible photon flux, i.e. q2

M > 0 and q2
n = 0 ∀n > N . N is finite, but can be arbitrarily

large, so there is no loss of generality for a finite photon flux. With this, we find the second
Lagrange multiplier λ1

Πm−1
i=0 (N − i) − λ1N = 0 (A.10)

λ1 = Πm−1
i=0 (N − i)

N
= Πm−1

i=1 (N − i) . (A.11)

The set of equations (A.8) becomes

qjj
(
Πm−1

i=1 (j − i) − Πm−1
i=1 (N − i)

)
= 0 ∀j ∈ [0, N ] . (A.12)

Equation (A.12) is verified if and only if qj = 0, j = 0, j = N or m > N . The last inequality
describe a trivial case where the source always emits less than m photons at a time, which
yields ηm = 0. Therefore, for all other cases we must conclude that qj = 0 ∀ j ̸= {0, N}, i.e.
the source always emits either 0 or N photons. With this, we can find expressions for the
probabilities p0 = q2

0 and pN = q2
N using the two constraints



139

∑
n

npn = ⟨n⟩ (A.13)

NpN = ⟨n⟩ (A.14)

pN = ⟨n⟩ /N (A.15)

∑
n

pn = 1 (A.16)

p0 + pN = 1 (A.17)

p0 = 1 − pN = 1 − ⟨n⟩ /N (A.18)

and we find that ηm takes a very simple form:

ηm ∝

〈
Πm−1

i=0 n− i
〉

⟨n⟩ ∆tm−1 (A.19)

ηm ∝
∑

n Πm−1
i=0 (n− i)pn

⟨n⟩ ∆tm−1 (A.20)

ηm ∝ Πm−1
i=1 (N − i)

∆tm−1 . (A.21)

Up to process-dependent constants and in the perturbative regime, equation (A.21) gives
the highest efficiency ηm achievable for a m-photons process with a light source having an
average and maximal photon flux ⟨n⟩ /∆t and N/∆t respectively.

The corresponding optimal photon probability distribution describes a source which emits no
light for long periods of time of average duration N∆t/ ⟨n⟩, and then emits a burst of N pho-
tons contained in a small time window ∆t. Those conditions are reproduced experimentally
to a very good approximation by an ultrafast pulsed laser with an effective pulse duration
τ = ∆t, repetition rate frr = ⟨n⟩ /N∆t and average photon content per pulse ⟨np⟩ = N .
When considering high-power laser systems with ⟨np⟩ ≫ m, we find that

ηm ∝ Πm−1
i=1 (⟨np⟩ − i)

τ
≈
(

⟨np⟩
τ

)(m−1)

(A.22)

and recover the classical result relating ηm to the peak pulse power.
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APPENDIX B EXPONENTIAL ERROR PROPAGATION FOR
NUMERICAL PREDICTION OF ⟨n⟩

In the single-mode, undepleted regime, the number of photons per beam in a BTBs source is

⟨n⟩ = sinh2(G) ≈ e2G

4 (B.1)

where G ∝
√
Ip is the parametric gain for a pump with intensity Ip, and where the last

approximation holds for G ≫ 1. If the pump intensity increases by a quantity ∆Ip, the gain
increases by

∆G = G

√√√√1 + ∆Ip

Ip
− 1

 (B.2)

and in turn the average number of photons increases by

∆ ⟨n⟩ ≈ ⟨n⟩
(
e2∆G − 1

)
≈ ⟨n⟩

(4 ⟨n⟩)
(√

1+ ∆Ip
Ip
−1
)

− 1
 (B.3)

which shows how uncertainty on the pump intensity is exponentially amplified when trying
to predict ⟨n⟩. For instance, a relative uncertainty on the pump intensity ∆Ip/Ip = 1 %
yields an error ∆ ⟨n⟩ / ⟨n⟩ = 9 %, while ∆Ip/Ip = 5 % yields an error ∆ ⟨n⟩ / ⟨n⟩ = 50 %. To
reproduce an overestimation ∆ ⟨n⟩ / ⟨n⟩ ≈ 100 as observed in the simulations, the error on
the pump intensity would need to be ∆Ip/Ip = 64 %.

To first order, equation (B.3) also describes how technical power fluctuations of the pump get
transmitted to the photons statistics of the BTBs/BSV, and might lead to an experimental
overestimation of g(2).
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