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RÉSUMÉ

Les progrès récents de l’industrie aérospatiale vers des structures plus flexibles ainsi qu’avec
des exigences de certification en constante évolution, ont introduit d’importants défis aéroélas-
tiques non linéaires que les méthodes d’analyse traditionnelles ne peuvent pas résoudre de
manière adaptée. Le flottement et les oscillations périodiques (LCO), qui peuvent émerger
des non-linéarités structurelles telles que du jeu mécanique ou encore un amortissement
non linéaire, présentent des risques critiques qui doivent être évalués minutieusement sur
l’ensemble de l’enveloppe de vol. Bien que les méthodes temporelles sont capables de cap-
turer ces phénomènes, le coût de calcul associé les rendent peu pratiques pour les phases de
conception préliminaire et de certification.

Ce mémoire présente le développement et l’implémentation de la méthode Harmonic Balance
Vortex Lattice Method (HBVLM) accélérée par GPU et intégrée au sein d’un solveur de con-
tinuation numérique pour l’analyse aéroélastique non linéaire. L’approche dans le domaine
fréquentiel est applicable aux problèmes de dynamique non linéaire avec la même précision
que sa variante temporelle: Unsteady Vortex Lattice Method (UVLM), tout en solvant pour la
réponse périodique en régime permanent directement, contournant ainsi toute réponse transi-
toire dans la solution. Des améliorations à la formulation HBVLM originale sont introduites
pour améliorer l’efficacité de convergence de la méthode, et une accélération substantielle est
obtenue en GPU.

Le solveur de continuation utilise une approche prédicteur-correcteur et intègre un pas de
continuation adaptatif avec une paramétrisation en longueur d’arc, pour permettre un suivi
robuste des branches de solutions à travers les points de retournement et les bifurcations
complexes. Avec des fonctionnalités comme l’analyse de stabilité directement dans le do-
maine fréquentiel et la détection de bifurcations, la réponse non linéaire peut être carac-
térisée efficacement. Toutes les méthodes sont rigoureusement vérifiées contre des problèmes
académiques établis avant d’être appliquées à une section d’aile à trois degrés de liberté avec
plusieurs types de non-linéarités au niveau de la surface de contrôle.

Les résultats démontrent un bon accord avec la théorie analytique de Theodorsen tout en
révélant des branches LCO secondaires précédemment non documentées et des structures de
bifurcation détaillées. L’analyse a tracé avec succès la réponse non linéaire complète, incluant
les cycles limites stables et instables, les sauts d’amplitude, les comportements hystérétiques
et les transitions vers le chaos. Ces résultats démontrent l’applicabilité de ces méthodes pour
comprendre les phénomènes de flottement sous-critique qui émergent en dessous de la vitesse
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de flottement linéaire.

Ce travail constitue une avancée significative dans le développement d’outils de fidélité
moyenne efficaces pour l’analyse aéroélastique non linéaire. Bien que la solution actuelle
soit limitée aux conditions incompressibles et aux modèles structurels simplifiés, elle sert de
base pour des avancées futures où des extensions peuvent être rajoutées pour augmenter la
fidélité du modèle telles que la méthode Non-Linear Vortex Lattice Method (NLVLM).
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ABSTRACT

The aerospace industry’s progress towards more flexible aircraft structures along with ever-
changing certification demands have introduced significant nonlinear aeroelastic challenges
that traditional analysis methods struggle to address. Flutter and limit cycle oscillations
(LCOs), which can emerge from structural nonlinearities such as control surface freeplay
and nonlinear damping, pose critical risks that must be thoroughly evaluated across the
entire flight envelope. While time-domain methods can capture these phenomena, their
computational demands makes them impractical for early design phases and certification.

This Masters thesis presents the development and implementation of a GPU-accelerated Har-
monic Balance Vortex Lattice Method (HBVLM) integrated within a numerical continuation
framework for nonlinear aeroelastic analysis. The frequency-domain approach is applicable
to nonlinear dynamics with the same accuracy as time-domain methods such as the Unsteady
Vortex Lattice Method (UVLM), all while computing the steady-state periodic response di-
rectly, effectively bypassing any transients in the solution. Improvements to the original
HBVLM formulation are introduced to significantly improve the convergence efficiency of
the method, along with substantial speedups through GPU acceleration.

The numerical continuation framework uses a predictor-corrector architecture and integrates
adaptive step-size control with arc-length parameterization, enabling robust tracking of so-
lution branches through turning points and complex bifurcations. Additional capabilities
such as frequency domain stability analysis and bifurcation detection are incorporated for
characterization of the nonlinear responses. All methods were thoroughly verified against es-
tablished academic problems before being applied to a three-degree-of-freedom wing section
exhibiting multiple kinds of nonlinearities at the control surface hinge.

Results demonstrate good agreement with analytical Theodorsen theory while revealing pre-
viously undocumented secondary LCO branches and detailed bifurcation structures. The
analysis successfully mapped the complete nonlinear response, including stable and unstable
limit cycles, amplitude jumps, hysteretic behaviors, and transitions to chaos. These findings
show the applicability of these methods for understanding subcritical flutter phenomena that
emerge below the linear flutter boundary.

This work is a significant step forward in providing efficient medium-fidelity tools for nonlinear
aeroelastic analysis. While the current solution is limited to incompressible flow and simpli-
fied structural models, it serves as a useful foundation for future enhancements where higher-
fidelity components can be incorporated such as the Non-Linear Vortex Lattice Method.
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CHAPTER 1 INTRODUCTION

The aerospace industry stands at a critical juncture where environmental pressures, eco-
nomic constraints, and technological advancement converge to demand changes in aircraft
design philosophy. This has pushed a fundamental shift in how engineers approach aircraft
design, pushing the boundaries of structural efficiency through the adoption of lighter ma-
terials, higher aspect ratio wings, and increasingly flexible structures. These design choices,
while promising significant improvements in fuel efficiency and operational performance, in-
troduce complex aeroelastic challenges that traditional analysis methods struggle to address
adequately.

Figure 1.1 Aeroelasticity Collar’s triangle of forces [2]

Flutter, perhaps the most critical of these aeroelastic phenomena, represents a self-excited
oscillation arising from the coupling between aerodynamic forces and structural dynamics
[7]. When an aircraft structure vibrates, it modifies the surrounding airflow, which in turn
generates aerodynamic forces that can either damp or amplify the structural motion. Beyond
a critical flight speed, this interaction can lead to oscillatory growth, potentially resulting in
catastrophic structural failure within seconds. The complexity of flutter prediction increases
dramatically when considering that modern aircraft must operate safely across an extensive
flight envelope, encompassing variations in altitude, Mach number, fuel loading, and countless
other parameters that influence both the structural and aerodynamic characteristics of the
vehicle.
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1.1 Motivation

The traditional approach to flutter analysis in the aerospace industry has relied heavily
on linear methods, which assume small perturbations around an equilibrium state. These
methods, while computationally efficient and well-established in certification procedures, fail
to capture the rich nonlinear dynamics that emerge in modern aircraft structures. The reality
is that structural nonlinearities are ubiquitous in aircraft systems, arising from various sources
including large deflections of flexible wings [8], freeplay in control surface hinges [9], nonlinear
stiffness characteristics of composite materials [10], and the inherently nonlinear behavior of
hydraulic actuators and control systems. These nonlinearities can fundamentally alter the
flutter characteristics of an aircraft, potentially leading to limit cycle oscillations (LCOs)
that persist at flight speeds below the linear flutter boundary, a phenomenon better known
as subcritical flutter [11].

The identification and characterization of subcritical flutter represents one of the most chal-
lenging aspects of modern aeroelastic analysis. Unlike classical flutter, which exhibits a clear
stability boundary, subcritical flutter can emerge suddenly when the aircraft encounters a suf-
ficiently large disturbance, such as atmospheric turbulence or aggressive control inputs. Once
initiated, these oscillations can persist even when the flight conditions return to their nominal
values, creating a hysteretic behavior that significantly complicates the aircraft certification
process. The amplitude and frequency of these limit cycle oscillations depend sensitively
on the specific nonlinear characteristics of the system, necessitating analysis methods ca-
pable of capturing both the global dynamics and local stability properties of the nonlinear
response [12].

The evolving landscape of aviation certification requirements further compounds these chal-
lenges. Regulatory authorities increasingly demand comprehensive demonstration of flutter-
free operation not only under nominal conditions but across a wide spectrum of potential
failure modes and off-nominal scenarios. This includes consideration of degraded actuator
performance, control surface freeplay development over the aircraft’s service life, and the ef-
fects of structural modifications or repairs. Each of these scenarios potentially introduces or
modifies nonlinear behaviors that must be thoroughly understood and documented. The tra-
ditional approach of relying on extensive flight testing to clear the flutter envelope becomes
prohibitively expensive and potentially dangerous when dealing with nonlinear phenomena
that may exhibit sensitive dependence on initial conditions or parameter variations.

Within this context, the role of control surface actuators emerges as particularly critical.
Modern fly-by-wire aircraft rely on sophisticated actuator systems that must provide precise
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control authority while minimizing weight and power consumption. These actuators in-
variably exhibit nonlinear damping characteristics that vary with oscillation amplitude and
frequency. Understanding how these nonlinear damping properties influence the onset and
characteristics of limit cycle oscillations is essential for both design optimization and certifi-
cation compliance. The parametric sensitivity of LCO characteristics to actuator properties
necessitates analysis methods capable of efficiently exploring vast parameter spaces while
maintaining sufficient fidelity to capture the essential physics.

The high computational cost associated with nonlinear aeroelastic analysis suggests that
leveraging accelerated computing platforms, such as Graphics Processing Units (GPUs),
could provide significant performance improvements. GPUs, with their massively parallel
architecture, are particularly well-suited for both fluid and structural methods. However,
effectively harnessing this computational power requires careful algorithm design and imple-
mentation strategies that take into account the underlying hardware architecture.

As a result, this work is motivated by the need to extend current medium fidelity methods
to nonlinear aeroelastic analysis and tackles the following problem statement:

Modern aircraft design demands robust and efficient methods for analyzing complex
nonlinear aeroelastic phenomena with sufficient fidelity to ensure accurate enough
predictions across the flight envelope. Key challenges in certification programs in-
clude full characterization of limit cycle oscillations under various forms of nonlin-
earities.

1.2 Literature Review

Nonlinear aeroelasticity is traditionally studied using time-domain methods that involve the
coupling of a Computational Structural Dynamics (CSD) model with a Computational Fluid
Dynamics (CFD) method.

The computational demands of nonlinear aeroelastic analysis using time-domain methods
quickly become intractable as the integration is performed over very long time periods to
ensure steady-state limit cycle behavior, cleared of any transients. As time domain steady
state responses depend on initial conditions, the identification of the full set of possible
stable solutions requires multiple types of initial conditions to be tested, further increasing
the computational cost.

This led to the neglect of nonlinear analysis in early design phases where multiple configura-
tions must be evaluated rapidly [13].

Frequency domain methods offer a compelling alternative as the steady periodic response is
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solved directly, along with being able to solve for unstable solution branches using continua-
tion techniques.

The Harmonic Balance Method (HBM) has seen widespread adoption in the turbomachinery
community, where it is used for forced response analysis with complex wall friction mod-
els [3]. However, its adoption in the aerospace industry remains limited. The industry
standard aeroelastic practice is based on linearized approaches such as the Rational Function
Approximation (RFA) of compressible Doublet Lattice Methods [14] to handle nonlinearities
expressed in the time domain.

Multiple approaches exist for the treatment of nonlinear forces. The simplest continuous
nonlinearities can be performed using analytical polynomial development [15] of the Taylor
series of the nonlinearity. Piecewise polynomial approximations are an alternative that can
handle discontinuous nonlinearities like freeplay and friction [16]. The Alternating Frequency-
Time (AFT) method however, is a general approach that is capable of dealing with any kind
of nonlinearity expressed in time domain, as such it has become the method of choice in most
practical HBM implementations [17]. Shooting methods are another approach to computing
periodic solutions by solving a boundary value problem in time domain [18]. However, they
tend to be less computationally efficient for large scale systems which limits their applicability
for industrial problems [5].

The current landscape of harmonic balance implementations is diverse with numerous vari-
ations and formulations existing across different research groups. Many of these variations
are mathematically equivalent and simply differ in their numerical implementation. A com-
prehensive overview of these variants and their relationships has been recently presented by
Yan et al. [19], providing useful guidance for researchers entering this field.

The application of harmonic balance methods to CFD methods represents an active area of
research. While significant progress has been made in developing time-spectral formulations
for Euler and Reynolds-Averaged Navier-Stokes (RANS) methods [20,21], the integration of
these methods within a complete aeroelastic framework remains difficult. Embedding both
into a numerical continuation framework remains in early developmental stages [22] due to
the sheer computational cost associated to using high fidelity CFD methods.

Even in time-domain simulations, the substantial computational cost associated with volu-
metric CFD methods is compounded by additional complexities related to mesh deformation
and force transfers. While alternatives such as the immersed boundary method are being
actively investigated to circumvent these issues [23], these approaches introduce their own
challenges and have not yet reached maturity.
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Figure 1.2 Hierarchy of CFD models

This represents a critical gap that must be addressed in order to provide valuable tools for
early design phases.

Figure 1.2 illustrates the hierarchy of CFD methods ranging from basic lifting line theory
to ultra high-fidelity Direct Numerical Simulation (DNS). Each step up in fidelity brings a
substantial increase in computational cost, often approaching an order of magnitude jump.

In this context, boundary element CFD methods present an attractive compromise between
computational efficiency and physical fidelity. Methods such as the Vortex Lattice Method
(VLM) and its unsteady variant, the Unsteady Vortex Lattice Method (UVLM) [24], offer
significant advantages for fluid-structure interaction (FSI) problems. The absence of a volu-
metric mesh eliminates the need for remeshing entirely, while their computational efficiency
makes them well suited for parametric studies. Recent developments have showed that by
incorporating sectional corrections derived from RANS computations, the NL-VLM can pro-
vide reasonable predictions in transonic and compressible flow regimes [25]. This significantly
broadens the applicability of these methods while maintaining their computational efficiency.

Recent efforts have demonstrated significant speedups through GPU implementations of
time domain vortex panel methods [26], suggesting that similar performance gains could
be achieved for their frequency domain counterparts.
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1.3 Research objectives

Following the problem statement and the literature review, the goal of this work is defined
as:

Develop an aeroelastic framework based on the High Order Harmonic Balance Vor-
tex Lattice Method (HBVLM) for the analysis of nonlinear aeroelastic phenomena
of a wing section including stability analysis and bifurcation identification, all while
evaluating the performance gains offered by GPU acceleration.

The following objectives are defined to achieve this goal:

1. Frequency-Domain Framework: Implement the HBVLM and embed it within a
numerical continuation framework for tracking LCOs and their stability.

2. Nonlinear Analysis Capability: Apply the integrated framework to analyze a wing
section subject to various structural nonlinearities.

3. Computational Efficiency: Develop GPU-accelerated implementations of VLM,
UVLM and HBVLM methods.

and the following methodology is proposed:

1. Reimplement the existing VLM and UVLM methods in Prof. Laurendeau’s lab with a
focus on performance and GPU acceleration.

2. Apply the UVLM to time domain aeroelastic problems and verify the implementation
against Theodorsen theory.

3. Implement the iterative HBVLM method and verify against UVLM time domain results.

4. Develop a continuation framework and verify for non autonomous and autonomous
nonlinear systems.

5. Integrate the HBVLM method within the continuation framework and compare against
Theodorsen theory.
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1.4 Thesis Outline

The remainder of this thesis is organized as follows:

Chapter 2 presents the details of the solution developed in this work. Theory details are given
for the aerodynamic method used, the aeroelastic coupling, the harmonic balance formulation
and the continuation framework.

Chapter 3 presents the results obtained using the developed framework. Every segregated
module is thoroughly verified against analytical theory and validated against experimental
data when available. Finally, the modules are integrated into a complete framework and
results are presented for complete academic aeroelastic test cases.

The last chapter, Chapter 4, summarizes the contributions of this work, addresses its limi-
tations and proposes avenues for future research.

1.5 Softwares

With the exception of linear algebra routines and the MINPACK [27] library, all code de-
veloped during this thesis has been written from scratch. The VLM, UVLM and HBVLM
implementations have been written in C++17 with performance as a primary concern. The
code has two backends: CPU and GPU. CPU kernels have been written in ISPC [28] to
leverage the vector units of modern CPU ISAs and parallelized using Taskflow [29] for data
and task parallelism on shared memory. The GPU backend was written in CUDA [30] and
leverages NVIDIA’s cuBLAS and cuSOLVER libraries for best performance. The HBVLM
library also features a Python interface through pybind11 [31]. Meanwhile, the continuation
framework, harmonic balance residuals and Theodorsen equations have been implemented in
Python.
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CHAPTER 2 DETAILS OF THE SOLUTION

This chapter presents the theoretical foundation and numerical methods that underpin the
aeroelastic analyses conducted in this thesis.

Section 2.1 establishes the aerodynamic foundation through the Vortex Lattice Method and
its unsteady extension. These potential flow-based methods provide the aerodynamic forces
and moments necessary for fluid-structure interaction while being computationally efficient.

Section 2.2 presents the aeroelastic coupling, exposing how the interface between aerodynamic
and structural domains is formulated. The section addresses how the aeroelastic equations
are assembled and solved in the time domain using different time integration schemes.

Section 2.3 introduces the Harmonic Balance method for efficient computation of periodic
solutions in dynamical systems. This frequency-domain approach transforms the time-
dependent problem into an algebraic system, which directly computes limit cycles without
expensive time integration.

Section 2.4 concludes with the description of numerical continuation methods that are capable
of tracking solution branches through parameter space. Stability analysis and bifurcation
detection are presented for characterization of the solution branches and identification of
state transitions.
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2.1 Aerodynamics

2.1.1 Vortex Lattice Method

Description

The aerodynamic model employed in this thesis is the Vortex Lattice Method (VLM). For
preliminary design studies, it provides reasonable accuracy while being computationally in-
expensive.

Under the assumptions of an inviscid, irrotational, and incompressible flow, the velocity field
can be expressed as the gradient of a scalar potential ϕ, which satisfies Laplace’s equation:

∇2ϕ = 0 (2.1)

Through Green’s theorem, the solution can be solved by the boundary element method, thus
avoiding discretization of the flow field. The linearity of the equation enables the construction
of a solution through superposition of elementary solutions. The numerical implementation
discretizes each lifting surface into quadrilateral panels arranged in a structured grid [24].
Following the fundamental principle established by Pistolesi, vortex filaments are positioned
along the quarter-chord line of each panel, while the flow tangency boundary condition is
enforced at the three-quarter chord position. This spatial arrangement, known as the quarter-
three-quarter rule, ensures consistency with classical thin airfoil theory [32].
According to Bio-Savart law, the induced velocity of an infinitesimal vortex segment dl with
a circulation Γ is:

dv = Γ
4π

dl× r
r3 (2.2)

After integration over a finite vortex segment, the induced velocity at an arbitrary field point
c is given by:

q(x1,x2, c) = Γ
4π

r1 × r2

|r1 × r2|2
r0 ·

(
r1

|r1|
− r2

|r2|

)
(2.3)

where r0 = x2 − x1 represents the vortex segment vector, r1 = x1 − c and r2 = x2 − c

denote the position vectors from the evaluation point to the segment endpoints, see Figure
2.1. Therefore, the influence of a panel at an arbitrary point is simply the sum of the four
vortex segment’s induced velocities.

The Kutta condition is enforced at the trailing edge, requiring that the circulation of the
trailing vortex rings matches the circulation of the bound vortices at the trailing edge panels.
This ensures smooth flow departure from the trailing edge and extends the vortex system
into the wake with constant circulation strength, consistent with Helmholtz’s theorem [33].
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Figure 2.1 Topology of a vortex ring panel [2]

The no-penetration boundary condition is applied at the three-quarter chord location of each
panel, also called the collocation point [24]:

(∆ϕi + V i) · ni = 0 (2.4)

where V i is the local velocity of panel i in global coordinates. The application of the boundary
condition to the whole lifting body leads to the assembly of the VLM linear system:

AΓ = b with A ∈ Rn×n (2.5)

Where n is the number of panels. The influence matrix A is defined as:

Aij = q(xj1,xj2, ci) + q(xj2,xj3, ci) + q(xj3,xj4, ci) + q(xj4,xj1, ci) (2.6)

where xjk are the four vertices of panel j with linearized indices. The exact index formulas
are left out as an implementation detail since they depend on the chosen memory layout.
The right hand side is defined as:

bi = −V i · ni (2.7)

And Γ are the panels circulation to solve for. Through testing, it was determined that the
influence matrix should be stored in column-major order and panel data should be in span-
wise order as it improves cache efficiency when assembling the matrix. The dense nature
of the influence matrix makes the VLM consume O(n2) memory. Dense matrices are best
solved using direct factoring methods such as the partial pivoting LU decomposition. Modern
high-performance implementations employ blocked LU algorithms that leverage highly opti-
mized BLAS Level 3 operations, particularly matrix-matrix multiplication (GEMM) routines.
These blocked algorithms exhibit excellent data locality and are particularly well-suited for
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GPU acceleration, where the high arithmetic intensity of GEMM operations can fully utilize
the computational throughput of modern accelerators.

Postprocessing

Once the circulation distribution is determined, aerodynamic lift is computed using the
Kutta-Joukowski theorem. For steady flow, the force per panel is given by:

∆F steady = ρΓ̄(V × l) (2.8)

where Γ̄i,j = Γi,j − Γi−1,j is the circulation difference between chordwise consecutive panels,
V is the local panel velocity and l is the bound vortex segment.

The total lift coefficient is obtained by projecting the panel forces onto the unit length lift
axis eL and normalizing by the dynamic pressure and reference area:

CL = 1
1
2ρV

2
∞S

∑
i

∑
j

∆F ij · eL (2.9)

Similarly, the moment coefficient about a reference point is computed as:

CM = 1
1
2ρV

2
∞Scref

∑
i

∑
j

(rij − rref ) × ∆F ij (2.10)

where rij denotes the force application point (typically the center of the leading vortex
segment) and cref is the reference length that is usually the mean aerodynamic chord (MAC).

cref = 2
S

∫ b/2

0
c(y)2dy (2.11)

where the integration is performed using trapezoidal rule.
While induced drag can be computed from the VLM solution, the assumptions inherent in the
method limit its accuracy for drag prediction. When drag estimation is required, the Trefftz
plane analysis provides a more consistent approach by evaluating the trailing vorticity in the
far wake. However, for the aeroelastic applications considered in this work, drag forces are
of secondary importance compared to lift and moment predictions.

Nonlinear Extension

To extend the VLM applicability beyond its strict theoretical limitations, nonlinear section
corrections can be incorporated to account for compressibility and viscous effects. A simple
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approach involves the modified Van-Dam α-coupling method [34], where the effective angle
of attack at each section is iteratively adjusted based on two-dimensional airfoil data that
includes compressibility and thickness effects. The method is very accurate on constant-

Algorithm 1 Van Dam modified α method
1: VLM: Clinviscid
2: for Every Span-Wise Section i do

3: αe(i) = Clinviscid(i)
2π − α2D(i) + α3D

4: αe(i) ⇒ Clvisc(αe(i))

5: α2D(i) = α2D(i) + Clvisc(αe(i)) − Clinviscid(i)
2π

6: end for
7: Repeat Steps until |Clvisc − Clinviscid| < ϵ

chord unswept or swept wings, free from wing-body or wall interference. For more complex
geometries it provides sufficient fidelity for preliminary design and steady-state aeroelastic
analysis, where the primary concern is accurate prediction of lift distribution and pitching
moments.

2.1.2 Unsteady Vortex Lattice Method

Description

The Unsteady Vortex Lattice Method (UVLM) extends the steady-state formulation to ac-
count for time-dependent effects through the inclusion of a freely convecting wake. Unlike the
steady VLM where the wake extends to infinity with constant circulation, the UVLM is ca-
pable of modelling the temporal evolution of shed vorticity, capturing unsteady aerodynamic
phenomena essential for dynamic aeroelastic analysis.

In accordance with Kelvin’s theorem, the total circulation around a closed material contour
must remain constant in inviscid flow [24]. At each time step, new wake panels are shed from
the trailing edge with the same circulation strength as the trailing edge panels, see Figure
2.2:

Γw
n+1,j = Γ−1,j (2.12)

where Γ−1,j denotes the trailing edge panel of spanwise section j.

The wake can be treated either as a static boundary where wake vertices move through space
according to the motion kinematics, while the wing remains fixed, or as a dynamic boundary
where the wing moves relative to a stationary reference frame. The dynamic boundary
approach is adopted in this work as it maintains constant computational complexity for the
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Figure 2.2 Illustration of the wake shedding procedure in the UVLM [2]

forward dynamics since the every growing wake is kept frozen in space without rollup. The
UVLM equation is assembled similarly to the steady VLM, but now includes the influence
of the wake panels:

AΓ +BΓw + (V · n) = 0 with B ∈ Rn×nW (2.13)

with B the rectangle matrix containing the influence coefficients of the wake on the wing,
nW is the number of wake panels, which increases by the number of shed trailing edge panels
at every time step. For better performance, the matrix-vector product should be performed
in a matrix free way, that is without actually creating the B matrix as otherwise it will
become extremely costly both in terms of compute and memory usage. In our cases, since
the wing is rigid, the influence on itself is constant, so the matrix A only has to be assembled
and factored once, effectively reducing the compute cost of a UVLM timestep from O(n3) to
O(n2) as only a forward and backward triangular solve is needed.

Wake rollup effects can be incorporated by computing the induced velocity at each wake
vertex from all wing and wake vortex rings:

vwake =
∑

bodies

∑
wing

qinduced +
∑

wakes

qinduced

 (2.14)

The wake vertex positions are then updated using an explicit Euler scheme

xn+1
wake = xn

wake + ∆t · vn
wake (2.15)
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While wake rollup is implemented in the current framework, it was not employed in the
present analyses as the additional computational cost did not justify the marginal accuracy
improvements for the aeroelastic problems considered.
For true circulation conservation, the size of the vortex ring must stay constant. Consequently
the time step ∆t should be defined as

∆t = cte

V∞
(2.16)

where cte is the chord length of the trailing edge panel. It can be observed that this is an
approximation since the velocity induced from the actual motion is ignored. This assumption
is generally valid as the freestream velocity is usually dominant compared to the motion-
induced velocities.

Kinematic Framework

The computation of boundary conditions requires accurate evaluation of local panel velocities
arising from arbitrary body motion. To maintain generality and computational efficiency,
the rigid body kinematics are represented using a graph-based kinematic chain formulation
employing screw theory [35].

The motion of each body is decomposed into a series of joint transformations represented by
homogeneous transformation matrices. For a kinematic chain with n joints, the position of
a point on body i in the global frame is:

xg = T 1
0(t)T 2

1(t) · · ·T i
i−1(t)xb (2.17)

where T j+1
j (t) represents the time-dependent transformation from joint j to joint j + 1, and

xb denotes the point coordinates in the body-fixed frame.

Each transformation matrix combines a rotation and translation component:

T j+1
j (t) =

Rj+1
j (t) tj+1

j (t)
0T 1

 (2.18)

where Rj+1
j (t) ∈ SO(3) is the rotation matrix and tj+1

j (t) ∈ R3 is the translation vector.

The rotation matrix is constructed using the Rodrigues formula [36], which provides an
efficient representation for finite rotations about an arbitrary axis. For a rotation by angle
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θ(t) about a unit axis k, the rotation matrix is:

R(θ,k) = I + sin(θ)K + (1 − cos(θ))K2 (2.19)

where I is the identity matrix and K is the skew-symmetric matrix associated with the axis
vector:

K =


0 −kz ky

kz 0 −kx

−ky kx 0

 (2.20)

This formulation allows for compact representation of arbitrary rotational joints, including
revolute joints (θ(t) varies, k fixed) and spherical joints (both θ(t) and k(t) vary). The time-
dependent joint parameters θ(t) and t(t) are prescribed by the analytical motion trajectory
or determined through the coupled aeroelastic equations of motion.
For prescribed motions, the velocity of panel collocation points is obtained through time
differentiation of the kinematic chain. To minimize numerical errors inherent in finite dif-
ference schemes, particularly when operating in single precision, automatic differentiation
is employed [37]. This approach provides machine-precision derivatives while maintaining
computational efficiency comparable to hand-coded analytical expressions.

For a single rigid body with m panels, the vertex updates can be efficiently computed using
a single matrix-matrix multiplication:

Xg = TXb (2.21)

where Xb ∈ R4×4m contains the homogeneous coordinates of all vertices and T ∈ R4×4 is
the cumulative transformation matrix. Thanks to the dynamic boundary approach, the shed
wake panels naturally take the form of the prescribed motion and the normals don’t need
special updating as they can be directly computed from the transformed vertices.

Unsteady Force Computation

The aerodynamic forces in unsteady flow include an additional contribution from the time
rate of change of circulation. Following the formulation proposed by Simpson et al. [38], the
total force per panel is:

∆F ij = ∆F steady + ∆F unsteady (2.22)
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where the unsteady contribution arises from the local acceleration of the fluid

∆F unsteady = ρ
∂Γij

∂t
∆Aijnij (2.23)

Here, ∆Aij represents the panel area and nij is the panel normal vector. The time derivative
of circulation is approximated using a backward difference scheme:

∂Γij

∂t
≈

Γn
ij − Γn−1

ij

∆t (2.24)

This unsteady force contribution captures the added mass effects and other time-dependent
phenomena like multi-body interations through motion.

2.2 Aeroelasticity

2.2.1 Governing Equations

Aeroelasticity concerns the interaction between aerodynamic forces and structural deforma-
tions, where the mutual coupling can lead to phenomena such as flutter, divergence, and
limit cycle oscillations. The dynamic behavior of an aeroelastic system is governed by the
following autonomous equation of motion:

Mẍ+Cẋ+Kx = f(ẍ, ẋ,x) (2.25)

where M , C, and K represent the mass, damping, and stiffness matrices respectively, x
denotes the generalized displacement vector, and f represents the nonlinear aerodynamic
forces that depend on the structural accelerations, velocities, and displacements.

The inherent nonlinearity of the aerodynamic forces, particularly when using methods such
as UVLM, prevents direct modal analysis and necessitates time-domain integration. Two pri-
mary approaches exist for solving this coupled system: monolithic and partitioned schemes.

2.2.2 Monolithic Approach

The monolithic approach treats the aeroelastic system as a single entity by reformulating
equation 2.25 into a first-order system. This requires the aerodynamic model to be expressible
as a set of ordinary differential equations. Introducing the state vector y = [x, ẋ]T , the
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second-order system becomes:

ẏ =
ẋ
ẍ

 =
 ẋ

M−1(f −Cẋ−Kx)

 (2.26)

This formulation enables the use of standard ODE integration schemes. In my experience,
for non-stiff systems, the Tsitouras 5(4) Runge-Kutta pair [39] offers excellent performance
compared to other alternatives. When stiffness is present, implicit methods become more
efficient, with the ESDIRK4 scheme [40] being the method of choice, having excellent L-stable
properties while being computationally efficient.

The monolithic approach achieves optimal computational efficiency by avoiding iterative
coupling between solvers. However, it requires tight integration between the structural and
aerodynamic models, which is sometimes not possible with the use of commercial structural
solvers like NASTRAN [41].

2.2.3 Partitioned Approach

The partitioned approach maintains separate structural and aerodynamic solvers, exchanging
information at each time step. This modularity allows for the use of specialized solvers
optimized for their respective physics and facilitates the integration of existing codes.
Two coupling strategies are commonly employed: loose (explicit) and tight (implicit) coupling
[42]. In loose coupling, information is exchanged once per time step without iteration:

fn+1 = A(xn, ẋn, ẍn) (2.27)

xn+1 = S(fn+1,xn, ẋn) (2.28)

where A and S represent the aerodynamic and structural solver operators respectively. While
computationally efficient, loose coupling can suffer from numerical instability, particularly for
systems with strong fluid-structure interaction or when added mass effects are significant.

Tight coupling addresses these stability issues through sub-iterations within each time step
until convergence is achieved:

fn+1,k+1 = A(xn+1,k, ẋn+1,k, ẍn+1,k) (2.29)

xn+1,k+1 = S(fn+1,k+1,xn, ẋn) (2.30)

where k denotes the sub-iteration index. Convergence is typically assessed using the relative
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change in displacements:

ϵ = ∥xn+1,k+1 − xn+1,k∥
∥xn+1,k+1∥

< tol (2.31)

Leveraging convergence acceleration techniques such as Anderson’s Acceleration [43] is highly
recommended in order to significantly reduce the number of required sub-iterations.

Since the partitioned approach doesn’t change the form of the equations of motion, the
Newmark-β [44] family of integrators is widely employed due to their favorable unconditional
stability properties and second-order accuracy. For complex cases with high frequency modes,
the HHT-α method [45] is preferred, as it introduces numerical damping to filter spurious
modes while maintaining second-order accuracy. The implementation of these methods in
this work closely follows the course notes by Gavin [46].

2.3 Harmonic Balance Method

The harmonic balance method (including its higher-order variants) is a straightforward ap-
proach for analyzing free or forced vibration problems in nonlinear systems exhibiting limit-
cycle oscillations [47]. The core idea involves directly determining the coefficients of a trun-
cated Fourier series that approximates the periodic solution.

x(t) ≃ 1
2a0 +

nH∑
j=1

[aj cos (jωt) + bj sin (jωt)] x ∈ RnD (2.32)

with nD the number of degrees of freedom/unknowns. The frequency domain coefficients are
be grouped in the following vectorial and matrix form:

x̃ = [a0,a1, b1, . . . ,anH
, bnH

]⊤ x̃ ∈ RnDnC

X̃ = [a0,a1, b1, . . . ,anH
, bnH

] x̃ ∈ RnD×nC

with nH the number of harmonics and nC = 2nH + 1 the number of fourier coefficients per
dof. We denote T the Fourier basis vector:

T =
[1
2 , cos(ωt), sin(ωt), . . . , cos(nHωt), sin(nHωt)

]T

(2.33)
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The solution and its time derivatives can now be expressed in a compact notation:

x = (T ⊗ InC
) x̃

ẋ = ω ((T∇) ⊗ InC
) x̃

ẍ = ω2
((
T∇2

)
⊗ InC

)
x̃

(2.34)

where ⊗ denotes the Kronecker product, InC
is the identity matrix of size nC and ∇ is the

global differential operator of b defined by:

∇ = diagblock (0,∇1, . . . ,∇j, . . . ,∇nH
) and ∇2 = ∇∇ (2.35)

with the elementary first-order derivative matrix ∇j :

∇j = j

 0 1
−1 0

 for j ∈ [1..nH ] (2.36)

By substituting (2.34) into the time-domain equations of motion (2.25) we obtain:

Mω2
((
T∇2

)
⊗ InC

)
x̃+Cω ((T∇) ⊗ InC

) x̃+K (T ⊗ InC
) x̃+ ≃ (TH ⊗ In)f (2.37)

Using the properties of the mixed Kronecker product (A ⊗B)(C ⊗D) = (AC) ⊗ (BD),
we rearrange the equation as follows:

R(x̃, t, ω) =
[
ω2
((
T∇2

)
⊗M

)
+ ω ((T∇) ⊗C) + (T ⊗K)

]
x̃− (T ⊗ InC

)f(ω, t) (2.38)

In order to minimize the error of the residual, we use Galerkin’s method which projects the
residual onto the vector subspace spanned by the Fourier basis T [47]. This is equivalent to
requiring the orthogonality of the residual with respect to each basis function over one period
T . This procedure is also called Harmonic Balancing [22].

R(x̃, ω) = Z(ω)x̃− f̃(x̃, ω) (2.39)

where Z is the global harmonic stiffness block-diagonal matrix

Z(ω) = ω2∇2 ⊗M + ω∇ ⊗C + InC
⊗K (2.40)
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partial derivatives, needed for the jacobian, are defined as follows:

∂R

∂x̃
= Z(ω) − ∂f̃

∂x̃
∂R

∂U
=
(
ω2∇2 ⊗ ∂M

∂U
+ ω∇ ⊗ ∂C

∂U
+ InC

⊗ ∂K

∂U

)
x̃− ∂f̃

∂U

∂R

∂ω
=
(
2ω∇2 ⊗M + ∇ ⊗C

)
x̃− ∂f̃

∂ω

(2.41)

where ∂f̃
∂x̃

, ∂f̃
∂U

and ∂f̃
∂ω

are evaluated with central finite differences with a tuned step size h
that balances truncation and round-off error [48].

h(x) = 3
√
ϵ max(|x|, 1.0) (2.42)

2.3.1 Nonlinear forces evaluation

The vector function f̃ represents the nonlinear forces in the frequency domain. Deriving a
closed-form high-order harmonic balance formulation for these forces is feasible only for the
simplest cases. The Alternating Frequency-Time (AFT) scheme [49] is a general approach,
as illustrated in Fig 2.3,which computes the nonlinear forces at nS discrete time samples over
the oscillation period and then transforms them back to the frequency domain via a Fourier
transform, circumventing the need for explicit analytical expressions.

Figure 2.3 Illustration of the Alternating Frequency Time scheme. Reproduced from [3]
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The scheme requires careful handling of aliasing, which occurs when high-frequency compo-
nents are incorrectly represented as lower frequencies due to insufficient sampling. This is
particularly critical for discontinuous nonlinearities like freeplay, where sharp transitions at
contact points generate high-frequency content that can contaminate the solution if under-
sampled, see Figure 2.4.

Figure 2.4 Illustration of signal aliasing due to insufficient sampling rate [4]

The Nyquist-Shannon sampling theorem [50] provides a theoretical minimum: to accurately
represent a signal containing frequencies up to the nH-th harmonic, we need at least nS ≥
2nH + 1 samples per period. However, practical implementations require significantly more
samples to capture sharp transitions accurately. In this study, we use nS = (nH + 1) × 28

samples.
For better performance and numerical accuracy, as shown in Table 2.1, the transformations
from and to frequency-domain are performed using the Fast Fourier Transform (FFT) instead
of a Discrete Fourier Transform (DFT) [51]. As the HBM operates purely on real values, the
efficiency is further improved by using the rFFT variant of the algorithm.

Algorithm Time Complexity Roundoff Error
FFT O(n log n) O(ε log n)
DFT O(n2) O(εn)

Table 2.1 Comparison of FFT and DFT in time complexity and numerical accuracy [1]

We define the following linear maps:

C : RnD×nC → CnD×(nH+1), X̂ = C(X̃)

R : CnD×(nH+1) → RnD×nC , X̃ = R(X̂)
(2.43)



22

Efficient conversion is done in matrix form as:

C : X̂ i,1 = X̃ i,1, X̂ i,k+1 = 1
2
(
X̃ i,2k − iX̃ i,2k+1

)
, k = 1, . . . , nH

R : X̃ i,1 = ℜ
{
X̂ i,1

}
, X̃ i,2k = 2ℜ

{
X̂ i,k+1

}
, X̃ i,2k+1 = −2ℑ

{
X̂ i,k+1

}
, k = 1, . . . , N − 1

(2.44)
Then the 2D inverse Fourier transform is applied to obtain the time-domain variables at each
discrete time sample for every degree of freedom:

x = F−1
nS

(X̂), ẋ = F−1
nS

(iΩX̂D), ẍ = F−1
nS

(
−Ω2X̂D2

)
,

where D = diag (0, 1, . . . , nH), and F−1
nS

denotes the real inverse discrete Fourier transform
operator that maps one-sided spectra of length nH + 1 to real time series of length nS (with
implicit Hermitian completion/zero-padding and without normalization).

Equivalently, in indexed form, for i = 1, . . . , nD and m = 0, . . . , nS − 1,

X i,m = X̂ i,0 + 2ℜ
{

nH∑
k=1
X̂ i,ke

2πikm
nS

}
,

Ẋ i,m = 2ℜ
{

nH∑
k=1

(iΩk)X̂ i,ke
2πikm

nS

}
,

Ẍ i,m = 2ℜ
{

nH∑
k=1

(
−(Ωk)2

)
X̂ i,ke

2πikm
nS

}
.

(2.45)

Then the nonlinear forces are evaluated in the time domain at each time sample. Finally
the forces are converted back to frequency domain using the normalized forward fourier
transform.

F̂ i,k = 1
nS

nS−1∑
m=0

f i,me
− 2πikm

nS , k = 0, . . . , nH , (2.46)

The five step procedure can be summarized as follows:

X̃
C−→ X̂

F−1
−−→ Ẍs, Ẋs,Xs

f−→ F
F−→ F̂

R−→ F̃ (2.47)

Where F ∈ RnD×nS is the matrix of nonlinear forces evaluated at each time sample, F̂ ∈
CnD×( nS

2 +1) is the one-sided spectrum of the nonlinear forces and F̃ ∈ RnD×nC is the frequency
domain matrix with real coefficients.
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2.3.2 Frequency filtering

To further mitigate Gibbs phenomenon effects [52], which manifest as slow-decaying Fourier
coefficients due to discontinuities, filtering techniques are applied. Common approaches in-
clude raised cosine filters, exponential filters, Fejér averaging, and second-order Lanczos
filtering [3]. In this work, the Lanczos filter is used as it is found to provide strong spuri-
ous oscillations mitigation without much waveform deformation or phase distortions in the
vicinity of discontinuous areas.

f(ẍ, ẋ,x) ≃ 1
2F̂ 0 +

H∑
j=1

sinc (Xj)m
[
F̂ 2j−1 cos(jωt) + F̂ 2j sin(jωt)

]
(2.48)

where sinc(x) = sin(πx)/πx is the normalized cardinal sine function, Xj is the base harmonic
decay factor, and m is the decay exponent which is set between [0.1, 2.0] with higher values
meaning stronger damping.

Xj = ρj

H + 1 ∀j{1, . . . , H} (2.49)

with ρj the parameter that controls the start of the filtering window:

ρj =

0 for j < CH

j for CH ≤ j ≤ H
(2.50)

CH being the cutoff harmonic from which the filtering will be applied onward. Based on the
assumption that the first harmonic dominates the overall system response [53], it is set to 1
in this study.

This regularization not only improves the fidelity of the frequency-domain representation but
also enhances the robustness of nonlinear continuation solvers, particularly for challenging
cases where unfiltered harmonics would otherwise destabilize the iterative process in the
corrector phase [3].

2.3.3 Harmonic Balance Vortex Lattice Method

The Harmonic Balance Vortex Lattice Method (HBVLM) is a reformulation of the classical
UVLM in the frequency domain without being linearized around a frozen geometry and isn’t
limited to small amplitude oscillations [2].

The circulation is formulated as a truncated Fourier series:
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Γj(t) =
N∑

k=0
Γ̂jk · eiωkt (2.51)

The substitution of (2.51) into the UVLM equation 2.13 gives:

A
N∑

k=0
Γ̂k · eiωkt +B

N∑
k=0

Γ̂T E,k · eiωk(t−(j+1)∆t +
N∑

k=0
V̂ k · eiωkt ·

N∑
k=0
N̂ k · eiωkt = 0 (2.52)

with A the wing-wing panel influence matrix, B the wing-wake influence matrix and ΓT E,k

denotes the circulation coefficients at the wing trailing edges.

While this equation can be solved directly, it would involve assembling and solving a size
(nP ·nC) × (nP ·nC) matrix, which will inherently be extremely large. For memory efficiency,
an alternative formulation: the iterative HB-VLM method [54], is selected. This approach
couples the wake circulation through a Discrete Fourier Transform (DFT) and allows the
system to be reformulated as a fixed point residual that we can solve using iterative methods.
Doing this reduces the memory usage by a factor of n2

C .

Γ̂k+1 = A−1Q(Γ̂k)D (2.53)

where D is the orthonormal real DFT transform matrix.

D =
√

2
n



1√
2 cos (ωt1) sin (ωt1) · · · cos (ωkt1) sin (ωkt1)

1√
2 cos (ωt2) sin (ωt2) · · · cos (ωkt2) sin (ωkt2)
... ... ... . . . ... ...
1√
2 cos (ωtn) sin (ωtn) · · · cos (ωktn) sin (ωktn)

 (2.54)

Q contains the non-penetration condition and the wake influence. For optimal computational
efficiency, the matrix vector product BΓW should be performed in a matrix-free fashion,
otherwise the matrix of coefficients B will become the memory bottleneck.

Qij = − [V iN i +BΓW ]tj
(2.55)

where V and N are matrices that store the air flow velocity for each panel in global coordi-
nates and the unitary normal vector of each panel in global coordinates.

The aerodynamic forces are then computed at each time sample using the same UVLM
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equations, detailed in section 2.1.2. However, the time derivatives of the circulation are now
computed using the Fourier coefficients as a compact matrix-matrix product with the DFT
derivative matrix:

∂Γ
∂t

= Γ̂
(
∂D

∂t

)⊤

(2.56)

The HBVLM fixed point equation 2.53 is solved iteratively using Γ̂
0 = 0 as initial guess until

convergence is reached. To improve on the linear rate of convergence of the simple fixed point
iteration, acceleration techniques such as Anderson Acceleration (AA) [43] is employed.

AA works by combining information from several past iterates and residuals instead of us-
ing only the most recent one. At each step, it computes an optimal linear combination of
recent updates (in a least-squares sense) to construct a corrected next iterate that typically
converges much faster than the original fixed-point method. It is a highly scalable method
as it doesn’t require computation of Jacobians or Hessians and every step is parallelizable.
A short description of the algorithm is provided in Appendix A.

2.4 Numerical Continuation

Coexisting stable solutions, such as distinct limit cycle amplitudes, may arise at specific
operating conditions, evidenced by amplitude jumps during freestream velocity sweeps [11].
To systematically trace these solution branches, the Harmonic Balance Method is combined
with continuation techniques, enabling the prediction a series of steady state responses.
Continuation methods leverage prior solutions at adjacent parameter values to generate initial
estimates for subsequent computations, progressively advancing through the parameter space.
To solve for aeroelastic problems, the fundamental frequency ω and the reduced velocity
parameter U are treated as unknowns. While multi-parameter continuation is possible [55],
it is more common to vary a single parameter and add an additional constraint for the other
parameter.

Y = [x̃, ω, U ]T (2.57)

Solving such extended system involves using a predictor-corrector algorithm with proper
parametrisation.

2.4.1 Predictor

The predictor step is responsible for estimating the next point on the solution branch and
using it as initial solution for the nonlinear solver. Two broad predictor families are commonly
used:
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• ODE-type predictors, built from the residual R and its derivatives (tangent-based).

• Polynomial extrapolation predictors, built only from past solutions.

The simplest predictor is a 1st order polynomial extrapolation, also called Secant Predictor :

Y 0
i+1 = Y i + ∆s Y i − Y i−1

∥Y i − Y i−1∥

∆s is the step size along the solution branch. In practical applications, this predictor is not
very robust and can fail to converge. A better alternative is the Tangent Predictor, which is
also the one used throughout this work. It estimates the direction of the solution branch by
computing the local tangent vector to the equilibrium manifold at the current solution. This
vector, derived from the null space of the augmented system’s Jacobian matrix, provides a
first-order approximation of the trajectory in the extended space.

Y 0
i+1 = Y i + zi∆s

where z is a unit length vector tangent to the solution branch, determined by solving the
linear algebraic equation system using a least-squares solver for stability [56]:

 ∂R̃
i

∂x̃i

c⊤

 zi =
 0(nE−1)×1

1

 (2.58)

c is a unit vector defined as:

c = ei∗ , where i∗ = arg max
i

|zj−1
i |

max(|x̃j−1
i |, ϵ)

(2.59)

with ei∗ the canonical basis vector (all zeros except 1 at index i∗) and ϵ = 10−4 ensures
numerical stability. Additionally, the sign of the predictor may need to be flipped in case it
points in the wrong direction [17].

Higher accuracy can be obtained by using a Polynomial predictor of degree d (higher-order
extrapolation). Let’s define the local arclength abscissa s with origin at the last converged
point Y i :

si = 0, si−j = si−j+1 − ∆si−j+1 = si−j+1 − ∥Y i−j+1 − Y i−j∥ < 0, j ∈ {1, . . . , d}.
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The Lagrange interpolation polynomial P d(s) satisfying P d (si−j) = Y i−j for j = 0, . . . , d
yields

Y 0
i+1 = P d(s) =

i∑
j=i−d

Lj(s)Y j, Lj(s) :=
i∏

k=i−d
k ̸=j

s− sk

sj − sk

, s = si+1 = ∆p

In practice, to mitigate Runge’s phenomenon (growing oscillations with equispaced nodes),
one typically limits the order to d ≤ 3.

2.4.2 Corrector

The corrector step is responsible for iteratively solving the nonlinear system starting from
the predictor estimate until convergence. A common option is to use a Newton-Raphson
solver, which has quadratic convergence under standard assumptions, defined by the recurrent
relation:

Y k+1 = Y k + ∆Y k with Jk∆Y k = −R
(
Y k

)
(2.60)

where Jk = ∂R
∂Y

is the Jacobian matrix of the residual R evaluated at the current iteration k.

For large-scale systems this method can be computationally demanding because each inner
iteration of the corrector requires assembling and factorizing the Jacobian. If an LU fac-
torization with partial pivoting is used, factorization of a dense (n × n) block costs O(n3)
floating-point operations, and the triangular solves cost O(n2).

To reduce Jacobian recomputation while preserving fast local convergence, a quasi-Newton
approach based on Broyden’s “good” update can be employed [57]. The idea is to maintain
an approximation Bk ≈ Jk that is updated by imposing the secant condition along the taken
step while changing Bk as little as possible in Frobenius norm. Let

sk = Y k+1 − Y k, yk = R(Y k+1) −R(Y k). (5)

The secant equation is Bk+1sk = yk. Broyden’s first method enforces this with a rank-one
update

Bk+1 = Bk +

(
yk −Bksk

)
(sk)⊤

(sk)⊤sk
. (6)
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At iteration k the step is computed by solving the linear system

Bk∆Y k = −R(Y k), Y k+1 = Y k + ∆Y k, (7)

followed by evaluation of R(Y k+1) and the rank-one update above. In practice B0 is initialized
with the exact Jacobian J0. Subsequent linear systems can be solved efficiently using a rank-
one update of the factorization, or by applying the Sherman-Morrison formula [58] to update
an existing inverse or preconditioned solve. Each Broyden update, as well as the application
of Bk to vectors, is O(n2), which is quite cheaper than forming and refactorizing a new
Jacobian.

These gains come at the cost of robustness. Since Bk is only an approximation to Jk,
the linear model can become poor when nonlinearity is strong, when the Jacobian changes
rapidly, or near singularities such as folds, which is a frequent occurrence when solving HB
systems. The rank-one updates can also degrade conditioning, leading to erratic steps or
stagnation. In practical HB problems, this loss of robustness can outweigh the savings from
fewer factorizations.

To improve robustness while retaining most of the efficiency, this work adopts Powell’s Hybrid
Dogleg method, implemented in the MINPACK library [27]. The method is “hybrid” in two
senses: it uses a trust-region globalization around a Gauss-Newton/Newton step, and it
periodically updates or recomputes the Jacobian.

At each iteration, the method constructs a quadratic model of the objective function and
seeks a step within a trust region radius. This radius adapts dynamically based on how
well the model predicts the actual function reduction. When far from the solution or near
singularities, the trust region automatically constrains the step size and ensures descent,
preventing the divergence issues that affect Newton and Quasi-Newton methods. Near the
solution, the quadratic model becomes accurate, letting the method take full Newton steps
and achieving fast local convergence.

From a computational standpoint, MINPACK’s implementation achieves efficiency compa-
rable to Broyden methods by maintaining and updating a QR factorization of the Jacobian
between iterations. The Jacobian is recomputed only when the trust-region mechanism de-
tects poor agreement between predicted and actual reductions. This significantly reduces
the number of Jacobian evaluations while maintaining stability when working with outdated
Jacobians thanks to the trust-region method.
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2.4.3 Parameterization

Parameter

The parameterization equation constrains the continuation solver by defining a manifold of
possible solutions and enforcing the corrector to find a solution on a it.

The simplest form of parameterization is the Natural/Local Parameterization, which consists
in fixing the value of the continuation parameter at each continuation step.

P
(
Y k

i+1

)
= λ− λk

i+1 = 0 (2.61)

Where λ is the continuation parameter, k is the current corrector iteration within the con-
tinuation step i. This approach is straightforward but will fail to capture complex solution
branches with folds or bifurcations. Arc-Length Parameterization, illustrated in Fig 2.5, over-
comes this limitation by constraining the solution to lie on a hyper-sphere centered on the
previous solution [17].

P
(
Y k

i+1

)
=
∥∥∥Y k

i+1 − Y i

∥∥∥2

2
− ∆s2

i = 0 (2.62)

with its derivative:

∂P
∂Y

= 2
(
Y k

i+1 − Y i

)
(2.63)

Figure 2.5 Illustration of the Arc-Length Parameterization constraint. Reproduced from [5]

Since this parameterization necessitates a previous solution, a common practice is to use
natural parameterization for the first continuation step instead.
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Frequency

To resolve the inherent phase ambiguity in autonomous systems arising from time-translation
invariance, an integral orthogonal phase condition is introduced [22]. This condition is derived
by enforcing orthogonality between the periodic solution and its time derivative, effectively
minimizing phase drift relative to a reference trajectory.

G(t) =
∫ T

0
yi+1(t)⊤ẏi(t) dt = 0 (2.64)

By substituting in the fourier series expressions we obtain the discrete equation:

Gk
i+1 =

nH∑
j=1

j
(
X̃ i,2jX̃

k

i+1,2j−1 − X̃ i,2k−1X̃
k

i+1,2j

)
= 0 (2.65)

where X̃ i,2j means the 2j-th column of the coefficient matrix of the i-th continuation step.

For d ∈ {1, ..., nH} we define the column index intervals:

Iodd
d =

{
(2d−1)n, (2d−1)n+1, . . . , 2dn−1

}
and Ieven

d =
{
2dn, 2dn+1, . . . , (2d+1)n−1

}
(2.66)

the partial derivative ∂G
∂Ỹ

can now be defined in parts:

∂G
∂x̃

∣∣∣∣∣
j+1,k

Iodd
d

= d X̃2d
∂G
∂λ

= 0

∂G
∂x̃

∣∣∣∣∣
j+1,k

Ieven
d

= −d X̃2d−1
∂G
∂ω

= 0
(2.67)

2.4.4 Step Size Control

The efficiency and robustness of the continuation solver depends on the step size along the
solution branch. A step size that is too large may cause the corrector iterations to outright
fail or converge slowly. Conversely, a very small step size leads to unnecessary computations
where the solution barely changes along the branch. Therefore, an adaptive step size control
strategy is essential for maintaining an optimal balance between computational efficiency
and numerical reliability throughout the continuation process. A simple yet robust strategy
featured extensively in the literature is based on adapting the step size in function of the
amount of corrector steps it took to converge [59]. By utilizing the fact that we are using a
quasi-Newton method as corrector, it is better suited to track a different, but closely related
metric: the number of residual function evaluations. In this work the target number is defined
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as:
nopt = 6 + nU (2.68)

This target value reflects the expected computational cost for a well-conditioned problem
with an appropriately sized predictor step: 6 function evaluation and 1 jacobian evaluation.
After each successful continuation step, the actual computational cost is evaluated as

nf = nfev + nU · njev (2.69)

Where nfev and njev are the number of function and jacobian evaluations respectively,
returned by the hybrd solver upon successful convergence. This formulation accounts for the
total computational expense, recognizing that each Jacobian evaluation effectively requires
nJ function evaluations when using finite differences. The step size adjustment factor is then
computed as the ratio between the optimal and actual number of function evaluations:

ξ = nopt

nf

(2.70)

To ensure numerical stability and prevent excessive step size variations, this factor is con-
strained to lie within reasonable bounds [60]:

ξbounded = min (max(ξ, 0.5), 2.0) (2.71)

This constraint ensures that the step size can at most double or halve between consecu-
tive continuation steps, preventing overly aggressive adjustments that might destabilize the
continuation process.

The new step size for the subsequent continuation step is then determined by

∆sk+1 = ∆sk · ξbounded (2.72)

subject to the global constraints

∆smin ≤ ∆sk+1 ≤ ∆smax (2.73)

where ∆smin = ∆s0/10 and ∆smax = 10∆s0 represent the minimum and maximum allowable
step sizes, with ∆s0 being the initial step size.

In addition, the algorithm incorporates a failure recovery mechanism. When the nonlinear
solver fails to converge within the prescribed tolerance, the step size is immediately halved and
the predictor-corrector step is reattempted. This process continues until either convergence
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is achieved or the minimum step size threshold is reached, at which point the continuation
terminates. This dual approach ensures both efficient progress along smooth portions of the
solution branch and robust navigation through regions of high curvature or near singular
points.

2.4.5 Stability Analysis

The computation of periodic solutions through numerical continuation procedures does not
guarantee that it will be observed in practice. A crucial aspect that determines whether a
periodic solution is physically realizable is its stability. Without stability analysis, continua-
tion methods may trace unstable solution branches that, while mathematically valid, cannot
manifest in real systems due to their sensitivity to infinitesimal perturbations.

The concept of stability for periodic solutions extends the classical Lyapunov stability def-
inition to trajectories that form closed orbits in phase space [61]. A periodic solution χ(t)
with period T is considered stable in the local sense if trajectories starting sufficiently close
to it remain bounded and nearby for all future times. More precisely, if we consider a per-
turbed trajectory x(t) = χ(t)+ψ(t) where ψ(t) represents a small perturbation, the periodic
solution is asymptotically stable when ∥ψ(t)∥ → 0 as t → ∞. Conversely, the solution is
unstable if perturbations grow unbounded over time, causing trajectories to diverge from the
limit cycle.

Floquet Theory

Floquet theory [62]provides the mathematical framework for analyzing the stability of peri-
odic solutions in nonlinear dynamical systems. Consider a general nonlinear system described
by

ẋ = f(x) (2.74)

where x ∈ Rn and χ(t) represents a periodic solution with period T . To investigate the
stability of this periodic solution, we examine the behavior of small perturbations around it.
Introducing a perturbed trajectory x(t) = χ(t) + ψ(t) and substituting into the governing
equations yields, after linearization [63], the variational equation

ψ̇ = A(t)ψ (2.75)

where the time-periodic matrix A(t) = ∂f
∂x

∣∣∣
χ(t)

represents the Jacobian evaluated along the
periodic orbit. Since χ(t) is periodic with period T , the matrix A(t) inherits the same
periodicity, satisfying A(t+ T ) = A(t).
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The fundamental result of Floquet theory states that the solutions of the linear time-periodic
system can be expressed in a special form. If Ψ(t) denotes a fundamental matrix solution
whose columns are n linearly independent solutions of the variational equation, then accord-
ing to Floquet’s theorem, this fundamental matrix can be decomposed as

Ψ(t) = P (t)eBt (2.76)

where P (t) is a periodic matrix with period T and B is a constant matrix. This decom-
position reveals that solutions of the variational equation consist of a periodic component
modulated by exponential growth or decay, with the stability characteristics entirely deter-
mined by the eigenvalues of B.

The monodromy matrix M emerges as the central object in practical stability computations.
This matrix captures the cumulative effect of the time-periodic dynamics over one complete
period and is defined through the fundamental matrix evolution as

M = Ψ(0)−1Ψ(T ) (2.77)

The monodromy matrix satisfies the important property Ψ(t+T ) = Ψ(t)M , indicating that
it maps the state of perturbations from one period to the next. In practical computations,
the monodromy matrix is obtained through numerical integration of the variational equation
over one period. By choosing the initial condition Ψ(0) = I, where I is the identity matrix,
the numerical integration of

Ψ̇ = A(t)Ψ (2.78)

from t = 0 to t = T directly yields M = Ψ(T ). This approach requires simultaneous
integration of n independent initial conditions, effectively computing the state transition
matrix over one period of the limit cycle.

The relationship between the monodromy matrixM and the matrixB in the Floquet decom-
position is established through the matrix exponential relation eBT = M . The eigenvalues
of these matrices, known respectively as Floquet multipliers and Floquet exponents, are fun-
damentally connected. If λM i

denotes the i-th eigenvalue of the monodromy matrix (Floquet
multiplier), then the corresponding eigenvalue of B (Floquet exponent) is given by

λBi
= 1
T

lnλM i
(2.79)

This logarithmic relationship implies that the Floquet exponents are generally complex-
valued even when the original system is real, with the real parts determining the growth or
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decay rates of perturbations and the imaginary parts characterizing oscillatory behavior of
the perturbations around the limit cycle.

The periodic solution is deemed stable if

∀i, ℜ(λBi
) < 0 or |λM i

| < 1 (2.80)

In this case, perturbations decay exponentially and nearby trajectories are attracted to the
limit cycle. The solution is unstable if at least one Floquet multiplier satisfies |λM i

| > 1,
equivalently when at least one Floquet exponent has a positive real part, causing perturba-
tions to grow exponentially.

Hill’s Method

Hill’s method provides a frequency-domain approach to Floquet stability analysis, making it
particularly well-suited for use with a HBM solver.

The method begins by perturbing the periodic solution x∗(t) with a disturbance term:

x(t) = x∗(t) + eΛts(t) (2.81)

where s(t) ∈ Rn×1 is a periodic perturbation that can be approximated using a Fourier series
truncated to order H:

s(t) =
2H+1∑
k=1

skT k(ωt)

After substitution into the equations of motion and some lengthy algebra [64], the stability
analysis transforms into a quadratic eigenvalue problem (QEP):

(
∆2Λ2 + ∆1Λ + J

)
eΛtS = 0 (2.82)

where J = ∂R
∂x̃

, Λ and S are the complex eigenvalues and eigenvectors of the truncated
problem, and the matrices ∆2 and ∆1 are constructed from the mass and damping matrices:

∆2 = InC
⊗M

∆1 = 2ω∇ ⊗M + InC
⊗C

(2.83)

The QEP is converted to a standard eigenvalue problem through the companion matrix
formulation:

(H − ΛI2nU
)Q = 0 (2.84)
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where the Hill matrix H ∈ R2nU ×2nU is given by:

H =
 0 InU

−∆−1
2 J −∆−1

2 ∆1

 (2.85)

For first-order systems, H ∈ RnU ×nU reduces to:

H = −∆−1
1 J (2.86)

The eigenvalue problem yields 2nU eigenvalues, but only 2nD have physical meaning as
approximations to the Floquet exponents. The remaining eigenvalues are artifacts of the
harmonic truncation. The filtering approach implemented here selects eigenvalues based on
the magnitude of their imaginary parts. This method is robust and has been formally proven
to converge with a sufficient number of harmonics [65].

s = argsort(|ℑ(Λ)|)

(λB1 , . . . , λBk
) = (Λs1 , . . . ,Λsk

)
(2.87)

One observed downside of Hill’s method as observed in practice, is the large number of
harmonics needed (more than 15) until bifurcation identification is performed accurately.

Bifurcations

In numerical continuation, bifurcations represent changes in the dynamical system behavior
as parameters vary. At bifurcation points, the system becomes singular and exhibits spe-
cific eigenvalue configurations signaling the emergence, disappearance, or stability change of
solution branches.

Test functions provide a way of detecting bifurcations during the continuation process. These
scalar-valued functions ψ : Rn → R are designed to change sign when the system crosses a
bifurcation point. A bifurcation is detected between continuation steps i− 1 and i when:

sign(ψi−1) ̸= sign(ψi) (2.88)

This condition is efficiently evaluated using the copysign function to avoid numerical overflow
issues that may arise in alternative formulations. The specific form of the test function
depends on the bifurcation type being monitored.

Limit Point (LP). The limit point bifurcation occurs when the solution curve becomes
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vertical with respect to the continuation parameter, marking where two solution branches
with different stability properties meet. The test function monitors the derivative of the
continuation parameter ω along the arc-length parameterized path:

ψLP = ωi − ωi−1

|ωi − ωi−1|
(2.89)

This function changes sign when the solution curve reverses direction, indicating a fold in
the solution manifold.

Branch Point (BP). Branch points mark locations where distinct solution branches in-
tersect. At these points, the extended Jacobian matrix becomes singular, reflecting the
non-uniqueness of the tangent direction. The test function evaluates:

ψBP = det(J) (2.90)

where J is the Jacobian of the extended continuation system. The determinant sign switch
signals a branch intersection, and additional computations can be performed to determine
the tangent directions of intersecting branches.

Neimark-Sacker (NS). For periodic solutions, the Neimark-Sacker bifurcation occurs when
a complex conjugate pair of Floquet multipliers crosses the unit circle, leading to quasi-
periodic solutions. The test function employs the bialternate product:

ψNS = det(2(Ã⊙ I)) (2.91)

where Ã = diag(λ1, . . . , λn) contains the Floquet exponents and I is the identity matrix.
The bialternate product C = A⊙B of two n× n matrices produces an m×m matrix with
m = n(n− 1)/2, where each element is constructed as follows:

[A⊙B](p,q),(r,s) = 1
2(aprbqs − apsbqr + aqsbpr − aqrbps) (2.92)

with indices (p, q) and (r, s) representing ordered pairs where p > q and r > s.
Period-Doubling (PD). Period-doubling bifurcations occur when a Floquet multiplier
crosses through −1, typically leading to stable periodic orbits with twice the original pe-
riod. The test function examines the dominant Floquet multiplier:

ψP D = sign(ℜ(max λM)) · | max λM | + 1 (2.93)
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CHAPTER 3 VERIFICATION AND RESULTS

3.1 UVLM verification

The UVLM implementation is verified for 2-DOF plunge-pitch rigid wing formulated in the
time domain for general motions. The Theodorsen state-space formulation provides an an-
alytical reference for unsteady aerodynamic forces and is detailed in Appendix B. Full ver-
ification was performed for both plunging and pitching motions; here we present results for
pitching motions only.
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Figure 3.1 Lift coefficient for monoharmonic pitching airfoil at various reduced frequencies
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Starting with monoharmonic periodic motions with small amplitudes, the pitching motion
is prescribed as α(t) = sin(ωt) [deg] with the pitch axis located at the quarter-chord. The
reduced frequency k is varied from 0.25 to 2.0.

To represent a 2D wing in 3D space, a rectangular wing with aspect ratio 20000 is used, dis-
cretized with 80 panels chordwise and 5 panels spanwise for a total of 400 panels. Simulations
are run for three complete motion cycles to ensure solution convergence.

Figure 3.1 shows good agreement between the UVLM results and the Theodorsen reference
across all reduced frequencies with a solution error very similar to that found in other UVLM
implementations [14]. Additionally, these results are consistent with those reported by Gao
et al. [66].
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Figure 3.2 Lift coefficient for biharmonic pitching airfoil at various reduced frequencies
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Aeroelastic LCO typically exhibits significant higher harmonic content in the response.
Therefore, the UVLM implementation must be validated for multiharmonic motions to ensure
accurate representation of nonlinear aeroelastic phenomena. This validation also tests the
kinematics module’s ability to compute positions and surface velocities for complex motion
profiles.

A biharmonic pitching motion is prescribed as α(t) = sin(ωt) + 2 sin(3ωt) [deg], combining a
fundamental frequency component with its third harmonic. The mesh resolution is increased
to 160 panels chordwise while maintaining 5 panels spanwise (800 panels total) to adequately
capture the higher frequency content. The aspect ratio and reduced frequency range remain
unchanged.

The results in Figure 3.2 demonstrate good agreement with the Theodorsen reference for
multiharmonic motions. The UVLM accurately captures both the amplitude and phase rela-
tionships between harmonic components, confirming its suitability for nonlinear aeroelastic
analysis where higher harmonic content is present. For brevity, mesh convergence studies are
not shown here but can be found in [14].

3.2 HBVLM Verification

The HBVLM implementation can be verified against both the Theodorsen model and the
previously verified UVLM implementation for periodic motions. Since the HBVLM is a direct
reformulation of the UVLM in frequency domain, it should yield identical results for the same
motion profiles.

For the biharmonic pitching motion α(t) = 3 sin(ωt) + 2 sin(3ωt) [deg] with ω = kU∞
b

, Figure
3.3 compares the lift and moment coefficients along with the wing circulation values between
the HBVLM and UVLM implementations at a reduced frequency of k = 0.1 on a 400 panels
wing and nondimensionalized by its half-chord b = 0.5.
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Figure 3.3 Coefficients and circulation for a biharmonic pitching motion at k = 0.1
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From the motion equation, it is clear that 3 harmonics are required to exactly represent
the motion. Therefore, the HBVLM simulation is done with 3 harmonics up to a iterative
convergence tolerance of 10−8. Double precision arithmetic is strongly recommended for
HBVLM simulations as single precision yields significant numerical errors.
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Figure 3.4 Convergence of HBVLM solution with 3 harmonics

Figure 3.4 illustrates the substantial convergence acceleration achieved by the fixed-point
formulated HBVLM when employing Anderson Acceleration with a memory depth of m = 5,
compared to standard fixed-point (Picard) iterations. This amounts to speedups around 10×
in practical applications, while requiring only modest additional memory overhead for storing
the m previous iterates and residuals.
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Figure 3.5 Circulation Poincaré sections for mixed heave and pitching motion
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Aeroelastic LCOs involve multiple if not all of the degrees of freedom simultaneously, therefore
the HBVLM is also verified for mixed heave and pitching motions. The pitch motion is
identical to the previous biharmonic case, and a periodic heave motion is added as h(t) =
0.05 cos(2ωt). Results are obtained using the same wing discretized with 40 panels chordwise.

Figure 3.5 shows excellent agreement between the HBVLM and UVLM implementations.

3.3 Coupled Duffing oscillators

The 2-DOF coupled Duffing oscillator [67] is a classic nonlinear dynamics academic problem
that is very well suited for verification of the multi-dof continuation solver and bifurcation
detection and identification. The non autonomous system, represented on Figure 3.6, consists
of two masses connected to ground with linear and cubic springs, and to each other with a
linear spring. The first mass is forced with a harmonic force while the second mass is unforced.

Figure 3.6 2-DOF coupled Duffing oscillator with nonlinear stiffness

The equations take the form of 2.25 with the following matrices:

M =
 m1 0

0 m2

 , C =
 c1 0

0 c2

 and K =
 k1 + k12 −k12

−k12 k2 + k12

 (3.1)

and the nonlinear force vector that contains both the excitation term and the cubic stiffness
is given by:

f =
 F0 cos(ωt) − knl,1x

3
1

−knl,2x
3
1

 (3.2)

Numerical continuation is performed on this system with the forcing frequency ω as the
continuation parameter over the range ω ∈ [0.05, 6.0] rad/s. Solution was initialized from
a FFT approximation of the time domain solution obtained from direct time integration at
ω = 0.05 rad/s. Results were obtained using 15 harmonics and with an initial step size
∆s = 0.02. The LCO branch is plotted as a spectral frequency response curve (FRC) in
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terms of the root mean square (RMS) of the displacement of each mass as a function of the
forcing frequency ω. Parseval’s Theorem states that the average power in the time domain
equals the sum of powers in the frequency domain [68]:

RMS(x(t)) =
√

1
T

∫ T

0
x2(t)dt =

√√√√√a2
0 + 1

2

H∑
j=1

(
a2

j + b2
j

)
(3.3)

The first parameter set (Table 3.1) represents a classic hardening Duffing oscillator with
strong linear coupling, which produces isolated resonance curves. This is a relatively straight-
forward case for a continuation solver, requiring only 758 iterations to complete.

Table 3.1 Parameters of the dynamical system of Figure 3.6

Parameter DOF 1 DOF 2

mi 1 kg 1 kg
ci 0.1 N m−1 s 0.1 N m−1 s
ki 1 N m−1 1 N m−1

knl,i 1 N m−3 1 N m−3

k12 5 N m−1

F0 2 N

The results are shown in Figure 3.7 and demonstrate excellent agreement with the reference
solution from Colaïtis [5].

1 2 3 4 5
0

0.5

1

1.5

2

2.5
LP
BP
NS

1 2 3 4 5
0

0.5

1

1.5

2

LP
BP
NS

Figure 3.7 LCO branch for the 2-DOF coupled Duffing oscillator 3.1
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A more challenging case is considered next with parameters given in Table 3.2.

Table 3.2 Parameters of the dynamical system of Figure 3.6

Parameter DOF 1 DOF 2

mi 1 kg 1 kg
ci 0.1 N m−1 s 0.1 N m−1 s
ki 1 N m−1 1 N m−1

knl,i 1 N m−3 1 N m−3

k12 1 N m−1

F0 2 N

The linear coupling is severely weakened which leads to more complex phenomena such as
modal energy transfer. The results are shown in Figure 3.8.
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Figure 3.8 LCO branch for the 2-DOF coupled Duffing oscillator 3.2

The continuation solver completed the branch in 1158 iterations, requiring two restarts with a
reduced step size due to convergence failures. The results demonstrate that the Hill method
successfully captures the system’s overall stability but produces spurious Neimark-Sacker
(NS) bifurcation points. This is a known artifact of the method, as it approximates Floquet
multipliers using a truncated Fourier series. While 15 harmonics were sufficient to model
the nonlinear response, they proved to be insufficient for precise stability analysis. A test
with 25 harmonics yielded no improvements, indicating that the solution likely requires a
more advanced eigenvalue filtering technique, such as FEF-RP [69] or a sorting-free method
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[70], rather than simply increasing the number of harmonics. Other test cases, omitted
here for brevity, confirmed the method’s robustness in different scenarios such as systems
with asymmetric cubic-quadratic springs, which successfully validated the correct handling
of mixed odd and even harmonics under more severe nonlinearity.

3.4 Van der Pol oscillator

The Van der Pol oscillator represents a fundamental nonlinear dynamical system that ex-
hibits self-sustained oscillations through limit cycle behavior, this makes it an ideal test case
to verify numerical continuation with the response frequency as an unknown. Originally
developed to model vacuum tube oscillator circuits, it describes a triode with a nonlinear
resistance characterized by a cubic current-voltage relationship [71].

While single degree-of-freedom Van der Pol oscillators solved using high-order harmonic bal-
ance methods have been extensively studied in the literature [72], this work examines a
coupled two degree-of-freedom system.

The system’s equations take the form of 2.25 with the following matrices:

M =
 γ 0

0 γ

 , C =
 −µ 0

0 −µ

 and K =
 1 + κ −κ

−κ 1 + κ

 (3.4)

The force vector, which introduces the characteristic nonlinear damping term, takes the form:

f =
 −µx2

1ẋ1

−µx2
2ẋ2

 (3.5)

The following parameters were used: γ = 1.0 and κ = 1.0, with the nonlinear damping
coefficient µ serving as the continuation parameter over the range [0.1, 5.0].

The continuation procedure was initialized using a Fourier approximation of the steady-state
solution obtained through direct time integration at µ = 0.1. The time integration employed
initial conditions x1(0) = x2(0) = 3.0 and ẋ1(0) = ẋ2(0) = 0.0, ensuring convergence to
the upper limit cycle branch (the system has two solution branches). The harmonic balance
solution was obtained using 15 harmonics with an initial continuation step size of ∆s = 0.02.

The continuation solver required 2381 steps to trace the complete solution branch over the
specified parameter range. Figure 3.9 presents the evolution of both the root-mean-square
(RMS) amplitude and the fundamental frequency as functions of the continuation parameter.
The HBM results are validated against discrete points obtained from time integration (TI).
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Figure 3.9 LCO characteristics for the 2-DOF coupled Van der Pol oscillator

For the time-domain solutions, the RMS values were computed over sufficiently long time
windows to ensure convergence of the average power, approximating the ideal requirement
of integration over an integer number of periods.
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Figure 3.10 Poincaré sections without frequency filtering.

Poincaré sections provide an effective visualization tool for autonomous systems, as they
capture the periodic orbit characteristics independent of phase. Figure 3.10 shows excellent
agreement between HBM and time integration for moderate values of µ. However, as µ
increases, the limit cycle transitions from nearly sinusoidal to relaxation oscillations charac-
terized by sharp transitions. This non-smooth behavior manifests as Gibbs phenomenon [73],
introducing spurious high-frequency oscillations that distort the reconstructed time signal.
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These artifacts become particularly pronounced in the Poincaré sections at high µ values,
where accurate representation would require an impractically large number of harmonics.
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Figure 3.11 Poincaré sections with Lanczos filtering (m = 0.5).

To address these numerical artifacts, a filtering technique such as Lanczos’s filter (detailed
in Section 2.3.2) can be applied. Figure 3.11 illustrates the effectiveness of this approach.
With 15 harmonics and a filter parameter m = 0.5, the spurious oscillations are successfully
suppressed at the expense of a heavily reduced peak amplitude. Increasing the harmonic
content to 30 recovers most the of signal and yields good agreement with the time integration
reference solution.

3.5 UVLM 3-DOF Wing

To establish a foundation for implementing HB-VLM in multi-lifting surface configurations,
we first verify the UVLM implementation for aeroelastic applications. The UVLM is coupled
with a three-degree-of-freedom (3-DOF) rigid wing model incorporating plunge, pitch, and
control surface deflection.

This standard model has been extensively studied in the literature, particularly in its linear
configuration [74]. Linear stability analysis (omitted for brevity) identifies the flutter speed
as Uf = 23.96 m s−1 [6]. The system’s equations of motion and corresponding Theodorsen
aerodynamic matrices are provided in Appendix D, while all system parameters are listed in
Appendix C.

The aerodynamic forces from the 3D UVLM are mapped to the 2D wing through the following



47

Figure 3.12 Schematic of a 2D airfoil with control surface [6].

transformation:

fa = V 2

π


−CL

2CMα

(1−c)2

2 CMβ

 (3.6)

For verification, we introduce nonlinearity through the control surface stiffness:

fs =


0
0

−
(

ωβ

ωα

)2
r2

βM(β)

 (3.7)

We analyze the system’s limit cycle oscillations (LCOs) using bifurcation diagrams and
Poincaré sections across various flow speeds. Bifurcation diagrams track the evolution of
LCO peak amplitudes as functions of flow speed U ∈ [0.2, 22] m s−1, revealing transitions
between stable period-n motions and chaotic regions. Poincaré sections visualize the peri-
odic orbit structure while remaining phase-independent, which is particularly useful for this
autonomous system.

Two representative nonlinearities commonly found in the literature are investigated: cubic
stiffness and freeplay. Theodorsen solutions are obtained using a state-space formulation
integrated with an adaptive Runge-Kutta 5(4) scheme. The UVLM discretization employs
45 chordwise panels for the main wing and 15 for the control surface, with 5 spanwise panels
for both surfaces. The coupled system is integrated using an implicit Newmark-β scheme [44]
with iterative solver coupling until achieving convergence to 10−8. Each simulation spans 10
seconds to ensure LCO convergence, initialized with a small heave displacement of 0.01 m.
Time series data is presented for reference in Appendix E for both configurations.
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3.5.1 Cubic Nonlinearity

The cubic stiffness is modeled as a polynomial function of control surface deflection:

Mp(β) = β0 + β1β + β2β
2 + β3β

3 (3.8)

where we set β0 = β1 = β2 = 0 and β3 = 1 for this study.
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Figure 3.13 Bifurcation diagram for the 3-DOF wing with cubic control surface stiffness.

Figure 3.13 reveals a period-1 LCO emerging at approximately 4 m s−1, with amplitude
increasing until 11 m s−1, where the system transitions to chaos. At 12 m s−1, the system
returns to period-1 motion with continuously increasing amplitude beyond 22 m s−1. Note
that time-domain bifurcation diagrams depend on initial conditions and are therefore non-
unique.

The Poincaré sections, shown in Figure 3.14,demonstrate excellent agreement between the
UVLM and Theodorsen methods.
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Figure 3.14 Poincaré sections for the 3-DOF wing with cubic stiffness at U = 6 m s−1.

3.5.2 Freeplay Nonlinearity

Following Conner’s experimental study [75], the freeplay nonlinearity is defined as:

Mf (β) = M0 +


β − af if β < af

Mf (β − af ) if af ≤ β ≤ af + δ

β − af + δ(Mf − 1) if β > af + δ

(3.9)

where af = −2.12◦ is the freeplay offset, δ = 4.24◦ is the freeplay range, Mf = 0 is the freeplay
stiffness, and M0 = 0 is the preload. All angles are converted to radians for simulation. The
freeplay discontinuity requires careful treatment in the time integration scheme. For the
adaptive Runge-Kutta method, the time step will naturally be reduced to avoid prediction
errors in the stage values. In the UVLM case, the mesh resolution has to be high enough as
it dictates the time step used.

Figure 3.15 shows a period-1 LCO appearing at approximately 4 m s−1, transitioning to an
asymmetric period-2 motion near 10 m s−1. The system undergoes two additional transitions
before entering a chaotic region at 21.5 m s−1, ultimately leading to divergent flutter.

The Poincaré sections, shown in Figure 3.16, again show good agreement between methods,
with some deviations in the pitch degree of freedom attributed to accumulated numerical
errors from UVLM discretization, time integration, and solver coupling. At higher flow
speeds, the LCO frequency can increase significantly, necessitating finer UVLM meshes to
accurately model the wake and reduce the time step to capture the transitions through the
freeplay region.

Figure 3.17 compares the RMS of the steady-state LCO amplitudes from Conner’s experi-
ments with both Theodorsen and UVLM results. The values are computed as in the Conner
study; the plunge is converted to centimetres, the wing and flap pitch are divided by the
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Figure 3.15 Bifurcation diagram for the 3-DOF wing with freeplay control surface stiffness.
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Figure 3.16 Poincaré sections for the 3-DOF wing with freeplay stiffness at U = 7 m s−1.

freeplay range δ = 4.24◦ in degrees.

Conner’s study included Theodorsen results for comparison, which aligns well with the
Theodorsen implemented in this work. Across both computational methods, the conclu-
sion is similar to Conner’s findings: while there is some overestimation of amplitudes at
lower flow speeds, the overall trend aligns well with the experimental data. Stable LCOs are
predicted and amplitude jumps are captured with sufficient accuracy.

This verification establishes confidence in the UVLM implementation for aeroelastic appli-
cations as it is capable of predicting, both qualitatively and quantitatively, the nonlinear
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Figure 3.17 RMS Amplitudes from Conner’s experiments compared to Theodorsen and
UVLM results.

behavior of a 3-DOF wing with freeplay control surface stiffness.
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3.6 HB-Continuation 3-DOF Wing

This section presents the culmination of this work: flutter LCO analysis using HB-formulated
aeroelastic methods combined with numerical continuation. The analysis employs the same 3-
DOF wing model introduced in Section 3.5, maintaining all parameters detailed in Appendix
C. The structural nonlinearities remain unchanged, incorporating both cubic stiffness and
freeplay characteristics as previously described in Section 3.5.

The key methodological advancement lies in replacing traditional time integration approaches
with numerical continuation to trace LCO branches directly from the frequency domain
formulation. This approach enables more efficient exploration of the solution space and
provides comprehensive mapping of the system’s nonlinear behavior.

To establish baseline results, we first apply the continuation method to an HBM formulation
of the Theodorsen model (detailed in Appendix D). These results serve as a benchmark
against which both time integration solutions and more advanced aerodynamic models can
be compared. Subsequently, we extend the analysis to incorporate the HB-VLM approach,
where aerodynamic forces are computed using the methodology developed in Section 2.3.3
and validated in Section 3.2. To our knowledge, these HB-VLM continuation results represent
a novel contribution to the literature.

Both the HB-Theodorsen and HB-VLM analyses employ 5 harmonics with 1536 sampling
points per period for the AFT procedure. The HB-VLM implementation utilizes a refined
mesh configuration consisting of 45 chordwise panels for the main wing surface and 15 chord-
wise panels for the flap, with both surfaces discretized using 2 spanwise panels. The wake
extends over a length corresponding to three periods of periodic motion, ensuring adequate
capture of unsteady aerodynamic effects.

Rather than employing the AFT procedure, the HB-VLM directly processes Fourier coeffi-
cients of the motion as input and generates corresponding Fourier coefficients of the aerody-
namic forces as output. The iterative solution process within the HB-VLM occurs at each
evaluation of the continuation residual. While full integration of the HB-VLM system within
the continuation framework would create a coupled aerodynamic-continuation solver, such
an approach would dramatically expand the system size and necessitate evaluation of numer-
ous Jacobian terms. The segregated approach adopted here is hypothesized to offer superior
memory efficiency and reduced computational cost.
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3.6.1 Cubic Stiffness Nonlinearity

While continuation results for a pitching cubic stiffness nonlinearity for a 2-DOF wing have
been presented very recently in the literature [76], to the authors’ knowledge, no results
for the numerical continuation of a 3-DOF wing with cubic stiffness nonlinearity have been
published to date.
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Figure 3.18 HB-Theodorsen results for the 3-DOF wing with flap cubic stiffness nonlinearity

The results are presented with stable regions indicated by solid lines and unstable regions by
dashed lines. Branch Points (BP), Limit Points (LP), and Time Integration (TI) results are
marked on the figure for reference.

The figures reveals a rich nonlinear behavior with two distinct primary LCO branches emerg-
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ing from the trivial solution branch. The first branch detaches at approximately U = 6.7,
while the second emerges at U = 13.9. Notably, the upper branch exhibits additional
complexity through a secondary branch that detaches and subsequently reattaches between
U = 10.5 and U = 14.5. These primary branches are characterized by different base frequen-
cies and possess distinct stability regions, demonstrating the system’s multi-modal response
characteristics.

The time integration results provide excellent validation, matching perfectly with the HB-
Continuation predictions along the stable branches. Of particular interest is the isolated
TI point near U = 11.5 that lies on neither primary branch. Cross-referencing with the
bifurcation plot in Figure 3.13 shows that this point corresponds to the small chaotic region
between the two stable zones.

To construct the complete diagram, multiple continuation runs were necessary due to the
absence of branch switching capabilities in the current solver implementation. The figures
were generated by superimposing three separate continuation analyses, each performed in
both forward and backward directions. These analyses were started from time integration
solutions obtained at U = 6, U = 11, and U = 12, ensuring comprehensive coverage of the
solution space and proper capture of all bifurcation branches.
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Figure 3.19 3-DOF wing HB Continuation results with different number of harmonics

Figure 3.19 presents a comparison of HB-Theodorsen results obtained using 1, 3 and 5 har-
monics. The results demonstrate that the LCO harmonic content cannot be accurately
captured with only one harmonic, leading to some discrepancies.

Figure 3.20 presents a comparison between the HB-Theodorsen and HB-VLM results. For
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Figure 3.20 HB-Theodorsen and HB-VLM Comparison for Cubic Stiffness Nonlinearity

clarity, stability and bifurcation features have been omitted from the visualization to facilitate
direct comparison of the solution branches.

While both methods show good agreement in response amplitudes for low-frequency oscil-
lations (ω < 0.6), significant discrepancies emerge at higher frequencies. This divergence
is expected, as the Theodorsen model’s assumptions become less valid in these regimes.
Nonetheless, the HBVLM still captures the overall branch topology, including the presence
of multiple branches.

A second observation concerns the premature termination of solution branches, which results
from convergence failure in the continuation residual computation. This behavior highlights
the inherent sensitivity of the continuation procedure to aerodynamic forces accuracy. Small
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errors accumulated during the iterative HB-VLM solution process propagate through the
continuation algorithm, creating convergence difficulties.

The relationship between HB-VLM solver tolerance and continuation performance is par-
ticularly revealing. When the HB-VLM convergence tolerance is relaxed from ϵ = 10−12 to
ϵ = 10−8, the continuation nonlinear solver requires approximately three times more iterations
to achieve convergence. This suggests that using the alternative HB-VLM formulation, the
monolithic approach proposed by [2], would be more robust as it delivers machine-precision
accuracy, albeit at substantially increased computational and memory costs.

3.6.2 Freeplay Stiffness Nonlinearity
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Figure 3.21 Continuation results for the 3-DOF wing with flap freeplay stiffness nonlinearity
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HB-Theodorsen continuation results for a 3-DOF wing with flap freeplay stiffness have been
previously reported in the literature [77]. However, these earlier analyses were incomplete,
lacking identification of a critical secondary LCO branch and omitting essential bifurcation
information and stability characteristics.

The results, depicted in Figure 3.21, reveal two primary LCO branches that start abruptly
by a jump from the trivial solution branch. The branches emerge at the same freestream
velocities as in the cubic stiffness case as the onset of instability is governed by the same
underlying linearized system [11]. The symmetry breaking pitchfork secondary bifurcation
is observed again on the upper branch with the same detachment point but a different
reattachment point.

Again, time integration results (TI) align perfectly with the HB-Continuation predictions
along the stable branch sections, validating the continuation results. Similar to the cubic
stiffness case, multiple continuation runs were necessary to construct the complete bifurcation
diagram. Separate continuation analyses were performed starting from solutions at U = 6,
U = 11, and U = 15.
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Figure 3.22 3-DOF wing HB Continuation results with different number of harmonics

Figure 3.22 presents a comparison of HB-Theodorsen results obtained using 1, 3 and 5 har-
monics. The response contains significant higher-order harmonic content due to the discon-
tinuous nature of the freeplay nonlinearity, making it essential to include multiple harmonics
for accurate representation. The one-harmonic solution deviates substantially from the time
integration ground-truth, especially for the degree of freedom directly affected by the non-
linearity.
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Figure 3.23 HB-Theodorsen and HB-VLM Comparison for the 3-DOF Wing with Flap
Freeplay Stiffness Nonlinearity

Figure 3.23 shows similar trends to those observed in the cubic stiffness case when comparing
HB-Theodorsen and HB-VLM results. Correct agreement observed at low frequencies with
strong discrepancies at higher frequencies. Due to the lack of branch switching capabilities
in the continuation solver, the lower branch could not be fully captured with the HB-VLM
approach. Early termination of both primary branches is, once again, caused by convergence
issues in the continuation residual.
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3.7 Performance Benchmarking

Performance benchmarks were performed to evaluate the computational efficiency of both
the UVLM and HB-VLM implementations on CPU and GPU architectures, both in single
precision. Testing was conducted on a desktop workstation equipped with an Intel i7-13700K
processor with 8 performance cores and 8 effiency cores, 64 GB of DDR5-5600 RAM and an
NVIDIA RTX 4070 GPU with 16 GB of GDDR6X memory. Benchmarks were measured
on Windows 11 using the MSVC 14.44 compiler, ISPC 1.27 compiler and the CUDA 12.9
toolkit. Measured time is end-end wall time and is calculated as the average of 3 runs. L2
cache was cleared between runs to ensure consistent results. Both the CPU and GPU were
allowed to boost to their maximum clock frequencies during the benchmarks.

3.7.1 UVLM

The UVLM benchmarks were performed on the same pitching airfoil case used for verification
in section 3.1. Simulations were run for a total of 3 oscillation cycles with a mesh of 100
spanwise panels and chordwise panels varying from 5 to 160.
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Figure 3.24 Performance comparison for UVLM simulations

The increasing number of chordwise panels directly increases the number of time steps re-
quired: it takes 74 time steps for 5 chordwise panels and 2996 time steps for 160 chordwise
panels. Coupled with the fact that UVLM time complexity for rigid wings is O(n2), the over-
all time complexity of this benchmark is O(n3). Figure 3.24 shows strong acceleration when
using the GPU implementation with speedups reaching close to 7×. As the specific GPU
used here has around 7× more memory bandwidth than the CPU, this indicates that the
implementation is memory-bound and effectively utilizes all available memory bandwidth.
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3.7.2 HBVLM

The HBVLM benchmarks were done on the same biharmonic case used for verification in
section 3.2. Simulations used 5 harmonics, a pregenerated wake length of 3 cycles and the
same meshes as in the UVLM benchmarks.
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Figure 3.25 Performance comparison for HB-VLM simulations

Again, Figure 3.25 shows very good acceleration when using the GPU implementation with
speedups reaching 7×. As with the UVLM, once the main influence matrix is pre-factorized,
the iterative loop of the HBVLM is mostly memory-bound, leading to similar speedup values
as the UVLM benchmarks.

It is worth noting that the CPU implementation is quite efficient and uses AVX2 vectorization
in all of the computational sections thanks to the ISPC compiler. Changing the target to
SSE2 leads to a 1.6× slowdown and fully scalar code leads to a 6.7× slowdown for large
mesh sizes. This highlights the importance of vectorization for achieving high throughput on
modern CPU architectures.
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CHAPTER 4 CONCLUSION

4.1 Summary of Works

This thesis addressed the pressing need for robust and efficient methods to analyze nonlinear
aeroelastic phenomena on aircraft lifting surfaces. Traditional linear analyses often fail to
capture these complex dynamics, and rely on time domain reformulations which are compu-
tationally expensive and impractical for early design phases. To overcome these challenges,
this research focused on developing a fully frequency-domain approach capable of modelling
nonlinear aeroelastic responses.

The core contribution of this work is the development and implementation of a GPU-
accelerated Harmonic Balance Vortex Lattice Method (HBVLM) integrated within a so-
phisticated numerical continuation framework for nonlinear aeroelastic analysis.

The key accomplishments include:

• A high performance reimplementation of the iterative HBVLM using a fixed point
formulation that achieves substantial speedups using GPUs and reduces the number
of required iterations by an order of magnitude using Anderson Acceleration. The
HBVLM was verified against the UVLM for a wing undergoing forced oscillations and
demonstrated excellent agreement in predicting aerodynamic loads.

• A comprehensive numerical continuation framework, incorporating predictor-corrector
algorithms with adaptive step-size control, arc-length parameterization, frequency do-
main stability analysis via the Floquet-Hill method and bifurcation detection. Har-
monic Balance residuals and the Jacobian were implemented using a hybrid-analytical
formulation with a precise finite difference scheme, along with frequency filtering tech-
niques to ensure numerical stability and accuracy. The integrated framework was thor-
oughly verified against established academic problems that include both forced and
autonomous systems.

• Successful application of the HBVLM with numerical continuation to a three-degree-of-
freedom (3-DOF) wing section with significant structural nonlinearities: cubic stiffness
and freeplay at the flap joint. The results showed detailed mapping of complex LCO
bifurcations, with good agreement with Theodorsen results which revealed multiple
stable and unstable solution branches, amplitude jumps, and transitions to chaotic
behavior. This provided a comprehensive understanding of the system’s nonlinear
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response characteristics and stands as a novel and more comprehensive contribution to
the literature, identifying secondary LCO branches and detailed bifurcation information
previously omitted.

This work marks a significant step towards providing robust and efficient tools for the design
and certification of next-generation aircraft by enabling the possiblity of extending analysis
to more complex configuration using higher fidelity extensions in the future.

4.2 Limitations

The current implementation and underlying models present several limitations that constrain
its applicability and practicality. However, most of these limitations can be addressed through
future research and not fundamental to the methods themselves.

4.2.1 Aerodynamics

The VLM itself is limited to incompressible and inviscid flows, as such it cannot accurately
model high amplitude oscillations where the viscous effects become significant. Additionally,
the current wake formulation in frequency-domain is prescribed and does not account for wake
rollup, which restricts it’s applicability to scenarios where wake rollup does not significantly
affect the aerodynamics, like in the case of rotor-wake interactions. The inexact nature of the
iterative HBVLM can lead to convergence issues within the continuation solver, especially at
higher reduced frequencies.

4.2.2 Structure

The structural model demonstrated in this work is extremely simple and limited to fixed mass,
damping and stiffness matrices. It assumes small deformations and linear structural dynamics
with added nonlinearities. This restricts the analysis to specific simplified aeroelastic systems
and currently cannot take into account flexible structures.

4.2.3 Continuation

The current numerical continuation solver lacks the capability of branch point localization
and branch switching. This prevents the full mapping of complex LCO profiles with multiple
branches without manual intervention by restarting from a time domain stable solution. The
stability analysis using Hill’s method can be quite noisy and inaccurate for a small num-
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ber of harmonics and is generally computationally expensive as it requires a full eigenvalue
decomposition of the truncated Hill matrix.

4.2.4 Software

As numerical continuation is inherently extremely sensitive to numerical inaccuracies, this
has forced the use of double-precision arithmetic throughout the implementation. This sig-
nificantly reduces the potential speedups that can be obtained using consumer-grade GPUs
as their double-precision ALUs are often emulated at a ratio of 1/32 or worse compared to
single-precision. Since the current implementation is a hybrid Python and C++ codebase,
there is non-negligible overhead and it prevents the use of automatic differentiation across
the numerical models.

4.3 Future Research

4.3.1 Aerodynamics

In order to mitigate the limitations of the VLM and expand its applicability into compress-
ible flow regimes, sectional corrections with steady state 2.5D RANS databases [25] can be
performed to correct the relative flow angle of attack. While this approach offers computa-
tional efficiency, it’s worth noting that it relies on quasi-steady assumptions and may not
fully capture unsteady transonic phenomena.

Another alternative that would tackle the problem with a richer theoretical foundation would
consist in implementing a harmonic balance formulation of the compressible source and dou-
blet panel method with retarded time [78]. Along with modelling thickness and fuselage
effects, the method would be able to model weakly compressible flow with reasonable ac-
curacy. Nevertheless, potential flow methods will ultimately remain unsuitable for high-
amplitude oscillations where viscous effects dominate, suggesting that the use of external
viscous databases or coupling with CFD solvers may be unavoidable.

4.3.2 Structure

The structural modeling framework presents many opportunities for improvements. A natural
progression would involve implementing a corotational beam solver [79] formulated within
the HBM framework to model structures undergoing large deformations [17].

Furthermore, this would enable the use of nonlinear material models and advanced beam
formulations, such as Timoshenko-Ehrenfest beams with hardening or softening nonlinearities
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[80]. When dealing with thickness models in the aerodynamic solver, efficient force transfer
between the structural and aerodynamic domains can be accomplished using methods like
thin plate splines [54].

4.3.3 Continuation

Ideally, the entire continuation process should be fully automated and started from the trivial
branch with a reduced velocity close to zero. The solver would then be able to follow the
trivial branch until it encounters a branch point where it will automatically switch to the
bifurcating branch.

Branch switching techniques [81] are still an active research area and most popular con-
tinuation software packages don’t support it yet. It requires solving an augmented system
to precisely locate branch points followed by controlled perturbations to trace bifurcating
branches. This would enable tracing complete LCO profiles without manual intervention or
parameter tuning, significantly improving the method’s practical utility for design applica-
tions and removing the need for time domain based initial guesses.

4.3.4 Software

Development of future numerical software have a few promising directions. While the acceler-
ator programming landscape is still quite fragmented and vendor-specific, emerging languages
and libraries are beginning to offer compelling abstractions that could simplify development
and maintenance of high-performance scientific codes.

One such option is the Chapel [82] language which contains parallelism constructs built-in the
language itself. Along with simplifying code maintenance, it is the most accessible approach
to writing distributed heterogeneous applications without resorting to low level libraries like
MPI.

Another approach which was heavily considered at the start of this thesis, was to use autodif-
ferentiable tensor libraries like JAX [83] commonly used in the machine learning community.
These libraries are at the frontier of automatic scheduling, kernel fusion and JIT compilation
for accelerators. Autodifferentiability is still overlooked in the scientific community despite
the tremendous potential it offers for integration in adjoint based optimization, sensitivity
analysis and jacobian free computations. However, the ecosystem is still quite experimental,
sparse formats are missing and double precision support is often lacking. Nevertheless, it is
likely that in the next 1-3 years these libraries will mature and become a viable alternative
for scientific computing.
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APPENDIX A ANDERSON ACCELERATION METHOD

The implementation used in this work follows the description by Walker and Ni [43].

Given a function f : Rn → Rn, the method seeks to find a fixed point x∗ satisfying

x∗ = f(x∗). (A.1)

While simple fixed-point iteration xk+1 = f(xk) can converge slowly or fail to converge for
many problems, Anderson acceleration improves convergence by utilizing information from
m previous iterates to compute an improved update at each step.

The residual at iteration k is defined as

gk = f(xk) − xk. (A.2)

At iteration k, the method considers the set of previous iterates {xk−mk
, . . . ,xk} and residuals

{gk−mk
, . . . , gk}, where mk = min(k,m) ensures we use at most m previous iterates. The

algorithm constructs increment matrices:

Xk = [xk−mk+1 − xk−mk
, . . . ,xk − xk−1] (A.3)

Gk = [gk−mk+1 − gk−mk
, . . . , gk − gk−1] (A.4)

The goal is now to find coefficients γk ∈ Rmk that minimize the norm of a linear combination
of the residuals. This is achieved by solving the least squares problem:

γk = arg min
γ

∥gk −Gkγ∥2. (A.5)

This optimization problem can be efficiently solved using a numerically stable QR decompo-
sition. With Gk = QR the QR factorization of Gk, then

γk = R−1QTgk. (A.6)

Once γk is computed, the next iterate is obtained via:

xk+1 = xk + gk − (Xk +Gk)γk. (A.7)
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This update formula can be interpreted as applying a standard fixed-point step xk + gk =
f(xk), followed by a correction term −(Xk + Gk)γk that incorporates information from
previous iterations.

The parameter m controls the depth of the history used in the acceleration. While larger
m leads to faster convergence, it also increases memory usage and raises the computational
cost. In this work, it was found that values between 5 and 10 provide the best results.
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APPENDIX B THEODORSEN EQUATIONS

The Theodorsen model [74] provides a theoretical model for computing unsteady aerodynamic
forces on thin airfoils undergoing harmonic oscillations. The total lift force is decomposed
into two distinct contributions: the circulatory lift arising from bound circulation, and the
apparent mass (or added mass) effects due to fluid acceleration:

L = Lm + Lc (B.1)

where Lm represents the apparent mass contribution and Lc the circulatory contribution.
The complete lift formulation is:

L = ρb2
(
πU∞α̇ + πḧ− πbaα̈

)
︸ ︷︷ ︸

Lm

+ 2πρU∞bC(k)
(
U∞α + ḣ+ b

(1
2 − a

)
α̇
)

︸ ︷︷ ︸
Lc

(B.2)

where:

• ρ is the fluid density

• b is the semi-chord length

• U∞ is the freestream velocity

• α is the angle of attack

• h is the plunge displacement (positive downward)

• a is the pitch axis location normalized by semi-chord (measured from mid-chord)

• k = ωb/U∞ is the reduced frequency

• C(k) is the complex-valued Theodorsen function

The Theodorsen function accounts for the phase lag and amplitude attenuation of circulatory
forces due to wake vorticity. It is expressed in terms of Hankel functions of the second kind:

C(k) = F (k) + iG(k) = H
(2)
1 (k)

H
(2)
1 (k) + iH

(2)
0 (k)

(B.3)



77

where H(2)
n denotes the Hankel function of the second kind of order n. The real part F (k)

represents the in-phase component while the imaginary part G(k) represents the out-of-phase
component of the circulatory lift.

The classical Theodorsen formulation is limited to harmonic motion due to its frequency-
domain nature. To extend the theory to arbitrary time-varying motion, we employ Wagner’s
indicial function ϕ(s) [84], which represents the circulatory lift response to a unit step change
in angle of attack. The circulatory lift for arbitrary motion is expressed through the Duhamel
superposition integral:

Lc(s) = 2πρU∞b

[
w(0)ϕ(s) +

∫ s

0

dw(σ)
dσ

ϕ(s− σ)dσ
]

(B.4)

where s = U∞t/b is the non-dimensional time (semi-chords traveled), and the downwash is:

w(s) = U∞α + ḣ+ b
(1

2 − a
)
α̇ (B.5)

Wagner’s function is related to the Theodorsen function through the inverse Fourier trans-
form:

ϕ(s) = 1
2πi

∫ ∞

−∞

C(k)
k

eiksdk (B.6)

Direct evaluation of the Duhamel integral is computationally expensive. Jones [85] proposed
an exponential approximation of Wagner’s function:

ϕ(s) ≈ b0 + b1e
−β1s + b2e

−β2s (B.7)

with coefficients: b0 = 1, b1 = −0.165, b2 = −0.335, β1 = 0.0455, β2 = 0.3.

To derive efficient ordinary differential equations for the circulatory lift, we take the Laplace
transform of the Duhamel integral. Substituting Jones’s approximation into the circulatory
lift expression:

Lc(s) = 2πρU∞b

[
b0w(s) +

∫ s

0
b1e

−β1(s−σ)dw(σ)
dσ

dσ +
∫ s

0
b2e

−β2(s−σ)dw(σ)
dσ

dσ

]
(B.8)
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Let’s define the lag states:

x1(s) = b1β1

∫ s

0
e−β1(s−σ)w(σ)dσ (B.9)

x2(s) = b2β2

∫ s

0
e−β2(s−σ)w(σ)dσ (B.10)

Taking derivatives with respect to s and applying Leibniz’s rule:

dx1

ds
= b1β1w(s) − β1x1(s) (B.11)

dx2

ds
= b2β2w(s) − β2x2(s) (B.12)

Converting to dimensional time (t = sb/U∞):

dx1

dt
= U∞

b
(b1β1w(t) − β1x1(t)) (B.13)

dx2

dt
= U∞

b
(b2β2w(t) − β2x2(t)) (B.14)

The complete lift force becomes:

L(t) = Lm(t) + Lc(t) (B.15)

where:

Lm(t) = ρb2π
(
U∞α̇ + ḧ− baα̈

)
(B.16)

Lc(t) = 2πρU∞b [(b0 + b1 + b2)w(t) − x1(t) − x2(t)] (B.17)

The lift coefficient is then:
CL(t) = L(t)

1
2ρU

2
∞c

(B.18)

where c = 2b is the chord length. This state-space formulation allows for numerical inte-
gration of the unsteady aerodynamic forces for arbitrary airfoil motion, requiring only the
solution of two first-order ODEs for the lag states x1 and x2.
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APPENDIX C 3-DOF PARAMETERS

This appendix presents the complete set of parameters used in the aeroelastic analysis of the
three-degree-of-freedom wing-flap system.

Table C.1 System parameters for the three-degree-of-freedom aeroelastic model

Symbol Description Value Unit

Geometric Parameters
b Semi-chord 0.127 m
a Distance between mid-chord and elastic axis −0.5 –
c Distance between flap hinge and mid-chord 0.5 –
xα Distance between EA and center of gravity 0.4340 –
xβ Distance between flap CG and flap hinge 0.02 –
Mass and Inertia Properties
m Mass of wing-aileron per unit span 1.5666 kg/m
mt Mass of wing-aileron and supports per unit span 3.39298 kg/m
Iα Mass moment of inertia about wing EA per unit span 0.01347 kg·m
Iβ Mass moment of inertia about hinge per unit span 0.0003264 kg·m
µ Mass ratio 31.8846 –
Sα Static mass moment about wing EA per unit span 0.08587 kg
Sβ Static mass moment of flap about hinge per unit span 0.00395 kg
rα Radius of gyration around EA 0.7321 –
rβ Radius of gyration around flap hinge 0.1140 –
Structural Properties
kh Plunge stiffness coefficient 2818.8 kg/s2

kα Pitch stiffness coefficient 37.34 kg·m2/s2

kβ Flap stiffness coefficient 3.9 kg·m2/s2

ωh Uncoupled plunge natural frequency 42.5352 Hz
ωα Uncoupled pitch natural frequency 52.6506 Hz
ωβ Uncoupled flap natural frequency 109.3093 Hz
σ Frequency ratio 0.8080 –
ζh Plunge damping ratio 0.0113 –
ζα Pitch damping ratio 0.01626 –
ζβ Flap damping ratio 0.0115 –
Flow Properties
ρ Air density 1.225 kg/m3

U Freestream velocity Variable m/s
V Reduced velocity Variable –
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The values are taken from an experimental study by Conner et al. [75] and have been adapted
to the chosen non-dimensional form of the equations of motion.

Some of the parameters listed in Table C.1 are related through the following equations:

µ = m

π ρ∞ b2 , r2
α = Iα

mb2 , r2
β = Iβ

mb2 ,

kh = mω2
h, kα = Iα ω

2
α, kβ = Iβ ω

2
β,

σ = ωh

ωα

, V = U

bωα

, Ch = 2mωh ζh,

Cα = 2 Iα ωα ζα, Cβ = 2 Iβ ωβ ζβ, τ = ωα t. (C.1)
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APPENDIX D 3-DOF WING EQUATIONS

This appendix presents the equations of motion for the 3-DOF wing-flap system including
the state space formulation of Theodorsen’s unsteady aerodynamic model. A detailed list
of the parameters and their description is provided in Appendix C. Given the dimensionless
equation of motion:

M sq̈ +Csq̇ +Ksq = f (D.1)

where q = [h/b, α, β]T are the variables for the plunge, pitch and flap deflections respectively,
and f = fs + fa is the total force vector including nonlinear structural and aerodynamic
forces.

The dimensionless matrices are given by [6]:

M s = µ


mT/m xα xβ

xα r2
α

[
(c− a)xβ + r2

β

]
xβ

[
(c− a)xβ + r2

β

]
r2

β



Cs = 2µ


σζh 0 0
0 r2

αζα 0
0 0 ωβ

ωα
r2

βζβ



Ks = µ


σ2 0 0
0 r2

α 0
0 0

(
ωβ

ωα

)2
r2

β



(D.2)

Note that in the case of a nonlinear degree of freedom, the stiffness matrix Ks must be
modified accordingly to remove the linear stiffness term for that degree of freedom. In the
case of a nonlinearity in the control surface, the structural force vector becomes:

fs =


0
0

−
(

ωβ

ωα

)2
r2

βM(β)

 (D.3)

where M(β) is a nonlinear moment function defined by the user.

The aerodynamic forces are obtained from either the UVLM or Theodorsen’s model, the latter
is briefly presented in Appendix B for a 2-DOF wing. For a 3-DOF wing, the aerodynamic
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forces are given by:
fa = M aq̈ +Caq̇ +Kaq +Lδb (D.4)

By doing a mathematical development similar to the 2-DOF case, the generalized Theodorsen
function is represented by Wagner’s function Φ(t) [84] and computed using Jones’ approxi-
mation [85].

Φ(t) = 1 − δ1e
−λ1

U
b

t − δ2e
−λ2

U
b

t (D.5)

with the coefficients δ1 = 0.165, δ2 = 0.335, λ1 = 0.0455, λ2 = 0.3. This yields two additional
lag states b = [b1, b2]T associated to the unsteady aerodynamics along with their differential
equation definition.

ḃ = Qaq̈ +Qvq̇ +Lλb (D.6)

All the matrices are defined below:

M a =


−1 a T1

π

a −
(

1
8 + a2

)
−2T13

π
T1
π

−2T13
π

T3
π2



Ca = V


−2 −2(1 − a) T4−T11

π

1 + 2a a(1 − 2a) 1
π

(T8 − T1 + (c− a)T4 + aT11)
−T12

π
1
π

(
2T9 + T1 + (T12 − T4)

(
a− 1

2

))
T11
2π2 (T4 − T12)



Ka = V 2


0 −2 −2T10

π

0 1 + 2a 1
π

(2aT10 − T4)
0 −T12

π
− 1

π2 (T5 − T10 (T4 − T12))



Lδ = 2V


δ1 δ2

−
(

1
2 + a

)
δ1 −

(
1
2 + a

)
δ2

T12δ1
2π

T12δ2
2π


Qa =

 1 1
2 − a T11

2π

1 1
2 − a T11

2π


Qv = V

 0 1 T10
π

0 1 T10
π


Lλ = V

 −λ1 0
0 −λ2


(D.7)
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With the auxiliary terms given by Theodorsen [74]:

T1 = −1
3

√
1 − c2

(
2 + c2

)
+ c cos−1(c)

T2 = c
(
1 − c2

)
−

√
1 − c2

(
1 + c2

)
cos−1(c) + c

[
cos−1(c)

]2
T3 = −

(1
8 + c2

) [
cos−1(c)

]2
+ 1

4c
√

1 − c2 cos−1(c)
(
7 + 2c2

)
− 1

8
(
1 − c2

) (
5c2 + 4

)
T4 = − cos−1(c) + c

√
1 − c2

T5 = −
(
1 − c2

)
−
[
cos−1(c)

]2
+ 2c

√
1 − c2 cos−1(c)

T6 = T2

T7 = −
(1

8 + c2
)

cos−1(c) + 1
8c

√
1 − c2

(
7 + 2c2

)
T8 = −1

3
√

1 − c2
(
2c2 + 1

)
+ c cos−1(c)

T9 = 1
2

[1
3
(
1 − c2

) 3
2 + aT4

]
T10 =

√
1 − c2 + cos−1(c)

T11 = cos−1(c)(1 − 2c) +
√

1 − c2(2 − c)

T12 =
√

1 − c2(2 + c) − cos−1(c)(1 + 2c)

T13 = 1
2 [−T7 − (c− a)T1]

T14 = 1
16 + 1

2ac

(D.8)

To be able to integrate the coupled equations of motion and lag states, they are rewritten in
state-space form as:

ẏ = B−1 [Ay + f(y)] (D.9)

with the state vector y = [q̇T , qT , bT ]T .

The matrix A is defined as:

A =


Ca −Cs Ka −Ks Lδ

I3×3 03×3 03×2

Qv 02×3 Lλ

 (D.10)

the matrix B is defined as:

B =


M s −M a 03×3 03×2

03×3 I3×3 03×2

−Qa 02×3 I2×2

 (D.11)
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and finally the extended force vector is defined as:

f(y) =
 fs

03×1

 (D.12)
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APPENDIX E 3-DOF WING TIME SERIES RESULTS

This appendix presents the time series results for the 3-DOF wing time domain simulations
discussed in Section 3.5. The following figures illustrate the temporal evolution of key aero-
dynamic and structural parameters over the course of the simulations.

These visualizations proved useful during code development and debugging, offering imme-
diate insight into system dynamics and numerical behavior. Such detailed time series repre-
sentations remain notably scarce in the literature, making their inclusion here particularly
valuable for reference and comparison purposes.
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Figure E.1 Time series results for a 3DOF wing with a control surface with freeplay stiffness
at U = 7 m/s

Both time series data and corresponding power spectral density (PSD) plots are presented
for each parameter. The time series show the evolution of variables over non-dimensional
time, while the PSD analysis reveals the frequency content of the responses. This dual
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representation serves multiple purposes: it enables direct validation of response frequencies
between UVLM and Theodorsen implementations independent of amplitude variations, and
provides information about the harmonic content required for frequency-domain HBM analy-
sis. The PSD results inform the selection of harmonic truncation levels necessary for accurate
representation of the nonlinear dynamics.

Systems with freeplay nonlinearity usually exhibit extended transient behavior before reach-
ing steady-state LCO conditions. It is therefore recommended to perform the simulation for
longer durations than those presented here. The observed phase lag between UVLM and
Theodorsen results comes from spatial discretization inaccuracies. The difference can be
substantially reduced through mesh refinement, though at increased computational cost.
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Figure E.2 Time series results for a 3DOF wing with a control surface with cubic stiffness at
U = 6 m/s

Additional discrepancies come from numerical artefacts in the single precision kinematics
calculations which accumulate progressively over extended simulation periods. Generally, the
phase error growth rate correlates directly with simulation duration, becoming particularly
pronounced in long-time integrations.
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