
Titre:
Title:

High-order harmonic balance vortex lattice method for nonlinear 
aeroelastic limit cycle oscillations

Auteurs:
Authors:

Samuel Ayala, Matthieu Parenteau, & Éric Laurendeau 

Date: 2026

Type: Communication de conférence / Conference or Workshop Item

Référence:
Citation:

Ayala, S., Parenteau, M., & Laurendeau, É. (janvier 2026). High-order harmonic 
balance vortex lattice method for nonlinear aeroelastic limit cycle oscillations 
[Communication écrite]. AIAA SCITECH 2026 Forum, Orlando, Florida, USA. 
https://doi.org/10.2514/6.2026-2114

Document en libre accès dans PolyPublie
Open Access document in PolyPublie

URL de PolyPublie:
PolyPublie URL:

https://publications.polymtl.ca/71752/

Version: Version finale avant publication / Accepted version 
Révisé par les pairs / Refereed 

Conditions d’utilisation:
Terms of Use:

Creative Commons Attribution 4.0 International (CC BY) 

Document publié chez l’éditeur officiel
Document issued by the official publisher

Nom de la conférence:
Conference Name:

AIAA SCITECH 2026 Forum

Date et lieu:
Date and Location:

2026-01-12 - 2026-01-16, Orlando, Florida, USA 

Maison d’édition:
Publisher:

AIAA

URL officiel:
Official URL:

https://doi.org/10.2514/6.2026-2114

Mention légale:
Legal notice:

Ce fichier a été téléchargé à partir de PolyPublie, le dépôt institutionnel de Polytechnique Montréal
This file has been downloaded from PolyPublie, the institutional repository of Polytechnique Montréal

https://publications.polymtl.ca

https://publications.polymtl.ca/
https://doi.org/10.2514/6.2026-2114
https://publications.polymtl.ca/71752/
https://doi.org/10.2514/6.2026-2114


High-Order Harmonic Balance Vortex Lattice Method for
Nonlinear Aeroelastic Limit Cycle Oscillations

S. Ayala∗

Polytechnique Montréal, Montréal, Québec, H3T 0A3, Canada

M. Parenteau †

Bombardier Aerospace, Dorval, Québec, H4S 1Y9, Canada

E. Laurendeau ‡

Polytechnique Montréal, Montréal, Québec, H3T 0A3, Canada

This paper presents a full frequency-domain framework for nonlinear aeroelastic analysis
that couples a high-order harmonic-balance (HB) structural solver with a recently developed
HB Vortex-Lattice method (HB-VLM) for unsteady aerodynamics. Embedding this coupled
solver within a numerical-continuation algorithm enables efficient tracing of self-sustained
limit-cycle oscillations (LCOs) and their associated bifurcations without resorting to costly
time-domain integration. The approach is demonstrated on canonical three-degree-of-freedom
wing sections, where comparisons against time-marching solutions confirm that high-order HB
captures rich harmonic content and bifurcation behavior. Our results highlight the method’s
accuracy and robustness even in strongly nonlinear regimes, along with paving the way for
rapid medium-fidelity aeroelastic analysis of complex wings in early-stage aircraft design.

I. Nomenclature

𝑎 = dimensionless elastic axis location from mid-chord
𝑏 = semi-chord, m
𝑐 = dimensionless flap hinge location from mid-chord
𝑐𝑟𝑒 𝑓 = reference chord, m
𝜌 = air density, kg/m3

𝐶𝐿 = lift coefficient
𝐶𝑀 = moment coefficient
ℎ = plunge displacement, m
𝛼 = pitch angle, rad
𝛽 = flap deflection, rad
𝑛𝐶 = Fourier coefficients per DOF, 2𝑛𝐻 + 1
𝑛𝐷 = number of degrees of freedom
𝑛𝐻 = number of harmonics
𝑛𝑃 = number of wing panels
𝑛𝑆 = number of AFT time samples
𝑛𝑈 = number of unknowns, 𝑛𝐷 × 𝑛𝐶
𝑛𝑊 = number of wake panels
𝑆 = reference area, m2

𝑡 = time
𝑈 = freestream velocity, m/s
𝑉 = reduced velocity
Γ = vortex circulation

∗M.Sc. Student, Department of Mechanical Engineering, samuel.ayala@polymtl.ca
†Engineering Professional, Department of Loads and Dynamics, matthieu.parenteau@aero.bombardier.com
‡Professor, Department of Mechanical Engineering, eric.laurendeau@polymtl.ca, AIAA Senior Member
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𝑨 = wing panel influence matrix
𝑩 = wake influence matrix
𝑫 = discrete Fourier transform matrix
𝑴 = mass matrix
𝑪 = damping matrix
𝑲 = stiffness matrix
𝑹 = harmonic balance residual
𝒁 = harmonic stiffness matrix
∇ = harmonic differentiation operator
⊗ = Kronecker product
𝒀 = extended state vector
G = Phase condition equation
P = Parametrization equation
Δ𝑠 = continuation step size
𝒛 = predictor vector
𝒆 = canonical basis vector
𝑯 = truncated Hill matrix
𝑱 = system Jacobian
𝑰 = identity matrix

II. Introduction

The introduction of lightweight, flexible wings [1] and control-surface architectures [2] has pushed modern aircraft
into regimes where classical linear aeroelastic models start to lose fidelity. Localized effects such as hinge free-play,

material hysteresis [3], and joint friction further add to the dynamical behavior. Under this combined structural and
aerodynamic nonlinearity, wings can enter self-sustained limit-cycle oscillations (LCO) well below traditional flutter
speeds, with potentially dangerous effects on structural integrity. Past research has shown that a surprisingly large
number of harmonics is needed even for apparently simple cubic systems [4], and that time integration, time-domain
orthogonal-collocation or shooting methods can become prohibitively expensive as system size grows [5]. At the same
time, harmonic-balance methods (HBM) have proved to be both robust and numerically more efficient [6], though their
use in aeroelasticity remains limited and typically confined to low-harmonic approximations or non-autonomous forced
problems [7]. Likewise, most aeroelastic studies continue to employ reduced-order models in the frequency domain or
state-space Wagner approximations in the time domain [8].

In this paper we bridge these gaps by developing a fully frequency-domain, 3D-ready, aeroelastic solver that couples
high order harmonic balance for structures with nonlinearities with a recently developed harmonic-balance vortex-lattice
method (HB-VLM) for the aerodynamics [9]. The solver is embedded in a continuation framework, enabling the
capability to trace out complex LCO branches that undergo various types of bifurcations[10]: period-doubling cascades,
fold points, and multi-valued response curves that cannot be solved for accurately with low order methods.

As initial results, we study a 2D wing sections with 3 degrees of freedom (pitch, plunge, and flap pitch), with either
polynomial or free-play nonlinearities. We perform high-order HBM continuation and compare with time domain
solutions in order to assess the accuracy of the proposed method. This novel approach opens the door to rapid, accurate
nonlinear aeroelastic analysis early in the aircraft design cycle, and provides a foundation for future incorporation of
even more complex flow and structural nonlinearities.

III. Methodology

A. Harmonic Balance Method
The dimensionless equations of motion of an 𝑛𝐷-degrees-of-freedom nonlinear aeroelastic system read:

𝑴 ¥𝒙 + 𝑪 ¤𝒙 + 𝑲𝒙 = 𝒇 (𝒙, ¤𝒙, 𝑡) (1)

where 𝑴, 𝑪, 𝑲 are the mass, damping, and stiffness matrices, and 𝒇 represents the combined nonlinear structural
and aerodynamic forces. The harmonic balance method determines the coefficients of a truncated Fourier series
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approximating the periodic solution [11]:

𝒙(𝑡) ≃ 1
2
𝒂0 +

𝑛𝐻∑︁
𝑗=1

[
𝒂 𝑗 cos ( 𝑗𝜔𝑡) + 𝒃 𝑗 sin ( 𝑗𝜔𝑡)

]
(2)

The frequency-domain coefficients are grouped as 𝒙̃ =
[
𝒂0, 𝒂1, 𝒃1, . . . , 𝒂𝑛𝐻 , 𝒃𝑛𝐻

]⊤ ∈ R𝑛𝐷𝑛𝐶 , with 𝑛𝐶 = 2𝑛𝐻 + 1
coefficients per degree of freedom.

Substituting the Fourier expansion into (1) and applying Galerkin projection onto the Fourier basis yields the
frequency-domain residual [12]:

𝑹(𝒙̃, 𝜔) = 𝒁(𝜔)𝒙̃ − 𝒇̃ (𝒙̃, 𝜔) = 0 (3)

where 𝒁 is the block-diagonal harmonic stiffness matrix:

𝒁(𝜔) = 𝜔2
∇

2 ⊗ 𝑴 + 𝜔∇ ⊗ 𝑪 + 𝑰𝑛𝐶 ⊗ 𝑲 (4)

in which ⊗ denotes the Kronecker product, 𝑰𝑛𝐶 is the identity matrix of size 𝑛𝐶 and ∇ is the global differential operator
of 𝒃 defined by:

∇ = diagblock
(
0,∇1, . . . ,∇ 𝑗 , . . . ,∇𝑛𝐻

)
and ∇

2 = ∇∇ (5)

with the elementary first-order derivative matrix ∇ 𝑗 :

∇ 𝑗 = 𝑗

[
0 1
−1 0

]
for 𝑗 ∈ [1..𝑛𝐻 ] (6)

The partial derivatives of the HB residual, needed for the extended system Jacobian, are defined as:

𝜕𝑹

𝜕𝒙̃
= 𝒁(𝜔) − 𝜕 𝒇̃

𝜕𝒙̃

𝜕𝑹

𝜕𝑈
=

(
𝜔2

∇
2 ⊗ 𝜕𝑴

𝜕𝑈
+ 𝜔∇ ⊗ 𝜕𝑪

𝜕𝑈
+ 𝑰𝑛𝐶 ⊗ 𝜕𝑲

𝜕𝑈

)
𝒙̃ − 𝜕 𝒇̃

𝜕𝑈

𝜕𝑹

𝜕𝜔
=

(
2𝜔∇2 ⊗ 𝑴 + ∇ ⊗ 𝑪

)
𝒙̃ − 𝜕 𝒇̃

𝜕𝜔

(7)

where 𝜕 𝒇̃
𝜕𝒙̃ , 𝜕 𝒇̃

𝜕𝑈
and 𝜕 𝒇̃

𝜕𝜔
are evaluated with central finite differences.

The frequency-domain forces 𝒇̃ are computed using the Alternating Frequency-Time (AFT) scheme [13, 14]. The
frequency-domain variables are first transformed to the time domain via inverse Fourier transform, where the nonlinear
forces are evaluated at discrete time samples, then transformed back to the frequency domain. To prevent aliasing errors
that occur from insufficient sampling, significant oversampling is employed.

B. Harmonic Balance Vortex Lattice Method
The Unsteay Vortex Lattice Method (UVLM) is a linearized potential flow method solving incompressible, inviscid

and irrotational flows. Despite its simplicity, it finds many applications especially when coupled with viscous ans
transonic flow databases. The Laplace equation is solved using a boundary element method that consists in the
superposition of elementary flow singularities. The lifting surface is discretized in vortex rings and the Kutta condition
is enforced through the modeling of the wake behind the wing as a surface of vortex rings with circulation values
equal to previous time steps [15]. The UVLM equation consists to solving a linear system to obtain the lifting surface
circulation coefficients Γ(𝑡):

𝑨𝚪(𝑡) + 𝑩𝚪𝑊 (𝑡) + (𝑽 · 𝒏) = 0 (8)

where 𝑨 ∈ R𝑛𝑃×𝑛𝑃 is the aerodynamic influence coefficient matrix for bound vortex rings, 𝑩 ∈ R𝑛𝑃×𝑛𝑊 is the wake
influence coefficient matrix, 𝚪 ∈ R𝑛𝑃 contains the unknown bound circulation strengths, 𝚪𝑊 ∈ R𝑛𝑊 contains the known
wake circulations from previous time steps, and (𝑽 · 𝒏) ∈ R𝑛𝑃 represents the normal velocity component at each panel
collocation point.
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The Harmonic Balance Vortex Lattice Method (HB-VLM) is a reformulation of the classical UVLM in the frequency
domain without being linearized around a frozen geometry and isn’t limited to small amplitude oscillations [16]. The
circulation is formulated as a truncated Fourier series:

𝚪 𝑗 (𝑡) =
𝑁∑︁
𝑘=0

𝚪̂ 𝑗𝑘 · 𝑒𝑖𝜔𝑘𝑡 (9)

The substitution of eq.9 into the UVLM eq. 8 gives:

𝑨
𝑁∑︁
𝑘=0

𝚪̂𝑘 · 𝑒𝑖𝜔𝑘𝑡 + 𝑩
𝑁∑︁
𝑘=0

𝚪̂𝑇𝐸,𝑘 · 𝑒𝑖𝜔𝑘 (𝑡−( 𝑗+1)Δ𝑡 +
𝑁∑︁
𝑘=0

𝑽̂𝑘 · 𝑒𝑖𝜔𝑘𝑡 ·
𝑁∑︁
𝑘=0

𝑵̂𝑘 · 𝑒𝑖𝜔𝑘𝑡 = 0 (10)

with 𝑨 the wing-wing panel influence matrix, 𝑩 the wing-wake influence matrix and 𝚪𝑇𝐸,𝑘 denotes the circulation
coefficients at the wing trailing edges.

Solving this equation directly involves the assembly of a large (𝑛𝑃 · 𝑛𝐶 ) × (𝑛𝑃 · 𝑛𝐶 ), which becomes rapidly
untractable as the number of panels increases. Alternatively, the equation can be solved iteratively [9] by coupling
the wake circulation through a Discrete Fourier Transform (DFT). This work goes a step further by assuming small
deformations which allows the system to be reformulated as a matrix-product fixed point residual with a pre-factored
influence matrix. Doing this reduces the memory usage by a factor of 𝑛2

𝐶
.

𝚪̂
𝑘+1

= 𝑨−1𝑸𝑘𝑫 (11)

where 𝑫 is the orthonormal real DFT transform matrix:

𝑫 =

√︂
2
𝑛



1√
2

cos (𝜔𝑡1) sin (𝜔𝑡1) · · · cos (𝜔𝑘𝑡1) sin (𝜔𝑘𝑡1)
1√
2

cos (𝜔𝑡2) sin (𝜔𝑡2) · · · cos (𝜔𝑘𝑡2) sin (𝜔𝑘𝑡2)
...

...
...

. . .
...

...
1√
2

cos (𝜔𝑡𝑛) sin (𝜔𝑡𝑛) · · · cos (𝜔𝑘𝑡𝑛) sin (𝜔𝑘𝑡𝑛)


(12)

and 𝑸 contains the non-penetration condition and the wake influence expressed in time domain:

𝑸𝑖 𝑗 = − [𝑽𝑖𝑵𝑖 + 𝑩𝚪𝑊 ]𝑡 𝑗 (13)

where 𝑽 and 𝑵 are the air flow velocity and unitary normal vector of each panel in global coordinates respectively. 𝚪𝑊

is computed using the inverse transform of 𝚪̂𝑘 . For better memory efficiency, the matrix vector product 𝑩𝚪𝑾 should be
performed in a matrix-free fashion.

The HB-VLM fixed point eq. 11 is solved iteratively using 𝚪̂
0
= 0 as initial guess until convergence is reached. To

improve on the linear rate of convergence of the simple fixed point iteration, the Anderson Acceleration (AA) [17]
method is employed.

The aerodynamic forces are computed using the unsteady Joukowski method [18] which sums the steady and
unsteady contributions to the aerodynamic load on each vortex ring:

Δ𝑭𝑖 𝑗 = Δ𝑭𝑠𝑡𝑒𝑎𝑑𝑦 + Δ𝑭𝑢𝑛𝑠𝑡𝑒𝑎𝑑𝑦 (14)

The first term is given by the classical Kutta-Joukowski theorem [15], which relates the bound circulation to the lift
force per unit span:

Δ𝑭𝑠𝑡𝑒𝑎𝑑𝑦 = 𝜌Γ̄(𝑽 × 𝒍) (15)

where Γ̄𝑖, 𝑗 = Γ𝑖, 𝑗 − Γ𝑖−1, 𝑗 is the circulation difference between chord-wise consecutive panels, 𝑽 is the local panel
velocity and 𝒍 is the bound vortex segment. The second term is:

Δ𝑭𝑢𝑛𝑠𝑡𝑒𝑎𝑑𝑦 =

(
𝜌
𝜕Γ

𝜕𝑡
Δ𝐴

)
𝒏 (16)
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where Δ𝐴 represents the panel area and 𝒏 is the panel normal vector. The time derivatives of the circulation are
computed using the Fourier coefficients as a compact matrix-matrix product with the DFT derivative matrix:

𝜕𝚪
𝜕𝑡

= 𝚪̂

(
𝜕𝑫

𝜕𝑡

)⊤
(17)

The total lift coefficient is obtained by projecting the panel forces onto the unit length lift axis 𝒆𝐿 and normalizing by
the dynamic pressure and reference area:

𝐶𝐿 =
1

1
2 𝜌𝑉

2
∞𝑆

∑︁
𝑖

∑︁
𝑗

Δ𝑭𝑖 𝑗 · 𝒆𝐿 (18)

Similarly, the moment coefficient about a reference point is computed as:

𝐶𝑀 =
1

1
2 𝜌𝑉

2
∞𝑆𝑐𝑟𝑒 𝑓

∑︁
𝑖

∑︁
𝑗

(𝒓𝑖 𝑗 − 𝒓𝑟𝑒 𝑓 ) × Δ𝑭𝑖 𝑗 (19)

where 𝒓𝑖 𝑗 denotes the force application point (typically the center of the leading vortex segment) and 𝑐𝑟𝑒 𝑓 is the reference
length that is usually the mean aerodynamic chord (MAC).

C. Continuation Framework
Coexisting stable solutions, with distinct limit cycle amplitudes, may arise at specific operating conditions, evidenced

by amplitude jumps during freestream velocity sweeps [4]. To systematically trace these solution branches, the
Harmonic Balance Method is combined with continuation techniques, enabling the prediction a series of steady state
responses systematically. Continuation methods leverage prior solutions at adjacent parameter values to generate initial
estimates for subsequent computations, progressively advancing through the parameter space. The technique employs a
predictor-corrector algorithm, where a predicted solution is evaluated based on the previous solutions and a nonlinear
root finding solver corrects the solution iteratively. Solving for the autonomous system requires the extension of the base
unknowns with two extra variables: the fundamental response frequency 𝜔 and the freestream velocity 𝑈, the latter
being the continuation parameter.

𝒀 = [𝒙̃, 𝜔,𝑈]𝑇 (20)

The residual is extended by two additional equations that parametrize the two unknowns that have been added. To
resolve the inherent phase ambiguity in autonomous systems arising from time-translation invariance, an orthogonal
phase condition is introduced [12]. This condition is derived by enforcing orthogonality between the periodic solution
and its time derivative, effectively minimizing phase drift relative to a reference trajectory.

G𝑘
𝑖+1 =

𝑛𝐻∑︁
𝑗=1

𝑗

(
𝑿̃𝑖,2 𝑗 𝑿̃

𝑘

𝑖+1,2 𝑗−1 − 𝑿̃𝑖,2𝑘−1 𝑿̃
𝑘

𝑖+1,2 𝑗

)
= 0 (21)

where 𝑿̃𝑖,2 𝑗 means the 2 𝑗-th column of the coefficient matrix of the 𝑖-th continuation step. For 𝑑 ∈ {1, ..., 𝑛𝐻 } we
define the column index intervals:

Iodd
𝑑 =

{
(2𝑑 − 1)𝑛𝐷 , (2𝑑 − 1)𝑛𝐷 + 1, . . . , 2𝑑𝑛𝐷 − 1

}
and Ieven

𝑑 =
{
2𝑑𝑛𝐷 , 2𝑑𝑛𝐷 + 1, . . . , (2𝑑 + 1)𝑛𝐷 − 1

}
(22)

the partial derivative 𝜕G
𝜕𝒀̃

can now be defined in parts:

𝜕G
𝜕𝒙̃

���� 𝑗+1,𝑘

Iodd
𝑑

= 𝑑 𝑿̃2𝑑
𝜕G
𝜕𝑈

= 0

𝜕G
𝜕𝒙̃

���� 𝑗+1,𝑘

Ieven
𝑑

= −𝑑 𝑿̃2𝑑−1
𝜕G
𝜕𝜔

= 0
(23)

The parameterization equation constrains the continuation solver by enforcing a step-size-controlled predictor within a
local hyper-sphere centered on the previous solution. This geometric condition ensures that the iterative correction
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phase (e.g., via Newton-Raphson) remains well-conditioned, even near turning points or bifurcations where the system’s
Jacobian becomes singular [19].

P
(
𝒀 𝑘
𝑖+1

)
=


𝒀 𝑘

𝑖+1 − 𝒀 𝑖



2
2 − Δ𝑠2

𝑖 = 0 (24)

where Δ𝑠 is the step size. The derivative is defined as:

𝜕P
𝜕𝒀

= 2
(
𝒀 𝑘
𝑖+1 − 𝒀 𝑖

)
(25)

forming our extended residual system from eqs. (3), (21) and (24):

𝑹̃ = [𝑹,G,P]𝑇 = 0 (26)

and its Jacobian, calculated semi-analytically using the equations shown previously:

𝜕 𝑹̃

𝜕𝒙̃
=


𝜕𝑹
𝜕𝒙̂

𝜕𝑹
𝜕𝑈

𝜕𝑹
𝜕𝜔

𝜕G
𝜕𝒙̂

𝜕G
𝜕𝑈

𝜕G
𝜕𝜔

𝜕P
𝜕𝒙̂

𝜕P
𝜕𝑈

𝜕P
𝜕𝜔

 (27)

The tangent predictor estimates the direction of the solution branch by computing the local tangent vector to the
equilibrium manifold at the current solution. This vector, derived from the null space of the augmented system’s
Jacobian matrix, provides a first-order approximation of the trajectory in the extended space.

𝒀0
𝑖+1 = 𝒀 𝑖 + 𝒛𝑖Δ𝑠 (28)

where 𝒛 is a unit length vector tangent to the solution branch, determined by solving the linear algebraic equation system
using a least-squares solver for stability [19]:[

𝜕𝑹̃
𝑖

𝜕𝒙̃𝑖

𝒄⊤

]
𝒛𝑖 =

[
0(𝑛𝐸−1)×1

1

]
(29)

in which 𝒄 is a unit vector defined as:

𝒄 = 𝒆𝑖∗ , where 𝑖∗ = arg max
𝑖

[
|𝒛 𝑗−1
𝑖

|
max( |𝒙̃ 𝑗−1

𝑖
|, 𝜖)

]
(30)

with 𝒆𝑖∗ the canonical basis vector (all zeros except 1 at index 𝑖∗) and 𝜖 = 10−4 ensures numerical stability. Additionally,
the sign of the predictor may need to be flipped in case it points in the wrong direction [14].

The corrector step is defined as a Newton-Raphson step that is carried out by an advanced nonlinear root finding
solver such as MINPACK’s hybr routine that uses Powell’s hybrid dogleg method with trust region [20].

Stability analysis of the response enables the characterization of the stability properties of the branch and identify
various kinds of bifurcations [21]. In this work, the Floquet exponents are estimated in frequency domain using the
truncated Hill matrix method. The eigenvalue problem is formulated as follows [22]:

(𝑯 − Λ𝑰2𝑛𝑈 )𝑸 = 0 (31)

where the Hill matrix 𝑯 ∈ R2𝑛𝑈×2𝑛𝑈 is given by:

𝑯 =

[
0 𝑰𝑛𝑈

−𝚫−1
2 𝑱 −𝚫−1

2 𝚫1

]
(32)

with the matrices:
𝚫2 = 𝑰𝑛𝐶 ⊗ 𝑴

𝚫1 = 2𝜔∇ ⊗ 𝑴 + 𝑰𝑛𝐶 ⊗ 𝑪
(33)

The eigenvalue problem yields 2𝑛𝑈 eigenvalues, but only 2𝑛𝐷 have physical meaning as approximations to the Floquet
exponents. The remaining eigenvalues are artifacts of the harmonic truncation. The filtering approach implemented
here selects eigenvalues based on the magnitude of their imaginary parts [23].
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IV. Results
Numerical results are obtained for a three-degree-of-freedom (3-DOF) rigid wing model incorporating plunge, pitch,

and control surface deflection as shown in Figure 1, with the parameters and equations listed in the Appendix. This
model has been extensively studied in the literature, particularly in its linear configuration [24]. Linear stability analysis
(omitted for brevity) identifies the flutter speed as𝑈 𝑓 = 23.96 m s−1 [25].

Fig. 1 Schematic of a 2D airfoil with control surface [25].

The aerodynamic forces from the 3D HB-VLM are mapped to the 2D wing through the following relation:

𝒇𝒂 =
𝑉2

𝜋


−𝐶𝐿

2𝐶𝑀𝛼

(1−𝑐)2

2 𝐶𝑀𝛽

 (34)

The nonlinearity is introduced through the control surface stiffness:

𝒇𝒔 =


0
0

−
(
𝜔𝛽

𝜔𝛼

)2
𝑟2
𝛽
M(𝛽)

 (35)

To establish baseline results, the continuation method is first applied to an HBM formulation of the Theodorsen
model [24]. These results serve as a benchmark against which both time integration solutions and more advanced
aerodynamic models can be compared. Subsequently, the analysis is extended to incorporate the HB-VLM results,
which to our knowledge is a novel contribution to the literature.

Both the HB-Theodorsen and HB-VLM analyses employ 5 harmonics with 1536 sampling points per period for the
AFT procedure. The HB-VLM implementation utilizes a refined mesh configuration consisting of 45 chordwise panels
for the main wing surface and 15 chordwise panels for the flap, with both surfaces discretized using 2 spanwise panels.
The wake extends over a length corresponding to 3 periods of periodic motion, ensuring adequate capture of unsteady
aerodynamic effects.

Rather than employing the AFT procedure, the HB-VLM directly processes Fourier coefficients of the motion as
input and generates corresponding Fourier coefficients of the aerodynamic forces as output. The iterative solution
process within the HB-VLM occurs at each evaluation of the continuation residual.

A. Cubic Stiffness Nonlinearity
The cubic stiffness is modeled as a polynomial function of control surface deflection:

M𝑝 (𝛽) = 𝛽0 + 𝛽1𝛽 + 𝛽2𝛽
2 + 𝛽3𝛽

3 (36)

where 𝛽0 = 𝛽1 = 𝛽2 = 0 and 𝛽3 = 1 for this study.
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Fig. 2 HB-Theodorsen results for the 3-DOF wing with flap cubic stiffness nonlinearity

While numerical continuation results for a pitching cubic stiffness nonlinearity for a 2-DOF wing have been presented
very recently in the literature [26], to the authors’ knowledge, no results for the numerical continuation of a 3-DOF wing
with cubic stiffness nonlinearity have been published to date.

The results (Figure 2) are presented with stable regions indicated by solid lines and unstable regions by dashed lines.
Branch Points (BP), Limit Points (LP), and Time Integration (TI) results are marked on the figure for reference. The
response reveals rich nonlinear behavior with two distinct LCO branches emerging smoothly from the trivial solution
branch. The upper branch exhibits additional complexity through a secondary branch. Time integration validates the
stable branches; the isolated TI point near𝑈 ≈ 11.5 corresponds to a chaotic transition zone between stable regimes.

Figure 3 demonstrates the usefulness of higher order harmonic-balance results for better correspondence with time
integration results.

Figure 4 presents a comparison between the HB-Theodorsen and HB-VLM results. Both methods show good
agreement for low-frequency oscillations (𝜔 < 0.6), with discrepancies emerging at higher frequencies where Theodorsen
assumptions become less valid. Despite these differences, HB-VLM captures the overall branch topology, including
multiple solution branches.

The premature termination of some HB-VLM branches results from the continuation algorithm’s sensitivity to
aerodynamic force accuracy. Relaxing the HB-VLM convergence tolerance from 𝜖 = 10−12 to 10−8 approximately
triples the required continuation iterations, suggesting that a monolithic HB-VLM formulation [16] may offer improved
robustness.
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Fig. 3 3-DOF Wing HB-Theodorsen with H=1 and H=5 solutions
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Fig. 4 HB-Theodorsen and HB-VLM Comparison for the 3-DOF Wing with Flap Cubic Stiffness Nonlinearity
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B. Freeplay Stiffness Nonlinearity
Following Conner’s experimental study [4], the freeplay nonlinearity is defined as:

M 𝑓 (𝛽) = 𝑀0 +

𝛽 − 𝑎 𝑓 if 𝛽 < 𝑎 𝑓

𝑀 𝑓 (𝛽 − 𝑎 𝑓 ) if 𝑎 𝑓 ≤ 𝛽 ≤ 𝑎 𝑓 + 𝛿
𝛽 − 𝑎 𝑓 + 𝛿(𝑀 𝑓 − 1) if 𝛽 > 𝑎 𝑓 + 𝛿

(37)

where 𝑎 𝑓 = −2.12◦ is the freeplay offset, 𝛿 = 4.24◦ is the freeplay range, 𝑀 𝑓 = 0 is the freeplay stiffness, and 𝑀0 = 0 is
the preload.
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Fig. 5 Continuation results for the 3-DOF wing with flap freeplay stiffness nonlinearity

HB-Theodorsen continuation results for a 3-DOF wing with flap freeplay stiffness have been previously reported in
the literature [27]. However, these earlier analyses were incomplete, lacking identification of a critical secondary LCO
branch and omitting essential bifurcation information and stability characteristics. To the authors’ knowledge, the results
presented here constitute the first comprehensive continuation analysis for a 3-DOF wing with flap freeplay stiffness
nonlinearity, providing complete bifurcation mapping with full stability characterization of all solution branches.

The results, depicted in Figure 5, reveal two primary LCO branches that start abruptly by a jump from the trivial
solution branch. The branches emerge at the same freestream velocities as in the cubic stiffness case as the onset of
instability is governed by the same underlying linearized system [10]. The symmetry breaking pitchfork secondary
bifurcation is observed again on the upper branch with the same detachment point but a different reattachment point.
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Fig. 6 3-DOF Wing HB-Theodorsen with H=1 and H=5 solutions
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Fig. 7 HB-Theodorsen and HB-VLM Comparison for the 3-DOF Wing with Flap Freeplay Stiffness Nonlinearity
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Similarly to the cubic case, Figure 6 shows that the LCO harmonic content is rich and cannot be adequately
represented by a single harmonic.

Figure 7 shows similar trends to those observed in the cubic stiffness case when comparing HB-Theodorsen and
HB-VLM results. Correct agreement observed at low frequencies with discrepancies at higher frequencies.

V. Conclusion
In summary, this paper has demonstrated the application of a full frequency-domain approach to nonlinear

aeroelasticity by coupling a high-order harmonic-balance structural solver with a harmonic-balance vortex-lattice
aerodynamic model within a continuation framework. By applying the method to three-degree-of-freedom wing
sections with both polynomial and free-play nonlinearities, we have shown that high-order harmonic balance accurately
captures self-sustained LCO, including their rich harmonic content and bifurcation phenomena. The model is verified
against time integration aeroelastic methods and confirms the method’s accuracy. In particular, it captures in one case
a critical secondary LCO branch not previously reported in the literature. Moreover, it removes the assumption of
small angles and approximate wake function in the Theodorsen method. Looking ahead, this work paves the way for
rapid, design-stage exploration of complex wing geometries, through the use of improved aerodynamic models like
the NL-VLM method [28], and fully three-dimensional structural nonlinearities, thereby offering a powerful tool for
next-generation aeroelastic aircraft design and analysis.

Appendix: 3-DOF Wing Equations
This appendix presents the complete set of parameters and the equations used in the aeroelastic analysis of the

three-degree-of-freedom wing-flap system.
The values are taken from an experimental study by Conner et al. [4] and have been adapted to the chosen

non-dimensional form of the equations of motion.
Some of the parameters listed in Table 1 are related through the following equations:

𝜇 =
𝑚

𝜋 𝜌∞ 𝑏2 , 𝑟2
𝛼 =

𝐼𝛼

𝑚 𝑏2 , 𝑟2
𝛽 =

𝐼𝛽

𝑚 𝑏2 ,

𝑘ℎ = 𝑚𝜔2
ℎ, 𝑘𝛼 = 𝐼𝛼 𝜔

2
𝛼, 𝑘𝛽 = 𝐼𝛽 𝜔

2
𝛽 ,

𝜎 =
𝜔ℎ

𝜔𝛼

, 𝑉 =
𝑈

𝑏 𝜔𝛼

, 𝐶ℎ = 2𝑚𝜔ℎ 𝜁ℎ,

𝐶𝛼 = 2 𝐼𝛼 𝜔𝛼 𝜁𝛼, 𝐶𝛽 = 2 𝐼𝛽 𝜔𝛽 𝜁𝛽 , 𝜏 = 𝜔𝛼 𝑡. (38)

Given the dimensionless equation of motion:

𝑴𝑠 ¥𝒒 + 𝑪𝑠 ¤𝒒 + 𝑲𝑠𝒒 = 𝒇 (39)

where 𝒒 = [ℎ/𝑏, 𝛼, 𝛽]𝑇 are the variables for the plunge, pitch and flap deflections respectively, and 𝒇 = 𝒇𝒔 + 𝒇𝒂 is the
total force vector including nonlinear structural and aerodynamic forces.

The dimensionless matrices are given by [25]:

𝑴𝑠 = 𝜇


𝑚𝑇/𝑚 𝑥𝛼 𝑥𝛽

𝑥𝛼 𝑟2
𝛼

[
(𝑐 − 𝑎)𝑥𝛽 + 𝑟2

𝛽

]
𝑥𝛽

[
(𝑐 − 𝑎)𝑥𝛽 + 𝑟2

𝛽

]
𝑟2
𝛽


𝑪𝑠 = 2𝜇


𝜎𝜁ℎ 0 0

0 𝑟2
𝛼𝜁𝛼 0

0 0 𝜔𝛽

𝜔𝛼
𝑟2
𝛽
𝜁𝛽


𝑲𝑠 = 𝜇


𝜎2 0 0
0 𝑟2

𝛼 0

0 0
(
𝜔𝛽

𝜔𝛼

)2
𝑟2
𝛽



(40)

12



Table 1 System parameters for the three-degree-of-freedom aeroelastic model

Symbol Description Value Unit

Geometric Parameters
𝑏 Semi-chord 0.127 m
𝑎 Distance between mid-chord and elastic axis −0.5 –
𝑐 Distance between flap hinge and mid-chord 0.5 –
𝑥𝛼 Distance between EA and center of gravity 0.4340 –
𝑥𝛽 Distance between flap CG and flap hinge 0.02 –

Mass and Inertia Properties
𝑚 Mass of wing-aileron per unit span 1.5666 kg/m
𝑚𝑡 Mass of wing-aileron and supports per unit span 3.39298 kg/m
𝐼𝛼 Mass moment of inertia about wing EA per unit span 0.01347 kg·m
𝐼𝛽 Mass moment of inertia about hinge per unit span 0.0003264 kg·m
𝜇 Mass ratio 31.8846 –
𝑆𝛼 Static mass moment about wing EA per unit span 0.08587 kg
𝑆𝛽 Static mass moment of flap about hinge per unit span 0.00395 kg
𝑟𝛼 Radius of gyration around EA 0.7321 –
𝑟𝛽 Radius of gyration around flap hinge 0.1140 –

Structural Properties
𝑘ℎ Plunge stiffness coefficient 2818.8 kg/s2

𝑘𝛼 Pitch stiffness coefficient 37.34 kg·m2/s2

𝑘𝛽 Flap stiffness coefficient 3.9 kg·m2/s2

𝜔ℎ Uncoupled plunge natural frequency 42.5352 Hz
𝜔𝛼 Uncoupled pitch natural frequency 52.6506 Hz
𝜔𝛽 Uncoupled flap natural frequency 109.3093 Hz
𝜎 Frequency ratio 0.8080 –
𝜁ℎ Plunge damping ratio 0.0113 –
𝜁𝛼 Pitch damping ratio 0.01626 –
𝜁𝛽 Flap damping ratio 0.0115 –

Flow Properties
𝜌 Air density 1.225 kg/m3

𝑈 Freestream velocity Variable m/s
𝑉 Reduced velocity Variable –

Note that in the case of a nonlinear degree of freedom, the stiffness matrix 𝐾𝑠 must be modified accordingly to remove
the linear stiffness term for that degree of freedom. In the case of a nonlinearity in the control surface, the structural
force vector becomes:

𝒇𝒔 =


0
0

−
(
𝜔𝛽

𝜔𝛼

)2
𝑟2
𝛽
M(𝛽)

 (41)

where M(𝛽) is a nonlinear moment function defined by the user.
The aerodynamic forces are obtained from either the HB-VLM or Theodorsen’s model. For the latter the aerodynamic
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forces are given by:
𝒇𝒂 = 𝑴𝑎 ¥𝒒 + 𝑪𝑎 ¤𝒒 + 𝑲𝑎𝒒 + 𝑳𝜹𝒃 (42)

The generalized Theodorsen function is represented by Wagner’s function Φ(𝑡) [29] and computed using Jones’
approximation [30].

Φ(𝑡) = 1 − 𝛿1𝑒
−𝜆1

𝑈
𝑏
𝑡 − 𝛿2𝑒

−𝜆2
𝑈
𝑏
𝑡 (43)

with the coefficients 𝛿1 = 0.165, 𝛿2 = 0.335, 𝜆1 = 0.0455, 𝜆2 = 0.3. This yields two additional lag states 𝒃 = [𝑏1, 𝑏2]𝑇
associated to the unsteady aerodynamics along with their differential equation definition.

¤𝒃 = 𝑸𝑎 ¥𝒒 + 𝑸𝑣 ¤𝒒 + 𝑳𝜆𝒃 (44)

All the matrices are defined below:

𝑴𝑎 =


−1 𝑎

𝑇1
𝜋

𝑎 −
(

1
8 + 𝑎2

)
− 2𝑇13

𝜋

𝑇1
𝜋

− 2𝑇13
𝜋

𝑇3
𝜋2


𝑪𝑎 = 𝑉


−2 −2(1 − 𝑎) 𝑇4−𝑇11

𝜋

1 + 2𝑎 𝑎(1 − 2𝑎) 1
𝜋
(𝑇8 − 𝑇1 + (𝑐 − 𝑎)𝑇4 + 𝑎𝑇11)

−𝑇12
𝜋

1
𝜋

(
2𝑇9 + 𝑇1 + (𝑇12 − 𝑇4)

(
𝑎 − 1

2

))
𝑇11
2𝜋2 (𝑇4 − 𝑇12)


𝑲𝑎 = 𝑉2


0 −2 − 2𝑇10

𝜋

0 1 + 2𝑎 1
𝜋
(2𝑎𝑇10 − 𝑇4)

0 −𝑇12
𝜋

− 1
𝜋2 (𝑇5 − 𝑇10 (𝑇4 − 𝑇12))


𝑳 𝛿 = 2𝑉


𝛿1 𝛿2

−
(

1
2 + 𝑎

)
𝛿1 −

(
1
2 + 𝑎

)
𝛿2

𝑇12 𝛿1
2𝜋

𝑇12 𝛿2
2𝜋


𝑸𝑎 =

[
1 1

2 − 𝑎 𝑇11
2𝜋

1 1
2 − 𝑎 𝑇11

2𝜋

]
𝑸𝑣 = 𝑉

[
0 1 𝑇10

𝜋

0 1 𝑇10
𝜋

]
𝑳𝜆 = 𝑉

[
−𝜆1 0

0 −𝜆2

]

(45)
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With the auxiliary terms given by Theodorsen [24]:

𝑇1 = −1
3

√︁
1 − 𝑐2

(
2 + 𝑐2

)
+ 𝑐 cos−1 (𝑐)

𝑇2 = 𝑐

(
1 − 𝑐2

)
−
√︁

1 − 𝑐2
(
1 + 𝑐2

)
cos−1 (𝑐) + 𝑐

[
cos−1 (𝑐)

]2

𝑇3 = −
(

1
8
+ 𝑐2

) [
cos−1 (𝑐)

]2 + 1
4
𝑐
√︁

1 − 𝑐2 cos−1 (𝑐)
(
7 + 2𝑐2

)
− 1

8

(
1 − 𝑐2

) (
5𝑐2 + 4

)
𝑇4 = − cos−1 (𝑐) + 𝑐

√︁
1 − 𝑐2

𝑇5 = −
(
1 − 𝑐2

)
−
[
cos−1 (𝑐)

]2 + 2𝑐
√︁

1 − 𝑐2 cos−1 (𝑐)

𝑇6 = 𝑇2

𝑇7 = −
(

1
8
+ 𝑐2

)
cos−1 (𝑐) + 1

8
𝑐
√︁

1 − 𝑐2
(
7 + 2𝑐2

)
𝑇8 = −1

3

√︁
1 − 𝑐2

(
2𝑐2 + 1

)
+ 𝑐 cos−1 (𝑐)

𝑇9 =
1
2

[
1
3

(
1 − 𝑐2

) 3
2 + 𝑎𝑇4

]
𝑇10 =

√︁
1 − 𝑐2 + cos−1 (𝑐)

𝑇11 = cos−1 (𝑐) (1 − 2𝑐) +
√︁

1 − 𝑐2 (2 − 𝑐)

𝑇12 =
√︁

1 − 𝑐2 (2 + 𝑐) − cos−1 (𝑐) (1 + 2𝑐)

𝑇13 =
1
2
[−𝑇7 − (𝑐 − 𝑎)𝑇1]

𝑇14 =
1
16

+ 1
2
𝑎𝑐

(46)

To integrate the coupled equations of motion with lag states, the system is reformulated as a first-order system:

¤𝒚 = 𝑩−1 [𝑨𝒚 + 𝒇 (𝒚)] (47)

with the state vector 𝒚 = [ ¤𝒒𝑇 , 𝒒𝑇 , 𝒃𝑇 ]𝑇 . The matrix 𝑨 is defined as:

𝑨 =


𝑪𝑎 − 𝑪𝑠 𝑲𝑎 − 𝑲𝑠 𝑳 𝛿

𝑰3×3 03×3 03×2

𝑸𝑣 02×3 𝑳𝜆

 (48)

the matrix 𝑩 is defined as:

𝑩 =


𝑴𝑠 − 𝑴𝑎 03×3 03×2

03×3 𝑰3×3 03×2

−𝑸𝑎 02×3 𝑰2×2

 (49)

and finally the extended force vector is defined as:

𝒇 (𝒚) =
[

𝒇𝒔

03×1

]
(50)
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