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RESUME

Ce mémoire aborde le probleme de la recherche optimale d’une cible statique cachée aléa-
toirement dans un environnement discret, et dont ’emplacement est corrélé avec un deuxieme
objet également statique. Nous proposons une approche basée sur des modeles pour résoudre
ce probleme de maniere optimale. La corrélation entre objets est modélisée comme une distri-
bution de probabilité conjointe, représentant la croyance du chercheur sur les emplacements
possibles des objets. Nous utilisons l'inférence bayésienne pour mettre a jour cette croyance
apres chaque recherche infructueuse. Nous utilisons la programmation dynamique pour déter-
miner la politique optimale, qui tire parti du gain possible d’information que le deuxieme
objet peut fournir, s’il est détecté au cours de la recherche. Bien que cette approche basée
sur la programmation dynamique fournisse un point de référence, elle est computationnelle-
ment difficile pour les problemes a grande échelle en raison du fléau de la dimensionnalité.
Cet écart entre l'optimalité théorique et la faisabilité pratique motive le développement et
I’évaluation de méthodes approximatives. Nous étudions deux approches heuristiques dis-
tinctes : une méthode de planification en ligne de type k-steps (anticipation de k étapes) et
une méthode hors ligne, sans modele, utilisant 1’algorithme Deep Q-Network. En comparant
ces heuristiques a la solution optimale de la programmation dynamique et a une politique
myope de base (gloutonne), cette étude fournit une analyse des compromis entre 1'optimalité

et l'efficacité computationnelle dans le probleme de recherche de deux objets corrélationnels.
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ABSTRACT

This thesis addresses the problem of optimal search for a static target randomly hidden in
a discrete environment, and whose location is correlated with another static object. We
propose a model-based framework to solve this problem optimally. The objects’ correlation
is modeled as a joint probability distribution, representing the searcher’s belief about the
objects’ possible locations. We use Bayesian inference to update the searcher’s belief after
each unsuccessful search. We propose a solution based on dynamic programming to compute
the theoretically optimal policy, which leverages the information gain from detecting the
related object during the search. While the proposed dynamic programming method provides
a benchmark, it is computationally intractable for large-scale problems due to the curse
of dimensionality. This motivates the development and the use of scalable approximate
methods for practical purposes. We investigate two distinct heuristic approaches: an online
planning method based on k—step lookahead and an offline, model-free Deep Q-Network
algorithm. By comparing performances of these heuristics against both the DP solution and
a baseline myopic (greedy) policy, this study analyzes the trade-offs between optimality and

computational efficiency in the two-object search problem with correlated objects.
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CHAPTER 1 INTRODUCTION

Searching for objects' under uncertainty is a fundamental challenge in various real-world
scenarios, such as search and rescue operations in disaster zones, locating survivors or people
in distress, or finding the wreckage of a crashed aircraft. However, uncertainty about the
target’s location and various factors such as imperfect sensors and a limited search budget
often complicate the search and do not always guarantee its success. Thus, the common goal
in the majority of search problems is to develop search strategies that maximize the chance

of locating a target (or a set of targets) under environmental constraints.

The search is usually initiated with a prior probability distribution that serves as a belief of
possible target locations. This probability guides the searcher’s initial decision and is updated
after every unsuccessful search. Thus, the necessity of an informative prior distribution [1]
is evident, since it influences the search process. Constructing an efficient prior distribution
requires domain knowledge and expertise. A good example of this process can be seen in the
search for the wreckage of Air France Flight AF 447 [2]. The prior was created as a weighted
mixture of three different scenarios. The first one was a uniform distribution assumed within
a 40 NM radius centered by the aircraft’s last known GPS position. The second distribution
was based on statistical data from past airplane crashes involving high-altitude loss-of-control.
The third distribution relied on reverse-drift analysis of the dead bodies found on the surface.
This reverse-drift scenario needed knowledge about the ocean and atmosphere to simulate
how recovered bodies moved backward in time while considering ocean currents and wind
drift. By assigning subjective weights to these scenarios based on analyst confidence, a prior
probability map was created. In this study, we assume that the searcher already possesses

the prior distribution, and their only concern is to developing a robust search strategy.

We investigate a search problem with a single static target whose location is correlated with
another static object present in the same search environment. We can explain this correlation
with several real-world situations. For instance, in a search and rescue operation, a missing
person in a forest might be found near a water source. Similarly, in wildlife, the presence of

a particular predator potentially implies the presence of a specific prey in the surroundings.

By modeling this correlation as a joint probability distribution, we can propose a framework

that leverages this informative relationship to optimize the search efficiency. This allows the

!The term objects is used broadly throughout this work to encompass living (e.g., a person), non-living
(e.g., a vehicle), or virtual (e.g., a piece of data) entities.



searcher to exploit the valuable information gain that the discovery of the related object
yields, by bringing more precision about the target’s possible location. In this case, sub-
sequent searches shift from referring to the joint belief distribution to referring to a simple

distribution conditioned on the related object location.

We propose a search method based on dynamic programming (DP) [3,4] and Bayesian
search [5] to determine the optimal policy that maximizes the chance of a successful search,
accounting for the correlation with the related object. We assume a discrete search space,
a finite search horizon, and a sensory system can miss detecting the target, but does not

declare a false detection.

While the DP formulation provides a theoretically optimal search policy, its practical appli-
cation is severely limited by the curse of dimensionality. With a large number of search cells
and a large time horizon, the number of possible search trajectories explodes, making the
optimal solution computationally intractable. This motivates the second central focus of this
study: the development and evaluation of scalable approximate methods. To address this
tractability challenge, we investigate two distinct heuristic approaches. The first is an online
planning method based on the k—step lookahead, and the second is a Reinforcement Learn-
ing (RL) approach using Deep Q-Network (DQN). By comparing these scalable heuristics
against the optimal DP solution, and the myopic (greedy) policy as the baseline, this study
provides a comprehensive analysis of the trade-offs between optimality and computational

efficiency in the two-object search problem involving correlated objects.



CHAPTER 2 LITERATURE REVIEW

Finding objects of interest within a complex environment is a significant challenge in various
real-world scenarios. These include and are not limited to search and rescue (SAR) opera-
tions, where time is crucial for the survival of victims; the search for missing aircraft; the
deployment of military assets; and the detection of invasive threats. This problem is rele-
vant across to diverse fields such as robotics, autonomous systems, computer vision, artificial

intelligence, tracking, surveillance, and cybersecurity.

This chapter establishes a foundation for our research by reviewing the key literature in
optimal search theory. We start by tracing the historical development of the field, from its
foundational principles to the modern classification of search problems. Then, we outline
essential mathematical tools, such as Bayesian inference and DP, that are relevant for de-
veloping solution methods. This background provides the necessary context for our primary

focus: the benefits and challenges in correlated multi-object search.

2.1 Foundational Concepts

Optimal search theory originated from World War I with the Anti-Submarine Warfare Oper-
ations Research Group of the U.S. Navy. A team led by Bernard Osgood Koopman pioneered
research in the field by developing strategies to locate enemy submarines [6]. His work, pub-
lished in the book Search and Screening [7], was initially classified but later expanded upon in
the following years and serves as the foundation for many modern search techniques. Koop-
man developed methods to compute detection probabilities, identify the optimal search effort

allocation, and analyze different search patterns.

Following the success of the Anti-Submarine Warfare Operations, optimal search theory has
been used extensively by the U.S. Navy in several search operations, including finding the
H-bomb lost in the ocean near Palomares, Spain, in 1966, and the submarine USS Scorpion
lost in 1968 [8]. The U.S. Coast Guard popularized the theory by extensively using it in
its SAR operations. In 1974, the U.S. Coast Guard deployed the first Computer-Assisted
Search Planning (CASP) program, incorporating probability theory to assist in its SAR
operations [9]. CASP was effective in finding the lost sailing vessel S/V Spirit and its crew

members in 1976.

In the work [10], Koopman formulated the basic search problem for a stationary target



with an exponential detection function. L.D. Stone [8] provided a general description of the
basic problem for a single stationary target and established the relationship between locally
optimal and uniformly optimal plans. He also discussed notions such as the search allocation
vector and the whereabouts search [11,12]. He also detailed the ingredients for effective
search planning, such as the target’s prior location distribution, sensor capabilities,
the detection function, the search plan strategy, and the target’s location belief
update. Over the years, the theory has been extended to a wide range of fields such as

robotics and artificial intelligence [13-17].

2.2 Basic Search Problem

In its initial development, search theory was concerned with locating a target randomly hid-
den in a defined search environment. This can be a physical or a virtual entity that the
searcher aims to find. Depending on the scenario, the target can be static, like a misplaced
item in an office, or mobile, such as a survivor drifting at sea or a wreckage of a crashed
airplane being moved by ocean currents. Stone [8] covered basic search problems and formal-
ized different approaches for detecting a lost target, depending on the search scenario and
objective. These approaches involve Bayesian inference for updating the belief about a
target’s presence based on collected information, and they serve as the foundation of modern

optimal search methods.

Each search mission starts with a specific goal or objective. Typically, the main goal is to
maximize the chance of finding the target with a limited budget. In these scenarios,
early detections and later detections are considered equal successes. This is like looking for

a misplaced item at home.

Sometimes, the objective could be to locate the target as early as possible. This is
crucial in time-sensitive scenarios like SAR operations, where every second is critical for
victims’ survival. Similarly, the goal could be to minimize the search budget, such as
saving a robot’s battery or reducing fuel consumption. In these cases, the strategy isn’t just
about finding the target, but about finding it with the least amount of effort and resources

spent.

Several key concepts help formalize search scenarios as solvable problems. Among these we
have the search space, which represents the environment where the search occurs. This
environment can be a continuous area, such as a patch of ocean, or, more commonly for

computational methods, it can be discretized into a finite number (let’s say n > 1) of cells,



such as a search grid as shown in Figure 2.1. The structure of the search space, including
obstacles or varying terrain, impacts the search process. Within this defined search space,
the precise location of the target is unknown. However, at the beginning of the search, the
searcher usually possesses an initial probability distribution, known as the target’s prior
distribution, denoted by py. This prior distribution creates a probability map over the
search environment, reflecting the searcher’s belief of the target’s presence across that search
environment. In discrete search scenarios, the prior distribution is a vector of the form
Po = [Poi,---,Pon Let define the set [n] = {1,...,n}. We then have p,;, with i € [n], the
probability that the target might be located in cell 7. For example, based on the scenario

illustrated in Figure 2.1, we could have
po = [0.10,0.12,0.08,0.15,0.11, 0.09, 0.13,0.10, 0.12].

The prior distribution is critical, as it allows the searcher to formulate an optimal search
strategy. As the search progresses and new information is gathered, this distribution can be

refined into a posterior distribution (as shown in Figure 2.2) to guide subsequent decisions.

Prior Heatmap

0.08

Figure 2.1 Tllustration of a discretized search environment. The left panel shows a conceptual
map divided into 3 x 3 search cells, with a search vessel (the target) positioned in the top-
left cell. The right panel displays an example heatmap representing the searcher’s belief
(probability distribution) over the possible locations of an object across these cells. Higher
probability values (yellow) indicate a greater likelihood of the object being in that cell.

The process of searching consumes resources, collectively referred to as search effort or
a search budget. This can be for example time, energy, or financial cost allotted for the
search. In practice, the searcher often has a limited budget in hand, and therefore aims to
strategically allocate that budget across the search environment. In the case of discrete search,

this refers to deciding the quantity of the search budget each cell should receive. However, the
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Figure 2.2 Tllustration of a prior belief updated to a posterior belief. The left panel shows
the searcher’s prior belief (probability distribution) over a 3 x 3 grid. An unsuccessful search
is then conducted in cell (1,0). The right panel displays the updated posterior belief, where
the probability mass has been shifted away from the unsuccessfully searched cell (1,0).

effectiveness of the effort applied to a given cell is directly linked to the sensor capability to
detect the target when it is present in that cell. Sensors can be categorized as perfect sensors,
which detect a target with certainty (with a detection probability of 1) when the target is
within its detection range, or imperfect sensors. Imperfect sensors can be subject to false
positives (incorrectly indicating a detection) and, more commonly, false negatives (failing to
detect a target that is present within the detection range). For these imperfect sensors, the
levels of imperfection are measured with probabilities of declaring either a false positive or
a false negative detection. These elements—the target’s prior distribution, the search effort,
and the sensor’s reliability— are fundamental for developing an efficient search strategy to
optimize the chance of a successful search. In the remainder of this work, we consider only

discrete search scenarios.

2.3 Effort Allocation Vector

An allocation vector, z = [21,..., 2,], where z; € N, represents a specific distribution of a

n
total search effort K across the n cells of the search environment. This means > z; = K. We
i=1

define Z = {z e N" | i zi =K } as the set of all possible effort allocation vectors. For each
vector z € Z, we den:):tia P[z] as the probability of locating the target with that allocation
and C[z] as the associated cost. The cost is constrained by C[z] < K, where K represents the
total search effort (or search budget). Based on this framework, Stone [12] formally defines
the basic search problem as finding an optimal allocation z* that maximizes the overall

detection probability while adhering to the cost constraint:



Pl"] = max{P[z] : z € Z and C[z] < K} (2.1)

To define P[z] and C|z], we first consider the following key assumption [8]:
Assumption 1 Searching a cell with the sensor cannot lead to a false positive detection.

Assumption 1 is important to simplifying the search problem for two main reasons. First, it
allows the search to end with certainty as soon as a detection occurs. Secondly, it simplifies
the problem structure. Without this assumption, a detection would not be definitive; it would
only increase the belief that the target might be in cell i € [n], and the search would likely
continue to gather more certainty. This would result in a more complex Partially Observable
Markov Decision Process (POMDP), making it significantly harder to solve. This assumption
can be justified, for instance, by scenarios where any potential detection is confirmed by a

reliable second source (like a human supervisor) before being declared.

We also make the following assumption [8]:

Assumption 2 The miss-detection rate for a specific cell i is assumed to be stationary and

independent across repeated search attempts.

If z; € N is the number of time a cell 7 has been searched, and ~; € [0, 1] is the probability
of failing to detect the target in a single and independent search in cell 7, Assumption 2
means that the probability of failing to detect the target given its presence in cell ¢ remains
constant and invariant in time for every look. This means that the cumulative probability of
non-detection after z; independent attempts is geometrically distributed as 7;*. This implies
that the overall miss-detection in a cell containing the target decreases as the number of

looks in that cell increases.

Consequently, the probability of finding the target after z; independent attempts is the com-
plement of failing z; times independently, which is 1—+;*. By weighting this detection proba-
bility by the prior belief py; and summing over all cells, Stone [8] defined the overall detection

probability for a given search plan as:

Pl = Zp (1 - 7). (2.2)



Similarly, if we define ¢(i, z;) as the cost of applying effort z; to cell 7, the total cost for the

allocation vector z is the sum of the individual costs:

n

Clz] =) cli, ). (2.3)

i=1

Therefore, the basic search problem, under Assumption 1, concerns of finding the optimal
integer vector z* that maximizes (2.2) subject to the constraint that its total cost, calculated
via (2.3), does not exceed the budget K.

2.4 Types of Search Problems

Depending on the objective and the number of targets [18-20], or the number of searchers [21],
we can identify different categories of search problems. Benkoski et al. [6] suggested dividing
them into two main categories: One-Sided Search Problems, where only the searcher creates
strategies to find the target, and Two-sided Search Problems, where the target is also an
active agent using its own strategy, either to escape from the searcher or to cooperate in

being found.

2.4.1 One-Sided Search Problems

In this category, the target does not use any particular strategy to respond to the searcher’s
actions. The target can be stationary [11,20] or moving [12]. The latter case leads to a
search and tracking problem [22]. The most common goals in this category usually involve
maximizing the detection probability or minimizing the search cost (e.g., time or resources).
This category applies to many real-world scenarios, such as search scenarios with non-mobile
objects in SAR and Unmanned Aerial Vehicle (UAV) missions [23,24], police searches for
evidence, detection of Improvised Explosive Devices (IEDs) [25], and visual search in real

scenes [26].

2.4.2 Two-sided Search Problems

In this category we distinguish two specific scenarios: cooperative and non-cooperative searches
[27]. An example of the first one is the rendezvous search, where both entities cooperate to
locate each other. In the non-cooperative search, the target knows about the searcher’s inten-
tions and develops strategies to escape or to remain hidden. Search problems like these are

typically modeled with game theory [28]. These scenarios often require more complex search



strategies and dynamic decision-making. We count many subcategories from this, such as
the Mobile Evader and the Ambush Game [29-31]. In the latter, for example, the hider tries
to move between specific areas without being detected, while the searcher optimizes their
resource allocation across regions to increase the chance of an ambush. These types of search
problems find many real-world applications, such as in military and law enforcement opera-
tions or predator-prey studies. Moreover, these types of searches can involve one or multiple

searchers against one or multiple hiders.

Note: Although this work investigates a Two-Object search problem involving a target and
a correlated object, both objects are assumed static and non-reactive. Thus, the research

presented in work falls under the category of One-Sided Search Problems.

2.5 Bayesian Search

From the success of CASP, developments in Bayesian search theory became key to optimal
search problems. This method uses Bayesian inference to update beliefs based on information
gathered, thus improving the efficiency of future search decisions [5,22,32,33]. For instance,
this could be dynamically updating the prior belief pg to a posterior belief p, leveraging

all collected information after ¢ search attempts.

Under Assumption 1, and assuming uniform costs across all search cells, Stone [8] developed
a uniformly optimal search plan that uses Bayesian inference to minimize the time to detect a
static target. Loxley et al. [4] applied Bayesian inference in the context of entropy maximiza-
tion to leverage informative measurements collected during the search in decision-making.
Stone et al. [2] used Bayesian inference to produce the posterior distribution of the Flight AF
447. Their Bayesian model enabled discovery undersea in one week of the wreckage, after two
years of failure with prior search methods. Other practical applications include the search
for flight MH370 [34], although that specific search was unsuccessful.

2.6 Dynamic Programming for Search Problem

Optimal search in discrete cases can be viewed as a sequential decision-making problem un-
der uncertainty. At each stage of the search, the searcher must decide where to search and
how much of their limited resources to allocate to that location to optimize the chances of a
successful search. This decision relies on the information currently available. DP [3], intro-

duced by Bellman, is the foundational mathematical framework for solving such problems.
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It provides a structured way for finding a provably optimal policy for sequential problems.

2.6.1 Framework

The core of DP is the Bellman’s principle of optimality. This principle states that:
“an optimal policy has the property that whatever the initial state and initial decision are,
the remaining decisions must constitute an optimal policy with regard to the state resulting
from the first decision”. For instance, any segment of the shortest path between two vertices

in a graph is also a shortest path between its endpoints.

Before applying DP to a search problem, we need to formalize it using its main components.

A state x; provides a complete description of a system at a given time ¢. In a search problem,
the state could reflect all information gathered after ¢ unsuccessful search attempts. This can
include how many times each area has been visited, and how much of the search budget has
been spent there. A control u; indicates the decision made based on the knowledge provided
from the state. In a discrete search problem, the control could correspond to the choice of

the cell to search. The system dynamics, noted as :

Ti41 = ft(xn Ut) (2-4)

determines the next state, which is the consequence of taking a control u; while in a state x;.
However, in many practical scenarios the outcome of a control is uncertain. This uncertainty
is modeled as a variable w;, which represents the randomness of the outcome. In this context,

the next state x;,1 is expressed as:

Ti41 = ft(xtautywt)' (2-5>

In a search problem, w; could be a consequence of Assumption 1, representing the uncertainty
that the target will be found or not after implementing the control u;, which affects the next

state.

A policy is a rule or function that dictates how to choose controls based on the current state.
Let u; be a function that maps a given state x; to a control u;. The function u; is called
a deterministic policy if it maps each state x; to a specific control u; with probability 1.
However, if 1, maps x; to a control u, with a certain probability p(u.|z;), then p, is called a
stochastic policy. In a discrete problem with a given initial state zy and a finite number

of stages T, we can solve a DP problem using a policy m = [pg, - , ir—1] starting from z.
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For a given problem, we denote II the set of all admissible policies.

2.6.2 Objective Function

Another crucial notion in DP is the objective function. DP aims to identify a policy that
optimizes a given objective function. This may involve minimizing the total cost incurred by
a sequence of controls, or maximizing the gain derived from that sequence. Let g;(x, us, wy)
denote the cost at stage t after applying a control u; while in state x; (the disturbance w; is
considered as well for non-deterministic scenarios). Given an initial state zy and a policy m,

the expected total cost of m can be expressed as:

Jo(zo) = E {mm 3 gl e, wt>} (2.6

t=0

Here, gr(z7) is the terminal cost at the final state x7. The goal of DP is to find an optimal

policy 7* that minimizes this expected cost:

I (0) = 17?611111 I (o) (2.7)

Let define U(z;) as the set of all admissible control u; for the state z;. Using the principle
of optimality, 7* can be found by proceeding via backward induction using the following

algorithm, known as the Bellman equation:

Jr(zr) = gr(zr)
Ji(ze) = min  E {gi( @, ue, we) + o1 (fel@g, u,we))}, t=T—1,...,0

utGU(xt) wt

(2.8)

Despite the guarantee of optimality, a significant challenge in applying DP to real-world
search problems arises when dealing with large state spaces, or long problem horizons. For
example, Chakraborty et al. [35] and Sarmiento et al. [14] explored searching with non-
uniform travel times. They showed that when the cost of moving between search points
is not constant—common in many robotics and SAR applications—the problem of finding
the optimal search path becomes NP-hard. This NP-hardness emerges because the optimal
sequence of future moves depends on the entire path taken so far to minimize travel costs,
similar to routing problems such as the Traveling Salesman Problem (TSP). This computa-
tional challenge necessitates the development of Approximate Dynamic Programming (ADP).

Techniques such as limited lookahead policies and rollout algorithms are ADP methods that
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approximate the true cost to go J;11 in the Bellman equation, allowing for high-quality and
computationally feasible solutions. These methods are suitable for real-time decision-making

with large-scale search scenarios.

2.6.3 Limited Lookahead Policies with Rollout Approximation

A useful method for making DP tractable is the limited lookahead policy. The idea is to
truncate the full DP problem into a manageable, short-term horizon that looks ahead only
k stages. At each time step t, the agent solves this k-step DP problem to identify the most
promising action. This approach, however, creates a new challenge: to solve the k-step
problem, we need to know the value (or cost-to-go) of the states at the end of that short
horizon. Since we are not solving the entire DP, the true value function, J;,, is unknown.

It must be replaced by an approximation, J;_ .

This is where the rollout algorithm is useful. A rollout is a simulation-based method that
approximates J, 5. It proceeds by estimating the value of a state at the end of the lookahead
(244x) through numerous simulations from that state to the final time horizon, T'. These
simulations are based on a predefined, computationally simple base policy, mp.se. Then, the
approximate value, Jy,, is simply the average of the total costs (or rewards) from all the

simulated trajectories.

The final, combined heuristic—and the one used in our study—is the k-step lookahead with
the rollout algorithm. This combined approach benefits from both worlds: it performs an
exact, detailed DP optimization for the immediate k£ steps, allowing for intelligent short-
term planning, while also leveraging the fast and efficient rollout simulations to provide a

reasonable estimate of the long-term future beyond that k-step window.

The depth k controls a crucial trade-off between performance and computational cost. A
small k (e.g., & = 1) is computationally fast at each step but may be myopic at a certain
point. As k increases, the short-term plan becomes more sophisticated and the policy’s
performance gets progressively closer to the true optimal DP solution. Ultimately, if we set
k =T, this heuristic becomes the DP algorithm.

This hybrid approach has an important property: as the agent approaches the end of the
mission, its decisions become provably optimal. If the fixed lookahead k is greater than or

equal to the remaining time (i.e., k > T —t), the lookahead horizon effectively becomes the
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remaining time, T"—t. In this case, the agent solves the exact DP problem for the remainder
of the search. The rollout algorithm is no longer needed because the lookahead reaches the

true terminal time 7', and the defined terminal value Jr (which is 0 in our case) is used.

As a simple example, if we consider a one-step lookahead (k = 1), the agent’s action fi;(z;)
at each step t is derived by finding the action that maximizes the immediate reward plus the

rollout-approximated value of the next state:

() = arg max B {gi(w,, ur,we) + Joa (filwe, u,wi)) } (2.9)

UtEU(CEt) Wt

We should note that £ = 0 corresponds to the greedy policy, which aims to optimize only

the immediate outcome, regardless of the future, and £ = T corresponds to the complete DP.

2.6.4 Reinforcement Learning for Search Problems

Function approximators, such as Neural Networks (NNs), are powerful tools used to learn
complex, high-dimensional functions directly from input data. In the context of Reinforce-
ment Learning (RL), they are essential for solving problems with large state spaces. Instead
of calculating and storing a value for every possible state, an NN learns to approximate this
value function, generalizing from previous experience to make predictions about new obser-
vations. This offers a powerful alternative to DP for large-scale search problems, particularly

those with a significant number of search cells and a long search horizon.

However, for good performance, the state representation-how the NN observes the environment-
plays a critical role. Matzliach et al. [36] on searching for static and mobile targets is one
of the examples of using NN to solve search problems. They successfully trained a Deep
Q-learning (DQN) [37] agent to locate targets in a 2D occupancy grid space. To manage
the complexity of the problem, they defined the agent’s observation as a 2D occupancy grid,
which represents the agent’s belief about the probability of the target being in each cell. This
entire grid was used as the input to a neural network, which learned to map this belief state
to an effective search action. Another example comes from the work of Matzliach et al. [17],
who also included the agent’s belief in the observation provided to the neural network. This
demonstrates that a neural network can effectively learn a search policy directly from the
targets’ belief distribution. This provides a foundation for our use of NN-based methods as

a scalable heuristic for complex search problems.
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2.7 Correlated Search in Literature

The foundational work in search theory, as explored by Stone [8], focuses on the classic
search problem of finding a single hidden target. While this is a crucial starting point, many
real-world scenarios involve more complexity, such as searching for multiple targets or using

multiple searchers.

Over the years, many studies have explored these multi-target problems [5,22, 36, 38, 39].
Various methods for tackling them have been proposed. However, a common thread used in
much of these works is the simplifying assumption that the locations of the different targets
are independent of one another. While this assumption makes the problem much easier
to solve, it overlooks a significant strategic advantage: the valuable information that the
relationship between targets can provide. By ignoring this correlation, these methods miss out
on the opportunity to make the search strategy more intelligent and efficient. Other studies
investigated search problems with correlated objects [15, 16, 40]; however, these approaches
often rely on ad-hoc or greedy strategies, which are simple heuristics, on-the-spot rules rather

than a fully optimized plan.

Another concept commonly used in correlated search scenarios is the indirect search [13,
40, 41], where a mobile robot first locates a common, easy-to-find intermediate object to
exploit its known spatial relationship with a primary target. This structure primarily exploits
spatial relation, and finds applicability in many object navigation problems in robotics such
as the Habitat Navigation Challenge 2023 [42]. While conceptually powerful, this strategy’s

efficiency is contingent on the target actually being in the vicinity of the intermediate object.

More recent work has sought to formalize this correlational search from a general probabilistic
point of view. El-Hadidy [39], for instance, modeled a search for two correlated targets but
constrained this relationship with the simplifying assumption that the related object, still
randomly hidden, must always be in one of the cells adjacent to the primary target. While
this makes the problem mathematically tractable, it limits the model’s applicability to this
specific spatial and probabilistic configuration. In contrast, the approach by Zheng et al. [43]
uses a more flexible, data-driven framework based on POMDPs. Their model learns the
complex spatial relationships between multiple object types from simulations and uses these
learned correlations to update its belief about a target’s location when a related object is

observed.

Our work builds upon these ideas but addresses a distinct gap. It differs from prior works in
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two key aspects: (1) while the model by Zheng et al. is powerful, it relies on a learned model
within a complex POMDP framework. Our approach, conversely, operates on a pre-defined,
explicit correlation model for two objects. By representing this relationship with a joint
probability matrix, pg, we avoid imposing rigid structural constraints—such as adjacency—on
how the objects’ locations are related. This allows our method to capture any possible
statistical relationship, from targets being in the same location to being on opposite sides of
the search environment. This formulation makes our approach more flexible and applicable
to a wider range of search scenarios where the exact nature of the correlation might not
be perfectly defined; (2) our model explicitly accounts for the dual-outcome nature of each
search action. Many search models focus solely on the primary target, treating related
objects only as contextual clues. In our framework, every search for the primary target in
the location Oy is also simultaneously a search for the related object in the location Oy. The
optimal policy therefore learns a more complex strategy: it must dynamically balance the
immediate probability of finding the main target against the long-term informational value
of incidentally discovering the secondary object, which would trigger a more informed search

for the remainder of the mission.

2.8 Research Objective

This study addresses a search problem involving a primary target whose location is corre-
lated with a secondary object in a discrete environment. Our main objective is to develop a
search strategy that leverages the objects’ correlation to identify the policy that maximizes
the chance of a successful search. To achieve this, we start by developing a general model
for correlational search. We aim to create a framework that leverages the probabilistic
relationship between objects without any limiting structural or spatial constraints on their
correlation, which is a common approach to simplify the problem in existing literature. Sec-
ondly we aim to build a forward-looking search policy. In contrast to greedy approaches
that only consider the best immediate action, we use methods like DP to derive a policy
that is globally optimal over the entire, finite search horizon. The output of our strategy is

a policy that maximize the chance of a successful search.

We consider a search problem where a primary target and a related object are hidden
within the same environment, which is divided into n discrete cells. Their locations are
not independent; their relationship is described by a known joint probability distribution.
The searcher’s goal is to find the primary target within a finite number of search stages, T,

using imperfect sensors that are subject to missed detections (false negatives) but not false
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positives.

The most straightforward approach is to conduct a single-object search. This involves ex-
tracting the target’s marginal distribution from the joint prior and applying an optimal
strategy, such as those derived from the work of Stone [8]. While this method is optimal for
the single-object case, it can be inefficient if the sensor’s ability to detect the primary target

is low, as many search actions may be wasted.

However, a more sophisticated strategy can leverage the correlation between the objects.
During the search, the agent might incidentally detect the related object, perhaps because
it is larger or more easily detected by the sensor. The data-processing inequality [44], a
principle from Information Theory, states that additional information cannot increase uncer-
tainty. This implies that discovering the true location of the related object provides valuable
intelligence for the remainder of the search. When this happens, the agent can discard its old
belief about the target’s location and adopt the new, more informative posterior distribu-
tion, conditioned on the related object’s known position. A search strategy guided by this
new posterior performs at least as well as the one based on the original marginal distribution,

as “information never hurts”.

While the problem simplifies to a standard single-object search after the related object is
found, the true challenge lies in the initial phase when both objects are hidden. The searcher
requires a unified strategy that can reason about all possible future outcomes. The challenge,
therefore, is to develop a policy that efficiently searches for the primary target while intelli-
gently considering that at any stage, it might discover the secondary object, fundamentally

changing the information state for all subsequent steps.

2.9 Conclusion

This chapter has provided an overview of the optimal search theory in the literature, begin-
ning with the foundational principles of single-object search and extending to more complex
multi-object problems. It reviews the core mathematical tools, such as Bayesian inference
for belief updates and DP for policy optimization, that are commonly used to solve these
problems. Furthermore, we analyze the existing work on correlated search, highlighting the
key differences in how prior studies have modeled these relationships compared to the more

general approach adopted in this study.

A key takeaway from this review is that while many methods exist, they often rely on
simplifying assumptions—such as targets independence or restrictive correlation models—to

maintain tractability. This reveals a clear gap in the literature for a method that can handle
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a general, unconstrained correlation model while still providing a framework for computing

an optimal policy.

By contextualizing our research within this landscape, we have established the foundation for
our contribution. The subsequent chapters will now detail our proposed model, which directly
addresses this gap by combining a flexible joint probability model with an DP solver, and
will then explore scalable, approximate methods for applying this framework to large-scale

problems.
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CHAPTER 3 ONE-OBJECT SEARCH DYNAMIC PROGRAMMING

This intermediate chapter introduces DP as an approach to finding the optimal policy for
the single-object search problem. The main objective is to establish this as a foundational

step towards addressing the two-object search problem in the next chapters.

3.1 The Search Problem

Given a finite search horizon T" € N and a search environment subdivided into a finite number,
n € N, of cells, we aim to determine the policy that maximizes the chance of finding a hidden
target in one of the cells. The target is stationary but randomly located in one of these cells.
We denote by O; the target’s location within the search environment. Before the search
starts, the searcher possesses a prior belief about where the target might be, represented by
a probability distribution

Po = [po,h S 7p0,n]

over the n cells, where py; = P[O; = i] is the probability that the target is in cell i. The
prior is updated to a posterior if an unsuccessful search occurs, where the posterior becomes
the prior for the next search iteration. So, at any search stage ¢t € [T], the searcher chooses

a cell a; € [n] in which to search for the target.

We consider Assumption 1 and Assumption 2 of Section 2.3, and formally define the miss-
detection rate v; as:
v = P[No detection in i | Oy = 1.

As a consequence of Assumption 1, we have that:
P[Detection in i | Oy # i] = 0.

This leaves the sensor’s performance to be entirely defined by its false negative rate, or
miss-detection probability. With this we ensure that the history of sequential non-detections
is a sufficient summary of the information gathered so far. This approach spares us
the complexity of tracking belief states, which belong to a continuous space. Relying on
the belief state directly would transform the problem into a Partially Observable Markov
Decision Process (POMDP), which is generally computationally intractable for methods like

Dynamic Programming.
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Under this assumption, the state s; is defined by the search history up to time ¢, represented
by the sequence h; = [ay,...,a;_1], which stores the cells that have already been visited.
This search history is crucial since it serves as the sufficient statistic required to determine
the current belief of the target location. We should also point out that a cell i € [n] can be
visited more than once because the searcher might have missed detecting the target in cell ¢
in previous looks; thus, it can appear multiple times in h;. The state can also take a terminal
value, denoted by L, where s; =1 represents that the search has stopped, i.e., a detection
has already occurred. L is independent of the specific search history h; at the moment the
target is found; once the target is found, the state transitions directly to L', regardless of
the specific history that led to its discovery or how many times other cells have been visited.
This property is essential for modeling the problem as a Markov Decision Process (MDP),

as it allows for a precise, history-independent terminal state. Let us define

n]' =[n] x - x [n] ={h¢ | a, € [n],V7 €{0,...,t —1}}

t times

as the set of all possible search histories at time t. We denote the state at time ¢t by s, €
[n]" U{L}.

Let’s consider the case of sequential non-detections. Having the search history, defined by
the sequence h;, means the target was not detected at the beginning of stage t. We are
interested in finding the probability of this event, conditioned on the target’s true location
O;. Thus, for each cell i € [n|, we can denote the probability of not finding the target after
sequentially searching in h;, given that the target is located in cell 7 as:

t—1

P[No detection in h; | Oy =i] = [ P[No detection in a, | Oy = i. (3.1)
7=0

The product in (3.1) is explained with the fact that searches are independent events. Addi-

tionally, we have the following definition:

. . . Vi if ar =1
P[No detection in a, | O; =i| = (3.2)
1, otherwise.

Applying (3.2) in (3.1), we determine that for each cell i € [n], at a given search stage t, the

probability of non-detection up to stage ¢ given that the target is in cell ¢ can be written as

11 is a singleton state that acts as an absorbing state in the MDP; once the system enters L, all subsequent
transitions remain in | with zero future rewards.
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follows:
P[No target detection in hy | O = i] = ~;", (3.3)

with z; the number of times cell ¢ appears in h;>.

We can observe from (3.3) that the order of appearance of cells in the search history doesn’t
influence the probability of non-detection, only their respective number of appearance mat-
ters. Now that we have the probability of non-detection up to stage ¢, we are interested in
extracting the posterior of the target location, since the searcher needs to update the belief

after each unsuccessful detection. Hence, using Bayes’ law, we have the following:

P[No detection in h; | Oy = i]
P[No detection in hy]

POy =i | No detection in hy| = - P[0y =1]. (3.4)
Using the law of total probability, we can further expand the denominator on the right side
of (3.4) as follows:

P|No detection in h =i|-P =1
POy =i | No detection in hy| = [No detection in fu | Oy = i] - POy = 1] . (3.5)

3 [No detection in hy | Oy = j] - P[O1 = j]

j=1
Using (3.3), we can express (3.5) as:
P[]O; =i | No detection in h| = M (3.6)
25 P
‘]:

Hence, (3.6) provides the posterior probability (the belief) that the target is located in cell i

given the search history h;.

The action space A is simply [n], where each ¢ € [n] corresponds to a specific cell of the
search environment. So, performing an action a; at stage ¢ corresponds to selecting a specific

cell in [n].

2This is equivalent to the number of time cell ¢ has been previously visited
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3.2 Search Vector

Appending every cell selection after each unsuccessful search becomes inefficient when the
search horizon is large, as storing a long list of actions becomes computationally expensive.
However, the expression in (3.6) shows that the posterior belief only depends on the number
of searches in each cell, not their specific order in the search history. Therefore, instead
of storing a dynamic list of search history, we propose to represent the search history in a

compact way using a search vector
z=z1,..., 2,

where z; > 0 is the number of times cell ¢ has been searched. For example, if we consider a
scenario with 3 cells, the search history [cells, cells, celly, celly, celly, celly] at stage t = 6 can

be encoded in a simpler way as z = [2, 3, 1].

So considering any possible z, we can formally define this posterior belief p;(z) as:

PoiYi'
pi(z) = = —. (3.7)
2. Doy
7j=1
So the vector p(z) = [p1(2),- -, pn(z)] is the posterior distribution of the target’s location at

stage after given a search vector z.

At any time t, the state s; could simply be a vector z corresponding to the search counts at

that stage. This vector must satisfy the constraint that the sum of its components equals the
n

time step (i.e.,>. z; = t). Consequently, at the initial stage (i.e., ¢ = 0), the search history is
i=1

z=10,...,0]. The example vector [2,3, 1] mentioned earlier would be the vector z.

Thus, we can formally define the complete state space S as the set of all possible search

vectors for all time steps, plus the terminal state:

S:{z|z€Nn,Zzi:tforsomet§T, andzigt}U{L}

i=1



22

3.3 State Transitions

The transition model 7 describes the probabilities of moving between states given a specific
action. When an action a is taken (i.e., decide searching cell a), the search history vector z is
updated to a new vector by incrementing by 1 the component at index a in z. We formalize
this update by defining a basis vector 9§, which is a vector of zeros except for a 1 at index
a, reflecting that cell a has been visited one more time. Therefore, the new vector is z + d,
where “4” denotes element-wise addition. At each search stage t, assuming the target has
not yet been found (i.e., s; # L), the transition model outlines two possible outcomes after
taking action a: either the target is found, leading to L, or the target is not found, causing
the search to continue with an updated history vector z+9,. These probabilities are formally
expressed as P[s;1 = L | z,a] and P[s;41 = 2+, | 2, a], respectively, and they must satisfy

the total probability rule:

Plsiyy1 =1 | z,a] + Plsy1 = 2+ 04 | 2,a] = 1. (3.8)

To formalize the DP of the search problem, we need to determine each of these probabilities.
We can use the law of total probability to determine the expression for P[s;y1 = L | z,qa].
This represents the probability that a search in cell a is successful, causing the system to

transition to the terminal state L. Therefore, we have:

Plsypi= L] za) =Y Plsyp1=L]2a,0,=1i] POy =i zal (3.9)

=1

The action selection doesn’t influence the posterior of the target’s location until we observe
its outcome. Thus, P[O; =i | z,a] = P[O; =i | 2], which is the posterior p;(z) computed
with (3.7). We can split the sum in (3.9) into two scenarios: (1) the target is in the cell being
searched (i = a), which has a detection probability of 1 — v,, and (2) the target is in any
other cell (i # a), which leads to a detection probability of 0. Therefore, we have :
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Plsyy1 =1 | z,a] = Plsys1 =L | z,a,01 = a] - pa(2)
+ ;P[SHI =1 |z0a,0, =1 pi2)
= (1 —va)pa(2) + ZO X pi(2)
iF#a
= (1 - /ya)pa(z)' (31())

And from (3.8) and (3.10) we can write the probability of non-detection as :

Plsyy1 =240, ] z,al =1 — Plsyp1 = L | z,4]
=1—(1—"9a)pal2). (3.11)

The last component to complete the MDP of the search problem is the reward function R.

We provide details about the reward function in Section 3.4.

3.4 Reward Function

In designing a search strategy, it is useful to first motivate the structure of the reward
function. A search cost could, in principle, depend on complex factors like the travel time
between a previous cell at time ¢ — 1 and the current cell at time ¢. However, such a
formulation introduces path-dependency into the problem. This would require tracking the
sensor’s current position as part of the state, fundamentally making the search problem a

combination of allocation and routing challenges, which is significantly more complex and

often NP-hard.

To maintain a more structured problem, we adopt a standard simplification from search

theory by making the following assumption:
Assumption 3 The transition cost between any two cells is negligible.

With Assumption 3 the cost depends only on the cell being searched (i at time t) regardless
of the previous cell a;,_;. We therefore define ¢; as the cost incurred for performing an
independent search in cell i. This modeling choice allows us to separate the problem of where
to search from the problem of how to get there, allowing us to focus solely on maximizing the

chance of detection. On the other hand, the primary goal of the search problem is to locate
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the target, which yields a terminal reward of 1, representing a success. Thus, we formalize

the immediate reward of taking the action a as :

1 —¢, if the target is found,
R(a) = (3.12)

—Cq otherwise.

Since searching a can yield two possible outcomes, we work with the expected immediate
reward considering the current search vector z. This is calculated by weighting each possible

cost by the probability of its related event as follows:

R(z,a) = E[R(a) | 2]
=Plsgi=1L]za]- (1 —c)+ Plsir1 =2+ 64| z,a] - (—¢q)

Using (3.10) and (3.11) we have:

R(Z7 CL) = (1 - ’ya)pa(z) ’ (1 - Ca) + (1 - (1 - ’Ya)pa('z)) : (_Ca)
= (1 - /ya) ’ pa(z) — Cq- (313)

Note: R(L,a)=0

The cost ¢, is crucial to define the search objective. A positive cost (i.e. ¢, > 0) penalizes
each search, and leads to policies that aim to locate the target as early as possible. This is
crucial for time-sensitive search, such as SAR operations, where it is crucial to find people in
distress as soon as possible. ¢, < 0 leads to policies that aim to find the target later, which

sounds unrealistic for real-world problems.

However, there are scenarios where the search goal is to find the optimal policy that max-
imizes the overall probability of target detection within the time horizon 7', re-
gardless of when the detection occurs. In such scenarios the primary concern is the ultimate
success of the mission within a strict time frame—such as in searching for a submerged wreck-
age with an unlimited budget, the target’s condition does not degrade over time and the cost
incurred is not a concern—This goal is formally achieved by setting the search cost to zero

in all cells (i.e., ¢, = 0 for a € [n]). Thus, the expected reward in this case simplifies to the
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probability of finding the target at the current step given the current belief:

R(Zva) = (1 - ’7(1) 'pa(z)- (3.14)

3.5 Objective Function

Having the reward function, we can now formulate the DP objective function of the search

problem. Thus, for a given prior py, we define the objective function J,(zp) under a policy

™= [MOv e 7”T—1] as:

Jo(z0) = E [Z R(zt,ut(z))] . (3.15)

t=0

The expression (3.15) provides the expected net value of the policy 7, which balances the
total probability of detection against the cumulative search cost. An optimal policy 7* is
the one that maximizes J;(zp). This means it is the one that finds the most efficient search

strategy. We can write this as:
I (20) = meaﬁc Jr(20). (3.16)

3.6 Backward Recursion

To solve the problem defined in (3.16), we apply the principle of optimality from DP, for-
malized through Bellman equation (2.8), but we maximize the reward instead of minimizing
the cost. This approach allows us to break down the search problem into a sequence of
overlapping subproblems, which can be solved recursively backwards. Before we provide the
backward formalization, let’s formally define f that takes a state s; and action a; as input

and outputs the next state:

Z 4 0, if the target is still hidden after searching in a
f(z,a) = (3.17)

1, if the target is found after searching in a.

Thus we can formalize the backward induction as follows:
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Ji(L)=0 (3.18)
Jr(z) =0 (3.19)
Ji(z) = max{R(z,a) + E[Ji1(f(z,a))]}, t=T—-1...,0, (3.20)

a€(n]

where Jy(z) represents the maximum expected reward to go from stage ¢ onward, assuming
the target has not been detected in previous stages. To find an explicit form of (3.20), we

need to compute the expected value of J;11(f(z,a)).

E[Ji1(f(z,0))] = Plf(z,0) = L] z,a] - Jepa (L)
+ Pf(z,a) =240, | z,a] - Jy11(2 + da). (3.21)

However, Jiy1(L) =0, and from (3.11) we know that

Plf(z,a) =240, |zl =1 = (1 = 7a)pa(2).

Therefore, we have:
E[Ji1(f(z,0)] = (1 = (1 = 7a)pa(2)) - Jesa(z + da). (3.22)

Substituting (3.13) and (3.22) into Equation (3.20), we have:

J(z) = max {(1 = 7)pa(z) = ca+ (1= (1 = )pa(2)) - S (240)}, ¢ <T.  (3.23)

a€ln]

Algorithm 1 outlines the procedure to derive the policy 7 = {po, . .., ftr—1}, which maximizes
the chance of a successful search given the prior distribution py and the initial search vector
20 = [O,,O]

Algorithm 2 performs a forward traversal in the policy dictionary generated with Algorithm
1 to extract the plan that optimally solve the problem. This algorithm starts from the initial
state zg and iteratively looks up the best action for the current state, records it in a list, and

transitions to the next state until the search horizon is reached. The extracted path serves
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Algorithm 1 Backward Recursion for Dynamic Programming

Input:
o T Time horizon (total number of search stages).
o n: Number of cells (the size of the action space).
 po: Prior probability vector, py € R"™ with py,; > 0 for i € [n], and >; po; = 1.
e 7: Sensor detection rates vector, v € R" with ; € [0, 1],Vi € [n].
Data Structures & Initialization:

o Define the action set A = {1,2,...,n}.

Initialize two global dictionaries:

— Jualues = to store the value function for each stage.

— Policy = to store the optimal action for each stage.

Define the state space for the final stage, Sy = {z € [T]" | X1, 2z = T'}.

Create a dictionary for the final stage value function: Jp = {}.

For each state z € St do:

— Jrlz] =0 > The value is zero at the end of the time horizon.
® Jyalues [T] = JT-
Backward Recursion:

1. For t =T — 1 down to 0 do:

1.1 Initialize empty dictionaries for the current stage: J; = {}, u: = {}.
1.2 Define the state space for the current stage, S; = {z € Z%, | Xi_; 2 = t}.
1.3 For each state z € S; do:
» Compute the posterior probability vector p(z) based on the search history z.
e Find the best action and its value:
Jiz] = rggii (1 = 7a)pa(2) = ca+ (1 = (1 = 7a)Pa(2)) - Juatues[t + 1][z + 6a]]
pe[z] = arg Iglgi( [(1 = 7a)pa(2) = ca + (1 = (1 = 7a)Pa(2)) - Jvatues[t + 1][z + d4]]

1.4 Store the completed dictionaries for the current stage in the global dictionaries:
b values [t] - Jt
o Policy[t] =
Output:

o Jyaiues: A dictionary where keys are time stages t € [0, 7). Each value Jyupes(t] is a

dictionary mapping a state vector z to its optimal expected cumulative reward (or
value).

e Policy: A dictionary where keys are time stages t € [0,7 — 1]. Each value Policylt]
is a dictionary mapping a state vector z to the optimal action (cell to search) p(z).
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as a plan that can guide the search, suggesting which cell to search sequentially. In practice,
the search either ends early with a successful detection before reaching the time limit 7', or

it runs for the full horizon without success.

Algorithm 2 Optimal Plan Reconstruction (Forward Pass)

Input:
o T: Time horizon (total number of search stages).
o Policy: from Algorithm 1.

Initialization:

o Initialize the current state vector: z = [0,0,...,0] € R™. > At t = 0, no searches
have occurred.

o Initialize an empty list to store the sequence of actions: optimal plan = [].
Path Reconstruction:
1. Fort=0up to T — 1 do:
1.1 Look up the optimal action for the current state z:
o a = Policylt][7]
1.2 Record the action in the path:
e Append a to optimal plan.
1.3 Update the state to transition to the next stage:
e z=2+90, b Increment the search count for the cell that was just searched.
Output:

e optimal plan: A list of length T containing the sequence of optimal cells to search
up to T

3.7 Simulation and Validation

In this section we show an illustrative problem where we apply DP to identify the optimal
policy that solves the problem. We consider a problem with negligible costs (i.e., ¢, = 0).
This allows us to encode the suggested plan extracted from DP as an optimal search vector

2* since the specific order of searches does not affect the total reward when costs are zero.

Problem Definition

A mobile robot is tasked with locating a misplaced item within a floor of a building of 10

offices. The robot is allowed to perform 10 independent searches across these offices. The
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robot’s visual sensory system is imperfect, and the probability of failing to detect the item
varies between offices due to differing levels of clutter. These miss-detection rates are given
by the vector:

v =10.2,0.25,0.32,0.15,0.35,0.2,0.3,0.23,0.27, 0.1].

Additionally, the robot is provided with an initial prior probability distribution, pg, repre-

senting the belief that the item is in each office:

po = [0.02,0.2,0.05,0.1,0.01,0.03,0.1, 0.3,0.09, 0.1].

Given these constraints, the objective is to determine the optimal allocation of 10 searches

to maximize the probability of finding the item.

Solution and Discussion

The problem can be modeled with a discrete search horizon n = 10 search cells, and a search
horizon of T' = 10. By applying the DP solver from Algorithm 1, we determined the optimal
plan that proposes how to sequentially use T' across the n offices. This suggested plan was

further condensed to the allocation vector:

2+ =10,2,1,1,0,1,1,2,1,1]

This allocation results in a maximum theoretical probability of detection of 84.03%. To
validate this, we ran experiments over 100 random seeds, with 100 search episodes per seed
to average their overall outcomes. At the beginning of each of these search episodes, the
target’s location was sampled from the prior distribution. The experiment yielded an average
success rate of 83.76+0.04%), which validates the theoretically computed detection probability

mentioned earlier.

This result demonstrates the DP algorithm’s ability to systematically process the prior beliefs

and sensor characteristics to produce a non-intuitive but optimal search policy.

3.8 Summary

In this chapter, we presented a classic method for solving the single-object search problem in
a discrete setting. By combining the principles of DP and Bayesian inference, we developed
a complete framework for computing an optimal search policy. This policy specifies the

best action to take at any search stage to maximize the chance of a successful search within
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the remaining search horizon. However, the policy is built under key assumptions such as

imperfect sensors, no false alarms, and negligible costs.

A central insight of our approach was the simplification of the search history. We demon-
strated that instead of tracking the entire sequence of past searches [aj,aq,...,a;1], all
relevant information for future decisions is captured by the simpler search count vector, z.
This is because the posterior belief about the target’s location depends only on how many
times each cell has been searched, not the specific search order. Using this z as a sufficient

statistic for the state allows us to formalize the problem with DP.

The proposed framework is flexible, capable of generating policies for different strategic
objectives by modifying the reward function. It can produce policies that aim to find the
target as quickly as possible (by penalizing search effort), or those that aim only to maximize
the final probability of detection within the given horizon, in which case the search effort
can be split into a effort allocation vector determining how many times each cell is searched.
We validated our method on a practical example, showing that the theoretical probability of
success computed by the DP solver closely matched the empirical success rate obtained from

simulating the optimal policy.

While this DP approach provides a provably optimal solution, its main drawback is its
computational complexity; the number of possible z; states can become very large for bigger
problems. We provide in Appendix A a more efficient memorization method that significantly
improves the use of memory, by storing the index of every possible state vector instead of

the full state. However, this strategy remains inefficient for very large problem.

The true value of this single-object model is its role as a foundation. It has introduced all
the core concepts—states, belief updates, and the value iteration framework—that we will
now expand upon in the next chapter to solve a more complex and realistic scenario: the

two-object search problem.
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CHAPTER 4 TWO-OBJECT SEARCH DYNAMIC PROGRAMMING

This chapter introduces DP as a method to solve search problems involving two related
objects in the same search environment. In addition to the primary target, there is a hidden
related object whose exact location is also unknown to the searcher. The main objective is
to leverage that shared information to identify the policy that maximizes the chance of a

successful search.

4.1 Two-Object Search Problem

We consider a finite search horizon 7" € N and a search environment subdivided into a finite
set of n cells. There is a target in the location O; = i, with i € [n], which We aim to find
within the horizon T'. However, there is a second object hidden in the location Oy = j, with
j € [n]. The second object’s location is related to the target’s location. Both objects are
stationary but randomly located across these n cells. They are not necessarily hidden in the
same cell, but their possible locations are correlated. A practical example is two lost hikers,
where one might remain at a shelter (perhaps due to injury) while the other leaves to find

help. In this work we model the objects’ correlation as an n X n joint probability distribution

matrix pg:
Po11 Pojiz2 - Po,in
Po,21 Po22 - DPo2n
bo = . . . . )
Pon1t Pon2 - Ponn

where pg;; > 0 is the probability that the target is in cell i € [n] (i.e., the row), and the

related object in cell j € [n] (i.e., the column).

We consider a scenario where the search can only happen in one cell at a time. Thus, various
events can occur from searching in a given cell a. If both objects are found, or only the target
is found, the system transitions directly to the special terminal state L defined in Chapter 3
because of Assumption 1. It is also possible that none of the objects are found after searching
cell a, or only the related object is found. In these situations, the search continues as long as
the search horizon is not yet exhausted. For these two latter cases, we define the state s; at
time ¢ as the combination of the history h; = [ay, ..., a;—1] which stores the sequence of cells
that have already been visited, and a variable § € {0} U [n] which indicates the cell where
the related object has been located, with # = 0 indicating that both objects are still hidden.
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Hence, we denote the state at time ¢ by s; € [n]" x {0,...,n} U{L}.

Similar to Chapter 3, we consider an imperfect search process, as the sensor’s capability can be
affected by factors like environmental clutter within a cell or the unique physical signature of
each object. We model this real-world constraint using misdetection probabilities. Formally,
for each cell 7, we define the probability of the sensor failing to detect the target and the

related object, given they are present, as:
71,; = P[No target detection in i | O = 1]

and

72 = P[No related object detection in i | Oy = i].

We also make the following assumption :
Assumption 4 Objects’ detections are independent given their respective locations.

Assumption 4 simply means failing to detect one object doesn’t influence the sensor’s ability
to detect the other object given their respective locations. So, we quantify the probability of

no object detection in ag.;_1 given both objects’ locations as:

P[No detection in h; | O1 =i, 09 = j]
t—1
= ] P[No detection in a, | Oy =1i,0, = j]. (4.1)

=0

The expression in (4.1) quantifies how likely the search history (no detections) is, given the
objects’ true locations, which is precisely the information needed to update the belief about
where the objects might now be. We need to determine this because it serves as the likelihood
term within the Bayesian update rule to calculate the posterior belief of the objects’ locations

after a sequence of unsuccessful searches.

Let us first consider the case where both objects are still hidden (i.e., # = 0). This implies
that for the entire history h;, the outcome of every search was “no objects detected”. Let’s
consider 7 € {0,...,t — 1}, the probability of this outcome when searching a single cell a,

given the objects are at locations i and j, is:
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M2, ifar=1i=j

Vi, ifa, =7and a, # J

P[No detection in a, | O1 =i,09 = j] = (4.2)

V2.5 ifa, #iand a, = j
1 if a, # 1 and a, # j.

On the right side of (4.1), we use the product over the entire search history because we
consider the search history to be conditionally independent given objects’ locations. So, for

a pair of locations ¢, 7, the probability of not finding anything in h; can be expressed as :

P[No detection in hy | O1 =i, 05 = j] = 77 - 73, (4.3)
where z;, > 0 is the number of times the cell k € [n] appears in h;.

With the state space, prior probability distribution, and detection model now defined, we
have all the essential components to formalize the search problem. The information gained
at each search stage—whether an object is found or not—allows the searcher to refine their
belief about the objects’ locations. In the next section we detail this process by deriving the

Bayesian equations used to update the belief of the objects’ locations after each observation.

4.1.1 Belief Update

Since the search is guided by probabilities, it is essential to update the belief about the
objects’ location based on the outcome of each individual search. An unsuccessful search
provides valuable information: it lowers the probability that objects are in the searched
cell and, consequently, increases the probability that they are located elsewhere. To make
optimal decisions at each step, the searcher must incorporate this new information to refine

their knowledge of the objects’ likely locations.

Bayesian inference is the standard way to perform this update. To apply Bayes’ rule, we
need the prior belief (that we are given before the search starts) and the likelihood of the
observation (in this case, the observation is “no detection”). Fortunately, we determined this

likelihood term in (4.1). We can now calculate the posterior distribution (perform the belief
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update) after ¢ — 1 unsuccessful searches. So, applying Bayes’ rule, we have:

P[0y =i,05 = j | No detection in hy]

P[No detection in h; | O1 =i, = j] _ _
= . P O pr— O — . 4.4
P|[No detection in hy] [O1=1,0; = j] (4.4)

Using the law of total probability, we can further expand the denominator on the right side
of (4.4) as follows:

P[0y =i,045 = j | No detection in hy]
P[No detection in h; | O1 = i,04 = j] - P[0y = 1,09 = j]

S ()
> > PI[No detection in h; | O; = a, 0y = (] - P|O1 = o, Oy = [3]
a=1p=1
Using (4.3), we can express (4.5) as:
P[0y =i,05 = j | No detection in ;] = —; Zl’i V2 Poij . (4.6)
2_:1 P Mo 72,/35 " Po,ap

Hence, (4.6) provides the new belief at each stage t € [T of both objects’ locations, knowing
that they are still hidden. Also, similarly to Chapter 3, if we consider the vector z =
[21,+ -, z,] that tracks how many times each cell has been visited in h;, we can define from
(4.7) the posterior distribution of objects’ locations given a search vector z as:
VTZ : 7;] - Po,ij
pij(2) = (4.7)

n 2 :
> 'cha . 72,% " Do,ap
a=1 =1

We emphasize that the probability computed in (4.7) concerns only sequences where both
objects are still hidden, in other words it concerns states of the form s; = (h:,0) since we
still ignore the location of the related object. However, detecting only the related object can
occur at any search stage, which leads to states of the form s; = hy, ), with 6 € [n]. In this
case, the problem reduces to a single-object search problem, the target, which we discussed in

Chapter 3. Thus, subsequent searches will be guided by the conditional posterior distribution

P.\e(z) = [p1|9(2)7 T 7Pn\9(2>],

where p;g(2) indicates the conditional probability of finding the target in cell ¢ given that
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the related object was found in cell 8 with the search vector z.

Let P[O; =i | No target detection in h;, Oy = 0] be the posterior probability that the target

might be in cell 7. So, using the Bayes’ rule we have:

P[O; =i | No target detection in h;, Oy = 0]

P[No target detection in h; | O; =i, Oy = 0] _
- P[0, =i | O, = 0] 48
P[No target detection in hy | Oy = 0] [O1=1] 0, =] (4.8)

Using the law of total probability we can further expand the denominator on the right side
of (4.8) as follows:

P[0y =i | No target detection in h, Oy = 0]

_ P[No target detection in hy | O1 = 1,05 = 0] - P[O1 =i | Oy = 0] (4.9)

i P[No target detection in hy | Oy = j, O = 0] - P[O1 = j | Oy = 0]
j=1

From (4.1) and Assumption 4 we conclude that
P[No target detection in h; | Oy = i, Oy = 05 = 17",

if we consider the search vector z. Thus, P[O; = ¢ | No target detection in hy, Oy = 6] is

equivalent to p;g(2) that we formalize from (4.9) as :

72’; * Po,ilo
pig(z) = 20 (4.10)

zZ
> Vi " Doalo
a=1

Let’s define pg g = > po,ig- So, with the Bayes’ rule we have:
=1

1=

So we can further simplify (4.10) as follows:
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,yil . Po,io
P1|9(Z) — v po,.6

n z Po,ad
oY &
g::l T Po,.0

= TP (4.11)

n
z
> Vi Poas
a=1

We can notice that the expression in (4.11) is similar to the standard single-object update
formula from (3.7). This allows us to apply the single-object DP solver we discussed in 3

once the related object is detected.

Furthermore, the posterior in (4.7) and (4.11) depends only on the number of times each cell
has been visited, not on the specific order. Hence, similarly to Chapter 3, we can represent
the search history h; by a vector z = [z1,- - , 2,|, where z; > 0 is the number of times each
cell ¢ appears in h;. Therefore, a state can be fully represented by (z,6) without loss of

information. Thus, the complete state space is

S:{Z|Z€N",Zz,~:t, forsometST}x{O,l,---,n}U{J_}.

=1

Now that we have a more efficient state representation, (z,6), which captures all necessary
information from the search history without needing to track the specific sequence of actions.

We formulate the state space dynamics in the next section.

4.1.2 States Transition

The transition model 7 describes the probabilities of moving from one state to its potential
next states after taking a specific action. Similar to Chapter 3, we define 9, as a vector of
zeros with a 1 at the index corresponding to the action a. After selecting an action a, the
search history vector z is updated to a new vector z+ 9, by incrementing by 1 the component

at index a in z, where “4” denotes element-wise addition.

We consider two categories of states that influence the state transitions, besides the special
state L. The first category includes states where both objects are still hidden (i.e. states

of the form s; = (z,0)). Taking an action a in this category leads to one of three possible
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states: (z 4 da,0), (2 + d4,a) or L. The probabilities of these transitions should satisfy the
following total probability law:

P[SH-I = (Z +5a70) ’ (Z70)7a] + P[St—i-l = (Z + 6a7a) ‘ (Z,O),CL] + P[St-i-l =1 ‘ (z,O),a] =1 (4'12)

We use the law of total probability to express each probability on the left side of (4.12) in terms of
po, z,71 and 7.

Let us start with P[s¢y1 = (24 0a,0) | (2,0), a]. We have the following :

P[stJrl = (Z+5(1,0) | (Z,O),CL] = ZZP[StJrl = (2—1—5(1,0) | (Z,O),Q,Ol =1,0s :j]
i=1j=1

P[0 =4,05 = j | (2,0), . (4.13)

Since the choice of the action, by itself, does not provide new information, we conclude that

P[Ol :’i,OQ :],| (Z,O),a] = P[Ol = i,OQ :j ’ (Z,O)]
= P[O; = 4,05 = j,| No detection in ag.;—1],

which is p;;(z) we developed in (4.7). Additionally,
Plsi11 = (2 +6a,0) | (2,0),a,01 = 4,0 = j]

is simply the probability of no object detection in a given the current ¢ — 1 unsuccessful searches,
and that O; = i and Oy = j. Furthermore, there are four scenarios in (4.13): (1) a = i, the cell
containing the target and not the related object; (2) a = j, the cell containing the related object
but not the target; (3) a =i = j, the cell containing both objects; and (4) a # i # j, which means

a doesn’t contain any object. So, using (4.2), we have :

Plsi11 = (24 6a,0) | (2,0),a] = ZZP[NO detection in a | O1 = 1,02 = j]| - pij(2)
i=1j=1 —~

Likelihood Belief

= ('71,(172,(1) : paa(z) + Y1,a Z paj(z)

0O1=a,02=a j#a
0O1=a,02#a
+ 920 Y pial2)+ )Y pij(2). (4.14)
i#a i#a j#a

O1#a,02=a O1#a, O2#a
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Thus (4.14) gives us the probability to transition to a state where both objects are still hidden at

stage t + 1 after searching in cell a.

Next, we need to compute the probability to transition to a state where the related object is found
after searching in cell a;. For this, we consider all possibilities for where the target might be, because
the next state s¢y1 can be (z+ g, a) only if a is the true location of the related object (i.e., Oz = a),
which implies that the probability that O = j for any cell j # a is zero. We have:

n

P[St-‘rl = (2+5a7a) ’ (270)70’] = ZP[SH-I = (Z+(SCL, a) ‘ (270)7a7 01 = i702 = CL]
i=1

- P[0 =1i,02 = a,| (2,0),qal. (4.15)

Similar to the previous category, we establish that

P[O1 =1i,09 = a,| (2,0),a] = P[O1 = 1,02 = a, | (2,0)]
= P[O; =i,02 = a,| No detection in ag.;—1]

= pia(z)-

We also note that Ps;y1 = (2 + da,a) | (2,0),a,01 = 7,02 = a] is simply the probability to
transition to a state sy where only the related object is detected after searching in cell a. Thus,

we have:

Plsi11 = (24 da,a) | (2,0),a] = ZP[Find only the related object in a | O1 = 1,02 = a] - pia(2)
i=1

= 71a(1 = 7120)Paa(2) + 3 (1 = 120)Pia(2)
i#a

01 is elsewhere

= (1 - '72,(1) (71,apaa(z) + Zpia(z)) . (416)
i#a

O, is also in a

Now we can establish P[s;+1 = L | (2,0), a] based on (4.12), (4.14) and (4.16). We have :
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P[St—H =1 | (270)7 CL] =1- ((71,(1’72@) : paa(z) + Y1,a Zpaj(z) + Y2,a Zpia(z)
i iZa

+ Z Zpij(z) + (1 - 72,a) (71,apaa(z) + Zpia(z)) )

i#a j#a i#a

j#a i#a j#a i#a

=1- (71,(1 Zpaj(z) + Z Zpij(z) + 'Yl,apaa(z) =+ Zpia(z))
= 1- (71,(1 (Z paj(z) +paa(z)> + Z sz’j(z’) + Zpia(z))
Jj#a i#a j#a i#a

= 1- (’yl’a Zpaj(z) + Z Zpij(z)) ) (4.17)
j=1

i#a j=1

However, with the law of total probability we have:

DY pij(2) =1 pajl2).
j=1

i#a j=1
Therefore, we have:
Plsit1=1](2,0),a] = 1- ’71,a2paj(z) +1-— Zpaj(z>
j=1 j=1
— (1= 1.0 Y pas(2). (4.18)
j=1

Hence, we have the probabilities of all state transitions given a state s; = (z,0), and an action a.

The second category includes states where the precise location of the related object is known (i.e.
states of the form s; = (z,0) with 6 # 0). This category leads to two possible next states after
searching cell a: (z + da, ) and L, which should satisfy the following total probability relation :

P[si11 = (2 +6a,0) | (2,0),a] + P[siy1 = L | (2,0),a] = 1. (4.19)

We observe a similarity between (3.8) and (4.19). This shows that once the related object is located,
future state transitions fall into a dynamic of single-object search problem. Thus, by analogy to

(3.11), we can conclude that :
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Plsiy1 = (2 +da,0) | (2,0),a] =1 — (1 —71.4) - Paja(2)- (4.20)

And from (4.19) we have:
Plstyr = L[ (2,0),a] = (1 =71,4) - Papp(2)- (4.21)

Now that we have the transition model, we can predict how the system evolves probabilistically
in response to any search action. However, to determine the optimal sequence of actions, we need
a way to measure the desirability of these transitions accounting for the cost each search action

involves. We develop that in the next section.

4.1.3 Reward Function

The reward function for the two-object problem follows the same logic as in Section 3.4. The search
cost, ¢; depends only on the cell i. We therefore consider the immediate reward defined in (3.12).
However, the expected reward in this case needs to account for all possible outcomes of an action
a, which depend on whether the related object has been found (i.e., 8 # 0) or not (i.e., 8 = 0).

First, let’s consider the case where neither object has been found (i.e, s; = (z,0)). The expected

reward for taking action a is the sum of all possible outcomes weighted by their probabilities:

R((#,0),a) = P[sty1 = L | 2,0,a] - (1 — cq)
+ P[si41 = (24 04,0) | 2,0,a] - (—cq)
+ P[st41 = (2 + 6a,a) | 2,0,a] - (—cq). (4.22)

By factoring out —c, and using the law of total probability, (4.22) simplifies to:
R((#,0),a) = P[sty1 =1 | 2,0,a] — ¢,

=(1—,4) zn:paj(z) —cq. (4.23)
j=1

Similar to the single-object case, setting the cost ¢, = 0 corresponds to policies whose unique goal
is to maximize the target detection probability within the given search horizon, without penalty for

how long it takes. The expected reward for such problems is:

R((2,0),a) = (1 = y14) Y Paj(2)- (4.24)
j=1

For the second category of states, where the related object’s location is known (i.e., s; = (z,0)
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with 6 # 0), we apply by analogy the expected reward from Section 3.4. The belief p,(z) is simply
replaced by the conditional belief p,jg(z). For problems that aim to find the target as early as
possible (¢, > 0), the expected reward is:

R((Z’ 9)7 a’) = (1 - 71,a)pa\9(2) — Ca- (425)

And for problems whose unique goal is to maximize the probability of detection within the given

horizon (¢, = 0), the expected reward is:
R((2,0),a) = (1 = 11,0)Pajo(2)- (4.26)

4.1.4 Objective Function

The objective in the two-object search problem remains consistent with the standard DP framework
introduced in Chapter 3: to find a policy 7w that maximizes the total expected reward Jr(so) over

the finite horizon T, with so = (20,0). Formally, this objective is given by:

T—1
Ir(s0) = L [Z R(Staﬂt(st))] ) (4.27)
=0

where the state s; is now the tuple (z, #) representing the search history and the status of the related

object, and R is the immediate reward function defined previously, incorporating the search cost ¢,.

4.1.5 Backward Recursion

To solve the problem defined in (4.27), we proceed similarly to Section 3.6. However, the state
transition dynamics, denoted by f, for this case are different, depending on the random outcome
after searching in as, and the category of the states in the system: states with # = 0, and those

with 0 # 0, and determine the backward recursion formulation for each case.

We start with the category of s; = (2,0), (i.e., 8 = 0). We need to consider any of the following
outcomes after selecting an action a: (1) only the related object is found (i.e., O2 = a), (2) both

objects stay hidden,or (3) the target is found (i.e., O = a). Formally, we have:

(z+da,0), if no detection occurs
f((2,0),a) = (2 + da, a), if only the related object is found in a (4.28)

1, if the target is found in a.
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This allows us to write the backwards using the following formulation:

Je(L) =0, for any t € [T] (4.29)
Jr((2,0)) = (4.30)
((27 ) Eféi[i;ﬁE[R((Z,O),a)—|—Jt+1(f((2,0),a))], t=0,1,---, T -1 (4'31)

Thus, to find an explicit form of (4.31) for # = 0, we need to formalize J;1(f((2,0),a)) as the
average over the values of these three outcomes, weighted by their transition probabilities. For that

we consider s;+1 = f((2,0),a), and we have:

E [Jt+1(f((z,0), a’))] = P[St-f-l = 1] (27 0), a] ’ Jt+1(-]-)

+ P[StJrl = (Z + 51170) | ( 2 )?a] ((Z+5a70))
+ Plsi41 = (2 4+ 0q,0a) | (2,0),a] - Jex1((z + 04, a)). (4.32)
However, Ji11(L) =0 and from (4.14), and (4.16) we have:

E [Ji+1(f((2,0),a))] = (71,a72,apaa( + Y10 ) Paj(2) + 120 Y Dia(?)
j#a i#a

+ ZZPZ] ) Jt—l—l Z+5(l, 0))

i#a j#a

+ (1 - 72,(1) (’Yl,apaa + me ) Jt—l—l Z+ (5&, a)) (433)
i#a

Substituting (4.24) and (4.33) into Equation (4.32), we have:

Ji((2,0)) = max { (1 -1, Zpa] —co+ (71,a’yz,apaa(Z) +Va Y Paj(2)

at€[n] i2a

+ 720 ) pia(2) + Y Zpij(z)) - Jiv1((2 + 6a, 0))

i#a i#a j#a
+ (1 - '72,a) (71,apaa<z) =+ ZPia(@) : Jt—l—l((z =+ (50,, a))} ’
i#a
fort < T, (4.34)
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which computes the cost to go from any state where objects are still are hidden.

Now we need to establish the backward recursion for the second type of states, where we already
know the location of the related object. This follows by analogy from Section 3.6. However, the

state transition dynamics f for this specific case are defined as follows:

(z + da,0), if no detection occurs in a
f((2,0),a) = (4.35)
1, if the target is found in a

Thus, similarly to (3.23), and using (4.20), and (4.21), we can write the cost to go for states with
0 # 0, as follows:

Jr(z,0) =0

Ji(z,60) = max {(1 — 717a)pa‘9(z) —cq

a€ln]

+ (1 - (1- ’}/La)pa‘g(z)) i (z + 5@,9)}, t<T, (4.36)

where the value of J;((z,0)) represents the maximum expected reward from search stage ¢ onward,

given this valuable information.

Algorithm 3 outlines the procedure to derive the policy 7* = {ug,- -, ur—1}, that optimizes the
expression in (4.27). The procedure incorporates Algorithm 1 to handle possible subsequent trajec-

tories where the related object might be found in a cell 6 # 0.

In summary, the complete set of Bellman equations required to solve the two-object search problem
are defined. The solution’s recursive structure elegantly splits into two distinct forms: a complex,
multi-outcome recursion for when both objects are hidden, and a simpler, single-object recursion
that is initiated upon the discovery of the related object. These equations, while mathematically
detailed, provide the formal foundation for DP algorithm that computes the provably optimal search

policy.

4.2 Advantages of Correlational Search

The DP formulation derived provides the optimal solution for the two-object search problem, given

the joint probability distribution. This optimal solution will always achieve an expected reward
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Algorithm 3 Backward Recursion for Two-Object Search
Input:

o T: Time horizon (total number of search stages).
o n: Number of cells (the size of the action space).
e po: Prior joint probability distribution matrix, py € R™*™.
e ~1,72: Sensor miss-detection rates vectors, 1,y € R™.
Data Structures & Initialization:
o Define the action set A ={1,2,...,n}.
o Initialize two global dictionaries: Jyques = {} and Policy = {}.
o Define the state space for the final stage, St = {(2,0) | 2 € Z%, 2"z =T,0 € {0,...,n}}.
o Create a dictionary for the final stage value function: Jr = {}.
o For each state (z,0) € Sr do:
— Jr[(z,6)] =0 > Value is zero at the end of the time horizon.
o Jvatues[T] = Jr.
Backward Recursion:
1. For t =T — 1 down to 0 do:

1.1 Initialize empty dictionaries for the current stage: J; = {}, ut = {}.
1.2 Define the state space for the current stage, S; = {(2,0) | z € Z%y,> 2z = t,0 €
{0,...,n}}.
1.3 For each state (z,60) € S; do:
o if 0==0: > Case 1: Both objects are hidden.
— Compute the joint posterior matrix p; based on history z using (4.7).
— Find the best action and its value:

Ji[(z,0)] = max {...} > Using (4.34)

pul(2,0)] = argmaxc {....}

e else: > Case 2: Os has been found in cell 65.
— Compute the conditional posterior vector p; |9 based on history z and the prior
Po,.16-

— Find the best action and its value:

Jil(2,0)] = gé%ﬁ {---} > Using (4.36)

wel(z,0)] = argrc?egﬁ({. -~}

o Store the results: Jygues|t] = Ji, Policylt] = .
Output:

o Jualues: A dictionary mapping each time stage t to a dictionary where keys are state tuples
(z,0) and values are the optimal expected detection probabilities.

e Policy: A dictionary mapping each time stage t to a dictionary where keys are state tuples
(z,0) and values are the optimal actions p.((z,0)).
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greater than or equal to the optimal policy derived from only the target’s marginal distribution
(the single-object approach). However, solving the two-object DP is significantly more computa-
tionally complex. Therefore, it is valuable to identify conditions under which the magnitude of
the performance gap between the two-object and single-object solutions is enough to justify the
increased computational effort. While many factors can influence this gap, we highlight two partic-

ularly intuitive conditions related to information and detectability.

4.2.1 Information Gain from the Related Object

The potential benefit of the two-object strategy increases if finding the related object substantially
reduces uncertainty about the target. We can quantify this using Shannon Entropy. Let py " be

the target’s initial marginal distribution. The initial uncertainty is its entropy:
target target | target
H arge Z P arge 2 poazrge ) (437)

If Oy = j, the remaining uncertainty about the target is the entropy of the conditional distribution

Po,.|;> denoted H(py_.j0,—;):

(Ol | Oy = ] ZPO i|j 10g2 Po,i|j- (438)
=1
Since we don’t know where the related object might be found, we consider the expected conditional
entropy, averaging over all possibilities for j, weighted by the marginal probability pf)‘f}ated of the
related object being in cell j:

n

E[H (0:1]02)] Z CPAH Oy | O = j). (4.39)

A significant information gain occurs when the expected uncertainty after finding the related object
is much lower than the initial uncertainty. This suggests a condition where the two-object model is

likely to offer a substantial performance advantage:
Condition 1 (Significant Information Gain) H(p"™?*) > E[H(0;]05)].

While the two-object DP policy will always leverage whatever information is available, the practical
benefit over a simpler single-object search is most pronounced when finding the related object

provides a large reduction in uncertainty about the target.



46

4.2.2 Relative Detectability

Another factor that can amplify the advantage of the two-object strategy is the relative ease of
detecting the two objects. If the related object is significantly easier to detect than the target in
many cells, the information gain discussed above can be acquired more quickly and with less effort.

This suggests a second condition contributing to a larger performance gap:
Condition 2 (Relative Detectability) 7., < 71, for many i

When the related object is much easier to find, the optimal policy can more effectively exploit the
correlation. It might prioritize searching locations where the related object is likely and easy to
detect, even if the initial probability for the target there is lower. Finding the easily detectable
related object then provides valuable information (due to Condition 1), enabling a more targeted

and efficient subsequent search for the harder-to-find target.

It is important to note that these two conditions are neither exhaustive nor strictly necessary for
the two-object policy to outperform the single-object one. The optimal two-object DP solution
inherently considers all available information and will always yield a result at least as good as the
optimal single-object policy. However, Conditions 1 and 2 highlight intuitive scenarios where the
magnitude of this improvement is expected to be most significant, justifying the use of the more
complex model. Other factors, such as specific structural patterns in the joint distribution or the

relative costs of searching different cells, can also influence the performance difference.

4.3 Practical Problem Definition

In this section, we define a practical scenario to empirically evaluate and compare the performance
of the single-object and two-object search policies. The problem is specifically designed to satisfy
the key conditions for strategic advantage previously identified: Condition 1 (Information Gain)
and Condition 2 (Relative Detectability).

4.3.1 Problem

A team of technicians is preparing for a series of experiments across five rooms. They have misplaced

a crucial sensor probe and, to save time, have tasked an autonomous robot with finding it.

During previous work, the technicians often carried the probe on a large-wheeled medical cart,
which has also been misplaced. The team provides the robot with a joint probability distribution,

po, representing their belief about the possible locations of both the probe and the cart:



47

[0.152  0.0039 0.003 0.0108 0.011]
0.0038 0.0052 0.117 0.0162 0.165
po = |0.0057 0.195 0.015 0.009 0.011
0.0038 0.0091 0.0075 0.027 0.011
0.0247 0.0468 0.0075 0.117  0.022]

The robot is constrained to a total of T' = 10 search actions. Each search action consumes a certain
amount of time and energy, which varies by room. For example, a small, simple room is quick to
search, while a large, cluttered room requires more effort. We define the cost c for searching each

room (as a normalized value between 0 and 1) as: ¢ = [0.15,0.2,0.25,0.1,0.2].

Due to its size, the medical cart is relatively easy for the robot’s camera to detect, though its
visibility varies with each room’s clutter level. The corresponding miss-detection rates are given by
v2 = [0.2,0.1,0.25,0.15,0.2]. Conversely, the small sensor probe is much harder to find, with higher
miss-detection rates given by 1 = [0.8,0.65,0.82,0.75,0.7].

The robot’s objective is to determine the optimal search policy (which cell to search at each step)
that maximizes the total expected reward within the T" = 10 action limit. This policy must now

intelligently balance the probability of finding the target against the cost incurred for each search.

4.3.2 Problem Analysis

We can notice that the problem satisfies Condition 2, as v;,; > 2, for all i € [n]. This confirms
that the related object is easier to detect.

To validate Condition 1, we must quantify the information gain finding the related object could

provide on average. First, we compute the target marginal distribution pf”"* from the prior po:

[0.1807]
0.3072
pe9% = 10.2357
0.0584

0.218 |

The initial uncertainty about the target’s location, measured as Shannon Entropy with (4.37), is:
H(p{"9e") = 2.1789 bits

Next, we calculate the expected uncertainty that would remain after finding Oz, H(F..). We first

extract the matrix of conditional priors pg .|. from po:
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(0.8 0.015 0.02 0.06 0.05
0.02 0.02 0.78 0.09 0.75
Po,|- = [0.03 0.75 0.10 0.05 0.05
0.02 0.035 0.05 0.15 0.05
10.13 0.18 0.05 0.65 0.10]

And the entropy of each conditional distributions are given as follows:

o H(p.p1) = 1.02
o H(p.pp) = 1.13
o H(pyp3) = 1157
e H(pg.4) =1.59

o H(p07,‘5) = ].29

We then use (4.39) to find the expected conditional entropy H(O; | O2), which gives us:
H(01 ’ 02) = 1.2304 bits.

Since, 1.2304 bits < 2.1789 bits (i.e. H(Oy | O2) < H(pg"?®")), we conclude that finding the related
object provided a significant reduction in uncertainty, satisfying Condition 1. Based on this we could
expect a significant difference in performance between the Single-Object Search and the Two-Object

Search.

4.4 Simulations and Validation

The primary objective of this simulation is to demonstrate the performance benefit of the two-
object search model over a conventional single-object approach using the problem defined in 4.3.
We chose a single-object DP for the single object because, unlike methods in [8], modifying the
reward is enough to test them in different scenarios. Let define 0= [0,...,0], a vector of n zeros.
We evaluated both solvers across two distinct configurations using the total expected reward .J (0)

as reference.

We ran both solvers on the problem defined in Section 4.3.1, a single-object DP using the target’s
marginal distribution as its prior, and a two-object DP using the joint distribution as prior. For a fair
comparison, we ran empirical simulations for each solver, averaging the results over 100 different

seeds, with each seed representing 100 search episodes. At the beginning of each episode, the
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true object locations were sampled from the prior distribution and remained static until the episode
ended.

4.4.1 Detection Probability Maximization (c = 0)

In this scenario, we ignore search costs and focus only on the reward gained from finding the target

within 7" = 10 steps. This turns the problem object into maximizing the detection probability.

Metric single-object policy | two-object policy
Optimal Value (Theoretical) 0.5089 0.6989

Avg. Episode Reward 0.5109 % 0.0483 0.6960 % 0.0468
Avg. Success Rate 0.5109 £+ 0.0483 0.6960 + 0.0468
Avg. Episode Length 7.38 £0.3138 6.35 + 0.3323

Table 4.1 Comparison between single-object and two-object DP solvers for detection proba-
bility maximization (¢ = 0) within 7" = 10 search steps.

The theoretical optimal value of the two-object policy is significantly higher (=~ 0.7) compared to
the single-object’s one (= 0.51). We also notice that the two-object DP achieves a significantly
higher empirical average reward of 0.696, compared to just 0.5109 for the single-object policy. This
large difference proves that paying attention to both objects helps the searcher to finding the target
much more often. Additionally, the two-object policy is more efficient, earning this higher reward

while taking fewer steps (6.35) on average than the single-object policy (7.38).

4.4.2 Mixed Objective (non-null Cost and Reward)

This section looks at the complete problem where the agent has to balance the reward of finding

the target against the cost of searching for it.

Metric Single-Object DP | Two-Object DP
Optimal Value (Theoretical) —0.7464 —0.4601
Avg. Episode Reward —0.7334 £ 0.0887 | —0.4536 + 0.0973
Avg. Success Rate 0.3337 + 0.0465 0.6263 £+ 0.0439
Avg. Episode Length 7.59 £ 0.3600 6.40 + 0.3380

Table 4.2 Comparison between single-object and two-object DP solvers for a mixed objective
that balances successful search against search cost.

Combining the two objective provided a similar result as the in the previous two cases. The
results show that the two-object policy outperformed the single-object policy in reward theoretically
(—0.4601 vs —0.7464) and empirically (—0.4536 vs —0.7334). The single-object policy often struggles
to find the target, failing about two-thirds of the time (33.37% success rate). Because it fails so
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often, its average reward is low. In contrast, the Two-Object agent uses the relationship between
objects to succeed more often (62.63%) and faster (6.40 steps).

4.4.3 Experimental Summary

The comparison across these scenarios confirms that the two-object policy consistently outperforms
the single-object policy by leveraging the informational value of the related object. By exploit-
ing objects’ correlation, the two-object policy achieves higher performance in optimizing search

objectives.

4.5 Summary

This chapter extended the search problem to a more complex two-object scenario involving a single
target and a related object. We developed a complete framework for computing an optimal search
policy that leverages the probabilistic correlation between a primary target and a secondary, related
object. The agent’s initial belief is no longer a simple vector but an n X n joint probability matrix,

which captures the relationship between the two objects’ locations.

In addition to using a search vector z as the sufficient statistic to express the posterior belief, the
two-object problem requires a more comprehensive state, s; = (z,6), which tracks not only the

search counts but also the status (location, if found) of the related object.

The derived solution is inherently complete. It includes control laws for states with both objects still
hidden and states where the related object’s location is known. In practice, the search begins with
controls that balance searching for the target with the potential information gain from finding the
related object. If the related object is found, the framework elegantly transitions to controls that
act as a more informed single-object search. We validated this more powerful approach through a
practical example, demonstrating superior results compared to the single-object solver from Chapter
3. This was confirmed by empirical simulations, where the new approach was superior on average

in reward, detection rate.

While this two-object DP approach provides a provably optimal and superior solution, its primary
drawback is an even greater computational complexity. The expansion of the state and belief spaces
makes the “curse of dimensionality” more acute than in the single-object case. The memorization
method we discuss in Appendix A may help alleviate this to some extent, but can still be inefficient
for many large-scaled problems. Therefore, the true value of this model is its role as a normative
benchmark. It establishes the theoretical “perfect score” for correlational search, against which we

will evaluate more computationally tractable heuristic methods in the following chapters.
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CHAPTER 5 APPROXIMATE METHODS

The preceding chapter established a rigorous framework for determining the optimal search policy
in a two-object environment using DP. While this approach provides a normative benchmark for the
best possible performance, its practical application is severely limited by the curse of dimensionality.
As the number of search cells n or the time horizon T increases, the state space grows exponentially,

rendering the computation of the optimal policy intractable for most practical problems.

This computational barrier necessitates a shift from exact, optimal methods to efficient, approxi-
mate methods. This chapter explores two heuristic strategies designed to overcome the scalability
challenge. These heuristics sacrifice the guarantee of optimality in favor of computational feasibility,
aiming to produce high-quality, effective search policies for large-scale problems with significantly

reduced computation time.

To assess the efficacy of these approaches, their performance will be quantitatively benchmarked
against the true optimal policy generated by the DP solution. This comparison will allow us to

measure the trade-off each heuristic makes between computational cost and mission success.

5.1 Limited Lookahead & Rollout

To find a computationally tractable policy for this search problem, we employ a k—step lookahead
heuristic we discussed in Section 2.6.3. This is an online planning method that determines the best
action at the current time t by solving a smaller, k—step DP problem. The value of states at the
end of this short lookahead horizon is approximated using a rollout algorithm, which in turn uses a
simple base policy to run fast simulations. After that we will compare this heuristic with the greedy

policy with a simulated large-scale problem, measuring the computational cost involved.

5.1.1 Problem Formulation

The core of the method is the k — step lookahead value function, J, which is defined by the following

Bellman equations for a k — step horizon:

jt-i—k(zae) :jt—l—k(zve)
Jen(2,6) = max [R((2,0).0) + T (F(,0),0))] . 1=k—=1,---,0

a€ln]

(5.1)

where the terminal value, jt+k(z,9) is approximated by ij(z, 6)), which is the expected future
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reward obtained by following a base policy from stage k to the final horizon T'. This is estimated
by averaging the outcomes of many Monte Carlo simulations. For these simulations, we use a
Greedy policy, G, as the base policy. This policy simply selects the action that maximizes the
immediate expected reward (i.e., the immediate probability of detection). Formally, the Greedy

policy is defined as:

G(2.6) = arg max B[R((2.6), o) (5:2)

acn
Specifically, if both objects are still hidden (i.e., # = 0), the policy finds the cell that maximizes
(4.23), and if the related object has been found (6 # 0), it finds the cell that maximizes the (4.25).

Formally, we have:

arg max {(1 — M,a) 2 j=1Paj(2) — ca} , if6=0
g(276) _ CLE[TL]
arg max {(1 — V1,a)Paj0(2) — ca} , if@#0

a€ln]

(5.3)

At any decision stage ¢, until the target is found, the agent operates by continuously re-planning
based on its most current information. As long as the remaining time exceeds the lookahead
horizon (i.e., T'—t > k), the agent follows this procedure: The agent treats its current belief (i.e.,
the posterior at stage t) as the initial prior p, for the new subproblem. It solves a k-step lookahead
problem of horizon T'—t (with Algorithm 5), using p{, and the current status of the related object
fto find the best immediate cell to search a. As the current belief p{, already accounts for the
search history, this subproblem starts with a “fresh” search history 2z’ = [0,...,0]. If the search
ends without success, the agent updates 6 if necessary, and computes a new belief given the search

vector §, and 6. Then, it repeats the same procedure at ¢+ 1 until the detection occurs or T'—t = k.

During the k-step recursion in (5.1) the agent uses the Greedy rollout approximation (see Algo-
rithm 4) to estimate the values of states at the end of the short horizon k. Once T'—t = k, the
lookahead process ends, and the search continues with the complete DP of horizon k (using the

current pj and 0).

5.1.2 Empirical Comparison between the Greedy Policy and 1-Step Lookahead

Before evaluating deeper lookahead horizons, it is essential to establish a performance baseline by
comparing the greedy policy (kK = 0) with the 1-Step lookahead (k = 1), the most fundamental
non-myopic extension. This comparison serves to validate the rollout algorithm; theoretically, a
1-step planner using a greedy policy as its base policy for rollouts should perform at least as good
as the standalone greedy policy. Following the problem defined in Section 4.3.1, we performed
experiments using the same configuration of 100 seeds and 100 episodes per seed. For the 1-Step

Lookahead, each rollout output was obtained using 500 Monte Carlo simulations to approximate



Algorithm 4 Rollout

Input:
e T, Rollout horizon

e n: Number of cells

® 20,P0,71,72
e 0, initial related object position

e num__sim: number of rollout simulations

e c: cost vector
Initialization:

o rewards = []: empty list that will contain rewards of all simulated search
Simulations:

1. For stm =1 to num__sim:

1.1 2+ 2
1.2 0+ grol
1.3 Sample true object locations based on py and 6,
1.4 rew + 0
1.5 For t =1 to T}, do:
1.5.1 If § =0 do:
e Select action a < G(z,0) using (4.23) given (z,0)
e rew < rew — clal
e If O is found:
— rew < rew+1
— Break inner for-loop.
check for Oy
if Oy is found :
—0<+a
— Do < Do, |a
e z ¢+ z+da
1.5.2 Else if 0 # 0 do:
e Select action a < G(z,0) using (4.25).
o rew < rew — clal
e If Oy is found:

— rew < rew +1

— Break inner for-loop.
e 2+ z+90,
1.6 rewards < rewards + [rew|

2. avg < sum(rewards)/len(rewards)
Output:

e avg: The average rewards for num__sim search simulations.




o4

the expected reward of terminal nodes of the lookahead horizon. However, we consider only the
scenario with mixed objective, the cost ¢ # 0, and the searcher gets a reward of 1 if the target

is found. The empirical results are detailed in table 5.1.

Metric Greedy Policy | 1-Step Lookahead
Avg. Episode Reward | —0.5203 + 0.0965 —0.5071 £ 0.0895
Avg. Success Rate 0.4885 £ 0.0502 0.6116 £+ 0.0514
Avg. Episode Length 7.19 4+ 0.3450 6.89 + 0.3840

Table 5.1 Comparison between the Greedy baseline and the 1-Step Lookahead policy in a
two-object search scenario (100 seeds, 100 episodes each, and 500 simulations per rollout).
Results are reported as Mean 4+ Standard Deviation.

Table 5.1 shows that 1-Step lookahead policy outperformed the greedy baseline in average reward
(—0.5071 vs —0.5203) with just 500 Monte Carlo simulations per rollout. This outcome is also
supported by their respective average success rates. The lookahead policy succeeded 61.16% of the
time, while the greedy policy only succeeded only 48.85% of the time. This shows that looking just
one step ahead helps the searcher avoid failing more often than the greedy policy. The lookahead
policy also finishes episodes faster on average (6.89 steps) than the greedy policy (7.19 steps). This
gives a ground proof that for this specific problem the k-step lookahead is a better alternative to

DP than the greedy policy.

5.1.3 Empirical Comparison between Different k: 1-Step vs 2-Step

The 1-step lookahead showed us a good benchmark, defeating the greedy policy. Now we aim to see
how looking with deeper k£ might improve the search efficiency. We still considered the experiment
from Section 5.1.2 on the problem defined in Section 4.3.1, except that this time we used 100
simulations per rollout. We compared 1-step lookahead against 2-step lookahead, linking them to
the optimal two-object DP policy as the benchmark. A summary of the results is provided in Table
5.2.

Policy Success Rate © Ep. Reward T Ep. Length |
1-Step Lookahead  0.599 + 0.060 —0.568 £ 0.100  7.22 £ 0.4899
2-Step Lookahead 0.629 4 0.052 —0.496 £0.094  6.66 4 0.3600
Two-Object DP 0.626 £ 0.044 —0.454 +0.097  6.40 = 0.3380

Note: Arrows indicate whether higher (1) or lower (]) values are better.

Table 5.2 Comparison of k—step Lookahead policies for k € {1,2} with DP in a two-object
search scenario (100 seeds, 100 episodes each, and 100 simulations per rollout)
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The results in Table 5.2 demonstrate that the two-object DP policy remains the superior strategy
for maximizing the problem’s objective. The DP’s Average Episode Reward (—0.454) remains the
theoretical benchmark for performance, and it achieves the best search efficiency with the shortest
Average Episode Length (6.40 steps). While the success rate of the 2-step lookahead appears
numerically higher (0.629) than the DP’s (0.626), the difference is not statistically significant as

their standard deviations overlap.

The data confirms the expectation that a deeper lookahead horizon yields a more effective policy.
The 2-step lookahead (—0.496 reward) clearly outperforms the 1-step lookahead (—0.568 re-
ward). By looking deeper in k, the searcher can better leverage the information provided by finding
the related object mid-search, leading to more sophisticated search sequences and shorter mission

durations. This superiority to 1-step lookahead extends to other metrics as well.

5.2 Deep Q-Network

The previous methods we analyzed—both the optimal DP solver and the k—step lookahead heuris-
tic—are model-based. They rely on having a model of the search’s evolution (i.e., they can compute
state transitions and probabilities) and use it to plan the best cell to search at each stage. The
DP solver plans for all possible futures, making it optimal but intractable for a large horizon. The
k—step lookahead plans for a limited future at every single step, which can become computationally

crippling for real-time decisions as k increases.

This leads us to a fundamentally different, model-free approach: RL, which we introduced in Section
2.6.4. Instead of performing complex planning at decision time, an RL agent, such as a DQN [37],
moves all the computational effort offline. By learning from many simulated search trajectories in
a training phase, the agent learns to approximate the optimal action-value function, Q;j(s,a). The
drawback with this approach is the training phase, since the agent must experience as many tra-
jectories as possible to accurately approximate Qj (s, a). To implement this, we start by formalizing

the RL formulation of our search problem.

5.2.1 Problem Formulation

In our previous DP formulation for the two-object search, the non-terminal state at time ¢ was
represented as the tuple (z,6). However, because the optimal policy in a finite horizon search
problem is inherently time-dependent, the action-value function must reflect the remaining search
horizon. Therefore, we redefine the the non-terminal state for the RL agent as the tuple (z,6,1),
where t is the current time step. For our Deep RL approach, we utilize a Deep Q-Network

(DQN) agent, which has proven effective in similar discrete search scenarios [17,36].
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A neural network cannot take directly the tuple (z,0,t) as an input. We need to encode this
information into a single vector. Therefore, the observation given to the agent at each step is a
vector of size n 4 2, created by concatenating z, 6, and t. We can see a basic architecture of the
DQN in Figure 5.1.

State Vector
s¢ (n+2)

Dense Layer 1 Dense Layer 2 @
(ReLU) (ReLU)

@ Q-values

Qi(s,a)

Figure 5.1 Schema of the DQN policy. The input state (a vector of size n+ 2 containing z, 6,
and t) is passed through two dense hidden layers with ReLU activations. The output layer
produces n Q-values, one for each cell to search.

The choice of the neural network architecture is motivated by the nature of this state representation.
Unlike image-based search problems that benefit from Convolutional Neural Networks (CNNs), our
input is a structured, low-dimensional feature vector rather than a matrix. Therefore, a Multi-
Layer Perceptron (MLP) is an appropriate and efficient function approximator for this task.
As shown in Figure 5.1, the network consists of two dense hidden layers with ReLLU activations,
providing the necessary non-linear capacity to approximate (); while remaining computationally

tractable.

The action space remains the discrete set [n], representing the choice of which cell to search. The
state transition dynamics are governed by the environment, which must internally track the search
history vector z, the status of the related object 8, and the current time ¢t. After an action a is taken,
the environment increments z, updates 6 if applicable, and constructs the next state (z+ 44,6, t+1)
for the next iteration. The prior pg is used internally in the environment to sample objects’ locations

at the beginning of each search episode during training.

Because the agent does not have an explicit model of the environment, it does not directly perform
the Bayesian update of the belief. Instead, it must learn the optimal search strategy directly from

the raw inputs (z, 0,t) by sampling trajectories during training.

It is important to note that we are training this agent for a specific scenario with a fixed prior, pg
Since pgy is constant across all episodes, the agent does not need it as an input; it can implicitly

“memorize” the characteristics of this specific pg within its network weights. If we were training a
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general-purpose agent to handle any arbitrary prior of size n X n, pp would need to be included as

part of the input state.

5.2.2 Objective: The Optimal Action-Value Function

The goal of a DQN is to learn the optimal time-dependent action-value function, denoted as Qj (s, a).
This function represents the maximum possible total future reward the agent can expect to receive
if it is in a state s = (z,0) at time ¢, takes action a € [n] (searches a specific cell), and then continues

to act optimally for the remainder of the search horizon.

This ideal function is defined by the Bellman Equation for finite-horizon problems. It states that
the value of the current action at time ¢ is the immediate reward received plus the discounted value

of the best possible action in the resulting state at time ¢ 4+ 1. Formally, we have:
Qi(s,a) =E | R(s,a) + B max Qj,,(s",d') |, (5.4)
s a’€n]

where R(s,a) is the expected immediate reward received as defined in Section 3.4. [ represents
the discount factor (8 = 1 in our case because we are in a finite horizon problem). The term s’
represents the next state, and max, Qj,,(s’,a’) is the value of the best action at the next time

step. For the final stage 7', the value is defined as Q%(s,a) = 0.

In practice, @ is unknown, so we aim to approximate it with a neural network Q:(s,a;w),
parametrized by weights w;. The DQN algorithm learns to approximate ()f by minimizing a loss
function based on the Bellman equation. To improve stability, the algorithm utilizes a target net-

work Q4 (s, a; w9, which is updated periodically.

During training, the agent stores its experiences (s,a, R,s’) in a replay buffer (D), a memory
module that stores a large history of past transitions, allowing the agent to sample random batches
of experiences to break the correlation between consecutive experienced search steps. At each
training step, the agent samples a batch from D and calculates the target value (3“9 defined

below) using the target network weights w;®9¢":

yia'f“gd = R<37 a) + 5 Hlan] Qt—i—l(slv a/; w;iGQEt)' (55)
a’€n

The objective of the DQN is to minimize the Mean Squared Error (MSE) between 3:*?* and the
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current prediction:
2

L) = E (79— Qu(s, asw . 5.6
0 e || U~ Qi) 50
Target Prediction

The weights w; are adjusted to minimize L(w;), forcing the predicted Q-values to converge toward
the stable target values using optimization algorithms like Adam or Stochastic Gradient Descent

(SGD).

5.2.3 Basic Simulation

Similarly to previous methods, we trained a DQN agent in solving the problem defined in Section
4.3.1. We use the DQN implementation from Stable Baselines3 [45]. We trained the model
over 100 seeds, and for each seed the training was set for a total of 100,000 timesteps, with a
training batch of 64. After each 10,000 training steps, the model was evaluated on 100 search
scenarios, and the model with the highest average rewards was saved as the best model. At the
end of the training, the performance scores of best models of all seeds were averaged and results are
summarized in Table 5.3. Figure 5.2 shows the average training reward progress across all seeds,

and Figure 5.3 shows the average evaluation rewards.

DQN (z-vector) - Mean Training Reward (Rollout) vs. Timesteps

Mean
Standard Deviation

—0.2 4

—0.44

|
o
o

Mean Episode Reward
&
®

~1.04

1.2 4

0 25000 50000 75000 100000 125000 150000 175000 200000
Total Timesteps

Figure 5.2 DQN - Mean Training Reward vs. Timesteps. The solid line shows the mean

training reward per training batch, averaged across 100 seeds of 100 episodes each. The
shaded area represents the standard deviation.

Results in Table 5.3 show that the DQN agent achieved a higher average reward (—0.430) compared
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DQN (z-vector) - Mean Evaluation Reward vs. Timesteps

—$— Mean Evaluation Reward (+ 1 Std Dev)

—0.34 -t

—0.6 4

Mean Episode Reward

25000 50000 75000 100000 125000 150000 175000 200000
Total Timesteps

Figure 5.3 DQN - Mean Evaluation Reward vs. Timesteps. The dot shows the mean eval-
uation reward per evaluation timestep averaged across 100 seeds of 100 episodes each. The
vertical line represents the standard deviation.

to the optimal DP baseline (—0.454). However, we must interpret this result with caution. The
DQN displays a significantly higher standard deviation (+0.116) compared to the two-object policy
(£0.0973). This indicates instability in the learning process. It suggests the DQN agent has not
fully converged to the consistent, optimal path, resulting in a policy that is less reliable despite the

higher average reward.

We also point out that the performance of DQN is influenced by our choice of hyperparameters.
Maybe a different training setting would have yielded a more stable policy. However, we are satisfied
to see a performance that remains competitive with model-based methods. This shows that Deep

RL is a promising alternative to solve such correlated search problems.

5.3 Simulations of a Large Problem

In this section, we assess the effectiveness of the heuristic methods discussed in this chapter. This
includes the 0—step (Greedy) policy, the k—step lookahead policies, and our trained DQN agent.
In the the previous section, we used a small n = 5 problem, which was useful for comparing our
heuristics against the “perfect” score from the optimal DP solver. However, it is useful to test these
heuristics to see how they perform on a problem that is too large for the optimal DP solver to even

run.
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Policy Ep. Reward T Success Rate ¥ Ep. Length |

DQN —0.430 £0.1160  0.586 = 0.057 6.97 £ 0.45
Two-Object DP —0.454 £0.0973  0.626 £ 0.044 6.40 + 3.38

Note: Arrows indicate whether higher (1) or lower ({) values are better.

Table 5.3 Comparison of DQN policies with DP in Two-Object Scenario (100 seeds, 100
episodes each). Results are reported as Mean + Standard Deviation. The best performance
for each metric is marked in bold.

5.3.1 Large Problem Setup

We define an intractable environment. To create this test, we’ll generate a new, much larger problem

with the following parameters: n = 25, T = 20, this means py would be a 25 x 25 matrix. Such

20+25-1
25-1

for each possible value of 6 € {0} U [25], which is astronomically large. We use code to randomly

problem would be intractable for DP because only for the last stage, there will be ( ) states
generate the problem parameters with a specific seed to ensure reproducibility. py matrix will be
generated with a strong correlation. The costs ¢; and miss-detection rates 71, v will be randomly

generated vectors of size 100.

5.3.2 Experimental Comparison

In this section we compare the 1—step Lookahead, 2—step Lookahead, and a Deep Q-Network
(DQN) agent. The primary objective is to demonstrate that lookahead methods can still function

as viable planning approximations in large environments where DP fails.

Due to the significant computational cost of online planning in this large state space, the experi-
mental parameters were constrained to 10 seeds with 10 episodes each. Furthermore, the lookahead
agents were limited to only 10 simulations per rollout, and the DQN agent utilized a basic training

setup. The results are summarized in Table 5.4.

Policy Success Rate T Ep. Reward T Ep. Length |
1-Step Lookahead 0.220 £ 0.087 —2.738 +£0.245 18.11 + 1.08
2-Step Lookahead 0.250 +£0.163 —2.432 +£0.372 17.94 + 1.57
DQN 0.154 4+ 0.053 —1.926 +0.127 18.02 £ 0.67

Note: Arrows indicate whether higher (1) or lower (]) values are better.

Table 5.4 Comparison of heuristics in a large problem setup (10 seeds, 10 episodes each, 10
simulations per rollout for lookahead).

The results in Table 5.4 indicate that the trend observed in the smaller experiments holds true:

the 2-Step still outperformed the 1-step lookahead. This is expected since they used the same



61

experiment configuration, except for k.

While the DQN agent reports a numerically higher average reward, this should not be interpreted
as superior performance in this context. These performance levels across all agents are attributable
to the restricted experimental setup: the lookahead methods require significantly more rollout
simulations to accurately approximate the value function, and the DQN agent requires a more
extensive training regimen to converge in such a high-dimensional state space. Consequently, this
comparison serves primarily to validate the feasibility of these methods in large-scale scenarios

rather than to establish their maximum potential performance.

5.4 Summary

This chapter explored two effective heuristic methods: k-step lookahead and DQNs to address
the computational limits of the DP solution. Both methods show promising pathways to finding
admissible solutions for large-scale search problems, as they have higher success rates on average

when compared to the baseline greedy policy.

The k-step lookahead approach framed the problem as a form of online planning. It solves a small,
exact DP problem at each decision step and uses the known model of the environment to make
smart, future-oriented choices. Its main strength is this explicit use of the model, which allows
for complex reasoning and a flexible balance between planning depth (k) and decision-time cost.
However, its biggest downside is that decision-time cost; needing to perform a recursive calculation
at each step can make it unsuitable for tasks that require instantaneous decisions. Moreover, its
long-term performance depends on the quality of the simpler rollout policy used to estimate future

values.

On the other hand, the DQN algorithm tackled the problem with a model-free learning approach.
By training a neural network policy through extensive offline simulation, it learns a direct link from
the combined state vector (which includes the search history vector and related object status) to
the expected value (Q-value) of each action. Its main advantages are its ability to handle large
state spaces and its very fast execution speed once trained, making it well-suited for real-time
use. The main trade-offs include the high upfront computation costs needed for training and the
fact that the resulting policy is an approximation without a guarantee of being the best. The
effectiveness of the final policy is also very sensitive to the chosen network architecture and the

tuning of hyperparameters.

In the end, both the online planning of the k-step lookahead and the offline learning of DQN offer
practical methods for balancing optimality and feasibility. We do not claim that deeper lookahead
will always outperform DQN in every situation, even though it has demonstrated better search

efficiency in this particular case.



62

Algorithm 5 k-step Lookahead Policy Computation for Two-Object Search

Input:
o Tyem: Remaining mission horizon (i.e., T —t)
o Static parameters: n, pg, y1, V2
e 0;ni: Current related object status
e k: Lookahead horizon
e num__sim: number of rollout simulations
Data Structures & Initialization:
o Define the action set A= {1,2,...,n}.
o Initialize two global dictionaries: Jyques = {} and Policy = {}.
e zop=1[0,...,0]: initial search vector
Base Case:
o State space for stage k if 0t = 0: S = {(2,0) | 2 € 2%y, 3"z = k,0 € {0,...,n}}.
o State space for stage k, if 0;pi # 0: Sk = {(2,0init) | z € L0, > 2 = k}.
o Create a dictionary for the final stage value function: Ji = {}.
o For each state (z,0) € Sy do:

— Ji[(z,0)] + Rollout(z, Tyem — k, 0, po, 71,72, ¢, num__sim) > Apply Algorithm 4 for
Tiook — k steps

b values[k] = Jk
Backward Recursion:
1. For t =k — 1 down to 0 do:

1.1 Initialize empty dictionaries for the current stage: J; = {}, ut = {}.
1.2 Define state space for stage, Sy = {(2,0) | z € Z%;, > zi = 1,0 € {0,...,n}} if Oinit = 0,
otherwise Sy = {(2,0init) | 2 € Z24, > 2 = t}.
1.3 For each state (z,6) € S; do:
e if § ==0: > Case 1: Both objects are hidden.
— Compute the joint posterior matrix p(z) using pg and z per (4.7).
— Find the best action and its value:

Jil(z,0)] = max {...} > Using (4.34)

pe(2,0)] = argmax {.... }

e else: > Case 2: O9 has been found in cell 6.
— Compute the conditional posterior vector p,|9(z) based on history z and the prior
Po,.16-

— Find the best action and its value:
Jil(z,0)] = maﬁ {---} > Using (4.36)
acn
pel(2,0)] = argmax {--- }

o Store the results: Jygues|t] = Ji, Policy[t] = .
Output:
o Policy[0][([0,...,0],0init)]: The optimal action for the initial state.
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CHAPTER 6 CONCLUSION

This chapter brings our study to a close. It provides a final summary of the two-object search
problem we investigated, highlighting our main contributions and acknowledging the limitations of
our approach. We’ll also look ahead to some future research directions where our work can serve as

a benchmark for tackling even more realistic and advanced problems.

6.1 Summary and Contribution

This thesis has addressed the challenge of optimal search problem in a discrete environment where
the primary target’s location is correlated with a secondary object. We have moved beyond the
classic single-object search paradigm to develop a more powerful framework that leverages this

statistical relationship to improve search efficiency.

The primary contribution of this research is a general model for two-object search. By repre-
senting the object correlation with a full joint probability matrix, our approach can capture any
form of statistical dependency without imposing the restrictive spatial constraints—such as ad-
jacency—common in prior work. This allows our framework to capture any possible statistical
dependency, from targets being co-located to being on opposite sides of the search environment,
making it highly flexible for scenarios where a specific dependency can be estimated. Based on
this model, we formulated a DP solution that computes a provably optimal policy. This policy
is inherently complete; it optimally handles the fundamental change in the problem that occurs
if the related object is found mid-search, elegantly transitioning to a new, more informed single-
object problem using the same policy. A key innovation that enables this is the formulation of
a new state representation, which consists of a pair of a vector that tracks the search count for
each cell, disregarding the search order, and a variable that tracks the status of the related object.
This framework provides a principled method for quantifying the value of information provided by
the related object and formally establishes the conditions under which this correlational search is

strategically advantageous.

To validate the theoretical model, we developed and evaluated two scalable, approximate methods
for large-scale problems: an online planning heuristic based on k-step lookahead, and an offline
learning approach using the RL algorithm, DQN. Our experiments confirmed that both heuristics
can learn high-quality policies compared to the greedy policy, which served as the baseline heuristic,
and that the performance of the k—step lookahead improves as its planning horizon gets deeper,
approaching the optimal benchmark; however, with a high computational cost. The result of the

DQN agent demonstrated that a NN can effectively learn a complex search strategy directly from
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observing just the search history vector and the related object status, but also with a cost of high
computation time for the training phase. This validates the use of Deep RL as a viable alternative

for this class of problem.

6.2 Limitations

While our models provide a robust foundation for correlational search, their applicability is bounded
by several key assumptions. The solutions presented require a known prior distribution and consider
only static targets within a fixed time horizon. Crucially, we assume a constant sensor model with

no false alarms, which ensures that any detection is true and definitive.

The most significant limitation, however, is scalability. The optimal DP solution, while serving as
an invaluable theoretical benchmark, suffers from the curse of dimensionality. While we discussed
how state encoding can improve memory efficiency, the computational burden of evaluating an
exponentially large number of states remains the primary bottleneck. Even the heuristic methods,
while more scalable, have their own computational trade-offs, from the online planning cost of the

k-step lookahead to the extensive offline training time required for the DQN agent.

6.3 Future Research

The limitations of this work highlight several promising avenues for future research. An immediate
extension would be to relax the static target assumption and develop models for searching for mobile
or evasive targets, which would require a more complex state representation that includes target
motion models. Another valuable direction would be to address the problem of unknown priors,
where the agent must simultaneously learn the correlation model while planning its search strategy.
Finally, expanding the framework to handle multi-agent search, where a team of coordinated agents
collaborates to find the correlated objects, would be a significant step towards solving large-scale

problem, real-world SAR operations.
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APPENDIX A EFFICIENT STATE MEMORIZATION

We have seen previously that using the search vector z; (the number of searches per cell at time ¢)
allows us to disregard the specific order of past actions to obtain the current belief p;. However, this
strategy can still be impractical in terms of memory efficiency, for problems with a large number of
search cells n, or a long search horizon T'. In this section we provide an approach that provides a

better memory efficiency for both Algorithm 1 and Algorithm 3.

In fact, in our settings we need to store in memory all possible z (where Y, z; = t) at each stage ¢
for referral during the backward recursion. The number of unique z vectors can be found using the
stars and bars combinatorial principles. This corresponds to the number of ways to distribute ¢
searches (i.e., ¢ stars) into n distinct bins (i.e., n — 1 bars ). This number is given by (*t"71). Thus,

the total number of vectors that must be stored for the whole horizon T', that we denote by 7, is

the sum over all possible states to store at each stage t € [T:

T
77=Z<t+n_1>- A1)

For large T' and n, storing 7 vectors of size n can be computational expensive in memory con-
sumption. For instance, if n = 10 cells and T" = 20 steps, the number of states at ¢ = 20 alone
is

(20 +10—1

10 — 1 ) ~ 20 million.

Storing each of these as a 10-element integer vector (i.e., 8 bytes per integer) would require roughly
20,000,000 x 10 x 8 = 1600 Megabytes just for the final time step. So, summing over all ¢t € [T]

makes the total memory requirement substantial.

To address this, we need a more memory-efficient way to store states without altering the backward
recursion algorithm. Using the principle of the combinatorial number system [46], we can define a
family of functions {encode;},. {0, T} that map each unique vector to a unique index. At each stage
t, encode; creates a bijection between the set of all possible vectors z and set of integers [(ttfjl)}
The function encode can be constructed using an algorithm based on the combinatorial number
system. By ordering all possible z; vectors lexicographically, we can assign a unique integer index

e; to each one. For instance, if n = 3 and T' = 3, we can have the following encoding;:
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encodes

encodes ,

encodes

0,0,3

0,1,2
encodes(|0, 3,0 4
encodes(|1,0, 2

)

encodes
encodes(|1,2,0
encodes(|2,0,1

encodes(|2,1,0

(
(
(
(
(
(
(
(
(
(

[0,0,3]) —

[0,1,2]) =
[0,2,1]) =
[0,3,0]) =

[1,0,2]) —
[1,1,1]) —
[1,2,0]) = 7
2,0,1]) =

[2,1,0]) =
[3,0,0) =

encodes(|3,0,0 10.

Therefore, instead of storing in memory all vectors of size n, we can store their encoded indices.
For instance, if n = 10 cells and T" = 20 steps, instead of using 1600 megabits of memory just for
this stage, this encoding will require only 160 megabits, since we will use only integers in place of

10-sized vectors.

We also define the function decode; = (encodet)_l, the inverse of encode; which takes a given integer
index back to its vector form (i.e., decode;(et) — z¢). This is an essential step to allow the algorithm

to correctly identify the vector associated with a specific index stored in memory.

Note: For the case of two-object search, the total number of possible states is (n + 1) -  because
6 € {0} U [n].
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APPENDIX B LINKS TO SIMULATION CODES

In this section we provide links to source codes of problems simulated problem solved in our this

work.

B.1 Code for Chapter 3

This section contains links to experimental codes of the problem defined in Section 3.7.

Here is the code for the single-object DP solver experiment

B.2 Code for Chapter 4

This section contains links to experimental codes of the problem defined in Section 4.3.1.

1. Here is the code for the single-object DP solver experiment

2. Here is the code for the two-object DP solver experiment

B.3 Code for Chapter 5

This section contain links to experimental codes of the problem defined in Section 4.3.1 and Section

5.3, for each heuristic.

B.3.1 Code for Problem defined in Section 4.3.1
1. Here is the code for the greedy policy (k = 0)
2. Here is the code for 1—step lookahead
3. Here is the code for 2—step lookahead

4. Here is the code for DQN

B.3.2 Code for Problem defined in Section 5.3
1. Here is the code for 1—step lookahead
2. Here is the code for 2—step lookahead

3. Here is the code for DQN


https://github.com/cipherlab-poly/two-object-search/blob/main/Single_Object_DP_Chapter_3.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/Single_Object_DP_Chapter_4.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/Two_Object_DP_Chapter_4.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/Greedy_Basic_Problem_Chapter_5.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/1_Step_Lookahead_Basic_Problem_Chapiter_5.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/2_Step_Lookahead_Basic_Problem_Chapiter_5.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/DQN_Basic_Problem_Chapter_5.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/1_Step_Lookahead_Large_Problem_Chapiter_5.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/2_Step_Lookahead_Large_Problem_Chapter_5.ipynb
https://github.com/cipherlab-poly/two-object-search/blob/main/DQN_Large_Problem_Chapter_5.ipynb
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