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RESUME

L’objectif de ce mémoire est de résoudre le probleme inverse de diffusion massique
dans un milieu poreux bidimensionnel en présence de convection naturelle par la
méthode du gradient conjugué et les équations adjointes. On établit le modele
mathématique de ce probleme basé sur la loi de Darcy, I’approximation de Boussinesq,
la loi de Fick et la conservation de masse et d’énergie. La démonstration des équations
directes, des équations de sensibilité et des équations adjointes est fournie en détails. Le

principe et le mécanisme de la méthode de I’optimisation sont présentés ensuite.

On utilise la méthode de volume contrdle pour faire la discrétisation pour toutes les
équations différentielles avec la forme implicite et le schéma power-law. La méthode de
Gauss—Seidel est aussi adoptée pour le calcul numérique par balayage de la ligne et
colonne a chaque étape de temps. On utilise les coefficients de la relaxation pour
empécher la divergence des résultats. Toutes les solutions intégrales sont évoluées par la

méthode de Simpson.

Le dernier chapitre présente les résultats numériques pour des cas différents. Les profils
de concentration uniforme et non uniforme a la frontiére active sont examinés pour les
problémes transitoires en supposant que les autres conditions frontiéres sont connues.
D’excellents résultats peuvent étre obtenus pour le probléme inverse jusqu’a Ra=10*
pour un profil uniforme. D’autre part, les solutions inverses ne sont pas trés bien en
accord avec les valeurs réelles pour le cas non uniforme. A partir des valeurs mesurées

avec bruit, des solutions raisonnables sont obtenues selon le principe Alifanov si ¢ <
0.05.
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ABSTRACT

The inverse double diffusive natural convection problem in a porous medium confined
within a square enclosure is solved by conjugate gradient method and adjoint equations.
The mathematical model is established based on the Darcy flow model, Boussinesq
approximation, Fick’s law and the conservation of momentum and energy. The
derivation of the governing equations, the adjoint equations and the sensitivity equations
is provided in detail. The principle and mechanism of the optimization method is

introduced also.

All the partial differential equations are discretized using control volumes method with
the power-law scheme and completely implicit form. Gauss—Seidel method is adopted
to perform the iterative calculation by sweeping alternating line and column at each time
step in the discrete system. The under relaxation coefficients are used to prevent the
divergence of results. The integral solutions are numerically evaluated by Simpson’s

method.

Numerical results are presented for the unknown solute concentration profile on the
active wall, assuming that the conditions for temperature and concentration on the
remaining boundaries are given. Reasonably accurate solutions are obtained at least up
to Ra = 10* for uniform profiles. On the other hand, the inverse solutions don’t agree
with the real values very well for non-uniform cases. In addition, noisy data solutions

are effectively regularized according to the discrepancy principle of Alifanov.
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CONDENSE EN FRANCAIS

Le probléme inverse devient de plus en plus important dans la société industrielle
moderne. Présentement, beaucoup de domaines surtout de haute technologie rencontrent
des problémes inverses de transfert de chaleur tels que I’optimisation de design et la
procédure de contrdle pour le chauffage, la détermination du coefficient de transfert de

chaleur a la surface de missile ou d’avion etc.

Un probléme inverse est considéré comme un probléme mal posé mathématiquement.
C’est-a—dire que la solution de ce probléme n’existe pas, ou n’est pas unique, ou n’est
pas une fonction continue des données. Durant les derniéres années, les recherches des
problémes inverses en transfert de chaleur ont recu un intérét croissant a cause des

développements des mathématiques appliquées et des technologies d’informatique.

La convection induite par les gradients de deux propriétés est connue comme convection
de diffusion double. Les composants dans le systeme sont généralement la température
et la concentration. Il y a beaucoup d'investigations des problémes directs de convection
naturelle avec double diffusion. Mais, les publications sur les problémes inverses des
transferts de chaleur et masse dans un milieu poreux sont rare. Quelques problémes sont
souvent rencontrés dans beaucoup des domaines par exemple océanographie, traitement
de déchets, transport chimique dans le réacteur nucléaire, géographie, et d’autres

domaines.

Il y a beaucoup de méthodes qui ont étés appliquées au probléme inverse jusqu’a
présent. Tikhonov a proposé la méthode de régularisation en 1963. Alifanov a
développé cette approche directe et a présenté une méthode itérative de régularisation.
Une autre méthode importante qui s’appelle temps futur est donnée dans le livre de
Beck et al. En plus, d'autres methodes, par exemple 1'approche probabilisable basée sur
la théorie de Monte Carlo, qui joue un rdle important dans ce domaine. Dans mon

étude, connue sous le nom de méthode du gradient conjugué est choisi pour résoudre le
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probléme inverse avec les équations adjointes. On a obtenu la solution parfaite si le

profil de la concentration a la frontiere active est uniforme.

Ce mémoire est divisé en six parties.

La premicre partie est une introduction expliquant les questions suivantes:

» Quel est le probléme inverse?

» Quelle est la diffusion double?

» Quel est le milieu poreux?
Nous présentons ensuite 1’histoire de développements du probléme inverse de 1890
quand Stefan a obtenu la premicre solution exacte d’un probléme inverse de conduction
mono dimensionnelle a présent. Apres nous définissons 1’objectif de notre travail qui
est la résolution du probléme inverse de diffusion massique dans un milieu poreux
bidimensionnel en présence de convection naturelle, en mesurant la concentration dans

le systeme pour les différents cas.

Dans le chapitre I, nous définissons d’abord le probléme que nous étudions en ce
moment. La cavité rectangulaire rempli de milieu poreux est chauffée en bas et refroidi
au sommet. Le mur gauche est le mur droit sont adiabatiques. Les débits de la
concentration a travers le bas et le sommet sont zéro. La concentration au mur droit est
aussi zéro. Quand t = 0, toutes les conditions initiales sont connues. Nous encastrons un
senseur ou plusieurs dans le milieu poreux pour mesurer la concentration S,,. Notre
objectif est de rechercher la concentration 2 la frontiére active (le mur gauche) a partir
de S,,. Nous établissons ensuite le modele mathématique du probléme direct basé sur la
loi de Darcy, la loi de Fick et la loi de la conservation du moment et d’énergie. La
démonstration des équations gouvernantes, i.e., I’équation continuité, I’équation du
moment, I’équation d’énergie et 1’équation de la diffusion massique, sont donné en

détails. Pour simplifier ce modé¢le, nous utilisons la méthode de vorticité - fonction de



courant et en plus nous normalisons toutes les équations. Finalement, nous obtenons
trois équations non dimensionnelles comme suit:

vy = Ra| L e N )= Rav x[T g+ NS 3
ox ox

o, ot or_wr ot
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On peut transformer un probléme inverse en un probléme d’optimisation. C’est — a —
dire que la solution du probléme inverse est obtenue par minimiser ’erreur E. Le
deuxiéme chapitre présente la méthode d’optimisation qui est utilisée pour résoudre le
probléme inverse de double diffusion, i.e., la méthode du gradient conjugué. La
direction de recherche et ’espace de marche sont déterminés par 1’équation de
sensibilité et I’équation adjointe. La démonstration mathématique de ces équations est
fournie en détails dans ce chapitre. Nous présentons aussi la procédure d’optimisation

par le gradient conjugué.

Le troisieme chapitre décrit I’implémentation d'un code numérique. Nous faisons les
discrétisations par la méthode de volume de contrble avec la forme implicite et le
schéma de loi de puissance proposée par Patankar pour toutes les équations. Dans les

équations adjointes, un nouveau temps 7 =7, —¢ est défini a la place de temps physique

t. Donc touts les paramétres adjoints sont calculés en temps final #. Par la voie de cette
transformation, le coefficient de diffusion du probléme adjoint devient positive, ceci
peut améliorer la stabilité de la solution. Pour transférer 1’information de la frontiére a
Iintérieur du systéme plus rapidement, nous faisons la un calcul itératif par la méthode

de ligne-par-ligne. Et le calcul itératif entre deux lignes ou deux colonnes est exécuté
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par la méthode de Gauss-Seidel. D’un autre c6té, on peut choisir les coefficients de
relaxation pour empécher mieux converger. Dans la computation, quelques facteurs

doivent étre calculés par intégration. Ils sont évalués par 1a méthode de Simpson.

Le quatriéme chapitre présente les solutions selon plusieurs profils de concentration
prévues a la frontieére active et d’autres conditions différentes. Nous comparons et
discutons aussi touts les résultats obtenus pour analyser 'applicabilité de la méthode de

gradient conjugué.

A la fin de ce mémoire, nous faisons les conclusions et les recommandations pour les
travaux de recherche présents a partir des résultats et des discussions qui sont dans
Chapitre IV. On peut prévoir précisément la concentration uniforme a la fronti¢re active
quand 0 < Ra<10*, 0 < N <10 and 0 < Le < 5. La solution du probléme inverse n’est
pas tres sensible pour le facteur € si il est moins quel.0. Pour plusieurs profils des
concentrations prévues a la frontiére active tels que la fonction linéaire, triangulaire, et
de sinus etc., nous pouvons obtenir les solutions parfaites. Pour obtenir meilleurs
résultats, les senseurs doivent €tre placés le plus prés de la frontiére active si il est
possible. Les conditions frontiéres peuvent influencer I’exactitude de la solution inverse.
Les valeurs mesurées sont simulées par les données avec bruits. Nous obtenons les
solutions acceptables jusqu’a ¢ = 0.05 selon la principe Alifanov. D’autre part, les
solutions inverses ne sont pas treés bien en accord avec les valeurs réelles pour les

concentrations non uniformes prévues si le nombre de Rayleigh est grand.
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v? Laplacian operator



XiX

Superscripts

- adjoint variables

~ sensitivity variables

* dimensionless variables or extremum value
k iteration step

Subscripts

0 reference state

i node series number in x coordinate
j node series number in y coordinate
m measured value

max maximum value

min minimum value
f fluid

s solid

Other symbols

<| ) inner product

I norm

i modulus



INTRODUCTION

While seeing the title of this thesis, someone maybe asks the following questions:
What is the inverse problem?

What is double diffusion?

What is a porous medium?

Let’s begin by answering these questions.

0.1 Inverse Heat Transfer Problems

In the last two decades, the research on inverse problems has undergone rapid
development because of the needs of applications both in sciences and in industries. In
various fields, such as signal and image processing, heat transfer, medical machines,
bioelectric technique, the earth science, genetic algorithms and neural networks tutorial

etc., the inverse problems are attracting the extensive attention.

Then, what is the inverse problem? J.B Keller [1] defined the inverse problem as: two
problems are inverse to each other if the formulation of one problem involves the other
one. Usually the simpler one or the one which was studied earlier is called direct
problem, the other one is the inverse problem. Thus one might say inverse problems are
concerned with determining causes for a desired or an observed effect [2]. O. M.
Alifanov, the Russian proponent of inverse methods, probably said it best: solution of an
inverse problem entails determining unknown causes based on observation of their
effects. This is in contrast to the corresponding direct problem, whose solution involves

finding effects based on a complete description of their causes [3].

For heat transfer problems, if the geometric shape of the system, boundary conditions,
initial conditions, thermo-physical properties etc. are known, to determine the
temperature distribution within a domain for example, is the direct problem; on the other

hand, if the temperature of one point or some points within a system or on a part of the



bounding surface is obtained by measurement, to estimate the boundary conditions,

inner heat source, or initial conditions etc. is the inverse problem.

One might classify the inverse problems according to their practical purpose such as
inverse diagnostic problems, inverse control problems, and inverse design problems and
so on. Of course, inverse problems may be classified arbitrarily. Another means of
classification is by the type of information that is being sought in the solution procedure:
backward or retrospective problem, coefficient inverse problem, and boundary inverse

problem.

Inverse heat transfer problems might be encountered in many systems where the direct
measurement of boundary conditions or the determination of thermo-physical properties
of a system is impracticable. One typical example is related to the determination of the
heat flux on the surface of a spacecraft or a missile. When the spacecraft reenters
atmosphere, due to the aerodynamic effects, the temperature on the surface is so high
that the thermo-physical properties cannot be measured directly. Some temperature
sensors are embedded in the heat protective materials and the problem can be solved by
inverse method. More practical applications include:
1. Heat measurement and thermal loading control;
One-dimensional heat flux sensors;

Parameter determination techniques;

2
3
4. Determination of contact thermal resistance;
5. Determination of frictional heat generation;
6. Optimization of design objectives;

7. Control of manufacturing process;

8. Applications in other domains.

More details can be found in [4].



Normally speaking, the inverse problem is much more difficult than the direct problem
because:

1. The solutions of the inverse problems are unstable, i.e., very sensitive to the errors of
measurements. A small error in input data can produce a physically unacceptable error
in the solutions;

2. The response of the inner points to the changes of boundary conditions is attenuated

and delayed.

Inverse problems are mathematically regarded as ill-posed problems, in the sense of
Hadamard [5]. That means, they may have no solution, or if a solution exits, it might not
be unique or not continuous with respect to the given data. Therefore they were
considered to be unsolvable and of no practical or physical meaning. However the
mathematicians and physicists have begun to change the attitude gradually since T.
Carleman made the first attempt to solve an ill-posed problem [3]. The developments in
applied mathematics and computer technology have made it possible to obtain

meaningful solutions.

0.2 Double Diffusive Convection

Convection induced by the gradients of two properties with different molecular
diffusivities is known as double diffusive convection. The components most commonly
used in these systems have been temperature and concentration, and the corresponding

case is called double diffusion flow or combined heat and mass transfer flow [6, 7].

In the 1800s, the studies of cirrus clouds almost led to the discovery of the mechanism
of double diffusion. However a group of oceanographers made the discovery a full
century later. The primary mechanism of double diffusion was formulated back in 1960
by Stern [8] as he considered Perpetual Salt Fountain experiment conceived by his

colleagues (Stormmel et al., 1956) a few years earlier for measuring deep ocean



pressures by lowering pipes from the surface [9]. And a fanciful idea soon developed
into a theory of Salt Fingers. Stormmel summarized the thought progression from salt
fountain to salt fingers under the remarkable heading “Exciting Ten Minutes at the
Blackboard”. That means the central ideas of double diffusion research came to light in

a short time [10].

In practice, double diffusive convection problems are frequently encountered in many
domains, and not only in the ocean. For example, the disposal of waste materials,
groundwater contamination, chemical transport in packed-bed reactors, grain-storage
installations, food processing, soil research, fluidized-bed boiler and others [11]. The
research on inverse double diffusive convection must extend the development of both
the ill-posed problems and the double diffusion. Prud’homme and Jasmin have acquired
the staggered production on this subject [12]. And it is likely to be of practical interest in
non-pollution disposal of waste water by microbes. Double diffusive convection might
occur in a porous medium or in a fluid (for example in ocean). My research focuses on

the porous medium only.

0.3 Heat and Mass Transfer in Porous Medium

The problems of heat and mass transfer in porous media involve many engineering and
science fields for example soil science, nuclear reactor cooling, mineral fuel mining,

thermal insulation material, coal storage and combustion, desiccation of food and so on.

One hundred years ago, people started research on the porous medium. In 1856 a French
physicist H. Darcy proposed the well-known Darcy’s law during his investigation of
ground water of Dijon city, France [13, 14]. In the 1950s the fluid flow in porous
medium was developed to a science named “Dynamics Fluids in Porous Media”.
Nowadays the research of heat and mass transfer in porous medium has reached an

unprecedented level, however the Darcy model is still the basic tool in this field.



The porous materials are multifarious, for example soil, ceramics, sand filter, bread,
cooling bar of nuclear reactors etc. Initially, one attempts to describe a porous medium
as “solid with holes”. Obviously this definition is too rough. In fact porous medium
consists of several substances with different phases (solid, liquid or gaseous). Any one
phase is dispersed in the other phases. So porous medium sometimes is called
“dispersed material”. The pores in porous medium are interconnected, with at least
several continuous paths, and by somehow specifying a better distribution (in either a
regular or random manner) of holes and paths over the entire porous medium domain.
Fluids can penetrate through this effective pore space from one side of the medium to
another. So sometimes porous medium is also called “permeable material”’. Porous
medium is not easy to define entirely and exactly. Bear, Zaslavsky and Irmay [14]
defined porous medium in 1968 as follows:

» A portion of space occupied by heterogeneous or multiphase matter. The solid phase
is called the solid matrix, and that space within the porous medium domain that is
not part of the solid matrix is referred to as void space (or pore space).

» The solid phase should be distributed throughout the porous medium within the
domain occupied by a porous medium; solid must be present inside each
representative elementary volume.

» At least some of the pores comprising the void space should be interconnected.

Many experiences demonstrate that the irreversible transport processes may affect and
disturb each other both in porous medium and in fluid. The reciprocities between wide
sense “force” and wide sense “flux” is called coupling effect in Irreversible
Thermodynamics [13]. J. Bear and Y. Bechmat [15] indicated that the thermal physical
properties such as density, viscosity, surface tension and permeability etc. changing with
temperature variation is the fundamental reason of coupling between heat transfer and

mass transfer in multi-phases porous medium system.



Normally one “flux” may be driven by several “forces” and one “force” may drive
several “fluxes”. That is essence of coupling phenomenon. When the coupling
phenomenon will happen? Curie’s law gives us a key based on the tensor analysis since
the “flux” and the “force” are tensors with different orders. In isotropic system, if the
difference of tensor orders between the “fluxes” and “forces” are even (include zero),

these “fluxes” and “forces” can be coupled. The detail may be found in [16].

0.4 Review of Literature

The earliest works on inverse problems are concerned with the determination of the
historical climate and thermal conductivity of the earth’s ground layer over a century
ago. In 1890 Stefan obtained the first exact solution of the one-dimensional inverse heat
conduction problem. Tyomkin and Burggraf got similar results in 1961 and 1964 for a
series of other linear problems [3, 4]. Even though the first light of constructing
solutions of inverse problems had already appeared in nineteenth century, the rapid
growth happened only during the last twenty or thirty years. The enormous increase in
computing power and the development of powerful algorithms made it possible to
consider the various real-world problems and apply the techniques of inverse problems

to ever more complicated systems.

For a long time scientists estimated parameters using optimization techniques. Some
methods known long ago, for example the least squares criterion introduced by
Legendre (1801) and Gauss (1809) were still used at present [17, 18, 19]. The 1960s and
early 1970s was a golden age for the theory of inverse problems, lots of modern
methods and algorithms appeared during this period. Wiggins, Franklin, Beck,
Tikhonov, Burgrggraf and other pioneers made the great contributions to the theory of
inverse problems. And the establishment of the complete mathematical theory system of
inverse problems is chiefly based on the early works of these researchers. Tikhonov [20]
proposed the well-known regularization method in 1963. His idea is considered as a

milestone: opening a fruitful direction in mathematical physics and computing



mathematics, and considerably broadening the bounds of effective practical use of ill-
posed problems in various fields of science and technology [3]. Tikhonov regularization
is a direct method. The maximum entropy regularization [21], truncated total least
squares, least squares with a quadratic constraint [22] and others also can be classified
as direct regularization methods. Along this direction, Alifanov [3] proposed a so-called
iterative regularization. Conjugate gradient method, the v-method and bidiagonalization
with regularization are the best known iterative regularization methods. Another
important regularizing technique is the so-called future time method introduced by Beck

[23]. Murio developed the mollification technique to obtain smooth solutions [24, 25,

26].

Besides the regularizing technique, another famous genre is probabilistic approach.
Purely probabilistic formulations of inverse theory appeared around 1970. Keilis-Borok
and Yanovskaya founded Earth model by Monte Carlo theory in 1967 [27]. Bachus and
Gilbert obtained the unknown function from discrete data in the years 1967-1970 [28].
Recently, the interest in Monte Carlo methods for the solution of inverse problems was
increasing. Mosegaard and Tarantola proposed a gerneralization of Metropolis
algorithm in 1995 [28]. More recently Monte Carlo analysis has been applied in real
data inverse problems. One might believe, in the future, Monte Carlo method will still

play an important role in the field of inverse problems.

The information preferred for our study is related to the inverse natural convection
problems. Recently, many valuable contributions have been obtained on this topic based
upon the various existing or new inverse approaches. The sequential function
specification method [29] was used by Moutsoglou [30] to study inverse laminar natural
convection in a fluid medium in a vertical channel. Park and Chung [31] and Park and
Jung [32] solved the inverse natural convection problem using different approaches for
an unknown time-dependent heat source inside a square cavity. Prud’homme and
Nguyen [33] and Zabaras and Yang [34] used the conjugate gradient method with

adjoint equations to study the inverse natural convection problem. But for inverse



double diffusive natural convection, few articles are published. More recently
Prud'homme and Jasmin [12] adapted the conjugate gradient method to solve the inverse
natural convection problem with mass diffusion in a porous medium. One may expect

that the research on this subject will be led to further.

0.5 Objectives and Contents of the Thesis

Various inverse problems such as inverse heat conduction problems and inverse heat
convection problems have been solved by the iterative conjugate gradient method with
adjoint equations so far. How far one can go? Today we have not seen the end point.
Extending the application of CGM in the inverse heat and mass transfer problems is the

main purpose of my study. The objectives of this thesis can be summarized as follows:

1. Study the possibility of applying CGM in inverse double diffusive convection

problems in porous medium;

2. Determine the range of Rayleigh number, Lewis number and other non-dimensional

parameters, over which the stable inverse solutions can be obtained;

3. Investigate the cases of different concentration profiles on active boundary and

different positions of measurement device;

4. Observe the influence of the random noise in input data upon the stability of

solutions.

The contents of this thesis contain the following parts:



First of all, we introduce basic concept of inverse problem, double diffusion and heat

and mass transfer in porous medium, review of literature and objective of this thesis.

In Chapter I, we establish the mathematical model for a double diffusive natural
convection problem in a porous medium. The derivation of governing equations namely
continuity equation, energy equation, mass diffusion equation and momentum equation

is given in detail.

In Chapter II we apply the iterative conjugate gradient method in inverse heat and mass
transfer problem in porous medium. The derivation of sensitivity equations and adjoint
equations is given also.

In Chapter III, we discretize all partial differential equations for direct, sensitivity and
adjoint problem with control volume method. The process and the algorithm of
numerical computation are introduced.

In Chapter IV, we present and discuss various results with different cases.

Finally we draw conclusions based on the discussion of results for this study.
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CHAPTER 1
PROBLEM FORMULATION

1.1 Problem Description

Let’s consider the two-dimensional rectangular porous cavity bounded by C sketched in
Fig.1.1. The porous medium is homogeneous and isotropic. The bottom wall is heated
and the top wall is cooled by uniform heat flux, and the horizontal walls are

impermeable, i.e., at y=0 and y=H, %7; =-1 and B_S = 0. The temperature on vertical

y ox
walls is uniform and constant, i.e., at x = 0 and x = L, T = 0. The last closure boundary
condition is § = 0 at x = L. When ¢ = 0, we suppose that the initial temperature and
solute concentration fields are known. The sensors which are used to measure the
concentration are embedded inside the porous medium. The symbol Q denotes the
surface of the 2-D system, while C, stands for the active boundary (left wall). Our
purpose is to determine the unknown solute concentration at x = 0 over the time interval

0 <t <, from the measured data S,,.

Figure 1.1 Geometry and Coordinates System
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1.2 Assumptions

In order to simplify a double diffusive free convection problem in porous medium,
Darcy flow model and Boussinesq approximation are usually adopted. The following

assumptions [35] are necessary:

» The porous medium is homogeneous, isotropic, and in thermal equilibrium with the
saturated fluid;

» The fluid is Newtonian (obeys Newton’s viscous law), and obeys Boussinesq
approximation, i.e., all physical properties of the fluid are considered as constant and
independent of the temperature except the density that gives rise to the buoyancy

force;

v

All physical properties of the porous medium are considered as constant and
independent of the temperature, time and space;

The vorticity of the fluid at the boundaries are zero;

The saturated fluid and porous matrix are incompressible;

Viscous dissipation is negligible;

YV V V VY

No inner heat source.

1.3 Establishment of Mathematical Model

A physical phenomenon or process normally can be described by a series of theoretical
or empirical formulas. The mathematical model of double diffusive free convection
problem in porous medium is founded based on four governing equations. The

derivation in detail is presented below.

1.3.1 Mass Conservation — Continuity Equation

The general two-dimensional continuity equation is:

dp Jd(pu) d(pv) dp Ju dv oJp dp
9P 9ov) 9P L 50" L 5 9P L% .
o ax oy o P Py My (L)
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Since we have assumed that the fluid is incompressible, then:

Dp_9dp  9p 9 _, (1.2)
Dt ot ox  dy

Substituting Eq.(1.2) into Eq.(1.1), we get the governing continuity equation:

du ov _

—+—=0 1.3
8x+8y (13)

1.3.2 Darcy Flow Model and Boussineq Approximation — Momentum Equation

About one hundred years ago, H. Darcy discovered that the area-average fluid velocity
through a column of porous material is directly proportional to the pressure gradient
established along the column based on numerous experimental observations and
measurements. And subsequent experiments additionally proved that the area-average
velocity of fluid is inversely proportional to the viscosity of the fluid. Darcy’s law (one—
dimension) can be represented mathematically as follow:

u= _Ea_p (1.4)
U ox

Doubtless, this is an empirical equation. Where K is a constant called permeability. 1t is
a very important physical property of porous material. K" is a length scale

representative of the effective pore diameter, so Reynolds number can be defined as:

KI/Z
Re =2 (1.5)
v
and the friction factor:
—%K“Z
f=—%— (1.6)

pu
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Then we can get:
k%
f-Re= dx (1.7)
Uu

Substituting Eq. (1.4) into Eq. (1.7), we obtain:

1

— 1.8
e (1.8)

f Darcy =

As long as O(Re)<1, the Eq. (1.4) and Eq.(1.8) are valid. These two equations are called
Darcy flow model.

P.H. Forschheimer proposed a modification for the Darcy’s law in 1901 [36] as follow:

dp _H 2
-—=—u+b 1.9
g Topu (L.9)

uk'?
L%

In where b is an empirical constant. If 0[ )21, we can’t neglect the inertial

effects and Darcy flow model should be replaced by Forschheimer-Darcy flow model.

In this thesis, we adopt Darcy’s flow model to simply the problem, i.e., we assume that

the pores are small enough so that:

K1/2
0[” ]<1 (1.10)
v
If & =0, the Darcy’s law in two-dimensional Cartesian coordinate (see Fig.1.1)
becomes:
K
L. _Kop (1.11a)
U ox

v=—£[?£+pg] (1.11b)
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A diffusive mass transfer process is inherently connected with heat transfer. In double
diffusion, the density may vary with temperature as well as concentration. The density

differential equation is as follow:

ap op
dp =L a1 + 2 4s 1.12
PEar® Tas (1.12)

The medium that saturates the porous matrix is treated as a Boussinesq incompressible
fluid and its density can be expressed by following the linear equation:

p = pyll= B (T ~T,)~ By(S - 5, (1.13)
Here fr is the thermal expansion coefficient and f, is the concentration expansion

coefficient. The subscript 0 denotes a reference state and:

__1(dp

B, = po(BT),,,s (1.14)
__1f9p

Bs = po(as)ﬂ (1.15)

Then Eq.(1.11b) becomes:

v=—5[a—p+pog[1—ﬂT(T—n)— ﬁs(S—So)]] (1.16)
pl dy

1.3.3 The First Law of Thermodynamics — Energy Equation

Obviously, heat and mass transfer in porous medium is different from that within a
fluid. For the latter, there is no solid substance within the system; but for the former, we
must consider the temperature variation of the porous matrix in the energy conservation

equation.

If we neglect viscous dissipation and assume that there is no inner heat source and
regard the porous structure as a homogenous medium, the energy equation in two-

dimensional Cartesian coordinates can be written as:
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oT or oT ’T 0°T
oo +1-00p,0 15+ pfcpf(ua—xwg] = gk, + (1—¢)ks{a7+gj (1.17)

where ¢ is a basic structure parameter of porous medium named porosity

The thermal conductivity of the porous medium k is defined as a combination of two
conductivities namely:

k= gk, +(1- @k, (1.18)

In the same way, we define the capacity ratio as:

o= ¢pchf + (1 _¢)pscs

(1.19)
P sCpy
Then Eq.(1.17) becomes:
2, 2
[ ey aa—T+u§—T-+va—T =k a€+a€ (1.20)
ot ox  dy ox® 9y
The thermal diffusivity of the homogeneous porous medium is defined as:
o= k (1.21)
PsCp
From Eq.(1.20) and Eq.(1.21) we obtain the governing energy equation:
2 2
oa—T+u—a—7;+v§Z=a a—Tz—+a—T2- (1.22)
ot ox Jdy ox~  dy

1.3.4 Fick’s Law — Mass Diffusion Equation

. . . . aS .
Based on mass conservation and Fick’s law, i.e., m= —Da— (where m =is mass flux
n

and D is mass diffusivity), we can easily write the mass diffusion equation as follow:
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2 2
os , oS, 8S_D(8 S, 9 s] (1.23)

o “ox Ty o oy

1.4 Simplification of Mathematical Model

The continuity equation, momentum equations, mass diffusion equation and energy
equation govern the heat and mass transfer process in porous medium. These five
equations with 5 unknown parameters (u, v, p, T, S) are closed by 8 coefficients namely

¢,D, 0, 0,K, u, B, Bs. In this thesis, the pressure field is not the focus of the

investigation. Then, is it possible to simplify the mathematical model to make it simpler

and easier to handle? The answer is positive.

1.4.1 Vorticity-Stream Function Method

In momentum equations, the pressure gradient can’t be neglected. To obtain a velocity
field, we have to know the pressure field at first. The calculation of pressure is possible
but it is much complicated also. If we can eliminate the pressure term, the problem will
be easier. Fortunately, for two-dimensional problem, a so-called vorticity-stream

function method [37] can help us to attain this goal.

We define vorticity as:

dv Jdu
o=——- 1.24
dox dy (124)
And stream function is defined as:
L=V 7
ady ox
(1.25)
Because
ov du dy 5
e SRS i ST i P v 1.26
ox dy ox* oy’ v (1:26)
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w=-Viy (1.27)
From Eq. (1.11a) and Eq.(1.16) we can calculate the partial derivatives of scalar

components of velocity:

du_ Kdp (1.282)
ady U dyox

2_K3p ——’;—pog( 55+ 5, g—Sj (1.28b)
Taking Eq. (1.28b) minus Eq. (1.28a), we get:

—[%—%;‘—}Vzw =—w=§pog([31%§+ Bs%%] (1.29)

In this way, two momentum equations that include pressure term are simplified to a

stream function equation.

1.4.2 Similarity Criterion and Non-Dimensional Equations

A physical process generally must be described by a considerable quantity of
parameters. It brings us many difficulties. However the scientists found that some
dimensionless groups that consist of several variables can describe certain phenomenon
conveniently, these dimensionless groups are called similarity criterion. For example
Reynolds number is usually used to estimate the status of the flow (laminar flow or
turbulent flow) and Nusselt number can be used to estimate the intensity of the
convection. Obviously, the adoption of the similarity theory and the similarity criterion

simplifies the problems.

For the governing equations mentioned above, the dimensionless quantities might be

defined as follows:
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o T-T, o B
AT a (07
* x * y * at
= —— = —— =
YT H aay’ oH*
KgB. HAT H . W ) v ou
Ra, = L A=— =—=Vy = iy
r o L v o v {ax dy
L a _ BAs ._S=5,
D B,AT AS
H
where AT = 2 , and Rar is the thermal Darcy-Rayleigh number based on the height.
* * o « *
So, T=T'AT+T, u=—u  v=2y S=S"AS+S,
H H
x = Hx y=Hy r= 4
a
(1.30)

Substituting expressions (1.30) into Eq. (1.29), we get:

ad o) K AT oT" AS 98"
| == _Z 7 _ |== —_——+ = 1.31
[H2 ox° H? ay*j ,upog(ﬁT H ox" s H 8x*] (131)
Hence
~ gvT _ au* _ KeB,ATH( aT* , BiAS as* (132)
dx dy ov L ox  B,AT ox
Namely
V' = RaT(ai*+ N 95 . ) (1.33)
ox ox

Substituting expressions (1.30) into Eq. (1.22), we get:
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ATa dT"  ATo .OT"  ATa .oT" ATa(0T" 9T
o s+t U T TV — = > ot
oH* Jt H x H ay H L ox dy

Namely
* * * 2. * 2rn¥
aT* ey aT* oy aT* :87*‘2 +87*"2 (1.34)
ot ox dy  ox ady
Similarly, substituting expressions (1.30) into Eq. (1.23), we get:
* * £ * * 2ok 2a*
9 Asa 9’ +ASo;u 9’ +ASo§v A ASZD(E) S, J i (1.35)
o H* o  H & H> o H |7 o
We define normalized porosity of the porous medium ¢ as:
€= ¢ (1.36)
o
Then Eq.(1.36) becomes:
* . * . * 1 2 * 2 *
8aS* +u aS*+v aS* =— §~§2—+a—§2 (1.37)
ot ox dy  Le| ox ady
In the same way, non-dimensional stream function equations can be written as:
* a - * *
- u = (1.38)

ax* ’ _a_y*

?

Omitting the superscript “*”from now, the non-dimensional Eq. (1.33), Eq. (1.34)
Eq.(37) and Eq. (1.38) become:

Vi = RaT(%%+ N?}—i) = Ra,V, X(T§+ NS §] (1.39)

oT oT oT 0T 97T
—tu—-+

L 1.4
o “ox oy o oy (1.40)
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z?a—S+u—é-)§—+va—s:L ﬁ+§—2—5—' (1.41)
o8 ox dy Lelox® o '
U= aa_l;/ (1.42)
b _%‘)_/Z_ (1.43)

Eq.(1.39)~Eq.(1.41) construct the simplified model which include 3 unknown

parameters (y, T, S) and 4 closure coefficients (Rar, N, €, Le).

1.5 Direct Problem

For the direct problem, our objective is to determine the temperature field and
concentration field based on established mathematical model by virtue of the given

boundary conditions and initial conditions.

% Boundary Conditions

Generally there are three types of boundary conditions namely:

1. Dirichlet: T|W = Constant

2. Neumann: B_T

n

=Constant

w

3. Fourier: [CIT+C _B_T_) =C,

> on

w

According to the problem definition stated in Section 1.1, the boundary conditions can

be written as follows:

Atx =0 T=0
S=f(yn
v=0
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At x =L

Aty =0 -1

Aty=H —=-1

+ Initial Conditions

We assume that: at £ =0 T=0, S=0and y =0

1.6 Inverse Problem

Suppose that the concentration S,,(y, ¢) of one point or several points within the system
is measured, initial conditions and all the boundary conditions except the concentration
on active boundary (left wall) are given. The purpose of the inverse problem in this
thesis is to seek the unknown concentration S(0, y, t) during the time interval 0 <t < t¢

under the following information:

Atx =0 T

Il I
o O



At x =L

Aty=0

Aty=H

Atr=0

7=0,S=0andy =0

And S, = S,u(y, t) is known

22
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CHAPTER II
THE OPTIMIZATION METHOD FOR INVERSE PROBLEM

Since the inverse problems have an ill-posed character, the researchers always attempt
to find a way to conquer this difficulty. Tikhonov, Alifanov, and others from the
Russian school proposed to cast the inverse problem into an optimization problem with
a regularized objective functional, and/or a self-regularizing algorithm of solution [3, 5].
Along this avenue, the iterative conjugate gradient method (CGM), one of the most

stable algorithms, is widely used to solve the inverse problems today.

Then what is CGM? Let’s review the mathematical background of the unconstrained
optimization at first. And afterward, we will discuss the application of CGM in the

inverse problem.

2.1 Unconstrained Optimization Method

Optimization is a branch of pure mathematics and might be defined as the science of
determining the “best” solutions. Newton-like methods, steepest descend type methods,
conjugate direction or conjugate gradient methods and restricted step methods can be

classified as unconstrained optimization methods.

2.1.1 The Iterative Method

For an arbitrary function f{x), x€ R", how to find the minimizing point? The iterative
method is one of the most popular numerical methods. Its principle is as follow:

0)

From an initial value x© , calculate a series of x® k=1, 2, 3, ...), the limit of the

sequence {xk} is expected to give the extremum value x*. As we know, the difference

x(k+1) (

—x® must be vector related to some gradient, in other words, KD

might be

described as:

X*0 = x® L2 P,
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where A, is a real number and is called step size, Pi is a vector and is called searching

direction. The difference between the various iterative methods is how to determine the

step size and the searching direction. But the basic rules are the same:

1) f(x(o))Zf(x(l))Z-'-Zf(x(k))Z“'

2) The algorithm must be convergent.

2.1.2 The Gradient Method (Steepest Descent Method)

Let’s consider an unconstrained minimizing problem:
min f(x), x€ E"

Expand the function f{x) by Taylor series at the initial point 9, we get:
F@ = FEO) (- xO v (@) ol - 2))

where vf (x(")) is the gradient of f{x) at the point x©, and

af(x(o))
ox,

of (x)

Vf (x(O))z ox,

af (.;C(O) )
ox,

(x-x®J vf(x®) is the inner product of two vectors: (x-x@) and vf(x®), where the

superscript T stands for the matrix transpose; [x - x“”” is the distance between x and x®,

when [x—x®] S0, o) _ .
o]

Letx—x® =AP, |P|=1, 420, if x? is not the minimizing point, the direction P satisfies

P'Vf(x®)<0 and if A, is small enough, we must have:

x® = x© + A P satisfies f(x“’)< f (x(‘”)-
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Suppose A is set, the value of P"V£(x®) is smaller or the value of — P'vf(x®) is larger,
the function f{x) will descend faster. Obviously, when the angle between P and Vf(x(o))

is equal to180", the value of — p"vf(x®) will be the maximum:

(P e =PIV O cos = [ ()

So along the opposite direction of the gradient of f{x) at ¥, f{x) descends fastest. Based
on the discussion above, we might construct the iterative equation of the steepest

descent method as follow:

0 _q Vf (x(k)) or

{k+1) _
x =
y ”Vf x |

P

JRC —lka(x("))

Normally there are three classic ways to determine the step size 4, :

» Fixed Step Size Method

2, 1s a fixed value chosen by experience. This method is very simple. But it is
very difficult to choose proper, . If 2, is too small, the convergence rate will be very
slow; if it is too large, it may not satisfy F(x*™)= £(x® - 4, vf(x®))< £(x®).

» Optimization Step Size Method

A satisfes 1) £ (40 2,976 )= mip 6 2976

Generally speaking, this method is better than the fixed step size method. At the
beginning, the convergence rate is fast. But when f(x<k>) is close to the target value, the

steepest descent method is no longer “steep”.
> PARTAN Method
In order to speed the convergence, Shah proposed PARTAN method. To
calculate x”, it is same as the optimization step size method. However, for the

calculation of x® (k>1), it is different:

F®)-a9f ()= min £(x© - a9 (:©)
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Y8 = 5 ® —aka(x("’)
f(y(k) ~A (y(k) _ 5% ))___ T}g‘ f(y(") —/l(y(") — kD ))

k—
X = y® g (y(k) _ 5 1))

2.1.3 The Conjugate Gradient Method

The steepest descent method is simple, but its convergence rate and accuracy is poor for
solving the complicated inverse problems. Instead, we choose the so-called conjugate
gradient method which is based on the conjugate direction technique to regularize the
inverse problems. Compared with the steepest descent method, it is more efficient and
reliable, and the difference between these two methods is the determination of the
searching direction. The step size is obtained by one dimensional search, which is also
used in Partan method. In fact, for quadratic objective function, Partan method is

equivalent with CGM.

The conjugate gradient method firstly applies to quadratic function only. And the
derivation is also based on the quadratic function. Because it is too complicated, we

won’t discuss it here. The detail may be found in [38, 39].

There are several versions of conjugate gradient method, for example Daniel method,
Hestenes-Stiefel method, Sorenson-Wolfe method, Polak-Ribiere method etc. [40].
Fletcher-Reeves method (1964), however, is considered as the representative of CGM
because it is easy to remember and implement. For most versions of CGM, the

searching direction can be expressed by the same form:
Pl = gD | g® p)

where g =v(f(x*")),and B© =0

k)T g (k+1)

» Fletcher-Reeves method: B® = ] T
8§ 8
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Gty _ Y et
> Polak-Ribiere method: g® = (g g ) 5
g g®

T k) (k)
» Sorenson-Wolfe method: BY = g(k)T (iu) i) )
PO (g% —g®)

2.2 Application of Conjugate Gradient Method in Inverse Problem

An inverse problem such as stated in Section 1.6 can be transformed to an unconstrained
optimization problem. In other words, the inverse problem is solved by minimizing the
error E to obtain unknown concentration S = f{y, t), where the error is defined as:
1 R 2
E(f)=5s 5. EEIZ(S—S,,,),. dt @.1)
0 i=l

In the above, S and Sy, stand respectively for the concentration predicted at the sensors
from the approximation for f and the actual measurements, and i is number of sensors. If
f1is a function of time only, just a single sensor is needed to obtain a valid solution. If f
also depends on y, a series of sensors will be required on a line parallel to the active

boundary at all of the computational points.

Actually the objective values f{y, t) are the minimizing points of error function E(f).
Then, theoretically speaking, the conjugate gradient method might be applied in this
minimization problem. As we discussed in Section 2.1, f{y, t) could be obtained by
iterative computation according to f** = f® +a*P*, where of is the step size and P*
is the conjugate search direction. Now new problems appear: how to determine the step
size and the search direction? The search direction is related to the gradient of E, which
can not be computed in the usual way without making assumptions about the shape of
the function. The gradient of E, as well as the step size ¢, are obtained through solving

the so-called adjoint and sensitivity equations.
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2.2.1 The Sensitivity Problem
Firstly, let’s introduce the concept of sensitivity. For an arbitrary parameter F which is

function of a variable f, the sensitivity F is the directional derivative of F at fin the

direction Af, i.e.,

D, F = F =lim F(f +eAf)- F(F) (2.2)

-0 E

According to the definition of the sensitivity stated above, we can get the temperature

sensitivity T , concentration sensitivity S and stream function sensitivity i/ etc.

D, T T = E_>0 (f+€Af) (f) (2.3)
D,S=§ = HO(f“L—gif)——i 2.4)
DAfw =y = lel_r)roll//(f + SAg')_l//(f) (2.5)

From the definition of the sensitivity namely Eq.(2.3) ~ Eq.(2.5), and the governing
equations namely Eq.(1.39) ~ Eq.(1.41) it is straightforward to obtain the temperature,

stream function and concentration sensitivity equations:

Vi = Ra,V, x(f g+ NS g) (2.6)

oT _oT _oT af+ oT 0T o°T

— i — =V T 2.
at+u6x+ 8y+ x Iy 8x2+8y @7)

a§ 0SS _aS a5 9§ 1(9F 9% 1 _,
—tUu—+v—+u—+v +— |=—V’S .
o T VM T ay {axz ayZ) Ie (2.8)

Substituting continuity equation into Eq. (2.6) and Eq. (2.7) respectively we get:
T 0T . I 9T  ~
of .o or T of T[8u+8v)+ (au av) VT

pY ua—x+v ay +u5;+v§+ ’a—x g ax+ay



as”+~as .98 3S oS

+V-—tuUu—+v_—+

EE y ox dy dx 9y

namely

~

I v .Gr+af)=vF
ot

ea—S+V-(§S +ﬁ§)= RRVYS
ot Le

29
~du v ou dv 1 _,=~
(iAo 2
(8x+8y]+ (ax+ayj Le

(2.9)

(2.10)

The boundary condition for the sensitivity remains identical with that of the direct

problem except on the active boundary C,.

ch =0

oT

oyl =0
f x=0,L 0
0S

'é;‘ y=0,L =0
S| =0
S|, =Af

2.2,2 The Adjoint Problem

Starting from Eq.(2.1), the directional derivative of E in the direction Af is defined as:

D, E(f)=(VE|Af)=(s-5,|$)

(2.11)

Where the symbol <| > stands for inner product.

The right-hand side of Eq.(2.11) may be expressed as an integral over surface and time

using Dirac’s delta function:
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tfn t

D, E(f)=[Y(s-S,),S, dt = “(S -5 )8 26(7—ﬁ)dAdt (2.12)
Q i=1

0 i=1 0
In order to determine VE , we adopt Lagrange Multiplier Method and regard the so-
called adjoint temperature T , adjoint stream function ¥ and adjoint concentration S as
Lagrange multipliers for the sensitivity equations Eq.(2.9), Eq.(2.6) and Eq.(2.10). It is

possible to rewrite Eq.(2.12) as:
te n
DyE(f)=[[(s-5,)5 X 6(F -7)dadt
0Q =1

+ t“t?{vzup ~Ra,V, x(T + NS)8 |dAdr
’fm 7 (2.13)
+J.J.T{Q—T—-+V-(ﬁf+§T)—V2f}dAdt

According to Green’s identity, the second term of the right side of Eq.(2.13) can be

transformed as follow:
i A A
“W{Vzlii ~Ra,V, X(T g+ NS g)}dAdt
0Q
£ A ~ A
= ”{(anp —1/7V2y7)+ YV - Ra, PV, x(f g+ NS g]}dAdt
0Q

Yo _OW oW s . A -A

=[f g gV dldt+”{w2w—1earwnx T g+ NS g |\dAdt (2.14)
AU on .

In the same way, the third term of the right side of Eq. (2.13) can be transformed as

follow:
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{ng v.GT +ﬁT~)—V2f}dAdt

I{[T aa—fwv (G +af)- szf} ¥ (fvzf—fvzf)}dAdt (2.15)
Q

ty ~
=[] 7O ol dids + [ AT L4 79 (GT + ) -T9°T faade
| on on on| ot
Because

Tv-GT+aT )=V -GIT +31T )-T@ v -G -V

=V. (uTT +uTT) V- (uT)+TV U T(u V)T
=V -GIT +#17 -1V -@T)-16G -V

So Eq. (2.15) becomes

TJT{£+V-(5T+ﬁf)—V2f}dAdt j
0Q at 0

[TE—T %—:]dldt ¥ Iiv @TT + 77T Jdr

I

+
0

C
j{T——fV aT +VT)-T (u-V)I_'}dAdt
Q

(2.16)
By virtue of divergence theory and the impermeability boundary condition namely

L?,,[C =0, we may get:

’f [V @GIT + 31T Jaadi = tfjf (Fa, + 17, it =0 2.17)
0@ 0cC

Then Eq.(2.16) becomes
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Ilf{a_f_+v (T + ﬁf)—sz}dAdt = Ifj(T%—f%—i]dldt

+”{T——fv aT +vT)-Ti .V)f}dszdt

(2.18)

Similarly, the fourth term of the right side of Eq. (2.13) can be transformed as follow:

Ifjsf{s%—fw-(ﬁs +ﬁ§)——Ll;V2§}dAdt
0Q

(2.19)

~

1% ~05 -8 Yo 238 o~ (= 12\ e o
=——J.J.(SE;—Sajdldt+££{£S—5;——SV.(uS +EVS)_S(u .v)g}dAd,

The first terms of the right side of Eq. (2.14) and Eq. (2.18) are equal to zero namely:

f [ [ V_ v Jdldt =0 (2.20)
tjf' j (T—QZ—T —]dldt =0 (2.21)

and the first terms of the right side of Eq. (2.19)

f [ [S 2.3 —]dld = —f | (S —]dld > { é[(%Af]dldt (2.22)

If we require such boundary conditions for 7, T and S as:
i[fl c = 0;

T =0 where T is known or/and %—T =0 where 3—T is known;
n n

S =0 where S is known or on the active boundary or/and -31 =0 where QSL is known.
n n

From the definition of stream function, we also have
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(2.23)

Thus, according to Stoke’s theorem,

”T(u v)TdAdt_”y/ TT)dAdt ”V x (TG T JAdt

d(x,y)
“eoT,T)
11756

’ﬂl

‘<

dAdt - fjm(vf ), dldt (2.24)
0C

Since |, =0, then

J;
| [T@(vT),diar =0
0cC

tf [1(E-v)raad: =tf [ or.7) dAdt (2.25)

Similarly, we can obtain:

j j s(i - v )SdAdt = j j dAdt (2.26)

The conclusion of the discussion above, based on Eq.(2.14), Eq.(2.18), Eq.(2.19), Egs.
(2.20)~(2.22), Eq. (2.25) and Eq. (2.26), is therefore that Eq. (2.13) becomes
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, 6(7—f)dAdr+it“§§Afdldt
' Leocaan

(r.7) ols,5)

t

gl
i

~

595 _
t

et

Le

x,y)

{Taa—f—fv : (ﬁY_"+VT)} dAdt

s +—1—v§

]— Ra,fV, x(f g+ N§ ;)} dAdt
2.27)

o

Since gravity is a constant vector, we have

7V x(f g+ N§§) -V x(tﬁ§+ Nu7§§]-—(f +NS Y, x(qfﬁg)

So by stoke”’s theorem

tJf.J.{IVVn x(f g+ N§§)}dAdt
0Q

Stoke'sTh,

Since l/7|c =0, then

1 .
[[w(F + N8 )gatar =0
0ocC

thus

”{WV x(f 2+ N§ éj}dgdt = —H(T + N§)Vn x(wgz)dgd;
£.Q O

Therefore, Eq.(2.27) becomes

'"“W(T“ +NS)g dldt—tJf.J.(f +NS Y, x(l/_fg’)dAdt
oC 0Q

(2.28)
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DyE=[[(s- Za(r—r)dAdH—H-—Afdldt

0Q

: IHW[W‘- 3?;:3) : 3(&:?3)} o

tf ~
+“ ESa—S—S 7S + VS +Ra, NSV, x| 7 g |\ dAdt
ohl ot L

4

If we assume that the adjoint variables all vanish at ¢ = 75, namely

=0

T

t=ty

S, =0

we may write

”T—dAd —”lT—T)dAd ”T—dAdt —IiTaa—fdAdt

1

Chy

&

©

dAdt

(=B

t

[5% anar=f {455 (5% ana=-f{5°

Then Eq.(2.29) can be rearranged as:
DAfE(f)_—” Af didt + Hw (Vo - 11,7 )-1(5.5 )}dad

+ H {———v (T +VT )+ Ra, v, x(wg)}dAdt
0Q
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(2.29)

(2.30)

(2.31)

MS’{ s——-—v ( S+LLVS)+NRa,V x(F8)+(S-S, ié‘(?—?)

,. }dAdt
i=l

(2.32)
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In order to obtain the minimum values, we require that all the terms in brackets of

Eq.(2.32) are equal to zero. Then it gives the adjoint equations:

o(r.7), o(s.3)

Vi = (2.33)
Ax.y)  9xy)

%—T+V-(ﬁT+VT’)= Ra,V, x(ﬁfg) (2.34)
t
oS o 1= _» ST

e+ V| aS+—VS |=Ra;NV, x| 7' g +(5-8,)).8(F-7) (2.35)

¢ e =
Now only one term finally remains on the right side of Eq.(2.32), i.e.,
11798

DGE(f)=—||—=—Af dldt 2.36

WwE(f) Le{ianf (236)

Comparing Eq. (2.36) with Eq. (2.11), formally

|18
)= ()

This implies that the gradient of the error is equal to the gradient of adjoint
concentration in normal direction on the active boundaryj, i.e.,

10§

VE=—2
Le on !

(2.37)

Generally this holds true for an arbitrary f{y ,#) on the active boundary, irrespective of

the shape of the domain or the specific form of the boundary conditions on temperature

and concentration.

According to the assumptions drawn in Page 33 and the problem definition stated in

Section 1.1, the boundary conditions for adjoint equations can be summarized as:
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IVIC =0

— oT

T x=0,L =0, g‘wo,ﬂ =0
= oS

S)x=0r =0, $|y=0,H =0

2.2.3 Optimization Procedure

Since VE and other necessary information can be obtained by solving the sensitivity
and adjoint equations, there are no more difficulties to apply the conjugate gradient

method in inverse problems.

The overall iterative CGM (Polak-Ribiere version) algorithm may be summarized as
follows:

1. Set initial guess f/°/ =0, set iteration counter k = 0;

2. Solve the direct problem with f*’ to obtain S*’ at the sensors;

3. Evaluate the difference S'*/ -, at the sensors;

4. Solve the adjoint problem backward in time for §'*/;

5. Evaluate the gradient of error according to Eq.(2.37) at the active boundary;

6. Calculate the search direction P*:

- VE'™ f k=0
e _ VE lf (2.38)
-VE* + B*P* i k>0
where
) (VE”‘}—VE”““‘VE”">
B* = (2.39)

=

7. Solve the sensitivity problem with Af = P“at x =0 to obtain S*’ at the sensors;

8. Calculate the step size
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at =—<SW—S'" If(k)> (2.40)
5l

9. Update to f**" = f™*) +a* P*;

10. Set k = k + 1, go back to step 2, repeat until convergence criterion EY < €Ey is
satistied.

The discrepancy principle of Alifanov can be used to select the value for € when the
measured data contain uniformly distributed random errors. The convergence criterion
€ = 0% can be easily obtained by Eq.(2.1) and the assumption S*®_8,, = 08,,. For the case
of exact measured data however, the stopping criterion is set at €= 2.5 X 10 for all the
results presentéd in this thesis. The solutions of a, £, and E are numerically evaluated by

Simpson’s method.
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CHAPTER III
NUMERICAL IMPLEMENTATION

For the direct problem, the sensitivity problem and the adjoint problem, all the equation
groups have been closed. Theoretically speaking, the solutions should be obtained. As
we known, it is impossible to get exact solutions for all of the partial differential
equations. It depends on the boundary conditions, the shape of the system, and the
equations themselves. However, approximate solutions may always be achieved by

numerical techniques.

N
¢ ® A
‘|
We *
lAy hy

y
A

* *— ¥

>X | >

Fig. 3.1 Control Volume of 2-D Problem

The numerical methods usually require the objective equations to be discretized. The
most popular discretizaton methods perhaps are finite difference which is based on the
Taylor series expansion and finite element which is based on the principles of variation
or weighted residuals. In this study, control volume method [41] which is based on the
integral equilibrium of control volume is used due to its advantage which has been
proved by numerous applications to heat transfer problems in a system with regular

geometry. Additionally, completely implicit form is also adopted to ensure the stability
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of iterative computation. The control volume used in a two-dimensional problem is as

shown in Fig.2.1, we set h, =2Ax and h, =2Ay in this study.

3.1 Discretization of Governing Equations

3.1.1 Discretization of Non-Dimensional Energy Equation

Considering the continuity equation, the non-dimensional energy equation namely

Eq.(1.40) also can be written in the following conservative form:

ar o aT\ 9 aT
—+—|ulT —— |+ —| VI -— |=0 3.1
ot ax( ax) ay( ay) G-
If we define:
T
Jo=ur-9L (3.2)
ox
oT
J, =vl—-— 33
, 5 (3.3)
then Eq. (3.1) becomes:
or dJ, 9/
R Wt A RPN AP 4 34
or oJdx Oy 34
Integrating Eq. (3.4) over control volume, we can get:
T, ~T,
PAtPAxAy+Je—JW+Jn—Js=O (3.5)
T, — T, Ay
where J, = | J dy =u,TA —(—E—P— 3.6
f y Y Ay (3.6a)
(T, T, )by
J, = |J.dy=uT,Ay—2—¥2 3.6b
[ 7.y w0y - 228 (3.6b)
J = J.Jydx = unnm_w (3.6¢)
Ay
J, = [1,dx=uTAx (T A (3.6d)

Ay
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. . . . du ov : o
The non-dimensional continuity equation, namely — +— =0, can be discretized in the

dx dy
same way as follow:
F.-F +F —F =0 3.7)
where F, = u, Ay (3.8a)
F,=uby (3.8b)
F,=vhx (3.8¢)
Fo=vix (3.8d)
Eq. (3.5) - Eq. (3.7)*T,, we have
‘%TL?A"AY +(,-FT,)-(J,-FT,)+(,~FT,)-(J,~FT,)=0 3.9)

We now rewrite Eq.(3.9) as following standard form:

a,T, = a, T, +a,T, +a,T, +aT,+b (3.10)

Where a, = D,A((Pe),|)+ Max(-F, 0)

a, =D, A{|(Pe),|)+ Max(F, 0)

ay = nAq(Pe)n

D
as = D, A((Pe),|)+ Max(F, 0)

s

)+ Max(~F,0)

a, =az +a, +a, +a +AXAy
P E w N N A[
bzmMﬁ

At

and:
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b-p,-Y
Ax
D, —p, -2
Ay

Pe = F
D
SO:
(Pe), = uAx
(Pe = u, Ax
(Pe), = u,Ay
(Pe)s =u Ay
Scheme Expression of A(]Pe|)
Central difference 1- 0-5|P € |
Upwind 1
Mixed format Max[O, (1 - 0-5|P e|)]
Power law MaxlO, (1_0- llPe[)SJ
Exponent format |P e|/ [exp(lP e|)—1]

Table 3.1 The Different Expressions for Function AQPe|)

There are at least five methods that can be used to calculate the function A(]Pe|) shown

in Table 3.1. Compared with central difference, upwind format and mixed format, the
so-called power law scheme namely Eq.(3.11) which was proposed by Patankar may

achieve the physically real and relatively precise solutions even for very large Peclet
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number as well as strong convection. So, in this study, power law scheme is chosen to

perform numerical calculations.

A(Pé))= Max(o,(1-0.1Pe|) | 3.11)

Lastly, it is must be pointed out that the velocities u and v are evaluated according to the
following discrete equation:

Ve—Vy 4 = Yy Ys
=— P
2 Ax 2Ay (3.12)

2

Up

3.1.2 Discretization of Non-Dimensional Mass Diffusion Equation

In the same way, we may rewrite the non-dimensional energy equation namely

Eq.(1.41) as:

as d 1dS) o 1 aS
—+—|uS——— |+ —| v§S———|=0 3.13
¢ ot +8x(u Le ax] E)y( Le ay] (-13)

We find this equation similar to Eq.(3.1), so the discrete equation can be obtained
directly:
ap,Sp=aySp +aySy +aySy +tagSs +b (3.14)

Where a, = D, A((Pe),|)+ Max(-F, 0)
=D, A((Pe),|)+ Max( F, 0)
D, A((Pe),|)+ Max(~F, 0)

=D, A(J(Pe)s )+ Max(F.0)

AxAy

a, =ap+ay +ay +ag+¢€ ~

AxAyS)
At

b=¢
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D,=D,= ‘2‘%
F, =uAy

F, =u,Ay
F,=vAx

F, =vAx

(Pe), = u,AxLe
(Pe), =u,AxLe
(Pe), =u,AyLe
(Pe), = u,AyLe

3.1.3 Discretization of Non-Dimensional Stream Function Equation

Non-dimensional stream function equation in 2-D Cartesian coordinates is as follow:

92 v, 0%y oT aS
= Ra +N—
ox’ ay [ ox 8x)

Calculate the integral of this equation in control volume, namely

RaTJ.nJ.e(———+N )dxd _j"je[a v,9 wjdxdy (3.15)

dy’

we have

RaT(TE —1, +NSE ;SW JAy :(WE Ve Vp Wy ]Ay_}_(WN Ve Ve~ Vs )Ax

2 Ax Ax Ay Ay
(3.16)
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We transform Eq. (3.16) to standard discrete form:

2Ay  2Ax Ay Ay Ax Ax T, -T, S, =S,
A N =_ + — + — +— —Ra +N A
[Ax Ay Ve T A e T A Ty T s T T 2 Y
or
AW, =AW+ AWy + AWy + AW + B (3.17)
where,

Ay
ANZAS=ﬂ

Ay

A=A+ A, + A, + A

TE _TW
2

S-S
B=—RaT( +N E2 W)Ay

3.2 Discretization of Sensitivity Equations
The sensitivity stream function equation is same as the direct stream function equation if

the variables , T and S are replaced by v, T and S. Naturally the discretization of

former need not be repeated again.

The sensitivity temperature equation and the sensitivity concentration equation are

similar, so we only discuss the one of them for its discretization.

For the sensitivity temperature equation, namely

%+V-(5T)+V-(ﬁ~>=vzf,
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the big problem is how to treat the second term and third term on the left hand side of
this equation. There is no verdict for this problem so far. In my opinion, the second term
should be regarded as “source term” and be discretized using central difference method,
and the third term can be treated as “convection term”. Based on this assumption, we
rewrite the sensitivity temperature equation:

of | a(f_a_T}Li(vf aTj [3(ﬁT)+a(VT)} (3.18)

ot ox dx | dy oy ox dy

By virtue of the control volume method, we can easily derive the discrete equation from

Eq.(3.18):

~ ~ ~ ~ ~

a,Tp =a, T, +a,T, +a,T, +a,T, +b (3.19)

Where a, = A(](Pe) )+ Max(-F,0)

D
w = D, A((Pe),|)+ Max(F, 0)
v = D,A((Pe),|)+ Max(~F, 0)
=D

A(I(Pe)s )+ Max(F,0)

a, =a;+ay, +a, t+a +%X

TUE W TEN TES DAy
~0

bngy?]:f__[(ﬁeTe—ﬁwTw)Ay-k(ﬁnTn_ﬁSTS)Ax]

Ax
Dn=Ds=£
Ay
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F, =udy
F, =u,Ay
F =vAx
F, = v Ax
(Pe), = u,Ax
(Pe), = u,Ax

N

Pe)n =u,Ay

(Pe)s =u Ay
3.3 Discretization of Adjoint Equations

s Discretization of Adjoint Stream Function Equation

Just as for the discretization of stream function equation, calculating the integrals of the

two side of adjoint stream function equation namely Eq.(2.33) at first, we have:

[WE ~Vp _IITP ~ Wy )Ay_}_(WN —Vp _WP —Ys ]Ax=

Ax Ax Ay Ay

TE_TW TN*Y_TS_TE.—TW TN”'TS AxAy+ §E_§W §N"§S_SE_SW SN_SS AxAy
2% 2Ay 2Ax  2Ay 2Ay 20x  2Ay
(3.20)

Rearranging the terms of Eq.(3.20), we obtain the standard form:

Ay 2Ax iy N N Mg A
Ax Ay [PT AXWE AXWW Awa Ay"’s

. -

B (n-fwxf,v—m)
+(<SE—sWxSN—sn_(EE—E:XEN—§s>]
4

4
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or
AW, =AW, + AW, + AW, + AW +B (3.21)
where,

Ay
A=A, = E

Ax
A, = A =—

Ay

A=A+ A, + A, + A

B = (TE _TW)(TN —Ts) (TE _TWXY_-'N "Ts) + (SE _SW)(SN _Ss)_ (S_E —§wX§~ — S
4 4
% Discretization of Adjoint Temperature and Concentration Equation

Comparing adjoint temperature equation with adjoint concentration equation, one might
find these two very similar, except that the latter contains one more source term namely

S-S, . In order to avoid poll-parroting, we only introduce the discretization of adjoint

temperature equation namely:

oT o = 0T\ o = oT oy

—+—| ul +— |+—|vI' +— |= Ra, — 3.22
o ax(” ox ] 9y [v ay ] o G2

The general equation of 2-D convection and diffusion might be written as:

09 9 ap) o el

—t — -I'— |+— -I'—|=S§ 3.23
ot i ax[mb 8x)+ ay(w 8y] (3.23)

where ¢ is any parameter, I is called coefficient of diffusion (I" > 0), and S stands for

source term.

Obviously the diffusive coefficient of Eq.(3.22) is negative. If it could become positive,
we may easily get the familiar discrete equation form which has been tested by
mathematical theory and numerical practice. For this purpose, we define a new time

variable 7 instead of the real physical time 7 [4]:



T=tf—t

Then d7 = —dt and Eq.( 3.23) becomes:

oT 0 — 9T\ @ — oT o
o T L (o T2 | = —Ra. &
81+Bx(( y ax)+ay(( Y ay) “r ox
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(3.24)

(3.25)

Via this transformation, the adjoint problem becomes an initial value problem in 7 with

a positive diffusive coefficient which brings stability during computation. In addition,

since all the adjoint parameters are equal to zero at t=1,, then f ”"(t f>E f ””(t s )

Therefore a realistic guess is required at 7 =0 (7 =¢,) otherwise the convergence may

be very slow [42].

Based on Eq.(3.25), it is straightforward to get the discrete equation of adjoint

temperature considering the discussion in Section 3.1.1:
a,T, =a,T, +a,T, +a,T, +a,T; +b
Where a, = D,A((Pe),|)+ Max(~F, 0)

(
a, = D,A((Pe),|)+ Max(F, 0)

w

ay = D,A((Pe),|)+ Max(~F, 0)
as = D, A((Pe),|)+ Max(F, 0)
a, =a, +a, +a, +a, + 22
P E w N S At
AxAYT, _
b=——"~ Ra, (7, -7, Ay
t

D-p, -

Ax
p-p -

Ay

(3.26)
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F, =—u,Ay
F, =—u,Ay
F, =-v Ax
F, =-v Ax
(Pe), = —u,Ax
(Pe), = —u,Ax
(Pe), = ~u,Ay
(Pe), = —u,Ay

3.4 Grids and Line-by-line Iterative Method

In order to propagate the boundary information to the inner nodes faster, the so-called
line-by-line method is adopted to perform the iterative calculation by sweeping the line
and column alternating from left to right and from bottom to top at each time step. Also,
the iterative computations on a given line or two column are achieved by Gauss—Seidel
method. On the other hand, under-relaxation coefficients ¢ are used to prevent the

divergence of results.

For a rectangular system, we usually prefer the uniform grids as shown in FIG. 3.2: a
square is divided into 400 equal grids. Mathematically speaking, one may get more
accurate solutions through uniform grids. However, for some cases such as when the
convection is very strong or/and the boundary layer is very thin, i.e., the gradient of
temperature and concentration in the area near the boundaries is very large, we need
smaller mesh to obtain physically realistic results. We can certainly increase the number
of nodes. The other way, for the sake of saving calculation time, is to choose the non-

uniform grids as shown in FIG. 3.3a and FIG. 3.3b.



The coefficients of mesh CMX and CMY are defined as follows:

-

1 . 1 CMX
. -
x(i)=— o
3 (i) Z(iMAX —1] 1<i<i,g;

x(2i—-1)=1-x(i)

1 . 1 CMY

. J

Yi)==|= L

3 Z(JMAX _1] ]‘SJS ]MAX

(2j-1)=1-y(j)

where x and y are the position of the nodes.
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Figure 3.2 Uniform 21x 21 Grids
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Figure 3.3a Non-uniform 21x21 Grids (CMX=1.2, CMY=1.2)

1

0.8

0.8

0.7

0.6

0.5

04

0.3

0.2

0.1

TN T T T TRV T e A rrpt vt pe v g Il

D I 1 )| I 1 1
0.2 1

o

Figure 3.3b Non-uniform 21x21 Grids (CMX=1.4, CMY=14)

52



53

CHAPTER IV
RESULTS AND DISCUSSION
The direct, sensitivity and adjoint equations are solved by the numerical method
discussed in Chapter III. The results for different cases are presented in this chapter.
Because the direct problem is not our main objective of this study, we focus on the
inverse problem. At first solutions are presented for an unknown uniform solute
concentration profile on active wall. And then the results for non-uniform profile will be

introduced.

4.1 Results for Uniform Concentration Profile on Active Boundary

Let us first consider the cases for a concentration profile on the active boundary that is
only a function of time, i.e., S = f(¢). In this case the solution algorithm requires a small
modification, in that the averaged right-hand side of Eq.(2.37) over the active boundary
must be used as the error gradient. Obviously, the direct solutions and the inverse
solutions should depend on the four closure coefficients namely Rayleigh number,
Lewis number, N and € as well as boundary conditions. In practice, the measured data
sometimes is not precise; the error always can’t be completely avoided. As we know,
even a small error may be fatal for an ill-posed inverse problem. So it is absolutely
necessary to test our solution algorithm with noisy data which is used to simulate the
real measured values. For the case S = f{(f), only one sensor is embedded at the middle of
height in the square enclosure because it is known that more sensors cannot lead to any
improvement. We will see, however, that the position of sensor is an important factor in
solving the inverse problem. To close the direct problem, we suppose the exact
concentration at the active boundary is a sine function of time namely f(t )= sin(mt ).
Most solutions below are based on this assumption. Some other profiles such as line,
triangle etc. are also presented as a supplement.

«» Effect of Rayleigh Number

As we discussed above, there are too many factors which can influence the final

solutions. For convenience, we vary only one at the time and keep the other ones fixed.
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We suppose Le=N =¢ =1, and one sensor is located at the center point namely

x=0.5L, y=0.5H.

0.6 4

/ |

;\m
N
\\\

0.4 40

i

\

0.2 4

il .
N A

T T
0.6 08 1.0 0 0.2 0.4 0.8 0.8 1.0

Figure 4.1a Temperature field at t;/2 Figure 4.1b Concentration field at t/2
Ra=100, f(t)=sin(nt) Ra=100, f(t)=sin(xt)

y T T 0.04
0.0 02 04 08 08 10

Figure 4.1c Streamline at t¢/2, Ra=100, {(t)=sin(mt)



Figure 4.2a Temperature field at t/2 Figure 4.2b Concentration field at t/2
Ra=1000, f(t)=sin(nt) Ra=1000, f(t)=sin(nt)

Figure 4.2c Streamline at t¢2, Ra=1000, f(t)=sin(nt)
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Figure 4.3a Temperature field at tg/2 Figure 4.3b Concentration field at ti/2
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Figure 4.3c Streamline at t¢/2, Ra=10000, f(t)=sin(mt)



57

FIG.4.1~4.3 show the evolution of the direct solutions as Rayleigh number increases.
For Ra=100, the convection is relative weak; the gradients of temperature, concentration
and stream function within the enclosure are not steep. For Ra=1000 and Ra=10000, the
natural convection is strong, and the boundary layer is very thin; the heat transfer only
takes place in the small area near the boundary; so finer mesh is needed for solving the

direct and inverse problem.

The inverse solution for Ra=100 is presented as shown in FIG. 4.4. Accurate results can
be obtained by virtue of 21x21 grids and 7 iterations. The initial guess is set f(t) = 0 at
t=0. We found that the first iteration has eliminated the main error, and the result of 3rd
iteration was very close to the exact data. One may feel the convergent rate of conjugate

gradient method is fast.

1.0 -
0.8
0.6 -
0.4 -
Exact Solution
/A 1 Iteration
024 -7 — — 3 lterations
: — - 5 [terations
—— 7 lterations
0.0
T 1 ) 1

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 4.4 Inverse Solution for Concentration f(t) = sin(nt) at x = 0, Ra = 100
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For Ra=1000, we must decrease the mesh size to improve the precision, otherwise a
reasonable inverse solution can’t be obtained. Firstly 21x21 grids are replaced by 41x41
uniform grids. We may also use 21x21 non-uniform grids, setting the coefficients
CMX=CMY=1.4. The number of mesh nodes does not change and calculation time is
then saved. The comparison between these two ways is shown in FIG. 4.5. For the

coarse grid, only 7 iterations are needed, but for the finer, 16 iterations are necessary.

1.0 H
0.8 -
0.6 -
0.4
Exact Solution
o2d £ | 21*21 non-uniform grids, 7 lterations
) — — 41*41 uniform grids, 16 Iterations
0.0 -
L) 1 I 1
0.0 0.2 04 0.6 0.8 1.0
1

Figure 4.5 Inverse Solution for Concentration f(t) = sin(xnt) at x = 0, Ra = 1000

For Ra=10000, the convection is very strong. We have to choose 41x41 non-uniform
grids with the coefficient CMX = CMY = 1.4 to make the mesh size small enough in the
boundary area. FIG. 4.6 demonstrates the inverse solutions based on the different initial

guess. It proves that we can obtain reasonable results for any initial guess f°. However,
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if % is closer to the real value, the inverse solution is better, and less iterations are

needed.
1.0 -
0.8 -
0.6
0.4 1
Exact Solution

o224 / |- Initial Guess f°=0, 5 Iter

— — Initial Guess f®= -1, 12 lter
0.0

T T 1 1
0.0 0.2 0.4 0.6 0.8 1.0

t

Figure 4.6 Inverse Solution for Concentration f(t) = sin(nt) at x = 0, Ra = 10000

The computations become more and more prone to numerical instability as the Rayleigh
number increases further. The adjoint solution as well as sensitivity solution tend to
diverge. The sensitivity to the variations on the active boundary also decreases since the
convection is so strong. When Ra>10° there is no way we could achieve the solution

except if the sensor is placed closer to the active boundary.
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<+ Effect of Lewis Number, N and &

R
From Eq. (1.39) and the definition of N ratio (N = R“f

), we know the intensity of
ar

convection increases as N increases. So increasing the N ratio may lead to divergence
even at lower Rayleigh number. When Ra=10000, we can obtain perfect results over the

range 0 < N <10(see FIG. 4.7).

The ratio —Zl—is treated as diffusive coefficient in Eq. (3.13). Obviously if the Lewis
e

number is larger, Peclet number is larger, and the numerical solution is less stable. FIG.
4.8 show that the accuracy of the solution and convergence rate is not influenced much
by the Lewis number ranging 0.1 < Le < 5.0. But if Le>5.0, the solution will tend to
instability.

In practice, € is normally ranging between 0.2 and 0.7. Further computations for 0.1 < ¢

< 1.0 show that the accuracy of the solution is not affected by ¢ (see FIG. 4.9).

1.0
0.8 1
0.6
0.4 1
0.2 4 Exact Solution
------- Inverse Solution, 11 Iterations
0.0
0.0 0.2 0.4 0.6 0.8 1.0

t
Figure 4.7 Inverse Solution for f(t) = sin(nt) at x =0
Ra = 10*, N=10, Le=e=1
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Figure 4.8 Inverse Solution for f(t) = sin(nt) at x =0, Ra = 104, N=g=1

—— Exact Solution
------- e=1, b5 lterations
— — e=0.1, 5 lterations

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 4.9 Inverse Solution for f(t) = sin(nt) at x =0, Ra = 10*, N=Le=1
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¢ Effect of Sensor Position

In practice, we hope that the sensor can be placed in any position within the system.
FIG. 4.10 and FIG. 4.11 show the inverse solutions for different sensor positions. As we
expected, when the sensor is placed closer to the active boundary, the accuracy is better
and the convergence is faster. Normally, the response of the sensor to the variation of
concentration on active boundary is always attenuated and delayed if the sensor is far
away from the active wall. Furthermore, in the transfer process of boundary information
to sensor point, the numerical error cannot be avoided. Even the mesh size is very small,
the truncation error still exists. Anyway, in order to prevent this attenuation of

sensitivity, the sensor should be embedded as close as possible to the active boundary.

1.0 1
0.8 1
0.6 -
0.4 4
Exact Solution

------- Sensor is embedded at x=0.1L, 8 lter
0.2 1 — — Sensor is embedded at x=0.25L, 10 lter

—-- Sensor is embedded at x=0.5L, 16 lter
0.0 4

0.0 0.2 0.4 0.6 0.8 1.0

1
Figure 4.10 Inverse Solution for f(t) = sin(nt) at x =0, Ra = 10*, N=Le=¢=1
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Figure 4.11 Iteration Number vs Sensor Position, Ra = 10%, N=Le=g=1

+ Different Concentration Profile on Active Boundary

For the case f(t) = sin(nt) at x = 0, we have obtained perfect results for Rayleigh number
at least up to 10000 over parameter ranges 0.1<Le<5, 0<N<10 and 0.1< e<1. FIG.4.12 ~
FIG.4.15 show the solutions for other concentration profiles on active boundary. No
matter if triangular or high frequency sinusoidal function profiles are selected, the
results are satisfactory at Ra=10000. All the adjoint parameters are equal to zero at t=t¢
namely the searching direction P =0 at the initial guess 0 , so f(tg) must be zero. Then
the numerical results in the region near tf depart from exact values for the case f(ts) # 0.
FIG.4.16 shows an interesting case where the expected concentration profile is a long
pulse. The concentration on the active boundary is discontinuous at t=0.5 and t=1.0. The
perfect results obtained in such a case as well as in other cases prove that CGM has

good applicability.



64

f(t)

1.0 A
0.8
0.6 ~
0.4 -
0.2 1 —— Exact Solution
Inverse Solution, 3 lterations
0.0
T 3 ¥ i
0.4 0.6 0.8 1.0

0.0 0.2
t

Figure 4.12 Concentration with Triangular Profile at x =0, Ra = 10*, N=Le=e=1
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0.2 Exact Solution
------- Inverse Solution
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0.4 0.6 0.8 1.0
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Figure 4.13 Concentration with Linear Profile at x =0, Ra = 104, N=Le=g=1
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Figure 4.14 Inverse Solution for f(t) = sin(2nt) at x =0, Ra = 104, N=Le=¢=1
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Figure 4.15 Inverse Solution for f(t) = sin(4nt) at x =0, Ra = 104, N=Le=¢=1
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1.0 -
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g 0+——""—""F—"——"""—"———"—"———————
-0.5 4
Exact Solution
------- Inverse Squtipn
-1.0
1 [}
0.0 0.5 1.0 1.5

t
Figure 4.16 Concentration with Pulse Profile at x =0, Ra = 104, N=Le=¢e=1

s Effect of Noisy Data

In order to simulate the errors encountered in actual measurements, the noisy data
form S, (1+0Z) is used instead of the exact value S, , where IZI <1 is a uniformly
distributed random real number. The influence of noisy input data on the inverse
solution can be regularized using the discrepancy principle of Alifanov (the convergence
criterion € = 6°) and CGM itself. Results for a noise of relative standard deviation o =
0.02 and 0.05 are displayed in FIG.4.17 and FIG.4.18. The sine and triangular predicted

profiles are reasonable accurate for ¢ at least up to 0.05. It is also an illustration of the

applicability of the conjugate gradient method.
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Figure 4.17 Inverse Solution for f(t) = sin(nt) with Noise Data, Ra = 10%, N=Le=¢=1

f(t)

Figure 4.18 Inverse Solution for Triangular Concentration Profile with Noise Data
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¢ Effect of Cavity Orientation

To estimate the influence of the orientation of the cavity, we may rotate the system with
an angle 0. If 0 = 7/2, the system will be heated from right wall, cooled from left wall;
and the active boundary will be the bottom wall. FIG.4.19 suggests that the influence of
the Rayleigh number on the solution accuracy is felt more rapidly as Ra increases than
for = 0. When Ra=3000, the relative error of inverse solution is greater than 10% no
matter how close to the active boundary the sensor are placed. So the range of Ra, Le
and N for obtaining reasonably accurate inverse solution is different for different

orientations which may change the whole concentration field.

1.0 4 [ o=t
0.8
0.6 -
0.4
s Exact Solution
/Ay 2N Ra=2500
024 — — Ra=2800
— - Ra=3000
0.0

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 4.19 Inverse Solution for f(t) = sin(nt) at x =0, N=Le=¢=1, 0 = %
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4.2 Results for Non-uniform Concentration Profile on Active Boundary
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Figure 4.20a Inverse Solution for f(y, t) = sin(nt) sin(wy) at x = 0 t=ty/2, N=Le=¢e=1
Sensors at x=0.5L, 6 =0
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Inverse Solution, Ra=10
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Figure 4.20b Inverse Solution for f(y, t) = sin(nt) sin(ny) at x = 0 y=H/2, N=Le=¢=1
Sensors at x=0.5L, 8 =0
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Figure 4.23a Figure 4.23b
Solute concentration at t¢2, Ra = 1000 Solute concentration at ti/2, Ra = 1000
f(t) = sin(mt), 6 = W2 f(y,t)= sin(mty)sin(mt), 0 = /2,

The expected concentration on the active boundary is normally not-uniform in practice.
The case f=f(y, t) should be considered. As we have discussed, one sensor is not
enough. A series of sensors must be embedded at each calculation node on a line
parallel to the active boundary. For the boundary conditions supposed in chapter I,
however, the inverse solution is prone to be uniform along the direction of y (see FIG.
4.20a and FIG. 4.20a) even at low Rayleigh number if the sensors are located at x=0.5L.
We may guess this phenomenon is physical and present independently of Rayleigh
number, Lewis number and other parameters. Further study proved our supposition
right. FIG.4.21, FIG.4.22 and FIG.4.23 show the comparison of concentration field
between the case f=f(t) and the case f=f(y, t). We find that the boundary layer is
intermittent and isoconcentration lines are not symmetric for the latter, which reveals a
fairly complex behavior. But both isoline patterns in most of the area which is far from
the boundary are very similar. In other words, the concentration in such region is not
sensitive to the variation along y on active boundary. And then, the only way to improve

the solution accuracy is by moving the sensors close to the active boundary.
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Direct Solution at Ra = 1000
0 =0, f(y, t) = sin(my)sin(7t)
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Inverse Solution at Ra = 1000
0 =0, f(y,t) = sin(nty)sin(mt), Sensors at x=0.1L
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Figure 4.25a
Direct Solution at Ra = 1000
0 = /2, f(y, t) = sin(my)sin(mt)
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Figure 4.25b
Inverse Solution at Ra = 1000, 6 = /2
f(y, t) = sin(my)sin(mt) , Sensors at x = 0.15L
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If the sensors are placed at x=0.1L, acceptable numerical solutions for 8 = 0 can be
obtained up to Ra = 1000, as shown in FIG.4.24. When Ra>1000, nothing can be done
to prevent inverse solution divergence even if the sensors are put closer to the active
boundary. Comparing FIG.4.22 with FIG.4.23, we find that the concentration field is
more complex especially the boundary layer for 6 = 0. So for the case 0 = 7/2, the

solution accuracy should be better for present boundary conditions.

FIG.4.25 displays the comparison between the direct solution and inverse solution at
Ra=1000, sensors are placed at x=0.15L and 6 = 7/2. It clearly reveals that the variation
along y of the concentration profile is much more difficult to reproduce than the
variation with time. At Ra=2000 and 3000, we still get reasonable results for 0 = /2
(see FIG.4.26 and FIG.4.27). If Ra>3000, the inverse solution may be divergent.

fy, 1)

0.2
y an 0.0

Figure 4.26 Inverse Solution at Ra = 2000, f(y, t) = sin(7ty)sin(mt)
Sensors at x = 0.10L, 6 = /2
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Figure 4.27a Inverse Solution at Ra = 3000, f(y, t) = sin(1ty)sin(7t)
Sensors at x =0.10L, 6 =7/2, 3D View
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Figure 4.27b Inverse Solution at Ra = 3000, f(y, t) = sin(my)sin(7t)
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CONCLUSION

The main objective of this study is to solve the inverse natural convection problem with
double diffusion in a 2-D rectangular porous enclosure. Such an inverse problem can be
transformed into an unconstrained optimization problem based on adjoint equation
approach and regularized by iterative conjugate gradient method. The derivation of
general sensitivity and adjoint equations is mathematically strict as introduced in
Chapter II. All the partial differential equations are discretized by control volume

method; the detail can be seen in Chapter III.

The time dependant formulation is tested for uniform as well as non-uniform
concentration on active boundary. According to the results and subsequent discussion

which was presented in Chapter IV, the following conclusions can be drawn:

1. The CG method is able to precisely predict uniform concentrations on the active
boundary varying with time from concentration measured by a sensor within the

porous enclosure ranging 0 < Ra < 10,0<N<10and0<Le<5.

2. The inverse solution is not very sensitive to the variation of € ranging between 0.1
and 1.0. The coefficient € is normally greater than 0.2 and less than 0.7 in

engineering applications.

3. The CG method has good adaptability to various unknown concentration profiles.
No matter the profile is linear, triangular, sinusoidal or other type, the reasonably

accurate solutions can always be obtained.
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The accuracy of the inverse solution is much influenced by boundary conditions that
may decide the concentration field. For a cavity heated from the right boundary,
cooled from the left wall, and concentration diffusing from bottom to top, more
iterations and changing the sensor position cannot do any improvement to the final

results when Ra>3000.

The sensors should be placed as close as possible to the active boundary. It brings
more precise solutions or decreases the number of iteration, since the points rather
near the active wall will make a quicker and more sensitive response to the variation

of concentration on boundary.

Reasonable solutions may be obtained from noisy input data for ¢ at least up to 0.05.
The regularization is done through stopping the iteration process according to the
discrepancy principle of Alifanov before the high frequency components of the noise
start to impair solution accuracy. It is also a proof that conjugate gradient method

can be applied in real engineering practice.

For the case where concentration profile on active boundary is only time dependent,
just one sensor within the system is enough. However, for the case where unknown
concentration is time and space dependent, the concentration value at each node on a

line parallel to the active boundary must be measured.

The inverse solutions for time dependant and non-uniform unknown concentration
profiles are always prone to uniformity along the direction of y under the present
boundary conditions even at low Rayleigh number. Moving the sensors rather close
to the active boundary is the only way to improve the solution accuracy. The

reasonable solution can be obtained for Rayleigh number up to an order of 10°
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depending on the precise form of the boundary conditions. The solution may be
divergent and no procedure can improve the accuracy as Ra increases more. The
results reveal that the regularization of conjugate gradient method is inefficient or

low-efficient for the cases in which the boundary layer is intermittent.
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