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ABSTRACT

Transport phenomena in porous media, such as �uid �ow, heat transfer, and mass di�usion

are essential in both natural and engineered systems. Modeling these processes in complex

or multiscale geometries requires advanced computational methods. The Lattice Boltzmann

Method (LBM), with its mesoscopic framework and discrete treatment of space, time, and

velocities, captures macroscopic behavior through local particle interactions. As speed and

accuracy demands grow, interest has shifted toward quantum computing, which exploits

quantum mechanic properties to o�er parallelism beyond classical capabilities.

This thesis presents a quantum formulation of the Lattice Boltzmann Method (QLBM)

for simulating two-dimensional incompressible Stokes �ows in porous domains. A veloc-

ity�pressure based framework was developed and implemented using quantum circuits, with

complete support for D2Q9 lattices including diagonal population propagation to enable full

stress tensor recovery. Quantum subroutines were designed for computing zero- and �rst-

order moments, allowing direct extraction of macroscopic quantities such as density and

velocity from the quantum states.

The framework incorporates no-slip and periodic boundary conditions, embedded within the

quantum logic to operate independently at each lattice node. Thorough veri�cation and

validation against classical LBM solvers showed excellent agreement, with relative mean ab-

solute errors (RMAE) below 0.001% for density and below 0.1% for velocity �elds across grid

resolutions. All subroutines were veri�ed and integrated into a modular pipeline, enabling

simulation of complex porous media with varying obstacle size and density.

A detailed quantum resource analysis was performed to study the scaling behavior with do-

main size and geometric complexity, quantifying the impact on circuit depth, qubit count,

and gate operations. Simulations were carried out using ideal statevector backends due to

current hardware limitations such as decoherence, gate noise, and restricted qubit availability.

Nevertheless, the algorithm is designed to harness quantum parallelism and can be adapted

for execution on NISQ devices as hardware advances. This work establishes a functional

and extensible QLBM solver that bridges classical numerical �uid dynamics and quantum

computation.
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RÉSUMÉ

Les phénomènes de transport dans les milieux poreux, tels que l'écoulement des �uides,

le transfert de chaleur et la di�usion de masse, sont essentiels dans les systèmes naturels

et techniques. La modélisation de ces processus dans des géométries complexes ou multi-

échelles nécessite des méthodes de calcul avancées. La méthode de Boltzmann sur réseau

(LBM), avec son cadre mésoscopique et son traitement discret de l'espace, du temps et des

vitesses, capture le comportement macroscopique par le biais d'interactions locales entre les

particules. À mesure que les exigences en matière de vitesse et de précision augmentent,

l'intérêt s'est porté sur l'informatique quantique, qui exploite les propriétés de la mécanique

quantique pour o�rir un parallélisme dépassant les capacités classiques.

Cette thèse présente une formulation quantique de la méthode Lattice Boltzmann (QLBM)

pour simuler des écoulements de Stokes incompressibles bidimensionnels dans des domaines

poreux. Une méthode basée sur la vitesse et la pression a été développée et mise en ÷uvre

en utilisant des circuits quantiques. Cette méthode propose un support complet pour les

lattices de type D2Q9, incluant la propagation diagonale de la population pour permettre

la récupération complète du tenseur de contrainte. Des sous-programmes quantiques ont

également été conçus pour calculer les moments d'ordre zéro et un, ce qui permet d'extraire

directement des quantités macroscopiques telles que la densité et la vitesse à partir des états

quantiques.

Cette méthode incorpore des conditions limites périodiques sans glissement intégrées dans

la logique quantique pour fonctionner indépendamment à chaque n÷ud de la lattice. Une

véri�cation et une validation approfondies par rapport aux solveurs LBM classiques ont

montré un excellent accord entre nos résultats quantiques et ceux obtenus par un solveur

classique, avec des erreurs absolues moyennes relatives (RMAE) inférieures à 0,001 % pour la

densité et inférieures à 0,1 % pour les champs de vitesse, et ce sur l'ensemble des résolutions

de grille considérées. Tous les sous-programmes ont été véri�és et intégrés dans une pipeline

modulaire, ce qui permet de simuler des milieux poreux complexes dont la taille et la densité

des obstacles varient.

Une analyse détaillée des ressources quantiques a été réalisée pour étudier le comportement

de mise à l'échelle en fonction de la taille du domaine et de la complexité géométrique, en

quanti�ant l'impact sur la profondeur du circuit, le nombre de qubits et les opérations de

porte. Les simulations ont été e�ectuées en utilisant des vecteurs d'état idéaux (sans bruit)

en raison des limitations matérielles actuelles telles que la décohérence, le bruit de grille et

la disponibilité restreinte des qubits. Néanmoins, l'algorithme est conçu pour exploiter le
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parallélisme quantique et peut être adapté pour être exécuté sur des dispositifs NISQ au

fur et à mesure des progrès du matériel. Ce travail établit un solveur QLBM fonctionnel et

extensible qui fait le lien entre la dynamique des �uides numérique classique et l'informatique

quantique.
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CHAPTER 1 INTRODUCTION

Figure 1.1 Open cell ceramic foam [1]

Porous media are materials made of a solid ma-

trix that contains a network of pores. These

pores allow transport phenomena such as �uid

�ow, heat transfer, mass di�usion, and, in

some cases, the propagation of electrical or

acoustic signals. These processes often take

place simultaneously and are in�uenced by the

complex geometry, connectivity, and hetero-

geneity of the pore structure. As a result,

pore characteristics directly a�ect transport

e�ciency (how e�ectively substances move),

retention times (how long substances remain),

and reaction rates (how quickly reactions oc-

cur) within the material. [3]

Porous materials appear in a variety of contexts: in hydrogeology, where soil and fractured

rock regulate the movement of groundwater [4]; in biomedical engineering, where porous scaf-

folds support nutrient exchange and tissue growth [5]; and in chemical engineering, where

open-cell ceramic foams serve as catalyst supports in multiphase reactors, enhancing gas-

liquid interactions in systems like bubble columns and trickle bed reactors [6](Fig.1.1), among

other applications. A prominent example in today's wave of clean energy innovation is found

in polymer electrolyte membrane (PEM) fuel cells [7], where the gas di�usion layer must si-

multaneously manage the transport of reactant gases, heat, and liquid water across multiple

scales. E�ectively capturing the link between microscopic pore dynamics and macroscopic

outcomes is key to both accurate simulations and the development of advanced technologies.

Given the critical role of transport phenomena in porous media, �uid �ow is especially impor-

tant because it directly governs many real-world processes. For example, it controls ground-

water movement in aquifers, oil extraction in petroleum reservoirs, and blood circulation

through biological tissues. While �uid �ow in porous media is well-studied, accurately sim-

ulating it becomes increasingly challenging when pore sizes vary across multiple length scales.

Simulating such complex �ow behavior requires advanced computational techniques. Com-
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putational Fluid Dynamics (CFD) is a core tool in �uid mechanics that uses numerical

methods such as �nite volume (FVM), �nite element (FEM), or �nite di�erence methods

(FDM) to simulate and analyze �uid behavior. Despite its power and versatility, conven-

tional CFD techniques face signi�cant challenges when applied to porous media, especially

with multiscale and heterogeneous pore networks. Accurately capturing �ow within these

complex geometries requires extremely �ne computational grids and dense meshes to resolve

the smallest pores, drastically increasing computational cost and runtime. Furthermore, en-

suring numerical stability and achieving convergence across the wide range of length scales

inherent to porous materials adds further complexity to these simulations.

In response to these challenges, the Lattice Boltzmann Method (LBM) has emerged as a

powerful and faster alternative to conventional CFD approaches for simulating �uid dynam-

ics, particularly in porous media [8]. Originating from lattice gas automata (LGA), LBM

simulates �uid �ow by modeling the collective motion of �uid particles on a discrete grid.

Instead of directly solving the Navier�Stokes equations like traditional CFD methods, LBM

is based on a simpli�ed form of the Boltzmann equation from kinetic gas theory, where space,

time, and particle velocities are discretized. This mesoscopic approach captures macroscopic

�uid behavior through local microscopic particle collisions and streaming operations.

LBM features a simple, explicit algorithm, making it easy to implement and well-suited

for parallel computing. Its local update rules allow for e�cient execution on both CPU and

GPU architectures, supporting large-scale simulations involving billions of lattice cells. It typ-

ically achieves second-order convergence in both space and time. Additionally, LBM employs

structured Cartesian grids, which simplify meshing and allow �uid-solid interfaces to be rep-

resented using simple Boolean encoding. Moreover, LBM is not restricted to Navier�Stokes-

based �ow regimes and is well-suited for simulating complex transport phenomena, including

multiphase �ows, heat and mass transfer, and non-Newtonian �uids. These advantages have

made LBM an increasingly popular tool across a broad range of scienti�c and engineering

domains.

However, the need for speed, alongside increasing demands for accuracy and scale, continues

to push the boundaries of classical computing. Even e�cient methods like LBM become

computationally expensive when resolving multiscale dynamics in large or complex domains.

As a result, attention is shifting toward Quantum Computing (QC), a fundamentally new

approach that may rede�ne what is computationally feasible (examples of QCs Fig.1.2).
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(a) System One - IBMQ (b) MonarQ - Anyon Systems

Figure 1.2 Examples of quantum computers

The growing interest in quantum approaches to computational physics is re�ected in the in-

creasing volume of research focused on quantum-based solutions to partial di�erential equa-

tions (PDEs). As illustrated in Fig.1.31, there has been a signi�cant surge in activity over the

past few years. This trend highlights a rising interest in the potential of quantum computing

to address challenges traditionally tackled by classical methods, particularly in �elds requir-

ing high computational e�ciency and scalability. Notably, the �gure also shows that prior

to 2020, research was primarily aimed at using LGA and LBM formulations to simulate �uid

�ow phenomena. While recent years have seen a broadening of focus toward a wider range

of PDEs, interest in LGA and LBM, both rooted in PDEs, continues to grow in parallel,

maintaining their sustained relevance within the quantum computing research landscape.

Unlike classical machines that process information using binary bits (0 or 1), quantum com-

puters use quantum bits, or qubits, that leverage quantum mechanical principles to explore

multiple computational paths simultaneously. This enables quantum computers to o�er ex-

ponential speed-ups in certain tasks. While still in its early stages, quantum computing is

being actively explored for a range of scienti�c problems, including �uid dynamics, where

classical approaches face steep limitations, particularly when near real-time predictions are

required.

In light of these challenges and opportunities, the objective of this thesis isto develop

an e�cient quantum algorithm based on the Lattice Boltzmann Method for sim-

1Web of Science prompt: "quantum computing" AND ("PDE" OR "LBM" OR "lattice boltzmann" OR
"CFD" OR "heat transfer" OR "advection-di�usion" OR "mass transfer" OR "lattice gas")
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ulating two-dimensional �uid �ows through porous media in the Stokes regime .

The purpose of this work is to explore a quantum-based formulation as a foundational step,

laying the groundwork for future research and assessing the potential of quantum computing

in �uid dynamics simulations as systems scale in complexity.

Figure 1.3 Publication trends in quantum computing for PDEs (Web of Science).
The red line shows all quantum PDE methods, while the orange line highlights lattice-
based approaches within quantum PDEs (LGA and LBM). Both show rising interest, with
LGA/LBM maintaining a steady share of overall research.



5

CHAPTER 2 LITERATURE REVIEW

This chapter reviews the key concepts, recent advances, and research approaches that inform

and inspire this thesis. It begins with the foundational principles of quantum computing,

covering essential quantum phenomena, current hardware capabilities, and widely used sim-

ulators and libraries. The focus then shifts to LBM, summarizing its origins, mathematical

formulation, and applications in �uid dynamics, along with its core strengths and limitations.

The chapter concludes by exploring the intersection of these two domains through Quantum

Lattice Boltzmann Methods (QLBM), highlighting e�orts to harness quantum computing for

enhanced �uid simulations. This review establishes the academic context and identi�es the

key research gaps addressed in this thesis.

2.1 Quantum Computing: Key Concepts and Background

Figure 2.1 Geometric representation of a
qubit state on the Bloch sphere

In recent decades, the steady rise of classi-

cal computing power, famously predicted by

Moore's Law, has enabled major technologi-

cal progress. Yet as we near the limits of this

trend, some problems have become so complex

that even today's top supercomputers strug-

gle to solve them. Quantum computing, a new

paradigm rooted in quantum mechanics, o�ers

the potential to fundamentally reshape how we

process information. To understand this po-

tential, we begin with its fundamental unit:

the qubit .

Unlike classical bits, which are either 0 or

1, qubits operate on fundamentally di�erent

principles. A qubit can exist in a superposition

of the basis statesj0i and j1i (see Appendix A1

for more detailed description of basis states),

enabling new forms of computation. This can be visualized using the Bloch sphere (Fig.2.1):

if the bottom representsj1i and the top j0i , then any point on the surface corresponds to

a unique quantum state, a combination of both. Each state is de�ned by complex-valued

amplitudes that determine the qubit's behavior and measurement probabilities. As the state
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evolves through quantum gates, it remains constrained by the principles of normalization

and unitarity [9].

Figure 2.2 Quantum phenomena

What gives quantum computing its power are three uniquely quantum phenomena (Fig.2.2):

superposition, entanglement, and interference.

1. Superposition allows qubits to exist in a combination ofj0i and j1i , enabling quantum

systems to explore many possibilities simultaneously.

2. Interference enables quantum algorithms to reinforce correct computational paths

while canceling out incorrect ones, guiding the system toward optimal results.

3. Entanglement links qubits so that the state of one instantly a�ects the other, regard-

less of distance, creating correlations that classical systems cannot replicate.

Together, these principles allow quantum algorithms to solve certain problems exponentially

faster than classical methods.

2.1.1 Types of quantum computing paradigms and development tools

Having covered the fundamentals of quantum computation, we now turn to how these princi-

ples are implemented. Several quantum computing paradigms have emerged, each leveraging

quantum mechanics in distinct ways [10]:

1. Gate-based quantum computing is the most widely used model, it relies on quan-

tum circuits composed of gates that manipulate qubits to perform computations.
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2. Measurement-based quantum computing performs computation using a highly

entangled cluster states. Logic is performed through a sequence of targeted measure-

ments, with outcomes determining the subsequent steps.

3. Topological quantum computing is a theoretical approach that encodes information

in topologically protected states, o�ering resilience to errors through exotic particles

like anyons.

4. Quantum annealing / Adiabatic computing is tailored for optimization, this

model evolves a quantum system slowly towards its lowest-energy state, ideally rep-

resenting the optimal solution.

Several open-source libraries have been developed to support gate-based quantum comput-

ing, including Qiskit (IBM), Cirq (Google), PennyLane (Xanadu), and Braket (AWS). These

frameworks are primarily designed around quantum circuits, which are graph-based repre-

sentations of operations on qubits and allow users to design, simulate, and execute quantum

algorithms on simulators or real quantum hardware. While these libraries are tailored to

the circuit model, they also o�er some �exibility: for instance, measurement-based quantum

computing can be emulated through circuit-level tools, though it is not their native paradigm.

On the other hand, quantum annealing and topological quantum computing operate using

fundamentally di�erent principles that are not based on circuit-based models and generally

require specialized platforms.

2.1.2 Quantum circuits: Building blocks of quantum algorithms

Figure 2.3 Quantum circuit building blocks

Quantum circuits provide a structured way to

apply operations to qubits, much like classi-

cal circuits apply logic gates to bits. Each

horizontal line or wire (Fig.2.3) represents a

single qubit. A quantum register is a collec-

tion of such qubits, treated as a group for

multi-qubit operations. Gates are applied se-

quentially from left to right, de�ning the cir-

cuit's depth, a key factor in both scalability

and hardware performance.

Before execution on actual quantum hardware,

a circuit must be transpiled into native gates
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compatible with the target device. This step may increase the circuit's depth due to hardware-

speci�c constraints, such as limited qubit connectivity or native gate sets.

Quantum circuits also involve classical registers, which store the outcomes of quantum mea-

surements. These registers hold de�nite binary values (0 or 1) after the qubits collapse from

superposition upon measurement.

Qubits are typically labeled from top to bottom asq[0] , q[1] , . . . , q[n-1] . In Dirac no-

tation, however, the order is reversed, the leftmost qubit is the most signi�cant, and the

quantum state is written asjqn : : : q0i , a convention followed throughout this thesis.

Encoding classical information into quantum circuits

Before computation begins, classical data must be encoded into quantum states. The choice

of encoding directly a�ects circuit e�ciency, depth, �delity, and hardware requirements [9].

Common strategies include:

1. Basis encoding maps each bit string to a computational basis state (e.g.,101 !

j101i ). Simple and intuitive, requiring dlog2(N )e qubits for N values.

2. Amplitude encoding encodes data into quantum state amplitudes (e.g., the vector

[x0; x1; x2; x3] using 2 qubits becomesj i = x0 j00i + x1 j01i + x2 j10i + x3 j11i , where

j i is the amplitude encoded quantum state). Compact, but often requires complex

state preparation.

3. Angle encoding maps features to gate rotation angles (e.g.,Ry(� )). Common in

variational algorithms due to its simplicity and �exibility.

4. QSample encoding encodes a probability distribution into the squared amplitudes of

a quantum state, useful for probabilistic or sampling-based tasks.

Quantum gates: Manipulating qubit states

After classical data is encoded into quantum states, quantum gates are applied to transform

those states. These gates, analogous to logic gates in classical circuits, manipulate qubit states

in controlled ways. Each quantum gate is represented by a unitary matrixU, satisfying [9]:

UyU = UUy = I (2.1)

where Uy is the conjugate transpose ofU, and I is the identity matrix. This ensures that

quantum gates preserve normalization (total probability remains 1) and are reversible. Com-
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mon quantum gates are shown in Table 2.1. Additional gates and their matrix forms are

listed in Appendix A1.

Table 2.1 Common quantum gates and their functionalities

Gate Functionality Circuit

Representation

Pauli-X (X) Flips j0i $ j 1i

Hadamard (H) Creates superpositions:j0i ! 1p
2
(j0i + j1i )

Controlled-NOT

(CX)
Multi-qubit gate: �ips target if control is j1i ;

enables entanglement

Phase (� ) Applies a phase shift toj1i : P(� ) j1i = ei� j1i

SWAP Exchanges the states of two qubits.

Custom Gates Any user-de�ned gate that is unitary and

reversible

Measurement and statevector representation

After operations are applied to a register of qubits (i.e., a group of qubits treated as a unit),

the �nal step is typically measurement. Measurement collapses the quantum state into a

classical outcome, destroying the superposition and phase information. Since this process is

destructive, repeating the computation or extracting more information requires re-running

the circuit from the beginning [9].

To analyze quantum behaviorbefore measurement, researchers often use the statevector, a

classical data structure that lists the complex amplitudes of each basis state in the system.

For a 2-qubit register, for instance, the basis states arej00i , j01i , j10i , and j11i , and the

quantum state is a linear combination of these. Although real quantum hardware cannot

access the statevector during execution (as that would collapse the state), simulators can.

This makes statevectors valuable for verifying circuit behavior and developing algorithms

that rely on intermediate quantum information which is inherently not possible with actual

qubits. While statevectors are powerful tools in simulation, translating these circuits to real
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hardware introduces practical challenges.

2.1.3 Practical limitations of quantum hardware circuits

Despite their potential, quantum hardware face several practical limitations:

ˆ Noise occurs because qubits are extremely sensitive to environmental disturbances,

which cause random errors.

ˆ Decoherence happens when qubits lose coherence over time due to environmental

noise that disrupts their quantum states, limiting computation duration.

ˆ Gate and measurement errors arise from imperfections in operations and measure-

ments, and these errors accumulate as circuits become deeper.

ˆ Circuit depth a�ects reliability since longer sequences of gates increase the chance of

errors, making shallow circuits more dependable.

ˆ Connectivity and crosstalk refer to the limited interactions between qubits and the

interference between nearby qubits, both of which add operational overhead.

These challenges necessitate circuit optimization, noise mitigation, and quantum error cor-

rection for scalable quantum computing.

2.1.4 Quantum circuit simulation

Current quantum hardware remains fragile and error-prone, making direct development and

testing of algorithms on physical devices highly challenging. To overcome these limitations,

researchers rely on quantum circuit simulators, classical tools that replicate the behavior

of quantum systems in a controlled environment [11]. Simulators typically fall into three

categories:

1. Ideal simulators assume perfect, noise-free operation to verify algorithm correctness.

2. Noisy simulators incorporate realistic errors such as decoherence and gate imperfec-

tions to assess robustness.

3. Device-speci�c simulators emulate speci�c hardware constraints, including native

gate sets and qubit connectivity.

These tools are essential for re�ning algorithms, identifying performance bottlenecks, and

optimizing designs before implementation on real quantum platforms.
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2.1.5 Quantum algorithms and speedups

Quantum algorithms have demonstrated remarkable potential to outperform their classical

counterparts in certain problem domains. Shor's algorithm [12], for example, can factor

large integers exponentially faster than classical methods, posing a foundational challenge to

modern cryptography. Grover's algorithm [13] o�ers a quadratic speedup for unstructured

search problems, making it valuable for optimization and database search tasks. The Harrow-

Hassidim-Lloyd (HHL) algorithm [14] allows exponential acceleration in solving speci�c linear

systems, with broad applications in physics and machine learning.

Beyond these foundational examples, quantum speedups have been proposed for Monte Carlo

simulations [15], combinatorial optimization [16], quantum chemistry and �nance [17]. These

developments highlight the growing relevance of quantum algorithms across diverse scienti�c

and industrial domains.

2.1.6 Current state of quantum paradigm: NISQ era and outlook

Modern quantum hardware is situated in the Noisy Intermediate-Scale Quantum (NISQ)

era, characterized by devices with tens to a few hundred qubits that are prone to noise,

decoherence, and operational errors. Although not yet capable of fault-tolerant computation,

NISQ systems provide a valuable testbed for developing quantum algorithms, error mitigation

techniques, and hybrid classical-quantum approaches.

To harness the capabilities of these early-stage devices, quantum simulation has emerged as a

practical and impactful application. Simulation strategies generally fall into three categories

[18]:

1. Type I: Classical simulation of quantum systems � Numerical approaches on

classical hardware to model quantum behavior (e.g., solving the Schrödinger equation).

2. Type II: Quantum simulation of quantum systems � Use of quantum hardware

to simulate intrinsically quantum phenomena that are classically intractable.

3. Type III: Quantum simulation of classical systems � Application of quantum

algorithms to simulate classical domains like �uid dynamics, heat transfer, or transport

problems.

A notable e�ort under Type III is the quantum adaptation of LBM, a mesoscopic approach

rooted in statistical mechanics. Originating from the Boltzmann equation, LBM discretizes

particle distributions on a lattice to e�ciently model complex �uid �ows. Its inherent par-
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allelism and local update rules make it a natural candidate for quantum translation: quan-

tum circuits could harness superposition and entanglement to accelerate LBM's collision and

streaming operations, exploiting quantum parallelism beyond classical capabilities. This syn-

ergy could enable high-resolution simulations that challenge traditional computational limits,

particularly for problems where classical LBM faces memory or scalability bottlenecks.

While these approaches are still in the research phase, Type III simulations such as quan-

tum LBM o�er near-term opportunities to explore practical applications, forming a bridge

between today's NISQ-era hardware and the long-term vision of scalable, fault-tolerant quan-

tum computing.

2.2 The Lattice Boltzmann Method: Fundamentals and Applications

2.2.1 Classical CFD foundations

Classical CFD relies on the continuum description of �uids, governed by the Navier�Stokes

equations (NSE), which represent conservation of momentum and mass. These equations are

typically solved using numerical methods such as FDM, FVM, or FEM, as shown on the left

branch of the schematic in Fig.2.4 [19].

In two dimensions, for dimensionless velocity componentsu(x; y; t ) and v(x; y; t ), the dimen-

sionless NSE are:
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accompanied by the continuity equation:
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where� = �=� is the kinematic viscosity1. Although these methods are known for their accu-

racy, they are computationally intensive, particularly due to the complex coupling between

velocity and pressure �elds in incompressible �ows. The nonlinear nature of the equations

and the requirement for iterative solvers make simulations of turbulent or multiphase �ows

challenging. These limitations have led researchers to consider discrete, particle-based mod-

els such as LGA, which eventually evolved into LBM.

In particular �ow regimes, such as those characterized by low Reynolds numbers, the iner-

tial forces (convective term) of the Navier�Stokes equations become negligible compared to

viscous forces. This leads to the simpli�cation known as time-dependentStokes equations,

which lead to creeping �ow, which is often encountered in porous media, micro�uidics, and

slow-moving suspensions. In the Stokes �ow limit, the dimensionless Navier�Stokes equations

reduce to:
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Figure 2.4 Comparison between classical CFD and LBM. Here,u = ( u; v) is the 2D velocity
�eld with components in the x- and y-directions

1In porous media, the Reynolds number is de�ned asRep = �UD p

� (1 � " ) where " is the porosity and Dp is the
characteristic particle or pore diameter. Flow is typically considered creeping whenRep < 8 [20].
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with the continuity equation unchanged:

@u
@x

+
@v
@y

= 0: (2.8)

The absence of convective terms simpli�es the mathematical treatment and highlights the

dominance of viscous dissipation in such �ows, making Stokes �ow a useful approximation

in the study of slow, viscous-dominated regimes.

2.2.2 Lattice gas automata

Lattice Gas Automata (LGA), developed in the 1980s, is the precursor to the Lattice Boltz-

mann Method (LBM). LGA simulates �uid �ow at a microscopic level by modeling particles

that move and collide on a discrete lattice. Each particle's presence or absence at a lattice site

and direction is represented by Boolean variables. Particle collisions follow simple, rule-based

interactions that locally conserve mass and momentum, allowing macroscopic �uid behavior

to emerge from these microscopic dynamics.

However, to recover the correct continuum-scale behavior described by the Navier�Stokes

equations, LGA simulations must be repeated a large number of times, with ensemble aver-

aging applied to extract statistically meaningful results. This requirement arises due to the

inherent stochasticity of LGA's collision rules, which introduce statistical noise and cause

variability between individual runs. Additionally, representing particles as discrete binary

states leads to high variance, further complicating the modeling of continuum �uids without

extensive post-processing.

Figure 2.5 Comparison of �ow around a cylinder using LGA and LBM [2]
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2.2.3 The Lattice Boltzmann perspective

To overcome these limitations, the Lattice Boltzmann Method was developed. LBM replaces

Boolean particles with continuous distribution functions representing expected particle pop-

ulations per lattice direction. This deterministic, mesoscopic formulation reduces noise and

improves numerical stability while retaining the local, particle-based structure of LGA. As

a result, LBM enables e�cient and accurate simulation of complex �uid �ows. A comparative

schematic of LGA and LBM velocity vector �eld, is shown in Fig.2.5.

Figure 2.6 D2Q9 lattice structure

Both LGA and LBM operate on a regular dis-

crete lattice, where particles (or probability

distribution functions, called populations for

short) propagate and interact at discrete spa-

tial positions and time steps. The lattice de-

�nes the allowable directions in which popula-

tions can move between nodes and is critical

for accurately capturing the �uid dynamics. A

common notation used to describe the lattice

structure is D nQm, wheren denotes the spa-

tial dimension (e.g., 2 for two-dimensional, 3

for three-dimensional), andm represents the

number of discrete propagation/streaming ve-

locity directions per node.

For example, the D2Q9 lattice (Fig.2.6)

widely used in 2D simulations, comprises nine velocity directions: one rest state, four axial

directions (left, right, up, down), and four diagonal directions. It is important to note that

this labeling scheme is not universal; the speci�c numbering and velocity vectors may vary

across implementations or software packages, though the lattice connectivity remains con-

ceptually consistent.

LBM o�ers an alternative approach rooted in statistical mechanics. It models �uid behavior

at a mesoscopic scale by evolving discrete particle distribution functions over a lattice. Rather

than directly solving the NSE, LBM simulates the evolution of particle populations moving

in speci�c directions, with macroscopic �uid properties recovered via statistical averaging.

At the heart of LBM lies the Boltzmann transport equation [8]:

@f
@t

+ e � r f = �
f � f eq

�
(2.9)

wheref (x; e; t) is the single-particle distribution function representing the probability of �nd-
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ing a particle at position x with velocity e at time t, f eq is the local equilibrium distribution,

and � is the relaxation time.

To derive the LBM formulation, the propagation velocity space is discretized into a �nite

set of directionse� , and Equation 2.9 is discretized in velocity space using explicit �nite-

di�erence approximations. This leads to the LBM update rule:

f � (r + e� � t; t + � t) = (1 � � )f � (r ; t) + �f eq
� + � tw � S; (2.10)

where, f � denotes the particle population distribution function in the direction� , while e�

represents the corresponding discrete velocity direction.w� is the weight associated with

each discrete velocity directione� in the lattice, S is the source term, which can represent

the e�ects of body forces(F� ), such as gravity or pressure gradients, as well as other external

in�uences acting on the �uid and the term f eq
� indicates the equilibrium distribution function.

The variable � t refers to the time step, and the dimensionless relaxation coe�cient is given

by � = � t
� .

This formulation supports three processes: (i)Streaming : particles move to neighboring

sites, (ii) Collision : distributions relax toward equilibrium, (iii) Source: inclusion of exter-

nal in�uences. As illustrated on the right branch of the schematic in Fig.2.4, the continuous

Boltzmann equation is discretized and simpli�ed, yielding a numerically e�cient and local

evolution rule well suited to parallel computing.

Propagation and collision in the lattice Boltzmann method

The collision step in LBM involves a local relaxation process in which each distribution

function f � relaxes toward an equilibrium distribution f eq
� , which depends on macroscopic

quantities such as the local density� and velocity u. Under the widely used Bhatna-

gar�Gross�Krook (BGK) approximation, this relaxation is described by:

f �
� (r ; t) = f � (r ; t) �

� t
�

(f � (r ; t) � f eq
� (r ; t)) (2.11)

where f �
� (r ; t) denotes the post-collision distribution function, andf � (r ; t) denotes the pre-

collision particle distribution function in the direction � at position r and time t, and f eq
� (r ; t)

is the corresponding local equilibrium distribution function. The term� represents the single

relaxation time that governs the rate at which the system relaxes toward equilibrium, and

� t is the time step. Alternatively, introducing the relaxation parameter� = � t
� , this can be

rewritten as:

f �
� (r ; t) = (1 � � )f � (r ; t) + �f eq

� (r ; t) (2.12)
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To simplify the implementation, we set� = 1 and � t = 1, which gives" = 1. Substituting

into the equation yields:

f �
� (r ; t) = f eq

� (r ; t);

indicating that the post-collision distribution is simply the equilibrium distribution. Here,

f �
� represents the post-collision distribution at siter . This collision step is fully local and in-

volves only information at the same lattice node, with no inter-node communication required.

This locality is a major advantage of LBM, enabling highly parallel and computationally ef-

�cient implementations. Moreover, this property helps alleviate LBM's main drawback of

relatively high memory requirements, by enabling streamlined memory access patterns and

reduced communication overhead in distributed systems. This simpli�cation is often used in

theoretical studies or idealized simulations to isolate speci�c behaviors or reduce computa-

tional complexity [21]. This BGK model simpli�es the collision process by encapsulating the

interaction dynamics into a single relaxation time� , allowing for an e�cient implementation.

While it is the most commonly employed model, more sophisticated alternatives, such as the

Multi-Relaxation-Time (MRT), can o�er improved stability and accuracy in challenging �ow

regimes.

During the streaming step, particle distribution functionsf � are advected along their discrete

velocity directions e� to adjacent lattice nodes (Fig.2.6). This step models the streaming of

particle distributions between lattice nodes and is expressed as:

f � (r + e� � t; t + � t)  f �
� (r ; t) (2.13)

The streaming operation transfers particle distribution functions from one lattice site to its

immediate neighbors along discrete velocity directions. As it involves only �rst-neighbor

connectivity, it is inherently quasi-local.

Connection to viscosity and physical interpretation

The relaxation time � governs the rate at which the distribution functions return to equilib-

rium and also determines the kinematic viscosity� of the simulated �uid. In the commonly

used D2Q9 lattice con�guration, the relation between� and � is given by:

� = c2
s

 

� �
� t
2

!

(2.14)

where cs = 1p
3

� x
� t is the lattice speed of sound, where� x and � t are the lattice spacing

and time step, respectively. This relationship provides a critical link between the mesoscopic



18

formulation of LBM and the macroscopic properties of the �uid. Physically, a smaller�

implies a faster return to equilibrium, modeling a �uid with greater resistance to deformation.

Conversely, a larger� allows the �uid to retain non-equilibrium states longer, representing

lower viscosity. Thus, Eq.2.14 form an essential bridge between the numerical behavior of

the LBM algorithm and the physical characteristics of the modeled �uid.

The equilibrium distribution function

In LBM, the equilibrium distribution function f eq
� represents the target state toward which

the particle distributions relax during collisions. It is de�ned as:

f eq
� = w� �

"

1 +
e� � u

c2
s

+
(e� � u)2

2c4
s

�
u � u
2c2

s

#

(2.15)

For creeping �ows (low Reynolds number) encountered in most porous media problems ,

inertial e�ects are negligible. Under the assumptionRe � 1, nonlinear terms can be neglected

and f eq
� :

f eq
� � w� �

"

1 +
e� � u

c2
s

#

(2.16)

Incorporation of body forces in the lattice Boltzmann method

To simulate external forces like gravity or pressure gradients, LBM scheme can include a

body force as a source term in the evolution equation. Eq.2.17 is adopted from [22] for

the incorporation of body force in the system. There exist multiple expressions that have

been implemented over the years to add a body force with various degrees of accuracy. The

simplest and oldest approach is the LGA scheme where:

F� = w� � t

 
F � e�

c2
s

!

(2.17)

whereF� is the force term added to the distribution function in direction� , F is the external

body force vector. This body force formulation is commonly used in LGA schemes and is

chosen because it introduces error terms in the mass and momentum balances that vanish

when the body forceF� is constant in space and time [22]. By consideringF� as spatially

and temporally uniform, this approach avoids additional discretization errors in the macro-

scopic equations, e�ectively making the scheme accurate under these conditions. While other

forcing schemes may o�er improved accuracy for spatially or temporally varying forces, this

formulation is particularly well-suited for creeping �ows with constant body forces, where
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viscous e�ects dominate and inertial e�ects are negligible.

2.2.4 Boundary conditions in LBM

The implementation of appropriate boundary conditions is essential to ensure the physical

accuracy and stability of LBM simulations. These conditions are usually applied at the pop-

ulation level rather than directly on the macroscopic quantities. Common types of boundary

conditions include (Fig.2.7):

ˆ Bounce-back boundary conditions enforce the no-slip condition at solid walls by

re�ecting particle distributions. In the full-way scheme, re�ections occur at the �uid

node adjacent to the wall, resulting in �rst-order accuracy. The halfway bounce-back

scheme improves spatial accuracy to second order by placing the re�ection point midway

between the �uid and solid nodes.

ˆ Periodic boundaries apply to domains with repeating spatial patterns, allowing �uid

populations that exit one boundary to re-enter seamlessly from the opposite side.

ˆ In�ow and out�ow boundaries de�ne the behavior of �uid at the domain's entrances

and exits, indirectly prescribing velocity or pressure conditions to control how �uid

enters or leaves the simulation domain.

ˆ Moving boundaries simulate walls or interfaces in motion by updating the distribu-

tion functions at boundary nodes to re�ect the relative velocity between the �uid and

the boundary. In LBM, this is typically achieved by modifying the bounce-back scheme

with a velocity correction, ensuring accurate enforcement of the no-slip condition in the

moving frame.

Figure 2.7 Common types of boundary conditions
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The following are some of the most commonly used boundary conditions in LBM, each

tailored to enforce speci�c physical constraints.

Halfway bounce-back boundary condition: The halfway bounce-back method im-

proves upon the classical bounce-back by placing the solid boundary midway between �uid

and solid lattice nodes. During the streaming step, any particle distribution streaming into

a solid node is re�ected back to its origin node along the opposite direction. Mathematically,

for a distribution f � streaming towards a solid boundary, the re�ected distributionf � (where

�� indicates the direction opposite to� ) is set as:

f � (r ; t + � t) = f �� (r ; t); (2.18)

e�ectively enforcing a no-slip velocity condition at the wall. This method balances computa-

tional e�ciency with accuracy and is particularly suitable for complex geometries where solid

boundaries do not align neatly with lattice nodes, however, it shows second-order accuracy

only for straight walls.

Periodic boundary condition: Periodic boundaries assume the �ow �eld repeats spa-

tially, creating a seamless looping domain. Fluid leaving the domain through one boundary

immediately re-enters from the opposite boundary with identical distribution functions. This

is implemented by copying distribution functions at one edge of the computational domain

to the opposite edge:

f � (x = 0; y; t) = f � (x = L x ; y; t); (2.19)

and similarly for other directions as needed, whereL x is the domain length in thex-direction

and � is the incoming direction to the domain.

Periodic boundary conditions are commonly used in simulations of in�nite or repeating porous

structures, channel �ows with symmetry, and turbulence studies. They signi�cantly reduce

computational cost by minimizing arti�cial boundary e�ects.

Recovering Navier�Stokes behavior

LBM can be shown to recover the Navier�Stokes equations in the limit of low Mach number

(Ma � 1) and low Knudsen number (Kn � 0:01) through the Chapman�Enskog multiscale

expansion [8]. The macroscopic quantities, such as density is obtained as the zeroth moment

of the distribution (2.20), and velocity is obtained as the �rst moment of the distribution
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function (2.21).

� =
X

�
f � (2.20)

� u =
X

�
f � e� (2.21)

By carefully selecting the equilibrium distribution function and lattice structure (e.g., D2Q9),

LBM captures the essential hydrodynamic behavior consistent with the Navier�Stokes equa-

tions without explicitly solving the coupled pressure-velocity �elds (Poisson equation) typical

of classical computational �uid dynamics (CFD).

2.3 Quantum Approaches to Classical Fluid Dynamics

Having outlined the quantum advantages in recent years (Sec.2.1.5), particularly for Type

III problems (Sec.2.1.6), a core challenge emerges: classical �uid dynamics problems are in-

herently nonlinear and non-unitary, whereas quantum computing requires operations to be

unitary and reversible. This fundamental mismatch between dissipative classical systems and

reversible quantum evolution presents a signi�cant theoretical barrier to direct simulation.

2.3.1 Solving PDEs with quantum computing

E�orts to bridge this gap date back to 1926, when the Madelung transformation reformulated

the Schrodinger equation in hydrodynamic terms [23], revealing a link to �uid dynamics. Af-

ter early developments, the �eld stagnated for nearly a decade until the introduction of the

Harrow�Hassidim�Lloyd (HHL) algorithm [14], a key quantum method for solving linear sys-

tems. Though initially theoretical, HHL has recently gained practical relevance after 2020

when adapted for �uid dynamics problems governed by PDEs. This revival aligned with

IBM's launch of the IBM Q System One, sparking renewed interest in quantum computing

for scienti�c applications.

Several NSE problems were approached using HHL. For instance, Lapworth integrated HHL

with the SIMPLE (Semi-Implicit Method for Pressure Linked Equations) method [24]. Other

approaches incorporated Quantum Singular Value Transformation (QSVT) algorithms to

handle sparse matrix structures which are common in �uid dynamics simulations. While

QSVT enables e�cient matrix inversion, convergence rates in hybrid solvers are sensitive

to precision loss in eigenvalue estimation, revealing vulnerabilities in practical implementa-

tions [25]. State preparation techniques were also improved using sparsity to generate circuits

in polynomial time; however, these methods still scale poorly with general states and require
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careful encoding to remain e�cient [26]. While HHL demonstrated quantum advantage, its

practical utility was hindered by the challenges of state preparation and readout. Withn

qubits encoding2n amplitudes, extraction of information becomes exponentially di�cult.

Although several encoding techniques have been developed, most su�er from exponential

complexity. Despite this, the new schemes are optimized for sparse matrices, o�ering im-

proved circuit depth and operational e�ciency [26].

In 2020, Gaitan developed a quantum algorithm for solving the compressible Navier�Stokes

equations, demonstrating quadratic speedup and accurate shockwave resolution, though the

method was restricted to steady-state inviscid �ows [27]. In 2021, Oz tackled nonlinear PDEs

such as Burgers' equation using quantum circuits, showing classical-level accuracy but re-

maining limited by scalability and hardware constraints for 3D turbulent �ows [28]. That

same year, Kyriienko proposed Quantum Neural Networks combined with Carleman lin-

earization2 to simulate nonlinear dynamics, extending quantum bene�ts beyond dissipative

regimes, although broader generalization across PDEs remains open [29]. In 2022, hybrid

quantum-classical reservoir computing models emerged, demonstrating that moderately en-

tangled qubits can emulate chaotic Lorenz-type dynamics with performance comparable to

large classical reservoirs; however, the approach su�ers under decoherence and shallow en-

tanglement [30]. By 2023, new studies explored the Liouville equation, describing evolution

in phase space as a quantum-suitable formulation. In 2024, Schalkers and Moller proposed a

scalable quantum transport method, with reduced CNOT gate complexity and e�cient ve-

locity encoding, though constrained to structured grids and theoretical implementations [31].

Concurrently, e�orts to parallelize quantum �uid simulations gained momentum. Broadbent

and Kashe� proposed distributed quantum computing strategies that reduce circuit depth

from polynomial to logarithmic scaling, enabling subprocess o�oading across quantum cir-

cuits, though still awaiting hardware maturity [32]. Matteo and Mosca introduced Synthetiq,

a simulated annealing-based circuit synthesis tool achieving signi�cant gate depth reductions

across arbitrary gate sets, yet its real-time application in �uid solvers remains to be demon-

strated [33].

2.3.2 Solving LGA and LBM with quantum computing

In parallel, the Madelung transformation [23] connection was also later advanced by Succi

and Benzi [34] in 1993, who showed how LBM could model pseudo-relativistic quantum sys-

tems, laying a foundation for quantum analogs of classical �uid behavior. From 1998 to 2002,

2Carleman linearization embeds nonlinear dynamics into a higher-dimensional linear systems.
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there were signi�cant strides using Lattice Gas Automata (LGA) [35] [36] [37] [38] [39], suc-

cessfully implementing the collision step on quantum circuits. However, the streaming step

remained classical, and the quantum circuits required a linearly growing number of qubits,

which limited scalability.

In 2020, Steijl [40] implemented a collisionless Boltzmann equation model for highly rare�ed

gas �ows, focusing solely on free-molecular �ow with specular re�ection. However, complex

particle interactions were omitted. In 2024, Schalkers and Moller [41] advanced collisionless

Boltzmann modeling by implementing accurate re�ection behavior under all boundary con-

ditions and successfully identifying grid points within obstacle walls of the domain. Their

approach achieved a polynomial speedup, notably through a novel velocity vector encoding

that enabled velocity �ipping using a single-qubit operation rather than multi-qubit trans-

formations. The work also proposed a new streaming approach that signi�cantly reduced the

CNOT gate count compared to prior quantum streaming techniques. Additionally, Schalkers

and Moller presented an object wall encoding strategy whose complexity became independent

of wall size, and a velocity encoding that allowed for linear-speed re�ections irrespective of

the number of velocities. This fail-safe, resource-e�cient approach leads to physically correct

�ow behavior across a variety of con�gurations, though it remains constrained to Cartesian-

aligned domains.

A key strategy for adapting LBM to quantum computing involves linearizing its nonlinear

structure. Methods like Carleman linearization and Koopman�von Neumann embedding have

been explored. Carleman linearization has proven more e�ective and quantum-compatible

than Koopman-based techniques. Succi et al. applied Carleman linearization to the colli-

sion step of LBM, enabling unitary evolution of both collision and streaming components,

and extending this to simulations of Kolmogorov-like �ow characterized by chaotic vortical

structures in turbulence. Here, a single quantum time-step was shown to mitigate the circuit

depth issue [42], [43], [44]. Carleman linearization holds particular promise for quantum sim-

ulation (Type II problems that use quantum hardware to simulate classically intractable and

intrinsically quantum phenomena) as it facilitates unitary transformation while preserving

nonlinear system behavior.

Parallel developments were made by Budinski, who introduced a QLBM scheme for the

advection-di�usion problem [45]. Several custom gates developed in this work, such as those

for collision and propagation, have proven essential for subsequent research e�orts. Since the

resultant matrix was not inherently Hermitian, only time discretization was applied. Budin-

ski later expanded this to a streamfunction�vorticity formulation of the NSE, eliminating the

pressure term and reducing the problem to an advection-di�usion equation and a Poisson

equation [46]. This formulation is developed by taking the curl of the momentum equations,
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and the pressure term is eliminated, yielding:

r 2 = � !; (2.22)

@!
@t

+ u
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!

; (2.23)

where is the streamfunction,! the scalar vorticity, and the velocity components relate to

the streamfunction as:

u =
@ 
@y

; v = �
@ 
@x

: (2.24)

In this formulation, the LBM scheme remains fundamentally the same, with collision, stream-

ing, and macroscopic retrieval stages adapted to evolve the two distribution functions repre-

senting the vorticity f ! and streamfunctiong �elds. A D2Q5 lattice is employed, providing

a minimal yet su�cient set of discrete velocities to capture the required dynamics. The equi-

librium distributions are de�ned similarly, with the source term accounting for vorticity in

the Poisson equation. Boundary conditions are straightforward to impose. For instance, on

a domain boundary@
 , the streamfunction  is typically held constant, often set to zero.

The corresponding equilibrium distributions satisfy:

 =
N l � 1X

� =0

geq
� = g0 + g1 + g2 + g3 + g4; (2.25)

where  is the macroscopic streamfunction,geq
� is the equilibrium distribution function in

direction � , and N l denotes the number of discrete velocity directions in the D2Q5 lattice.

This leads to the boundary condition for the distributions:

g@
 = �
X

� j � 6= @


g� ; (2.26)

whereg@
 is the unknown incoming population at the boundary@
 , and the summation is

taken over all known outgoing directions� not pointing into the wall.

The vorticity at the boundary is approximated by:

! i;N = � 2

 
 

� y2
+

U
� y

!

; (2.27)

where! i;N is the vorticity at the top boundary node located at horizontal indexi , � y is the

vertical lattice spacing, andU is the lid velocity in the lid-driven cavity case.
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The wall equilibrium distribution in the wall direction is then given by:

g(x; y)@
 = �
X

� 6= @


g� � 2

 

�
 

� y2
+

U
� y

!

; (2.28)

where g(x; y)@
 denotes the population at a wall node located at position(x; y), and the

second term accounts for the vorticity correction induced by the moving lid.

This was implemented within a single quantum circuit using the Linear Combination of Uni-

taries (LCU) method, a technique for expressing non-unitary operations as weighted sums of

unitary operations. Additionally, this approach requires only the zeroth moment of the dis-

tribution functions to recover velocity, simplifying computations compared to classical LBM

which requires �rst moments. However, this method is limited to two-dimensional �ows be-

cause in three dimensions, vorticity becomes a vector quantity, and the scalar streamfunction

no longer su�ces.

More recently, Budinski has continued re�ning his approach through alternative formula-

tions of lattice-based �uid solvers. In one work, he proposed an adaptive integer lattice gas

algorithm (ALGA) capable of recovering the LBM equilibrium in the low-velocity regime,

and further mapped it to a quantum algorithm using a linear collision operator [47], similar

to his previous work. This highlights a possible direction for simplifying quantum imple-

mentations. However, his follow-up study introducing a �uctuation-free Float Lattice Gas

Automata (FLGA) model [48,49] revealed limitations: while the model simpli�es computa-

tion and performs well in classical tests, the quantum version remains restricted to a single

timestep due to the need for reinitialization after measurement. These developments indicate

ongoing exploration, but further analysis is needed to assess whether LGA- or LBM-based

methods provide a more feasible path for quantum computational �uid dynamics.

Building on these e�orts, Lee et al., inspired by Budinski's work, implemented a parallelized

version of the streamfunction�vorticity formulation with two populations in LBM, distribut-

ing tasks across multiple circuits to solve the NSE more e�ciently [50]. This was done with a

marked reduction in CNOT gates compared to existing QLBM circuits. This strategy has the

additional bene�t of the circuits being able to run concurrently, further halving the overall

gate depth.

2.4 Identi�ed gaps in literature

Despite notable progress, several critical scienti�c gaps remain in the potential application

of QLBM for simulating �uid �ow in porous media in 2D, with the possibility of extension

to 3D:
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ˆ Absence of velocity�pressure formulations: Most quantum �uid models rely on

stream-function�vorticity formulations, which are limited to 2-D.

ˆ Limited implementation of boundary conditions: Essential boundary conditions

such as bounce-back (for solid walls) and periodic boundaries (for in�nite or repeating

domains) are rarely incorporated, especially in velocity�pressure-based models, severely

restricting the applicability of quantum algorithms to realistic �uid simulations.

ˆ No body-force implementations: Body forces (e.g. gravity or pressure gradients)

are critical for driving porous-media and channel �ows, yet they have not been inte-

grated into existing quantum �uid-dynamics models.

ˆ Lattice stencil used is limited to D2Q5: Current quantum-LBM studies primarily

restrict particle propagation to orthogonal directions, omitting diagonal links present

in more complete lattices such as D2Q9 or D3Q19. Consequently, in simpli�ed lattices

like D2Q5 commonly used in prior work, the stress tensor is not fully recovered, leading

to incomplete momentum exchange and reduced isotropy. To bypass this, most existing

quantum-LBM e�orts adopt the streamfunction�vorticity formulation, which eliminates

the need for explicit stress tensor recovery and is well-suited for 2D incompressible �ows,

restricting scalability.

ˆ Limited work on 3-D �ows: The majority of existing quantum algorithms are

con�ned to 2-D; extensions to 3-D are sparse because representing vector �elds and

complex geometries on quantum hardware is considerably more challenging.

ˆ Scalability issues with encoding and read-out: E�cient state preparation and

measurement remain signi�cant bottlenecks, as most encoding schemes scale poorly

and therefore diminish any potential quantum advantage.
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CHAPTER 3 OBJECTIVE

This chapter presents the objectives of the research, beginning with the general objective that

frames the overall aim. It then outlines speci�c objectives that de�ne the key steps taken

to address the research problem. The chapter concludes with a brief overview of the thesis

structure.

3.1 General Objective

As mentioned in Chapter 1, the general objective of this thesis isto develop an e�cient

quantum algorithm based on the Lattice Boltzmann Method for simulating two-

dimensional �uid �ows through porous media in the Stokes regime, that can be

readily extended to 3D.

3.2 Speci�c Objectives

The speci�c objectives of this thesis are as follows:

ˆ Develop a velocity�pressure formulation of QLBM: transition from traditional

streamfunction�vorticity schemes to a formulation based on velocity and pressure �elds,

enabling three-dimensional �ow simulations. Although LBM is inherently a time-

dependent algorithm, in this work focuses on steady-state solutions, treating the tem-

poral evolution as an iterative approach toward convergence.

ˆ Design a �exible QLBM model that can reconstruct correctly the stress ten-

sor: extend population movement to include diagonal directions, allowing for proper

stress tensor recovery and enabling analysis in D2Q9 lattice models.

ˆ Implement body force handling within the quantum algorithm: incorporate

source terms such as pressure gradients or gravitational forces, which are essential for

driving �ow in porous and channel environments.

ˆ Incorporate boundary conditions into the quantum framework: integrate

halfway bounce-back for solid walls and obstacles (i.e., in the form of grains) and

periodic boundary conditions to simulate realistic and repeating domains.
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ˆ Develop quantum subroutines for �rst-order moment calculation: implement

circuits that compute �rst-order velocity moments directly from the quantum state, fa-

cilitating observable readout of macroscopic quantities, as current quantum algorithms

are limited to zero-order moment calculation.

ˆ Maximize quantum-side computation to reduce classical post-processing:

minimize reliance on classical post-processing by executing most simulation steps di-

rectly within the quantum framework, and aim to validate the approach using quantum

simulators that approximate the constraints of actual quantum hardware.

3.3 Thesis Organization

Following the establishment of research objectives, the thesis proceeds to the core contribu-

tions beginning in Chapter 4. This chapter details the quantum implementation, starting

with the main circuit for propagating microscopic densities, followed by modular subcircuits

for summation, division, and velocity moment extraction. A hybrid quantum�classical strat-

egy is also introduced to address computational limitations of current quantum hardware.

Chapter 5 presents convergence and validation of the developed solver, followed by simu-

lation results and their analysis. Chapter 6 concludes the thesis by summarizing the key

contributions and �ndings, re�ecting on the motivations and objectives, reviewing both clas-

sical and quantum LBM results, and discussing broader implications. It also addresses the

main limitations encountered, particularly those related to quantum circuit complexity and

simulation constraints and proposes potential future research directions.
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CHAPTER 4 METHODOLOGY

This chapter outlines the methodology adopted to simulate �uid �ows in porous media using

quantum-enhanced techniques. The approach integrates classical �uid dynamics concepts with

quantum circuit design, leveraging statevector simulation and modular quantum operations.

Due to hardware constraints and the no-cloning principle in quantum computing, the overall

computational pipeline is decomposed into smaller, independent quantum circuits. Each cir-

cuit handles a speci�c aspect of the simulation, allowing e�cient management of quantum

resources while enabling parallelization of operations where possible.

4.1 Simulation Overview

Figure 4.1 Reduced grid model (4x4)

The simulation focuses on modeling a two-

dimensional �uid �ow through a porous

medium on anM � M grid using the velocity-

pressure formulation. The computational do-

main applies periodic boundary conditions on

all four edges to mimic a periodic porous

structure, while halfway bounce-back bound-

ary conditions are implemented on internal ob-

stacle nodes to simulate no-slip solid walls at

the surface of the grains (obstacles).

The input to the simulation consists of macro-

scopic density values and zero velocity at each

node, which are encoded into quantum states

as the initial condition for the circuits. The

target output is the velocity componentsu and

v at each node, representing the resolved �uid

�ow �eld.

Since quantum circuits lose all state information upon measurement or reset, the simulation

is modularized into multiple quantum circuits, each assigned a distinct task such as applying

boundary conditions or computing �rst-order moments required for velocity calculation. This

modularity not only accommodates the constraints of quantum hardware but also enables

parallelization of computations, making the method scalable and adaptable for future quan-

tum architectures.
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To facilitate clear presentation and interpretation of the methodology, a reduced model is

adopted for pedagogical purposes. Speci�cally, a 4Ö4 lattice with a central 2Ö2 obstacle

representing a porous grain is used, as shown in Fig.4.1. Although this small structure is not

suitable for visualizing realistic �uid �ow, it provides the simplest framework to understand

the circuit structure and functionality. Additionally, some of the operations demonstrated in

the quantum circuits are inspired by previous works [46], [50] and [51]. For readers seeking

further details on the origin and theoretical basis of these operations, please refer to the

corresponding references.

4.2 Quantum Implementation Strategy

Two primary implementation strategies were evaluated: afully quantum modular work�ow

and a hybrid modular work�ow in which quantum circuits act as coprocessors for classical

routines. Since quantum circuits cannot store information after execution, the simulation

was divided into six separate circuits. Each circuit is responsible for a speci�c part of the

computation and is run either one after the other or in parallel, depending on how the data

�ows between them. Detailed circuit-level designs, including gate schematics, qubit register

mappings, and formal input-output speci�cations, are provided in the following sections.

1. Main circuit: This circuit successfully implements the LBM collision and propaga-

tion steps, and enforces the periodic boundary condition at the domain boundary and

halfway bounce-back boundary condition at the obstacle boundary. The output from

this circuit are the population f � at every lattice node.

2. Zero-order moment (density) calculation circuit: The sole purpose of this circuit

is to calculate themacroscopicdensity at each node, which is the zeroth-order moment

of the populations.

� (x; y; t ) =
NX

� =0

f � (x; y; t ) (4.1)

wheref � (x; y; t ) is the population (i.e., probability distribution funciton) at each node

and N is the number of lattice directions.

3. First-order moment (momentum) calculation circuits: Series of circuits 3(a)-

3(d) are used to calculate the �rst-order moment of the LBM scheme as shown in

Eq.4.2, whereeix ; eiy are the x and y components ofe� = ( e�x ; e�x ).

u(x; y; t ) =
1

� (x; y; t )

NX

� =0

f � (x; y; t ) eix ; v(x; y; t ) =
1

� (x; y; t )

NX

� =0

f � (x; y; t ) eiy (4.2)
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(a) Division circuit: The division circuit helps perform an element-wise division of

each population component by its associated macroscopic density (Eq.4.3).

k� (x; y; t ) =
f � (x; y; t )
� (x; y; t )

(4.3)

wherek� (x; y; t ) is the intermediate calculation required to obtain the �rst-order

moment.

(b) Discrete velocity circuits: The discrete velocity circuit is executed separately

for the x and y components. In each case, the corresponding component of the

discrete velocity vector is applied toall k� (x; y; t ) values encoded in the statevector

as shown in Eq.4.4.

kdx (x; y; t ) =
f � (x; y; t )
� (x; y; t )

eix ; kdy(x; y; t ) =
f � (x; y; t )
� (x; y; t )

eiy (4.4)

(c) SWAP circuits: These circuits, distinct from the quantum SWAP gate, are ap-

plied separately to thex and y components. Their purpose is to rearrange relevant

data values to simplify the �nal computation step, as described in Eq.4.5. The

name "SWAP" re�ects this logical reordering of quantities within the simulation

framework.

k�
dx (x; y) =

f � (x; y; t )
� (x; y; t )

eix ; k�
dy(x; y; t ) =

f � (x; y; t )
� (x; y; t )

eiy (4.5)

(d) Selection summation circuit: This step completes the LBM computation. The

swapped statek�
� (x; y; t ) and the original statek� (x; y; t ) are selectively combined

based on their directional components (i.e. terms corresponding to thex- and y-

coordinates are summed separately). The �nal results are the velocity components

in both the x and y directions at each node, as shown in Eq.4.2.

All circuits are executed at each time step, with each circuit simultaneously processing all

nodes across the grid. Due to fundamental hardware limitations, the simulation is modular-

ized, as quantum circuits cannot preserve intermediate computed values across executions

unlike classical systems. This modular structure, however, o�ers key advantages: after the

division circuit , circuits 4, 5, and 6 which are responsible for computing all the components

of velocity can be executed in parallel, since these directional components are independent.

This architecture is inherently scalable; for instance, extending the model to three dimensions

would not increase the computational time per step, as the additional component could be
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computed concurrently.

The discussion begins with the encoding strategy, followed by the implementation details

for both the fully quantum modular approach and the hybrid quantum-classical modular

work�ow. A breif schematic of the entire hybrid and quantum process is shown in Fig.4.2.

Figure 4.2 Overall schematic of the quantum and hybrid circuitry
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4.3 Quantum System Architecture

4.3.1 Input encoding

As discussed in Section 2.1.2, encoding refers to the process of mapping classical data onto

quantum states in a form suitable for quantum computation. For this architecture,ampli-

tude encodingwas adopted, as demonstrated in [52]. In amplitude encoding, a normalized1

classical vector is embedded directly into the amplitudes of a quantum state:

j i =
2n � 1X

i =0

ai ji i ; where
2n � 1X

i =0

jai j2 = 1: (4.6)

wheren is the total number of qubits required. This technique was chosen for compatibility

with foundational circuits from which this work draws inspiration, as several sub-circuits rely

on amplitude-based logic. Additionally, amplitude encoding scales well with input dimension,

encoding2n features using onlyn qubits.

Amplitude encoding is included in the Qiskit SDK [53] and is also widely recognized as a

generic method in quantum computing literature. However, its practical use can be limited

by the high circuit depth needed for arbitrary state preparation, especially as the input

dimension grows. In this architecture, three amplitude-encoded quantum states are required:

(i) the macroscopic density statevectorj� i , (ii) the population statevector jf � i , and (iii) the

unitary statevector jUi (all amplitudes in this statevector are 1). These states serve as the

initial quantum representations for subsequent computations:

1. Macroscopic density statevector j� i : This state encodes the macroscopic density

values for all nodes. The density value for each node is repeated seventeen (2� (N � 1)+

1, whereN is the total number of discrete velocities) times in the statevector, structured

to match the directional layout used in boundary condition computations. In the D2Q9

model, these directions correspond to:(right, left, right, left, up, down, up, down, top

right, bottom left, top right, bottom left, top left, bottom right, top left, bottom left,

rest). This repetition of directions is done to facilitate halfway bounce-back boundary

condition. A �nal zero padding is added to align the encoded statevector with the n-

element Hilbert space2. This encoding is only used in the main circuit. The rationale

for the speci�c ordering and structure will be further elaborated in Section 4.3.2, which

1This is required by quantum mechanics to ensure the state vector has unit norm (total probability equals
one). L 2 normalization was chosen here for its numerical stability and ability to preserve vector direction,
maintaining relative magnitudes among features.

2The Hilbert space is the complex vector space in which quantum states reside, with each qubit doubling
its dimensionality (i.e., n qubits span a 2n -dimensional space)
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discusses qubit register mappings and the indexing scheme.

2. Population statevector jf � i : This state encodes the computed population values for

all nodes in the D2Q9 model. The values are arranged in the directional order:(rest,

right, left, up, down, top right, top left, bottom left, bottom right), repeated across all

lattice sites. This structure is designed to support operations in circuit types 2, 3, 4,

and 5. As with the previous encoding, zero-padding is added to ensure alignment with

the full Hilbert space.

3. Unitary statevector jUi : This state encodes a value of 1 into a basis state that

aligns with the Hilbert space dimensionality required for the corresponding circuit.

It is exclusively used in Circuit 6 to de�ne a unitary base state upon which further

quantum operations are performed.

4.3.2 Main circuit

Figure 4.3 Main circuit schematic

The main quantum circuit performs all core

LBM operations for one time step. It takes

the macroscopic density statevector as input

and applies the collision operator, body force,

propagation, and both periodic and halfway

bounce-back boundary conditions. The cir-

cuit schematic is shown in Fig.4.3. The total

number of qubits in the circuit is divided into

four registers. Ther x and r y registers repre-

sent spatial coordinates of all nodes along the

x and y axes, requiring2 � d log2 M e qubits,

whereM � M is the size of the lattice. Thed

register encodes the discrete velocity directions associated with the populationsf � , requiring

dlog2 N e qubits, where N is the number of velocity directions in the model. Finally, the

ancilla registera consists of a single qubit used for intermediate calculations during circuit

operations.

To better understand this structure, consider the reduced4� 4 grid model shown in Fig.4.1.

In this setup, the initial macroscopic density is distributed uniformly across all �uid nodes.

Each discrete velocity direction (rest, left, right, up, down, and the four diagonals) is initially

assigned the same probability density value, meaning all populations start with a uniform

distribution. Although the physical model redistributes these population values according to



35

LBM equilibrium weights during the collision step, the input macroscopic density statevec-

tor is initialized uniformly for simplicity. The directional weighting is later applied by the

collision operator. Thus, the initial quantum statej� i can be set as:

j� i = jright ; left; right ; left; up; down; up; down;

top right ; bottom left ; top right ; bottom left ;

top left; bottom right ; top left; bottom right ;

rest; zero paddingi

(4.7)

The repetition and ordering of directions are intentional and will be clari�ed in upcoming

sections on boundary conditions and propagation mechanisms (Sec. 4.3.2).

Suppose we assign a macroscopic density of1 kg=m3 to the system. As mentioned earlier,

initializing the circuit involves distributing this density equally across all discrete population

density functions. To better understand this setup, we focus on the point(x = 2; y = 0) ,

speci�cally examining the rest population. Our goal is to determine the corresponding binary

basis state so that this con�guration can be directly indexed in the macroscopic density

statevector.

Given the grid sizeM = 4, the number of qubits required for each coordinate isdlog2 4e = 2.

Each 2-qubit register (r x , r y) can represent the binary combinations 00, 01, 10, and 11,

corresponding to spatial coordinates 0 through 33.

As discussed in Section 2.1.2, the basis states are organized asjqaqdqyqx i , where:

ˆ qa: ancilla qubit used for intermediate calculations,

ˆ qd: direction register representing the discrete velocity,

ˆ qy: 2-qubit register for they-coordinate (e.g.,00 for y = 0),

ˆ qx : 2-qubit register for thex-coordinate (e.g.,10 for x = 2).

Given this con�guration, the intermediate basis state becomes:jqaqd00 10i .

The direction registerqd requiresdlog2 N e qubits, whereQ is the number of discrete velocity

directions. Although the D2Q9 model inherently includes nine directions (rest, left, right,

up, down, top right, top left, botom left, bottom right), precise and accurate implementation

of boundary conditions required duplicating the non-rest directions. This prevents incorrect

values from being picked up during boundary updates. As a result, the model usesQ = 17

discrete directions: two copies each of left, right, up, down, top right, top left, bottom left

3Each qubit can be in the state j0i or j1i , resulting in 2n possible outcomes, wheren = number of qubits
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and bottom right plus a single rest direction. To accommodate these, the required number of

qubits is: dlog2 17e = 5. These 5 qubits span binary strings from00000to 11111. Returning

to the example of(x = 2; y = 0) in the rest direction, the rest velocity is encoded as binary

string 10000. Hence, the complete basis state becomes:jqa 10000 00 10i .

The ancilla registerqa is a single qubit used during intermediate computations such as the

collision operation. It can take valuesj0i or j1i , depending on the logic of the circuit.

However, in the initial statevector, before any gate operations, this qubit is always initialized

to j0i . Hence, the complete basis state for a �uid particle located atx = 2; y = 0, with rest

velocity is: j0100000010i .

This basis state serves as the index in the quantum statevector where a macroscopic density

of 1 kg=m3 is assigned. The quantum circuit corresponding to this reduced4 � 4 model is

illustrated in Fig.4.4. The L.C.U and the propagation (right, left, up, down) gates in the

�gure, are inspired by Budinski's work [46].

Figure 4.4 Main circuit (4x4 grid) schematic

When correlated to Fig.4.4, L.C.U is the collision + body force segment, right, left, up, down

are the propagation + periodicity segment and HBB is the halfway bounceback segment.

The population density function� (�; r ) is structured as a linear array of density values across

all directions and positions, represented as:

� (�; r ) = [ � (0; 0); � (0; 1); � (0; 2); : : : ; � (N; K � 2); � (N; K � 1); � (N; K )]; (4.8)

where � = 0; 1; : : : ; N indexes the discrete velocity directions, andM denotes the total

number of spatial nodes in the lattice (i.e.,K = M � N ). Each term � (�; r ) speci�es the

population at a given position r = ( x; y) and direction � . Now that the density function
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has been de�ned, the initial quantum statevector, prior to the application of any circuit

operations, can be expressed as:

j 0i = j0i a 

1

k� k

K � 1X

i =0

� (�; r ) i ji i ; (4.9)

where� (�; r ) are the population density functions encoded as amplitude coe�cients, andji i

denotes the computational basis states as previously described. The indexi iterates over

all basis states, and the full statevector is normalized by theL2-norm k� k to ensure unit

probability.

Collision operator and body force

In LBM, the collision operator [46] redistributes the population density functions toward

their equilibrium values based on local macroscopic properties such as velocity and density.

When a body forceF � is present, the equilibrium distribution f eq is modi�ed to account for

this external in�uence:

f eq(�; r ; t ) = w� � (r ; t )

 

1 +
e� � u(r ; t )

c2
s

+ F �

!

; (4.10)

In a quantum context, the population distribution function � (�; r ; t) is encoded in a quantum

statevector j 0i . To perform the collision step, the quantum state must be transformed ac-

cording to the modi�ed equilibrium distribution f eq. This is captured by applying a diagonal

matrix A constructed from the equilibrium valuesf eq
� , the decomposition becomes:

A =

2

6
6
6
6
6
6
4

f eq
1 I n 0 � � � 0

0 f eq
2 I n � � � 0

...
...

. . .
...

0 0 � � � f eq
K I n

3

7
7
7
7
7
7
5

; (4.11)

where,I n is the identity matrix. The post-collision state becomes:

j 1i = Aj 0i : (4.12)

However, sinceA is not generally unitary, it cannot be implemented directly on a quantum

computer. To overcome this, the LCU framework is employed [54], which allows a non-unitary

Hermitian4 matrix A with spectral norm kAk � 1 to be decomposed as:

4A Hermitian matrix satis�es A = Ay and has real eigenvalues, making it suitable for quantum operations.
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A =
1
2

(C1 + C2); where C1 = A + i
p

I � A2; C2 = A � i
p

I � A2; (4.13)

and C1, C2 are unitary matrices, with the corresponding LCU unitary components:

C1;2 =

2

6
6
6
6
6
6
4

exp (� i arccos(f eq
1 )) I n 0 � � � 0

0 exp (� i arccos(f eq
2 )) I n � � � 0

...
...

. . .
...

0 0 � � � exp (� i arccos(f eq
K )) I n

3

7
7
7
7
7
7
5

:

(4.14)

Figure 4.5 Block encoding ofB = ( C1 +
C2)=2. This correspomds to the L.C.U seg-
ment in Fig.4.3.

These unitaries are embedded into a larger

unitary matrix U using block encoding tech-

niques [55,56] (Fig.4.5):

U =
1
2

2

4
C1 + C2 C1 � C2

C1 � C2 C1 + C2

3

5 ; (4.15)

such that the top-left sub-block ofU e�ectively

applies the matrix A = 1
2(C1 + C2) to the

quantum state. The �nal result is extracted

through post-selection on an ancilla qubit in

the j0i state, discarding the unwanted compo-

nent j1i . The resulting post-collision quantum

state is:

j 1i = j0ai 

1

k� k

K � 1X

i =0

f eq
i � (�; r ) i ji i ; (4.16)

where� (�; r ) i denotes the amplitude associated with velocity direction� at the i th grid point,

with i = 0; 1; : : : ; K � 1. This approach provides a physically consistent and resource-e�cient

mechanism for implementing the collision operator in quantum LBM, as successfully shown

by [46,50].

Propagation and periodic boundary condition

The propagation step is responsible for advancing the particle distributions along their re-

spective velocity directions to neighboring lattice sites. This step is governed by the rule
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shown in Eq. 2.13:

f � (r + e� � t; t + � t)  f �
� (r ; t); (4.17)

where f �
� denotes the post-collision distribution ande� is the lattice velocity vector cor-

responding to direction� . This operation represents a deterministic translation along the

lattice in direction � , and it constitutes the essential mechanism for transferring information

across the grid.

Figure 4.6 Propagation gates consisting of the left, right, up, and down operators are de-
composed into CNOT and X gates, as shown in the left and right panels. Red control dots
indicate j0i , while yellow control dots indicatej1i

In the classical LBM, propagation can be viewed as a discrete walk on a structured grid,

where each populationf � shifts to a neighboring lattice site in the direction speci�ed by

� . In the quantum formulation, this step is implemented through a quantum walk. Con-

trolled shift operators act on the position registersqx and qy, conditioned on the directional

register qd, which encodes the discrete velocity direction� . This approach is inspired by

one-dimensional quantum walk demonstrations [57,58]. The shift operators, denotedRn and

Ln , are unitary permutation matrices that cyclically permute the entries of the quantum

state. Speci�cally, Rn shifts amplitudes to the right (incrementing position), whileLn shifts

to the left (decrementing position). Analogous operations are performed alongqy for vertical

motion. Diagonal movement is achieved by applying the correspondingx- and y- shifts in

sequence. Due toRn and Ln being permutation matrices, the corresponding circuits require

only CNOT and X gates and are inherently unitary. Moreover, the cyclic nature of these

permutations naturally enforces periodic boundary conditions.

RM =

2

6
6
6
6
6
6
6
6
6
4

0 0 � � � 0 1

1 0 � � � 0 0

0 1 � � � 0 0
...

...
. . .

...
...

0 0 � � � 1 0

3

7
7
7
7
7
7
7
7
7
5

; LM =

2

6
6
6
6
6
6
6
6
6
4

0 1 � � � 0 0
...

. . . . . .
...

...

0 0 � � � 1 0

0 0 � � � 0 1

1 0 � � � 0 0

3

7
7
7
7
7
7
7
7
7
5

: (4.18)
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The resulting statevectorj 2i represents the distribution after propagation, shifted according

to the encoded velocity direction. Figure 4.6 illustrates how the left and right shift gates are

applied conditionally based on the value ofqd.

Halfway bounce-back boundary condition

Figure 4.7 Illustration of the halfway bounce-
back mechanism at the left wall

The halfway bounce-back boundary condition

is a widely used technique to enforce no-slip

walls. In this approach, incoming particle

populations at the �uid�solid interface are re-

�ected back along their incoming directions,

e�ectively reversing their velocities and pre-

venting �uid penetration into the solid re-

gion. Crucially, the bounce-back operation

is not performed on the obstacle node it-

self but rather on its neighboring �uid node.

This ensures that the re�ection takes place

halfway between the obstacle and the �uid

node, thereby preserving second-order accu-

racy. The discrete form of this operation is

given by Eq.(4.19):

f � (r ; t + � t) = f � (r ; t); (4.19)

where f � represents the re�ected population traveling in the opposite direction to� , and r

denotes the spatial position of the �uid node adjacent to the obstacle.

In the quantum implementation, the binary encodings of all neighboring �uid nodes adja-

cent to obstacle boundaries are �rst identi�ed and stored during the state preparation phase.

These binary strings, which represent the spatial coordinates in the quantum statevector ba-

sis, are later concatenated with the appropriate population direction to form the full quantum

state labels.

For example, consider theleft wall of the obstacle in Fig.4.1. The bounce-back operation will

act on the neighboring �uid nodes located to the left of the wall, namely at positions(1; 0)

and (2; 0), assuming a (Y, X) axis convention. This operation should swap theright-moving

populations(incoming towards the wall) with their left-moving counterparts (re�ected away

from the wall), as illustrated in Fig.4.7.
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From the statevector layout de�ned in Eq.4.7, the binary strings corresponding to the spatial

coordinates(1; 0) and (2; 0) are: (1; 0) ! 0100; (2; 0) ! 1000: To clarify the rationale

behind the speci�c layout of the statevector in Eq.(4.7), the four most signi�cant qubits

encode the population direction. These directions are mapped as shown in Table 4.1:

Table 4.1 Bitstring assignments for each direction

Direction Bitstring Direction Bitstring

Right 00000 Top right (2nd) 01010

Left 00001 Bottom left (2nd) 01011

Right (2nd) 00010 Top left 01100

Left (2nd) 00011 Bottom right 01101

Up 00100 Top left (2nd) 01110

Down 00101 Bottom right (2nd) 01111

Up (2nd) 00110 Rest 10000

Down (2nd) 00111

Top right 01000

Bottom left 01001

To implement the bounce-back on the left wall, the known population states, speci�cally, the

right-moving populations, are:

ˆ For coordinate (1; 0): j00000 01 00i , j00010 01 00i

ˆ For coordinate (2; 0): j00000 10 00i , j00010 10 00i

the correspondingleft-moving populationsare:

ˆ For coordinate (1; 0): j00001 01 00i , j00011 01 00i

ˆ For coordinate (2; 0): j00001 10 00i , j00011 10 00i

the correspondingtop right-moving populationsare:

ˆ For coordinate (1; 0): j01000 01 00i , j01010 01 00i

ˆ For coordinate (2; 0): j01000 10 00i , j01010 10 00i

the correspondingtop left-moving populationsare:
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ˆ For coordinate (1; 0): j01100 01 00i , j01110 01 00i

ˆ For coordinate (2; 0): j01100 10 00i , j01110 10 00i

the correspondingbottom left-moving populationsare:

ˆ For coordinate (1; 0): j01001 01 00i , j01011 01 00i

ˆ For coordinate (2; 0): j01001 10 00i , j01011 10 00i

and the correspondingbottom right-moving populationsare:

ˆ For coordinate (1; 0): j01101 01 00i , j01111 01 00i

ˆ For coordinate (2; 0): j01101 10 00i , j01111 10 00i

Careful observation reveals that only a single qubit di�ers between the opposite-moving coun-

terparts. This design choice is intentional and fundamental to the layout of the statevector.

In the quantum circuit, all qubits other than the di�ering one serve as control qubits, while

a CNOT gate is applied to the di�ering qubit. This controlled operation e�ectively swaps

the opposite-moving populations, thereby simulating the bounce-back phenomenon. The

corresponding quantum circuit structure is illustrated in Fig.4.8. While this implementation

remains scalable and �exible, applicable to any number of obstacles by targeting speci�c co-

ordinates, the principal limitation lies in circuit depth. As the number of obstacle boundaries

increases, the number of controlled operations grows accordingly, leading to a longer circuit.

Once the halfway bounce-back criterion has been successfully enforced, the �nal statevector

j 3i now re�ects this boundary condition.

Finally, during the post-processing phase, only the relevant data, corresponding to physically

accurate population values is retained, while all extraneous amplitudes are discarded. This

�ltered data is then restructured into the population density function statevectorjf � i , which

serves as the input for subsequent quantum circuit iterations. A key observation to note

would be that, instead of merging the bounceback operation with propagation, this gate is

appliedafter propagation. This setup, forces propagation of population to occur twice, which

may degrade the order of accuracy of the solver.

Similar work has been done by Schalkers and Moller [26, 51], however, an entirely di�erent

encoding process was developed and was only demonstrated for orthogonal bounce back

conditions.
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Figure 4.8 Halfway bounce-back schematic where each CNOT gate represents one bounceback
node. This corresponds to the HBB segment in Fig.4.3.

4.3.3 Zero-order moment (density) calculation circuit

This circuit computes the zeroth-order moment Eq.(2.20), i.e., the macroscopic density �eld,

in the LBM framework. It takes as input the microscopic density statevector produced by the

main quantum evolution circuit. No ancilla qubits are required. The layout of the statevector

is de�ned as:

j� i = jrest; right; lef t; top; bottom; topright; toplef t; bottomlef t; bottomright;

zeropaddingi
(4.20)

The summation is achieved by applying Hadamard gates to the three qubits of the directional

register. The Hadamard gateH transforms a single-qubit statej i = aj0i + bj1i as:

H j i =
a + b
p

2
j0i +

a � b
p

2
j1i (4.21)

This operation creates a superposition of directional states, encoding the sum of amplitudes

in the j0i component and the di�erence in thej1i component. To retrieve the total density
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at each lattice node, only thej0i outcomes of the directional qubits are considered. The

contribution of each Hadamard gate introduces a scaling factor of1=
p

2, which is corrected

in post-processing by multiplying the �nal amplitudes by
p

2
log2 (N ( qd ))

, where N(qd) is the

total number of qubits having the Hadamard gate. For example, applying Hadamard gates

to the directional register of the basis statej0000 00 00i , where the last four qubits encode

direction, yields:

(H j0i 
 H j0i 
 H j0i 
 H j0i 
 j 00 00i ) =

0

@5
p

2
2

2� (N � 1)+1X

i =0

ji i

1

A 
j 00 00i =
5
p

2
2

2� (N � 1)+1X

i =0

ji i
j 00 00i

(4.22)

This generates an equal-weight superposition of all eight directional states associated with

the node at (0; 0). The amplitudes of the resulting statevector re�ect the total population

densities summed over directions, e�ectively encoding the macroscopic density at each site.

At each timestep, statevector tomography5 is used to extract the output of the circuit. The

�rst K components of the statevector, whereK is the number of lattice nodes, represent the

zeroth-order moment. All other amplitudes, associated with directional and padding states,

are discarded.

4.3.4 Division circuit

This circuit (Fig.4.9b) performs element-wise division between the population densities from

the complete summation circuit and the microscopic densities from the main quantum circuit.

As native division is not supported in quantum computation, this operation is implemented

by embedding externally computed inverse values into custom quantum gates.

These inverses, derived from the complete summation circuit output, are used to construct

a new quantum circuit, the division circuit . The microscopic density statevectors serve as

input, while the circuit logic follows the same LCU framework as the collision step, including

the use of an ancilla qubit for controlled operations.

The circuit e�ectively multiplies the microscopic amplitudes by the inverse macroscopic densi-

ties, producing an output state corresponding to Eq.(4.3). During post-processing, irrelevant

amplitudes are discarded to isolate the desired result.

Notably, this approach supports spatial parallelization, as each node's calculation is local-

ized. This allows independent processing of all discrete directions, enhancing modularity and

scalability.

5Statevector tomography is a quantum measurement technique used to reconstruct the complete quantum
state (amplitudes and phases) of a system by performing a series of measurements in di�erent bases.
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(a) (b)

Figure 4.9 (a) Quantum circuit for computing the zeroth-order moment (macroscopic density)
in the LBM scheme
(b) Division circuit schematic (LCU construction)

4.3.5 Discrete velocity circuit

Figure 4.10 Discrete velocity circuit
schematic

The discrete velocity circuit computes the di-

rectional contributions e� required for momen-

tum calculations, as de�ned in Eq.(4.4). The

circuit layout (Fig.4.10) remains identical for

all direction population density calculations,

with the input being the population density

statevector obtained from the main quantum

circuit. No ancilla qubits are required in this

circuit, and the statevector structure follows

the same format as that used in the complete

summation and density circuits.

The only custom operation introduced is a

diagonal unitary gate, which applies a phase

factor of � 1 to amplitude components corre-

sponding to negative directions along the re-

spective axis. This e�ectively encodes the dis-

crete velocity componentse� for each direction (-1 is speci�c to D2Q9 conditions only, LCU

method should be adopted for other con�gurations with non-unitary values). Separate cir-
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cuits are constructed for thex and y components, as each requires a statevector tailored to

its respective directional basis.

4.3.6 SWAP circuit

The SWAP circuit is designed to interchange directional components in preparation for the

�nal circuit. Speci�cally, it swaps the opposing directions in their corresponding circuits.

This operation does not modify amplitudes or perform any computation beyond reordering;

its sole purpose is to facilitate compatibility and alignment in the subsequent circuit stages.

Due to the di�ering binary basis states that represent directional components, the SWAP

gate con�gurations must be tailored to each coordinate direction, with a combination of ei-

ther x gate and SWAP gates. For example, distinct gate layouts are used for thex- and y-

coordinate SWAP circuits, as illustrated in Fig.4.11.

Figure 4.11 SWAP circuit examples

4.3.7 Selection summation circuit

This circuit (Fig.4.12) is a straightforward implementation of the LCU framework, similar

to those used in the collision and division operations. However, unlike previous applications

where LCU was employed to perform element-wise multiplication, here it is used to perform

element-wise addition.

Traditionally, multiplication in LCU circuits involves the combination of two diagonal op-

erators followed by normalization, as described in Eq.(4.15). In this case, the input to the

circuit is the unitary statevector, while the two diagonal operators are constructed from the
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outputs of the discrete velocity and SWAP circuits. This construction is done separately for

all the coordinate directions to isolate directional contributions. Thanks to the prior SWAP

operation, the summation in this circuit can cleanly aggregate directional components within

each coordinate independently.

Figure 4.12 First moment circuit schematic

In the post-processing stage, only the relevant

output amplitudes are retained corresponding

to the �rst-order moment values while all oth-

ers are discarded. This results in the recovery

of the macroscopic velocity �eldsu and v at

each lattice node, which are essential for initi-

ating the next time step in the simulation.

4.4 Quantum�Classical Hybrid Imple-

mentation Strategy

While the QLBM framework includes multiple

quantum circuits, it is important to highlight

that the majority of the LBM scheme, specif-

ically, the propagation, collision and boundary condition steps was implemented within the

main quantum circuit. The remaining circuits serve auxiliary purposes and are designed to

execute four speci�c operations: complete summation (zeroth moment), element-wise divi-

sion, element-wise multiplication, and element-wise addition (�rst moment). These auxiliary

circuits were developed for arithmetic operations that are not natively supported by quantum

hardware. Despite their utility, they were primarily used to demonstrate the feasibility of

fully quantum implementations.

To assess the potential quantum advantage, a hybrid simulation strategy was also explored.

In this variant, only the main circuit was deployed on quantum hardware, e�ectively using

quantum computation as a co-processor. The post-collision zeroth and �rst moment cal-

culations were instead carried out using classical routines based on analytical expressions.

This allowed for a comparative evaluation of performance, modularity, and resource demands

between full quantum and hybrid quantum�classical work�ows.
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CHAPTER 5 RESULTS

This chapter evaluates the classical and quantum LBM solvers through a structured framework

of veri�cation, validation, and performance analysis. It begins with code veri�cation using

Poiseuille �ow simulations to con�rm correct implementation of the numerical method. This

is followed by solution veri�cation via grid convergence analysis, ensuring that the solver

exhibits the expected rate of accuracy improvement with mesh re�nement. Following this,

code-to-code veri�cation is carried out through simulations of �ow through porous media,

focusing on local �eld variations and obstacle-induced e�ects to assess the solver's ability to

reproduce relevant physical behavior. Finally, quantum-speci�c performance metrics such as

gate counts, resource requirements, and runtime trade-o�s are examined. This is followed

with a scaling analysis to evaluate computational performance and explore the potential for

quantum advantage in larger, more complex domains. The chapter concludes with a summary

to the results analysed through this chapter. All the simulations in the chapter have been done

on a 2 � Intel Gold 6148 Skylake @ 2.4 GHz CPU.

5.1 Code Veri�cation: Poiseuille Flow Test

To verify the correct implementation of the classical and quantum LBM solvers, Poiseuille

�ow is simulated as a benchmark problem. This �ow scenario, characterized by a parabolic

velocity pro�le between two stationary plates, o�ers a well-de�ned analytical solution derived

from NSE. By comparing the velocity pro�les produced by both solvers to the analytical

solution, we assess whether the numerical implementations correctly reproduce the expected

physical behavior. Due to its simplicity and tractability, it serves as a standard test case for

code veri�cation in computational �uid dynamics.

Poiseuille �ow models steady, incompressible, and laminar motion between two parallel plates,

driven by a constant pressure gradient or an equivalent body force. In the absence of inertial

e�ects, the analytical solution for the horizontal velocity componentu(y) in a channel of

height H , subject to a uniform body forceF , is given by:

u(y) =
F
2�

y(H � y);

where � is the kinematic viscosity andy 2 [0; H ] denotes the vertical coordinate across the

channel height. This yields a symmetric parabolic pro�le with a maximum at the channel

center and zero velocity at the walls, satisfying the no-slip boundary condition.
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To verify correctness, velocity pro�les obtained from both classical and quantum LBM solvers

are compared against the analytical solution. Simulations are conducted on4 � 4, 8 � 8 and

16 � 16 grids using kinematic viscosity� = 1=6, and a body force1 selected to ensure a

Reynolds number below 1. This low-Reynolds regime guarantees Stokes �ow, making it ideal

for isolating numerical correctness. The quantum solver's outputs are benchmarked against

those from the classical implementation. To further assess accuracy, the classical solver, upon

which the quantum solver is based is also run on increasingly re�ned grids to demonstrate

convergence toward the analytical solution.

Figure 5.1 Classical LBM and Quantum LBM - 4x4 grid

Figure 5.2 Classical LBM and Quantum LBM - 8x8 grid

1In LBM simulations, physical quantities are expressed in dimensionlesslattice units, where characteristic
length, time, and mass scales are normalized (e.g., lattice spacing� x = 1 , time step � t = 1 ). This simpli�es
the numerical implementation while preserving the essential physics.
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Figure 5.3 Classical LBM and Quantum LBM - 16x16 grid

Figure 5.4 Classical LBM benchmarking - 32x32 grid

From Fig.5.1, 5.2, and 5.3, it can be observed that both the classical and quantum LBM

solvers successfully reproduce the expected parabolic velocity pro�le of Poiseuille �ow. The

velocity pro�les produced by both solvers are nearly identical and overlap closely in all

cases, indicating strong agreement with the analytical solution. This strong agreement with

the analytical solution on coarse grids con�rms the correct implementation of the quantum

solver. However, increasing the spatial resolution signi�cantly increases the complexity of

the quantum circuit, particularly due to the need for additional gates to encode bounce-back

boundary conditions at higher �delity. This leads to an exponential rise in gate count and

circuit depth, limiting quantum simulations to relatively small grids in this study.

In contrast, the classical solver on which the quantum implementation is based, can be
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executed on much �ner grids. Results for32� 32 grids (Fig.5.4) continue to show excellent

agreement with the analytical solution, reinforcing the accuracy of the underlying numerical

scheme. A grid convergence analysis is carried out to further evaluate the solver's numerical

accuracy, speci�cally by examining how the error scales with grid re�nement.

Figure 5.5 Log-log plot of relativeL2 discretization error in velocity pro�le vs. grid resolution
for classical (4, 8, 16, 32) and quantum (4, 8, 16) LBM solvers.

5.2 Solution Veri�cation: Grid Convergence Analysis

To evaluate the numerical accuracy of the solvers, a grid convergence analysis is performed.

For LBM methods, second-order convergence is typically expected for �ows bounded by

straight walls, where the discretization error scales quadratically with the grid spacing.

Fig.5.5 presents a log-log plot of theL2 error versus grid spacing for both classical and

quantum solvers.

We observe a convergence rate of 2.39 from the classical solver and 2.60 from the quantum

solver, which is higher than the expected second-order behavior. This can be explained

by the relationship between the relaxation parameter� and the viscosity, as described in

Eq. (2.14). To simplify the quantum circuit and eliminate nonlinear dependencies, the for-

mulation adopted in this work, following prior literature, �xes � = � x = � t = 1. Under this

constraint, the viscosity remains permanently de�ned as� = 1=6, preventing independent

variation of the grid spacing to study convergence in a conventional manner. Consequently,

maintaining a prede�ned Reynolds number alters the underlying physics of the �ow, intro-
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ducing a di�erent compressibility error. It is suspected that this e�ect contributes to the

observed convergence rates being higher than expected as the grid is re�ned.

In very recent work, Xiao et al. [59] investigated the quantum lattice-kinetic scheme and

demonstrated that introducing a correction term in the equilibrium distribution enables in-

dependent control of viscosity and mesh size while preserving accuracy. Such modi�cations

o�er a potential solution to address the limitations of �xed-parameter formulations and may

provide a more consistent framework for evaluating convergence in QLBM solvers.

5.3 Code-to-Code Veri�cation: Flow Through Porous Media

5.3.1 Density �eld analysis

The macroscopic density �eld, derived as the zeroth moment of the distribution functions, is

analyzed across multiple spatial resolutions:4 � 4, 8 � 8, 16� 16, and 32� 32. Each sim-

ulation incorporates internal solid obstacles of varying geometries to simulate porous media

conditions. Flow is driven through a periodic domain, with periodic boundary conditions

applied along the horizontal direction -x, mimicking the repeating pore structures typical of

such materials. Obstacles (grains) are treated as impermeable solids, and the no-slip con-

dition at �uid�solid interfaces is enforced using the halfway bounce-back scheme. Results

are presented for both classical and quantum LBM to assess consistency in reproducing key

physical trends.

Fig.5.6 through 5.10 show the computed density �elds for both solvers alongside their cor-

responding relative error heatmaps. As expected, the �uid density increases near obstacle

surfaces due to local stagnation e�ects and decreases in regions of unobstructed �ow. These

spatial patterns are preserved across all grid resolutions, indicating consistent physical be-

havior with mesh re�nement.

Sharp gradients observed around obstacle perimeters re�ect the enforcement of no-slip condi-

tions, while the seamless wrapping of �ow across domain boundaries illustrates the periodicity

in the horizontal direction. These results con�rm that the boundary conditions are function-

ing as intended.

The quantum solver replicates the classical density distributions with high �delity. This

agreement is quantitatively supported by the error heatmaps, which show that relative mean

absolute errors (RMAEs) remain below 0.001% across all test cases. As expected, the RMAE

values decrease with increasing spatial resolution, indicating that �ner grids yield a more ac-

curate representation of the underlying physics. These results validate the accuracy and

consistency of the quantum approach in capturing bulk �ow behavior, even in the presence

of geometric complexity. The dashed square represents the actual location of the obstacle
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(grains) in the following �gures.

Figure 5.6 Comparison of classical and quantum steady-state density �elds for a4 � 4 grid
with square obstacles (RMAE = 0.0002891%).

Figure 5.7 Comparison of classical and quantum steady-state density �elds for an8 � 8 grid
with square obstacles (RMAE = 0.0000164%).

Figure 5.8 Comparison of classical and quantum steady-state density �elds for an8 � 8 grid
with circular obstacles (RMAE = 0.0000154%).
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Figure 5.9 Comparison of classical and quantum steady-state density �elds for a16� 16 grid
with circular obstacles (RMAE = 0.0000003%).

Figure 5.10 Comparison of classical and quantum density �elds for a32� 32grid with circular
obstacles (up to timestep 30, RMAE = 0.0000145%).

Figure 5.11 Comparison of classical and quantum steady-state velocity magnitude �elds for
an 4 � 4 grid with square obstacles (RMAE = 0.0416083%)
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Figure 5.12 Comparison of classical and quantum steady-state velocity magnitude �elds for
an 8 � 8 grid with square obstacles (RMAE = 0.0018494%)

Figure 5.13 Comparison of classical and quantum steady-state velocity magnitude �elds for
an 8 � 8 grid with circular obstacles (RMAE = 0.0007081%)

Figure 5.14 Comparison of classical and quantum steady-state velocity magnitude �elds for
an 16� 16 grid with circular obstacles (RMAE = 0.0152197%)



56

Figure 5.15 Comparison of classical and quantum velocity magnitude �elds for an32 � 32
grid with circular obstacles (upto timestep 30 RMAE = 0.1098909%)

5.3.2 Velocity �eld analysis and streamline visualization

The velocity componentsu(x; y; t ), obtained as the �rst-order moments of the distribution

functions, are analyzed across grid resolutions of4 � 4, 8 � 8, 16 � 16, and 32 � 32. Each

simulation incorporates internal solid obstacles of varying geometries to model porous media

conditions. The resulting velocity �elds from the classical and quantum LBM solvers are

directly compared to assess consistency in capturing �ow behavior across resolutions. The

simulations follow the same boundary conditions and setup described in Sec. 5.3.1.

Fig.5.11 to 5.15 show the classical and quantum velocity magnitude �elds for each grid,

alongside corresponding error heatmaps. The velocity �elds exhibit expected trends such as

�ow deceleration near obstacles and acceleration through narrow channels. These features

are consistently captured by both solvers across all resolutions. Streamlines overlaid on

the velocity magnitude plots visualize the in�uence of obstacle geometry on the direction

of �ow. The demonstrated agreement between classical and quantum results indicates that

the quantum solver e�ectively captures localized hydrodynamic e�ects. In the8 � 8 case

(Fig.5.12), two square obstacles were placed deliberately to emphasize �ow de�ection around

sharp-edged inclusions. In higher-resolution simulations, circular obstacles were introduced to

better approximate curved geometries. The quantum solver reproduces the classical velocity

�elds with high �delity. Error heatmaps support this agreement, with relative mean absolute

errors (RMAEs) remaining below0:1% in all cases. As expected, the RMAE values tend to

decrease with increasing spatial resolution, re�ecting improved numerical accuracy on �ner

grids. This trend is consistent with the observations in the density �eld analysis and further

supports the consistency of the quantum solver in capturing essential �ow characteristics.

However, in Fig. 5.13, a slight increase in error is observed relative to adjacent resolutions.

This case features two obstacles placed in close proximity (one lattice unit apart) to test the
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sensitivity of the model to tightly con�ned geometries. The resulting narrow channel appears

to amplify local interactions and may increase the sensitivity of the quantum solver to bounce-

back boundary conditions. Nonetheless, the error remains small, and overall solver �delity

is maintained. The dashed square represents the actual location of the obstacle (grains) in

the following �gures.

5.4 Scaling Behavior and Quantum Advantage Potential

The qubit count, gate depth, and total gate operationswere systematically recorded for LBM

implementation across grid sizes ranging from4 � 4 to 32 � 32. Both fully quantum and

hybrid quantum-classical schemes were evaluated to characterize their scaling behavior, quan-

tify trade-o�s between computational accuracy and quantum resource demands, and identify

bottlenecks limiting near-term deployability on physical quantum hardware.

As shown in Table 5.1, the number of quantum gates required for a single timestep itera-

tion is di�erent for a fully-quantum to a hybrid model, with the hybrid model with reduced

number of gate. The additional gates in the fully quantum scheme arise primarily from the

computation of �rst-order moments, which in the hybrid approach (see Sec.4.4) are delegated

to classical computation. This o�oading signi�cantly reduces the number of quantum oper-

ations required.

For reference, near-term quantum hardware such as MonarQ [60] supports approximately

~350 single-qubit gates (e.g.,Rx , H , Z ) and ~115 two-qubit gates (e.g., CNOT, CZ) per

circuit execution before �delity drops below acceptable thresholds. Given these limitations,

the gate requirements of both the full and hybrid schemes exceed current feasible execution

limits, con�rming that running the full quantum LBM solver on real quantum hardware is

not yet viable. Nonetheless, this analysis enables a concrete estimate of how close current

algorithms are to practical execution and highlights areas for future optimization.

Table 5.1 Gate count for hybrid and quantum solvers

Solver Type Gate Count

Quantum 23788

Hybrid 18189

The number of required qubits increases with grid resolution, as it is directly related to the

number of lattice points and discrete velocity directions used in the LBM model (Table 5.2).

For reference, the MonarQ QPU [60] supports up to 24 qubits, indicating that the encoded
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grid sizes explored in this study fall within the device's qubit capacity, however without room

for ancillary operations or error correction.

Table 5.2 Number of qubits for hybrid and quantum solvers with regards to grid size

Grid size (M) 4x4 8x8 16x16 32x32

Number of qubits 9 11 13 15

Fig.5.16 shows the runtime required to complete one iteration of the LBM solver across in-

creasing grid sizes. The classical solver exhibits near-linear scaling behavior with respect

to grid size, which is expected due to the inherently local nature of LBM. Each grid cell

updates based on a �xed layout of neighbors, resulting in a per-timestep computational cost

that scales linearly with the number of lattice points. While further performance gains are

possible through low-level memory optimizations and cache-aware programming, such en-

hancements were not the focus in this implementation.

Figure 5.16 Time-to-solution vs. grid size for classical, hybrid, and full quantum solvers.

In contrast, the runtime of both the full quantum and hybrid solvers increases at a higher-

than-linear rate. This growth is approximately quadratic, indicative of polynomial scaling,

stemming from the increasing number of qubits required to represent the lattice and velocity

space. As the number of qubits increases, the cost of statevector simulation in classical

emulators grows exponentially, contributing to the observed runtime behavior. It is important

to note, however, that the quantumgate depthremains constant across grid sizes in these
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experiments, as no additional interactions or obstacles were introduced. This implies that

while the quantum register size increases with grid resolution (due to the need to represent

more lattice sites and velocities), the circuit depth per timestep remains constant. This

re�ects a desirable property in the logical circuit design, where the computational workload

grows spatially but not temporally, assuming no additional interactions such as obstacles are

introduced.

To assess the sensitivity of each solver to geometric complexity, simulations were conducted

on a �xed 8 � 8 grid while varying the number of embedded obstacles. Three con�gurations

were tested, containing 1, 2, and 3 square obstacles of size2� 2. The corresponding runtime

results for each solver are presented in Table 5.3.

Table 5.3 Runtime comparison across varying obstacle densities for classical, hybrid, and
quantum solvers on an8 � 8 grid

Number of Obstacles Classical Time (s) Hybrid Time (s) Quantum Time (s)

1 0.004 50.863 49.000

2 0.003 50.087 51.915

3 0.008 49.828 51.989

Contrary to initial expectations, the classical solver does not exhibit a consistent increase in

runtime with increasing obstacle count. This behavior arises from the unoptimized imple-

mentation of the bounce-back scheme. Instead of fusing propagation and bounce-back into

a single step, common in high-performance classical LBM implementations, this approach

performs them as separate operations, mirroring the structure required for quantum com-

patibility. Consequently, solid nodes trigger double propagation steps, which degrade overall

performance. In an optimized classical solver, increasing the number of solid cells would typ-

ically reduce runtime due to fewer �uid updates; however, this e�ciency is not realized here

due to the conservative design constraints used for compatibility with the quantum back-end.

On the quantum side, both the fully quantum and hybrid solvers exhibit relatively stable

runtimes across obstacle counts. Although each obstacle cell undergoing bounce-back intro-

duces additional quantum gate, the total increase in runtime remains close to unchanged.

The slight growth can be attributed to the growing conditional logic depth, especially in

the fully quantum case. However, hybrid solvers manage this overhead more e�ectively by

delegating such conditional operations to classical control paths. As a result, hybrid imple-

mentations demonstrate greater resilience to increases in geometric complexity, maintaining

near-constant runtimes even with higher obstacle densities.

These �ndings suggest that while quantum and hybrid solvers currently lack runtime perfor-
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mance advantages over classical solvers, they o�er improved robustness when applied to more

geometrically complex domains, such as porous media or structured materials�particularly

valuable in the context of NISQ applications.

It is important to emphasize, however, that the results above are based on quantum algo-

rithms executed on classical simulators. Such an approach is essential for verifying correctness

but does not re�ect the runtime bene�ts expected from real quantum hardware. To address

this, estimates provided by IBMQ for the execution times of standard gates can be used to

approximate the physical runtime of the same circuits. For example, IBMQ Eagle processor

computes single-qubit gates such as Hadamard� 60 ns, Pauli-X � 100�120 ns, and the two-

qubit CX gates � 600�700 ns. By decomposing the QLBM circuit into this universal gate

set and applying these hardware-level timings, a realistic runtime estimate can be obtained

as shown in Table 5.4.

Table 5.4 Runtime comparison across varying obstacle densities for classical solver and quan-
tum solver with estimated hardware runtime approximations on an8 � 8 grid

Number of Obstacles Classical Time (ms) Quantum Time (ms)

1 4 65.32�71.47

2 3 66.00�72.15

3 8 67.38�73.46

From the data shown, although classical solvers retain an edge in the current regime, the

quantum approach demonstrates the favorable scalability necessary for tackling larger and

more computationally demanding �uid dynamics problems.

5.5 Summary of Results

ˆ Poiseuille �ow veri�cation: both classical and quantum solvers accurately reproduce

Poiseuille �ow pro�les, even on coarse grids. Quantum solver's correctness is validated

by its close agreement with classical results.

ˆ Grid convergence analysis: classical solver shows near-second-order convergence

with a rate of 2.39, despite the use of double propagation. Quantum solver achieves a

comparable convergence rate of 2.60, con�rming numerical consistency.

ˆ Porous media validation: quantum solver replicates classical density �elds with a

relative mean absolute error (RMAE) of less than 0.001%. Velocity �elds are repro-
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duced with RMAE below 0.1%, e�ectively capturing obstacle-induced e�ects across

resolutions, con�rming the physical �delity of the quantum simulation.

ˆ Quantum resource analysis: gate counts per timestep reach 23,788 for the quantum

solver and drop to 18,189 for the hybrid solver due to classical o�oading. Qubit de-

mands scale with grid size, up to 15 for a 32Ö32 domain. However, full circuit execution

remains infeasible on current hardware due to gate depth and �delity constraints.

ˆ Runtime scaling: classical solver runtime scales nearly linearly with grid size due to

the locality of LBM operations, while quantum and hybrid solvers exhibit quadratic

scaling from solver overheads. Notably, circuit depth remains constant with grid size,

re�ecting e�cient logical scaling.

ˆ Obstacle handling: the classical solver's runtime increases linearly with the number

of solid nodes due to unoptimized bounce-back handling, whereas quantum and hybrid

solvers experience only minor slowdowns. The hybrid solver, in particular, maintains

more stable performance as obstacle density grows.
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CHAPTER 6 CONCLUSION

This �nal chapter presents a summary of the key contributions and �ndings of the thesis. It

revisits the motivations and objectives set out at the beginning, reviews the results obtained

through classical and quantum LBM solvers, and discusses the broader implications of this

work. The chapter also outlines the main limitations encountered during the research, par-

ticularly those related to quantum circuit complexity and simulation constraints. Finally, it

proposes potential directions for future research aimed at overcoming current challenges and

extending the applicability of quantum solvers in CFD.

6.1 Summary of Work

The general objective of this thesis was to develop an e�cient quantum algorithm based on

LBM for simulating two-dimensional �uid �ows through porous media in the Stokes regime,

that can be readily extended to 3D. This objective was successfully attained through the

design, implementation, and veri�cation of a QLBM framework that reproduces key algorithm

features of classical LBM �uid solvers. The speci�c objectives outlined in Chapter 3 were

addressed as follows:

1. Velocity�pressure formulation of QLBM was developed, replacing the traditional

streamfunction�vorticity approach. This choice lays the groundwork for extending

QLBM to three-dimensional domains in future studies.

2. Stress tensor recovery in D2Q9 lattices: The QLBM framework was successfully

extended to support diagonal population propagation, enabling full reconstruction of

the stress tensor. By activating all nine discrete velocity directions of the D2Q9 lattice,

including diagonals, the model captures both normal and shear stress components.

This enhancement ensures accurate representation of key physical e�ects and ful�lls

the objective of designing a stress-resolving quantum LBM. Moreover, the approach

is readily extensible to higher-order lattice models (e.g., D2Q13, D3Q27), o�ering a

scalable pathway for simulating more complex �ow physics.

3. Body force integration: source terms, such as uniform body forces, were incorpo-

rated into the quantum algorithm. This enabled the modeling of pressure-driven �ows

relevant to porous media �ows.
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4. Boundary condition enforcement and physical �delity: halfway bounce-back

schemes were implemented to enforce no-slip conditions at solid walls, and periodic

boundaries were used to simulate repeating domains. These were embedded directly

into the quantum circuit logic, maintaining their spatial locality. The quantum solver

accurately replicates classical results, with relative mean absolute errors (RMAE) below

0.001% for density �elds and below 0.1% for velocity �elds. Accurate reproduction of

obstacle-induced e�ects across grid resolutions con�rms the solver's physical �delity

and robustness.

5. Quantum subroutine for �rst-order moment calculation: Dedicated quantum

subroutines were successfully developed to compute �rst-order velocity moments from

quantum states.

6. Minimizing classical dependence: The LBM pipeline was designed to maximize

quantum-side computation, reducing classical post-processing to only essential steps.

This hybrid formulation shifts more workload onto the quantum circuit, bringing the

approach closer to feasible deployment on NISQ-era simulators and hardware.

Collectively, these contributions establish a �exible and modular quantum LBM solver capa-

ble of simulating two-dimensional viscous �ows, verifying its outputs against classical results,

and laying the foundation for hybrid classical-quantum �uid dynamics solvers.

6.2 Limitations

Despite the demonstrated accuracy and functionality of the developed quantum LBM frame-

work, several limitations persist:

1. Encoding overhead: while amplitude encoding was adopted for its compact qubit

requirement, it remains computationally intensive. The preparation of arbitrary quan-

tum states, involves complex unitary transformations, resulting in deeper circuits and

increased compilation time.

2. Lack of quantum state persistence: quantum circuits do not allow intermedi-

ate state storage or persistent memory across timesteps. As a result, after each it-

eration, the quantum state must be measured (collapsed), the required macroscopic

observables (e.g., velocity, pressure) extracted, and the circuit fully reinitialized for

the next timestep. This disrupts temporal coherence and necessitates frequent classi-

cal�quantum interfacing, increasing overhead and limiting simulation continuity.



64

3. Subroutine overhead, normalization, and noise sensitivity: to compute multiple

macroscopic quantities (e.g., density, velocity components), distinct quantum subrou-

tines are invoked at each timestep. While this modular structure supports parallelism

in theory, it introduces normalization overheads that can accumulate numerical errors

and in�ate circuit complexity. Furthermore, repeated normalization and measurement

steps reduce e�ciency and hinder scalability. While current results are based on ideal

statevector simulations (noise-free), execution on real or noisy quantum backends would

exacerbate these issues, as gate errors and decoherence would degrade accuracy across

successive subroutine calls.

4. Bounce-back gate cost: every node undergoing bounce-back requires one to two

additional quantum gates. As the number of obstacle nodes increases, the gate count

and depth grow rapidly, signi�cantly impacting circuit execution time and �delity.

5. Diagonal propagation complexity: in D2Q9 models, diagonal propagation is imple-

mented using combinations of quantum walk operators. These compound operations

e�ectively double the gate count compared to orthogonal (D2Q5) movements, con-

tributing further to circuit depth.

6. Redundant propagation for bounce-back nodes: In the current implementation,

bounce-back is applied after the propagation step, causing obstacle nodes to undergo

two propagation operations per timestep,one during propagation itself, and once in re-

verse during bounce-back. While this structure preserves compatibility with the quan-

tum formulation, it introduces algorithmic redundancy. However, results show that this

does not signi�cantly a�ect numerical accuracy; in fact, the observed convergence rate

exceeds second-order. Nonetheless, with a more optimized bounce-back implementa-

tion, the solver could achieve closer-to-ideal convergence rates and reduced runtimes,

particularly for geometries with higher obstacle density.

7. Hardware constraints and noise limitations: due to current hardware limitations,

including restricted qubit availability, circuit depth constraints, and signi�cant noise-

induced decoherence, it was not possible to run the quantum LBM model on noisy

simulators or real quantum devices. As a result, all results were obtained using noiseless

statevector simulations. Running on actual quantum hardware in its current state

would likely produce unreliable or meaningless outputs.
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6.3 Future Work

Building on the foundation established in this thesis, several avenues exist for improving and

extending the current quantum LBM framework:

1. Optimized encoding schemes: Exploring alternative quantum state encoding meth-

ods such as angle-based encoding o�ers a promising pathway to reduce gate count and

circuit depth. These approaches map physical quantities like velocity or pressure di-

rectly to quantum rotation angles, potentially simplifying quantum subroutine con-

struction. While such schemes have been studied for scalar quantities or basic �uid

properties, no prior work has successfully applied them to velocity-pressure formula-

tions that include diagonal propagation or full stress tensor recovery in D2Q9 models.

This remains an open direction for future research, particularly in the context of quan-

tum �uid solvers.

2. Extension to 3D geometries: The current quantum LBM framework is designed to

be extensible and can be adapted to three-dimensional models such as D3Q15, D2Q19

or D3Q27. Expanding to 3D would enable simulation of more realistic �uid systems,

though it would also increase qubit requirements and circuit complexity. Future work

should focus on e�cient quantum encoding of 3D lattice directions and integration of

appropriate boundary conditions.

To illustrate the qubit scaling, a comparison can be made between a D2Q9 lattice

on a 4 � 4 grid and a D3Q27 lattice on a4 � 4 � 4 grid. In the D2Q9 case, as

presented in Section 4.3.2, the total number of qubits required is 10. Following the

same methodology, for the D3Q27 lattice on a4 � 4 � 4 grid, r x , r y and r z each

require dlog2 4e = 2 qubits. For d, despite the total number of discrete velocities

being 27, due to the structure of the bounce back segment, the total discrete velocities

now are (2 � 27) � 1 = 53. Hence the total number of qubits for this register are

dlog2 53e = 6. Finally, including the singular ancilla qubit used for overall calculation,

the total number of qubtis for D3Q27 are 13. Additionally, the transition from D2Q9

to D3Q27 does not require any modi�cation to the gate structures themselves; only

the register sizes change. A schematic representation of the proposed D3Q27 register

architecture corresponding to the above calculation is shown in Fig. 6.1.
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Figure 6.1 D3Q27 circuit schematic

3. E�cient diagonal propagation: developing specialized gates or streamlined walk

operators to implement diagonal movements more e�ciently would signi�cantly reduce

gate overhead in D2Q9 and higher-order lattices.

4. Improved bounce-back implementation: in classical LBM implementations, an

optimized bounce-back scheme can be achieved by restricting propagation to nodes

within the �uid domain, excluding obstacle-wall nodes that satisfy the no-slip condi-

tion. This selective propagation eliminates unnecessary updates to solid nodes and

avoids redundant computations. While this approach is straightforward in the classical

context, its direct translation to the quantum framework is non-trivial. In the quan-

tum case, additional gates are required to �rst identify �uid-domain nodes, followed by

conditional propagation applied only to these nodes. The subsequent bounce-back step

still requires identifying obstacle-wall nodes and performing the re�ection operation.

Although this method resolves thedouble propagationissue, it introduces a signi�cant

increase in total gate count, leading to higher circuit depth and runtime. Therefore,

re�ning the bounce-back implementation requires a new technique that e�ectively mit-

igates double propagation without imposing substantial quantum gate costs.

5. Noise and decoherence analysis: running the quantum LBM algorithm on noisy

simulators or actual quantum hardware would allow for evaluation under realistic con-

ditions. Understanding decoherence e�ects is essential to assessing the practicality of

such quantum solvers on NISQ-era devices.

The development of quantum algorithms is still in its infancy, yet this study demonstrates the

vast potential that quantum computing holds. The ability to model physically meaningful
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phenomena using quantum subroutines highlights a promising direction for computational

science. Although the domains analyzed in this work are relatively small, limiting observ-

able quantum advantages compared to classical approaches, the true bene�ts of quantum

computation are expected to emerge when simulating much larger domains on actual quan-

tum hardware. There, the inherent parallelism and entanglement of quantum processors can

be fully leveraged to tackle problems that are challenging for classical machines. Current

hardware limitations, such as qubit count, gate �delity, and noise resilience, pose signi�cant

barriers to practical deployment, but progress at the algorithmic level remains encouraging.

Importantly, while the long-term goal is to realize fully quantum algorithms, employing quan-

tum processors as co-processors for targeted computations o�ers a pragmatic and e�ective

strategy for benchmarking quantum advantage over classical solvers. This hybrid approach

not only maximizes current hardware capabilities but also provides valuable insight into

performance scaling and resource demands. As quantum processors evolve, the algorithms

developed and validated today will be well-positioned to utilize future advancements, poten-

tially transforming the landscape of scienti�c computing in the years to come.
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APPENDIX A APPENDICES

Dirac Notation and Basis States

Quantum mechanics and quantum computing use a compact mathematical language called

Dirac notation (bra-ket notation) to describe quantum states.

Qubit and Computational Basis States

A qubit is a quantum version of a classical bit. It can be in statej0i , j1i , or a superposition

of both:

j i = � j0i + � j1i ; where�; � 2 C; j� j2 + j� j2 = 1

The statesj0i and j1i form the standard computational basis :

j0i =

2

4
1

0

3

5 ; j1i =

2

4
0

1

3

5

In this notation: - j�i is called a ket (column vector) - h�j is called a bra (row vector;

Hermitian conjugate)

For example:

h0j =
h
1 0

i
; h1j =

h
0 1

i

Multi-Qubit Basis States

Multi-qubit systems are described using the tensor product of single-qubit basis states. For

two qubits, the computational basis includes states like:

j00i = j0i 
 j 0i =

2

6
6
6
6
6
6
4

1

0

0

0

3

7
7
7
7
7
7
5

; j01i =

2

6
6
6
6
6
6
4

0

1

0

0

3

7
7
7
7
7
7
5

; etc.
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Superposition and Measurement

A qubit in a superposition exists in bothj0i and j1i until measured. Upon measurement, it

collapses toj0i with probability j� j2 and to j1i with probability j� j2.

Native Quantum Gate Matrices

Quantum gates are unitary operations (i.e.,UyU = I ) that evolve qubits. Some common

native gates (i.e., implemented directly on hardware) and their matrix forms are:

Table A.1 Common native quantum gates

Gate Matrix Representation Description

I

2

4
1 0

0 1

3

5 Identity gate

X

2

4
0 1

1 0

3

5 Bit-�ip (NOT gate)

Y

2

4
0 � i

i 0

3

5 Bit-and-phase-�ip

Z

2

4
1 0

0 � 1

3

5 Phase-�ip

H 1p
2

2

4
1 1

1 � 1

3

5 Hadamard (creates superpositions)

S

2

4
1 0

0 i

3

5 Phase gate (Z 1=2)

T

2

4
1 0

0 ei�= 4

3

5 �= 8 gate

Rx (� )

2

4
cos(�=2) � i sin(�=2)

� i sin(�=2) cos(�=2)

3

5 Rotation around X

Ry(� )

2

4
cos(�=2) � sin(�=2)

sin(�=2) cos(�=2)

3

5 Rotation around Y

Rz(� )

2

4
e� i�= 2 0

0 ei�= 2

3

5 Rotation around Z

CNOT

2

6
6
6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

3

7
7
7
7
7
7
5

2-qubit gate: �ips target if control is j1i
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These gates are the fundamental building blocks of quantum algorithms and can be combined

to build more complex unitary operations.
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