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RESUME

De la production de biocarburants aux produits pharmaceutiques, 'industrie chimique s’ef-
force constamment d’améliorer les procédés en termes de durabilité et d’efficacité. Ce domaine
est connu sous le nom d’intensification des procédés (Process Intensification en anglais, PI)
en génie chimique. Elle consiste en la conception d’équipements qui améliorent le transfert
de masse et de chaleur sans affecter négativement ’environnement et les cotits du processus,
ce qui est possible grace a 'innovation en termes de taille, de géométrie et de conditions de
fonctionnement. Les équipements Hi-Gee (a forte gravité) , les mélangeurs statiques et les

tours de distillation réactives sont quelques exemples de dispositifs intensifiés.

Ces dispositifs intensifiés ont des caractéristiques communes qui peuvent étre résumées comme
suit : géométries complexes (courbes), phénomenes physiques simultanés (turbulence, trans-
fert d’énergie et de masse, réactions chimiques) et écoulements incompressibles transitoires
(en rotation) & un nombre de Reynolds intermédiaire (Re € [10%,10°]). L’hydrodynamique &
I'intérieur de ces dispositifs est complexe et les méthodes expérimentales ne sont plus suffi-
santes pour caractériser compléetement le comportement de I’écoulement. De plus, le nombre
de variables qui peuvent étre optimisées conduit a un grand nombre d’expériences qui doivent
étre réalisées, ce qui se traduit par un investissement important en temps et en argent. Par
conséquent, la modélisation numérique de 1’écoulement, également connue sous le nom de
mécanique des fluides numérique (Computational Fluid Dynamics en anglais, CFD), joue

un réle important pour surmonter ces limitations au sein de la PI.

La simulation des écoulements est un domaine de recherche actif qui se concentre sur ’ap-
proximation numérique de la solution des équations de Navier—Stokes. Le présent travail vise
a développer un solveur Navier—Stokes stabilisé efficace pour simuler les écoulements tur-
bulents incompressibles rencontrés dans les dispositifs intensifiés. Un tel solveur devrait étre
capable de modéliser avec précision la physique des écoulements turbulents & un cofit de calcul
raisonnable pour une variété de configurations et une large gamme de conditions d’écoule-
ment. Ceci nécessite une étude détaillée de la modélisation de la turbulence et de la résolution
numérique requises pour obtenir une solution approximée des équations incompressibles de

Navier—Stokes.

Dans cette these, un solveur pour les équations de Navier—Stokes incompressibles est déve-
loppé et mis en ceuvre dans Lethe, un logiciel multiphysique CFD libre. 11 considere une
approche de simulation implicite des grandes structures (Implicit Large-Eddy Simulation en

anglais, ILES) pour la modélisation de la turbulence et la méthode des éléments finis (Finite
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Element Method en anglais, FEM) de Galerkin continue pour la discrétisation spatiale. Pour
I’approche ILES dans FEM, ’accent est mis sur les techniques de stabilisation «Streamline-
Upwind Petrov—Galerkiny (SUPG) et «Pressure-Stabilizing Petrov—Galerkiny (PSPG). En
outre, elle utilise une nouvelle implémentation sans matrice pour réduire les exigences de
calcul (consommation de mémoire et temps de résolution), ce qui permet de réaliser des
simulations efficaces pour des problemes pratiques complexes. Ce solveur inclut aussi un sol-
veur linéaire efficace sans matrice utilisant un préconditionneur monolithique géométrique

multigrille (Geometric Multigrid en anglais, GMG).

D’abord, une étude détaillée de la précision de 'approche ILES utilisée dans le solveur est
menée en simulant un écoulement turbulent complexe sur des collines périodiques a des
nombres de Reynolds Re € [5600, 10 600, 37 000]. Ce cas de référence comprend des caracté-
ristiques d’écoulement complexes qui sont également présentes dans I’écoulement turbulent
a l'intérieur des dispositifs intensifiés : séparation et rattachement de I’écoulement, couches
limites complexes, recirculation et forts gradients de pression. La précision des simulations
est évaluée en comparant les vitesses moyennes, les contraintes de Reynolds et le point de
rattachement avec les données expérimentales et de simulation disponibles dans la littéra-
ture. Les prédictions obtenues en utilisant ’approche ILES sont en accord avec les données
de la littérature, mettant en évidence les avantages par rapport a 'approche de simulation
des grandes structures (Large-Eddy Simulation en anglais, LES) traditionnelle en ce qui
concerne les exigences de calcul. De plus, les effets du pas de temps, du temps de moyen-
nage total et du raffinement global du maillage sont également étudiés, mettant en évidence
les caractéristiques clés des méthodes stabilisées, qui comprennent 1'utilisation de schémas

d’intégration en temps implicites et des résultats précis avec des maillages grossiers.

Ensuite, la nouvelle implémentation du solveur utilisant la modélisation de la turbulence
ILES est réalisée a ’aide d’'une approche sans matrice. Elle consideére la résolution couplée des
équations de Navier—Stokes discrétisées en utilisant une méthode de Newton-Krylov avec un
préconditionneur GMG. La vérification et la validation du solveur pour des éléments d’ordre
p =1,2,3 sont effectuées a 'aide d’une variété de cas de référence de complexité croissante.
Il s’agit notamment de solutions manufacturées en régime permanent pour des écoulements
laminaires et turbulents (Re = 1, 10000 et Re — 00), d’'un probleme d’écoulement en régime
permanent autour d’une sphere a Re = 150, et du cas du tourbillon turbulent de Taylor—
Green a Re = 1600. L’efficacité de la implémentation est évaluée en termes de scalabilité
parallele sur les architectures informatiques modernes et de temps de résolution comparé a
une mise en ceuvre du solveur basée sur une matrice. Les résultats montrent des besoins
en mémoire plus faibles, une meilleure scalabilité et une accélération significative lors de

I'utilisation de I'implémentation sans matrice, ce qui donne des résultats prometteurs pour
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les simulations pratiques a grande échelle.

Pour davantage évaluer la implémentation, I'efficacité du solveur est évaluée en détail pour
un cas de référence d’écoulement turbulent : I’écoulement de Taylor-Couette avec un cylindre
intérieur rotatif. Ce probleme présente un écoulement rotatif et des parois courbées, couram-
ment rencontrés dans les dispositifs intensifiés, tels quun réacteur a disque rotatif. Le solveur
est utilisé pour réaliser des expériences numériques utilisant des discrétisations d’ordre su-
périeur et des maillages avec jusqu’a 716M degrés de liberté. Les résultats pour ’enstrophie,
I’énergie cinétique, la vorticité et les distributions du critere Q sont évalués par rapport aux
données de calcul disponibles dans la littérature. De plus, de nouvelles données concernant
la dissipation numérique introduite par le schéma sont fournies. Les résultats mettent en
évidence les capacités des méthodes d’ordre supérieur dans le contexte de la méthode ILES
a obtenir moins de dissipation numérique a un cofit de calcul inférieur. Ils soulevent des
questions quant a ce qui constitue une quantité acceptable de dissipation numérique pour la

modelisation d’écoulements industriels.

Finalement, le préconditionneur GMG, essentiel pour I'implémentation sans matrice, est étu-
dié plus en détail dans le contexte du raffinement local du maillage. Deux variantes, le lissage
local et le grossissement global, sont comparées en utilisant un écoulement autour d’'une
sphere et un écoulement de Taylor—Couette avec un raffinement de maillage dynamique et
local, respectivement. La comparaison porte sur le nombre d’itérations, le cotit total de ’al-
gorithme GMG, le colit de calcul de chaque partie de 1'algorithme et la scalabilité. Cette
étude présente la premiére comparaison de ces deux variantes dans le contexte d’un solveur

stabilisé monolithique sans matrice pour les équations de Navier—Stokes.
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ABSTRACT

From biofuel production to pharmaceuticals, the chemical industry is constantly trying to
improve processes in terms of sustainability and efficiency. This domain is known as Process
Intensification (PI) in chemical engineering. It consists of the design of equipments that
enhance mass and heat transfer without negatively affecting the environment and process
costs through innovation in terms of size, geometry, and operating conditions. Some examples
of process-intensified devices include Hi-Gee (high-gravity) equipment, static mixers, and

reactive distillation towers.

These process-intensified devices have common characteristics that can be summarized as
follows: complex (curved) geometries, concurrent physical phenomena (turbulence, energy
and mass transfer, chemical reactions) and (rotating) transient incompressible flows at an
intermediate Reynolds number (Re € [10%,10°]). The hydrodynamics within these devices
are complex, and experimental methods are no longer sufficient to fully characterize the flow
behavior. Moreover, the number of variables that can be optimized leads to a large number
of experiments that need to be performed, which ultimately translate into a large investment
of time and money. Therefore, numerical modeling of the flow, also known as Computational

Fluid Dynamics (CFD), plays an important role in overcoming these limitations within PI.

The simulation of flows is an active research field that focuses on the numerical approxima-
tion of the solution of the Navier-Stokes equations. The present work aims at developing
an efficient stabilized Navier—Stokes solver to simulate the incompressible turbulent flows en-
countered in process-intensified devices. Such a solver should be able to accurately model the
physics of turbulent flow at reasonable computational cost for a variety of configurations and
a wide range of flow conditions. This requires a detailed study of the turbulence modeling

aspect and the numerical resolution behind the incompressible Navier—Stokes equations.

In this thesis, a solver for the incompressible Navier—Stokes equations is developed and imple-
mented in Lethe, an open-source CFD multiphysics software. It considers an Implicit Large-
Eddy Simulation (ILES) approach for turbulence modeling and the continuous Galerkin
Finite Element Method (FEM) for spatial discretization. For the ILES approach in FEM
it focuses on the Streamline-Upwind Petrov—Galerkin (SUPG) and the Pressure-Stabilizing
Petrov—Galerkin (PSPG) stabilization techniques. Moreover, it uses a novel matrix-free
implementation to reduce computational requirements (memory consumption and time to
solution), leading to efficient simulations for complex practical problems. This also requires

the development of an efficient matrix-free linear solver using a Geometric Multigrid (GMG)
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preconditioner.

A detailed study of the accuracy of the ILES approach used within the solver is con-
ducted by simulating a complex turbulent flow over periodic hills at Reynolds numbers
Re € {5600,10600,37000}. This benchmark includes complex flow features that are also
present in the turbulent flow within process-intensified devices: flow separation and reattach-
ment, complex boundary layers, recirculation, and strong pressure gradients. The accuracy
of the simulations is assessed by comparing average velocities, Reynolds stresses, and the
reattachment point, against experimental and computational data available in the literature.
Good predictions are obtained using the ILES approach, highlighting advantages compared
to traditional Large-Eddy Simulation (LES) when it comes to computational requirements.
Moreover, the effect of the time-step size, the total averaging time, and global mesh refine-
ment is also studied, highlighting key characteristics of stabilized methods, which include the

usage of implicit time-stepping schemes and accurate results with coarse meshes.

A novel implementation of the solver using ILES turbulence modeling is achieved using a
matrix-free approach. It considers the coupled resolution of the discretized Navier—Stokes
solver using a Newton-Krylov method with a monolithic GMG preconditioner. Verifica-
tion and validation of the solver for elements of order p = 1,2,3 is carried out using a
variety of benchmarks of increasing complexity. These include steady-state manufactured
solutions for laminar and turbulent flows (Re = 1,10000 and Re — 00), a steady-state flow
around a sphere problem at Re = 150, and the Taylor-Green vortex turbulent benchmark at
Re = 1600. The efficiency of the implementation is evaluated in terms of parallel scalability
on modern computing architectures and time to solution by comparison to a matrix-based
implementation of the solver. The results show lower memory requirements, better scalabil-
ity, and significant speedup when using the matrix-free implementation, yielding promising

results for large-scale practical simulations.

To further assess the implementation, the efficiency of the solver is evaluated in detail for
a turbulent flow benchmark: the Taylor—Couette flow with an inner rotating cylinder. This
problem exhibits rotating flow and curved walls, commonly encountered in process-intensified
devices, such as a spinning disc reactor. The solver is used to perform numerical experiments
using higher-order discretizations with up to 716M degrees of freedom. Results for the en-
strophy, kinetic energy, and vorticity and Q criterion distributions are evaluated against
computational data available in the literature, obtaining accurate results. Moreover, new
data concerning the numerical dissipation introduced by the scheme is provided. The results
highlight the capabilities of higher-order methods in the context of ILES to obtain less nu-

merical dissipation at lower computational cost and raise questions in terms of what is an



acceptable amount of numerical dissipation for industrial flows.

The GMG preconditioner, essential for the matrix-free implementation, is further studied
in the context of local mesh refinement. Two variants of GMG, local smoothing and global
coarsening, are compared using a flow around a sphere and a Taylor—Couette flow with a
dynamic and a local mesh refinement, respectively. The comparison is made in terms of the
number of iterations, the total costs of the GMG algorithm, the computational cost of each of
the individual building blocks, and the scalability. This study presents the first comparison
of both of these variants in the context of a monolithic matrix-free stabilized solver for the

Navier—Stokes equations.
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CHAPTER 1 INTRODUCTION

The need for understanding the behavior of all the fluids that surround us has been present
since prehistory. The study of the movement of fluids, both liquids and gases, was essen-
tial for the development of ancient civilizations (e.g., water distribution, irrigation, design
of maritime transportation) and continues to be relevant to humankind today. Nowadays,
advances in fluid dynamics are directly linked to global problems such as changing meteo-
rological conditions, the availability of resources, and the growing population. Researchers
and scientists around the world dedicate their lives to find strategies that can solve or mit-
igate these global problems in different domains. This thesis is one of these efforts in the
field of process engineering; it aims to improve the Computational Fluid Dynamics (CFD)
aspect needed to design more environmentally friendly devices used in a variety of chemical

processes.

Several efforts to design innovative and compact devices for the process industry that improve
efficiency and safety while reducing environmental impact have been made in the last 70 years
in the context of Process Intensification (PI). Some recent concrete examples of P are: i) the
invention of reactive distillation, which combines a chemical reaction reactor and distillation
into one operation, reducing capital investment and saving energy [1], ii) rotating packed bed
reactors for heterogeneous catalytic reactions that aim to increase the efficiency of gas-liquid
mass transfer by reducing the size of the reactors and improving its functionality [2], and iii)
microchannel reactors for reforming and CO, capture technologies that provide solutions to

decrease greenhouse gas emissions [3].

Most of these devices have been developed through two main pillars of science: experiments
and theory. However, maximizing mass, momentum, and heat transfer while reducing the
size of devices or introducing complex geometries makes experimental methods challenging to
fully investigate the characteristics of the flow [2]. Therefore, PI can benefit from advanced
CFD models as the third pillar in the design pipeline. CFD cannot only give insight into
the behavior of the flow when the device has a complex geometry but can also help narrow-
ing down alternative designs to some promising ones that are worth further studying and

validating through experimental approaches.

The basis of the development of CFD models are the Navier-Stokes equations that describe
fluid flow. They are a set of Partial Differential Equations (PDEs) developed by different
scientists over several decades in the 1800s, which we have been trying to solve ever since.

It was only until the 1960s that the rise of computers allowed numerical solutions of PDEs;



this field, known as scientific computing, quickly reached a relevant role in the design of
engineered systems [4]. The first industries to actively involve CFD in their industrial devel-
opments were the aerospace and military industries, leading to significant advances in these
fields [4]. However, nowadays the need for CFD in other domains is imminent, and further
developments, for example, in the usage of CFD for the design of devices used in chemical

processes, are needed.

Solving the Navier—Stokes equations is a complex task that requires knowledge in physics,
mathematics, and computer science. From a physics point of view, the behavior of a fluid
flow is highly dependent on the application; in process-intensified devices, it often encom-
passes turbulent flow, interaction between multiple physics and complex geometries. From
a mathematics perspective, several resolution strategies have been developed in the past;
however, it is still an active research field since their efficiency is in practice directly linked
to computer science, where the rapid development of computer systems in the last decades
required to reimplement existing solvers and to tailor them to modern computer architectures
(many core systems and Graphics Processing Unit (GPUs)) to be able to effectively utilize

the resources available today.

This work initially aimed to study variational multiscale methods, also known as advanced
stabilization techniques, in the context of a (high-order) finite element method for turbulence
modeling when simulating practical flows in chemical processes. However, the focus was
shifted to improving the efficiency of the Navier-Stokes solver, since we realized that the
research was bounded by the computational resources (memory and time) when dealing with
complex turbulent benchmarks. As a consequence, the overall aim of this work became
to develop an efficient Navier—Stokes solver suitable to efficiently simulate turbulent flows

encountered in process-intensified devices.

This thesis is organized as follows. In Chapter 2, a comprehensive review of the literature
and the state of the art regarding the usage of CFD in process intensification, the modeling of
turbulent flows, and implementation trends is given. Chapter 3 summarizes the knowledge
gaps, the research question, and objectives, and gives an overview of the structure of the
thesis. In Chapter 4, important aspects of the methodology of this work are discussed. The
main contributions of this thesis are presented in the form of publications in Chapters 5, 6,
and 7. Further unpublished results are presented in Chapter 8. Chapter 10 discusses the
scientific results and concludes this thesis by summarizing the contributions and impact of

the work, stating its limitations and pointing to future research directions.



CHAPTER 2 LITERATURE REVIEW

This chapter presents a review of the literature on the topics relevant to this work. Section 2.1
presents the state-of-the-art and challenges of the usage of CFD in the field of PI, as well as a
concrete example of a process intensified device: a spinning disc reactor. Section 2.2 presents
basic concepts of fluid mechanics, such as the governing equations and the physics of turbulent
flow. Section 2.3 discusses different numerical methods and resolution strategies available to
numerically solve the Navier—Stokes equations for turbulent flow; the main focus is on the
Finite Element Method (FEM), which is the method chosen for this thesis. Section 2.4
reviews the trends in the implementation of such solvers with details on hardware-aware

matrix-free computations and efficient linear solvers.

2.1 Computational Fluid Dynamics in Process Intensification

According to Boffito et al. [3], PI can be defined as an approach that offers strategies to design
more efficient equipments by enhancing heat and mass transfer without negatively affecting
the environment, investment and process costs. This is the reason why PI plays an important
role in achieving sustainability in the chemical industry as part of the Sustainable Develop-
ment Goals of the United Nations [5]. PI touches on a broad range of technologies used in
today’s industries including but not limited to: static mixers, HiGee reactors, microreactors,
reactive distillation, spinning disc reactors and microwave-assisted chemistry [3]. Recent
publications discuss the role of CFD modeling and artificial intelligence in PI in general; see,
for example, the work by Tula et al. [6] and Lépez Guajardo et al. [7]. In these general
reviews, special emphasis is placed on the importance of combining experimental data with
advanced visual aids, CFD, and machine learning to advance the design of process-intensified

technologies.

In the literature, there are review articles with the state of the art of CFD simulations for
specific processes or devices; for example: on biomass pyrolisis by Xiong et al. [8], on liquid
biofuel production processes by Quiroz-Pérez et al. [9], on rotating packed bed reactors by
Ghadyanlou et al. [10], on photocatalytic processes by Oliveira de Brito Lira et al. [11] and on
photobioreactors by Ranganathan et al. [12]. There are two main challenges of current CED
models that are recurrent among those publications: i) the inability to account for all the
physics involved in the process intensified devices (flow, turbulence, energy and mass transfer,
and chemical reactions), and ii) the limitation in terms of computational resources (memory

and time) needed to accurately simulate the devices. In the case of turbulence modeling, what



particularly stands out are simulations without turbulence modeling (assuming laminar flow)
or the preference for Reynolds-Averaged Navier—Stokes (RANS) approaches (Reynolds stress
model, k-w, k-€) with only very few studies using Large-Eddy Simulation (LES).

The first publications on process intensification date back to the 1930s and are patents that
focus on HiGee (high-gravity) forces generated by rotation [3]. The reason for this is that
equipment designed to operate at high speed rotation helps to overcome limitations imposed
by gravity and to improve separation and micromixing [3,13]. Since then, this kind of
technology has been widely applied for different processes; see recent comprehensive reviews
by Lu et al. [14] and Boodhoo et al. [13]. Some well-known specific examples of Hi-Gee
technologies include spinning disc reactors, rotor-stator reactors, and rotating packed beds.
These technologies generate centrifugal forces by rotating an enclosed surface, a flat surface,
or an inclined surface. Under these conditions, liquids form thin films or small droplets in
the gas-liquid and liquid-liquid processes that enhance heat and mass transfer due to the
enlarged surface area per unit volume [13]. In what follows, a more detailed review of one
of these technologies is presented in order to understand the scales at which these devices

operate and the challenges from a hydrodynamics perspective.

Spinning Disc Reactors

In a Spinning Disc Reactor (SDR), high gravity fields of the order of 10—1000g are created by
rotating a flat disc that can have a rough or grooved surface. A continuous stream of liquid is
impinged directly on a horizontal surface forming a very thin film, typically of around 30—500
nm and surface areas as high as 30000 m?/m? [15]. The intensification in the SDR is related
to the short diffusional path length offered by the thin film and the induced turbulence
of surface waves, which leads to enhanced mixing, heat and mass transfer. A schematic
representative of an SDR is given in Figure 2.1. Due to short residence times (ranging from
milliseconds to seconds), these devices are particularly suitable for fast reactions that benefit
from precise control in terms of residence time, fast mixing of reactants, fast heating or
cooling, and immobilized catalysts [13,14]. Their usefulness has been proven for nanoparticle
precipitation, crystallization, polymer production, pharmaceutical product synthesis, and

photocatalytic applications [3,13].

Several investigations have been performed using these devices to better understand topics
such as the film flow trajectory, the micromixing, the residence-time distribution, and the
heat transfer efficiency. Thin flow hydrodynamics has traditionally been studied via advanced
experimental techniques, such as high-speed video imaging. These experiments have allowed

scientists to observe 2D and 3D waves, and spiral flow paths under different operating condi-



Figure 2.1 Schematic of a spinning disc reactor and thin-film flow around the disc.

tions [15]. However, there is still a lack of appropriate online/inline monitoring tools, such as
miniaturized probes and sensors that allow one to measure specific variables of interest [15].
This makes further design and testing of the SDR devices challenging, especially, since fur-
ther innovations include the addition of multiple smaller discs on a single shaft that allow for
a longer residence time while reducing energy consumption, or the design of discs with new

geometries and surfaces that improve the flow and mixing of the film [15].

Most of the studies in the literature are experimental; however, some numerical studies
performed in the past decade that focus on hydrodynamics can be found. Most notably, the
one by Kleiner et al. [16] and the one by Hop et al. [17]. The former carried out a single-
phase CFD study to better understand the hydrodynamics and heat transfer of an SDR.
They used OpenFOAM, a finite volume open-source software, to simulate the flow through
a two-dimensional geometry of an SDR, using a RANS turbulence modeling approach. They
obtained results for the radial and tangential velocity and temperature profiles that match
experimental results from the literature. In the latter case, a three-dimensional SDR was
simulated using OpenFOAM and an LES simulation approach. They validated residence-
time distributions within such a device, obtaining good agreement with experimental results

for a range of rotational Reynolds numbers.

Other recent studies focus on other aspects of SDR. For example, Wang et al. [18] used the
Volume of Fluid (VOF) method of the ANSYS workbench and a k-¢ model (also a RANS
approach) to understand the behavior of liquid flow. Mazzei et al. [19] focused on the study
of the heat transfer capabilities of an SDR using ANSYS Fluent and a k-€ turbulence model
for single-phase and two-phase boiling conditions. All of the previous studies agree that CFD
is an essential tool to optimize the design and scaling up of SDRs. However, a lack of CFD

studies with advanced turbulence modeling techniques of these devices is observed.



2.2 Fluid Mechanics

The mathematical model that concerns this work and describes fluid flow is given by the
Navier—Stokes equations. For an incompressible flow with density p and dynamic viscosity
i, its velocity w and reduced pressure p* = P/p can be described by the following Partial
Differential Equation (PDE) system:

V.-u=0, (2.1)
ou+ (u-V)u+ Vp' —vAu = f, (2.2)

where f is a source term (i.e., gravity) and v = pu/p is the kinematic viscosity. This PDE
system is composed of a continuity equation and a momentum equation that account for the
conservation of mass and momentum, respectively. The Navier—Stokes equations have been
known for decades, and considerable effort has been put into solving them analytically in
three dimensions without success. The viscous term represents the momentum by diffusion.
The nonlinear quadratic term in w represents the momentum by convection and is the main
source of difficulties when solving this PDE system numerically. One of the main assumptions
of this model is that the flow is incompressible, i.e., the changes of density of the fluid are
considered negligible and the information propagates instantaneously across the domain. To
characterize a flow as incompressible the Mach number is used:
Jl

M 2.3
a= (23)

with w the velocity of the flow and ¢ the speed of sound. According to Gravemeier [20], a
flow can be considered incompressible if Ma < 0.3. This makes the scope of incompressible

flows very wide. Another important dimensionless number in fluid mechanics is the Reynolds

number:

_ Inertial forces  pllulll  [|u||!l (2.4)
~ Viscous forces v’ '

€

where [ is the characteristic length of the geometry (e.g., diameter of a pipe) and ||ul| the
mean flow velocity. It was defined by Reynolds in 1883 [21], when he observed through
experiments in a straight smooth path that there was a transition from a well-ordered flow,
known as laminar flow, to a more chaotic flow, known as turbulent flow. If the Reynolds
number is low, the flow is laminar and is driven by viscous forces, whereas if the Reynolds
number is high, viscous forces are small and the regime is considered turbulent. In our daily

life (e.g., cigarette smoke, stirring a coffee cup) and in most relevant engineering applications



(e.g., stirred reactor, combustion furnaces, pipe flow) turbulent flows are encountered [20].

2.2.1 Turbulent Flow

The transition between laminar and turbulent flow is complex, and there are at least two
types of transition to turbulence. There are flows where turbulence appears in the form of
small patches of chaotic motion, which then grow and merge until a fully developed turbulence
state is achieved [21]. This is the usual transition in the boundary layers and pipes. The
second type of transition is given by flows in which turbulence develops uniformly throughout
the fluid due to an instability in the flow that eventually leads to a complicated laminar flow

that breaks up into more complex structures [21].

Although it is difficult to define turbulence, Davidson [21] attempted to do so as follows: “...
when v is sufficiently small, all flows develop a random, chaotic component of motion. We
group these complex flows together, call them turbulence, and then note some of their com-

mon characteristics”. These main characteristics of turbulence flow are summarized as [21]:

i) the velocity field fluctuates randomly in time and is highly disordered in space, leading

to a wide range of length scales;

ii) the velocity field is unpredictable; i.e., a minor change to the initial conditions has a

large effect on the motion of the fluid.

In fact, turbulence was characterized experimentally by setting probes along the flow and
measuring the velocity at different points [21]. This allowed scientists to identify that instan-
taneous values of the velocity were extremely sensitive to any change in initial or boundary
conditions, which led to different results in every experiment. However, the statistical aver-
ages did not show this sensitivity, leading to a possible robust mathematical description of
the flow through them. This was the beginning of numerical modeling of turbulence and the

importance of statistical quantities when describing this kind of flow [20].

2.2.2 The Different Scales and the Energy Cascade

Following the idea presented in the previous section, we can define at each location in a

steady-on-average flow the following velocity decomposition:

u(zx,t) = u(z) +u'(x,t), (2.5)



where u is the velocity, ' is the random component of the motion that represents a fluctu-
ation, and the mean average velocity is given by u = u — ¢’ [21]. Note that the latter is a
smooth ordered function of position only. In any instant, w consists of a collection of eddies
(also known as vortices) of different sizes. There are small and large eddies, where the latter
can have a size on the order of the characteristic length scale of the mean flow (e.g., pipe
diameter). The nature of these eddies is linked to vorticity. In fact, another definition of
turbulence states that turbulence is an array of vortex tubes and sheets that are separated

by fluid that is irrotational or displays some vorticity [22].

Inside and between the eddies, the fluid layers are in relative motion, and local viscous
stresses cause energy dissipation. The energy dissipation across these structures is known as
the Richardson energy cascade [21]. The energy cascade states that the largest eddies are
subjected to inertial instabilities that cause them to break up into smaller vortices. Then
these smaller vortices go through the same process, passing their energy to yet smaller eddies.
This entire process is driven by inertial forces, i.e., the viscous forces do not play a role. The
energy cascade ends when the eddy size is so small that the Reynolds number is equal to
one. At this point, viscous forces become more important, and viscous dissipation enters the
whole picture. In Figure 2.2, a schematic of the so-called eddies is presented along with

their breakdown and energy dissipation.

Figure 2.2 Schematic of the energy cascade with large and small eddies.

One of the most important questions in turbulence is how to know exactly the range of sizes
of those eddies, as it determines the range of scales that characterize the flow. The most

important theoretical estimate of the range of length scale in turbulent flow is given by the



following expression:

L Rel/*, (2.6)

n

where [ represents the integral scale, n is known as the Kolmogorov microscale of turbulence
and Re; is they Reynolds number based on [ and the relative velocity measured, w, which
is related to the largest eddies [21]. If we consider a flow with a Reynolds number equal to
Re; = 10000 and a characteristic length of [ = 1 cm, the Kolmogorov scale is equal to 0.001
cm, i.e., the smallest scale is 1000 times smaller than the largest scale in this flow. If the

Reynolds number is increased, the difference keeps growing.

Another important estimate is the turnover time that represents the lifespan of an eddy:

! U
tlarge eddy — a; tsmall eddy — ;a (27)

where uw and v represent the typical velocity of the largest and smallest eddies, respec-
tively [21]. This estimate indicates that there is a wide range of time scales as well. There-
fore, turbulence is characterized as a multiscale phenomenon in both space and time. This
is, in fact, one of the main challenges when trying to simulate flows with this regime on a

computer, as it represents a very time and memory consuming calculation [21].

2.3 Numerical solution

The solution of the governing equations for fluid flow is a challenging task in practical settings.
Analytical solutions exist only for simple two-dimensional problems. Experiments have also
been carried out for more complex settings and are efficient ways of obtaining reliable data,
but also have limitations. However, both simple analytical solutions and experimental results
are not enough to fully understand fluid flow, and CFD has become an essential tool for
understanding more complex physical phenomena. This section is dedicated to the CFD
aspects relevant to this work. It starts by reviewing available strategies to model turbulence,
followed by the discussion of discretization methods and resolution strategies to solve the

incompressible Navier—Stokes equations with a special focus on FEM.

2.3.1 Turbulence Modeling

Turbulence modeling is an active research domain that aims to develop approximations to

the Navier—Stokes equations that encompass sufficient dynamical information for a reliable
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and efficient prediction of the physical phenomena of turbulence. The main approaches to

model turbulence are presented in Figure 2.3.

Degree of modeling

Direct Numerical Large-Eddy Reynolds-Average
Simulation Simulation Navier—Stokes
(DNS) (LES) (RANS)

Computational resources

Implicit Large-Eddy
Simulation

(ILES)

Figure 2.3 Classification of the main turbulence modeling approaches available today.

The Direct Numerical Simulation (DINS) approach solves the full Navier—Stokes equations
numerically for all length and time scales; it gives the most accurate representation of the
flow at a high computational cost. Therefore, it is useful to understand small problems
with simple geometries and low Reynolds numbers and to obtain benchmark data to assess
the accuracy of other approaches. Its applicability, especially when it comes to industrial

practical flows, is very limited even with the exascale computers available today.

The approach with the highest degree of modeling is RANS. It solves a version of the
Navier—Stokes equations that considers statistical means of the flow obtained by inserting
the Reynolds decomposition (see Appendix A for a detailed derivation). Then, it solves for
averaged flow quantities over time (e.g., u) and requires one to model new terms introduced
by averaging known as the Reynolds stresses (—pu’ ® w’). Typical models include the x-
¢ model, the k-w model, and the Reynolds stress model. It has the lowest computational
requirement and, therefore, is very popular in industry. Despite this, RANS approaches are
known to have problems with transient flow structures, which are encountered in all turbulent

flows, and which are essential when modeling industrial devices [23,24].

The third approach, which is usually placed between RANS and DNS in terms of degree of
modeling and computational resources, is the Large-Eddy Simulation (LES) approach. It
solves the filtered form of the Navier-Stokes equations for the large scales of the flow, while

the small scales and their effect on the large scales are modeled using Subgrid-Scale (SGS)
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models (see Appendix A for the derivation of the filtered form). The main assumptions of
LES are that large eddies are responsible for most of the transport of momentum, energy,
and passive scalars, whereas smaller eddies are more universal in their behavior [25]. In LES,
most of the effort is focused on the development of suitable SGS models. The first model
developed for this task was the Smagorinsky model, followed by the dynamic Smagorinsky
model [24,26]. Since then many other SGS models have been developed in order to im-
prove the approximation. These advanced models are complex to implement and require
more computational effort, which has limited their popularity [25]. Therefore, other subcat-
egories of LES have been developed, such as Implicit Large-Eddy Simulation (ILES), also
known as Monotonic-Integrated LES (MILES), where an implicit filtering that depends on
the discretization is applied, very LES (VLES) and hybrid LES/RANS approaches, such as
Detached Eddy Simulation (DES) [24].

The ILES approach has gained popularity over the last two decades. It is commonly referred
to as underresolved DNS in the literature, which means that it can be placed between the
DNS and LES approaches regarding the degree of modeling and the computational resources.
It does not contain a subgrid model and in most of the cases the refinement of the mesh de-
termines the length scales that are resolved; therefore, it is often called a “parameter-free”
approach. It originates in the boundaries between physical modeling and numerical discretiza-
tion [25]. Therefore, its detailed description is highly dependent on the numerical method
chosen for the discretization of space and time of the Navier—Stokes equations; however, the
general idea is that when the cell size is not small enough to resolve all the eddies up to the
scale where there is viscous dissipation, which is usually the case, artificial numerical dissipa-
tion is included. A comprehensive review of this approach in the context of the finite-volume
method can be found in [25]. In the context of FEM, this approach of modeling turbulence is
encompassed by the stabilization techniques domain; for a recent review, see [27]. Although
several publications using ILES approaches can be found in the literature, there is a need of
further studying them, specifically by comparing them to explicit LES approaches in order
to identify the most promising techniques [27].

2.3.2 Discretization in Space using the Finite Element Method

FEM is only one of the possible discretization methods that are commonly used for the
numerical resolution of the Navier—-Stokes equations. There are other traditional methods,
such as the Finite Difference Method (FDM) and the Finite Volume Method (FVM), and
newer methods, which include the Lattice-Boltzmann Method (LBM) and Smoothed Particle
Hydrodynamics (SPH). FEM was initially developed for simulating structural mechanics
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problems and started to be used for the solution of Stokes and Navier—Stokes equations in
the 1970s [28]. Since then, the development of this method in this context has advanced
greatly, from numerical analysis to important aspects concerning numerical linear algebra

and high-performance computations.

As with all other traditional methods, FEM gives an approximation to the original problem
and eventually leads to a system of matrix equations. The basis of FEM is to find the weak
derivative or variational formulation of the problem using a weighted residual approach (for
a detailed explanation, see, for example, the book by Elman et al. [29]). The first step to find
this formulation is to define a bounded Lipschitz domain 2 with boundary 0f2 and divide it
into elements . For the Navier—-Stokes equations, we require that for an appropriate set of
test functions, a scalar test function ¢ for the continuity equation and a vector test function

v for the momentum equation, the following holds:

/Qq(V ‘u) =0, (2.8)
/Qv (Ou+ (uw-V)u+ Vp"' —vAu — f) =0, (2.9)

for all ¢ and v in a suitably chosen space. If w and p are a classical solution, then they
must also satisfy this weak formulation. If (v, ¢q) is sufficiently smooth, then the smoothness
required for the weak solution (w,p) can also be reduced by using integration by parts for

the diffusive term and the pressure term:

/v Vp* = /pV 'v—l—/pn'v (2.10)
—V/Q'U-Au:V/QV'u,:V'v—y/m(n-v'u,)-v, (2.11)

where n denotes the outward-pointing normal to the boundary and Vu : Vo is a component-

wise scalar product. Rewriting all expressions, the final variational formulation reads:

/QQ(V'U):

(2.12)

/Qv-(ﬁtu—i—(u-V)u—f)—i—l//QVu:Vv—/gp*v-v—/m(u(n-Vu)—p*n)-v:(),
(2.13)

for all suitable set of test functions (v, q). The suitable spaces for the solution and the test
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spaces are giVGH as:

where H'(Q) is the Sobolev space of square-integrable functions and square-integrable first
derivatives. Since there are no pressure derivatives, Ly(€2) is an appropriate space for the
pressure. The same space is chosen for ¢ which ensures that the continuity equation is finite.

Furthermore, one must specify boundary conditions. It is common to have the following

Dirichlet (D) and Neumann (N) boundary conditions in 09 = 0Qp U 0Qy:

u=won dlp, v(n-Vu)—np*=0on ddy. (2.14)

If only Dirichlet boundary conditions are specified, i.e., the velocity is specified everywhere
on the boundary, then the pressure solution is only unique up to a hydrostatic constant.
However, if flow in a channel needs to be modeled, then a Dirichlet outflow boundary con-
dition with w - n > 0 leads to difficulties in the outflow and a Neumann outflow boundary

condition, also known as the zero traction boundary condition, is necessary.

An important aspect of FEM is the choice of finite-dimensional velocity and pressure sub-
spaces. In the context of the Navier—Stokes, it is common to represent the solution of the
velocity and the pressure by a polynomial approximation. However, the combination of
the polynomial approximation must be inf-sup stable. Inf-sup instability is related to the
Ladyzhenskaya-Babuska-Brezzi (LBB) condition which states that the velocity space needs
to be rich enough to exclude spurious pressure modes from the numerical solution [30]. In
practical terms, this means that to achieve an inf-sup stable discretization one must choose
mixed-order polynomials of degree p for the velocity and degree p — 1 for the pressure, also

referred to as Taylor-Hood velocity-pressure pair (e.g., Q,Q,—1 for hexahedral elements).

The choice of test and solution spaces leads to different variants of FEM. A classic choice is
to choose the same space for both, which leads to Galerkin FEM. If the basis for this space is
globally continuous over the whole domain, we obtain the classical Continuous Galerkin (CG)
formulation. On the other hand, if the bases are local, i.e., discontinuities between elements
are allowed, this gives rise to Discontinuous Galerkin (DG) formulation, which is usually

considered a mix between FVM and CG (note that additional boundary terms arise in the
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variational formulation to account for the discontinuity between elements). For a graphical
representation of both CG and DG on a 1D mesh with four cells, see Figure 2.4. Both CG
and DG solvers for the incompressible Navier—Stokes equations can be found in the literature.
One disadvantage of CG in the case of transient problems is that due to the globally defined
functions, an implicit mass matrix is always obtained, regardless of the type of time-stepping
scheme used, which requires more effort for its solution [31]. A disadvantage of both CG
and DG when it comes to transport problems relies on the fact that the basis functions are
symmetric in space; this does not allow to account for the information of flow in specific
directions. For CG this issue is resolved using complex stabilization techniques (similar to
the notion of upwinding in FDM and FVM), while DG provides more flexibility to deal with

such problems through stabilization via fluxes [31].

Continuous Galerkin (CG) Discontinuous Galerkin (DG)

\

\

\

Figure 2.4 Graphical comparison of linear Lagrange elements as basis functions for a Con-
tinuous Galerkin (CG) and a Discontinuous Galerkin (DG) formulation in 1D.

High-Order Approximations

One of the main advantages of FEM over other numerical methods is that high-order ap-
proximations are easy to realize by increasing the order of the basis for the FE spaces on
unstructured meshes. The idea of high-order approximations was first presented in the late
1970s in the context of spectral methods by Gottlieb and Orszag [32]. Since then, high-order
methods have become popular because they can deliver higher accuracy with a lower cost
than low-order methods [33,34].

According to Wang et al. [34], a high-order method in the context of CFD is that where the
solution error e is proportional to the mesh size h to the power of k (e = O(h*)) with k > 3.
Most of the CFD codes (using either FVM, FDM or FEM) used in industry are second-

order accurate (k = 2), and are very robust since they have been tested and developed
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for more than four decades [34]. Despite this, there are still practical problems where high
accuracy is required, e.g., vortex-dominated flows, whose solution using low-order methods

is prohibitively expensive [34].

In the publication by Wang et al. in 2013 [34], the high-order scientific community stated
the main challenges of high-order methods at the time for CFD applications. They can be

summarized as follows:

i) high-order methods are more complicated than the low-order counterpart;
ii) high-order methods are less robust and slower to converge to steady-state;
iii) high-order methods have a high memory requirement if implicit time stepping is used;

iv) there are no robust high-order mesh generators available.

Almost twelve years later, the field of high-order methods has advanced greatly. It has become

more popular in both academia and industry and the challenges have been alleviated.

Significant development of these methods in open-source libraries have increased robust-
ness and now facilitate the ease of implementation of high-order solvers for problems in
various fields. A recent publication by Fischer et al. [35], compares the performance of high-
order FEM PDE software on modern architectures for large-scale application problems and
demonstrates the capability of these libraries. Advances in computer hardware have led to
novel implementations, such as matrix-free approaches (discussed in Section 2.4), which ren-
der high-order methods more computationally efficient than their low-order counterparts in
terms of memory usage and time to solution. Moreover, the field of curvilinear mesh gener-
ation is also advancing, opening the doors to the application of these methods to complex

geometries [36].

In FEM, the research focus on high-order methods has been on what is called the Spectral
Element Method (SEM), a subcategory of CG, and on DG formulations and their variants.
Current open-source CFD SEM software include Neko [37] and NekRS [38]. In the case of
DG, examples are Nektar++ [39] or ExaDG [40].

Stabilization Techniques in the Context of CG FEM

The first upwind FEM formulations were proposed for advection-diffusion equations and were
based on the idea of modifying the test functions to achieve the upwind effect by weighting
more an element upstream than an element downstream. This domain is now known as

stabilized FEM techniques; a recent review can be found in the publication by Fehn et al. [27].
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A summary of the main methods is provided in Table 2.1. The basic idea of stabilization
in FEM is to add a term to the weak formulation of the Navier—Stokes equations that adds
diffusion (or viscosity) only in the flow direction for each of the elements (similar to the idea
of upwinding in FDM and FVM) (see the publication by Brooks and Hughes [41]). The
stabilization term takes the form of an integral over an element k that includes a modified
test function multiplied by the residual of the momentum or continuity equations to obtain
consistent formulations, that is, when the residual of the equations is zero, the scheme does

not add any artificial diffusion.

The Streamline-Upwind Petrov—Galerkin (SUPG) method was the first stabilization method
to be proposed in the literature in the context of the incompressible Navier-Stokes equations
by Brooks and Hughes in 1982 [41]. Since the space of test functions no longer coincides
with the space of interpolation functions, that is, the test function v is now (u - V)w, the
method is not symmetric and does not correspond to a Galerkin formulation, but rather to
a Petrov—Galerkin one. This method avoids spurious oscillations in the velocity field that
appear as the Reynolds number is increased and requires inf-sup stable FE pairs. Later in
1986, the Pressure-Stabilizing Petrov—Galerkin (PSPG) stabilization method was proposed
by Hughes et al. [43] to circumvent the LBB condition by introducing a pressure-pressure
coupling and allowing the use of same order polynomials for the pressure and the velocity.
Since then, it is common to see in the literature the use of both SUPG and PSPG stabilization

techniques at the same time.

For pairs of velocity and pressure FE spaces that fulfill the LBB condition (such as Taylor-
Hood FE pairs), it is common to obtain solutions that violate the conservation of mass.
Therefore, another type of stabilization, the Grad-Div stabilization, was introduced by Franca
and Hughes in 1988 [44] to enhance mass conservation. A generalization of the previous stabi-
lization techniques was introduced later on as the Galerkin Least-Squares (GLS) technique.
It considers a modified test function with all the original terms of the momentum equation in
addition to the Least-Squares Incompressibility Constraint (LSIC) term (equivalent to the
Grad-Div term). The main drawback of this formulation is that it comprises a time derivative
for the test function when transient problems are solved, which requires a space-time FEM

formulation [42].

All the stabilization techniques introduced require a stabilization parameter 7. This pa-
rameter is commonly derived by dimensional analysis [27]. In general, the units for the
stabilization terms that involve the strong residual of the continuity equation are m?/s, while
those that involve the strong residual of the momentum equation are s [45]. However, there

is no consensus on the definition of the stabilization parameter, apart from the fact that



17

Table 2.1 Summary of the basic stabilization techniques available in the literature for con-
tinuous Galerkin approaches [27,28,42]. R,,: strong residual of the momentum equation, R.:
strong residual of the continuity equation.

Method

Main characteristics and additional terms

Streamline-Upwind
Petrov-Galerkin

(SUPG)

Reduces oscillations in the velocity field when simulating flows
with high Reynolds numbers:

Z/ TSUpg(U'V)’U-Rm
PRRAY

Pressure-Stabilizing/
Petrov-Galerkin
(PSPG)

Allows to use equal-order elements for the pressure and the
velocity, i.e, circumvents the inf-sup condition:

zk:/ﬂk Tpspc(VQ) - R

Grad-Div

Improves mass conservation for FE spaces that fulfill the LBB
condition:

;/Qk TaraD-DIV(V - V)R,

Galerkin-Least
Squares (GLS)

Considers a least-squares term based on the momentum
equation:

Z/ﬂ TaLs(Ow + (u - V)v + Vg — vAw) - Ry,
k k

and a least-squares term based on the incompressibility
constraint (LSIC):

zk:/Qk Tisic(V - v)R.

The LSIC term is identical to the Grad-Div term. The GLS
term contains the SUPG and PSPG stabilizations as well as a
derivative in time and a diffusive term.

it must vanish when the mesh is refined. This leads to a wide range of definitions in the
literature; one widely used definition in the context of SUPG/PSPG FEM is the one defined

by Tezduyar in 1992 [46]:

T =

] e
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where At and h are considered the temporal and spatial element lengths, and the first term
is simply neglected for steady-state simulations. In the case of the Grad-Div (or LSIC)

stabilization term, a common choice is:

h

T=—, (2.16)
2||ul

Apart from the classic stabilization techniques, many other stabilization techniques have
been developed in the last decades, which are part of a new category known as Variational
Multiscale Methods (VMS). VMS methods were first introduced by Hughes in 1995 [47].
Between 1995 and 2000, research on these methods focused on error estimations [48,49] and
an extension to time-dependent problems [50]. The first publication linking the LES and
VMS methods was that by Hughes in 2000 [51], where the variational multiscale method
was used for the incompressible isothermal Navier—Stokes equations. In VMS methods, the
separation of the scales is done by a decomposition of resolved and unresolved scales by
projections into appropriate function spaces [45]. For detailed reviews on VMS methods, see
Rasthofer et al. [52], Ahmed et al. [45], Codina et al. [53], and John [30].

Despite the fact that VMS methods have their origin in the FEM domain, several authors
state that the mathematical idea of decomposing the scales is applicable to many other
physics and therefore they are not limited to FEM, but could, in fact, be applied to FVM
and FDM [53]. Some of these methods are the orthogonal residual-based method proposed
by Codina in 2002 [54], the residual-based method presented by Bazilevs et al. in 2007 [55],
the local projection stabilization methods by Braack and Lube in 2008 [56], the residual-free
bubble methods proposed by Gravemeier in 2003 [20], and the algebraic VMS methods first
introduced by Gravemeier in 2003 and further studied in [52,57].

System of Equations

Regardless of the FE spaces chosen, the variational form of the Navier—Stokes equations
requires linearization procedures to deal with the non-linearity that arises due to the con-
vective term. Common methods used in the literature are Picard’s and Newton’s method.
The former is based on the idea of a successive approximation by estimation of the weaker
nonlinear terms at a previous value of the solution, i.e., for the convective term the following
approximation is used (u™*V) - V)u"*) ~ (u™ . V)ul*+Y for a nonlinear iteration n + 1.
The latter approach finds successive approximations by finding the roots of the nonlinear
function using information from the Jacobian of the system, that is, the convective term is
linearized as follows (u(™ - V)éu™+) 4 (5u*+V) . V)u™,
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Both methods are widely used in the literature and have advantages and disadvantages when
used for the Navier—Stokes equation. Newton’s method is generally preferred due to its
better order of convergence and robustness, however Picard’s method is easy to implement
and does not require the computation of a Jacobian that can be nontrivial for complex
discretized systems, e.g., the Navier—Stokes discretization [58]. In terms of resources needed,
Newton’s method has larger memory requirements and larger costs of assembling the system
and performing vector-matrix products [30]. However, several mechanisms exist to ensure
the robustness and efficiency of the Newton iteration, such as a line-search mechanism that
ensures an adequate decrease in the residual by shortening the steps or inexact Newton
variants, where, for example, the Jacobian matrix can be reused across Newton iterations [59].
For a general discussion of Newton’s method in the context of a CG formulation of the Navier—

Stokes equations, the reader is referred to the pseudocode presented in Appendix B.

For a CG formulation, once the appropriate FE spaces are chosen, the basis functions for
both trial and solution spaces are defined, and the linearization is carried out via a Gateaux
derivative (Newton’s method), the final linear system that has to be solved at each Newton

iteration has the following structure:
A Bj| [iU R,
= — , (2.17)
BT 0] |éP R,

where the matrix is the Jacobian of the variational formulation of the Navier-Stokes equa-
tions, which can be found via a Gateaux derivative, and R, and R, are the corresponding
residual terms involving the velocity and pressure, respectively (see Appendix C for the lin-
earization procedure and the exact definition of each of the blocks of the matrix in case of a
CG formulation). This linear system is solved to find the Newton corrections for the veloc-
ity (0U) and pressure (§.P), which are used to find the next approximation to the solution
according to: U™ = U™ 4+ adU™ and P"*!' = P" 4 adP", where « is the step length,
determined by a line-search algorithm. The resulting system of equations is a saddle-point
problem due to the zero block in the diagonal; such a problem is difficult to solve from a lin-
ear algebra perspective (see [60] for a detailed review of the challenges and possible solution
methods).

If stabilization techniques are used, the resulting linear system is modified as follows:

[K §] léU] [R‘u]
= |2, (2.18)
C D||sP R,
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with additional terms being added to the blocks A and B, a new definition of the block
C and most notably, a block D # 0 if PSPG stabilization is used as a consequence of the
pressure-pressure coupling introduced. Notice that the computation of both the Jacobian
and the residual comprise additional terms. For a concrete expression of the terms added to
the system when using SUPG and PSPG stabilization, see Appendix D.

2.3.3 Resolution Strategies

There are two main resolution strategies in the literature to solve the resulting system of
equations (Eq. (2.17)): i) splitting or segregated methods, which solve in a decoupled way
for the velocity and the pressure, and ii) fully coupled or monolithic methods for which the
global system of equations is solved for both the velocity and the pressure at the same time.
Several general reviews of both methods can be found, e.g., [30,60,61]. In the following, a

description of each of these strategies is presented.

Segregated Approaches

The main motivation for this strategy is to avoid the solution of saddle-point problems, since
it is challenging from a linear algebra perspective; instead it solves a simpler scalar linear
system of equations for each component of the velocity and the pressure. This is achieved
by decomposing the equations into a convection-diffusion type problem for the velocity and
a Poisson problem for the pressure. This is not a trivial task since the pressure and velocity
are coupled by the incompressibility constraint; therefore, there are several methods that
have been develop to overcome this limitation. Research on these methods started in the
late 1960s with the work of Chorin and Temam [62]. There are four main groups that belong
to this category: algebraic splitting schemes, pressure-correction schemes, velocity-correction
schemes, and consistent splitting schemes. For detailed reviews, see Guermond et al. [63] and
Karniadakis et al. [61].

Pressure-correction schemes are time-marching techniques composed of two sub-steps for each
time step. In the first sub-step the pressure is treated explicitly or ignored, and in the second
sub-step it is corrected by projecting the velocity onto an appropriate space. In a way, the
first step accounts for viscous effects and the second one accounts for incompressibility. In
contrast, for velocity-correction schemes, the viscous term is treated explicitly or ignored in
the first substep, and the velocity is corrected in the second substep. It is important to note
that even though the problem is divided into two subproblems that are easier to solve, the inf-
sup stability condition still has to be satisfied to obtain an accurate approximation [63]. From

the linear algebra perspective, these approaches can take advantage of the vast literature on
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iterative methods for Poisson problems and advection-diffusion equations, using for example,
multigrid methods that have optimal complexity. The main difficulties with these approaches
are the boundary conditions and the stability and accuracy in time [30,64]. This is the main
strategy used in several open-source specialized CFD software (e.g., Neko [37], NEK5000 [65],
Nektar++ [39], NekRS [38] and ExaDG [40]).

Coupled Approaches

Coupled or monolithic approaches solve instead for the velocity and pressure at the same
time, i.e, they solve the saddle-point problem as it is obtained after the linearization needed
for Newton or Picard’s method. In general, the resulting system matrices are non-symmetric
and require suitable iterative solvers, e.g., Generalized Minimal Residual Method (GMRES),
Biconjugate gradient stabilized method (BiCGStab), to find a solution. The usage of direct
solvers in this context is only useful for small two-dimensional problems with less than 500K
unknowns [30]. In order to enable rapid convergence, the iterative solvers require suitable
preconditioners. The development of preconditioners relies heavily on the structure of the
matrix and has been an active research field for more than three decades, for a comprehensive

review, see [29,60].

In this context, one can distinguish between two types of preconditioners: block precondi-
tioners and monolithic preconditioners. Block preconditioners, also known as physics-based
preconditioners, separate the linear operator into its physical components and are based on
the Schur complement of the system matrix [30,64,66]. The 2x2 block system matrix can be
factorized into a lower triangular matrix (L), a diagonal matrix (D) and an upper triangular

matrix (U) as follows:

A B I 0
—LDU =| __
C D CA ' I

where the Schur complement is given as S = D — CA'B and comprises the coupling

A 0

0 s (2.19)

0 I

I Z!é

between the physics of the problem. The advantage of this decomposition is that small de-
coupled systems associated with A and S need to be solved, for which general preconditioning
techniques, such as Algebraic Multigrid (AMG), can be used. For large-scale computations,
the use of the exact Schur complement is not possible and approximations are used [67].
The scalability and efficiency of these approximations are considered to be main challenge of
block preconditioners [68]. These preconditioners can often be used within a Krylov solver;

therefore, they have also been defined as projection methods that avoid the difficulties of
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traditional projection methods with respect to boundary conditions and control of the time

step size [66].

Common methods in this category are: Pressure-Convection Diffusion (PCD), Least-Squares
Commuters (LSC), and Semi-Implicit Method for Pressure Linked Equations (SIMPLE)
variants (SIMPLEC and SIMPLER). According to Liu et al. [66], the PCD and LSC pre-
conditioners are scalable and only slightly affected by a change in the Reynolds number.
However, the biggest disadvantage of PCD is that it needs to assemble an additional ma-
trix, which makes it computationally inefficient. LSC attempts to solve this issue; it works
well for mixed formulations that respect the inf-sup condition, but does not appear to have
the same performance for stabilized formulations using equal-order interpolations [66]. The
SIMPLE approaches are commonly known as a segregated approaches for the resolution of
the Navier—Stokes in the context of FVM. Its simplest version uses the diagonal of A to
define an approximation of the Schur complement. However, it has been shown that there
are problems as the diagonal of A does not contain enough information about the convective

term, leading to non-robustness with respect to Reynolds number [30, 66).

The second type of preconditioners are monolithic preconditioners, which work on the com-
plete system matrix and comprise Incomplete LU (ILU) factorizations and multilevel meth-
ods, such as multigrid methods and domain decomposition methods. ILU factorization is a
black box preconditioner that approximates the system matrix F’ by a sparse lower diagonal
matrix L’ and a sparse upper diagonal matrix U’. Entries of L and U that are too small
are discarded. The challenge arises when deciding what “too small” means, which can be
different depending on the PDE. This type of preconditioning is particularly effective in
combination with GMRES [58], and several versions of it can be found in the literature, such
as the no-fill ILU or the ILU(k) algorithm [69].

Multigrid methods include AMG and Geometric Multigrid (GMG) variants. They are
based on the correction of different components of the error by defining a grid hierarchy
or levels [70]. They are more difficult to implement, as they rely on the definition of the
levels and are composed of several components: smoothers, coarse-grid solvers, and intergrid
operators, that play an important role on the overall efficiency of the algorithm. Another
type of preconditioners are Domain Decomposition (DD) methods, which decompose the
domain into overlapping subdomains, where the problem is solved to obtain local solutions

that are then used to construct a global approximation [60].

AMG and ILU preconditioners are particularly popular since open-source implementations
are available via specialized libraries, e.g., Trilinos, PETSc. In contrast GMG and DD

methods are more difficult to implement as they are directly related to the data structures
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and strategies used to generate the mesh. The development of efficient AMG, GMG and DD
methods to solve the Stokes or incompressible Navier—Stokes equations is an active research

field (see for example [71-74] for a few recent publications).

In the literature, not many publications compare different preconditioning techniques for the
resolution of the Navier—Stokes equations system obtained after discretization with stabiliza-
tion techniques. Ome exception, is the publication by Cyr et al. [68] where five precondi-
tioning techniques are compared. They consider an additive Schwarz domain decomposition
method, a fully coupled algebraic multigrid, PCD, LSC and SIMPLEC. They highlight a bet-
ter scalability for the PCD, LSC and AMG compared to the other preconditioners; however,
they highlight that block preconditioners avoid the implementation of complicated smoothers
needed for the multigrid method. The LSC preconditioner was not found to be robust with
respect to stabilization; most notably it did not converge for standard SUPG-PSPG stabi-

lizations.

2.3.4 Discretization in Time

The strategies to discretize in time are directly related to the resolution strategies previ-
ously presented. In the case of segregated approaches, which are time-marching techniques,
the time-stepping schemes are commonly called fractional-step methods. Once the convec-
tion and incompressibility operators are decoupled, several combinations of time-stepping
schemes can be used for each resolution stage, for example, a combination of forward and
backward Euler schemes [29], Crank-Nicolson schemes, or second-order backward differenti-
ation schemes [30]. A review of several of these combinations along with stability analyses
can be found in the books by John [30] and Karniadakis and Sherwin [61].

In coupled approaches, one can distinguish between 6-schemes (explicit Euler, implicit Euler,
Crank-Nicolson), Second-order Implicit Backward Differentiation (BDF2) or Gear scheme,
the generalized-« scheme [75], and high-order methods which include Implicit Runge-Kutta
(IRK) methods and Rosenbrock methods [30, 76]. Implicit methods are generally better
for the Navier-Stokes equations due to the stiffness nature of the problem [76]. Explicit
schemes need to fulfill a stability condition (usually imposed according to the definition
of the local Courant-Friedrichs-Lewy (CFL) number) that requires small time steps. In
contrast, implicit schemes do not have to fulfill these stability conditions and are particularly
suitable for adaptive time-step strategies. According to Elman [29], an efficient resolution of
the Navier—Stokes equation necessarily requires adaptive time stepping to accurately capture

all the underlying physics of the Navier—-Stokes equations at different timescales.

The usage of an implicit Euler method in combination with high-order discretizations is
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not recommended, as it might lead to inaccurate results compared to higher-order schemes
according to John [30]. Second-order schemes, such as the Crank-Nicolson scheme and the
BDF2 scheme are among the most popular schemes because they are easy to implement,
have a low memory requirement and are cheap in terms of the time needed to perform a
single step [76]. The Crank-Nicolson scheme is A-stable and therefore, it might encounter
numerical oscillations with rough initial data or boundary conditions [30]. These oscillations
can only be damped out with very small time steps. The BDF2 scheme is A-stable and
is highly popular due to its high order and improved stability properties compared to the

Crank-Nicolson scheme.

High-order methods, such as the implicit Runge-Kutta method and Rosenbrock methods,
have also been studied in the literature; they are unconditionally stable and have high-
order accuracy, which makes them particularly suitable for high-order computations [77].
According to John [30], all higher-order schemes outperform 6-schemes in terms of accuracy
and time-to-solution if adaptive time-stepping control is used. However, they require to solve
larger systems when the order of convergence increases, leading to a higher computational

requirement [76].

All of the methods mentioned, with the exception of the BDF2 scheme, are self-starting,
i.e., one does not need to assume or compute a value to start the time-stepping iteration.
However, the BDF2 scheme is very popular because it is L-stable and second-order accurate
for both the velocity and the pressure. According to Hay et al. [76], BDF schemes are much
more computationally efficient than IRK schemes for three-dimensional applications if used
within their stability requirements. Methods to start the time-integration scheme include the
interpolation of the analytical solution or the usage of lower-order schemes until the desired
order is reached. According to Fehn [64], this does not imply a loss of accuracy since problems
usually start with zero initial fields. An additional option that has been gaining popularity
in the last couple of years, are space-time FEM discretizations which use the finite element

method and DG also for the time-discretizations (see for example [78]).

2.4 Implementation Trends

Since the overall aim of this work is to achieve an efficient and scalable solver for the in-
compressible Navier—Stokes equations, it is necessary to look at the state-of-the-art in terms
of open-source specialized FEM CFD software and their implementation trends. For this,
an overview of the software is presented in Table 2.2. All considered software supports a
matrix-free implementation instead of or in addition to a traditional matrix-based implemen-

tation. Most solvers use a segregated approach as the main resolution strategy, and only a
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few currently support Graphics Processing Unit (GPU) computations. In what follows, the
main components of a state-of-the-art FEM solver are reviewed to understand the motivation

behind matrix-free approaches.

Table 2.2 Overview of open-source specialized FEM CFD software. Discretization: SEM:
Spectral Element Method, CG: Continuous Galerkin, DG: Discontinuous Galerkin; Res-
olution strategy: M: monolithic approach, S: segregated approach; MB: matrix-based
implementation; MF: matrix-free implementation.

Software Language CPU GPU FGPAs Discretization Resolution MB MF

Neko [37] Fortran 2008 v v v SEM S X v
NEK5000 [65]  Fortran 77 v X X SEM S X v
Nektar++ [36] CH++ v X X CG/DG S v Y

NekRS [38] C++ X v X SEM S X v

ExaDG [40] C++ v X X DG M/S X v

2.4.1 Main Components of a Finite Element Code

If a CG formulation is used, along with a monolithic resolution approach to solve the dis-
cretized Navier—Stokes equations, a finite element code must contain eight basic components;
see Figure 2.5. The first component is the mesh or triangulation, which is a collection of
cells and their lower-dimensional boundary objects (e.g., in 2D a cell can be a square made
of lines and vertices; in 3D a cell can be a cube made of faces, lines, and vertices). In the
literature, both hexahedra and tetrahedra are common; moreover, it is common to support
structured, block-structured and unstructured meshes. Efficient data structures are needed,
as it is important to be able to loop over all the components of a triangulation to compute
matrix or vector entries in an efficient way in a parallel setting [79]. Moreover, these data
structures are also essential to support adaptive mesh refinement. In the case of curved cells,

information about the shape should also be available in the form of a manifold.

The second component comprises the polynomial approximation defined by the finite element
spaces of the FEM discretization. It defines the number of Degrees of Freedom (DoFs) and
their position in the unit cell. The third component is a numerical integration rule, also
known as quadrature, to be able to compute each of the entries of the element matrices
and right-hand side vector, which are defined as integrals. The fourth component is the
isoparametric mapping which maps information between the real and the reference cell. This
mapping is required for any efficient general purpose FEM solver, as it allows one to define

the polynomial approximation and quadrature rules in only one reference cell [58]. The fifth
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Figure 2.5 Main eight components of a monolithic Navier-Stokes FEM solver.

component comprises the assembly of the system matrix and the right-hand side, and it can
only be performed efficiently if all the previous components are present. The remaining three
components are the main time iteration loop, the Newton nonlinear solver, and the linear

solver including preconditioner.

Although FEM software requires all of these components, the overall efficiency of the solver is
largely based on the assembly of the matrix and the efficiency of the linear solver. The reason
for this is twofold. On one hand, practical problems require large meshes, which lead to a
large number of DoFs, and therefore to a large (sparse) matrix. The number of DoFs per cell
increases as the order of the polynomial increases, leading to more dense matrices in the case
of high-order methods [80]. In general, these matrices have a large memory requirement.
On the other hand, the resolution of such problems requires iterative methods as linear
solvers, such as GMRES and BiCGStab. These iterative methods are based on matrix-
vector multiplications. In order to perform this operation, one has to load the complete
system matrix from the main memory. Since the matrices are large and generally, do not

fit in cache, this quickly leads to a memory-bandwidth bottleneck. Recent trends aim at
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overcoming this bottleneck by avoiding the storage of the matrices and taking advantage of
the large amount of floating point operations per second that can be performed on modern

computing architectures.

2.4.2 Matrix-Free Approaches

The main idea of matrix-free approaches is to completely replace the computation of tradi-
tional matrix-vector products by computing each of the resulting vector values on the fly. To
understand this idea, one must understand how to look at a matrix-vector multiplication as
an operator evaluation. In what follows, a brief explanation based in the work by Kronbich-
ler et al. [81] is presented. The multiplication of a system matrix A with a vector & can be

written as a sum over all the elements & of a mesh:

b=A(z) =Y R/ ARz, (2.20)
k

where R, and R}, allow one to gather local DoFs from the vector x, and to add partial
results from the local operation to the vector b, respectively. This formulation using an
operator allows us to realize that the computations take place at the element level. A
usual matrix-based assembly of a global matrix A is performed by looping over all cells,
computing element entries, and adding values into the global DoFs, to later store this large
(sparse matrix). Instead, for a matrix-free approach, one can simply compute the element
contribution (Axxy) and store only the resulting entries of the vector b. For an efficient
evaluation of the element matrix-vector multiplication, one can further decompose it as three

operator evaluations as follows:

This is called the cell-quadrature approach and aims at separating this operation in order to
take advantage of computations at the quadrature level on the reference element that can
be reused for several cells [81]. To better understand this, consider the operator (Vv, Vu)
multiplied by a vector . Taking the same basis functions ¢ for the test function w and the

solution v, and using the mapping and the quadrature definitions, we can obtain the three
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matrix-vector multiplications that can replace the usual A,x; computation:

=" (Ve, )" (Ve,di) " T wg(det Ji) T T D -(Ve, ) U,
q i

sy Qs Sk

where V is the gradient in the physical space, all quantities with a [J are vectors at the
element level, £ represents the coordinates of the reference element, Jj, is the Jacobian and
w, the quadrature weights. One can read this equation from right to left to understand
the role of each of the matrix-vector multiplications: i) transform the vector values on the
local DoFs to a vector of gradients in quadrature points (Sy), ii) multiply the gradients by
the integration weights and Jacobian information (Qy.), and iii) apply the transposed of the
gradient to have a vector of Laplacian values on the cell DoFs (87). In the end, a complete
evaluation of an operator that computes a matrix-free multiplication for one cell can be

visualized as shown in Figure 2.6.

Figure 2.6 Matrix-free operator to compute a matrix-vector multiplication in one second-
order cell in two dimensions.

This approach can be further optimized using sum factorization techniques for tensor-product
elements using tensor-product quadrature. The general idea of sum factorization is to reuse
information across directions within a cell, since test and solution functions can be decom-
posed as a tensor-product of one-dimensional functions [81]. In addition, these algorithms
are suitable for vectorization, as they localize the computation for each cell making it feasible
to perform matrix-free operator evaluations for several cells at the same time, using Single
Instruction Multiple Data (SIMD) instructions.

General FEM libraries, such as deal.II [82] and MFEM [83], include implementations that
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allow users to implement PDE-specific operators that are then used for matrix-free calcula-
tions. These libraries are now used for matrix-free solvers in a variety of domains that are
not exclusive to CFD; recent publications include models for battery particles [84], simula-
tions of metal additive manufacturing processes [85], simulations of many-particle solid-state
sintering processes [86] and hyperelasticiy [87]. Despite all this recent research, matrix-free
approaches are not new. The first publication suggesting that one could replace a traditional
sparse matrix by a global operator is that by Orszag et al. [88] in the 1980s in the context of
SEM. In the context of CFD, these ideas were first used by Paul Fischer et al. in the 1990s
within the NEK5000 project [89-93], but are now widespread in the domain (see Table 2.2 for

an overview of open source CFD software that uses this approach).

The reason why matrix-free approaches have gained popularity in the last decade is due to
their suitability to use recent hardware. This hardware includes vectorization instructions
(e.g., of the type AVX-512 which allows processing 8 double-precision floating-point numbers
at the same time) and GPUs (e.g., see 1ibCEED code [80]), which are optimal for minimizing
memory movement and focus on arithmetic intensity, and are therefore highly used for per-
formance computing parallelization [94]. An important challenge that arises with the usage
of these approaches is the development of suitable (matrix-free) preconditioners. The reason
for this is that most of the black-box preconditioners used for the resulting system of FEM
discretizations need by construction the system matrix, e.g., AMG or ILU preconditioners.
Therefore, a vast amount of research can now be found for preconditioners that need only
the mesh or minimal information from the system matrix. Among these preconditioners, two
groups can be distinguished: Domain Decomposition (DD) methods (see [95] for a review
of these methods for fluid simulations) and Geometric Multigrid (GMG) methods. In the

following, a review on the state-of-the-art of GMG methods is presented.

Geometric multigrid preconditioners

In the last 50 years, an extensive research on multigrid methods has been conducted. These
methods were originally developed for elliptic PDEs, where they became particularly popular
because of their optimal convergence rate. Since then, a vast amount of work has been done
to be able to use them for complex problems. Geometric multigrid is only one variant among
different multigrid methods (e.g., AMG, p-Multigrid (PMG)). For a general, but more
detailed description of multigrid algorithms, the reader is referred to the key manuscript by
Briggs [70], the review of multigrid methods by Benzi et al. [60] and the book by Saad [69].

The main difference between these methods is the strategy used to define the multigrid levels.

In geometric multigrid (often called h-MG) the levels are defined based on the hierarchy of
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meshes obtained through the process of refinement of a mesh for a particular problem. Once
a hierarchy of meshes is obtained, the method is used to correct different components of the
solution error by solving the problems at each of the MG levels in an organized way (V-
cycle). Therefore, the main components of the algorithm are intergrid operators to transfer
data between levels, relaxation methods (or smoothers) to solve problems at each level, and

a coarse-grid solver for the coarsest-level problem.

Monolithic geometric multigrid methods for flow problems have been studied since the late
1990s [96]. One of the main research focus has been the selection and design of smoothers,
since unlike elliptic problems, classical smoothers cannot be applied directly. Common meth-
ods include Vanka smoothers, Braess-Sarazin smoothers, and Uzawa smoothers [97,98]. The
main principle of these preconditioners is to apply relaxation to individual block matrices.
These block matrices are commonly defined as “patches” which are sets of DoFs that can
be chosen according to certain criteria, e.g. all DoFs associated to a cell or those plus the
ones belonging to neighboring cells; therefore, they are considered to be DD methods. Vanka
smoothers were first presented by Vanka in 1986 [99] to overcome difficulties related to the
zero pressure-pressure block, and different definitions of patches have been developed for
different elements throughout the years. In the literature multiplicative (Gauss-Seidel type)
and additive (Jacobi type) Vanka smoothers can also be found, where the latter are highly
popular due to their suitability for parallelism [100].

In the following, some recent literature on the GMG will be reviewed. In 2022, Kohl et al. [97],
constructed a monolithic GMG solver with an inexact Uzawa smoother for the Stokes problem
considering tetrahedral elements, high-order FE discretizations (with PSPG stabilization),
and a matrix-free implementation. They demonstrated good parallel scalability using up to
147K processes and systems with more than 3.6 x 102 unknowns using both stabilized equal
order elements and Taylor-Hood pairs. In the same year, Voronin et al. [101] developed a
low-order GMG preconditioner considering Vanka and Braess-Sarazin as smoothers to solve
the Stokes equations; the same approach was later extended by the same group to AMG
in [71]. In 2024, Voronin et al. introduced a ph-MG multigrid for high-order discretizations
of stationary Stokes systems in [102]. They considered Vanka smoothers with star patches
and the results showed better performance and reduced setup and solve times for higher

orders and unstructured problems in comparison to only GMG.

Another work that considers Taylor-Hood elements for the Stokes and generalized Stokes
equations is that by Jodlbauer et al. [103]. They implemented a matrix-free monolithic GMG
solver using Chebyshev-Jacobi smoothers to solve the system with a zero pressure-pressure

block and obtained satisfactory results. They indicated that the method could serve as a
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basis for developing a method with similar ideas for Navier-Stokes problems, but more work
would need to be done to ensure robustness for convection-dominated flows. Adler et al. [104]
considered a formulation without stabilization and compared their multigrid implementation
with a segregated method; they observed that multigrid was more efficient and robust and
capable of solving steady-state and transient cases up to 170 million DoFs. However, they
stated that the main limitation of the work was the low order (P, for the velocity, P; for the
pressure and lowest-order Nédélec elements for the magnetic field) and the lack of stabilization

of the discretization they used.

In 2023, Abu-Ladeh et al. [100] presented a Newton-Krylov-multigrid method to solve time-
dependent Stokes, Navier—Stokes, and resistive magnetohydrodynamics equations, using im-
plicit Runge-Kutta discretizations in time and standard mixed FE discretizations in space.
Their multigrid algorithm considered an overlapping additive Schwarz relaxation of Vanka
type. They evaluated scalability up to 640 cores and proposed as future research the exten-
sion of the method to high-order discretizations. The most recent publication on the topic is
that by Rafiei et al. [98], where an improved Vanka relaxation scheme is introduced. A novel
patch with overlap in both pressure and velocity DoFs is presented and it shows significant

improvement in both triangular and quadrilateral meshes.
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CHAPTER 3 THESIS OBJECTIVES AND ORGANIZATION

In this chapter, the gaps in the literature are summarized, and the objectives of the research
carried out in this thesis are stated. In addition, the organization of the following chapters,

which are directly linked to the research objectives, is described.

3.1 Gaps in the Literature
The main findings of the previous literature review can be summarized as follows:

o In process intensification, several publications point to the importance of including
CFD in the design pipeline of intensified devices for a diverse range of chemical pro-
cesses, as experimental studies are not enough to fully characterize the flow due to
complex geometries. Common challenges encountered when trying to simulate process-
intensified equipment are the lack of multiphysics simulation software and the lack
of computational resources for accurate simulations. Moreover, in current studies, a
lack of turbulence modeling or the usage of RANS approaches, which are not ideal for

transient flows, can be observed.

o There is a wide range of strategies for modeling turbulent flows. In recent years, ILES
approaches have gained popularity because of their “parameter-less” construction and
have been proven to be promising for turbulent flows. However, more comparisons are
needed between implicit and explicit LES approaches to identify the most promising

techniques.

e The main advantage of high-order FEM discretizations is that they are particularly
useful for unstructured meshes. Therefore, high-order FEM is attractive when it comes
to the simulation of complex geometries with curved boundaries. Despite this, most of
the literature on the simulation of flow within process-intensified devices uses second-

order accurate FVM schemes.

o State-of-the-art open-source FEM CFD software focuses on high-order discretizations
and matrix-free implementations. However, most of the software uses a segregated
approach as a resolution technique. No software has explored the coupled resolution
strategy of the incompressible Navier—Stokes equations using a continuous Galerkin for-
mulation with stabilization techniques, a matrix-free implementation, and a monolithic

preconditioner.



33

The main hypothesis of this project is that a stabilized Navier-Stokes solver may accurately
predict the behavior of turbulent flows as part of computational modeling useful for achieving
process intensification in process engineering. Moreover, if this solver is implemented in a
matrix-free approach using a GMG preconditioner, we may achieve an efficient and scalable
implementation in modern computer architectures that allow us to run practical problems in

the context of PI with reasonable resources.

3.2 Research Objectives

The main objective of this thesis is to develop and implement an efficient and accurate Navier—
Stokes solver to model the turbulent flow encountered within process-intensified devices. The

objective is divided into four sub-objectives:

SO1: Establish the accuracy of an implicit large-eddy simulation approach that considers

stabilization techniques for a complex turbulent flow benchmark known as the periodic
hills flow.

SO2: Achieve a scalable and efficient implementation of a stabilized Navier—Stokes solver

using a matrix-free approach and a suitable geometric multigrid preconditioner.

SO3: Assess the efficiency of the solver by simulating a rotating turbulent flow encountered

in process-intensified equipment.

SO4: Extend the matrix-free solver for turbulent-flow problems with locally refined meshes.

3.3 Structure of the Thesis

In Chapter 4, we provide information on the methodology used to achieve all the previously
mentioned objectives. It introduces the open-source software Lethe, the basis of all this work,
and highlights the contributions to the software throughout the work on this thesis, along

with the computational resources.

Chapter 5 (Article 1) studies the behavior of the continuous Galerkin solver using a complex
turbulent benchmark known as periodic hills. It evaluates the behavior of the implicit large-
eddy simulation approach which considers both SUPG and PSPG stabilization techniques
by comparing simulation data to both experimental and computational data available in the
literature. Moreover, it studies the effect of the mesh refinements, time step, and averaging

time on average velocities and Reynolds stresses.
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In Chapter 6 (Article 2), the matrix-free stabilized Navier—Stokes solver is developed; along
with its GMG preconditioner needed for the linear solver. The accuracy and efficiency of
the solver is first validated using a manufactured solution in 3D, followed by a steady-state
flow around a sphere problem and the Taylor-Green vortex benchmark. The efficiency of
the solver is evaluated through the following aspects: time to solution, strong and weak

scalability, and number of transient, nonlinear, and linear iterations.

Chapter 7 (Article 3) aims to assess the efficiency of the solver by simulating a case closer to
real applications: the turbulent Taylor-Couette flow. This problem considers rotating flow
and curved wall; two factors that are commonly encountered in applications in the field of PI
and that are considered a crucial criterion to deem a fluid dynamics solver practical for real-
life applications. This article shows the effect of the finite element order for the velocity and
the pressure when predicting quantities like enstrophy and kinetic energy, vorticity and Q
criterion distributions. In addition, it provides a novel analysis on the numerical dissipation

included by the numerical scheme providing valuable data for future studies.

Chapter 8 evaluates the ability of the solver to simulate problems that require local mesh
refinement; in particular, it compares two different geometric multigrid implementations,
global coarsening and local smoothing, and highlights their advantages and disadvantages

depending on the resources available for a transient and a steady-state simulation.
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CHAPTER 4 METHODOLOGY

This chapter provides an overview of Lethe, the software where the solver was implemented,
and highlights the contributions as part of this thesis. It introduces important details on
the implementation of the matrix-free infrastructure and the GMG preconditioner, presents
the verification and validation strategy, and a brief overview of the computational resources

utilized for this work.

4.1 The Software: Lethe

Lethe is an open-source CFD, Discrete Element Method (DEM) and coupled CFD-DEM
software actively developed at the CHAOS Laboratory at Polytechnique Montreal [105,106].
The software is publicly available on GitHub! and has a detailed user guide and a devel-
oper guide based on Doxygen. It is a high-order continuous Galerkin solver to simulate
single and multiphase flows. It is built on the top of the well-known finite-element library
deal.II? [82], through which it utilizes pdest for its mesh capabilities [107], MPI for par-
allelization and Trilinos for matrix-based linear algebra [108]. Lethe supports multiple
physics: fluid dynamics, heat transfer, and a passive tracer. It also has capabilities for multi-
phase flow simulation via one-fluid methods that include the volume of fluid method and the
Cahn-Hilliard method, and granulate flow via the DEM. These different physics are often

coupled for multiphysics simulations needed for practical problems in process engineering.

The fluid solvers of Lethe are implemented from a common base class (NavierStokesBase).
At the beginning of the project, two main fluid solvers were derived from this main class: the
matrix-based fluid solver (Lethe-fluid)- the main solver of Lethe— and the block fluid solver
(lethe-fluid-block). The main difference between the matrix-based solver and the block
solver relies on the preconditioners used to solve the coupled problem; the former supports
monolithic preconditioners, while the latter uses a block preconditioner. The matrix-based
solver is the most robust fluid solver in Lethe. Other fluid solvers have been implemented on
the top of this main solver since the beginning of the software in 2018: a Volume-Averaged
Navier-Stokes (VANS) solver (lethe-fluid-vans), a Navier-Stokes solver with immersed
boundary conditions using the Sharp method (lethe-fluid-sharp), and a Navier—Stokes
solver with immersed boundary conditions using the Nitsche methods (lethe-fluid-nitsche).

All of these applications have been extensively tested for different flows encountered in chem-

"https://github.com/chaos-polymtl/lethe
’https://github.com/dealii/dealii


https://github.com/chaos-polymtl/lethe
https://github.com/dealii/dealii

36

’—l>’ NavierStokesBase }47

FluidDynamicsBlock FluidDynamicsMatrixBased
lethe-fluid-block lethe-fluid

A

FluidDynamicsMatrixFree | | FluidDynamicsVANS
lethe-fluid-matrix-free lethe-fluid-vans

FluidDynamicsSharp
lethe-fluid-sharp

FluidDynamicsNitsche
lethe-fluid-nitsche

Figure 4.1 Diagram with the fluid solvers of Lethe including the class name and the applica-
tion name at the bottom. The blue box corresponds to the matrix-free solver added in this
work.

ical processes; see Lethe’s publications for some examples. 3

Figure 4.1 shows a schematic with all the fluid solvers of Lethe. The new matrix-free solver
implemented as part of this project can be seen in blue (described in detail in Section 4.2).
The fluid solvers use the finite element method to solve the incompressible Navier—Stokes
equations via a monolithic coupled solution strategy with SUPG/PSPG, GLS and/or Grad-
Div stabilization. The nonlinear problem is solved using a Newton-Krylov solver with one
of two preconditioners from the Trilinos library: an Algebraic Multigrid (AMG) and an
Incomplete LU decomposition (ILU). The simulations can be run via a parameter file that
contains information on the geometry, the boundary conditions, the physical properties,
among other important parameters. More than 40 examples are available in the documen-
tation of Lethe showcasing the usage of the different applications via parameter files.* The
software has more than 400 functionality tests and application-specific tests that allow for
continuous integration. The author of this thesis is a coauthor in a recent publication of

Lethe, where its capabilities are explained in detail, see [106].

4.2 Matrix-free Fluid Solver

As part of this project, the lethe-fluid-matrix-free application was implemented in

Lethe as an alternative to traditional matrix-based fluid solvers (see blue box in Figure 4.1).

3https://chaos-polymtl.github.io/lethe/documentation/publications.html
‘https://chaos-polymtl.github.io/lethe/documentation/examples/examples.html
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PhysicsSolver

non_ linear solver

solve_non_ linear_system(. . .)

i

NavierStokesBase
fe
dof handler
triangulation

refine__mesh(. . .)
iterate(. ..)
postprocess(. . .)

7 X

FluidDynamicsMatrixBased FluidDynamicsMatrixFree
system_ matrix system__operator
ilu_ preconditioner gmg_preconditioner

amg_ preconditioner

assemble rhs(...)

assemble_system_ matrix(. . .) setup__preconditioner(. . .)
assemble rhs(...) solve linear system(...)
setup_ preconditioner(. . .) solve(...)

solve_linear system(...)

solve(...)

Figure 4.2 General UML diagram of the main classes needed for a fluid solver in Lethe.

For this, the matrix-free algorithms of the deal.II library were used to implement a matrix-
free operator instead of a system matrix to solve the resulting nonlinear problem. The
implementation in deal.II was first introduced in the library by Kronbichler and Kormann in
2012 [81], and has been further developed since then (see the last deal.II release papers for a
description of the most recent features supported [82,109]). This matrix-free algorithms have
been extensively tested for different PDEs from Poisson equations with CG discretizations to
the incompressible and compressible Navier—Stokes equations with DG discretizations (see,
for example, [85,87,110-112]).

The implementation of the matrix-free fluid solver was adapted according to the existent ar-
chitecture of Lethe. Figure 4.2 shows a general UML diagram with the main classes that are
needed for a fluid solver in Lethe. The PhysicsSolver class is in charge of the implementa-

tion of the Newton non-linear solver, and therefore, it needs access to the matrix (or an oper-
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ator in the matrix-free context), the right-hand side, the preconditioner and the linear solver.
All of these components are implemented in the main fluid dynamics classes for the matrix-
based and matrix-free solvers. Both of these classes derive from the NavierStokesBase
class, which holds the common attributes needed for the resolution of a problem via FEM:
a triangulation, the finite element discretization information via the attribute fe, and an
object in charge of the numbering of the DoFs of the problem (dof_handler). The member
functions of this class are in charge of creating the mesh and contain the main iteration
loop of the solver along with post-processing features. The main differences between the
FluidDynamicsMatrixFree solver and the FluidDynamicsMatrixBased solver can be sum-

marized as follows:

i) instead of a (sparse) system matrix the matrix-free solver needs a system operator;

ii) the matrix-free solver does not require a specific function to assemble the main system

matrix;

iii) the matrix-free solver supports a GMG preconditioner in addition to the AMG and

ILU preconditioners used by the matrix-based solver.

In the following, implementation details of the operator for the stabilized formulation of the

incompressible Navier—Stokes equations and the GMG preconditioner are given.

4.2.1 Matrix-Free Operator

The matrix-free operator was implemented in a different class; its general UML diagram
is presented in Figure 4.3. It follows the pattern of general matrix-free operators imple-
mented in deal.II.’ Tt consists of a base class (NavierStokesOperatorBase) that holds
the matrix_free object, the fe_cell_integrator, and the functions needed for the lin-
ear solver. The matrix_free object stores information regarding the relation between local
and global DoFs, constraints, mappings, and the shape functions of the finite element. The
fe_cell_integrator is the object in charge of evaluating the operator using the cell quadra-
ture approach, i.e., it reads/writes from/to global vectors, integrates function values on the

unit-cell using the sum-factorization approach, and applies the mapping transformation.

The main function of the base class implements the matrix-vector multiplication vmult which
calls the do_cell _integral range to perform vector multiplications over a batch of cells

in a vectorized fashion. The additional evaluate residual call is in charge of assembling the

Shttps://www.dealii.org/developer/doxygen/deal.II/namespaceMatrixFreeOperators.html


https://www.dealii.org/developer/doxygen/deal.II/namespaceMatrixFreeOperators.html

39

NavierStokesOperatorBase

matrix_free
fe_ cell_integrator

vmult(. . .)

do_ cell_integral range(...)
evaluate residual(. . .)
compute_inverse_ diagonal(. . .)

NavierStokesStabilizedOperator Other operators

do_ cell_integral local(...)
local_evaluate_residual(. . .)

Figure 4.3 General UML diagram of the matrix-free operator implemented in Lethe.

residual of the matrix using the same approach. The two functions (do_cell_integral range
and local_evaluate_residual) of the derived class are specific to the PDE being solved
and, therefore, are implemented in a new class called NavierStokesStabilizedOperator.
This class is the matrix-free stabilized operator and corresponds to the operator used through-
out this work. Similar to all the other fluid solvers of Lethe, it uses SUPG/PSPG and GLS
stabilizations and can be used for steady and transient problems. In mathematical terms,
the operator implements the application of the Jacobian matrix and the assembly of the

right-hand side residual vector for the following discretized system of equations using a CG

& o) lor) ) o

where each of the blocks of the Jacobian system are given as:

formulation with stabilization:

Af; = (90,005 + (- V)9, + (¢ - VIu)a, + (Ve ¢i)o,
(Tsupc(u - V)i, 0:9; + (u- V)@, + (¢; - V)u — vAgj)q,
supc(@; - V)i, 0w+ (u - V)u —vAu — f)q,
TsupG(@j - V)i, Vp)a,,
B = (V- ¢, 0))q, + (Tsurc(u - V)i, Viby)q,, (4.3)

" (4.2)
_l’_
_l’_

(
(



Cl = (i, V- @), + (Trspa Vi, 0,0 + (u - V) s + (¢ - V)u — vA;))a,, (4.4)
D;; = (tpspc Vi, V), (4.5)

and the residual:

Rl 5 = — (¢, 0uw)o, — (di, (u- VIu)g, + (0, V - ¢i)a, — v(Vu, Vi), + (¢4, fa,

== (tsurc(u - V)¢;, du+ (u- V)u + Vp* —vAu — f)q,, (4.6)
k

p(i,5)
= (mpspc Vi, Ou + (u- V)u + (u - V)u + Vp* — vAu)qg, . (4.7)
k

For a detailed derivation, the reader is referred to Appendices C and D. The architecture of
the base class is made so that other matrix-free operators can be added in the future requiring
only the implementation of the cell integral and the cell residual. This is particularly useful

for further adaptation of the existing fluid solvers in Lethe to the matrix-free approach.

4.2.2 Geometric Multigrid Preconditioner

A GMG preconditioner was incorporated in Lethe relying on the implementation of deal.II
[112,113]. The general architecture uses a base class for a generic matrix-free GMG precondi-
tioner: MFNavierStokesPreconditionGMGBase. Figure 4.4 shows a general UML diagram.
The class contains all the main components of a GMG method, including the information of
the minimum and maximum multigrid levels, the transfer operators, the level operators, the
smoothers and the coarse-grid solver. All of this components are essential for a V-cycle of
GMG (see Algorithm 1).

A derived class, the MFNavierStokesPreconditionGMG class, was created to be used with the
stabilized Navier—Stokes operator previously introduced. It has only two specific functions
(create_level_operator and initialize) that allow us to isolate all the components of the
multigrid operator that do not depend on the operator, such as, the setup of level operators
and the information that needs to be transferred to the different levels in order to be used
by the operator (linearization point or time derivatives of previous solutions); this eases the

implementation of additional GMG preconditioners that are tailored to the specific operators.
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MFNavierStokesPreconditionGMGBase

min_level

max_ level
transfers

operators

smoother

coarse_ grid_ solver

initialize(. . .)
vmult(. . .)
evaluate_residual(. . .)

/ &

MFNavierStokesPreconditionGMG

Other GMG preconditioners

initialize(. . .)

create_level operator(...)

Figure 4.4 General UML diagram of the geometric multigrid preconditioner implemented in

Lethe.

Algorithm 1 Pseudocode for one v-cycle of the GMG preconditioner with [ levels used
to solve Ax = b. It uses level operators AW, intergrid operators (restriction ’Rl(l_l) and
prolongation Pél_l)), smoothers and a coarse-grid solver.

function GMG (I, AD 0 W)

if [ =0 then

else

return =

z(® « CoarseGridSolver( A, z© b))

¥ + Smoother(AY, z® b")

O b AD O

b1  RITD O

21 « CGMG (I —1, A, 0, b))
x® — 2O Pl A

x®) «+ Smoother( AW, z® b")

// Solve coarse grid

// Presmooth
// Compute residual
// Restrict

// Prolongate
// Postsmooth

Transfer Operators

The prolongation operator is used to transfer the result @ from a coarse level [ — 1 to a fine

level [, as follows:

(4.8)
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and the restriction operator is defined as the transpose of this operator Rl(lfl) = (Pf,fl))T.
These operators are also used to transfer the residuals ) between levels, and to interpolate
solutions of previous transient iterations in the case of transient simulations and /or the values

of the linearization point within the nonlinear Newton solver.

Level Operators

The level operators A® are never assembled and stored in memory, with the exception of the
coarse grid operator A®. The matrix-vector multiplications that need to be performed within
the multigrid algorithm take advantage of the matrix-free operator previously explained

(NavierStokesStabilizedOperator) for the computations at each level.

Smoothers

For the pre- and post-smoothing steps of the GMG algorithm, a relaxation scheme of the
following type for each level was considered:

a:gll =2 uP 0, (4.9)
where () is the residual, defined as ) = b)) — AWz") with the level operator AY; and
P is a preconditioner. For the preconditioner, two options were considered: an Inverse
Diagonal (ID) and an Additive Schwarz Method (ASM). The former considers a diagonal
matrix corresponding to the diagonal of each matrix-free level operator. The latter consists of
approximate solves on sub-blocks of the level operator with all the DoFs of a cell (also known
as cell-centric patches). The ASM is built in two steps; first, the sparse system matrices are
assembled, and second, the blocks of these matrices are extracted, and an LU decomposition
is performed on these. In Figure 4.5, a general UML diagram of the PreconditionBase

class, from which the two classes of preconditioners are derived, is presented.

The choice of the relaxation parameter plays an important role on the overall efficiency of

the algorithm. For this work, the relaxation parameter w is computed via:
W =2/(Amin(P7'A) + Anax (P71A)), (4.10)

which is optimal for symmetric positive definite matrices [114]. For the estimation of the
maximum eigenvalue A\, we use 20 iterations of the power iteration method. Then, the
minimum eigenvalue is set t0 Apin = Amax/%, where values of ¢ between 2 and 20 are

common in literature [115]. For more details on the eigenvalue estimation algorithm the
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PreconditionBase
vmult(. . .)
PreconditionDiagonal PreconditionASM
diagonal matrix patches
blocks
vmult(. . .) weights
vmult(. . .)

Figure 4.5 General UML diagram of the preconditioner classes implemented for the smoothers
within the matrix-free fluid solver.

reader is referred to [116]. Other options that can be found in the literature include: local
Fourier Analysis (LFA), Chebyshev iteration method and Krylov iteration method [117].
Coarse Grid Solvers

Five options were implemented for the coarse grid solver:

i) a direct solver as implemented in the Amesos2 package in Trilinos [118];
ii) an AMG method as implemented in the ML package in Trilinos [119];
iii) an ILU method as implemented in the Ifpack package in Trilinos [120];

iv) a GMRES method preconditioned by a PMG with a direct solver as a coarse-grid solver
(supported by deal.II), an AMG [119], and an ILU [120] method,;

v) a single v-cycle of a PMG solver with a direct solver as a coarse-grid solver (supported
by deal.II).

Locally Refined meshes

There are different variants of this GMG preconditioner when locally refined meshes are
considered: Global Coarsening (GC) and Local Smoothing (LS). They only differ in the
case of locally refined meshes, since their main difference relies on the way the hierarchy of
multigrid levels is defined in this case. The global coarsening approach considers the entire

domain for each level, while the local smoothing approach uses only the most refined cells
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at each stage of the mesh refinement. To better understand these strategies, see Figure 4.6

for an example of an L-shaped domain.

Global coarsening (GC)

% *——

Base mesh

oL

oo
, |

Local smoothing (LS)

| H

% MMH

Figure 4.6 Comparison of the definition of the hierarchy of multigrid levels for global coarsen-
ing and local smoothing when considering an L-shaped domain and three levels. Blue circles
represent hanging nodes and red lines represent interface edges.

The global coarsening approach has hanging nodes (nodes located on the edge of an element
that are not shared by the neighbor element); in contrast, the local smoothing approach does
not present hanging nodes but has internal interfaces (or edges). For GC the hanging nodes
need to be considered by the smoother. For LS, data need to be transferred to and from all
multigrid levels, and a different treatment is required for interior DoFs, and those located
on the internal interfaces (or edges) between the levels. These two versions of GMG are
implemented and are supported by deal.II. Furthermore, they were compared and tested
in terms of parallel scalability, implementation complexity, and computational efficiency for
Poisson problems in a publication by Munch et al. [112]. The author of this thesis is a
coauthor of this publication, where details of the implementation differences and a practical

application in the scope of Stokes flow with block preconditioners can also be found.

4.3 Verification and Validation

It is essential to verify and validate the implemented solver. Oberkampf et al. [4] provide

appropriate definitions for these two methodologies:

o Verification: Determines whether the numerical algorithms are correctly implemented

without any errors in the computer code. In addition, it evaluates the accuracy of the
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input and output data and the numerical accuracy of the solution.

o Validation: assesses the accuracy of the model by comparing with experimental data,
the usage of the model to make a prediction, and the adequacy of the model for the

intended use.

In the context of PDEs, verification demonstrates that the spatial discretization method
produces the expected convergence rate as the mesh is refined. In addition, it determines
whether the code is implemented in a corrected manner and produces repeatable results
on specific computer hardware. Throughout this work, the verification steps taken can be

summarized as follows:

o The order of convergence of the chosen discretization for the incompressible Navier—
Stokes equations was verified via the Method of Manufactured Solutions (MMS) in 2D
and 3D, and via a Taylor vortex problem in 2D. This verification was also performed
using structured and unstructured grids. For a CG formulation with stabilization and
elements of equal order p, one expects to have an order of O(AhPT™!) for the velocity
and O(ARP) for the pressure.

o Continuous integration within the Lethe code was used to test the correctness and
accuracy of the code every time a new feature was added by continuous compilation
(in release and debug mode and considering compilation warnings). This included the
creation of several tests for the lethe-fluid-matrix-free application as the solver

was being developed.
In terms of validation, the following steps were taken throughout this work:

o The ILES capabilities of the solver were validated against experimental and computa-
tional reference data found in the literature for different benchmarks: flow around a

sphere, Taylor—Green vortex, periodic hills, and Taylor—Couette flow.

o The parallel scalability and time to solution of the solver was evaluated using different
steady-state and transient problems in order to establish the adequacy of the model in

terms of computational requirements.

o All steady-state and transient problems evaluated throughout this work were used
as reproducible evidence that the solver achieves the desired level of accuracy in the
solution of incompressible flow problems. This allowed us to infer that the behavior of

a wide range of flow problems can be predicted accurately using the solver.
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4.4 Computational Resources

The software development was carried out on a local desktop (AMD Ryzen 9 5900X 12-core
processor x 24). For larger simulations, computational resources from the Digital Research
Alliance of Canada were used to take advantage of distributed memory parallelism. In
addition, SuperMUC-NG in Germany was also used for certain simulations to assess the
GMG capabilities with local mesh refinement. A summary of the specifications of each

cluster is presented as follows:

 Niagara: 2024 nodes each with 40 Intel Skylake cores (2.4 GHz) with 202 GB of RAM
per node, EDR Infiniband network in a ‘Dragonfly+’ topology, and with support for
AVX512 instructions for vectorization over 8 cells/doubles (512 bits).

o Beluga: 974 nodes each with 40 Intel Gold 6148 Skylake (2.4 GHz) with 92GB to
752GB of RAM per node, and EDR Mellanox Infiniband network.

o SuperMUC-NG Phase 1: 6336 nodes each with 48 Intel Skylake cores (3.1 GHz) with
96 GB of RAM per node, and with support for AVX512 instructions for vectorization
over 8 cells/doubles (512 bits).
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CHAPTER 5 ARTICLE 1: AN IMPLICIT LARGE-EDDY SIMULATION
PERSPECTIVE ON THE FLOW OVER PERIODIC HILLS
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Abstract: The periodic hills simulation case is a well-established benchmark for computa-
tional fluid dynamics solvers due to its complex features derived from the separation of a
turbulent flow from a curved surface. We study the case with the open-source implicit large-
eddy simulation (ILES) software Lethe. Lethe solves the incompressible Navier—Stokes
equations by applying a stabilized continuous finite element discretization. The results are
validated by comparison to experimental and computational data available in the literature
for Re = 5600. We study the effect of the time step, averaging time, and global mesh
refinement. The ILES approach shows good accuracy for average velocities and Reynolds
stresses using less degrees of freedom than the reference numerical solution. The time step
has a greater effect on the accuracy when using coarser meshes, while for fine meshes the
results are rapidly time-step independent when using an implicit time-stepping approach. A
good prediction of the reattachment point is obtained with several meshes and this value ap-
proaches the experimental benchmark value as the mesh is refined. We also run simulations

at Reynolds equal to 10600 and 37 000 and observe promising results for the ILES approach.

5.1 Introduction

The phenomenon of turbulent separation from a curved surface occurs in a large variety of
engineering problems, such as flow over the blades of a turbine, past an obstruction in a
pipe, and near an impeller in a mixing tank. Therefore, it is essential that a method capable

of simulating turbulent flows is able to capture this phenomenon and the resulting flow
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characteristics. The periodic hills is an established simulation benchmark for flow separation
[121]. In this case, a well-defined flow passes over a series of hills which repeat along a channel
in a periodic fashion. As the flow passes over a hill, there is a pressure-induced separation
from the curved surface. It then recirculates on the leeward face of the hill and reattaches
at the base of the channel before accelerating up and over the next hill. This case includes
complex flow features such as the generation of an unsteady shear layer, recirculation, strong
pressure gradients, attached and detached boundary layers, and turbulence recycling due to

the periodicity assumption [122].

Over the past decade, the main research focus around the periodic hills simulation case has
been on developing better wall functions and subgrid-scale models for explicit Large-Eddy
Simulations (LES) (e.g., [123-125]), with a few studies using ILES [125-130]. In the latter
studies, only two use the Finite Element Method (FEM): Krank et al. [130] with high-
order discontinuous FEM and Wang et al. [125] with hp-spectral-FEM. In both LES and
ILES approaches there is numerical dissipation, which is not the case in Direct Numerical
Simulations (DNS), where all the scales are fully resolved. The main difference between
LES and ILES is that in the latter, often referred to in the literature as under resolved
DNS, there is no subgrid-scale model. Instead, the refinement of the mesh determines the
length scales that are resolved. In general, the mesh is finer in areas of interest or where
large flow variation occurs (particularly in near-wall regions), so that the smaller eddies can
also be resolved. In stabilized approaches, if the cell size is not small enough to resolve
all the eddies up to the scale where there is viscous dissipation, which is usually the case,
additional dissipation is included numerically according to what is called a stabilization term

that comprises a stabilization parameter and the strong residual of the momentum equation.

The aim of this study is two-fold: the first is to demonstrate how accurate results for the
periodic hills case can be obtained using less degrees of freedom than a traditional explicit
LES approach when using an ILES approach with a stabilized FEM discretisation for different
Reynolds numbers. This is achieved by comparing the simulation results with two previous
studies: an experimental study by Rapp [131] and a computational finite-volume explicit LES
completed by Breuer et al. [132]. The second aim and main contribution is to investigate
the effect of numerical parameters, such as time step, overall simulation time for averaging
of flow properties, and mesh refinement, on the periodic hills simulation. The solver used in
this study is implemented in the open-source multiphase flow simulation software Lethe, a
stabilized continuous Galerkin FEM solver which uses the deal.II Library [133,134]. This
is the first work in the literature that studies closely the effect of such parameters when
using a stabilized FEM approach and it highlights the strengths of stabilized methods for

the modeling of these kind of turbulent flows when using an implicit time-stepping scheme.
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The remainder of this work is organized as follows. Section 5.2 introduces the periodic hills
case in detail and summarizes the previous studies available in the literature, and Section 5.3
presents the stabilized formulation, simulation parameters and benchmark data. In Section
5.4 the results of all simulations are presented and analyzed. Finally, Section 5.5 summarizes

our conclusions.

5.2 Periodic Hills Case

As the flow passes over the hill, it is subjected to the effects of both the curvature of the
hill and the pressure gradient. The adverse pressure gradient on the leeward side of the
hill and resulting deceleration of the flow causes the boundary layer to separate from the
curved hill surface. The flow then recirculates on the leeward side of the hill and reattaches
in the base of the channel before the next hill. There is a short distance remaining before
the subsequent hill which allows the boundary layer to recover. The flow then accelerates
up and over the second hill, and the flow pattern repeats in a periodic manner. Figure 5.1

depicts an instantaneous snapshot of the flow over periodic hills.

Figure 5.1 An instantaneous snapshot of the turbulent flow over periodic hills as generated
by Lethe after 800 s of simulation run time. The recirculation zone and turbulence shed from
the shear layer can clearly be seen. The black lines represent streamlines of the time-averaged
flow.

5.2.1 Geometry

For a couple of decades, many experimental and computational studies have been completed
over the same generalized geometry, which was first introduced by Mellen et al. [135] (for

more information on this, a history of the periodic hills case is well surmised by Rapp et
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al. [136] and more recently by Wang et al. [125]). The initial geometry was improved over the
years to ensure that the periodic hills case could be used as a benchmark for wall modeling,
subgrid-scale modeling and grid parameters [132]. For example, the distance between the
hills was increased to have a larger reattachment zone, and the side walls were eliminated
to remove the spanwise effects on the flow. This means that there are now many studies,
both experimental and computational, that can be used as benchmarks for the periodic hills
case and confirm that the case has a well-defined configuration [131,132,137,138|. Since
most cases use the same geometry, it was also logical for our case to use this geometry (see
Figure 5.2), allowing comparison of the simulation with both experimental and simulation
data.

.

Figure 5.2 Geometry of the periodic hills test case, where L, = 9h, L, = 3.035h and L, =
4.5h, and h is the maximum height of the hill (adapted from [121]).

The shape of the hills is described using 6 polynomials, each defined for a sub-domain of the
x domain [121] (the polynomials can be found in Appendix A in Section 5.7). The top of
the first hill is located at x/h = 0 with an elevation of y(x) = h; y(z) reaches a minimal
value of 0 at #/h = 1.929. The geometry is flat in the range x € [1.929;7.071], with the
geometry mirrored at x/h = 4.5 (meaning the second hill has a windward face equal and
opposite to the leeward face of the first hill). The gap between hills is sufficiently sized to
allow the flow to reattach between hills and give some distance for recovery of the boundary
layer after reattachment. Therefore, the presence of the second hill does not affect the point

of reattachment.

The height and width of the channel are specified as to reduce the computational power and
memory required and allow sufficient resolution in both directions. The spanwise domain
of L, = 4.5h allows the side wall effects to be ignored and the spanwise fluctuations to be
completely resolved excluding the largest eddies [131,135,137]. Flow characteristics which

are half a channel width apart are uncorrelated [125].
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5.2.2 Boundary Conditions

The top and bottom walls use no-slip boundary conditions, while the boundary conditions
at the start (x = 0) and the end of the geometry (z = L,) are periodic. This allows the
flow regime to achieve periodicity after several flow throughs, as per the definition of the test
case, and removes the complication of specifying inlet and outlet conditions. The side walls

are considered to have periodic boundary conditions, which allows the model to represent
the bulk flow of the channel [121].

It is worth noting that while the velocity components are explicitly periodic at the streamwise
boundaries, the pressure is not. The pressure is comprised of a linear force component and

a non-linear pressure component:
ptotal<m> t) = pforce(t) + pdynamic(ma t) = ﬁ(t)l' + p(ma t) (51)

where 3 is a spatially independent pressure gradient term and p is the dynamic pressure
resulting from the flow regime. The value of § is dynamically adapted over time to ensure that
the specified volumetric flow rate remains constant as the flow develops, and it is included in

the momentum equation as a source term. [ is calculated following the procedure of Benocci
et al. [139] and Wang [140]:

gt = g - % (0" - 20" + T (5.2)

where, « is a relaxation coefficient to control the convergence of speed, U is the average

velocity at the inlet and At is the time step.

5.2.3 Interesting Features

Several features of interest have been identified in the flow pattern at varying Reynolds

numbers. The Reynolds number for this flow configuration is given by:

h

Re = “i (5.3)
1 3.035h 1

up = 72.035h/h u(y)dy (5.4)

where up is the bulk velocity, v the kinematic viscosity and u(y) the streamwise velocity
profile at x/h = 0. Periodic hills simulations have been carried out at Reynolds numbers up
to 37000 [124,141-143]. Most of the recent LES/DNS periodic hills studies use Re = 10595
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(e.g., [122,125,130,132,143,144]). The flow regime is still relevant for lower Reynolds numbers
however, with the relevant features being observed at Re = 5600, not to mention the plentiful
experimental and numerical data available for this specific case summarized in Section 5.2.4.
Consequently, this Reynolds number is used for the core of this study, while the higher
Reynolds numbers are only investigated shortly to have a complete view of the capabilities
of the ILES approach.

One main feature which has a large impact on the overall flow pattern is the point of sep-
aration. The point of separation from smoothly contoured walls is affected greatly by the
properties of the flow and the environment, including pressure gradient, wall roughness,
turbulence in the shear layer and transport of downstream effects [129,136]. The point of
separation has an effect on the length and height of the recirculation bubble, and hence on
the reattachment point. As Re increases, the recirculation zone flattens and the reattach-
ment point moves upstream [136]. A variation in the separation point is amongst several
factors that affect the development of the flow regime in the leeward side of the hill, and so
it leads to a difference in reattachment point [121]. Indeed, for the periodic hills case, it has
been shown that a 1% change in separation point results in a 7% change in reattachment
point [137].

The accuracy of the reattachment point is a good indicator of the accuracy of the simulation
at the near-wall region. However, the turbulent and unsteady nature of the flow leads to a low
frequency oscillation of the reattachment point, making it difficult to accurately determine
[136]. It is usually obtained as the location on the channel flow where u changes direction (the
flow stops reversing within the recirculation bubble and reattaches, flowing forward) [131],

or the location on the channel floor where the wall shear stress is zero [126].

Large eddies originate from the separated shear layer and are apparent as large longitudinal
rolls on the windward side of the second hill [141]. These are due to the Kelvin—Helmholtz
instabilities; the difference in shear stress through the fluid lead to a rotational effect and re-
sult in vortex rolls. These elongated vortices are often less than h in diameter, but being able
to model these large 3D structures indicates the need to have sufficient spanwise resolution

in a simulation.

Fluctuations are observed in the z direction on the windward side of the second hill. This is
attributed to the “splattering” effect. Eddies, including the larger Kelvin—Helmholtz eddies,
are transported by convection towards the second hill. These eddies are compressed by the
presence of the second hill, and as they can no longer continue motion in the x direction, they
“splatter” outwards. This is much more noticeable in the z direction than in the y direction

as the bulk flow at this location has a significant y-component as it accelerates up and over
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the second hill [137].

A small recirculation has also been identified at the foot of the second hill, at around z/h = 7.
As the flow travels over the second hill, the flow accelerates and shear stress increases rapidly.
Flow at the base of the second hill decelerates and can reverse, leading to a separation of the
boundary layer and secondary vortices [137]. However, this separation is strongly dependent
on the flow regime before the second hill and transportation of eddies. Since this varies over

time, this recirculation is hardly visible in the averaged flow field [132].

Another potential small recirculation can be observed on the crest of the hill. The sudden
increase of wall shear stress as the flow accelerates over the second hill is countered by
a change from a favourable to an adverse pressure gradient at approximately x/h = 8.6,
dropping the shear stress and decelerating the flow. This deceleration can lead to a small
flat recirculation zone (only found in numerical simulations at Re > 10600, e.g., [132,145]).
Hence, it is not expected to be observed in the Lethe simulations at Re = 5600. For a more
detailed review of the flow features which arise in the periodic hills simulation case, we refer
the reader to dedicated previous studies such as the articles by Frohlich [137] or by Gloerfelt
et al. [138].

5.2.4 Previous Studies of the Periodic Hills Simulation Case

Table 5.1 describes the type and resolution of meshes used in previous periodic hills simu-
lations at Re = 5600, and the resulting reattachment points obtained, to give an indicator
of the near-wall resolution. Similarly, Table 5.2 and Table 5.3 contain the information for
studies using Re = 10600 and Re = 37000, respectively. Table 5.1 shows that the mesh
size varies dramatically across studies of periodic hills at Re = 5600. Meshes used tend to
vary from 12.4 million cells up to 218 million cells. The spacing and number of grid points
is important to resolve features within the flow completely and accurately. The finer the
mesh, the closer to DNS the simulation becomes, and the greater the computational expense.
Several studies do compare mesh size and then proceed with the most accurate mesh for the

least computational expense [130, 141].



Table 5.1 Mesh type and resolutions used in previous studies with Re = 5600.

Code Type Spatial method Nurégifs v of DoFs Mesh type Reat;?)?:llinent ﬁi‘fvf/zgtiﬁfotlig}lﬁ Tim; ]step Author
LESOCC Case 7 LES FVM 12.4M - Curvilinear 5.09 145 0.002 Breuer et al. [132]
MGLET Case 8 DNS FVM 218M - Cartesian 5.14 38 0.001 Breuer et al. [132]

URDNS 5600  URDNS D(i—i‘]ié])\[ 65K 22.5M  Curvilinear 4.8240.09 61 Dynamic  Krank et al. [130]
DNS 5600 DNS (IS‘EZI\% 65K 33.6M  Curvilinear 5.04-+0.09 61 Dynamic  Krank et al. [130]
Incompact3d DNS FD 37.8M - Cartesian ~4.70 150 0.0005 Xiao et al. [146]

“Note: A dash (-) is placed where the information was not explicitly reported in the respective reference

[



Table 5.2 Mesh type and resolutions used in previous studies with Re = 10 600.

Number of

Reattachment Averaging time Time step

Code Type Spatial method cells DoFs Mesh type point [lows through] Is] Author
FVM . . I
LESOCC LES 4.7M - Curvilinear 4.56 55 0.002 Frohlich et al. [137]
(cell-centered)
STREAMLES LES FVM 4.7M - Curvilinear 4.72 55 0.001 Frohlich et al. [137]
(cell-centered)
FVM . .
ALDM ILES 4.5M - Cartesian 4.3 60 - Hickel et al. [126]
(staggered)

LESOCC Case 9 LES FVM 12.4M - Curvilinear 4.69 142 0.0018 Breuer et al. [132]
WMLES C ILES FVM 200K - Cartesian - 90 Dynamic Z.L. Chen et al. [127]
WMLES F ILES FVM 900K - Cartesian - 40 Dynamic Z.L. Chen et al. [127]

MDCD/SLAU ILES FVM 900K to 6.9M - Curvilinear - 20 0.01 Li et al. [128]
High order impact LES FVM 5.4M and 14.3M Curvilines 4.2 and 4.4 Balakumar et al. [129)]
igh order impac ILES / 5.4M and 14. - urvilinear 375 and 4.4 - - alakumar et al.
DRP11 LES FD 4.2M 33.5M - Curvilinear - 80 - Gloerfelt et al. [138]
DG-FEM e
No-model and WALE  LES (k=3) 65K 4.19M Curvilinear 3.9 - 0.0001 De La Llave Plata et al. [143]
DG-FEM , . .
URDNS 10600 URDNS (k=5) 524K 113M Curvilinear 4.5740.06 61 Dynamic Krank et al. [130]
DNS 10600 DNS 5<E*IEI) 524K 180M Curvilinear 4.51£0.06 61 Dynamic Krank et al. [130]
, 67K, 524K, . . o
FD LES FDM 49M and 33.5M Curvilinear - 55 to 80 Explicit Gloerfelt et al. [122]
SEDM-Roe LES ?}f‘fi\)i 72K and 10K 9M and 1.3M  Curvilinear ~ 4.37 and 4.18 64 and 96 Explicit Lodato et al. [144]
SEDM-Aufs LES ]?EP%I 72K and 10K 9M and 1.3M  Curvilinear ~ 4.21 and 4.43 64 and 96 Explicit Lodato et al. [144]
DFEM , - -
SEDM LES (k=6) 72K 24.7T™M Curvilinear - 23 Explicit Lodato et al. [144]
Nektar++ ILES }(liffé\)l 246K, 500K - Curvilinear - 140 0.001 Wang et al. [125]

Note: A dash (-) is placed where the information was not explicitly reported in the respective reference.

Gg



Table 5.3 Mesh type and resolutions used in previous studies with Re = 37 000.

Spatial Number of

Reattachment Averaging time Time step

Code Type method cells DoFs  Mesh type point [flows through] [s] Author
Eg?gigg ILES FVM 200K and 350K 12.4M - 3.41 and 3.80 90 and 40 - Z. Chen [147]
PITM Hybr/iiiEPéANS FVM 482(?212112(1188?07}( Curvilinear 3.?)4‘132;13‘?’)?68 - Explicit Chaouat et al. [141]
LES LES FVM i??j(Z (ii\ il Curvilinear 2}15& ??Zgi 140 Explicit Mokhtarpoor et al. [142]
DLUM RANS/LES FVM 500K - Curvilinear 3.8 140 Explicit Mokhtarpoor et al. [142]
WALE LES D(Gk_z?]::)M 65K 4.19M  Curvilinear 3.2 - Explicit ~ De La Llave Plata et al. [143]

Note: A dash (-) is placed where the information was not explicitly reported in the respective reference.

9¢
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The majority of previous periodic hills simulations do not discuss or even state the time
averaging or time stepping aspects of the simulations, excluding whether to consider if the
CFL number is sufficiently low (an important consideration for stability in explicit time step-
ping methods). If they do state the averaging time and time step, often these are extremely
large and small respectively. However, an overly large averaging time or overly small time
step may result in a simulation running for much longer and being much more computation-
ally costly than necessary. Additionally, due to the transient and turbulent nature of the
simulation, it was theorized that these two parameters would have an effect on the results
produced. Therefore, the time after which the average was taken and the time step used in

the simulation were deemed to be two parameters worthy of further investigation.

To the authors’ knowledge, the only two FEM ILES studies that study some of these param-
eters for the periodic hills case are by Krank et al. [130] and Wang et al. [125]. The time is
considered by the former, who look at the time taken for averages to converge for different
DNS and under resolved DNS simulations with both Re = 5600 and Re = 10600. They also
consider the convergence using h/p refinement for a discontinuous Galerkin ILES approach,
while the latter look at the ILES requirements only for Re = 10600, but mainly focus on the

grid requirements and order of the elements, and do not consider the effect of time at all.

In summary, the majority of previous studies of the periodic hills simulation case have focused
on the physical processes controlling the flow regime, or solely have demonstrated the ability
of a CFD code to accurately model the simulation case, rather than focused on the parameters
of the simulation itself. They hence ran the simulation case at the smallest time step and

finest grid that is computationally feasible for the longest time.

Optimization of the parameters for the flow regime has barely been focused on at all; us-
ing parameters which maintain accuracy of the simulation while reducing computational
expense are important for feasible simulations, particularly for application of the model to
industry [148]. Therefore, the effect of the numerical parameters must be understood and
so the effect of time step, averaging time and mesh resolution, are investigated within this

work.

5.3 Simulation Setup

All simulations in this work were completed using the open-source software Lethe [105]. All
relevant code required to run the simulations in this report can be found in the public Github
repository for Lethe (https://github.com/chaos-polymtl/lethe). The code specific to

post-processing the results obtained from the periodic hills simulations is available in the


https://github.com/chaos-polymtl/lethe
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periodic hills folder within the Lethe-utils Github repository (https://github.com/chaos
-polymtl/lethe-utils). Lethe depends on the deal.ll library v9.5.0 with Trilinos, pdest,
ParMetis, and MPI enabled [133,134]. In this study, the supercomputers Beluga and Niagara

of the Digital Research Alliance of Canada were used.

5.3.1 Governing Equations and Numerical Model

Lethe solves the incompressible Navier—Stokes equations:

Vow— 0 (5.5)
aa’l;+(u~V)u:—Vp*+V'T+f (5.6)

with
T =v((Vu) + (Vu)") (5.7)

where u is the velocity vector, p* = % with P the pressure and p the density, T the de-
viatoric stress tensor, v the kinematic viscosity and f a body force. Being non-linear par-
tial differential equations, they must be discretised in space and time in order to approxi-
mate a solution. For this a continuous Galerkin Finite-Element formulation is used along
with a SUPG (Streamline-Upwind/Petrov-Galerkin) /PSPG (Pressure-Stabilizing/ Petrov-
Galerkin) stabilization approach. This allows the use of equal-order finite elements for the
pressure and velocity components and avoids numerical oscillations for advection-dominated
problems [105, 149, 150]. The following weak formulation for the Navier-Stokes equations is

obtained:
ou .
/V-uqu—i—Z/ O 4 VutVp —V-r—F) - (nV)d%=0  (58)
Q = Jo, \ Ot

/sz<gl;+u'V“—f>~'de+/Q7-:Vde—/Qp*V.de

+Z/ a—u+u~V'u,+Vp*—V-T—f (Tuw - Vo) dQl, = 0 (5.9)
= Jo. \ Ot

where v and ¢ are the test functions for velocity and pressure, respectively, and K is the total

number of elements. Since the problem is transient, the stabilization parameter 7, takes the
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following form:

—1/2
1N\2 (2]l A%

— — 1
(a0) (i) oot 310

where At is the time step, heony and hgg are the size of the element related to the convective

Ty =

transport and diffusion mechanism, respectively [149, 149]. In Lethe, both element sizes
(heonv and hgig) are set to the diameter of a sphere of a volume equivalent to that of the
cell [105,150,151]. The full definition of the methods and demonstration of the order of
accuracy of this CFD solver are detailed in a separate publication [105]. For the simulations
in this study, Newton’s method is used to solve implicitly the non-linear problem. Each linear
system of equations is solved with an ILU preconditioned GMRES solver. A second-order

backward difference implicit scheme (BDF2) is used for time stepping [76].

5.3.2 Simulation Parameters and Mesh

The flow geometry is used as described in Section 5.2.1 and the boundary conditions as
specified in Section 5.2.2. The height of the hill (h) is set equal to 1 for simplicity. Likewise,
the volumetric flow rate and kinematic viscosity are set to be 9.1575m3s™! and 1.78571 x

10~*m?2s™! respectively, so that the bulk velocity is up = 1ms™*

, and a Reynolds number
of 5600 can be maintained. The kinematic viscosity is set to 9.43396 x 10> m?s~! for a
Reynolds number of 10600 and to 2.7027 x 107> m? s~ for a Reynolds number of 37 000. For

all simulations, first-degree Lagrange elements (1) are used for both pressure and velocity.

Figure 5.3 Example of the curvilinear mesh used in Lethe. This mesh contains only 4K
cells for the purpose of visualization. However, the coarsest mesh used in the results section
contains 120K cells.
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The elements of the mesh are isoparametric hexahedra and are arranged on a curvilinear
mesh (see Figure 5.3). The mesh used for all simulations is a static, uniformly refined
mesh. In the x and z directions, the elements are of equal width across the domain. In
the y direction, the spacing of the grid points can be varied, allowing the mesh to become
finer as the elements approach the wall. For all meshes used in this study, the ratio between
the longest to the shortest dimensions of a cell located in the middle of the geometry never

exceeds a value of two.

The quality of the grid is as important as the number of grid points in order to accurately
locate features of interest and reduce numerical errors. The resolution of the mesh in the
near-wall region is evaluated using the dimensionless distance from the wall Ay™ which gives

an indication of how fine the mesh is in the near-wall region:

_ YecUr
14

Ay

(5.11)

where v, is the half of distance from the wall to the wall-nearest grid point, v is the kinematic

viscosity and wu, is the friction velocity given by:

Uy = 4| — 5.12
p (5.12)

where 7, corresponds to the wall-shear stress and p to the density. The spanwise and length-
wise cell lengths Azt and Az™ are also important for resolving near the wall and can be
calculated in the same fashion by replacing y.. with the appropriate coordinate. The average
and maximum values for Az, Ay™ and Az+ over x/h for all meshes used in this study, are

reported in Appendix B in Section 5.8.

Apart from the y™ criteria, that is in fact commonly used in the LES and RANS domains,
no other criteria in the literature of stabilised methods were found to assess the quality
of the mesh a posteriori. According to the literature, simulations of attached boundary
layers are not precise for traditional LES approaches if the nearest computed values are not
located within the viscous sub-layer (Ay™ < 5) [30]. In the periodic hills literature, the
recommended ranges for wall-resolved LES simulations are defined as: Az™ = 50 — 100,
Ayt = 1 and Az &~ 15 — 30 [122,137]. In this study, none of the meshes have coordinate
resolutions within these ranges. In particular, the average values for Az* and Az' always
have significantly higher resolution. In a publication by Krank et al. [130], where a DNS
simulation was performed, a value of Ay < 0.86 and Az} = Azl = 7.2 was reported.

max max

This indicates that the mesh resolutions used in this study are, in fact, in between DNS and
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wall-resolved LES, which is exactly the definition of implicit LES when it comes to mesh

resolution.

5.3.3 Comparison Data

In order to verify the accuracy, stability and reliability of this ILES approach in the periodic
hills case, the results are compared to established test data from both experiments and
other CFD simulation. Experimental data is obtained from Rapp [131], and results from
the LESOCC CFD code performed by Breuer et al. [132] provide benchmark computational
data. Since data is provided for cross-section at varying x/h values in both benchmarks, the
results from the Lethe simulation must also be extracted at these points to allow comparison
of the data.

Experimental Data

A series of experiments ran by Rapp [131] provide an experimental benchmark case. Not
all benchmark data can be obtained from a physical experiment - notably the data obtained
by Rapp does not contain values of the turbulent kinetic energy or the spanwise Reynolds
normal stresses. The experimental set up involved a series of 10 hills with the curvature and
hill spacing described in Section 5.2.1 with hill height A~ = 50 mm. The channel height was
kept the same, but the channel span was increased to 18h in order to sufficiently neglect side

wall effects.

Results were collected using Particle Image Velocimetry (PIV) and verified against Laser
Doppler Anemometry (LDA) measurements. Piezoelectric pressure probes were used to al-
low non-intrusive pressure measurement. Results were corrected for error and signal noise.
These conscientious, well-considered measurement techniques used give high confidence to

the results. The reattachment point was determined at z/h = 4.83.

Periodicity of the flow was confirmed by comparing flow between hills 6 and 7 and hills 7 and
8, and the reference data taken from between hills 7 and 8. While it is confirmed that the
flow can be assumed to be homogeneous (statistically 2D), the periodicity at Re = 5600 can
only be proven to a certain extent due to limitations inherent to the measurement equipment.
However, Rapp [131] concluded that the data produced is precise enough to be used to develop
better LES models.

Rapp also collected data for higher Reynolds numbers (Re = 10600 and Re = 37000) using
the same set up and experimental techniques. This data is chosen for comparison with our

results obtained using the higher Reynolds numbers in Section 5.4.4. Measuring properties
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near to the wall is specially challenging in these cases as the boundary layer thickness is very
small, however, the periodicity of the flow could be proven completely in both cases [131].
The experimental reattachment point was determined to be equal to z/h = 4.21 and to
x/h = 3.76 for Re = 10600 and Re = 37000, respectively.

Computational data

An established benchmark test case for computational periodic hills simulations was created
by Breuer et al. [132] using the FVM code LESOCC. LESOCC solves the incompressible
Navier—Stokes equations using the dynamic Smagorinsky model as sub-grid scale model. A
range of simulations were performed by Breuer et al.; the first results of interest arise from
Case 7, which was performed at Re = 5600 using a LES approach. This setup uses around
12.4 million active cells (13.1 million grid points) in the mesh with a time step of 0.002s and

the average taken over a time period of 1300 s.

The reattachment point for the benchmark case is 5.09, which is longer than the value
of 4.83 given experimentally by Rapp. Since the reattachment point describes the overall
performance of a simulation in one number [130], these values can be used as indicators
for the method’s performance. Breuer et al. note that the pressure distribution in the
computational benchmark data is slightly under-predicted due to the SGS model, leading to
a delay in the separation point and hence to an over-prediction of the reattachment point. In
general, previous implicit LES studies appear to give better reattachment point agreement
to the Rapp data than to the Breuer data (e.g., [125]), but in the bulk of the flow the profiles
are closer to those of Breuer data (e.g., [130]). Therefore, while both benchmarks do not give
precise values, they give a clear indication of the region the reattachment point should fall

within.

The second results of interest are known as LESOCC Case 9 and correspond to the Reynolds
number of Re = 10600. The grid used for this case was the same as in the previously
explained simulation, but a time step of 0.0018 s and an average taken over a time period
of 1300 s were used. The numerical reattachment value was determined to be x/h = 4.69 in

this case.

5.4 Results and Discussion

A baseline simulation is run to validate the results against the computational and exper-
imental data sets presented in Section 5.3.3. Then, different meshes are considered when

investigating the effects of time step and averaging time, followed by some simulations us-
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ing higher Reynolds numbers. In Table 5.4, a summary of the different simulations and
their parameters is presented. The computational times of all simulations in core hours are

presented in Appendix C in Section 5.9.

Table 5.4 Summary of the simulations performed and respective parameters.

Case Mesh Re Time step [s] Time average |s]
Baseline Coarse 5600 0.1 1000
Regular
Fine
Time step Coarse 5600 0.0125, 0.025, 1000
Regular 0.05, 0.1
Fine
Time Coarse 5600 0.025 500 to
averaging Regular 1100
Fine
High Very coarse 10600 0.025 800
Reynolds Coarse 37000
numbers Intermediate

“Note: (cells, DoFs) of each mesh: very coarse (~120K, 500K), coarse (~250K, 1.1M), intermediate
(~500K, 2.4M), regular (~1M, 4.5M) and fine (~4M, 16M).

5.4.1 Baseline

The baseline simulation ensures that the results accurately reproduce the physical phe-
nomenon that occurs in the periodic hills case. It uses the coarse, regular, and fine mesh, a
time step of 0.1s, and the average is taken between 207s and 1000s (for an averaging period
of 793 s or 88 flow throughs). This averaging period is larger than most of the simulations
shown in Table 5.1 and is studied in detail in Section 5.4.3.

Considering the average velocity profile in the x direction (Figure 5.4), there is a good
agreement of the Lethe data with both benchmarks in the bulk of flow. At the upper and
lower walls, the Lethe data exceeds the benchmarks but retains shape at all x values similarly
to the LESOCC simulation. The y velocity and Reynolds stresses also agree well with the
benchmark data; for the Reynolds normal stress in = direction see Figure 5.5. The Reynolds
stresses are more sensitive than the average velocity, but overall, there is a good accuracy of

the prediction with minimum discrepancies between the meshes.
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Figure 5.4 Average velocity in the x direction throughout the geometry at Re = 5600, com-
pared against the benchmarks. The profiles are scaled by a factor of 0.8 for ease of visual-
ization.

The reattachment point was determined to be 4.73 with the coarse mesh, 4.40 with the
regular mesh, and 4.35 with the fine mesh; all of them shorter than both the Rapp and the
Breuer values (4.83 and 5.09 respectively). In the literature, the reattachment point has been
shown to be constantly under-predicted by overly coarse meshes [125], however, as we are
using a stabilized method, in this case other parameters are playing an important role as
well, such as the time step and the averaging period for the estimated quantities. Therefore,

these parameters along with the mesh are investigated in the following sections.

5.4.2 Time Step

To study the effect of the time step in the simulation, four simulations per mesh were com-
pleted using Lethe. Again, the coarse, the regular and the fine meshes were used, and the
time steps were defined by sequentially halving the value of the time step from At = 0.1s to
At = 0.0125s. We recall that the BDF2 scheme is second-order accurate in time. Average

results were taken again after 1000 s.

The average velocity profiles in x are presented in Figure 5.6. For all the meshes, we obtain
results that are very similar to the experimental and numerical benchmarks. The biggest
difference can be observed again in the near-wall region. Looking at the zoom-in plots, it is

possible to observe that, in the case of the coarse mesh, there is a high discrepancy between
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Figure 5.5 Reynolds normal stress in the z direction throughout the geometry at Re =
5600, compared against the benchmarks. The profiles are scaled by a factor of 5 for ease of
visualization.

the results corresponding to the different time steps. While for the regular and fine mesh,
this difference between the results is reduced. The stresses demonstrate this trend most
significantly (see Figure 5.7 and 5.8). In the case of the fine mesh, all the time steps with

the exception of the largest one converge towards the numerical solution of Breuer et al. [132].

These results can be analyzed taking into account the stabilization term in the FEM for-
mulation, which comprises two components: i) the stabilization parameter 7, which in turn
considers the time step At and the cell size h, and ii) the residual of the strong form of the
momentum equation. In the case of the coarse mesh, as the time step is reduced, so is the
dissipation or stabilization, which in general leads to a deterioration of the accuracy in coarse
meshes. This phenomenon has been observed in the literature, e.g., in the articles by Hsu
et al. [152], Calderer et al. [153] and Gamnitzer et al. [154]. In the case of the fine mesh,
the norm of the strong residual is smaller, which reduces the effect of the stabilization, and
leads to accurate and similar results for all the time steps. For the case where Re = 5600, we
observe that using a stabilized formulation along with an implicit scheme allows us to refine

the mesh and use a time step as large as 0.05 without losing the accuracy of the solution.

Considering the reattachment points in Table 5.5, it can be seen that the value of the
reattachment point increases as the time step decreases when the coarse mesh is used. For
the regular mesh, decreasing the time step means that the value converges more towards the

experimental value (4.83) by Rapp [131], as the stabilization is affected by the refinement of
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Figure 5.6 Average velocity in the x direction at different points of the geometry with Re =
5600, compared against the benchmarks.

the mesh. Hence the reattachment point becomes more accurate as the time step decreases.
Finally, in the case of the fine mesh, all the time steps, apart from the coarsest one, obtain

a value that is nearer to that obtained experimentally.

In this study, we use an implicit time-stepping scheme where the CFL condition is not
necessary, allowing a much greater time step to be used stability-wise compared to an explicit
time-stepping scheme. For stability with an explicit time-stepping method, a CFL number
less than 0.8 is required in the periodic hills case as reported by Mokhtarpoor et al. [124],
which explains why the time step used is so small in other studies since they mostly use
explicit methods. We report the CFL number of each simulation in Table 5.5. It is worth
noting that for the fine mesh, only the smallest time step fulfills the usual CFL requirement
for this case, while all the others do not but still produce accurate results. This indicates that

it is possible to use fine meshes and large time steps, without affecting the accuracy of the
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Figure 5.7 Reynolds normal stress in the = direction at different points of the geometry with
Re = 5600, compared against the benchmarks.

implicit LES approach. A detailed comparison between explicit and implicit time-stepping

schemes in terms of computational cost of the solution is out of the scope of this study.

However, it is important to keep in mind that iterations are generally computationally more

demanding when using an implicit scheme.

In conclusion, for coarse meshes, reducing the time step leads to a reduction of the accuracy

of the average velocity and Reynolds stresses, with a higher impact in the latter for the bulk

of the flow. In the case of fine meshes,

a similar accuracy is obtained for all the time steps

with the exception of the coarsest one. This opens up the possibility of using high CFL

values when simulating complex cases.
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Figure 5.8 Reynolds shear stress at different points of the geometry with Re = 5600, compared
against the benchmarks.

5.4.3 Time Averaging

For the periodic hills simulation, the average velocities and Reynolds stresses are taken over
time. The values used in the averaging process are taken after the time exceeds 207s, or
after 23 hills have been passed, and so the flow can be considered as periodic. For the
reference numerical data, the averaging period used was of 145 flow-through times while in
the experimental set up a total of 10 hills were considered. In previous studies, the averaging
time period varied by approximately one order of magnitude [130], with no clear consistency
on how that time period was decided. In fact, Krank et al. [130] stated that the averaging
period suggested by some studies for this case is of around 1000 flow-through times, which
is very long and not feasible. Therefore, we decided to study the effect of the time elapsed

on the convergence of the average values. For this purpose, we again used the coarse, the
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Table 5.5 Near-wall parameters and CFL at varying time steps for an averaging time of
1000s. The experimental reattachment points are: 4.83 for the experimental benchmark by
Rapp [131] and 5.09 for the numerical benchmark by Breuer et al. [132].

Coarse (250K) Regular (1M) Fine (4M)
Time step RP CFL RP CFL RP CFL
0.1 4.73 £ 0.05 ~ 2.2 4.40 £ 0.05 ~ 3.2 4.35 £0.4 ~ 5.1
0.05 4.87 £ 0.05 ~ 0.9 4.59 £ 0.05 ~ 1.6 4.74 £0.4 ~ 2.8
0.025 5.07 £ 0.05 ~ 0.5 4.80 £ 0.05 ~ 0.7 4.83 £0.4 ~ 1.2

0.0125 5.37 £ 0.06 ~ 0.2 4.88 £ 0.05 ~ 04 4.85 £ 0.4 ~ 0.6

“Note: RP corresponds to reattachment point.

regular and the fine mesh, and data was extracted at varying times to see the convergence.
The lowest averaging period considered was of 500s or 44 flow throughs and the largest
averaging period was 1000s or 88 flow throughs. To have a fair comparison of the effect of
the averaging time for these three meshes, a time step of At = 0.025s is chosen due to the

observations of the previous section.

According to Figure 5.9, 5.10 and 5.11, the results for all the meshes are independent
of the length of the time-averaging period. The difference between the results for different
time-averaging period is minimal in all cases. The largest differences can be observed near to
the walls due to the zoom-in plots and it is slightly more evident when taking a look to the
Reynolds stresses. To answer the question of how the time-averaging affects the prediction of
the reattachment point, this value was extracted at varying averaging times for each mesh and
plotted, as per the method by Krank et al. [130]. This method plots the reattachment points
against the averaging time (in number of flows through times). The error e is evaluated
using the following expression e = +c¢/ ﬁ , Where ¢ is a manually defined constant and
Ty is the number of flows through times. Since the reattachment point oscillates due to
the turbulence, a final reattachment point is set to a value that the reattachment points
extracted tend towards. The constant ¢ is then manually adjusted so that the error is as
small as possible with all the extracted reattachment points lying within the error range. The
error bandwidth hence decreases as the averaging time increases. The reattachment points
converge very quickly, with the expected oscillation at different averaging times being within

a very small error range.

The results in Figure 5.12 show that as we refine the mesh, the reattachment points ap-

proach the experimental reattachment point value by Rapp [131]. For this plot, we also added
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Figure 5.9 Average velocity in the x direction at different points of the geometry with Re =
5600, compared against the benchmarks.

the results for an intermediate mesh with 500K cells, since it allows us to see that the results
are not monotonically approaching the experimental value as the mesh is refined, which is in
agreement with the oscillatory nature of the physical phenomena. The reattachment point
obtained by Breuer et al. [132] is in the error bandwidth of the reattachment points obtained
using the coarse mesh in this study. In the literature, Krank et al. [130] used this methodol-
ogy to compare two configurations: a DNS simulation with 65K cells and 33.6M DoFs and
an URDNS simulation with 65K cells and 22.5M DoFs. For the latter, they observed that
the reattachment point was closer to the experimental value by Rapp et al. [131] but away
from the DNS simulation. This study shows a very clear trend towards the experimental
reattachment point as we increase the mesh resolution along with a reduction of the error
bandwidth. It can also be observed that again, the bandwidth of all the meshes is reduced

significantly after the averaging for 500 s and 600 s, which reassures that a minimum of 700 s
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Figure 5.10 Reynolds normal stress in the = direction at different points of the geometry with
Re = 5600, compared against the benchmarks.

is required to accurately predict specific quantities.

5.4.4 Higher Reynolds Numbers

As mentioned in Section 5.2.4, results with higher Reynolds numbers are available in litera-
ture, therefore, we tested our ILES method with SUPG/PSPG stabilization to see how well
it can predict important flow properties at Re = 10600 and Re = 37000. For this, three
meshes are considered: very coarse, coarse and intermediate. A time step of At = 0.025s

and a time average of 800 s are used in accordance with the findings of the previous sections.

The results for Re = 10600 are compared to the experimental and computational data by
Rapp [131] and Breuer et al. [132], respectively. In the case of Re = 10600, a good accuracy

of the average velocity in the x-direction is obtained for all meshes, with the intermediate
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Figure 5.11 Reynolds shear stress at different points of the geometry with Re = 5600, com-
pared against the benchmarks.

mesh having closer results to the experimental data in the bulk of the flow and near to the
wall (see Figure 5.13). The reattachment points obtained for this case using the different
meshes, from very coarse to intermediate, are z/h = 4.54,4.90 and 4.01. According to the
results obtained by Rapp (z/h = 4.21), the point of reattachment moves upstream with
increasing Reynolds number as the recirculation zone flattens, which is what we observe in
our results. In addition, the first two values are very close to the reattachment point obtained
by Breuer et al. (z/h = 4.69). The prediction of the reattachment point is more sensitive
to the time-averaging period; hence, it is possible that a larger period is required to obtain
more accurate results in the case of this Reynolds number. For the Reynolds stresses (see
Figure 5.14) all meshes tend to overpredict the stresses throughout the channel, again with

the intermediate mesh obtaining closer results to the experimental data.

The results for the case with Re = 37000 were only compared with the experimental bench-
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Figure 5.12 Reattachment point extracted at different averaging times for the coarse (250K),

intermediate (500K), fine (1M) and very fine (4M) meshes, where the dotted line shows the
error in the reattachment point over time.

mark, as Breuer et al. did not conduct any study using LESOCC for this Reynolds number.
We see a similar trend on the estimation of the average velocity and the Reynolds stresses,
however, with a higher discrepancy of the overall results in the bulk of the flow and near the
wall. In Figure 5.15, there is an underprediction of the velocity in the lower region of the
channel and an overprediction on the upper region, with a higher difference near the walls. A
higher difference between the results of the different meshes can be observed in the results for
the Reynolds stresses (see Figure 5.16), where they are all overpredicted, however, the in-
termediate mesh is the closest one to the experimental results. As pointed out by Rapp [131],
to accurately predict the high near-wall peak obtained with this Reynolds number is of utter

importance to have a correct prediction of Reynolds stresses at the windward side of the hill.

The reattachment points obtained in this case were z/h = 4.20,4.09 and 3.49 for the three
meshes from very coarse to intermediate. Experimentally, the reattachment point was de-
termined to be equal to 3.76 [131]. Therefore, refining the mesh seems to help to have a
better resolution of the flow properties allowing the reattachment point to move upstream,
while introducing less dissipation. However, as in the previous case, further refinement of
the mesh might lead to less time-dependent results and better accuracy of the predictions.
This section demonstrates the capabilities of this ILES approach to simulate higher Reynolds
numbers for turbulent flows with complex characteristics and the need of understanding the
influence of all the parameters involved in the FEM formulation to be able to improve the

predictions and understand phenomena that are not easy to observe experimentally.
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compared against the benchmarks. The profiles are scaled by a factor of 0.8 for ease of
visualization.

5.5 Conclusion

Multiple simulations of the flow over periodic hills at Re = 5600 have been completed using
a stabilized finite element ILES approach implemented in the open-source software Lethe.
The use of this numerical method to model this simulation case was validated by comparison
with two previous studies, meeting the first objective of this study. In general, the quality
of the prediction depends on three factors: the mesh, the time step (along with the type of
time-stepping scheme), and the time averaging period used to obtain the turbulent statistics.
We demonstrated that it is possible to simulate these kinds of flows using coarse meshes for
the prediction of average quantities or specific values, such as the reattachment points, but
special attention needs to be taken when choosing the time step as it significantly affects
the predictions when using a stabilized approach. When a finer mesh is used, along with
an implicit time-stepping scheme, larger time steps (higher CFL values) than those typically
used in periodic hills studies with explicit schemes can be used without losing accuracy both
in the bulk of the flow and in the region near to the wall. This does not necessarily imply
that the implicit scheme is computationally more efficient, since it requires the full solution

of a non-linear system of equations.

The results for the reattachment points extracted from different simulations using different

meshes approach the value given by the experimental benchmark as the mesh is refined. The
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Figure 5.14 Reynolds normal stress in the z direction throughout the geometry at Re =
10600, compared against the benchmarks. The profiles are scaled by a factor of 5 for ease of
visualization.

values for a 1M cells mesh and a 4M mesh are very close, indicating that mesh-independent
results were obtained. The method was also tested for Re = 10600 and Re = 37000 using
very coarse meshes. Although the ILES approach used in this study obtains accurate results
for the velocity for Re = 10600, the Reynolds stresses are strongly affected near the separation
and post-reattachment zones. The results have greater discrepancies at Re = 37000, where
significant differences are observed not only at the wall but also in the bulk of the flow. These

results could be further improved by further reducing the size of the cells.

To conclude, this study not only has provided a greater understanding of how the numerical
parameters affect the simulation results for the periodic hills case, but also shows that ILES
methods are able to provide very good solutions for these types of complex turbulent flows
with coarse and fine meshes that are coarser than the ones used in the literature. It also
highlights the advantages of an implicit time-stepping scheme over an explicit one in the
context of stabilized methods. The ILES methods are promising for practical simulations
as they provide accuracy, do not require the calibration of a subgrid scale model, and can
reduce the computational effort, in terms of mesh size and degrees of freedom of the numerical

system, in comparison to traditional LES approaches.
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Figure 5.15 Average velocity in the x direction throughout the geometry at Re = 37000,
compared against the benchmarks. The profiles are scaled by a factor of 0.8 for ease of

visualization.

5.6 Acknowledgments

The authors would like to acknowledge the financial support from the Natural Sciences and
Engineering Research Council of Canada (NSERC) through the RGPIN-2020-04510 Discov-

ery grant. The authors would also like to acknowledge technical support and computing time

provided by the Digital Research Alliance of Canada and Calcul Québec.

5.7 Appendix A : Geometry of Hills
The 6 polynomials used to describe the shape of the hill are:

1. For z € [0;0.3214h]:
y(z) = min(h; h + Ohz + 2.420h x 10~z — 7.588h x 10~°x3)

2. For x € [0.3214h; 0.5A):
y(z) = 0.8955h + 3.484h x 1072z — 3.629h x 10722% + 6.749h x 10~°z3

3. For x € [0.5h;0.7143h):
y(z) = 0.9213h + 2.931h x 10722 — 3.234h x 107322 + 5.809h x 10~°x3
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Figure 5.16 Reynolds normal stress in the z direction throughout the geometry at Re =
37000, compared against the benchmarks. The profiles are scaled by a factor of 5 for ease of
visualization.

4. For z € [0.7143h; 1.071A]:
y(z) = 1.445h — 4.927h x 10722 + 6.950h x 10~*2? — 7.394h x 107623

5. For x € [1.071h;1.429A]:
y(z) = 0.6401h + 3.123h x 1072z — 1.988h x 10732% + 2.242h x 10~°x3

6. For x € [1.429h;1.929A]:
y(z) = max(0;2.0139h — 7.180h x 1072z + 5.875h x 10712% + 9.553h x 10~ "23)

5.8 Appendix B : Mesh Resolution

The quality of the meshes used in this study are evaluated in terms of wall-coordinates Az™,
AyT and Az*™. The Ay™ values along x/h are plotted in Figures 5.17, 5.18 and 5.19.
The average and maximum values are reported in for all the coordinates are reported in
Tables 5.6, 5.7 and 5.8.

5.9 Appendix C : Computational Time

The simulations were run using Niagara, a distributed memory cluster from the Research
Alliance of Canada. Niagara consists of 2024 nodes, each with 40 Intel Skylake cores (2.4 Ghz)
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Figure 5.17 Distribution of Ayt along the lower wall for the different meshes used at Re =
5600. This was calculated for an average time of 800 s and a time step of 0.025.

Table 5.6 Maximum and average Az™, Ay and AzT for the different meshes at
Re = 5600. This was calculated for an average time of 800 s and a time step of
0.025.

Mesh Az Ax} Ay Ayt Az Azt

avg max avg max
250K 2.96 8.85 1.66 4.30 4.20 12.52
1M 2.40 7.49 1.16 3.15 2.26 7.06
4M 1.39 4.67 0.61 1.73 1.51 5.06
7.
6.
*] —— Lethe - 120K
5 49 Lethe - 250K
T, —— Lethe - 500K

Figure 5.18 Distribution of Ayt along the lower wall for the different meshes used at Re =
10600. This was calculated for an average time of 800 s and a time step of 0.025.
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Table 5.7 Maximum and average Az", Ay and Az™ for the different meshes at
Re = 10600. This was calculated for an average time of 800 s and a time step of
0.025.

Mesh ijvg A"L‘:rr’bam AchLrvg Ay;ruw Aztirvg AZ’rJ?rmz
120K 6.83 17.69 3.34 7.46 6.41 16.60
250K 4.37 12.71 2.44 6.18 6.18 17.98
500K 4.84 13.95 1.89 4.73 4.15 11.97
141
121
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Figure 5.19 Distribution of Ayt along the lower wall for the different meshes used at Re =
37000. This was calculated for an average time of 800 s and a time step of 0.025.

Table 5.8 Maximum and average Az", Ay* and Az™' for the different meshes at
Re = 37000. This was calculated for an average time of 800 s and a time step of
0.025.

Mesh Az} Az} Ay, Ayt Az Azt

avg max avg max
120K 14.46 34.09 7.06 14.38 13.57 31.98
250K 10.21 25.60 2.73 12.46 14.44 36.21
500K 11.11 28.51 4.35 9.67 9.54 24.48

with 202 GB of RAM per node. The computational times in core hours for all simulations

considered in this study are presented in Table 5.9.
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Table 5.9 Computational times of all simulations performed.

Mesh Time step [s] Time average |s] Time [core hour]

Baseline, time step and time averaging simulations for Re = 5600

Coarse 3647
Regular 0.1 1000 16 800
Fine 116 667
Coarse 5180
Regular 0.05 1000 24667
Fine 174000
Coarse 6933
Regular 0.025 1000 36 667
Fine 188 000
Coarse 9400
Regular 0.0125 1000 39933
Fine 167333

Simulations for Re = 10600

Very coarse 3061
Coarse 0.025 800 5493
Intermediate 15307

Simulations for Re = 37000

Very coarse 3173
Coarse 0.025 800 5440
Intermediate 15253

“Note: (cells, DoFs) of each mesh: very coarse (~120K, 500K), coarse (~250K, 1.1M), intermediate
(~500K, 2.4M), regular (~1M, 4.5M) and fine (~4M, 16M).
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Abstract: We present an efficient solver for the incompressible Navier—Stokes equations im-
plemented in a matrix-free fashion. It uses a higher-order continuous Galerkin finite element
method for the space discretization and leverages a stabilized formulation that includes both
the SUPG and PSPG terms. We solve the non-linear problem in a fully coupled way, us-
ing a Newton-Krylov method, which is preconditioned by a monolithic geometric multigrid
solver. To evaluate its efficiency in terms of time to solution and scalability on modern high-
performance computers, we use a manufactured solution, a steady flow around a sphere with
Reynolds number Re = 150 and the Taylor-Green vortex benchmark at Re = 1600. The
results indicate that the solver is robust and scales for both steady-state and transient prob-
lems. We compare the matrix-free solver to a matrix-based version and show it exhibits lower
memory requirements, better scalability, and significant speedups (10-100x for higher-order
elements). Moreover, we demonstrate that a matrix-free implementation is highly efficient
when using higher-order elements, which provide higher accuracy at a lower number of de-
grees of freedom for complex steady problems. To the best of our knowledge, this work is
the first that uses a matrix-free monolithic geometric multigrid preconditioner to solve the
stabilized Navier—Stokes equations. All implementations are available via the open-source

software Lethe.

6.1 Introduction

The simulation of flows using computational fluid dynamics (CFD) has advanced greatly
in recent decades and is now an essential tool for several industries ranging from aerospace

design to process engineering. Despite this, simulation of flow problems (e.g., rotating flows,
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external flows) with a Reynolds number Re >1000 remains a challenge even with modern
high-performance computers (e.g., in the aerospace industry [155]). One of the reasons for
this is that most numerical algorithms were not originally designed to effectively utilize the
hardware resources available today. For instance, when using the classical finite element
method for such problems, a high resolution in terms of mesh, number of unknowns, and
time steps is needed, which leads to large data structures (e.g., a sparse matrix) that need
to be stored in the main memory and later accessed when performing computations. This
leads to memory-bandwidth-bounded algorithms on distributed systems. The main idea of
a matrix-free solver is to eliminate this bottleneck by modifying the algorithm and taking
advantage of the abundance of floating-point operations in modern processors. In this work,

we present such an algorithm for the incompressible Navier—Stokes equations.

The idea of a matrix-free solver is not new and can trace its roots back to the high-order
spectral element method in the 1980s [88], where they realized that for higher-order polyno-
mial expansions and localized basis functions, computational work takes place at the element
level. This challenged the idea of generating sparse matrices and storing them as a global
operator, and led to the development of operators on the element level. Later, this method
gained popularity because of its geometric flexibility, high accuracy, and improved conver-
gence properties. Specifically in the context of CFD, these methods became popular in that
decade with the work of Paul Fischer and colleagues from the NEK5000 project [89-93]. Sub-
sequently, these methods started to become popular in the context of general-purpose finite
element method (FEM) [156] and to be implemented in libraries such as Nektar++ [157] and
deal.II [81], where they aimed to use these strategies to solve more general problems. In re-
cent years, they have become more popular due to new hardware capabilities, such as GPUs,
where the matrix-free approach is particularly suitable; e.g., the implementations in the MFEM
finite element library [83] or the 1ibCEED library [80]. In addition to the method used to
implement the operator, various solution strategies can be applied to solve the incompressible

Navier—Stokes equations.

There are two main solution strategies for the discretized problem of the incompressible
Navier—Stokes equations that can be found in the literature: i) splitting or segregated meth-
ods, which decouple the pressure and the velocity fields, and ii) fully coupled or monolithic
methods for which the global system of equations is solved for both the velocity and the
pressure at the same time; for general reviews on both strategies see [30,60,61]. The first
strategy generally involves a Helmholtz-like equation for an (intermediate) velocity and the
solution of a Poisson-like problem for the pressure to project the intermediate velocity onto
a space of divergence-free velocity field (pressure projections; see, e.g., [63,158,159]). Due

to the simplicity of these methods, involving the solution of rather simple systems of linear
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equations, they are known to be efficient and are as a result the main strategy used in several
open source specialized CFD software, for example Neko [37], NEK5000 [65], Nektar++ [39],
NekRS [38] and ExaDG [40]. However, challenges regarding boundary conditions, and stability
and accuracy in time are known [30,64]. The second strategy usually involves the solution
of a system of nonlinear equations and leads to a corresponding Jacobian of saddle-point
form. This can be more challenging from a nonlinear solver and a linear algebra perspective,
but allows larger time steps, potentially amortizing additional costs compared to splitting
methods. The development of efficient solvers for saddle-point problems is an active research
field (see [60] for a comprehensive review). In this work, we consider the stabilized version of
the incompressible Navier—Stokes equation, which no longer leads to a saddle-point problem,

and decide to solve the problem monolithically.

In general, the efficient solution of the monolithic problem requires the solution of systems
of linear equations using a preconditioned Krylov method (e.g., the generalized minimal
residual method, GMRES). There are different preconditioner strategies that can be classi-
fied into two main groups: i) block preconditioners and ii) (monolithic) multilevel methods,
which include domain decomposition and multigrid methods [60]. We use a monolithic ge-
ometric multigrid method (GMG) as a preconditioner for the GMRES solver. Monolithic
multigrid methods have been widely considered for the solution of the Stokes equations,
both as preconditioners and solvers. An example is the work by Kohl et al. [97], where a
monolithic GMG solver was developed for the discretization of the Stokes equations, using
pressure-stabilizing/Petrov-Galerkin stabilization, with a particular focus on performance for
higher-order FEM and considering a matrix-free implementation. They showed good parallel
scalability and computational efficiency up to 147K processes and systems with more than

3.6 x 10'2 unknowns using both stabilized equal order and Taylor-Hood elements.

Voronin et al. [101] developed a low-order GMG preconditioner with Vanka and Braess-
Sarazin as smoothers in a similar manner and obtained satisfactory results; this work was
recently extended to high-order discretizations and Ap-multigrid in [102]. The results showed
better performance and reduced setup and solve times for higher orders and unstructured
problems. The same group presented similar ideas but using a monolithic algebraic multigrid
(AMG) in [71]. Another work that considers Taylor-Hood elements for the Stokes and
generalized Stokes equations is that by Jodlbauer et al. [103]. They implemented a matrix-free
monolithic GMG solver using Chebyshev-Jacobi smoothers and obtained satisfactory results.
They indicated that the method can serve as a basis for developing a method with similar
ideas for Navier—Stokes problems, but more work needs to be done to ensure robustness for

convection-dominated flows.
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Contrary to the research for the Stokes equations, in the case of the Navier—Stokes equations
that consider stabilization techniques, the focus has been mainly on block preconditioners.
A complete review on this type of preconditioners can be found in the book by Elman et
al. [29]. Cyr et al. [68] compared three block preconditioners (Pressure-Convection Diffu-
sion, PCD; Least Squares Commutators, LSC; and semi-implicit method for pressure linked
equations consistent, SIMPLEC) with additive Schwarz domain decomposition methods
and monolithic AMG methods with incomplete LU factorization (ILU) as smoother. They
considered different steady-state and transient benchmarks, and in general, they obtained
good scalability properties for monolithic AMG, LSC, and PCD, but not for the domain
decomposition method and the SIMPLEC preconditioner. They also observed that the LSC
preconditioner was not robust with respect to stabilization and that the monolithic AMG

required specialized “heavy” smoothers.

Monolithic GMG preconditioners have also been studied in the context of magnetohydrody-
namics equations. Ohm et al. [160] developed physics-specialized block smoothers and tested
the algorithm with different applications using stabilization and demonstrated superiority
over traditional AMG. Adler et al. [104] considered a formulation without stabilization and
compared their multigrid implementation with a segregated method; they observed that the
multigrid was more efficient and robust and was capable of solving steady-state and transient
cases up to 170 million degrees of freedom. However, they stated that the main limitation of
the work was the low order (P5 for the velocity, Py for the pressure and lowest-order Nédélec
elements for the magnetic field) and the lack of stabilization of the discretization they used.
To the best of our knowledge, our work presents the first study that aims to use a matrix-
free GMG method to solve the incompressible Navier—Stokes equations with stabilization. In
this paper, we show how such a solver can be used to simulate challenging steady-state and
transient problems. In particular, we consider a flow around a sphere at Re = 150 and the
turbulent Taylor—Green vortex problem at Re = 1600; in both of these problems the element

Peclet number indicates that stabilization is required.

The article is organized as follows: in Section 6.2 we present the continuous Galerkin dis-
cretization along with the stabilization techniques. In Section 6.3 we present implementation
details on the matrix-free implementation of the solver in the open source computational
fluid dynamics software Lethe, which previously only supported matrix-based algorithms,
along with the information on the geometric multigrid used as a preconditioner for the linear
solver. In Section 6.4, we present the results of three numerical tests: a manufactured solu-
tion, a steady-state flow around a sphere, and the Taylor-Green vortex benchmark. These
results allow us to evaluate the numerical accuracy and performance of the solver. Finally, in

Section 6.5 we summarize our conclusions and point to future work on matrix-free methods
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for the incompressible Navier—Stokes equations.

6.2 Governing Equations and Discretization

We aim to solve the incompressible Navier-Stokes equations in a d-dimensional domain {2
with boundary 0€:

V-u=0onx|0,¢,
(6.1)

Ou+ (u-V)u+ Vp" —vAu — f =0on Q x [0,t].
This is a coupled non-linear problem for the velocity w(x,t) and the pressure P(x,t). The
parameter v is the kinematic viscosity, p* = P/p is the reduced pressure with density p and f
is a source term often referred to as the body force vector. The well-posedness of the problem
is guaranteed by providing appropriate boundary conditions in 0f2, and initial conditions in

the case of a transient problem. For steady-state problems, d,u = 0.

6.2.1 Variational Form and Spatial Discretization

We use the finite element method to discretize the Navier—Stokes equations (Eq. 6.1) in space.
For this, the domain €2 is divided into £ cells £, with a mesh size h, e.g., hexahedral-shaped
cells in 3D. We multiply by test functions, a scalar test function ¢ for the continuity equation
and a vector test function v for the momentum equation. Then, the pressure and diffusive
terms are integrated by parts leading to the final variational formulation: find (u,p) € U x P
such that for all (v,q) € V x Q:

F(u,p) :=(¢,V-u)g + (v,0u)q + (v, (u-V)u)g — (v, fa
+ v(Vov,Vu)g — (vn,vVu)sq (6.2)
—(V-v,p)a+ (n-v,p")aq =0,

where n is the normal outward-pointing vector on the boundary 92 and vn is a dyadic
product. For simplicity, we use the notation (a,b)q = [qa-b dQ. The boundary terms are

discarded, since we assume zero stress conditions on 0f2. The solution and test function
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spaces are defined as follows:

U:={u, € H'(Q)* uy, = ug on 90N},
V= {v, € H(Q)% v, =0 on 09},
P = {p" € L*(Q)},

Q:={q € L*(Q)},

where H'(Q)? is the Sobolev space containing functions with square-integrable first deriva-
tives and L?(Q2)? is the space with square-integrable functions. The solution and test func-

tions are discretized in space using a finite element space of continuous piecewise Lagrange

polynomials (¢, 1) of degree p (Q),):

Z¢] , ph(,1) Z% (6.3a)
Zdn . qu(x, 1) Zwl Qi( (6.3b)

One of the main advantages of the finite element method is the possibility of using high-
order elements, since we can simply increase the degree p of the polynomial defined on a
cell without having to explicitly change the discretization. In this publication, we consider
higher-order elements to be of degree p > 2 following the definition provided by [34]. To
deal with the non-linearity due to the advection term, we use Newton’s method with line
search (considering a stepsize «), which consists of computing a sequence of Newton steps

that successively apply the following two steps:
1. Solve: F'(U", P")[sU",6P"|" = —F(U", P").
2. Compute update: U™ = U" + adU" and P"" = P" + ad P™.

The first step leads to the solution of a linearized system in each non-linear iteration, where
the system matrix corresponds to the Jacobian of the weak form and the right-hand side
corresponds to the negative of its residual form. In matrix-vector notation, the resulting

linear system has the following form:

o ol e
=— : (6.4a)

B" o] |sP R,

P2 i

where the terms of the Jacobian are found by means of a Gateaux derivative. The block
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matrix A comprises the transient, convective, and diffusive terms, B includes the gradient
term, and its transpose BT the divergence term; for an element k, the block matrices are as

follows for an entry (4, j):

A} = (¢, 009 + (u-V); + (95 - VIu)a, +v(Vei, V), (6.4b)
Bf; = (V- ¢i.¥))a,. (6.4c)

This discretization in space has three limitations: i) it requires to fulfill the Ladyzhenskaya-
Babuska-Brezzi (LBB) condition [161], which restricts the available elements or element
combinations that can be used, ii) it is unstable when increasing the Reynolds number as it
leads to oscillations in the solution, and iii) the linear system that needs to be solved is a
saddle-point problem that is difficult to solve numerically using common iterative methods.
We use stabilization techniques to overcome these limitations and solve the problem in a

fully-coupled monolithic way.

6.2.2 Stabilization Techniques

We add two stabilization terms to the weak formulation F' (Eq. 6.2): the Streamline-
Upwind/Petrov-Galerkin (SUPG) and the Pressure-Stabilizing/ Petrov-Galerkin (PSPG)
terms [149]:

k

PSPG term (65)

+ Z(T(u Vv, 0+ (u-V)u+ Vp* —vAu — f)g, =0.
k

SUPG term

Both terms consist of the strong residual of the momentum equation, multiplied by some
test function terms and a stabilization parameter 7. For 7, we extended the definition of

Tezduyar et al. [149] to high order by including the element order p:

—1/2
1\2 (2]ulp)” 4p*\*
(At) + ( o +9 " , (6.6)

where heony = haig = b is the element size, which in 3D is equal to h = (6hy/7)'/3, where hy, is

T =

the volume of a cell. These types of stabilization techniques have been proven to be consistent

formulations that result in solutions with minimal loss of accuracy [42,149]. Recently, the
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periodic hills turbulent benchmark was simulated using this formulation and accurate results
were obtained for average velocities and Reynolds stresses [162]. PSPG allow us to use
equal-order elements for the pressure and the velocity, and SUPG reduces oscillations in the
velocity field when simulating flows with high Reynolds numbers. The stabilization terms

modify the linear system presented in Eq. 6.4 as follows:

A B| |0U R,
=— |~ |, (6.7a)
c D||sP R,
—_———— —_——
P R

where each block, evaluated at the linearization point (@, p*), is now given by:

A = AL+ (7(@- V)i, Oy + (@ V) s + (- V)i — vAg;)o,

+ (1(¢p; - V)i, Ot + (4 - V)u + Vp* —vAa — f)q,, (6.7b)
Bl = BY, + (r(a V)1, Vii))a,. (6.7¢)
Cl; = B, + (TViy, 0 + (@ V) + (¢ - V)i — vAQ))q,, (6.7d)
D}, = (TV?/)i, Vi;). (6.7¢)

As can be seen, several terms are added to each of the blocks. Most importantly, the D
block replaces the zero block encountered without stabilization. We are also interested in
solving steady-state simulation cases; in this case, all terms that include J, are not present,
and the first term of the stabilization parameter defined in Eq. 6.6 vanishes; however, the
general block structure (Eq. 6.7) is preserved. Although Galerkin/Least Squares (GLS)
stabilization is not considered in this study, this type of stabilization could be used instead
and would lead to a linear system with the same structure; similar results and conclusions in
terms of performance are expected. We note that for ()1}, and Cartesian meshes the term
Aw present in the strong residual evaluates to zero. However, for deformed meshes, due to
mixed derivatives and higher-order elements this is not the case. Nevertheless, we recover
the right order of accuracy. We defer to future work the investigation of other approaches to

consistently account for this term.

6.2.3 Time Discretization

For transient problems, we use a second-order implicit backward-differentiation time-stepping

scheme. For a constant time-step, the time derivative of the solution takes the following form:
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1 /3 1
n+1 ~ “ant+tl 2u” - nl) ]
Ou ; <2u u" + 5 ) (6.8a)

and the one of the solution increment in Newton’s method the following form:

1 /3
n+1l < n+1
O ou™ ~ ; <25u ) . (6.8b)

It is an implicit multistep scheme that needs solution vectors from the last two timesteps (u",

n—l)

u and is A-stable when constant time step is used [76]. However, the implementation

used in Lethe allows for variable time-step following the procedure described by [76].

6.3 Numerical Implementation

The solver is implemented in Lethe [105], an open source computational fluid dynamics

! This software is written using the deal.II finite element library [109].2 It uses

software.
pdest for mesh support [107], MPI for parallelization, and Trilinos for matrix-based lin-
ear algebra [108]. Until now, Lethe has supported only matrix-based algorithms to solve
stabilized incompressible Navier—Stokes equations using a continuous Galerkin finite element
approach [105]. This solver has been used to simulate a variety of physical phenomena such
as non-Newtonian flow [163], particle-laden flow [164] and flow in agitated vessels [165]. In
this publication, we extend the support of Lethe to matrix-free algorithms. The reason for
this is based on the observation that, for our applications, high-order elements with p > 2 can
greatly improve accuracy with a reduced number of degrees of freedom (DoFs) compared to
linear elements; see [166,167]. However, the use of these orders leads to an increase in the
cost of assembly and application of the Jacobian, which for practical applications requires a
considerable amount of computational resources. Having a matrix-free solver allows us not

only to use higher-order elements for our applications, but also to take full advantage of the

high-performance computing architectures available today.

6.3.1 Matrix Free Approach

The system of linear equations (Eq. 6.7) is solved by performing matrix vector multiplica-
tions repeatedly within an iterative method. The idea of matrix-free multiplication relies on

avoiding the storage of the matrix by defining an operator that computes the effect of the

"https://github.com/chaos-polymtl/lethe
’https://github.com/dealii/dealii
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matrix-vector product onto a vector by computing matrix entries. In this work, this operator
is implemented using the cell-wise quadrature approach, which requires the redefinition of
the matrix from the global level to the element level. The operator F' allows us to rewrite

the product of the Jacobian matrix and a vector (v = F' u) as a loop over cells:

v=F'(u) =Y R} F,Ru.
k

This expression can be read from right to left: the cell-local values of cell k are gathered
from w through u; = Rju, then the local element matrix F\,; is applied to obtain v, and,
in the end, the contribution is scattered to the global degrees of freedom obtaining vector
v = R} v}. This product is implemented by using what is called the cell-quadrature approach,
which decomposes the Jacobian matrix into the product of three matrices when performing

its multiplication with a vector u, as follows:

F"kuk = SngSkuk

It is important to note that the operator computes all the blocks of the matrix F} on a cell
and quadrature basis, which means that it includes the computation of the contributions of
all the blocks of the matrix, i.e. A\k, Ek, C}. and Dy, to the cell. To better understand the
definition of &, and Qy, we look at only one component of one of the block matrices in the
operator: the diffusive term (v(Vv,Vu); Eq. 6.4); we discretize it to obtain the following

form:
v(Vo, Vug)o = v Y (Voy, Vi),
k

A, T A~ A A
:uzkj(v;k) /Q VH[VUjda,

where V represents the gradient in the physical space and [ are vectors at the element level.
We now use the mapping to go from the physical space @ to the reference space & and use

numerical quadrature to approximate the integral:

/Q k Vé! Ve, Ukd = /Q k (77TVeds) (I7 Ved,) U (det ;) de

= " (Ve,d0)" T wy(det Jo)J0 T (Ve,¢) UF.
q N—————

Sy Ok Sk

This equation can again be read as a sequence of three vector-matrix multiplications going
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from right to left as: i) transform the vector values on the local degrees of freedom to a
vector of gradients in quadrature points (Sy), ii) multiply the gradients by the integration
weights and Jacobian information (Qy), and iii) apply the transposed of the gradient to have
a vector of Laplacian values on the cell degrees of freedom (Sg) This decomposition allows
to reuse the output of & for all other terms of A\k, Ek, C). and D;. The same procedure
applies also to the residual evaluation. The implementation in Lethe uses the matrix-free
algorithms implemented in deal.II [81,109], which also achieve additional optimizations by
using sum factorization techniques for tensor-product elements and vectorization. The former
takes advantage of tensor-product elements for which ansatz and test functions can be de-
composed as a tensor product of one-dimensional functions. The latter performs matrix-free
multiplication by F\é for several cell batches if the same SIMD instruction is used. One of the
challenges that arises due to the usage of a matrix-free algorithm, apart from implementation

details, is the need for an efficient, potentially matrix-free, linear solver.

6.3.2 Linear Solver Preconditioner: Geometric Multigrid

The choice of a preconditioner for the linear solver is essential, since the overall performance
of the solver and its parallel scalability greatly depend on the efficiency of the solution of
the linear system. We use GMRES as solver and precondition it using GMG [112,113,168].
This algorithm constructs a hierarchy of discretizations based on the geometrical refinement
of the grid and considers all cells in their most refined state for each of the levels. The main
motivation for the use of this preconditioner is that there is no need to build the whole system
matrix (at any step of the algorithm), which is the case in classical preconditioners such as
ILU [69] or AMG [70].

It is important to note that we always compute the exact Jacobian of the problem. However,
there are other techniques available in the literature, such as the Jacobian-free Newton-Krylov
method (JFNK), that could also be used (for a comprehensive review see [169], for a recent
publication that uses matrix-free FEM and JENK see [170]).

There are four main components of a geometric multigrid preconditioner: i) a coarse-grid
solver, ii) matrix-free level operators, iii) smoothers for each level, and iv) intergrid operators
(prolongation and restriction). In Lethe, we incorporated the implementation of the GMG
of deal.II [112,113]. In Algorithm 2, a pseudocode of the multigrid v-cycle and its
components is presented. The matrix-free level operators are built using the procedure
presented in Section 6.3.1. The other components of the preconditioner are described in

the following subsections.
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Algorithm 2 Pseudocode for one v-cycle of the GMG preconditioner with [ levels used
= (O i e (1-1)

to solve Ax = b. It uses level operators A", intergrid operators (restriction R, and

prolongation P(ll_l)), smoothers and a coarse-grid solver.

function GMG (I, AD, 20, p®)

if [ =0 then
‘ x(© ¢« CoarseGridSolver(A©®, z(© b)) // Solve coarse grid
else
x® « Smoother( AW, z® b") // Presmooth
r)  pO_— AO £O // Compute residual
pi-1) Rl(l_l) r® // Restrict
=D« GMG (I — 1, AT 0, bl-1)
@ 204 P(ll_l) (=D // Prolongate
2 < Smoother(AD x® pW) // Postsmooth

return x®

Coarse-Grid Solver

Three options are considered for the coarse grid solver: i) a direct solver as implemented
in the Amesos2 package in Trilinos [118], ii) a GMRES iterative method preconditioned
by a p-multigrid (PMG; [171]) algorithm with a direct solver as its coarse-grid solver and
iii) a single v-cycle of PMG solver with direct solver as its coarse-grid solver. The latter
is a multigrid algorithm where the hierarchy of discretizations is obtained by reducing the
order of the polynomial degree by one in order to obtain the next multigrid level; as such,
all levels have the same mesh but different polynomial orders. This PMG algorithm was
also incorporated in Lethe by taking advantage of the flexible multigrid implementation in
deal.II [112].

Smoothers

For the pre- and post-smoothing steps, we consider a relaxation scheme for each level: :B,(f)H =

2 +wP~1r® where rY is the residual, defined as 7! = b) — AOx® with the level operator
AW: and P is a preconditioner. The smoother is a critical component of the multigrid
algorithm, as it often controls convergence by determining number of iterations or multigrid
cycles needed [112,115]. In this work, two preconditioners for the smoother are considered: i)
a diagonal matrix corresponding to the diagonal of each matrix-free level operator , which we
call “inverse diagonal”(abbreviated in the figures as ID), and ii) an Additive Schwarz Method
(ASM). The former has a very low setup and application cost and has been proven to be
robust for Poisson and Stokes problems [112]. The latter is more expensive, as it consists of

approximate solves on sub-blocks of the level operator with all degrees of freedom of a cell,
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but might lead to fewer smoother iterations. In this work, we use a naive implementation
of ASM whose setup consists of two steps. In the first step, we assemble the sparse system
matrices and, in the second step, we extract from it the blocks and perform LU decomposition
on these. Since we are computing the sparse system matrix as intermediate quantity, the
memory consumption of our ASM implementation is high and comparable to that of the
matrix-based code. This implementation could be further improved by using ideas presented
for example in [115,172-174]. Also, the type of patches could be varied: due to good results,
we use cell-centric patches, while vertex-star-based patches are more common in the context
of the solution of non-stabilized Stokes problems due to their optimally at higher polynomial
degrees [101,102,174,175]. We defer their investigation to future work.

The relaxation parameter w is computed via w = 2/(Anin(P 71 A) + Amax (P71A)), which is
optimal for symmetric positive definite matrices [114]. For the estimation of the maximum
eigenvalue A we use 20 iterations of the power iteration method. Then, the minimum
eigenvalue is set t0 Apmin = Amax/%, where values of ¢ between 2 and 20 are common in
literature [115]. For more details on the eigenvalue estimation algorithm the reader is re-
ferred to [116]. The estimation of the eigenvalues for each level operator is crucial since the
stabilization terms, introduced in Eq. 6.5, depend on the size of the element and it changes

for each level.

Intergrid Operators

The transfer operators are also implemented in a matrix-free fashion in deal.II as detailed
in the publication by Munch et al. [112]; apart from the transfer of the defect V) and
the residuals @, they are also required to interpolate the solutions of previous transient
iterations, as required for the time-stepping scheme in the case of transient simulations (u"
and u"~ ! in Eq. 6.8), and the linearization point (% and p* in Eq. 6.7) to all the multigrid

levels.

6.4 Numerical Tests

In this section, we consider three cases to evaluate the performance of the solver. The first two
cases are steady-state cases: the first one considers internal flow in a simple geometry, while
the second one considers external flow in a complex geometry with a high Reynolds number.
The third case is a transient turbulent benchmark, the Taylor—Green vortex, commonly
used to test higher-order methods. These tests allow us to demonstrate the computational

performance and accuracy of the solver. We also compare the results with a matrix-based
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implementation, which assembles the system matrix in a classical fashion, considers AMG
or ILU as preconditioners for the linear solver, and is also available in Lethe. In this work,
we only consider 3D meshes with hexahedral-shaped cells; however, the implementation can
also be used in 2D and could be used with simplices. All tests were run on the Niagara
distributed memory cluster of the Digital Research Alliance of Canada. Niagara consists of
2024 nodes, each with 40 Intel Skylake cores (2.4 GHz) with 202 GB of RAM per node. We
use AVX512 instructions for vectorization over 8 cells/doubles (512 bits). A summary of the
solver parameters used for each case is presented in Table 6.1. We point out that we use
5 or 2 smoothing sweeps in the case of inverse diagonal or ASM. For details on how these

values were chosen, the reader is referred to Appendix A in Section 6.7.

6.4.1 Manufactured Solution

The Method of Manufactured Solutions (MMS) allows us to verify the implementation of
the solver by manufacturing an analytical problem with an exact solution [176]. It consists

on defining u and p* as follows (see Figure 6.1 for the velocity magnitude on the domain):

Uy sin?(7z) cos(my) sin(7y) cos(mz) sin(mz)
uy | _ cos(mx) sin(rz) sin?(7y) cos(rz) sin(mz)
u, —2 cos(mx) sin(mx) cos(my) sin(my) sin?(7z2)
p* sin (7x) sin (7y) sin (72)

and inserting them into the Navier—Stokes equations to find the appropriate source term f.
This source term is considered to simulate the steady-state problem, using ),(), elements
with p = 1,2,3 on a domain 2 = (—1, 1) with zero Dirichlet boundary conditions everywhere.
The domain is subdivided in 2¢ segments in each direction. This problem considers an element
Peclet number Pe, = h which means that there is no effect of the stabilization terms aside
from ensuring that the @),(Q), space is stable. All refinement cases considered are presented

in Table 6.2. The non-linear solver starts with a zero initial guess.

A convergence analysis was carried out and the results are presented in Figure 6.2. The
results demonstrate that both the velocity and the pressure converge spatially to the correct
order for all finite element discretizations used, that is, O(AhP™!) for the velocity and O(AhP)
for the pressure, with exception of the pressure order of convergence obtained using Q)
elements. This result has already been obtained in other works that consider the stabilized

formulation for the incompressible Navier—Stokes [105].

This MMS problem considers a low element Peclet number (Pey) and a structured mesh,
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Table 6.1 Summary of the solver parameters used for each of the numerical tests. It includes
the parameters of the Newton non-linear solver and the GMRES linear solver preconditioned
by geometric multigrid (GMG), algebraic multigrid (AMG) or incomplete LU (ILU). GMG
considers two different smoothers and three coarse-grid solvers depending on the problem.
The AMG and ILU preconditioners are only used for matrix-based reference computations
and use the implemetations from Trilinos ML [119] and Trilinos Ifpack [120], respectively.
For more detailed parameters for the AMG and ILU preconditioners refer to Appendix B in
Section 6.8.

Component Parameter MMS Sphere TGV
Newton solver Absolute tolerance 10-8 1075 107°
GMRES linear solver  Relative residual 1074 10~* 10~*

Absolute residual 1010 1077 1077

GMG preconditioner ~ Smoother

Inverse diagonal (ID)

Number of iterations 5 5 )
Additive Schwarz method (ASM)
Number of iterations 2 2 —

Coarse-grid solver

Direct solver v — v
" ID: GMRES preconditioned by PMG with direct solver
Relative residual — 1072
" ASM: PMG with direct solver - VS
AMG preconditioner ~ Smoother Incomplete LU
Fill 0 0 —
Absolute tolerance 10712 107° -
Relative tolerance 1 1 —
Number of iterations 2 2 —
ILU preconditioner Fill — — 0
Absolute tolerance — - 10710
Relative tolerance — — 1

however, in practical problems, higher Peclet numbers and unstructured meshes are often
encountered. Due to this, we also verify the solver using a Taylor vortex problem in 2D for
different unstructured meshes considering a Reynolds number Re = 10000 (Pey, € [491, 1963])

and an inviscid case with Re — oo (as proposed by Ham and laccarino [177]). Since no
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Figure 6.1 Isocontours of the velocity magnitude in the domain with a closer view to a xy-
plane considering ¢ = 6 and (Q2()> elements for the manufactured solution problem.

scalability of the solver is studied for the Taylor vortex case, the results are presented in
Appendix D in Section 6.10. The results show that the solver recovers the right order of
convergence for the velocity, and that this order is preserved even for inviscid flows with

highly unstructured meshes.

The MMS problem also allows us to study the scalability of the solver. We conducted a
strong scaling study using up to 2560 computing cores (64 nodes); its results are presented
in Figure 6.3. The figure shows the results for the matrix-free solver using the two proposed
smoothers for the GMG preconditioner (inverse diagonal and ASM) and the matrix-based
reference solver using AMG. The inverse-diagonal smoother was not robust for the Q@
cases, which is the reason why only ASM results are shown. What particularly stands out
is that the matrix-free solver requires less time to solution than the matrix-based solver for
all degree elements regardless of the smoother used for the GMG preconditioner. In the case
of the ASM smoother, the matrix-free approach is 1.3-1.9x faster than the matrix-based
approach for ()1();. The difference increases in the case of higher order elements where the
matrix-free solver is 3.9-8.6x faster for ()2()> and 4.5-14x faster for (J3()3. The inverse-
diagonal smoother only converges for the higher-order cases, where it is 13.1-35.9x faster
for (Q2(Q)2 and 24.4-96.2x faster for (Y3()3. The speedup increases with increasing problem
size and is related to the poor parallel-scalability behavior of the matrix-based solver. The
results show that the matrix-free solver scales better than the matrix-based solver for all
cases. In fact, in the literature, several results indicate that AMG preconditioners do not
scale optimally and its scalability deteriorates as the number of nodes and element order p
increase [178,179]. In addition, the results also give an indication of the memory requirements
of both solvers, since several simulations using 1,2, and 4 nodes run out of memory when
using the matrix-based solver or the matrix-free solver with the ASM smoother, and therefore

cannot be shown in the plot. As expected, the inverse-diagonal smoother requires less memory
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Table 6.2 Summary of the refinement level, number of cells and number of degrees of freedom
(DoFs) for all the simulation cases considered for the manufactured solution problem. To
generate the mesh, a coarse mesh consisting of a single cell is created and then refined /¢

times. The number of cells increases as 23¢.
Refinement £ No. Cells No. DoFs

(1x2%)  Q:1Q1 Q2Q: Q3Qs

4 4K 20K 144K 470K

) 33K 144K 1M 3.6M

6 262K 1M 8M 28M

7 2M SM 68M  228M

8 1™ 68M  540M 1B

9 134M 540M

o Q1@ —— Q202 o (303

1024 o .
ARLS
—2
~ | - 10
5 107
él:; $ 4 (0] 3
»JN 10—6 »JN 10~ ~ Ah
o (o]
(o] ' (o] '
1072 107! 1072 107!
Ah Ah

Figure 6.2 Order of convergence for velocity-pressure discretizations with p = 1,2, and 3 and
cases with refinement 4 < ¢ <7 for the manufactured solution problem.

than the ASM smoother, which is more robust but has similar memory requirements to the

matrix-based solver.

While in the previous results the wallclock time of the total simulation is presented, Fig-
ure 6.4 reports the time spent for the (0202 cases broken down into the setup of the pre-

conditioner?, the solution of the linear system, and other components of the simulation, such

3For GMG, the setup cost includes the creation of the multigrid levels, the setup of the coarse-grid solver,
the setup and initialization of the smoother for each level, the setup of the matrix-free level operators, and the
transfer of relevant data between levels. For AMG, the cost is given by the Trilinos implementation with the
same components but with level matrices computed through the Galerkin operator instead of rediscretization
as in the matrix-free context.



98

(=6 — (=7 (=8 —-m— [D —e— ASM =+ MB

Q11 @22 Q:ZQ?)

10 10%5 o

NES

1 2 4 8 16 32 64 1 2 4 8 16 32 64 1 2 4 8 16 32 64
Nodes (x 40 CPUs) Nodes (x 40 CPUs) Nodes (x 40 CPUs)

—
(e
O
ot

o %

O %

—
(a=}
—

Total wallclock time [s]

Figure 6.3 Strong scaling study considering ¢ = 8 for QQ1Q1, ¢ = 7 for ()2()2 and ¢ = 6 for
(Q)3Q3 for the manufactured solution problem, comparing inverse diagonal (ID) and ASM as
smoother of GMG, as well as AMG for the matrix-based (MB) solver.

- [D —e— ASM =—~— MB

Setup preconditioner Solve linear system Other components

L, @ |

1 2 4 8 16 32 64 1 2 4 8 16 32 ¢4 1 2 4 8 16 32 6
Nodes (x 40 CPUs) Nodes (x 40 CPUs) Nodes (x 40 CPUs)

Total wallclock time [s]

Figure 6.4 Detailed timings for the setup of the preconditioner, time to solution of the lin-
earized problem and other components (assembly of the Jacobian, assembly of the residual,
mesh generation and postprocessing) for the strong scaling study for the manufactured solu-
tion problem using Q22 and ¢ = 7 (see Figure 6.3 for total times).

as mesh creation, Jacobian assembly, residual assembly, and postprocessing. We observe
that the setup of the preconditioner dominates the total cost, in terms of time, of the matrix-
based solver and also determines its scalability. In the case of the matrix-free solver, both the
setup and the solution of the linear system have a very similar cost for the inverse-diagonal
smoother, while the cost of setting up the preconditioner is larger in the case of the ASM

smoother. Furthermore, the results show that the matrix-based solver spends more time
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than the matrix-free solver in the other parts of the code: as an example, in the simulation
performed using 8 nodes, the matrix-free solver only spends 5.1% of the total time in these
other parts, while this time represents 19.4% in the case of the matrix-based simulation.
The reason for this is that the latter spends a considerable amount of time assembling the
Jacobian and the residual. In fact, 13.7% corresponds to the Jacobian assembly and 5.1% to
the assembly of the residual vector. This shows the advantage of the matrix-free approach,

since it assembles the residual efficiently and avoids completely the assembly of the Jacobian.

To analyze the weak scalability of the matrix-free solver, several strong scaling tests were
performed using both smoothers. The results are presented in Figure 6.5. As expected, the
time to solution increases with an increasing number of refinements ¢ and the solver scales
in the weak sense for all cases and both smoothers. The weak scalability can be observed
by taking a look at times needed for the same order with increasing refinement using 1, 8
and 64 nodes. For example, in the case of ()2()> elements and the inverse-diagonal smoother
(see the arrows in Figure 6.5), the time needed for 1 node (¢ = 6) is 22 seconds, for 8 nodes
(¢ =7) 31 seconds, and with 64 nodes (¢ = 8) 29 seconds; this indicates a weak efficiency of

approximately 78% when increasing the number of processes by a factor of 64.*

A summary of the iterations needed for the non-linear and linear solver is presented in
Table 6.3 for the matrix-free cases in order to analyze closely the behavior of the non-linear
and linear solvers. The results show that the inverse-diagonal smoother has to perform for all
cases more linear iterations per Newton step than the ASM smoother. For both smoothers,
the number of iterations slightly increases as the number of refinements ¢ increases; for ASM
only up to 1 iteration for p > 2, while for inverse diagonal up to 3.5 for Q)2()2 and 4.3 for
(23Qs. In the case of linear elements, the increase is larger; however, the ASM converges for
all cases, while no convergence is obtained when using the inverse diagonal already for lower
refinements. Similar observations can also made for higher polynomial degrees. Appendix C
in Section 6.9 shows results for Q4Q)4. They indicate that ASM seems to be p-robust.

Table 6.4 presents the iterations of the matrix-based cases presented in the strong scaling
study. The results showed that more linear solver iterations per Newton iterations are needed
for all the cases compared to the matrix-free iteration count. Moreover, the number of
iterations varies with the number of nodes used for the computation, with a difference of 5.2
iterations for the (Q1Q), 0.2 iterations for (Q2@)2 and 1.2 iterations for Q)3Q)s.

4While this gives an indication of the weak scalability of the solver, it is important to keep in mind
that there is always an error deviation when running simulations on clusters, due to, e.g., operating system
overhead or parallel jobs. As a reference, we run the case with ¢ = 8 and Q3Qs elements (17M cells and 1B
DoFs) 10 times and obtained a standard deviation of 1% on the total wallclock time.
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Figure 6.5 Several strong scaling simulations for the manufactured solution problem consid-
ering 7 < ¢ <9 for Q1Q1, 6 < ¢ < 8 for Q2Q2 and 5 < ¢ < 8 for (P3Q)3. As an example, the
arrows indicate a weak scaling simulation with 212K DoFs per core and ()2()> elements.

Table 6.3 Summary of Newton iterations (Ny) and average linear solver iterations per Newton
iteration (WL) needed to solve the manufactured solution cases with 4 < ¢ < 9 using two
smoothers: inverse diagonal (ID) and additive Schwarz method (ASM). If “—" the simulation
did not converge, if “x” the simulation run out of memory.

Q:1Q: Q:Q- Q3Qs

ID ASM ID ASM 1D ASM
£| Ny N, | Ny N,|Ny N, |Ny N,|Ny N, |Ny N,
41 3 70| 3 43| 3 7.0 3 47| 3 7T | 3 57
o — = 3 503 77| 3 50 3 83| 3 6.0
6] — — 3 533 rvr| 3 53| 3 90| 3 6.7
Tl - = 3 60 3 87| 3 53| 3 93| 3 6.7
8| — - 3 60| 2 105 3 57| 2 120| % *
9| - - 2 75

Table 6.4 Summary of Newton iterations (Ny) and average linear solver iterations per Newton
iteration (V1) needed to solve the the manufactured solution cases with 6 < ¢ < 8 using the
matrix-based version of the code for the strong scaling analysis.

£ | Ny

Q:1Q:
Ny

Q2Q:
£ | Ny Ny, b4

Ny

Q3Qs
Ny

3

13.8 £ 5.2

3 128 £02

3

135+ 1.2
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6.4.2 Flow Around a Sphere

This section considers a three-dimensional steady-state flow around a sphere with a high
Reynolds number Re = 150. It allows us to show high-order capabilities of the solver in a
problem that includes common challenges encountered when simulating external flows. In
order to reach the desired Reynolds number, we ramp up the Reynolds number by performing
six simulations with Re = 10,19, 33, 55,80, 104 before proceeding to solve the case with
Re = 150 using the latest solution as an initial condition. A pseudotransient approach could
be used instead; however, for this specific case, we found that a basic implementation requires
more linear iterations and, therefore, leads to an increase in the total time of the simulation
(even including the cost of the previous ramp steps). For other problems with a higher
Reynolds number, the pseudo-transient approach might be more suitable. The domain for
this case, along with all relevant geometric parameters, is shown in Figure 6.6. It consists
of a flow with fixed entrance velocity U, = 1 in the x direction, no-slip boundary conditions

on the sphere and slip boundary conditions on the wall.

Several cases are considered with an increasing number of refinements ¢; the corresponding
number of cells and DoFs are presented in Table 6.5. In this case, the coarse grid consists
of 1024 cells; since we consider higher-order elements, the coarse grid is too expensive to
solve with a direct solver (e.g., 121 244 DoFs when using Q3Q)3; elements), therefore, we use a
GMRES preconditioned by PMG with a direct solver for the inverse-diagonal smoother, and
a PMG with a direct solver for the ASM smoother. All the ()1(); simulations have an element
Peclet number in the range Pe;, € [0.06, 6] for the smallest cell size and Pe;, € [1.4,93.4] for
the largest cell size; therefore, this problem requires stabilization. The relevant quantity in
this benchmark is the drag coefficient, which has two contributions, the friction coefficient C';
and the pressure coefficient C,. The coefficient is computed using the shear stresses (frictional

forces F) and the normal stresses (pressure forces F,) as follows:

E, N F,
UL (502)  pUZ (502)

Cp=C,+C, =

The value of the drag coefficient for this problem can be obtained by fitting experimental data
in the literature and corresponds to Cp = 0.889 [180]; all simulations performed obtained
a drag coefficient that converges towards that value (not shown). The results can be better
analyzed when the two contributions to the drag coefficient are plotted separately against

the number of DoFs and the total wallclock time (see Figure 6.7).

The results for the pressure drag coefficient suggest that increasing the order of the finite
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Figure 6.6 Three-dimensional geometry with D =1, H = 10, L = 22 and U,, = 1, and clip
of the coarse grid (¢ = 0) used for the flow around a sphere problem. The block-structured
mesh consists of hexahedral-shaped cells distributed in twelve blocks. In addition a spherical
manifold is located around the sphere to better capture its shape. For more details about
the geometry and the mesh refer to Appendix E in Section 6.11.

Table 6.5 Summary of the refinement level, number of cells and number of degrees of freedom
(DoFs) for all the simulation cases considered for the flow around a sphere problem. The
initial mesh has 1,024 cells and this number increases with the refinement ¢ as 1024 x23¢.

No. Cells No. DoFs
Refinement ¢ y

(1024 x2°%) Q1Q1 Q2Q: Qs3Qs
1 K - 280K 926K
2 66K 280K 2.1M  7.2M
3 524K 2.1M 1M 57TM
4 4M 17M  135M  455M
5 34M 135M - -

element does not increase the accuracy of the solution nor reduce the total wallclock time,
regardless of the smoother used. However, in the case of the friction coefficient, it can be
observed that the ()1(); cases considered never achieve the same accuracy as the simulation
cases that consider p = 2 or 3; in fact, if we take a look at the simulation for )1}y with
¢ =5 (135M DoFs) we obtain the same accuracy as the simulation for Q2Q9 using ¢ = 2
(2.1M DoFs). This is impressive considering that it only has 1.6% of the number of DoFs of
(1@ and runs 54.7x faster in the case of the inverse-diagonal smoother and 68.5x faster
in the case of the ASM smoother. In the case of (Q3Q03, we also obtain better accuracy for
both inverse diagonal and ASM, however, the gain in terms of computational time changes
according to the smoother. In the case of ASM, the time for the ()3Q)3 simulations is similar
to the one for the ()22 simulations; however, it has more DoFs and once the mesh is further

refined ¢ = 4, it quickly becomes more expensive. In the case of the inverse diagonal, the
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Figure 6.7 Results for the pressure drag coefficient (C,) and the friction drag coefficient (C)
for different velocity-pressure discretizations against number of DoFs and total wallclock time

using two smoothers within the GMG: inverse diagonal (ID) and additive Schwarz method
(ASM).

simulations for (J3()3 are more competitive in terms of time. This result enforces previous

results obtained by Barbeau et al. [167] using a matrix-based solver for a similar setup but
with a moving sphere.

In addition to matrix-free simulations, we run the ;@)1 cases using the matrix-based solver.
There are no results for the case with ¢ = 5, due to the lack of convergence of the linear solver.
This shows that this linear solver is not robust enough for this case; in fact, simulations with
higher-order elements for these cases face similar issues when using the matrix-based solver.
Despite this, the results obtained show the same accuracy as the ()1(); matrix-free results

and are only faster than the matrix-free results for the case considering ¢ = 2 (280K DoFs).

To further analyze the behavior of the preconditioners, a summary of the iterations needed

for the nonlinear and linear solvers is presented in Table 6.6 for the matrix-free results
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Table 6.6 Summary of average Newton iterations (Ny) per ramp step and average linear
solver iterations per Newton iteration (Np), needed to solve the flow around a sphere cases
with 1 < ¢ < 5 using two smoothers: inverse diagonal (ID) and additive Schwarz method
(ASM). If “—” the simulation did not converge.

Q:1Q: Q2Q: QsQs

D
Ny

ID
Ny
3.8
46.4
56.0
55.5

ASM
Ny Np

Ny Ny
4.8
3.5
2.7

2.5

Ny
4.8
3.5
2.7
2.5

N
44.5
62.5
56.0
55.5

Ny
3.5
2.7
2.7
2.2

5.3
3.7
2.8
2.3

37.0
45.5
45.6
47.1

5.3
3.7
2.8
2.5

16.9
19.3
20.5
22.7

10.2
10.9
11.8

T W N RS

Table 6.7 Summary of average Newton iterations (Ny) per ramp step and average linear
solver iterations per Newton iteration (Np), needed to solve the flow around a sphere cases
with 2 < ¢ <5 and p = 1 using the matrix-based version of the code for the strong scaling
analysis. If “—” the simulation did not converge.

Q:1Q:1

Ny

Np

3.5

15.4

2.7 235
2.5 32.0

T = W NS

Table 6.8 Summary of Newton iterations (Ny) and average linear solver iterations per Newton
iteration (N ) for two ramp steps (Re = 10 and Re = 150) needed to solve the flow around

a sphere cases with 2 < /¢ <5 and p = 1. If “—” the simulation did not converge.
ID ASM MB
Re =10 Re =150 Re =10 Re =150 Re =10 Re =150
£| Ny N, Ny N, | Ny N, Ny N, |Ny N, Ny N
21 5 182 6 508| 5 11.0 6 21.3| 4 100 3 29.0
31 4 195 3 T713| 4 125 3 28 — — — —
41 4 228 3 627 4 158 3 23 21.3 2 B85
51 3 290 2 605| 4 168 2 255 24.0 2 84.0
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Figure 6.8 Zoom-in of the velocity and vorticity profiles on a xy-plane plane for the flow
around a sphere for Re = 10,80 and 150 obtained using ()2()> elements and ¢ = 2.

and in Table 6.7 for the matrix-based results. As in the previous steady-state case, the
inverse-diagonal smoother has a larger increase in iteration count for all element degrees and
all cases than the ASM smoother. However, for this case, the variation is larger and with a
difference of up to 10.1 iterations for 1)1, 16.2 iterations for (Y2Q)5, and 18 iterations for
R3Q)3. A similar situation is observed for the Q1(); cases of the matrix-based solver, where
the difference in iteration counts is up to 16.6 iterations. The ASM smoother, on the contrary,
is more robust than the inverse-diagonal smoother, but of course at a higher computational
expense in terms of memory and resources. This behavior is consistently observed for the
different ramp steps taken to solve the problem using different Reynolds numbers, as can
be seen in Table 6.8; note that the number of linear iterations increases with increasing

Reynolds number, which agrees with the physical phenomena observed in Figure 6.8.

In terms of total number of linear iterations, the inverse-diagonal smoother has a higher
number than the ASM for all cases. When performing the experiments, we realized that the
results for the inverse diagonal depend more on the quality of the coarse-grid solution than
the results for the ASM. This is the reason for choosing a GMRES preconditioned by PMG,



106

since we perform more iterations at the coarse-grid level in contrast to one PMG v-cycle for
the ASM. As a consequence the cases using the inverse-diagonal smoother spent more time
on the coarse-grid solution than the cases using ASM. For example, for the case with QQ2Q)2
elements and ¢ = 2, the matrix-free solver with the inverse diagonal spends 23% of the time
solving the coarse grid, while the ASM only spends 0.8%. Additional experiments in which
the number of smoothing steps was increased (not shown here), show that the results using
the inverse-diagonal smoother are inconclusive as the number of linear iterations increases
with increasing number of smoothing steps which should not be the case. All of this would
lead us to conclude that the most robust option for these types of steady-state external flow

problems is a GMG preconditioner with the ASM smoother.

6.4.3 Taylor—-Green Vortex

The last example is a canonical problem in fluid dynamics and is often used as a transient
benchmark for high-order methods: Taylor-Green vortex (TGV) [34]. It is useful to demon-
strate the ability of the solver to accurately simulate vortex dynamics and the energy cascade
in turbulent flows. In this case, the domain Q = (-, 7)? has periodic boundary conditions in
all directions and a structured hexahedral mesh. We study the flow with a Reynolds number
Re = 1600 and a fixed Courant-Friedrichs-Lewy (CFL) number of 1.° The initial conditions

are:

Uy sin (x) cos (y) cos (2)

uy | _ — cos (x) sin (y) cos (2)

U, 0

p* = (cos (2z) + cos (2y)) (cos (22) + 2)

We compute the energy decay using i) the kinetic energy FEj and ii) the enstrophy ¢ as follows:

_pfuu _ 4B L [ee _ 2

where w is the vorticity defined as w = V x w. The energy decay is i) the time derivative
of the total kinetic energy or ii) the volumetric integral of the enstrophy. We plot both
quantities against the experimental results. This allows us not only to validate our solver,

but also to observe the numerical dissipation through the difference of the two measures of

®The CFL definition considered in this study is CFL= (||u|At/h)p™ with m = 1, where p corresponds to
the degree of the finite element. In the literature, values for m between 1 and 2 are common for higher-order
continuous Galerkin and discontinuous Galerkin methods [61,111]. After several accuracy tests, we chose
m = 1.
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the energy dissipation. The matrix-based version of the solver has already been used for
this benchmark using p = 1,2, 3, where excellent agreement with the reference results of [34]
were obtained (see [105]). In this work, we performed simulations using a finer mesh of 3843
cells for all element orders and the results are presented in Figure 6.9. Results with almost
no numerical dissipation are observed for ()o(Q)2 and QQ3Q)3. What particularly stands out is
that these kinds of simulations can now be performed using a desktop computer or a small
cluster without massive computational requirements. In Figure 6.10, an example of the

isocontours of the magnitude of the velocity profile are presented.

We also study the scalability of the solver using the cases in Table 6.9. For this, we analyze
the average time per time step in the simulation interval (6-10 s) and plot it against the
number of nodes in Figure 6.11. We experimented with the inverse diagonal and the ASM
smoother and found that both were robust, with the ASM obtaining less linear iterations
per Newton step (2.7 for £ = 7 and Q1Q1, 2.6 for { = 6 and 2y, and 2.7 for £ = 5 and
()3Q3; for inverse-diagonal results see Table 6.10); however, since the ASM smoother is
more expensive, we decided to only show inverse-diagonal results for this benchmark. The
matrix-free solver is 2.6-4.2x faster than the matrix-based solver for ()11, 7.6-16.4x faster
for (2@, and 11.1-32.3x faster for (J3()3. The matrix-free solver has, in general, a good
scalability; the results obtained with 32 and 64 nodes for ()22 and (Q3()3 elements reach the
scaling limit and are the points where the lowest speedups are obtained. The matrix-based
approach also shows good scalability for all element orders, in contrast to the behavior of
the solver for steady-state cases; in this case, ILU is used as preconditioner. In terms of
memory requirements, the results agree with what was observed for the steady-state cases,
the matrix-free solver has less memory requirements than the matrix-based solver which allow

us to run the Q)2Q)5 and 3Q3 problems using 1 and 2 nodes.

To analyze in detail the time spent per time step, Figure 6.12 presents the time spent for the
(2@ cases broken down into the setup of the preconditioner (GMG or ILU), the solution of
the linear system, and other parts of the simulations. It is important to mention that for this
problem we reuse the preconditioner across Newton iterations for both the matrix-based and
the matrix-free solver, which means that we only setup the preconditioner once per transient
iteration. The results show that the matrix-free solver cost in terms of time is dominated
by the setup of the preconditioner followed by the solution of the linear system and the
other components. In contrast, the matrix-based solver is dominated by the cost of the other

components, specifically the cost of the assembly of the Jacobian and the residual.® In the

5We note that using an inexact Newton method, that does not assemble the Jacobian in every Newton
iteration but possibly increases the nonlinear and linear iterations, would be an option to reduce the setup
costs of the matrix-based approach.
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Figure 6.9 Energy dissipation comparison for a Taylor—Green vortex simulation using a 3843
mesh for Q,Q1, 192 mesh for Q»Q- and 1282 mesh for Q3Qs, all with a total number of 228M
degrees of freedom. The results are compared to the reference results of Wang (2013) [34].

Figure 6.10 Isocontours of the velocity magnitude at different times for the Taylor—Green
vortex problem obtained using )10} elements and ¢ = 7.

case of the simulation performed with 8 nodes, the other components represent 53% of the
time per time step for the matrix-based solver, while for the matrix-free solver, this value is
only 11%.

Weak scalability is also studied by running several strong-scaling simulations with up to 2 560
computing cores (64 nodes); the results are presented in Figure 6.13 for the total wallclock
time. As in the MMS case, the time to solution increases with an increasing number of
refinements ¢ and the solver scales in the weak sense for all cases. The arrows in Figure 6.13
highlight the case of Q205 elements with 262K cells per node; the results show that the time
increases as the refinement ¢ increases, which makes sense since more transient iterations are
needed (80 for ¢ = 6, 167 for ¢ = 7, and 365 for ¢ = 8). The same plot is shown for the
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Table 6.9 Summary of the refinement level, number of cells and number of degrees of freedom
(DoFs) for all the simulation cases considered for the Taylor—Green vortex problem. All the
(1@ simulations have an element Peclet number in the range Pey, € [12,47], and therefore,
require SUPG and PSPG stabilization.

No. Cells No. DoFs
Refinement ¢ y
(1x2%)  Qi1Q1 Q2Q: Q3Qs
5 33K 3.6M
6 262K M 28M
7 2M SM 68 M 228 M
8 17™™ 68M  540M
9 134M 540M
=6 — (=7 =8 —a— [D =—— MB
Q1 Q202 Q3Q)3
w
*
10 * 10° 10 *
O *
™ *
| % 0 %

101 101Ij 1]

1 2 4 8 16 32 64 1 2 4 8 16 32 64 1 2 4 8 16 32 ¢4
Nodes (x 40 CPUs) Nodes (x 40 CPUs) Nodes (x 40 CPUs)

=

]
O

O %
] %

Average time per time step [s]

Figure 6.11 Strong scaling study considering ¢ = 8 for QQ1Q1, ¢ = 7 for ()20 and ¢ = 6 for
@3Q3 for the Taylor-Green vortex problem in the time interval 6 < ¢ < 10.

average time per time step in Figure 6.14. The results for the Qo) cases show the opposite
behavior, the average time per time step decreases with increasing refinement ¢ (see arrows in
Figure 6.14). The reason for this is that the linear iterations per Newton step decrease as we
increase the refinement (4.7 for ¢ = 6, 3.7 for £ = 7, and 3.2 for ¢ = 8). These results indicate
that to improve performance we could increase the CFL and perform less transient iterations
with more linear iterations per Newton step for larger refinements. However, one should be

careful when choosing the CFL as the accuracy of the results should not be compromised.

A summary of the iterations needed for the non-linear and linear solver is presented in
Table 6.10 for the matrix-free solver and in Table 6.11 for the matrix-based solver. The

results show that both solvers perform the same amount of transient iterations; however,
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Figure 6.12 Detailed timings for the setup of the preconditioner, time to solution of the
linearized problem and other components (mesh creation, Jacobian assembly, residual as-
sembly, and computation of enstrophy and kinetic energy) for the strong scaling study for

the Taylor—Green vortex problem using (Q2Q)s, £ = 7 and a the time interval 6 < ¢ < 10 (see
Figure 6.11 for total times).

Table 6.10 Summary of transient iterations (Nr), average Newton iterations (N y) per tran-
sient iteration and average linear solver iterations per Newton iteration (/N ), needed to solve
the TGV cases with 5 < ¢ < 6 using the inverse diagonal (ID) smoother.

Q:1Q: Q202 Q3Qs3
¢| Ny Ny N.| Ny Ny N.| Ny Nnx Ng
5 68 5.7 4.6
6 80 4.7 401|129 40 4.6
7177 41 39 167 3.1 3.7 264 23 4.4
81165 26 3.2 345 18 3.2
91360 1.8 24

Table 6.11 Summary of transient iterations (Nr), average Newton iterations (N ) per tran-
sient iteration and average linear solver iterations per Newton iteration (/N1 ), needed to solve
the TGV cases with 5 < ¢ < 6 using the matrix-based solver.

Q1Q1 Q2Q> Qs3Qs

2| Ny Ny N, 2| Ny Ny N, ¢| Ny Ny N,
165 2.0 427446 |7|167 20 4514526129 24 412458
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Figure 6.13 Total time for several strong scaling simulations for the Taylor-Green vortex
problem considering 7 < ¢ < 9 for Q1Q)1, 6 < £ < 8 for Q2()2 and 5 < ¢ < 8 for Q33 in the
time interval 6 < ¢ < 10. The arrows show how to observe the weak scalability in this plot.
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Figure 6.14 Average time per time step for several strong scaling simulations for the Taylor—
Green vortex problem considering 7 < ¢ < 9 for Q10Q1, 6 < £ < 8 for Q202 and 5 < ¢ < 8 for
(3Q3 in the time interval 6 < ¢t < 10. The arrows show how to observe the weak scalability
in this plot.

small differences can be observed for the average number of Newton iterations and linear
iterations. Most notably, the GMG preconditioner always requires a small number of linear
iterations per Newton step (2-5), while the ILU preconditioner needs more than 40 iterations
for all the element orders studied. However, one needs to keep in mind that GMG performs in
total 10 smoothing steps per iteration and level. One can conclude that the monolithic GMG
preconditioner shows excellent behavior for transient problems, and it is robust with a simple

inverse-diagonal smoother. For a recent publication that uses the same benchmark to test a
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matrix-free finite-volume solver with a pressure-projection resolution technique instead, see
the work by Knaus [181].

6.5 Conclusions and Further Research

We have presented a stabilized solver for the incompressible Navier—Stokes equations imple-
mented in a matrix-free fashion in the context of continuous Galerkin finite element methods.
The solver uses a monolithic geometric multigrid (GMG) preconditioner for a Newton-Krylov
solver. We presented experimental results for two steady-state problems and one transient
problem, and consider two types of smoothers for the GMG preconditioner: an inverse diag-
onal and a cell-centric additive Schwarz method (ASM).

For steady-state problems, the solver scales for up to 2560 computing cores and one billion
DoFs. The results indicate that the ASM smoother is more robust than the inverse-diagonal
smoother for all cases considered, however, with a significant higher memory requirement.
Compared against its matrix-based version with an AMG preconditioner, the matrix-free
solver showed lower times to solution (1.6x faster for (1@ with ASM, 10-100x faster for
higher-order elements with inverse diagonal) and a better scalability. For the flow around a
sphere benchmark with a high Reynolds number (Re = 150), we demonstrated that high-order
elements in the context of continuous Galerkin can achieve higher accuracy when computing
the friction drag coefficient with a lower number of degrees of freedom. This conclusion could
only be obtained via the matrix-free solver, since its matrix-based version - along with its

linear solver — is not robust and is computationally too expensive for higher order elements.

For transient turbulent problems, the results indicate good scalability for problems with up to
2560 computing cores and half a billion DoFs. In this case, the linear solver was robust for all
cases, even with a simple inverse-diagonal smoother. Compared to the matrix-based version
with an ILU preconditioner, the matrix-free solver was significantly faster even for linear
elements (3.4x for Q1Q; elements, 10-30x faster for higher-order elements). The results
show that due to the high computational efficiency and the lower memory requirements of
the solver, one can obtain fully converged simulations of the Taylor-Green vortex benchmark

using a desktop computer or a small cluster.

To summarize, the solver presented in this study, along with its GMG preconditioner, allows
us to simulate steady-state and transient problems with a competitive time-to-solution and an
efficient use of computational resources, especially when using higher order elements. Further
research directions include the extension of the monolithic GMG solver for locally refined

meshes in the context of more challenging engineering applications, a detailed comparison
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of the solver to a pressure-projection implementation approach, and the development of a
more efficient implementation of the ASM smoother. Latter also includes the investigation
of different patch types, in particular, of vertex-star patches, which are the basis of Vanka

smoothers.
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6.7 Appendix A : Smoother Iterations

In order to choose the number of smoother iterations used in this work, we consider the flow
around a sphere case with a fixed refinement. We perform several experiments with different
number of smoothing iterations (SI) between 1 and 7, elements (),Q), of order p = 1,2, 3,
and the two smoothers: inverse diagonal (ID) and additive Schwarz method (ASM). The
results are presented in Tables 6.12 and 6.13. For the Newton iterations the same results
as in Table 6.6 are obtained (not shown). Using one or two smoother iterations for the ASM
smoother is already enough in terms of time to solution and linear iteration count. Even
though with more smoothing steps the number of linear iterations further decreases, the
accumulated number of expensive smoothing steps increases, leading to an overall increase
in time to solution. For the inverse diagonal smoother, more smoother iterations are needed
to obtain the lowest time to solution, which is related to costs of other parts of multigrid
solver, which are not negligible compared to the extremely cheap smoother. Therefore, we

choose 2 smoothing iterations for the ASM smoother and 5 for the ID smoother.
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Table 6.12 Summary of total time in seconds multiplied by the number of nodes (7'), average
linear solver iterations per Newton iteration (Np), and average smoothing steps per level
per Newton iteration (Ng = 2-SI- N), needed to solve the flow around a sphere case with
two global refinements with different number of smoothing iterations (1 < SI < 7) using the
inverse diagonal (ID) as smoother. If “—” the simulation reached the maximum number of
iterations set to 200.

Q:1Q: Q2Q: Qs3Q3
SI|T N, Ns | T N, Ng | T N, Ng

87 82.1 3413 | — — — — — —
81 578 3613|329 704 4389 | — — —
71 43.8 365.8 | 273 552 391.2| 670 77.2 641.0
72 37.0 386.9 | 255 46.4 483.8| 620 62.5 6494
74 325 408.8 | 263 38.6 4844|610 53.1 663.8
70 28.0 412.6 | 260 34.1 499.5 | 604 45.8 669.4

N O Ot s W N

Table 6.13 Summary of total time in seconds multiplied by the number of nodes (T'), average
linear solver iterations per Newton iteration (Np), and average smoothing steps per level
per Newton iteration (Ng = 2-SI- N ), needed to solve the flow around a sphere case with
two global refinements with different number of smoothing iterations (1 < SI < 7) using the

additive Schwarz method (ASM) as a smoother. If “—” the simulation reached the maximum
number of iterations set to 200.
QIQI Q2Q2 Q3Q3

SI| T N;p Ng T Np Ng T Np Ng
73 313 65.7 | 234 215 453 | 1152 18.1 38.1
68 169 71.8 | 232 124 53.7 | 1188 10.2 4438
72 122 793 | 244 90 60.3|1240 74 50.6
72 99 873 249 74 6741260 6.1 56.5
72 83 934 |245 6.3 7331268 54 63.8
72 73 99.0 | 259 5.7 80.01]1892 49 705
75 6.7 1072|268 5.3 88.0 1834 44 76.1

~N O Ot = W N

6.8 Appendix B : AMG and ILU Parameters

A complete overview of the parameters used by the Trilinos ML AMG preconditioner and
Trilinos Ifpack ILU preconditioner (version 13.4.1) is presented in Figures 6.15 and 6.16
respectively. This set of parameters has been successfully used by the matrix-based code for

a wide range of applications; see [106] for some examples.
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Teuchos::ParameterList parameter_list;
ML_Epetra::SetDefaults ("NSSA", parameter_list);

parameter_list.set ("aggregation: type", "Uncoupled");

// General parameters

parameter_list.set ("aggregation: block scaling", true);
parameter_list.set ("smoother: type", "ILU");
parameter_list.set("coarse: type", "ILU");
parameter_list.set("initialize random seed", true);
parameter_list.set ("smoother:sweeps", 2);
parameter_list.set("cycle applications", 1);
parameter_list.set ("prec type", "MGV");

parameter_list.set ("smoother: Chebyshev alpha", 10.);
parameter_list.set ("smoother: ifpack overlap", 1);
parameter_list.set ("aggregation: threshold", le-4);
parameter_list.set ("coarse: max size", 2000);

// Null space

parameter_list.set ("null space: type", "pre-computed");
parameter_list.set ("null space: dimension", 4);
parameter_list.set ("null space: vectors", constant_modes);

// Smoother parameters

parameter_ml.set ("smoother: ifpack level-of-£fill", 0);
parameter_ml.set ("smoother: ifpack absolute threshold", 1le-12);
parameter_ml.set ("smoother: ifpack relative threshold", 1.0);
// Coarse parameters

parameter_ml.set ("coarse: ifpack level-of-fill", O0);
parameter_ml.set ("coarse: ifpack absolute threshold", 1e-12);
parameter_ml.set ("coarse: ifpack relative threshold", 1.0);

Figure 6.15 Input parameters of the AMG preconditioner as implemented in Trilinos ML [119].

Teuchos::ParameterlList parameter_list;
parameter_list.set("fact: level-of-fill", 0);
parameter_list.set("fact: absolute threshold", 10e-10);
parameter_list.set("fact: relative threshold", 1);
parameter_list.set("schwarz: combine mode", "Add");

Figure 6.16 Input parameters of the ILU preconditioner as implemented in Trilinos Ifpack
[120].

6.9 Appendix C : Manufactured Solution using (),(), Elements

The publication focuses on polynomial orders p = 1,2, 3 since in practice, when using contin-
uous Galerkin methods, these are the orders most commonly used. However, our matrix-free
implementation can also be used with higher orders such as (Q4Q)4 elements. In what follows,
we use this capability for the manufactured solution problem. We consider three refinement

levels (4 <1 < 6) cases and run the simulations to check the order of convergence as well as
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the number of nonlinear and linear iterations. All the results are presented in Table 6.14.
The results show that the convergence is preserved even when using an order p = 4, obtaining
an order of convergence of O(h%) for the velocity and O(h?*) for the pressure. In terms of
number of iterations, the results show similar results as those obtained for polynomial orders
p < 4 (see Table 6.3). The ASM smoother preserves the same number of linear iterations per
Newton iteration as in the (3()3 cases and the iterations do not increase as much as in the
ID case. On the other hand, the inverse diagonal smoother is less robust, and the number of

iterations increases.

6.10 Appendix D : Additional Verification via a Taylor Vortex in 2D

We simulate a Taylor Vortex in 2D in a domain Q = (0, 27)? with periodic boundary condi-

tions, where the velocity and pressure are defined as follows:

Uy cos (x) sin (y)e 2"t
Uy | = —sin (z) cos (y)e 2" . (6.9)
p* 1(cos (2z) + cos (2y))e !

This problem allows us to verify the solver for structured and unstructured meshes considering
a more challenging problem. We consider four unstructured meshes. The first three are

generated by transforming each of the points of the cartesian mesh (z,y) as:

' =z + [sin(2my) (6.10)
Y =y + Bsin(2my) (6.11)

where [ is set to 0.15,0.45 and 0.75. The last unstructured mesh is generated randomly
using Gmsh with its BAMG algorithm. In Figure 6.17, we present the results for elements
1@ and Q3Q)3 as these are the lowest and largest orders considered in the manuscript. The
results are presented for a Reynolds number Re = 10000 (Pe, € [491,1963]) and for the
inviscid case (Pe, — 00) (as proposed by Ham and Iaccarino [177]). The results show that
the correct order of accuracy is recovered for the velocity, that is O(AhPT!), i.e., second order
for Q1)1 elements and fourth order for ()3Q)3 elements. Moreover, the order of accuracy is

preserved even for highly unstructured meshes.
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Table 6.14 Summary of the refinement level, number of cells, number of degrees of freedom
(DoFs), Ly error for the velocity and the pressure, Newton iterations (Ny), and average linear
solver iterations per Newton iteration (Np) for the three simulation cases considered for the
extension of the manufactured solution problem using ()4()4 elements. To generate the mesh,
a coarse mesh consisting of a single cell is created and then refined ¢ times. The number of
cells increases with 23,

No. Cells ID ASM

Refinement ¢ No. DoFs Lserror u Lserror p _ _
(1 x 23) Ny N Ny Np
4K 1M 297 x107% 1.04x10* 3 11.7 3 5.7
33K SM 9.26 x 107® 6.33x10°¢ 3 130 3 6.0

262K 67M 289x 107 3.94x107" 3 140 3 6.7
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Figure 6.17 Order of convergence for velocity-pressure discretizations ()1, and (Q3Q3 for the

Taylor-Vortex in 2D problem.
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6.11 Appendix E : Details for the Flow Around a Sphere mesh

The domain is divided into 12 blocks of different sizes. Each block is divided using hexahedral-
shaped cells of different sizes. Figure 6.18 shows the dimensions of each of these blocks. All
blocks, with the exception of block 12, which contains the sphere, are Cartesian blocks. The
largest cells are located downstream of the sphere and the smallest cells are located in the
block where the sphere is located. The geometry and mesh files can be found in the Lethe
GitHub repository (https://github.com/chaos-polymtl/lethe/tree/master/example

s/incompressible-flow/3d-flow-around-sphere).

Plane at z=0
('6’5)
(6. 2 6
12
3 7
Yy (-6,-3)
2 6
X (-6,-5)  (-3,-5) (3,-5) (16,-5)
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T 1 9 9 6
('5!3)
12
4 3 4 11 11 8 7 8
y (-5,-3)
1 2 1 9 9 6

Z (-5,-5) (-3,-5) (3,-5) (5,-5)

Figure 6.18 Schematic representing all the blocks needed to create the block-structured mesh
used for the flow around a sphere case.


(https://github.com/chaos-polymtl/lethe/tree/master/examples/incompressible-flow/3d-flow-around-sphere)
(https://github.com/chaos-polymtl/lethe/tree/master/examples/incompressible-flow/3d-flow-around-sphere)
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Abstract: The Taylor-Couette flow case is a turbulent benchmark that assesses the ca-
pability of numerical methods to simulate problems with curved boundaries and boundary
layers. In this study, we consider the case with a rotating inner cylinder and a stationary
outer cylinder at a Reynolds number Re = 4000. This allows us to assess the accuracy of
our continuous Galerkin finite element solver, which uses an implicit Large-Eddy Simulation
(LES) approach and SUPG/PSPG stabilization techniques. We perform numerical experi-
ments using different polynomial orders p = 1,2,3 with up to 6M cells and 716M degrees
of freedom. We compare enstrophy and kinetic energy profiles, along with vorticity and Q
criterion distributions. Moreover, we compute the numerical dissipation of the implicit LES
approach using the energy equation. The results show that the prediction of enstrophy is
more accurate with increasing order p and refinement of the mesh. The energy balance anal-
ysis allows us to show that high-order elements can obtain less numerical dissipation with a
lower number of degrees of freedom and with fewer computational resources. The work raises
the question of what is an acceptable amount of numerical dissipation and provides valuable

data for future users of this benchmark.

7.1 Introduction

Understanding rotating flows is critical for the design of devices with applications in different
domains, such as, wind turbines [182,183], jet engines [184], rotating mixers [185], and
rotating reactors [186, 187]. One of the most investigated rotating flow problems in fluid
mechanics is known as the Taylor-Couette flow. It consists of the flow between two rotating

coaxial cylinders and is relevant for several reasons: i) it is possible to study it with high
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precision experimentally due to its simple geometry and symmetry, ii) its curved boundaries
allow the study of boundary layers and their interaction with the bulk flow, as well as iii) it

is a mathematically well defined problem described by the Navier—Stokes equations.

The Taylor—Couette flow has been widely studied experimentally. A comprehensive review
can be found in the review article of Grossmann et al. [188]. For independent rotating cylin-
ders, experiments were conducted in the early 30s by Wendt et al. [189]. Andereck et al. [190]
conducted experiments that allowed building a phase diagram that showed the different flow
structures that could be obtained depending on the Reynolds number of the inner and outer
cylinders. The flow structures led to different phase zones, which were classified according
to the physical phenomena observed, e.g., Couette flow physics, Taylor-vortices, modulated
waves, spiral turbulence, among others. The experimental work of Lathrop et al. [191,192]
and Lewis et al. [193] is also commonly cited in the literature for the Taylor—-Couette flow

with pure inner-cylinder rotation.

Numerical simulations of this benchmark started to be conducted thereafter. Direct numerical
simulations (DNS) were conducted, for example, by Dong [194], who used a Fourier series in
the axial direction and spectral elements otherwise to compute DNS data between Re = 1000
and Re = 8000. Pirro & Quadrio [195] conducted simulations at Re = 10500 using a
mixed spatial discretization consisting of spectral schemes in the homogeneous directions
and a fourth-order finite difference scheme in the radial direction. They compared velocity
fluctuations with experimental data and observed large-scale vortices and wall turbulent
cycles as a result of near-wall shear. In the work of Ostilla-Ménico et al. [196], they performed
DNS simulations using a second-order finite difference code with fractional time-stepping at
a Reynolds number of Re = 100 000. They studied the effect of the size of the computational
domain in the statistics (low- and high-order moments of the flow) and experimented with

“computational boxes” to reduce computational requirements.

While DNS simulations seem to be the focus, there are also some works that used large-
eddy simulations (LES) to study the Taylor-Couette flow. The work of Poncet el al. [197],
considers LES simulations of this benchmark for six different combinations of rotational and
axial Reynolds numbers. Cheng et al. [198] also performed wall-resolved LES simulations
for the case where the inner cylinder is in rotation and the outer cylinder is stationary.
They used a stretched-vortex subgrid-scale model, but the flow was resolved close to the wall
for the Reynolds number range Re = 100000 — 1000000. The first work showing results
using an implicit LES strategy is that by Bazilevs & Akkerman [199], where the benchmark
was used to evaluate the convergence characteristics of an isogeometric analysis method along

with a residual-based variational multiscale formulation for the flow at Re = 8000. The mean
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velocities, the mean angular momentum, and the torque were compared to the DNS results by
Dong [194]. They highlighted that the use of NURBS (non-uniform rational B-splines) allows
one to exactly represent circular geometries, which contributed to obtaining good accuracy
for all statistical data (ensemble-averaged mean azimuthal velocity, angular momentum, and
azimuthal velocity fluctuations as functions of the radial coordinate). They also emphasized
that the good performance of the methodology is highly dependent on the decision of not
using explicit eddy viscosities, since eddy-viscosity-based modeling approaches have problems
when dealing with a flow dominated by rotation. Aydinbakar et al. [200] also studied the flow
using a space-time variational multiscale method with space-time isogeometric discretization
as well as discussed the importance of a reasonable computational cost and an accurate

description of the curved walls.

Although most of the literature on this benchmark focused on comparing azimuthal velocity,
angular momentum, and torque profiles, with experimental or DNS data, Wang & Jour-
dan [201] proposed a different perspective to study this benchmark. The authors argue that
comparing average quantities is time consuming and requires significant computational re-
sources due to the long averaging time needed (once a statistically-stationary state is reached,
around 250 non-dimensional units according to [199] or 500 second units according to [201]),
which could explain why this benchmark has not been used extensively for the assessment of
computational fluid dynamics software. Therefore, they define a benchmark, similar to the
traditional Taylor—Green vortex, that allows one to assess LES/DNS high-order numerical

methods for turbulent flows within the context of the more complex Taylor—Couette flow.

Traditionally, the Taylor-Green vortex problem has been used as a benchmark because of its
simplicity but also its ability to assess the behavior of the energy dissipation through the
kinetic energy and enstrophy of the simulated flow. However, it lacks certain characteristics
that the Taylor-Couette flow problem does have: curved boundaries and boundary layers.
Wang & Jourdan [201] defined a Taylor-Couette benchmark at Re = 4000 and provided
DNS kinetic energy and enstrophy values for further comparison. They used a high-order flux
reconstruction method, an implicit LES approach, and an explicit total variation diminishing

Runge-Kutta scheme for time integration.

Following their ideas, in this work we aim to extend the benchmark by using the notion
of energy balance to quantify the amount of artificial dissipation in LES; we also assess
a continuous Galerkin computational fluid dynamics software (Lethe) that uses a stabilized
formulation of the Navier—Stokes equations. Furthermore, we aim at providing further insight
into the effect of the polynomial order of the finite element and the computational cost of the

simulation in terms of resources and linear and nonlinear iterations, and we raise questions
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regarding what an acceptable amount of artificial dissipation should be in a practical LES

simulation.

The article is organized as follows: In Section 7.2 we present the benchmark and discuss its
key features. In Section 7.3, we present the setup of our experiments including the numerical
discretization and stabilization techniques. In Section 7.4, we present the results of the
simulations performed and discuss the results. Finally, we summarize our conclusions in
Section 7.5.

7.2 Taylor—-Couette Benchmark

The Taylor—Couette flow, as proposed by Wang & Jourdan [201], consists of the flow between
two concentric cylinders, an inner cylinder with radius r; = 0.5 and an outer cylinder with
radius r, = 1; the former rotates with angular velocity w;, while the latter is stationary. A
schematic of the geometry can be seen in Figure 7.1. The length of the cylinders is given
by L = m, the difference in the radius is equal to d = r, — r;, and we can define the aspect
ratio as I' = L/d = 2m.

7.2.1 Physics

We define the Reynolds number with respect to the inner cylinder as follows:

Rei _ Uld _ wmdy (71>

14 14

where v is the kinematic viscosity and U; is the inner-cylinder wall velocity. In addition
to the Reynolds number, a common dimensionless quantity used when characterizing the

Taylor-Couette flow is the Taylor number. It is defined as:

o L0 g2 (L0 (ri+ 7o) W

64n* 64n>? V2

: (7.2)

where n = r;/r, is the radius ratio of the inner and outer cylinders. The critical value is given
by Tagi, ~ 1700. The simulations that consider Ta < Ta.;; are laminar, and an analytical
solution can be obtained. As soon as Ta > Ta. a transition to turbulence is observed and
several physical phenomena arise. At low Taylor numbers (Ta < 10°), a system of coherent
toroidal vortices or Taylor vortices can be observed with a circular loci center located in the
axial direction. Around Ta ~ 3 x 10°, the loci of the centers of the vortices become traveling

waves, which also makes the flow periodic in the azimuthal direction and gives rise to complex
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Figure 7.1 Geometry used for the Taylor-Couette flow with r; radius of the inner cylinder, r,
radius of the outer cylinder, d the difference between the radius, L the length of the cylinders
and w; the angular velocity of the inner cylinder.

boundary layers at the inner and outer walls of the cylinders. As the Taylor number increases
further (e.g., for n = 0.71, Ta > 3 x 108), the boundary layers undergo a shear instability
that leads to a fully turbulent flow [188,202].

The case considered in this work considers a Reynolds number Re; = 4000 and a Taylor
number of Ta = 4.56 x 107. Wang & Jourdan [201] propose to simulate this flow for a
total of 33.5 seconds. They highlighted four key moments related to the enstrophy history
profile for this benchmark: 1) ¢; = 22.058, the moment where the first peak is encountered,
2) ty = 24.016, the moment of the first valley, 3) t3 = 27.2 the moment for the second
peak, and 4) t; = 33.5 the end time of the simulation. Before ¢; the enstrophy grows,
indicating a strong vortex stretching near the cylinder walls and in the bulk of the flow.
Strong symmetric patterns are also present, indicating laminar flow. Between t; and to,
the enstrophy decreases and there is a breakdown of the vortex sheets into smaller eddies;
however, the flow is still symmetric. After ¢y, we start to see the transition to turbulence as
the symmetry is broken and smaller eddies are obtained in the flow, even within the boundary
layers, which increase the enstrophy until t3. After this, the flow becomes more turbulent
and irregular. In Figure 7.2, three dimensional visualizations of the vorticity magnitude for
the isocontours of the Q criterion are shown. These visualizations were obtained with results

from our solver and allow one to identify all the stages previously described.
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Figure 7.2 Three dimensional visualizations of the vorticity magnitude in the isocontours
of the positive Q criterion values at different time steps of the Taylor-Couette simulation
at Re = 4000. The visualizations are obtained using second order elements and a mesh
consisiting of 942K cells.

7.2.2 Governing Equations

The Taylor—Couette flow can be described by the incompressible Navier—Stokes equations in
a domain §2 with boundary I' = 0€:

V-u=0o0nx|0,t],
(7.3)

ou+ (u-V)u+Vp" —vAu =0 on Q x [0,1].
where w is the velocity, p* = P/p is the reduced pressure with density p, and v is the
kinematic viscosity. We consider periodic boundary conditions in the axial direction z, no-
slip boundary conditions on the outer cylinder wall and a fixed Dirichlet boundary condition

on the inner cylinder, where we set the velocity vector to u = [—y, z,0]", which is equivalent
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to an angular velocity of 1rads™!. The initial condition is:

w eU; cos 6 sin (“Tﬂ) sin (d>

ug | _ Ar + £ + eU; sin 9;111 <(r T')ﬂ) sin (2) (7.4)
u,

p* %A%«? +2ABInr — 23*2 % (EU) cos 260 sin (%tir)g sin <%>

where € is a coefficient set to 0.1, r is the radial coordinate, 8 the azimuthal coordinate, and

z the axial coordinate. The coefficients A and B are defined as follows:

2 2
wiT Wi
A=— B=—". 7.5

7.2.3 Balance of Energy

Unlike benchmarks in which homogeneous isotropic turbulence is encountered, e.g., the
Taylor-Green vortex benchmark with periodic boundary conditions, for the Taylor—Couette
flow the kinetic energy rate cannot be directly compared to the enstrophy since other rele-
vant terms come into play [21,34]. In order to understand all of these terms, one can study
the rate of change of the kinetic energy in the system. The kinetic energy rate equation
can be obtained as the inner product of the velocity uw and the equation of motion for an

incompressible flow as follows [202]:

fyai (377) a0 == [(9 - gpntu) a0
—/’V-PudQ—/J%—v.mdQ (7.6)
/ ))dq — té(—T:YhUdQ

where u? is the square of the magnitude of the velocity vector w, P is the pressure and
T =—U (Vu + (V'u,)T) is the deviatoric stress tensor with dynamic viscosity p. The first
term on the right-hand side represents the rate at which the kinetic energy is convected across
the domain; since we have periodic boundary conditions, it is equal to zero for this problem.

The divergence theorem can be applied to the second term on the right-hand side:

—Avwmmmzz—ﬁn{ﬂmﬁ, (7.7)
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and to the fourth term as well:
—/(V-[T-u])dQ:—/n-[T-u]dF, (7.8)
Q r

to obtain:

0

O (1 N\ . 1
/Qat(zf’“)dg—w
0 (7.9)
—/Fn-[Pu]dF—M

—/n-[T-u]dF—/ (—7 : Vu)dQ.
r Q
The final balance is then given by the following equation:

/Q&at <;pu2) dQ = —/F(n [T ea])dl — /Q (=7 : Vu)dQ (7.10)
The first term corresponds to the power applied to the wall of the inner cylinder calculated
through the deviatoric stress tensor 7 contracted with the velocity at the wall, while the
second term corresponds to the viscous dissipation within the domain. Following the idea
first presented by Schranner et al. [203] and then used also in other works, e.g., [204], and
considering an incompressible flow with p = 1, we rewrite the balance of energy in terms of

kinetic energy divided by density as follows:
= 9 (Hﬂ) A+ [ (- dl 4 [ Vu) e (7.11)
~ Ja ot \2 r Q ‘ '

where the residual € is a positive value that corresponds to the source of numerical dissipation
that causes the kinetic energy to be lost over time, and 7* = —v (V’u,+ (VU)T>. The
individual values of the three terms: kinetic energy time derivative, the power input due
to the torque on the inner cylinder, and the viscous dissipation, can be obtained as post-
processed quantities of the simulation. The value of the numerical dissipation is normalized
with respect to the maximum value of the viscous dissipation, to finally obtain a dimensionless
quantity e,. Studying this value allows us to quantify the numerical dissipation of the implicit
LES approach used in this work and allows us to have a specific metric that can be used to

compare different simulation cases for the Taylor—Couette benchmark.
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7.3 Setup of the Simulation

In this section, the CFD solver used in this study, along with the mesh and the methodology

are presented.

7.3.1 Stabilized Continuous Finite Element Solver

The simulations are carried out using Lethe [105, 106], an open source computational fluid
dynamics software. This software is based on the deal.ITI finite element library [82], which in
turn uses pdest for mesh support [107] and MPI for parallelization. This publication uses the
matrix-free fluid solver of Lethe [205], which has been proven to scale well for both steady-
state and transient challenging problems at high Reynolds number, including the Taylor-
Green vortex benchmark. The software solves the incompressible Navier—Stokes equations in
the domain €2 as presented in Equation 7.3 for velocity and pressure in a coupled way using
a continuous Galerkin approach. It also takes into account the Streamline-Upwind/Petrov-
Galerkin (SUPG) and the Pressure-Stabilizing/ Petrov-Galerkin ((PSPG)) stabilization
techniques, allowing to use the same element order for the velocity and the pressure and
avoiding oscillations in the solution. The stabilization terms are added to the weak formula-

tion of equation 7.3 and are defined as follows:

(¢, V-u)g + (v,0u)q + (v, (u- V)u)g — (v, flao+v(Vv,Vu)g — (V- v,p")q
Weak formulation

+ Z(TV(], dru+ (u-V)u+ Vp' —vAu — f)g,
k

(7.12)

PSPG term

+> (t(u-V)v, 0w+ (u-V)u+ Vp* —vAu — f)g, = 0.
k

SUPG term

The terms consider the residual of the momentum equation, multiplied by a term that consid-
ers a stabilization parameter 7 and the test functions (v or ¢). For 7, we extend the definition
of Tezduyar et al. [149] to obtain a stabilization parameter that includes the polynomial order

of the finite element p:

—-1/2
1\? | (2]ulp)” dvp
— 1
(2 + () o GE) | 13

where heony = hair = h is the element size, which in 3D is equal to h = (6h;/7)"/3, where

T =
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hy is the volume of a cell. For the time discretization, we use a second-order backward
differentiation method which is A-stable [76] and use a constant CFL number of 1, where
the CFL is defined as CFL = (||u|/At/h)p. We use a Newton-Krylov approach to solve
the non-linear problem and use a GMRES method with a monolithic geometric multigrid
as a preconditioner for the linear system. A detailed description of the matrix-free solver
implementation can be found in [205]; more details on the geometric multigrid preconditioner
can be found in [112].

7.3.2 Mesh

The mesh that we use in this work is uniform in the axial and azimuthal directions and
includes one local refinement in the radial direction next to the wall boundaries of the cylin-
der. We use hexahedral-shaped elements to discretize the domain and we attach a high-
order cylindrical manifold that allows an accurate description of the curved boundaries using
isoparametric Q elements. The smallest mesh considered for the experiments has 154K cells,
while the largest has 6M cells. Figure 7.3 shows a sample mesh with 5670 cells and two dif-
ferent views highlighting the local refinement next to the walls. For more information on how
hanging nodes are managed, we refer the reader to the procedure introduced by Bangerth &
Kayser-Herold [206]. In the original benchmark, cells are clustered in the radial direction by
specifying a growth ratio of 1.5 near the wall; in our case, one refinement next to the walls
was enough to obtain satisfactory results (see Appendix A in Section 7.7 for the comparison
of the results using two meshes: one with one refinement next to the walls and the other one

with two refinements).

7.3.3 Methodology

Following the procedure specified by Wang & Jourdan [201] and the extensions proposed in

this work, the benchmark consists of the following:

1. Use the initial condition presented in equation 7.4 and run the experiments until ¢ =
33.5s.

2. Compare the enstrophy and kinetic energy history with the reference DNS result (p = 5,
102K cells and 110M DoFs) provided by Wang & Jourdan [201].

3. Compare the distribution of the vorticity magnitude (V x ) and the Q criterion at

t = 24.016 among the different experiments and with the reference DNS results.

4. Compare the history of numerical dissipation ¢, among the different experiments.
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Figure 7.3 Sample of the Taylor-Couette mesh used for the simulations. Note the additional
refinement next to the walls.

5. Evaluate performance in terms of computational time as well as linear and non-linear

iterations.

All tests were run on the Niagara distributed memory cluster from the Digital Research
Alliance of Canada. Niagara consists of 2024 nodes, each with 40 Intel Skylake cores (2.4
GHz) with 202 GB of RAM per node. We use AVX512 instructions for vectorization over 8

cells/doubles (512 bits). We use between 4 and 32 nodes, depending on memory requirements.

7.4 Results and Discussion

We consider nine experiments with different number of global refinements, i.e., number of
cells, and element orders (),Q,, where p is the polynomial degree of the underlying element.

A summary of all the cases considered is presented in Table 7.1.

Table 7.1 Summary of the number of cells and number of degrees of freedom (DoFs) for all
the simulation cases considered for the Taylor—Couette flow with Re = 4000.

Global refinement No. DoFs
No. Cells

£ QlQl Q2Q2 Q3Q3
154K 765K 5M  18M

4
5) 942K AM 33M  108M
6 6M 2™  215M  716M
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7.4.1 History of Enstrophy and Kinetic Energy

The results of the enstrophy profiles are presented in Figure 7.4. We observe the ability of
the solver to achieve a more accurate enstrophy with increasing order of the elements p and
refinement of the mesh. For the ()1(); cases, the results approach the reference data as we
increase the mesh resolution. Taking a look at the first peak, which occurs at ¢; = 22.058,
we observe a delayed dissipation for the coarsest mesh due to the inability to capture small
eddies. For the (Q2Q)> elements, the results for the coarse mesh are considerably improved and
the two finer meshes obtain very similar results to those obtained by Wang & Jourdan [201].
As we further increase the order of the elements to (Q3()3, even the case with the coarsest
mesh gives good results when compared to the reference results; all the meshes capture the
first and the second peak. There is a difference observed for the finest ()3()3 simulation after
the second enstrophy peak; however, note that after t3 = 27.2, no similarity between results

is expected in the history of enstrophy as the flow quickly becomes fully turbulent.

The results for the kinetic energy are presented in Figure 7.5. All cases converge to the
reference solution, with the coarsest Q101 being the only exception. A similar result was
obtained by Wang & Jourdan [201] for their coarsest simulation (p = 2 with 2.8M cells and
a total number of 13.8M DoFs). We can conclude that while the kinetic energy is a useful
quantity, enstrophy encounters a more significant change in terms of order of magnitude
during the 33.5 second interval. This makes enstrophy a better quantity that can be used to

compare results of different simulations computed using different solvers.

7.4.2 Vorticity and Q Criterion Distributions

To complete the benchmark as proposed by Wang & Jourdan [201], we compare in Figure 7.6
the vorticity profiles obtained for a zy-plane at ¢t = ¢y for three different simulations (the
finest 1@ simulation, the medium ()2 simulation, and the coarsest Q3@3 simulation)
against the finest (Y303 simulation, which is considered the one with the highest resolution
in this work. One can observe strong symmetric patterns throughout the domain and higher
vorticity values near the inner wall for all simulations, as described previously in the physics
section. Moreover, one can observe large structures that are captured by all the simulations
and showcase low vorticity values. Focusing on the highest values of the vorticity, one can

also identify smaller vortices both near to the inner wall and in the bulk of the flow.

In addition to the vorticity, we also present in Figure 7.7 the Q criterion (as defined in [21])
and present it for the same plane and the same set of simulations. This allows us to focus

solely on the vortices with higher vorticity, that is, the smallest structures captured by
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Figure 7.4 Enstrophy over time for the Taylor-Couette flow at Re = 4000 using different
cases with ()@, elements with p = 1,2 and 3, and different mesh sizes.
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Figure 7.5 Kinetic energy over time for the Taylor-Couette flow at Re = 4000 using different
cases with ()@, elements with p = 1,2 and 3, and different mesh sizes.

the different simulations. To quickly see the differences among them, we have highlighted
three different regions in the figure around z = 2.4. For the region 1, the (J1Q); simulation
manages to obtain a similar number of vortices placed at the same locations as the finest (Q3Q)3
simulation, while the other two simulations seem to have less vortices at different locations.
In the case of the region 2, the Q1) simulation does not resolve very small vortices near to
the rolls, on the other hand, the other two simulations seem to better capture those vortices.
Finally, in the region 3, one can observe that the Q1@ simulation fails to capture the smaller
vortices, while the other two manage to resolve them, with the Q)2Q)2 simulation being the

one that most resembles the results of the finest (303 simulation.

Although these two-dimensional profiles are indeed useful in identifying the turbulent struc-
tures, we do not believe that they are appropriate to compare the influence of the order

of the element directly. The reason for this is that high-order rendering is still a challenge
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Figure 7.6 Comparison of the vorticity profile for four different simulations defined by polyno-
mial order and total number of cells for the Taylor-Couette flow at Re = 4000 at t, = 24.016's
in a zy-plane.

Figure 7.7 Comparison of the Q criterion profile for four different simulations defined by
polynomial order and total number of cells for the Taylor—-Couette flow at Re = 4000 at
ty = 24.016s in a zy-plane. There are three highlighted regions at around z = 2.4 for
comparison purposes.
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and even though we use the high-order capabilities provided by Paraview and available in
deal.II, there are still many questions on whether this rendering is accurate, especially
when extracting planes from a three-dimensional object. Due to this and in order to provide
a more rigorous comparison, we decided to analyze the simulations closely using the energy

balance presented in Section 7.3.

7.4.3 Numerical Dissipation

The normalized numerical dissipation ¢, of each of the experiments is plotted over time in
Figure 7.8. As expected, the numerical dissipation decreases as we refine the mesh for all the
element orders. From all simulations, the medium and fine simulations for (J3()3 elements
obtain the smallest dissipation of all cases. We can see that the difference between the
dissipation between the cases that use the same order varies considerably, with ()1, having
the largest difference. It is important to note that all simulations, except the coarsest ones for
Q1Q1 and Q2Q-, obtain some negative values of the order of 102 for the numerical dissipation
that cannot be clearly seen in Figure 7.8. These small negative values are considered to be
noise attributed to the error of the method used to calculate numerical dissipation during
the post-processing stages. Similar conclusions were drawn by Cadieux et al. [204] who used
the same methodology to quantify the numerical dissipation for turbulent separation bubble
flow. Moreover, they demonstrated that the method to quantify the numerical dissipation
did not have a large influence on the results, as long as it was of the same order as the solver

that produced the solution.

The superposed enstrophy (dotted curve in Figure 7.8) allows us to analyze the moment
where the energy starts being dissipated by the different schemes and its relation to the
physics encountered at the key times of the enstrophy profile. For the ()1(); simulation with
the coarse mesh the dissipation starts increasing at ~10s, while it starts at ~15s for (Q2Q)2
and at ~18s for ()3Q)3 for the coarser mesh. This mismatch is a direct representation of the
role of the order of the element and how dissipation occurs earlier for lower order elements
even when keeping the same number of DoFs (see fine Q1@ case with 27M DoFs and compare
it to medium @QQ9Q)9 case with 33M DoFs). This energy balance analysis also allows us to
see that even though in the previous profiles the finest simulation using Q)1Q); looked very
similar to the finest simulation using ()3Q3, the energy being dissipated varies significantly,

explaining the differences in the smaller vortices observed in the two dimensional profiles.

The results show that the numerical dissipation reduces significantly when using higher-order
elements. The question that remains is whether it is worth it to use high-order elements for

this benchmark in terms of computational resources. To answer this question we decided to
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Figure 7.8 Normalized numerical dissipation against time for the Taylor-Couette flow at
Re = 4000 for all the cases considered. The reference enstrophy is rescaled to the same order
of magnitude and shown in the same plot for analysis purposes.
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Figure 7.9 L?*-norm of the energy balance against the number of degrees of freedom and the
computational time for all the simulation cases. Results for a L?-norm of 1 highlighted within

a rectangle.

look at the L2-norm of the energy balance and plot it against the cost (in terms of number of
degrees of freedom and computational time) for all simulation cases, as shown in Figure 7.9.
In this case, the smaller the value, the smaller the included artificial dissipation. The results
show that the ;@ simulations never reach the minimal L? norm achieved by the higher-
order simulations. On the other hand, if we use the finest mesh with QY303 elements to get the
smallest numerical dissipation, it becomes quickly more expensive than all the other cases. A
case in between would be the case where the L? norm is approximately one (see rectangles in
Figure 7.9), where the Q33 simulation with the coarsest mesh is cheaper in terms of DoFs
and time multiplied by the number of nodes than the ();(); with the finest mesh and the
()22 with the medium mesh. If we recall the enstrophy profiles (see Figure 7.4), the coarsest
(Q3Q3 case already obtained an enstrophy profile close to the reference results by Wang &
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Jourdan [201].

7.4.4 Computational Time and Iteration Counts

For the sake of completeness, we present three additional metrics that can give some hints
on performance: the number of transient iterations, the number of Newton iterations needed
for the nonlinear solver, and the number of linear iterations needed for the GMRES solver
preconditioned by a geometric multigrid preconditioner. Each of them is reported for all
the cases considered in Table 7.2. The results show that because of the constant CFL
condition, the transient iterations increase as the mesh is refined. In terms of non-linear
iterations, all simulation cases perform one Newton iteration per transient iteration, with
the exception of the coarse cases for ()1(); and (Q2()2, which need 1.5 and 1.4 iterations,
respectively. Moreover, the linear iterations per Newton step decrease as the mesh is further
refined. The results are analyzed taking into account that the multigrid preconditioner is
setup at every transient iteration and it is the most expensive part of the algorithm (~ 50%
of the total time). With this in mind, one possibility to reduce computational time is to
reduce the setup costs of the preconditioner by spending more time solving the problem, i.e.,
more Newton steps per transient iteration and possibly more linear iterations per Newton

step. To achieve this, one could consider to use a higher CFL number.

Increasing the CFL is something that is not commonly done in practice. There are sev-
eral reasons for this, including the stability constraints of time-stepping schemes and the
effect on actual physical results. However, since we use an unconditionally stable implicit
time-stepping scheme, we can increase the CFL to understand its effect on physics and com-

putational performance. For this, we chose the medium simulation case for ()>()> elements

CFL=1 — CFL=2 CFL=4 - Wang DNS reference ‘
x107! %107}
e | hessssesa.. 10
—15 /\f\ A‘f\\ tg.oo
210/ £175 | Z0s
- £ 150 "
I g <195 0.0
0 10 20 30 0 10 20 30 0.0 10.0 20.0 33.5
Time [s] Time [s] Time [s]

Figure 7.10 Comparison for the case with 942K cells for ()22 when run with different CFL
numbers.
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Table 7.2 Summary of the transient iterations (N7), average Newton iterations (Ny) per
transient iteration, average linear iterations per Newton iteration (N) and total time mul-
tiplied by the number of nodes (T"), needed to solve the different cases of the Taylor-Couette
flow at Re = 4000.

Q1Q1 Q:2Q> QsQs

No. Cells| N Ny N. T[h| N Ny N, Thl| Nr Ny Ny TIh
154K | 704 1.5 26 02 | 1418 14 30 14 [2126 1.0 37 9.7
042K | 1412 1.0 22 1.4 [2852 1.0 25 145 4295 1.0 2.6 956
6M 2854 1.0 19 156 | 5693 1.0 1.9 167.6 | 7686 1.0 1.8 1007.1

and ran it two additional times using a CFL of 2 and 4. The results can be seen in Fig-
ure 7.10, in terms of enstrophy and kinetic energy history, as well as energy balance. For the
kinetic energy, all the simulations obtain the same result. In the case of the enstrophy, all of
the simulations have a similar dissipation until the first peak; after that point, the simulation
with the highest CFL differs from the reference solution. Although enstrophy does not show
significant difference for the simulations with CFL equal to 1 and 2, in the energy balance

plot, we can see a difference in artificial dissipation.

These results are even more interesting if analyzed conjunctly with the number of iterations
and the time multiplied by the number of nodes needed for the simulations. This information
is shown in Table 7.3. It is shown that if the CFL is doubled, the number of linear iterations
is increased by 50%, and this leads to a reduction of computing time per node from 14.5 to
9.3 hours (the time needed to setup the preconditioner is reduced by 45%). This is further
reduced when the CFL is quadrupled (the time needed to setup the preconditioner is reduced
by 72%), but as we saw, the influence of this change already affects the enstrophy results,
leading to considerable differences obtained with the other two fixed CFL numbers. To
conclude this part, doubling the CFL number would lead to a reduction in the computational
time needed by our solver for this benchmark without greatly influencing the physical results.
This analysis raises the question of whether we should look at more efficient time-stepping
schemes, like singly diagonally implicit Runge-Kutta methods (SDIRK) to further improve
this aspect in our stabilized solver. This has been suggested before by John [30] for higher-

order schemes and it is an active field of research, e.g., see [207].
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Table 7.3 Summary of the transient iterations (N7), average Newton iterations (Ny) per
transient iteration, average linear iterations per Newton iteration (N) and total time mul-
tiplied by the number of nodes (T"), needed to solve the 942K case with Q2@ case for the
Taylor-Couette flow at Re = 4000.

Q2Q2

CFL | Ny Ny N, T[i]
1 2852 1.0 25 145

1423 12 38 9.3

4 | 716 14 63 5.8

7.5 Conclusions and Further Research

In this work, we use the Taylor—Couette benchmark as recently proposed by Wang & Jour-
dan [201] to assess a stabilized continuous finite element solver. We consider nine experiments

with three different meshes and finite element orders @,Q), with p = 1,2, 3.

These experiments allow to compare enstrophy and kinetic energy histories with reference
results. The results show that the enstrophy history prediction is more accurate as the order
of the element is increased and as the mesh is more refined. The kinetic energy is well
predicted for all cases, with exception of the coarsest (Q1(); mesh. While the vorticity and Q
criterion profiles allow one to identify large and small structures in a two-dimensional slice
of the geometry, they do not allow for a quantitative comparison; therefore, we extend the

benchmark by analyzing the numerical dissipation included by the ILES approach.

The numerical dissipation is computed via the energy balance of the problem following the
ideas first presented by Schranner et al. [203]. The results show that the dissipation decreases
as the order of the element increases and the mesh is refined. This quantity also allows us to
have a metric to compare the computational cost of the simulation. The results are highly
dependent on the desired numerical dissipation; however, they show that the ()33 case with
the coarsest mesh is promising, as it achieves a similar numerical dissipation as the finest
Q1)1 case and the medium Q)2(); case, with a smaller number of degrees of freedom and

computational time per node.

The extension presented in this work not only computes the numerical dissipation for an
implicit LES approach but provides more data for future studies that wish to assess other
solvers and their numerical dissipation. Moreover, it proposes a more rigorous comparison

in the case of higher order solvers that does not rely only on two-dimensional profiles of
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the vorticity but on a quantitative metric. Open questions regarding the improvement of
the performance of the solver, suggest that future work on time-stepping schemes could be
performed. Moreover, this work raises the question as to how much numerical dissipation
is an acceptable dissipation. We think that further investigation could be done to find the
link between energy dissipation and first- and second-order statistics to be able to draw

conclusions for practical engineering applications.
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7.7 Appendix A : Test with Different Refinements next to the Wall
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Figure 7.11 Comparison of the enstrophy, the kinetic energy and the balance of energy for
the Q1)1 simulation when one additional refinement next to the walls is performed.

The boundary layer plays an important role in this benchmark. The original benchmark
as proposed by [201] had a mesh with a growth ratio in the radial direction. In contrast,
we used a uniform mesh with one local refinement next to the walls of the inner and outer
cylinders. This choice was motivated after running several experiments with different number
of refinements next to the wall. In this appendix, we show one of these experiments that
considers Q1)1 elements with two different meshes: a mesh with one refinement next to the
walls (6M cells) and a mesh with two refinements next to the walls (10M cells). The results
for enstrophy, kinetic energy, and artificial dissipation are presented in Figure 7.11. As

can be seen, the results do not vary considerably; however, they do affect the computational
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cost of the simulation due to the increase in number of cells. The simulation with 6M cells
requires ~15.6 hours to run, while the simulation with 10M cells requires ~50.35 hours to
run. Due to this, we decided to use only one refinement next to the walls in the experiments

presented in Section 7.4.
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CHAPTER 8 LOCAL MESH REFINEMENT AND GEOMETRIC
MULTIGRID METHODS FOR FLOW PROBLEMS

In this chapter, we compare the two variants of matrix-free monolithic geometric multigrid
preconditioners for locally-refined meshes introduced in Section 4.2.2: Local Smoothing (LS)
and Global Coarsening (GC). Part of the material in this chapter was presented at the WC-
CM/PANACM Conference in Vancouver in July 2024 and the deal.II users and developers
workshop in Fort Collins in August 2024. These two GMG variants were already exten-
sively compared in a publication by Munch et al. [112] for Poisson problems and a Stokes
flow problem with Taylor-Hood elements (using a block preconditioner). The performance of
both multigrid approaches was evaluated using different metrics, and the main conclusions

were as follows:

o For serial simulations, LS is faster than GC due to two reasons: the total number of
cells to perform smoothing on is lower, and there is no cost for evaluating hanging node

constraints.
« For parallel simulations, GC is faster than LS due to better load balance.

« For both serial and parallel simulations, GC needs the same amount or a lower number

of iterations than LS.

In this chapter, the aim is to evaluate the behavior of these two multigrid approaches in the
context of a monolithic stabilized Navier—Stokes solver and for two benchmarks: the transient
turbulent Taylor-Couette flow with local static mesh refinement and the steady-state flow
around a sphere with adaptive mesh refinement. The comparison is made in terms of the
number of iterations, time to solution, time per iteration spent at each multigrid level and
time for each component of the multigrid algorithm: pre-smoothing, residual computation,
restriction, coarse grid solve, prolongation, edge correction (for LS only) and postsmoothing.

A summary of the solver parameters used for each case is presented in Table 8.1.

8.1 Turbulent Taylor-Couette: Local Static Mesh Refinement

In this section, the Taylor—Couette flow benchmark, studied extensively in Chapter 7, is used
to study the serial and large-scale parallel behavior of the two GMG preconditioners. The
cases considered with an increasing number of refinements ¢, the corresponding number of

cells and DoFs are presented in Table 8.2.
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Table 8.1 Summary of the solver parameters used for the local mesh refinement tests. It
includes the parameters of the Newton non-linear solver and the GMRES linear solver pre-

conditioned by geometric multigrid (GMG).

Component Parameter Taylor—Couette Sphere

Newton solver Absolute tolerance 107° 1074

GMRES linear solver  Relative residual 104 1074
Absolute residual 1077 107°

GMG preconditioner ~ Smoother

Inverse diagonal (ID)

Number of iterations 5 5
Coarse-grid solver
Direct solver v —
' GMRES preconditioned by ILU
Relative residual - 1072

Table 8.2 Summary of the refinement level, number of cells and number of degrees of freedom
(DoFs) for all the simulation cases considered for the Taylor-Couette problem with one local

refinement next to the wall. The cases that are empty were not considered.

No. DoFs
Refinement £ No. Cells

Q:1Q:1 Q2Q: Q3Qs
2 5K 33K 231K 731K
3 28K 1M 3.4M
4 154K 765K 5M 18M
5 942K 4M 33M
6 6M 27TM

8.1.1 Serial Run

Serial simulations are carried out only for cases with ¢/ = 2 and Q1@ and Q)2()2 elements.

A summary of the iterations needed for the non-linear and linear solver is presented in

Table 8.3. The results show that for (Q;(); elements, the same amount of transient iterations

and Newton iterations is performed for both multigrid variants. In terms of linear iterations,

LS requires more linear iterations; however, each linear iteration is cheaper in terms of time

than in the case of GC.

To investigate the difference in costs between both algorithms closely, Figure 8.1 shows the
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Table 8.3 Summary of transient iterations (N7 ), average Newton iterations (N y) per transient
iteration, average linear solver iterations per Newton iteration (Np), and total time needed
to solve the Taylor-Couette flow at Re = 4000 cases with ¢ = 2 with a single process using
the global coarsening (GC) and local smoothing (LS) approaches.

Q1Q: Q:Q:
GC LS GC LS

£ NT NN NL T[S] NT NN NL T[S] NT NN NL T[S] NT NN NL T[S]
74 25 103 683 | 74 25 154 834|150 2.7 105 579 |150 2.7 12.2 598

time per linear iteration for each of the multigrid levels for the ()1Q); case. The results show
that most of the time is spent at the finest level, while the coarse grid level (level 0) is cheap,
since it only has 20 cells. A similar trend is observed for the Q2@ case (not shown here).
For Q:Q, a GC V-cycle is 22% times slower than a LS V-cycle. This makes sense since
there are around 12% more cells in the case of global coarsening and the application hanging
node constraints is more expensive. Similar conclusions were obtained in [112]. For ()2Q)
elements, the difference is larger with a GC V-cycle being 13% slower than a LS V-cycle (not

shown).
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Figure 8.1 Cost of one V-cycle for the Taylor-Couette simulation with a single process for
(1@ elements using the global coarsening (GC) and the local smoothing (LS) approaches.

The times for each of the components of the multigrid algorithm for the (1@ case are shown
in Figure 8.2. As expected, the pre- and post-smoothing components are the most expensive
steps of the algorithm. In addition to this, the results show that the cost of applying non-
zero Dirichlet boundary conditions in the interface edges is significant for the LS approach;

nevertheless, LS is cheaper than GC in terms of smoothing.
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Figure 8.2 Cost of each of the components of the multigrid V-cycle for the Taylor-Couette
simulation with a single process for Q1@ elements using the global coarsening (GC) and the
local smoothing (LS) approaches.

8.1.2 Large-Scale Parallel Run

To evaluate the parallel behavior of both multigrid variants, several simulations of the Taylor—
Couette flow were performed considering a refinement level ¢ between 2 and 6. The results
are shown in Figure 8.3. In general, GC scales better and is faster than LS for all refinement
levels ¢. For example, using 8 nodes for ()2Q)5 elements and a refinement level ¢ = 4, the
GC algorithm is 1.3 times faster than the LS algorithm; when using one node, the difference
between both approaches decreases but GC is slightly faster. The reason for this is that even

with one node, there is load imbalance for the LS approach.
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Figure 8.3 Average time per time step for several strong scaling simulations for the Taylor—
Couette flow problem considering 4 < ¢ < 6 for Q10Q1, 3 < £ < 5 for (Q2(Q)2 and 2 < ¢ < 4 for

Q3Qs.
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8.2 Flow Around a Sphere: Adaptive Mesh Refinement

This section considers the three-dimensional flow around a sphere with Re = 100. In order to
reach the desired Reynolds number, a ramp up of the Re with an initial static mesh is done by
performing four simulations with Re = 10,27, 55 and 80, before proceeding to solve the case
using the latest solution as initial condition, performing the adaptive mesh refinement and
solving the problem once again. It is very similar to the flow around a sphere case presented
in Section 6.4), however, in this case we consider adaptive mesh adaption by means of a Kelly
error estimator [208]. This error estimator approximates the error per cell by integration of
the jump of the gradient of a specific variable along the faces of each cell. We use the pressure
for error estimation, therefore, the cells around the sphere and downstream will be refined, see
Figure 8.4. We consider only the inverse diagonal preconditioner with a GMRES method
as coarse-grid solver with an ILU preconditioner. The experiments are run with one single

process and 192 processes, the cases considered are summarized in Table 8.4.

Figure 8.4 Velocity magnitude, pressure and mesh for the simulation of the flow around a
sphere case with adaptive mesh refinement.

8.2.1 Serial Run

Serial simulations are considered for all four cases. A summary of the iterations needed for

the non-linear and linear solver, and the total time to solution, is presented in Table 8.5.
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Table 8.4 Summary of the initial number of cells and number of degrees of freedom (DoFs) for
all the simulation cases considered for the flow around a sphere with Re = 100 and adaptive
mesh refinement.

Initial Final
Initial refinement No. Cells No. DoFs No. Cells No. DoFs
£ Q:Q: Q:2Q: Q:1Q: Q:2Q:
1 8K 37K 280K 13K 65K 497K
2 65K 280K  2.1M 109K 482K  3.7TM

The results show approximately the same number of iterations and a similar time to solution
for both multigrid variants. However, the iterations increase significantly with increasing

order p of the elements Q,Q),.

The time per linear iteration for the Q1) case and ¢ = 2 is shown in Figure 8.5. Most of
the time is spent on the finest levels of the multigrid hierarchy; the GC algorithm is more
expensive than the LS algorithm since it considers the hanging nodes within the smoothing
steps. Even though the coarse-grid has 1024 cells for this case, the cost of the coarse-grid
solver is not significant in comparison to the other multigrid levels. The times in terms of
the multigrid components are shown in Figure 8.6. Similar conclusions as in the transient
case are observed; the pre- and post-smoothing steps are the most expensive ones, and the

cost of accounting for interface edges is significant in the case of LS.

8.2.2 Moderately Parallel Run

The parallel performance of the solver is evaluated by running the simulations with 192
processes. The summary of the nonlinear and the linear iterations, as well as the time to

solution is shown in Table 8.6. The GC approach is 1.2 times faster than the LS approach

Table 8.5 Summary of Newton iterations (Ny), average linear solver iterations per Newton
iteration (Np), and total time needed to solve the flow around a sphere problem at Re = 100
with a single process using the global coarsening (GC) and local smoothing (LS) approaches.

Q:1Q: Q2Q:

GC LS GC LS
£|Ny Ny T[s]| Ny Ny Tls]| Ny N Tls]| Ny N TJs
116 2 37 6 20 37 3 24 207 | 3 24 207
21 3 27 173 27 182 | 1 42 363 | 1 38 346
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Figure 8.5 Cost of one V-cycle for the flow around a sphere simulation with a single process

for £ = 2 and 1@, elements using the global coarsening (GC) and the local smoothing (LS)
approaches.

= GC =
= 078 o
Q @]
= 0.75 = 0.75
= 0.62 =
— —
] ]
= P
= 0.50 5 0.50
(] (]
= B=!
Z 0.25 0.16 £ 0.25
o [oh
] 5]
E 0.02 E
— ] o—
= 0.00- B — = — B = 0.00
S S F Ty S
&S 2 & %&e‘z ¥ &
Q" ¢ Q’» Q"Q

Figure 8.6 Cost of each of the components of the multigrid V-cycle for the flow around a
sphere simulation with adaptive mesh refinement a single process for £ = 2 and Q1) elements
using the global coarsening (GC) and the local smoothing (LS) approaches.

for ()1Q)1 elements, even with the same number of iterations. A larger difference is observed

for (Q2() elements, with a speedup of 1.6 of GC over LS, even with local smoothing needing

slightly less iterations.

Figure 8.7 presents the average, minimum and maximum times spent for each of the multi-
grid components for the 192 processes. What particularly stands out is that the coarse-grid
problem is the bottleneck of these simulations since it has 1024 cells. This is due to the choice
of the preconditioner of the coarse-grid iterative solver. In addition to this, one can clearly

observe the load imbalance present in the results of the LS algorithm (see the difference be-
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Table 8.6 Summary of Newton iterations (Ny), average linear solver iterations per Newton
iteration (N ), and total time needed to solve the flow around a sphere problem at Re = 100
with 192 process using the global coarsening (GC) and local smoothing (LS) approaches.

Q.1Q: Q:2Q:
GC LS GC LS

£ NN NL T [S} NN NL T [S] NN NL T [S] NN NL T [h]
6 20 346 | 6 20 346 | 3 25 T84 | 3 25 127
21 3 2T 413 ] 3 271 5.22 1 42 751 1 39 122

tween the bars and the average time across all processes illustrated with a black line). This
is expected since the finest levels do not consider the whole computational domain, which

makes the distribution of work among several processes difficult.

Min Bl Max — Avg
1.63 1 1.59
1.5 1.51
%) %)
[<b] 4 (D) J
< 1.0 = 101 B 00
I 0.73 -
= 0.58 =
0.5 0.5
0.0 - 0.0
oo\x ~&Q\ \.‘\ %:06 62\’& ’ &? 00&\N oé b\{} \‘&\ be é? ’ b‘?f? QQK)\N
S & & 20 Y & & & o 27 Y &
& & & & & ¥ & & £
Q’\ CO Q\ Qov Q’\ C)O Q’\ QOV

Figure 8.7 Cost of one V-cycle for the flow around a sphere simulation with 192 process for
¢ =2 and Q1Q); elements using the global coarsening (GC) and the local smoothing (LS)
approaches. It showcases the average time, as well as the minimum and maximum time
across all processes.

Two additional metrics can be used to further study the difference between both algorithms:
the vertical efficiency and the workload efficiency. The former is an indication of how much
data needs to be exchanged during intergrid transfer, a low value, means a large volume of
communication. The latter is a measure that considers the amount of cells processed by each
processor, a low value translates to load imbalance during smoothing steps. The vertical
efficiency for GC has a value of 7.48% while for LS it has a value of 99.83%; this means that
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there is a large volume of communication for the GC algorithm. In the case of the workload
efficiency, LS has a value of 52% and the GC has a value of 99%, indicating a better load
balance for the GC algorithm. In our experiments the smoothing steps dominate the overall
costs of the V-cycle; as a consequence, workload efficiency is more relevant in our case and

indicates that the GC algorithm is more suitable to run these kind of problems in parallel.
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CHAPTER 9 GENERAL DISCUSSION

The main objective of this thesis was to develop and implement an efficient and accurate
Navier—Stokes solver to model the turbulent flow encountered in process-intensified devices;
the goal was fulfilled by adhering to four specific objectives. In what follows, a brief summary

of the results and of the conclusions of each specific objective is presented:

Specific Objective 1

This objective focused on studying the turbulence modeling aspect of this project. The re-
sults were presented in the form of a publication in Chapter 5. The aim was to study the
accuracy of the Implicit Large-Eddy Simulation (ILES) approach when simulating a turbu-
lent flow over periodic hills. This benchmark was chosen because it shares several complex
flow features that are also encountered in the flow within process intensified devices: bound-
ary layers, flow separation, flow reattachment, recirculation, and strong pressure gradients.
Several simulations with Reynolds numbers Re = 5600 were performed, and the results were
compared with experimental and computational data. The latter was obtained with a FVM

code that considered a traditional LES approach for modeling turbulence.

In general, the results showed that an ILES approach in the context of FEM with SUPG
and PSPG stabilization could accurately predict average velocities, Reynolds stresses, and
reattachment point for the flow over periodic hills. The influence of the mesh, the time
averaging period used to obtain turbulent statistics, and the choice of time step size were
evaluated in detail. If the time-step size is reduced for the simulations considering a coarse
mesh (with around 250K cells), the prediction of first- and second-order statistics, as well
as reattachment point, deteriorates. On the other hand, for finer meshes (with 1M cells or
more), the time-step size has less influence in the predictions and the usage of an implicit
time-stepping scheme shows that it is possible to use larger time steps than the ones typically

used in the literature without affecting accuracy if an implicit time-stepping scheme is used.

The time averaging period was further studied since in the literature a wide range of values
could be found. Simulations were carried out considering 44 to 88 flow-through times, and
for all meshes the prediction of average velocities and Reynolds stresses was found to be
independent of the time-averaging period. However, in the case of the reattachment point,
the time-averaging period and the size of the mesh did have a large influence on the accuracy
of the prediction. As the mesh is refined and the time-averaging period is increased, a more

accurate prediction of the reattachment point is obtained.
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Experiments for a higher Reynolds number Re = 37000 were also conducted and showed
promising results for simulations using ILES if the effect of all numerical parameters is taken
into account. The final conclusion of this objective is that the ILES approach was indeed
promising for the prediction of the behavior of complex turbulent flows and that accurate
results can be obtained using coarser meshes than the ones typically used for traditional LES

simulations, leading to a reduction in computational cost.

Specific Objective 2

The second objective was concerned with the efficient numerical resolution of the solver.
The results were presented in Chapter 6 in the form of a publication. The main goal was
to develop an efficient and scalable implementation of the stabilized Navier-Stokes solver.
For this, a solver was reimplemented using a matrix-free approach, which also required the
implementation of a suitable geometric multigrid preconditioner. To verify and validate the
solver the following numerical experiments were carried out: a manufactured solution in 2D,
a steady-state flow around a sphere, and the Taylor Green vortex benchmark. All of them
considered different boundary conditions and element Peclet numbers; moreover, these test
cases allowed us to test the robustness and accuracy of the solver when using elements Q,@,

of order p = 1,2 and 3.

The results demonstrated that the solver obtained the right order of convergence for all el-
ement orders when using equal-order velocity-pressure elements. A good scalability of the
solver was demonstrated for up to 2560 cores and a billion DoFs for steady-state problems
and a half billion DoFs for transient problems. The performance of the solver was compared
with that of its matrix-based version showing lower solution times, lower memory require-
ments, and better scalability for all element orders. The difference between the matrix-free
and matrix-based versions in terms of time-to-solution was larger as the element order was
increased. The usefulness of high-order elements was demonstrated by quantifying the drag
coefficient in the case of flow around a sphere. The results showed that a higher accuracy

can be obtained with a lower number of degrees of freedom.

We showed that the geometric multigrid preconditioner is essential to achieve that perfor-
mance. Two smoothers were considered: an inverse diagonal and an additive Schwarz method.
The latter was more robust than the former for steady-state simulations, however, it has a
larger memory requirement. In the case of transient simulations, the simpler smoother, the
inverse diagonal one, was proved to be robust. The main conclusion of this specific objective
was that the matrix-free stabilized solver with a monolithic geometric multigrid precondi-

tioner can indeed simulate challenging steady-state and transient problems with a competitive
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time-to-solution and an efficient use of computational resources.

Specific Objective 3

The third objective aimed to assess the performance of both the ILES approach and the
matrix-free solver when simulating rotating flow between two concentric cylinders, also known
as the Taylor-Couette benchmark. This specific objective led to a third publication presented
in Chapter 7. Nine simulations with different mesh refinements and finite element orders up
to p = 3 were carried out. The results were validated by comparing them with computational
DNS results available in literature. The results showed that the solver can accurately predict
the histories of enstrophy and kinetic energy. For the former, the prediction improves as
the order of the element is increased and as the mesh is more refined. The kinetic energy
prediction is less challenging, and an accurate result is obtained with all meshes except the

coarser one with first-order elements.

In addition to those quantities, vorticity and Q) criterion distributions were also extracted, and
allowed to observe the large and small structured that are captured by each of the simulations
with different mesh resolutions. Challenges with high-order rendering, led to the development
of a numerical artifical dissipation study via an energy balance in the system. This study
allowed to obtain quantitative data to evaluate the effect of this artificial dissipation in the
prediction of enstrophy. As expected, the artificial dissipation is decreased as the mesh is
refined and the order of the element is increased. Moreover, it is a specific metric for this
benchmark that allowed to observe whether it is worth it or not to use high-order elements and
raised questions regarding what an appropriate numerical dissipation is deemed acceptable
for practical industrial cases. This specific objective also led to the generation of numerical
dissipation data that can be used in the future to further compare turbulence modeling

approaches.

Specific Objective 4

The fourth objective focused on extending the matrix-free solver for turbulent-flow problems
with local refinement. Two geometric multigrid variants were implemented and compared
to two problems with locally refined meshes. The first one considered a transient turbulent
Taylor-Couette flow with a local static refinement next to the wall, while the latter considered
a flow around a sphere with adaptive mesh based on a Kelly error estimator. The efficiency
of the multigrid methods was evaluated for serial and parallel computations. The results
were obtained in terms of transient, non-linear, and linear iterations. Moreover, a detailed

comparison of the time for a V-cycle and the time spent at each of the multigrid components
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was presented. The results showed that the global coarsening approach is faster than the
local smoothing approach for parallel computations, whereas the local smoothing approach is
cheaper for serial computations. This is consistent with results previously obtained for simple
Poisson problems. Since the flows encountered in process intensification are mostly transient
turbulent flows, global coarsening seems to be more suitable for the kind of applications
tackled in this work.
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CHAPTER 10 CONCLUSION

This chapter concludes this thesis with a summary of the limitations, possible future research

directions and a final word.

10.1 Limitations

Even though the main objective was fulfilled through the four specific objectives, the solver

developed here has some limitations at the moment:

o The solver has been extensively tested for fluid flow only. Although some experiments
have been carried out that combine the solver with heat transfer and a passive tracer
(advection-diffusion equation), a detailed analysis of its performance has yet to be
conducted, specifically when it comes to the behavior and scalability of the geometric
multigrid preconditioners, with a special emphasis on the effectiveness of the smoothers.
For an idea of the status of the capabilities of the solver when coupled with a heat

transfer solver, refer to Appendix F.

e The matrix-free implementation is not yet compatible for GPU computations. While
one of the main advantages of the matrix-free approach is that it is particularly suitable
for the usage of GPU, more effort is required on the implementation side to be able
to use it. Current developments in deal.II indicate that this could be possible in the
near future using Kokkos, a library that provides abstractions for CUDA programming.
A prototype for a Poisson equation and a Stokes problem is already available in Lethe,

but an extension to Navier-Stokes has not yet been done.

o The solver uses a monolithic approach which is not common for CFD software and
a detailed comparison with a segregated approach is yet to be conducted; this was a
comment received repeatedly during the peer review process of Article 2 presented in
Chapter 6. This thesis has only demonstrated the capabilities and advantages of the

developed matrix-free solver over a matrix-based one with the same resolution strategy.

e An implicit time-stepping scheme, BDF2, was used throughout this work. No detailed

comparison of this time-stepping scheme with others used in the literature was made.

o The ILES approach was studied in detail when using a SUPG /PSPG stabilization; how-

ever, there are more advanced techniques that were not studied at all in the context of
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this thesis. For example, variational multiscale strategies or even the GLS stabilization

technique, which was implemented but not validated.

The geometric multigrid preconditioner only supports two preconditioners: the inverse
diagonal and the additive Schwarz smoother. The latter considers a naive implemen-
tation; however, there are other techniques in the literature that could be considered
and could further improve the results presented (see [101,102,174,175]). The former
works well for transient flows but has difficulties with steady-state problems, further

investigation is required on this regard.

Future Research

This study raises questions that lead to numerous future research possibilities. Some are mo-

tivated by the listed limitations: GPU implementation, coupling with other physics, compar-

ison to a matrix-free segregated approach for practical flows, study of time-stepping schemes,

other advanced stabilization schemes and futher research in terms of smoothers. Other re-

search directions that arise and their current status can be summarized as follows:

The implementation of the operators of the other fluid solvers of Lethe using a matrix-
free implementation. So far, the development of a Volume-Averaged Navier—Stokes
solver has started within the research group; which could lead to the first CFD-DEM
matrix-free solver. Initial results for this solver were presented at the 12th International
Conference for Multiphase flows in 2025 [209].

Extension of the solver to non-Newtonian flows where the viscosity depends on the
shear rate. The matrix-based solver of Lethe supports simulations of this type of
flow, see the publication by Daunais et al. [163]. The matrix-free solver has already
been extended to support this type of flow by adding a new operator that considers
additional viscosity models that depend on the shear rate (for details on how it changes
the Jacobian and the residual of the operator, see Appendix E). This implementation
was accomplished in approximately two weeks, indicating the robustness and flexibility
of the architecture developed throughout this work. Further testing is needed with

complex benchmarks, however, first results indicate that the multigrid solver is robust.

Extension to hp-FEM since they yield better convergence properties than only A- and
p- adaptive methods and can be interesting in the context of multiple physics [210]. In
addition, deal.II supports all the underlying structures needed to implement a hp-

matrix-free Navier—Stokes solver with a geometric multigrid preconditioner. Prototypes
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for a Poisson solver and an advection-diffusion equation were developed recently during

a research group hackathon.

10.3 Final Word

To conclude, the matrix-free stabilized Navier—Stokes solver implemented throughout this
thesis is promising for the simulation of turbulent flows encountered within process intensi-
fied devices. It requires further work to achieve multiphysics simulations, but it provides a
robust and efficient foundation that will eventually allow to fully integrate CFD as a tool in
process intensification. Although not shown in this thesis, this solver has already been used
successfully to study the hydrodynamics of a Spinning Disc Reactor currently developed at
Polytechnique Montreal. The outcome of that work is part of the thesis of another Ph.D.
student in an experimental research group (see Figure 10.1 for an example of the results
of a simulation). The author of this thesis firmly believes that with more research and more
interdisciplinary collaboration, the usage of CFD as a tool that allows the design of more
environmentally friendly devices in a variety of chemical processes will become the rule rather

than the exception.

Figure 10.1 Results of a spinning disc reactor simulation performed using the stabilized
Navier—Stokes solver developed in this work.
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APPENDIX A ALTERNATIVES TO THE NAVIER-STOKES EQUATIONS

Two alternative turbulence modeling approaches to DNS and ILES were introduced: the
Reynolds-averaged Navier-Stokes (RANS) and Large-Eddy Simulation (LES) approaches.
The equations solved in RANS are obtained by applying Reynolds decomposition and time-
averaging to the Navier—Stokes equations. The equations solved in LES are the filtered
Navier—Stokes equations, which are derived using spatial filtering instead of time averaging.

In the following, the derivation of both alternatives is presented.

Reynolds-Averaged Navier—Stokes equations

The basis of RANS is the Reynolds decomposition of velocity and pressure into mean and

fluctuating components:

u=u+u, p=p+7p, (A1)

where w and P are mean quantities averaged in time and w' and p’ are the fluctuating
components. The decomposition is inserted into the continuity equation and the momentum

equation:

gl
+
N
I
=

V-(uw+u)=V- (A.2)
dhw+u)+((w+u) - V)(w+u)+V@+p)—vA(u+u)— f=0. (A.3)

Then, the time average can be applied, taking into account the following properties: w’ = 0,
utv=u+v,u=1u,V- -u=Vu,and w-v # uw-v. This leads to the following for the

continuity equation:

V-a+V-u=V-u+V-u=V-u=0. (A.4)

For the momentum equation, the following is obtained:

o+ (w-V)u+ (u - V)u +Vp—vAu — f = 0. (A.5)

For the second term arising from the convective term, one can use the product rule to rewrite
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it as:

(W Vu =V (Wau), (A.6)

which yields the Reynolds stress term that is model through a turbulence model, such as x-€

and k-w.

Filtered Navier—Stokes equations

In the context of Large-Eddy simulation @ and p are the filtered (or resolved) components,
and u' and p’ are the residual or subgrid-scale (SGS) components. A filter is usually defined

as:

u = /QG(r, x)u(x —r,t)dr, (A7)

and the special filter function G satisfied the normalization condition [, G(r,x)dr = 1.
There are several filter functions; see the turbulence books by Davidson [21] and Pope [26]

for an overview. The subgrid-scale components are defined as:
u=u-—u,p=p-—7 (A.8)

The main difference between this decomposition and the one in the case of RANS is that @
is a random field and, in general, the filtered fluctuation is not equal to zero, that is, u’ # 0.
The spatial filtering can then be applied to the continuity equation and the momentum

equation in a similar way as in RANS but obtaining a different convective term:

V.-u=0, (A.9)
du+Vu@u+Vp—vAu — f =0 (A.10)

Then the subgrid-scale stress tensor is defined as:
TsSas = U@ U — U, (A.11)

to rewrite the momentum equation as follows:

ow+Vuu+V 15es+Vp—rvAu — f = 0. (A.12)
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One can further develop the subgrid-scale stress tensor. For this, we use w = w + u’ as

follows:
uRu=uu+uu +u u+u u, (A.13)

and apply the filtering operator to obtain:

uRu=uRut+uRu +u Qu+u Qu, (A.14)
which finally leads to:
Tas=uRu—uutuu +u Qu-+ u @ u ) (A.15)
———
Leonard stress tensor Cross stress tensor SGS Reynolds stress

The Leonard-stress tensor that contains all terms that depend only on the resolved filter
solution w. The cross stress tensor has both the resolved and subgrid scale quantities, while
the SGS tensor is defined only in terms of the unresolved velocity w’. As in RANS this leads
to a closure problem, and this tensor must be modeled as a function of resolved quantities.
The models used for this closure are known as subgrid-scale models. There are several models;

one of them is the well-known Smagorinsky model. This derivation is based on [26] and [52].
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APPENDIX B NEWTON’S METHOD FOR THE RESOLUTION OF
NONLINEAR SYSTEMS

Algorithm 3 presents a pseudocode of a Newton method for the Navier—Stokes equations

with a simple line-search strategy.

Algorithm 3 Pseudocode for Newton’s algorithm with line search mechanism to find the
solution @ of a system of nonlinear equations by solving a linear system F'dx = R for each
Newton iteration using a suitable preconditioner M. An initial guess ¥, a tolerance e and
a maximum number of iterations n,,., is needed to start the iteration.

function NEWTON (2, 1,44, €)
n <0
while (r < € and n < ny,,,) do
F'™ + assemble matrix(z™)
M®™ < setup_ preconditioner(F'(™) /) eq., AMG, ILU
R™ « assemble_rhs(x™)
7™ < 12 norm(R™)
6™ < solve_linear system(F'™ R™ M™) // e.g., GMRES solver
ro 7
for (¢ =1,a>10""a =0.5a) do // Line search algorithm
" x" + adx”
R « assemble rhs(z™+1)
r(+D) 12 norm(R™)
if (r®™*Y > r,) then // Keep same alpha if residual is increased
a =2«
" x" + adx”
break;
ro < rth
n+<n+1
7™ <12 norm(R™+Y)
.| returnx
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APPENDIX C LINEARIZED SYSTEM OF THE NAVIER-STOKES
EQUATIONS

The variational formulation of the steady-state incompressible Navier—Stokes equations and

a zero-traction boundary condition is given as:

F(u,p) = 0,V - w)a + (0,0) + (0, (u- V)u)o o
—(p,V-v)o+v(Vu,Vv)q — (v, f)o =0, .
where (-,-)q denotes the Ls-inner product in a domain €. We seek to find a system of
the form F’(u,p)[0u,dp]” = —[R,, R,]. The right-hand side corresponds to the terms that
involve the velocity or the pressure in the strong residual R(u,p) = F(u,p). The matrix F’
corresponds to the Jacobian and it is found by means of a Gateaux derivative (or directional

derivative):

F (u, p)[ous, 5p]" = lim 20T €0 P+ €0p) = R(u,p)

e—0 €

(C.2)

This yields:

R(u + edu,p+ edp) = (¢, V - (u + edu))q + (v, 0(u + edu))
+ (v, (u+ edu) - V) (u + edu))q
—(p+€dp, V- v)g +v(V(u+ edu), Vu)g — (v, f)
= (¢, V- -u)g+ (v,0u) + (v, (u-V)u)g
— (p,V-v)qg+v(Vu,Vo)g — (v, fla
+ (¢, V - €du)q + (v, 0(edu))
(

(C.3)

+ (v, (edu - V)u)g + (v, (u - V)edu)qg + (v, (edu - V)edu)q,
— (edp, V - v)q + v(V(edu), Vv)q
which leads to:

F'(u,p)[du, 6p]" =(q, V- du)g + (v,0,6u) + (v, (0u - V)u)q + (v, (u - V)éu)q

(C.4)
—(0p,V - v)q + v(V(éu), Vo).

Introducing a set of vector-valued basis functions ¢; for the velocity and a scalar basis
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functions v; for the pressure, and using a CG formulation, i.e., ¢; for v and ¥; for ¢, the

Jacobian is given as:
() 007 = 00057 8+ (61.085) + 1(V5, Ve
+ 0 00(90 (6 Vuda + (61w V1) ©5)
- S V- ¢,

and the right hand side as:

R(u,p) =(1;, V- w)q + (¢, 0u) + (s, (u - V)u)g

(C.6)

Writing Eq. C.5 and Eq. C.6 in matrix-vector form:
A Bj| |[U R,
BT 0| |0P R,

where the matrix A comprises the convective and diffusive terms, while the matrix B includes

the gradient term. For an entry (i, j) and an element k:

Aﬁj = (05,019 + (u-V); + (¢ - V)u)q, +v(Vj, i), (C.8)
By = —(V - i, %5)0, (C.9)

The residual terms are similarly defined as:

R}, iy = —(¢i, 0u) — (¢, (w-V)u)o, + (p, V- di)a, — v(Vu,Véi)a, + (¢, fa, (C.10)
R: = (i, V-u)g, (C.11)

p(i,5)
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APPENDIX D LINEARIZED SYSTEM OF THE NAVIER-STOKES
EQUATIONS WITH SUPG/PSPG STABILIZATION

When using a CG formulation along with stabilization techniques, terms are added to the
Jacobian and the residual of the system of equations. In this section, the additional terms
for the steady-state Navier—Stokes equations are presented. They are found using the same

procedure as the traditional formulation shown in Appendix C. For the PSPG term:

Fpspc = Z(TPSPGV(L du+ (u-Viu+ Vp* —vAu — f)q,, (D.1)
k

and the Jacobian contribution is given as:

Flspa(u,p)[du,6p]" = (tpspaVq, ddu + (u - V)ou + (du - V)u + Vip — vAdu)g, .
K
(D.2)

By introducing a set of vector-valued basis functions ¢; for the velocity and a scalar basis
function v; for the pressure, and using a CG formulation, i.e., ¢; for v and ®; for ¢, the

Jacobian contribution is given as:
Flgpe(u,p)[du, 6p] " sz: Zuj(TPSPGV%, Ohpj + (u-V)d; + (¢ - V)u — vAg))q,
j
+ ; ij(TPSPGV%, V),
j (D.3)
and the right-hand side takes the following form:

Rpspg(’u,,p) [5u, 5p]T = Z(Tpsp(}V?/)i, 8tu + ('U, . V)U + (u . V)u + Vp* — VA’U;)Qk. (D4>
k

The SUPG terms contribute more terms to the final formulation due to the non-linearity.

Let us recall its definition:

FSUPG = Z(TSUpg('u . V)’U, 8tu + (’U, : V)’U, + Vp* — vAu — f)Qk (DE))
k
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The Jacobian is given as:

Fpe(u,p)[du, 5p]T = Z(TSUpg(u Vv, 0u + (u- V)ou + (du - V)u + Vip — vAdu)g,
%

+ > (rsupc(0u - V)v, du + (u- V)u + Vp — vAu — f)g,.
k

(D.6)

Introducing the set of basis functions, which were also used before for the PSPG term, leads

to two terms since the test function in the SUPG term includes the velocity u:

Fiype(w,p)ou,op]" =3 buj(tsupc(u - V)i, 8id; + (u - V)d; + (¢ - VIu — vAd;)g,

k g
+ 33 pj(tsura(u - V)i, Vib,)a,,
ko J
(D.7)
and:
FéUPGQ( u,p)ou 517 ZZU] (Tsupc (@) - V)i, u + (u - V)u — vAu — f)g,
(D.8)
+ Zzpy‘ Tsura (@ - V)di, Vp)a,
k J
and a right-hand side:
Rsupc =Y _(tsupc(u - V), 0u + (u - V)u+ Vp" — vAu — f)q,, (D.9)

k

In matrix-vector form, the SUPG and PSPG terms modify the system of the traditional CG

formulation as follows:
A B| |[sU R,
=— |1, (D.10)
C D| |$P R,



where an entry (i, 7) for an element k on each of the blocks is defined as:

A}, =AY+ (supa(u - V)i, iy + (w- V) + (¢ - V)u — vAg;)o,
+ (tsupc(@) - V)i, Ou + (u - V)u — vAu — f)o,
+ (Tsupc(@; - V)i, Vp)a,,
B\ﬁj = B}, + (tsupc(u - V), Vib))a,,
Ct, = B!, + (tpspa Vi, 05 + (w - V) + (¢ - V)u — vAB;)q,
D}, = (tpspc Vi, V).

The residual vectors also have additional terms which are expressed as:

Ru(z] _Rﬁ(z,]) — ;(TSUPG('U/ . V)qbz, 8,5’[11 + (u . V)’U, + Vp* —vAu — f)Qk7
Rk(u _Rk i) — 2 (Tpspa VUi, du + (u- V)u + (u - V)u + Vp' — vAu)g,

k
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(D.11)

(D.12)
(D.13)
(D.14)

(D.15)

(D.16)
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APPENDIX E SYSTEM OF EQUATIONS FOR NON-NEWTONIAN FLOW

The matrix-free solver was extended by adding an operator for non-Newtonian flow (this was
joint work with Victor Oliveira Ferreira and Bruna Campos); preliminary results for a flow
around a sphere in 2D show a good behavior of the GMG preconditioner. More tests need
to be conducted in the future. In the following, the equations required for the operator are
presented. In non-Newtonian flow, the viscosity depends on the shear rate; therefore, the

diffusive term of the Navier—Stokes equations is modified as follows:

Ou; =0 (E.1)
where 7, = —n(0;ur + Ogu;) is the deviatoric stress tensor and 7 is the dynamic viscosity.

For non-Newtonian fluids, 7 is a function of the shear rate magnitude (¥) and is the main
source of changes in the formulation. For shear-thinning flows, two models are common (and
currently supported by Lethe): the Power-law model and the Carreau model. For detailed
information refer to the publication by Daunais et al. [163]. In what follows, we look at the

residual (weak derivative), the strong residual for stabilization terms and the Jacobian.

Residual

To obtain the residual one can simply compute the weak form of the Navier—Stokes equations
with the deviatoric stress tensor and integrate by parts the pressure terms and the diffusive

term as follows:

(Uz’, aiP)Q = (Uini7p)f‘ - (aiviup)ﬁa (E3>

(vi, OkTi)a = (Vi Tiemk)r — (Okvi, Tir) - (E.4)
Setting the correct boundary conditions, the weak formulation is given as:
(q, 0sui) g + (vi, Opus + upOpis — fi) — (Onvi, Tix)a — (Oivi, p)a = 0. (E.5)

The same expression can be written in terms of 7;:

(¢, Oiui) g + (vi, Oy + upOpu; — fi)g + (Orvi, n(iur, + Okui) )o — (v, p)a = 0, (E.6)
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yielding the residual for the right-hand side of the matrix system.

Strong residual for stabilization terms

For non-Newtonian flows, the continuity equation does not change and the momentum equa-
tion (Eq. E.2) is as follows:

8tui + ukﬁkui + &p — 8kn(8,»uk + 8ku,) — fl = 0. (E?)

The viscous term can be further developed by using the product rule:

Orug = 0
= —(0em) (D, + Ous) — Nk~ NIy (E.9)
= —(Okm) (Ogug + i) — NOkOyus; (E.10)

replacing this in Eq. E.7, yields:
Opu; + upOpu; + Oip — (Okn) (Oyur, + i) — NOkOyu; — fi = 0, (E.11)

where Jy7 is computed using the linearization point, i.e., the solution at the previous Newton

step.

Jacobian

The Jacobian is found using the Gateau derivative for the weak from presented in Eq. E.6.
The term coming from the continuity equation, the time derivative, the convective term,
the pressure term and the force term remain the same but considering the test and solution

functions for w, v, p and ¢q. The only term that changes is the diffusive term:

(Owvi, n(Oiuk + Opui))o. (E.12)

The computation of the directional derivative in this case is more difficult, since the viscosity

depends on the shear-rate magnitude, which in turn depends on the shear-rate. We start by
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writing the derivative in another notation (a%k) and using the chain rule as follows:

0
— (Okvi, n(Osur, + Okui))a = (Okvy,

Dur Oiur, + Okt;) ) o

9
n@uk

(E.13)
+ (B, (%) (Due + D))o

Guk

Since the viscosity depends on the shear rate magnitude and the shear rate magnitude de-

pends on the shear rate, the derivative of the viscosity can be written as:

o _on oy

Su = 5 Gur (E.14)

The first term depends on the specific model used for the viscosity (e.g., the power law model
or the Carreau model). However, for the second term, one can obtain a concrete expression

by exploiting the definition of the shear rate magnitude:

(i)
7:< J2J> , (E.15)

where 7;; = (Ojuy, + Ogu;). The derivative can be calculated as follows:

oy 1
83}@ =5 (Dsup, + Oy (Brug + Oy (E.16)

I1(u)
Defining I1(u + edu) as:
II(u + edu) = (0;(ug + €dug) + O (u; + €duy))(0i(ug + €duy) + O (u; + €duy)), (E.17)

and computing the directional derivative:

lim (u + edu) — I(u)

e—0 €

This leads to the following final additional term for the Jacobian:

0
a—w(ﬁkvi, ﬁ(aﬂbk + 8}&%))9 = (&wi, n (815uk -+ akéul))mL

Q
(E.19)
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APPENDIX F NON-ISOTHERMAL FLOW SIMULATION

The main equation to solve for heat transfer can be derived from the energy equation in
incompressible flows. For a constant heat capacity C), and dynamic viscosity p, the equation

takes the following form:

pCpaaz +pCp(u- V)T =V - (kVT) = -0+ Q, (F.1)
where T is the temperature, w is the velocity of the fluid, p is the density, C, is the isobaric
heat capacity, k is the thermal conductivity, @) is the energy source term, and ¢ is the viscous
dissipation term defined as ¢ = pu(Vu + Vu') : Vu. The solver is coupled with the fluid
solver through the velocity field w. In order to couple the solver in the other direction, one
possibility is to add a buoyancy term in the Navier—Stokes equations based on the Boussinesq

approximation as follows:

V-u=0, (F.2)
du+ (u-Vu+Vp" —vAu = (1 — (T — T1e))g, (F.3)

buoyancy term

where g is the gravitational force, 3 is the thermal expansion coefficient and T is a reference
temperature. This modified source term has an influence in some terms of the Jacobian and
the residual of the Navier—-Stokes equations. The implementation of the matrix-free solver
already included a source term f, e.g., used for the method of manufactured solutions.
Therefore, the coupling only required the implementation of the source term. This coupling
has been tested for a heated lid-driven cavity and for a two-dimensional Rayleigh-Bénard
convection. While accurate results are obtained, further investigation of the efficiency of

geometric multigrid preconditioner is required.
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