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Article

One-Dimensional Shallow Water Equations Ill-Posedness
Tew-Fik Mahdi

Department of Civil, Geological and Mining Engineering, Polytechnique Montreal, 2900, Boulevard
Édouard-Montpetit, Campus of the University of Montreal, 2500, Chemin de Polytechnique,
Montreal, QC H3T 1J4, Canada; tewfik.mahdi@polymtl.ca; Tel.: +1-5143404711 (ext. 5874)

Abstract

In 2071, the Hydraulic community will commemorate the second centenary of the Baré de
Saint-Venant equations, also known as the Shallow Water Equations (SWE). These equa-
tions are fundamental to the study of open-channel flow. As non-linear partial differential
equations, their solutions were largely unattainable until the development of computers
and numerical methods. Following 1960, various numerical schemes emerged, with Preiss-
mann’s scheme becoming the most widely employed in many software applications. In the
1990s, some researchers identified a significant limitation in existing software and codes: the
inability to simulate transcritical flow. At that time, Preissmann’s scheme was the dominant
method employed in hydraulics tools, leading the research community to conclude that
this scheme could not handle transcritical flow due to suspected instability. In response to
this concern, several researchers suggested modifications to Preissmann’s scheme to enable
the simulation of transcritical flow. This paper will demonstrate that these accusations
against the Preissmann scheme are unfounded and that the proposed improvements are
unnecessary. The observed instability is not due to the numerical method itself, but rather
a mathematical instability inherent to the SWE, which can lead to ill-posed conditions if a
specific derived condition is not met. In the context of a friction slope formula based on
Manning or Chézy types, the condition for ill-posedness of the 1D shallow water equations
simplifies to the Vedernikov number condition, which is necessary for roll waves to develop
in uniform flow. This derived condition is also relevant for the formation of roll waves in
unsteady flow when the 1D shallow water equations become ill-posed.

Keywords: one-dimensional shallow water equations; ill-posedness; Vedernikov number;
Preissmann scheme; transcritical flow; roll waves; mathematical instability

MSC: 35B20; 35B30; 35B35; 35B44; 35L40; 35L65; 35L67; 37C75; 49K40; 76L99

1. Introduction
In 2071, the Hydraulic community will mark the 200th anniversary of the one-

dimensional Baré de Saint-Venant equations, also called the one-dimensional Shallow
Water Equations (1D-SWE). These are non-linear hyperbolic PDEs. However, their mathe-
matical properties have received limited research attention. Consequently, questions about
the existence and uniqueness of solutions for full 1D-SWE remain largely unresolved. While
many researchers have explored the 1D-SWE without considering the source term or only
ignoring the friction source term (e.g., [1–11]), establishing well-posedness in these cases,
no studies have focused specifically on the full 1D-SWE including the friction source term.
Some argue that ignoring the complete source term is not critical, claiming that lower-order
terms do not influence well-posedness. This study seeks to address this issue.
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The development of computers and advances in numerical methods have made it more
feasible to solve the 1D-SWE. Preissmann’s scheme [12], commonly used in various software
and numerical tools for modeling unsteady flow (e.g., [13,14]), is effective but was suspected
to have limitations. In the 1990s, some researchers (e.g., [15]) argued that this scheme is
unsuitable for simulating transcritical flow in open channels, where both subcritical and
supercritical flow regimes occur, leading to instability. Several alternative methods have
been proposed to enhance stability [15–18]. For instance, ref. [17] notes the challenges:
“The Preissmann box scheme is the standard numerical method employed by hydraulic
engineers to model open channel flows or surcharged pipes; however, it fails for transcritical
flows. Various alternatives exist, but we show how simple modifications to the difference
scheme and solution method can enable its use for these flows.” Interestingly, before the
first critique in [15], Samuels and Skeels in 1990 successfully used the Preissmann scheme
to simulate transcritical flow at a Froude number below 1.5, concluding, “It is clear from
these model results that supercritical flow was simulated without the numerical oscillations
typically associated with transitions through the critical state” [19]. Unfortunately, this
promising result was not further explored.

To tackle the difficulties of modeling transcritical flow, some researchers have adopted
alternative numerical schemes, while others have adjusted the original equations. For
example, Kutija and Newett [20] developed the NewC scheme and observed oscillations
near a Froude number of 1.5 in large channels, signaling numerical instability. They
addressed this by increasing numerical diffusion. AlQasimi and Mahdi [21] faced similar
issues with their UMHYSER-1D software, which is based on the NewC scheme. Conversely,
Yu et al. [22] introduced a “new reference slope form of the Saint-Venant equations” to
maintain smooth slope source terms and reduce oscillations. They pointed out a key
limitation: their study focused only on subcritical flow and noted that the SPRNT code,
based on the Preissmann scheme, “is known to exhibit instabilities with transcritical flows.
which can be mitigated using the ad hoc local partial inertia (LPI) scheme of Fread et al.
(1996) [23]”. This LPI method alters the momentum equation of the 1D SWE by either
decreasing or removing the convective term, resulting in a modified 1D SWE that is
subcritical [23]. Although this method has been successfully used in various software
(e.g., [24–26]), its mathematical soundness is questionable. The original 1D SWE are
hyperbolic, but the modified version becomes parabolic, which leads to different domains
of dependence and influence, thus diverging from the original problem. This approach
is similar to regularization in ill-posed problems [27], but it fundamentally alters the
problem’s nature, resulting in incorrect solutions.

This paper examines the fundamental question of the ill-posedness of the 1D SWE.
In fact, when solving these non-linear PDEs, no one has verified their well-posedness; it
has been assumed implicitly. The reason for this is that the 1D SWE are based on physical
principles—namely, mass and momentum conservation—so they are presumed to be well-
posed. However, this paper shows that the source term does affect the well-posedness of
the 1D SWE. Furthermore, the conditions leading to the ill-posedness of the 1D SWE will
be presented, along with the implications of this finding. The remainder of this paper is
organized as follows: Section 2 introduces useful definitions and tools for the subsequent
analysis. Section 3 describes the methodology used to determine the valid range of the
Froude number for the 1D SWE. Section 4 presents the main results followed by discussion
in Section 5, and conclusions in Section 6.
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2. Mathematical Background
For completeness, this section summarizes the mathematical definitions and tools

necessary for this paper. The differential problem, which is the 1D SWE supplemented
with initial and/or boundary conditions, must be well-posed to allow for a solution.

2.1. Governing Equations

The 1D SWE, or Barré de St-Venant equations, expressed in terms of water depth and
velocity (e.g., [28–30]), for river flows in prismatic channels, are:

∂h
∂t

+ D
∂u
∂x

+ u
∂h
∂x

= 0 (1)

∂u
∂t

+ u
∂u
∂x

+ g
∂h
∂x

= g
(

S0 − S f

)
(2)

where u = flow velocity (m/s), h = water depth (m), D = A/T = hydraulic depth
(m), A = wetted area (m2), T = top water surface width (m), g = gravity acceleration (m/s2),
S0 = bed slope (-), Sf = friction slope (-), t = time independent variable (s), and x = spatial
independent variable (m).

These equations may incorporate extra terms and coefficients to account for wind
stress, lateral flow, the nonuniformity of velocity distribution, and other factors [30]. In this
paper, the fundamental form of the 1D SWE, Equations (1) and (2), is employed since the
results are unaffected by additional modifications. The friction slope is expressed as [31]:

S f = k urRm (3)

where R = hydraulic radius (m), and k a coefficient. Manning equation corresponds to
k = n2, r = 2, and m = −4/3, n being the Manning coefficient, while k = 1/C2, r = 2, and
m = −1, with, C being the Chézy coefficient, if Chézy equation is used.

In matrix form, Equations (1) and (2) take the form:

∂U
∂t

+ M
∂U
∂x

= S (4)

where

U =

(
h
u

)
, M =

(
u D
g u

)
, S =

(
0

g
(

S0 − S f

)) (5)

To be solved, Equation (4) requires initial conditions:

U(x, 0) =

(
v(x)
w(x)

)
(6)

Providing a purely Cauchy problem. If boundary conditions are included, it transforms
into a mixed Cauchy problem. The characteristic form of the 1D SWE is given as (e.g., [30,32]):

∂
(
u + 2

√
gh
)

∂t
+ (u +

√
gh)

∂
(
u + 2

√
gh
)

∂x
= g

(
S0 − S f

)
∂
(
u − 2

√
gh
)

∂t
+ (u −

√
gh)

∂
(
u − 2

√
gh
)

∂x
= g

(
S0 − S f

) (7)

Or equivalently: 
d
(
u + 2

√
gh
)

dt
= g

(
S0 − S f

)
(a)

dx
dt

=
(
u +

√
gh
)

(b)
(8)
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And 
d
(
u − 2

√
gh
)

dt
= g

(
S0 − S f

)
(a)

dx
dt

=
(
u −

√
gh
)

(b)
(9)

Because the slopes of the characteristics, dx/dt in Equations (8) and (9), are real
and distinct, the 1D SWE are hyperbolic PDEs. If the source term is included, Riemann
invariants do not exist. The slopes of the characteristic curves are unaffected by the source
term itself. However, as shown by the compatibility relations, Equations (8) and (9), the
source term influences the solution components u and h, which in turn modify the slopes
of the characteristics. Therefore, the source term indirectly affects these slopes. In the
linearized form of the equations, the characteristic slopes are constant and unaffected by
the solution, although the source term still impacts the overall solution. The central question
of this paper is: since the source term influences the solution, under what conditions do the
1D SWE become ill-posed?

2.2. Evolution of Internal Perturbations

The general form of a pure Cauchy problem for unsteady flow in a very long channel
is described by the following equations:

∂U
∂t

+ M
∂U
∂x

= S (10)

U(x, 0) =

(
v(x)
w(x)

)
(11)

where

U =

(
h
u

)
, M =

(
u D
g u

)
, S =

(
0

g
(

S0 − S f

)) (12)

In the presence of perturbations of water depth and velocity, h′ and u′, the perturbed
pure Cauchy problem is:

∂
∼
U

∂t
+

∼
M

∂
∼
U

∂x
=

∼
S (13)

∼
U(x, 0) =

(
v(x) + v′(x)
w(x) + w′(x)

)
(14)

where

∼
U =

(∼
h = h + h′
∼
u = u + u′

)
= U + U′,

∼
M =

(∼
u = u + u′ ∼

D = D + D′

g
∼
u = u + u′

)
= M + M′,

∼
S =

 0

g
(

S0 −
∼
S f

) (15)

With:

M′ =

(
u′ D′

0 u′

)
and U′ =

(
h′

u′

)
(16)

As shown in Appendix A, the small perturbation field U′ satisfies the following pure
Cauchy problem:

∂U′

∂t
+ M

∂U′

∂x
+ NU′ = 0 (17)

U′(x, 0) =

(
v′(x)
w′(x)

)
(18)



Mathematics 2025, 13, 2476 5 of 23

where

U′ =

(
h′

u′

)
, M =

(
u D
g u

)
, N = g

(
0 0

∂S f
∂h

∂S f
∂u

)
(19)

The perturbation field satisfies a non-linear PDE, Equations (17) and (18). If this
problem is ill-posed, then the perturbed one, Equations (13) and (14), will also be ill-posed

since
∼
U = U + U′, Equation (15).

2.3. Principle of Frozen Coefficients

The key question is whether small initial perturbations, as given by Equation (18), will
grow over time. Mathematically, this can only be determined if the problem described by
Equations (17) and (18) is linear. However, since the matrices M and N depend on the origi-
nal water depth and velocity, which makes the problem non-linear, the “principle of frozen
coefficients” ([33]; pp. 215–216) is used. This approach involves analyzing modified prob-
lems where the coefficients of the matrices are held constant at any chosen point, (x0, t0),
with water depth, hydraulic depth, and velocity designated as h0, D0 and u0 respectively.

This principle involves deriving a series of linear problems from the original
Equations (17) and (18) by fixing the coefficients of the matrices M and N. These coef-
ficients represent all possible solutions to the 1D SWE of the unperturbed flow, as described
in Equations (10) and (11). The “principle of frozen coefficients” states that if the Cauchy
problem is well-posed at all points (x0, t0), then the original problem with variable coeffi-
cients should also be well-posed. Numerous researchers have examined the linearized 1D
SWE using a uniform flow as the base state (e.g., [34–36]), indicating their conclusions are
only valid near uniform flow conditions. For instance, Vedernikov’s well-known paper [34]
states a condition for uniform flow stability. All researchers who investigated uniform
flow stability using the 1D SWE concluded that the uniform flow is unstable, but no one
mentioned the ill-posedness of the 1D SWE. In this work, applying the “principle of frozen
coefficients” ensures that the results apply to any point in the domain and for any con-
tinuous flow conditions. Consequently, the problems analyzed using this principle are
as follows: 

∂U′

∂t
+ M0

∂U′

∂x
+ N0U′ = 0

U′
0(x, 0) =

(
v′(x)
w′(x)

) (20)

With:

U′ =

(
h′

u′

)
, M0 =

(
u0 D0

g u0

)
, N0 = g

(
0

∂S f
∂h

0
∂S f
∂u

)
(h0,u0)

(21)

where u0, h0, and D0 are the constant values, at any point (x0, t0) of the solution domain,
of the velocity, water depth, and hydraulic depth.

Therefore, if for certain values the problem with frozen coefficients, Equations (20) and (21),
becomes ill-posed, then the original one, Equations (17) and (18), will also be ill-posed.

2.4. Well-Posed Problems

As introduced by Hadamard [37], a problem is considered well-posed if it satisfies
three conditions: the solution exists, is unique, and the problem is stable. Stability here
means that the solution depends continuously on the problem’s data. For problem (20),
Gustafsson et al. ([38], pp. 81, 90) provide the following definitions of well-posedness
and stability:

Definition 1. well-posedness
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Problem (20) is considered well-posed if it possesses a unique smooth solution and exhibits stability.

Definition 2. stability
Problem (20) is stable if there are constants K1, K2 and α1, α2 such that:{

∥h′(·, t)∥ ≤ K1eα1t∥v(·)∥
∥u′(·, t)∥ ≤ K2eα2t∥w(·)∥

(22)

With ∥ f (·, t)∥2 =
∫ j

d | f (x, t)|2 dx, is the temporally varying spatial L2 norm for a scalar function,
f (x, t), and [d, j] is its domain.

If the perturbation problem (20) is ill-posed, then the 1D-SWE, Equations (13) and (14),
will also be ill-posed because if the perturbation amplifies, the solution to problem (20),
U′, will not depend continuously on the data. These perturbations U′, appearing in the

1D-SWE problem (13–14), will amplify its solution,
∼
U = U + U′. This means that the

solution to the 1D-SWE, Equations (13) and (14), will not depend continuously on the data,
which violates the definition of a well-posed problem.

2.5. Fourier Transform Problem

The definitions of the Fourier transform pairs appear in Appendix B. The Fourier-
transform of the linear problem (20) is ([39]):

dÛ′

dt
+ iωM0Û′ + N0Û′ = 0 (23)

Û′
0(ω, 0) =

(
v̂(ω)

ŵ(ω)

)
(24)

Its solution is:
Û′(ω, t) = e−(iωM0+N0)t Û′

0(ω, 0) (25)

As shown in Appendix C, Equation (25) can be written:

Û′(ω, t) = P e∆t P−1Û′
0(ω, 0) (26)

where P, the matrix diagonalizing [−(iωM0 + N0)], and

∆ = P−1[−(iωM0 + N0)]P (27)

Using the inverse Fourier transform of Equation (25), the solution to the perturbation
field problem, Equation (20), is:

U′(x, t) =
1√
2π

+∞∫
−∞

eiωx
(

P e∆t P−1Û′
0(ω, 0)

)
dω (28)

Therefore, the perturbation field problem (20) has a unique solution. The final step to
confirm well-posedness is to verify its stability condition, ensuring it depends continuously
on the problem’s data, as explained in Definition 1 of Section 2.4 “Well-Posed Problems”.

The solution’s expression of U′(x, t), along with the elements of the matrices P, P−1,
and e∆t shows that they depend on the eigenvalues of (iωM0 + N0), λ1(ω) and λ2(ω). It
is anticipated that the ill-posedness condition of the differential problem also relates to
these eigenvalues.
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3. Methodology
To establish the ill-posedness condition for the perturbed 1D SWE, Equations (13) and (14),

we analyze the evolution of small perturbations, Equations (17) and (18), which are ei-
ther amplified or damped. First, by applying the “principle of frozen coefficients” to
Equations (17) and (18), we derive a set of linear pure Cauchy problems, Equation (20),
and utilize Fourier transform methods to find the unique solution in the frequency do-
main, Equation (26). Next, we examine under which condition the solution of the per-
turbation problem U′(x, t), that is, the inverse Fourier transform, Equation (28), does
not exist, which indicates the condition of ill-posedness of the perturbation problem,
Equations (17) and (18). Since the solution exists and is unique (Equation (28)), the problem
is ill-posed if the solution is unstable, as explained in Section 2.4 “Well-Posed Problems”.
Moreover, if the small perturbation problem, Equations (17) and (18), is ill-posed, then
the original perturbed problem, Equations (13) and (14), will also be ill-posed because
the perturbation by growing unbounded will cause the solution of the perturbed prob-

lem
∼
U = U + U′, Equation (15), to similarly diverge and lose continuous dependence

on the data. Since any solution to a 1D SWE, Equations (10) and (11), is always affected
by small perturbations, either numerical or physical, it follows that the condition for the
inverse Fourier transform’s existence in the perturbation field problem aligns with the
well-posedness condition for the 1D SWE. Conversely, the ill-posedness condition of the
1D SWE, Equations (10) and (11), is the non-existence condition for the inverse Fourier
transform, Equation (28), of the perturbation field problem, Equations (17) and (18).

4. Results
This section first derives the general Fourier transform solution for the perturbation

field. Then, it analyzes the existence condition of the inverse Fourier transform to determine
the ill-posedness condition for both the perturbation field and the perturbed 1D SWE.

4.1. Fourier Transform Solution

Let us explicitly develop the expression of the solution, Û′(ω, t) of Equation (26), by

calculating the matrices P, P−1, and e−(iω∆+
∼

N0)t after determining the eigenvalues and
corresponding eigenvectors of (iωM0 + N0).

The eigenvalues, λ, are found by solving the characteristic equation:∣∣∣∣∣ iωu0 − λ

iωg + g
∂S f
∂h

iωD0

iωu0 + g
∂S f
∂u − λ

∣∣∣∣∣ = 0 (29)

Posing:

α = −g
∂S f

∂h
and β = g

∂S f

∂u
(30)

Note that α and β are positive. The eigenvalues are:

λ1 =
β + a

2
+ i
(

b
2
+ ωu0

)
(31)

λ2 =
β − a

2
− i
(

b
2
− ωu0

)
(32)

With:

a2 =
1
2

(
β2 − 4gD0ω2 +

√
(β2 − 4gD0ω2)

2 + (4D0αω)2
)

, a > 0 (33)
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And
b = −2D0αω/a (34)

Note that if the negative square root of a is used, then λ1(λ2) becomes λ2(λ1). λ1 and
λ2 are written for every flow velocity and hydraulic depth, u0 and D0. For simplicity, from
now on in this paper, the subscript “0” for u0 and D0 will be omitted.

The eigenvectors
→
v1 and

→
v2 associated with these eigenvalues, λ1 and λ2, are

solutions of:
(iωM + N)

→
v = λ

→
v (35)

These are:
→
v1 =

(
1
G

)
and

→
v2 =

(
1
K

)
(36)

With:

G = − b − i(β + a)
2ωD

and K =
b + i(β − a)

2ωD
(37)

Hence, the matrix, P, and its inverse, P−1, are given by:

P =

(
1 1
G K

)
and P−1 =

1
K − G

(
K −1
−G 1

)
(38)

With:

G = − b − i(β + a)
2ωD

, K =
b + i(β − a)

2ωD
, and K − G =

b − ia
2ωD

(39)

where α, β, a, and b are given by Equations (30), (33) and (34).
Since the eigenvalues of the matrix [−(iωM + N)] are the opposites of the eigenvalues

of (iωM + N) with the same eigenvectors, as detailed in Appendix C, the diagonal matrix
∆ = P−1[−(iωM + N)]P is given by:

∆ =

(
− λ1 0

0 − λ2

)
and e∆t =

(
e− λ1t 0

0 e− λ2t

)
(40)

Hence, the solution, Equation (26), becomes:

Û′(ω, t) =
1

K − G

(
Ke− λ1t − Ge− λ2t e− λ2t − e− λ1t

K G
(
e− λ1t − e− λ2t) K e− λ2t − G e− λ1t

)
Û′

0(ω, 0) (41)

Finally, using the expression of Û′
0(ω, 0), Equation (24), the Fourier transform of the

solution to the perturbed problem, Equation (20), is:

Û′(ω, t) =
K v̂ − ŵ
K − G

1

G

e− λ1t +
ŵ − G v̂
K − G

1

K

e− λ2t (42)

The explicit expressions of the Fourier transforms of the perturbed water depth and
velocity, ĥ′ and û′, are:

ĥ′ =
K v̂ − ŵ
K − G

e− λ1t +
ŵ − G v̂
K − G

e− λ2t (43)

û′ =
G(K v̂ − ŵ)

K − G
e−λ1t +

K(ŵ − G v̂)
K − G

e−λ2t (44)
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4.2. Ill-Posedness Condition

The inverse Fourier transform of Equation (42) provides the solution to the perturbed
problem, Equation (20):

U′(ω, t) =
1√
2π

+∞∫
−∞

eiωx Û′(ω, t) dω (45)

Or:

U′(x, t) =
1√
2π

+∞∫
−∞

eiωx

K v̂ − ŵ
K − G

1

G

e− λ1t +
ŵ − G v̂
K − G

1

K

e− λ2t

 dω (46)

Explicitly, the expressions of the perturbation field are:

h′(x, t) =
1√
2π

+∞∫
−∞

eiωx
(

K v̂ − ŵ
K − G

e− λ1t +
ŵ − G v̂
K − G

e− λ2t
)

dω (47)

u′(x, t) =
1√
2π

+∞∫
−∞

eiωx
(

G(K v̂ − ŵ)

K − G
e−λ1t +

K(ŵ − G v̂)
K − G

e−λ2t
)

dω (48)

These inverse transforms exist if and only if the generalized integrals in Equations (47) and (48)
converge. The convergence condition of these integrals will be the condition of well
posedness of the perturbation field problem (20).

The integrals (47–48) of the perturbation field, h′(x, t) and u′(x, t), depend on the
following functions:

K v̂
K − G

e−Re(λ1)t,
ŵ

K − G
e−Re(λ1)t,

ŵ
K − G

e−Re(λ2)t,
G v̂

K − G
e−Re(λ2)t

GK v̂
K − G

e−Re(λ1)t,
Gŵ

K − G
e−Re(λ1)t,

Kŵ
K − G

e−Re(λ2)t,
GK v̂
K − G

e−Re(λ2)t
(49)

Using Equations (30), (33), (34) and (39), their modules are evaluated:

∣∣∣∣ G
K − G

∣∣∣∣2 =
(a − β)2 + b2

a2 + b2∣∣∣∣ K
K − G

∣∣∣∣2 =
(a + β)2 + b2

a2 + b2∣∣∣∣ 1
K − G

∣∣∣∣2 =
1
α2

a2b2

a2 + b2∣∣∣∣ GK
K − G

∣∣∣∣2 = α2 (a − β)2 + b2

a2 + b2
(a + β)2 + b2

a2b2

(50)

To assess the behavior of expressions (50) at infinity ( ω → ∞ ), it is necessary to
compute the limits of a and b, Equations (33) and (34). To do this, Equation (33) is rewritten
as follows:

a2 =
1
2

β2 − 4gDω2 +
∣∣∣β2 − 4gDω2

∣∣∣
√

1 +
(

4Dαω

4gDω2 − β2

)2
, a > 0 (51)

As ω → ∞ , it comes:
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a2 ∼=
1
2

β2 − 4gDω2 +
(

4gDω2 − β2
)√

1 +
(

4Dαω

4gDω2 − β2

)2
, a > 0 (52)

Or:

a2 ∼=
1
2

(
β2 − 4gDω2 +

(
4gDω2 − β2

)(
1 +

1
2

(
4Dαω

4gDω2 − β2

)2
) )

, a > 0 (53)

a2 ∼=
1
2

((
1
2

(4Dαω)2

(4gDω2 − β2)

) )
, a > 0 (54)

Finally, as ω → ∞ , it comes:  lim
ω→∞

a = |α|
√

D
g

lim
ω→∞

b = +∞
(55)

Hence, the limits of expressions (50) as ω → ∞ are:

lim
ω→∞

∣∣∣∣ G
K − G

∣∣∣∣ = lim
ω→∞

√
(a − β)2 + b2

a2 + b2 = 1

lim
ω→∞

∣∣∣∣ K
K − G

∣∣∣∣ = lim
ω→∞

√
(a + β)2 + b2

a2 + b2 = 1

lim
ω→∞

∣∣∣∣ 1
K − G

∣∣∣∣ = lim
ω→∞

1
α2

a2b2

a2 + b2 =

√
a2

α2 =

√
D
g

lim
ω→∞

∣∣∣∣ GK
K − G

∣∣∣∣ = lim
ω→∞

√
α2 (a − β)2 + b2

a2 + b2
(a + β)2 + b2

a2b2 =
α2

a2 =

√
g
D

(56)

Moreover, from Equation (31), the real part of λ1 is positive, so all the terms in (49)
tend to zero as ω → ∞ , except those depending on e−Re(λ2)t. In fact, if Re(λ2) is positive,
these terms tend to zero too as ω → ∞ , and the integrals (47–48) will converge providing
the perturbation field, h′(x, t) and u′(x, t). Conversely, if Re(λ2) is negative, the integrals
(47–48) will diverge and the perturbation field will amplify, h′(x, t) and u′(x, t) tend to
infinity. Therefore, the solution to the perturbed problem, Equations (13) and (14), given by
∼
U = U + U′ in Equation (15), will also experience amplification, which implies that the 1D
SWE perturbed problem represented by Equations (13) and (14) is ill-posed.

In other words, the integrals in Equations (47) and (48) are valid only if the real parts of
both the eigenvalues of (iωM + N), λ1 and λ2 are positive, Re(λ) ≥ 0. Conversely, if either
of these real parts is negative, the integrals in Equations (47) and (48) will diverge (tend to
infinity). This results in an amplification of the perturbation field, U′, and consequently

the perturbed solution,
∼
U = U + U′ in Equation (15), will also amplify, leading to the

ill-posedness of the 1D SWE problem, Equations (13) and (14).
Given that all 1D SWE problems are susceptible to both physical and numerical

perturbations, the condition of ill-posedness for the 1D SWE is therefore:

Re(λ) < 0 (57)

Recalling the expressions of the eigenvalues λ1 and λ2, Equations (31) and (32), the real
part of λ1 is always positive, but the one of λ2 might be negative. Using the expression of λ2,
Equation (32), the ill-posedness condition (57) applied to this root, λ2, can be expressed as:
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a > β or a2 > β2 (58)

Which can be rewritten, using the expression of a in Equation (33):(
β2 − 4gDω2 +

√
(β2 − 4gDω2)

2 + (4Dαω)2
)
> 2β2 (59)

Or: √
(β2 − 4gDω2)

2 + (4Dαω)2 > (β 2 + 4gDω2
)

(60)

Which simplifies to:

β2 <
D
g

α2 (61)

And finally, using Equation (30) for the expressions of α and β:

(
∂S f

∂u

)2

<
D
g

(
∂S f

∂h

)2

(62)

Whenever condition (62) holds, the perturbation U′ will amplify, leading to the ill-
posedness of problem (20). Consequently, the perturbed 1D SWE problem (13–14), which
includes the ill-posed solution of the perturbation field, U′, will also be ill-posed. This
means that, if condition (62) holds, it is impossible to find a solution for the 1D SWE problem,
regardless of the initial and boundary conditions or the numerical methods employed.

To the author’s knowledge, this represents the first time the ill-posedness of the 1D
SWE is addressed through the establishment of a validity criterion, condition (62).

5. Discussion
First, since the ill-posedness condition for the 1D SWE depends on the friction slope,

it will be explicated using the Manning (Chézy) equation, to derive its relationship to the
Vedernikov number condition for roll wave formation from uniform flow. Then, it will be
highlighted that under this ill-posedness condition, no solution for the 1D SWE can exist,
regardless of the numerical method employed. This represents a mathematical instability
inherent to the 1D SWE, not a numerical issue specific to any solution method. Lastly, it will
be shown that this ill-posedness condition is the condition of roll waves formation for any
flow condition, whether uniform or non-uniform, steady or unsteady, hence generalizing
the Vedernikov condition for uniform flow.

5.1. Friction Slope

Recall that the standard equation for the friction slope in open-channel flow is Equation (3):

S f = k urRm (3)

where R = hydraulic radius (m), and k a coefficient. Manning equation corresponds to
k = n2, r = 2, and m = −4/3, n being the Manning coefficient, while k = 1/C2, r = 2, and
m = −1, with, C being the Chézy coefficient, if Chézy equation is used.

So, various friction slope formulas will provide different domains of validity for the
1D SWE, given by Equation (62). In fact, substituting Equation (3) in Equation (62), the
ill-posedness condition becomes: ∣∣∣∣mr F

dR
dh

D
R

∣∣∣∣ > 1 (63)
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With F = u/
√

gD = Froude number (-), R = hydraulic radius (m), h = water depth
(m), D = A/T = hydraulic depth (m), T = top water surface width (m), and A = wetted
area (m2).

For a trapezoidal channel of bottom width B, slope side defineds by V:H = 1/z, and
using Manning equation (m = −4/3 and r = 2), the condition of ill-posedness can be
expressed in terms of the Froude number as follows:

F >
3
2

1 +
2
√

1 + z2(1 + zw)w

1 + 2zw
(

1 + w
√

1 + z2
)
 (64)

With w = h/B. If Chézy equation is used (m = −1 and r = 2), this limit of ill-
posedness becomes:

F > 2

1 +
2
√

1 + z2(1 + zw)w

1 + 2zw
(

1 + w
√

1 + z2
)
 (65)

For the limiting case of a very wide channel, the lower threshold for ill-posedness
is 1.5 (2) if Manning (Chézy) equation is used. The value of 1.5 was identified by Kutija
and Newett in [20] and later by AlQasimi and Mahdi in [21], who noted the emergence of
oscillations in their results.

For the Manning equation, Figures 1–3 illustrate this threshold for different channel
shapes: a trapezoidal channel with a side slope of 1, as well as rectangular and triangular
channels, all expressed in terms of the dimensionless depth, w = h/B. The ill-posedness
limit is F = 3, for triangular channel, B = 0 or w → ∞ , for any side slope value, z. For
trapezoidal channels, with z = 1, the ill-posedness limit increases from 1.5, the very wide
channel case, ultimately reaching approximately 3. Meanwhile, for rectangular channels,
this limit changes linearly from 1.5, as F = 1.5 + 3h/B.

Figure 1. Froude number threshold of ill-posedness for a trapezoidal channel of side slope z = 1, and
bottom width B, using the Manning equation. Ill-posedness region is located above the curve.
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Figure 2. Froude number threshold of ill-posedness for a triangular channel of any side slope z, using
the Manning equation. Ill-posedness region is located above the curve.

Figure 3. Froude number threshold of ill-posedness for a rectangular channel of bottom width B,
using the Manning equation. Ill-posedness region is located above the curve.

5.2. Physical Interpretation

Recall the forces involved in the momentum equation:

∂u
∂t

+ u
∂u
∂x

+ g
∂h
∂x

= g
(

S0 − S f

)
(2)

∂u
∂t + u ∂u

∂x = inertia force, g ∂h
∂x = pressure force, gS0 = gravitational force, and

gS f = friction force.
As the flow velocity u increases, the friction slope, S f , also increases (see Equation (3)),

leading to a higher friction force. Similarly, if the water depth, h, or the celerity c =
√

gD
decreases, the friction slope increases, resulting in a greater friction force.
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As the water depth decreases, the pressure forces also decrease, but the friction force
increases because it is inversely proportional to water depth and proportional to flow
velocity (see Equation (3)). Of course, the friction force cannot exceed the driving force;
otherwise, the flow would go uphill! Therefore, there is a limiting case where while
the upper part of the control volume accelerates downhill, its lower part slows down,
eventually causing bore formation that travels downstream: a roll wave just formed.

This limiting case, where the 1D SWE description of the flow becomes invalid, is given
by the ill-posedness condition, Equation (59). To interpret this condition, rewrite it as:

∂S f

∂u
< −

√
D
g

∂S f

∂h
(66)

The “minus” sign results from the negativity of
∂S f
∂h (see Equation (3)). Using the

celerity of long gravity waves with small amplitude, c =
√

gD, Equation (66) becomes:

∂S f

∂u
< −

√
gD

∂S f

∂gD
∂D
∂h

(67)

Or:
∂S f

∂u
< −c

dD
dh

∂S f

∂c2 (68)

And finally:
∂S f

∂u
< −1

2
dD
dh

∂S f

∂c
(69)

For wide or rectangular channels, dD
dh

∼= 1, it comes:

∂S f

∂u
< −1

2
∂S f

∂c
(70)

For rectangular or very wide channels, the physical interpretation of the ill-posedness
condition, Equation (70), is simply that for the flow described by the 1D SWE to remain
stable as the water depth decreases, the increase in friction caused by rising flow velocity
must be greater than half the contribution of the celerity of gravity long waves. At lower
water depths, “the wave is said to feel the bottom” ([29]; p. 327). For other geometries,
Equation (69), an additional coefficient, dD/dh, multiplies the celerity contribution, c, to
account for the cross-section shape.

5.3. Numerical Methods

According to the work of Samuels and Skeels in [19], their assertion regarding the
Vedernikov condition as a stability criterion for the Preissmann scheme is not accurate.
Indeed, a numerical scheme relies solely on the mesh size and the corresponding solution
values at the mesh nodes, meaning it is independent of hydraulic parameters of a cross-
section, such as hydraulic radius, wetted perimeter, or, more relevantly, the derivative of
the hydraulic radius with respect to depth.

By applying a Fourier transform to the discretized form of the linearized 1D SWE
about a uniform base flow, they found the ill-posedness criterion of the 1D SWE, but they
concluded that this is the extra stability condition of Preissmann numerical scheme. In
the present paper, the condition of ill-posedness is derived through an analysis of the
perturbation field related to the perturbed 1D SWE.

Furthermore, the claim that the Preissmann scheme cannot effectively simulate tran-
scritical flow is unfounded. For instance, Sturm, in [40], states that “Preissmann scheme
must satisfy not only θ ≥ 1 but also the physical stability limit imposed by roll waves for
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numerical stability to be achieved.” However, as will be demonstrated in the upcoming
section, this assertion is incorrect; the Preissmann scheme is not related to any physical
stability limits.

Please note that all researchers who were able to simulate transcritical flow without
altering the original 1D SWE or the used numerical scheme, were successful for F ≤ 1.5,
using Manning equation, or F ≤ 2, when using Chézy equation. For example, in [15], a
transcritical flow with a Froude number of approximately 1.13 was well simulated.

The 1D SWE are unable to simulate any flow with a Froude number that exceeds the
limits set by Equation (64) when using the Manning equation, or Equation (65) when the
Chézy equation is applied. If condition (63) is met, the 1D SWE become ill-posed and
lack a solution, which means that no numerical solution can be obtained in this case. Any
numerical model capable of simulating transcritical flow with a Froude number satisfying
the ill-posedness condition either employs an altered numerical scheme (as seen in [16–18]),
utilizes numerical techniques like those proposed in [20,21], which introduce additional
numerical diffusion to smooth the solution, or relies on a modified form of the 1D SWE,
meaning it does not strictly adhere to the 1D SWE framework.

Another instance of addressing the mathematical instability of the shallow water equa-
tions (SWE) through numerical techniques is presented in [41]. The maximum predicted
Froude number in their study when solving the 2D SWE was 2, using the Chézy equation.
Also, these researchers blamed the used numerical methods as the source of these instabili-
ties. The authors used an approved numerical method, TVD (Total Variation Diminishing)
scheme [42]), to eliminate these mathematical instabilities. They linked the emergence of
these instabilities, which were incorrectly categorized as numerical, to the presence of a
steep bed slope. While steep slopes do promote supercritical flow, higher Froude number
flows can also occur on gentler slopes. Ultimately, mathematical instabilities were observed
when condition (63) was met.

As per the well-known LPI technique, introduced by Fread et al. in [23], which is
utilized in various software programs such as Fldwav [24], MIKE11 [25], and HEC-RAS [26],
where the inertia term (as described in [24], p. 53) is multiplied by a parameter, dependent
on the Froude number, defined by:

σ =

{
1 − FM F ≤ 1 , M ≥ 1
0 F > 1

(71)

If this technique must be used, the findings of the current investigation suggest that
the limit for F, in the definition of σ, should be determined by condition (63) as the solution
is valid up to this threshold, not by 1 as given in Equation (71).

5.4. Roll Waves

After suspecting numerical instability of the Preissmann scheme as the reason for the
failure in simulating transcritical flow, Samuels and Skeels, in [19], linearized the 1D shallow
water equations around a uniform base flow. They then used the Preissmann scheme
for discretization and employed Fourier transform on the difference scheme, ultimately
proposing the following stability limitations for the Preissmann scheme:

θ ≥ 1
2

|V| =
∣∣∣∣mFA

rR
dR
dA

∣∣∣∣ ≤ 1
(72)
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The first point is widely recognized and pertains to the consequences of the Von
Neumann linear stability theory [43]. The second one imposes a restriction based on the
Vedernikov number [34].

The Vedernikov number was formulated as a stability criterion for steady uniform
flow in open channels, as noted by Powell in [44]: “A criterion is provided for the stability
of steady uniform flow in open channels. When this number exceeds one, the flow becomes
ultra-rapid, leading to the formation of roll waves, making steady flow impossible.” Fur-
thermore, as Chen in [45] highlighted, “This parameter encapsulates the combined impacts
of frictional resistance, inertial forces, and gravitational forces on flow stability in open
channels.” Upon examining the left-hand side of condition (63), it becomes clear that it
corresponds precisely to the Vedernikov number:

V =

∣∣∣∣mFA
rR

dR
dA

∣∣∣∣ = ∣∣∣∣mr F
dR
dh

D
R

∣∣∣∣ (73)

Therefore, the condition of ill-posedness for the 1D SWE, rather than for the numerical
scheme, is defined by a restriction on the V number:

V =

∣∣∣∣mr F
dR
dh

D
R

∣∣∣∣ > 1 (74)

Several researchers (e.g., [28,34,46]) have indicated that roll waves will emerge in
uniform flow when the Vedernikov number equals one. This investigation provides the
first proof that the well-posedness of the 1D SWE is influenced by the same conditions
that govern the formation of roll waves. When the 1D SWE ceases to be valid, for V just
higher than 1, roll waves will form. The Vedernikov criterion, which was established for the
stability of uniform flow, has been shown in this study to correspond to the ill-posedness
condition of the 1D SWE, derived from the general condition (62). Vedernikov’s work
established this criterion for uniform flow stability, which is a specific case of the 1D SWE.

To the author’s knowledge, this is the first time where the criterion for roll wave
formation is presented as the condition of ill-posedness of the 1D SWE. Furthermore, our
approach does not require the initial state of steady uniform flow, as we used the “principle
of frozen coefficients” in this paper to analyze any perturbation field.

The 1D SWE lack a solution for any flow condition, whether uniform or non-uniform,
steady or unsteady, if condition (62), or (63), is satisfied, regardless of the initial and/or
boundary conditions. Practically, when initiating calculations from a specific point, it is
essential to monitor the Vedernikov number to determine when a flow discontinuity a
might occur (for V > 1), which indicates a hydraulic jump. After the hydraulic jump,
the water depth will reach a point where condition (63) is no longer met, enabling the
continuation of calculations using the 1D SWE until the next position of V > 1, and so
forth. This is a straightforward method for calculating roll waves using the 1D shallow
water equations, Equations (1) and (2).

According to the findings in this paper, uniform flow is not possible when condition
(63) is met. Specifically, uniform flow cannot be maintained if the Vedernikov number
exceeds 1, V > 1. Since steady uniform flow is a solution to the 1D SWE, which are ill-posed
under this condition, it cannot exist under such circumstances. Additionally, for gradually
varied steady flow [28–30], calculating certain water profiles, like the S2 curve, becomes
non-physical if condition (60) holds, V > 1. For instance, an S2 curve cannot develop to
reach uniform flow in a long steep channel if condition (63) is satisfied. In such cases, when
the condition V > 1 is met, a flow discontinuity occurs, leading to the formation of a roll
wave that makes the flow unsteady. This requires solving the 1D SWE to proceed with
downstream calculations.
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6. Conclusions
This paper explores the ill-posedness of the 1D SWE. The principle of frozen coeffi-

cients was employed to analyze the equations governing small perturbations of the 1D
SWE, which were subsequently solved using the Fourier transform method. By examin-
ing the stability of the solution, the conditions under which the 1D SWE is ill-posed was
established. The key findings from this study are as follows:

1. The 1D SWE are ill-posed if the following condition is satisfied:

(
∂S f

∂u

)2

<
D
g

(
∂S f

∂h

)2

(62)

which can be written in terms of the Vedernikov number, when the friction slope is
defined as per Equation (3):

V =

∣∣∣∣mr F
dR
dh

D
R

∣∣∣∣ > 1 (63)

Thus, V > 1, the essential criterion for the emergence of roll waves in uniform flow, is
also applicable for unsteady flow when the 1D SWE become ill-posed.

2. Condition (63) indicates that the 1D SWE become ill-posed, meaning they cannot yield
any solution, regardless of the numerical scheme or method employed.

3. The challenges in simulating transcritical flow stem from the ill-posedness of the
1D SWE, rather than the Preissmann numerical scheme, as previously suggested by
various researchers over the years. If the 1D SWE are well-posed (i.e., condition (63)
is not satisfied), any stable numerical scheme or method can effectively simulate
transcritical flows.

4. For a given prismatic channel, the maximum Froude number at which the 1D SWE

remains solvable is determined by F =
∣∣∣ rR

mD
dh
dR

∣∣∣ regardless of the numerical method
used. Specifically, for very wide channels, the 1D SWE remain valid for F ≤ 1.5, under
the Manning equation for the friction slope, while the Chézy equation allows validity
for F ≤ 2.

5. Roll waves formation is revisited in this paper, and a complete procedure to solve the
1D SWE with roll waves formation is provided.

6. The uniform flow is not possible when the ill-posedness condition is not met. This is
an important result, as the design of channels with high slopes is based on uniform
flow concept.

7. Finally, the findings regarding the ill-posedness of the 1D SWE discussed in this
paper will enhance the quality of open-channel flow education at both undergraduate
and graduate levels, ultimately contributing to the development of well-trained
professionals in the field. The Vedernikov number should be integrated into open-
channel flow curricula alongside the Froude number.
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Abbreviations
The following abbreviations are used in this manuscript:

1D SWE One Dimensional Shallow Water Equations
A wetted area (m2)
B bottom width of a trapezoidal channel (m)
C Chézy coefficient (m1/2/s)
D = A/T hydraulic depth (m)
F = u/

√
gD Froude number (-)

G function of ω, in the expression of U′

K1, K2 constants in stability definition
K function of ω, in the expression of U′

LPI Local Partial Inertia
M exponent in the equation of σ (-)

M matrix of 1D SWE M =

(
u D
g u

)

N Jacobian matrix of (S f ), N = g

(
0 0

∂S f
∂h

∂S f
∂u

)
∼
M matrix of the perturbed 1D SWE

M′ perturbation matrix of the perturbed 1D SWE, M′ =

(
u′ D′

0 u′

)
P matrix diagonalizing [−(iωM0 + N0)]

P−1 inverse of matrix P
PDE Partial Differential Equation
R = A/P hydraulic radius (m)
Re(λ) real part of λ

S0 bed slope (-)
Sf friction slope (-)
∼
S f perturbed friction slope (-)
S source term vector of the 1D SWE
S′ source term vector of the perturbation 1D SWE
∼
S = S + S′ source term vector of the perturbed 1D SWE

U flow field of the 1D SWE, U =

(
h
u

)

U′ perturbation field of the perturbed 1D SWE, U′ =

(
h′

u′

)
∼
U = U + U′ flow field of the perturbed 1D SWE
U(x, 0) initial flow field of the 1D SWE
U′(x, 0) initial perturbation field of the perturbed 1D SWE
T top water surface width (m)
V Vedernikov number (-)
a, b functions of ω, in the expression of λ1, λ2

d, j domain of the function f in stability definition
f function in stability definition
g gravity acceleration (m/s2)
h water depth (m)
h′ depth’s perturbation (m)
i complex number, i2 = −1

k, r, m
coefficients : for Manning equation k = n2, r = 2, and m = −4/3,
and for Chézy equation : k = 1/C2, r = 2, and m = −1

n Manning coefficient (s/m1/3)
t time independent variable (s)
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u flow velocity (m/s)
u′ velocity’s perturbation (m/s)
→
v ,

→
v1,

→
v2 eigenvectors

x spatial independent variable (m)
z slope side, V:H = 1/z
∆ Diagonal matrix of [−(iωM + N)]

w = h/b dimensionless depth (-)
α, β Elements of the Jacobian matrix of Sf

α1, α2 constants in stability definition
λ1, λ2 eigenvalues of (iωM + N)

θ weighting coefficient of the Preissmann’s scheme (-)
σ parameter of the LPI technique (-)
ω wave number (m−1), in the definition of Fourier transform

Appendix A. Evolution of Internal Perturbation
For the 1D SWE pure Cauchy problem:

∂U
∂t

+ M
∂U
∂x

= S (A1)

U(x, 0) =

(
v(x)
w(x)

)
(A2)

where

U =

(
h
u

)
, M =

(
u D
g u

)
, S =

(
0

g
(

S0 − S f

)) (A3)

Far from the boundaries, in the presence of perturbations of water depth and velocity,
h′ and u′, the perturbed pure Cauchy problem is:

∂
∼
U

∂t
+

∼
M

∂
∼
U

∂x
=

∼
S (A4)

∼
U(x, 0) =

(
v(x) + v′(x)
w(x) + w′(x)

)
(A5)

where

∼
U =

(∼
h = h + h′
∼
u = u + u′

)
= U + U′,

∼
M =

(∼
u = u + u′ ∼

D = D + D′

g
∼
u = u + u′

)
= M + M′,

∼
S =

 0

g
(

S0 −
∼
S f

) (A6)

With:

M′ =

(
u′ D′

0 u′

)
and U′ =

(
h′

u′

)
(A7)

Equation (A4) can be rewritten, using (A6):

∂U
∂t

+
∂U′

∂t
+ M

∂U
∂x

+ M
∂U′

∂x
+ M′ ∂U

∂x
+ M′ ∂U′

∂x
=

∼
S (A8)

Using Equation (A1), Equation (A8) becomes:

∂U′

∂t
+ M

∂U′

∂x
+ M′ ∂U

∂x
+ M′ ∂U′

∂x
=

∼
S − S = S′ (A9)
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If the perturbations are too small, the terms M′ ∂U
∂x and M′ ∂U′

∂x can be neglected and
Equation (A9) becomes:

∂U′

∂t
+ M

∂U′

∂x
= S′ (A10)

Using the expressions of S and
∼
S, Equations (A3) and (A6), the term S′ is given by:

S′ =

 0

g
(

S f −
∼
S f

) (A11)

For too small perturbations,
( ∼

S f − S f

)
can be approximated Taylor development:

∼
S f (h, u) ∼= S f +

(∼
h − h

)(
∂S f

∂h

)
h
+
(∼

u − u
)(∂S f

∂u

)
u
= S f + h′

(
∂S f

∂h

)
h
+ u′

(
∂S f

∂u

)
u

(A12)

Or using Equation (A6) for
∼
h and

∼
u:( ∼

S f − S f

)
∼= h′

(
∂S f

∂h

)
h
+ u′

(
∂S f

∂u

)
u

(A13)

Equation (A11) becomes:

S′ =

 0

−g
(

∂S f

∂h
h′ +

∂S f

∂u
u′
) = −g

 0 0
∂S f

∂h
∂S f

∂u

(h′

u′

)
= −NU′ (A14)

With:

N = g

(
0 0

∂S f
∂h

∂S f
∂u

)
(A15)

Finally, Equation (A10), satisfied by the small perturbation field, takes the final form:

∂U′

∂t
+ M

∂U′

∂x
+ NU′ = 0 (A16)

where

U′ =

(
h′

u′

)
, M =

(
u D
g u

)
, N = g

 0 0
∂S f

∂h
∂S f

∂u

 (A17)

With the initial conditions, from Equations (A5) and (A6):

U′(x, 0) =

(
v′(x)
w′(x)

)
(A18)

The perturbation field satisfies a non-linear PDE, Equations (A16)–(A18). If this
problem is ill-posed, then the perturbed one, Equations (A4) and (A5), will also be ill-posed,

since the two fields are related,
∼
U = U + U′, Equation (A6).

Appendix B. Fourier Transform Pairs
The Fourier transform, f̂ (ω, t), of a function f (x, t) is defined by [39]:

f̂ (ω, t) =
1√
2π

+∞∫
−∞

e−iωx f (x, t) dx (A19)
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With i2 = −1, and ω a real number (wave number). The inverse Fourier transform
is [39]:

f (ω, t) =
1√
2π

+∞∫
−∞

eiωx f̂ (ω, t) dω (A20)

Applying this transformation to a PDE with constant coefficients and two independent
variables simplifies it to an ordinary differential equation, whose solution provides the
Fourier transform of the PDE’s solution. The original PDE solution can then be obtained by
evaluating the integral in the inverse Fourier transform expression.

Appendix C. Matrix Exponential
Let P being the matrix diagonalizing constant matrix A, of order n, with independent

eigenvectors
→
v1,

→
v2,. . .,

→
vn, and corresponding eigenvalues λ1, λ2,. . ., λn:

D = P−1A P (A21)

With P the matrix whose columns are the eigenvectors:

P =
((→

v1

)(→
v2

)
. . .
(→

vn

))
(A22)

And D is the diagonal matrix given by:

D =


λ1

0
0
0

0
λ2

0
0

. . .

. . .

. . .

. . .

0
0
0

λn

 (A23)

The eigenvalues of the matrix (−A) are the opposites of those of A with the same
eigenvectors since, for any eigenvalue λi of A with corresponding eigenvectors

→
vi:

A
→
vi = λi

→
vi ⇔ (−A)

→
vi = (−λ i

)→
vi (A24)

Since, by definition, for a real t and a square matrix A [39]:

eAt =
∞

∑
k=0

tk

k!
Ak (A25)

It comes for the matrix D:

eDt =
∞

∑
k=0

tk

k!
Dk =

∞

∑
k=0

tk

k!


λk

1
0
0
0

0
λk

2
0
0

. . .

. . .

. . .

. . .

0
0
0

λk
1

 =


eλ1t

0
0
0

0
eλ1t

0
0

. . .

. . .

. . .

. . .

0
0
0

eλ1t

 (A26)

For the exponential matrix of A, since:

Dk = (P−1A P
)k

= (P−1A P
)
(P−1A P

)
. . . (P−1A P

)
︸ ︷︷ ︸

k times

= P−1Ak P (A27)

It comes:

eDt =
∞

∑
k=0

tk

k!
Dk =

∞

∑
k=0

tk

k!
P−1Ak P = P−1

(
∞

∑
k=0

tk

k!
Ak

)
P = P−1eAtP (A28)
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And finally:
eAt = P eDt P−1 (A29)

Hence, if
→
X = (x1, x2, . . . , xn) is a vector of n unknown functions xi, the solution to the

matrix problem:

d
→
X

dt
= A

→
X (A30)

Is: →
X = eAt

→
X0 =

(
P eDt P−1

)→
X0 (A31)

where
→
X0 is the initial known vector.
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