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RÉSUMÉ

Cette thèse explore divers aspects de l’optimisation et ses applications à la résolution de
problèmes complexes en recherche opérationnelle et en apprentissage automatique. En com-
binant des méthodes basées sur les moments avec des techniques d’optimisation combina-
toire issues de l’apprentissage automatique, nous mettons en lumière de nouveaux résultats
théoriques et développons des algorithmes améliorés. Le travail est structuré autour de trois
contributions principales, chacune abordant un défi important du domaine et proposant des
solutions concrètes, rigoureusement fondées sur des principes mathématiques.

La première contribution étudie des formulations polynomiales alternatives du problème
du plus grand sous-ensemble stable d’un graphe comme un problème d’optimisation po-
lynomiale. Ce problème classique de la théorie des graphes, connu pour sa complexité
NP-difficile, a des applications importantes en conception de réseaux, en ordonnancement
et en allocation de ressources. Le défi consiste à identifier le plus grand sous-ensemble de
sommets non adjacents dans un graphe, tâche qui devient de plus en plus difficile à mesure
que la taille du graphe augmente. Étant donné que le problème peut être exprimé sous
différentes formes polynomiales équivalentes, chaque formulation peut être traitée à l’aide
de la hiérarchie de Lasserre des relaxations semi-définies. Notre étude examine systéma-
tiquement comment le choix de la formulation influence la qualité des bornes obtenues.
Des expériences approfondies révèlent que certaines formulations produisent des bornes
nettement plus serrées que d’autres. Nous apportons également un éclairage théorique sur
la manière dont la structure d’une formulation polynomiale donnée affecte l’efficacité du
processus de relaxation, offrant ainsi des indications précieuses pour choisir les meilleures
formulations dans les problèmes combinatoires. Cette étude a donné lieu à la publica-
tion de l’article « A Note on the Lasserre Hierarchy for Different Formulations
of the Maximum Independent Set Problem » dans Optimization Letters, 2021.

La deuxième contribution se concentre sur l’amélioration de l’interprétabilité des modèles
d’ensemble d’arbres boostés, largement utilisés en apprentissage automatique sur des don-
nées structurées dans des domaines tels que la finance, la santé et l’évaluation des risques.
Ces modèles, qui agrègent plusieurs apprenants faibles (généralement des arbres de déci-
sion), sont réputés pour leur grande précision et leur robustesse. Toutefois, leur complexité
rend leur interprétation difficile, ce qui constitue un inconvénient majeur dans les contextes
où la compréhension du processus décisionnel est essentielle. Pour remédier à cela, nous
introduisons une technique de réduction de modèle (pruning) fondée sur l’optimisation,
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visant à réduire la taille des modèles tout en maintenant leurs performances prédictives.
En formulant cette tâche comme un problème d’optimisation exacte et en appliquant une
stratégie itérative et adverse, nous parvenons à réduire considérablement la complexité des
modèles sans perte de précision. Nos expériences démontrent que cette méthode permet
de simplifier fortement le modèle, facilitant ainsi son interprétation sans compromettre sa
performance. Ce travail a été accepté pour publication à la Conférence AAAI
sur l’intelligence artificielle, 2025, sous le titre « Free Lunch in the Forest :
Functionally Identical Pruning of Tree Ensembles ».

La dernière contribution présente une version améliorée de l’algorithme du simplexe primal,
un outil fondamental en programmation linéaire pour résoudre efficacement des problèmes
d’optimisation. Bien que cette version atténue certains problèmes de dégénérescence inhé-
rents à l’algorithme classique, elle peut encore sous-performer dans les cas non dégénérés, ce
qui engendre des inefficacités sur des problèmes de grande taille. Pour y remédier, nous pro-
posons une formulation affinée du sous-problème auxiliaire qui garantit des améliorations
substantielles de la fonction objectif à chaque itération, jusqu’à l’obtention d’une solu-
tion ε-optimale. Notre analyse théorique confirme que le nombre de directions de descente
reste polynomial, ce qui rend notre approche bien plus évolutive que l’algorithme classique
du simplexe primal amélioré. Cette stratégie plus robuste et efficace a le potentiel d’ac-
croître la performance des solveurs de programmation linéaire, aussi bien dans la recherche
que dans les applications industrielles. Ce travail est actuellement en révision pour
publication dans le Journal of Optimization Theory and Applications, 2025.
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ABSTRACT

This thesis explores various aspects of optimization and its applications in solving complex
problems in operations research and machine learning. By blending moment-based meth-
ods with combinatorial optimization techniques from machine learning, we uncover fresh
theoretical insights and develop improved algorithms. The work is organized around three
key contributions, each addressing a significant challenge in the field and offering practical,
mathematically grounded solutions.

The first contribution examines alternative formulations of the maximum independent set
problem as a polynomial optimization problem. This well-known NP-hard problem in graph
theory has important applications in network design, scheduling, and resource allocation.
The central challenge is to identify the largest subset of non-adjacent vertices in a graph;
a task that becomes increasingly difficult as the graph grows. Since the problem can be
expressed in several equivalent polynomial forms, each formulation can be tackled using
the Lasserre hierarchy of semidefinite relaxations. Our study systematically investigates
how the choice of formulation influences the quality of the resulting bounds. Extensive
experiments reveal that certain formulations yield much stronger bounds than others. We
also provide theoretical insights into how the structure of a given polynomial formulation
affects the efficiency of the relaxation process, offering valuable guidance for selecting better
formulations for combinatorial problems. This study resulted in the publication of
the article ”A Note on the Lasserre Hierarchy for Different Formulations of the
Maximum Independent Set Problem” in Optimization Letters, 2021.

The second contribution is focused on enhancing the interpretability of boosted tree ensem-
ble models, which are widely used in machine learning for structured data in domains such
as finance, healthcare, and risk assessment. These models, which aggregate multiple weak
learners (typically decision trees), are celebrated for their high accuracy and robustness.
However, their complexity can make them hard to interpret, which is a serious drawback
in situations where understanding the decision-making process is crucial. To tackle this
issue, we introduce an optimization-based pruning technique designed to reduce model size
while preserving predictive performance. By formulating pruning as an exact optimization
problem and employing an iterative adversarial strategy, we are able to significantly reduce
the complexity of these models without sacrificing accuracy. Our experiments demonstrate
that this method can greatly simplify the model, making it far easier for practitioners to
interpret the results without losing any predictive power. This work has been accepted
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for publication in the AAAI Conference on Artificial Intelligence, 2025, un-
der the title ”Free Lunch in the Forest: Functionally Identical Pruning of Tree
Ensembles”.

The final contribution presents an improved version of the primal simplex algorithm, a
fundamental tool in linear programming used to solve optimization problems efficiently.
Although the improved primal simplex method mitigates some degeneracy issues inherent
in the classical algorithm, it can still underperform in non-degenerate cases, resulting in
inefficiencies for large-scale problems. To address this, we propose a refined formulation of
the auxiliary subproblem that guarantees substantial improvements in the objective func-
tion at every iteration until an ε-approximate optimal solution is reached. Our theoretical
analysis confirms that the number of descent directions remains polynomial, making our
approach significantly more scalable than the classical improved primal simplex method.
This more robust and efficient strategy has the potential to boost the performance of linear
programming solvers in both research and industrial applications. This work is cur-
rently under review for publication in the Journal of Optimization Theory and
Applications, 2025.
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CHAPITRE 1 INTRODUCTION

L’optimisation mathématique et l’apprentissage automatique jouent un rôle fondamental
dans de nombreux domaines scientifiques et industriels, allant de la modélisation de sys-
tèmes complexes à la prise de décision automatisée. Cette thèse s’inscrit dans ce cadre en ap-
portant des contributions méthodologiques autour des axes principaux suivants : l’approxi-
mation des mesures de Lebesgue et gaussiennes de l’union d’ensembles semi-algébriques via
des relaxations semidéfinies 1, l’étude des hiérarchies de Lasserre appliquées au problème
du plus grand sous-ensemble stable d’un graphe, la réduction fonctionnelle des ensembles
d’arbres de décision, et enfin l’introduction d’une nouvelle formulation de la méthode du
simplexe amélioré. Bien que ces problématiques soient distinctes, elles partagent une ap-
proche commune consistant à exploiter des techniques avancées d’optimisation afin d’amé-
liorer l’efficacité et la précision des algorithmes existants.

Le calcul de la mesure d’un ensemble Ω ⊂ Rn relativement à une mesure borélienne µ de-
meure un problème difficile, même lorsque Ω est un ensemble simple et convexe, tel qu’un
polytope [2]. Pour ces ensembles, plusieurs algorithmes non déterministes ont été dévelop-
pés [3,4]. Parmi ces approches, la méthode Monte Carlo se distingue par sa simplicité : elle
consiste à générer un grand nombre de points suivant une distribution donnée et à estimer
µ(Ω) par le rapport des points se trouvant dans Ω [5]. Bien que cette technique soit efficace
en faible dimension, elle ne fournit pas de bornes monotones convergentes vers µ(Ω), ce qui
limite son utilisation pour des problèmes nécessitant des garanties de borne supérieure et
inférieure sur µ(Ω). Dans le cas d’ensembles non convexes, notamment ceux définis par des
inégalités polynomiales (ensembles semi-algébriques), des méthodes déterministes reposant
sur des hiérarchies de programmes semidéfinis ont été proposées afin d’obtenir des suites
monotones de bornes convergentes vers µ(Ω) [6]. Cependant, cette approche souffre souvent
d’une convergence lente, et les tentatives d’accélération aboutissent fréquemment à la perte
de la monotonie des bornes, rendant ainsi leur utilisation moins fiable pour des estimations
où la monotonie est cruciale. De plus, ces méthodes sont généralement limitées aux en-
sembles semi-algébriques individuels et ne peuvent être directement étendues à l’union de
plusieurs ensembles de ce type. La première contribution de cette thèse s’articule autour
de deux axes complémentaires. D’une part, nous proposons une méthode déterministe in-
novante permettant d’approximer, avec une précision prédéfinie, la mesure de l’union finie
d’ensembles semi-algébriques. Cette approche est applicable aussi bien aux ensembles com-

1. Des programmes qui cherchent à minimiser une fonction linéaire sous des contraintes d’inégalités li-
néaires et de positivité semidéfinie de matrices.
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pacts, en utilisant la mesure de Lebesgue, qu’aux ensembles non compacts, en utilisant par
exemple la mesure gaussienne définie par dµ = exp (−‖x‖2) dx pour x ∈ Rn. L’approxi-
mation est obtenue en résolvant une hiérarchie de programmes semidéfinis, garantissant
des bornes monotones convergentes vers µ (Ω). D’autre part, nous introduisons une tech-
nique visant à accélérer la convergence de la hiérarchie de programmes semidéfinis tout en
préservant la monotonie des bornes obtenues. Cette accélération repose sur l’intégration
de contraintes de moments issues d’une application judicieuse du théorème de Stokes [7],
garantissant ainsi des approximations avec des bornes monotones et une convergence plus
rapide.

L’optimisation polynomiale et ses liens étroits avec l’optimisation semidéfinie et conique
ont suscité un vif intérêt ces dernières années [8]. Il est bien établi que l’optimisation se-
midéfinie a eu un impact considérable sur l’optimisation combinatoire, en particulier grâce
aux résultats révolutionnaires de Lovász et Schrijver [9] ainsi que de Goemans et William-
son [10]. Cela motive l’étude de l’application de l’optimisation polynomiale aux problèmes
combinatoires. De plus, les problèmes combinatoires peuvent généralement être formulés
de différentes manières. Il est en effet reconnu que diverses formulations polynomiales d’un
même problème peuvent conduire à des relaxations semidéfinies différentes et, par consé-
quent, à des bornes globales distinctes. L’exemple du problème de la coupe maximale dans
un graphe est exploré sous cet angle dans [11]. Enfin, plusieurs approches ont été proposées
pour construire des hiérarchies de relaxations semidéfinies pour les problèmes combinatoires
(binaires), notamment appliquées au polytope de l’ensemble stable. Lovász et Schrijver [9]
utilisent une séquence d’opérations de lift-and-project pour construire leur hiérarchie, tan-
dis que les travaux de Lasserre [12] partent d’une formulation polynomiale qu’ils raffinent
progressivement à travers une hiérarchie. De Klerk et Pasechnik [13] font appel à la pro-
grammation copositive pour établir une autre hiérarchie, et une approche supplémentaire
découle de la technique de Reformulation-Linéarisation proposée par Sherali et Adams [14].
Toutes ces hiérarchies ont en commun la propriété de converger vers la solution optimale en
un nombre fini d’étapes, comme l’a comparé Laurent dans [15]. Dans la deuxième contri-
bution de cette thèse, nous nous concentrons sur l’approche de Lasserre et sur l’influence
des différentes formulations polynomiales d’un même problème. Plus précisément, nous
considérons plusieurs formulations d’optimisation polynomiale pour le problème du sous-
ensemble stable maximal d’un graphe et l’application de la hiérarchie de Lasserre à ces
différentes formulations. Nos expérimentations computationnelles démontrent que le choix
de la formulation peut avoir un impact significatif sur les bornes obtenues. Nous fournissons
également des justifications théoriques pour expliquer ce comportement. L’objectif de notre
travail est d’analyser ces différentes formulations en termes de performance numérique et
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théorique. À travers des expériences computationnelles et une analyse théorique détaillée,
nous démontrons que le choix de la formulation influence significativement la qualité des
bornes obtenues. Certaines formulations conduisent à des relaxations plus serrées et per-
mettent une convergence plus rapide vers la solution optimale. Ces résultats apportent
un éclairage crucial sur l’utilisation pratique de la hiérarchie de Lasserre et permettent
d’orienter le choix des formulations afin d’améliorer la qualité des approximations.

Dans un troisième temps, nous nous intéressons à l’utilisation des techniques d’optimisation
combinatoire pour la réduction des méthodes d’ensembles, qui constituent l’un des modèles
d’apprentissage automatique les plus efficaces et les plus répandus. Parmi celles-ci, les en-
sembles d’arbres, tels que les forêts aléatoires et les ensembles d’arbres boostés, sont reconnus
pour atteindre des performances de pointe sur des données tabulaires [16,17] tout en offrant
une meilleure interprétabilité que de grands réseaux de neurones. Par ailleurs, la théorie et
la pratique montrent que des ensembles de grande taille, c’est-à-dire des forêts comportant
de nombreux arbres, améliorent significativement les performances globales [18–20]. Tou-
tefois, ces grands ensembles imposent d’importantes exigences en termes de mémoire et de
temps d’inférence, ce qui peut constituer un véritable frein lorsqu’il s’agit de déployer ces
modèles sur des dispositifs embarqués, tels que microcontrôleurs ou appareils mobiles. De
plus, la complexité issue des interactions entre leurs composantes limite leur interprétabi-
lité. La réduction d’ensemble désigne le processus de diminution de la taille d’un modèle
d’ensemble entraîné, que ce soit en supprimant certains nœuds au sein des arbres ou en reti-
rant complètement certains arbres de la forêt. Les premières approches se sont intéressées à
la réduction des forêts aléatoires constituées d’arbres peu profonds, ces derniers ayant déjà
fait l’objet d’une réduction préalable [21, 22]. Ces travaux ont démontré que la réduction
pouvait améliorer l’erreur de test et la généralisation hors échantillon. Cependant, pour
les ensembles boostés, dont les arbres sont généralement déjà peu profonds, cette stratégie
s’avère inappropriée. Ainsi, les recherches récentes cherchent à établir un compromis entre
l’ampleur de la réduction et son impact sur l’erreur de test [23,24], sans toutefois garantir de
bonnes performances sur de nouvelles données. Dans le cadre de la troisième contribution de
cette thèse, nous contournons entièrement ce compromis en procédant à une réduction des
modèles d’ensemble sans modifier leur comportement prédictif. Nous qualifions cette ap-
proche de réduction fonctionnellement identique, car les fonctions de prédiction du modèle
réduit et de l’original restent identiques. Cette stratégie présente deux avantages majeurs.
D’une part, les problèmes d’optimisation qui en résultent, comme nous le démontrons ici,
peuvent être résolus de manière très efficace. D’autre part, ces modèles réduits offrent un
véritable ”free lunch” : ils atteignent exactement les mêmes performances que le modèle
original, tout en étant considérablement réduits en taille. Notre approche, appliquée à des
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ensembles d’arbres entraînés sur des données tabulaires réelles, montre que la réduction
fonctionnellement identique permet de réduire la taille des modèles d’ensemble de 30% à
60% tout en préservant les performances de prédiction.

Enfin, nous nous intéressons à la résolution des problèmes d’optimisation linéaire, qui sont
au cœur de nombreux domaines d’application. En effet, la programmation linéaire est un
outil puissant pour modéliser et résoudre des problèmes d’optimisation dans des domaines
variés tels que la logistique, la finance, l’ingénierie et bien d’autres. Plusieurs problèmes
d’optimisation linéaire proviennent de la relaxation de problèmes d’optimisation combina-
toire, tels que le problème du sous-ensemble stable maximal ou le problème du voyageur
de commerce. Ces problèmes sont souvent formulés sous forme de programmes linéaires,
où l’objectif est de maximiser ou minimiser une fonction linéaire soumise à des contraintes
linéaires et des contraintes d’intégralité. Pour résoudre ces problèmes, on utilise généra-
lement un algorithme de branchement qui explore un arbre de recherche en divisant le
problème initial en sous-problèmes plus simples. Dans chaque nœud de l’arbre, on relâche
les contraintes d’intégralité et on résout le problème linéaire associé. La méthode du sim-
plexe, introduite par Dantzig en 1947 [25], reste l’un des algorithmes les plus efficaces pour
résoudre ces problèmes. Le simplexe parcourt itérativement les sommets du polytope dé-
fini par les contraintes du problème, se déplaçant de sommet en sommet jusqu’à atteindre
la solution optimale. Cependant, dans les cas où le problème est dégénéré, c’est-à-dire
lorsque plusieurs bases correspondent à un même point extrême, le simplexe peut rencon-
trer des difficultés pour progresser vers la solution optimale. Plusieurs approches ont été
proposées pour remédier à ce problème, notamment la méthode du simplexe amélioré [26].
Cette méthode consiste à décomposer le problème en deux sous-problèmes plus simples :
l’un, le problème réduit, non dégénéré, est résolu par le simplexe primal classique, tan-
dis que l’autre, le problème complémentaire, faiblement dégénéré du point de vue dual,
est résolu en utilisant un simplexe dual. Le problème complémentaire permet de trouver
une direction d’amélioration pour la solution courante. Toutefois, bien que la méthode du
simplexe amélioré ait montré des performances prometteuses, elle ne garantit pas une amé-
lioration significative 2 de la solution à chaque itération et risque d’effectuer un nombre
important d’itérations entre le problème réduit et le problème complémentaire. La dernière
contribution de cette thèse consiste à présenter une nouvelle formulation de la méthode
du simplexe amélioré, basée sur une nouvelle décomposition du problème en deux sous-
problèmes. Cette nouvelle formulation permet de garantir une amélioration significative de
la solution à chaque itération tout en préservant la convergence polynomiale globale de
la méthode. Nous démontrons que cette formulation est plus efficace que la méthode du

2. Supérieure à un seuil fixé.
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simplexe amélioré classique, en particulier dans les cas de dégénérescence sévère.

Bien que ces contributions puissent, à première vue, sembler indépendantes, elles sont en
réalité profondément interconnectées par des concepts et des outils méthodologiques com-
muns. L’un des fils conducteurs majeurs réside dans l’utilisation des hiérarchies de Lasserre,
qui constituent une méthode puissante pour aborder le problème généralisé des moments.
Ce dernier offre un cadre unificateur englobant de nombreux problèmes d’optimisation, tels
que l’optimisation polynomiale, le calcul de la mesure d’ensembles semi-algébriques, ainsi
que diverses relaxations de problèmes combinatoires. Les hiérarchies de Lasserre permettent
ainsi de traiter de manière systématique des problèmes qui, bien que différents dans leur
formulation, partagent une structure mathématique sous-jacente commune.

De plus, une analogie intéressante peut être établie entre les méthodes d’optimisation abor-
dées dans cette thèse. Par exemple, la méthode proposée pour la réduction fonctionnelle des
ensembles d’arbres de décision adopte une approche itérative qui rappelle, par son esprit,
la démarche de la méthode du simplexe amélioré en programmation linéaire. Dans les deux
cas, il s’agit de partir d’une solution initiale et de l’améliorer progressivement à travers
une succession d’étapes en résolvant un problème auxiliaire pour obtenir une direction de
descente, jusqu’à atteindre une solution optimale ou à certifier qu’elle l’est. Cette similitude
de démarche souligne l’universalité de certains principes d’optimisation, indépendamment
du domaine d’application spécifique.

Un autre point commun entre les contributions réside dans l’importance de trouver des
bornes supérieures et inférieures pour les problèmes d’optimisation. Dans le cas de l’ap-
proximation des mesures de Lebesgue et gaussiennes, nous avons développé une méthode
garantissant des bornes monotones convergentes, ce qui est essentiel pour évaluer la qualité
des approximations. De même, dans le contexte de la hiérarchie de Lasserre appliquée au
problème du sous-ensemble stable maximal, le choix de la formulation polynomiale influence
directement la qualité des bornes supérieures obtenues. Enfin, la nouvelle formulation du
simplexe amélioré vise à garantir une amélioration significative de la solution à chaque
itération, ce qui est crucial pour assurer la qualité des bornes inférieures dans le cadre de
la résolution de programmes linéaires.

En résumé, les différentes contributions de cette thèse, bien qu’abordant des probléma-
tiques variées, sont unies par une approche commune fondée sur l’exploitation de structures
mathématiques partagées et sur l’utilisation de techniques d’optimisation avancées. Cette
transversalité méthodologique permet non seulement d’apporter des solutions innovantes
à des problèmes spécifiques, mais aussi de renforcer la compréhension des liens profonds
qui existent entre des domaines a priori distincts de l’optimisation et de l’apprentissage
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automatique.

Cette thèse est structurée en plusieurs chapitres. Après cette introduction qui a exposé le
contexte et les contributions principales, le Chapitre 2 présente une revue de la littérature
relative aux thématiques abordées. Par la suite, le Chapitre 3 présente la structure de
la thèse et les contributions principales. Ensuite, toute contribution est incluse dans un
chapitre dédié sous forme d’article publié ou soumis, avec

— Le Chapitre 4 examine l’impact du choix de la formulation polynomiale sur l’efficacité
de la hiérarchie de Lasserre appliquée au problème du sous-ensemble stable maximal
d’un graphe.

— Le Chapitre 5 décrit l’approche utilisée pour la réduction fonctionnelle des ensembles
d’arbres de décision.

— Le Chapitre 6 présente la nouvelle formulation de la méthode du simplexe amélioré.

En outre, l’annexe A présente les méthodes développées pour l’approximation des mesures
de Lebesgue et gaussiennes de l’union d’ensembles semi-algébriques en utilisant les hiérar-
chies de Lasserre. L’annexe B fournit du matériel supplémentaire pour le chapitre sur la
réduction fonctionnelle des ensembles d’arbres de décision, incluant des détails techniques
et des résultats expérimentaux supplémentaires.

Le Chapitre 8 conclut la thèse en résumant les contributions majeures et en discutant des
perspectives de recherche futures. Enfin, une bibliographie complète est fournie à la fin de
ce document pour référencer les travaux cités dans les différents chapitres.
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CHAPITRE 2 REVUE DE LITTÉRATURE

Cette thèse aborde plusieurs problématiques distinctes. Nous allons donc consacrer ce cha-
pitre à une revue de la littérature relative à chacune d’entre elles. Nous commencerons
par présenter une revue du problème généralisé des moments, qui est au cœur des deux
premières contributions. Ensuite, nous aborderons les travaux liés à la hiérarchie de Las-
serre et son application au problème du sous-ensemble stable maximal d’un graphe. Nous
poursuivrons avec une revue sur les ensembles d’arbres de décision et les techniques de
réduction de leur taille. Enfin, nous terminerons par une revue des méthodes de résolution
des problèmes d’optimisation linéaire, et plus particulièrement dans un contexte de dégé-
nérescence, en utilisant la méthode du simplexe amélioré. Dans la suite de ce chapitre, et
pour chaque section, nous présenterons certains résultats sous forme de théorèmes, de pro-
positions ou de lemmes. Afin de mieux saisir l’importance de ces résultats, nous détaillerons
les notations employées, les hypothèses requises ainsi que les démonstrations des résultats
les plus significatifs. Pour chaque section, les notations seront réinitialisées.

2.1 Problème de moments généralisé

Dans cette section, nous considérons n ∈ N et K un sous-ensemble de Rn. L’anneau des
polynômes à n variables réelles x = (x1, . . . , xn) est noté R [x]. Le problème de moments
généralisé, introduit dans [27], s’exprime comme suit :

sup
µ

∫
Rn

c(x) dµ(x) (2.1a)∫
Rn

hi(x) dµ(x) ≤ bi, ∀i ∈ I, (2.1b)

µ ∈M+(K), (2.1c)

où I est un ensemble dénombrable d’indices, c et hi (pour i ∈ I) sont des polynômes,
bi des scalaires, et M+(K) désigne le cône des mesures boréliennes positives sur K. Ce
problème consiste à déterminer une mesure borélienne positive µ supportée sur K qui
maximise l’intégrale de c tout en satisfaisant les contraintes linéaires (2.1b) imposées par
les fonctions hi et les scalaires bi.

Le problème de moments généralisé (2.1) est un problème d’optimisation convexe défini
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sur l’espace des mesures boréliennes positives, lequel est de dimension infinie, ce qui le
rend souvent intractable. Pour le résoudre, on peut reformuler le problème en termes de
moments de la mesure µ, ce qui permet de le transformer en un problème d’optimisation
semi-définie. Nous commençons par présenter les notions de moments d’une mesure et de
matrice de localisation, qui constituent des outils essentiels pour reformuler le problème de
moments généralisé et ainsi permettre sa résolution.

Définition 2.1 (Moments d’une mesure). Soit µ une mesure borélienne sur Rn et α ∈ Nn.
Le moment d’ordre α de µ est donné par :

µα =

∫
Rn

xα dµ(x), (2.2)

avec xα =
∏n

i=1 x
αi
i .

Autrement dit, le moment d’ordre α représente ainsi l’intégrale du produit des coordonnées
de x élevées à la puissance α par rapport à µ.

2.1.1 Reformulation du problème de moments généralisé

L’objectif de cette section est de reformuler le problème de moments généralisé (2.1) en
termes de moments de la mesure µ. Nous exprimerons la fonction objectif (2.1a) et les
contraintes (2.1b) en fonction de ces moments, en introduisant les notions de matrice des
moments et de matrice de localisation, outils essentiels pour traiter la contrainte de support
(2.1c). Dans le reste de cette section, nous supposons queK est un ensemble semi-algébrique,
défini par des inégalités polynomiales K = {x ∈ Rn : gj(x) ≥ 0, j ∈ J } , où J est un en-
semble fini d’indices et gj des polynômes pour j ∈ J . Pour simplifier, nous supposons que
J contient l’indice 0 avec g0(x) = 1.

Fonction objectif

Pour exprimer la fonction objectif (2.1a) en termes de moments, nous écrivons le polynôme
c sous la forme c (x) =

∑
α∈Nn cαxα. Ainsi, la fonction objectif devient :

∫
Rn

c(x)dµ(x) =
∑
α∈Nn

cαµα. (2.3)
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Contraintes linéaires

De manière similaire, si on écrit les polynômes hi sous la forme hi(x) =
∑

α∈Nn hi,αxα, les
contraintes (2.1b) deviennent : ∑

α∈Nn

hi,αµα ≤ bi, ∀i ∈ I. (2.4)

Il est important de noter que les sommes dans les expressions (2.3) et (2.4) sont finies, car
les polynômes c, hi sont de degré fini.

Matrice de localisation

La contrainte de support de µ est gérée à l’aide des matrices de localisation, qui permettent
de reformuler cette condition sous forme d’une contrainte de semi-définition positive. Nous
noterons :

Nn
p =

{
γ ∈ Nn :

n∑
i=1

γi ≤ p

}
.

Définition 2.2 (Matrice de localisation). Soit g(x) =
∑

γ∈Nn gγ xγ un polynôme de degré
d ∈ N, et µ une suite de moments. La matrice de localisation est définie par :

Mp(µ ? g) =

(∑
γ∈Nn

gγ µα+β+γ

)
α, β∈Nn

p

.

Il faut noter que la somme dans la définition (2.2) est finie, car le polynôme g est de degré
fini. La matrice de localisation Mp(µ ? g) est une matrice symétrique dans RNn

p×Nn
p .

Remarque 2.3. Quand g est le polynôme constant 1, la matrice de localisation Mp(µ ? 1)

est appelée la matrice des moments de la suite (µα)α∈Nn. On la note simplement Mp(µ).

Lemme 2.1. Soit µ une mesure borélienne positive sur Rn et g(x) ∈ R[x] un polynôme de
degré d ∈ N. Alors, pour tout entier p ∈ N et tout polynôme f(x) =

∑
α∈Nn

p
fα xα de degré

au plus p, on a

f ᵀMp(µ ? g) f =
∫
Rn

g (x) f (x)2 dµ (x) . (2.5)

où f = (fα)α∈Nn
p
∈ RNn

p .

Démonstration. Pour tout f = (fα)α∈Nn
p
∈ RNn

p , on écrit le polynôme g(x) =
∑

γ∈Nn gγ xγ
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comme une série de puissances. Il s’ensuit que

f ᵀMp(µ ? g) f =
∑

α,β∈Nn
p

fα

(∑
γ∈Nn

gγ µα+β+γ

)
fβ

=
∑

α,β∈Nn
p

fα

(∑
γ∈Nn

gγ

∫
Rn

xα+β+γ dµ(x)
)

fβ

=

∫
Rn

 ∑
α,β∈Nn

p

∑
γ∈Nn

fα xα gγ xγ fβ xβ
 dµ(x)

=

∫
Rn

∑
α∈Nn

p

fα xα
 ∑

β∈Nn
p

fβ xβ
 (∑

γ∈Nn

gγ xγ
)

dµ(x)

=

∫
Rn

g(x) f(x)2 dµ(x).

Corollaire 2.2. Soit µ une mesure borélienne positive sur Rn, dont le support est inclus
dans {x ∈ Rn : g(x) ≥ 0}. Alors, pour tout entier p ∈ N,Mp(µ?g) est positive semi-définie.

Démonstration. Le corollaire découle immédiatement du Théorème 2.1 en observant que si
µ est une mesure borélienne positive, dont le support est inclus dans {x ∈ Rn : g(x) ≥ 0},
alors ∫

Rn

g(x)f(x)2dµ(x) =
∫
x : g(x)≥0

g(x)f(x)2dµ(x) ≥ 0,

pour tout polynôme f .

Remarque 2.4. Si on applique le Théorème 2.2 à une mesure borélienne positive µ et au
polynôme constant 1, on obtient que la matrice des momentsMp(µ) est positive semi-définie
pour tout p ∈ N.

Les résultats précédents montrent que si µ ∈ M+(K), alors les matrices de localisation
Mp(µ ? gj) pour j ∈ J sont positives semi-définies pour tout p ∈ N. On établit ainsi
l’inclusion suivante.
Résultat 2.1.

M+(K) ⊂ {µ ∈M(Rn) : Mp(µ ? gj) � 0, ∀j ∈ J , ∀p ∈ N} . (2.6)
Pour montrer que l’inclusion est une égalité, il suffit de montrer que si (µ)α∈Nn est une suite
telle que les matrices Mp(µ ? gj) pour j ∈ J sont positives semi-définies pour tout p ∈ N,
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alors il existe une mesure borélienne positive µ supportée sur K telle que (µα)α∈Nn est la
suite des moments de µ. La suite de cette section est consacrée à l’étude des conditions
sous lesquelles cette égalité est vérifiée.

Somme de carrés

Définition 2.5 (Somme de carrés). On dit qu’un polynôme f(x) ∈ R[x] est une somme
de carrés si f(x) =

∑m
i=1 qi(x)2 pour des polynômes qi pour i ∈ {1, . . . ,m}.

Lemme 2.3. Soit f(x) ∈ R[x] un polynôme de degré 2d. Alors f(x) est une somme de
carrés si et seulement s’il existe une matrice A ∈ RNn

d×Nn
d semi-définie positive telle que

f(x) =
∑

α, β∈Nn
d

Aα,β xα xβ.

Démonstration. Si f(x) =
∑m

i=1 qi(x)2, alors pour tout α ∈ Nn
d , on a

f(x) =
m∑
i=1

qi(x)2 =
m∑
i=1

∑
α∈Nn

d

qi,α xα
2

=
∑

α, β∈Nn
d

m∑
i=1

qi,αqi,βxαxβ.

On pose qi := (qi,α)α∈Nn
d
et A :=

∑m
i=1 qi q

ᵀ
i � 0. On a alors f(x) =

∑
α, β∈Nn

d
Aα,βxαxβ. La

réciproque est immédiate en décomposant A =
∑m

i=1 qi q
ᵀ
i en m matrices de rang 1.

On note Σ2[x] l’ensemble des polynômes qui sont des sommes de carrés et Σ2
d[x] l’ensemble

des polynômes de degré au plus d qui sont des sommes de carrés. De manière similaire, on
peut définir le module quadratique associé à un ensemble de polynômes gj, j ∈ J comme

Σ2(gj, j ∈ J )[x] =
{
f ∈ R[x] : f(x) =

∑
j∈J

σj(x) gj(x), σj ∈ Σ2[x], j ∈ J
}
.

Définition 2.6 (Condition d’Archimède). On dit que l’ensemble semi-algébrique K =

{x ∈ Rn : gj(x) ≥ 0, j ∈ J } satisfait la condition d’Archimède s’il existe R ≥ 0 tel que le
polynôme R− ‖x‖22 est un élément de Σ2(gj, j ∈ J )[x].

Théorème 2.4 (Théorème de Positivstellensatz [28, Lemme 3.2]). Soit λ ∈ R[x]∗ une forme
linéaire de R[x] et K = {x ∈ Rn : gj(x) ≥ 0, j ∈ J } un ensemble semi-algébrique compact
qui satisfait la condition d’Archimède. Si λ(f) est positif pour tout f ∈ Σ2(gj, j ∈ J )[x],
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alors il existe une mesure borélienne positive µ ∈M+(K) telle que

λ(f) =

∫
Rn

f(x) dµ(x)

pour tout f ∈ R[x].

Afin de montrer que l’inclusion inverse du Résultat 2.1 est vérifiée, on fixe une suite (µα)α∈Nn

telle que les matrices Mp(µ) et Mp(µ ? gj) pour j ∈ J sont positives semi-définies pour
tout p ∈ N. On définit alors la forme linéaire λ par λ(f) =

∑
α∈Nn fαµα pour tout f ∈ R[x]

tel que f(x) =
∑

α∈Nn fα xα. On suppose également que l’ensemble K est un ensemble
semi-algébrique compact qui satisfait la condition d’Archimède. Pour tout polynôme f ∈
Σ2(gj, j ∈ J )[x] de degré 2p, on a

f(x) =
∑
j∈J

σj(x) gj(x) =
∑

α, β∈Nn
p

∑
j∈J

Aj,α,β

(∑
γ∈Nn

gj,γ xα+β+γ

)
,

où Aj sont des matrices symétriques semi-définies positives. On a alors

λ(f) =
∑
α∈Nn

fα µα =
∑

α, β∈Nn
p

∑
j∈J

Aj,α,β

(∑
γ∈Nn

gj,γ µα+β+γ

)
=
∑
j∈J

〈Aj,Mp(µ ? gj)〉 ≥ 0.

En appliquant le Théorème 2.4, on obtient qu’il existe une mesure borélienne positive µ

telle que λ(f) =

∫
Rn

f (x) dµ(x) pour tout f ∈ R[x]. On a donc montré que l’inclusion
inverse du Résultat 2.1 est vérifiée. On peut alors résumer les résultats précédents dans le
résultat suivant.
Résultat 2.2. Soit K = {x ∈ Rn : gj(x) ≥ 0, j ∈ J } un ensemble semi-algébrique compact
qui satisfait la condition d’Archimède. Alors, pour tout polynôme c, les polynômes hi pour
i ∈ I et les scalaires bi, le problème de moments généralisé (2.1) est équivalent au problème
d’optimisation suivant :

sup
µ∈RNn

∑
α∈Nn

cα µα (2.7a)∑
α∈Nn

hi,α µα ≤ bi, ∀i ∈ I, (2.7b)

Mp(µ ? gj) � 0, ∀j ∈ J , ∀p ∈ N. (2.7c)
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Il est important de noter que le problème (2.7) est un problème d’optimisation semi-définie
sur les moments de la mesure µ.

2.1.2 Hiérarchie de Lasserre

Pour résoudre le problème obtenu au Résultat 2.2, on peut utiliser la hiérarchie de Lasserre
introduite dans [27]. Celle-ci repose sur une relaxation du problème de moments en une
suite de programmes semi-définis (SDP) de degré croissant. Plus précisément, pour un degré
p donné, la hiérarchie de Lasserre consiste à résoudre le programme semi-défini suivant :

sup
µ∈RNn2p

∑
|α|≤2p

cαµα∑
|α|≤2p

hi,αµα ≤ bi, ∀i ∈ I

Mp−dj (µ ? gj) � 0, ∀j ∈ J

(2.8)

où dj =
⌈
deg(gj)

2

⌉
. La solution de ce programme, un vecteur des moments µ, constitue une

approximation de la solution optimale du problème initial. En augmentant le degré p, on
obtient une suite de solutions µ(p) qui, sous certaines conditions, converge vers la solution
optimale du problème initial.

2.1.3 Convergence de la hiérarchie de Lasserre

La convergence de cette hiérarchie a été étudiée dans [27]. Plus précisément, si le problème
(2.1) est faisable et que l’ensemble semi-algébrique K satisfait la condition d’Archimède,
alors la suite de solutions µ(p) converge faiblement vers la solution optimale du problème
initial.

Théorème 2.5 (Convergence des valeurs de la hiérarchie de Lasserre [27, Théorème 1]).
Si K = {x ∈ Rn | gi(x) ≥ 0, i ∈ I} est un ensemble semi-algébrique compact satisfaisant la
condition d’Archimède et que le problème (2.1) est faisable, alors la valeur optimale de ce
dernier correspond à la limite des valeurs optimales des programmes (2.8) lorsque p tend
vers l’infini.

Théorème 2.6 (Convergence des moments de la hiérarchie de Lasserre [27, Théorème 2]).
Sous les mêmes hypothèses, la suite de solutions µ(p) converge faiblement vers une solution
optimale du problème (2.1) lorsque p tend vers l’infini.
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Le problème des moments généralisé possède de nombreuses applications en optimisation
et en analyse numérique. Nous présentons ici quelques-unes de ces applications qui sont
particulièrement pertinentes dans le cadre de cette thèse. La première application concerne
la résolution de problèmes d’optimisation polynomiale. Celle-ci revêt un intérêt particulier
dans le cadre de cette thèse, puisque, dans le Chapitre 4, nous procéderons à une analyse
de la hiérarchie de Lasserre pour résoudre le problème du plus grand sous-ensemble indé-
pendant d’un graphe selon différentes formulations polynomiales. La seconde application
porte sur le calcul de la mesure d’un ensemble semi-algébrique. Celle-ci est également perti-
nente dans le cadre de cette thèse, car dans le Appendix A nous utiliserons la hiérarchie de
Lasserre afin de développer une méthode d’approximation de la mesure d’une union finie
d’ensembles semi-algébriques.

2.1.4 Optimisation polynomiale

Cette sous-section étudie l’utilisation du problème de moments généralisé pour résoudre
des problèmes d’optimisation polynomiale. Nous considérons le problème suivant :

inf
x∈Rn

f(x) : gj(x) ≥ 0, j = 1, . . . ,m, (2.9)

où f(x) et gj(x) sont des polynômes en x. Ce problème se reformule en un problème de
moments généralisés, comme montré dans [12] :

inf
µ

∫
Rn

f(x) dµ (x) :

∫
Rn

dµ (x) = 1, µ ∈M+ (K) , (2.10)

avec K = {x ∈ Rn : gj(x) ≥ 0, j = 1, . . . ,m}. Dans [12], il est démontré que les problèmes
(2.9) et (2.10) sont équivalents. Ainsi, ce dernier appartient à la catégorie des problèmes
de moments généralisé. La contrainte µ ∈ M+ (K) garantit que la mesure µ est supportée
sur l’ensemble K, restreignant ainsi la recherche du minimiseur global de f(x) aux points
satisfaisant gj(x) ≥ 0 pour j = 1, . . . ,m. Le problème (2.10) peut être résolu à l’aide de la
hiérarchie de Lasserre, comme décrit dans [12]. Toutefois, sa résolution fournit une vecteur
de moments de la mesure µ, et l’extraction d’un minimiseur global x∗ pour le problème
(2.9) à partir de ces moments n’est pas immédiate. Le lecteur est invité à consulter [12,29]
pour plus de détails sur le processus d’extraction, qui n’est pas un objet principal de cette
thèse.
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2.1.5 Mesure d’un semialgébrique

Dans cette sous-section, nous examinons l’utilisation du problème de moments généralisé
pour calculer la mesure d’un ensemble semialgébrique. Ce problème, bien connu en géo-
métrie algorithmique, consiste à déterminer le volume d’un ensemble semialgébrique par
rapport à une mesure donnée ν. Il est établi que ce problème demeure complexe, même dans
le cas d’un polytope simple [2]. Pour y remédier, des méthodes probabilistes ont été pro-
posées [2,3]. Ces approches reposent sur la génération de points aléatoires dans l’ensemble
et l’estimation de sa mesure en fonction du nombre de points tombant dans l’ensemble,
sans toutefois garantir que les bornes obtenues soient monotones en fonction du nombre de
points générés. Afin de préserver cette monotonie, [6] suggère de reformuler le problème de
calcul de la mesure d’un ensemble semialgébrique en un problème de moments généralisés.
Le problème consiste alors à calculer ν(K), où K est un ensemble semialgébrique défini par
les inégalités polynomiales gi(x) ≥ 0, i = 1, . . . ,m et ν est une mesure borélienne fixée sur
Rn. On peut ainsi reformuler le problème de la manière suivante :

sup
µ

∫
Rn

dµ (x) : ν − µ ∈M+ (Rn) , µ ∈M+ (K) , (2.11)

Pour résoudre ce problème, [6] propose la méthode suivante : on suppose que les moments
de la mesure ν peuvent être calculés sur un ensemble semialgébrique K0 contenant K. On
cherche alors une mesure µ qui maximise le volume de K tout en veillant à ce que ν − µ

demeure une mesure positive sur K0.

Comme nous l’avons vu, le problème de moments généralisé est un outil puissant pour
résoudre des problèmes d’optimisation polynomiale et pour calculer la mesure d’un en-
semble semi-algébrique. Il est également possible d’utiliser ce problème pour résoudre des
problèmes de contrôle optimal [30, 31], des problèmes de statistiques [32] et des problèmes
de géométrie algorithmique [33]. Nous avons choisi de présenter que ces deux applications
car elles sont particulièrement pertinentes dans le cadre de cette thèse.

2.1.6 Complexité de la hiérarchie de Lasserre

La complexité de la hiérarchie de Lasserre dépend du degré p de la relaxation. En effet, le
nombre de variables du programme (2.8) est de l’ordre de

(
n+2p
n

)
, rendant la résolution de

ce programme coûteuse en temps lorsque p augmente. Pour les problèmes d’optimisation
polynomiale, la complexité a été récemment étudiée dans [34–37], ainsi que dans plusieurs
autres travaux.
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2.1.7 Le problème du sous-ensemble stable maximal

Le problème du sous-ensemble stable maximal est un problème fondamental en théorie des
graphes. Il consiste à identifier un sous-ensemble de sommets d’un graphe tel qu’aucune
paire de sommets de cet ensemble ne soit connectée par une arête. Formellement, étant
donné un graphe G = (V,E), un sous-ensemble I ⊆ V est dit stable si, pour tout i, j ∈ I,
(i, j) /∈ E. Le problème du sous-ensemble stable maximal vise à trouver un sous-ensemble
stable de cardinalité maximale. Ce problème est généralement NP-difficile [38]. Il peut être
reformulé comme un problème d’optimisation polynomiale et résolu via la méthode des
moments [12]. Nous allons présenter plusieurs formulations polynomiales de ce problème.
Pour cela, introduisons les variables xi pour tout i ∈ V , où xi = 1 si le sommet i appartient
au sous-ensemble stable, et xi = 0 sinon. Afin de garantir que les variables xi sont binaires,
on impose les contraintes x2

i − xi = 0 pour tout i ∈ V . Concernant la contrainte d’indépen-
dance, plusieurs formulations sont possibles. Pour chaque arête (i, j) ∈ E, on peut ajouter
l’une des trois contraintes suivantes :

— xi + xj ≤ 1,
— xixj = 0,
— xixj ≤ 0.

Une autre approche consiste à imposer la contrainte xixj = 0 pour tout (i, j) ∈ E et à
relâcher les contraintes x2

i − xi = 0 en 0 ≤ xi ≤ 1 pour tout i ∈ V . Ces formulations sont
équivalentes, et chacune d’entre elles peut être résolue à l’aide de la méthode des moments.
Cependant, la qualité des bornes obtenues dépend de la formulation choisie.

2.2 Réduction des ensembles d’arbres de décision

Dans cette section, nous présentons une revue des méthodes d’ensembles d’arbres de déci-
sion, en mettant l’accent sur les arbres de décision, les forêts aléatoires et les méthodes de
boosting. Nous abordons également les techniques de réduction des ensembles d’arbres de
décision, en distinguant les méthodes de réduction optimale et les méthodes de réduction
fidèles.

2.2.1 Arbres de décision

Les arbres de décision sont des méthodes d’apprentissage supervisé non paramétriques
utilisées en classification et en régression [39]. Leur objectif est de créer un modèle prédisant
la valeur d’une variable cible en apprenant des règles de décision simples, déduites des
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caractéristiques des données. Un arbre de décision se présente sous la forme d’une structure
arborescente : chaque nœud interne contient une condition sur une caractéristique et chaque
branche en indique l’issue, tandis que les feuilles affichent les valeurs de la variable cible. La
Figure 2.1 illustre un exemple où la racine teste x1 en le comparant à 5 pour déterminer la
suite du parcours, et les nœuds suivants appliquent la même logique, les feuilles indiquant
les probabilités associées à chaque classe.

Test : x1 ≤ 5

[
0.2 0.8

]
Test : x2 ≤ 3

[
0.6 0.4

] [
0.9 0.1

]

Vr
ai

Faux
Vr
ai

Faux

FIGURE 2.1 Exemple d’arbre de décision utilisé pour une classification binaire.

2.2.2 Entraînement d’un arbre de décision

L’algorithme CART (Classification and Regression Trees) [40] est fréquemment employé
pour construire des arbres de décision. Ce procédé récursif consiste, à chaque étape, à
choisir la caractéristique et la valeur qui divisent le mieux les données en sous-ensembles
homogènes, selon un critère de division (les plus courants étant l’indice de Gini et l’entro-
pie). L’indice de Gini mesure l’impureté d’un ensemble par la probabilité qu’un élément
choisi au hasard soit mal classé, tandis que l’entropie quantifie l’incertitude en évaluant
l’information nécessaire pour déterminer la classe d’un élément. La division se poursuit
jusqu’à l’atteinte d’une condition d’arrêt, par exemple une profondeur maximale ou un
nombre minimal d’observations dans une feuille, puis un élagage intervient pour supprimer
les branches superflues et limiter le surajustement. En classification, les feuilles fournissent
les probabilités des classes, tandis qu’en régression elles affichent la moyenne des observa-
tions.
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2.2.3 Ensembles d’arbres de décision

Bien que simples et interprétables, les arbres de décision présentent souvent des perfor-
mances limitées. Pour y remédier, il est courant de les combiner en ensembles, c’est-à-dire
de construire plusieurs arbres de manière itérative et d’agréger leurs prédictions pour ob-
tenir un résultat plus robuste. Les deux approches d’ensemble les plus répandues sont le
bagging et le boosting.

Bagging

Le bagging (abréviation de bootstrap aggregating) consiste à entraîner plusieurs arbres sur
des sous-ensembles aléatoires des données d’entraînement, obtenus par échantillonnage avec
remplacement. Les prédictions ainsi obtenues sont agrégées (par vote majoritaire en clas-
sification ou par moyenne en régression) pour former la prédiction finale. Cette technique
réduit la variance du modèle et atténue le surajustement. La forêt aléatoire (Random Fo-
rest) [41] en est un exemple typique, où chaque arbre est construit à partir d’un échantillon
bootstrap et, à chaque nœud, un sous-ensemble aléatoire de caractéristiques est sélectionné
pour la division. L’Algorithme 2.1 résume ce processus.

Algorithme 2.1 : Bagging
Entrée : Données d’entraînement {(xi, yi)}Ni=1, nombre d’arbres M , pourcentage de

caractéristiques à sélectionner f ∈ [0, 1], pourcentage d’échantillons
bootstrap b ∈ [0, 1] et critère de division.

Sortie : Modèle de Bagging FM .
1 Pour m = 1 to M faire
2 Échantillonner avec remplacement bb×Nc observations : {(xji , yji)}

bbNc
i=1 ;

3 Sélectionner bf ×Dc caractéristiques aléatoires ;
4 Entraîner un arbre de décision hm sur les données échantillonnées et les

caractéristiques sélectionnées, en appliquant le critère de division ;
5 fin
6 Le modèle de Bagging est FM(x) = 1

M

∑M
m=1 hm(x) ;

Boosting

La méthode de boosting consiste à entraîner des arbres de décision de manière séquentielle,
en se concentrant sur les observations mal prédites par les modèles précédents, afin de
construire un modèle performant à partir de modèles faibles. L’algorithme de Gradient
Boosting [42] est le plus utilisé. À chaque itération, un arbre est construit pour prédire le
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résidu du modèle précédent, et la prédiction finale résulte de la somme des contributions
de tous les arbres. Le processus est résumé dans l’Algorithme 2.2.

Algorithme 2.2 : Gradient Boosting
Entrée : Données d’entraînement {(xi, yi)}Ni=1, nombre d’arbres M , taux

d’apprentissage η, modèle initial F0 et fonction de perte L.
Sortie : Modèle de Gradient Boosting FM .

1 Pour m = 1 to M faire
2 Calculer les résidus : r̂i = −∂L

∂ŷ

∣∣∣
ŷ=Fm−1(xi)

;

3 Entraîner un arbre de décision hm sur les résidus {(xi, r̂i)}Ni=1 ;
4 Mettre à jour le modèle : Fm(x) = Fm−1(x) + η hm(x) ;
5 fin

Des variantes du Gradient Boosting ont été développées pour améliorer la performance et la
robustesse, telles que le Gradient Boosting stochastique, qui intègre une régularisation par
l’ajout de bruit aux observations. XGBoost [43] et LightGBM [44] en sont deux exemples,
utilisant respectivement une approximation de la fonction de perte pour accélérer l’entraî-
nement et un algorithme de division en feuille pour réduire les temps d’entraînement et
d’inférence.

Les ensembles d’arbres de décision capturent efficacement les relations dans les données
tabulaires [16]. Toutefois, leur interprétabilité diminue lorsque leur taille (nombre d’arbres
dans l’ensemble) devient trop important. Pour pallier ce problème, diverses méthodes de
réduction de la taille de l’ensemble ont été proposées. La section suivante passe en revue
ces approches.

2.2.4 Réduction des ensembles d’arbres de décision

La réduction de la taille des ensembles d’arbres a fait l’objet de nombreuses études, comme
le montrent [45] et [46, Chapitre 6]. Les méthodes de réduction se répartissent en trois
catégories principales : celles basées sur l’ordre, sur le clustering et sur l’optimisation. Les
deux premières, de nature heuristique, n’assurent pas une réduction optimale. Les mé-
thodes basées sur l’ordre ordonnent les arbres selon un critère et sélectionnent, de façon
gloutonne, un sous-ensemble [21,47,48], tandis que celles basées sur le clustering regroupent
les arbres similaires et retiennent un représentant par groupe [49]. Les approches d’optimi-
sation formulent la réduction comme un problème d’optimisation. [50] propose un problème
quadratique en nombres entiers avec une relaxation semi-définie, et [51, 52] étendent cette
approche en intégrant des mesures de diversité. Une autre stratégie consiste à compresser
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l’ensemble pour minimiser l’utilisation de mémoire [53], [54] étudiant l’encodage des fo-
rêts aléatoires en code binaire sans perte d’information. Enfin, [55] propose de simplifier
les ensembles en réduisant le nombre de décisions distinctes afin de limiter le nombre de
caractéristiques utilisées.

Méthodes de réduction optimale

Les méthodes de réduction optimale se sont avérées efficaces pour diminuer la taille des en-
sembles d’arbres de décision. [56] propose un modèle de programmation linéaire en nombres
entiers pour sélectionner un sous-ensemble de nœuds par arbre, tandis que [23] présente
une approche de suppression de nœuds dans une forêt aléatoire à l’aide d’un algorithme de
descente de coordonnées. La structure arborescente se prête bien aux techniques d’optimi-
sation, ce qui permet d’améliorer la justesse et l’interprétabilité des modèles [57].

Méthodes de réduction fidèles

Les méthodes de réduction fidèles garantissent que le modèle réduit conserve le comporte-
ment de l’ensemble initial. [58] propose de construire un arbre de décision fidèle à l’ensemble
en utilisant un algorithme de programmation dynamique. Cet arbre reproduit le compor-
tement prédictif de l’ensemble sur toute observation, bien que sa taille puisse croître de
manière exponentielle par rapport aux arbres de l’ensemble initial et que le temps de calcul
requis soit élevé pour des ensembles de grande taille.

2.3 Optimisation linéaire

L’optimisation linéaire est un domaine de recherche en mathématiques appliquées qui
consiste à trouver le maximum ou le minimum d’une fonction linéaire sous contraintes
linéaires. Les problèmes d’optimisation linéaire sont souvent modélisés sous la forme sui-
vante :

min cᵀx

Ax = b

x ≥ 0

(2.12)

où x est le vecteur des variables de décision, c est le vecteur des coûts, A est la matrice
des contraintes, et b est le vecteur des membres droits. Ces problèmes proviennent princi-
palement des relaxations linéaires de problèmes d’optimisation en nombres entiers, lesquels
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représentent un grand nombre de problèmes rencontrés dans l’industrie et la recherche opé-
rationnelle. Souvent, ces problèmes industriels formulés en nombres entiers sont résolus en
utilisant des méthodes de branchement [59] ou des coupes [60] reposant sur de nombreuses
relaxations linéaires. Il est donc important de résoudre ces problèmes de manière efficace.

Lemme 2.7 (Théorème de la programmation linéaire). Si x∗ est une solution optimale du
problème d’optimisation linéaire (2.12), alors x∗ est un sommet ou se trouve sur une face
du polyèdre défini par les contraintes du problème.

Le Théorème 2.7 permet de résoudre les problèmes d’optimisation linéaire en vérifiant
uniquement les sommets du polyèdre défini par les contraintes du problème.

Dualité Le dual du problème d’optimisation linéaire (2.12) est donné par :

max bᵀy

Aᵀy + s = c

s ≥ 0

(2.13)

Théorème 2.8 (Théorème de dualité). Si x∗ et (y∗, s∗) sont des solutions optimales res-
pectives des problèmes d’optimisation linéaire (2.12) et (2.13), alors cᵀx∗ = bᵀy∗ et x∗

js
∗
j = 0

pour tout j.

Le Théorème 2.8 est un résultat direct des conditions de Karush-Kuhn-Tucker [61], qui
sont des conditions nécessaires pour l’optimalité d’un problème d’optimisation convexe.

2.3.1 Méthodes de résolution

La méthode du simplexe

Le simplexe primal [25] fut l’une des premières méthodes de résolution de problèmes d’op-
timisation linéaire. Il consiste à se déplacer d’un sommet à un autre du polyèdre défini
par les contraintes du problème jusqu’à trouver un sommet optimal. À chaque itération du
simplexe, les variables sont divisées en deux groupes : les variables de base et les variables
hors base. Les variables hors base sont fixées à zéro et les variables de base sont calculées
en fonction des contraintes. Pour effectuer une itération du simplexe, l’algorithme cherche
à trouver une variable hors base qui peut remplacer une variable de base sans détériorer
la valeur de la fonction objectif. Cette sélection de variable est appelée pivot. Plusieurs
variantes des règles de pivot existent, la première étant la règle de Dantzig [25] qui consiste
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à choisir la variable hors base ayant le coût réduit négatif le plus important 1. Cette règle
de pivot ne garantit pas la convergence à cause d’une propriété appelée cycling. Pour évi-
ter le cycling, plusieurs règles de pivot ont été proposées, la plus connue étant la règle de
Bland [62] qui consiste à choisir la variable hors base avec le plus petit indice lexicogra-
phique parmi les variables dont le coût réduit est négatif. Une autre règle de pivot est la
règle de steepest edge [63] qui consiste à choisir la variable hors base produisant la meilleure
amélioration de la fonction objectif. Une revue exhaustive des règles de pivot est donnée
par [64].

La méthode du simplexe peut être utilisée pour résoudre le problème primal (2.12) ou le
problème dual (2.13). Dans le cas primal, on parle de simplexe primal et, dans le cas dual,
de simplexe dual.

La méthode des points intérieurs

La méthode des points intérieurs [65] est une autre méthode de résolution de problèmes
d’optimisation linéaire. Elle consiste à suivre un chemin central défini par les solutions d’un
système non linéaire d’équations. En effet, le Théorème 2.8 permet de définir un système
d’équations non linéaires qui permet de trouver une solution optimale aux problèmes (2.12)
et (2.13) :

Ax = b (2.14a)

Aᵀy + s = c (2.14b)

xjsj = 0 (2.14c)

(x, s) ≥ 0 (2.14d)

Si l’on remplace le second membre de l’équation (2.14c) par une constante κ ainsi que la
contrainte (2.14d) avec (x, s) > 0 et que l’on résout le système d’équations, on obtient une
solution (xκ, yκ, sκ) telle que xκ → x∗ et sκ → s∗ quand κ→ 0.

La méthode de descente de gradient

La méthode de descente de gradient [66] est une méthode de résolution de problèmes d’opti-
misation qui consiste à suivre le gradient de la fonction objectif pour trouver un minimum.
Elle est généralement utilisée lorsque la fonction objectif n’est pas linéaire ; toutefois, des

1. Si tous les coûts réduits sont positifs, alors la solution est optimale.
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travaux récents [67] ont montré que cette méthode peut également être appliquée aux
problèmes d’optimisation linéaire.

2.3.2 Complexité et analyse

La complexité de la méthode du simplexe avec les règles de pivot connues jusqu’à présent
est exponentielle dans le pire cas [68]. Cependant, en pratique et pour des problèmes non
dégénérés, la méthode du simplexe reste relativement efficace. La méthode des points in-
térieurs présente une complexité polynomiale pour atteindre une solution ε-optimale [65].
Quant à la méthode de descente de gradient, elle n’offre pas, en général, de garantie de
convergence et peut même rester bloquée dans un minimum local.

Comme mentionné précédemment, les problèmes d’optimisation linéaire sont souvent uti-
lisés pour résoudre des problèmes d’optimisation en nombres entiers. On sera donc amené
à effectuer des branchements sur les variables de décision. Ces branchements sont d’autant
plus efficaces si la solution obtenue pour le problème linéaire est extrémale. C’est le cas
lorsqu’on utilise la méthode du simplexe. Cependant, les méthodes des points intérieurs et
de descente de gradient fournissent des solutions centrales non extrémales. Pour retrouver
une solution extrémale, un algorithme de crossover est utilisé. En pratique, il est observé
que cette étape de crossover est coûteuse en temps de calcul.

2.3.3 Dégénérescence

Définition 2.7 (Dégénérescence). Un problème d’optimisation linéaire est dit dégénéré si
une ou plusieurs variables de base sont nulles.

La dégénérescence est un problème courant en programmation linéaire. Elle peut entraîner
plusieurs pivots sans amélioration de la fonction objectif, ce qui peut ralentir la convergence
de la méthode du simplexe. Plusieurs techniques ont été proposées pour gérer la dégéné-
rescence, qui se basent principalement sur le choix de la variable entrante et sortante [69]
ou sur l’introduction de perturbations mineures [70] afin d’éliminer la dégénérescence. Une
autre approche consiste à utiliser l’intuition géométrique qui dit qu’un sommet dégénéré
d’un polyèdre de dimension n est l’intersection d’au moins n− 1 faces du polyèdre [71]. La
dégénérescence correspond donc à une redondance de l’information dans les contraintes du
problème, et ainsi une version simplifiée du problème peut être obtenue en éliminant ces
contraintes redondantes. Dans [72], les auteurs proposent une méthode basée sur la décom-
position LU de la matrice de base pour détecter les contraintes redondantes. Dans [73],
les auteurs proposent de reformuler le problème en considérant que la base est formée
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uniquement des variables non nulles, afin d’éliminer la dégénérescence.

2.3.4 Algorithme du simplexe amélioré

Une autre approche permettant de surmonter les problèmes de dégénérescence est l’algo-
rithme du simplexe amélioré [26]. Cet algorithme consiste à décomposer le problème initial
en deux sous-problèmes plus simple à résoudre : un problème réduit et un problème com-
plémentaire. Le problème réduit est un problème linéaire non dégénéré dont la taille est
relativement inférieure à celle du problème original. Le problème complémentaire est un
problème linéaire qui permet soit de retrouver une direction de descente pour la solution
courante, soit de détecter une solution optimale. Formellement, en considérant que x est
une solution réalisable du problème (2.12), B les variables de base et N les variables hors
base, on peut définir P := {j : xj > 0}, l’ensemble des indices des variables de base non
nulles, et Z := {j : xj = 0}, l’ensemble des indices des variables de base nulles. L’ensemble
des variables est ainsi divisé en deux sous-ensembles : les variables compatibles avec P,
notées C, et les variables incompatibles avec P, notées I. Une variable est dite compatible
avec P si la colonne correspondante dans la matrice A peut s’exprimer comme une combi-
naison linéaire des colonnes associées aux variables de base non nulles ; sinon, elle est dite
incompatible. Le problème réduit est défini comme suit :

min cᵀCxC

A:,CxC = b

xC ≥ 0.

(2.15)

Résultat 2.3. Le problème réduit (2.15) est non dégénéré et peut être résolu efficacement
en utilisant la méthode du simplexe.

D’autre part, le problème complémentaire est défini comme suit :

min −cᵀPu+ cᵀIv, (2.16a)

−A:,Pu+ A:,Iv = 0, (2.16b)

v ≥ 0, (2.16c)

1ᵀv = 1. (2.16d)

On cherche à trouver une direction de descente pour la solution courante x en résolvant le
problème complémentaire (2.16). Puisque les seules variables non nulles dans x sont celles
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FIGURE 2.2 Algorithme du simplexe amélioré

c, A, b, x0

Résoudre RP (2.15)

Résoudre CP (2.16)

z ≥ 0 ?

x := x+ td

x := x0

z, d

Oui
x

Non

x

de P, on recherche une direction modifiant ces variables (représentées par u). Le problème
réduit garantit que la modification des variables compatibles n’améliore pas la fonction
objectif. Il convient donc de modifier les variables incompatibles, représentées par v, pour
trouver une direction de descente. La contrainte (2.16b) assure que la direction recherchée
est réalisable, permettant ainsi de considérer le cône des directions réalisables. Comme ce
cône est non borné, on ajoute la contrainte de normalisation (2.16d) afin de le rendre borné.

Résultat 2.4. Le problème complémentaire (2.16) est non dégénéré, ou faiblement dégénéré
(du point de vue dual), et peut être résolu efficacement à l’aide de la méthode du simplexe
dual.

Le problème complémentaire (2.16) fournit une direction de descente pour la solution cou-
rante x si sa valeur optimale est strictement négative. Dans ce cas, on peut effectuer un pivot
pour améliorer la solution courante. Si la valeur optimale du problème complémentaire est
nulle ou positive, alors la solution courante est optimale.

Pour résumer l’algorithme du simplexe amélioré, on commence par une solution initiale x0

et on résout le problème réduit (2.15) à l’optimalité à l’aide de la méthode du simplexe
primal. En utilisant la solution optimale du problème réduit, on formule le problème com-
plémentaire (2.16) et on le résout à l’optimalité à l’aide de la méthode du simplexe dual.
Si la valeur optimale du problème complémentaire est strictement négative, on effectue
un pivot pour améliorer la solution courante et on répète le processus. Sinon, la solution
courante est optimale et on la retourne. L’algorithme du simplexe amélioré est résumé dans
la Figure 2.2.
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CHAPITRE 3 ORGANISATION DU TRAVAIL

Dans les chapitres précédents, une revue exhaustive de la littérature a été présentée, cou-
vrant les fondements théoriques et les avancées significatives relatives aux thématiques
abordées par cette thèse. Ce chapitre a pour objectif de délimiter la structure globale de
cet ouvrage doctoral et d’exposer de manière systématique les contributions principales
issues de nos travaux de recherche. Chaque section subséquente détaillera une contribution
majeure, soulignant son originalité, sa méthodologie et ses résultats significatifs, souvent
issus de publications dans des revues ou conférences de premier plan.

Nous débuterons par l’étude approfondie présentée dans le Chapitre 4. Ce chapitre est
consacré à une analyse comparative des formulations polynomiales alternatives du pro-
blème du plus grand sous-ensemble stable d’un graphe. Une contribution essentielle de ce
segment réside dans la démonstration, via un article publié, de l’impact significatif du choix
de la formulation polynomiale sur la qualité des bornes obtenues par la méthode des hiérar-
chies de Lasserre. Notre démarche a d’abord impliqué une étude numérique rigoureuse, qui
a révélé des variations notables dans les performances des bornes en fonction des différentes
modélisations. Cette observation empirique a ensuite été étayée par une étude théorique
approfondie, permettant de valider et de justifier mathématiquement ces phénomènes pour
des graphes généraux. Ces résultats ouvrent des perspectives importantes pour l’optimisa-
tion et l’application plus efficace des hiérarchies de Lasserre dans la résolution de problèmes
complexes.

Le Chapitre 5 présentera un deuxième axe de nos recherches, concrétisé par un article ré-
cemment publié. Ce chapitre introduira une nouvelle méthode innovante de réduction des
forêts aléatoires. Notre approche vise à simplifier et à compresser ces ensembles d’arbres
de décision, tout en garantissant qu’ils demeurent fonctionnellement identiques aux mo-
dèles originaux. Cette technique se distingue par sa capacité à préserver l’intégralité des
performances prédictives des forêts, tout en réduisant considérablement leur complexité, ce
qui est crucial pour des applications nécessitant une interprétabilité accrue, une inférence
rapide ou un déploiement dans des environnements aux ressources limitées. L’efficacité et
la robustesse de notre approche ont été validées par une étude numérique exhaustive menée
sur divers ensembles de données, confirmant son comportement favorable dans des scénarios
variés.

Enfin, le Chapitre 6 mettra en lumière notre troisième contribution majeure, également le
sujet d’un de nos articles. Ce chapitre exposera des résultats théoriques fondamentaux qui
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améliorent significativement la complexité algorithmique de la méthode du simplex primal
amélioré, un algorithme central en programmation linéaire. En développant de nouvelles
pistes théoriques et en proposant des raffinements conceptuels, nous démontrerons comment
ces avancées se traduisent par des gains de performance substantiels dans la résolution de
problèmes d’optimisation linéaire de grande envergure. Ces améliorations ont le potentiel
d’étendre la portée et l’efficacité de cette méthode dans de multiples domaines d’application.
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CHAPITRE 4 ARTICLE 1 : A NOTE ON THE LASSERRE HIERARCHY
FOR DIFFERENT FORMULATIONS OF THE MAXIMUM

INDEPENDENT SET PROBLEM

Authors: Youssouf Emine, Miguel F. Anjos, Zhao Sun and Andrea Lodi

Journal: Optimization Letters, 2021, Vol. 49, No. 1, pp. 30-34

Date de parution: 17 novembre 2020

Abstract In this note, we consider several polynomial optimization formulations of the
maximum independent set problem and the use of the Lasserre hierarchy with these dif-
ferent formulations. We demonstrate using computational experiments that the choice
of formulation may have a significant impact on the resulting bounds. We also provide
theoretical justifications for the observed behavior.

Keywords: Maximum Independent Set; Polynomial Optimization; Dual Bounds; Lasserre
Hierarchy

4.1 Introduction

Polynomial optimization and its close connections with semidefinite and conic optimization
have attracted a lot of attention in recent years [8]. It is well known that semidefinite
optimization has had a tremendous impact on combinatorial optimization, particularly with
the groundbreaking results of Lovász and Schrijver [9] and Goemans and Williamson [10].
This motivates the study of the application of polynomial optimization to combinatorial
optimization problems.

Moreover, combinatorial problems can typically be formulated in different ways, and it is
known that different formulations of the same combinatorial problem may lead to different
semidefinite relaxations and hence to different global bounds; the example of the maximum
cut problem is explored from this perspective in [11].

Finally, various approaches have been proposed to construct hierarchies of semidefinite
relaxations for (binary) combinatorial optimization problems (and applied to the stable
set polytope). Lovász and Schrijver [9] used a sequence of lift-and-project operations to
construct their hierarchy, while Lasserre’s work [12] starts with a polynomial formulation
and progressively refines it by providing another hierarchy. De Klerk and Pasechnik [13]
used copositive programming to construct another hierarchy and yet another one follows by
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the Reformulation-Linearization Technique approach by Sherali and Adams [14]. All these
hierarchies have in common the property of converging to the optimal solution in a finite
number of steps and a comparison among Sherali-Adams, Lovász-Schrijver and Lasserre
hierarchies was carried out by Laurent [15].

In this note, we focus on the Lasserre approach and how it is impacted by using different
polynomial formulations of the same problem. Specifically, we consider several polynomial
optimization formulations of the maximum independent set problem and the use of the
Lasserre hierarchy with these different formulations.

We demonstrate using computational experiments that the choice of formulation may have
a significant impact on the resulting bounds. We also provide theoretical justifications for
the observed behavior.

A specific comparison among hierarchies for the maximum independent set problem has
been considered by Gvozdenović and Laurent [74]. They proved that the Lasserre’s is
tighter than the Lovász-Schrijver’s, and tighter than De Klerk and Pasechnik’s as well.
However, all the comparisons in the literature used the Lasserre’s hierarchy of one polyno-
mial formulation. Our results show that this particular formulation is the best among a
set of polynomial formulations, thus confirming the interest of the analysis in [74].

The paper is organized as follows. In Section 4.2, we give some preliminaries about polyno-
mial optimization, while Section 4.3 introduces the maximum independent set problem and
computationally motivates the interest of looking at different polynomial formulations for
the problem. Section 4.4 provides the theoretical content of the paper and in Section 4.5
we draw some concluding remarks.

4.2 Preliminaries

Polynomial optimization is NP-hard in general, and the Lasserre hierarchy has great the-
oretical and practical appeal because it provides a sequence of tractable relaxations whose
optimal objective values converge to the global optimum. We briefly review the construc-
tion of the Lasserre hierarchy (in the dual form). For more details about the Lasserre
hierarchy, see e.g. [8, 12,27,75].

Given polynomials f , g1, . . . , gm, we consider the following general polynomial optimization
problem:

fmin = min f(x) : gj(x) ≥ 0, ∀j = 1, . . . ,m. (4.1)
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Let {xα}α∈Nn be a canonical basis for R[x]. Given y = {yα} ∈ RNn , we define Ly : R[x]→ R
as the linear functional which maps a polynomial function f =

∑
α∈Nn

fαx
α (fα are the

coefficients of f in the canonical basis) to the real value

Ly(f) =
∑
α∈Nn

fαyα.

The moment matrix Md(y) is the matrix of RNn
d×Nn

d such that its entries are:

Md(y) (α, β) = yα+β, ∀α, β ∈ Nn
d .

Given a polynomial function θ(x) =
∑

γ∈Nn θγx
γ, the localizing matrix Md (θ ? y) ∈ RNn

d×Nn
d

is the matrix of RNn
d×Nn

d such that its entries are:

Md (θ ? y) (α, β) =
∑
γ∈Nn

θγyα+β+γ, ∀α, β ∈ Nn
d .

Let the degree of gj be 2vj or 2vj − 1. Then, for problem (4.1), the Lasserre relaxation of
order d provides a lower bound ρd for fmin:

ρd = minLy(f) :


Md(y) � 0,

Md−vj(gj ? y) � 0, ∀j = 1, . . . ,m,

Ly(1) = 1.

(4.2)

The sequence of Lasserre relaxations of increasing order d = 1, 2, 3, . . . forms the Lasserre
hierarchy.

4.3 Maximum Independent Set Problem

Given a graph G = (V,E), the maximum independent set problem consists of determining
the maximum cardinality of any subset of vertices such that no two vertices in that subset
are connected by an edge of G. We consider four different formulations of this problem
using quadratic polynomials. The formulations are:

ρ = max
∑
i∈V

xi :
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xixj = 0, ∀(i, j) ∈ E, x2
i − xi = 0, ∀i ∈ V. (4.3)

or xixj ≤ 0, ∀(i, j) ∈ E, x2
i − xi = 0, ∀i ∈ V. (4.4)

or xi + xj ≤ 1, ∀(i, j) ∈ E, x2
i − xi = 0, ∀i ∈ V. (4.5)

or xixj = 0, ∀(i, j) ∈ E, 0 ≤ xi ≤ 1, ∀i ∈ V. (4.6)

Let us compute the upper bounds arising from the Lasserre relaxation (4.2) of order d = 1

for each of the above four formulations. The bounds are reported in Table 4.1, where Cn

denotes the cycle with n vertices and K4 denotes the complete graph with 4 vertices.

Table 4.1 Bounds from the Lasserre relaxation of order d = 1 for different formulations

Graph Optimal Bound Bound Bound Bound
bound from (4.3) from (4.4) from (4.5) from (4.6)

C3 1 1 1 1.5 3
C4 2 2 2 2 4
K4 1 1 1 2 4
C5 2 2.236 2.236 2.5 5
C6 3 3 3 3 6
C7 3 3.318 3.318 3.5 7
Petersen graph 4 4 4 5 10

We observe that the bounds obtained using (4.3) and (4.4) are always equal, and are the
best for all of these graphs. On the other hand, the bounds from (4.6) are consistently the
weakest; indeed the bound obtained using (4.6) is always equal to the trivial upper bound
|V |, as we prove formally in Theorem 4.1 below. Finally, the bounds from (4.5) are equal
or moderately weaker than those from (4.3) and (4.4).

Although these results are only for 7 small graphs, they clearly show that the choice of
formulation dramatically impacts the quality of the resulting bound. The remainder of this
note is concerned with providing some theoretical justification for the results in Table 4.1.

4.4 Independent Set Formulations and Lasserre Relaxations

4.4.1 Notation

Let us consider the following polynomials of R|V | for (i, j) ∈ E, i ∈ V :

g+ij(x) = xixj,
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g−ij(x) = −xixj,

lij(x) = 1− xi − xj,

h+
i (x) = x2

i − xi,

h−
i (x) = −x2

i + xi,

q+i (x) = xi,

q−i (x) = 1− xi,

f(x) =
∑
i∈V

xi.

Let (ei)i∈V be the canonical basis of R|V |. For a fixed degree d, the Lasserre relaxations of
order d of the above formulations are:

ρ
(1)
d = max Ly(f) :



Md(y) � 0,

Md−1(g
+
ij ? y) = 0, ∀(i, j) ∈ E,

Md−1(h
+
i ? y) = 0, ∀i ∈ V,

Ly(1) = 1.

ρ
(2)
d = max Ly(f) :



Md(y) � 0,

Md−1(g
−
ij ? y) = 0, ∀(i, j) ∈ E,

Md−1(h
+
i ? y) = 0, ∀i ∈ V,

Ly(1) = 1.

ρ
(3)
d = max Ly(f) :



Md(y) � 0,

Md−1(lij ? y) = 0, ∀(i, j) ∈ E,

Md−1(h
+
i ? y) = 0, ∀i ∈ V,

Ly(1) = 1.

ρ
(4)
d = max Ly(f) :



Md(y) � 0,

Md−1(g
+
ij ? y) = 0, ∀(i, j) ∈ E,

Md−1(q
+
i ? y) = 0, ∀i ∈ V,

Md−1(q
−
i ? y) = 0, ∀i ∈ V,

Ly(1) = 1.
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4.4.2 Value of ρ(4)1 for every graph G

Our first result is the proof that the optimal value of the Lasserre relaxation of order d = 1

using formulation (4.6) is equal to |V | for every graph G.

Proposition 4.1. For every graph G, ρ(4)1 = |V |.

Proof. For every feasible solution {yα}, we have 0 ≤ yei ≤ 1, ∀i ∈ V , therefore∑
i∈V

yei = Ly(f) ≤ |V |.

To show attainment, consider y∗ = {y∗α} such that:



y∗0 = 1,

y∗ei = 1, ∀i ∈ V,

y∗2ei = |V |+ 1, ∀i ∈ V,

y∗ei+ej = 0, ∀(i, j) ∈ V 2, i 6= j.

It is straightforward to check that y∗ is a feasible solution of the Lasserre relaxation of order
d = 1 for formulation (4.6), and that this solution achieves the objective value |V |.

4.4.3 Relationship between ρ
(1)
d and ρ

(2)
d

The next proposition shows that the set of feasible solutions of the d order Lasserre relax-
ation for formulation (4.3) is a subset of the set of feasible solutions the relaxation with
the same order for formulation (4.4). Moreover, for d ≥ 2, the two feasible sets are equal,
and hence so are the bounds.

Proposition 4.2. For every graph G and order d ≥ 1, ρ
(1)
d ≤ ρ

(2)
d . Moreover, if d ≥ 2,

then ρ
(1)
d = ρ

(2)
d .

Proof. The first claim follows from the observation that Md−1(g
+
ij ?y) = 0 implies Md−1(g

−
ij ?

y) � 0.

To prove the second claim, let y = {yα} be a feasible solution of the Lasserre hierarchy of
order d for formulation (4.4). We know that for every (α, β) ∈ N|V |

d−1 × N|V |
d−1

Md−1(g
−
ij ? y)(α, β) = −yα+β+ei+ej , ∀(i, j) ∈ E,
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Md−1(h
+
i ? y)(α, β) = yα+β+2ei − yα+β+ei = 0, ∀i ∈ V.

Then for every α ∈ N|V |
d−2 and k ∈ V ,

Md−1(g
−
ij ? y)(α, α) = −y2α+ei+ej ,

= −y2α+2ei+ej ,

= −y2α+2ei+2ej ,

= −Md(y)(α + ei + ej, α + ei + ej).

and

det
[
Md−1(g

−
ij ? y){α,α+ek},{α,α+ek}

]
=

∣∣∣∣∣ −y2α+ei+ej −y2α+ek+ei+ej
−y2α+ek+ei+ej −y2α+2ek+ei+ej

∣∣∣∣∣
=

∣∣∣∣∣ −y2α+ei+ej −y2α+ek+ei+ej
−y2α+ek+ei+ej −y2α+ek+ei+ej

∣∣∣∣∣
= y2α+ei+ejy2α+ek+ei+ej − y22α+ek+ei+ej .

Since Md−1(g
−
ij ? y) and Md(y) are semi-definite positive matrices then

Md−1(g
−
ij ? y)(α, α) ≥ 0,

Md(y)(α + ei + ej, α + ei + ej) ≥ 0,

det
[
Md−1(g

−
ij ? y){α,α+ek},{α,α+ek}

]
≥ 0.

Which implies thaty2α+ei+ej = 0,

−y22α+ek+ei+ej ≥ 0.
and so

y2α+ei+ej = 0,

y22α+2ek+ei+ej = 0.

This proves that Md−1(g
−
ij ? y)(α, α) = 0 for every α ∈ N|V |

d−1. Therefore Md−1

(
g−ij ? y

)
is

a semi-definite positive matrix with zero on the diagonal. It is the zero matrix, and this
proves that y is also a feasible solution of the level d of the Lasserre hierarchy for formulation
(4.3).
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4.4.4 Relationship between ρ
(2)
d and ρ

(3)
d

The next result is that the feasible set of the Lasserre relaxation of order d using the
formulation (4.4) is a subset of the feasible set of the relaxation of the same order for
formulation (4.5). Hence, the bound ρ

(3)
d is always dominated by the bound ρ

(2)
d .

Proposition 4.3. For every graph G and order d ≥ 1, ρ(2)d ≤ ρ
(3)
d .

Proof. Let y = {yα} be a feasible solution of the relaxation of (4.4) of order d. We know
that for every (α, β) ∈ N|V |

d−1 × N|V |
d−1:

Md−1(g
−
ij ? y)(α, β) = −yα+β+ei+ej ∀(i, j) ∈ E,

Md−1(h
+
i ? y)(α, β) = yα+β+2ei − yα+β+ei ∀i ∈ V,

Md−1(lij ? y)(α, β) = yα+β − yα+β+ei − yα+β+ej ∀(i, j) ∈ E.

Let A ∈ RN|V |
d−1×N|V |

d such that:

A(α, γ) =



1 if γ = α,

−1 if γ = α + ei,

−1 if γ = α + ej,

0 otherwise.

For every (α, β) ∈ N|V |
d−1 × N|V |

d−1:

[AMd(y)A
ᵀ] (α, β) =

∑
γ∈N|V |

d

∑
δ∈N|V |

d

A(α, γ)Md(y)(γ, δ)A
ᵀ(δ, β)

=
∑

γ∈N|V |
d

∑
δ∈N|V |

d

A(α, γ)Md(y)(γ, δ)A(β, δ)

=
∑

γ∈N|V |
d

∑
δ∈N|V |

d

A(α, γ)yγ+δA(β, δ)

= yα+β − yα+β+ei − yα+β+ej

−yα+ei+β + yα+ei+β+ej + yα+ei+β+ej

−yα+ej+β + yα+ej+β+ei + yα+ej+β+ej
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= yα+β − yα+β+ei − yα+β+ej︸ ︷︷ ︸
=Md−1(lij?y)(α,β)

+ yα+β+2ei − yα+β+ei︸ ︷︷ ︸
=Md−1(h

+
i ?y)(α,β)

+ yα+β+2ej − yα+β+ej︸ ︷︷ ︸
=Md−1(h

+
j ?y)(α,β)

+2 yα+β+ei+ej︸ ︷︷ ︸
=−Md−1(g

−
ij?y)(α,β)

which implies that

Md−1(lij ? y) = AMd(y)A
ᵀ + 2Md−1(g

−
ij ? y)−Md−1(h

+
j ? y)−Md−1(h

+
i ? y).

Since Md(y) � 0 then AMd(y)A
ᵀ � 0. MoreoverMd−1(g

−
ij ? y) � 0,

Md−1(h
+
j ? y) = Md−1(h

+
i ? y) = 0.

Then Md−1(lij ? y) � 0 for all (i, j) ∈ E, and thus y is a feasible solution of the d-order
Lasserre relaxation for formulation (4.5).

4.4.5 Relationship between ρ
(1)
d and ρ

(4)
d

The next result is that the feasible set of the Lasserre relaxation of order d using (4.3) is a
subset of the feasible set of the relaxation of the same order for formulation (4.6). Hence,
the bound ρ

(4)
d is always dominated by the bound ρ

(1)
d .

Proposition 4.4. For every graph G and order d ≥ 1, ρ(1)d ≤ ρ
(4)
d .

Proof. Let y = {yα} be a feasible solution of the relaxation of (4.3) of order d. We know
that for every (α, β) ∈ N|V |

d−1 × N|V |
d−1:

Md−1(g
−
ij ? y)(α, β) = −yα+β+ei+ej ∀(i, j) ∈ E,

Md−1(h
+
i ? y)(α, β) = yα+β+2ei − yα+β+ei ∀i ∈ V,

Md−1(q
+
i ? y)(α, β) = yα+β+ei ∀i ∈ V,

Md−1(q
−
i ? y)(α, β) = yα+β − yα+β+ei ∀i ∈ V,
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Let A ∈ RN|V |
d−1×N|V |

d such that:

A(α, γ) =

1 if γ = α + ei,

0 otherwise.

For every (α, β) ∈ N|V |
d−1 × N|V |

d−1:

[AMd(y)A
ᵀ] (α, β) =

∑
γ∈N|V |

d

∑
δ∈N|V |

d

A(α, γ)Md(y)(γ, δ)A
ᵀ(δ, β)

=
∑

γ∈N|V |
d

∑
δ∈N|V |

d

A(α, γ)Md(y)(γ, δ)A(β, δ)

=
∑

γ∈N|V |
d

∑
δ∈N|V |

d

A(α, γ)yγ+δA(β, δ)

= yα+ei+β+ei

= yα+β+2ei − yα+β+ei + yα+β+ei

= Md−1(h
+
i ? y)(α, β) +Md−1(q

+
i ? y)(α, β)

which implies that
Md−1(q

+
i ? y) = AMd(y)A

ᵀ −Md−1(h
+
i ? y).

Since Md(y) � 0 then AMd(y)A
ᵀ � 0. Moreover Md−1(h

+
i ? y) = 0. Then Md−1(q

+
i ? y) � 0

for all i ∈ V . On the other hand, let B ∈ RN|V |
d−1×N|V |

d such that:

B(α, γ) =


1 if γ = α,

−1 if γ = α + ei,

0 otherwise.

For every (α, β) ∈ N|V |
d−1 × N|V |

d−1:

[BMd(y)B
ᵀ] (α, β) =

∑
γ∈N|V |

d

∑
δ∈N|V |

d

B(α, γ)Md(y)(γ, δ)B
ᵀ(δ, β)

=
∑

γ∈N|V |
d

∑
δ∈N|V |

d

B(α, γ)Md(y)(γ, δ)B(β, δ)

=
∑

γ∈N|V |
d

∑
δ∈N|V |

d

B(α, γ)yγ+δB(β, δ)

= yα+β − yα+β+ei − yα+ei+β + yα+ei+β+ei
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= yα+β − yα+β+ei − yα+β+ei + yα+β+2ei

= Md−1(q
−
i ? y)(α, β) +Md−1(h

+
i ? y)(α, β).

which implies that
Md−1(q

−
i ? y) = BMd(y)B

ᵀ −Md−1(h
+
i ? y).

Since Md(y) � 0 then BMd(y)B
ᵀ � 0. Moreover Md−1(h

+
i ? y) = 0. Then Md−1(q

−
i ? y) � 0

for all i ∈ V . Since Md−1(g
−
ij ? y) = 0, y is a feasible solution of the d-order Lasserre

relaxation for formulation (4.6).

4.4.6 Relationships with the linear programming relaxations of maximum in-
dependent set

In this section, we establish the relationship among some of the formulations discussed
above and two famous linear programming (LP) relaxations for the maximum independent
set problem. More precisely, we consider two LP formulations and we refer to them as
”weak” and ”strong”. The weak formulation is that with constraints

xi + xj ≤ 1 ∀(i, j) ∈ E (4.7)

and nonnegativity, whereas the strong formulation replaces constraints (4.7) with con-
straints ∑

i∈C

xi ≤ 1 ∀C ∈ C, (4.8)

where C is the set of all maximum cliques in G.

Proposition 4.5. For every graph G = (V,E), the optimal value of the order 1 of the
Lasserre hierarchy for formulation (4.5) is equal to the value of the LP relaxation of the
weak formulation of the independent set problem.

Proof. Let y = {yα}α be a feasible solution of the order 1 of the Lasserre hierarchy of
formulation (4.5), then

y0 = 1,

yei = y2ei , ∀i ∈ V,

yei + yej ≤ 1, ∀(i, j) ∈ E.

=⇒


y0 = 1,

0 ≤ yei ≤ 1, ∀i ∈ V,

yei + yej ≤ 1, ∀(i, j) ∈ E,

and (yei)i∈V is a feasible solution of the LP relaxation of the weak formulation of the
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independent set problem. Conversely, let (xi)i∈V be a feasible solution of the LP relaxation
of the weak formulation of the independent set problem, let X ∈ R|V |+1 be defined asX0 = 1,

Xi = xi, ∀i ∈ V,

and let A ∈ R(|V |+1)×(|V |+1) be defined as
A is diagonal,

A0,0 = 0,

Ai,i = xi(1− xi) ∀i ∈ V.

Let y = {yα}α∈N|V |
2

be defined as


y0 = 1,

yei = y2ei = xi, ∀i ∈ V,

yei+ej = xi · xj, ∀(i, j) ∈ V 2 i 6= j.

Then, 

Ly(1) = y0 = 1,

M0(lij ? y) = 1− yei − yej = 1− xi − xj ≥ 0, ∀(i, j) ∈ E,

M0(h
+
i ? y) = y2ei − yei = 0, ∀i ∈ V,

M1(y) = XXᵀ + A � 0.

This proves that y is a feasible solution of the level 1 of the Lasserre hierarchy of formulation
(4.5) with the value equal to

∑
i∈V yei =

∑
i∈V xi.

In [76, Theorem 10.4] the authors proved that ρ
(1)
1 is smaller than the value of the LP

relaxation of the strong formulation of the independent set problem. In the following
proposition, we extend this result to prove a stronger relationship, namely that between
the LP relaxation of the strong formulation and the order 1 of the Lasserre hierarchy
for formulation (4.4). Such a result, with a different proof, was given independently by
Szegedy [77].

Proposition 4.6 ( [77]). For every graph G = (V,E), the optimal value of the order 1 of
the Lasserre hierarchy for formulation (4.4) is smaller than the value of the LP relaxation
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of the strong formulation of the independent set problem.

Proof. Let y = {yα}α be a feasible solution of the level one of the Lasserre hierarchy of
formulation (4.4), then 

y0 = 1,

yei = y2ei , ∀i ∈ V,

yei+ej ≤ 0, ∀(i, j) ∈ E.

Let W be a clique of G and X ∈ R|V |+1 such that:
X0 = 1,

Xi = −1, if i ∈ W,

Xi = 0, otherwise.

Then,

0 ≤ XᵀM1(y)X = y0 − 2
∑
i∈W

yei +
∑
i∈W

y2ei +
∑

(i,j)∈W 2,
i 6=j

yei+ej

≤ y0 − 2
∑
i∈W

yei +
∑
i∈W

yei ≤ 1−
∑
i∈W

yei .

This proves that (yei)i∈V is a feasible solution of the LP relaxation of the strong formulation
of the independent set problem.

4.5 Summary of Results and Future Research

Using the notation previously defined, we summarize our results as follows:

For d = 1:
ρ
(1)
1 ≤ ρ

(2)
1 ≤ LPstrong ≤ LPweak = ρ

(3)
1 ≤ |V | = ρ

(4)
1 ,

and for d ≥ 2:

ρ
(1)
d = ρ

(2)
d ≤ ρ

(3)
d , and ρ

(1)
d = ρ

(2)
d ≤ ρ

(4)
d .

We believe these results give an interesting, initial perspective on evaluating the quality
of a formulation not only in terms of its relaxation but also with respect to the Lasserre
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relaxations originated by it.

In future research, it would be interesting to further study this question for other combi-
natorial problems and for the other hierarchies in Section 4.1.
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Tree ensembles, including boosting methods, are highly effective and widely used for tabu-
lar data. However, large ensembles lack interpretability and require longer inference times.
We introduce a method to prune a tree ensemble into a reduced version that is “functionally
identical” to the original model. In other words, our method guarantees that the prediction
function stays unchanged for any possible input. As a consequence, this pruning algorithm
is lossless for any aggregated metric. We formalize the problem of functionally identical
pruning on ensembles, introduce an exact optimization model, and provide a fast yet highly
effective method to prune large ensembles. Our algorithm iteratively prunes considering a
finite set of points, which is incrementally augmented using an adversarial model. In mul-
tiple computational experiments, we show that our approach is a “free lunch”, significantly
reducing the ensemble size without altering the model’s behavior. Thus, we can preserve
state-of-the-art performance at a fraction of the original model’s size.

5.1 Introduction

Ensembles remain one of the most effective and commonly utilized machine learning mod-
els. Among them, tree ensembles such as random forests and boosting are known to achieve
state-of-the-art performance on tabular data [16,17]. They also offer greater interpretability
compared to large neural networks. Theory and practice indicate that superior performance
is achieved with large ensembles, i.e., forests with many trees [18–20]. However, large en-
sembles lead to large memory requirements and inference times, which can quickly become a
bottleneck when embedding models into hardware such as microcontrollers or smartphones.
Further, large ensemble models lack interpretability due to the complex interaction of their
components.

Ensemble pruning denotes the process of reducing the size of a trained ensemble model.
This can be understood as removing nodes from the trees or removing trees entirely from the
forest. Early approaches studied how to prune random forests made of shallow trees, i.e.,
trees that were themselves pruned beforehand [21, 22]. These works showed that pruning
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could improve the test error and out-of-sample generalization. However, this is not true
with boosted ensembles, since the trees are typically already shallow. Hence, most recent
studies seek a trade-off between the amount of pruning and the impact on test error [23,24].
This trade-off may be profitable in some situations but there is no guarantee that the model
will perform well on new data.

In this paper, we completely avoid this trade-off by pruning ensemble models without any
change in their behavior. We call this a “functionally-identical” pruning since the prediction
functions of the pruned ensemble and the original one are identical. This has two main
advantages. First, as demonstrated in this paper, the resulting optimization problems can
be very efficiently solved. Second, such pruned models give a “free lunch”: they achieve
the exact same performance as the original model at a fraction of its size. This provides
multiple advantages regarding memory, inference time, and interpretability. An example
ensemble that can be pruned without any change in its prediction function is shown in
Figure 5.1.

Figure 5.1 A small ensemble made of three trees with equal weights. This ensemble can be
pruned without any change in its prediction function by removing the first and third trees.

This paper introduces the algorithm FIPE, standing for Functionally Identical Pruning of
Ensembles. FIPE iterates between a pruning model and a separation oracle. The pruning
model identifies candidate pruned ensembles on a finite set of points. The separation oracle
checks whether the pruned model is functionally identical to the original model on the entire
feature space. If this is not the case, new points are added to the pruning set. Our iterative
algorithm is such that the final pruned ensemble is certifiably equivalent to the original one
on the entire feature space.

We make the following contributions:

(i) We formalize the problem of functionally identical pruning of tree ensembles and char-
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acterize its computational complexity.
(ii) We present FIPE, our iterative algorithm and its two main components: the pruner,

and the oracle. We prove that the algorithm terminates in a finite number of steps.
(iii) We investigate two variants of the pruning model: an exact combinatorial optimization

model based on the ‖·‖0 norm that guarantees that the pruned model is of minimal
size, and a fast approximate algorithm based on the ‖·‖1 norm that is not necessary
of minimal size but scales to large datasets. We further provide an efficient pruning
oracle inspired by recent works on counterfactual explanations.

(iv) We apply FIPE on boosted ensembles AdaBoost, LightGBM and XGBoost as well as
random forests. Our extensive experiments demonstrate that significantly smaller
ensembles can be identified across various real-world datasets. A central finding of
this study is identifying that many base learners of boosted ensembles are superflu-
ous. Consequently, an integrated pruning and reweighting approach can substantially
reduce their size while maintaining their predictive performance.

5.2 Problem Statement

Let {(xi, yi)}ni=1 be a labeled set of observations, where x ∈ X ⊆ Rp is a feature vector. We
focus on classification problems with C classes. Denote by Ja, bK the set of integers between
a and b. Any class y belongs to J1, CK.

5.2.1 Classification ensembles

A classification ensemble is a weighted set of classifiers {(hm, αm)}Mm=1 where each classifier
hm : X → [0, 1]C provides a score vector for any input x, and αm is the weight of classifier
m. The ensemble prediction function is a map H : X × RM

≥0 → J1, CK that assigns a class
to any input x using a voting scheme, expressed generally as:

H(x;α) = argmax
c∈J1,CK

∑M

m=1
αmh

(c)
m (x), (5.1)

where h
(c)
m (x) is the score predicted by classifier of index m for class c. Any deterministic

tie-breaking rule can be used to break the ties in Equation (5.1) if the argmax is set-valued.

The computation of the score of a tree depends on the nature of the ensemble. For instance,
AdaBoost [78] and the original random forest algorithm of [41] use the so-called hard-voting
criterion in which each classifier prediction h

(c)
m (x) ∈ {0, 1} is binary.
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5.2.2 Functionally-identical pruning

We study how to prune classification ensembles while guaranteeing that the pruned model
is functionally identical to the original model. This is formalized in the following definition.

Definition 5.1. A pruned ensemble with weights w is functionally identical to the original
ensemble on the entire feature space X if H(x;w) = H(x;α) for all x ∈ X .

The pruned ensemble with minimum size is obtained by solving:

min
w≥0
‖w‖0 : H(x;w) = H(x;α), ∀x ∈ X . (5.2)

Since any learner with a zero weight is effectively pruned, Problem (5.2) minimizes the
number of active learners. The minimizer of Problem (5.2) is not only certifiably function-
ally identical, but it is also of minimal size. That is, it is guaranteed to be the smallest
reweighted ensemble that is functionally identical to the original one.

The constraint in Problem (5.2) ensures that the pruned model is functionally identical
to the original model on the entire space. Functionally-identical pruning is also known as
“faithful” pruning in [58]. Hence, we use equivalently both words in the rest of the paper.

Proposition 5.1. For additive tree ensembles, i.e., a broad class including random forests
and boosting methods, Problem (5.2) is NP-hard.

The proof is given in Section B.1. Theorem 5.1 states that optimal faithful pruning is a
difficult task in general. Nevertheless, this paper shows that Problem (5.2) can be solved
efficiently for large ensembles on real-world datasets, and provides effective heuristics oth-
erwise. Our algorithms are presented in the next section.

5.3 Pruning Algorithms

To solve the faithful pruning problem, FIPE iterates between solving a pruning problem on
a finite set of points and a separation oracle. This is illustrated in Figure 5.2.

FIPE is thus made of two essential components: (i) a faithful pruner Pruner that returns
the set of weights {wm}Mm=1 of the pruned ensemble faithful to the original ensemble on a
given finite set of points D ⊂ X , and (ii) a separation oracle Oracle that returns a set
of point S ⊂ X for which the pruned ensemble with weights w and the original ensemble
with weights α differ. If the oracle cannot find a separating point, the two ensembles are
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D0 Pruner Oracle wk
wk

Dk+1 = Dk ∪ Sk SkDk+1

∅

Figure 5.2 FIPE iterates between the pruning model and the separation oracle until it
returns the set of weights of the pruned model.

Algorithm 5.1: Faithful pruning algorithm
Input: An arbitrary finite set of points of X
Output: wk

1 D0 ← An arbitrary finite set of points of X ;
2 w0 ← Pruner(D0);
3 k ← 0;
4 while Oracle(wk) 6= ∅ do
5 Sk ← Oracle(wk);
6 Dk+1 ← Dk ∪ Sk;
7 wk+1 ← Pruner(Dk+1);
8 k ← k + 1;
9 end
10 return wk;

functionally identical over the entire feature space. The algorithm then returns the set of
weights of the pruned ensemble. This algorithm is presented in Algorithm 5.1.

Theorem 5.2. For tree ensembles, FIPE terminates after a finite number of calls to the
Oracle.

The proof is given in Section B.1.

5.3.1 Pruning on a finite set of points

Let D = {(xi, yi)}Ni=1 a finite set of points D ⊂ X . The pruning model returns the set of
weights of the pruned ensemble faithful to the original ensemble on D.

Denote by ci = H (xi, α) the class of the point xi given by the original ensemble with weights
α. Note that the classes ci are not necessarily equal to the original classes yi depending
on the training of the ensemble H. Pruning on a finite set of points is a special case of
Problem (5.2) when X is finite. The constraint of Problem (5.2) can be reformulated to
ensure that the pruned ensemble is faithful to the original ensemble on D. It can be written
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as: ∑M

m=1
wm

(
h(ci)
m (xi)− h(c)

m (xi)
)
> 0. (5.3)

It ensures that the pruned ensemble gives a higher weighted score for the class ci than for
the class c for each point xi and each class c 6= ci.

Equation (5.3) is difficult to handle numerically since it involves a strict inequality. How-
ever, using the same idea as in a support vector machine, we express it equivalently as:∑M

m=1
wm

(
h(ci)
m (xi)− h(c)

m (xi)
)
≥ 1. (5.4)

Minimal-size faithful pruner. The faithful pruning problem on a finite set of points
is a combinatorial optimization problem given by:

min
w≥0, u∈{0,1}M

∑M

m=1
um (5.5a)

wm ≤ Wum, ∀m ∈ J1,MK , (5.5b)∑M

m=1
wm

(
h(ci)
m (xi)− h(c)

m (xi)
)
≥ 1, (5.5c)

∀i ∈ J1, NK , ∀c ∈ J1, CK , c 6= ci.

This problem minimizes the ‖·‖0 norm of the weights. It uses the binary variables um to
indicate whether the estimator m is active or not, and a parameter W , which is an upper
bound on the weights of the active estimators. A minimizer of Problem (5.5) is both faithful
to the original ensemble on D and of certifiably minimal size according to the ‖·‖0 norm.

Efficient approximation. While Problem (5.5) ensures finding the sparsest model, it
might be expensive to solve numerically since its objective function with ‖·‖0 is hard to
linearize. Hence, we propose an efficient approximation by replacing the ‖·‖0 norm with
the ‖·‖1 norm. This problem is a linear programming problem given by:

min
w≥0
‖w‖1 =

∑M

m=1
wm (5.6a)∑M

m=1
wm

(
h(ci)
m (xi)− h(c)

m (xi)
)
≥ 1, (5.6b)

∀i ∈ J1, NK , ∀c ∈ J1, CK , c 6= ci.

Problem (5.6) can be solved very efficiently using standard linear programming solvers. The
faithfulness constraint of the problem is unchanged so that any solution of Problem (5.6)
is guaranteed to remain faithful to the original ensemble on D.
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5.3.2 Separation oracle for tree ensembles

This section presents the separation oracle used in FIPE. The goal of the oracle is twofold:
(i) it certifies that a pruned model is functionally equivalent to the original model on the
entire feature space, or (ii) it provides a set of points for which the two models differ. These
two goals can be achieved jointly by formulating an optimization model that maximizes
the misclassification between the pruned and original model over the feature space.

Let c and y be two fixed classes. The separation problem over these two classes can be
formulated as:

max
x∈X

M∑
m=1

wm

(
h(c)
m (x)− h(y)

m (x)
)
: y = H (x, α) . (5.7)

This problem maximizes the difference between the score of class c and class y according to
the pruned ensemble. The constraint of Problem (5.7) ensures that the original ensemble
predicts class y for the point x. If the value of Problem (5.7) is positive, the pruned
ensemble predicts class c whereas the original ensemble predicts y. Hence, a separating
point is such that it has a positive value according to Problem (5.7).

Remark 5.2. Since Problem (5.7) maximizes the difference in prediction between two en-
sembles, it can be interpreted as a variation of the adversarial example or counterfactual
explanation problem.

If the objective function is non-positive across all points in the feature space, both mod-
els are certified to be equivalent on the entire feature space. In practice, we solve the
separation problem for each pair of classes c and y. Depending on the algorithm used to
solve Problem (5.7), several points may be found that have a positive score difference. In
FIPE, we add all points with a positive score difference S. When S is empty, the algorithm
terminates.

The complexity of Problem (5.7) lies in representing the classification function of the trees
with linear variables and constraints. To ensure that the original ensemble predicts class y
for point x, we can replace the constraint of Problem (5.7) by the following inequality:∑M

m=1
αm

(
h(y)
m (x)− h(y′)

m (x)
)
> 0, ∀y′ 6= y. (5.8)

These constraints ensure that the original ensemble gives a higher score for class y than for
any other class y′ 6= y, making y the predicted class for point x by the original ensemble.
Again, this constraint is ill defined because of the strict inequality. By introducing a
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sufficiently small ε > 0, the separation problem can be equivalently formulated as:

max
x∈X

∑M

m=1
wm

(
h(c)
m (x)− h(y)

m (x)
)

(5.9a)∑M

m=1
αm

(
h(y)
m (x)− h(y′)

m (x)
)
≥ ε, ∀y′ 6= y. (5.9b)

Separation for tree ensembles. Problem (5.9) is nonlinear in general. However, for
additive tree ensembles, we can linearize it efficiently using a procedure similar to the one
used in [79]. This consists in introducing a set of variables and constraints to track the
path of the separating point x in all trees of the ensembles.

For each tree m, let Vm be the set of its internal nodes, Lm the set of its leaves, and dm

its maximum depth. For each node v ∈ Vm, let left(v) and right(v) be its left and right
children respectively, and let depth(v) be its depth in the tree m. Let root(m) denote the
root of tree m. Let fm,v be a binary variable indicating if node v ∈ Vm ∪ Lm is in the path
of the point x in the tree m.

To linearize the tree prediction functions, we introduce a binary variable λm,d to indicate
whether point x goes to the left child at depth d of the tree m. The path consistency
constraints in the tree m can then be expressed as:

fm,root(m) = 1, (5.10a)

fm,left(v) + fm,right(v) = fm,v, ∀v ∈ Vm, (5.10b)∑
v∈Vm:depth(v)=d

fm,left(v) = λm,d,∀d ∈ J0, dmK . (5.10c)

Constraint (5.10a) ensures that the root of tree m is in the path of point x. Constraint
(5.10b) ensures that one of the children of node v is in the path of point x if node v is in
the path. It also ensures that the path of point x in tree m at depth d goes to the left child
if λm,d = 1. Using these variables, we can formulate Problem (5.9) equivalently as:

max
f≥0

M∑
m=1

∑
v∈Lm

wm

(
h(c)
m (x)− h(y)

m (x)
)
fm,v (5.11)

M∑
m=1

∑
v∈Lm

αm

(
h(y)
m (x)− h(y′)

m (x)
)
fm,v ≥ ε,∀y′ 6= y.

Remark 5.3. Problem (5.11) is not optimizing over the variable x anymore, but only over
the variables that track the path over the trees. Indeed, for tree ensembles, the prediction
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function is piecewise-constant. Hence, it is sufficient to identify the set of leaves to separate
the pruned and original ensembles. A separating point is directly determined by taking the
center of the cell defined by the leaf variables.

Further, observe that the binary variables fm,v can be defined as continuous in [0, 1], as
they will be forced to binary values due to Constraints (5.10a)–(5.10c).

Feature consistency. To ensure the value of x is consistent across the trees, we need
to add feature consistency variables and constraints. Each feature type has to be handled
separately. We explain below how to ensure the consistency of continuous features, and in
Section B.1 how to handle categorical and binary features.

Let j be a continuous feature and let
{
tj,1, tj,2, . . . , tj,Rj

}
be the set of thresholds that the

nodes of the original ensemble are splitting on. We consider without loss of generality that
this set is sorted. For each continuous feature j and r ∈ J1, RjK, we define the continuous
auxiliary variables µj,r ∈ [0, 1]. These variables indicate whether the new point is on the
left or right-side of a level. They are constrained such that µj,r = 0 ⇔ xj ∈ ]−∞, tj,r] by
imposing:

µj,r ≥ µj,r+1,∀r ∈ J1, Rj − 1K (5.12)

For each tree m, let Vj,r
m be the set of nodes that split on feature j at threshold tj,r for

r ∈ J1, RjK. The following constraints ensure that the value of µj,r is consistent across the
nodes of tree m:

fm,left(v) ≤ 1− µj,r, ∀r ∈ J1, RjK , ∀v ∈ Vj,r
m , (5.13a)

fm,right(v) ≤ µj,r, ∀r ∈ J1, RjK , ∀v ∈ Vj,r
m . (5.13b)

Constraint (5.13a) ensures that if the value of xj is in the interval ]tj,r,∞[, then at node v

we cannot go to the left child. Similarly, constraint (5.13b) ensures that if the value of xj

is in the interval ]−∞, tj,r], then at node v we can not go to the right child.

Our separation oracle resembles closely the problem of finding counterfactual explanations
[79] or classifier evasions [80]. Yet, optimizing over the set of leaves (see Definition 5.3)
instead of the continuous variable x offers numerical benefits. Determining the exact value
of x, as needed in counterfactual explanation, requires checking for strict inequalities when
going right on a threshold.
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Table 5.1 Comparison of FIPE−‖·‖0 and FIPE−‖·‖1 for pruning AdaBoost ensembles with
50 learners. The table shows the number of learners in the pruned ensemble ‖w‖0, test
faithfulness to the original ensemble FI, test accuracy ACC, and rounded number of oracle
calls K. All results are averaged over five repetitions with different train/test splits.

FIPE−‖·‖0 FIPE−‖·‖1
Dataset ‖w‖0 K FI Time (s) ‖w‖0 K FI Time (s) ACC

Breast-Cancer 20 32 100% 166 20 25 100% 13 95.33%
COMPAS 13 16 100% 72 13 16 100% 14 66.66%
ELEC2 12 2 100% 3 12 2 100% 7 77.30%
FICO 16 22 100% 456 16 19 100% 30 71.42%
HTRU2 9 18 100% 25 9 13 100% 26 97.75%
House-16H 35 42 100% 643 35 40 100% 235 85.57%
Ionosphere 27 57 100% 4 475 27 47 100% 132 90.70%
Pima-Diabetes 25 28 100% 189 25 24 100% 16 77.92%
PoL 16 6 100% 6 16 6 100% 8 90.90%
Seeds 9 6 100% 5 10 4 100% 4 89.05%
Spambase 26 48 100% 765 26 43 100% 118 93.38%

5.4 Computational Experiments

We now study the value of FIPE for pruning large training ensembles while maintaining
faithfulness. We investigate how much FIPE can prune ensembles and its scalability over
several datasets. We analyze the behavior of FIPE in terms of what trees are removed,
and how pruning is impacted by the size of the original ensemble. Finally, we compare our
approach to baselines from the recent literature.

In this section, we focus our experiments on AdaBoost classifiers. Experiments with other
boosted ensembles, such as XGBoost and LightGBM, are provided in Section B.2 with essen-
tially the same conclusions. We also study random forests in this appendix. We perform
our analyses across 11 datasets commonly used in previous studies. In each experiment,
we split the data set into a training dataset (80%) and a test dataset (20%) to measure
faithfulness and test accuracy. This process is repeated over five different random seeds.
The characteristics of the datasets are presented in Table 5.2: their number of samples n,
number of features p including the number of numerical pN and binary pB features, and
number of classes C.

All experiments are implemented in python. We used scikit-learn for training the en-
sembles. All optimization problems are solved to global optimality using the commercial
solver Gurobi v11.0. The experiments are conducted on a computing grid. Each exper-
iment utilizes a single core of an Intel Xeon Gold 6258R CPU running at 2.7GHz and is
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Table 5.2 Characteristics of the data sets

Dataset n p pN pB C

Seeds 210 7 7 0 3
Ionosphere 351 33 32 1 2
Breast-Cancer-Wisconsin 683 9 9 0 2
Pima-Diabetes 768 8 8 0 2
Spambase 4 601 57 57 0 2
COMPAS-ProPublica 6 907 12 0 12 2
PoL 10 082 26 26 0 2
FICO 10 459 17 0 17 2
House-16H 13 488 16 16 0 2
HTRU2 17 898 8 8 0 2
ELEC2 38 474 7 7 0 2

provided with 4GB RAM. FIPE is provided as a standalone python package at https:
//www.github.com/eminyous/fipe. To reproduce the results of this paper, we provide
the code and the datasets at https://www.github.com/eminyous/fipe-experiments.

5.4.1 Main results

First, we evaluate how much FIPE is able to prune tree ensembles while certifying faith-
fulness to the original model. We compare both the certifiable minimal-size and fast but
approximate, respectively denoted by FIPE−‖·‖0 and FIPE−‖·‖1. We measure the number
of learners in the pruned ensemble, the faithfulness to the original ensemble on the test set
denoted FI, the test accuracy ACC, and the number of oracle calls rounded to its upper
integer denoted by K. All performance metrics are average over the five repetitions.

The results are presented in Table 5.1 for ensembles of 50 learners. They show that FIPE
is consistently able to prune AdaBoost ensembles while maintaining faithfulness. Further,
we observe that FIPE−‖·‖1 achieves the same pruned size as FIPE−‖·‖0 for all but one
dataset, while having significantly faster pruning times.

Result 5.1. Using ‖·‖1 in FIPE typically yields pruning performance similar to ‖·‖0 but with
significantly faster runtimes.

Because FIPE−‖·‖0 struggles to scale to large datasets when the ensemble size increases, we
restrict our study to FIPE−‖·‖1 and investigate its scalability to large ensembles. Table 5.3
shows that FIPE−‖·‖1 is consistently able to reduce the number of active estimators while
maintaining the fidelity of the original ensemble. Further, the results show that it scales
well to large datasets and ensemble sizes. Another remarkable result shown by Table 5.3
is that the number of oracle calls K is relatively small, even for large ensembles. Indeed, it

https://www.github.com/eminyous/fipe
https://www.github.com/eminyous/fipe
https://www.github.com/eminyous/fipe-experiments
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is possible to certify that the pruned model is functionally identical to the original one on
the entire feature space with less than 200 calls.

Table 5.3 Pruning with FIPE−‖·‖1 on AdaBoost ensembles with 100, 200, 500, and 1000
base learners.

M = 100 M = 200

Dataset ‖w‖0 K FI ACC Time (s) ‖w‖0 K FI ACC Time (s)

Breast-Cancer 26 34 100% 95.33% 37 31 42 100% 95.47% 110
COMPAS 13 16 100% 66.70% 39 13 17 100% 66.73% 99
ELEC2 20 6 100% 79.77% 120 40 32 100% 80.40% 1 272
FICO 18 24 100% 71.54% 107 18 24 100% 71.61% 208
HTRU2 29 34 100% 97.77% 267 40 46 100% 97.78% 752
House-16H 55 66 100% 86.29% 1 520 86 116 100% 86.86% 6 114
Ionosphere 42 66 100% 91.55% 835 60 85 100% 90.70% 2 184
Pima-Diabetes 36 38 100% 76.49% 61 49 57 100% 76.62% 282
PoL 18 9 100% 92.97% 40 27 21 100% 93.16% 194
Seeds 10 4 100% 89.05% 7 10 4 100% 89.05% 11
Spambase 42 72 100% 93.64% 1 624 63 92 100% 94.31% 2 867

M = 500 M = 1000

Dataset ‖w‖0 K FI ACC Time (s) ‖w‖0 K FI ACC Time (s)

Breast-Cancer 40 53 100% 95.18% 384 45 62 100% 95.33% 904
COMPAS 13 15 100% 66.73% 218 13 16 100% 66.73% 616
ELEC2 79 70 100% 81.10% 8 762 104 97 100% 81.20% 26 493
FICO 18 26 100% 71.63% 593 18 25 100% 71.63% 1 434
HTRU2 70 92 100% 97.80% 5 517 99 128 100% 97.81% 18 637
House-16H 124 155 100% 87.18% 14 381 151 172 100% 87.12% 27 127
Ionosphere 91 130 100% 91.27% 4 890 114 156 100% 90.42% 7 014
Pima-Diabetes 70 88 100% 76.49% 1 264 96 126 100% 74.68% 4 145
PoL 52 61 100% 93.17% 1 840 75 88 100% 93.64% 8 059
Seeds 10 4 100% 89.05% 22 10 4 100% 89.05% 44
Spambase 103 124 100% 94.55% 6 294 148 204 100% 94.64% 19 040

Result 5.2. FIPE−‖·‖1 consistently provides small pruned ensembles even when the dataset
and original ensemble are large.

5.4.2 Analysis of the pruned ensembles

Our previous experiment shows that close to 90% of the base learners of AdaBoost ensembles
are superfluous. That is, these learners can be effectively pruned without any change in
the prediction function, if the remaining learners are reweighted adequately. We now study
how FIPE is able to prune by jointly removing and reweighting the base learners. Figure 5.3
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Figure 5.3 Weights of learners in the original and pruned ensembles on the FICO dataset
with M = 200.

shows the weights of the active estimators in the original and pruned ensembles. It shows
that some learners that seem to have a low predictive power in the original ensemble because
they are created later in the training process (Figure 5.3 left) in fact have a large predictive
power after pruning and reweighting (Figure 5.3 right). For instance, tree index 180 has a
weight of around 30 in the original ensemble and a weight of around 1300 in the pruned
model. Hence, it is possible to prune learners created early in the training process by
assigning a large weight to later learners.

It is also interesting to observe that the size of the pruned ensemble grows significantly
slower than the size of the original ensemble. This can be seen in Table 5.3, which shows
the size of the pruned ensemble for varying sizes of the original ensemble. Yet, the test
accuracy tends to increase with the size of the ensemble. This suggests that only a small
percentage of the newly created learners have a significant predictive power.

Result 5.3. As boosted ensembles grow, their accuracy increases but they tend to have more
superfluous base learners.

5.4.3 Comparison with “non-faithful” baselines

We compare FIPE with several baselines from other recent studies. To the best of our
knowledge, we are the first to study functionally-identical pruning of ensembles. Hence, all
existing baselines cannot guarantee faithfulness to the original ensemble. We implement
the method of [47] denoted as IMD, [48] denoted as IC and [51] denoted as DREP. We use
the implementation from the pypruning package [20]. A key difference with our approach
is that these methods require the size of the pruned ensemble as a hyperparameter. To
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ensure a fair comparison, we set the value of this hyperparameter as the size of the pruned
ensemble identified by FIPE.

Table 5.4 shows the faithfulness FI of the pruned model to the original model as well as
the test accuracy ACC of the pruned model. The results show that the baselines have
significantly lower accuracy and faithfulness to the original model on average, regardless
of the size of the original ensemble. Hence, FIPE outperforms all baselines w.r.t. both
faithfulness and accuracy.

Table 5.4 Comparison of FIPE−‖·‖1 and non-faithful baselines for varying size of the orig-
inal ensemble M . Results are averaged over all datasets and repetitions.

M ‖w‖0 FI ACC

100 28.13

FIPE 100.00% 85.55%
DREP 87.56% 81.68%
IC 87.50% 80.56%
IMD 37.08% 41.08%

200 39.55

FIPE 100.00% 85.70%
DREP 86.71% 81.25%
IC 87.33% 80.77%
IMD 32.92% 37.57%

500 60.95

FIPE 100.00% 85.83%
DREP 85.98% 80.72%
IC 86.40% 80.29%
IMD 28.06% 32.75%

1000 79.33

FIPE 100.00% 85.66%
DREP 85.72% 80.70%
IC 82.85% 79.04%
IMD 34.95% 38.30%

Result 5.4. Functionally identical pruning guarantees that there is no decrease in test ac-
curacy. In contrast, existing pruning methods have no guarantee and decrease the test
accuracy in practice.

5.5 Related Literature

Many approaches have been proposed for ensemble pruning. We provide an overview of the
closely related literature in this section, and refer an interested reader to [45] and Chapter 6
of [46] for a more exhaustive review.
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Pruning tree ensembles. We can distinguish three main frameworks for pruning: order-
based, cluster-based, and optimization-based. The first two are approximate and therefore
do not guarantee that the pruned ensembles are of minimal size. Early approaches rank the
elements of the ensemble and select them in a greedy fashion [21]. This can be regularized
by encouraging the diversity of the selected classifiers [47, 48]. Cluster-based pruning is
performed in two steps: first, cluster the classifiers in representative groups, then select a
representative element from these groups [49].

A few optimization-based approaches have also been proposed. They are based on mixed-
integer quadratic formulations, which typically do not scale to large models and datasets.
[50] present a quadratic formulation and propose a relaxation based on semi-definite pro-
gramming. [51] and [52] extend this idea with diversity measures.

Finally, an interesting stream of literature focuses on building models with small memory
requirements [53]. [54] study how to compress random forests by encoding the trees into
binary codes. [55] simplify tree ensembles by reducing the number of distinct splitting rules
and sharing the rules across trees.

Optimal pruning. Optimal methodologies have demonstrated effectiveness across sev-
eral pruning tasks. [56] present an optimal algorithm for pruning nodes of decision trees. [23]
show how to jointly prune nodes of random forest ensembles using a coordinated-descent al-
gorithm. The tree-based structure of tree ensembles is especially suitable for combinatorial
optimization methods, allowing to adapt the training algorithm or post-process ensembles
to improve fairness or interpretability [57]. Combinatorial optimization methods have also
proven successful for pruning large deep neural networks [81–84].

Faithfulness. Functionally identical pruning introduces a significant shift in perspective
compared to existing works. Traditionally, the question asked was “given a target size, what
is the best subset I should select from my ensemble?”. In contrast, we look for the smallest
reweighted subset of trees that provide the same prediction function. The closest work to
ours is likely [58], who show how to transform a tree ensemble into a decision tree with an
identical prediction function on the entire feature space. However, this born-again tree is
computationally expensive to obtain and might grow exponentially large in some cases as
some ensembles are not efficiently representable as single trees.
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5.6 Conclusion

This paper proposed new methodological tools to prune additive tree ensembles while
guaranteeing that their prediction function remains unchanged. Through extensive ex-
perimental analyses, we have demonstrated that boosted ensembles can be significantly
compressed. This suggests that boosted ensembles have many superfluous learners, which
can be removed entirely from the ensemble on the condition that the remaining learners
are adequately reweighted. A significant advantage of such pruning is that, contrary to ex-
isting pruning methods, it guarantees that the test accuracy of the pruned ensemble does
not decrease.

This work opens numerous research perspectives. First, while we focused on being certifi-
ably identical to the original model on the entire feature space, it is worthwhile to study
how to impose faithfulness on a subspace, such as the space of plausible observations as [79].
This might allow stronger compression. For most practical situations, it is possible to avoid
using the combinatorial optimization oracle. Using an approximate oracle may lead to a
faster algorithm that lacks the faithfulness certificate but might empirically be very close to
the original model. Last but not least, pursuing a disciplined analysis of model compression
with faithfulness guarantees for other machine learning models is a promising direction for
future work.
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The primal simplex algorithm is still one of the most used algorithms by the operations
research community to solve various problems in the industry that can be modeled as
integer linear program of mixed integer linear program. It moves from basis to adjacent
one until optimality. The number of bases can be very huge, even exponential, due to
degeneracy or when we have to go through all of the extreme points very close to each
other. The improved primal simplex algorithm (IPS) is efficient against degeneracy but
when there is no degeneracy, it behaves exactly as a primal simplex and consequently, it
may suffer from the same limitations.

We present a new formulation of the complementary problem, i.e., the auxiliary subprob-
lem used by the IPS algorithm to find descent directions, that guarantees a significant
improvement of the objective value at each iteration until we reach an ε−approximation of
the optimal value. We prove theoretically that the number of needed descent directions is
polynomial.

6.1 Introduction

Consider the linear program (LP) in standard form

max
x

cᵀx

Ax = b

x ≥ 0

(6.1)

where A ∈ Rm×n is of full rank, b ∈ Rm, and c ∈ Rn. Usually the x variables or some of
them are integer and the LP problem is obtained by relaxing the integrality constraints
of an integer linear program (ILP) or a mixed integer linear program (MILP) which are
a common class of optimization problems in the industry. To efficiently solve the ILP or
MILP problems, we use a branch-and-bound [59] or branch-and-cut algorithm [60] to solve
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the LP relaxation of the problem at each node of the tree. It takes a large amount of LP
problems to solve the ILP or MILP problems. So the efficiency of the LP solver is crucial
to solve the ILP or MILP problems.

In nondegenerate or slightly degenerate cases, the standard primal simplex algorithm effi-
ciently solves the problem. Its aptitude for re-optimization (especially in column generation
contexts) renders it highly valuable in applications such as transportation and scheduling,
where the number of variables is vast and extreme degeneracy is common. Many algorithms
have been developed to solve LPs, including the simplex [25], interior-point [65], and gra-
dient descent [66] methods. It is well known that an optimal solution of LP is always at
an extreme point of the feasible region (see [85] for a detailed proof).

The simplex method uses a sequence of pivots to move from one extreme point to another,
keeping the objective value nondecreasing until an optimal solution is reached. At each
iteration, this algorithm divides the variables into basic and nonbasic sets and selects a
nonbasic variable to enter the basis and a basic variable to leave. The choice of these
variables is crucial, as it determines the direction in which the algorithm moves. A rule
for selecting these variables is called a pivot rule. One of the most popular pivot rules is
Dantzig’s rule [25], which computes the reduced cost of each variable and selects the one
with the most negative reduced cost. To avoid cycling, Bland’s rule [62] can be used, which
selects the variable with the smallest index among those with the most negative reduced
cost. The steepest edge rule [63] is another pivot rule that selects the variable that leads
to the best improvement in the objective value. For an extensive review of pivot rules,
see [64]. The simplex method can be implemented in either the primal or dual form, with
the primal simplex being the most common in practice.

The interior-point method is another popular algorithm for solving LPs. It is based on the
central path, which is a trajectory in the feasible region that approaches an optimal solution
as the barrier parameter tends to zero. The algorithm iteratively solves a sequence of barrier
subproblems, each of which is a nonlinear problem. Indeed, the barrier subproblem is

min
x

cᵀx− κ
m∑
i=1

log(xi) (6.2a)

Ax = b (6.2b)

x > 0 (6.2c)

where κ > 0 is the barrier parameter. When the barrier parameter is small, the solution of
the barrier subproblem is not exactly an extreme point of the feasible region, but it is close
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to it. To obtain an extreme point, the algorithm uses a crossover step. The interior-point
method is known for its polynomial complexity, but in practice, the crossover step can be
computationally expensive.

The gradient descent method is a first-order optimization algorithm that iteratively moves
in the direction of the negative gradient of the objective function. It is widely used in
machine learning and deep learning, where the objective function is typically nonconvex.
Recent works show that the gradient descent method can be used to solve LPs in practice
which was not common in the past [67]. The algorithm is simple to implement and can be
parallelized, but it may converge slowly or get stuck in local minima. Both the interior-
point and gradient descent methods require a crossover step to identify an exact extreme
point of the feasible region.

While the interior-point and gradient descent methods are efficient for large-scale problems,
the simplex method is still one of the most widely used algorithms for solving LPs in
practice. However, two main difficulties affect the primal simplex method. First, degeneracy
can cause the algorithm to perform many pivots without any improvement in the objective
value, since multiple bases may correspond to the same extreme point. Although several
techniques have been proposed to address this issue, many focus solely on variable selection
[69] or introduce minor perturbations [70] to break the degeneracy. Another approach
aims to take advantage of degeneracy rather than just to minimize its negative effects. By
exploiting insights from a geometrical perspective, a degenerate vertex of the n-dimensional
polyhedron described by the LP’s constraints is the crossing point of more than n−1 facets
of the polyhedron [71]. Degeneracy thus corresponds to a local excess of information,
which suggests that a smaller problem may be considered locally to make progress from a
degenerate solution. In [72], they introduce a particular degeneracy structure in the LU

decomposition of the basis, which involves fewer calculations when performing degenerate
pivots. The paper [73] generalizes the definition of basis to include deficient bases containing
p independent columns, with p < m. When degeneracy occurs, a deficient basis, smaller
than the usual square basis matrix, may be used to perform the pivot calculations. Second,
even when an improving pivot is found, the improvement can be very small if all neighboring
extreme points are very close. In such cases, the algorithm may require a large number of
iterations to reach optimality.

The Improved Primal Simplex (IPS) [26] algorithm was developed to overcome degeneracy
by ensuring that each pivot leads to a strictly better extreme point. Nevertheless, when
degeneracy is absent, IPS behaves essentially like the standard primal simplex, and the
step improvements remain marginal. This algorithm identifies the compatible variables,
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i.e., those in the span of non-degenerate variables, reformulates a reduced problem, and
solves it to find a strictly improving pivot in the compatible subspace. This ensures that
no compatible variable with a negative reduced cost is left in the basis. The algorithm
then reformulates a complementary problem to find a strictly improving direction moving
to a strictly better extreme point. The complementary problem is observed to be dual
nondegenerate or weakly degenerate and it can be solved efficiently using the dual simplex
method. The algorithm is guaranteed to certify the optimality of the solution if the comple-
mentary problem has a nonnegative objective value. IPS can be viewed as a generalization
of the previous work on dynamic constraints aggregation [86] showing clear success for solv-
ing set partitioning problems (see [26, 87, 88]). It has already been shown in [89] that the
IPS algorithm is a special case of a Dantzig-Wolfe decomposition algorithm. In practice,
IPS reduces the computation time by a factor of more than 4 on driver and bus scheduling
problems of 2000 constraints and 6000 − 10000 variables with in 50% of degeneracy [89].
It also reduces the computation time by a factor of more than 10 on real life fleet assign-
ment and aircraft routing problems of 5000 constraints and 17000 − 25000 variables with
in 65%− 70% of degeneracy [89].

Even though the IPS algorithm is efficient in practice and always provides a strictly im-
proving pivot when degeneracy is present, it may still require a large number of iterations
(call to complementary problem) to progress when neighboring extreme points are very
close. Using steepest edge as pricing criterion selects the best improvement but it is time
consuming and anyway, at some extreme points, the best improvement can be small when
all neighbors in the polyhedron are very close. For example, when a very degenerate prob-
lem is perturbed to escape degeneracy, the huge number of bases at an extreme point is
transformed into a huge number of very close extreme points. In the worst case, as we all
know, the primal simplex algorithm could need an exponential number of pivots to solve
the problem [68]. Finding a polynomial adaptation of the primal simplex is classified as an
important problem for the 21st century [68].

In this theoretical paper, we introduce a new variant of the complementary problem within
IPS that guarantees a significant decrease in the objective value at every iteration even in
highly degenerate scenarios or when neighboring extreme points offer only minor improve-
ments. This enhancement enables the algorithm to jump to a nonadjacent extreme point
when beneficial, thus reaching an ε-optimal solution in a polynomial number of calls to the
complementary problem solver.

The remainder of the paper is organized as follows. In Section 6.2, we present the standard
formulation of the Improved Primal Simplex algorithm. Section 6.3 introduces our new
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parametric formulation of the complementary problem and discusses the parameter choices
that ensure the desired improvement. Section 6.4 details the theoretical results and their
proofs.

6.2 Improved Primal Simplex Generic Framework

For I ⊂ {1, . . . ,m} and J ⊂ {1, . . . , n}, let AI,J denote the submatrix of A with rows
indexed by I and columns indexed by J . When I = {i} and J = {j}, we write Ai,j for the
element in the i-th row and j-th column of A. We also use ”:” to denote all indices of a set;
for example, AI,: is the submatrix with rows in I and all columns, A:,J is the submatrix
with all rows and columns in J while xJ denotes the subvector of x with components
indexed by J . Throughout the paper, B and N denote the sets of basic and nonbasic
indices, respectively.

The central idea behind the Improved Primal Simplex (IPS) algorithm is to decompose
the standard LP (6.1) into two subproblems easier to solve: the reduced problem and the
complementary problem that will be defined below. The algorithm alternates between these
subproblems until an optimal solution is reached, with each iteration yielding a new basic
feasible solution. Let x be a basic feasible solution of (6.1) with basis B and nonbasic set
N . Define P := {j ∈ B : xj > 0} as the set of indices corresponding to positive components
of x and Z := {j ∈ B : xj = 0} as the indices corresponding to zero components.

Definition 6.1 (Compatible Variables). Given P and Z defined as above, the variable xj

is compatible with P if Aj ∈ Span{A:,P}; otherwise, it is incompatible.

In essence, compatibility means that the column of A corresponding to xj can be expressed
as a linear combination of the columns indexed by P. Let C and I denote the sets of
compatible and incompatible variables, respectively.

The reduced problem RP is defined as

max
xC

cᵀCxC,

[AB]
−1
P,: A:,C xC = [AB]

−1
P,: b,

xC ≥ 0.

(6.3)

This linear program involves only |C| variables, a significant reduction from n, and its
constraint matrix has rank |P|, the number of positive components in x. As shown in [26],
any pivot on a compatible variable with a negative reduced cost is nondegenerate, ensuring
that each pivot strictly improves the objective.
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The RP arises by partitioning the variables into compatible (C) and incompatible (I) sets
and setting xI = 0. Writing the original constraints as

A:,C xC + A:,I xI = b, (6.4)

and imposing xI = 0 yields
A:,C xC = b. (6.5)

Multiplying (6.5) by [AB]
−1
P,: recovers the constraints in (6.3). The complementary problem

CP is defined as

min
u∈RP , v∈RI

− cᵀPu+ cᵀIv, (6.6a)

− A:,P u+ A:,I v = 0, (6.6b)

v ≥ 0, (6.6c)

1ᵀv = 1, (6.6d)

where 1 is the vector of ones of dimension dictated by the context. This formulation
captures the cone of feasible directions that can be added to x to obtain a new feasible
solution of (6.1). The CP is unbounded in the absence of the normalization constraint
(6.6d), which ensures that the feasible region is a bounded polyhedron. The CP is solved to
find a feasible descent direction that improves the objective value of the LP. The algorithm
terminates when the optimal value of the CP is nonnegative, indicating that the current
basic feasible solution is optimal for the LP.

Proposition 6.1 ( [26]). If the optimal value of the CP (6.6) is nonnegative, if and only
if x is optimal for LP (6.1).

Although the CP in (6.6) involves |P|+ |I| variables, the u variables can be eliminated by
multiplying the constraint (6.6b) by the matrix [AB]

−1
P,: leading to u = [AB]

−1
P,: A:,I v. and we

recover a reduced version of the CP as

min
v∈RI

(
cᵀI − cᵀP [AB]

−1
P,: A:,I

)
v, (6.7a)

[AB]
−1
Z,: A:,I v = 0, (6.7b)

v ≥ 0, (6.7c)

1ᵀv = 1. (6.7d)
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The complementary problem (6.7) can also be reformulated using the compatibility matrix
M =

[
AZ,P [AB]

−1
P,Z −I

]
where I is the identity matrix of size |Z|× |Z|. The CP (6.7) can

then be written as

min
v∈RI

(
cᵀI − cᵀP [AB]

−1
P,: A:,I

)
v, (6.8a)

MA:,Iv = 0, (6.8b)

v ≥ 0, (6.8c)

1ᵀv = 1. (6.8d)

The formulation using the compatibility matrix has been studied in [90] where the authors
used it to define the compatibility degree of a variable. The compatibility degree allows to
use multiphase technique to accelerate the solving process of the CP (6.8) as shown in [90].
It is also instructive to consider the dual of the CP (6.6). Its formulation is given by

max
y∈R, π∈Rm

y, (6.9a)

cI − πᵀA:,I ≥ y 1, (6.9b)

cP − πᵀA:,P = 0. (6.9c)

The normalization constraint in the primal can be generalized by replacing 1 with an
arbitrary vector λ ∈ RI

>0. In that case, the formulation of the primal CP becomes

min
u∈RP , v∈RI

− cᵀPu+ cᵀIv, (6.10a)

− A:,P u+ A:,I v = 0, (6.10b)

v ≥ 0, (6.10c)

λᵀv = 1. (6.10d)

Its dual is then given by

max
y∈R, π∈Rm

y, (6.11a)

cI − πᵀA:,I ≥ y λ, (6.11b)

cP − πᵀA:,P = 0. (6.11c)

Various studies have investigated the impact of different choices of λ on the performance
of the IPS algorithm. In [26], the authors recommend λ = 1 to ensure a bounded feasible
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region, while [91] demonstrates that alternative choices for λ can improve the algorithm’s
convergence properties. Furthermore, the authors have explored adaptive strategies for
selecting λ based on problem-specific characteristics and the behavior observed during
the iterative process. These strategies aim to dynamically adjust λ to better capture the
geometry of the dual space, thereby accelerating convergence. To understand the impact
of the choice of λ on the performance of the algorithm, we can present an equivalent non
linear formulation of the CP (6.10) as follows:

min
v∈RI

cᵀv

λᵀv
(6.12a)

[AB]
−1
Z,: A:,Iv = 0, (6.12b)

v > 0. (6.12c)

where c = cI − cᵀP [AB]
−1
P,: A:,I . The objective function of the CP (6.12) is a ratio of the

reduced cost of the linear combination of the incompatible variables to the normalization
constraint.

To summarize, the IPS algorithm alternates between solving the RP (6.3) and the CP (6.7)
until the latter yields a nonnegative optimal value. The algorithm is guaranteed to ter-
minate in a finite number of iterations, and each iteration strictly improves the objective
value. In the next section, we introduce a new variant of the CP that ensures a significant
decrease in the objective value at every iteration, even in highly degenerate scenarios or
when neighboring extreme points offer only minor improvements.

6.3 New formulation of the complementary problem

The standard CP (6.7) is designed to capture the cone of feasible descent directions to reach
a new improving extreme point. However, the objective improvement obtained by solving
the CP can be marginal, especially when the neighboring extreme points are very close. In
such cases, as mentioned earlier, the algorithm may require a large number of solving calls
to the CP to reach an optimal solution or even an ε-optimal solution. To address this issue,
we introduce a new way of partitioning the basic variables into three subsets: P≥δ, P<δ, and
Z, where δ is a small positive constant. The set P≥δ contains the indices of basic variables
with values larger or equal to δ, while P<δ contains those with values smaller than δ. The
set Z remains unchanged and contains the indices of basic variables with value zero. We
also redefine the set of compatible variables C as those compatible with P≥δ instead of P in
the standard formulation of the CP. Finally the incompatible variables set I is redefined as
the set of variables incompatible with P≥δ. The main idea behind this new partinioning is
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to consider that the variables with value smaller than δ, P<δ as weakly degenerate variables
since they don’t provide a large step improvement. We then use the same decomposition
idea as in the standard CP (6.7) to find a strictly improving direction. This idea can be
formulated as follows:

min
u,w,v

− cᵀP≥δ
u− cᵀP<δ

w + cᵀIv, (6.13a)

− A:,P≥δ
u− A:,P<δ

w + A:,I v = 0, (6.13b)

v ≥ 0, v ∈ RI , (6.13c)

w ≥ 0, w ∈ RP<δ , (6.13d)

u ∈ RP≥δ , (6.13e)

1ᵀv + 1ᵀw ≤ 1. (6.13f)

The u variables represent the changes in the varibles of P≥δ while w and v represent the
increases in the variables of P<δ and I respectively. The objective function represents the
reduced cost of the direction defined by (u, v, w). Similar to the standard CP (6.7), the
new CP (6.13) captures the cone of feasible descent directions to reach a new improving
extreme point. We can also eliminate the u variable by using the following substitution:

u = [AB]
−1
P≥δ,:

A:,I v − [AB]
−1
P≥δ,:

A:,P<δ
w.

Using this substitution, the new CP (6.13) can be reformulated as follows:

min
w,v

−
(
cᵀP<δ

− cᵀP≥δ
[AB]

−1
P≥δ,:

A:,P<δ

)
w +

(
cᵀI − cᵀP≥δ

[AB]
−1
P≥δ,:

A:,I

)
v, (6.14a)

[AB]
−1
Z,: A:,I v − [AB]

−1
Z,: A:,P<δ

w = 0, (6.14b)

v ≥ 0, v ∈ RI , (6.14c)

w ≥ 0, w ∈ RP<δ , (6.14d)

1ᵀv + 1ᵀw ≤ 1. (6.14e)

The number of constraints in the new CP (6.14) is m− |P≥δ| and the number of variables
is |P<δ| + |I|. We can see that the new CP (6.14) has a larger number of constraints and
variables compared to the standard CP (6.7). However, as we will show in the remainder
of the paper, the new CP (6.14) gives better directions to reach a new improving extreme
point.

Proposition 6.2. If the optimal value of the new CP (6.13) is nonnegative, if and only if
the current basic feasible solution is optimal for the LP (6.1).



67

Proof. The proof is similar to the proof of the standard CP. We can show that the objective
value of the new CP is equal to the reduced cost of the current basic feasible solution. If
the optimal value of the new CP is nonnegative, then the reduced cost of the current basic
feasible solution is nonnegative, which implies that the current basic feasible solution is
optimal for the LP (6.1).

Similar to the standard CP, the new CP (6.13) captures the cone of feasible descent di-
rections to reach a new improving extreme point and it is unbounded in the absence of
the normalization constraint. In the formulation above we used the default normalization
constraint 1ᵀv + 1ᵀw = 1. However, we propose to use the more general normalization
constraint λᵀv + µᵀw = 1 where λ ∈ RI

>0 and µ ∈ RP<δ

>0 . The dual of the new CP is given
by

max
y∈R, π∈Rm

− y, (6.15a)

cI − πᵀA:,I ≥ −y λ, (6.15b)

cP<δ
− πᵀA:,P<δ

≤ yµ, (6.15c)

cP≥δ
− πᵀA:,P≥δ

= 0, (6.15d)

y ≥ 0. (6.15e)

In this paper, we will discuss the theoretical results and how to choose the parameter δ, the
weights λ and µ in the normalization constraint to ensure that the new CP (6.13) yields
a significant decrease in the objective value at every iteration. To understand the impact
of the choice of the weights λ and µ on the optimal solution of the new CP (6.13), we can
present an equivalent non linear formulation of the new CP (6.13) as follows:

min
w,v

sᵀw + qᵀv

λᵀv + µᵀw
(6.16a)

[AB]
−1
Z,: A:,I v − [AB]

−1
Z,: A:,P<δ

w = 0, (6.16b)

v > 0, v ∈ RI , (6.16c)

w > 0, w ∈ RP<δ . (6.16d)

where s = cP<δ
− cᵀP≥δ

[AB]
−1
P≥δ,:

A:,P<δ
and q = cI − cᵀP≥δ

[AB]
−1
P≥δ,:

A:,I .
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6.4 Theoretical results

In this section, we present the main theoretical results of the paper, we also provide the
choice of the parameter δ and the weights λ and µ in the normalization constraint to ensure
the desired behavior. We start by this lemma:

Lemma 6.3. Let (y, π) be a feasible solution of the dual of the new CP (6.15). Then,

cC − πᵀA:,C ≥ 0 (6.17)

Proof. The proof is straightforward as

cC − πᵀA:,C = cC − πᵀAB [AB]
−1A:,C

= cC − πᵀA:,P≥δ
[AB]

−1
P≥δ,:

A:,C

= cC − cᵀP≥δ
[AB]

−1
P≥δ,:

A:,C

≥ 0.

We then prove the following proposition that gives a bound on how far is the current basic
feasible solution from the optimal solution of the LP (6.1). We will assume that the set
of feasible solutions of the LP (6.1) is bounded. We define ∆ as the upper bound on
components of the feasible solutions:

∆ := max {‖x‖∞ : Ax = b, x ≥ 0} .

In the case where the LP (6.1) is a relaxation of a binary linear program, we can set ∆ = 1.

Proposition 6.4. Let x be a basic feasible solution, x∗ be the optimal solution of the LP
(6.1), and z the optimal value of the CP (6.13). Then,

cᵀ (x− x∗) ≤
[
m∆ ‖λ‖∞ + µᵀxP<δ

]
|z| . (6.18)

Proof. Let (y, π) be a feasible solution of the dual of the new CP (6.15).

cᵀIx
∗
I ≥ −y λᵀx∗

I + πᵀA:,Ix
∗
I

= −yλᵀx∗
I + πᵀ (b− A:,Cx

∗
C)

= −yλᵀx∗
I + πᵀb− πᵀA:,Cx

∗
C.
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Using the fact that cC − πᵀA:,C ≥ 0 (Theorem 6.3), we have that

cᵀx∗ ≥ −yλᵀx∗
I + πᵀb

On the other hand, we have that

b = A:,P≥δ
xP≥δ

+ A:,P<δ
xP<δ

.

Therefore,

πᵀb = πᵀA:,P≥δ
xP≥δ

+ πᵀA:,P<δ
xP<δ

= cᵀP≥δ
xP≥δ

+ πᵀA:,P<δ
xP<δ

≥ cᵀP≥δ
xP≥δ

+ cᵀP<δ
xP<δ

− yµᵀxP<δ

= cᵀx− yµᵀxP<δ
.

And so,

cᵀx∗ ≥ −yλᵀx∗
I + cᵀx− yµᵀxP<δ

This implies that

cᵀ (x− x∗) ≤ y
(
‖λ‖∞ ‖x

∗
I‖∞ + µᵀxP<δ

)
≤
[
m∆ ‖λ‖∞ + µᵀxP<δ

]
|z| .

In the following we state a proposition quantifying the decrease in the objective value of
the LP (6.1) at every iteration of the IPS algorithm when using the new CP (6.13). We
define

βj := min
i∈I

{
λi

[AB]
−1
j,: A:,i

}
.

Proposition 6.5. Consider the new CP (6.13) with x the current basic feasible solution.
If the optimal value of the new CP z is negative then the improvement in the objective value
of the LP (6.1) at the next iteration is at least z × α where

α ≥ min
{
γ≥δ, γ<δ

}
,
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with
γ<δ := min

j∈P<δ

µjxj and γ≥δ := min
j∈P≥δ

βjxj.

Proof. Let (u,w, v) be the optimal solution of the new CP (6.13) and z its optimal value.
The maximum step size in the direction of the optimal solution of the new CP is given by

α := max

t ≥ 0 :
xP≥δ

− tu ≥ 0,

xP<δ
− t
(
w − vP<δ

)
≥ 0

 .

On one hand, for j ∈ P≥δ, using the fact that for all i ∈ I, [AB]
−1
j,: A:,i ≥ λi

βj
and the fact

that vi ≥ 0, we have

uj =
∑
i∈I

[AB]
−1
j,: A:,ivi

≤
∑
i∈I

λi

βj

vi =
1

βj

∑
i∈I

λivi =
1

βj

λᵀv ≤ 1

βj

.

xj − γ≥δuj ≥ xj − βjxjuj = xj (1− βjuj) ≥ 0.

On the other hand, for j ∈ P<δ, if wj − vj ≥ 0, then µj (wj − vj) ≤ µjwj ≤ µᵀw ≤ 1 and so

xj − γ<δ (wj − vj) ≥ xj − µjxj (wj − vj)

= xj (1− µj (wj − vj)) ≥ 0.

This implies that α ≥ min
{
γ≥δ, γ<δ

}
. The improvement in the objective value of the LP

(6.1) at the next iteration is at least z × α.

Henceforth, we assume that c ≥ 0. This assumption is satisfied by a large class of linear
programs, including but not limited to scheduling problems, assignment problems, and
network flow problems. It is also worth noting that the assumption c ≥ 0 is without loss
of generality, as we can always consider the variable yj = ∆ − xj instead of the variable
xj. In the following proposition, we provide a choice of the parameter δ and the weights
λ and µ in the normalization constraint to ensure that the new complementary problem
(6.13) yields a significant decrease in the objective value at every iteration. We define x

as the feasible solution obtained by moving in the direction of the optimal solution of the
new CP (6.13) from a basic feasible solution x and x∗ the optimal solution of the LP (6.1).

Proposition 6.6. Let ε > 0 be a small positive constant, then there exists a choice of the
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parameter δ and the weights λ and µ in the normalization constraint such that either,

cᵀx ≤ 1

1− ε
cᵀx∗ or cᵀx ≤

(
1− ε2

)
cᵀx.

Proof. Let λi :=
∥∥[AB]

−1A:,i

∥∥
∞ for i ∈ I, µj :=

δ
xj

for j ∈ P<δ and z the optimal value of
the CP (6.13). Using Theorem 6.4, we have that

cᵀ (x− x∗) ≤ m [∆ ‖λ‖∞ + δ] |z| .

Moreover the definition of βj implies that,

βj = min
i∈I

{∥∥[AB]
−1A:,i

∥∥
∞

[AB]
−1
j,: A:,i

}
≥ 1.

and the definition of γ<δ and γ≥δ implies that, γ<δ ≥ δ and γ≥δ ≥ δ. Therefore, using
Theorem 6.5 then,

cᵀ (x− x) ≤ zδ

In the case where z ≥ − ε
m
(
∆‖λ‖∞+δ

)cᵀx then we have that, cᵀ (x− x∗) ≤ εcᵀx and so
cᵀx ≤ 1

1−ε
cᵀx∗. In the case where z < − ε

m
(
∆‖λ‖∞+δ

)cᵀx then we have that,

cᵀ (x− x) ≤ − εδ

m (∆ ‖λ‖∞ + δ)
cᵀx = −ε2cᵀx

for the choice of the parameter δ.

Since the formulation of the new CP (6.13) is based on the fact that x is a basic feasible
solution, it would be great if x is a basic solution as well. In some cases the new CP (6.13)
will provide a basic solution, for example when the value of w is zero. However, this is not
always the case. [92] proved that any decomposition method different from the standard IPS
will not always provide a basic solution. However, from x, we can easily construct a better
cost basic solution with a procedure of low polynomial complexity. We then can restart
the algorithm by reformulating the CP with the new basic solution. Before introducing the
procedure, we prove the following lemma:

Lemma 6.7. |{j : xj > 0}| ≤ m+ |P<δ| ≤ 2m.

Proof. The number of nonzeros in the direction of the optimal solution of the new comple-
mentary problem is at most m − |P≥δ| + 1. After moving from the current basic feasible
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solution in the direction of the optimal solution of the new CP, the number of nonzeros in
the new basic solution is at most |P≥δ| + |P<δ| +m− |P≥δ| + 1− 1 = m + |P<δ|. The last
inequality is due to the fact that |P<δ| ≤ m.

It is worth mentioning that the number of nonzeros in the new basic solution is at most 2m,
which is significantly smaller than the number obtained using the interior point method
which is typically equal to n. In an extremely degenerate problem where the number
of variables n greatly exceeds the number of constraints m, the new basic solution still
contains at most m+ |P<δ| nonzeros, making it much smaller than n. For example, in the
case of a crew scheduling problem, the number of variables is typically in the order of tens
of thousands to hundreds of thousands, while the number of constraints is in the order
of hundreds to thousands. Also the number of nonzeros in a basic solution is typically
extremely smaller than the number of constraints.

Crossover procedure. In this paragraph, we explain how to do a simple crossover al-
gorithm from a non basic feasible solution to a better cost basic feasible solution. For
instance, let x be a non-basic feasible solution of the LP (6.1). Since x is not a basic
feasible solution, the matrix A:,P is not full column rank where P := {j : xj > 0}. We can
then find a vector an index i ∈ P such that A:,i can be expressed as a linear combination
of the columns of A:,P\{i}, i.e., A:,i =

∑
j∈P\{i} αjA:,j for some αj ∈ R. Consider the vector

d ∈ Rn such that di = 1, dj = −αj for j ∈ P\{i} and dj = 0 otherwise. It is obvious that
Ad = 0. Without loss of generality, we can assume that cᵀd ≤ 0 (otherwise we can consider
−d instead of d). Let xt := x + td for t > 0. Since Ad = 0, we have Axt = Ax; therefore,
xt is a feasible solution of the LP (6.1). Moreover, we have that cᵀxt = cᵀx + tcᵀd ≤ cᵀx.
Therefore, by choosing t such that at least one component of xt becomes zero, we have
a new feasible solution with a better cost and with fewer nonzeros variables than x. We
can then repeat this procedure until we obtain a basic feasible solution. This procedure is
summarized in the Algorithm 6.1.

As mentionned before, the crossover procedure has a polynomial complexity. Indeed, the
complexity of the procedure is dominated by the complexity of solving the linear system
A:,Pd = 0 which is O(m3). The number of iterations of the while loop is at most 2m

(Theorem 6.7) and so the complexity of the crossover procedure is O(m4).

The diagram in Figure 6.1 shows the flow of the new variant of the IPS algorithm. The
algorithm starts by solving the RP (6.3) and then computes the parameter δ and the weights
λ and µ in the normalization constraint using the procedure described in the proof of the
Theorem 6.5. The algorithm then solves the CP (6.13) and compares its optimal value to the
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Algorithm 6.1: Crossover procedure
Input: A non basic feasible solution x, the matrix A, the vector b, the vector c
Output: A basic feasible solution with a better cost

1 while x is not a basic feasible solution do
2 P ← {j : xj > 0};
3 Solve the linear system A:,Pd = 0 to find a nonzero vector d;
4 if cᵀPd > 0 then
5 d← −d;
6 end
7 t← min

{
xj

dj
: j ∈ P , dj < 0

}
;

8 xP ← xP + td;
9 end
10 return x;

threshold − ε
m
(
∆‖λ‖∞+δ

)cᵀx. If the optimal value is greater than the threshold, the algorithm
returns the current basic feasible solution and it is guaranteed by the Theorem 6.6 that
the current basic feasible solution is ε-optimal. Otherwise, using the result of Theorem 6.6
we can improve the cost of the current basic feasible. However, the new solution is not a
basic feasible solution. We then use the crossover procedure to construct a better cost basic
feasible solution as described in the Algorithm 6.1 and restart the algorithm by solving the
RP (6.3) with the new basic feasible solution. It would be interesting to see how many
times the algorithm needs to solve the CP to reach an ε-optimal solution.

Proposition 6.8. The number of times the algorithm needs to solve the CP (6.13) to reach
an ε-optimal solution is at most O

(
1
ε2

)
.

Proof. The proof is straightforward. The cost of the basic feasible solution is improved by
at least a factor 1− ε2 at every iteration of the algorithm (Theorem 6.6). Since we assume
that the problem is bounded, then the number of iterations is at most

∣∣∣ ln(K)
ln(1−ε2)

∣∣∣ = O
(

1
ε2

)
where K is the ratio of the cost of the initial basic feasible solution to the cost of the
optimal solution.

6.5 Conclusion

In summary, we have introduced a new variant of the IPS algorithm that guarantees a
significant decrease in the objective value at every iteration, even in highly degenerate
scenarios or when neighboring extreme points offer only minor improvements. This en-
hancement enables the algorithm to jump to a nonadjacent extreme point when beneficial,
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Figure 6.1 Flow of the new variant of the IPS algorithm

c, A, b, x0, ε

Solve RP (6.3)

Solve CP (6.13)

z ≥ − ε
m
(
∆‖λ‖∞+δ

)cᵀx?

Crossover

x := x0

Compute δ, λ, µ

z, d

Yes
x

No

x := x+ td

x

thus reaching an ε-optimal solution in a polynomial number of calls to the CP solver. The
proposed algorithm is a significant step towards finding a polynomial adaptation pivot rule
of the primal simplex method, which is classified as an important problem for the 21st

century [68]. The theoretical results presented in this paper provide a solid foundation
for future research on the development of efficient iterative algorithms for solving LPs,
while remaining extremal at each iteration. The numerical experiments conducted for IPS
need to be extended to the new variant to validate the theoretical results and assess the
performance of the algorithm on real-world problems. Future work will focus on the imple-
mentation of the new variant and its comparison with existing algorithms on a wide range
of LP instances.
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CHAPITRE 7 DISCUSSION GÉNÉRALE

Cette thèse a exploré en profondeur divers aspects de l’optimisation mathématique et ses
applications pour résoudre des problèmes complexes en recherche opérationnelle et en ap-
prentissage automatique. L’objectif principal a été de proposer de nouvelles méthodes,
d’analyser leurs performances théoriques et pratiques, et d’ouvrir des perspectives pour
des recherches futures dans ces domaines en pleine expansion.

Dans un premier temps, nous avons étudié l’impact du choix de la formulation polynomiale
dans la hiérarchie de Lasserre appliquée au problème du plus grand sous-ensemble indépen-
dant d’un graphe. Ce problème, reconnu comme NP-difficile en théorie des graphes, possède
de nombreuses applications, notamment en conception de réseaux, en ordonnancement, en
allocation de ressources et en bio-informatique. Nous avons démontré que certaines formu-
lations polynomiales permettent d’obtenir des bornes plus serrées et une convergence plus
rapide vers la solution optimale, ce qui se traduit par une réduction significative du temps
de calcul et une amélioration de la qualité des solutions approchées. Cette observation met
en lumière l’importance du choix de la formulation dans la performance des hiérarchies
de relaxation semi-définies. À l’avenir, il serait particulièrement intéressant d’examiner
l’influence de la formulation polynomiale sur la qualité des hiérarchies de Lasserre pour
d’autres problèmes combinatoires, tels que le problème de la coupe maximale, le coloriage
de graphes ou encore le problème du voyageur de commerce. De plus, une analyse fine de la
structure des polynômes utilisés pourrait permettre de concevoir des formulations encore
plus efficaces, adaptées à la nature spécifique de chaque problème.

Dans la deuxième contribution de cette thèse, nous avons proposé une technique innovante
de réduction fonctionnelle des ensembles d’arbres de décision, qui sont des modèles de
prédiction largement utilisés en apprentissage automatique pour leur capacité à modéliser
des relations complexes et non linéaires. Nous avons formulé cette réduction comme un
problème d’optimisation exacte et utilisé une stratégie itérative de type adversaire pour
simplifier ces modèles sans altérer leur fonction de prédiction. Cette approche permet de
réduire la taille et la complexité des modèles, facilitant ainsi leur interprétabilité, leur dé-
ploiement et leur utilisation dans des environnements contraints en ressources. Sur des jeux
de données réels, et pour divers types de modèles d’ensembles d’arbres de décision, notre
approche a permis de réduire significativement la taille des modèles sans perte de précision,
tout en maintenant, voire en améliorant, leur robustesse face au bruit et aux perturbations.
Cette contribution ouvre la voie à de nouvelles méthodes de compression et de simplifica-
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tion des modèles d’apprentissage automatique, avec des applications potentielles en edge
computing, en Internet des objets et dans des contextes où la transparence des modèles est
cruciale, comme la santé ou la finance.

Enfin, la dernière contribution a présenté une nouvelle formulation de la méthode du sim-
plexe amélioré, un outil fondamental en programmation linéaire. Le simplexe amélioré est
une méthode itérative visant à trouver une solution optimale à un programme linéaire
en contournant les limitations du simplexe classique face à la dégénérescence. Toutefois,
dans le pire des cas, cette méthode peut s’avérer lente, car elle ne garantit pas une amé-
lioration significative de la fonction objectif à chaque itération. Nous avons donc proposé
une nouvelle formulation garantissant des progrès notables de la fonction objectif à chaque
itération jusqu’à l’obtention d’une solution ε-approximative optimale. Néanmoins, cette
contribution demeure essentiellement théorique et nécessitera des expérimentations com-
plémentaires pour en confirmer l’efficacité en pratique, en particulier sur des problèmes
de grande dimension ou présentant une structure particulière. Une perspective future in-
téressante consisterait à explorer des variantes de notre méthode pour des problèmes de
programmation linéaire en nombres entiers, ainsi qu’à étudier son intégration avec d’autres
techniques d’accélération, telles que la méthode du multiphase ou les méthodes de points
intérieurs.
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CHAPITRE 8 CONCLUSION ET PERSPECTIVES

Dans cette thèse, nous avons étudié trois problèmes en optimisation mathématique et en ap-
prentissage automatique. Nous avons apporté trois contributions distinctes, chacune visant
à résoudre un problème spécifique de manière innovante et efficace.

Dans la première contribution, nous avons étudié l’impact du choix de la formulation poly-
nomiale dans la hiérarchie de Lasserre appliquée au problème du plus grand sous-ensemble
indépendant d’un graphe. L’étude a montré numériquement que le choix de la formula-
tion affecte la qualité des bornes. Nous avons appuyé l’étude numérique par des résultats
théoriques pour comparer les bornes des différentes formulations.

La deuxième contribution de cette thèse modélise la réduction fonctionnelle des ensembles
d’arbres de décision. Cette réduction permet de diminuer la taille des modèles sans perte
de précision. Nous avons présenté un algorithme de réduction et nous avons montré, sur un
ensemble de données, l’efficacité de cet algorithme pour réduire significativement la taille
de ces ensembles.

Dans la troisième contribution, notre objectif est d’améliorer la méthode du simplexe amé-
lioré. Cette méthode, connue pour son efficacité à résoudre la programmation linéaire dans
un contexte dégénéré, peut souffrir de la pseudo-dégénérescence et ainsi être amenée à faire
un nombre exponentiel d’appels au problème complémentaire. Nous avons donc proposé
une nouvelle méthode de décomposition similaire à celle du simplexe amélioré, qui garantit
un nombre d’appels polynomial au problème complémentaire avant d’arriver à une solution
presque optimale.

Bien que ces contributions soient diverses, elles partagent un point commun : l’utilisa-
tion d’outils d’optimisation avancés pour résoudre des problèmes complexes en recherche
opérationnelle et en apprentissage automatique. Cette approche transversale permet non
seulement de proposer des solutions innovantes à des problèmes spécifiques, mais aussi
de renforcer les liens entre différentes disciplines, favorisant ainsi l’émergence de nouvelles
idées et de collaborations interdisciplinaires.

Les perspectives ouvertes par cette thèse sont nombreuses et variées. Tout d’abord, appro-
fondir l’étude de l’effet des formulations polynomiales sur la hiérarchie de Lasserre pour
d’autres problèmes combinatoires, tels que le problème de la coupe maximale, constitue-
rait une suite naturelle à nos travaux. L’impact du choix de la formulation polynomiale
sur la qualité et la rapidité de convergence des hiérarchies de Lasserre reste en effet lar-
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gement inexploré pour de nombreux problèmes classiques. Par ailleurs, l’application de
ces hiérarchies à des problèmes variationnels ou à des modèles probabilistes complexes
représente également un axe de recherche prometteur, notamment dans le contexte de l’op-
timisation globale et de l’apprentissage automatique probabiliste. Concernant la réduction
fonctionnelle des ensembles d’arbres de décision, il serait pertinent d’étudier son influence
sur d’autres métriques de performance, telles que la robustesse, l’explicabilité ou l’équité
des modèles, afin d’en évaluer pleinement le potentiel en apprentissage automatique. L’in-
tégration de ces techniques dans des pipelines de machine learning automatisés, ou leur
adaptation à d’autres types de modèles, comme les réseaux de neurones ou les modèles
graphiques, constitue également une direction de recherche intéressante. Enfin, la nouvelle
formulation de la méthode du simplexe amélioré, principalement étudiée ici d’un point de
vue théorique, gagnerait à être implémentée et testée en pratique, notamment en combi-
naison avec des techniques d’accélération existantes comme la méthode du multiphase. Il
serait également intéressant d’analyser son impact sur la résolution de problèmes de pro-
grammation linéaire en nombres entiers, où le simplexe amélioré sert souvent de point de
départ aux algorithmes de résolution. L’ensemble de ces perspectives souligne la richesse
des interactions entre optimisation, recherche opérationnelle et apprentissage automatique,
et ouvre la voie à de nombreux développements futurs, tant sur le plan théorique que
pratique.

En conclusion, les travaux présentés dans cette thèse témoignent du potentiel considérable
des méthodes d’optimisation pour aborder des problématiques variées et complexes. Ils
invitent à poursuivre l’exploration de ces outils, à la fois pour approfondir la compréhension
des phénomènes sous-jacents et pour concevoir des solutions innovantes répondant aux défis
actuels et futurs de la recherche opérationnelle et de l’apprentissage automatique.
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Abstract Given a finite Borel measure µ on Rn and basic semi-algebraic sets Ωi ⊆ Rn,
i = 1, . . . , p, we provide a systematic numerical scheme to approximate as closely as desired

µ

(⋃
i

Ωi

)
, when all moments of µ are available (and finite). More precisely, we provide a

hierarchy of semidefinite programs whose associated sequence of optimal values is monotone
and converges to the desired value from above. The same methodology applied to the
complement Rn \ (

⋃
i Ωi) provides a monotone sequence that converges to the desired value

from below. When µ is the Lebesgue measure we assume that Ω :=
⋃

i Ωi is compact and
contained in a known box B := [−a, a]n and in this case the complement is taken to be
B \Ω. In fact, not only µ(Ω) but also every finite vector of moments of µΩ (the restriction
of µ on Ω) can be approximated as closely as desired, and so permits to approximate the
integral on Ω of any given polynomial.

Keywords: Lebesgue and Gaussian measure; semi-algebraic sets; moment problem and
sums of squares; semidefinite programming; convex optimization

MSC: 44A60 28A75 90C05 90C22

A.1 Introduction

Given a set Ω ⊂ Rn and a finite Borel measure µ on Rn, computing µ(Ω) is a very
challenging problem. In fact, even approximating the Lebesgue volume of a convex body
Ω ⊂ Rn (e.g., a polytope) is difficult; see, for example, Bollobás [93] and Dyer and Frieze [2].
However, in the latter case, some efficient (non-deterministic) algorithms with probabilistic
guarantees are available, and for more details, the interested reader is referred to, for
example, Dyer et al. [3], Cousins and Vempala [4, 94], and the references therein. In the
non-convex case, no such algorithm is available, and one is left with approximating µ(Ω)

using Monte Carlo (or Quasi-Monte-Carlo) type methods as described in, for example,
Niederreiter [5]. That is, one first generates a sample of N points in B following the
distribution µ on B, and then one counts the number NK of points that fall into Ω. This
realization of the random variable NK

N
provides an estimate of µ(Ω), but it is by no means
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an upper or lower bound on µ(Ω). Of course, this method is quite fast, especially in small
dimensions. Yet, as µ(Ω) is indeed very difficult to compute exactly, a less ambitious but
still useful goal would be to provide upper and/or lower bounds on µ(Ω). Even better,
a converging sequence of upper (or lower) bounds would be highly desirable. This is
the strategy proposed in Henrion et al. [6] when Ω is a compact basic semi-algebraic
set and µ is the Lebesgue measure. In [6], the authors have provided a (deterministic)
numerical scheme that yields a monotone sequence of upper bounds converging to µ(Ω). It
consists of solving a hierarchy of semidefinite programs of increasing size. By repeating the
procedure, but now with the complement B \Ω, one also obtains a monotone sequence of
lower bounds converging to µ(Ω). However, even on typical 2− or 3−dimensional examples,
the convergence was rather slow, and the authors proposed a slight modification which
turned out to be much more efficient; the convergence was much faster but, unfortunately,
no longer monotone.

A.1.1 Contribution

The purpose of this paper is to introduce a deterministic method to approximate (in prin-
ciple as closely as desired) the measure µ(Ω) of the union Ω =

⋃
iΩi of finitely many

basic semi-algebraic sets. The finite Borel measure µ is any measure whose moments
are all finite, e.g., the Lebesgue measure when Ω is compact, or the Gaussian measure
dµ = exp (−‖x‖2) dx for non-compact sets Ω.

The method is similar in spirit to the one in [6] for a compact basic semi-algebraic set and
the one in [95] for computing Gaussian measures of basic closed semi-algebraic sets (not
necessarily compact), but with two important novelties.

• In contrast to [6] and [95], we consider a finite union Ω of (non-disjoint) basic semi-
algebraic sets, which complicates matters significantly.
• We include a technique to accelerate the convergence, different from the one described

in [6]. Indeed, in contrast to [6], it has the highly desirable feature of maintaining
the monotone convergence to µ(Ω), which is essential if one wishes to obtain upper
and lower bounds. This technique consists of using moment constraints derived from
a particular application of Stokes’ theorem.

In fact, this numerical scheme allows the approximation of not only µ(Ω), but also any
fixed finite sequence of moments of the measure µΩ (where µΩ is the restriction of µ to Ω).
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Remark .1. One might invoke the inclusion-exclusion principle, which states that

µ

(
p⋃

i=1

Ωi

)
=

p∑
j=1

(−1)j+1
∑

1≤i1<···<ij≤p

µ
(
Ωi1 ∩ · · · ∩Ωij

)
, (A.1)

so that in principle it suffices to compute (or approximate) µ
(
Ωi1 ∩ · · · ∩Ωij

)
for all possible

intersections of the Ωj’s, e.g., by the approach of [6] or [95]. But this approach has two
major drawbacks. First, there are possibly 2p such sets, and secondly, to compute an upper
bound, one has to compute an upper bound for such intersections with an odd number
of elementary sets Ωij , and a lower bound for such intersections with an even number of
elementary sets. The latter lower bound, in turn, is obtained by computing an upper bound
for the complement. This makes the whole procedure tedious and complicated.

Finally, Bonferroni’s inequalities also provide a (finite) sequence of upper and lower bounds
on µ(Ω), but computing those bounds involves sums similar to the right-hand side of (A.1),
hence with the same drawbacks just mentioned. Our proposed technique is direct, with no
partial computation on intersections of elementary sets Ωij .

Of course, the technique described in this paper is computationally expensive. In particular,
its applicability is limited by the performance of state-of-the-art semidefinite solvers because
the size of the semidefinite programs increases quickly with the rank in the hierarchy.
Therefore, it is limited to small-dimensional problems (n ≤ 3, 4). For higher dimensions,
only a few steps in the hierarchy can be implemented, and therefore only upper and lower
bounds (possibly crude) are expected. But the reader should keep in mind that the problem
is very difficult, and to the best of our knowledge, we are not aware of an algorithm (at
least at this level of generality) that provides certified upper and lower bounds with such
convergence properties (even for convex sets, and in particular for non-compact sets Ω).
In our opinion, this methodology should be viewed as complementary to (rather than
competing with) probabilistic methods.

A.2 Notations, definitions and preliminary results

A.2.1 Notations and definitions

Let R[x] be the ring of polynomials in the variables x = (x1, . . . , xn). Denote by R[x]d ⊂
R[x] the vector space of polynomials of degree at most d, which has dimension s(d) :=

(
n+d
d

)
,

with the usual canonical basis (xγ)γ∈Nn
d
of monomials, where Nn

d := {γ ∈ Nn | |γ| ≤ d}, N is
the set of natural numbers including 0, and |γ| :=

∑n
i=1 γi.
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Also, denote by Σ[x] ⊂ R[x] (resp. Σ[x]d ⊂ R[x]2d) the cone of sums of squares (s.o.s.)
polynomials (resp. s.o.s. polynomials of degree at most 2d). If f ∈ R[x]d, we write
f(x) =

∑
γ∈Nn

d
fγxγ in the canonical basis and denote by f = (fγ)γ ∈ Rs(d) its vector of

coefficients.

Finally, let Sn denote the space of n × n real symmetric matrices, with inner product
〈A,B〉 = trace (AB). We use the notation A � 0 (resp. A � 0) to denote that A is
positive semidefinite (definite). With g0 := 1, the quadratic module Q(g1, . . . , gm) ⊂ R[x]
generated by polynomials g1, . . . , gm is defined by:

Q(g1, . . . , gm) :=

{
m∑
j=0

σjgj : σj ∈ Σ[x]
}
.

Definition .2 (Archimedean Assumption). The quadratic module Q (g1, . . . , gm) is said to
be Archimedean if there exists M > 0 such that the quadratic polynomial

x 7→ gm+1 (x) := M − ‖x‖2

belongs to Q(g1, . . . , gm). Notice that gm+1 ∈ Q(g1, . . . , gm) is an algebraic certificate that
the set K := {x : gj(x) ≥ 0, j = 1, . . . ,m} is compact.

If the set K := {x : gj(x) ≥ 0, j = 1, . . . ,m} is compact, then ‖x‖2 ≤ M for some M > 0,
and one may always include the redundant quadratic constraint θ(x) := M − ‖x‖2 ≥ 0

in the definition of K without changing K. Then the quadratic module Q(g1, . . . , gm+1) is
Archimedean.

Moment and localizing matrices With a real sequence y = (yγ)γ∈Nn
d
, one may asso-

ciate the (Riesz) linear functional Ly : R[x]d → R defined by

f

(
=
∑
γ

fγxγ
)
7→ Ly(f) :=

∑
γ

fγyγ,

Denote by Md(y) the moment matrix associated with y, the real symmetric matrix with
rows and columns indexed in the basis of monomials (xγ)γ∈Nn

d
, and with entries:

Md(y)(α, β) := Ly
(
xα+β

)
= yα+β, ∀α, β ∈ Nn

d .

Next, given g ∈ R[x], denote by Md(gy) the localizing moment matrix associated with y
and g, the real symmetric matrix with rows and columns indexed in the basis of monomials
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(xγ)γ∈Nn
d
, and with entries:

Md(gy)(α, β) := Ly
(
g(x)xα+β

)
=
∑
γ

gγyα+β+γ, ∀α, β ∈ Nn
d .

If y = (yγ)γ∈Nn is the sequence of moments of some Borel measure µ on Rn, thenMd(y) � 0

for all d ∈ N. However, the converse is not true in general and is related to the well-known
fact that there are positive polynomials that are not sums of squares. Similarly, if the
support of µ is contained in {x : g(x) ≥ 0}, then Md(gy) � 0 for all d ∈ N.

For more details, the interested reader is referred to e.g. [27, Chapter 3].

Given a Borel set Ω ⊂ Rn, let M(Ω) be the space of finite signed Borel measures on Ω,
and letM(Ω)+ ⊂M(Ω) be the convex cone of finite Borel measures on Ω.

A.2.2 The measure of a basic semi-algebraic set

Let B,K ⊂ Rn with B ⊃ K and let µ be a finite Borel measure whose support is B.
(Typically, µ is the Lebesgue measure on a box B, and one wishes to compute the Lebesgue
volume vol(K); alternatively, B = Rn, µ is the Gaussian measure dµ = exp (−‖x‖2) dx, and
one wishes to compute µ(K).)

A.2.3 An infinite-dimensional linear program P

Let f ∈ R[x] be positive almost everywhere on K, and consider the following infinite-
dimensional LP problem:

P : f ∗ = sup
φ

{∫
K
f dφ : λ ≤ µ, φ ∈M(K)+

}
Theorem .1 ( [6]). The measure φ∗ = µK (the restriction of µ to K) is the unique optimal
solution of P. In particular, if f(x) = 1 for all x, then f ∗ = µ(K).

A.2.4 Semidefinite relaxations

Of course, problem P in Theorem .1 is infinite-dimensional and cannot be solved directly.
However, when K is a basic semi-algebraic set, Theorem .1 can be further exploited. So,
given (gj)

m
j=1 ⊂ R[x], let K ⊂ Rn be the basic semi-algebraic set:

K := {x ∈ Rn : gj(x) ≥ 0, j = 1, . . . ,m} , (A.2)
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assumed to be nonempty and compact. Let B ⊃ K, and let µ be a finite Borel measure
whose all moments z = (zα) with

zα :=

∫
B
xα dµ(x), α ∈ Nn,

are available in closed form or can be computed. To approximate f ∗ as closely as desired,
the authors in [6] propose solving the following hierarchy (Qd)d∈N of semidefinite programs 1

indexed by d ∈ N:

Qd : sup
y

{
Ly(f) : Md(y) � 0, Md(z− y) � 0, Md−rj(gjy) � 0, j = 1, . . . ,m

}
. (A.3)

Observe that Qd is a relaxation of P, and so ρd ≥ µ(K) for all d. In addition, the sequence
(ρd)d∈N is monotone non-increasing. The dual of (A.3) is the semidefinite program:

Q∗
d : ρ

∗
d = inf

p∈R[x]2d

{∫
B
p dµ : p− f ≥ 0 on K, p ∈ Σ[x]d

}
, (A.4)

and by weak duality, ρd ≤ ρ∗d ≤ f ∗ for all d.

Theorem .2 ( [6]). Assume that Q(g1, . . . , gm) is Archimedean. Then ρd → f ∗ as d→∞.
If K has nonempty interior, then ρ∗d = ρd, and (A.4) has an optimal solution p∗ ∈ R[x]2d.

So when f = 1, (ρd)d∈N provides us with a monotone sequence of upper bounds on f ∗ =

µ(K). Unfortunately, the convergence is rather slow, as observed in several numerical
examples. This is because, in the dual (A.4), the optimal solution p∗ ∈ R[x]2d tries to
approximate from above (in L1(B, µ)) the discontinuous function 1K, which implies an
annoying Gibbs’ phenomenon 2. To remedy this problem, the authors in [6] propose using
a polynomial f , nonnegative on K, that vanishes on ∂K. In this case, the convergence
ρd →

∫
K f dµ as d→∞ is still monotone, and if yd = (ydα)α∈Nn

2d
denotes an optimal solution

of (A.3), then yd0 → µ(K) as d → ∞. However, while faster than with f = 1, the latter
convergence of yd0 to µ(K) is not monotone anymore, a rather annoying feature that prevents
obtaining a non-increasing sequence of upper bounds.

1. A semidefinite program (SDP) is a conic convex optimization problem with a remarkable modeling
power. It can be solved efficiently (in time polynomial in its input size) up to arbitrary precision fixed in
advance; see e.g. Anjos and Lasserre [8]

2. The Gibbs’ phenomenon appears at a jump discontinuity when one approximates a piecewise C1 func-
tion with a continuous function, e.g. by its Fourier series.
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A.3 Main results

The context. Let B ⊂ Rn be a box, and for every i = 1, . . . , p, let

Ωi := {x ∈ Rn : gij(x) ≥ 0, j = 1, . . . ,mi} ,

for some polynomials (gij) ⊂ R[x]. Assume that B has been chosen so as to satisfy:

Ω :=

p⋃
i=1

Ωi ⊂ B. (A.5)

The goal is to provide a numerical scheme to approximate as closely as desired the Lebesgue
volume µ(K). (We will see how to adapt the methodology to also approximate as closely
as desired µ(K) when K is not necessarily compact and µ is a Gaussian measure.)

One possible approach described below is to use the powerful inclusion-exclusion principle
and/or the associated Bonferroni inequalities.

The inclusion-exclusion principle and Bonferroni inequalities. Let:

Sk :=
∑

1≤i1<···<ik≤p

µ (Ωi1 ∩ · · · ∩Ωik) , k = 1, . . . , p.

By the inclusion-exclusion principle,

µ

(
p⋃

k=1

Ωk

)
=

p∑
k=1

(−1)k+1Sk,

which allows us to work with intersections of the Ωk’s only. In addition, the Bonferroni
inequalities state that

µ

(
p⋃

i=1

Ωi

)
≤

2k+1∑
j=1

(−1)j+1Sj ∀ 2k + 1 ≤ p

and

µ

(
p⋃

i=1

Ωi

)
≥

2k∑
j=1

(−1)j+1Sj ∀ 2k ≤ p,

which provides sequences of (increasingly tighter) upper and lower bounds.
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Therefore, to compute µ(Ω), we only have to compute the measure of the intersection

Θi1,...,ik :=
k⋂

j=1

Ωij , for all 1 ≤ i1 < · · · < ik ≤ p.

Notice that there are 2p such sets. As each Θi1,...,ik ⊂ B is a compact basic semi-algebraic
set, one may apply the methodology described in [6], to obtain a sequence

(
ρ
(i1,...,ik)
d

)
d∈N

which converges to µ(Θi1,...,ik) as d→∞, and therefore:

lim
d→∞

(
p∑

i=1

(−1)k+1
∑

1≤i1<···<ik≤p

ρi1,...,ikd

)
= µ(Ω).

Notice that the convergence is not monotone non-increasing even if one solves (A.3) with
f = 1 because we sum up negative and positive terms. To maintain monotone convergence
(when f = 1), it suffices to compute a lower bound on the complement B \Θi1,...,ik when k

is even. However, as already mentioned, the convergence is expected to be rather slow.

To accelerate the convergence, one may use f =
∏k

j=1

∏mij

`=1 gij` when solving (A.3) with
Ω = Θi1,...,ik , as f ≥ 0 on Θi1,...,ik and f = 0 on ∂Θi1,...,ik .

But then the convergence

lim
d→∞

p∑
i=1

(−1)k+1
∑

1≤i1<···<ik≤p

yi1,...,ikd,0 = µ(Ω), (A.6)

(where yi1,...,ikd = yi1,...,ikd,α is an optimal solution of (A.3) with Ω = Θi1,...,ik) is not monotone
anymore.

A.3.1 A direct approach

In this section, we describe a direct approach with two distinguishing features:

• It does not use the inclusion-exclusion principle and the need to approximate

µ

(
k⋂

j=1

Ωij

)

for all 2p such sets.
• The convergence to µ(Ω) (and also to µ(B \Ω)) is monotone non-increasing, that is,



95

we can compute two sequences (ωd)d∈N and (ωd)d∈N such that:

ωd ≤ µ(Ω) ≤ ωd, d ∈ N, µ(Ω) = lim
d→∞

ωd = lim
d→∞

ωd.

Recall that any finite number of moments

µα =

∫
B
xαdµ(x), α ∈ Nn,

are either available in closed form or can be obtained numerically.

A multi infinite-dimensional linear program Q

As in [6], we first introduce an infinite-dimensional LP problem Q, whose unique optimal
solution is the restriction of µ on Ω (and whose dual has a clear interpretation).

Let f ∈ R[x] be positive almost everywhere on Ω and consider the following infinite-
dimensional LP problem:

Q : f ∗ = sup
φ1,...,φp

{
p∑

i=1

∫
Ωi

fdφi :

p∑
i=1

φi ≤ µ, φi ∈M(Ωi)+, i = 1, . . . , p

}
. (A.7)

Theorem .3. Problem Q has an optimal solution (φ∗
1, . . . , φ

∗
p), and every optimal solution

satisfies
∑p

i=1 φ
∗
i = µΩ, where µΩ is the restriction of µ to Ω.

Proof. We first prove thatQ has an optimal solution. The set ∆µ := {φ ∈M(Rn)+ : φ ≤ µ}
is weakly sequentially compact; see e.g. Dunford & Schwartz [96, Theorem 1, p. 305].
Therefore, let (φk

1, . . . , φ
k
p)k∈N be a maximizing sequence of feasible solutions of Q. There

exists a subsequence (k`)`∈N such that for every i = 1, . . . , p, φk`
i

w−→ φ∗
i for some φ∗

i ∈
M(Rn)+. The above weak convergence and

∫
Ωc

i
dφk`

i = 0 imply
∫
Ωc

i
dφ∗

i = 0, that is,
φ∗
i ∈ M(Ωi)+ for all i = 1, . . . , p. Weak convergence again implies

∑p
i=1 φ

∗
i ≤ µ, and so

(φ∗
1, . . . , φ

∗
p) is a feasible solution of Q. Finally, weak convergence also implies:

f ∗ = lim
`→∞

p∑
i=1

∫
f dφk`

i =

p∑
i=1

lim
`→∞

∫
f dφk`

i =

p∑
i=1

∫
f dφ∗

i ,

which proves that (φ∗
1, . . . , φ

∗
p) is an optimal solution of Q.

We next prove that f ∗ =
∫
fdµΩ. Indeed, first observe that for every feasible solution
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(φ1, . . . , φp) of Q,
p∑

i=1

∫
fdφi ≤

∫
Ω

fdµ =

∫
fdµΩ.

On the other hand, for every i = 1, . . . , p, denote by θi the measurable function defined on
Ω by:

x 7→ θi(x) =
1

|{j ∈ {1, . . . , p} : x ∈ Ωj}|
1Ωi

(x), x ∈ Ω.

The (discontinuous) functions (θi)
p
i=1 form a partition of unity subordinate to the open

cover
⋃

i int(Ωi). For every i = 1, . . . , p, let φ∗
i ∈ M(Ωi)+ be the finite Borel measure

defined by:
φ∗
i (C) :=

∫
C

θi(x)dµ(x), ∀C ∈ B(Rn). (A.8)

Hence,
p∑

i=1

φ∗
i (C) =

∫
C

p∑
i=1

θi(x)dµ(x) =
∫
C

1Ω(x)dµ(x) = µΩ(C) ≤ µ(C).

Therefore, (φ∗
1, . . . , φ

∗
p) is a feasible solution of Q such that

p∑
i=1

φ∗
i = µΩ, and so

p∑
i=1

∫
fdφ∗

i = f ∗,

i.e., (φ∗
1, . . . , φ

∗
p) is an optimal solution of Q. In fact, every optimal solution (φ∗

1, . . . , φ
∗
p) of

Q satisfies
p∑

i=1

∫
fdφ∗

i = f ∗,

and therefore φ∗ :=
∑p

i=1 φ
∗
i ∈M(Ω)+ is an optimal solution of

sup
φ

{∫
fdφ : φ ≤ µ, φ ∈M(Ω)+

}
.

By Theorem .1, this solution φ∗ is unique, which yields the desired result.

A.3.2 A hierarchy of semidefinite programs

Let z = (zα)α∈Nn be the sequence of all moments of µ, that is,

zα :=

∫
xα dµ(x), α ∈ Nn. (A.9)
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Let B ⊂ Rn be a box, and Ω ⊂ B be a compact semi-algebraic set as in (A.5). With no
loss of generality and possibly after scaling, we may and will assume that B ⊂ [−1, 1]n, and
µ is a probability measure. Therefore, |zα| ≤ 1 for all α ∈ Nn.

Let rij = ddeg(gij)/2e, and let f ∈ R[x] be a given polynomial positive almost everywhere
on Ω (and define r00 := ddeg(f)/2e). For d ≥ d0 := maxi,j rij, consider the following
hierarchy of semidefinite programs (Qd) indexed by d ∈ N:

Qd : ρ
f
d = sup

y1,...,yp


p∑

i=1

Lyi(f) :
Md

(
z−

p∑
i=1

yi
)
� 0; Md(yi) � 0, i = 1, . . . , p

Md−rij

(
gijyi

)
� 0, j = 1, . . . ,mi; i = 1, . . . , p

 , (A.10)

Observe that ρfd ≥ f ∗ for all d ∈ N. Indeed, if (z1, . . . , zp) is the sequence of moments of
an optimal solution (φ∗

1, . . . , φ
∗
p) of Q in (A.7), then (z1, . . . , zp) is also a feasible solution of

Qd.

Theorem .4. Consider the semidefinite programs (Qd), d ≥ d0. Then:
(i) Qd has an optimal solution, and the associated sequence of optimal values (ρfd)d∈N is

monotone non-increasing and converges to f ∗, that is:

ρfd ↓ f
∗ =

∫
Ω

f dµ, as d→∞.

(ii) Let (y1,d, . . . ,yp,d) be an optimal solution of Qd. Then for each α ∈ Nn:

lim
d→∞

p∑
i=1

yi,dα = z∗α =

∫
Ω

xα dµ, (A.11)

and in particular,

lim
d→∞

p∑
i=1

yi,d0 = µ(Ω).

Proof. For a sequence y = (yα), let τd(y) = maxi=1,...,n Ly(x
2d
i ), and recall that ifMd(y) � 0,

then |yα| ≤ max
[
y0,maxi Ly(x2d

i )
]
for every α ∈ Nn

2d; see [27, Proposition 3.6].

Next, observe that from Md

(
z−

∑p
i=1 yi,d

)
� 0 and Md(yi) � 0,

Md

(
z− yi,d

)
�Md

(∑
j 6=i

yj
)
� 0, i = 1, . . . , n.

Hence, the diagonal elements z2α−yi,d2α are all non-negative, which in turn implies τd(yi,d) ≤
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τd(z) ≤ 1 for all i = 1, . . . , n. As z0 = 1, then by [27, Proposition 3.6],
∣∣yi,dα ∣∣ ≤ 1 for every

α ∈ Nn
2d, and so the feasible set of the semidefinite program Qd is closed, bounded, and

hence compact. Therefore, Qd has an optimal solution.

Next, let (y1,d, . . . ,yp,d) be an optimal solution of Qd, and by completing with zeros, make
(y1,d, . . . ,yp,d) an element of the unit ball of (`∞)p (where `∞ is the Banach space of bounded
sequences, equipped with the sup-norm). As (`∞)p is the topological dual of (`1)p, by the
Banach-Alaoglu Theorem, there exists (y1,∗, . . . ,yp,∗) ∈ (`∞)p and a subsequence {dk} such
that (y1,dk , . . . ,yp,dk) → (y1,∗, . . . ,yp,∗) as k → ∞, for the weak ? topology σ((`∞)p, (`1)

p).
In particular,

lim
k→∞

yi,dkα = yi,∗α , ∀α ∈ Nn, ∀i ∈ {1, . . . , p}.

Next, let d ∈ N be fixed arbitrarily. From the pointwise convergence above, we also obtain
Md(yi,∗) � 0 andMd (z−

∑p
i=1 yi,∗) � 0 for every i = 1, . . . , p. Similarly,Md−rij (gijyi,∗) �

0 for every i and j.

As d was arbitrary, by Putinar’s Positivstellensatz [28], yi,∗ has a representing measure φi

supported on Ωi for all i = 1, . . . , p, and
∑p

i=1 φi ≤ µ. In particular, as k →∞,

f ∗ ≤ ρfdk =

p∑
i=1

Lyi,dk (f) ↓
p∑

i=1

Lyi,∗(f) =

p∑
i=1

∫
f dφi.

Therefore, (φ1, . . . , φp) is admissible for problem Q with value
∑p

i=1

∫
f dφi ≥ f ∗, and so

(φ1, . . . , φp) is an optimal solution of Q. Finally, by Theorem .3,
∑p

i=1 φi = µΩ. And so,
for each α ∈ Nn:

lim
k→∞

p∑
i=1

yi,dkα =

p∑
i=1

yi,∗α = z∗α =

∫
Ω

xα dµ(x).

As the converging subsequence (dk)k∈N was arbitrary, it follows that in fact the whole
sequence

(∑p
i=1 y

i,d
α

)
d
converges to zα for all α ∈ Nn, that is, (A.11) holds.

A.3.3 The dual of Qd

Let gi0(x) = 1 for all x ∈ Rn, i = 1, . . . , p. The dual of the semidefinite program Qd is the
semidefinite program:

Q∗
d : (ρ

f
d)

∗ = inf
q,σij


∫
B
q dµ :

q ∈ Σ[x]d, q − f =

mi∑
j=0

σijgij, i = 1, . . . , p

σij ∈ Σ[x]d−rij , j = 0, . . . ,mi; i = 1, . . . , p

 . (A.12)
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Proposition .5. Assume that for every i = 1, . . . , p, both Ωi and B \ Ωi have nonempty
interior. Then there is no duality gap between (A.10) and its dual (A.12), that is, ρfd = (ρfd)

∗

for all d ≥ d0. Moreover, (A.12) has an optimal solution (q∗, (σ∗
ij)).

Proof. Let (φ∗
1, . . . , φ

∗
p) be the measures defined in (A.8) from the proof of Theorem .3, and

let yid be the sequence of moments up to degree d of φ∗
i , i = 1, . . . , p.

As every Ωi has nonempty interior, then clearly Md(yi) � 0 and Md−rij(gijyi) � 0

for every j = 1, . . . ,mi and i = 1, . . . , p. As B \ Ω also has nonempty interior, then
Md (z−

∑p
i=1 yi) � 0. Therefore, Slater’s condition holds for Qd. In addition, the set of

admissible solutions of Q∗
d is nonempty (set q = f and σij = 0 for all i, j), and therefore a

standard result in conic convex optimization yields the desired result 3.

As in the case of a basic closed semi-algebraic set, when f is the constant function 1,
the convergence ρfd → f ∗ = µ(Ω) is monotone non-increasing, a highly desirable feature.
However, in typical examples, this convergence is rather slow. Again, one may take for
f a function that is nonnegative on Ω and which vanishes on ∂Ω. This accelerates the
convergence both ρfd → f ∗ and

∑
i y

i,d
0 → µ(Ω) as d → ∞, but if by construction the

former is monotone non-increasing, the latter is not monotone anymore, which is a rather
annoying feature if the goal is to obtain a converging sequence of upper bounds. In the next
section, we describe a technique that allows for significant acceleration of the convergence∑

i y
i,d
0 → µ(Ω) as d→∞, while maintaining its monotone non-increasing character.

A.3.4 Convergence improvement using Stokes’ formula

In this section, we show how to improve significantly the monotone non-increasing con-
vergence of ρ1d (i.e. ρfd with f = 1) to µ(Ω). To do this, we will use Stokes’ theorem for
integration and, to avoid technicalities, we assume that Ω ⊂ Rn is the closure of its interior,
i.e., Ω = int(Ω). The basic idea is simple to express in informal terms.

Since we know in advance that (φ∗
1, . . . , φ

∗
p) in (A.8) is an optimal solution of problem Q,

every additional information in terms of linear constraints on the moments of φ∗
i can be

included in Q without changing its optimal value. BUT when included in the relaxation
Qd, it will provide useful additional constraints that restrict the feasible set of Qd and so
make its optimal value necessarily smaller.

Suppose for the moment that the set Ω is compact with smooth boundary, and assume

3. In fact, as the set of optimal solutions of (A.10) is compact, the absence of a duality gap between (A.10)
and (A.12) also follows from [97] without the conditions int(Ωi) 6= ∅ and int(B \Ωi) 6= ∅.
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that the measure µ has a density h with respect to Lebesgue measure dx of the form
q (x) exp (r(x))1B (x) for some polynomials r, q ∈ R[x]. Let X be a given vector field and
f ∈ R[x]. Then Stokes’ theorem states:∫

Ω

Div(X) f(x)h(x)dx+

∫
Ω

〈X,∇(f(x)h(x))〉dx =

∫
∂Ω

〈X,~nx〉f(x)h(x)dσ(x),

where ~nx is the outward-pointing normal at x ∈ ∂Ω, and σ is the (n − 1)-dimensional
Hausdorff measure on ∂Ω. In particular, if f vanishes on ∂Ω and X = ek ∈ Rn (where
ek(j) = δk=j), Stokes’ formula becomes:∫

Ω

∂

∂xk

(f(x)h(x)) dx = 0.

To exploit this in our particular context where Ω is defined in (A.2), let g =
∏p

i=1

∏mi

j=1 gij

and let x 7→ f(x) = xα g(x)q(x) with α ∈ Nn arbitrary. Then f vanishes on ∂Ω and on
∂Ωi1,...,is := Ωi1 ∩ · · · ∩ Ωis for all 1 ≤ i1 < · · · < is ≤ p, s = 1, . . . , p. Hence, by Stokes’
theorem: ∫

Ω

pα,k(x) q(x) exp(r(x)) dx︸ ︷︷ ︸
dµ(x)

= 0 (A.13a)

∫
Ωi1,...,is

pα,k(x) q(x) exp(r(x)) dx︸ ︷︷ ︸
dµ(x)

= 0, (A.13b)

for all 1 ≤ i1 < · · · < is ≤ p, s = 1, . . . , p, where

pα,k(x) = q(x) ∂

∂xk

(xαg(x)) + 2xαg(x) ∂

∂xk

q(x) + xαg(x)q(x) ∂

∂xk

r(x).

Recalling how φ∗
i is defined in (A.8), it can be written as

φ∗
i =

p∑
s=1

∑
1≤i1<···<is≤p

φ∗
i,i1,...,is

,

where each φ∗
i,i1,...,is

is supported on Ωi ∩ Ωi1,...,is and has a constant density with respect
to µ. Therefore, for every i = 1, . . . , p:∫

Ωi

pα,k(x) dφ∗
i = 0, ∀α ∈ Nn, k = 1, . . . , n.

Hence, this provides additional useful information on the optimal solution (φ∗
1, . . . , φ

∗
p) of
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Q defined in (A.8). Namely, it translates into:

Lyi(pα,k) = 0, ∀α ∈ Nn, k = 1, . . . , n, i = 1, . . . , p,

i.e., linear constraints on the moments of φ∗
i , for every i = 1, . . . , p.

Plugging these additional linear constraints on the moments of φ∗
i into the relaxation Qd

yields the following new hierarchy of SDP-relaxation (QStokes
d )d≥d0 :

ρStokesd = sup
y1,...,yp


p∑

i=1

Lyi(1) :

Md

(
z−

p∑
i=1

yi
)
� 0; Md(yi) � 0,Md−rij

(
gijyi

)
� 0,

Lyi(pα,k) = 0, k = 1, . . . , n, |α| ≤ 2d− deg(pα,k),

j = 1, . . . ,mi, i = 1, . . . , p


.

(A.14)

By construction, ρ1d ≥ ρStokesd ≥ µ(Ω) holds for every d ≥ d0, and the analogue of Theorem .4
(with f = 1) reads:

Theorem .6. Consider the semidefinite programs (QStokes
d ), d ≥ d0, defined in (A.14).

Then:

1.
(
QStokes

d

)
d∈N has an optimal solution, and the associated sequence of optimal values

(ρStokesd )d∈N is monotone non-increasing and converges to µ(Ω), that is:

ρStokesd ↓ µ(Ω), as d→∞.

2. Let (y1,d, . . . ,yp,d) be an optimal solution of QStokes
d . Then for each α ∈ Nn:

The important feature of Theorem .6 is that we now have the monotone non-increasing
convergence ρStokesd ↓ µ(Ω), which improves upon the slower convergence seen in Theorem .4.

A.3.5 Gaussian measure of non compact sets Ω

So far Theorem .4 and Theorem .6 have been given for µ supported on a box B, and so
only for sets Ω in (A.5) that are compact.

It turns out that for a Gaussian measure µ of (possibly non-compact) sets Ω =
⋃

i Ωi,
Theorem .4 (resp. Theorem .6) can be extended to the non-compact case with exactly
the same statement and exactly the same semidefinite relaxations (A.10) and (A.14) as
before. The only difference is that now z = (zα) is the vector of moments of the Gaussian
measure µ (instead of the moments of the Lebesgue measure on B previously). However, in
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the Gaussian case the proof of Theorem .4 and Theorem .6 uses quite different arguments
(some already used in [95] for a basic semi-algebraic set). Indeed, as Ω is not necessarily
compact:

• The uniform bound supα |zα| ≤ 1 is not valid anymore for the relaxations Qd and
QStokes

d .
• One cannot invoke Putinar’s Positivstellensatz [28] anymore.
• The standard version of Stokes’ theorem, where Ω is compact, cannot be invoked

anymore either.

The new arguments that we need are the following:

• A crucial fact is that the Gaussian measure µ satisfies Carleman’s condition:

∞∑
k=1

(∫
Rn

x2k
i dµ(x)

)−1/2k

= +∞, i = 1, . . . , n. (A.15)

Then a sequence y = (yα)α∈Nn such that Md(y) � 0 for all d ∈ N, and

∞∑
k=1

Ly(x
2k
i )−1/2k = +∞, i = 1, . . . , n,

has a unique representing measure φ on Rn, which is moment determinate; see, for
instance, [27, Proposition 3.5, p. 60].
• If in addition Md(hy) � 0 for all d ∈ N (where h ∈ R[x]), and as φ satisfies (A.15),

then h(x) ≥ 0 for all x in the support of φ; see Lasserre [98]. This argument is used
to show that φ is supported on Ω.
• To obtain a version of Stokes for a non-compact set Ω with boundary ∂Ω, we in-

voke a limiting argument that uses (the standard) Stokes’ theorem on the compact
Ω ∩ B(0,M) (where B(0,M) = {x : ‖x‖ ≤M}). Letting M → ∞ and using the
Monotone and Bounded Convergence theorems yields the desired result.

For more details, the reader is referred to [95], where such arguments have been used in
the case of a basic semi-algebraic set.

Finally, it is worth emphasizing that this methodology also works for any measure µ that
satisfies (A.15) (and whose moments are known or can be computed); an important special
case is the exponential measure on the positive orthant Rn

+.

Remark .3. As mentioned above, in [95] the first author has already used Stokes’ formula
to accelerate the convergence of a hierarchy of semidefinite relaxations to approximate the
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Gaussian measure µ(Ω) of a basic semi-algebraic set Ω, not necessarily compact. The
important and non-trivial novelty here is that

(i) Ω =
⋃p

i=1Ωi is now a union of basic semi-algebraic sets, and
(ii) even if this complicates matters significantly, we are still able to work with measures

φi, each supported on Ωi (a basic semi-algebraic set). It turns out that µ(Ω) =∑p
i=1 φ

∗
i , where each φ∗

i has a piecewise constant density with respect to µ (constant
on each of the possible intersections Ωi ∩Ωi1,...,ip). By using a family of polynomials
that all vanish on the boundary of each Ωi ∩Ωi1,...,ip , we can exploit Stokes’ theorem
on each piece and sum up to obtain a family of linear constraints on the moments of
φ∗
i .

A.4 Numerical Experiments

For illustration purposes, we have applied the methodology to a few (simple) examples.
We report some numerical experiments carried out in MATLAB and GloptiPoly3 [1], a
software package for manipulating and solving generalized problems of moments. The SDP
problems were solved with SeDuMi 1.1R3.

A.4.1 Lebesgue volume of a union of two ellipsoids

We first consider a simple example of two ellipsoids in R2 where the exact value µ(Ω) can
be computed exactly so that we can compare it with our upper bounds. So we want to
compute the Lebesgue measure of Ω = Ω1 ∪ Ω2 with Ω1 = {(x1, x2) ∈ R2 :

x2
1

4
+ x2

2 ≤ 1}
and Ω2 = {(x1, x2) ∈ R2 :

x2
2

4
+ x2

1 ≤ 1}. In this example, we take B := [−2, 2]2.

The results are displayed in Figure A.1 with: in orange the approximation of the Lebesgue
volume µ(Ω) without using Stokes’ formulas, in red the approximation when using Stokes’
formulas, and in blue the exact value of µ(Ω). We next consider a union of two ellipsoids
in dimension n = 3. Let

Ω1 =
{
x ∈ R3 : x2

1 + 4x2
2 + 4x2

3 ≤ 1
}
, Ω2 =

{
x ∈ R3 : x2

2 + 4x2
1 + 4x2

3 ≤ 1
}
,

Ω = Ω1 ∪ Ω2, and B = [−1, 1]3. Results are displayed in Figure A.2. In both examples,
one can check that the convergence is much faster when using Stokes’ formula.
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Figure A.1 n = 2: Lebesgue measure of a union of 2 ellipsoids
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Figure A.2 n = 3: Lebesgue measure of a union of 2 ellipsoids

A.4.2 Lebesgue measure of a union of three ellipsoids

We next consider a union of three ellipsoids in dimension n = 2, with:

Ω1 =

{
x ∈ R2 :

[
x1 x2

] [16
9

0

0 4

][
x1

x2

]
≤ 1

}
,

Ω2 =

{
x ∈ R2 :

1

9

[
x1 − 1

10
x2 − 1

10

] [ 31 5
√
3

5
√
3 21

][
x1 − 1

10

x2 − 1
10

]
≤ 1

}
,

Ω3 =

{
x ∈ R2 :

1

9

[
x1 +

1
10

x2 − 1
10

] [ 31 −5
√
3

−5
√
3 21

][
x1 +

1
10

x2 − 1
10

]
≤ 1

}
,
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and B = [−1, 1]2. In Figure A.3, we also compare our results with those obtained using
Bonferroni inequalities. In red, the upper bounds obtained by solving QStokes, in orange,
the lower bounds obtained by solving QStokes for the complement, and in blue, the up-
per bounds obtained by using Bonferroni inequalities. (For a fair comparison, for each
relaxation in the Bonferroni case, we also use appropriate Stokes’ constraints.)

1 2 3 4 5 6 7
0

5

10

15

20

d

ρStokes
d

ρStokesd

ρBonf
d

Figure A.3 n = 2: Lebesgue measure of a union of 3 ellipsoids

A.4.3 Examples for the Gaussian measure

In this section, we consider the Gaussian measure

dµ = exp

(
−‖x‖

2

σ2

)
dx

with variance σ2 = 0.8. For each example, we have computed two upper bounds and two
lower bounds for µ(Ω). The first (resp. second) upper bound ρd (resp. ρStokesd ) is obtained
by solving the semidefinite relaxation Qd (resp. QStokes

d ). Similarly, the lower bounds ρ
d

(resp. ρStokes
d

) are obtained from upper bounds for the complement Rn \Ω. The respective
relative error gaps are denoted by

εd =
ρd − ρ

d

ρd
, and εStokesd =

ρStokesd − ρStokes
d

ρStokesd

.

Example .4 (Union of two ellipsoids in R2). In this example, Ω is the union of two
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ellipsoids. Let Ω := Ω1 ∪Ω2, with

Ω1 =
{
x ∈ R2 : (x− u)ᵀA1(x− u) ≤ 1

}
, and Ω2 =

{
x ∈ R2 : (x− v)ᵀA2(x− v) ≤ 1

}
for the values

v =
(
1 0

)
, A1 =

[
1 0

0 1
4

]
, A2 =

[
1
4

0

0 1

]

and for multiple choice of u =
(
0 0

)
,
(
0.1 0.5

)
,
(
0.5 0.5

)
.In this case, ρ := µ(Ω) can

be computed exactly, and so we have displayed the values of the relative errors denoted by

εd =
ρd − ρ

ρ
, and εStokesd =

ρStokesd − ρ

ρ
,

respectively, depending on whether or not we have used Stokes’ formula. As one can see in
Table A.1, for a reasonable value d = 10, the relative error (when using Stokes’ formula) is
quite good. The respective behaviors are displayed in Figure A.4.

Table A.1 Bounds and relative gap for d = 10

u =
(
0 0

)
u =

(
1/10 1/2

)
u =

(
1/2 1/2

)
ρ10 1.9649 1.9554 1.9484

ρ
10

1.6129 1.5752 1.5369

ε10 18% 19% 21%

ρStokes10 1.8571 1.8308 1.8156

ρStokes
10

1.7948 1.7746 1.7618

εStokes10 3.4% 3.1% 3%

Example .5 (Union of an ellipsoid and a hyperboloid in R2). Consider Ω = Ω1 ∪Ω2 with

Ω1 =
{
x ∈ R2 : (x− u)ᵀA1(x− u) ≤ 1

}
, and Ω2 =

{
x ∈ R2 : (x− v)ᵀA2(x− v) ≤ 1

}
for the values

u =
(
0 0

)
, v =

(
−2 0

)
, A1 =

[
1
16

0

0 1

]
, A2 =

[
1
4

1
2

1
2
−1

]
.

In this case, Ω is not a compact set as it is unbounded. The results for d = 9, displayed
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Figure A.4 Relative errors εd (blue) and εStokesd (red)

in Table A.2, show that a good value is already obtained when using Stokes’ formula. The
respective behaviors of εd and εStokesd , displayed in Figure A.5, also show that using Stokes’
formula yields a significant improvement.

Table A.2 Bounds and relative gaps for d = 9

ρ9 ρ
9

ε9 ρStokes9 ρStokes
9

εStokes9

2.0038 1.8252 8.9% 1.9347 1.9019 1.7%

Example .6 (Union of 2 hyperboloids in R2). Consider Ω = Ω1 ∪Ω2 with

Ω1 =
{
x ∈ R2 : (x− u)ᵀA1(x− u) ≤ 1

}
, and Ω2 =

{
x ∈ R2 : (x− v)ᵀA2(x− v) ≤ 1

}
for the values

u =
(
0 0

)
, v =

(
−2 0

)
, A1 =

[
− 1

16
0

0 1

]
, A2 =

[
1
4

1
2

1
2
−1

]

Again, Ω is not a compact set. The results for d = 9, displayed in Table A.3, confirm that
using Stokes’ formula yields a significant improvement. The respective behaviors of εd and
εStokesd , displayed in Figure A.6, also show the improvement.

Example .7 (Union of two hyperboloids in R3). We next consider an example in dimension
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Figure A.5 Relative error εd (blue) and εStokesd (red)

Table A.3 Bounds and relative gaps for d = 9

ρ9 ρ
9

ε9 ρStokes9 ρStokes
9

εStokes9

2.0046 1.8342 8.5% 1.9542 1.9083 2.3%

n = 3. Let

Ω1 =
{
x ∈ R2 : (x− u)ᵀA1(x− u) ≤ 1

}
, and Ω2 =

{
x ∈ R2 : (x− v)ᵀA2(x− v) ≤ 1

}
for the values

u =
(
0 0 0

)
, v =

(
−2 0 −1

)
, A1 =

−
1
16

0 0

0 1 0

0 0 1
4

 , A2 =


1
4

1
2

0
1
2
−1 0

1
4

1
4

1
2

 .

Results for d = 6 are displayed in Table A.4, and the relative errors εd and εStokesd are
displayed in Figure A.7. The quality of results is comparable to that in Definition .5 and
Definition .6 for d = 6.

Table A.4 Bounds and relative gaps for d = 6

ρ6 ρ
6

ε6 ρStokes6 ρStokes
6

εStokes6

2.8222 2.3123 18% 2.6856 2.5360 5.6%
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Figure A.6 Relative errors εStokesd (red) and εd (blue)
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Figure A.7 Relative error εStokesd (red) and εd (blue)

Example .8 (Union of a halfplane and a hyperboloid in R3). Still in dimension n = 3,
let Ω := Ω1 ∪ Ω2 with Ω1 = {x ∈ R3 : xᵀe ≤ 1} and Ω2 = {x ∈ R3 : xᵀAx ≤ 1}, where
e =

(
1 1 1

)
and

A =


1
4

1
2

0
1
2
−1 0

1
4

1
4

1
2

 .

The relative errors εd and εStokesd are displayed in Figure A.8.

One can see that in all examples, quite good approximations are obtained with relatively
few moments (up to order 2d ≤ 18 for n = 2 and 2d ≤ 14 for n = 3) provided that we use
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Table A.5 Bounds and relative gaps for d = 7

ρ7 ρ
7

ε7 ρStokes7 ρStokes
7

εStokes7

2.8143 2.3494 17% 2.6887 2.5338 5.8%

1 2 3 4 5 6 7

10%

20%

30%

40%

d

εd
εStokesd

Figure A.8 Relative error εStokesd (red) and εd (blue)

the hierarchy QStokes
d in (A.14) with the additional moment constraints induced by Stokes’

formula. The convergence of the hierarchy Qd in (A.10) (without those Stokes constraints)
is indeed much slower.

For all the examples that we have treated, the (crucial) moment and localizing matri-
ces involved in (A.10) and (A.14) have been expressed in the canonical basis (xα)α∈Nn of
monomials for simplicity and ease of implementation of the SDP relaxations. However,
this choice is, in fact, the worst from a numerical point of view (in terms of stability and
robustness), which prevented us from solving Qd and QStokes

d for d ≥ 7 when n = 3. It is
very likely that the basis of orthonormal polynomials w.r.t. µ (Legendre for the Lebesgue
measure µ on [−1, 1], and Hermite for the Gaussian measure µ) is a much better (and
recommended) choice. Such a more sophisticated implementation was beyond the scope of
this paper.

A.5 Conclusion

In this paper, we have provided a numerical scheme to approximate as closely as desired
the measure µ(Ω) of a finite union Ω = ∪pi=1Ωi of basic semi-algebraic sets (the case of a
single basic semi-algebraic set was treated in [99]). Surprisingly, even though the case of
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a union of semi-algebraic sets complicates matters significantly, we are still able to adapt
the methodology developed in [95] and provide a monotone non-increasing (resp. non-
decreasing) sequence of upper (resp. lower) bounds that converges to µ(Ω) as the number
of moments considered increases. In addition, we are also able to use additional moment
constraints induced by an appropriate application of Stokes’ Theorem, which permits us
to significantly improve the convergence. In fact, these additional moment constraints are
crucial to obtain good bounds rapidly as they permit a strong attenuation of a Gibbs’ phe-
nomenon that would otherwise appear. Our current implementation could be significantly
improved by using a basis for polynomials more appropriate than the usual canonical basis
of monomials (the worst choice from a numerical stability point of view). For instance, in
doing so, it should be possible to implement step d = 8, 9 of the hierarchy in dimension
n = 3, and step d = 7 for n = 4. As the convergence seems to be fast, each additional step of
the hierarchy can yield a significant improvement. The methodology was presented for the
Lebesgue measure µ when Ω is compact, and the Gaussian measure for non-compact sets
Ω, but in fact, and remarkably, the same methodology works for any measure µ that satis-
fies Carleman’s condition, provided that all its moments are available (or can be computed
easily).

Of course, the methodology proposed in this paper is computationally expensive, especially
when compared with Monte Carlo-type methods. But the latter provide only an estimate
of µ(Ω) and by no means an upper or lower bound on µ(Ω). Therefore, these two types
of methods should be seen as complementary rather than competing. In its present form,
it is also limited to small-dimension problems (typically n ≤ 3, 4) because each upper
(or lower) bound requires solving a semidefinite program whose size increases fast in the
hierarchy. Thus, one is limited by the current efficiency of state-of-the-art semidefinite
solvers. However, to the best of our knowledge, this is the first method that provides a
sequence of upper and lower bounds with strong asymptotic guarantees, at least at this
level of generality.
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ANNEXE B MATÉRIEL SUPPLÉMENTAIRE POUR LE CHAPITRE 5

B.1 Supplementary material: Method and implementation

B.1.1 Proofs

Proof of Theorem 5.1. [58] have demonstrated how to transform a 3-SAT instance into an
additive tree ensemble that predicts FALSE in the entire feature space if 3-SAT is FALSE,
and otherwise has a non-trivial prediction function. Applying functionally identical pruning
in the sense of Definition 5.1 to the forest henceforth leads to a compressed result with a
single tree predicting FALSE if 3-SAT is FALSE, and to a different result otherwise. Given
that 3-SAT is NP-complete, it follows that Problem (5.2) is NP-hard.

Proof of Theorem 5.2. We consider the ensemble of trees T1, . . . , TM that are trained on
the same dataset. Each tree Tm is a piecewise constant function that divides the input
space into Jm disjoint regions, Rm,1, . . . , Rm,Jm , with a constant prediction assigned to each
region. This proves that the prediction function of any weighted ensemble will be identical
across any region of the form

⋂M
m=1 Rm,jm for jm ∈ J1, JmK. The oracle will provide a new

point only when there is a region where the predictions of the original and pruned ensembles
differ. Consequently, the pruning process will terminate after a finite number of oracle calls
at most equal to

∏M
m=1 Jm.

B.1.2 Feature consistency for additive tree ensembles

This section provides the additional constraints required in the separation oracle to ensure
that the feature values are consistent with all the branching decisions. The formulation is
taken from [79].

Binary features. Let j be a binary feature. We assume that a split on the feature j

is such that the tree branches to the left if the value of xj is 0 and branches to the right
otherwise. We consider the binary variable xj that indicates if the value of xj is 1. For
each tree m, let Vj

m be the set of nodes that split on binary feature j. We ensure that the
value of xj is consistent across the nodes of tree m with the constraints:

fm,left(v) ≤ 1− xj, ∀v ∈ Vj
m, (B.1a)

fm,right(v) ≤ xj, ∀v ∈ Vj
m. (B.1b)



113

Constraint (B.1a) ensures that the value of xj is 1 if we cannot go to the left child at node
v. Similarly, Constraint (B.1b) ensures that the value of xj is 0 if we cannot go to the right
child at node v.

Categorical features. Let j be a categorical feature. We assume that the categories of
the feature j are given by {1, 2, . . . , Zj}. We introduce the binary variable νj,z to indicates
whether the value of xj is z for categorical feature j for z ∈ J1, ZjK. First, we ensure that
only a single category is active for a categorical feature using the constraint:

Zj∑
z=1

νj,z = 1. (B.2)

Constraint (B.2) ensures that the value of xj is only one of the categories. For each tree
m, let Vj,z

m be the set of nodes that split on categorical feature j and branch to the right
child if the value of xj is z. We ensure that the value of νj,z is consistent across the nodes
of tree m with the constraints:

fm,left(v) ≤ 1− νj,z, ∀z ∈ J1, ZjK ,∀v ∈ Vj,z
m , (B.3a)

fm,right(v) ≤ νj,z, ∀z ∈ J1, ZjK ,∀v ∈ Vj,z
m . (B.3b)

Constraint (B.3a) ensures that, if the value of xj is z, the path of point x in tree m at node
v does not go to the left child. Similarly, constraint (B.3b) ensures that if the value of xj

is not z, the path of point x in tree m at node v goes to the right child.
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B.2 Supplementary material: Computational experiments

This section presents the results of applying FIPE to various additive tree ensembles. The
analysis includes:

— gradient boosted trees (Gradient Boosting) using the implementation from the
scikit-learn package [100],

— random forests (Random Forest) also from the scikit-learn package,
— LightGBM using the implementation from [44], and
— XGBoost using the implementation from [43].

All hyperparameters are kept at their default values, except for the maximum depth of the
trees, which is set to one or three. The experimental settings and datasets are kept as in
the experiments presented in Section 5.4. First, we provide a summary of FIPE’s pruning
effectiveness on these tree ensembles, followed by detailed results for each ensemble.

B.2.1 Summary of Results: Pruning and Accuracy

Table B.1 presents the relative size of the ensemble after pruning with FIPE−‖·‖1 calculated
as ‖w‖0 /M along with the test accuracy averaged across all datasets. The results show
that FIPE effectively prunes the ensemble in most cases. On average, Random Forests
tend to be pruned more effectively by FIPE. There is no significant difference in ensemble
size after pruning between the different boosted tree ensembles. Ensembles with a smaller
maximum depth tend to have smaller relative pruned sizes. For a fixed maximum depth,
the relative size of the pruned ensemble decreases as the number of base learners increases.

Result B.1. FIPE can consistently prune various types of tree ensembles. The extent of prun-
ing is relatively insensitive to the training algorithm and depends mostly on the maximum
depth of each tree.

B.2.2 Detailed results

We now present detailed results for the different tree ensembles. First, we compare the
performance of FIPE−‖·‖0 and FIPE−‖·‖1 in Table B.2 for varying maximum depth. The
results are consistent with those presented in the main paper. That is, the amount of
pruning of FIPE−‖·‖1 is often equal to the one of FIPE−‖·‖0 with only a fraction of the
computation time. This is true for all the ensemble models and datasets. On average,
the difference between FIPE−‖·‖0 and FIPE−‖·‖1 is larger as the maximum tree depth
increases.
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Table B.1 Relative size of the pruned ensemble using FIPE−‖·‖1 and test accuracy for
different tree ensembles and maximum tree depths.

‖w‖0
M

Test
Accuracy

M 50 100 200 50 100 200

Ensemble max depth

AdaBoost 1 37.15% 26.95% 18.67% 78.92% 77.22% 75.48%

Gradient
Boosting

1 35.09% 27.81% 20.98% 84.57% 85.43% 85.73%
3 79.71% 73.97% 67.92% 86.23% 86.47% 86.67%

LightGBM
1 35.05% 26.60% 19.53% 84.87% 85.73% 86.23%
3 77.42% 73.34% 67.19% 86.61% 86.88% 86.96%

Random
Forest

1 39.20% 28.67% 20.05% 80.41% 80.91% 81.15%
3 77.29% 67.68% 58.77% 84.60% 84.68% 84.85%

XGBoost
1 33.29% 25.59% 18.94% 84.46% 85.32% 85.73%
3 77.02% 71.98% 63.62% 86.11% 86.18% 86.52%
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Table B.2 Comparison of FIPE−‖·‖0 and FIPE−‖·‖1 for pruning tree ensembles with 50
base learners.

FIPE−‖·‖0 FIPE−‖·‖1
Ensemble max depth Dataset ‖w‖0 K FI Time (s) ‖w‖0 K FI Time (s) ACC

Gradient
Boosting

1

Breast-Cancer 13 15 100% 3 704 16 11 100% 6 96.93%
COMPAS 7 5 100% 105 7 5 100% 4 66.02%
ELEC2 21 8 100% 77 21 7 100% 32 74.68%
FICO 13 8 100% 3 979 13 9 100% 11 70.91%
HTRU2 7 3 100% 3 8 3 100% 5 96.96%
House-16H 36 27 100% 4 469 38 20 100% 86 84.05%
Ionosphere 14 18 100% 3 302 15 15 100% 10 92.11%
Pima-Diabetes 19 9 100% 2 001 19 9 100% 5 73.90%
PoL 13 6 100% 133 13 6 100% 8 90.83%
Seeds 10 11 100% 1 675 16 9 100% 15 91.90%
Spambase 24 25 100% 8 319 26 19 100% 42 91.94%

3

Breast-Cancer 27 28 100% 2 355 33 24 100% 673 96.20%
COMPAS 15 17 100% 4 201 27 11 100% 48 66.56%
ELEC2 48 22 100% 1 247 50 21 100% 948 81.24%
FICO 35 22 100% 16 489 46 16 100% 229 71.54%
HTRU2 33 31 100% 3 467 39 29 100% 2 452 96.91%
House-16H 49 31 100% 9 637 50 29 100% 8 205 87.20%
Ionosphere 27 44 100% 7 371 35 32 100% 4 174 92.96%
Pima-Diabetes 33 34 100% 15 037 43 30 100% 3 658 73.12%
PoL 35 29 100% 2 505 42 25 100% 1 002 95.86%
Seeds 26 22 100% 4 444 29 19 100% 3 716 93.33%
Spambase 36 34 100% 44 650 46 33 100% 8 829 93.64%

LightGBM

1

Breast-Cancer 14 14 100% 3 397 16 12 100% 6 95.33%
COMPAS 9 5 100% 90 9 5 100% 4 66.27%
ELEC2 21 9 100% 121 21 8 100% 38 74.66%
FICO 14 9 100% 4 153 14 9 100% 9 71.11%
HTRU2 7 6 100% 7 8 5 100% 8 97.80%
House-16H 36 26 100% 3 210 38 19 100% 77 84.18%
Ionosphere 13 14 100% 2 836 15 13 100% 7 93.80%
Pima-Diabetes 15 7 100% 641 16 7 100% 3 76.23%
PoL 11 6 100% 37 11 5 100% 6 90.39%
Seeds 13 14 100% 3 174 20 9 100% 14 91.90%
Spambase 23 20 100% 3 169 25 18 100% 30 91.92%

3

Breast-Cancer 26 30 100% 2 286 32 22 100% 281 96.64%
COMPAS 14 16 100% 3 731 24 10 100% 37 66.40%
ELEC2 45 20 100% 964 49 18 100% 347 80.96%
FICO 36 21 100% 15 850 46 15 100% 169 71.49%
HTRU2 32 31 100% 3 375 36 25 100% 598 97.98%
House-16H 49 28 100% 7 440 50 31 100% 8 813 87.00%
Ionosphere 27 43 100% 6 373 35 37 100% 4 432 94.37%
Pima-Diabetes 32 30 100% 8 523 42 27 100% 1 806 75.45%
PoL 29 23 100% 1 800 36 17 100% 114 95.49%
Seeds 26 19 100% 3 103 32 17 100% 2 215 93.33%
Spambase 34 28 100% 28 477 45 29 100% 7 012 93.59%
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FIPE−‖·‖0 FIPE−‖·‖1
Ensemble max depth Dataset ‖w‖0 K FI Time (s) ‖w‖0 K FI Time (s) ACC

Random
Forest

1

Breast-Cancer 9 6 100% 256 10 5 100% 5 94.01%
COMPAS 8 7 100% 159 8 6 100% 8 65.44%
ELEC2 16 14 100% 749 18 13 100% 79 74.19%
FICO 8 9 100% 145 8 6 100% 10 69.88%
HTRU2 25 34 100% 2 898 26 29 100% 105 97.01%
House-16H 24 20 100% 2 348 26 17 100% 46 77.31%
Ionosphere 23 49 100% 4 535 28 33 100% 388 84.23%
Pima-Diabetes 18 18 100% 690 19 15 100% 20 71.43%
PoL 17 18 100% 1 307 17 15 100% 33 85.01%
Seeds 21 19 100% 1 222 24 14 100% 52 82.86%
Spambase 26 35 100% 6 291 31 29 100% 295 83.11%

3

Breast-Cancer 27 33 100% 3 006 34 27 100% 1 118 97.08%
COMPAS 21 23 100% 5 245 33 14 100% 88 66.34%
ELEC2 35 32 100% 8 519 41 31 100% 3 131 74.65%
FICO 31 23 100% 5 539 37 19 100% 171 70.60%
HTRU2 29 38 100% 23 797 39 35 100% 5 152 97.63%
House-16H 48 32 100% 8 040 50 35 100% 8 710 82.93%
Ionosphere 27 36 100% 6 413 36 26 100% 4 702 93.80%
Pima-Diabetes 31 34 100% 38 345 43 29 100% 4 229 77.14%
PoL 30 36 100% 6 473 34 37 100% 4 406 91.38%
Seeds 26 24 100% 8 701 31 22 100% 7 438 88.57%
Spambase 36 36 100% 55 919 47 31 100% 6 025 90.51%

XGBoost

1

Breast-Cancer 13 15 100% 3 497 15 11 100% 6 97.08%
COMPAS 7 5 100% 87 7 5 100% 3 65.85%
ELEC2 20 7 100% 77 20 6 100% 31 74.65%
FICO 13 8 100% 3 623 14 8 100% 10 70.76%
HTRU2 9 4 100% 5 10 4 100% 6 97.56%
House-16H 38 26 100% 3 238 39 21 100% 100 84.14%
Ionosphere 11 13 100% 1 785 12 9 100% 5 91.27%
Pima-Diabetes 17 8 100% 1 809 18 7 100% 4 74.29%
PoL 11 5 100% 36 11 5 100% 6 90.38%
Seeds 9 9 100% 967 14 6 100% 8 91.43%
Spambase 22 22 100% 6 454 24 18 100% 32 91.62%

3

Breast-Cancer 24 28 100% 2 404 31 19 100% 117 96.93%
COMPAS 14 16 100% 3 859 25 10 100% 43 66.44%
ELEC2 46 19 100% 916 50 18 100% 400 80.88%
FICO 35 22 100% 17 804 45 16 100% 179 71.47%
HTRU2 32 28 100% 4 155 37 24 100% 421 97.31%
House-16H 49 32 100% 9 384 50 27 100% 6 663 87.04%
Ionosphere 27 42 100% 5 878 33 31 100% 3 351 92.39%
Pima-Diabetes 31 28 100% 9 966 41 25 100% 1 295 73.25%
PoL 31 24 100% 1 814 38 19 100% 127 95.56%
Seeds 24 19 100% 1 641 29 15 100% 278 92.38%
Spambase 34 34 100% 53 950 45 34 100% 8 309 93.51%

Finally, Table B.3 analyzes the scalability of FIPE−‖·‖1 to ensembles of size 100 and 200.
Again, the results are consistent with those presented in Section 5.4. The amount of pruning
as the number of base learners increases and tends to decrease with the maximum depth
of the trees. Additionally, the relative size of the pruned ensemble is heavily dependent on
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the dataset. For ensembles of size M = 200, FIPE−‖·‖1 can always prune the ensemble,
even if the amount of pruning is relatively low for more complex datasets such as ELEC2
or House-16H.
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Table B.3 Pruning with FIPE−‖·‖1 on tree ensembles with 100 and 200 base learners.

M = 100 M = 200

Ensemble max depth Dataset ‖w‖0 K FI ACC Time (s) ‖w‖0 K FI ACC Time (s)

Gradient
Boosting

1

Breast-Cancer 21 17 100% 96.50% 22 24 23 100% 95.91% 73
COMPAS 9 5 100% 66.54% 8 10 8 100% 66.53% 32
ELEC2 31 11 100% 76.12% 159 48 16 100% 79.62% 492
FICO 16 11 100% 71.02% 45 17 13 100% 71.28% 112
HTRU2 22 12 100% 97.20% 78 40 25 100% 96.52% 380
House-16H 67 45 100% 85.68% 1 122 108 66 100% 86.63% 4 122
Ionosphere 25 28 100% 92.96% 113 41 40 100% 93.52% 571
Pima-Diabetes 30 17 100% 73.77% 29 42 29 100% 73.25% 127
PoL 18 9 100% 93.26% 34 29 15 100% 93.05% 130
Seeds 29 13 100% 93.81% 52 37 14 100% 92.86% 131
Spambase 39 37 100% 92.88% 558 66 59 100% 93.88% 2 584

3

Breast-Cancer 63 39 100% 96.50% 5 202 113 63 100% 96.64% 43 245
COMPAS 37 13 100% 66.35% 141 51 16 100% 66.34% 527
ELEC2 99 44 100% 82.27% 15 053 194 64 100% 83.87% 48 243
FICO 81 23 100% 71.44% 1 145 141 33 100% 71.20% 6 555
HTRU2 78 53 100% 96.64% 20 307 153 71 100% 96.54% 31 339
House-16H 100 57 100% 87.94% 54 952 191 79 100% 88.17% 9 291
Ionosphere 62 59 100% 93.24% 24 024 114 69 100% 93.80% 42 281
Pima-Diabetes 77 49 100% 71.82% 20 509 140 63 100% 71.69% 22 066
PoL 80 50 100% 96.82% 18 574 149 87 100% 97.65% 9 716
Seeds 54 29 100% 93.81% 32 568 103 50 100% 92.86% 28 115
Spambase 83 32 100% 94.29% 9 570 145 50 100% 94.64% 26 551

LightGBM

1

Breast-Cancer 19 16 100% 95.77% 19 24 23 100% 95.62% 70
COMPAS 10 6 100% 66.51% 11 11 8 100% 66.61% 30
ELEC2 30 10 100% 75.89% 117 46 17 100% 79.52% 535
FICO 16 11 100% 71.41% 33 17 13 100% 71.58% 105
HTRU2 20 13 100% 97.84% 75 32 24 100% 97.86% 376
House-16H 64 43 100% 85.57% 1 030 102 74 100% 86.56% 5 067
Ionosphere 23 25 100% 93.80% 57 36 41 100% 93.80% 588
Pima-Diabetes 27 15 100% 76.36% 22 38 24 100% 76.36% 92
PoL 17 9 100% 92.85% 29 26 14 100% 93.29% 99
Seeds 30 12 100% 93.81% 39 37 16 100% 93.33% 114
Spambase 37 32 100% 93.16% 345 60 52 100% 94.03% 1 782

3

Breast-Cancer 64 39 100% 96.93% 4 481 116 58 100% 96.50% 22 225
COMPAS 40 13 100% 66.63% 142 51 15 100% 66.60% 513
ELEC2 97 41 100% 81.71% 12 631 191 65 100% 83.03% 55 810
FICO 81 23 100% 71.63% 1 227 136 31 100% 71.41% 7 335
HTRU2 69 45 100% 98.01% 12 332 136 66 100% 98.03% 44 612
House-16H 100 46 100% 87.92% 36 836 192 65 100% 88.22% 37 741
Ionosphere 66 46 100% 93.80% 12 249 118 47 100% 93.80% 16 319
Pima-Diabetes 78 42 100% 74.94% 10 830 141 58 100% 73.25% 32 897
PoL 74 46 100% 96.31% 9 341 144 62 100% 97.28% 40 006
Seeds 58 23 100% 93.33% 14 620 110 36 100% 93.33% 48 061
Spambase 82 32 100% 94.44% 9 762 144 43 100% 95.07% 24 161
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M = 100 M = 200

Ensemble max depth Dataset ‖w‖0 K FI ACC Time (s) ‖w‖0 K FI ACC Time (s)

Random
Forest

1

Breast-Cancer 11 6 100% 94.31% 12 12 8 100% 94.74% 35
COMPAS 9 6 100% 65.54% 17 9 8 100% 65.20% 44
ELEC2 25 20 100% 74.27% 309 35 30 100% 74.26% 939
FICO 10 6 100% 70.15% 24 11 7 100% 70.12% 60
HTRU2 41 46 100% 97.08% 527 63 76 100% 97.07% 2 277
House-16H 41 30 100% 78.32% 335 56 49 100% 78.41% 1 329
Ionosphere 42 53 100% 83.10% 1 708 60 70 100% 83.10% 3 123
Pima-Diabetes 30 26 100% 71.56% 87 42 35 100% 71.30% 368
PoL 23 28 100% 88.97% 203 30 39 100% 88.98% 747
Seeds 41 22 100% 83.81% 189 62 32 100% 86.19% 674
Spambase 44 40 100% 82.93% 1 037 61 61 100% 83.24% 2 570

3

Breast-Cancer 60 45 100% 97.23% 6 405 112 70 100% 96.93% 22 087
COMPAS 48 16 100% 66.37% 241 58 16 100% 66.32% 640
ELEC2 72 56 100% 74.73% 15 962 127 89 100% 74.61% 56 155
FICO 65 28 100% 70.68% 655 116 36 100% 70.81% 2 083
HTRU2 67 53 100% 97.70% 21 656 119 71 100% 97.69% 41 486
House-16H 98 57 100% 82.88% 35 409 173 97 100% 82.89% 11 227
Ionosphere 62 32 100% 94.37% 6 405 115 37 100% 94.65% 9 115
Pima-Diabetes 73 47 100% 76.88% 18 180 126 63 100% 76.88% 43 545
PoL 61 55 100% 91.20% 17 642 111 82 100% 91.34% 45 545
Seeds 57 34 100% 88.57% 31 675 98 49 100% 90.21% 30 249
Spambase 81 36 100% 90.92% 9 801 139 43 100% 90.99% 21 500

XGBoost

1

Breast-Cancer 19 16 100% 97.08% 17 21 18 100% 96.20% 45
COMPAS 9 5 100% 66.53% 8 10 8 100% 66.54% 29
ELEC2 29 9 100% 75.91% 123 44 16 100% 79.44% 472
FICO 16 10 100% 71.01% 38 17 12 100% 71.35% 93
HTRU2 18 10 100% 97.68% 62 36 21 100% 97.64% 311
House-16H 65 46 100% 85.63% 1 179 102 63 100% 86.52% 3 743
Ionosphere 22 23 100% 92.96% 54 35 39 100% 92.96% 440
Pima-Diabetes 27 14 100% 74.16% 21 39 24 100% 73.38% 92
PoL 17 11 100% 92.86% 39 26 15 100% 93.26% 111
Seeds 21 10 100% 91.90% 31 28 12 100% 92.38% 75
Spambase 38 36 100% 92.77% 503 58 47 100% 93.40% 1 444

3

Breast-Cancer 55 32 100% 96.64% 1 241 93 46 100% 96.50% 5 514
COMPAS 40 14 100% 66.47% 151 50 15 100% 66.43% 466
ELEC2 97 39 100% 81.86% 11 331 188 66 100% 83.28% 50 598
FICO 81 25 100% 71.39% 1 168 138 32 100% 71.33% 6 175
HTRU2 75 50 100% 97.31% 15 827 144 64 100% 97.30% 23 872
House-16H 100 52 100% 87.81% 45 517 190 96 100% 88.13% 11 554
Ionosphere 61 49 100% 91.83% 12 418 97 50 100% 92.68% 13 430
Pima-Diabetes 74 44 100% 72.34% 12 699 134 58 100% 71.69% 38 776
PoL 75 47 100% 96.26% 8 204 142 67 100% 97.21% 39 919
Seeds 54 25 100% 91.43% 2 615 82 35 100% 91.90% 11 310
Spambase 81 34 100% 94.59% 11 413 142 45 100% 95.24% 26 334
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