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RÉSUMÉ

La simulation numérique des disjoncteurs à haute tension constitue une tâche complexe néces-
sitant la modélisation de divers phénomènes physiques, incluant entre autres de l’écoulement
de fluide compressible, des phénomènes de transfert de chaleur par radiation, ainsi que des
interactions avec des champs électromagnétiques. Ces simulations sont essentielles pour com-
prendre le comportement des disjoncteurs, mais elles présentent d’importants défis en raison
du caractère multiphysique du problème et de la complexité des géométries en jeu. Afin
de simplifier la génération de maillage, la Méthode des Frontières Immergées (IBM), asso-
ciée à des maillages cartésiens, est employé pour transférer les difficultés de la génération de
maillage vers le solveur numérique. Toutefois, des défis demeurent, notamment en ce qui con-
cerne l’imposition adéquate des conditions aux limites tout en garantissant la conservation
des grandeurs physiques (masse, quantité de mouvement et énergie) à l’intérieur du domaine
de calcul. Cette recherche se concentre spécifiquement sur la résolution de l’écoulement de
fluide compressible au sein des disjoncteurs, en considérant l’hypothèse d’un écoulement non-
visqueux obéissant à la loi des gaz parfaits dans un domaine ne comportant pas de frontières
mobiles.

L’objectif général est de développer des méthodes numériques garantissant la conservation des
variables conservées tout en assurant une convergence à l’ordre deux des solutions numériques.
Trois contributions majeures sont présentées dans cette thèse, chacune abordant un objec-
tif spécifique permettant d’atteindre l’objectif général. La première contribution introduit
des méthodes conservatives implémentées sur des maillages cartésiens de type cut-cells où
la méthodologie IBM est appliquée pour imposer les conditions limites. Des cas tests sur
des géométries bidimensionnelles sont réalisés pour démontrer l’effectivité de ces méthodes
pour la conservation des propriétés physiques. La deuxième contribution se concentre sur
l’extension de ces méthodes conservatives au deuxième ordre. Grâce à l’implémentation d’une
reconstruction quadratique et semi-implicite pour l’imposition des conditions aux limites, une
précision d’ordre deux est atteinte tout en évitant les problèmes de stabilité liées aux petites
cellules coupées. Des études de convergence utilisant la Méthode des Solutions Manufacturées
confirment la précision d’ordre deux de la méthode, tant dans le domaine intérieur qu’aux
niveaux des régions de cellules coupées. Des tests numériques sur des géométries bidimen-
sionnelles complexes, y compris une simulation d’un écoulement instationnaire à l’intérieur
d’un disjoncteur simplifié, permettent de vérifier la robustesse et la précision des méth-
odes développées. Enfin, la troisième contribution présente l’implémentation d’un solveur
IBM tridimensionnel basé sur une reconstruction semi-implicite des cellules frontières pour
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l’imposition des conditions aux limites. Une triangulation de surface décrite à travers une
structure de données hiérarchique est utilisée pour définir la géométrie du domaine de calcul.
Cette géométrie est ensuite intégrée dans une grille cartésienne adaptative où les cellules sont
raffinées en fonction de critères géométriques. Des cas tests numériques en trois dimensions
sont réalisés pour vérifier la précision et la robustesse du solveur développé. Un cas test avec
une géométrie de disjoncteur à haute tension a été simulé pour démontrer l’applicabilité de la
méthode développée à des géométries complexes et à des conditions physiques plus élaborées.

Les méthodes développées dans cette thèse représentent une avancée notable dans la simula-
tion numérique des disjoncteurs haute tension utilisant des maillages cartésien. Les perspec-
tives de recherche incluent l’extension de ces approches pour prendre en compte les frontières
mobiles et les autres phénomènes physiques, renforçant ainsi l’applicabilité industrielle de
cette méthodologie pour la simulation de disjoncteurs réels.
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ABSTRACT

The numerical simulation of high-voltage circuit breakers (HVCBs) represents a complex
task requiring the modeling of various physical phenomena, including compressible fluid
flow, radiative heat transfer, and electromagnetic interactions. Such simulations are essential
for understanding HVCB behavior but present significant challenges due to the multiphysics
nature of the problem and the complex geometry of circuit breakers, which include moving
components. To simplify the mesh generation process for these complex geometries, the
Immersed Boundary Method (IBM) with Cartesian grids is employed. This approach shifts
the complexity from the mesh generation to the numerical solver itself. However, some
challenges remain, particularly in robustly enforcing boundary conditions while preserving
conservation at the immersed boundaries. This research places a specific focus on fluid flow
simulation within circuit breakers by assuming inviscid compressible flow of a perfect gas
with stationary boundaries.

The primary objectives are to develop numerical methods that ensure conservation of fluid
quantities (mass, momentum, and energy) while achieving second-order accuracy in numerical
solutions. Three contributions are presented in this thesis, each addressing a specific aspect
of the numerical methodology. The first contribution introduces conservative methods based
on cut-cells where boundary conditions are imposed using the IBM approach. These methods
effectively preserve conservation for all relevant physical quantities, as demonstrated through
multiple two-dimensional test cases. The second contribution proposes a fully second-order
accurate two-dimensional cut-cells method. Through implementation of a high-order semi-
implicit approach for boundary condition enforcement, second-order accuracy is achieved
while avoiding the stability issues typically associated with small cut-cells. Convergence
studies using the Method of Manufactured Solutions confirm the second-order accuracy of
the method both in the interior domain and at the immersed boundaries. Numerical tests on
complex two-dimensional geometries, including a simulation of unsteady flow within a simpli-
fied HVCB model, illustrate the robustness and accuracy of the developed methods. Finally,
the third contribution details the implementation of a robust IBM solver for three-dimensional
geometries. The geometry is defined through a boundary representation approach with sur-
face triangulation, and the mesh generation uses an adaptive Cartesian grid where grid cells
are refined based on geometric criteria. Application of the semi-implicit method for boundary
condition enforcement in three dimensions yields highly accurate numerical solutions. Veri-
fication using a simplified three-dimensional HVCB geometry demonstrates accurate results
in realistic contexts involving sophisticated geometries and complex flow features.
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The methods developed in this thesis represent a significant advancement in the numerical
simulation of high-voltage circuit breakers using Cartesian grid methods. Future research
directions include extending these methods to handle moving boundaries and implementing
solvers for other relevant physical phenomena, which would enhance the industrial applica-
bility of this approach to real circuit breaker simulations.
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CHAPTER 1 INTRODUCTION

Fluid mechanics is the branch of physics devoted to the study of fluids and their behavior.
The fluid is typically modeled as a continuum characterized by a set of properties such as
density, velocity, pressure, and temperature. Conservation principles (e.g. mass, momentum,
and energy) give rise to the governing equations of fluid mechanics that relate these prop-
erties. The renowned Navier-Stokes equations represent one such system that describes the
motion of viscous fluids. These governing equations constitute a system of nonlinear Partial
Differential Equation (PDE) that, when solved, provide a comprehensive description of the
fluid flow evolution. Many applications across engineering, astrophysics, environmental sci-
ence, biology, and other disciplines can be analyzed through this framework by first modeling
the fluid flow and then solving the corresponding governing equations. The solutions of these
equations can after be used to make predictions, analysis and design of the systems under
study. Since the governing equations are complex and difficult to solve analytically even for
simple geometries, numerical methods have become the primary approach for solving them
through computational algorithms. Computational Fluid Dynamics (CFD) is the field ded-
icated to developing and applying numerical methods for solving the governing equations
arising in fluid mechanics. With the significant advances in computer hardware and software
technologies, CFD has become increasingly essential in scientific research and industrial ap-
plications, serving as an indispensable tool across engineering disciplines including aerospace,
automotive, and energy. While experimental methods represent an alternative approach to
studying fluid flow, they often prove expensive, time-consuming, and sometimes infeasible.
Consequently, numerical approaches remain predominant in fluid flow analysis. Neverthe-
less, experimental data remains valuable for validating assumptions incorporated into CFD
models. This thesis adopts a CFD approach to fluid flow analysis and is part of a research
project aimed at developing numerical methods to simulate the behavior of high-voltage
circuit breakers (HVCBs).

The chapter is organized into three sections. The first section introduces HVCBs and explains
their critical role in power networks. The second section examines the modeling of the
physical phenomena and the numerical methods employed to simulate HVCBs. The final
section outlines the general goal and structure of the thesis.
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1.1 High-Voltage Circuit Breaker

HVCBs are specialized devices used in high-voltage power grid lines to protect the networks
from faults while ensuring continuous power supply. During normal operation, HVCBs allow
current to flow through the network with minimal losses. However, when faults such as
short circuits or overloads are detected, the HVCB functions as a fuse by interrupting the
current flow to prevent network damage. Operating at extreme conditions (with voltages up
to 800 kV and currents up to 63 kA), HVCBs face intense mechanical, thermal, and electrical
stresses, making their design and operation particularly challenging. This section describes
the operation and components of HVCBs and discusses the challenges associated with their
numerical simulation.

1.1.1 Operation and Components

Figure 1.1 illustrates a schematic representation of an HVCB interrupting chamber and its key
components. During normal operation, the circuit breaker remains closed, allowing current to
flow through its main contacts, which offer low electrical resistance. The interrupting chamber
is filled with an insulating medium that has good dielectric properties and that will facilitates
current interruption during the opening process. For high-voltage applications, the employed
medium is usually sulfur hexafluoride (SF6) gas, although research is ongoing to identify more
environmentally friendly alternatives (e.g. g3-green gas for grid [4]). When a fault is detected
in the network, the circuit breaker is triggered by a network protection device to open, and an
operating mechanism (e.g. a spring mechanism) of the circuit breaker separates the contacts
to interrupt the current flow. The interruption sequence begins with the separation of the
main contacts, which redirects current through the arcing contacts. These arcing contacts
subsequently separate, establishing an electric arc between them. The arc is a hot ionized
plasma that can reach temperatures of approximately 25, 000 K. Since current can continue
flowing through this arc, it must be extinguished to complete the interruption process. This
is accomplished through a quenching gas blast that cools the arc, enabling the insulating
medium to recombine and restore its dielectric strength. The gas blast is self-generated by
the arc itself, which heats the surrounding gas, causing it to pressurize within the chamber’s
expansion volume. When the current intensity approaches the zero of the alternating current,
the arc’s power diminishes, causing the gas flow toward the expansion volume to reverse.
Guided by specialized nozzles, this reversed gas flow extinguishes the arc by cooling it and
capturing ionized plasma particles. The interruption is deemed successful when the insulating
medium regains sufficient dielectric strength to prevent arc reignition due to the transient
recovery voltage that appears post-interruption. The circuit breaker is designed to operate
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within a very short time frame to protect the network from damage (usually, the interruption
process lasts only 10 to 20 milliseconds).

Figure 1.1 Illustration of the different steps of the operation of an HVCB. Adapted from [5].

The other components of the HVCB are also crucial for the operation of the circuit breaker.
The two valves allow the circuit breaker to operate in low and high current modes. In low-
current situations, the valve in the expansion volume opens, allowing high-pressure gas from
the compression volume to flow into the expansion volume and participate in the arc extinc-
tion. For the high-current conditions, the pressure in the expansion volume is sufficiently
high to quench the arc. In such cases, the valve in the expansion volume closes while the
compression volume valve opens to prevent overpressure. Finally, the nozzles, usually made
from polytetrafluoroethylene (PTFE), channel gas flow from the expansion volume to the arc
region. Also, when the intense radiative flux from the high-temperature arc plasma reaches
the nozzles surfaces, the material ablates. This vaporized material contributes to gas pressure
build-up in the expansion volume and in the arc extinction. An auxiliary nozzle (a protective
cap around the female arcing contact) may also be employed to shield the arcing contacts
from erosion.

From the above description, it is clear that the geometry, mechanisms and operation of
the HVCB are complex. From an engineering perspective, it is important to understand
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the physical phenomena involved in the operation of the circuit breaker to make informed
decisions about its design and operation. This is where numerical simulations come into play,
as experiments can be very expensive and time-consuming. The CFD approach provides a
way to simulate the operation of the HVCB and make valuable insights about its behavior,
particularly in the early stages of the design process. The next section will lay out the
challenges encountered in the numerical simulations of HVCBs.

1.1.2 Modeling and Simulation Challenges

Simulating HVCBs presents numerous challenges that can be classified into two categories:
modeling the complex physical phenomena involved in the HVCB operation and addressing
the geometric complexities of the circuit breaker design. The operation of an HVCB involves
diverse physical phenomena including fluid flow, heat transfer, chemical reactions, and elec-
tromagnetic fields interactions. The fluid flow corresponds to a supersonic compressible flow
of a real gas that may exhibits turbulent behavior. Joule heating, generated by the resis-
tance to the current flow in the arc plasma, serves as the primary energy source that sustains
the arc’s high temperature. This intense heat produces significant radiative flux throughout
the interrupting chamber, causing ablation of the nozzle materials. Additionally, the arc
plasma experiences Lorentz forces resulting from the electromagnetic field generated by the
current. These interrelated phenomena are tightly coupled and significantly influence the
circuit breaker’s performance. Therefore, a comprehensive numerical model must account
for all these processes to accurately predict HVCB behavior.

Once the physical phenomena are appropriately modeled, the next challenge involves develop-
ing numerical methods to solve the governing equations of the these phenomena. This process
typically involves two stages: mesh generation followed by equation solving on the resulting
mesh. Various approaches can be employed to solve the governing equations, including the
Finite Volume Method (FVM) or the Finite Element Method. Similarly, mesh generation
can utilize structured or unstructured techniques. However, the mesh generation can become
particularly challenging for complex geometries such as the Three-Dimensional (3D) geom-
etry of the HVCB, which is characterized by the presence of moving components (contacts,
valves), narrow gaps, multiple geometric scales, and curved surfaces.

In summary, the numerical simulation of HVCBs represents a significant challenge requiring
both sophisticated modeling of the underlying physical phenomena and advanced numerical
methods for domain discretization and equation solving. The following section presents a
model used in the Modélisation et Calcul de Coupure de Courant (MC3) software developed
at Polytechnique Montréal in collaboration with Alstom Grid (now part of GE Vernova) to
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simulate the operation of HVCBs [6–14]. The scope and numerical approaches employed in
this thesis will also be detailed.

1.2 Numerical Simulation of High-Voltage Circuit Breakers

The numerical modeling of the HVCB is centered around the fluid flow and its interaction
with the arc plasma. Viscous effects and heat conduction are neglected in the fluid flow.
Consequently, the fluid behavior is governed by the Euler Equations, while the arc plasma
interacts with the fluid flow through several physical processes: Joule heating, radiation,
Lorentz forces, and nozzle ablation. These interactions are incorporated as source terms in
the Euler Equations.

Equation 1.1 expresses the balance laws of mass, momentum and energy within a control
volume Ω of the fluid flow:

∂

∂t

∫
Ω

UdΩ +
∮

∂Ω
F(U)dS =

∫
Ω

QdΩ (1.1)

Here, U represents the vector of conserved variables (mass, momentum, and energy), F
denotes the associated inviscid flux vector, and Q encompasses the arc plasma source term.
The conserved variables and the flux vector are defined in Equations 1.2:

U =


ρ

ρv
ρE

 F =


ρ(v · n)

ρ(v · n)v + pn
ρE(v · n) + p(v · n)

 (1.2)

Where ρ is the density, v is the velocity vector, E represents the total energy, p denotes
the pressure, and n is the outward-pointing unit normal vector at the boundary ∂Ω of the
control volume Ω. To close this system of equations, an equation of state p = p(ρ, e) relates
pressure to density and internal energy e (defined as e = E − 1

2∥v∥
2). For perfect gases,

this relationship simplifies to p = (γ − 1)ρe, where γ is the specific heat ratio. However,
for circuit breaker simulations, the perfect gas assumption is no longer valid. Instead, a
real gas equation of state is employed, which is implemented through interpolation from
thermodynamic tables specific to the insulating medium used in the device.

The arc plasma source term Q is decomposed into different contributions as shown in Equa-
tion 1.3.
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Q =


0
0

qJoule
E

+


0

qLorentz
v

0

+


0
0

qradiation
E

+


qablation

ρ

qablation
v

qablation
E

 (1.3)

The Joule heating term qJoule
E and the Lorentz forces terms are defined in Equation 1.4.

qJoule
E = J · E, qLorentz

v = J×B (1.4)

Where J represents current density determined by Ohm’s law (J = σE, with σ being the
electrical conductivity of the arc plasma). Vectors E (not to be confused with the total energy
E) and B are the electric and magnetic fields generated by the current flow. By neglecting
the transient effects of the electromagnetic field, these fields can be computed from Maxwell’s
Equations as shown in Equations 1.5 and 1.6.

E = −∇ϕ, ∇ · (−σ∇ϕ) = 0 (1.5)

−∇2B = µ0∇× J (1.6)

here ϕ is the electric potential and µ0 is the permeability of free space.

The radiation term qradiation
E can be computed using various models with different levels of

complexity and accuracy. One simple approach is the P1 model, in which the radiative flux
is given by Equation 1.7.

qradiation
E =

∫ ∞

0
κλ (4πIbλ −Gλ) dλ (1.7)

The spectral parameters κλ, Ibλ and Gλ correspond to the radiation absorption coefficient,
blackbody radiative intensity and incident radiation at the wavelength λ, respectively. The
blackbody spectral radiative intensity follows Planck’s law, while the incident spectral radi-
ation is computed from the simplified radiative transfer equation given by Equation 1.8.

∇ ·
( 1
κλ

∇Gλ

)
= 3κλ (Gλ − 4πIbλ) (1.8)

It is worth noting that Equations 1.5, 1.6 and 1.8 can be solved using the same numerical
solver as they all correspond to the Helmholtz equation given by Equation 1.9.
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∮
∂Ω
κ∇ψ · ndS +

∫
Ω
αψdΩ =

∫
Ω
qdΩ (1.9)

Where ψ is the unknown field, and κ, α, and q are parameters independent of ψ corresponding
to a diffusion coefficient, an absorption coefficient and a source term, respectively.

Finally, the nozzle ablation terms are computed using the radiation flux from the arc plasma
to the nozzle surfaces. Equation 1.10 provides a simple model for calculating the rate of mass
ablation ṁablation.

ṁablation = qnozzle
radiation
hv + δha

(1.10)

Where qnozzle
radiation is the radiation flux from the arc plasma to the nozzle surfaces, hv is the

vaporization enthalpy of the nozzle material and δha is the difference in internal energy
required to heat the fluid to the nozzle vaporization temperature. The ablated mass is then
used to compute the ablation source term given by Equation 1.11.


qablation

ρ

qablation
v

qablation
E

 =


1

|Ω|
∫

Γ ṁablationdS
1

|Ω|
∫

Γ ṁablationvdS
1

|Ω|
∫

Γ ṁablationEdS

 (1.11)

Where Γ represents the ablated surface of the nozzle and |Ω| is the volume of the control
volume Ω.

This comprehensive modeling framework captures the essential physical phenomena involved
in the operation of the HVCB. Figures 1.2 and 1.3 demonstrate the results of an HVCB
simulation using the MC3 software and the validation of the numerical results using exper-
imental data, respectively. The close agreement between numerical and experimental data
confirms the accuracy and reliability of the numerical model implemented in the MC3 soft-
ware. After many decades of research and development, the MC3 software has become a
well-established tool used by engineers in their everyday work to simulate the operation of
HVCBs. The code is based on a 2D axisymmetric model of the HVCB and uses the FVM
method with an adaptive unstructured triangular mesh to solve the governing equations of
the flow. In recent years, since the 2D axisymmetric model has some limitations in capturing
3D effects presents in the circuit breaker, a new generation of software tools is being devel-
oped to simulate the HVCB in 3D. For these new software tools, the FVM is still used to
solve the governing equations of the flow but the mesh generation is done using the Immersed
Boundary Method (IBM) approach to handle the complex geometry of the HVCB. The IBM
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approach significantly simplifies the mesh generation process and offers great potential for
handling the moving components within the circuit breaker. This thesis is part of this new
project, which aims to employ Cartesian grid methods and the IBM approach to simulate
the operation of the HVCB in 3D [15–18].

Figure 1.2 Solution of an HVCB simulation using the MC3 software [12].

Figure 1.3 Validation of numerical results from an HVCB simulation against experimental
pressure measurements over time [12]. Axis scales are confidential.
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1.3 Research Hypotheses and Outline of the Thesis

This section will present the general goal along with the research hypotheses and the outline
of the thesis.

Research Hypotheses and General Goal

The ultimate objective of the broader research project is to contribute to the development of
numerical methods for simulating the operation of HVCBs. However, the scope of this specific
thesis is narrower, concentrating on the development of numerical techniques for simulating
compressible flows within complex geometries using Cartesian grid methods combined with
the IBM approach. The following assumptions are adopted throughout this work:

• The flow is considered compressible and inviscid, governed by the Euler equations.

• The perfect gas equation of state is used to close the system of governing equations.

• Source terms related to arc plasma phenomena (Joule heating, Lorentz forces, radiation,
and ablation) are neglected.

• The computational domain does not include moving components.

These simplifications allow for a focused investigation into the core numerical methods for
flow simulation using the IBM approach in the context of complex geometries. The primary
technical challenge involves preserving essential properties of the FVM, notably conservation
and numerical accuracy, when implementing the IBM approach. Therefore, the central goal
of this thesis is to develop numerical methods that effectively combine the FVM and IBM
for solving the Euler equations in 3D. These methods must maintain critical numerical prop-
erties, including conservation, second-order spatial accuracy, and computational stability,
while demonstrating the capability to handle intricate geometries and complex flow patterns
representative of HVCBs.

Thesis Outline

The thesis is organized as follows:

• Chapter 2 presents a literature review of the Cartesian grid methods for the numerical
simulation of fluid flow.
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• Chapter 3 outlines the specific research objectives and details the scientific contributions
of the thesis.

• Chapter 4 and Chapter 5 introduce novel numerical methods that integrate FVM and
IBM approaches to solve the Euler Equations in two dimensions. Chapter 4 focuses
on ensuring conservation properties, while Chapter 5 addresses second-order accuracy
requirements.

• Chapter 6 present an implementation in 3D of the IBM approach to solve the Euler
Equations.

• Chapter 7 concludes the thesis with a critical assessment of the developed methods,
discussing their limitations and providing perspectives for future research.

• Appendices A and B provide technical details on the specialized data structures used to
define the computational domain and the efficient algorithms developed for Cartesian
grid generation, respectively.
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CHAPTER 2 LITERATURE REVIEW

Mesh generation is one of the most fundamental step in the development of a numerical
method for solving fluid flow problems. The quality of the mesh has a direct impact on the
accuracy and performance of the numerical method. For complex geometries, generating a
high-quality mesh is a challenging and time-consuming task that often requires significant
manual intervention from users. Over the past several decades, the development of automated
mesh generation techniques has been an active area of research, leading to the creation of
various mesh generation approaches.

The structured mesh generation approach have been one of the most widely used mesh gen-
eration techniques. For simple geometries, structured mesh are easy to generate and provide
good quality results. However, for complex geometries, structured mesh generation becomes
increasingly difficult and often necessitates the use of more advanced mesh generation tech-
niques such as multi-block structured or overset mesh generation. In the multi-block struc-
tured mesh generation approach, the domain is divided into several blocks, and a structured
mesh is generated within each block. The structured meshes are then stitched together to
form a single mesh. The decomposition of the domain into blocks depends heavily on the ge-
ometry of the particular problem at hand and can quickly become complex to automate. The
overset mesh generation approach, on the other hand, is similar to the multi-block structured
mesh generation approach, but the blocks are allowed to overlap each other. This provides
greater flexibility in assembling the final mesh but requires the use of interpolation to transfer
information between overlapping blocks.

The complexity of the structured mesh generation approach has led to the development of un-
structured mesh generation techniques. Unstructured mesh offers more flexibility than their
structured counterparts and are well-suited for generating meshes for complex geometries.
As a result, unstructured mesh generation techniques has become the preferred choice for
generating meshes in many applications involving complex geometries. However, unstruc-
tured mesh generation is not without its challenges. Unstructured mesh require complex
data structures and more memory usage to store the mesh connectivity information. The
discretization of the governing equations on unstructured mesh is more complex and neces-
sitates more computational power to reach the same level of accuracy as structured mesh.
In addition, for very complex 3D geometries that contain moving parts, even unstructured
mesh generation can become a highly challenging task.

In recent years, Cartesian grid methods have gained popularity as an alternative to the
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traditional mesh generation techniques for tackling CFD simulations involving complex ge-
ometries. Cartesian grid methods are based on the use of a regular Cartesian grid that is
non-conformal to the geometry of the problem, and the discretization of the governing equa-
tions is performed directly on the Cartesian grid. The use of Cartesian grid methods simplifies
the mesh data structure and discretization of the governing equations associated with un-
structured mesh generation while retaining the good numerical properties of structured mesh
generation. Furthermore, since the Cartesian grid can be generated independently of the
geometry of the problem, the mesh generation step for Cartesian grid methods can be fully
automated, eliminating the need for user intervention. This makes Cartesian grid methods
an attractive choice for automated mesh generation techniques in complex geometries.

The Cartesian grid methods can be broadly classified into two categories: Cut-Cells (CC)
and Immersed Boundary Method (IBM). In the CC method, cells that intersect the geome-
try are clipped to make them conformal to the geometry. These clipped cells, referred to as
cut-cells, along with uncut cells inside the geometry, are assembled to form the final mesh.
As a result, discretization methods designed for unstructured meshes can be directly applied
without modification. In contrast, the IBM method does not require the mesh to conform to
the geometry. Instead, the discretization of the governing equations is performed directly on
the Cartesian grid, with additional terms added to account for the presence of the geometry.
While the IBM method offers greater flexibility in the mesh generation process, it requires
more sophisticated discretization techniques to handle boundary conditions effectively. Fig-
ure 2.1 illustrates a comparison of the grids generated by the CC and IBM methods for a
simple geometry.

In this chapter, a critical review of the literature of the Cartesian Grid methods is presented.
The chapter is divided into two sections, each focusing on a detailed review of the CC and
IBM methods, respectively.

2.1 Cut-Cells Method

This section presents a review of the literature on the CC method. It is divided into two parts:
the first part describes the CC method, covering its history, advantages, and disadvantages;
the second part discusses the stability issues associated with the CC method and reviews the
techniques developed to address them.
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(a) Cut-Cells (CC) (b) Immersed Boundary Method (IBM)

Figure 2.1 Comparison of the grids generated by the CC and IBM methods for a simple
geometry. In the CC method (left), cells intersecting the boundary (blue line) are clipped to
create a body-conformal mesh composed of regular and cut-cells. In the IBM method (right),
the underlying Cartesian grid remains unaltered. The boundary’s presence is accounted for
by modifying the numerical scheme in the vicinity of the immersed geometry.

2.1.1 Description of the Method

History

The use of Cartesian grid methods with cut-cells can be traced back to the late 1970s and early
1980s, beginning with the work of Purvis et al. [19] and Wedan et al. [20], who employed it to
solve the potential equations. In the mid-1980s, the method was extended to solve the Euler
equations by Clarke et al. [21] for two-dimensional geometries and by Gaffney et al. [22] for
three-dimensional geometries. Over the following decades, the CC method has been further
developed and applied to a wide range of applications involving complex geometries. Notable
achievements during this period include the development of successful software tools based
on the CC approach, such as Cart3D [23] and tranair [24].
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Advantages

The CC method offers several advantages over traditional mesh generation techniques (struc-
tured multi-block, unstructured, overset) for solving fluid flow problems involving complex
geometries. One of the key advantages of the CC method is its suitability for automated
mesh generation. The grid generation process requires only the computation of cut-cells,
which is a geometric operation that can be fully automated. This makes the CC method
particularly well-suited for applications requiring efficient and automated workflows. Within
the computational domain, the CC method employs regular Cartesian cells, which possess
desirable numerical properties such as orthogonality, implicit connectivity, and data locality.
These properties are highly beneficial for the discretization of governing equations, improving
both accuracy and computational efficiency. Lastly, the CC method decouples the geometry
generation process from the mesh generation process. This allows for greater flexibility in ge-
ometry representation, as the geometry can be generated independently without constraints
imposed by the mesh. Various geometry representations, such as Boundary Representation
(B-rep) [25] and Constructive Solid Geometry (CSG) [26], can be used. This decoupling of
geometry generation from mesh generation processes further emphasizes the adaptability of
the CC method for complex geometries. The only requirement for the CC method is an
intersection algorithm to compute the cut-cells from the geometry representation and the
Cartesian grid.

Limitations

Although the CC method possesses many advantages, it also faces significant limitations
that have prompted numerous research efforts. The first major challenge of the CC method
concerns the creation of the cut-cells for complex 3D geometries. The geometric opera-
tion required to compute cut-cells can be intricate and prone to robustness issues due to
finite-precision computer arithmetic. Moreover, for moving geometries, cut-cells must be
recomputed at each time step, increasing computational cost and potentially exacerbating
numerical robustness concerns. In reference [27], several strategies to compute the cut-cells
for 3D geometries composed by triangulated surfaces are presented, along with strategies to
improve the robustness of the cut-cells computation. Figure 2.2 illustrates three 2D exam-
ples showing different scenarios encountered when computing cut-cells. The middle example
depicts a “split-cell”, where a regular cell generates two disconnected cut-cells. Similar or
even more complex situations can arise in 3D geometries. Therefore, the mesh generation
process for the CC method must be sufficiently robust to handle all such cases effectively.

Furthermore, since the cut-cells can have arbitrary polyhedral shapes, mesh quality near
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Figure 2.2 Examples illustrating various scenarios encountered during cut-cells computation
in 2D.

the boundaries may be poor, potentially affecting the accuracy of the numerical method.
Additionally, storing cut-cells requires more advanced data structures than those used for
regular Cartesian cells. As a result, in practice, this often leads to treating the entire CC
grid as an unstructured mesh to uniformly handle the discretization of governing equations
across both cut-cells and regular cells.

Another notable issue with the CC method is that it is generally not well suited for viscous
flow simulations. Cartesian grids typically do not align with boundaries and lack anisotropic
refinement capabilities, resulting in poor boundary layer resolution and potentially inaccu-
rate results. Although some isotropic refinement techniques (e.g., octree) can enhance grid
resolution near boundaries, they rarely provide satisfactory resolution of boundary layers.
Some recent studies [28] have proposed wall modeling techniques to alleviate boundary-layer
resolution problems in viscous flow simulations with the CC method. Other works [29] have
explored hybrid mesh approaches, where a body-fitted mesh is used near the boundary to ac-
curately resolve the boundary layer, while Cartesian grids cover the remaining domain. These
body-fitted meshes, designed to satisfy boundary layer resolution requirements, are gener-
ated using traditional techniques. The two mesh types are then either combined into a single
mesh using techniques such as Laplacian smoothing or treated as overset meshes. Although
this approach can effectively resolve boundary layers, it may compromise the automation of
the mesh generation process. Alternatively, the Cartesian cut-cells grid can be replaced by
an unstructured cut-cells grid [30]. Since only a constraint on accurate wall resolution is
required, generating an unstructured cut-cells grid can be simpler and more automated than
creating a fully body-fitted mesh. However, unstructured cut-cells grid discards some of the
positive attributes of the Cartesian cut-cells grid, such as orthogonality, implicit connectivity,
and data locality, and requires more complex algorithms for cut-cells computation.

A final limitation of the CC method is the small cell stability problem [31], which arises when
an explicit time integration scheme is used to solve the governing equations. In this case, the
maximum allowable time step may be severely restricted by the smallest cell in the mesh,
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which is generally a very small cut-cell. While implicit time integration schemes could address
this issue, they are prohibitively expensive and impractical for large-scale simulations.

Since this thesis focuses on inviscid flow simulations, the limitations of the CC method
regarding the viscous flows simulations will not be addressed. Instead, attention will be
directed toward the challenges associated with cut-cells, particularly the small cell problem.
The next section reviews the literature on stability issues associated with small cut-cells and
the methods developed to overcome them.

2.1.2 Small Cell Problem

The small cell problem can be understood by examining the FVM discretization of the Euler
equations, as shown in Equation (2.1), where the solution is updated at each time step using
an explicit time integration scheme:

Un+1
i = Un

i −
∆t
∆Vi

∑
f∈∂Vi

Fn
fAf (2.1)

where Un
i and Un+1

i represent the cell-averaged solution at time iterations n and n + 1,
respectively. ∆t is the time step, ∆Vi is the volume of cell i, ∂Vi denotes the set of faces of
cell i, Fn

f is the numerical flux at face f , and Af is the area of face f . The time step ∆t is
constrained by the Courant-Friedrichs-Lewy (CFL) [32] condition given by Equation (2.2).

∆t ≤ min
i

∆xi

|ui|+ ci

(2.2)

where ∆xi ≈ ∆V 1/3
i is the characteristic length of cell i, ui is the velocity at cell i, and ci is the

local speed of sound. For cells with small volumes, particularly cut-cells, the characteristic
length ∆xi becomes very small, resulting in a severely restricted time step according to the
CFL condition. When dealing with geometries that are not aligned with the grid, there
will almost inevitably be cut-cells with extremely small volumes that dramatically constrain
the global time step of the simulation. This is the essence of the small cell problem, which
represents a significant limitation of the CC method. If the global time step restriction
dictated by these small cells is not enforced, the numerical algorithm becomes unstable,
causing the simulation to fail to converge. Therefore, a systematic approach to addressing
the small cell problem is essential for the CC method to be viable in practical applications.
The following paragraphs provide a review of various methods that have been developed to
address this challenge.
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Cell-Merging and Related Methods

The cell-merging technique represents one of the earliest approaches developed to address the
small cell problem. This method was already implemented in one of the pioneering works on
the CC method by Clarke et al. [21]. The cell-merging approach involves merging the small
cut-cells with their neighbors to form larger cells that can be updated with a larger time
step. A typical criterion for determining which cells to merge is to use a threshold (e.g., 1/2)
applied to the ratio between the cut-cell volume and the volume of its corresponding regular
cell. When this ratio falls below the threshold, the cut-cell is merged with an adjacent cell.
The cell-merging technique offers several advantages, including its conceptual simplicity and
its applicability to moving geometries. For moving boundary problems, new cells without
solution history emerge as the geometry moves. In such cases, cell-merging provides an
elegant solution by incorporating these new cells with their neighbors, thereby providing
them with a solution history [33]. The effectiveness of the cell-merging technique in handling
the small cell problem has been demonstrated in numerous studies [22, 34–38]. The main
drawback of the technique is that, despite its conceptual simplicity, its implementation can
be challenging and may require complex data structures for robustly managing the merging
process, especially in three dimensions [31, 34, 38]. Additionally, the cell-merging technique
can lead to a slight loss of accuracy near the boundary of the geometry [39].

To simplify the implementation of the cell-merging technique, a variant known as cell-linking
has been proposed in references [40–43]. In the cell-linking technique, the update of the cut-
cells is linked to the update of their neighbors without physically merging them. This strategy
circumvents many implementation challenges of traditional cell-merging while maintaining
computational stability. However, cell-linking techniques still exhibit the same fundamental
limitation of reduced accuracy near boundaries as their cell-merging counterparts [39,40].

A more recent variant of the cell-merging technique is the state redistribution (SRD) tech-
nique [44–46]. In the SRD technique, multiple, potentially overlapping, sets of cells around
the cut-cells are formed. The solution is computed separately for each set and subsequently
redistributed to determine the final solution for the cut-cells. Similar to cell-linking, SRD
eliminates the need to create new merged cells, thereby circumventing many implementation
issues of traditional cell-merging algorithms. The SRD technique has shown promising re-
sults across various test cases [44,47,48]; for instance, [44], reports that SRD maintains global
conservation while achieving boundary accuracy between 1.4 and 1.5 order for a second-order
scheme.
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Flux Redistribution

The flux redistribution technique is perhaps the simplest technique for addressing the small
cell problem [49–52]. From the FVM discretization of the Euler equations in Equation (2.1),
the flux redistribution technique consists of updating the cut-cells using only a small fraction
of the computed flux (an amount that allows stability with a larger time step). The remaining
flux is then redistributed to the neighboring cells in a manner that preserves the global
conservation of mass, momentum, and energy. The proportion of the flux used to update the
cut-cells can be set to the ratio of the cut-cell’s volume to that of the corresponding regular
cell. For the redistribution of the flux to the neighboring cells, a volume-weighted or mass-
weighted averaging scheme is commonly employed. The flux redistribution technique has
been successfully implemented in both 2D and 3D simulations [52,53] and the redistribution
has been shown to be computationally inexpensive compared to the cell-merging techniques.
Despite its computational advantages, the flux redistribution technique can lead to a loss
of accuracy especially near the boundaries of the geometry. For instance, in reference [52]
where flux redistribution technique is used, the method maintained second-order accuracy
throughout most of the computational domain, but the accuracy near boundaries deteriorated
to first-order.

Large Time Step Method And Similar Approaches

The small cell problem can also be addressed by using methods that allow to take larger time
steps. In references [54–56], a wave-propagation approach that expands the stability region of
the finite volume scheme on the cut-cells to allow larger time steps is proposed. This approach
permits waves to propagate further in the cut-cells than standard Godunov-type methods
would allow. The solution update incorporates all waves crossing the cut-cells in a linear
way (i.e. assuming the waves pass through each other without interacting or creating new
waves). This allows for larger time steps on cut-cells, and thus alleviate the small cell problem.
Unfortunately, the method maintains stability only for cells with volume fractions greater
than 3% [55]. This constraint is problematic since many cut-cells in complex geometries can
have volume fractions several orders of magnitude smaller than this threshold. For cells with
volume fractions below this critical value, a weighted average interpolation similar to the flux
redistribution technique is used in reference [55].

An enhancement of the large time steps method called h-box method has been proposed in
references [57,58]. While the large time steps method focuses on the domain of influence, the
h-box method utilizes the domain of dependence of cut-cells to permit larger time steps. The
method constructs boxes of size h (corresponding to regular cells size) around each cut-cell,
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computes finite volume fluxes on these boxes, and then uses these fluxes to update the cut-
cells. The method’s stability derives from carefully chosen boxes that create a cancellation
property among the fluxes, effectively eliminating the stability constraint on cut-cells. The
h-box method has been well-formulated for one-dimensional and two-dimensional problems.
Although the two-dimensional implementation is quite complex, it effectively enables larger
time steps for cut-cells while maintaining second-order accuracy throughout the entire do-
main, including near boundaries. Despite its success in lower dimensions, the h-box method
has not yet been extended to three-dimensional problems due to the substantial complexity
involved in formulating such an extension.

Finally, the use of implicit time integration schemes can offer another solution to the small cell
problem. By ruling out a fully implicit time integration scheme due to its computational cost,
a semi-implicit time integration scheme can be a viable alternative. In reference [59], a semi-
implicit method for the 2D scalar advection equation is proposed. The method discretizes the
cut-cells implicitly and the regular cells explicitly, with appropriate coupling at the interfaces
between these two cell types. Although this approach has not yet been extended to the Euler
equations, it shows promise for addressing the small cell problem. One implementation
strategy could involve creating a thin layer of implicitly treated cells around the cut-cells,
while discretizing the remainder of the domain explicitly. This layer would be designed to be
as thin as possible to minimize computational overhead while remaining sufficiently thick to
maintain stability for the small cut-cells.

Summary

This section has presented a comprehensive review of stability issues associated with small
cut-cells and the various methods developed to address them. Each approach offers dis-
tinct advantages and limitations that make it suitable for specific applications. Table 2.1
summarizes the capabilities of these methods based on several criteria including accuracy,
computational efficiency, implementation complexity, and robustness. The cell-merging and
related techniques provide conceptual simplicity but can be challenging to implement ro-
bustly. Flux redistribution methods offer computational efficiency but may sacrifice accu-
racy near boundaries. Alternative time integration approaches can maintain higher-order
accuracy but typically involve more complex formulations, especially in three dimensions.
The development of novel methods to address the small cell problem remains an active area
of research, with significant advancements still emerging. From a practical standpoint, the
selection of an appropriate method depends on the specific application requirements and the
acceptable trade-offs between accuracy, computational cost, and robustness. Despite its po-
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tential accuracy limitations near boundaries, the flux redistribution method often represents
a viable compromise due to its relative simplicity and computational efficiency, making it a
common choice for handling the small cell problem.

In the next section, a review of the literature of the IBM methods is presented. The IBM
approach represents an alternative to the Cut-Cells method that can potentially simplify the
treatment of small cells or even eliminate this concern entirely. Additionally, IBM method
addresses several other limitations inherent to the Cut-Cells approach, providing a comple-
mentary perspective on handling complex geometries in CFD simulations.

Table 2.1 Summary of the capabilities of the various methods to address the small cell
problem.

Method Accuracy Computational Cost Robustness Simplicity Conservation

Cell-Merging ✘ ✘ ✘ ✔✔ ✔✔

Cell-Linking ✘ ✔ ✔ ✘ ✔

State Redistribution ✔ ✔ ✔ ✘ ✔

Flux Redistribution ✘ ✔✔✔ ✔ ✔✔ ✔

Large Time Steps ✔✔✔ ✘✘ ✘ ✘✘ ✔✔✔

H-Box ✔✔✔ ✘✘ ✔ ✘✘✘ ✔✔✔

Explicit-Implicit ✔✔✔ ✘✘✘ ✔ ✘✘ ✔✔✔

2.2 Immersed Boundary Method

This section presents a brief review of the literature on the IBM method. The section is
divided into two parts: first, an overview and characteristics of the IBM approach, and
second, a discussion of its various implementations.

2.2.1 Description of the Method

This subsection provides an overview of the IBM method, covering its advantages, disadvan-
tages, and a classification of its various approaches.

Overview

The IBM method fundamentally simplifies the mesh generation process by removing the
body-fitted constraint of the mesh. In this approach, the physical geometry is immersed
within a background grid (typically Cartesian for computational efficiency) and can intersect
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this grid arbitrarily. The IBM approach will now consist of discretizing the governing equa-
tions directly on the Cartesian grid, with additional terms incorporated to account for the
presence of the immersed boundary. While this approach simplifies mesh generation, it intro-
duces new challenges in boundary condition implementation. Consequently, the IBM can be
viewed as a trade-off: simplified mesh generation versus more complex boundary treatment.
The primary challenge lies in accurately imposing boundary conditions while maintaining
important numerical properties such as conservation of physical conserved quantities such as
mass, momentum, and energy. The CC method can be considered a specialized case of the
IBM method where the geometry is used to clip the cells of the Cartesian grid, and boundary
conditions are imposed using the same techniques to those in body-fitted methods. In this
thesis, however, the CC method will be considered to be distinct from the IBM method.
Here, IBM method refers specifically to methods that do not require cells to conform to the
geometry for discretizing the governing equations.

The IBM method was introduced by Peskin in the early 1970s [60] to simulate cardiovascular
flows. Historical analysis of the IBM method by Verzicco [61] identified even earlier works
that can be considered as precursors of the IBM method dating back to the late 1950s,
where non-body-fitted methods were employed for fluid flow simulations [62–65]. Since its
introduction, the IBM method has undergone significant development and has been applied
to diverse applications including fluid-structure interaction [66, 67], biological flows [68–73],
multi-phase flows [74], incompressible and compressible flows [75–78], heat transfer [79, 80],
and many others.

Advantages and Disadvantages

The IBM offers several advantages compared to traditional body-fitted mesh methods. Most
significantly, it further simplifies mesh generation compared to the CC method since the
Cartesian grid cells do not need to be clipped by the geometry. This provides greater flexibil-
ity in geometry representation and accommodates more complex configurations. For moving
geometries, the IBM offers particular advantages as the geometry can be relocated within the
same background grid without regenerating a new mesh. Additional benefits include the use
of Cartesian grids that possess favorable numerical properties such as orthogonality, implicit
connectivity, data locality, reduced CPU usage and memory requirements, and easier paral-
lelization. The mesh quality near boundaries also surpasses that of the CC method since the
Cartesian structure is preserved throughout the domain.

Despite these advantages, the IBM has also some limitations. Like with the CC method,
the IBM Cartesian grid will typically not be aligned with the boundaries. This, combined
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with the lack of anisotropic refinement capabilities, can result in inadequate resolution of
boundary layers, leading to inaccurate results for viscous flow simulations. Furthermore,
boundary condition implementation is more complex than in body-fitted approaches and
may require sophisticated techniques to maintain numerical accuracy. Additionally, since the
geometry does not conform to the mesh, preserving conservation of mass, momentum, and
energy presents greater challenges.

Classification of the IBM Methods

The different approaches to the IBM method are typically classified according to how bound-
ary conditions are imposed. In the comprehensive review of the IBM method by Mittal and
Iaccarino [81], the IBM methods are categorized into two main groups: continuous forcing
methods and discrete forcing methods. Continuous forcing methods impose boundary con-
ditions by adding source terms to the governing equations that force the solution to satisfy
the boundary conditions. This extra term is called a forcing term (hence the terminology
“forcing”) and is commonly computed by modeling the interaction between the fluid and the
boundary. Conversely, discrete forcing methods modify the discretized form of the governing
equations for cells near the boundary to account for the boundary’s presence. Alternative
classifications of the IBM methods exist, such as that proposed in reference [66], which di-
vides IBM approaches into diffuse interface methods and sharp interface methods. In diffuse
interface methods, boundary conditions are enforced by distributing source terms across a
region surrounding the boundaries. Sharp interface methods, however, directly act on the
cells adjacent to the boundary to enforce the boundary conditions without using a source
term that is spread over a region around the boundaries. These two classifications largely
overlap with each other, with continuous forcing methods corresponding to diffuse interface
methods and discrete forcing methods aligning with sharp interface methods. The following
sections provide an overview of both continuous forcing and discrete forcing approaches to
the IBM method.

2.2.2 Continuous Forcing Methods

Classical IBM Method of Peskin

In Peskin’s classical IBM method [60], boundaries Γ are represented by a set of Lagrangian
points Xk connected by springs. If the incompressible Navier-Stokes equations are considered
for example, boundary conditions are imposed by adding a forcing term to the momentum
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equation given by Equation (2.3).

∂u
∂t

+ u · ∇u = −∇p+ ν∇2u + f (2.3)

where u is the velocity field, p is the pressure field, ν is the kinematic viscosity, and f is
the forcing term derived from forces Fk acting on the Lagrangian points Xk. These forces
are calculated using constitutive laws (e.g., Hooke’s law [82]) that model the interactions
between the fluid and the boundary. The forcing term f is given by Equation (2.4) where
each forcing term Fk on the Lagrangian points is spread to the Eulerian grid using a smooth
kernel function δ(|x−Xk|) centered at the Lagrangian points.

f(x, t) =
∫

Γ
F(q, t)δ(|x−X(q, t)|)dq =

∑
k

Fk(t)δ(|x−Xk(t)|)∆X (2.4)

By completing the momentum equation with the continuity equation and the tracking of the
Lagrangian points given by Equations (2.5) and (2.6) respectively, the classical IBM method
of Peskin can be used to simulate fluid flows around complex geometries.

∇ · u = 0 (2.5)
∂Xk

∂t
= u(Xk, t) =

∫
Ω

u(x, t)δ(|x−Xk(, t)|)dx (2.6)

=
∑

i

u(xi, t)δ(|xi −Xk(t)|)∆x (2.7)

The classical IBM method of Peskin is theoretically well-founded [83] and particularly suitable
for flows with elastic boundaries, such as those encountered in biological flows applications
[67]. The main limitation of this method is its inapplicability to rigid boundaries, where large
forcing terms can create numerical instabilities leading to erroneous solutions. Additionally,
due to the diffuse nature of the forcing term, this method achieves only first-order accuracy
at boundaries.

Continuous Forcing Method for Rigid Boundaries

To simulate flows interacting with rigid boundaries, a penalization method has been proposed
in references [84, 85] where the computational domain is treated as a porous medium with
fluid and solid phases. The coupled Navier-Stokes and Brinkman equations [86,87] are used
to model the problem. In this method, the forcing term is expressed as f = cu, where c
represents the ratio between the fluid viscosity and the permeability of the solid phase. In
the fluid phase, c is set to a value close to zero and in the solid phase, c is set to a large
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value. The penalization method can be written in a more general form by using the forcing
term given by Equation (2.8) proposed by Goldstein et al. [88].

f(x, t) = α
∫ t

0
u(x, t′)dt′ + βu(x, t) (2.8)

where α and β are user-defined parameters. When α = 0, this reduces to the basic penaliza-
tion method described earlier. The forcing term given by Equation (2.8) can be interpreted
as a damped oscillator system that enforces boundary conditions through a feedback mech-
anism [89].

The penalization method and its variants have proven effective for simulating flows around
rigid boundaries in numerous applications [90]. However, these methods can suffer from
instabilities due to the stiffness of the discrete system, potentially imposing severe time step
restrictions. Additionally, they require carefully tuned parameters that must be adjusted for
each specific application [89,91–93].

2.2.3 Discrete Forcing Methods

Discrete forcing methods account for embedded boundaries by modifying the discretized form
of the governing equations. Typically, the discretization of cells adjacent to the boundary
is adjusted to satisfy boundary conditions. Unlike continuous forcing methods, discrete
forcing methods retain the boundaries sharpness and impose boundary conditions directly
on the computational grid. By precisely controlling the discretization of near-boundary
cells, discrete forcing methods can enforce boundary conditions with greater accuracy than
continuous forcing approaches.

While numerous implementations of discrete forcing methods exist, they generally operate
according to similar principles. Figure 2.3 illustrates a simple geometry immersed in a Carte-
sian grid. The computational cells are categorized into three types: inside cells, outside cells
and boundary cells. Inside cells are the cells entirely contained within the domain of interest,
and are discretized using standard methods such as the FVM method. Outside cells are
completely outside the domain and are not considered in the solution process. Boundary
cells are the cells that intersect the immersed boundary, requiring special discretization tech-
niques to enforce boundary conditions. Two principal approaches are employed to discretize
the boundary cells: direct imposition and ghost cell method, which are detailed below.
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Figure 2.3 Classification of cells in discrete forcing methods: inside, outside, and boundary
cells.

Direct Imposition and Ghost Cell Approaches Consider a simple governing equation
and its discrete form given by Equation (2.9).

∂ϕ

∂t
= s(ϕ), ϕn+1

i = ϕn
i + ∆ts(ϕn

i ) (2.9)

where ϕ is the variable of interest, s is the source term, and ϕn
i denotes the value of ϕ at

cell i and time iteration n. In the direct imposition approach [75, 94–96], the value of ϕ
at boundary cells is explicitly prescribed (ϕn+1

i = ϕtarget). When the center of a boundary
cell coincides with the physical boundary, the target value ϕtarget can be directly set to the
boundary condition value ϕbc. More commonly, however, boundary cell centers do not align
with the physical boundary. In such cases, ϕtarget is determined through interpolation using
values from inside cells and boundary conditions. One of the most straightforward and widely
used interpolation methods is wall distance interpolation, where ϕtarget is linearly interpolated
between the boundary condition at a point B and an interpolated value at a point I located
inside the domain. Figure 2.4 illustrates this interpolation method for a boundary cell P.
The value at the inside point I is computed using the surrounding inside cells and many
interpolation schemes have been proposed in the literature such as linear, bilinear, trilinear,
quadratic, etc.
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Figure 2.4 Interpolation method for the direct imposition approach.

In the ghost cell approach [76,78,97–102], the values of ϕ at the boundary cells are computed
using the standard discretization formula in Equation (2.9), but the computational stencil is
extended to include outside cells treated as “ghost cells”. The value of ϕ at these ghost cells
are determined through extrapolation schemes similar to those used in direct imposition,
incorporating inside cell values and boundary conditions. For FVM discretizations, only the
fluxes at boundary cell faces are needed for solution updates. Therefore, a variant of the
ghost cell approach directly interpolates field values at boundary cell faces rather than at the
ghost cells themselves [103].

Discrete forcing methods have been successfully applied to a wide range of applications
involving both incompressible and compressible flows [66,81,104], demonstrating effectiveness
in simulating flows interacting with complex geometries. When high-order interpolation
schemes are employed for boundary cell discretization, these methods can lead to high-order
accurate solutions at boundaries [76,105]. Since only boundary cells and interior cells require
solution, the discrete forcing methods can potentially be more computationally efficient than
continuous forcing methods that solve for all grid cells.
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2.2.4 Limitations on the Implementation of the Immersed Boundary Method

Discrete forcing methods offer significant advantages in boundary accuracy while avoiding
the drawbacks associated with continuous forcing approaches (such as stiffness, instabilities,
reduced accuracy for rigid boundaries, and problem-dependent parameters). These benefits
make discrete forcing methods particularly suitable for the types of problems addressed in this
thesis. However, several challenges and limitations must be considered when implementing
these methods.

The first challenge involves the robust classification of cells (tagging operation) into inside,
outside, and boundary categories. This process must be performed efficiently and accurately,
especially for complex or moving geometries where reclassification may be required at each
time step. For moving geometries, cells that change classification (e.g., from boundary to
exterior or from exterior to boundary) can introduce numerical instabilities due to their lack of
solution history [76,77,106]. To address this issue, techniques such as solution reconstruction
or field extension [77] can provide these cells with appropriate solution values. For cell tagging
with moving geometries, computational efficiency can be improved by recognizing that only
a thin layer of cells near the boundary changes classification at each time step. Alternatively,
overlapping grid approaches can be employed, where classification needs to be performed only
once for each grid while simultaneously providing a straightforward framework for handling
the solution process with moving geometries [18].

The second challenge concerns interpolation for boundary cell discretization, where certain
configurations can lead to ill-posed problems. Figure 2.5 illustrates such problematic case
where the majority of interpolation schemes will fail to provide a solution at boundary cells
P and Q due to insufficient data points. For complex three-dimensional geometries, ensuring
that such pathological cases do not arise can be difficult, necessitating the development of
robust interpolation schemes. Recent works in references [17, 18, 107] introduced an implicit
interpolation approach that avoids these problematic configurations. In this method, the
solution at all boundary cells is computed simultaneously by solving a coupled system of
equations. This allows the interpolation stencil for a given boundary cell to include other
boundary cells, which effectively resolves the issue of insufficient data points, even in patho-
logical cases like the one shown in Figure 2.5. This technique has proven effective for 2D
geometries with both Laplace and Euler equations.

The third and significant challenge for applications involving inviscid compressible flows is
maintaining conservation of mass, momentum, and energy. Since boundary cells are typically
discretized using non-conservative approaches, the resulting numerical solutions will violate
conservation principles. This lack of conservation can lead to significant inaccuracies in the
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Figure 2.5 Pathological case for the interpolation of the solution at boundary cells P and Q.
The geometry is exaggerated for illustrative purposes.

numerical solution. For hyperbolic conservation laws, such as the Euler equations, failure to
maintain conservation at the discretization level can lead to incorrect predictions of shock
wave positions and other flow discontinuities [108–110].

2.2.5 Immersed Boundary Method Literature Review Summary

This section has provided a literature review of the Immersed Boundary Method (IBM), a
numerical technique that fundamentally simplifies the mesh generation process for fluid flows
simulations in complex geometries by immersing the physical geometry into a non-body-fitted
Cartesian grid and adapting the numerical solver to account for the boundary’s presence. Two
main approaches are used to enforce boundary conditions in the IBM framework: continu-
ous forcing methods and discrete forcing methods. Continuous forcing methods introduce a
source term into the governing equations that model the fluid-boundary interactions. Exam-
ples of methods in this category include the classical method of Peskin, which is designed for
elastic boundaries, and penalization methods, that model the solid as a porous medium with
very low permeability. These approaches require accurate modeling of fluid-solid interac-
tions, which presents challenges for rigid bodies where problem-dependent parameter tuning
is necessary and the resulting source terms may introduce numerical stiffness. Discrete forc-
ing methods, on the other hand, directly modify the discretization of grid cells adjacent to
the immersed boundary to enforce boundary conditions. In this approach, cells are classified
as inside, outside, or boundary cells. The solution in boundary cells is determined from an
interpolation (reconstruction) using values from neighboring inside cells and boundary condi-
tions, implemented either through direct imposition or by the ghost-cell approach. Discrete
forcing methods can achieve higher-order accuracy when used in conjunction with high-order
reconstruction techniques and are generally more computationally efficient than continuous
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forcing methods. However, they face several implementation challenges. These include robust
and efficient cell classification, particularly for complex or moving geometries; Interpolation
robustness, which recent implicit interpolation approaches have addressed in 2D; and most
importantly, maintaining conservation of mass, momentum, and energy inside the domain,
which is crucial for accurate simulations, especially in capturing shock waves and other flow
discontinuities.

The Immersed Boundary Method, particularly through discrete forcing techniques, offers
a compelling alternative to traditional body-fitted methods by automating and simplifying
mesh generation for complex geometries. However, its application requires careful consider-
ation of the challenges related to boundary treatment to ensure accuracy, robustness, and
conservation properties in numerical simulations.

This concludes the review of the IBM method. The next chapter will present the objectives
and contributions of this thesis.
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CHAPTER 3 OBJECTIVES AND CONTRIBUTIONS OF THE THESIS

This chapter presents the general and specific objectives of the thesis and summarizes its key
contributions.

3.1 Objectives

The literature review presented in Chapter 2 has demonstrated that the IBM method with
Cartesian grids is well-suited for the numerical simulation of compressible flows in complex
geometries, such as high-voltage circuit breakers. However, several challenges must be ad-
dressed before the IBM method can effectively simulate flows in HVCB applications. These
challenges include: preserving conservation of mass, momentum and energy in the discretiza-
tion of the boundary cells; resolving robustness issues related to the boundary conditions
imposition; achieving high-order accuracy to capture complex flow features in 3D geometries
using a minimal number of cells; and developing efficient algorithms for geometry definition
and mesh generation to handle complex 3D geometries. These considerations lead to the
following objectives:

General Objective

“Develop conservative and second-order accurate Cartesian grid methods for compressible
flows applicable to complex three-dimensional geometry simulations.”

Specific Objectives

• S.O.1 :“Develop conservative methods for compressible flows based on the Immersed
Boundary Method.”

• S.O.2 : “Implement a second-order accurate Cartesian grid method for compressible
flows simulation.”

• S.O.3 : “Develop efficient mesh generation techniques for complex three-dimensional
geometries.”

• S.O.4 : “Verify the numerical methods on academic test cases and on simplified HVCB
geometry.”
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3.2 Contributions

The thesis has been structured around the general and specific objectives presented above.
The following four contributions have been made to achieve these objectives:

• Chapter 4 (Article 1) : Conservative Immersed Boundary Methods for compressible
flows in 2D using cut-cells. (S.O.1, S.O.4 )

• Chapter 5 (Article 2) : Second-order accurate Cut-Cells method for compressible
flows in 2D. (S.O.2, S.O.4 )

• Chapter 6 : Robust second-order accurate Immersed Boundary Method for inviscid
fluid flows simulation in three-dimensions. (S.O.2, S.O.4 )

• Appendices A, B : Detailed description of the geometry and mesh generation tech-
niques in three-dimensions. (S.O.3 )

The contents of these contributions are briefly summarized in the following sections.

3.2.1 Summary of Chapter 4 (Article 1)

The first article addresses the conservation challenges inherent in the IBM method. It de-
velops numerical methods that guarantee the conservation of mass, momentum, and energy
when implementing IBM approaches. The methodology employs cut-cells to precisely de-
fine the computational domain where conservation laws must be satisfied. In this approach,
boundary cells are discretized using IBM techniques for boundary condition imposition. This
strategy avoids the small cell stability problem associated with traditional Cut-Cells meth-
ods but introduces a loss of conservation for the conserved quantities. To rectify this issue,
an additional conservative step is incorporated into the time integration process, restoring
conservation properties. The article’s main contribution is the introduction of three novel
methods, namely Flux Redistribution Method (FRM), Flux Interpolation Method (FIM)
and Flux Correction Method (FCM), that effectively recover conservation. These methods
are verified through academic test cases that demonstrate their effectiveness in preserving
conservation properties and illustrate the detrimental impact that conservation loss can have
on numerical results. Additionally, the study examines how the conservative correction step
affects numerical accuracy, revealing that it does not compromise the base scheme’s accuracy.

Since this article focuses specifically on the conservation problem, the numerical results
are limited to two-dimensional geometries using first-order accurate schemes. However, the
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methodologies developed are readily applicable to three-dimensional geometries, as they em-
ploy a flux formulation that is dimension-independent. While the approach can theoretically
be extended to higher-order schemes, further investigation is necessary, as existing literature
indicates that many Cut-Cells methods struggle to achieve high-order accuracy at boundary
cells. This high-order extension forms the subject of the second article.

3.2.2 Summary of Chapter 5 (Article 2)

The second article explores the development of second-order accurate Cut-Cells methods
for compressible flows, building upon the conservative methods introduced in the first ar-
ticle. The primary contribution is the implementation of high-order interpolation schemes
for IBM boundary condition imposition, which simultaneously addresses the small cell prob-
lem and achieves second-order accurate solutions throughout the entire domain, including
boundary regions. The Method of Manufactured Solutions (MMS) [111–113] is employed to
rigorously assess the numerical accuracy of the scheme. Results confirm that the approach
achieves second-order accuracy both in the interior domain and at boundary regions when
analyzed separately. The article also presents complex flow test cases, including a simpli-
fied two-dimensional HVCB geometry, demonstrating the scheme’s effectiveness in capturing
important flow features.

The first two articles have focused on developing numerical methods that address conser-
vation challenges and high-order accuracy requirements for compressible flow simulations
using Cartesian grid methods. These approaches have been successfully tested on two-
dimensional geometries, demonstrating their ability to maintain conservation properties and
achieve second-order accuracy. The next logical progression is to study the extension of these
methods to three-dimensional geometries, which is addressed in the subsequent chapter and
appendices.

3.2.3 Summary of Chapter 6 and Appendices A and B

Appendices A and B provide detailed descriptions of the geometry definition and mesh
generation techniques for implementing the IBM method in three-dimensional geometries.
The geometry definition employs a boundary representation (B-rep) approach using surface
triangulation. The Cartesian grid generation algorithm takes this geometry as input and
constructs a Cartesian grid around it. The grid is organized as an octree structure, with
refinement criteria based on geometric features to selectively refine regions of interest. The
grid generation process produces a mesh with cells classified into inside, outside, and bound-
ary cells. Boundary cells contain additional geometric information necessary for boundary
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condition application.

Chapter 6 presents the development of a robust, second-order accurate IBM method for com-
pressible flows in three-dimensional geometries. It proposes an extension of the implicit re-
construction approach introduced in [17,107] from two dimensions to three dimensions. This
extension effectively handles boundary cells while avoiding pathological cases commonly en-
countered in sharp interface methods for boundary condition implementation. The method
is verified through academic test cases and applied to a simplified three-dimensional HVCB
geometry, demonstrating its efficacy for complex three-dimensional flow simulations. Con-
vergence studies confirm that the scheme achieves second-order accuracy throughout the
domain, including boundary regions.

The remainder of this thesis presents these contributions in detail and concludes with a
summary of the work, its limitations, and perspectives for future research.
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CHAPTER 4 ARTICLE 1 : CONSERVATIVE IMMERSED BOUNDARY
METHODS ON CARTESIAN GRIDS FOR INVISCID COMPRESSIBLE

FLOWS SIMULATION

El Hadji Abdou Aziz Ndiaye, Jean-Yves Trépanier, Renan De Holanda Sousa, Sébastien
Leclaire, International Journal of Heat and Fluid Flow, Volume 114, 27 February 2025,
https://doi.org/10.1016/j.ijheatfluidflow.2025.109775.

Small modifications have been made to the original article to fit the format of this thesis.

Abstract

This work introduces three conservative methods based on the Immersed Boundary Method.
These methods make use of cut-cells to ensure the conservation properties in the numerical
solution. However, since some cut-cells can be very small, they can significantly restrict the
time step of an explicit time integration scheme. To circumvent this limitation, a semi-implicit
treatment of the small cells is employed. The first method relies on a straightforward flux
redistribution procedure that globally restores conservation on the cut-cells grid. The other
two methods employ the local conservative discretization form of the finite volume method,
along with optimization procedures, to ensure local conservation of the numerical solution
within each cell. These methods have been tested on two-dimensional inviscid compressible
flow problems, demonstrating results comparable to those obtained with the standard Cut-
Cells method in terms of accuracy and conservation. Furthermore, the methods are stable
and can be effectively used with an explicit time integration scheme without encountering
any stability issues related to the small cut-cells.

Keywords : Conservation; Immersed Boundary Method; Cut-cells; Cartesian grid; Compress-
ible flow

4.1 Introduction

Multiphysics simulations of compressible flows involving complex geometries and moving
bodies present significant challenges. A critical step in developing simulation codes for such
applications is mesh generation. Over the years, several approaches have been proposed to
address these challenges, including unstructured grids, overset grids, and Cartesian grids.
Unstructured grids are highly flexible and can accommodate complex geometries. However,
generating high-quality unstructured grids can be difficult, and they often require remeshing
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Nomenclature
Af Area of face f γ Ratio of specific heats
E Total energy ρ Density
F Flux vector ω Weights for flux redistribution
Ff Numerical fluxes at face f Ω Computational domain
h Average cell size
n Normal vector Abbreviations
nx, ny Components of the normal vector CC Cut-Cells
p Pressure FCM Flux Correction Method
S(i) Stencil of neighbors of cell i FIM Flux Interpolation Method
u, v Velocity components FRM Flux Redistribution Method
U Vector of conservative variables FVM Finite Volume Method
v Velocity vector IBM Immersed Boundary Method

RCCM Reconstructed Cut-Cells Method
Greek letters BC-Cell Boundary cut-cell
αi Cut-cell volume fraction of cell i BI-Cell Boundary inside cell
∂Ω Boundary of the computational domain C-Cell Conserved cell
∂Vi Set of faces of cell i I-Cell Inside cell
∆Mi Conserved Mass Error at cell i N-Cell Neighbor (of a reconstructed) cell
∆tn Time step at the nth time iteration NR-Cell Non-reconstructed cell
∆Vi Volume of cell i OC-Cell Outer cut-cell
ϵL1 , ϵL2 , ϵL∞ L1, L2, and L∞ error norms R-Cell Reconstructed cell

for problems involving moving boundaries. The overset grids approach can circumvent the
need for remeshing in moving boundary problems, but it necessitates the generation of the
basic grids that will be superimposed to form the overset grids, which can be time-consuming.
Additionally, the data structures required to couple these superimposed grids can be complex.
On the other hand, Cartesian grids are very easy to generate and can be used for moving
boundaries. However, special treatment is necessary for the discretization of cells near the
boundaries to account for their presence. In the context of moving boundaries, Cartesian
grids can be directly used as a background grid. Furthermore, due to their simple structure,
Cartesian grids can be easily coupled with other Cartesian grids to form a set of overset
grids. This work will focus on the Cartesian grids approach due to their simplicity and
greater potential for automation.

When using a Cartesian grid, one encounters an initial problem: the cells near the boundaries
are typically not aligned with the boundaries. To address this issue, the boundary cells can be
approximated using a staircase representation of the actual boundary. However, this approach
is not very accurate and requires a very fine mesh to achieve a good approximation of the
boundary. An alternative approach is the Cut-Cells (CC) method [21, 31], which involves
clipping the cells intersected by the boundary, resulting in a piecewise linear approximation
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of the boundary. The discretization on the cut-cells grid is straightforward by using the usual
finite volume method (FVM) for unstructured grids. The CC method has the advantage of
being fully conservative, but it has two main disadvantages. The first disadvantage is that
generating the cut-cells grid in three dimensions is challenging, with high computational costs
and potential robustness issues. Additionally, for problems involving moving boundaries,
the list of cut-cells must be recalculated at each time step, exacerbating these robustness
issues. The second, and perhaps most significant, disadvantage is that the geometry in the
CC method can arbitrarily cut the grid cells, leading to the formation of very small cells.
These small cells require a very small time step to satisfy the CFL condition of explicit time
integration schemes, significantly increasing the computational time of the simulation. This
issue is known in the literature as the small cell problem, and various methods have been
devised to address it.

One of the earliest techniques proposed to handle the small cell problem is the cell-merging
method [35, 37], which involves merging small cells with their larger neighbors. While this
method is conceptually simple, it is challenging to implement robustly in three dimensions.
Specifically, the selection of neighboring cells for merging is often not systematic [41]. A
variation of this approach is the cell-linking method [41–43], which links small cells with
their larger neighbors and treats them as a single cell in the discretization process without
actually merging them. This method circumvents the complexity associated with the merging
procedure. Another technique is the Flux Redistribution Method, which redistributes the
fluxes between small cells and their larger neighbors to satisfy the stability condition of the
small cells. Collela et al. [52] employed this method for simulating compressible flows on
cut-cells grids. Although the Flux Redistribution Method is relatively easy to implement,
it can result in a loss of accuracy at the boundaries [59]. Other methods, such as the h-
box method [57,58] and the state redistribution method [44], have also been proposed in the
literature to overcome the small cell problem. Each of these techniques has its own advantages
and disadvantages, and their suitability can vary depending on the specific application.

Instead of employing the Cut-Cells (CC) approach, one can utilize the Immersed Boundary
Method (IBM) [60] to handle complex geometries. The IBM method discretizes the equations
on the Cartesian grid by applying a special treatment to the cells near the boundaries, thereby
accounting for the presence of the boundaries. Mittal and Iaccarino [81] have provided an
extensive review of the IBM method and the various techniques used to treat boundaries
within this framework. Among these techniques, the sharp interface method [66,76,78,89,94]
is one of the most popular. This method employs an interpolation procedure to impose
boundary conditions on the cells near the boundaries. By controlling the accuracy of the
interpolation procedure, one can obtain the desired accuracy of the solution at the boundaries.
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While the imposition of boundary conditions is generally more complex for the IBM method
compared to the CC method, the IBM method offers the significant advantage of not imposing
any restrictions on the time step when using an explicit time integration scheme. Additionally,
the IBM method is well-suited for problems involving moving boundaries. However, one of
the main disadvantages of the IBM method is the difficulty in ensuring numerical conservation
at the boundaries.

In this work, we propose three methods that combine the advantages of both the Cut-Cells
(CC) and Immersed Boundary Method (IBM) in terms of conservation, accuracy, and stabil-
ity while avoiding their respective disadvantages. To ensure the conservation of the numerical
solution, the cut-cells grid is used to discretize the equations, but a reconstruction procedure
similar to the one used in the IBM method is employed to impose the boundary conditions.
This reconstruction procedure allows to obtain an accurate solution at the boundaries with-
out imposing any restrictions on the time step. However, the IBM reconstruction introduces
a loss of conservation, necessitating an additional step called conservative correction step to
ensure the conservation of the various conservative variables. The main contribution of this
work is the development of this conservative correction step that restores conservation on
the cut-cells grid when using the IBM method for boundary condition treatment. The first
method relies on a straightforward flux redistribution procedure that globally restores con-
servation on the cut-cells grid. The other two methods employ newly developed optimization
procedures to ensure local conservation of the numerical solution within each cell. These
methods have been tested on two-dimensional inviscid compressible flow problems, demon-
strating results comparable to those obtained with the standard Cut-Cells method in terms of
accuracy and conservation. Furthermore, the methods are stable and can be effectively used
with an explicit time integration scheme without encountering any stability issues related to
the small cut-cells.

The paper is organized as follows: Section 4.2 presents the governing equations for inviscid
compressible flow and the finite volume discretization of these equations using the Cut-Cells
(CC) method. It then details the Immersed Boundary Method (IBM) and the Reconstructed
Cut-Cells Method (RCCM), which is a combination of the CC and IBM methods without the
conservative correction step. Section 4.3 introduces the methods that employ a correction
step that restore conservation on the cut-cells grid when using the IBM method for boundary
condition treatment. Section 4.4 presents numerical results demonstrating the accuracy and
conservation properties of the different methods using four test cases. Finally, Section 4.5
concludes the paper.
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4.2 Numerical Method

The goal of this section is to present the governing equations for inviscid compressible flow,
described by the Euler equations and their finite volume discretization using the Cut-Cells
(CC) method and the Immersed Boundary Method (IBM). It is divided into three parts.
The first one briefly presents the Euler equations that govern the inviscid compressible flow.
The second part details the finite volume discretization of these equations using the Cut-
Cells (CC) method. Finally, the third part introduces the Immersed Boundary Method
(IBM) and a combination of the CC and IBM methods called the Reconstructed Cut-Cells
Method (RCCM). These three methods will serve as the basis for the development of the
new conservative methods presented in Section 4.3.

4.2.1 Governing Equations

The integral form of the Euler equations, which encapsulate the conservation laws of mass,
momentum, and energy, is given by Equation 4.1.

∂

∂t

∫
Ω

UdΩ +
∮

∂Ω
F(U)dA = 0 (4.1)

Here, U denotes the vector of conservative variables, and F represents the flux vector along
the outward unit normal n to the boundary. The conservative variables and the flux vector
are defined in Equation 4.2.

U =


ρ

ρu

ρv

ρE

 F =


ρ(v · n)

ρu(v · n) + pnx

ρv(v · n) + pny

ρE(v · n) + p(v · n)

 (4.2)

where ρ is the density, v = (u, v) is the velocity vector, p is the pressure and E is the total
energy. The system of equations is closed using the perfect gas relation, given by Equation 4.3.

p = (γ − 1)
(
ρE − 1

2ρ∥v∥
2
)

(4.3)

where γ is the ratio of specific heats.
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4.2.2 Finite Volume Discretization of the Euler Equations

This section details the finite volume discretization of the Euler equations using the Cut-Cells
(CC) method and discusses the conservation properties of the method.

From the finite volume method (FVM) viewpoint, the integral form of the Euler equations
can be discretized as shown in Equation 4.4.

Un+1
i = Un

i −
∆tn
∆Vi

∑
f∈∂Vi

FfAf (4.4)

where:

• Un
i is the vector of conservative variables at the cell i at the nth time step.

• ∆tn and ∆Vi are the time step and the volume of the cell i, respectively.

• Ff is the numerical flux at the face f , shared by the two cells.

• Af =
∫

f dA is the area of the face f .

The numerical flux vector Ff is an approximation of the flux vector F at the face f :

Ff (Ui1 ,Ui2 , . . .) ≈
1
Af

∫
f

F(U)dA (4.5)

where Ui1 ,Ui2 , . . . are the conservative variables at the cells surrounding face f .

The discretization form of Equation 4.4 is known as the conservative discretization form of the
Euler Equations 4.1. Any method that can be written in this form is considered conservative.
Using Equation 4.4, it can be shown that the sum of all differences between the conservative
variables at time steps n + 1 and n depends only on the fluxes at the domain boundaries
∂Ω, as shown in Equation 4.6. In particular, if there is no flux at the boundaries, the sum of
all conservative variables remains constant over time. A method that respects the property
given by Equation 4.6 is said to be globally conservative.

∑
i∈Ω

∆ViUn+1
i =

∑
i∈Ω

∆ViUn
i −∆tn

∑
f∈∂Ω

FfAf (4.6)

Having a conservative method is crucial as it preserves the conservation properties derived
from physical laws in the numerical solution. It also allows for the correct capture of shocks
and other discontinuities in the solution of the Euler equations [1, 114].
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In this work, the approximate Riemann solver of Roe [115] is used to compute the numerical
fluxes Ff at the faces f .

The CC solver is directly based on the FVM discretization described above. First, the
cut-cells grid is generated by clipping the cells intersected by the boundary. Then, the FVM
discretization is applied to the cut-cells grid. Figure 4.1 shows an example of the cut-cells grid
used by the CC solver. Ghost cells are added at the cut-cells to compute the numerical fluxes
at the boundaries [116]. Since no special treatment such as cell-merging or flux redistribution
is applied to the small cells, the time step ∆tn can be very small to satisfy the CFL condition.
Nevertheless, the CC solver is accurate and conservative. The only other potential downside
is the deterioration of mesh quality near the boundaries due to the arbitrary shape of the
cut-cells, which can affect the accuracy of the FVM solver.

Cut-Cells Uncut Cells

Figure 4.1 Illustration of the cut-cells grid used by the CC solver. The dashed encirclement
shows a detailed view of a cut-cell.

The next section will present the IBM method and the Reconstructed Cut-Cells Method
(RCCM) method, which is an approach proposed by the authors in reference [1] that combines
the advantages of the CC and IBM methods.
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4.2.3 Immersed Boundary Method

This section1 introduces the IBM and RCCM methods, which are similar to the CC method
but use different grids and a reconstruction procedure to impose the boundary conditions. It
is divided into three parts. The first part presents the IBM solver with a focus on the general
idea of the method along with the grid used to discretize the equations. The second part
presents the details of the reconstruction procedure used by the IBM solver to impose the
boundary conditions. Finally, the third part introduces the RCCM solver, which combines
the advantages of the CC and IBM methods.

IBM solver

The IBM solver is also based on the FVM discretization described in section 4.2.2. However,
for the cells near the boundaries, a reconstruction procedure is used to impose the boundary
conditions. The reconstruction procedure will be summarized in the following section. But
first, the grid used by the IBM solver will be described.

The IBM solver only considers (solves) the cells that have their centers inside the domain Ω.
The cells that have their center outside the domain Ω are not solved by the solver. These
cells are categorized into two groups:

• The cells that are completely outside the domain Ω.

• The cells named outer cut-cells (OC-Cells) that are partially inside the domain Ω but
have their centers outside the domain Ω.

Although the OC-Cells are not solved by the solver, they are used in the reconstruction
procedure since they contain some information about the boundary conditions.

Regarding the solved cells, they are also categorized into two subgroups: the boundary cells
(B-Cells) and the inside cells (I-Cells). The I-Cells are completely inside the domain Ω
and do not have any OC-Cells as neighbors. The B-Cells are the remaining unidentified
cells and fall into one of the following two classes:

• The cells that are intersected by the boundary ∂Ω and have their center inside the
domain Ω. These cells can be called boundary cut-cells (BC-Cells).

• The cells that are completely inside the domain Ω and have at least one neighbor that
is an OC-Cell. These cells can be called boundary inside-cells (BI-Cells).

1The content of this section is based on the conference paper [1] and is presented here for the sake of
completeness.
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The B-Cells form then a watertight approximation of the boundary ∂Ω. Figure 4.2 shows an
example of the grid used by the IBM solver. The IBM grid can be efficiently generated without
explicitly clipping the cells with the boundary. Indeed, the reconstruction procedure used
by the IBM solver to impose the boundary conditions does not need the explicit geometric
definition of the boundary cells.

OC-Cells BC-Cells BI-Cells I-Cells

Figure 4.2 Illustration of the different types of cells in the IBM grid.

The I-Cells are defined such that they have a complete stencil of neighbors solved by
the IBM solver. Thus, the I-Cells are directly discretized using the FVM discretization
described above. The B-Cells, on the other hand, are solved using the reconstruction pro-
cedure summarized below. The IBM solver functions then as follows:

• The I-Cells are advanced in time using the FVM discretization: Un
I−Cells → Un+1

I−Cells.

• The B-Cells are reconstructed implicitly using the boundary conditions (BC) and the
new values of the I-Cells:

Un+1
B−Cells = Reconstruction(Un+1

B−Cells,Un+1
I−Cells,BC) (4.7)
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Reconstruction Procedure

The reconstruction procedure, as described in Equation 4.7, performs an interpolation for the
primitive variables W = (ρ, u, v, p) of the B-Cells using the updated values of the I-Cells
and the boundary conditions. The interpolation is carried out using the following steps:

1. For each primitive variable ϕ (ϕ = ρ, u, v or p), it is assumed that the variable ϕ is
approximated by a linear function around the cell center of the B-Cell:

ϕ = a+ b(x− x0) + c(y − y0) (4.8)

where (x0, y0) is the center of the B-Cell to be reconstructed.

2. Now, the coefficients (a, b, c) for each primitive variable and each boundary cell are to
be determined. To do that, a set of points (called reconstruction stencil) around the cell
center of each boundary cell, where some information about the primitive variables is
known, is used. This information can be the value of the primitive variable at the center
of an I-Cell or another B-Cell, or a Dirichlet boundary condition. For points on a
boundary with a Neumann boundary condition (e.g., “no-slip” or “supersonic outlet”),
the information is the derivative of the primitive variable along the normal direction to
the boundary.

Typically, the reconstruction stencil includes the cell centers of solved cells (I-Cells
and B-Cells) that are neighbors of the current boundary cell, and a set of points on
the boundary close to the cell center of the current boundary cell. Figure 4.3 shows
an example of a reconstruction stencil for a boundary cell, where the points on the
boundary are the closest points to the centers of the current B-Cell and its OC-Cells
neighbors.

3. Once the reconstruction stencil is defined, small linear systems are assembled for each
B-Cell in order to find the coefficients of the polynomial.

4. Since the stencil of a B-Cell can contain others B-Cells, all the systems are assembled
into one global system that is solved to find the coefficients of the polynomial for all
the B-Cells simultaneously.

The reconstruction procedure is very flexible and can be used with any type of boundary
conditions. Since it is not based on the conservative discretization of Equation 4.4, it will
introduce therefore a loss of conservation. Hence, the IBM solver is not conservative.
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C0 P1

P2

P3

P4

P5

OC-Cells

B-Cells

I-Cells

Figure 4.3 Illustration of a reconstruction stencil {Pi} of a boundary cell C0.

Reconstructed Cut-Cells Method

The Reconstructed Cut-Cells Method (RCCM) solver is a combination of the CC and IBM
solvers. The idea consists of using the reconstruction procedure of the IBM solver on the
cut-cells for the purpose of avoiding the small cell problem.

The RCCM method uses the cut-cells grid shown in Figure 4.1 for discretization. The
cells are, this time, categorized into two groups: the non-reconstructed cells (NR-Cells),
which are discretized using the FVM discretization, and the reconstructed cells (R-Cells).
The R-Cells are defined as the clipped version of the OC-Cells in the IBM grid shown in
Figure 4.2. This choice is motivated by the fact that the set of OC-Cells contains all the
small cells and is, on average, half the size of the set of all cut-cells. Once the reconstructed
cells are identified, the remaining cells are the NR-Cells, which are discretized using the
FVM discretization. Figure 4.4 shows the grid used by the RCCM solver.

In summary, the RCCM functions as follows:

1. The non-reconstructed cells are advanced in time using the FVM discretization:

Un+1
i = Un

i −
∆tn
∆Vi

∑
f∈∂Vi

FfAf for i ∈ NR− Cells (4.9)

2. The reconstructed cells are reconstructed using the boundary conditions (BC) and the
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R-Cells NR-Cells

Figure 4.4 Illustration of the RCCM grid.

new values of the non-reconstructed cells:

Un+1
i = Reconstruction(Un+1

R−Cells,Un+1
NR−Cells,BC) for i ∈ R− Cells (4.10)

The reconstruction step described in Equation 4.10 is similar to the one used by the IBM
solver. Here, the centroid of the R-Cells is used as the center of the reconstruction and the
boundary points of the reconstruction stencil are chosen to be the centers of the boundary
faces composing the cut-cells. In the RCCM solver, the reconstruction procedure can be
viewed as a semi-implicit treatment of the reconstructed cells that will relieve the time step
restriction due to the small cells. As in the IBM solver, the reconstruction procedure will
also induce a loss of conservation in the RCCM solver. However, since the number and the
volume occupied by the reconstructed cells of the RCCM solver are in general smaller than
those in the IBM solver, the errors associated with the loss of conservation are expected to be
smaller. This is indeed the case, as shown in the numerical results presented in reference [1]
and in section 4.4 of this work.
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In this section, the governing equations for inviscid compressible flow and their finite volume
discretization using the CC, IBM, and RCCM methods have been presented. All three
methods divide the cells of the computational domain into two sets that are solved differently.
The CC method uses the finite volume discretization directly on all the cells of the grid
making it fully conservative but affected by the small cell problem. The IBM method does
not consider cut-cells and uses a reconstruction procedure instead to impose the boundary
conditions on the cells near the boundaries. The RCCM method combines the advantages of
the CC and IBM methods by using the cut-cells grid for discretization and the reconstruction
procedure of the IBM method to impose the boundary conditions. The IBM and RCCM
methods are not conservative due to the reconstruction procedure but are not affected by
the small cell problem. The next section will present various methods based on the RCCM
solver that allow to fully restore the conservation properties on the numerical solutions.

4.3 Conservative Methods

This section presents three methods designed to restore the conservation properties on the
numerical solutions. It is divided into four parts. The first part presents the general de-
scription of the conservative methods along with some terminology and the grid used by
these methods. The following three parts present the three conservative methods. All these
methods are based on the RCCM solver with an additional conservative correction step ap-
plied after each iteration of the RCCM solver’s time integration. The first method relies
on a straightforward flux redistribution procedure that globally restores conservation on the
cut-cells grid. The flux redistribution technique used in this method was proposed by [51]
and [52]. The last two methods correspond to new innovative approaches developed by the
authors that ensure local conservation of the numerical solution within each cell by solving
an optimization problem.

4.3.1 Overview of the Conservative Methods

Grid Description

The conservative methods will use the same grid as the RCCM solver. Hence, the cells are
initially divided into two sets: the non-reconstructed cells (NR-Cells) and the reconstructed
cells (R-Cells). But, to apply the conservative correction step that restore the conservation,
the NR-Cells will be further separated into two subsets:

1. The cells that have at least one R-Cells as neighbor. These cells are called the neighbor
of the reconstructed cells (N-Cells).



47

R-Cells N-Cells C-Cells

Figure 4.5 Illustration of the different types of cells in the grid used by the conservative
methods.

2. The remaining cells that are not NR-Cells are called conserved cells (C-Cells).

Figure 4.5 illustrates an example of the grid used by the conservative methods.

Since N-Cells share a face with at least one R-Cell, they are affected by the loss of conser-
vation introduced by the reconstruction of the R-Cells. Therefore, the solutions for these
cells typically needs correction alongside the solution for the R-Cells. Conversely, C-Cells
are not impacted by the reconstruction of the R-Cells, and their solutions does not require
any modification during the conservative correction step.

Notation

Table 4.1 summarizes the different notations used in the following sections to describe the
different conservative methods.
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Table 4.1 Summary of the different notations used to describe the conservative methods.

Notation Description

U The vector of conservative variables corresponding to the current solution.
Ucc The conservative solution obtained with the CC solver.
Unc The non-conservative solution obtained with the RCCM solver.
Uc The new conservative solution obtained with the conservative methods.
Ff The fluxes at face f obtained with the FVM discretization using the current solution U.
Fm,f Modified fluxes at face f used to obtain the conservative solution Uc.

General Description of the Conservative Methods

The various conservative methods operate in a similar manner. The objective is to update
the current solution Un to obtain a new conservative solution Un+1.

First, the new time step ∆tn is computed without taking into account the R-Cells as shown
in Equation 4.11.

∆tn = CFL min
i/∈R−Cells

∆tni (4.11)

Next, a conservative solution Un+1
cc is calculated using the CC solver with Equation 4.12.

Since the R-Cells were ignored in the computation of the time step, the CFL condition
is not satisfied for the CC solver. Thus, the update given by Equation 4.12 is performed
without any restriction on the time step, but making it unstable at the same time.

Un+1
cc,i = Un

i −
∆tn
∆Vi

∑
f∈∂Vi

FfAf (4.12)

The next step is to compute the non-conservative solution Un+1
nc using the RCCM solver.

Equation 4.13 recalls the computation of the non-conservative solution Un+1
nc . This solution

is stable due to the reconstruction on the R-Cells, but it is not conservative for the same
reason.Un+1

nc,i = Un+1
cc,i for i ∈ C− Cells and N− Cells

Un+1
nc,i = Reconstruction(Un+1

nc ,BC) for i ∈ R− Cells
(4.13)

Finally, the last step is to construct the new conservative solution Un+1
c using the solution

Un+1
nc and Un+1

cc .

The following sections describe three different methods that allow to compute the new con-
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servative solution Un+1
c while ensuring stability.

4.3.2 Flux Redistribution Method

The Flux Redistribution Method (FRM) is based on the flux redistribution technique [49–52].
In the present work, the FRM is employed for the purpose of restoring conservation in the
Immersed Boundary Method. A first optional step involves computing a new stable but still
non-conservative solution Un+1

cont using a linear combination of the solutions Un+1
cc and Un+1

nc ,
as shown in Equation 4.14.

Un+1
cont,i = αiUn+1

cc,i + (1− αi)Un+1
nc,i (4.14)

The parameter αi is defined as the ratio of the volume of cell i to the volume of the uncut
cell i, as shown in Equation 4.15.

αi = ∆Vi

∆Vuncut,i

(4.15)

If the cell i is an uncut cell, then αi = 1 and the new solution Un+1
cont,i is equal to the

conservative solution Un+1
cc,i given by the CC solver. If the cell i is a cut-cell, then 0 < αi < 1

and by combining Equations 4.12, 4.14 and 4.15, it is evident that the division by the small
cell volume ∆Vi is avoided, ensuring the stability of the solution Un+1

cont. For the remainder of
this section, the solution Un+1

cont will be used as the non-conservative solution Un+1
nc .

Next, the conservative solution Un+1
c is computed using the solutions Un+1

nc and Un+1
cc,i with

the flux redistribution technique. The redistribution is performed to satisfy the global con-
servation relation given by Equation 4.16.

∑
i∈Ω

∆ViUn+1
c,i =

∑
i∈Ω

∆ViUn+1
cc,i (4.16)

Since the solution Un+1
cc is conservative, satisfying the constraint 4.16 ensures that the solution

Un+1
c will also be globally conservative by respecting the conservation relation 4.6. The flux

redistribution is carried out as follows:

1. Initialize the conservative solution Un+1
c with the solution Un+1

nc .

Un+1
c = Un+1

nc (4.17)

2. After that, compute the mass error ∆Mi for each cell i that allows to satisfy the



50

conservation relation 4.16.

∆Mi = ∆Vi(Un+1
cc,i −Un+1

c,i ) (4.18)

Note that the mass error ∆Mi is equal to zero for the uncut cells. Therefore, only the
mass error ∆Mi of the cut-cells will be redistributed.

3. Finally, redistribute all the mass errors ∆Mi among the cells such that the relation 4.16
is satisfied.

(a) Loop over the cut-cells i and generate a stencil S(i) of neighbors of the cell i. In
this work, the stencil S(i) is taken to be the union of the cell i and the set of cells
that share a face with the cell i or one of its direct neighbors.

(b) Loop over the elements j of the stencil S(i) and distribute a part of the mass error
∆Mi to the neighbor j.

∆Mi,j = ωi,j∆Mi (4.19)

The weights ωi,j are chosen such that ∑j∈S(i) ωi,j = 1 for each cell i and are
computed as follows.

ωi,j = ∆Vj∑
k∈S(i) ∆Vk

(4.20)

(c) Update the conservative solution Un+1
c,j of the neighbor j.

Un+1
c,j = Un+1

c,j + 1
∆Vj

∆Mi,j (4.21)

The solution Un+1
c obtained with the Flux Redistribution Method is both conservative and

stable. However, the conservation is only global. The next section will present the Flux
Interpolation Method, which aims to restore local conservation in the numerical solutions.

4.3.3 Flux Interpolation Method

To achieve locally conservative solutions, the local conservative discretization form given
by Equation 4.4 must be employed. This section introduces a new method developed by
the authors and called the Flux Interpolation Method (FIM) to accomplish this goal. The
method operates as follows:

For each cell i, the new conservative solution Un+1
c,i is expressed in the form of Equation 4.22.

Un+1
c,i = Un

i −
∆tn
∆Vi

∑
f∈∂Vi

Fm,fAf (4.22)
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Thus, it suffices to compute the fluxes Fm,f using the solution Un+1
nc from the RCCM solver

to obtain the conservative solution Un+1
c .

Since the conservation form 4.22 is already satisfied for the non-reconstructed cells (C-Cells
and N-Cells), the fluxes Fm,f for all faces f shared by two non-reconstructed cells are
set equal to the fluxes Ff obtained with the FVM discretization using the solution Un.
Consequently, the solutions at the C-Cells remain unchanged, as shown in Equation 4.23.

Un+1
c,i = Un+1

nc,i for i ∈ C− Cells (4.23)

For the faces f that are shared by two R-Cells or by an R-Cell and an N-Cell, referred
to as interpolated faces (I-Faces), the fluxes Fm,f are interpolated using the solution Un+1

nc .
The interpolation is performed through the following steps:

1. The solution Un+1
c at the R-Cells is set to be equal to the solution Un+1

nc .

Un+1
c,i = Un+1

nc,i for i ∈ R− Cells (4.24)

Only the solution Un+1
c at the N-Cells remains then to be computed.

2. A combination of Equations 4.24 and 4.22 is then made for the goal of obtaining a set
of equations that constrain the fluxes Fm,f at the I-Faces:

∑
f∈∂Vi

f∈I−Faces

Fm,fAf =∆Vi

∆tn
(
Un

i −Un+1
nc,i

)
−

∑
f∈∂Vi

f /∈I−Faces

FfAf

for i ∈ R− Cells

(4.25)

Equation 4.25 is a linear system of equations of the form Kx = b where the unknown
x represents the fluxes Fm,fAf at the I-Faces. The right-hand side b depends on
the solution Un+1

nc , and the matrix K depends only on the discretization grid. The
dimensions of the matrix K are n×m where n is the number of reconstructed cells and
m is the number of I-Faces.

3. If the number of R-Cells is less than the number of I-Faces, which is usually the
case, then the system of Equations 4.25 can be solved using the least norm method:

min
Fm,f

∑
f∈I−Faces

(Fm,fAf − FfAf )2

s.t. Un+1
c,i = Un+1

nc,i for i ∈ R− Cells
(4.26)
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In matrix form, the optimization problem 4.26 can be written as:

min
x
∥x− x0∥2

s.t. Kx = b
(4.27)

where x0 is the vector of the standard FVM fluxes FfAf at the I-Faces. The least
norm solution of the problem 4.27 is given by Equation 4.28.

x = x0 +KT (KKT )−1(b−Kx0) (4.28)

4. If the number of R-Cells exceeds the number of I-Faces, the system of Equations 4.25
becomes over-determined, and not all conservation constraints can be satisfied. In this
case, the system of Equations 4.25 is solved using the least squares method:

min
Fm,f

∑
i∈R−Cells

(
Un+1

c,i −Un+1
nc,i

)2
(4.29)

In matrix form, the minimization problem 4.29 can be written as:

min
x
∥Kx− b∥2 (4.30)

The solution to the optimization problem 4.30 is given by Equation 4.31.

x = (KTK)−1KT b (4.31)

5. Once all the fluxes Fm,f are computed, the conservative solution Un+1
c at the N-Cells

is obtained using Equation 4.22.

The Flux Interpolation Method is stable since the reconstructed solutions at the R-Cells are
kept unchanged. However, the method is not always conservative since the system of Equa-
tions 4.25 can be over-determined in some cases. Nevertheless, in most situations, the method
is conservative since the system 4.25 is usually under-determined. The next section will in-
troduce another new method developed by the authors and called Flux Correction Method,
which is a variant of the Flux Interpolation Method that is always locally conservative.

4.3.4 Flux Correction Method

The Flux Correction Method (FCM) closely resembles the Flux Interpolation Method but
with relaxed constraints from Equation 4.25. Here, an alternative formulation of the method
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will be presented. The approach begins with the non-conservative solution Un+1
nc , obtained,

for example, using the RCCM solver. The solutions at the C-Cells are left unchanged since
they already satisfy the conservative discretization form 4.4. Conversely, the solutions at the
R-Cells and N-Cells are perturbed to meet the conservative discretization form 4.4. The
updated solution Un+1

c for the R-Cells and N-Cells is expressed as in Equation 4.32.

Un+1
c,i = Un+1

cc,i −
∆tn
∆Vi

∑
f∈∂Vi

f∈I−Faces

(Fm,f − Ff )Af

for i ∈ R− Cells ∪ N− Cells

(4.32)

The objective is then to compute the perturbation ∆Ff = (Fm,f −Ff )Af for all the faces
f ∈ I− Faces. Remark that the update in Equation 4.32 corresponds to a fully conservative
update of the form 4.4, since only the values of the fluxes at the interpolated faces f are
modified compared to the Cut-Cells solver. If the perturbed fluxes ∆Ff vanish, then the
solution Un+1

c is exactly identical to the solution Un+1
cc obtained with the CC solver. However,

since the solution Un+1
cc is unstable, the perturbed fluxes ∆Ff will be non-zero in general so

that they can positively affect the stability of the solution Un+1
c .

The perturbed fluxes ∆Ff are computed using the reconstructed solution Un+1
nc from Equa-

tion 4.13, following these steps:

1. Using Equation 4.32, the differences between the solutions Un+1
c and Un+1

nc at the
R-Cells and N-Cells is minimized:

min
∆Ff

∑
i∈R−Cells ∪ N−Cells

(
Un+1

c,i −Un+1
nc,i

)2
(4.33)

2. As in the Flux Interpolation Method, the minimization problem 4.33 can be written in
matrix form as:

min
x
∥Kx− b∥2 (4.34)

where x is the vector of the perturbed fluxes ∆Ff at the I-Faces. The right-hand side
b depends on the solution Un+1

nc , and the matrix K depends only on the discretization
grid. The dimensions of the matrix K is n×m where n is the total number of R-Cells
and N-Cells and m is the number of I-Faces. The problem 4.33 is solved using the
least squares method to obtain the perturbed fluxes ∆Ff .

3. Once the perturbed fluxes ∆Ff are computed, the conservative solution Un+1
c at the

R-Cells and N-Cells is obtained using Equation 4.32.
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The Flux Correction Method is conservative in general since the conservative update 4.32 is
applied to every cell. The method is also stable because the reconstructed solutions Un+1

nc

are used to constrain the perturbed fluxes ∆Ff . However, since the solutions at the small
cells initially obtained through reconstruction are now perturbed, the stability of the Flux
Correction Method may not be as robust as that of the Flux Interpolation Method.

In this section, three conservative methods have been presented that allow to restore the
conservation properties on the numerical solutions. The Flux Redistribution Method is the
simplest method and ensures global conservation of the solution by redistributing the mass
errors among the cells. The Flux Interpolation Method and the Flux Correction Method are
more sophisticated methods that ensure local conservation of the solution within each cell
by solving an optimization problem. The next section will present numerical results of the
different methods using various test cases.

Summary of the Different Methods

The properties of the methods introduced so far are summarized in Table 4.2.

Table 4.2 Summary of the Different Methods.

Method Conservation Small Cells ∆t Constraint Comments

CC YES YES Stable only with very small time steps.

IBM NO NO Fastest method, but has the largest errors due to
loss of conservation and reconstruction.

RCCM NO NO Errors from loss of conservation and reconstruction
are smaller than those in the IBM method [1].

FRM YES NO Conservation is guaranteed only globally.

FIM YES/NO NO In rare cases, the method may not be fully conservative.

FCM YES NO Less stable than the Flux Interpolation Method,
but always locally conservative.

4.4 Numerical Results

This section presents four test cases to evaluate the performance of the different methods. The
first test case is the shock tube problem of [117], which is used to examine the conservation
properties of the various methods. The second test case involves a transonic flow through a
canal with a bump, aimed at qualitatively assessing the impact of conservation properties on
capturing critical flow features. The third test case examines the confluence of two supersonic
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flows, providing a measure of the accuracy of the different methods for handling discontinuous
solutions. The final test case is the supersonic vortex problem, which is used to study the
convergence behavior of the different methods with a smooth solution.

4.4.1 Shock Tube

The test case extends the one presented in reference [1]. Here, the shock tube is rotated by an
angle of 45◦ to allow the presence of R-Cells at the boundary of the domain. The geometry
is illustrated in Figure 4.6, and the parameters of the test case are given in Table 4.3. The
final time of the simulation is tfinal = 0.15.

Table 4.3 Initial conditions and domain parameters of the shock tube test case.

Left state
[ρL, uL, pL]

Right state
[ρR, uR, pR]

Membrane position
x0

Domain
[L,H]

Grid cell size
[∆x,∆y]

[1.0, 0.0, 1.0] [0.125, 0.0, 0.1] 0.3 [1.0, 1.0] [0.029, 0.029]

Solid Wall boundary conditions are imposed on all the boundaries, ensuring that the total
mass within the system remains constant. Figure 4.7 compares the numerical solutions for
density and velocity profiles obtained with different methods against the analytical solution
at the final time.

The differences between the methods are very negligible in terms of accuracy, as shown in
Figure 4.7. However, significant differences arise in terms of conservation, as illustrated
in Figure 4.8. Figures 4.8a and 4.8b depict the evolution of the errors on the total mass
and energy of the system for the different methods as a function of the average mesh size.
The mass and energy conservation errors, along with the average mesh size, are defined by
Equations 4.35, 4.36, and 4.37, respectively.

Mass Conservation Error = |
∑

i∈Ω ∆Viρi −
∑

i∈Ω ∆Viρi,0|∑
i∈Ω ∆Viρi,0

(4.35)

Energy Conservation Error = |
∑

i∈Ω ∆ViρiEi −
∑

i∈Ω ∆Viρi,0Ei,0|∑
i∈Ω ∆Viρi,0Ei,0

(4.36)

Average Mesh Size h =
√ ∑

i∈Ω ∆Vi

Total Number of Cells (4.37)

where ρi,0 and ρi are respectively the initial and final density of the cell i, and the same
notation is used for the total energy E.
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Figure 4.6 Geometry of the rotated shock tube test case.
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Figure 4.7 Comparison of the numerical solutions for the shock tube test case.
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1(b) Energy conservation error.

Figure 4.8 Comparison of the conservation errors for the shock tube test case.

The mass and energy conservation errors for the CC and conservative methods are consis-
tently at machine precision, as expected. The non-conservative methods (IBM and RCCM)
exhibit non-zero conservation errors that diminish as the mesh is refined. Since the RCCM
method takes into account all cut-cells, its conservation errors are smaller than those of the
IBM method, particularly for coarse meshes. As the mesh is refined, the size of the cut-cells
ignored by the IBM method becomes negligible, resulting in similar mass and energy con-
servation errors for both methods. However, the conservation errors of the IBM and RCCM
methods do not reach machine precision, even for very fine meshes, due to the reconstruc-
tion at the boundaries introducing some conservation errors. For the conservative methods,
despite relying on a reconstruction at the boundary, the conservative correction step ensures
mass and energy conservation errors at machine precision for all mesh sizes.

The next test case will demonstrate the impact of conservation properties on capturing critical
flow features.

4.4.2 Transonic Flow Inside a Canal with a Bump

The second test case involves a transonic flow through a canal featuring a bump with a
thickness of 10%. This test case extends also the one presented in reference [1]. The geometry
along with the boundary conditions are illustrated in Figure 4.9.

Figure 4.10 shows the Mach number contours obtained with the CC method for a fine mesh
(last mesh of Table 4.4). The contours of the other methods are indistinguishable from those
of the CC method and are therefore not shown. The shock on the bump and other important
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Figure 4.9 Geometry and boundary conditions for the transonic flow in a canal with a bump
[1,2].

flow features, such as the supersonic pocket, are well captured by all solvers for this mesh.

To evaluate the impact of the conservation properties on the numerical solutions, the mass
flow rate and the pressure coefficient along the lower surface of the canal are presented for
successive mesh refinements. The properties of the four meshes used are detailed in Table 4.4.
All the meshes have between 0.2% to 1.0% cut-cells, and the canal is positioned on the grid
such that the ratio of the area between an uncut cell and the smallest cut-cell ranges from
23 to 237.

Table 4.4 Meshes size and properties for the transonic flow over a bump test case.

Mesh Grid Size
Number of
Uncut Cells

Number of
Cut-Cells

Ratio of the
Cut-Cells Area [%]

Ratio of the outer
cut-cells area [%]

Factor Max/Min of
Cell Area

Extra Coarse 150× 50 5680 364 0.950 2.853 22.807
Coarse 300× 100 23722 738 0.922 0.477 110.878

Medium 450× 150 54933 1128 0.177 0.678 80.298
Fine 600× 200 93883 1472 0.305 1.464 236.641

At steady state, the mass flow rate through the canal is constant and is given by Equation 4.38
for a surface x = c where c is a constant.

ṁ =
∫ L

0
ρudy =

∑
i| xi=c

ρiui∆yi (4.38)

In Equation 4.38, ρi and ui are respectively the density and velocity of the cell i, thus
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Figure 4.10 Mach number contours obtained with the CC method for the transonic flow over
bump.

numerically, the mass flow rate is not guaranteed to be constant for different surfaces x = c,
even if the solver is conservative, since the conserved variables U are used to compute the
mass flow rate not the fluxes F. By evaluating the mass flow rate for two surfaces x = c1

and x = c2 where c1 < c2, an error on the mass flow rate can be computed as shown in
Equation 4.39.

Mass Flow Rate Error = |ṁc1 − ṁc2|
ṁc2

(4.39)

It is expected that the error on the mass flow rate will diminish as the mesh is refined and
that the conservative methods will have a smaller error compared to the non-conservative
methods. This is indeed observed in Figure 4.11, where the error in the mass flow rate
between two surfaces near the inlet and the outlet of the canal is plotted as a function of the
number of cells in the y direction. Except for the second mesh, the mass flow rate errors of
the conservative methods have the same order of magnitude, and they are smaller than the
ones obtained with the non-conservative methods (IBM and RCCM). The error on the mass
flow rate of the IBM method is larger than the RCCM method, confirming that the RCCM
method is more conservative than the IBM method.
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1Figure 4.11 Mass flow rate error for the transonic flow over a bump test case.

Another way to assess the impact of the conservation properties on the numerical solutions is
to examine the pressure coefficient along the lower surface of the canal. Figures 4.12a to 4.12d
show the pressure coefficient along the lower surface of the canal for the four meshes. First,
it can be observed that all the methods seem to converge to the same solution as the mesh is
refined. Except for the IBM method, the pressure coefficient profiles of the CC method are
very similar to those of the other methods, especially the conservative ones (FRM, FIM and
FCM). The shock position on the lower surface of the canal obtained with the IBM method
is a slightly shifted compared to the other methods, particularly for the coarse meshes. As
the mesh is refined, the shock position of the IBM method converges to the shock position
obtained with the other methods. The differences in the shock position can be attributed to
the non-conservative nature of the IBM method [108,118]. The shock position of the RCCM
method is only slightly shifted compared to the conservative methods. This is understandable
since, although the RCCM method is non-conservative, it accounts for all cut-cells, resulting
in smaller conservation errors than the IBM method. Consequently, the shock position of
the RCCM method is closer to that of the conservative methods. The solutions of the three
conservative methods are almost identical to those of the CC method for all meshes.

The next section will evaluate the accuracy of the different methods using a 2D supersonic
flow containing discontinuities.
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Figure 4.12 Pressure coefficient Cp along the lower surface of the canal for the transonic flow
over a bump test case.

4.4.3 Confluence of Two Supersonic Flows

Figure 4.13 illustrates the configuration of the confluence test case. Two supersonic flows
coming from opposite angles are colliding at the center point of the left boundary. The
parameters for this problem are given in Table 4.5. The analytical solution is characterized
by three discontinuities: two shocks and a contact discontinuity, defined by their respective
angles β1, β2, and βc. These three discontinuities delimit four regions of constant properties.
Using the theory of compressible flows [119], the positions of these discontinuities and the
state of the flow in each region can be computed. The analytical solution corresponding to



62

the parameters in Table 4.5 is provided in Table 4.6.
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Figure 4.13 Geometry and boundary conditions of the confluence test case.

Table 4.5 Domain and initial conditions of the confluence test case.

Flow 1
[M1, p1, T1, θ1]

Flow 2
[M2, p2, T2, θ2]

Domain
[L, H]

[1.8, 105, 300, 10◦] [2.3, 1.5× 105, 400, 10◦] [1, 2]

To visualize the numerical solutions, a mesh M0 aligned with the geometry is used, and its
properties are listed in Table 4.7. The vertical alignment of the mesh with the geometry
ensures a better cut near the outlet plane. Figure 4.14a shows the convergence of the density
residuals of all solvers for the mesh M0. It can be observed that the residuals of all the
solvers have successfully converged to the machine precision. Figure 4.14b displays the Mach
number cuts near the outlet plane for the different methods and the analytical solution.
Similar to the shock tube test case, the numerical solutions obtained with the different
methods are very similar. The shocks and contact discontinuity are captured by all solvers,
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Table 4.6 Analytical solution for the confluence test case.

Discontinuities
[β1, β2, βc]

Region 3
[M3, p3, T3]

Region 4
[M4, p4, T4]

[50.523◦, 30.152◦, 4.528◦] [1.266, 2.086× 105, 374.365] [2.087, 2.086× 105, 439.958]

albeit with some diffusion, which is expected due to the use of a first-order scheme. Overall,
the reconstruction procedure and the conservative correction step do not introduce significant
errors in the numerical solutions.

Table 4.7 Properties of the mesh used for visualizing the numerical solutions of the confluence
test case.

Mesh Grid size
Number of
uncut cells

Number of
cut-cells

Ratio of the
cut-cells area [%]

Ratio of the outer
cut-cells area [%]

Factor max/min of
cell area

M0 80× 160 10368 436 1.3465 0.956 11.243
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1(a) Convergence of the density residuals.
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Figure 4.14 Comparison of the different methods for the confluence test case.

To assess the accuracy of the different methods, five meshes are used. These meshes are
generated using the geometry shown in Figure 4.13, but rotated by 45◦ to introduce arbitrary
reconstructed cells at the domain boundaries. The properties of these meshes are listed in
Table 4.8.

Figure 4.15 shows the convergence of the density with the mesh refinement for the different
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Table 4.8 Mesh sizes and properties for the convergence study of the confluence test case.

Mesh Grid size
Number of
uncut cells

Number of
cut-cells

Ratio of the
cut-cells area [%]

Ratio of the outer
cut-cells area [%]

Factor max/min of
cell area

M1 25× 25 175 88 3.392 16.726 23.469
M2 50× 50 812 178 1.102 8.387 10.302
M3 100× 100 3422 359 1.147 4.538 11.947
M4 200× 200 12656 683 0.512 2.359 130.641
M5 400× 400 56525 1436 0.395 1.197 70.201

methods. The L1 and L2 error norms used to compute the convergence rate of a field ϕ are
defined in Equations 4.40 and 4.41.

ϵL1 =
∑
i∈Ω

∆Vi

V
|ϕi − ϕi,exact| (4.40)

ϵL2 =
√√√√∑

i∈Ω

∆Vi

V
(ϕi − ϕi,exact)2 (4.41)

Where ϕi and ϕi,exact are respectively the numerical and analytical values of the field ϕ at
the cell i, and V = ∑

i∈Ω ∆Vi denotes the total volume of the domain.

The convergence rates are computed using Equation 4.42.

convergence rate =
log

(
ϵh2
ϵh1

)
log

(
h2
h1

) (4.42)

Where ϵh1 and ϵh2 are the error norms obtained with the meshes with sizes h1 and h2,
respectively. The mesh size h is defined by Equation 4.37.

All methods yield similar results, with convergence rates around 0.3 and 0.6 for the L2 and
L1 norms, respectively, as shown in Figure 4.15. Similar convergence rates are observed
for other fields such as pressure and Mach number, as detailed in Table 4.9. The expected
convergence rate for a first-order scheme in smooth flows is 1 for all norms. However, the
presence of discontinuities in the solution explains why the convergence rate is not close to
1 [120].

The next section will employ a smooth solution to more accurately compute the convergence
of the different methods.
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1Figure 4.15 Convergence of the density with the mesh refinement for the confluence test case.

Table 4.9 Convergence rates of the different methods for the confluence test case.

ρ M p T

L1 L2 L1 L2 L1 L2 L1 L2

CC 0.58 0.29 0.51 0.25 0.66 0.30 0.54 0.26
IBM 0.60 0.35 0.51 0.25 0.70 0.41 0.53 0.26
RCCM 0.58 0.33 0.52 0.25 0.71 0.45 0.52 0.23
FRM 0.58 0.28 0.51 0.25 0.66 0.30 0.54 0.26
FIM 0.58 0.28 0.51 0.25 0.66 0.30 0.54 0.26
FCM 0.62 0.35 0.54 0.25 0.76 0.47 0.56 0.24

4.4.4 Supersonic Vortex Flow between two Concentric Quarter Circles

The final test case examines a supersonic vortex flow between two concentric quarter circles,
a test extensively used in the literature to evaluate the accuracy of numerical methods for
inviscid compressible flows [44, 121, 122]. The geometry is shown in Figure 4.16, and the
analytical solution is provided in Equation 4.43.
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ρ = ρin

[
1 + γ − 1

2 M2
in

(
1− r2

in

r2

)] 1
γ−1

p = ργ

γ
u = |v| cos θ v = |v| sin θ

r|v| = rin|vin| where |vin| = Min

(
ρ

γ−1
2

in

)
(4.43)

where ρin and Min are respectively the density and mach number at the inner radius rin, and
are chosen to be 1.0 and 2.25, respectively.
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Figure 4.16 Geometry of the vortex test case.

To obtain the numerical solutions, the analytical solution is imposed as Dirichlet boundary
condition on all the boundaries and used as initial condition as well. Five uniform grids,
ranging from 16× 16 to 256× 256 cells, are employed. After the convergence of the residuals
of all the methods to the machine precision, the error norms (L1, L2 and L∞) and convergence
rates of the density and the pressure are computed using Equations 4.40, 4.41, 4.44 and 4.42,
respectively.

ϵL∞ = max
i∈Ω
|ϕi − ϕi,exact| (4.44)
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Also, to measure the impact of the reconstruction procedure and the conservative correction
step on the convergence of the numerical solution, the convergence rates are computed on
three set of cells: the entire domain (W), only the cells strictly inside the domain (I), and
only the cells on the boundary of the domain (B).

Figures 4.17a to 4.17c illustrate the convergence of the density using the L1 norm for the
whole domain, the interior, and the boundary, respectively. Tables 4.10 and 4.11 present
the convergence rates of the density and the pressure for the different methods across the
different regions.
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Figure 4.17 Convergence of the density for the vortex test case using the L1 norm.
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Table 4.10 Convergence rates of the density for the different methods and regions.

L1 L2 L∞

W I B W I B W I B

CC 0.96 0.94 0.97 0.96 0.94 0.95 0.91 0.89 0.88
IBM 0.86 0.89 0.79 0.86 0.88 0.77 0.75 0.75 0.69
RCCM 0.94 0.92 0.85 0.94 0.92 0.84 0.86 0.84 0.85
FRM 0.97 0.94 0.87 0.98 0.94 0.83 0.73 0.85 0.72
FIM 0.98 0.93 0.87 1.00 0.93 0.85 0.67 0.89 0.66
FCM 0.92 0.91 0.47 0.83 0.91 0.02 −1.55 0.87 −1.53

Table 4.11 Convergence rates of the pressure for the different methods and regions.

L1 L2 L∞

W I B W I B W I B

CC 0.95 0.92 0.91 0.95 0.93 0.92 0.94 0.92 0.93
IBM 0.90 0.93 0.87 0.89 0.91 0.83 0.84 0.84 0.81
RCCM 0.94 0.91 0.90 0.94 0.92 0.90 0.96 0.94 0.93
FRM 0.98 0.93 0.88 1.01 0.94 0.89 0.91 0.91 0.90
FIM 0.98 0.92 0.83 0.99 0.93 0.80 0.64 0.92 0.63
FCM 0.95 0.88 0.83 0.99 0.90 0.88 0.61 0.90 0.60

Aside from a few exceptions, all methods exhibit convergence rates close to the expected rate
of 1 for all three regions, consistent with the first-order scheme employed in this study. For
the L1 and L2 norms, the convergence rates of the CC, RCCM, and conservative methods are
nearly identical across the entire domain and its interior. This similarity arises because the
cut-cells are very small, resulting in minimal L1 and L2 norm errors associated with them.
However, as shown in Tables 4.10 and 4.11, the convergence rates degrade slightly for all
three regions when considering the L∞ norm. The boundary of the domain is particularly
affected by this degradation, especially for the conservative method. This degradation is
partly due to the reconstruction procedure (used in RCCM and conservative methods) and
partly due to the conservative correction step (specific to the conservative method), which
can introduce discrepancies in the solution compared to the CC method, particularly near
the domain boundaries. The FCM method appears to be the most affected near the domain
boundary. For the IBM method, the convergence rates are somewhat lower compared to the
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other methods, although its errors at the boundary are relatively smaller. The small errors
at the boundary arise from the fact that the boundary cells employed in the IBM method
are of high quality and comparable in size to the interior cells.

4.5 Conclusion

This paper presents three distinct methods designed to restore the conservation properties
of the Immersed Boundary Method using a Cut-Cells approach. All methods are based
on a semi-implicit reconstruction procedure that mitigates the small cell problem inherent in
classical Cut-Cells methods. The first method (FRM) employs a flux redistribution technique
to ensure the global conservation of all conserved quantities (mass, momentum, and energy)
across the entire domain. The second (FIM) and third (FCM) methods utilize optimization
procedures to guarantee the local conservation of these quantities within each cell. These
methods have been rigorously tested on various test cases, demonstrating results comparable
to the Cut-Cells method in terms of accuracy, convergence, and conservation. The numerical
results demonstrate that all three conservative methods (FRM, FIM, and FCM) effectively
restore the conservation properties while maintaining accuracy and stability. The shock tube
test case shows that the conservative methods achieve mass and energy conservation errors at
machine precision, unlike the non-conservative methods (IBM and RCCM). In the transonic
flow over a bump test case, the conservative methods exhibit smaller mass flow rate errors,
and they capture the shock wave more accurately than the non-conservative methods. Finally,
the confluence of two supersonic flows and the supersonic vortex flow test cases confirm that
the conservative methods achieve convergence rates close to the expected rate for all norms,
and the results are consistent with the non-conservative methods.

In summary, the three methods (FRM, FIM, and FCM) share the common goal of restoring
conservation properties in the numerical solutions by modifying the fluxes at the cut-cells
boundaries, which is why they all give results that are almost identical to the Cut-Cells
method. However, they differ in their approach to achieving conservation. The FRM method
is computationally the most efficient and the simplest to implement, but it only guarantees
global conservation and does not ensure local conservation within each cell. The FIM method
is generally conservative and stable, but in rare cases, it may not be fully conservative. It also
requires a more complex optimization procedure, making it more computationally expensive
than the FRM method. The FCM method is always locally conservative but may be less
stable than the FIM method due to the perturbation of reconstructed solutions. For a general
case, the FRM method is recommended due to its simplicity and efficiency in ensuring global
conservation. However, for more complex cases where local conservation is critical, the FIM



70

or FCM methods may be preferred despite their higher computational cost.

The three methods are all based on a flux formulation that ensures conservation properties
in the numerical solutions, making them straightforward to implement in three-dimensional
simulations. In the context of viscous flows, the proposed methods can also be extended
to incorporate the additional terms related to the viscous fluxes. These viscous terms do
not affect the implementation of the proposed methods, as all methods are based on a flux
formulation that can be easily extended to include viscous terms. Also, the inclusion of
viscous terms introduces some dissipation to the solution, which can enhance the stability
of the numerical methods. However, the reconstruction procedure employed in the three
methods may impact the resolution of the boundary layer, necessitating further studies to
investigate its effects on viscous flow simulations. Additionally, the Cartesian grid used in
the proposed methods may not be suitable for resolving the boundary layer in viscous flows.
Alternative grid configurations, such as a hybrid grid combining a body-fitted grid near
the immersed boundary with a Cartesian grid in the rest of the domain, may be required to
accurately capture viscous effects. These considerations highlight the complexity of extending
the proposed methods to viscous flows, necessitating further research and investigation.

Future work will focus on developing second-order schemes using these methods and testing
them on more complex inviscid test cases to further assess their accuracy and robustness.
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Abstract

This paper introduces a novel approach that uses a method called the Reconstructed Cut-
Cells Method (RCCM) for addressing the small cells problem in the context of the Cut-Cells
method applied to the Euler equations for inviscid compressible flows. The approach employs
a second-order semi-implicit least-squares reconstruction to achieve stable and accurate so-
lutions, even in regions with small cells, with the time step being limited only by the uncut
cells. Additionally, an extension of the RCCM method, denoted as the Flux Redistribution
Method (FRM), is presented to ensure global conservation. The paper is structured into
three main parts: the presentation of the governing equations and their second-order finite
volume discretization, a detailed description of the RCCM and FRM methods, and numerical
results validating the efficacy of these methods through convergence studies and complex flow
simulations. The method of manufactured solutions is used to rigorously assess the order of
accuracy and the results demonstrate that the RCCM and FRM methods achieve second-
order accuracy in the whole domain and at the boundaries taken separately. An application
of the approach to a complex flow inside a simplified circuit breaker geometry is also pre-
sented, showcasing the method’s effectiveness in simulating compressible flows in challenging
computational domains.

Keywords : Compressible Flows; Cartesian Grids; Cut-Cells; Small Cells Problem; Second
Order Accuracy; Least-Squares Reconstruction

5.1 Introduction

Most numerical methods for solving partial differential equations arising from fluid mechanics
use a decomposition of the domain of interest into cells and then solve the equations on
these cells. This decomposition process, known as mesh generation, can be quite complex
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depending on the geometry of the domain and it can have a significant impacts on the
quality of the numerical solution. For instance, a uniform Cartesian grid offers excellent
discretization advantages, such as compact stencils and high-order accuracy, compared to
unstructured grids. Unfortunately, Cartesian grids are not well-suited for non-rectangular
geometries. Consequently, for complex geometries, other mesh generation techniques such as
unstructured grids are often used. These other mesh generation techniques come with their
own set of problems such as the difficulty to automate the mesh generation process and the
time-consuming nature of this process.

One effective way to avoid the complexity of the mesh generation process is to force the use
of a Cartesian grid and and modify the cells that intersect the domain boundary to conform
to it. This approach is known as the Cut-Cell method. Regardless of the complexity of the
geometry, the mesh generation process remains simple and straightforward.

The primary drawback of the Cut-Cells approach arises from the cut cells themselves located
near the boundary. These cells often have irregular polygonal shapes and can be very small
in size, leading to a deterioration in mesh quality and a significant loss of accuracy in the
numerical solution. Small cells, in particular, pose a stability problem when using an explicit
time integration scheme, a well-known issue in Cut-Cells literature referred to as the small
cells problem [31].

Many techniques have been proposed to deal with the small cells problem. The most com-
mon one is the cell-merging technique [35, 37], which involves merging small cells with their
neighboring cells to create larger cells. This approach eliminates small cells and the associ-
ated stability problems. However, the main disadvantage of this technique is the lack of a
systematic way to merge cells, and the merging algorithms developed so far are not fully ro-
bust for complex 3D geometries [44,59]. Another popular technique is the flux redistribution
technique [49,51,52]. This technique consist of redistributing a fraction of the flux from the
small cells to their neighbors such that the CFL condition based on the unrestricted time
step is satisfied in the small cells region. The time update is then performed without any
time step limitation but a loss of accuracy on the small cells region is observed. Specifically,
with a second order scheme, order of accuracy is reduced to first order in the small cells
region [52, 59]. The h-box method [57, 58] is another more complex technique that attempts
to extend the domain of dependence of the small cells in order to avoid the stability problem.
This method can avoid the small cells problem and preserve the order of accuracy simulta-
neously. However, it has been developed only for 2D geometries, and its extension to 3D has
not yet been achieved. Other techniques have been proposed in the literature, but none have
satisfactorily solved the small cells problem without any loss of accuracy in the small cells
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region and without difficulty in extending the method to complex 3D applications [41,42,123].

In this paper, we propose a new approach to deal with the small cells problem in the context
of the Cut-Cells method applied to the Euler equations for inviscid compressible flows. This
approach employs a method called the Reconstructed Cut-Cells Method (RCCM), which
uses a second order semi-implicit least-squares interpolation on the small cells region in
order to have a stable and accurate solution. The method is inspired from the boundary
condition treatment of sharp-interface immersed boundary methods [17, 76, 77, 81, 107]. A
further extension of the RCCM method, called the Flux Redistribution Method (FRM), that
allows to ensure global conservation of the conserved variables in the Euler equations is also
presented. The main contributions of this paper is the demonstration of the RCCM and
FRM methods effectiveness to handle the accuracy and stability issues associated with the
small cells problem through convergence studies and complex flow simulations.

The paper is divided into three parts. In the first part, the governing equations and the
second order finite volume discretization of the Euler equations are presented. In the second
part, the RCCM method is described alongside the implementation details of the method.
In the third and final part, numerical results for convergence study and solution of complex
compressible flows are provided. The method of manufactured solutions [112,113,124] is used
to rigorously assess the order of accuracy of the method and numerical results of a complex
flow presenting many shocks patterns and flow discontinuities are provided for a simplified
high-voltage circuit breaker geometry.

5.2 Numerical Method

In this section, the governing equations and their second order finite volume discretization
will be presented.

5.2.1 Governing Equations

The two-dimensional Euler equations for inviscid compressible flows will be used throughout
this paper and are given by Equation 5.1.

∂

∂t

∫
Ω

UdΩ +
∮

∂Ω
F(U)dS =

∫
Ω

QdΩ (5.1)

where U, F and Q are respectively the vector of conservative variables, the flux vector and
the source term vector. The conservative variables U and the flux vector F are given by the
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relations defined in Equation 5.2.

U =


ρ

ρu

ρv

ρE

 F =


ρ(v · n)

ρu(v · n) + pnx

ρv(v · n) + pny

ρE(v · n) + p(v · n)

 (5.2)

In Equations 5.2, ρ is the density, v = [u, v] the velocity vector, E the total energy and p the
pressure. The perfect gas equation of state is used to close the system 5.1 and is given by
the relation 5.3.

p = ρ(γ − 1)
(
E − 1

2∥v∥
2
)

(5.3)

where γ = cp/cv is the ratio of specific heats, cp and cv are the specific heats at constant
pressure and volume respectively.

5.2.2 Second Order Finite Volume Method on Cut-Cells Grids

Figure 5.1 shows an example of a cut-cells grid where the cells at the boundary are clipped
by the geometry. In order to simplify the presentation of the discretization, the cut-cells grid
will be considered to be a set of cells Ci of polygonal shapes separated by faces.

Cut-Cells Uncut Cells

Figure 5.1 Example of a cut-cells grid.

For each cell Ci, N(i) is the set of indices of the neighboring cells (cells that share a face
with the cell Ci), and Aij is the area of the face between the cells Ci and Cj. Hence, the
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time-evolution of the conservative variables Ui of the cell Ci is given by Equation 5.4.

Un+1
i = Un

i −
∆tn
∆Vi

 ∑
j∈N(i)

Fn
i,j∆Aij + Qi∆Vi

 (5.4)

where ∆tn is the time step, ∆Vi the volume of the cell Ci, Fi,j is the flux vector at the face
fij separating the cells Ci and Cj and Qi is the source term vector of the cell Ci.

The flux vector Fi,j is computed using the approximate Riemann solver of Roe [115]. For a
given face fij, the flux vector Fi,j is given as a function of the left and right states UL and
UR by Equation 5.5.

Fi,j = 1
2 (F(UL) + F(UR))− 1

2 |Rij|(UR −UL) (5.5)

where |Rij| is the Roe matrix and is a function of the left and right states UL and UR. The
left and right states UL and UR, given by Equations 5.6 and 5.7, are computed using a linear
reconstruction of the conservative variables Ui at the face fij.

UL = Ui +∇Ui · rij (5.6)

UR = Uj +∇Uj · rji (5.7)

where rij and rji are the vectors from the centroids of the cell Ci and Cj to the centroid of
the face fij respectively. The vector ∇Ui is the gradient of the conservative variables Ui and
is computed using a linear least-squares interpolation of the conservative variables Ui in the
cell Ci.

New extrema can be generated when using the direct reconstruction given by Equations 5.6
and 5.7 that can lead to the apparition of spurious oscillations in the numerical solution.
These oscillations can introduce negative values of the density and the pressure which will
lead to divergence of the numerical method. To avoid this problem, limiters such as the one
proposed by Barth and Jespersen [125] and the one proposed by Venkatakrishnan [126] will
be used. The general form of the limiter is given by Equation 5.8.

UL = Ui + ψi∇Ui · rij (5.8)

where ψi is the limiter function that will be computed using the Barth and Jespersen (BJ)
or the Venkatakrishnan (VK) limiter which are given by Equations 5.9 and 5.10 respectively
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[116,125,126].

ψi = min
j∈N(i)


min (1, ∆i,M/∆ij) if ∆ij > 0

min (1, ∆i,m/∆ij) if ∆ij < 0

1 otherwise

(5.9)

ψi = min
j∈N(i)


1

∆ij

(
(∆2

i,M + ϵ2)∆ij + 2∆i,M∆2
ij

)
/
(
ϵ2 + 2∆2

ij + ∆2
i,M + ∆i,M∆ij

)
if ∆ij > 0

1
∆ij

(
(∆2

i,m + ϵ2)∆ij + 2∆i,m∆2
ij

)
/
(
ϵ2 + 2∆2

ij + ∆2
i,m + ∆i,m∆ij

)
if ∆ij < 0

1 otherwise
(5.10)

where:
UM = max

j∈N(i)
(Uj,Ui) and Um = min

j∈N(i)
(Uj,Ui)

∆i,M = UM −Ui , ∆i,m = Um −Ui and ∆ij = ∇Ui · rij

ϵ2 = (K∆hi)3

The constant K is a user-defined constant and ∆h is the characteristic length of the cell Ci.
This completes the description of the evolution of the conservative variables Ui of the cell
Ci.

For the time update, the third order Runge-Kutta method of Shu and Osher [127] will be
used and is given by Equations 5.11.

U∗ = Un − ∆tn
∆Vi

∑
j∈N(i)

(
Fn

i,j∆Aij + Qi∆Vi

)

U∗∗ = 3
4Un + 1

4U∗ − 1
4

∆tn
∆Vi

∑
j∈N(i)

(
F∗

i,j∆Aij + Qi∆Vi

)

Un+1 = 1
3Un + 2

3U∗∗ − 2
3

∆tn
∆Vi

∑
j∈N(i)

(
F∗∗

i,j∆Aij + Qi∆Vi

)
(5.11)

The time step ∆tn is computed using the CFL condition and is given by Equation 5.12.

∆t = λmin
i

(
∆hi

∥vi∥+ ci

)
(5.12)

where λ is the Courant number and ci is the maximum eigenvalue of the flux Jacobian matrix
of the cell Ci. It is clear from Equation 5.12 that the time step ∆t is limited by the smallest
cell of the grid. For a cut-cells grid, the smallest cell is usually very small and this can lead to
a very small time step that can make the simulation unpractical. In this paper, the method
that directly use this FVM discretization in every cells will be called the Cut-Cells (CC)
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method. The CC method will be used as a reference to develop the RCCM method that will
be presented in the following section.

5.3 Reconstructed Cut-Cells Method

In this section, the RCCM method will be described. It is divided into three parts. In the
first part, the general idea of the method will be presented. After that, the reconstruction
procedure that allows to obtain a stable and second order accurate solution will be described.
Finally, an extension of the RCCM method called the Flux Redistribution Method (FRM),
developed to ensure global conservation of the conserved variables in the Euler equations,
will be presented [3].

5.3.1 Method Description

For an arbitrary geometry immersed in a Cartesian grid, the RCCM method classifies the cells
of the grid into two categories: standard cells (S-Cells) and reconstructed cells (R-Cells).
To identify the R-Cells, various criteria can be used, such as a threshold on the area of the
cells. The only requirement is that the reconstructed cells must include all the small cells
of the grid. The criteria used in this paper is to consider as R-Cells, all the cut-cells that
have their center (of the uncut cell) outside the geometry. Figure 5.2 shows an example of a
cut-cells grid used by the RCCM method, with the reconstructed cells highlighted in blue.

Reconstructed Cells Standard Cells

Figure 5.2 Example of a grid for the RCCM method.
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The RCCM method functions as follow:

• At first, for the S-Cells, the standard FVM discretization is used as described in the
previous section.

Un+1
i = Un

i −
∆tn
∆Vi

∑
j∈N(i)

(
Fn

i,j∆Aij + Qi∆Vi

)
∀ i ∈ S-Cells (5.13)

• At second, for the R-Cells, a second order semi-implicit least-squares reconstruction
is used to compute the conservative variables.

Un+1
i = reconstruction(Un+1

j ,Un+1
k , . . . | j ∈ R-Cells, k ∈ S-Cells) ∀ i ∈ R-Cells

(5.14)

For the FVM update of the S-Cells, the time step ∆tn is computed using only the S-Cells,
thus avoiding the restriction of the time step by the small cells. The use of a second order
reconstruction on the R-Cells ensures a second-order accurate solution in the small cells
region. Additionally, the implicit nature of the reconstruction and the avoidance of the FVM
update on the R-Cells ensure a stable numerical solution.

5.3.2 Reconstruction Procedure

For each R-Cells CI , the objective is to find the primitive variables WI = [ρI , uI , vI , pI ].
These primitive variables are then used to compute the conservative variables UI using
Equation 5.15.

UI =
[
ρI , ρIuI , ρIvI ,

pI

γ − 1 + 1
2ρI

(
u2

I + v2
I

)]T

(5.15)

By considering ϕI to represent any of the primitive variables ρI , uI , vI , pI around the centroid
of the cell CI , it is supposed that ϕI can be approximated by a second order polynomial
function ϕ̃I centered at the centroid of the cell CI as shown in Equation 5.16.

ϕ̃I(x, y) = aϕI
+bϕI

(x−xI)+cϕI
(y−yI)+dϕI

(x−xI)(y−yI)+eϕI
(x−xI)2+fϕI

(y−yI)2 (5.16)

The task is to find the optimal values for the coefficients aϕI
, bϕI

, cϕI
, dϕI

, eϕI
and fϕI

using
a least-squares approach. From Equation 5.16, it is evident that the value of the primitive
variable ϕI at the centroid of the cell CI is directly given by the coefficient aϕI

. Therefore, for
each R-Cell and each primitive variable, the coefficient aϕI

is the primary value that needs
to be computed.
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To determine aϕI
and the other coefficients, the idea is to use points (xIi

, yIi
) around the

centroid of the cell CI where information on the primitive variables field ϕ are known. These
points form the stencil of the least-squares reconstruction. The stencil points can either
be the centroids of the neighboring cells or the centroids of the faces of the cell CI where
boundary conditions are imposed.

The following describes the treatment of the stencil points and the assembly of the local
least-squares system AϕI

xϕI
= bϕI

for each R-Cell where xϕI
= (aϕI

, bϕI
, cϕI

, dϕI
, eϕI

, fϕI
)T

represents the unknown of the system. It will be separated into two cases: the first case
corresponds to the stencil points that are the centroids of the neighboring cells, and the
second case corresponds to the stencil points that are the centroids of the faces of the cell CI

where boundary conditions are imposed.

Case 1: Centroids of the Neighboring Cells

If (xIi
, yIi

) is the centroid of a neighboring cell CIi
of the cell CI , two scenarios can be

considered:

• If the cell CIi
is a S-Cell, the value of the primitive variable ϕIi

is known from the
FVM update.

• If the cell CIi
is an R-Cell, the value of the primitive variable ϕIi

is not known at the
time of the reconstruction.

The second scenario implies the resolution of a global linear system of equations that involves
all the R-Cells of the grid. The assembly of the global system will be described later in
this section. In either scenario, the corresponding line in the local least-squares system
AϕI

xϕI
= bϕI

is given by Equation 5.17.

(
1, ∆xI,Ii

, ∆yI,Ii
, ∆xI,Ii

∆yI,Ii
, ∆x2

I,Ii
, ∆y2

I,Ii

)


aϕI

bϕI

cϕI

dϕI

eϕI

fϕI


= ϕIi

(5.17)

where ∆xI,Ii
= xIi

− xI and ∆yI,Ii
= yIi

− yI .
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Case 2: Boundary Points

Depending on the boundary conditions, the information on the field ϕ can be of two types:

• Dirichlet boundary conditions: the value of the field ϕ is known and is used directly in
the least-squares system; or

• Neumann boundary conditions: the value of the gradient of the field along the normal
to the boundary ∇ϕ · n is known and is used in the least-squares system

For example, if the boundary point corresponds to a supersonic inlet, all the primitive vari-
ables (ρ, u, v, p) are given and are then used as Dirichlet boundary conditions. In contrast, if
the boundary point corresponds to a supersonic outlet, the gradient of the primitive variables
(∇ρ · n,∇u · n,∇v · n,∇p · n) are known (all equal to zero) and are then used as Neumann
boundary conditions.

For a Dirichlet boundary condition, where the value ϕIi
of the field ϕ at the point (xIi

, yIi
)

is known, the treatment is the same as for the centroids for a neighboring S-Cell.

For a Neumann boundary condition, where the value ∇ϕIi
· n of the derivative along the

normal of the field ϕ at the point (xIi
, yIi

) is known, Equation 5.18 is used to find the
gradient of the field ϕ along the normal at the boundary point.

∇ϕIi
· n ≈ ∇ϕ̃I · n

∣∣∣
(xIi

,yIi
)

=
(
∂ϕ̃I

∂x
nx + ∂ϕ̃I

∂y
ny

)∣∣∣∣∣
(xIi

,yIi
)

∂ϕ̃I

∂x

∣∣∣∣∣
(xIi

,yIi
)

= bϕI
+ dϕI

(yIi
− yI) + 2eϕI

(xIi
− xI)

∂ϕ̃I

∂y

∣∣∣∣∣
(xIi

,yIi
)

= cϕI
+ dϕI

(xIi
− xI) + 2fϕI

(yIi
− yI)

(5.18)

where n = [nx, ny] is the outward normal to the boundary at the boundary point (xIi
, yIi

).
The corresponding line in the local least-squares system AϕI

xϕI
= bϕI

is then given by
Equation 5.19 for a Neumann boundary condition.

(
0, nx, ny, nx∆yI,Ii

+ ny∆xI,Ii
, 2nx∆xI,Ii

, 2ny∆yI,Ii

)


aϕI

bϕI

cϕI

dϕI

eϕI

fϕI


=
(
∇ϕIi

· n
)

(5.19)
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For practical applications, the boundary conditions are given physically (e.g., supersonic
inlet, solid wall, etc.). Therefore, a transformation of the physical boundary conditions to the
mathematical boundary conditions (Dirichlet or Neumann) is required. Table 5.1 shows the
transformation of some physical boundary conditions used in this paper to the mathematical
boundary conditions.

Table 5.1 Transformation from physical to mathematical boundary conditions.

Physical boundary condition Pressure p Density ρ Velocity v

Supersonic inlet p = p∞ (D) ρ = ρ∞ (D) v = v∞ (D)
Supersonic outlet ∇p · n = 0 (N) ∇ρ · n = 0 (N) ∇v · n = 0 (N)

Solid wall ∇p · n = 0 (N) ∇ρ · n = 0 (N) ∇v · n = 0 (N)
Subsonic inlet ∇p · n = 0 (N) ρ = ρ(p, p0, T0, α) (D) v = v(p, p0, T0, α) (D)

Subsonic outlet p = pout (D) ∇ρ · n = 0 (N) ∇v · n = 0 (N)

Note that for a subsonic inlet, one variable (the pressure) needs to be reconstructed first,
and then the value of the other variables are computed using the value of the reconstructed
pressure and the physical boundary values (total pressure p0, total temperature T0 and angle
of attack α).

This completes the description of the treatment of the points of the reconstruction stencil.
Next, the assembly of the global system will be described.

Assembly of the Global Least-Squares System

For each R-Cells, the local least-squares system AϕI
xϕI

= bϕI
is formulated as shown in

Equation 5.20.


1, ∆xI,I1 , ∆yI,I1 , ∆xI,I1∆yI,I1 , ∆x2
I,I1 , ∆y2

I,I1

1, ∆xI,I2 , ∆yI,I2 , ∆xI,I2∆yI,I2 , ∆x2
I,I2 , ∆y2

I,I2
... ... ... ... ... ...
1, ∆xI,In , ∆yI,In , ∆xI,In∆yI,In , ∆x2

I,In
, ∆y2

I,In

0, nxn+1 , nyn+1 , nxn+1∆yI,In+1 + nyn+1∆xI,In+1 , 2nxn+1∆xI,In+1 , 2nyn+1∆yI,In+1

0, nxn+2 , nyn+2 , nxn+2∆yI,In+2 + nyn+2∆xI,In+2 , 2nxn+2∆xI,In+2 , 2nyn+2∆yI,In+2
... ... ... ... ... ...
0, nxm , nym , nxm∆yI,Im + nym∆xI,Im , 2nxm∆xI,Im , 2nym∆yI,Im





aϕI

bϕI

cϕI

dϕI

eϕI

fϕI


=



ϕI1

ϕI2
...
ϕIn

∇ϕIn+1 · n
∇ϕIn+2 · n

...
∇ϕIm · n



(5.20)

Where m represents the total number of points in the stencil for cell CI , while n is the count
of those points not subject to Neumann boundary conditions. The stencil itself is composed
of the centroids of its direct neighbors, as well as the centroids of those neighbors’ neighbors



82

and multiple nearby boundary points. The total number of points in the stencil, m, varies
for each R-Cell but is always greater than or equal to 6. Hence a least-squares approach
given by Equation 5.21 is used to find the values for the coefficients aϕI

, bϕI
, cϕI

, dϕI
, eϕI

and
fϕI

.
xϕI

= (AT
ϕI
AϕI

)−1AT
ϕI

bϕI
= KϕI

bϕI
(5.21)

Where KϕI
= (AT

ϕI
AϕI

)−1AT
ϕI

is a small 6×m matrix.

In Equation 5.21 that gives the solution of the local least-squares system AϕI
xϕI

= bϕI
, all

values are known at the time of the reconstruction except for some values of the primitive
variables ϕIj

that correspond to other R-Cells. Hence an implicit coupling of all the R-Cells
is required in order to find the desired values of the primitive variables ϕI at each R-Cells.

Since the matrix AϕI
is fixed and depends only on the coordinates of the stencil points, the

system 5.20 can be pre-solved for each R-Cells at the pre-processing step of the simulation
to obtain the matrix KϕI

. The values of the primitive variables ϕI can then be computed
using Equation 5.22.

ϕI = aϕI
=

n∑
i=1

K1,i
ϕI
ϕIi

+
m∑

i=n+1
K1,i

ϕI
∇ϕIi

· n (5.22)

where K1,i
ϕI

is the element in the ith column and the first row of the matrix KϕI
.

By separating the known and unknown values of the primitive variables ϕ, Equation 5.22 can
be rewritten as shown in Equation 5.23.

N∑
J=1

KI,JϕJ =
∑

Ii /∈V

K1,i
ϕI
ϕIi

+
m∑

i=n+1
K1,i

ϕI
∇ϕIi

· n = bI (5.23)

Where:

• N is the total number of R-Cells of the grid

• V is the set of the neighboring R-Cells of the cell CI

• The coefficients KI,J are the elements of the global matrix K that couples all the
R-Cells of the grid and are given by Equation 5.24.

KI,J =


1 if J = I

−K1,i
ϕI

if J = Ii ∈ V

0 otherwise

(5.24)
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Equation 5.23 corresponds to a row of the global system Kx = b where x is the vector of the
primitive variables ϕ of all the R-Cells of the grid (x = [ϕ1, ϕ2, . . . , ϕN ]T ) Additionally, since
the elements of the matrix K depend only on the coordinates of the stencil points, it can be
pre-assembled and decomposed (using a LU decomposition for example) at the pre-processing
step of the simulation. Hence at each time step, the right-hand side b = [b1, b2, . . . , bN ]T of
the global system is computed, and the system is efficiently solved using a simple forward
and backward substitution. The vector b need to be computed at each time step since it
depends on the values of the primitive variables ϕ at the newly updated S-Cells.

The described reconstruction procedure can be straightforwardly extended in three dimen-
sions or to any order of accuracy by increasing the number of coefficients in the local re-
construction 5.16. Also, in two or three dimensions, the number of reconstructed cells N
will always be much smaller than the total number of standard cells of the grid (which are
of the order of N2 and N3/2 respectively), thus making the time cost of the reconstruction
procedure negligible compared to the FVM update of the standard cells.

This completes the description of the reconstruction procedure. Next, the Flux Redistribution
Method (FRM), extension of the RCCM method, will be presented.

5.3.3 The Flux Redistribution Method

The RCCM method is not inherently conservative since the discretization of the conservative
variables Ui of the R-Cells is performed using a least-squares reconstruction, which cannot
be expressed as a conservative update given by Equation 5.4. This lack of conservation can
lead to errors in capturing shocks and discontinuities in the flow [108]. To address this issue,
a method called the Flux Redistribution Method (FRM) was proposed in a previous paper [3]
dealing with conservation issues in the Immersed Boundary Method. The FRM method is a
straightforward application of the flux redistribution technique proposed by Colella and al.
in [52]. The following lines describe the FRM method.

At each time step, two solutions Un+1
CC and Un+1

RCCM are computed using the CC and the
RCCM methods, respectively. In the computation of these two solutions, the same time step
∆tRCCM corresponding to the RCCM method is used. The solution Un+1

CC is thus unstable
since the CFL condition may not be satisfied on the R-Cells. However, it is conservative
since an FVM conservative update is used on all the cells of the grid. On the other hand, the
solution Un+1

RCCM is stable but not conservative since a reconstruction is used on the R-Cells.
The idea of the FRM method is to compute a new solution Un+1

FRM that is both conservative
and stable by using the two solutions Un+1

CC and Un+1
RCCM. The new solution Un+1

FRM is computed
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such that the global conservation relation 5.25 is satisfied.

∑
i∈C

Un+1
FRM,i∆Vi =

∑
i∈C

Un+1
CC,i∆Vi (5.25)

To achieve this, the mass deficit ∆Mi between the two solutions Un+1
CC,i and Un+1

RCCM,i for each
cell Ci given by Equation 5.26 is redistributed to the neighboring cells.

∆Mi = Un+1
CC,i∆Vi −Un+1

RCCM,i∆Vi (5.26)

Note that the mass deficit ∆Mi is zero for the S-Cells since the two solutions Un+1
CC,i and

Un+1
RCCM,i are the same for these cells. The method of redistributing the mass deficit ∆Mi is

described as follows:

• For each Cell Ci, Initialize the solution Un+1
FRM,i = Un+1

RCCM,i

• For each R-Cells Ci, Compute the mass deficit ∆Mi using Equation 5.26

• For each R-Cells Ci, redistribute the mass deficit ∆Mi to itself and its neighboring
cells using Equation 5.27

Un+1
FRM,j ← Un+1

FRM,j + ∆Vj∑
k∈{i,N(i)} ∆Vk

∆Mi ∀ j ∈ {i, N(i)} (5.27)

In Equation 5.27, the redistribution is weighted by the volume of the cells so that the small
cells receive less mass than the large cells allowing them to keep their stability. By this
construction, the final solution Un+1

FRM will be globally conservative and stable. This completes
the description of the FRM method. In the next section, numerical results will be presented
to verify the accuracy and the stability of the RCCM and FRM methods.

5.4 Numerical Results

This section presents four test cases to evaluate the accuracy and the stability of the RCCM
and FRM methods. The first two test cases are steady-state problems where the analytical
solution is known and are used to evaluate the accuracy of the RCCM and FRM methods.
The last two test cases are unsteady problems for more complex flows and/or geometries and
since no analytical solution is available, the results are compared to the results of from an
Unstructured Finite Volume Method (UFVM) solver and from COMSOL Multiphysics. In
the first test case, the method of manufactured solutions [112, 113, 124] is used to formally
evaluate the accuracy of the RCCM and FRM methods using a smooth solution. In the
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second test case, the confluence of two supersonic flows is considered to evaluate the ability
of the RCCM and FRM methods to capture shocks and discontinuities. The third test case
is a shock tube kind of problem where a Mach 2 shock wave is reflected on a cylinder, which
is a complex unsteady problem involving shock waves and reflections. Finally, the fourth test
case is similar to the third test case but with a more complex geometry and is used to evaluate
the ability of the RCCM and FRM methods to handle complex geometries encountered in
industrial applications.

5.4.1 Convergence Study using the Method of Manufactured Solutions

This section presents the results of a convergence study using the method of manufactured
solutions (MMS) to evaluate the accuracy of the RCCM and FRM methods. It is divided
into three subsections: the description of the geometry and the manufactured solution, the
results of the convergence study, and the evaluation of the effect of the cut-cells size and
location on the accuracy of the RCCM and FRM methods.

Geometry and Manufactured Solution

Figure 5.3 illustrates the geometry used for the convergence study: a square with side length
L = 1.

Ω

Γ1

Γ2

Γ3

Γ4

(0,0) (1,0)

(1,1)(0,1)

Figure 5.3 Geometry used for the convergence study.

Five grids with successive refinement levels will be used for the convergence study. The initial
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grid is chosen such that with the successive refinements, the sum of the areas of the cut-cells
highlighted in red in Figure 5.3 will remain constant. This constraint is imposed to ensure
that the positions of the cut-cells are not modified during the grid refinement and the size
of each cut-cell is uniformly reduced. Later in this section, this constraint will be relaxed to
evaluate the effect of the cut-cells size and location on the accuracy of the RCCM and FRM
methods.

The manufactured solution used for the convergence study is derived from [128] and is given
by Equations 5.28. The fluid properties are γ = 1.4 and R = 1.0. The coefficients of the
manufactured solution are provided in Table 5.2 and are chosen to ensure subsonic flow
throughout the domain.

ρMMS(x, y) = ρ0 + ρx sin(aρxπ
x

L
) + ρy cos(aρyπ

y

L
) + ρxy cos(aρxyπ

x

L
) cos(aρxyπ

y

L
)

uMMS(x, y) = u0 + ux sin(auxπ
x

L
) + uy cos(auyπ

y

L
) + uxy cos(auxyπ

x

L
) cos(auxyπ

y

L
)

vMMS(x, y) = v0 + vx cos(avxπ
x

L
) + vy sin(avyπ

y

L
) + vxy cos(avxyπ

x

L
) cos(avxyπ

y

L
)

pMMS(x, y) = p0 + px cos(apxπ
x

L
) + py sin(apyπ

y

L
) + pxy cos(apxyπ

x

L
) cos(apxyπ

y

L
)

(5.28)

Table 5.2 Coefficients of the manufactured solution.

Variable ϕ ϕ0 ϕx ϕy ϕxy aϕx aϕy aϕxy

ρ 1.0 0.3 −0.2 0.3 1.0 1.0 1.0
u 1.0 0.3 0.3 0.3 3.0 1.0 1.0
v 1.0 0.3 0.3 0.3 1.0 1.0 1.0
P 18.0 5.0 5.0 0.5 2.0 1.0 1.0

Figure 5.4 shows the contours of the primitive variables ρMMS and pMMS of the manufactured
solution. The solution is smooth and exhibits significant variations within the computational
domain.

By solving the Euler Equations 5.29 with the source terms defined by Equation 5.30, it
becomes evident that the MMS solution is the exact solution, making it suitable for assessing
the accuracy of the RCCM and FRM methods.

∂

∂t

∫
Ω

UdΩ +
∮

∂Ω
F(U)dS =

∫
Ω

SMMSdΩ (5.29)
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(a) Density ρMMS.
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Figure 5.4 Contours of the density and pressure of the manufactured solution.
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∂x

(
ρMMSuMMS

)
+ ∂y

(
ρMMSvMMS

)
∂x

(
ρMMSuMMSuMMS + pMMS

)
+ ∂y

(
ρMMSuMMSvMMS

)
∂x

(
ρMMSvMMSuMMS

)
+ ∂y

(
ρMMSvMMSvMMS + pMMS

)
∂x

(
ρMMSHMMSuMMS

)
+ ∂y

(
ρMMSHMMSvMMS

)

 (5.30)

Using the RCCM and FRM methods without any limiter and the MMS solution as initial
and Dirichlet boundary conditions on all four boundaries (Γ1, . . . ,Γ4) of the domain, the
convergence study is performed.

Convergence Study

Figure 5.5 shows the convergence of density residual for the five grids. All residuals success-
fully converge to machine precision for both methods.

Figure 5.6 show the absolute error of the density for the finest grid using the RCCM and FRM
methods. The errors do not appear to be concentrated at the boundary and are smoothly
distributed throughout the domain.

Equations 5.31 allow for the computation of the L1 and L∞ error norms of a variable ϕ
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Figure 5.5 Convergence of density residual for the MMS test case.
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(b) FRM density error |ρF RM − ρMMS |.

Figure 5.6 Contours of the density error of the solution obtained with the last grid using the
RCCM and FRM methods.
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alongside the convergence rate p.

ϵL1 = 1
V

N∑
i=1

∆Vi

∣∣∣ϕnumerical
i − ϕMMS

i

∣∣∣
ϵL∞ = max

1≤i≤N

∣∣∣ϕnumerical
i − ϕMMS

i

∣∣∣
p = log

(
ϵh2

ϵh1

)
/ log

(
h2

h1

) (5.31)

Where:

• N is the number of cells

• ∆Vi is the volume of the cell i

• V is the volume of the domain: V = ∑N
i=1 ∆Vi

• ϕnumerical
i is the numerical value of the variable ϕ at the cell i

• ϕexact
i is the exact value of the variable ϕ at the cell i

• h is the characteristic grid size: h =
√
V/N

• ϵh1 and ϵh2 are the error norms (L1 or L∞) at two different grid sizes h1 and h2

Figure 5.7 shows the convergence of the L1 and L∞ error norms of the density for the five
grids. The errors are computed in three regions: the whole domain (Ω), the interior of the
domain (Ωo) and the boundary of the domain (∂Ω).

The L1 and L∞ error norms of the density converge with second-order accuracy for both the
RCCM and FRM methods across the entire domain and within the interior and boundary
of the domain taken separately as shown in Figure 5.7. For the L∞ error norm, since it
is more sensitive, the order of convergence can be higher or slightly lower than 2.0 but
remains on average close to 2.0. Comparing the two methods, the two methods exhibit
similar convergence rates for the density across the three regions of the domain but the
RCCM presents slightly lower errors than the FRM method. This is due to the fact that
the FRM method is more diffusive than the RCCM method since it performs an additional
redistribution step of the flux to ensure conservation.

Tables 5.3 and 5.4 summarize the different results of the convergence study for the two
methods. The accuracy of the RCCM and FRM methods remains consistent for the other
primitive variables u, v and p.
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Figure 5.7 Convergence of the L1 and L∞ error norms of the density for the MMS test case.

Table 5.3 Results of the convergence study for the MMS test case using the RCCM method.

RCCM
Whole Interior Boundary

L1 L∞ L1 L∞ L1 L∞

ρ 1.94 1.95 1.92 1.72 2.37 2.16
u 2.03 2.17 2.00 1.92 2.61 2.47
v 1.89 1.95 1.88 1.81 2.27 2.13
p 1.93 1.87 1.92 1.86 2.13 2.04

Table 5.4 Results of the convergence study for the MMS test case using the FRM method.

FRM
Whole Interior Boundary

L1 L∞ L1 L∞ L1 L∞

ρ 2.04 2.69 1.98 1.86 2.70 2.93
u 2.04 2.29 2.02 2.23 2.54 2.50
v 2.03 2.31 1.99 1.92 2.57 2.52
p 2.01 2.22 1.99 2.01 2.28 2.42
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Convergence Study with Arbitrarily Located Cut-Cells

The convergence study is repeated with the same manufactured solution and the same grid
sizes but with the modified geometry shown in Figure 5.8 and Table 5.5 provides the prop-
erties of the resulting grids.

r = 0.1

Ω

(-0.5,-0.5) (0.5,-0.5)

(-0.5,0.5) (0.5,0.5)

Figure 5.8 Modified geometry used for the convergence study.

Table 5.5 Properties of the grids used for the MMS convergence study with arbitrarily located
cut-cells.

Grid Grid size
Number of
Uncut Cells

Number of
Cut-Cells

Reconstructed Cells
Area Ratio [%]

Factor max/min of
Cells Area

1 40× 40 1066 165 0.38 33.61
2 80× 80 4920 343 1.62 101.40
3 160× 160 18117 654 0.58 383.16
4 320× 320 79096 1340 0.11 1252.82
5 640× 640 317925 2567 0.25 1221.02

Figures 5.9 shows the convergence of the density residual for the five grids. As in the previous
case, all residuals converge to machine precision for both methods.

Similarly, Figures 5.10 show the absolute error of the density for the finest grid using the
RCCM and FRM methods. The errors are also smoothly distributed throughout the domain
and do not appear to be concentrated at the exterior nor at the interior boundaries of the
domain.
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Figure 5.9 Convergence of density residual for the MMS test case with arbitrarily located
cut-cells.
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Figure 5.10 Contours of the density error of the solution obtained with the last grid using
the RCCM and FRM methods with arbitrarily located cut-cells.
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Finally, Figures 5.11 show the convergence of the L1 and L∞ error norms of the density for
the five grids computed in the same three regions of the domain.
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Figure 5.11 Convergence of the L1 and L∞ error norms of the density for the MMS test case
with arbitrarily located cut-cells.

In the previous case, the orders of convergence were computed using only the last two grids.
Since for this geometry, the cut-cells are arbitrarily located on the boundary and can change
in size and location between two grids, the convergence is not as smooth and the orders
are better computed using an average of multiple grids. Hence, in this case, the orders of
convergence are computed using a linear regression with all the grids. With this metric, the
resulting orders of convergence are approximately 2.0 for the L1 and L∞ error norms for
both methods and all three regions of the domain. For the L∞ error norm, the convergence
is more sensitive to the location and size of the cut-cells and the order of convergence can
be slightly lower than 2.0 in some regions. The orders of convergence for the other primitive
variables u, v and p are similar to those obtained for the density.

5.4.2 Confluence of Two Supersonic Flows

Figure 5.12 illustrates the test case, which involves the collision of two supersonic flows,
resulting in the formation of four regions of constant state. These regions are delineated by
two shocks and one contact discontinuity.

The properties of the mesh used for this test case are detailed in Table 5.6. Note that the
grid is rotated by 45 degrees to ensure that cut-cells may arbitrarily appear at the domain
boundaries.



94

θ2

θ1

β2

β1

βc

L

H

Region 1

Region 2

Region 3

Region 4

Sho
ck

1

Shock 2

Contac
t

Flow 1
p1, T1,M1

Flow 2
p2, T2,M2

Outlet

Figure 5.12 Geometry of the confluence of two supersonic flows [3].

Table 5.6 Properties of the grid used for the confluence of two supersonic flows.

Grid size
Number of
Uncut Cells

Number of
Cut-Cells

Reconstructed Cells
Area Ratio [%]

Factor max/min of
Cells Area

300× 300 31199 1019 0.30 32.80

Given the presence of discontinuities in the flow, limiters are activated to prevent the gener-
ation of spurious oscillations or solver divergence. Figure 5.13 shows the convergence of the
density residuals for both the RCCM and FRM methods.

It is observed that the residuals computed using the Barth-Jespersen (BJ) limiter stagnate
and do not converge to machine precision. In contrast, the residuals computed using the
Venkatakrishnan (VK) limiter converge to machine precision. This difference is attributed to
the smoother nature of the VK limiter, which allows the residuals to reach machine precision.
No significant difference is observed in the convergence of the residuals between the RCCM
and FRM methods.

Figure 5.14 presents the Mach number contours for both methods using the BJ and VK
limiters.

The results of the RCCM and FRM methods are in good agreement with the analytical so-
lution. Both methods accurately capture the shocks and the contact discontinuity. However,
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1Figure 5.13 Convergence of the residuals of the density for the confluence of two supersonic
flows.

errors are more concentrated near the discontinuities, particularly the contact discontinuity.
This can be seen more clearly in Figure 5.15 which shows the cut of the Mach number along
the outlet boundary of the domain. The concentration of errors near the discontinuities can
be attributed to the activation of limiters, which introduce some diffusion into the solution.
It can be observed that the VK limiter even though it allows the residuals to converge to
machine precision, introduces some oscillations in the solution near the discontinuities which
are less pronounced with the BJ limiter. No significant difference is observed between the
results of the RCCM and FRM methods which is consistent with the results obtained in
reference [3]. Indeed, since the mesh used for this test case is sufficiently fine, the loss in
conservation introduced by the RCCM method is negligible and thus the results of the two
methods are similar. The following section will present a more complex test case to further
evaluate the RCCM and FRM methods: the diffraction of a shock wave over a cylinder.

5.4.3 Diffraction of a Shock Wave over a Cylinder

This test case correspond to a shock wave at Mach 2.0 diffracting over a cylinder of radius
r = 0.15 [44]. The geometry is shown in Figure 5.16. The flow is initially at rest (state B)
and the shock wave is positioned at x0 = 0.2 and propagates from left to right. Equation 5.32
describes the initial conditions and boundary conditions of the problem and the properties
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Figure 5.14 Mach number error contours of the confluence of two supersonic flows using BJ
and VK limiters.
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Figure 5.15 Cut of the Mach number along the outlet boundary of the domain for the con-
fluence of two supersonic flows test case.

of the mesh used are given in Table 5.7.

Initial conditions:

Pre-Shock State (B): p = 1.0, u = 0.0, v = 0.0, ρ = γ = 1.4

Post-Shock State (A): p = 4.5, u = 1.25, v = 0.0, ρ = 56/15

Boundary conditions:

Inlet Γ1: Dirichlet using the post-shock state (A)

Other boundaries: Wall boundary condition
(5.32)

Table 5.7 Properties of the grid used for the diffraction of a shock wave over a cylinder test
case.

Grid size
Number of
Uncut Cells

Number of
Cut-Cells

Average
Mesh Size

Factor max/min of
Cells Area

366× 366 102783 1738 0.00298 2271.60

Figure 5.17 shows the evolution of the density contours for the RCCM and FRM methods at
different times. When the incident shock wave reaches the cylinder, a regular shock reflection
pattern is observed along with the formation of a Mach stem and a slip line. A triple point is
then formed at the intersection of the slip line and the Mach stem. The two methods capture
these expected features accurately, with no significant difference between the results of the
RCCM and FRM methods.
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Figure 5.16 Geometry of the diffraction of a shock wave over a cylinder.

Figure 5.18 shows the cut of the density around the cylinder for the RCCM and FRM
methods. The results of the two methods are compared with results obtained using the
UFVM and COMSOL solvers. The UFVM and COMSOL solvers use triangular meshes with
equivalent average cell size (0.00294 and 0.00164 respectively) as the Cartesian mesh used in
the RCCM and FRM methods. It can be seen that the results provided by all four solvers are
in good agreement. The RCCM and FRM methods, even though they use irregular cut-cells
near the cylinder, provide results that are smooth and consistent with those obtained using
the UFVM and COMSOL solvers.

The next section will present the results of the RCCM and FRM methods for a similar
unsteady flow over a more complex geometry inspired by a circuit breaker.

5.4.4 Complex Unsteady Flow on a Simplified Circuit Breaker Geometry

The final test case involves a complex unsteady flow over a geometry inspired by a high-
voltage circuit breaker. Figure 5.19 shows the geometry, which features a series of regions
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Figure 5.17 Density contours of the diffraction of a shock wave over a cylinder test case.
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with different scales and forms, including sharp corners and narrow gaps. The choice of
this geometry is motivated by the need to evaluate the RCCM and FRM methods in a
challenging and realistic scenario. This test case combines the complexity of the geometry
with the unsteadiness of the flow, making it a demanding benchmark for the methods.

s
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Figure 5.19 Geometry of the simplified circuit breaker test case.

Two shock waves at Mach 2.0 both are initially positioned at x0 in the upper and lower
regions of the domain and propagate from right to left. The flow is unsteady, and the shock
wave interacts with the geometry and themselves, leading to complex flow patterns. The
problem is parameterized as follows:

• Initial conditions:

– Pre-Shock State (B): p = 1.0, u = 0.0, v = 0.0, ρ = γ = 1.4

– Post-Shock State (A): p = 4.5, u = −1.25, v = 0.0, ρ = 56/15

• Boundary conditions:

– Inlets Γ1 and Γ2: Dirichlet boundary condition with the post-shock state (A)

– Other boundaries: Wall boundary condition

• Solvers parameters:

– Limiter: Barth-Jespersen (BJ)

– CFL number: 0.8

– Final time: 50.0
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Table 5.8 Properties of the grid used for the simplified circuit breaker test case.

Grid size
Number of
Uncut Cells

Number of
Cut-Cells

Average
Mesh Size

Factor max/min of
Cells Area

1800× 500 436025 5696 0.10845 2427.67

The properties of the mesh used with the RCCM and FRM methods for this test case are
given in Table 5.8.

Figures 5.20 and 5.21 show the evolution of the density contours for the RCCM method at
different times. It can be observed that the flow is highly unsteady and complex, with the
many flow patterns and structures forming and interacting with the geometry over time such
as the shock and reflected shock waves, mach stem, slip lines, and vortices.

Figure 5.22 compares the density contours obtained with the RCCM, FRM and UFVM
methods at the final time t = 50.0. The UFVM method use a body-fitted triangular mesh
with an equivalent average cell size of 0.0681 (compared to the 0.10845 of the RCCM and
FRM grid). The results show that the RCCM and FRM methods capture the main flow
features and structures and are in good agreement with the UFVM method. The only
noticeable difference is the presence of some numerical diffusion in the RCCM and FRM
methods around the vortices.

To better compare and evaluate the accuracy of the RCCM and FRM methods, Figure 5.23
shows the cut of the density along the median line of the domain drawn in blue in Figure 5.19.
The results show that the three methods gives almost exactly the same results at early times.
However, as the flow evolves, small differences start to appear between the methods but
globally, the three methods remain very close.

To conclude this test case, a comparison of the conservation of mass and energy between the
RCCM and FRM methods will be presented. From the conservative discretization form of
the Euler Equations 5.4, the total mass and energy in the domain can be computed at each
time step using the following equations:

Mass: Mn+1
T =

N∑
i=1

ρn+1
i ∆Vi =

N∑
i=1

ρn
i ∆Vi −∆tn

∮
∂Ω
ρ(v · n)dS

Mn+1
T = Mn

T −∆tn
∮

∂Ω
ρv · ndS

Energy: En+1
T =

N∑
i=1

(ρE)n+1
i ∆Vi = En

T −∆tn
∮

∂Ω
(ρE + p) (v · n)dS

(5.33)
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Figure 5.20 Density contours for the simplified circuit breaker test case using the RCCM
method at different times (1/2).
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Figure 5.21 Density contours for the simplified circuit breaker test case using the RCCM
method at different times (2/2).
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Figure 5.22 Density contours for the simplified circuit breaker test case using the RCCM,
FRM and UFVM methods at t = 50.0.
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Figure 5.23 Cut of the density along the median line of the domain for the simplified circuit
breaker test case using the RCCM, FRM and UFVM methods.
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Since, for a Wall boundary condition, the normal velocity is zero, the mass and energy
fluxes at the boundaries are constant and depend only on the Post-Shock state (A). Thus,
by denoting the constant fluxes M∂Ω =

∮
∂Ω ρv · ndS and E∂Ω =

∮
∂Ω (ρE + p) (v · n)dS, the

conservation of mass and energy can be written as:

Mass: Mn
T = M0

T − tnM∂Ω

Energy: En+1
T = E0

T − tnE∂Ω
(5.34)

Hence, the conservation of mass and energy can be evaluated by computing the relative errors
of the mass and energy at each time step using the following equations:

Mass error: ϵn
M = Mn,∗

T −Mn
T

M0
T

Energy error: ϵn
E = En,∗

T − En
T

E0
T

(5.35)

where Mn,∗
T and En,∗

T are the total mass and energy computed using the RCCM and FRM
methods at time tn. Figure 5.24 shows the evolution of the relative errors of the mass
and energy for the RCCM and FRM methods. The results show that the FRM method is
fully conservative and maintains the mass and energy conservation errors close to machine
precision. Whereas, the RCCM method introduces some small errors in the conservation of
mass and energy. These errors slightly increase over time but remain small (less than 1%)
and do not affect the overall accuracy of the solution. A sudden jump in the mass and energy
errors at t = 10.0 can be observed which is due to the collision of the shock in the upper
region of the circuit breaker geometry with the vertical wall.

5.5 Conclusion

In this paper, we have introduced an approach based on the Reconstructed Cut-Cells Method
(RCCM) and its extension, the Flux Redistribution Method (FRM), as an innovative solu-
tion to the small cells problem in the context of the Cut-Cells method applied to the Eu-
ler equations for inviscid compressible flows. The RCCM method employs a second-order
semi-implicit least-squares reconstruction to achieve stable and accurate solutions, even in
regions with small cells without any time step restriction based on the cut-cells size. The
FRM method further enhances the RCCM by ensuring global conservation and maintain-
ing second-order accuracy in the presence of small cells. Our numerical results demonstrate
the effectiveness of the RCCM and FRM methods through rigorous convergence studies and
complex flow simulations. The method of manufactured solutions was employed to assess the
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1Figure 5.24 Evolution of the relative errors of the mass and energy for the simplified circuit
breaker test case using the RCCM and FRM methods.

order of accuracy, confirming that both the RCCM and FRM methods achieve second-order
accuracy in the whole domain and in the boundary taken separately. The RCCM and FRM
methods provide a robust framework for simulating compressible flows in complex geometries,
overcoming the limitations of traditional Cut-Cells methods. By addressing the small cells
problem without sacrificing accuracy or stability, these methods offer a promising alternative
for a wide range of applications in computational fluid dynamics. Future work will focus on
extending these methods to three-dimensional geometries and for the simulation of moving
boundaries problems.
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CHAPTER 6 THREE-DIMENSIONAL EULER SOLVER USING A
CARTESIAN IBM METHOD

Introduction

This chapter presents an implementation of the Immersed Boundary Method (IBM) for
solving the Euler equations in three dimensions. In previous chapters, cut-cells methods
developed in two dimensions has demonstrated both accuracy and effectiveness in addressing
the conservation issues associated with the IBM method. The objective now is to extend
these methods to three dimensions. The initial step toward this goal involves extending the
basic IBM reconstruction to three dimensions, which forms the foundation of these methods.
Subsequently, this IBM method will be integrated with a cut-cells grid to develop accurate
and conservative methods for solving the Euler equations in three dimensions. This chapter
only treats the basic IBM reconstruction in three dimensions and demonstrates its accuracy
and convergence properties. The chapter is organized into two main parts: the first part
details the numerical method, and the second part presents numerical results obtained using
this method.

6.1 Numerical Methods

The IBM method with a Finite Volume Method (FVM) discretization is employed to solve
the Euler equations in three dimensions. The method utilizes a Cartesian grid where cells
located inside the computational domain are discretized using the FVM method, while cells
located on the boundary are reconstructed using an interpolation method. This section is
organized into three subsections. The first subsection presents the governing equations and
mesh generation. The second subsection describes the FVM discretization of the governing
equations. The third subsection details the reconstruction of boundary cells.

6.1.1 Governing Equations and Mesh Generation

The next three paragraphs present the governing equations, the discrete topology used to
represent the computational domain, and the mesh generation process.
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Governing Equations

The governing equations are given by the Euler equations in three dimensions as shown in
Equation 6.1.

∂

∂t

∫
Ω

UdV +
∮

∂Ω
F(U)dS =

∫
Ω

QdV (6.1)

U =



ρ

ρu

ρv

ρw

ρE


, F(U) =



ρ(u · n)
ρu(u · n) + pnx

ρv(u · n) + pny

ρw(u · n) + pnz

(ρE + p)(u · n)


where Ω and ∂Ω represents the computational domain and its boundary, U,F and Q are
the vectors of conservative variables, fluxes and source terms respectively, n is the outward
unit normal vector to the boundary, u = (u, v, w) represents the velocity vector, ρ is the
density, E is the total energy, and p is the pressure. The perfect gas equation of state, given
by Equation 6.2, is used to close the system of equations.

p = (γ − 1)ρ
[
E − 1

2
(
u2 + v2 + w2

)]
(6.2)

where γ is the ratio of specific heats.

Discrete Topology

The computational domain in which the equations are solved is defined using a boundary
representation (b-rep) approach with a hierarchical data structure called discrete topology.
Detailed information about the discrete topology is provided in Appendix A. Essentially, the
discrete topology is a data structure that enables representation of a geometry through its
boundary using a surface triangulation. The triangles are organized into topological entities
called Face, Shell and Volume that provide a consistent representation of the geometry.
The Volume is the main entity representing a computational domain. It contains a list of
Shells, which are closed surfaces that represent the boundary of the volume. If a Volume
contains more than one Shell, the first Shell is considered to be the outer boundary of the
volume, while the others are considered inner boundaries. The Shell entity contains a list
of Faces with additional information about the orientation of the faces. The Face entity is
simply a set of triangles that simplifies the construction of the Shell entity and is also used
in the solver where boundary conditions are imposed at the Face level. Figure 6.1 shows
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an example of a discrete topology composed of a single Volume with two Shells. The outer
Shell is a cube composed of six Faces, and the inner Shell is a sphere composed of one
Face. The triangles are colored according to the face they belong to.

Figure 6.1 Illustration of a discrete topology composed of a single volume with two shells.

Mesh Generation

The mesh is generated by immersing the discrete topology into a Cartesian grid. The Carte-
sian grid is initialized by specifying the number of cells in each of the three directions (i.e.,
grid size Nx × Ny × Nz) and the location of the grid lines. The grid line positions can be
defined in various ways. For example, they can be defined by the minimum coordinates in the
three directions and the cell size in each direction (∆x, ∆y, ∆z). In this work, the grid lines
are defined using the bounding box of the discrete topology and the percentage by which to
extend the grid lines in the six cardinal directions. For example, if the bounding box of the
discrete topology in the x direction is [xt

min, x
t
max], the maximum and minimum coordinates
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of the grid lines in the x direction (denoted as xg
min and xg

max respectively) are defined as:

xg
min = xt

min − ϵx
min(xt

max − xt
min), xg

max = xt
max + ϵx

max(xt
max − xt

min) (6.3)

where ϵx
min and ϵx

max are the percentages by which to extend the grid lines in the x direction.
The same procedure is applied to the other two directions. By using the bounding box of
the grid and the grid size, the positions of the grid lines can be determined. This approach
allows to easily generate a Cartesian grid around any discrete topology without the need to
manually position the grid lines in the three-dimensional space. Once the grid is generated
and positioned, the list of cells that are intersected by the discrete topology is computed,
and each intersected cell stores the list of triangles that intersect it. An optional step in the
mesh generation process is to refine grid cells locally using geometric criteria. Many criteria
can be used for grid cell refinement, such as curvature, surface proximity, etc. The grid
refinement maintains a constraint of 2:1 level ratio between two neighboring cells to allow for
a smoother cell size transition. This means that if a cell needs to be refined, all of its coarser
neighbors must be recursively refined before the refinement of the cell can be performed. If an
intersected cell is refined, the list of triangles that intersect it is transferred to some of its eight
children cells. The final step of grid generation is the tagging operation, which classifies cells
into three main categories: Inside, Outside and Boundary. The boundary cells correspond
overall to the cells that are intersected by the discrete topology, and their discretization
must account for the boundary conditions. The inside cells are the cells that are completely
located within the computational domain and are discretized with the FVM method. The
outside cells are the cells that are completely located outside the discrete topology and are
ignored by the solver. The list of tagged cells, along with the list of triangles that intersect
each boundary cell, constitutes the mesh in which the governing equations are discretized.
Figure 6.2 illustrates a mesh obtained with the topology shown in Figure 6.1. A simple
refinement criterion based on the minimum refinement level of the intersected cells is used
to refine the grid. A full description of the grid generation process is given in Appendix B.

After the mesh is generated, the final step is to discretize the governing equations using the
IBM method. The discretization can be decomposed into two main steps: FVM discretization
of the inside cells and reconstruction of the boundary cells. The next two sections are
dedicated to the presentation of these two steps.
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Figure 6.2 Example of a mesh generated from a simple discrete topology. The mesh is colored
by the cell type: Inside (green), Outside (gray) and Boundary (magenta).

6.1.2 Finite Volume Discretization of the Inside Cells

Equation 6.4 shows the FVM discretization of the governing equations for an inside cell Ci.

Un+1
i = Un

i −
∆tn
∆Vi

 ∑
f∈∂Ci

Fn
fAf + Qn

i ∆Vi

 (6.4)

where Un
i is the vector of conservative variables at time tn in cell Ci, ∆tn is the time step,

∆Vi is the volume of cell Ci, ∂Ci denotes the set of faces of cell Ci, Af is the area of face f ,
Fn

f represents the numerical flux vector at face f , and Qn
i is the source term in cell Ci. The

numerical flux vector can be computed using various methods such as Lax-Friedrichs [114],
AUSM [129] or HLLC [130], etc. In the numerical results presented in this chapter, the
approximate Riemann solver of Roe [115] is the scheme employed to compute the numerical
flux vector. In the Roe method, the numerical flux is computed using two states, UL

f and
UR

f , defined at the left and right sides of the face f (relative to the normal vector n of the
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face). The flux vector is then calculated as:

Ff = 1
2
[
F(UL

f ) + F(UR
f )− |R̃|

(
UR

f −UL
f

)]
(6.5)

where R̃ is the Roe matrix defined as the Jacobian of the flux vector F at the Roe average
state Ũ(UL

f ,UR
f ). The left and right states are computed using linear least-squares recon-

struction method with a limited slope computed using the Barth-Jespersen limiter [125]. For
implementation purposes, although the mesh is semi-structured and neighboring cell infor-
mation can be easily retrieved, it is simpler to treat the entire mesh as a set of unstructured
cells and use a face-based data structure to compute the fluxes and update the cell states.
This face-based approach eliminates redundant computation of the computationally expen-
sive Roe fluxes and slope limiters for each face of the inside cells. Finally, the third-order
Runge-Kutta method of Shu-Osher [127] is employed in conjunction with the FVM update
of Equation 6.4 to advance the solution in time.

6.1.3 Reconstruction of the Boundary Cells

Once the inside cells are updated using the FVM method, the next step is to update the
boundary cells solution using a reconstruction procedure that can be expressed in the form
of Equation 6.6.

Un+1
i = Reconstruction(Un+1

i ,Un+1
j ,BC) (6.6)

where indices i and j refer to the boundary cells and the inside cells respectively, and BC
represents the boundary conditions imposed on the faces of the discrete topology. The
following paragraphs present the boundary cells definition and reconstruction methodology.

Boundary Cell Definition

In contrast to previous chapters where boundary cells (or reconstructed cells) were defined
as cells adjacent to the boundary (i.e., having at least one neighbor outside the solution
domain) whose geometric centers lie inside the computational domain, this chapter adopts
a slightly different definition that yields improved numerical results. Here, boundary cells
are defined as all cells intersected by the discrete topology. This choice is inspired by the
RCCM method, where the cut-cells themselves served as the reconstruction cells, using their
centroids as reconstruction centers. However, in the standard IBM approach, detailed cut-
cells geometric information is not computed or readily available. Additionally, the geometric
center of a Cartesian cell intersected by the boundary may lie outside the computational
domain, making it unsuitable as a reconstruction center.
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To determine appropriate reconstruction centers for boundary cells, two cases are considered.
The first case is when the boundary cell has at least one inside cell as neighbor and the
second case is when the boundary cell has no inside cells as neighbor. In the first case, the
reconstructed cell will directly interact with the FVM update of the inside cell requiring the
reconstruction center to be located inside the computational domain. However, in the second
case, the reconstruction center can be placed anywhere within the boundary cell, and the
cell can be viewed as a ghost-cell for the boundary cells reconstruction. Consequently, in this
case, the reconstruction center is chosen as the geometric center of the boundary cell. For
the first case, the reconstruction center is determined using Algorithm 1, which is illustrated
in Figure 6.3.

Algorithm 1 Reconstruction center definition for boundary cells
1: Define C as the geometric center of the boundary cell.
2: if C is located inside the computational domain then
3: return C as the reconstruction center.
4: else
5: Define P∞ as the center of a face shared with an inside cell.
6: Define d as the distance between C and the shared face.
7: Define P0 as the nearest point to P∞ with distance d to the shared face.
8: i← 0
9: while Pi is not located inside the computational domain do

10: i← i+ 1
11: Define Pi as the middle point between Pi−1 and P∞.
12: end while
13: return Pi as the reconstruction center.
14: end if

Reconstruction Methodology

Following the definition of boundary cells, their reconstruction is performed by extending the
two-dimensional reconstruction approach presented in previous chapters to three dimensions.
For each boundary cell C, primitive variables ϕ (where ϕ = ρ, u, v, w, or p) are approximated
using a polynomial ϕ̃C of degree k centered at the reconstruction center (xC , yC , zC) and
defined as:

ϕ̃C = aϕ,0 + aϕ,1(x− xC) + aϕ,2(y − yC) + aϕ,3(z − zC) + · · · (6.7)

To compute the coefficients aϕ,i, the polynomial is evaluated at several points (xi, yi, zi)
located near boundary cell C where information about the primitive variable ϕ is available.
These points form the reconstruction stencil and can be of three types: inside cell centers,
boundary cell centers (reconstruction centers), and points located on the boundary of the
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P0 = C P∞P1

normal vector n
pointing outwards

shared face F

P1 is the reconstruction center

C

P0 P1 P∞

P2

n

F

P2 is the reconstruction center

Figure 6.3 Illustration of Algorithm 1 for determining reconstruction centers for boundary
cells whose geometric centers lie outside the computational domain. Left: The geometric
center C is outside, but the midpoint P1 between C and the shared face center P∞ is inside. P1
is selected as the reconstruction center. Right: Both C and P1 are outside the computational
domain. The midpoint P2 between P1 and P∞ lies inside and is chosen as the reconstruction
center.

discrete topology. Each point in the reconstruction stencil generates a linear equation relating
the polynomial coefficients to the primitive variable ϕ at the point (xi, yi, zi). These equations
form a least-squares system that can be written in matrix form as shown in Equation 6.8.

Kϕ,Cxϕ,C = bϕ,i (6.8)

where xϕ,C is the vector of coefficients of the polynomial ϕ̃C , and Kϕ,C is a matrix that
depends only on the coordinates of the points in the reconstruction stencil. Vector bϕ,i is a
vector that contains the primitive variable information at the points (xi, yi, zi). If a stencil
point corresponds to an inside cell center, the primitive variable ϕ is known from the FVM
update. If the point is located on the boundary of the discrete topology, the primitive variable
ϕ (Dirichlet) or its gradient∇ϕ·n (Neumann) is known from the boundary condition imposed
on the discrete topology face. However, if the point is a boundary cell center, no information
about the primitive variable ϕ is known at the time of reconstruction. Consequently, coupling
all boundary cells is necessary to compute the coefficients of the reconstructed polynomial for
each boundary cell. If it was guaranteed that the reconstruction stencil of each boundary cell
contained no other boundary cells, the reconstruction could be performed explicitly in a single
step. However, ensuring this constraint is difficult for general three-dimensional geometries
where boundary cells might be densely packed in some regions with insufficient inside cells
to fill the reconstruction stencil. Therefore, a global reconstruction is used to reconstruct the
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boundary cells, which can be written in matrix form as shown in Equation 6.9.

Kϕxϕ = bϕ (6.9)

where xϕ is the vector containing the coefficients aϕ,0 of the polynomial ϕ̃C for all the boundary
cells C in the computational domain. Note that coefficient aϕ,0 equals the value of primitive
variable ϕ at the reconstruction center of the boundary cell C. Matrix Kϕ is a square
matrix that depends only on the coordinates of the points in the reconstruction stencils of
all boundary cells, and vector bϕ contains known values of the primitive variable information
at points in the reconstruction stencils of all boundary cells at reconstruction time. For
non-moving geometries, the global matrix Kϕ remains constant throughout the simulation
and can be computed and decomposed at the beginning. During each time step, only the
right-hand side vector bϕ needs to be updated to compute the boundary cells states.

Reconstruction Stencil

To conclude this section, details about the reconstruction stencil is provided. For a linear
reconstruction (k = 1), only four coefficients are needed to compute the polynomial ϕ̃C .
Therefore, the six direct neighbors of the boundary cell C are sufficient to form a well-
defined local least-squares system of equations. In some cases, some of the direct neighbors
of the boundary cell C may lie outside the computational domain, and in that case, these
cells are excluded from the reconstruction stencil. Additionally, for a hierarchical mesh,
a cell may have four neighbors in a given direction, in which case all neighbors in that
direction are included in the reconstruction stencil. The reconstruction stencil is completed
by adding boundary points located on the boundary of the discrete topology, selecting the
closest points on each triangle that intersect the boundary cell C or its direct neighbors.
The obvious choice of selecting triangle centroids is avoided because triangles can be very
large, placing centroids far from boundary cell C. Conversely, when triangles are small, the
number of points in the reconstruction stencil can become excessive, potentially causing the
least-squares system to become ill-conditioned. To address this issue, an automatic weighting
approach based on the number of points in the reconstruction stencil is implemented, which
is nearly equivalent to a sampling of a limited number of boundary points from all admissible
boundary points in the stencil. For quadratic reconstruction (k = 2), ten coefficients are
needed to compute the polynomial ϕ̃C . The reconstruction stencil is formed by combining
the linear reconstruction stencil (called the first layer) with the direct neighbors of cells
in the first layer and their associated boundary points (called the second layer). Various
user-defined weighting coefficients are applied to adjust the influence of each category of
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points (inside cells, boundary cells, boundary points) and each layer (first or second) in the
reconstruction stencil. The default weighting coefficients favor points in the first layer due to
their proximity to the reconstruction center. Figure 6.4 shows an example of a reconstruction
stencil for a quadratic reconstruction.

Second Layer

First Layer

Reconstruction

center

Figure 6.4 Reconstruction stencil for a quadratic reconstruction.

6.2 Numerical Results

This section presents four test cases that demonstrate the accuracy and effectiveness of the
three-dimensional IBM method for solving the Euler equations. The first test case verifies
the global reconstruction approach used in the IBM method and analyzes its convergence
properties. This case also examines the convergence properties of the complete Euler solver.
The second test case involves a shock tube problem with three types of symmetry (axial,
cylindrical, and spherical). Analytical solutions are used to verify the numerical results for
the capture of shock waves, contact discontinuities, and expansion waves. The third test
case examines the diffraction of a Mach 1.49 shock over a cone, which presents complex
flow features. The final test case investigates a complex unsteady flow inside a simplified
three-dimensional high-voltage circuit breaker.
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6.2.1 Reconstruction Verification and Convergence Analysis

This test case is divided into two parts: reconstruction verification and convergence analysis
of the IBM Euler solver. In the reconstruction verification part, only the impact (more
precisely the accuracy) of the reconstruction of the boundary cells is analyzed while the
solution of the inside cells are ignored. The second part examines the convergence properties
of the complete IBM solver for the Euler equations, where solutions for both inside and
boundary cells are computed.

The test is performed on a simple geometry consisting of a cube with length L = 1 centered
at the origin. The cube is rotated by an angle θ = 9◦ around the z and y-axis successively.
These rotations ensure that the IBM grid lines are not aligned with the geometry, providing
a more generic test condition. Table 6.1 presents the properties of the meshes used in this
test case. Each mesh is generated using a uniform Cartesian grid with the specified grid
size. Additionally, local grid refinement is performed on cells intersected by the +z boundary
face (1 refinement level) and by a virtual sphere of radius R = 0.2 centered at the origin (2
refinement levels). This local grid refinement ensures that cells in both the boundary region
and the interior of the cube have multiple refinement levels, allowing the inclusion of the
hierarchical aspect of the mesh in the verification and convergence analysis. Figure 6.5 shows
a cut view of the second mesh of the test case.

Table 6.1 Properties of the meshes used for the reconstruction verification and convergence
analysis.

Mesh Grid Size
Number of

Solved Cells
Number of
Inside Cells

Number of
Boundary Cells

Inside Cells
Average Size

Boundary Cells
Average Size

1 20× 20× 20 12 899 10 264 2 635 4.256E-2 5.466E-2
2 40× 40× 40 65 669 55 413 10 256 2.529E-2 2.761E-2
3 80× 80× 80 378 225 337 804 40 421 1.410E-2 1.386E-2
4 160× 160× 160 2 442 293 2 281 108 161 185 7.528E-3 6.949E-3

Reconstruction Verification

The reconstruction verification is performed in three steps. First, the solution at the inside
cells is initialized with a given function ϕexact. Boundary conditions BCϕ compatible with
the function ϕexact are imposed on the boundary of the cube. For example, with Neumann
boundary conditions, the boundary values are given by BCϕ = ∇ϕexact · n. The second
step consists of reconstructing the boundary cells using the global reconstruction method
presented in the previous section. Finally, the reconstructed values are compared to the
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Figure 6.5 Illustration of the second mesh used for the reconstruction verification.

exact values of the function ϕexact at the reconstruction centers of the boundary cells.

Three functions given by Equation 6.10 corresponding to a linear, quadratic and sinusoidal
(called MMS as Method of Manufactured Solutions [111,113]) functions are employed for the
reconstruction verification.

ϕLIN(x, y, z) = a0 + a1x+ a2y + a3z,

ϕQUAD(x, y, z) = b0 + b1x+ b2y + b3z + b4x
2 + b5y

2 + b6z
2 + b7xy + b8xz + b9yz,

ϕMMS(x, y, z) = c0 + c1 cos (πx) + c2 sin (πy) + c3 cos (πz) + c4 sin (πx) cos (πy) sin (πz)
(6.10)

where ai, bi and ci are non-zero coefficients chosen between 1/2 and 2 in absolute value.
For the boundary conditions, two cases are considered: a Dirichlet case where all boundary
conditions are of Dirichlet type and a Neumann case where all boundary conditions are of
Neumann type. Table 6.2 shows the reconstruction errors using the L∞ norm for the three
functions and for both boundary condition types. The second mesh from Table 6.1 was
used for the reconstruction verification. As expected, the linear reconstruction reproduces
the exact values of the linear function at machine precision for both Dirichlet and Neumann
boundary conditions. Similarly, the quadratic reconstruction reproduces the exact values of
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Table 6.2 Reconstruction errors using the L∞ norm for the three functions and for the two
cases of boundary conditions.

Linear Reconstruction Quadratic Reconstruction

Dirichlet Neumann Dirichlet Neumann

Linear ϕlin 3.1086e−15 3.9293e−12 4.4409e−15 4.3321e−11
Quadratic ϕquad 1.6158e−02 2.5808e−03 5.1070e−15 1.4034e−10
MMS ϕMMS 1.0479e−02 1.6851e−02 3.3968e−04 9.0046e−03

both linear and quadratic functions at machine precision for both boundary condition types.
For the MMS function, neither the linear nor the quadratic reconstruction can reproduce the
exact values at machine precision. In the Euler solver, this means that the reconstruction
process will introduce some numerical errors even if the solution in the inside cells were
exact. Nevertheless, these reconstruction errors are very small (smaller for the quadratic
reconstruction and for Dirichlet boundary conditions) and will decrease with grid refinement.
This is confirmed by the convergence analysis shown in Figure 6.6, which illustrates the
convergence of the L1, L2, and L∞ norms of the reconstruction errors associated with the
MMS function with respect to the average grid size h. The reconstruction errors converge at
a rate of approximately second order for linear reconstruction and third order for quadratic
reconstruction, regardless of the boundary condition type. However, the errors are slightly
smaller for Dirichlet boundary conditions than for Neumann boundary conditions.

Convergence Analysis of the IBM Euler Solver

For the convergence analysis of the IBM Euler solver, the whole iteration process is performed
and the errors for the inside and boundary cells are computed. The procedure is similar to
the one used for the reconstruction verification. Five MMS (sinusoidal) functions similar
to the previous MMS function and representing the density, the three components of the
velocity and the pressure respectively are used to initialize the solution in the inside cells
and in the boundary cells. The coefficients of the functions are chosen such that the flow is
subsonic throughout the computational domain. Next, the IBM method is used to solve the
Euler equations in the inside cells and the boundary cells with Dirichlet boundary conditions
compatible with the initial conditions. The solver uses source terms computed from the
MMS functions such that the MMS functions are the exact solution of the Euler equations
and limiters are deactivated for this test case since the solution is smooth. Finally, the
errors are computed using the L1 and L∞ norms for the inside and boundary cells when the
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Figure 6.6 Convergence of the reconstruction errors using the L1, L2 and L∞ norms with
respect to the average grid size h. LR = Linear Reconstruction, QR = Quadratic Recon-
struction.

residuals of the Euler equations reach machine precision. Figure 6.7 shows the convergence
of the errors using both linear and quadratic reconstruction. The errors are separated by
regions: ∂Ω for boundary cells and Ωo for inside cells and Ω for the entire computational
domain. The errors converge at a high order (greater than 2 on average) for all three domains
with the errors for the quadratic reconstruction being an order of magnitude smaller than
the errors for the linear reconstruction.

This test case demonstrates that both the reconstruction process and the IBM Euler solver
function correctly and converge at high order. The next test case examines a physical problem
involving various features of compressible flows.

6.2.2 Shock Tube Problem

The shock tube problem is solved for three geometries: cube (rectangular cuboid), cylinder
and sphere as shown in Figure 6.8. Table 6.3 shows the mesh and topology properties for
each geometry. Figure 6.9 displays density contour plots for the three geometries at the
final time t = 0.25. The numerical results seem to be in good agreement with the expected
solutions with each geometry clearly showing its characteristic symmetry pattern. From the
left state to the right state, rarefaction waves followed by a contact discontinuity and a shock
wave are captured in each geometry. The amplitude and location of these waves vary slightly
between geometries. For instance, the shock wave in the cubic geometry is slightly stronger
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Figure 6.7 Convergence of the three-dimensional IBM Euler solver using manufactured solu-
tions. The errors are separated by regions: ∂Ω for the boundary cells and Ωo for the inside
cells and Ω for the whole computational domain.

Table 6.3 Parameters of the shock tube problem for the three geometries.

Geometry Grid Size
Number of

Solved Cells
Number of

Boundary Cells
Average
Cell Size

Number of
Triangles

Cube 320× 128× 64 1 173 360 86 672 3.2814e−3 16
Cylinder 240× 240× 48 1 774 124 115 949 7.1888e−3 175 536
Sphere 160× 160× 160 1 781 243 104 508 1.3432e−2 298 802

than that in the spherical geometry.

Fortunately, analytical solutions are available for the shock tube problem, providing a means
to verify the numerical results. Due to the problem’s symmetry, the three-dimensional shock
tube problem can be reduced to a one-dimensional problem [109] given by Equation 6.11.

∂U
∂t

+ ∂F(U)
∂x̃

= Q(U) (6.11)

with

U =


ρ

ρũ

ρE

 , F(U) =


ρũ

ρũ2 + p

(ρE + p)ũ

 , Q(U) = −(α− 1)


ρũ/x̃

ρũ2/x̃

(ρE + p)ũ/x̃

 (6.12)
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Figure 6.8 Geometries used for the shock tube problem.

In these equations, x̃ and ũ are the coordinates and velocity in the symmetry direction, re-
spectively. Parameter α represents the symmetry coefficient defined as α = 1 for the cube,
α = 2 for the cylinder, and α = 3 for the sphere. For the cubic geometry, the analytical
solution is obtained from an exact Riemann solver [109]. For the cylinder and sphere geome-
tries, the Random Choice Method (RCM) [131–133] in conjunction with a splitting of the
source terms is employed to obtain the analytical solution. While the RCM method does not
provide an exact solution, it produces results very close to the exact solution. The method
captures discontinuities sharply without smearing, and although it may slightly misplace dis-
continuities due to its non-conservative nature, these errors become negligible when using a
sufficiently fine mesh [109]. Figure 6.10 shows the analytical solutions for all three geometries.
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Figure 6.9 Contour plots of the density for the three geometries at the final time t = 0.25.

The solutions exhibit similar behaviors with some differences in the amplitude and location
of the shock waves and contact discontinuities. The curvature of the regions between waves
varies significantly across the geometries. Some artifacts appear in the analytical solutions
for the cylindrical and spherical cases, manifesting as small wiggles in the smooth regions
such as the rarefaction waves. These artifacts result from the inherent randomness of the
RCM method [133].

Figure 6.11 compares the numerical and analytical solutions for all three geometries using



126

0.00 0.25 0.50 0.75 1.00
x̃

0.2

0.4

0.6

0.8

1.0
ρ

Density

Cube
Cylinder
Sphere

0.00 0.25 0.50 0.75 1.00
x̃

0.00

0.25

0.50

0.75

1.00

1.25

ũ
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two different meshes: M1 and M2. Mesh M2, the finer mesh, corresponds to the grid used for
the contour plots in Figure 6.9. Mesh M1 is a coarser version with half the number of cells in
each direction. The numerical solutions match the analytical solutions remarkably well for all
geometries, even on the coarser mesh M1. The simulations capture the shock waves within
a span of just a few cells. The largest discrepancies appear in the contact discontinuity
regions, where the numerical solutions show slight smearing. Differences between the two
meshes are mainly visible at the interfaces between flow regions, with the finer mesh M2
capturing flow features in greater detail than the coarser mesh M1. Some multi-dimensional
effects are also observed in the numerical solutions, particularly in the region between the
shock wave and the contact discontinuity. These effects are attributed to the non-alignment
of the Cartesian grid cells with the geometries symmetry lines and are accentuated by the
boundary reconstruction process.

This test case successfully verifies the Euler solver for problems featuring various flow struc-
tures with known analytical solutions. The results demonstrate that the IBM solver produces
accurate numerical solutions that compare well with analytical predictions. In the following
section, a test case comporting more complex flow features is presented to further verify the
IBM method.
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Figure 6.11 Comparison between analytical and numerical solutions for the three geometries.
The solid lines represent the analytical solution, while the symbols represent the numerical
solution evaluated at the mesh cell centers.
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6.2.3 Shock Diffraction over a Cone

Figure 6.12 shows the geometry of the test case featuring a cone with a semi-apex angle of
Θw = 26.6◦ and a shock wave moving at a Mach number of Ms = 1.49 diffracting over the
cone. Post-shock conditions are imposed at boundary Γ1, while non-penetrating boundary
conditions are imposed at boundary Γ2. For all remaining boundaries, extrapolation bound-
ary conditions (Neumann type with zero gradient for all primitive variables) are applied.
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Figure 6.12 Geometry of the shock diffraction over a cone.

Figure 6.13 shows the mesh used for this test case, and Table 6.4 summarizes the mesh
properties.

Table 6.4 Properties of the mesh used for the shock diffraction over a cone.

Grid Size
Number of

Solved Cells
Number of

Boundary Cells
Average
Cell Size

Average Boundary
Cell Size

Number of
Triangles

240× 200× 200 7 780 327 363 820 2.0238e−2 1.7600e−2 236 356

Figures 6.14 and 6.15 display Mach number contour plots obtained from the numerical solu-
tion at various times. When the shock wave encounters the cone, it is reflected and a Mach
stem forms. Due to the conical geometry (in contrast to a spherical one), the reflection is
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(a) xz-plane (b) yz-plane

Figure 6.13 Mesh used for the shock diffraction over a cone. The apparent discrepancy in
mesh density results from the different zoom levels in the two subfigures.

relatively weak and the Mach stem remains small. As the incident shock passes behind the
cone, the flow accelerates, and later the upper and lower portions of the flow collide, which
generates a new series of shock reflections and Mach stems. These complex interactions
between different flow structures produce a rich flow field with diverse features.

To validate the numerical results, the Mach number at the cone surface is computed and
compared with the experimental results from [134]. Table 6.5 presents this comparison,
showing good agreement between numerical and experimental values. Some of the difference
between these results can be attributed to the omission of viscous effects in the numerical
model.

This test case demonstrates that the IBM method can be employed to solve complex flow
phenomena. A test case using a more sophisticated geometry is presented next to evaluate
the performance of the IBM method under more realistic conditions.

Table 6.5 Comparison between the numerical and experimental results for the Mach number
at the cone surface.

Semi-Apex
Angle Θw

Numerical
Results

Experimental
Results

26.6◦ 1.68 1.73
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Figure 6.14 Contour plots of the mach number at various times for the shock diffraction over
a cone (1/2).
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Figure 6.15 Contour plots of the mach number at various times for the shock diffraction over
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6.2.4 Unsteady Flow inside a Simplified Three-Dimensional Circuit Breaker

The final test case examines an unsteady flow inside a simplified three-dimensional high-
voltage circuit breaker.

Test Case Setup

The problem configuration is sketched in Figure 6.16, where compressed air is initially con-
tained within the expansion volume of the circuit breaker. At time t = 0, the air is suddenly
released, allowing it to expand freely through the thermal canal and into the arc region.
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Figure 6.16 Geometry of the unsteady flow inside a simplified 3D high-voltage circuit breaker.

Figure 6.17 shows the discrete topology used for this simulation, while Figure 6.18 displays
the computational mesh. Table 6.6 summarizes the mesh and topology properties. During
mesh generation, all cells intersected by the topology were refined (with two refinement levels
applied to cells near the cap or canal, and one level to all other intersected cells).

Table 6.6 Discrete topology and properties of the mesh used for the simplified 3D high-voltage
circuit breaker.

Grid Size
Number of

Solved Cells
Number of

Boundary Cells
Average
Cell Size

Average Boundary
Cell Size

Number of
Triangles

504× 280× 280 20 223 329 4 352 560 3.2402e−1 1.5679e−1 1 089 364

Mach Number Contour Comparison

Figures 6.19, 6.20, and 6.21 present Mach number contours at different times. Each fig-
ure shows the IBM solution (top) compared with results obtained using COMSOL Multi-
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Figure 6.17 Discrete topology of the mesh used for the unsteady flow inside a simplified 3D
high-voltage circuit breaker.

physics [135] (bottom). The COMSOL solution was generated using a fine mesh (average
element size of 2.7368 × 10−1) with an axisymmetric two-dimensional model and first-order
Discontinuous Galerkin discretization.

Initially, the flow within the circuit breaker is at rest, with a Mach number at zero every-
where. When the air is released, the flow behavior resembles that of a shock tube problem,
with a rarefaction wave propagating into the expansion volume and a shock wave moving
toward the canal. Upon reaching the canal, a significant portion of the shock reflects from
the vertical nozzle wall, while the remainder transmits into the canal. Within the canal,
the flow undergoes several reflections and rapidly accelerates, reaching Mach 3.8 at the cap
tip. The flow then enters the arc region, where it collides with itself, generating multiple
reflections and shocks. Subsequently, the flow becomes increasingly complex, developing vor-
tices, shocks, and reflections throughout the circuit breaker. Throughout the simulation,
the flow remains unsteady with continuously evolving features. Both IBM and COMSOL
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Figure 6.18 Mesh used for the unsteady flow inside a simplified 3D high-voltage circuit
breaker.

solutions demonstrate good agreement with each other, with the IBM method accurately
capturing flow features despite using a less refined mesh than COMSOL. The primary dif-
ference between the solutions appears as numerical artifacts in the symmetry plane of the
circuit breaker in the IBM solution. This discrepancy occurs because the three-dimensional
IBM grid lines do not align with the symmetry plane, whereas COMSOL enforces symmetry
conditions directly at the discretization level.
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Figure 6.19 Mach number contour at various times for the unsteady flow inside a simplified
3D high-voltage circuit breaker (1/3).
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Figure 6.20 Mach number contour at various times for the unsteady flow inside a simplified
3D high-voltage circuit breaker (2/3).
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Figure 6.21 Mach number contour at various times for the unsteady flow inside a simplified
3D high-voltage circuit breaker (3/3).

Mass Flux Comparison

For a more quantitative comparison between the two solutions, the mass flux given by
Equation 6.13 is computed across an annular section located midway in the canal (Γ =
{(x, r, θ) | x = 90, 20 ≤ r ≤ 25}).

Q =
∫

Γ
ρu · nΓdΓ (6.13)

where nΓ is the normal vector to surface Γ pointing in the global flow direction. Figure 6.22
compares the mass fluxes computed from both IBM and COMSOL solutions. The results
show excellent agreement throughout most of the simulation. Initially, the flux remains zero
while the flow is at rest within the canal. When fluid begins flowing from the expansion
volume into the canal, the mass flux increases rapidly, eventually reaching a pseudo-steady
state. Only during the unsteady phase do the solutions exhibit slight differences, but they
converge to the same values after this period.
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Conservation Properties of the IBM Method

To conclude this test case, the conservation properties of the IBM method is examined. Since
solid walls bound the entire circuit breaker, the total mass TM(t) and energy TE(t) should
remain constant throughout the simulation. Since the IBM method does not explicitly define
the computational domain within the solver, an approximate value of the total mass and
energy given by Equation 6.14 is used. In these calculations, the volume of the boundary
cells are taken to be equal to that of their uncut counterparts.

T n
M =

∫
Ω
ρndΩ ≈

N∑
i=1

ρn
i ∆Vi, T n

E =
∫

Ω
ρnEndΩ ≈

N∑
i=1

ρn
i E

n
i ∆Vi (6.14)

Using the total mass and energy, two conservation errors metrics δϵ (instantaneous error)
and ∆ϵ (global error) are defined for each quantity as follows:

δϵn = |T
n+1 − T n|
T n

, ∆ϵn = |T
n+1 − T 0|
T 0 (6.15)

where T represents either mass or energy. The instantaneous error quantifies conservation
errors between consecutive time steps, while the global error measures the cumulative conser-
vation drift from the initial state. Figure 6.23 tracks these errors throughout the simulation.

The instantaneous errors δϵ remain very small, oscillating around 10−6 with occasional spikes
when flow impacts the circuit breaker walls. The global errors ∆ϵ follow a more predictable



139

0 10 20 30 40 50
Time t

10−12

10−10

10−8

10−6

10−4

10−2

R
el

at
iv

e
C

on
se

rv
at

io
n

Er
ro

r
ε

Mass ∆εM
Energy ∆εE
Mass δεM
Energy δεE

1Figure 6.23 Conservation errors for the mass and energy computed using the IBM method.

pattern, initially accumulating but quickly stabilizing with minimal subsequent growth. At
the beginning of the simulation, the flow within the expansion is parallel to the walls of the
circuit breaker, and the the reconstruction introduced minimal conservation errors. However,
when the flow first hit the nozzle wall, a spike is observed in the global errors. Thereafter,
each subsequent flow-wall interaction caused spikes in the instantaneous errors, but the global
errors remained stable and relatively small (below 1%).

Conclusion

The IBM method was successfully implemented in three-dimensions for solving the Euler
equations and was verified through multiple test cases. The method extend the semi-implicit
least-squares reconstruction approach to three dimensions, and the reconstruction process
was verified using polynomial functions and manufactured solutions. The solver accurately
captures complex flow features including shock waves, contact discontinuities, and rarefaction
waves, producing high-quality numerical solutions for complex three-dimensional geometries.
One limitation of the method is the non-conservative nature of the reconstruction process.
Nonetheless, the conservation errors were shown to be small even for moderately refined
meshes. Extending the FRM, FIM, and FCM approaches developed in previous chapters to
three dimensions could address the conservation issues in the IBM method through the use
of cut-cells.
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CHAPTER 7 CONCLUSION

This chapter concludes the thesis by summarizing the main contributions and findings. It
also discusses the limitations of the work and suggests directions for future research.

7.1 Summary of Works

The general objective of this thesis was to develop conservative and second-order accurate
Cartesian grid methods for compressible flows applicable to complex three-dimensional ge-
ometry simulations. In pursuit of this objective, three main contributions were presented,
addressing the conservation problem, the high-order accuracy requirement, and the applica-
tion to three-dimensional configurations.

The first contribution, detailed in Chapter 4, addressed the conservation loss associated with
the Immersed Boundary Method (IBM) when applied to compressible flows. It introduced
three novel methods, namely Flux Redistribution Method (FRM), Flux Interpolation Method
(FIM), and Flux Correction Method (FCM), that effectively recover conservation of mass,
momentum, and energy in the context of IBM methods. The methods are based on a combi-
nation of the Cut-Cells (CC) method and the IBM method, where the discretization grid is
constituted by cut-cells while boundary conditions are imposed using the IBM technique. To
address the conservation loss inherent in the IBM approach, an additional conservative step
is incorporated into the time integration iterative process. The FRM method redistributes
cut-cells fluxes to neighboring cells under the condition of ensuring global conservation. In
contrast, the FIM and FCM methods interpolate the fluxes at the cut-cells faces using op-
timization procedures. The modified fluxes are then used to update the cut-cells values,
guaranteeing the conservation of mass, momentum and energy in each cell. FIM and FCM
methods distinguish themselves by the way the modified fluxes are computed. The FIM fixes
the final solution in the cut-cells region to the value obtained with the IBM reconstruction,
then determines modified fluxes that minimize the error with respect to the original finite
volume fluxes. Conversely, the FCM method employs a perturbation term to adjust the finite
volume fluxes in the cut-cells region so that the difference between the final solution and that
obtained with the IBM reconstruction is minimized. Numerical results using first-order accu-
rate schemes on two-dimensional geometries demonstrated the effectiveness of these methods
in preserving conservation of the conserved variables.

The second contribution, presented in Chapter 5, addressed the high-order accuracy require-
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ment and the small cell problem associated with the Cut-Cells method. A quadratic semi-
implicit least-squares reconstruction method was developed to achieve second-order accuracy
in the cut-cells region. The Method of Manufactured Solutions (MMS) was employed to
rigorously assess the numerical accuracy of the scheme, confirming that the approach attains
second-order accuracy in both the interior and along the immersed boundaries. Additionally,
the chapter presented complex flow test cases, including a simplified two-dimensional high-
voltage circuit breaker (HVCB) geometry where the numerical results compared favorably
with solutions obtained using body-fitted methods.

The final contribution, described in Chapter 6 and Appendices A and B, focused on the
implementation of a high-order IBM method in three-dimensional geometries. A boundary
representation approach with surface triangulation was employed to define general three-
dimensional geometries as complex as high-voltage circuit breakers. The geometry was then
immersed in a Cartesian grid that permits local refinement based on geometric features.
The semi-implicit least-squares reconstruction method underlying the FRM, FIM and FCM
methods was extended to three dimensions, enabling the imposition of boundary conditions
on the immersed boundaries. This three-dimensional IBM method was verified through
various test cases, including accuracy and convergence studies using the MMS approach
and a simplified three-dimensional HVCB geometry. The circuit breaker simulation results
exhibited complex flow features that were successfully captured by the method. Furthermore,
comparisons with numerical results obtained using COMSOL software demonstrated good
agreement between the two methods.

Collectively, these contributions demonstrate the effectiveness of the developed methods in
addressing the challenges of conservation, high-order accuracy, and complex three-dimensional
geometries. The numerical results obtained in this thesis indicate that these methods are
capable of accurately simulating compressible flows in complex geometries, making them
suitable for applications in high-voltage circuit breakers and other engineering problems.

7.2 Limitations

Although the methods developed in this research have shown promising results in addressing
conservation challenges, high-order accuracy, and complex three-dimensional geometries, sev-
eral limitations remain that warrant further investigation. The conservative methods (FRM,
FIM and FCM) have been successfully applied to two-dimensional geometries; however, their
extension to three-dimensional geometries using cut-cells was not implemented in this work.
The conservative methods are based on a flux formulation that is dimension-independent and
their extension to three-dimensional geometries is straightforward. With the reconstruction
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procedure already implemented and verified in three dimensions, the only remaining step is
the generation of the cut-cells in three dimensions. The computation of the cut-cells in three
dimensions is more complex than in two dimensions, as it involves the exact clipping of the
three-dimensional cells by the geometry. Potential simplifications include using pre-defined
cut-cell templates to approximate actual cut-cells, thereby reducing the computational com-
plexity of the cut-cells generation process. Such an approach would be particularly beneficial
for simulations involving moving boundaries, where cut-cells must be regenerated at each
time step.

The semi-implicit least-squares method employed for boundary condition imposition may be-
come computationally expensive when applied to moving boundaries. With moving bound-
aries problems, the reconstruction stencil for each boundary cell changes at each time step,
necessitating a complete reassembly of the global reconstruction system. This leads to in-
creased computational costs, especially for complex three-dimensional geometries containing
numerous boundary cells. Additionally, the cell tagging process used for cell classification
(and the cut-cells computation for conservative methods) must be performed at each time
step, further increasing computational demands. The tagging cost can be mitigated by using
simpler definitions of the reconstructed cells and their centers, and by leveraging the tagging
information from the previous time step. For the global reconstruction system, employing
an iterative solver that uses the previous time step’s solution as an initial guess could sig-
nificantly reduce the number of iterations required for convergence. This approach would
be particularly effective for circuit breaker simulations, where small time steps are typically
taken which lead to minor variations in the solution between consecutive time steps.

The algorithm developed in the mesh generation process may face robustness issues due to
floating-point precision errors. Certain geometric and topological queries within the mesh
generation algorithms are highly sensitive to such errors, and inaccurate results can cause
complete algorithmic failure. In the current implementation, some strategies have been devel-
oped to mitigate these issues (e.g. epsilon tolerance in floating-point comparisons, repetition
of queries with different configurations, geometry perturbation, etc.). The ray-tracing algo-
rithm used to determine whether a point lies inside or outside the geometry exemplifies a
geometric query susceptible to floating-point precision errors. When a ray passes near the
boundary of the geometry, floating-point errors may lead to misclassification of points. The
current implementation addresses this by using tolerance values and, if uncertainty persists,
repeating the algorithm with rays directed in different random directions. In practice, this
strategy typically succeeds within one or two iterations. The strategies employed in the cur-
rent implementation have been successful in most cases, but there are still some edge cases
where the algorithm may probably fail. Consequently, a more comprehensive approach is
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needed to ensure robustness in all cases without compromising algorithmic efficiency.

Finally, the mesh refinement criteria used in the current implementation are solely based on
geometric features without considering flow characteristics. Integrating the mesh generation
process with the flow solver would enable adaptive mesh refinement based on flow features,
allowing for a more efficient use of computational resources and improved accuracy in regions
of interest. Indeed, due to the robust reconstruction method used in this thesis, the solver can
start with a relatively coarse mesh, without concern for geometric edge cases such as small
gaps or highly concave regions, and let the mesh refinement process to adaptively refine flow
regions of particular interest.

7.3 Future Research

Future research directions should address the limitations outlined above. Short-term objec-
tives include extending the conservative methods to three-dimensional geometries, enhancing
the robustness of the mesh generation algorithm, and incorporating flow-based criteria into
the mesh refinement process.

Following completion of these initial tasks, attention should shift toward handling moving
boundaries. This will require developing robust and efficient algorithms for geometry defi-
nition and mesh generation suitable for moving boundaries. Additionally, the semi-implicit
least-squares method will need slight adaptation to efficiently accommodate moving bound-
aries. Overset grid techniques present a promising approach that could simplify many chal-
lenges associated with moving boundaries.

Another important research direction involves coupling Euler and Helmholtz solvers. This
development would align the simulation more closely with the MC3 model used for high-
voltage circuit breaker simulation. Extending this coupling to specific applications in high-
voltage circuit breakers would enable comprehensive multiphysics simulations of HVCB that
incorporate various physical phenomena such as real gas behavior, radiative heat transfer
and electromagnetic field effects.
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APPENDIX A THREE-DIMENSIONAL GEOMETRY DEFINITION

The computational domain is defined through its boundary using a boundary representation
(b-rep) approach [25]. This b-rep approach is well-suited for representing complex geometries
and is widely supported in various CAD software applications. Furthermore, this approach
is particularly appropriate for the immersed boundary method, where boundary geomet-
ric information is essential for identifying computational cells that lie inside or outside the
computational domain. The boundary is represented by a set of triangular facets, which
are organized in a hierarchical structure referred to as a discrete topology, as illustrated in
Figure A.1.

Discrete
Topology

Volume 1

Volume 2

· · ·

Shell 1

Shell 2

· · ·

± Face 1

± Face 2

± Face 3

Element 1

Element 2

· · ·

Point 1

Point 2

Point 3

Figure A.1 Hierarchical structure of the discrete topology.

The discrete topology consists of one or multiple Volume structures, which constitute the
top level of the hierarchy. Each volume describes a volumetric computational domain within
which a partial differential equation (PDE) is solved. Different PDEs may be solved in
different volumes, and these volumes can be disjoint or overlapping, thereby facilitating
multiphysics simulations. Each volume is delimited by Shell structures, which are collections
of triangular facets forming closed surfaces. The first shell represents the outer boundary
of the volume, while any remaining shells constitute inner boundaries. To facilitate the
definition of the computational domain, shells are further subdivided into Face structures,
which are collections of Elements (triangular facets). Each element belongs to exactly one
face, while each face may belong to multiple shells. Elements serve as the fundamental
building blocks of the discrete topology and are each defined by three Points representing
the vertices of the triangle that constitutes the element boundary. The element vertices are
ordered such that normal vectors computed using the right-hand rule for elements within the
same face are all oriented in a consistent direction. For instance, if a face is planar, all its
element normal vectors are oriented in the same direction. Similarly, if a face forms a closed
surface, all its element normal vectors point either inward or outward relative to the surface.
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When forming a shell, each constituent face is assigned an orientation sign indicating the
direction of the face’s normal vector with respect to the shell, with a positive sign indicating
that the normal vector points outward from the shell.

Figure A.2 presents an example of a discrete topology comprising two volumes, two shells,
and seven faces. The first volume (V1) corresponds to a ball delimited by the spherical shell
(S1), which consists of a single face (F1). The second volume (V2) is formed by a cube (S2)
containing an inner cavity (S1). Shell S2 comprises six planar faces (F2 through F7). Al-
though shell S2 could have been defined using a single face, multiple faces are employed in
this example to demonstrate how faces can be associated with boundary conditions. Since
boundary conditions are defined at the face level, dividing the cube into multiple faces allows
for straightforward specification of different boundary conditions on each face. It is notewor-
thy that the number of elements differs significantly between the planar faces (F2 through
F7) and the spherical face (F1). As the geometry definition is independent of the mesh,
larger elements can be used to represent planar faces, while smaller elements are required to
accurately represent curved surfaces.

Figure A.2 Example of a discrete topology with two volumes, two shells, and seven faces.

Figure A.3 presents a more sophisticated example of a discrete topology representing a sim-
plified high-voltage circuit breaker. This advanced discrete topology comprises a single com-
putational volume bounded by one shell. The shell itself is partitioned into 25 distinct faces,
which collectively contain 275,332 triangular elements.
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Figure A.3 Example of a complex discrete topology representing a simplified high-voltage
circuit breaker.
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APPENDIX B CARTESIAN MESH GENERATION

The mesh generation process aims to generate a Cartesian grid around a given discrete
topology. Key objectives include identifying the position of each grid cell relative to the
topology (classified as inside, outside, or intersected) and enabling local grid refinement based
on geometric criteria. Additionally, the list of elements of the topology intersecting with each
grid cells is required for imposing boundary conditions. This appendix describes the complete
process in detail, beginning with grid creation and refinement methodologies, followed by the
computation of intersections between the grid and the topology, and concluding with the
classification (tagging) of grid cells based on their position relative to the topology.

B.1 Grid Definition and Refinement

This section describes the methodology for creating a Cartesian grid around the discrete
topology and the algorithms used for local grid refinement.

B.1.1 Grid Definition

The discrete topology is immersed inside a hierarchical Cartesian grid, composed of cells
with varying refinement levels. Cells in the initial uniform grid are assigned refinement level
0, and when a cell with level n is refined, it is subdivided into eight new cells at refinement
level n+ 1..

The grid is fully defined by its constituent cells and the positions of the grid lines in the
three-dimensional space. Each grid cell C is characterized by its refinement level n and its
local position in the Cartesian grid (i, j, k), where i, j, and k represent the local indices of
the cell in the three coordinate directions. These local indices are defined relative to the
cell’s refinement level n. The notation Cn

i,j,k denotes a cell with refinement level n and local
indices (i, j, k). The position of the cell in three-dimensional space is determined from the
grid line positions in the initial uniform grid using Equation B.1.

Cn
i,j,k : [xn

i , x
n
i + ∆xn]×

[
yn

j , y
n
j + ∆yn

]
× [zn

k , z
n
k + ∆zn] (B.1)

αn
i = α0 + i∆αn, ∆αn = 1

2n
∆α0, ∆α0 = αg

max − α
g
min

N0
α

, α ∈ {x, y, z} (B.2)

where:
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• xn
i , yn

j , and zn
k represent the coordinates of the minimum corner of cell Cn

i,j,k.

• ∆xn, ∆yn, and ∆zn denote the cell dimensions at refinement level n in the x, y, and z
directions, respectively.

• ∆x0, ∆y0, and ∆z0 are the cell dimensions in the initial uniform grid (level 0).

• N0
x , N0

y , and N0
z specify the number of cells in the initial uniform grid along each

direction.

• [xg
min, x

g
max], [yg

min, y
g
max], and [zg

min, z
g
max] are the coordinates of the grid bounding box.

• x0, y0, and z0 denote the coordinates of the minimum corner of the grid (i.e., x0 = xg
min,

y0 = yg
min, z0 = zg

min).

In the mesh generation process, the grid is created using an initial uniform grid with a
given number of cells in each direction (N0

x , N0
y , and N0

z ) and the given dimensions of the
grid bounding box ([xg

min, x
g
max], [yg

min, y
g
max], and [zg

min, z
g
max]). The grid bounding box is

typically derived from the bounding box of the discrete topology ([xt
min, x

t
max], [yt

min, y
t
max],

and [zt
min, z

t
max]) by adding margins, as described by Equation B.3:

αg
min = αt

min − ϵα
min(αt

max − αt
min), αg

max = αt
max + ϵα

max(αt
max − αt

min), α ∈ {x, y, z} (B.3)

where ϵα
min, ϵα

max represent the relative margin factors applied in each direction. The subse-
quent section details the algorithm used for local grid refinement.

B.1.2 Grid Refinement

This subsection details the cell refinement algorithm and the criteria used to select cells for
refinement.

Cell Refinement Algorithm

The refinement of a cell is performed by splitting the cell into 8 new cells, each belonging
to the next refinement level. To prevent large size disparities between adjacent cells, a 2 : 1
balance constraint is enforced during the refinement process, as illustrated in Figure B.1.
This constraint mandates that the refinement levels of any two adjacent cells differ by at
most one. To satisfy this requirement, when a cell is marked for refinement, any adjacent
cells at a coarser refinement level must first be recursively refined until the 2 : 1 balance is
achieved before the target cell itself is refined.
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C1

C2

✓

|level(C2)− level(C1)| ≤ 1

C1

C2

×

|level(C2)− level(C1)| > 1

(a) 2:1 balance constraint.

C

A1

A2

B

Refinement

of Cell C

(b) Refinement with grid balancing.

Figure B.1 Illustration of the 2 : 1 balance constraint in the cell refinement process.

In uniform grids, identifying adjacent cells is straightforward. However, in hierarchical grids,
adjacent cells may exist at different refinement levels. To manage this and facilitate neighbor
finding (which is essential for the tagging process), a level difference variable ∆m is defined
for each of the six face directions (m ∈ {±x,±y,±z}) of a cell. The variable ∆m represents
the difference between the cell’s level and its neighbor’s level in direction m and can take
three values: −1, 0, or 1, indicating that the neighbor in direction m is finer, at the same
level, or coarser, respectively. Table B.1 illustrates how ∆m is used to identify neighbors for
a cell Cn

i,j,k in the +x direction. Similar logic applies to the other five directions. Each cell
stores these six ∆m values.

Algorithm 2 outlines the recursive cell refinement process, ensuring the 2 : 1 balance con-
straint is maintained.
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Table B.1 Neighbor identification using the level difference ∆m in the +x direction for cell
Cn

i,j,k.

∆+x Number of
Neighbor

Neighbor
Level

Neighbor
Local Indices

0 1 n (i+ 1, j, k)
1 1 n− 1 (⌊i/2⌋+ 1, ⌊j/2⌋, ⌊k/2⌋)
-1 4 n+ 1 (2i+ 2, 2j + {0, 1}, 2k + {0, 1})

Algorithm 2 Recursive Cell Refinement Process
1: function RefineCell(cell Cn

i,j,k)
2: Get the level difference ∆m of the cell Cn

i,j,k in each direction m
3: for m ∈ {±x,±y,±z} do
4: if ∆m = 1 then ▷ The adjacent cell is at a coarser level
5: Recursively refine coarser neighbor
6: end if
7: end for
8: for m ∈ {±x,±y,±z} do ▷ Adjust the level difference of the adjacent cells
9: if ∆m = 0 then ▷ The refined cell is at the same level

10: Set the level difference of the adjacent cell at the opposite direction to -1
11: else if ∆m = −1 then ▷ The refined cell is at a coarser level
12: Set the level difference of the adjacent cell at the opposite direction to 0
13: end if
14: end for
15: Create the 8 new child of the cell Cn

i,j,k

16: Delete the old cell Cn
i,j,k

17: end function
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B.1.3 Grid Refinement Criteria

The selection of cells for refinement is based on geometric criteria. Several approaches can
be employed for grid refinement; three representative criteria are presented in this section:

• Criterion 1: Topological entity count.

• Criterion 2: Minimum refinement level for intersected cells.

• Criterion 3: Disjoint surfaces proximity.

The first criterion, being the most straightforward, is based on the number of topological en-
tities contained within a cell. When the number of Points, Edges (of Elements), or Elements
in a cell exceeds a specified threshold, the cell is refined. This criterion is computation-
ally efficient to implement and provides a quick way to adapt the grid density to the local
complexity of the topology. To prevent excessive refinement, a maximum refinement level is
established for this and all other criteria.

The second criterion focuses on ensuring that intersected cells achieve at least a specified
minimum refinement level. This criterion is particularly valuable for maintaining adequate
resolution near boundaries, ensuring that the grid is sufficiently refined in the vicinity of the
discrete topology. If the intersected cells are not adequately refined by other criteria, this
criterion ensures they reach the desired level of refinement.

The third criterion addresses the proximity of disjoint surfaces, refining the grid in areas where
distinct surfaces are closely spaced to ensure the solver can accurately capture solutions in
these regions. Figure B.2 illustrates this criterion. The algorithm checks if the set of elements
intersecting a cell forms a single connected component within that cell. If multiple disjoint
components exist, the cell is refined. This helps ensure sufficient resolution in narrow gaps or
channels between different parts of the boundary. This criterion can be supplemented with
additional buffer layers of refined cells around such regions to ensure sufficient resolution
between closely spaced boundaries.

Additional criteria can be based on intersection patterns with specific topological entities.
For instance, cells intersected by particular types of topological entities (e.g., a specific Face,
Shell, or Volume) can be selectively refined.

B.2 Intersections Computation

This section describes the methodology for computing intersections between the grid cells
and the discrete topology. Since refinement criteria often depend on intersection information,
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Figure B.2 Disjoint surfaces proximity refinement criterion.

intersection data must be available prior to the refinement process. Therefore, once the initial
grid is created, intersections are computed before refinement begins, with each intersected cell
storing a list of topology elements that intersect it. When an intersected cell is refined, the
intersecting elements are transferred to the appropriate child cells. The process involves two
main stages: initial intersection computation on the uniform grid and subsequent transfer
of intersection information to the hierarchical grid during refinement. The following two
subsections describe the methodology developed for these two stages.

B.2.1 Uniform Grid Intersection

For each Element (triangle) of the topology, the algorithm identifies all grid cells that in-
tersect it. The process begins by converting the coordinates of the Element’s vertices from
the topology coordinate system to the grid coordinate system (integer coordinates) using
Equation B.4.

Pt(x, y, z)→ Pg (̃i, j̃, k̃) ĩ = x− xg
min

∆x0 , j̃ = y − yg
min

∆y0 , k̃ = z − zg
min

∆z0 (B.4)

With only the Element’s vertices expressed in grid coordinates as input, a pure function
computes the intersected grid cells through the following steps:

• Compute the axis-aligned bounding box of the Element in the grid coordinate system.

• Identify grid planes (planes defined by constant integers i, j, or k indices) that intersect
the element’s bounding box.
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• For each intersecting grid plane, compute intersection points between the Element
and the plane, generating a line segment. Efficient closed-form formulas derived from
barycentric coordinates are employed to compute these line segments.

• Project each line segment onto its corresponding grid plane and identify grid cells that
intersect the projected segment.

The algorithm properly handles various degenerate cases, including Elements entirely con-
tained within a single cell, Elements parallel to grid planes, and intersections that yield a
point rather than a line segment.

B.2.2 Transfer to Hierarchical Grid

While the uniform grid intersection algorithm could be reapplied to transfer intersections from
a refined parent cell to its child cells, a simpler approach is employed. Since a refined cell
generates exactly eight child cells and the intersections with the parent cell are already known,
collision detection algorithms are used to determine which child cells intersect each element
from the parent’s intersection list. The algorithm implements the Separating Axis Theorem
(SAT) to determine whether a three-dimensional triangle intersects a three-dimensional box.
According to the SAT, two convex shapes do not intersect if there exists a plane (defined by
an axis normal to it) that separates them. For a triangle-box intersection test, 13 potential
separating axes must be checked to conclusively determine intersection status [136, 137]. If
none of these axes yield a separating plane, the shapes intersect. This algorithm efficiently
transfers intersection lists from parent to child cells during refinement.

This concludes the description of the intersection computation algorithms. The next section
addresses the final step of the mesh generation process which corresponds to the grid cells
tagging.

B.3 Grid Tagging

After grid generation, refinement, and intersection computation, the final step is to tag
each grid cell according to its position relative to the discrete topology. Three primary
categories are defined: inside, outside, and intersected. The intersected cells are further
subdivided based on whether their geometric centers lie inside or outside the topology. For
non-intersected cells, the position of the cell center determines its classification. A naive
approach would involve examining every cell and determining whether its geometric center
lies inside or outside the topology using a point-in-polyhedron (PIP) algorithm. The PIP
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algorithm functions by casting a ray from the point in a random direction and counting
intersections with topology elements; an odd number of intersections indicates the point is
inside, while an even number indicates it is outside. However, performing a global PIP test
(considering all topology elements) for every cell is computationally prohibitive, especially
for large topologies and highly refined grids. A more efficient approach leverages the fact
that the set of intersected cells forms a watertight boundary layer separating the grid into
inside and outside regions. The algorithm proceeds as follows:

1. First, identify all cells intersected by the topology (already determined during intersec-
tion computation).

2. Select a non-intersected cell adjacent to an intersected cell.

3. Apply the PIP algorithm to determine whether this adjacent cell is inside or outside
the topology.

4. Employ a flood-fill algorithm to propagate this classification to all reachable non-
intersected neighbor cells.

5. For geometries with narrow gaps, the flood-fill algorithm may get stuck. In such cases,
the algorithm restarts with another adjacent cell to continue the classification process.

6. Once all cells adjacent to intersected cells are classified, all cells inside the topology are
guaranteed to be tagged as "inside," and all remaining cells are tagged as "outside."

To further enhance computational efficiency, a local version of the PIP algorithm illustrated
in Figure B.3 has been developed that considers only the elements intersecting a given cell
when classifying adjacent cells. This algorithm calculates the nearest point on intersecting
elements to the test point and uses the element’s normal vector to determine whether the
point is inside or outside. While efficient, this local PIP approach occasionally fails (e.g.,
when the nearest point falls on an element edge), in which case the algorithm reverts to the
global PIP method as a fallback.

After classifying inside and outside cells, the intersected cells themselves are classified using
another local PIP algorithm illustrated in Figure B.4. This approach is more robust than
the one used for adjacent cells, as it casts rays from the intersected cell’s center to random
points on shared faces with already-tagged cells. The parity of intersections and the shared
faces status determines whether the cell center is inside or outside the topology.

Figures B.5 and B.6 present an example of a grid generation process applied to a simple
discrete topology of a three-dimensional volume featuring two cylindrical holes. The discrete
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Figure B.3 Local PIP algorithm for adjacent cells classification. Step 1: Select a random
point (within the intersected cell) and located in one of the intersected elements (Point P of
Element 2). Step 2: Project the point P onto the shared face (Point C) Step 3: Compute
the nearest point in the ray CP (Point Q) on the intersected elements. Step 4: Determine
the status of the adjacent cell using the normal vector n3 and the vector CQ.
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Figure B.4 Local PIP algorithm for intersected cells classification. Step 1: Select a random
point on the shared face of the intersected cell. Step 2: Cast a ray from the center of the
intersected cell to the random point. Step 3: Count the number of intersections with the
topology elements. Step 4: Determine the status intersected cell using the parity of the
number of intersections and the adjacent cell status.



170

topology and the uniform grid generated around it are shown in Figure B.5a and B.5b,
respectively. In Figure B.5c and B.5d, the grid is refined based on the first and second
refinement criteria, respectively. For the first criterion, the refinement is based on the number
of intersected elements in each cell, and as a result, the grid is refined only in the vicinity of
the holes where the topology contains more elements. For the second criterion, the refinement
is based on the minimum refinement level for intersected cells, and consequently, all boundary
cells are refined to the same level. Finally, Figure B.6 shows the final grid after applying
the tagging process. Grid cells are colored according to their classification: inside (green),
outside (gray), and intersected (magenta).

(a) Discrete topology (b) Uniform grid

(c) Refinement using Criterion 1 (d) Refinement using Criterion 2

Figure B.5 Grid generation process for a simple topology (1/2).

Figures B.7 and B.8 further demonstrate the application of the grid generation process,
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Figure B.6 Final tagged grid for the simple topology (2/2).

this time to the more complex discrete topology representing the simplified high-voltage
circuit breaker previously shown in Figure A.3. These figures illustrate the capability of the
Cartesian mesh generator to handle intricate geometries.

Summary

This appendix has presented a comprehensive methodology for generating adaptive Carte-
sian grids around discrete topologies. The grid is constructed using a hierarchical Cartesian
structure with refinement based on geometric criteria. Intersections between the grid and
topology are computed efficiently using both uniform grid intersection algorithms and spe-
cialized transfer methods for hierarchical refinement. The final tagging process employs
optimized point-in-polyhedron tests and flood-fill techniques to classify cells as inside, out-
side, or intersected relative to the topology. This approach enables efficient generation of
Cartesian grids suitable for complex geometries within reasonable computational time.



172

Figure B.7 Tagged grid for the simplified high-voltage circuit breaker topology (cf. Fig-
ure A.3). (1/2).
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Figure B.8 Tagged grid for the simplified high-voltage circuit breaker topology (cf. Fig-
ure A.3). (2/2).
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