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RESUME

Les systemes de service modernes s’appuient de plus en plus sur un large bassin d’employés
occasionnels avec des horaires flexibles, payés a la piece, pour répondre a la demande de travail
sur appel dans des secteurs tels que le covoiturage, les livraisons et les plateformes de micro-
taches. Cependant, maintenir une prestation de service de haute qualité reste un défi, car les
employés occasionnels ont souvent une implication peu fréquente et une expérience limitée.
Cette étude présente un systeme de planification avancé, basé sur les données, qui donne la
priorité aux employés occasionnels expérimentés, dans le but d’optimiser les opérations de
service tout en minimisant les perturbations. Similaire aux systemes de service sur appel
traditionnels, notre approche contacte les employés par ordre d’ancienneté pour offrir des
opportunités de quarts, ce qui permet aux travailleurs de choisir les quarts disponibles et
méme de « supplanter » les employés juniors si les quarts préférés ne sont pas disponibles.
Bien que le supplantage soit autorisé, il peut entrainer une insatisfaction parmi les employés et
une instabilité des horaires, créant un besoin de stratégies qui réduisent a la fois le supplantage

et garantissent que les quarts sont pourvus rapidement.

Nous formalisons ce défi de planification comme un probleme de synchronisation des notifi-
cations (NTP) et établissons qu’il est N'P-complet, méme sous des hypothéses d’information
parfaite. Pour remédier a I'incertitude des temps de réponse des employés, nous proposons un
modele stochastique en deux étapes pour la synchronisation dynamique des notifications, en
développant une politique heuristique avec une structure basée sur des seuils. Cette politique
est calibrée a ’aide de solutions hors ligne ou toutes les incertitudes sont supposées connues,
ce qui nous permet d’affiner les régles de décision pour les applications en temps réel. En
optimisant le timing des notifications, notre approche réduit la probabilité de remplacements

inutiles tout en garantissant ’affectation rapide des équipes.

De plus, nous appliquons une approche d’apprentissage par imitation en utilisant DAgger
pour former de maniere itérative un modele prédictif qui capture la prise de décision des
experts dans des scénarios d’affectation séquentielle des équipes. L’algorithme DAgger per-
met a la politique d’apprendre a partir de scénarios d’experts déterministes, créant ainsi
un cadre de prise de décision efficace en temps réel. Cette intégration de I'optimisation et
de I'apprentissage automatique s’ajuste dynamiquement aux états actuels du systeme, en
équilibrant les notifications précoces et différées pour minimiser les perturbations du plan-
ning. Notre approche s’appuie sur un ensemble de modeles experts, notamment Hindsight,

Aggregated Hindsight et un expert stochastique en deux étapes, pour informer 1’algorithme
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d’apprentissage avec diverses perspectives. En définissant ces multiples modeles experts, nous
offrons une base flexible et personnalisable pour divers contextes opérationnels, permettant
a I'algorithme d’apprentissage d’intégrer différentes perspectives d’experts pour améliorer la

précision et I'adaptabilité des décisions.

Les résultats empiriques utilisant des données réelles de notre partenaire industriel démon-
trent la robustesse des politiques proposées, qui surpassent les méthodes heuristiques exis-
tantes en améliorant considérablement 1'efficacité de la planification et la satisfaction des
employés. Cette étude met en évidence le potentiel de la combinaison de la modélisation
stochastique et de 'apprentissage par imitation pour relever les défis complexes de la plan-
ification induits par I'incertitude dans les systémes de services a la demande, en apportant
des méthodologies précieuses pour la prise de décision dynamique et en offrant une gamme
d’options pilotées par des experts pour améliorer les performances du modele dans diverses

applications.
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ABSTRACT

Modern service systems increasingly rely on a large pool of casual employees with flexible
hours, paid on a piece-rate basis, to meet the demand for on-call work in sectors such as
ride-sharing, deliveries, and microtask platforms. However, maintaining high-quality ser-
vice delivery remains a challenge, as casual employees often have infrequent engagement
and limited experience. This study introduces an advanced, data-driven scheduling system
that prioritizes experienced casual employees, aiming to optimize service operations while
minimizing disruptions. Similarly to traditional on-call systems, our approach contacts em-
ployees in order of seniority to offer shift opportunities, allowing flexibility for workers to
choose available shifts and even "bump' junior employees if preferred shifts are unavailable.
Although bumping is allowed, it can lead to dissatisfaction among employees and scheduling
instability, creating a need for strategies that both reduce bumps and ensure shifts are filled

promptly.
We formalize this scheduling challenge as a Notification Timing Problem (NTP) and establish

that it is AP complete, even under the assumptions of perfect information. To address the
uncertainty in employee response times, we propose a two-stage stochastic model for dynamic
notification timing, developing a heuristic policy with a threshold-based structure. This
policy is calibrated using offline solutions, where all uncertainties are assumed to be known,
allowing us to refine decision rules for real-time applications. By optimizing notification
timing, our approach reduces the probability of unnecessary replacements while ensuring the

timely assignment of shifts.

Additionally, we apply an imitation learning approach using DAgger to iteratively train a
predictive model that captures expert decision-making in sequential shift assignment scenar-
ios. The DAgger algorithm enables the policy to learn from deterministic expert scenarios,
creating an effective real-time decision-making framework. This integration of optimization
and machine learning dynamically adjusts to current system states, balancing early and de-
layed notifications to minimize schedule disruptions. Our approach leverages an array of
expert models, including Full-Information, Deterministic, Aggregated Deterministic, and a
Two-Stage Stochastic expert, to inform the learning algorithm with diverse perspectives.
By defining these multiple expert models, we offer a flexible, customizable foundation for
various operational contexts, enabling the learning algorithm to incorporate different expert

perspectives to improve the accuracy and adaptability of the decisions.

Empirical results using real-world data from our industry partner demonstrate the robustness
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of the proposed policies, which outperform existing heuristic methods by significantly improv-
ing both scheduling efficiency and employee satisfaction. This study highlights the potential
of combining stochastic modelling and imitation learning to tackle complex uncertainty-
driven scheduling challenges in on-demand service systems, contributing valuable method-
ologies for dynamic decision-making and offering a range of expert-driven options to enhance

model performance across diverse applications.
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CHAPTER 1 INTRODUCTION

Machine Learning (ML), a subset of artificial intelligence, focuses on creating algorithms
and statistical models that enable computers to perform tasks without explicit human in-
structions. These systems improve performance by learning from data, identifying patterns,
and making predictions. They also encompass techniques such as supervised, unsupervised,
and reinforcement learning. ML has demonstrated its transformative potential across diverse
fields, from improving medical diagnostics and automating industrial processes to powering
recommendation systems and optimizing resource management. ML fundamentally reshapes

industries and drives innovation by offering intelligent and adaptable solutions.

Many real-world challenges involve decision-making under uncertainty, where critical pa-
rameters influencing the system are either unknown or only partially observable. Examples
include planning optimal delivery routes in congested urban areas, scheduling hospital per-
sonnel in dynamic and unpredictable environments, or allocating power generation to meet
fluctuating energy demands. Estimating these uncertainties accurately is inherently difficult.
Traditionally, machine learning (ML) models have been utilized to predict uncertain param-
eters, which are subsequently incorporated into mathematical optimization frameworks to
derive optimal decisions. However, such optimization problems are often computationally
demanding, particularly when dealing with high-dimensional data or complex problem struc-
tures. Even with state-of-the-art solvers, finding solutions within a reasonable time frame
remains a significant challenge. This has necessitated the development and application of

approximation techniques to enhance the tractability of these problems.

To address these computational challenges, we explore an ML-based approach that replaces
the expensive optimization process with a data-driven model capable of learning optimal
decisions directly from expert demonstrations. This approach leverages imitation learning
(IL), a methodology commonly used in robotics and control systems, where models are trained
to replicate the behavior of an expert by observing its actions in different scenarios. By
bypassing the need to solve optimization problems repeatedly, the proposed method offers a

scalable and efficient alternative to solve SDPs under uncertainty.

In this work, we apply our imitation learning framework to a novel personnel scheduling
problem. Decision-making involves dynamically assigning shifts to employees while account-
ing for constraints and uncertainties. By focusing on this operationally significant domain,
we demonstrate the potential of imitation learning to streamline complex scheduling tasks,

reduce computational costs, and improve decision quality in real-world applications.



This chapter is organized as follows. Section 1.1 covers the necessary background on SDP,
ML, and IL. Section 1.2 describes the research objectives of the thesis. Finally, Section 1.3

presents the thesis outline.

1.1 Background

This section provides the foundational concepts required to understand the ideas and meth-
ods explored in this thesis. We first introduce Sequential Decision Problems (SDPs) and
Markov Decision Processes (MDPs) Section 1.1.1, laying the groundwork for understanding
decision-making under uncertainty. These frameworks are essential for modelling and solving
problems that involve making a sequence of decisions over time. Section 1.1.2 offers a concise
overview of Machine Learning (ML), focusing on its role in solving real-world problems and
its relevance to the approaches discussed in this work. Together, these sections establish the

basic theoretical and practical context necessary for the subsequent chapters.

1.1.1 Sequential Decision Problems

Sequential decision-making [Powell, 2007] is a fundamental concept in mathematics and op-
erations research, addressing scenarios where decisions must be made in a sequence over time,
often under conditions of uncertainty. This process involves determining a series of actions
that optimize a particular objective, taking into account the evolving state of the system
and the information available at each decision point. As actions are taken, rewards/costs are

gained, which contribute to the overall objective.

In mathematics, the study of sequential decision-making encompasses a range of theories and
methods, including dynamic programming and optimal control [Bertsekas, 2012}, Markov de-
cision processes [Puterman, 1990], and stochastic optimization [Birge and Louveaux, 2011].
These techniques provide frameworks for modelling and solving problems in which the out-
come of each decision influences future choices and their potential outcomes. By systemati-
cally evaluating possible strategies and their consequences, sequential decision-making helps

identify optimal paths to achieve the desired goals.

This area of study has wide-ranging applications, such as in inventory management, where
companies must decide on stock levels over time to meet demand while minimizing costs;
in robotics, where autonomous systems must navigate environments and make real-time
decisions to achieve tasks; and in finance, where investors need to make sequential investment
choices to maximize returns while managing risk. The mathematical foundations of sequential

decision-making provide the tools and insights needed to tackle these complex and dynamic



problems effectively.

Modelling Framework

We describe a general modelling framework for SDP from [Powell, 2022]. The core elements

are

« Decision Epoch (k) - A decision epoch is when a decision maker can see the current
state of the system and has to make a decision. Let K be the final decision epoch. This
defines whether the problem is a finite (K < oo) or infinite (X = oo)horizon problem.

In this thesis, we will focus on finite-horizon problems.

 State variables (zy) - The state variable contains everything we know and only what
we need to know to make a decision and model our problem. This state information
can include physical state variables (inventories), parameter information, contextual
information (weather and prices) and beliefs in the form of probability distributions.
The set of all possible states is called a state space. We will use = to denote a general

state with the epoch index.

 Decision variables (ay) - A decision variable can be binary, a discrete set, a continuous
variable, or a vector of discrete and continuous variables. Decisions are subject to

constraints a; € Ay.

o Exogenous information (&) - This is the information that we learn after we make a
decision, which we do not know when we make a decision. Exogenous information

comes from outside whatever system we are modelling.

o« The transition function (X (zy,ar,&:)) - The function consists of the equations re-
quired to update each element of the state variable. This covers all the dynamics of

our system, including the updating of estimates and beliefs for SDPs.

o The objective/value function - This consists of the contribution (reward or cost) the
decision maker earns each decision epoch, given by Cy(zy,ay), where ap = 7(xy) is
determined by a policy. Assuming that one wants to minimise costs, we can write the

function as

V™ (xo) = m#nE{ > Crls, W(l‘k))|$0} (1.1)

k=0



where zg is the initial state of the problem. Note in Equation (1.1), the discount factor
for future costs has been omitted primarily with a focus on finite horizon problems. The
goal is to find the best policy that optimises our objective. In MDP literature, V7 (xzy)
is referred to as the value function (optimal cost-to-go) with respect to the policy =

from the state x; at epoch k.

» Policy m(xy) - A policy is a mapping from any state zj, to a corresponding action that
can be taken in that state. A policy can be a tabular function or an algebraic function

with tunable parameters . The optimal policy 7* is given by

TF = arggninE{ > Cilzy, 7T($k))|xo} (1.2)

k=0

7 = argmin V7" (zy) (1.3)
One can derive the optimal policy if the value functions are known by doing the greedy
one-step search. A value function for a given policy can be derived by using dynamic
programming algorithms [Puterman, 1990]. Equation (1.3) can be solved using policy
iteration and value iteration algorithms [Puterman, 1990]. Alternatively, one may be
only interested in the next optimal action denoted by aj at some point & in the planning
period. Equation (1.4) defines a}. Here, Vjy1(2g+1) denotes the optimal cost from the

next state riy1.

ay, = argmin {Ck(:pk, ag) + E[Vk+1(xk+1)]|xk} (1.4)

ak

Ideally, given all states, actions, and possible outcomes, equation (1.3) would be solved offline
to compute the value function. The policy obtained from this solution could then be applied
online to make sequential decisions. However, the primary challenges in solving equation
(1.3), even in an offline setting, are well-documented in [Powell, 2007] and are commonly
referred to as the three curses of dimensionality. These challenges arise from the large state
space, the extensive outcome space of the uncertainty, and the vast action space, rendering
equation (1.3) intractable. Consequently, approximate methods must be employed to address

this complexity.

Various classes of approximate methods for policy search are thoroughly explored in [Powell,
2022]. These methods include:

» Policy Function Approximations (PFA): Analytical functions that directly map



a state (encompassing all available information) to a decision.

o Cost Function Approximations (CFA): Policies incorporating an embedded opti-
mization problem, where parametric adjustments are applied to the objective function

or constraints.

« Value Function Approximations (VFA): Approaches that estimate the value func-
tion approximately rather than calculating it exactly, enabling decision-making in the

current state.

» Direct Lookahead Policies (DLA): Strategies that optimize over a specified time-
frame to account for the impact of current decisions on future outcomes, facilitating

informed decision-making in the present.

The reader is encouraged to read [Powell, 2022| for details. This dissertation will focus on

learning a PFA, which will be discussed in more detail in Chapter 2.

1.1.2 Machine Learning

Machine learning (ML) is a foundational discipline within the field of artificial intelligence,
with the primary goal of designing algorithms that enable computational systems to solve
complex problems by learning from data, observations, or experiences rather than through
explicitly programmed instructions. This paradigm shift from rule-based programming to
learning-based approaches has enabled ML to address tasks of increasing complexity across
a diverse range of domains, from natural language processing to decision-making under un-
certainty. By leveraging patterns in data, ML algorithms can generalize beyond observed

examples, providing predictive and adaptive solutions.

ML algorithms are generally categorized into three primary paradigms: Supervised Learn-
ing, Unsupervised Learning, and Reinforcement Learning. Each paradigm addresses
a unique class of problems and employs distinct methodologies. Although this thesis pri-
marily focuses on supervised learning, it is essential to briefly outline all three paradigms to
situate the discussion within the broader ML landscape. Readers seeking an in-depth treat-
ment of these paradigms are encouraged to refer to established references such as [Hastie
et al., 2001], [Bishop and Nasrabadi, 2006], and [Goodfellow et al., 2016].

In supervised learning, a dataset D is used to train a model (classifier) that will make
predictions on unseen data. This data set includes training features and the corresponding
target labels or values. The problem is termed classification if the targets are categorical and

regression if the targets are numerical values. The main objective is to predict the target



label or value for data outside the training set. This is achieved by learning a mapping from
inputs to targets so that the targets of the new examples can be approximated as accurately
as possible. These approximations can be evaluated and optimized using error functions like

the least-squares error or cross-entropy error.

The primary objective of machine learning (ML) is to develop a model that can approximate
underlying patterns in data and generalize effectively to unseen data. However, achieving
this goal often involves navigating the trade-off between bias and wvariance, which are key

determinants of model performance.

Consider a highly complex model, such as a high-degree polynomial attempting to approxi-
mate a linear function with minor noise. Such a model might perfectly fit the training data
by minimizing the error function and capturing every nuance, including noise. However,
this can lead to owerfitting, where the model becomes overly reliant on the training data
and fails to generalize to new, unseen examples. This phenomenon is characterized by high

variance—a model’s predictions vary significantly when trained on different subsets of data.

Conversely, simpler models, such as linear functions or shallow decision trees, are often
less prone to overfitting due to their limited complexity. However, these models may lack
the expressive power needed to capture the intricate relationships in the data, resulting in
underfitting. Such models exhibit high bias, as they oversimplify the data’s underlying

structure, leading to consistently inaccurate predictions.

The trade-off between bias and variance necessitates striking an appropriate balance to build a
model capable of generalizing well. To achieve this, ML models incorporate hyperparameters,
which are distinct from the parameters learned during training. Hyperparameters control
aspects of the model architecture or learning process, influencing its bias and variance. For
instance, in decision trees, the maximum depth of the tree is a hyperparameter; deeper trees

tend to reduce bias but increase variance, while shallower trees do the opposite.

To facilitate effective training and evaluation, the available data is typically divided into

three sets:

o Training Set: Used to learn the model’s parameters by minimizing the error function.

« Validation Set: Used to evaluate the model’s performance on unseen data and fine-

tune hyperparameters to optimize generalization.

o Test Set: Reserved for the final evaluation to measure how well the model generalizes

to completely new data.

This systematic division ensures that hyperparameter tuning does not inadvertently lead to



overfitting, providing a reliable estimate of the model’s real-world performance. By carefully
managing the balance between bias and variance and leveraging techniques such as hyper-
parameter optimization, ML models can achieve robust and adaptive solutions for diverse
tasks.

In unsupervised learning problems, there is no target to predict. The main goal is to ex-
tract information from the data by analyzing the training dataset. For example, principal
component analysis (PCA) processes high-dimensional input data. It selects a fixed number
of directions (k) to project the data, thereby reducing its dimensionality while retaining as
much information as possible. Similarly, clustering algorithms like K-means identify under-
lying categories in the input data by detecting clusters. This thesis does not delve further
into unsupervised algorithms; for a more detailed description, readers are referred to chapter
14 of [Goodfellow et al., 2016].

In contrast, reinforcement learning (RL) deals with decision-making problems where one or
more agents interact with an environment. The agent learns to choose optimal actions in a
given state to maximize cumulative rewards over time. Unlike supervised and unsupervised
learning, RL does not rely on labelled training data. Instead, it employs an iterative process
of exploration (trying different actions to discover their outcomes) and ezploitation (choosing

the best-known actions based on past experiences).

For instance, an RL agent learning to play chess might initially make random moves, gradually
improving its strategy through self-play or matches against other agents by observing the
outcomes (wins, losses, or draws) as rewards. Over time, the agent refines its policy—a
mapping from states to actions—by maximizing the expected reward. Reinforcement learning
has been applied successfully in domains such as robotics, game-playing, and autonomous
systems, where sequential decision-making is crucial. For a comprehensive exploration of
reinforcement learning principles and methodologies, readers are referred to [Sutton and

Barto, 2018].

Imitation Learning

Imitation learning [Ho and Ermon, 2016], [Hussein et al., 2017] is a branch of supervised
machine learning where an agent learns to perform tasks by mimicking the actions of an
expert. Rather than learning through trial and error or from direct instructions, the agent
observes and replicates behaviours demonstrated by a human or another proficient system.
These demonstrations serve as training data, showing the agent the desired behaviour in
various situations. This approach is inspired by the way humans and animals learn by

observing others, leveraging the concept that complex tasks can be more efficiently learned



through demonstration rather than exploration, as in reinforcement learning. This approach
is also referred to as Learning from Demonstrations (LfD). The agent’s goal is to learn a
policy, a function that maps observed states to actions, which closely matches the expert’s

behaviour. Imitation learning has a wide range of applications, including:

« Robotics - Teaching robots to perform tasks such as grasping objects, navigating envi-

ronments, or assembling components by observing human operators.

o Autonomous Driving - Enabling self-driving cars to learn driving behaviours by imitat-

ing human drivers.
o Game Playing - Training Al agents to play complex games by watching expert players.

o Healthcare - Assisting in surgical procedures by learning from expert (surgeon) actions.

While imitation learning offers an intuitive approach to training agents, it also presents

several challenges.

» High-quality, comprehensive demonstrations are necessary for effective learning.

o It is crucial to ensure that the agent can generalise from observed behaviours to new,

unseen situations.

o Mistakes made during the imitation process can accumulate, leading to degraded per-

formance over time.

o The quality of the learned policy is heavily dependent on the expertise of the demon-

strator.

Research in imitation learning continues to explore methods to overcome these challenges,
with a focus on improving generalisation, reducing the reliance on large amounts of demon-
stration data, and integrating imitation learning with other learning paradigms like rein-
forcement learning and self-supervised learning. Imitation learning is a promising approach
to developing intelligent systems capable of performing complex tasks by leveraging the
knowledge and skills of human experts. As technology advances, it is expected to play a

crucial role in the deployment of autonomous systems in various real-world applications.

1.2 Research Objectives

The primary objective of this dissertation is to explore imitation learning for designing a

Policy Function Approximation (PFA). Specifically, the goal is to define an analytical function



that maps a state (including all available information) to a decision, enabling a decision-maker
to directly use this function to select actions based on current state information. Training the
model in a supervised manner requires expert demonstrations provided by 7*. For any state
xy, the corresponding expert demonstration is ay = 7*(x;). These expert demonstrations
can be derived by solving (Equation (1.3)). However, as noted in Section 1.1.1, solving
(Equation (1.3)) offline is computationally expensive. To address this, solutions from simpler
optimization problems which are solved offline are used as a "pseudo" expert. In operations
research (OR), an offline solution under uncertainty assumes full or partial knowledge of all

relevant variables and outcomes, forming an optimal decision-making strategy.

The approach is tested on a novel Notification Timing Problem (NTP), where the decision-
maker must balance two competing objectives through sequential decisions. This problem
is characterized by two curses of dimensionality: a large state space and a large outcome
space, though the action at each decision epoch is single-dimensional. The aim is to learn
a model that predicts the action using full-information solutions as targets. Since the full-
information problem is not yet defined, the complexity of the full-information problem is
first examined, followed by the development of heuristic policies based on aggregated full-

information solutions.

Within IL, we use behaviour cloning to learn a PFA. In standard behavior cloning, a model
learns a policy by mimicking expert actions on a set of states. However, it doesn’t encounter or
learn from states that arise due to its own mistakes at test time. As these errors accumulate,
the learned policy can deviate significantly from the expert’s behavior. DAgger (Dataset
Aggregation) [Ross et al., 2011] can be used to address the compounding error problem. The
DAgger algorithm first starts with an initial policy, performs rollout with Expert Corrections,

aggregates data, trains a new model and repeats the process till we find a good policy.

The contributions of this thesis are outlined below, highlighting the novel elements introduced

to the scientific literature:

1. An introduction of a novel and significant problem related to timing job opening notifi-
cations to employees for last-minute shift assignments in Personnel Scheduling, specif-
ically within dynamic on-demand labor platforms. To our knowledge, this is the first
study to focus on optimizing the operations of a dynamic on-demand scheduling system,
where employees can decide whether they want to work in response to the notifications
sent. The objective of the problem is to strike a tradeoff between quick shift assignment

and employee inconvenience caused by the on-demand system.

2. It is then shown that even a simple and offline version of the problem with complete
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information is NP — complete. We show a reduction from the subset sum problem by

giving examples, intuition, and proof.

. The (real) stochastic and dynamic version of the same problem is considered, showing

that any dynamic policy may perform significantly worse than its offline counterpart.
An operating policy called the ONP is developed to solve a two-stage stochastic pro-
gramming formulation heuristically. This methodology aggregates offline solutions to

form a nonparametric policy function.

Performance is compared against heuristic policy functions, demonstrating that the
offline solution-based policy outperforms them using real-world data from our industrial
partner. Results are extended by testing various employee shift preference distributions,

showing that the offline policy consistently performs better.

. With an aim to define ML algorithms based on imitating an expert based on math-

ematical optimization problems we define a taxonomy for the expert. This will help
the reader understand the classification of the experts based on the types, usage and

targets they are used to learn.

. The NTP is then tackled by employing ML-driven operating policies learned by using

the DAgger algorithm. The ML model is trained using an expert function derived from
mathematical optimization, effectively emulating the expert policy without imposing
the computational burden during online operations. Experiments are performed using
different expert functions within the DAgger framework. The results indicate that the

machine-learned model outperforms the ONP.

Outline

In Chapter 2 we present a broad literature review on various topics. Chapter 3, first gives

a complete description of the dynamic Notification Timing Problem faced on an on-demand

labor platform. We first consider a simpler static version of this problem under complete or

full information of the uncertainty. This problem is designed to show the complexity of the

problem even when have complete knowledge of the uncertainty. This problem is shown to

be N'P — complete by reducing the Subset sum problem to the NTP. We provide the reader

with intuitions, examples to support the proof. We also formulate the problem as a MIP.

This MIP is simple and has an elegant structure.

Chapter 4, considers the dynamic NTP which is an SDP. We approximate this problem using

a two-stage stochastic formulation. This stochastic formulation is quite complex to solve in
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real life. We work on a heuristic way to solve the problem. We design an algorithm where one
solves a number of full information instances offline and then aggregates the solution obtained.
This algorithm provides an efficient way to solve the stochastic formulation by breaking down
the formulation into individual scenarios. We then simulate the policy obtained ONP on
unseen test instances. The ONP is compared with the current policy in use by our industrial

partner and also against the policy obtained from a tractable two-stage formulation.

In Chapter 5, we provide a critical reflection on the nature and roles of experts in imitation
learning algorithms by proposing a comprehensive taxonomy. This taxonomy categorizes
various attributes of experts, including the types of experts available, usage strategies, and
other influential characteristics. By organizing these insights, we gain a clearer understanding

of the strengths and limitations of the chosen expert within our algorithm.

Chapter 6 introduces machine learning-based policies developed through behavior cloning.
To achieve this, we use solutions obtained from the Mixed Integer Program (MIP) designed
in Chapter 3 as the expert to be cloned. However, this expert has inherent biases and
imperfections, given that it relies on access to all future information—a perspective that
does not align well with real-world constraints, making it a suboptimal candidate for direct
imitation. To address this limitation, we enhance the learning process by invoking this
MIP-based expert multiple times, each time under different future scenario assumptions.
This approach enables us to present refined results derived from this scenario-based learning
method.

1.4 Dissemination of Research

This thesis represents the contents of three research articles. Chapter 3 and Chapter 4 form
the first article which is currently submitted to POMS. Chapter 5 and Chapter 6 form the
basis of the third article, which I am currently working on. Then I have an accepted paper
titled ’An Imitation-Based Learning Approach Using DAgger for the Casual Employee Call
Timing Problem’ in the International Conference on Learning and Intelligent Optimization.
The proceedings of the conference are published in LNCS, volume 14990. Besides, I have
presented my research at JOPT 2022, JOPT 2023, JOPT 2024, JOPT 2024, CPAIOR 2024,
LION 2024.
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CHAPTER 2 LITERATURE REVIEW

This chapter provides a comprehensive review of the relevant literature. Section 2.1 intro-
duces the domain of the problem studied within the context of On-Demand Labor Platforms,
setting the stage for subsequent discussions. The chapter then delves into research within
the field of sequential decision making in operations research (OR), with a focus on key
topics such as learning paradigms, the study of different policy classes, and contextual opti-
mization. Section 2.2 explores the literature on reinforcement learning (RL) and supervised
learning methodologies for developing solution approaches to SDP, with particular emphasis
on various imitation learning (IL) algorithms. Section 2.3 reviews the use of policy func-
tion approximations (PFAs) in SDP, which form the foundation of our proposed solution
approach. Finally, Section 2.4 examines the integration of machine learning (ML) and op-
erations research (OR), highlighting their synergies in addressing complex decision-making

problems.

2.1 Problem Introduction

In various service industries such as finance, restaurants, transportation, retail, and call cen-
ters, two crucial factors that influence service quality are the support provided by experienced
employees and the speed of service. However, many of these systems experience fluctuating
demand and have limited capacity, making it challenging to accurately determine the num-
ber of employees needed to efficiently serve customers in advance. This unpredictability can
lead to either understaffing or overstaffing, both of which negatively impact customer service
levels, employee satisfaction, and operating costs. To address this, companies typically plan
their regular shift schedules weeks in advance to meet only the baseline demand. To manage

uncertainty, they often turn to cost-effective solutions like overtime or part-time employment.

The gig economy has recently emerged as a rapidly growing business model over the past
decade [Graham and Woodcock, 2019], [Donovan et al., 2016], offering an alternative ap-
proach for industries. It operates as an on-demand labor platform, where workers take on
short-term tasks or freelance projects rather than traditional full-time employment. These
workers, known as freelancers, casual workers, contingent workers, gig workers, or indepen-
dent contractors, participate in platforms such as ride-sharing services like Uber and Lyft,
food delivery platforms like GrubHub, Seamless, and InstaCart, customer contact centers
like Liveops, home services like Handy, and web development and data analysis platforms

like Upwork and Fiverr. Such for-profit companies operate as on-demand platforms [Allon
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et al., 2023], using technology to meet short-term labor needs by connecting businesses with
a flexible, crowd-sourced workforce. A key feature of these platforms is their ability to tap
into a large, crowd-sourced pool of agents to manage demand spikes while controlling labor
costs through variable pay instead of fixed wages. For statistics on gig workers, readers are
referred to [Donovan et al., 2016]. In this work, in collaboration with our industrial partner
Merinio, we focus on optimizing the operations of a system that enables service-providing
companies to cover last-minute staffing needs with on-demand casual workers. This system
aims to provide the most experienced employees from the pool, ensuring quality work and

fostering a trusting relationship with a select group of workers.

2.1.1 On-Demand Labor Platforms

Any on-demand platform system is built around four key elements: (1) the task, which is
the specific job to be completed; (2) the client, also known as the publisher or seeker, who
could be an individual or a company responsible for posting tasks; (3) the worker, who has
the required knowledge, skills, and abilities to complete various outsourced tasks; and (4)
the platform, which serves as the intermediary between the client and the worker, providing
tools to manage and organize the entire process, and sometimes even handling certain tasks
on behalf of the clients. Workers begin by creating online profiles on the platform that show
their skills, experience, and rates. These workers are typically freelancers or casual personnel
seeking flexible work opportunities. Clients register on the platform to post task or job
listings that detail the projects with which they need assistance, including scope, budget,
and deadlines. These job listings can be made accessible to all relevant workers or restricted

to a specific subset. Workers then apply for the positions posted by the clients.

A distinctive feature of this system is the nature of employment: independent workers have
the freedom to choose their work schedules and can effortlessly switch between multiple
platforms to offer their services. This flexibility is a major draw for workers in the gig
economy. Companies also benefit from increased labor flexibility, enabling them to hire

workers with varying skill levels at different times and compensate them accordingly.

However, these online labor platforms face several domain-specific challenges [Slivkins and
Vaughan, 2014], [Bhatti et al., 2020]. These challenges include task design, pricing mech-
anisms, client and worker evaluation, and, most crucially, task allocation or worker-client
matching. Each entity involved has different objectives. Workers seek jobs that provide a
steady income without compromising their work-life balance. Clients aim to receive the high-
est quality work within their budget constraints. Platforms focus on the short-term goal of

retaining both workers and clients, while their long-term objective is to generate consistent
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profit. Addressing all these challenges in a single coherent model is highly complex, which is

why different platforms employ varying approaches.

Consider task allocation as an example, which will be the focus of this paper. On some
platforms, like Fiverr and Upwork, workers actively search among posted projects with diverse
scopes and requirements, choosing which ones to pursue by submitting applications and initial
bids that propose either a fixed project price or an hourly rate. On other platforms, clients
set the compensation rates, but workers still have some flexibility in choosing tasks that
appeal to them. For instance, MTurk workers search among available micro-tasks, which are
advertised with piecework compensation rates set by clients. On many location-based labor
platforms, task assignments are determined by algorithms, with pay rates set by the platform.
For example, an Uber or Lyft driver receiving a ride request has only a few seconds to decide
whether to accept it, often without knowing the passenger’s final destination. Similarly,
on TaskRabbit, workers—known as taskers—typically have a limited window to respond to
job offers, ranging from a few minutes to a few hours depending on the urgency and client
preferences. Task allocation has garnered significant attention in recent years [Karachiwalla
and Pinkow, 2021], [Zhen et al., 2021].

The COVID-19 pandemic in 2020 triggered widespread job losses, followed by significant labor
shortages as economies began to recover [Causa et al., 2022]. Several factors contributed to
these shortages, including the rigidity of traditional employment systems, which made it
difficult to retain a stable workforce. To address these challenges, our industrial partner,
Merinio, developed an innovative flexible scheduling system. This system introduces greater
flexibility and adaptability into shift scheduling by maintaining a large pool of occasional
or casual employees who are available for on-call work. Unlike traditional on-call systems,
these employees are not contractually obligated to accept every assignment—they have the
freedom to decline shifts or choose not to respond at all. This flexibility marks a significant

departure from conventional practices.

Each employee in this pool has specific skills that qualify them for certain shifts. Management
starts by determining the number of shifts needed for a particular day in the near future,
and this information is entered into an electronic call system. The system then compiles
a list of eligible employees based on their skills and availability, and an operating manager
activates the communication process. The electronic call system manages the notification
of employees about available shifts, tracks their responses, and updates the shift schedule
as employees accept assignments. Workers can accept shifts that they find suitable, ensur-
ing that labor resources are allocated efficiently while respecting employee preferences and

availability. Similar platforms include Wonolo, GigSmart, and Shiftgig.
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In this system, the jobs available within a service company are represented by shifts that
require specific skills to be performed within a fixed time window. For instance, in an
amusement park, shifts might include roles such as ticket checkers, cleaners, or waitstaff.
These positions generally require low skill levels and offer nominal pay, which is already
known to casual workers. The service company aims to ensure the highest quality and speed
of service for its customers. Ensuring this with casual personnel can be challenging due to
limited screening, inconsistent engagement, and low pay. In addition, some casual workers
may face motivation and communication issues. On online platforms like Fiverr and Upwork,
workers with the best reputations tend to secure jobs [Yoganarasimhan, 2013], as they are
perceived to be more reliable and capable of delivering high-quality work. Conversely, workers
with low skills, poor reputations, or those new to the platform often struggle to secure jobs.
Reputation on these platforms is typically reflected in rating points and client reviews. In
the system designed by Merinio (described in the following subsection), the key factor is the
total experience of casual personnel working in the shifts. Workers with more experience are
considered professional and reliable, and the system gives them a competitive advantage over
less experienced personnel to maintain overall service quality. We describe the system details
in Chapter 3

2.1.2 Current Research

There has been a recent line of research in on-demand labor platforms. [Taylor, 2018] explores
the operations and dynamics of platforms that connect time-sensitive customers with inde-
pendent service providers, such as ride-sharing services or food delivery platforms. Taylor
examines two main characteristics of these platforms: customers’ sensitivity to waiting times
and the independence of the agents who provide services. These factors influence optimal
pricing and wage-setting strategies on the platform. In [Cachon et al., 2017], authors examine
the implications of surge pricing on platforms where service providers set their own schedules,
like Uber and Lyft. The authors investigate several pricing models, including surge pricing,
in which both consumer prices and provider wages adapt to current demand levels. The
study [Allon et al., 2023] explores how gig economy workers respond to financial and behav-
ioral incentives, which influence their work decisions on flexible platforms like ride-hailing
services. By analyzing data in collaboration with a major ride-hailing platform, the authors
developed an econometric model that captures the nuances of workers’ labor choices, such as
whether to work and for how long. In [Benjaafar et al., 2022], the authors analyze how the
expansion of the gig workforce on platforms impacts worker welfare. Their study addresses
the tension between flexibility for workers and the potential downsides of increased labor

supply, which can drive down wages and reduce utilization rates as more workers join the
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platform. [Yan et al., 2022] provides a survey for on-demand platform labor management.

2.2 Learning Paradigms

In this section, we describe three main learning paradigms for SDPs: Reinforcement Learning
(RL), Inverse Reinforcement Learning (IRL), and Behaviour Cloning (BC). IRL and BC fall

under the umbrella of Imitation learning (IL).

2.2.1 Reinforcement Learning

Broadly, the RL algorithms can be split into the model-based and model-free categories.

e Model-based methods concentrate on environments where transition functions are ei-
ther known or can be learned, enabling algorithms to leverage this knowledge when

making decisions. Monte Carlo Tree Search (MCTS) falls within this category.

o Model-free methods, on the other hand, operate independently of the availability of

environment transition functions, relying solely on the agent’s accumulated experience.

Furthermore, model-free methods can be categorized into two main families of RL algorithms:
policy-based and value-based methods. This distinction arises from how solutions to Markov
Decision Processes (MDPs) are derived. Policy-based methods approximate the policy di-
rectly, while value-based methods focus on approximating a value function that quantifies
the policy’s effectiveness for a given state-action pair in the environment, also called the Q
value. In addition, there exist RL algorithms that combine policy-based and value-based
approaches. These hybrid methods are known as actor-critic methods [Sutton and Barto,
2018]. In actor-critic methods, the critic model approximates the value function, evaluating
the quality of actions taken by the actor. The actor model, in turn, approximates the policy
based on this evaluation. Both the actor and critic models utilise the policy-based and value-
based RL techniques mentioned earlier. This setup enables the critic to provide feedback
on the actor’s actions, allowing for adjustments to the learnable parameters in subsequent
training steps. The reader is referred to [Sutton and Barto, 2018] for a detailed description of
these methods. In reinforcement learning methods, when artificial neural networks are used
to learn approximations for QQ values or approximate policies, the method is referred to as
Deep Reinforcement learning or Deep Q learning. The deep neural network (DQN) helps us

to learn complex value/policy functions that cannot be efficiently learnt otherwise.

Both value-based and policy-based approaches do not use the model of the environment, i.e.

the transition probabilities of the model, and, hence, such approaches do not plan ahead
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by unrolling the environment to the next steps. However, it is possible to define an MDP
for SDPs in such a way that we can use the knowledge of the environment to improve the
predictions by planning several steps ahead. Monte Carlo Tree Search (MCTS) consists of 4
steps

1. Selection - Starting from the root node/state, the algorithm recursively selects child
nodes down to a leaf node based on a selection policy, typically using the Upper Confi-
dence Bound for Trees (UCT) method. The UCT balances exploration (choosing nodes

with less information) and exploitation (choosing nodes with higher average rewards).

2. Expansion - When a leaf node is reached, the algorithm checks if the node represents
a terminal state (end of the game/problem). If not, one or more child nodes (expanded)

are created to explore possible future actions.

3. Simulation - A simulation or "playout' is performed from the newly expanded node.
This involves randomly sampling actions to play out the rest of the game/problem to
a terminal state. The outcome of this simulation provides an estimate of the value of
the node.

4. Backpropagation - The result of the simulation is propagated back up the tree,
updating the value estimates and visit counts for all nodes along the path from the

expanded node to the root.

RL has been consistently used to develop algorithms to play games [Mnih et al., 2015], [Silver
et al., 2016], [Schrittwieser et al., 2020]. However, in the last decade, RL methods have
received much attention. [Mazyavkina et al., 2021}, [Yu et al., 2021], [Farazi et al., 2021] are
some articles that examine the use of RL methods for OR problems. We describe a couple

of articles to demonstrate the use of RL in different contexts.

In [Kullman et al., 2022], authors study a routing problem where an operator oversees a
fleet of electric vehicles for a ride-hailing service, with the primary goal of maximizing profit.
This involves effectively assigning vehicles to current ride requests and strategically managing
recharging and repositioning to anticipate future demands. To address the intricacies of this
challenge, we employ deep reinforcement learning. This methodology revolves around devel-
oping policies that guide decision-making processes using Q-value approximations, which are
learned and refined through deep neural networks. [Khalil et al., 2017] proposes a method
for learning the criteria to select the next node to visit in a heuristic framework for the TSP.

They utilize a graph neural network, which can handle input graphs of any size through
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message-passing mechanisms. In their approach, the network processes a graph represen-
tation of the problem augmented with features indicating visited nodes. It outputs action
values for each node, which are used in reinforcement learning, specifically Q-learning, to

train the network. The reward used in training is the partial tour length.

2.2.2 Imitation Learning

There are generally two approaches to imitation learning: the first is to directly learn how
to imitate the expert’s policy (behavior cloning), and the second is to indirectly imitate the

policy instead of learning the expert’s reward function (inverse reinforcement learning).

Behaviour Cloning

Behaviour cloning [Torabi et al., 2018] is an ML technique where an agent learns a task by
directly imitating the behaviour demonstrated by an expert. It involves training a model,
typically a neural network, to mimic the actions or decisions of a human or another agent
based on a set of observed examples. The process begins with collecting a dataset of input-
output pairs that represent the expert’s actions in various situations. The model learns to
map inputs directly to corresponding outputs without explicitly understanding the under-
lying principles or reasoning behind the expert’s decisions. Behaviour cloning is often used
in scenarios where direct imitation of expert behaviour is feasible and efficient, such as in
autonomous driving, robotics, and game playing, to quickly teach agents complex tasks by
leveraging human expertise. However, it can be limited by the quality and diversity of the

training data and may struggle in handling situations not covered by the training examples.

In the context of optimization problems, the optimal solution represents the expert decisions.
In other words, the optimization solver/algorithm acts as the expert. Hence, hypothetically,
given a series of optimization problems, one can easily convert the parameters of the problem
into features. Then, using the optimal solutions as targets, one can fit a supervised learning
model that can make predictions about optimal solutions. Given the advancement in ML
models, such an approach is promising in the field of stochastic optimization and enhancing
branch-and-bound algorithms. [Bengio et al., 2021] also refers to this approach as learning
from demonstrations. Research articles based on this idea are described in the following

paragraph.

An application of learning from an expert is found in the context of branching policies in
Branch and Bound trees of Mixed Integer Linear Programs (MILPs). Choosing which vari-

ables to branch on can have a significant impact on the size of the branch-and-bound tree and



19

consequently affect the time taken to solve the problem. Strong branching [Applegate, 2006]
stands out as an effective method in this regard. It involves conducting a one-step looka-
head for each branching decision, where multiple candidate variables are tentatively branched
upon. By evaluating linear programming relaxations, it estimates potential improvements in
the lower bound and selects the variable that promises the greatest enhancement. Despite
not exploring all variables and relying on approximate values from linear programming, this
approach remains computationally demanding. [Alvarez et al., 2017] utilize a specialized form
of decision tree, a classical model in supervised learning, to approximate strong branching de-
cisions. [Khalil et al., 2016] proposes a similar approach where a linear model is dynamically
learned for each instance by initially employing strong branching and eventually replacing
it with its machine learning approximation. The linear approximator of strong branching,
as introduced in [Marcos Alvarez et al., 2016], is actively trained. When the estimator’s
reliability is in question, the algorithm reverts to true strong branching, and the outcomes
are used for both branching and learning. In all these branching algorithms, inputs to the
machine learning model are engineered as a fixed-length vector consisting of static features
describing the instance, along with dynamic features providing information about the state

of the branch-and-bound process.

In the work by [Vinyals et al., 2015], a novel neural network architecture is employed to tackle
the Euclidean Travelling Salesman Problem. The authors train the model using supervised
learning, with pre-computed solutions to the travelling salesman problem serving as targets.
Another instance is seen in the research by [Larsen et al., 2018], where a neural network is
trained to predict solutions for a stochastic load planning problem with a mixed-integer linear
programming formulation. The authors utilize operational solutions, specific solutions to the
deterministic version of the problem, aggregating them to provide tactical solution targets for
the ML model. In an approach similar to ours, [Pham et al., 2023] adopts a prediction-based
approach for online dynamic radiotherapy scheduling. They propose an Integer Programming
(IP) model to derive optimal offline schedules from many instances. Subsequently, a model
is trained, with the offline solution serving as expert decisions in the learning process. In
all the above cases, the authors use offline deterministic solutions as an expert. [Kong et al.,
2022] presents an imitation approach for stochastic optimization using energy-based models
(EBMs). They first build a dataset of features and decisions, where the decision represents
the optimal action under complete information of the uncertainty. A negative log-likelihood
(NLL) function is used to represent the loss function, essentially minimizing the energy of the
optimal actions while maximizing the energy of other points. Thus, the end-to-end stochastic
programming problem is translated to learning a neural network that outputs the smallest

energy for the optimal actions. To avoid overfitting, they also propose a distribution-based
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regularizer which augments the energy-based objective from a global training perspective.

Inverse Reinforcement Learning

IRL [Arora and Doshi, 2021] is a branch of machine learning, specifically within the broader
field of RL, that focuses on inferring the reward function given by observed behaviour. While
traditional reinforcement learning aims to learn a policy that maximizes cumulative rewards
given a known reward function, IRL works in the opposite direction. The objective of IRL is
to deduce the underlying reward structure that an observed agent (often an expert) implicitly
optimises. The motivation behind IRL arises from scenarios where directly specifying the
reward function is challenging or impractical. For example, in complex tasks like driving a
car, playing sports, or performing surgical procedures, it is difficult to explicitly define the
reward function that captures all the nuances of expert behaviour. However, we can observe

the behaviour of experts and use IRL to uncover the reward function they are optimising.

The main categories of IRL methods as described by [Arora and Doshi, 2021] are based on
the core approach they use for inverse learning — margin-based optimization, entropy-based

optimization, Bayesian inference, classification and regression.

e« Maximum Margin Planning - The aim is to learn a reward function that explains the
demonstrated policy better than alternative policies by a margin. The methods under
this category aim to address IRL’s solution ambiguity by converging on a solution that

maximizes some margin.

o Entropy Optimization - IRL is essentially a poorly posed problem because each policy
can be optimal for many reward functions, the IRL is ambiguous and prone to imperfect
behaviour [Ziebart et al., 2008]. To resolve this ambiguity, [Ziebart et al., 2008] propose
the maximum entropy inverse reinforcement learning (Maxent-IRL), which chooses the
distribution that does not exhibit any additional constraints beyond matching feature

expectations.

« Bayesian IRL - This approach models the reward function as a probabilistic entity and
uses Bayesian inference to estimate the posterior distribution over reward functions

given the expert demonstrations.

o Apprenticeship Learning - This method [Abbeel and Ng, 2004] combines IRL with
learning a policy that performs similarly to the expert by iteratively refining the reward

function and the corresponding policy.
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In terms of application, [Ziebart et al., 2008] uses their Maxent-IRL algorithm for driver route
choice modelling. They modelled the problem as an MDP and used real-life data from 25
taxi drivers. [Liu et al., 2020] develops a deep inverse reinforcement learning (IRL) algorithm
to capture deliverymen’s preferences from historical GPS trajectories and recommend their
preferred routes. The Dijkstra algorithm is used to determine an initial optimal route based
on static data, and then rewards are learnt based on it. [Alsaleh and Sayed, 2020] applies
the Maxent-IRL to infer cyclist preferences during their interactions with pedestrians in non-
motorized shared spaces. [Pang et al., 2020] introduces Maxent-IRL to recover human travel
behaviour preferences, which can be used to reproduce people’s movement and transport

usage.

2.2.3 Imitation Learning Algorithms

This subsection presents an overview of different Imitation Learning Algorithms.

Supervised Learning

The first approach to addressing imitation learning is through supervised learning. In this
method, we use a set of training trajectories (stationary policy) generated by an expert, where
each trajectory consists of a sequence of observations and corresponding actions performed
by the expert. The goal of imitation learning in this context is to train a classifier /regressor
that attempts to replicate the expert’s actions based on the observations at each step. This is
a passive approach, where the aim is to learn a target policy by passively observing complete
execution trajectories. The expert only acts prior to training the ML model, which involves
training a policy based on the states encountered by the expert. Additionally, it is necessary

to assume that the actions within the expert’s trajectories are independent and identically
distributed (i.i.d.).

The primary limitation of this supervised learning approach to imitation learning is its inabil-
ity to recover from mistakes. If the model deviates from the optimal trajectory at any point,
it will struggle to return to the states encountered by the expert, leading to a cascade of
errors. As a result, this naive algorithm fails to generalize to unseen situations. Subsequent

approaches aim to address and correct this issue.

Forward Training

The forward training algorithm, introduced by [Ross and Bagnell, 2010], trains a separate

policy 7 at each time step k over a total of K steps (non-stationary policy). At each step
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k, the model learns a policy 7, to mimic the expert policy 7* based on the states generated
by the previously learned policies 7y, ..., m_1. This iterative training process is outlined in
Algorithm 1.

Algorithm 1: Forward Training Algorithm

1 Function ForwardTrain():

2 Initialize 79, ..., 7% to query and execute 7*;
3 for ke {l,...,K} do
4 Sample T-step trajectories by following m*~1;
5 Get dataset D = {(sg, 7*(sx))} of states and expert actions at step k;
6 Train classifier 7, = arg mingen Eswplex(s)];
7 Set 7r§-C = Wf_l for all j # 4;
8 end
o | return i ... 7K
10 end

At iteration 4, the algorithm trains the policy 7F on the state distribution d};kil, while all other

policies remain unchanged (i.e., ﬂf = Wf’l Vj # k). After K iterations, 77 no longer queries
the expert, and the process is complete. One major weakness of the presented approach is
that it needs to iterate over all the T periods, where the time horizon K can be quite large

or even undefined.

Search-based Structured Prediction (SEARN)

The algorithm SEARN, introduced in [Daumé et al., 2009], begins by following the expert’s
actions at every step. It iteratively collects demonstrations and uses them to train a new
policy. New episodes are compiled by taking actions based on a mixture of all previously
trained policies, as well as the expert’s actions. Over time, the algorithm learns to follow its
mixture of policies and gradually stops relying on the expert to determine which actions to
take.

In summary, this algorithm aims to learn a classifier that navigates the search space. It
operates by maintaining a current policy and attempts to use it to generate new training data
for learning a new policy (new classifier). When a new classifier is learned, it is interpolated
with the old classifier. However, the algorithm is complex and can be overly optimistic in

practice.
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Stochastic Mixing Iterative Learning (SMILe)

The SMILe algorithm, also introduced by [Ross and Bagnell, 2010], was developed to address
some of the limitations of the forward training algorithm. It is a stochastic mixing algorithm
based on SEARN, leveraging its advantages while providing a substantially simpler imple-
mentation and requiring less demanding interaction with an expert. The algorithm trains
a stochastic stationary policy over several iterations and employs a “geometric” stochastic

mixing of the trained policies.

Specifically, we start with a policy m that follows exactly the actions of the expert. At each
iteration ¢, we train a policy m; to mimic the expert under the trajectories induced by the
previous policy m;_1. We then incorporate the newly trained policy into the existing mix of
policies using a geometric discount factor a(1 — «)"~'. Thus, the new policy 7; is a mix of i
policies, with the probability of using the expert’s action being (1 — a)’. We can terminate
after any iteration N by removing the probability of querying the expert and re-normalizing

to obtain the unsupervised policy

~ 1 N
WN:M[WN—(I—O&) WO]

that never queries the expert. The SMILe algorithm is described in Algorithm 2.

Algorithm 2: SMILe

1 Function SMILe():

2 Initialize my <— 7 to query and execute the expert;
3 fori=1...itr do
4

5

Execute m;_1 to get D = {(s,7"(s))};
Train classifier #** = arg min,en Esuplex(s)];

6 m=(1-a)7t+a 5 (1 — a)i—2a*,
j=1
7 end
8 Remove expert queries - 7 = %;
9 return 7
10 end

Dataset Aggregation

In many cases, expert demonstrations will not be uniformly sampled across the entire state
space and therefore, it is likely that the learned policy will perform poorly when the trajectory

followed is different from those followed by the expert. This is because when a learned policy
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is used in practice, it produces its own distribution of states that will be visited, which
will likely not be the same as in the expert demonstrations. This distributional mismatch
leads to compounding errors, which is a major challenge in imitation learning. [Ross et al.,
2011] proposed the DAgger algorithm in 2010 to address these issues. DAgger is an iterative
policy training algorithm that reduces the problem to online learning. At each iteration,
the main classifier is re-trained in all states that the learner has ever encountered. The
primary advantage of DAgger is that the expert teaches the learner how to recover from
past mistakes. [Ross et al., 2011] shows that this algorithm has no regret guarantees in an
online setting. A no-regret guarantee means that the learner will converge to a policy that

minimizes errors against the expert, even when feedback is incrementally provided.

Given an initial training set D, generated by the expert policy 7*, an initial novice policy g
is trained. Using this initialization, DAgger iteratively collects additional training examples
from a mixture of expert and novice policies. During a given episode, the combined expert-
and-model system interacts with the environment under the supervision of a decision rule.
The decision rule determines, at each step in time, whether to use the learned model or
the expert’s choice of action to interact with the environment. In the algorithm, we use
observation of the system rather than the actual state. The state represents the complete,
underlying status of the environment at a particular time. Observations are what the agent
perceives or senses at any given moment. These observations might be partial or noisy
representations of the true state. The observations (oy) received during the episodes of an
epoch, together with the corresponding actions of the expert, form a new dataset denoted as
D;. This new dataset of training examples is combined with the previous sets D = D U D;
and the model is re-trained on D. Not here that we use the observation o, rather than
the state. An observation is defined as partial or possibly noisy information that the agent
receives about the current state. The general form of the DAgger Algorithm is presented in
Algorithm 3.

By allowing the novice to act, the combined system explores parts of the state space further
away from the nominal trajectories of the expert. By querying the expert in these parts of
the state space, the novice can learn a more robust policy. We will now describe different

decision rules in the literature.

1. Naive DAgger - The Naive DAgger algorithm always returns the expert’s action for
any given observation. A drawback of this approach is that if the learned model begins
to make errors, there is no mechanism to correct them during the current episode. As a
result, this can lead to the model encountering states that are either risky or irrelevant

to the system, causing the initial iterations of the DAgger algorithm to be quite noisy,
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Algorithm 3: DAgger : Dataset Aggregation

1 Function DAgger (DR(.)):

© 00 9 O s~ W N

=
(=)

Initialize 7y to any policy in II;

for:=1...1tr do
Sample T-step trajectories with ay = DR(0x);
Get D; = {og, 7 (0x)} of states visited;
Aggregate datasets: D < D U D;;
Train 7,11 on D;

end

return best m; on validation

end

with frequent oscillations.

Algorithm 4: NAIVE DAgger Decision Rule

1 Function NaiveDAgger (og):

2 ag < m(ok);
3 return ay
4 end

2. VANILLA Dagger - In the VANILLA DAgger decision rule (Algorithm 2), the ex-

pert’s action is selected with probability ; € [0, 1], where ¢ represents the DAgger
epoch. If B; = A5,y for some A € (0, 1), the novice progressively takes more actions
in each subsequent epoch. As the novice is exposed to more training examples from

earlier epochs, it gains increasing autonomy to explore the state space.

Initially, the expert has greater control over the trajectories, which helps in avoiding
undesirable or unsafe states. However, the vanilla DAgger decision rule does not in-
corporate any similarity metric between the actions proposed by the novice and the
expert. As a result, even if the novice suggests a potentially unsafe action, vanilla

DAgger permits the novice to proceed with probability (1 — ;).

. SAFE DAgger - The decision rule used by SAFE DAgger, outlined in Algorithm 6 and

referred to as SafeDAgger™, permits the novice to take action if the distance between
the actions is below a specified threshold 7 [Zhang and Cho, 2016]. An optimal decision
rule would enable the novice to act only when there is a sufficiently low probability of
the system transitioning to an unsafe state. When the combined system is close to an
unsafe state, the acceptable deviation from the expert’s action should be smaller than

when the system is further away from such states. Consequently, the single threshold 7
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Algorithm 5: VANILLA DAgger Decision Rule

1 Function VanillaDAgger (o, %, By, \):

© W g OO U~ W N

o
= o

ag < Wi(ok);
ay < m*(og);
Bi = A'Bo;
z ~ Uniform(0, 1);
if z < §; then

‘ return a;;
else

‘ return ay;
end

end

employed in SafeDAgger* can be either overly conservative when the system is distant

from unsafe states or too lenient when it is close to them.

To minimize the frequency of expert queries, SAFE DAgger (Algorithm 8) approximates
the SAFE DAgger* decision rule using a deep policy that assesses the likelihood of the
novice policy deviating from the reference policy. Blue fonts are used to highlight the
differences from the VANILLA DAgger. This algorithm introduces an additional policy,
Tsafe, Teferred to as the safety policy. This policy takes a partial observation of a state,
®(s), along with a primary policy 7, and outputs a binary label that indicates whether

the primary policy 7 is likely to deviate from a reference policy 7* without making a
query.

The deviation of a primary policy 7w from a reference policy 7* is defined as

e(m, 7", o) = ||m(ox) — 7" (on)II2 (2.1)

*

» fe 1S expressed as

With this deviation defined, the optimal safety policy =

i 0, ife(m, 7, 08) >71
7Tsafe(ﬂ-7 0k> = (22)
1, otherwise,

where 7 is a predefined threshold. At each moment, the safety policy assesses whether it

is safe for the primary policy to execute its action. If it is deemed safe (i.e., Tgape (T, 0) =
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Algorithm 6: SAFE DAgger* Decision Rule

1 Function SafeDAgger* (o, 7):

© W g O ;oA W N

a < 7Ti<0k);

ay <+ m*(oy);

if ||ar — ai|| < 7 then
‘ return ay;

else
‘ return a;;

end

end

1), we proceed with the action suggested by the primary policy (i.e., w(o)). Conversely,
if it is not safe (i.e., Tgafe(m, 0x) = 0), we opt for the action dictated by the reference
policy instead (i.e., 7 (o). Algorithm 8 describes SAFE DAgger. First, the safe
strategy is used instead of the naive approach to gather training examples (line 6 in
Algorithm 8). Second, the subset selection process (line 7) significantly reduces the
number of queries made to the reference policy. Only a limited subset of states, where
the safety policy returns 0, requires labeling with reference actions. This contrasts with
the original DAgger, where every collected state had to be verified against the reference
policy. After updating the primary policy with D;, which is the union of the initial
training set Dy and all the examples collected thus far, safety policy is updated. This
step ensures that the safety policy accurately identifies the states that pose challenges

or risks for the most recent primary policy.

Algorithm 8: SAFE DAgger

1 Function SafeDAgger():

© 0 N & ok~ WwN

H = = R e
B W N R O

Collect Dy using a reference policy 7*;

Collect Dyg,g using a reference policy 7*;

Tp = arg ming lsupervised(ﬂa T, DO)a

Tsafe,0 — aI'g minﬂ'safe lsafe<7rsafe> 0, 7T*> Dygage U D0)7
fori=1...N do

Collect D" using the safety strategy with m;_; and mefei—1;
Subset Selection: D’ < {o € D' | mate,i—1(mi—1,0) = 0};
D;,+ D, ;U DI,

T = argming lsupervised(ﬂ_a T, D’L))

Tsafe,i — aI'g nlinﬂ'safe lsafe(ﬂ'safe’ T4, 7"*; Dygage U Dz)a

end
return best m; and Tgafe ;;

end
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4. ENSEMBLE DAgger - In ENSEMBLE DAgger [Menda et al., 2019], the decision
rule is based on two key measures: discrepancy 7 and doubt y. The first measure,
discrepancy 7, corresponds to the SAFE DAgger decision rule and is defined as a metric
for the deviation of the novice from the expert (as outlined in line 4 of Algorithm 3).
The second measure, doubt y, is a variance measure that indicates the confidence of

the novice or the familiarity of the current state with the training data.

Algorithm 9: ENSEMBLE DAgger* Decision Rule
1 Function EnsembleDAgger* (o, 7,7, X):

end

ag, 05, < m(0g);

a; <+ m*(oy);

7 llaw — ail*;

X 02

if 7 <7 and y < x then
‘ return ay;

else
‘ return a;;

end

© 0w N O o WN

e
=)

Ensemble DAgger leverages an ensemble method [Zhou et al., 2002], a technique that
trains multiple neural networks to perform the same task and then combines their out-
puts into a single prediction. In this approach, uncertainty is quantified by calculating
the variance, o2, of the predictions from the ensemble members, while the novice’s ac-
tion is represented as the average of these predictions. Ensemble DAgger enables the
learned model to act only when its behavior is sufficiently close to that of the expert,
measured by a discrepancy 7, and when it is confident in its decision, measured by a
confidence metric Y. Unlike Vanilla DAgger, Ensemble DAgger only samples training
data when a specific decision rule is met, with this rule being based on different metrics

compared to those in Vanilla DAgger.

In addition, there are several other complex versions of the DAgger algorithm. These include
HG-DAgger [Kelly et al., 2019], Lazy DAgger [Hoque et al., 2021], Dropout DAgger [Menda
et al., 2017].

AggreVaTe

Previous approaches primarily focus on ensuring alignment with a demonstrator, often ne-

glecting long-term costs, which can lead to inadequate management of unavoidable errors.
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AggreVaTe, introduced in 2014 [Ross and Bagnell, 2014], enhances the DAgger algorithm by
concentrating on selecting actions that minimize the expert’s cost-to-go (total cost), rather
than solely aiming to reduce the zero-one classification loss that comes from imitating the
expert’s actions. AggreVaTe can be seen as a transition from imitation learning to no-regret
online learning, emphasizing regret reduction by minimizing the cost-to-go instead of merely

addressing immediate classification losses.

In the initial iteration, we passively collect data by observing the expert performing the task.
During each trajectory, at a randomly selected time &, we explore an action a in state x and
record the expert’s cost-to-go () after executing this action. The expected future cost-to-go

to take action a in state z, followed by executing the policy 7 for k — 1 steps, is denoted as
Qi (x,a).
Like the DAgger algorithm, AggreVaTe (Algorithm 10) gathers data through the interaction

of the learner in the following manner:

o In each iteration, the current learner policy 7; is used to execute the task. The execution
is paused at a randomly chosen time k, where an action a is explored in the current
state z. The control is then handed over to the expert, who continues until the time

horizon K.

o This procedure produces new examples of the expert’s cost-to-go, represented as (zy, ax, @),

based on the distribution of states encountered by the current policy ;.

« Finally, the data sets are aggregated and m;,; is trained on the combined data sets.

It is crucial to recognize that methods dependent on cost-to-go estimates can be impractical,
as obtaining an estimate for a single state-action pair may require executing an entire trajec-
tory. In many scenarios, minimizing imitation loss using DAgger is more feasible, as it allows
us to observe the expert’s chosen action at each visited state along a trajectory, enabling the

collection of K data points per trajectory rather than just one.

2.3 PFA

A policy function approximation (PFA) is an analytical function that maps a state to an
action. These functions can be broadly categorised into lookup tables, parametric functions,
and nonparametric functions. PFAs are the simplest and easiest class of policies to compute,
although they typically require human input to specify the architecture. Given the variety

of decisions encountered in everyday life, most decisions are made using simple rules that
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Algorithm 10: AggreVaTe
1 Function AggreVaTe(/3):

2 Initialize & < any policy in II, D < 0;
3 fort=1...N do
4 T < Bt + (1 — Bo)7y;
5 for j=1...mdo
6 Sample uniformly k£ € {1,2,..., K};
7 Start a new trajectory in some initial state drawn from the initial state
distribution;
8 Execute current policy 7; up to time k — 1;
9 Execute some exploration action aj in current state x at time k;
10 Execute expert from time k 4+ 1 to K and observe estimate of cost-to-go Q
starting at time k;
11 end
12 Collect dataset D; = {(zx, ar, Q)};
13 D+ DUDy;
14 Train 7,41 on D;
15 end
16 return best 7; on validation set;
17 end

can be described as PFAs, making them arguably the most widely used type of policy.
No optimization problem needs to be solved once the policy is trained. A PFA can be
parameterized by a vector . An example is a basic inventory policy. Whenever the inventory
drops below the value 6™, we order up to some upper value §™#*. Considering more complex
functions, we define the decision rule approach as employing a parameterized mapping (),

e.g., linear policies [Ban and Rudin, 2019] or a neural network [Oroojlooyjadid et al., 2020].

The problem of finding a good PFA is termed a policy search. This usually involves solving
the following problem.

ez(fgjlrl,ge@f) E{C(a:k, W(xk\Q))} (2.3)

f € F represents the search over a class of functions, including lookup tables, parametric and
non-parametric functions, and any associated parameters ¢ in the parameter space defined
by ©7.

Next, we list down the different types of policy functions.

1. Lookup Tables - A lookup table policy is a function in which, for a particular

discrete state xy, we return a discrete action ay = 7(zy). This means that we have one
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parameter (an action) for each state. Lookup tables are very easy to understand and

are commonly used in real life.

But

Inventory Management - Lookup tables are employed to store optimal reorder
quantities, safety stock levels, and lead times based on historical demand patterns
and supplier performance metrics. They facilitate quick decision-making regarding

inventory replenishment and minimize stockouts.

Call Routing - Call-in centres use specific rules to govern how a call should be
routed. A classic example is routing customers with a different first language to
an advisor who speaks that language or directing an at-risk customer to a retention

specialist.

Customer Segmentation - An e-commerce platform uses lookup tables to catego-
rize customers into segments (e.g., loyal, occasional buyers) based on purchase
frequency and monetary value. This data guides targeted promotions and cus-

tomer retention efforts.

Games - Engines like Stockfish or AlphaZero use transposition tables to store
previously analyzed board positions and their best moves, enabling rapid decision-

making and improving overall performance in competitive chess matches.

Clinical Decision Systems (CDS) - Lookup tables are integral to CDSS, where they
store medical guidelines, diagnostic criteria, treatment protocols, and evidence-
based recommendations. This assists healthcare professionals in making accurate
diagnoses and treatment decisions. In a hospital setting, a CDS uses lookup
tables to match patient symptoms and lab results with known disease patterns
and treatment protocols, providing clinicians with actionable insights and reducing

diagnostic errors.

in practice, lookup tables can be very hard to optimize since there is a value

(the action) for each state. In business contexts, lookup table policies are commonly

referred to as business rules, although often parameterized. These rules are typically not

optimised using formal methods; this chapter will outline how to achieve optimization.

. Parametric PFA - The simplest form of parametric approximations is linear decision

rules (LDRs). Linear decision rules emerged in the early development of stochastic

optimization [Garstka and Wets, 1974] and then in robust optimization [Ben-Tal and

Nemirovski, 1999], [Bertsimas and Thiele, 2006] in inventory management. A linear
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decision rule policy might be of the form

m(z1|0) = bo + 0191 (x1) + O20a(z)

Here ¢1, ¢ represent feature functions that capture essential state information. For
example, [Ban and Rudin, 2019] uses LDRs to study two variants of the newsvendor

problem.

Although linear decision rules (LDRs) are easier to fit, they can be limited in scope.
Kernel Hilbert Space (RKHS)-based decision rules are more flexible than linear ones,
as highlighted [Bertsimas and Koduri, 2022].

Recently, there has been significant interest in non-linear policies, particularly those
utilizing deep neural networks (DNN) [Goodfellow et al., 2016]. A neural network is
a computational model inspired by the way biological neural networks in the human
brain process information. These models are designed to recognize patterns, classify
data, and make decisions based on the input they receive. The main advantage of
neural networks is their ability to approximate virtually any functional form, elimi-
nating the need to specify the form beforehand. Neural networks have been used for
decades in deterministic engineering control problems, where decisions often involve a
three-dimensional force on a device. Despite their high-dimensional architecture, neural
networks are prone to overfitting, making them struggle with noisy data, which is com-
mon when simulating policies. Additionally, neural networks require very large training
datasets, often necessitating millions of policy simulations. These methods have been
rigorously studied in reinforcement learning [Arulkumaran et al., 2017], particularly
within a class of algorithms known as policy gradient methods. They find applications

in robotics and strategy games such as Go, chess, and various video games.

The use of NN also allows us to generate a stochastic policy. For example, in a vehicle
routing problem, one can generate a probability distribution on the next node to visit.
This type of policy is referred to as the Boltzmann policy [Powell, 2022]. [Bello et al.,
2016] develop a neural combinatorial optimization framework that uses RL to optimize
a policy modelled by a DNN. Using several classical combinatorial optimization prob-
lems, such as the Travelling Salesman Problem (TSP) and the knapsack problem, they
show the effectiveness and generality of their architecture. [Kool et al., 2018], [Nazari
et al., 2018] are some examples of DNN used to obtain a PFA in vehicle routing prob-
lems. The DNN directly generates a probability distribution over possible actions.
Other applications of Neural Networks for learning PFA include the job-shop schedul-

ing problem [Zhang et al., 2020], and the resource management problem [Mao et al.,
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2016).

3. Non-Parametric Policies - Often, the policy that needs to be learned is too complex
to be accurately represented by low-order polynomials. Conversely, higher-order poly-
nomials may encounter challenges such as overfitting. In such scenarios, one approach
is to partition the state space into distinct regions and learn a policy separately for each
region. An illustration of this can be found in [Gombolay et al., 2018], where the au-
thors address a job-shop scheduling problem. They begin by predicting task priorities
based on the current state and select the most crucial task accordingly. Subsequently,

they employ another model to determine whether to execute this prioritized task.

2.4 Integration of ML and CO

Current research areas in the intersection of Combinatorial Optimization (CO) and ML can
be categorized into two main directions: ML-augmented CO and End-to-End CO learning.
The former focuses on using ML to aid the decisions performed within an optimization
algorithm used to solve CO problems. In the context of combinatorial optimization, these
are broadly categorized into methods that learn to guide the search decisions in branch and
bound solvers and methods that guide the application of primal heuristics within branch and
bound. Some examples are in [Khalil et al., 2016], [Gasse et al., 2019], [Tang et al., 2020].
These papers are generally based on one of the learning paradigms of Section 2.2. The focus
of this section is the combination of ML and CO techniques to form integrated models which
predict solutions to optimization problems under uncertainty, also referred to as End-to-End
Learning (E2EL).

Sequential Learning and Optimization

Traditionally, optimization problems were solved more in a sequential manner, where ML
models were trained to predict a conditional distribution for the uncertain parameters given
the covariates, and then an associated optimization problem was solved to obtain optimal
actions. This represents a sequential approach to tackle the stochastic optimization problem
in two stages. The key idea is to train a model to generate accurate parameter predictions
é with respect to ground-truth values & The predictive model is built to maximize its
predictive power, and the predictions are used as parameters of a preceding decision model.
In the second stage, decisions are made based on the model’s predictions, and the costs
associated with decisions are realized. ML models are trained and evaluated by common loss

functions such as MSE. The main drawback is that the model does not take into account
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how our current predictions affect the downstream optimization problem. Alternatively,
approaches in this category are also referred to as predict-then-optimize [Elmachtoub and
Grigas, 2022] or prescriptive optimization [Bertsimas and Kallus, 2020] or prediction-focused
learning [Mandi et al., 2024].

An example of this two-step process can be found [Ferreira et al., 2016]. They tackle the
challenge of pricing and predicting demand for products that an online retailer has never
sold before, which account for the majority of sales and revenue. They use machine learning
techniques to predict future demand for new products and then solve the subsequent multi-
product price optimization problem to determine accurate prices. Motivated by the delivery
operations, [Liu et al., 2021] studies a last-mile delivery problem and discusses a framework
that integrates travel-time predictors with order-assignment optimization for drivers. [Bert-
simas and Kallus, 2020] assigns weights to the observations of the uncertain parameters in
the historical data. In their approach, they estimate the objective of an instance by applying
the same weights generated by the ML model to the corresponding objective functions of
those samples. [Mukhopadhyay and Vorobeychik, 2017] applies this process for EMS sys-
tems by first predicting emergency incidents and, subsequently, solving a CO problem to
determine the optimal ambulance waiting locations and ambulance allocation. Additional
applications can be observed in areas such as Retail Inventory Management [Ferreira et al.,
2016], Healthcare Resource allocation [Chan et al., 2012], and Logistics [Chu et al., 2023].

End-to-End Learning

E2EL represents an approach where an ML model (gg) is trained to optimize a loss func-
tion that gauges the quality of the resultant decisions. Numerous recent studies have used
this approach, also known as the integrated /smart predict-and-optimize, integrated learning
and optimization, (task-based) end-to-end learning/forecasting/optimization, decision-aware
learning, contextual optimization, etc. Generating the predicted parameters é serves as an
intermediary step in the integrated approach, with the primary focus of training not on the
accuracy of é . This method can influence the estimation process towards a solution with a
higher Mean Squared Error (MSE) or any distance metric, yet still results in a nearly optimal
decision. A special loss function is used to focus the impact of prediction on downstream
costs and is referred to as a task loss. [Kotary et al., 2021], [Mandi et al., 2024], [Sadana

et al., 2024] provide extensive surveys of this approach.

[Sadana et al., 2024] divides E2EL as follows:

o Conditional distribution-based model: This aims to learn a conditional distribution
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model that will directly capture a task-based objective within the context of stochastic
programming. [Donti et al., 2017] appears to be the first to study the integration of ML
and CO. They model the distribution of the uncertain parameters using parametric
distributions (exponential and normal). The results obtained outperformed sequential

learning and optimization.

Regret minimization task: A recent line of work defines regret as the difference be-
tween the full-information optimal objective value and the objective value realized by
the prescriptive decision. Given the current state z, a predictive model gy and the
corresponding decision a, we define the regret (loss function £) using [Sadana et al.,
2024] as

Regret(a,€) = C(x,a,&) — C(x,a°%§) (2.4)

The above measures the suboptimality of decision a given the realization of £ against the
optimal offline decision a°, which acts as the target. Training these end-to-end models
involves the introduction of external CO solvers into the training loop of an ML model,
often a DNN. As pointed out in [Kotary et al., 2021], combinatorial problems with
discrete state spaces do not offer useful gradients; viewed as a function, the argmin of a
discrete problem is piecewise constant. The challenge of forming useful approximations

to ‘;—? is central in this context and must be addressed to perform backpropagation.

[Baty et al., 2024] and [Greif et al., 2024] apply a regret minimization approach to
dynamic vehicle routing and dynamic inventory routing problems, respectively. Simi-
larly, [Rautenstraufl and Schiffer, 2025] develops models for Emergency Medical Service
(EMS) systems aimed at minimizing response times to satisfy legal requirements and

ensure timely care for patients.

In these pipelines, a machine learning (ML) model is trained to parameterize a combi-
natorial optimization (CO) problem. The solution to the parameterized CO problem
yields a feasible solution to the original problem. The objective is to train the ML model
to produce parameterizations that minimize the deviation between the predicted and

optimal solutions, essentially framing the task in an imitation learning setting.

Both [Greif et al., 2024] and [Rautenstraufi and Schiffer, 2025] employ the DAgger
algorithm to construct the dataset used to imitate an offline policy. To measure non-
optimality, they use a perturbed Fenchel-Young loss, which quantifies the discrepancy
between the predicted and optimal solutions. This loss function facilitates end-to-end

training via stochastic gradient descent.

[Liu et al., 2020] uses a DNN to model the routing behavior of users in a transporta-
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tion network and learn the parameters by minimizing the mismatch between the flow

prescribed by the variational inequality and the observed flow.

Optimal action imitation: In this approach, one learns a model gy that produces pre-
scriptive action a that is as close as possible to the optimal offline action and, therefore,

closer to the regret objective. The loss function for such a problem can be defined as
Loss(a, &) = {(a,a®) (2.5)

where /(a,a®) is distance function. This distance function can be as simple as Mean
Squared Error (MSE) or Binary Cross-Entropy (BCE). When we employ regret as the
distance metric, the approach aligns with regret minimization techniques. In this case,
the model gy learns to imitate the optimal hindsight action, aiming to minimize the
difference (or "regret") between the chosen action and the expert’s optimal action in
hindsight. We refer the reader to [Hussein et al., 2017] for a comprehensive review of

imitation learning methods and applications.

In this setup, we refer to the target action as the expert action, representing an ideal
decision or choice based on available information. By minimizing the distance to the
expert’s action, the model effectively learns from the expert’s behavior, making this a

typical imitation learning problem, as discussed in Section 2.2.
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CHAPTER 3 NOTIFICATION TIMING PROBLEM - DESCRIPTION
AND COMPLEXITY

In this Chapter, we first describe the on-demand system in detail in Section 3.1. Then,
we delve into a simplified offline version of the Notification Timing Problem (NTP) and
demonstrate that it is NP — complete. The offline version represents where we have perfect
information on employee response delays. Section 3.2 introduces some essential notation and
assumptions for the offline problem. Following that, we will present the decision version
of the problem and establish some preliminary concepts. Section 3.5.2, defines a reduction
from the Subset-Sum problem, a well-known NP — complete problem. To provide a better
understanding of why this reduction works, Section 3.5.3 will offer some intuitive insights.
Finally, in 3.5.4, we outline the structure of the optimal schedule for the deterministic version
of our problem NTP obtained through the reduction and provide a proof demonstrating that

this deterministic version of the problem is also NP — complete.

3.1 Problem Description

The client company initially assesses the number of on-demand shifts required for a specific
upcoming day based on a precise forecast of future demand. This required number of shifts
is then input into an electronic system overseen by the platform. The system generates a
list of eligible employees according to their skills and availability, and an operations manager
initiates the communication process on the client’s behalf. The electronic system notifies
workers about available shifts, monitors their responses, and updates the shift schedule as

employees accept the assignments.

Notifications are sent to employees on their phones in the order of seniority, which is de-
termined by experience and reputation. The number of notifications sent at any given time
follows a preset operating policy. Employees have the option to take their time before re-
sponding to available shifts, as they might be busy, need to consider their options or wish
to consult with family. If employees do not respond at all, it indicates their unavailability
for that day. The interval between the system’s notification and the employee’s response is
referred to as the “response delay”. Once an employee accepts a shift, that shift is marked
as occupied. As more employees respond and claim shifts, overall shift occupancy increases.

Employees generally have different preferences that influence their choices.

The system also allows senior employees to select shifts that junior employees have already
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claimed, provided they respond within a specified time frame known as the “cutoftf”. This
results in a schedule change where the originally scheduled employee is “bumped”. Senior
employees have this privilege because they are the most experienced and productive. The
cutoff period begins for an employee from the moment a notification is sent to that employee.
If an employee responds after the cutoff has passed, they can only choose from unoccupied
shifts, thereby losing their seniority advantage. The system encourages prompt shift selection
by rewarding employees who consistently respond quickly with a higher seniority level, giving
them access to a wider range of shifts. Employees who are bumped are promptly notified
and can choose from the remaining available shifts at that time. This also means that they
can bump some junior employees who hold their next preferred shift, and thus, one response
can initiate multiple bumps. The scheduling of shifts is finalized either when all employees

have responded or when the planning period ends.

The uncertainty in the system arises from the fact that the employee response delay is not
known in advance. If too many employees are contacted early in the scheduling horizon, this
can lead to multiple bumps, especially if some senior employees take longer to make their
decisions. Frequent disruptions or bumps can cause frustration among junior employees
and may even lead them to leave the system, which is particularly problematic given the
transient nature of the workforce. Employee retention is, therefore, crucial. Conversely, if
too few employees are contacted in an effort to avoid bumps, there may not be enough time

for responses within the planning horizon, potentially resulting in unassigned shifts.

This creates a challenge for the system in determining how many notifications are to be
sent at any given time, considering the current state of the system. From a management
perspective, it is important to establish a notification policy that minimizes bumps while
ensuring all shifts are filled. However, these two goals often conflict, adding complexity to
the problem. For example, to minimize bumps, an ideal policy might be not to send any
notifications, but this would leave shifts unfilled. Conversely, if the priority is to ensure all
shifts are covered, notifying everyone at the outset might seem optimal, but it could lead to

excessive bumps.

We refer to this problem of determining the optimal timing for contacting employees as the
Notification Timing Problem (NTP). The decision involves finding a notifying policy that
balances these conflicting objectives. Specifically, at any given time, the policy should assess
the current state of the system and determine when to contact the next employee. The NTP
is, therefore, an online sequential decision problem with uncertainty, where each decision

incurs a cost in terms of either bumps or unassigned shifts.
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3.2 Offline NTP

We define a simplified offline/static version of the NTP with the following assumptions and
simplifications. This problem is slightly different from the actual problem faced online, but it
demonstrates that even under simple assumptions, it is not easy to solve. The offline problem
means all response delays and shift preferences for each employee are known from the outset
of the planning process. All employee response times are assumed to be shorter than the
planning horizon. While, in reality, response times might exceed the horizon, this offline
version can exclude such employees from consideration as they will not be able to choose any
shifts even if they are included. The response delays are discretized to the nearest integer.

Table 3.1 defines the notations used for the problem.

Table 3.1 Model, Parameters, and Variables of the NTP

Sets
& set of employees in the order of seniority with 1 being most senior
L set of shifts
Xo= {143 ordered set of employee preferences, I} € £
Parameters
M number of employees
L number of shifts
r = [r)ice response delays for all employees
H planning horizon
Variables
S; 1e€& s >0 time of start of communication for employee i
€; 1e€€& e; >0 time of response for employee i
Yij i,j€E wyi; €{0,1} 1if i bumps j else 0
bi= gz Yij 1e& b; >0 number bumps caused by employee i
JeE<y

The planning horizon is discretized into units, and notifications are sent at these discrete
time steps only. The planning horizon H is much greater than the number of employees
available after discretization. We assume that there is no cutoff time. Senior employees can
respond and bump junior employees at any point in the planning process. We consider that
there are the same number of shifts (L = M) to fill as employees, and all employees are
eligible or can work all these shifts. In actual online instances, we generally have a larger
number of employees than there are shifts. Some of these employees may not want to work
and may not respond. On the other hand, the total number of employees who want to work
can be more than the total available shifts. Since all this information is known, one can
easily filter employees in such cases to ensure L = M. The number of shifts vacant for the

online instances will depend on how many employees can respond within the horizon. Given
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that we know the response delay in advance for the offline instances, we can easily compute
the number of shifts that will remain vacant beforehand. Thus, this cost is constant, and the
objective is just to minimize total bumps, given the knowledge of the vacancies in the offline

formulation.

An employee is referred by his seniority number i € £ = {1,2,..., M}. For any two employees
1,7 € £, 1 < 7 means employee ¢ is more senior than employee j, and therefore employee ¢
has to be compulsorily notified before or simultaneously as employee j. Let L; € &; refer
to the next available shift for employee ¢ at the current time ¢. This means that at t = 0,
L; = I}, where [} is the most preferred shift in X; = {I},12,...,1M}. Also, let I; refer to the

employee that occupies shift [ € £ at time ¢. Similarly, at ¢t = 0, [, = ¢, indicating that the

shift is unoccupied at the beginning. When employee ¢ responds, then:

1. he will always select the first available and preferred shift L;. If this shift L; is currently
unoccupied (I, = ¢) then that shift is directly assigned to employee i, that is I, = i.
That particular shift is then not available for selection for any employee j such that
t < j. L; is then updated to the next available shift in the preference order for i. This

shift L; may be occupied by a junior employee or may be unoccupied.

2. if L; is currently occupied by employee j; such that ¢ < j;, that is I, = j;, then a bump
occurs. This results in a change of personnel, and we update I, =i and [ L;, = J1- We
repeat the steps 1 and 2 for j;. This may result in another bump if L; is allocated to

someone else since j; needs to be assigned his preferred shift.

3. At any point in the simulation, if there is no shift available for some junior employee
4, then L' = ¢, referring to a null shift. This will happen only when senior employees

to j have selected all available shifts.

Hence, by design of the system, a response by an employee ¢ may result in a chain of bumps.
Let B; refer to a chain of employees in the order of seniority who are bumped as a result of ¢
responding at time t. We define the total bumps by employee ¢ at time ¢ as the total schedule
changes due to a response, which in this case is |B;| = b;. We can construct the bump chain
B; as follows, given ¢ has responded at time ¢t. A pseudo-code Algorithm 3 to compute the

chain is also given in the appendix.

B; = {jla IR [Li = jlaIij = (ba[Ljo = Jot+15Jo < Jo+1, I1<o< k} (31)
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In this case, j; is directly bumped by ¢, while others are indirectly bumped in a chain due
to the need to reassign ji, then j, and so on. The shift L; for the last employee j; in the
set was either unoccupied or refers to a null shift wherein the j, can no longer work. Due to
discretization, it may be possible that we will have multiple responses at the same time. In
such a case, we calculate B; for each employee who responded in the order of seniority. This
ensures that there is no bump between those responding in the same period. This implies
that if two senior employees respond at the same time, a junior employee could be counted
as being bumped twice, even though there is only one schedule change for that employee at
that moment. This reflects real-time operations, where the system is updated continuously.
The scenario that two senior employees respond at the exact same time is impossible due to
the real-time updates. The response of one of the senior employees will be recorded earlier
than the other and hence the junior employee will end up getting bumped twice by the senior

ones.

3.3 Employee Preferences

Next, we talk about employee preferences, which are difficult to model. Our industrial partner
does not store any data on employees. This data is difficult to collect as asking employees
to rank their preferences every time is not feasible. Even if this data is available, preferences
are expected to change day by day for all employees. Further, learning a model over such a
dataset would further induce errors. Hence, in the absence of the preference data, our aim
in solving the problem is to obtain a schedule to send notifications to minimize all potential
instances of bumps. A potential instance of a bump is when a senior employee responds
after a junior employee. It is equivalent to saying we want to minimize the total count
where a senior employee responds after a junior employee. We then show that the minimum
potential instances of bumps are a tight upper bound on the total bumps given any set of
employee preferences. Given an employee ¢ has responded at time e;, the number of potential

bumps p; by employee ¢ equals |P;| where

Let S = [(si,€i)]ics denote a notification schedule. S is a feasible schedule for the instance
if all the employees are notified in the order of seniority (s; < s;+1) and all of them respond

within the horizon (e; < H). Also, let Bg = > ;¢ b; denote the total bumps suffered by

the employees when following the notification schedule S, where each employee ¢ induces
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by = |B;| = > jee ¥ij bumps. The variable b; will be used later in the paper. Nevertheless, we
define it here. Then the following theorem holds.

Theorem 1. Given an instance I = {H, M,r}, let S% denote an optimal schedule with
preferences X such that X = {Xi}iece. Also, let Sy be the schedule that minimizes the total
potential bumps for this instance, and ST be the schedule that minimizes the total bumps with

identical preferences. Then, BS;( < BS; = BS;.

Corollary 1. Minimizing the total potential bumps is equivalent to minimizing total bumps

under the same employee preferences.

The proof of Theorem 1 is provided in the Appendix. Consequently, the NTP with the
same preferences and equal employees and shifts represents the worst-case scenario regard-
ing bumps. Diverse employee preferences only serve to decrease the occurrence of bumps.
Henceforth, NTP will specifically denote the problem where one minimizes the total potential
bumps. All variables related to bumps, b;,v;;, Bs will now refer to potential bumps. Any
reference to a bump from this point on will correspond to a potential bump unless mentioned
otherwise. In the further sections, we show that this problem is hard, and hence the problem

of minimizing bumps under some preferences is also hard.

3.4 MIP Model - Static/Offline NTP

The MIP formulation for the simplified NTP is given by equations (3.3) - (3.7). This formu-
lation only decides when to notify employees. It does not explicitly allow shifts to employees.
To have a feasible schedule, we simply need to ensure that all employees respond within the
time horizon H. Note that in this formulation, we merely minimize the total number of
bumps in the final schedule. The vacancy cost is not included as it is easy to know precisely

how many shifts one can schedule using the offline information indicated earlier.

MIPyrp:= min » Y (3.3)
i€€ jegni<y

s.t. s; < 8; Vi,je&i<j (3.4)
e, < H Vie& (3.5)

€ =5+ Vie& (3.6)

e —e; < (ri — 7)Y Vi,je& i< jri>r; (3.7)

yi; € {0,1} Vi,je i<y (3.8)

si,€; >0 Vie& (3.9)
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The objective function minimizes total bumps. (3.4) ensures the feasibility of the schedule so
that employees are notified according to seniority. (3.5) makes sure that all employees respond
before the horizon. The start and end times should match the response delay through (3.6).
Finally, (3.7) counts each potential bump instance in the schedule. A potential bump occurs
when any employee ¢ responds after any junior employee j that is e; > e;. This equation
represents the Big— M constraint. (r; —7;) is a valid value of Big— M because first ¢ < j and
the seniority constraint must be respected between ¢ and j, that is, s; < s;. Then, the bound
of (r; —r;) is only met when s; = s;, when ¢, j are called at once. In addition, we only include
the constraint when ¢ < j and r; > r;. When r; < r;, 4 cannot bump j due to the seniority
constraint as ¢ would respond earlier than j. This constraint also counts bumps as they
would be in real-time when there are multiple responses simultaneously. Note that in this
formulation, we do not explicitly track potential bumps. To count the potential total bumps
an employee suffers, one just needs to count how many senior employees have responded after
that employee. This also implies that employees who get bumped are allocated the next shift

in the identical preference order.

3.5 Complexity

This section shows that the static/offline NTP is NP —complete by reducing from the Subset
Sum problem. We first define some preliminaries required for the proof. Then we give the

reduction explaining the intuition and giving an example.

3.5.1 Preliminaries

Let NTP(I) denote the NTP defined by instance I = {H, M,r}. Also, let Fnrp(I) denote
the set of all feasible solutions for NTP(7). Given any schedule S, the makespan, denoted by
C(S), is defined as the time required to schedule all shifts.

C(S) = Iglea(ugx{ei}

The makespan is feasible if C'(S) < H. Consider any two employees i, j € £ where ¢ < j. A
No Bump Schedule (NBS) is any schedule S such that B(S) = 0, i.e., there cannot be two
employees 7, j, and ¢ < j such that e; > e;. Note that this schedule will not have potential
bumps or realized bumps. Any NBS, if feasible for a given instance, is also optimal. Let Cj

denote the minimum makespan of an NBS such that B(S) = 0.

The following proposition gives an expression to calculate Cj for the NTP.
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M-1
Proposition 1. The minimum makespan of a NBS is C5 =r1+ > (riz1 —ri)".
i=1

The following example illustrates the problem.

Example: Consider an instance I with M = 6 employees, a planning horizon H = 10, and
response times r = [4,1,5,3,2,5]. Figure 3.1(a) presents an NBS for this instance, with a
makespan of 11, indicated by the blue line. For clarity, we refer to each employee as F;. An
NBS is feasible for NTP([/) if the condition H > Cf is satisfied. However, since H = 10,
it is evident that an NBS is not feasible in this case. Let Onrp(I) C Fyrp(l) represent
the set of optimal schedules that minimize potential bumps for instance /. Multiple optimal
solutions can exist for the same instance: Figure 3.1(b) and (c) show two such schedules,
S1,Se € Onrp(1), respectively. Introducing potential bumps into the schedule can reduce the
total time needed to complete all shifts within the planning horizon. This is demonstrated
in Figure 3.1(a) and (b). In Figure 3.1(a), employee FE, is notified at time 3, while in
Figure 3.1(b), E, is notified one unit earlier, at time 2. Notifying Es earlier introduces a
bump for that employee, but it allows the system to notify all subsequent employees one unit

earlier, speeding up the process. Figure 3.1(c) illustrates a similar situation for employee Es.

This example highlights why introducing bumps is sometimes necessary to complete a sched-

ule within the given horizon.

Notification Schedule Notification Schedule Notification Schedule
1|2|3|4|5|6|7|8|9|10|11|12 1|2|3|4|5|6|7|8|9|10|11|12 1|2|3|4|5|6|7|8|9|10|11|12
El === | | | | | Bl | |, | El === | | | | | |
E2| L B2 o/ B2 oHE
E3| 1 ey E3| | ey | E3| 'l ey |
J 1 | I I I T ] 1 J I I I I I 1 J 1 I 1 J | 1 I I [ 1 1 |

E4| v 0 B4| v ' 0 = 1 ! E4| 0 = ‘
Es| 0 = Bs| 0 = Bs| 00 =
E6| 1 = 1 I - s E6 | 1 e
1 1 1 | I I 1 1 1 1 1 1 | I I 1 1 1 | 1 1 1 | | I I 1 1 |

| | | | | | | | | | | | | | | | | | | | | | | | | | | | |

H =10 H =10 H =10

(a) NBS: Cf =11 (b) 83: B(S}) =1, C(S%) =10 (c) 83: B(S%) = 1, C(S3) = 10

*

Figure 3.1 Comparison of notification schedules under different conditions: (a) NBS, (b) S},
and (c) S5.

3.5.2 Reduction

The decision version of the NTP is as follows:
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INSTANCE : Finite vector r with duration r; € Z*, for each i € £ = {1, .., M}, a target
horizon H and a target number of potential bumps B* .
QUESTION : Does a feasible schedule S exist with at most B* potential bumps for a

given instance?

To prove that the NTP is NP — complete, we reduce from the Subset-Sum problem.

The SUBSET-SUM problem is defined as follows using [Karp, 1972], [Gary and Johnson,
1979].

INSTANCE : Finite set A, size a; € ZT, for each j € A and a target positive integer W.
QUESTION : Is there a subset A* C A such that the sum of sizes in A* is exactly W i.e.

ZjGA* a; = W?

Given A = {1,..., N}, the sizes [a;]jca, and a target W, let NTP([aj]jeA, W) denote the
reduced instance. Let the total number of employees be M = N +37,c 4 a;+1. The letter ¢ is
used to denote the seniority level of an employee. We define different sets of employees and
their seniority as described in Table 3.2. These three sets represent the critical set, the stable
set and the specific last employee. A critical employee is the one who will only cause bumps.
A stable set employee is one that will only suffer a bump. There is one critical employee
i for each index k € A. Also, any two critical employees iy, i1 are separated by a block
of stable set employees £ of size aj. There are a total of |A| blocks of stable employees.

Finally, to complete we have a singleton set for the most junior employee.

Table 3.2 Employee sets for the reduction

Sets

& set of all employees in order of seniority, = {1,...M} €l =M

ee set of seniority indices of critical employees, = {iy : i = k + Z?;ll aj k€ A} |EC|=N

&Y k™ block of stable employees, = {i : i, < i < iy + az} &7 = ax

Es set of seniority indices of stable employees, = UpcAEF IEF| = Shea ar
eM singleton set for the last employee, = {M} |EM] =1

The response delay for each set of employees is given by Equation 3.10. For any employee i,
in the critical set, the response delay is simply the sum of all sizes till index k. For the stable

employees in the k* block, the response delay is the same as the critical employee 4;_;. For
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the last employee, it is simply the sum of all sizes.

k
Sa; ifi=i, € &Y ke A,
j=1

ri=Sr . ifi€ES iy <i<ipi k€A, (3.10)
Soa; ifie &M
JEA

where 7;, = 0.

The total planning horizon is set to H = Cj — W where Cj = 23 ;¢ 4 a; using Proposition
1. Tt is assumed that W < 374 a;, else it is polynomial to check that the subset sum is
infeasible when W > 37, 4 a;. One can easily verify that the above instance has size r; € N,
for each i € £ and a positive target integer H € N and is achieved in polynomial operations.

The following example illustrates the reduction.

Example: Consider a Subset-Sum instance with A = {1,2, 3}, sizes a; = 1,a9 = 4,a3 =7
and with W = 5. As a consequence |E€| = 3,|E%] = 12,|EM| = 1, M = 16. The seniority

indexes in the critical, stable, and last employee sets are defined below.

. £¢9={1,3,8}

o £5=1{24,56,7,9,10,11,12,13,14,15}

o EM =1{16}
The response delay vector R = [1,0,5,1,1,1,1,12,5,5,5,5,5,5,5,12]. The horizon H =
Cy—W =19, where Cj = 24. Color codes are used to denote employees from their respective

set on the z-axis using the following convention: £¢, £7, . The NBS and the optimal
schedule S* are in Figure 3.2 (a) and (b).

Let us define a special type of Notification schedule that will help us establish the proof.

Definition 1. Block Schedule S(A’): Given A’ C A, a block schedule S(A") = [(s4, €;)]ice for
NTP([aj]jeA, W) is constructed as follows:

0 ifi=1,
S; = Sik+rik_ri Z:Zk+1,Vk€A\A/, (311)

Si_1 else ;
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Notification Schedule

1]2 l 3 l 4 l 5 l 6 l 7 l 8 l 9 IlOIl1I12|13|14I15I16I17I18I19 20[21[22[23[24[25

H =19

= 24.

*
o=

(a) NBS with C

Notification Schedule

1]2 l 3 l 4 l 5 l 6 l 7 l ) l 9 |10|1 1I12|13I14I15I16|17|18|19 20[21[22[23[24[25

B(S*) =5 and C(S*) = 19.

(b) S*:

Figure 3.2 Comparison of notification schedules: (a) NBS schedule and (b) Optimal schedule.

Alternately it means that all stable set employees corresponding to k € A’ are potentially

bumped by the respective critical employee. One can easily verify that Vk € A,r;, —r; =

i, — Tip_, = @ when ¢ = i + 1 in Equation 3.11. Figure 3.2 (b) is an example of the block

schedule S(A") with A" = {1, 2}.
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3.5.3 Intuition

The crux of the reduction lies in the way the response delays are defined. They ensure the

following.

« There are no bumps between any two stable set employees because for any i,i € £°

such that i < ¢ we have r; < ry.

¢ There are no bumps between any two critical set employees, as we have r;, < r; , for

any iy, i € £ such that i, < ij.

o Any critical employee i, can either potentially bump only a whole block of stable set
employees £ to create time savings or bump none. Alternately this means that the
critical employee i can introduce a total of a; potential bumps in the schedule. As a
consequence, the total potential bumps B(.S) will be a sum of these sizes. The aim is
now to introduce bumps so that B(S) equals to W. For example, in Figure 3.2 (a),
one can see that E3 corresponding to index 2, can only bump E4, E5, E6, and E7
corresponding to the size a; = 4. E3 cannot bump any employee junior to E7. It is

also ensured that no stable employee bumps any other employee from the entire set.

A block schedule is always feasible and optimal. The block schedule S(A), which notifies
everyone at the start, is always feasible. Furthermore, when the total potential bumps

B(S) = kg/ b, where A’ C A, the block schedule S(A’) gives the minimum makespan

and hence is also optimal.

o Any schedule S such that B(S) < W is infeasible. If a critical employee i, potentially
bumps a block of stable set employee £, then it also creates maximum time savings
of ax. Note that a block schedule will create time savings of exactly a; units for a
potential bump by critical employee i;. Thus, starting from the NBS schedule that has
a makespan of Cjj, we set H = Cj — W to make certain that any feasible solution has

at least W potential bumps.

The goal is to find a feasible block schedule S, such that B(S) = W. When this happens, all
the indexes {ki, ko, ..., kz} such that critical employee I}, causes all the potential bumps,
Vu € {1,...,Z} are part of the subset, and we would have a YES answer to Subset-Sum

problem.
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3.5.4 Proof

Our main result in this section establishes the computational complexity of the NTP. The

proof of all propositions, corollaries, lemmas, and theorems is given in the appendix. Let

FnTp ([aj] jeAs W) and On7p ([aj] jeAs W) denote the feasible and optimal set of solutions
for NTP([aj]jeA, W)

Proposition 2. The block schedule S(A’) has the following properties:

1. Vk € A, Sip, = Sip—1-

2. Vi e 5,5,Vk €A e =e, ors;=s;

P

3. Sip. = Si, + lggarag, where 1 denotes indicator variable.
4. B(S(A)) = ¥ g
JEA!
5. C(S(A))=C5— X a;.
JEA!

Properties 1 and 2 mean that the block schedule respects the seniority constraint of the
problem. Given the start of any critical employee i, property 3 allows us to find the start
time of the next critical employee ;1. Property 4 gives an equation to compute the total

potential bumps suffered by the block schedule. Property 5 establishes the total makespan
of the block schedule.

Proposition 3. For any NTP([aj]jeA, W), C =eyy.

Proposition 4. Vk € A, VI € A employee i), cannot bump employee i;.
Proposition 5. Vi € £5, Vi’ € £ employee i cannot bump employee i'.
Proposition 6. Vk € A, Vi € £ : 1 > ixyq, employee iy cannot bump employee 7.

Corollary 2. Vk € A, Vi € £ if employee iy, bumps employee i, then i € Ep .

Proposition 3 defines the makespan of the schedule. Since the last employee i, has the
maximum response delay, it is simple to show that the end of its interaction e;;, marks the
end of the schedule for the NT P ([aj] JEA; W) Propositions 4, 5, and 6 establish that it is
only the critical set of employees who cause the bumps. Moreover, any critical employee i,
can only bump the immediately following a; employees in the order of seniority, all of whom

belong to the stable set from Corollary 2.
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Lemma 1. VS* € Onrp([ajljea, W), Vk € A,b;, = ax or 0.

Corollary 3. VS € fNTp([aj]jeA, W), the total bumps B(S) = > b;,.
kEA

Lemma 2. S(A) € .7:NTP<[aj]j€A,W).

Lemma 1 proves that any critical employee 7, will bump the immediately following a; junior
employees or bump no one. As a consequence of Lemma 1, Corollary 3 establishes the total
bumps in the schedule. Next, we show that the block schedule S(A) is always feasible for
the N TP([aj]jE.A, W) in Lemma 2. Hence, the reduced problem is always feasible.

Lemma 3. A’ C A such that S(A’) € ONTP([aj]jeA, W)

Corollary 4. VS* € ONTP([aj]jeA, W), the optimal objective value B(S*) > W.

The final piece of the proof comes from Lemma 3. It means that given any horizon W, there
exists some subset A" and a corresponding block schedule S(A’) that is optimal. This is a
very important result as it allows only concentrating on a solution space that comprises block

schedules.
Theorem 2. For NTP([aj]jeA, W), B(S*) =W « JA* C A such that Y ;e q- a; = W.
Theorem 3. NTP(I) € NP.

Theorem 4. NT'P(I) is NP-complete.

Theorem 2 proves that for any NT P ([aj]je A,W), the number of bumps in the optimal
schedule B(S*) is always equal to the target W defined by the Subset-Sum if and only if the
Subset-Sum problem is feasible. Additionally, it is easy to show that NT'P(I) is in the class
NP in Theorem 3. Hence, the offline problem is hard from Theorem 4. The hardness stems

from the fact that one needs to count how many bumps an employee can cause.

3.6 Comparing offline and online solutions

Now consider again the online version of the problem where the response delays are unknown
while all other assumptions of the NTP are valid. Assume we have an online algorithm for
the problem that observes the system at each discrete time epoch in the horizon and decides
when to notify the next employee. One would be naturally interested in evaluating such an
algorithm. In particular, it is common to use competitive ratios [Borodin and El-Yaniv, 2005]

that measure how good an online algorithm is compared with the optimal result of the offline
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model where all the information is provided. The competitive ratio of an online algorithm
for an optimization problem is simply the approximation ratio achieved by the algorithm,
that is, the worst-case ratio between the cost of the solution found by the algorithm and the

cost of an optimal solution. The following theorem holds.

Theorem 5. Given any online algorithm, there exists an instance I in which the algorithm
suffers the maximum potential bumps or has vacant shifts. The offline counterpart will have

zero potential bumps and zero vacancies.

As a consequence of Theorem 5, the performance of an online algorithm can be arbitrarily

poor. This is a significant result as it suggests the problem remains hard even online.

3.7 Conclusion

Traditional on-demand personnel scheduling systems have many issues, mainly relating to
employee flexibility and ease of operation for the management. These systems have hardly
received any attention in the operations research community to optimize their operations.
This paper presents a novel, flexible, dynamic, semi-automatic on-demand personnel schedul-
ing system to tackle these issues. One aspect of the flexibility in the system allows senior
employees to replace/bump junior employees already scheduled to work a shift. These bumps
are undesirable, and the management would like an operating policy to reduce them as much
as possible while ensuring all shifts are filled. In real cases, employees have preferences de-
pending on their personal schedules and their likes. Since employee preferences are difficult to
capture, we consider first showing that having the same preferences represents the worst-case
problem and is equivalent to a problem where we want to minimize all potential possibilities
of bumps. A potential possibility represents all cases where any senior employee responds
after a junior employee. Our main contribution is to show that this problem of minimizing
potential bumps while ensuring all shifts are scheduled is NP — complete even if all uncer-
tainty is known beforehand in the offline problem. We do this by reducing the SUBSET-SUM
problem. Finally, we also show that any algorithm for the online version can be arbitrarily

bad when compared to the offline problem.
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CHAPTER 4 DYNAMIC NOTIFICATION TIMING PROBLEM

In the real world, employee response delays are stochastic and can vary widely among em-
ployees. However, we assume that the distribution of the response delays is available. The
uncertainty creates an additional layer of difficulty, as there is a chance that employees may
not respond at all. This can happen if some employee has a response delay greater than the
horizon. In such cases, waiting for employees to respond to avoid bumps may lead to vacant
shifts at the end of the planning horizon. We describe the dynamic stochastic version of the
NTP called as DNTP in Section 4.1 and also give a two-stage stochastic formulation for the

offline problem. In Section 4.1.2, we design approximate policy functions for DNTP.

4.1 Problem Description - DNTP

All data parameters of the deterministic problem (NTP) remain applicable to the stochastic
version DNTP, with some additional considerations. In the stochastic version, we introduce
a shorter cutoff time for bumps, denoted by D. This cutoff time is assumed to be known
to all employees, and they are expected to respond within this timeframe. Specifically, if
an employee is busy when they receive a notification, they will still react within the cutoff

period to ensure they can continue to exercise their ability to bump junior employees.

Moreover, the stochastic model assumes that the number of available employees exceeds the
number of shifts to be filled, creating a buffer in case some employees fail to respond in
time. In this context, employee response delays, denoted as r;, are modeled as independent
and identically distributed (i.i.d.) random variables. These delays introduce an element
of uncertainty, as the exact time at which each employee will respond is not deterministic.
Similar to the deterministic case, all employees remain eligible for all shifts, but there is an
operational limit on the maximum number of notifications that can be sent simultaneously,
which is constrained by resource limitations such as communication capacity and workforce

management protocols.

In the offline version of the problem (where all parameters are known in advance), it is rela-
tively straightforward to determine the number of unfilled shifts. Specifically, any employee
whose response time is shorter than the planning horizon can potentially fill a shift. Vacant
shifts occur only when fewer employees respond within the horizon than the number of avail-
able shifts. In this case, the notification schedule can be optimized to minimize bumps while

ensuring the shift-vacancy constraint is satisfied.



93

However, in the stochastic case, the optimization becomes more complex. Since the number
of vacant shifts depends on the varying response times across different scenarios, a unified
notification schedule must be developed that works effectively across all possible scenarios.
Unlike the deterministic scenario, the number of vacant shifts cannot be predetermined, as
the delays in employee responses will vary according to the probability distributions modeled
in the stochastic framework. This necessitates a more robust approach to scheduling that

accounts for the uncertainty inherent in the system.

We propose a two-stage stochastic model: in the first stage, we determine the notification
schedule for each employee; in the second stage, bumps are counted based on the realization
of employee response. Let () denote the set of outcomes for all the response delays. We use
w to denote a scenario and the corresponding response delay as r,,. The MIP formulation
for this problem is given by MIPpy7p_s in equations (4.1) - (4.14). Table 4.1 defines the

additional variables and parameters.

Table 4.1 Parameters and Variables of the DNTP

Parameters

M number of employees

L number of shifts

D cutoff time to bump a junior employee

G reward for filling a shift

w maximum number of concurrent notifications per time unit
Variables

Yijw € {0,1} 1 if employee i € £ bumps employee j € £ in scenario w else 0
Ziw € {0,1} 1 if employee i € £ responds within the horizon and gets a shift in scenario w else 0

2w € {0,1} 1 if employee 7 € € responds within the horizon and does not get a shift in scenario w else 0
0,€Z" number of shifts vacant in scenario w
1
MIPpnrp-s:= min 9] > Q(s,ry) (4.1)
| ’ we
s.t. 5 <'8; Vi,je i<y (4.2)
S; + 1 S Si+W VZ,Z + Weé& (43)
s, €27F Vieé& (4.4)
(4.5)

where  Q(s,r,):= min {G@w+z > yijw} (4.6)

1€E jEE <)



st. si+rie > (H+1D(1 = Zw — Zi) Vie & (4.7)
i+ Tiw < H +7i(1 — Ziw — Zi) Viel (4.8)
Si — Sj + Oijw < Gijelijw + (H + 1) (1 — Ziw + Zis) Vi, j € &1 < 7,

Tjw < Tiw < D (4.9)
> Ziw+0,>L (4.10)
€€
> 2w <i(1 - zw) Vie& (4.11)
i<t
Yijw € {0,1} Vi,je& i<y (4.12)
Ziw, Ziw € {0,1} Vie& (4.13)
6, >0 (4.14)

We use a weighted objective function that aims to minimize both bumps and shift vacancies.
That is, instead of enforcing a strict shift-vacancy constraint as in M I Pypp, we introduce
a high penalty, G, for any unfilled shifts. In the offline version of this problem (NTP), it is
straightforward to determine the number of unfilled shifts. Any employee with a response
time shorter than the planning horizon can fill a shift, meaning vacant shifts occur only when
fewer employees respond within the horizon than available shifts. Thus, the notification
schedule can be optimized to minimize bumps while satisfying the shift-vacancy constraint.
However, in the stochastic case, since we need a unified notification schedule that works
across all possible scenarios, the number of vacant shifts cannot be predetermined due to
varying response times across scenarios. Given the first-stage decisions s;, the number of
employees responding back will also vary in each scenario. In some scenarios, all employees
may need to be notified to fill the shifts, while in others, all shifts may be scheduled before
notifying every employee. Thus, each scenario will have a different number of vacancies and

bumps.

To correctly count the bumps, we introduce two new variables, z;, and Z;,, to track whether
employee ¢ has responded and whether they are assigned a shift, respectively for each re-
alized scenario of r,. Constraints (4.2) ensure that seniority is respected, while constraints
(4.3) enforce the operational limit of notifying a maximum of W employees per epoch. The
second-stage constraints are provided in equations (4.7) - (4.13). Constraints (4.7) and (4.8)
determine when employee ¢ responds. Constraints (4.9) track potential bumps, and con-
straints (4.10) count vacant shifts in each scenario. Additionally, constraints (4.11) ensures
that if employee 7 responds and is assigned a shift (i.e., z;, = 1), then all senior employees

who responded earlier will also be assigned a shift (i.e., 2;, = 0). Constraints (4.10), (4.11)
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together ensure that z,,, Z;, are assigned appropriate values if an employee gets a shift or
not. We introduce a large constant GG to ensure complete shift assignment. Note that G is
used only to prioritize shift assignments and does not reflect the actual cost of leaving a shift
vacant. Estimating the true cost of a vacant shift is challenging, as management may resort

to alternative means to fill the shift as a last resort.

This formulation is complex and computationally expensive to solve. We also provide a
complete information offline formulation for a single scenario w, denoted as MIPnrps,
(4.15) — (4.13). This formulation is a simplified version of MIPpnrp_s requiring only one

of the variables z,,, Z;, to track responses.

Variables
Z binary variable equal to 1 if employee i € £ responds within the horizon else 0
0 number of shifts vacant
Table 4.2 Parameters, and Variables of the DNTP2
MIPyrpr:= min GO+> >y (4.15)
i€E jEE<)
Constraints
s; < 8 Vi,je&i<y (4.16)
si+r; > (H+1)(1—z) Viel (4.17)
si+ri < H4+ri(l—2z) Vie & (4.18)
Si — 85+ 0i; < 045yi; + (H +1;)(1 — 2) Vi,je & i<jry<r,<D (4.19)
> z+0>L (4.20)
ic€
si+1<siw Vi,i+ W €& (4.21)
yi; € {0,1} Vi,je i<y (4.22)
s; € RT Vi,e & (4.23)
z € {0,1} Vie & (4.24)

The above formulation is similar to MIPpnrp_s. However, since we are only concerned
with one scenario at a time, we need only one single additional variable z to track when an

employee has responded. The following constraints are added to the formulation.
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Si+1 — S; S H(l — Zi) Vie & — {M}, Tit1 2 T (425)
Yij <z Vi,je& i<y (4.26)
Yij < Zj VZ,j € g,l < j (427)

(4.25) specifically refers to case when r;,; > r;. Since the next employee, i + 1, has a greater
response time, there is no incentive to wait to notify ¢+ 1 unless that employee is to be pushed
out of the horizon. Hence (4.25) will ensure that this employee is either notified at the same
time or responds after the end of the horizon. (4.26) and (4.27) ensures that employee ¢ can

only bump employee j if both of them respond within the time horizon.

4.1.1 Sequential Decision Model

We now formally present the model for DNTP by introducing the key elements of sequential
decision-making.

Decision Epochs: Let £ = {0,1,..., H} be the set that contains all decision moments
within the planning horizon H for some list of shifts denoted by L. A decision epoch occurs
at fixed time intervals of 1 unit.

State Variables: In any period, =, = (2}, z}, z}) gives the state of the system. Here x} is
the number of notifications sent until epoch £, and 7, is a list of indicators for each employee
with a value of 1 if that employee has responded and 0 otherwise. x} = [2}];ce keeps track
of the bump cutoff and is used to know if an employee can bump others or not.

Decision Variable: For every decision moment £ in the planning horizon, the policy decides
the number of eligible employees a; > 0 to send notifications next, given the state x.
Exogenous Information: In DNTP, at every epoch, the responses from employees rep-
resent the exogenous information. Let & = {Z;}, which is an array of indicators for each
employee with a value of 1 if an employee has responded in that epoch.

Transition Function: The transition function, X (.) describes the transition from state

Ty 10 Ty such that zp, 1 = XM (2, ag, &). More specifically,
n _ n
* Ty = Ty + ag.
S J— S S
o xk+1 — Jfk + :Ck..

o 2y = [z} ]ice such that
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0, if 730 =1,
vl =D —1, if o <i < a} + ag,
max(z}’ — 1,0), else.

Reward Function: We have two objectives that we can optimize for the problem. Let

Ch(zy, ax) be the cost in each epoch and is given by Cy(zg,ar) = 3 bi, where b is the
i€€:z5i=1
bumps caused by employee i. Also, we face terminal cost if the shifts go vacant, as given by

Cu(zy) = Gxmin(L — Y ;¢ 37, 0). This represents the loss of opportunity when we compare
it to the objective of the single scenario offline formulation in the E-Companion. However,
when choosing actual policies, the objective function that our industrial partner wants to

optimize is discussed in Section 4.2.

4.1.2 Designing Policy Function Approximations

To tackle the complexity of the DNTP, we focus on designing approximate policies using
Policy Function Approximations (PFA) as outlined by [Powell, 2022]. PFA is a policy search
approach that is especially valuable when a straightforward, easy-to-implement policy is de-
sirable. These policies provide a direct mapping from states to actions using an analytical
function, thereby eliminating the need to solve complex optimization problems in each deci-
sion stage. Examples of PFAs include lookup tables, linear decision rules, monotone threshold
policies, and nonlinear models. The central challenge is to develop a policy structure that is

well-suited to the specific problem context, balancing simplicity with performance.

For the DNTP, we approximate optimal policies by employing a monotone threshold-based
structure. A policy follows a monotone threshold approach when it selects an action a; only
up to a defined threshold A, at decision epoch k. Within this framework, the action ay
is directly influenced by the residual (Ay — A\g), where ) is the current value of a target
feature or basis in the state xj, and Ay is the optimal threshold for that feature. A typical
example of such a policy is the classic (s, S) inventory policy, where restocking occurs only
when inventory drops below s, and replenishment brings it up to S. In this case, the total
inventory level serves as the feature driving the threshold. Thus, our task centers on de-
signing effective features and determining their associated optimal thresholds A;. However,
finding these optimal thresholds is challenging. We adopt an approximate method to esti-
mate appropriate threshold values to address this problem, optimizing two distinct policies
for this problem. This approach allows us to balance computational feasibility with policy

performance efficiently.
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« Notify n and Wait w epochs (NAW(n, w)) - A straightforward two-parameter static
policy that sends n notifications every w epochs. The parameters n and w can be
adjusted for optimal performance. This state-independent approach does not consider
any information from the state and consistently notifies individuals at fixed intervals.
Since the parameters remain unchanged over time, we can utilize a simple brute-force
search to determine the optimal estimates by minimizing the average cost across all

simulation runs. Our industrial partner currently employs this policy.

« Offline Notification Policy (ONP) - ONP is a dynamic policy in which the threshold
parameters vary over time. This heuristic policy depends solely on the elapsed time
since the initiation of the notification process rather than the current state of the
system. The target feature utilized is the cumulative number of notifications issued at

each decision epoch. Next, we will discuss the algorithm employed to estimate these

thresholds.

Algorithm 11 presents pseudo-code for the function that defines estimates for thresholds
A, for the ONP. Here, Ay represents the cumulative number of notifications that should
have been sent by epoch k. The instance parameters, the set of offline instances €2, and an
aggregator function g are provided as inputs. Algorithm 11 first generates and solves a single
scenario w € € using M I Pyrps. The solution obtained is then used to compute the feature
value A} e.g., the number of people notified, for each decision epoch k of scenario w. We
calculate these features for all instances in the scenario set. The aggregator function ¢ is
then applied to these feature values from the exact offline solutions, generating approximate
thresholds A, = q([XZ]weq,..jopy) across all instances for each decision epoch k. The function

outputs estimates of the threshold values for each decision epoch, represented as A = [Ak]ke K-

Algorithm 11: An algorithm to estimate the threshold for all features
1 Function Compile(M, L, H,D,Q,q):

2 forwe{l,...,|Q} do

3 Solve instance with realization r,, using M I Pyrps;
4 Compute the value of each feature A = [A¢]exc;

5 end

6 for k € K do

7| A= q((Meeq o)

8 end

9 return A
10 end
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In any decision epoch k, the decision a = [A; — A¢] is the residual between the calculated
target number of notifications Ay to be sent from offline solutions and its value in the current

state, \¢ for scenario w. |.] denotes the nearest integer after rounding.

Algorithm 11 that designs the ONP offers a practical and computationally efficient heuris-
tic solution to the stochastic problem MIPpnrp_s. Given a scenario set €2, one would use
MIPpnTp_s to obtain a near-optimal policy. However, even for a small number of sce-
narios, this formulation explodes in size. Algorithm 11 simplifies this complex formulation
by decomposing the stochastic problem into smaller, manageable deterministic subproblems.
Specifically, Algorithm 11 breaks down various stochastic scenarios into individual determin-
istic instances and leverages the relative simplicity of solving deterministic notification timing
problems rather than directly addressing the full stochastic model. After deriving optimal or
near-optimal solutions for each deterministic scenario, the results are aggregated to create a
unified notification schedule that smooths out the uncertainty across the different instances
considered similar to what the stochastic model will aim to do. Moreover, Algorithm 11 also

allows the user to develop different threshold policies for different target features.

The primary goal of this approach is to develop a simple yet dynamic policy with time-
varying threshold parameters. Various other threshold policies can be designed for different
feature functions. In the literature, offline solutions have often been used to guide the design
of effective online policies. For example, [Pham et al., 2023| proposed a prediction-based
approach for online dynamic radiotherapy scheduling, where a regression model is trained
to map patient arrival patterns to optimal waiting times, leveraging offline solutions with
full knowledge of future arrivals. Similarly, [De Filippo et al., 2021] tackled multi-stage opti-
mization under uncertainty by integrating a two-stage offline strategy with an online greedy
heuristic, achieving notable improvements in solution quality by enhancing offline/online in-
tegration. [Kong et al., 2022] introduced a machine learning model that directly predicts the
optimal action using offline solutions, using an energy-based parameterization of the model.
For a comprehensive review of methods using offline full information solutions, we refer the
reader to [Sadana et al., 2024], [Mandi et al., 2024].

4.2 Experiments

We conducted two sets of experiments to assess our approach. In the first set of experiments,
we compare different policies with the weighted objective of potential bumps and vacant
shifts. The second experiment aimed to evaluate our proposed methodology when prefer-
ences are different, representing the case of actual bumps. All experiments and models were

implemented in Python, and we employed GUROBI 10.0 to solve the offline optimization



60

problem instances. We set a maximum solving time of 4 minutes for each instance. GUROBI
typically found the optimal solution quickly, often within seconds for all instances, though

occasionally, it required more time to confirm optimality.

4.2.1 Scenarios and Evaluation

We conducted experiments with a fixed planning horizon of 6 hours (H = 6 hours) and a
constant number of available shifts (L = 50). A group of M = 150 employees with the same
preferences can fill these shifts. In these experiments, we explored two distinct cutoff times:
2 hours and 3 hours. It is generally assumed that employees are aware of this cutoff time,
and we anticipate that employees who wish to select a shift will respond before this time

limit is reached.

Each experiment was defined by a tuple (M, L, H, D), encompassing the number of employees,
available shifts, the planning duration, the probability distribution for employee response
delays, and the cutoff time, respectively. This tuple was referred to as the setting for a
specific experiment. We developed a simulation model to simulate the operation of the
electronic system. This model accepts input parameters, including the notification policy,

observes the current state of the system, and then takes action according to the input policy.

Table 4.3 provides details on the breakdown of instances used for the different policies. We
solved the stochastic formulation for 200 scenarios. We attempted to solve the formulation
for 500 scenarios but encountered memory issues. ONP is trained on a different set of 1000
instances and validated on 500 validation instances. NAW is simulated on the 500 validation
instances, and the best parameter is chosen. Finally, all policies are tested on the same 500

instances.

Table 4.3 Breakup of Number of Instances used

Policy Train | Validation | Test
NAW -

500

ONP 1000 500

Stochastic | 200 -

We employ the following methodology to validate our dynamic policies:

o Threshold Estimation: Initially, we tackle the offline solution of 1000 training instances.
This allows us to estimate the thresholds for all aggregator functions, forming the basis

for our dynamic policies.
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« Validation: Subsequently, we subject these policies to simulation using 500 validation

instances to assess their performance.

o Selection and Evaluation: In the next step, we carefully select the most effective aggre-
gator functions based on their performance during validation. These selected functions

are then evaluated using 500 test instances.

This approach ensures that our chosen policy parameters can be generalized effectively when
applied to previously unseen data. For our heuristic policies, we take a comprehensive ap-

proach:

o Parameter Exploration: For example, in a CW policy, we explore all possible combina-

tions of parameters, such as 17 and w, using a predefined set of potential values.

e Performance Evaluation: Each combination of parameters is simulated, and the best-
performing parameter set is determined during this evaluation phase, using the test

set.

This rigorous process allows us to ensure that our policies, both dynamic and heuristic, are

well-tuned and capable of achieving good results across a range of scenarios.

4.2.2 Real World Data

We use real-world data from our industrial partner to evaluate our approach. The shift
scheduling system has been in operation for more than five years, and we use data from
2018-2020 for further analysis. Sometimes, the number of shifts required for a given day is
available early, and hence, the on-demand scheduling system for that list of shifts can start
as early as 4 days before. However, our experiments only consider scheduling personnel on
a single day of operation with a six-hour planning period, that is, for shifts that are created
only one day before their scheduled start. As described earlier, the management uses a static
NAW policy with a fixed set of parameters every time the system starts sending notifications,

which we again tune for real-world response delays.

After cleaning the data, there were 23204 data points for the response delay. Figure 4.1,
shows the cumulative distribution of the response delays from the cleaned data. Note that
we only consider response time with a planning period of a single day. Only 50% respond to
the system to choose the shifts, but a large proportion of them do so within one minute of
the system notifications. Those employees who do not respond within the horizon have their

response delays artificially set to 1000, accounting for a 12-hour duration across the day. The



62

assumption is that all such employees do not want to select a shift to work. One thing to note
is that the system allows employees to choose between vacant shifts even after the end of the
planning period. Ideally, management would like to schedule all shifts within the planning
period. This plot makes it clear that the number of employees needed to schedule all shifts is
at least twice the number of shifts available since only half of the employees respond. Also,

surprisingly, we do not see any effect of the cutoft.

Response delays are sampled for each employee using real-world data to generate instances.
This data is divided into the train, validation, and testing datasets with the same split as

the instances. Also, note that the company has a restriction of 5 notifications per epoch, and

hence W = 5.

4.2.3 Offline Solution Analysis

Table 11 is used to estimate thresholds of all features for 1000 training instances for each
setting. We use descriptive statistics such as the “mean” and “percentiles” as aggregator
functions for all features across all instances for each decision epoch. Figure 4.2 shows the
variation of cumulative notifications with respect to time when D = 2,3 hours. Only the
mean and the 90% percentile are plotted for clarity. Notifications are sent near-linearly for
both aggregator functions from the start. However, the rate changes as the horizon nears
and notifications are sent faster. This is expected as employees notified in this period will
not have sufficient time to bump others. In other words, employees who take a long time
to respond are pushed out of the horizon to avoid bumps. The main difference between the
two aggregators is that more notifications are sent earlier with 90% aggregation. A shorter

cut-off encourages a higher number of notifications being sent with a similar profile.

Table 4.4 shows the average bumps and vacancy across all offline instances for the two
different cutoff values. It suggests that given prior knowledge of employee response times,
one can almost eliminate bumps from the process without compromising on shifts being left
vacant. This is mainly possible because a lot of the employees either respond quickly or do

not respond at all. One only needs to manage the few that take long to respond.

Table 4.4 Average Optimal Bumps and Vacant Shifts in the offline solution

D | Bumps | Vacant shifts
2 0.80 0
3 2.23 0
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4.2.4 Policy Evaluation - Same Preferences
Solving the stochastic formulation

First, we analyze the performance of a stochastic policy by solving MIPpyrp_s using
Stochastic Average Approximation (SAA). We solve the formulation with 200 training sce-
narios of equal probability for 7 days without any acceleration strategy for the solver. The
obtained policy, referred to as the stochastic policy, is then simulated over 500 test instances.
Each vacancy is penalised with a cost of G = 200. The results are given in Figure 4.5 and
Figure 4.6. The average bumps are similar for both the cutoff values for the train and test
instances. However, a major difference is seen in the vacancies. The average vacancies in-
crease considerably in the test instances compared to the training instances. They do not
meet the 0.3% threshold indicated by the orange line in the graph. There seems to be an

opportunity to improve on the number of vacant shifts.
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Figure 4.5 Train vs Test performance of Figure 4.6 Train vs Test performance of
MIPpnrp_s - Average Bumps MIPpnrp_s - Average Vacant shifts

Comparing Stochastic Policy and PFAs on training instances

Figure 4.3, Figure 4.4 compare all the policies of the different values of D on the 200 training
instances that were used as scenarios to solve MIPpn7p_s. The figures plot the average
number of bumps suffered by the employees against the average shifts vacant for a policy
for a cutoff of 2 and 3 hours. The graphs contain one point for each unique parameter
of the policy. In the case of the dynamic policy based on offline solutions, this parameter
would be the descriptive statistic used. All policy points are connected by a line to form
a Pareto frontier of that policy. It is clear from both plots that the offline solution-based
policy is consistently better than the heuristic policy. The stochastic solution obtained from
M1IPpnrp_s falls very close to the ONP frontier, suggesting we do very well with this policy.
We also plot the performance of the Notify All (NA) policy. This policy will notify all

employees in one go at the start of the horizon. We use this policy to demonstrate how bad
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the system can be if everyone is notified at once. As expected, we see a higher number of
bumps when D = 3 hours as compared to when D = 2 hours. The key takeaway from this

plot is that ONP policy can come close to the solution where we have complete information.

Comparing Stochastic Policy and PFA on test instances

The decision-maker has two criteria to work with, reduction of total bumps and allocation of
all shifts to employees. To select a policy to use with the electronic system, the management
can establish weights for each criterion and choose a policy with minimum cost. Our industrial
partner would also like a policy with a maximum shift vacancy of 0.3%, which corresponds
to an average vacancy of 0.15 shifts. This vacancy percentage is tolerated because some
employees may respond after the horizon ends and some manual changes are made. Also, it
is possible to use overtime. However, relying on these options is generally costly. Table 4.5
highlights the best parameters found using the 500 validation instances. For offline solution-
based policies, high percentile levels work very well. The intuition here is that for a single
instance, the offline solution has information about the future and can decide exactly when
to notify someone and when to wait. However, across several instances, one needs to protect

against vacant shifts as there is a very high penalty for them.

Table 4.6 gives the performance of these policies with the best-found parameters in terms of
total bumps for 500 test instances. ONP works best (indicated by bold) for both the cutoffs
of 2 and 3 hours, respectively, in terms of cost. ONP has significantly fewer bumps, slightly
compromising on vacancies from Table 4.8. Even the total cost is the least for ONP in Table
4.7. Note that meeting the shift vacancy constraint is more important. The policy obtained
from MIPpn7Tp_s is very poor in terms of shift vacancies. This policy does not meet the
management requirements of 0.3% average vacancies highlighted by the red colour in Table

4.6. Thus, this shows that a dynamic threshold policy is better than the current static policy.

Table 4.5 Best Policy Parameters subject to 0.3% shift vacancy

Policy
NA | NAW | ONP | MIPpnTP_5
2 150 | 3,7 95 -
3| 150 | 3,7 95 -

To ensure fairness in comparing the stochastic formulation, we train both the stochastic policy

and the ONP using the same number of training instances (200). The results are summarized
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Table 4.6 Average Bumps for the best policy on test instances

Policy
D| NA | NAW | ONP | MIPpnTP-5
2 | 618.90 | 83.13 | 69.42 58.28
3| 671.3 | 115.80 | 82.63 69.15

Table 4.7 Average Cost for the best policy on test instances

Policy
D| NA | NAW | ONP | MIPpNnTP_5
2 | 618.90 | 88.37 | 83.42 91.88
3| 671.3 | 121.00 | 102.23 127.55

Table 4.8 Average Shift Vacancies for the best policy on test instances

Policy
D | NA | NAW | ONP | MIPpnTp-5
2 0 0.026 | 0.07 0.17
31 0 0.025 | 0.098 0.29

in Table 4.9. First, in terms of test and train performance for both cutoff values, the test
performance is worse than the train performance for both policies. Second, while there is
minimal difference in the number of bumps between the training and testing instances for
both policies, we observe a notable increase in vacancy in the test cases. This increase is more
pronounced for the stochastic policy, which fails to meet the 0.3% vacancy criterion. The
ONP, on the other hand, appears to generalize better to unseen instances. This indicates that
ONP policies still perform better even on a small training set. Additionally, when comparing
ONP trained on 1000 and 200 instances, specifically the bumps and vacancies in Table 4.9,
Table 4.6, Table 4.7, and Table 4.8, the results with 1000 training instances are slightly better

than those trained on 200 instances.

Table 4.9 Comparing Stochastic Policy and ONP on 200 train and 500 test instances with
Average Cost, Bumps and Vacant shifts

Policy
MIPpgcrp-s ONP
D | Cost | Bumps | Vacant Shifts | Cost | Bumps | Vacant Shifts
2 | 58.26 2 .01 . . .02
200 Training Instances 5926 0.015 73.95 09.95 0.0

3 | 84.68 | 70.68 0.07 96.15 87.15 0.045

500 Test Instances 2 | 92.28 58.28 0.17 86.80 | 70.80 0.08
3 112755 | 69.15 0.29 105.11 | 82.71 0.11
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4.2.5 Policy Evaluation - Different Preferences

One expects that each employee will have different shift preferences in real life. The prefer-
ences can be cognitive, cultural, social, temporal, situational, health conscious, or based on
familiarity ( [Rogers et al., 2003], [Daniel, 2017]). Without real-world preferences, we test
some synthetic cases and see how the offline solution-based policies compare with the other
policies. Let £ = {1,...,L} denote the set of shifts. Also, let X; = {p1,...,pr} denote
the preference set of employee i. Thus, if [ = p,, it denotes that shift [ occurs in position

o€ {1,..., L} of the preference set. We consider the following preferences:

« Fixed Ranked Preferences - This distribution represents the base case where all

preference sets are identical.

o Undesirable Preferences - Certain employees may dislike certain shifts. We assume
that each employee randomly disapproves of [ shifts from the full set. Starting from a
fixed ranked preference set, we randomly move [ shifts to the end of the preference list.

These undesirable shifts remain consistent for any employee across all simulations.

o Grouped Preferences - Shifts are assumed to be divided into two groups of equal
sizes. Any employee strictly prefers shifts from one set over the other. Within a group,
all shifts follow the same preference order for all employees. If the shifts from the
preferred group are exhausted, the employee can choose from the other group. The
preference distribution represents where shifts can be divided into day and night shifts,
and certain employees prefer one over the other. Each employee chooses a group with

the same probability.

o Perturbed Preferences - We assume that there is still a general fixed ranked order
of the shifts from 0 to L. However, the shift can deviate slightly from the order for a
given employee. Specifically, any shift [ can occur in position o € {l —4,...,l+4} with
equal probability. In other words, we have a sliding window around the original shift

position for the shift.

e Perturbed Preferences with Undesirable shifts - This represents a combination

of perturbed preferences and undesirable shifts.

e Uniform Preferences - Employees are equally likely to choose any shift from those
available. This represents a very unrealistic scenario, but we use it as a baseline sce-

nario.
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The best parameters for each preference distribution across all policies are provided in Table
4.10, subject to the maximum vacancy constraint of 0.3%. The various preferences are
listed roughly in the order of randomness observed, starting from fixed-ranked preferences.
Consequently, we observe that a greater number of employees can be notified across all
policies, as the best parameters generally increase for the same policy. Table 4.11 presents the
average number of bumps for all policies, subject to the shift vacancy constraint. Note that
all bumps in this case represent actual realised bumps. The ONP continues to perform the
best across all preference distributions. However, as randomness increases, the performance
gain over NAW diminishes. If employees behaved randomly (Uniform), the total average
number of bumps would be very low. In such a scenario, one would notify the maximum
number of employees, contrasting with the worst-case scenario of the same preferences. The
table suggests that our designed policy will result in fewer bumps compared to the current
NAW policy. Overall, ONP still proves to be very robust even with different preferences and

hence suggests such a policy may be fruitful if implemented.

Table 4.10 Best Policy Parameters that minimize bumps in average subject to 0.3% shift
vacancy on validation instances for real-world data

Policy

D Preference NA | NAW | ONP
Fixed Ranked 150 3,7 95
2 Undesirable 150 3,7 95
Grouped 150 2,4 95
Perturbed 150 2,4 98
Per. w. Undesirable | 150 2,4 98
Uniform 150 3,6 98
Fixed Ranked 150 3,7 95
3 Undesirable 150 3,7 98
Grouped 150 1,2 98
Perturbed 150 2,4 98
Per. w. Undesirable | 150 4, 8 98
Uniform 150 | 4,8 98

The red color indicates policies that do not meet the maximum 0.3% shift vacancy require-

ment.
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Table 4.11 Average bumps for each policy on real data-based test instances across various
preference distributions

Policy

D Preference NA | NAW | ONP | MIPpNnTP—5
Fixed Ranked 623.73 | 83.86 | 70.85 54.56
9 Undesirable 424.65 | 50.20 | 44.50 37.42
Grouped 347.05 | 43.25 | 33.93 29.28
Perturbed 225.46 | 28.93 | 27.35 19.89
Per. w. Undesirable | 197.50 | 25.30 | 23.78 17.21
Uniform 57.71 5.23 4.12 4.20
Fixed Ranked 678.97 | 118.32 | 84.84 64.87
3 Undesirable 464.5 | 67.72 | 63.00 44.27
Grouped 380.47 | 56.08 | 48.24 35.09
Perturbed 246.73 | 37.74 | 32.69 23.16
Per. w. Undesirable | 216.41 | 33.44 | 28.25 20.35
Uniform 65.30 6.45 5.18 5.17

4.2.6 Managerial Insights

Experimental results provide important insights for decision-makers. While we established
that the offline Notification Timing Problem (NTP) is challenging, having complete infor-
mation allows us to nearly eliminate scheduling bumps compared to the stochastic NTP.
Our comparison of different notification policies, particularly the performance of the Opti-
mal Notification Policy (ONP), shows a significant reduction in bumps and shift vacancies as
compared to the policy currently in use. This highlights the effectiveness of more advanced

policies and suggests that managers should adopt them for better scheduling outcomes.

Analysis of real-world data revealed that only 20% of employees respond promptly (within
5 minutes) to shift notifications, while about 50% do not respond at all. If such early and
slow responders could be identified, they could be targeted by adapting the ONP accordingly.
Systems that can effectively segment employees by response time and tailor the notification
strategy will see improved shift-filling rates. ONP remains scalable and can be redone without

considerable effort as it is compiled offline.

4.3 Conclusion

In this chapter, we deal with a dynamic version of the NTP. We first give an MIP formulation
for this problem. Further, we propose a PFA with a threshold structure for the dynamic
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version of the problem. Our approach uses an estimate of the threshold obtained by solving
several instances offline and aggregating them using easy-to-compute descriptive statistics at
each decision epoch. The threshold estimates are tested and validated on unseen instances.
We develop the policy on the worst-case assumption of the same preferences. This approach

shows superior results considering the same preferences and synthetic preference distributions.
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CHAPTER 5 THE TAXONOMY OF THE EXPERT

Sequential Decision Problems (SDPs) [Powell, 2022], as discussed in Section 1.1.1, represent
a class of decision-making problems under uncertainty. These problems involve making se-
quential decisions over multiple stages, where the rewards or costs are influenced not only by
the immediate action but also by the actions taken in previous stages. Even when the under-
lying uncertainty distributions are known, solving SDPs exactly remains intractable due to
the well-known curse of dimensionality. This intractability is evident in the NTP discussed
in Chapter 4, where addressing the stochastic problem in its exact form is computationally

prohibitive.

Imitation learning offers a promising avenue to mitigate this challenge by leveraging ML
models to directly predict actions at each decision epoch. In this approach, the ML model
is trained offline using input features derived from states encountered at various decision
epochs, mapping them to corresponding actions. Once trained, the model can be deployed
online, allowing for efficient decision-making without the need for extensive computation.
This offline training framework is particularly advantageous as it shifts the computational

burden to the offline phase, enabling rapid inference during real-time operations.

The effectiveness of this supervised learning strategy hinges on the availability of high-quality
experts or target actions for training. Ideally, these target actions represent the optimal de-
cisions that account for all uncertainty given the current state. However, obtaining optimal
actions, even in an offline setting, is computationally expensive and often impractical. Con-
sequently, approximate expert actions, which are both high-quality and easier to derive, are

frequently used as substitutes.

One potential source of such approximate targets is the optimal offline solution, derived
with the benefit of hindsight regarding future uncertainty. Offline problems of this nature
are often more tractable as they avoid the dimensionality challenges associated with large
outcome spaces. These solutions can be generated by constructing contextual scenarios from
the current state and solving the corresponding offline problem. The resulting solutions then
serve as targets for the imitation learning process, effectively approximating the exact SDP

at a given epoch.

Alternatively, instead of solving individual scenarios independently, one could consider a
stochastic program that integrates all scenarios simultaneously to produce a unified optimal
offline solution. This solution, which optimizes over all scenarios, can serve as a robust target

for imitation learning. The choice of approximation method for the target generation strategy
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can be tailored to the specific problem and computational resources, offering flexibility in

designing effective learning-based approaches to approximate SDPs.

A natural question that may arise in the reader’s mind is: If one can design a suitable
approximate expert, can it be directly used in real-time? Why should one use IL? There are
several reasons why IL can be useful. In a dynamic SDP, obtaining suitable actions is often a
tradeoff between speed and quality. Since the uncertainty set can be huge, the actual problem
may be difficult. Even if we only consider a small number of scenarios, the problem remains
difficult to solve in real-time. Also, the decisions obtained may be biased to the scenarios
used. Hence, there is always a chance of making a really bad decision due to rare scenarios.

If one builds a model offline, these rare scenarios act as outliers and may be filtered out.

The concept of imitating a known target is relatively novel within the field of OR. To the
best of our knowledge, the existing literature lacks a clear and comprehensive taxonomy for
defining the expert and how to use it within an IL framework. Recognizing this gap, we have
dedicated efforts to establishing a taxonomy for the expert, aiming to provide a structured

foundation for their use in IL methodologies.

5.1 The Taxonomy on the Expert

An expert is an individual who possesses a deep understanding of a problem, backed by
extensive research or practical experience and knows how to proceed in any given situation
to achieve a goal. This goal could be to maintain feasibility, optimize a particular objective, or
meet specific constraints. Other names for the expert include Oracle, Demonstrator, Optimal
Policy, Ground Truth, Reference Policy, Target. In the context of Imitation Learning, high-
quality expert demonstrations are essential for effectively guiding a model or agent to learn
the desired behavior or task. The quality of these expert demonstrations plays a crucial
role in the success of the learning process. Inaccurate or suboptimal expert actions can lead
to poor learning outcomes and, in some cases, even dangerous behaviors. For instance, in
autonomous vehicles, mimicking suboptimal expert demonstrations could result in unsafe

actions, putting human lives at risk.

However, obtaining high-quality, optimal demonstrations is often a challenging task. Even
for domain experts, certain complex tasks—such as high-frequency stock trading or play-
ing intricate video games—are difficult to perform optimally. This challenge extends to OR
problems, which are often mathematically complex and require sophisticated algorithms for
optimal solutions. In such cases, the optimal solutions generated by state-of-the-art opti-

mization solvers can serve as expert actions. Ideally, one would like to solve (1.4) to get the
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optimal action. The equation is rewritten below by

ak

ay, = argmin E{Ck(xk, ax) + Vk+1(xk+1)|xk} (5.1)

We use the same notations as defined in Chapter 1, where x; denotes the state, a; denotes

the action, and C}, denotes the cost at epoch k. V) represents the total cost from epoch k.

However, for many real-world business problems, obtaining these true optimal actions may be
impractical (even offline) due to the complexity of the tasks involved. In these situations, the
use of suboptimal/near-optimal actions becomes necessary. In OR, it is common to design
algorithms that provide near-optimal solutions—decisions that may not be the absolute best
but are sufficiently close to the optimal solution to be practically useful. These near-optimal
solutions, if obtained within a sufficient amount of computational time, can be effectively
employed within the IL framework as expert demonstrations. Given this approach, various
methods can be devised to obtain these near-optimal solutions. This section aims to classify
different types of expert actions based on how they are obtained, their usage in the IL
framework, and the information utilized in the context of dynamic SDPs for IL. We also try
to classify some relevant literature that tries to imitate a policy within the taxonomy for OR
problems. We consider the following articles [Pham et al., 2023], [Larsen et al., 2018], [Mandi
et al., 2020], [Baty et al., 2024], [Greif et al., 2024], [Rautenstraufl and Schiffer, 2025].

5.1.1 Expert Type
Human Expert

Humans can serve as domain experts, possessing deep knowledge and expertise in specific
fields or tasks. Take the dynamic vehicle routing problem, where drivers need to make
deliveries. Human dispatchers or logistics planners can demonstrate how they plan the vehicle
route for delivery under uncertain conditions (e.g., traffic delays and customer time windows).
Even drivers make decisions in real-time based on environmental conditions, using critical
contextual information. An example application can be found in [Ozarik et al., 2024] where
the aim is to learn a supervised ML model that imitates domain experts who are experienced
in their delivery zones and have an intuitive understanding of the area, infrastructure, and
customers they serve. In hospitals and healthcare systems, administrators and clinicians face
complex resource allocation decisions (e.g., scheduling surgeries and managing ICU beds)

under uncertainty. These decisions can be used to train ML models that replicate expert
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routing strategies. Human experts have a strong understanding of real-world subtleties and
are often better equipped to handle unexpected situations. However, human decisions can
be inconsistent or suboptimal due to cognitive biases, fatigue, or incomplete information.
Replicating these inconsistencies can lead to suboptimal learning models. In specialized
fields like healthcare or large-scale manufacturing, it can also be challenging to find enough

experts to provide sufficient demonstrations for training models.

Algorithmic/Optimization Expert

An algorithmic/optimization expert in the context of imitation learning refers to a computa-
tional system or algorithm that is used to generate optimal or near-optimal demonstrations
for training learning agents. Instead of relying on human expertise, these experts use pre-
defined rules, optimization models, or heuristic approaches to solve problems and generate
expert-level solutions. Algorithmic experts are particularly useful when the task is well-
defined and can be mathematically modelled, making them an ideal source for providing
consistent, large-scale demonstrations. The main advantage of these experts is their ability

to generate large-scale datasets and handle complexity.

The optimization expert is further classified into different categories based on the models they
use. Each of these experts defines an action to be taken with respect to the objective function
they optimize. We use C(.) to denote the total cost function for each of these experts with
the starting state as xg of the problem. Also, let A denote the space of all feasible actions

for the problem.

1. Heuristic - A heuristic algorithm is an approach to solving complex problems by using
practical rules or approximations to find good, but not necessarily optimal, solutions
efficiently. It prioritizes speed and feasibility over exactness, making it useful for prob-
lems where finding an optimal solution is computationally expensive. Common types
include greedy algorithms, local search, and metaheuristics like genetic algorithms and
simulated annealing. The heuristic algorithm generally does not optimize the actual

objective directly. Let a® denote the action suggested by a heuristic.

2. Myopic model - A myopic model refers to a decision-making model that optimizes for
short-term objectives without considering long-term consequences or future uncertain-
ties solely based on the current state. Since they do not require forecasting or modelling
future states, myopic models are generally computationally simpler and faster to solve

than long-term or dynamic models. We define the expert myopic action as a™:
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a™ = argmin C'(a)|zg (5.2)
acA

The objective function we optimize simply considers all uncertainty revealed until the

current epoch and greedily optimizes. The advantage is that these models enable rapid

decision-making, which can be useful; however, the quality of this action is generally

expected to be poor.

. Full-Information/Hindsight model - A Full-Information/Hindsight model is an
optimization framework where decisions are made as if the decision-maker had perfect
knowledge of all future uncertainties or outcomes. We again use point values & to rep-
resent &; however, we assume that we know the information beforehand. Alternatively,
it is also referred to as hindsight optimization since, in reality, we cannot have this
information before it is realised. In the end, we solve a problem with the same struc-
ture as the deterministic model. The key difference as compared to a deterministic OR
expert is that the deterministic expert will use estimates or predictions é while a Full
Information expert will use realisations denoted by €. Let a° represent the optimal full

information action given by

a® = argmin {C(a, E)\xo} (5.3)
acA

. Deterministic model - A deterministic model uses point estimates for uncertainty
&. This means decisions are based on fixed or expected values of uncertain parameters
rather than treating them as random variables with distributions. This approach as-
sumes that we have access to historical data for the uncertain inputs. This allows the
development of sophisticated prediction or forecasting models (gy) that give reliable
single-point estimates é for the uncertain parameters £. In OR, this approach is widely
referred to as predict-then-optimize. Once we have the estimates é, we can directly
solve the deterministic problem in equation (5.4). In many instances, the problem in
equation (5.4) can be represented as a mathematical program (Linear or Integer), and
the OR community has developed efficient algorithms to solve it. Consider the ECTP;
if we can predict all employee response times beforehand, we can solve the offline model
to find the exact notification times for everyone. The optimal action a? is referred to

as the optimal hindsight action or optimal anticipative action.
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aP = arg min {C’(a, £)|x0} (5.4)
acA

A naive example of this is simply using mean values to represent £&. Many recent studies
focus on the problem of estimating &, which falls under the category of supervised
machine learning problems. A set of past observation pairs (x;, &)ﬁil is available as a
training dataset, D, and is used to train an ML model gy (with trainable ML parameters
0), so that parameter predictions take the form £ = gy(x). The decisions a” in (5.4)

are referred to in the literature [Mandi et al., 2024] as prescriptive decisions.

. Two-Stage Stochastic model - This represents a stochastic model where decisions
are made in two stages, considering uncertainty in the problem. The problem is de-
scribed in equation (5.5). The key feature of these models is that the first-stage deci-
sions (here-and-now decisions) are made before the uncertain outcomes are known. In
contrast, second-stage decisions (recourse actions) are made after the uncertainty is re-
vealed. Some problems may only have first decisions, and in the second stage, only the
uncertainty is observed. C(a) represents first-stage costs with first-stage decisions a,
while Q(a, &) represents second-stage costs taking the uncertainty into account subject

to first-stage decisions.

at = arg min {C(a) +]E[p(£x)[Q(a,£)]}|$0 (55)

acAl

It is common to consider a scenario set €2 and alternatively solve the equation (5.6).
However, this problem quickly explodes in size with the number of scenarios one con-

siders.

a® = argmin {C(a) + !f12| > Q(a,ﬁw)}|x0 (5.6)

a1 €Al weN

. Multi-Stage Stochastic model - Multistage stochastic models [Birge and Louveaux,
2011] extend the concept of two-stage stochastic models to situations where decisions
must be made over multiple time periods, with uncertainties unfolding over time. In
each stage, decisions are made based on the available information, and future deci-

sions are adjusted as new information becomes available. This will thus represent the
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true optimal action a* in the presence of uncertainty given by equation (5.7). Com-
puting a* is generally more computationally expensive than computing a®. In many
applications, the decision-maker has access to historical data only of the corresponding
uncertain parameters, i.e., the decision-maker does not know the true distribution of

the uncertainty, making it impossible to have the exact a*.

ac

a* =arg Iﬁin EP(HI){C(a,f)]a:o} (5.7)

One can write (5.7) as follows to include the objective of each stage

a* = arg min {C’O(xo, ap)+ arg min]Ep(&x){C’l(xl, ay) + -+ (5.8)
a1€A

aoE.A

argmin]E]p(gKx){CK(mK,aK)}}} (5.9)

ag€A

If the problem under study satisfies the Markov property, it is then possible to define
a MDP. We can write (5.9) in terms of the value function from the starting state z, as

follows.

ao

a* = argmin {C’o(:co, ag) + E[Vl(xl)|x0]} (5.10)

The table 5.1 summarizes all the models.

Expert Action | Model Objective Uncertainty

a™ Myopic arg min {C(a) |x0} No Uncertainty
acA

a? Deterministic arg min {C(a7 3) \TO} Point Estimates - £
acA

a® Full Information arg min {C (a,€) \.’1;0} Samples - £
acA

al Two-Stage Stochastic | argmin {C(a) + Epga) [Q(a, 5)]}10 Uncertainty Set - Revealed at Once
acAl

a* Multi-Stage Stochastic | arg min Ep(ﬂz){C(a, £)|x0} Full Uncertainty - Revealed Sequentially
acA

Table 5.1 Summary - Expert Models

[Pham et al., 2023] and [Larsen et al., 2018] employ the Full-Information Expert (FIE) to di-
rectly learn from its guidance, leveraging its complete knowledge to improve decision-making.
Similarly, [Mandi et al., 2020], [Baty et al., 2024], [Greif et al., 2024], and [Rautenstraul and
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Schiffer, 2025] integrate FIE into their learning pipelines, where it serves as a reference for
defining regret, which is subsequently minimized during training. Among these, [Greif et al.,
2024] is the only work that explicitly describes an idea conceptually similar to the use of the
ADE. This is referred to as the voting policy in [Greif et al., 2024], where several scenarios
of uncertainty from the current state are sampled and then solved independently. Finally,
all solutions are made to vote, and the most frequent decision is selected. A similar idea was
also used in [Bent and Van Hentenryck, 2004, where the authors use a a multiple scenario
approach. The key idea is to continuously generate and solve scenarios. The final decisions
or plans are selected by a consensus function that selects the plan most similar to the current

pool or plans.

5.1.2 Policy Dynamics Spectrum

The classification of policies based on their temporal adaptability can aid in understanding

their applications and limitations in expert-driven decision-making processes.

Policy Learned from the expert

« Static/First Stage Policy - A static/First Stage policy is fixed and does not change
over time or across different decision points. Once it is determined, it is applied uni-
formly throughout the decision-making process. These are generally easier to design
and implement since decisions do not depend on real-time information and have low
computational costs during execution. ONP for NTP represents a static policy that is
pre-calculated using offline solutions. The offline solutions are calculated, generating
the entire future trajectory at once. This policy is static because we precisely know
the number of employees that are going to be notified at any point in the horizon.
Furthermore, some problems only involve a 2-stage decision process. In such a case,

one can choose to learn a first-stage policy.

e Dynamic Policy - A dynamic policy changes over time, based on the evolving state
of the system or new information. It is more adaptive and can respond to different

scenarios.

[Pham et al., 2023], [Baty et al., 2024], [Greif et al., 2024], and [Rautenstraufl and Schiffer,
2025] all study a dynamic problem, and thus their learning algorithm produces a dynamic
policy that accounts for the state seen at each epoch. [Larsen et al., 2018|, [Mandi et al.,
2020], on the other hand, study a two-stage problem and thus predict action for the first

stage only. [Larsen et al., 2018] predicts the first stage tactical decision for a load planning
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problem. [Mandi et al., 2020] considers two different problems. First, a stochastic knapsack
problem with random item values. Second, a resource-constrained job scheduling problem

for total energy cost minimization given randomness in energy usage for scheduling each job.

Policy Variable

The policy variable indicates whether the expert outputs direct actions or intermediate fea-
tures, which subsequently guide decision-making. This distinction affects how the model

interprets and utilizes the expert’s guidance.

e Direct decision-based policy - In this case, the expert provides a direct mapping
from states to actions, producing specific actions without intermediary steps. This
approach is efficient for real-time implementation and can simplify the decision process
by minimizing interpretive layers. For instance, in the N'TP, a direct decision-based
expert would specify the number of notifications to be sent at each time step, providing

a straightforward, actionable rule.

o Feature-based policy - The expert may generate intermediate features or latent
variables that are used by another system to make the final decision. The decision-
making process is broken into two steps — feature extraction and action selection.
As an example, for the NTP, we can have an expert who tells us how many total
notifications should have been at the current epoch, observing the current state of the
system. A final decision on the number of notifications to be sent can then be made.
Alternatively, one can also think of any model gy that predicts point estimates for the
response delays as an expert prediction. Then, we solve a simpler optimization problem

to get the actual action to be executed.

In [Larsen et al., 2018] and [Pham et al., 2023], the authors train a model that directly
predicts the optimal action to take in a given state, bypassing the need for an intermediate
representation of uncertainty. In contrast, [Mandi et al., 2020], [Baty et al., 2024], [Greif
et al., 2024], and [Rautenstraufl and Schiffer, 2025] first generate predictions for uncertainty

and then formulate an optimization problem to determine the final decision.

Specifically, [Greif et al., 2024] and [Baty et al., 2024] predict prize values related to random
demand in their respective problem settings. Given these predicted prizes, they then solve a
deterministic optimization problem to derive the optimal decisions. Similarly, [Mandi et al.,
2020] predicts item values in the knapsack problem and energy costs in job scheduling, using

these estimates to inform decision-making through an optimization-based approach. This



81

distinction highlights two different methodologies: direct action prediction versus uncertainty
estimation followed by optimization, each with its own advantages depending on the problem

structure and available data.

5.1.3 Optimality of Expert Actions

The quality of expert actions can vary based on how closely they align with an ideal solution
to a decision problem. We categorize these actions by their degree of optimality relative to

a well-defined objective function.

o True Optimal Action - A true optimal action is the best possible action according
to a clearly defined objective function. Such an action is achievable only when the
policy has complete knowledge of the environment and the underlying dynamics. In

the context of an SDP, the true optimal action can be represented by equation (1.3).

e Sub-optimal Action - We define sub-optimal action as the solution that, while op-
timal for a specific objective, does not achieve the absolute global optimum. Actions
defined by equations (5.2) - (5.5) fall into this category, as they represent the best
solutions for their specific objectives but not the true optimal action for the actual ob-
jective given by (5.1). For example, consider the Full-Information expert. It can solve
the deterministic problem under full information to optimality. This action is optimal

for the problem considered, but it is not the true optimal action.

o Approximate Action - An approximate action aims to closely approximate an op-
timal or sub-optimal action, often through approximation techniques that balance ac-
curacy with computational feasibility. Many decision problems, particularly complex
SDPs, cannot be solved exactly; therefore, approximate algorithms are employed. For
example, problems expressed by equations (5.2) - (5.5) may not be solved to optimality

but can be approached through approximation.

[Larsen et al., 2018] and [Pham et al., 2023] employ different strategies to solve their deter-
ministic optimization problems, using either an optimality gap or a time limit, respectively.

These approaches ensure computational efficiency while still producing high-quality solutions.

[Baty et al., 2024] tackles the deterministic problem—a Vehicle Routing Problem with
Time Windows (VRPTW)—using a metaheuristic, which provides approximate but effective
solutions for imitation. In contrast, [Greif et al., 2024] solves a Mixed-Integer Linear Pro-
gram (MILP) for the Capacitated Prize Collecting Traveling Salesman Problem (CPC-TSP),
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leveraging exact optimization techniques to derive high-quality decisions. [Rautenstraufl and

Schiffer, 2025] solves the offline problem to obtain optimal offline decisions.

[Mandi et al., 2020] solves knapsack problems to optimality, ensuring precise decision-making
in this setting. However, for the more challenging resource-constrained job scheduling prob-
lem, they resort to solving a relaxation, balancing computational feasibility with solution

quality.

5.1.4 Information Availability

The type and quality of information available to an expert significantly affect their ability
to make optimal decisions. Different categories of information availability can help classify

experts based on the level of uncertainty and the constraints they operate under.

1. Complete - A complete information expert has access to comprehensive and accurate
information about the system, environment, or task, including all possible outcomes or
the true distribution of uncertainties. With this complete information, the expert can
theoretically provide optimal decisions. However, such experts are mostly hypothetical,
as real-world Stochastic Decision Problems (SDPs) inherently involve unknowns or

uncertainties.

2. Partial/Limited - A partial information expert has access to only a subset of relevant
information or operates with highly restricted features within the state variable, which
may limit their ability to make fully informed decisions. This expert may lack access
to certain variables or possess incomplete knowledge of the environment, potentially
leading to suboptimal actions. In the absence of the true distribution of uncertainties,
an expert relying on available data operates with partial information, making decisions
based on incomplete inputs. For example, in the case of a self-driving car, the agent
may only receive information about the state variables visible in front of the vehicle
via cameras. However, due to the absence of rear cameras, the car lacks crucial state
information about its surroundings behind it. Additionally, the expert can also in-
tentionally disregard the information provided by rear cameras while making decisions
despite having access to such data. A possible reason to ignore such information is to
reduce the complexity of the problem. The Full-Information model works under such

a setting, as it only uses the knowledge from one specific scenario.

3. Noisy - A noisy information expert receives inputs that may be corrupted or contain

measurement errors, complicating accurate decision-making. For example, an expert
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using sensor-based data, like GPS, might encounter inaccuracies due to sensor noise or

faults, which can affect prediction accuracy or action reliability.

4. Delayed - A delayed information expert functions in environments where there is a
time lag between data generation and data availability. This delay introduces addi-
tional challenges, as decisions may no longer be optimal when finally executed. For
instance, a traffic control system receiving delayed vehicle position updates might lead

to suboptimal routing and coordination actions.

[Mandi et al., 2020], [Larsen et al., 2018], [Baty et al., 2024], [Greif et al., 2024], and
[Rautenstraufl and Schiffer, 2025] also tackle Full-Information problems while operating under

limited-information settings.

5.1.5 Expert Action Reproducibility

The reproducibility of expert actions refers to the consistency with which an expert provides

the same action given a particular state. We categorize expert actions into two main types:

o Consistent - The expert consistently produces the same action for a given state, a be-
havior typically observed when an agent is guided by established heuristics or rules de-
signed to simplify decision-making, with no inherent randomness. Algorithmic models,
such as Myopic and Deterministic policies, also exhibit this characteristic, consistently
generating identical actions for identical states when the solver is deterministic and no

symmetries are present in the problem.

o Inconsistent - In this case, the expert produces varying actions for the same state.

There are several possible reasons for such inconsistency:

— Imperfect Expertise: Some expert models, such as the Full-Information Expert
or the scenario-based Two-Stage Expert, may exhibit inconsistencies due to vari-
ations in context or the information available to them. This phenomenon is also
evident in human behavior. For instance, in the context of driving, different drivers
may adopt different driving policies. While some may exhibit a highly performant

but aggressive style, others may prefer a safer, more conservative approach.

— Randomized Optimal Policy: In some instances, the optimal policy is designed
to be randomized over a set of actions, meaning that for the same state, multi-
ple actions could be optimal with varying probabilities [Rajaraman et al., 2020].
Alternatively, this can also be interpreted as the existence of symmetric optimal

solutions to the problem.
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— Randomization in Solution Methodology: Certain optimization algorithms
like metaheuristics, particularly those that incorporate stochastic elements, may
rely on the generation of random numbers. As a result, these algorithms can
produce different solutions each time they are executed, even when applied to the

same problem, due to the inherent randomness in their processes.

— Approximation in Algorithmic Experts: Some algorithmic experts are ap-
proximated rather than exact, often by setting a time limit in optimization solvers
or by using heuristic approaches. This can result in different actions when the

approximation or solution method is invoked multiple times for the same state.

[Mandi et al., 2020] and [Larsen et al., 2018] focus on a two-stage problem, and generate
decisions based on the Full-Information expert. [Pham et al., 2023], [Baty et al., 2024], [Greif
et al., 2024], [Rautenstraufl and Schiffer, 2025] consider dynamic problems, and the demon-
strations from the expert are also subject to the Full-Information scenario. Thus, the experts
for all cases are inconsistent for the current state. Moreover, the resulting demonstrations
are also inconsistent due to approximation errors when problems are solved with a Gap or
time limit, as in [Larsen et al., 2018], [Pham et al., 2023]. [Pham et al., 2023] is also known

to have symmetry in optimal solutions.

5.1.6 Expert Usage

This point outlines various strategies for incorporating expert demonstrations into the learn-
ing process. Depending on the cost, availability, and reliability of the expert, different ap-
proaches can be employed to leverage expert knowledge effectively. Experts can be used to

collect demonstrations in the following ways.

» Non-Iterative Usage - In this approach, the expert is consulted only once, typically
at the start of the learning process, to label all observed states in a batch. The collected
data is then used to train a model that is ready for deployment. This method is com-
monly applied when invoking the expert is highly resource-intensive or time-consuming,

as it minimizes the number of calls to the expert.

« Iterative Usage - In contrast, iterative usage allows for repeated interactions with
the expert throughout the training process, akin to the DAgger (Dataset Aggregation)
framework. Iterative algorithms help address limitations of initial imitation learning
(IL) models by allowing the model to learn from errors as they arise, gradually im-
proving performance. Within iterative usage, expert interaction can follow one of two

patterns:
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Additionally, the expert can be used in the following way to label the states seen within an

iterative or a non-iterative algorithm.

o Single Complete Usage - Here, the expert is used to label all observed states in
each iteration of the loop. At the end of each episode, the accumulated data is used to
train an updated model. This approach is feasible when the expert can provide labels
quickly, as frequent interaction allows the model to adapt and refine its performance

based on comprehensive feedback from the expert.

o Multiple Complete Usage - In practice, experts may not always provide the same
action for a given state due to imperfections or noise in their decision-making. In this
case, instead of relying on a single recommendation, the learner can query the expert
multiple times and aggregate the actions suggested. This helps mitigate the impact
of errors or inconsistencies in the expert’s advice, leading to more reliable decisions.
Common aggregation strategies include majority voting or averaging over the set of

recommendations.

o Targeted Usage - When calling the expert is costly, a targeted approach can be more
practical. In this case, the expert is only consulted for specific scenarios where the model
underperforms or encounters entirely new states. By focusing expert demonstrations
on challenging or unfamiliar cases, the model can learn to handle edge cases or rectify
errors without excessive reliance on the expert, which helps balance accuracy with

efficiency.

[Pham et al., 2023, [Larsen et al., 2018], [Baty et al., 2024], and [Mandi et al., 2020] utilize
the expert within a Non-Iterative framework, where expert demonstrations are collected

upfront and used directly for training without further interaction. In contrast,

[Greif et al., 2024] integrates the expert into an iterative learning algorithm, employing a
single complete pass of the DAgger procedure. [Rautenstraufl and Schiffer, 2025] proposes two
algorithms. The first is a standard DAgger algorithm, similar in structure to that of [Greif
et al., 2024]. The second is an alternative approach designed to enhance the training dataset
before model training. This algorithm uses the expert in a non-iterative yet targeted man-
ner to reduce the computational overhead typically associated with DAgger, which requires

continual regeneration of training examples during learning.

Specifically, the alternative strategy follows a behavior policy up to a specified point ¢ in
the decision horizon. Beyond this point, the expert is invoked to label all subsequent states

encountered within the episode. This hybrid approach seeks to balance computational effi-
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ciency with the benefit of expert supervision and reduces the total runtime by about 87% as

compared to the DAgger algorithm.

5.1.7 Number of Experts Used

Additionally, algorithms can be classified based on the number of experts involved and how
their expertise is utilized during the learning process. Below are three key categories that

outline the usage of experts in imitation learning:

o Single Expert - This is the traditional assumption in imitation learning, where a
single, optimal expert provides guidance. The learner imitates this expert’s actions with
the assumption that the expert is both inexpensive and highly knowledgeable. This
approach typically assumes that the expert consistently provides accurate decisions
for any given state, which simplifies the learning process but may limit flexibility in

complex environments.

e Multi-Expert - In some scenarios, multiple experts with different areas of expertise
may be available. In such cases, the learning framework can aggregate the actions
of all these experts, leveraging their complementary knowledge to create a composite
"meta-expert'. By pooling the knowledge of several experts, each contributing their
strengths for different parts of the task, this approach can result in more robust and

adaptable decision-making.

[Pham et al., 2023], [Larsen et al., 2018], [Mandi et al., 2020], [Baty et al., 2024], [Greif et al.,
2024], and [Rautenstrauff and Schiffer, 2025] all rely on a single expert to label the states
encountered during the decision-making process. The expert provides guidance or labels for

the states seen, which are then used to train the model or solve the optimization problem.

5.1.8 Learning Control

When experts are used in an iterative framework, they are also used to control trajectories
to correct mistakes made by the learned model. This ensures the model learns to act in
situations it should encounter during deployment. There are multiple ways to execute this

control.

« Total Expert Control - The expert controls all states visited in a learning trajectory.
An example is pure supervised learning without an iterative learning algorithm, where

the expert is just used once to label all states.
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» Regressive Expert Control - Start with high reliance on the expert and gradually
reduce its usage as the model improves, e.g., VANILLA DAgger.

o Conditional Expert Control - The expert is selectively invoked based on certain
performance thresholds, eg. SAFE DAgger. For instance, if the learned model has
low prediction confidence (below a certain threshold), one calls the expert; otherwise,
it proceeds autonomously. Alternatively, an external policy can be introduced to help
guide trajectories. This is useful when the true optimal expert is unavailable, one may

rely on an imperfect expert prone to occasional mistakes.

[Larsen et al., 2018] and [Mandi et al., 2020] do not generate trajectories, as they focus
on a two-stage problem where the decision-making process does not involve sequential steps
or evolving states. In contrast, [Pham et al., 2023] and [Baty et al., 2024] allow the expert
to have total control over the trajectories generated, meaning the expert directly influences
the entire sequence of states and actions during the decision-making process. [Rautenstrauf
and Schiffer, 2025] uses conditional expert control in their algorithm for enhanced dataset

generation.

[Greif et al., 2024], on the other hand, employs the Vanilla DAgger decision rule, where the

expert has regressive control over the generated trajectories.

5.1.9 Expert Evolution

Expert Evolution refers to scenarios where the expert policy itself evolves or improves during

the imitation learning process.

o Static Expert - A static expert represents the conventional imitation learning frame-
work, where the expert is assumed to be fixed and generally optimal, providing consis-
tent demonstrations without adaptation. This approach works well when the expert is
highly reliable, but it may struggle in environments with evolving dynamics or imperfect

expert demonstrations.

o Adaptive Expert - An adaptive expert leverages feedback from the learner’s behav-
ior to refine their own decision-making process. This approach is particularly valuable
when the expert is imperfect and may require improvements over time. For instance,
consider the Deterministic Optimization expert, which relies on a single scenario for
decision-making. The demonstrations by such an expert can be biased to the scenario
generated. Making changes to the underlying optimization model can be helpful to

improve decisions. As learning iterations progress, modifications can be made to the
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underlying optimization models to enhance their effectiveness. A parallel can be drawn
to reinforcement learning, where an initial, naive policy generates actions and is iter-
atively updated based on rewards collected. This continuous refinement enables the
expert to provide increasingly improved demonstrations, ultimately leading to more

robust decision-making.

[Pham et al., 2023], [Larsen et al., 2018], [Mandi et al., 2020], [Baty et al., 2024], [Greif et al.,
2024], and [Rautenstraufl and Schiffer, 2025] all rely on the same static expert for demon-
strations, where the expert provides consistent guidance based on predefined knowledge or
decisions. In contrast, algorithms in reinforcement learning (RL), such as those in [Kullman
et al., 2022] and [Zhang et al., 2020], can be viewed as adaptive experts. These RL algo-
rithms improve over time by learning from the consequences of their decisions, continuously
refining their strategies based on feedback from the environment, rather than relying on fixed
demonstrations. One could classify such experts as heuristic experts who adaptively learn as
they collect data.

5.2 Learning from Imperfect Experts

Imitation learning has found extensive applications in various problems, largely due to recent
advancements in interactive algorithms that tackle covariate shifts and compounding errors
associated with traditional methods such as behaviour cloning. IL methods generally have

the following three key assumptions:

1. Expert demonstration is perfect/optimal.
2. Expert provides a single and identical target action for a given state.

3. All demonstrations are from a single expert.

In Section 5.1, we introduced five distinct types of algorithmic experts used in the learning
process. Their complexity follows the order: Myopic < Deterministic < Full-Information
< Two-Stage Stochastic < Multistage Stochastic. The quality of these experts depends on
the amount of information they utilize. Among them, only the Multistage Stochastic expert
provides truly optimal demonstrations. However, its computational intractability makes it
impractical for complex real-world problems. The remaining experts, while more feasible,
are imperfect and produce suboptimal decisions of varying quality. Selecting an expert for
learning thus requires balancing model complexity with decision quality. This section explores
the implications of learning from imperfect experts. We also discuss some articles in the

literature that use faulty experts.
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5.2.1 Imperfect Expert and its Effect on Learning

Consider a myopic expert who ignores future uncertainties and makes decisions purely based
on immediate, short-term gains. In the NTP, where there is a high penalty for leaving shifts
unfilled, a myopic expert would likely choose the greedy action of notifying all available
employees at once to minimize the risk of vacancies. However, this strategy can lead to sig-
nificant downstream costs—in this case, a high "bump" cost. If we employ a Full-Information
expert, the decisions are influenced by access to perfect future knowledge. This approach
can result in decisions that appear optimal when future events are fully known but may not
translate well to the realistic, stochastic context of the problem. For instance, imagine a sce-
nario in the NTP involving 5 shifts, 10 employees, and 30 epochs within a planning period.
In an unlikely scenario where the first five employees all have a response delay of zero, a
Full-Information expert might determine that the optimal action is to notify all employees at
once, as it immediately resolves all shift assignments. Alternatively, a strategy that calls a
single employee at each epoch—spreading notifications over time—could also be considered
optimal. In fact, any policy that ensures at least five employees are contacted before the
planning horizon ends would qualify as optimal under perfect information. This results in

multiple target actions for the same initial state when guided by a Full-Information expert.

However, it is critical to recognize that actions deemed optimal under Full-Information may
carry significant costs in a more realistic, stochastic environment. For example, notifying the
first 5 employees simultaneously might be optimal for one certain scenario, but it would be
costly in most other scenarios. A stochastic expert, aware of the unpredictability inherent to
the problem, would not advocate for such a strategy, instead opting for more cautious actions
that hedge against uncertain future responses. Thus, if our dataset includes demonstrations
from any of these imperfect experts, it may contain "faulty" demonstrations. These demon-
strations, optimal under certain assumptions, would affect the performance of any learned
model. This highlights the challenge of relying on imperfect experts: their demonstrations
may not generalize well to the stochastic reality, and one may need to filter out such exam-
ples. Even after filtering out unsafe demonstrations and smoothing out outlier decisions in the
dataset, a fundamental challenge remains: imperfect experts contribute guidance that, while
well-intentioned, is ultimately suboptimal. Each expert attempts to optimize its decisions
within its unique, albeit flawed, approach. This imperfection means that the learned model
will naturally inherit any suboptimal tendencies present in the training data, replicating the
limitations of its teachers. This raises a crucial question: can a model improve beyond the
suboptimal decisions demonstrated by its experts? Addressing this requires mechanisms that

not only learn from the experts but also refine and enhance the decisions made over time.
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5.2.2 Mitigating Faulty Demonstrations

In scenarios with inherent uncertainty, randomized policies often perform well; common
examples include Multi-Armed Bandits and Inventory Control problems. Thus, given that
some demonstrations may have multiple conflicting target actions from the same expert, one
can even try to learn a distribution over the set of possible actions. In these cases, the learning
model must go beyond a single deterministic outcome and instead learn a distribution over
possible actions that are appropriate for a given state. This shift requires the IL model to
generalize across varying demonstrations while accurately capturing the underlying decision-

making distribution.

Given the list of these experts, one can employ a strategic combination to train the novice
model, depending on the specific context or requirements. This approach mirrors real-life
scenarios where multiple experts, each with their own strengths, are utilized to teach or
provide demonstrations. A practical analogy can be found in educational settings, where
different teachers employ unique teaching styles, or in driving contexts, where individual
drivers follow distinct driving policies. Each expert contributes their perspective, enriching
the learning experience with a diverse set of strategies. In our specific case, we can adopt a
hybrid approach, leveraging the strengths of various experts based on the situation at hand.
For instance, the computationally expensive stochastic expert, who considers uncertainties
and future scenarios, can be utilized to label states that are deemed risky or unfamiliar.
These are scenarios where high-quality guidance is critical, as errors can have significant
consequences. Conversely, for safer or more predictable states, we can rely on simpler, less
costly experts to provide the necessary labels. This adaptive labelling strategy not only
optimizes computational resources but also balances the trade-off between complexity and
decision quality. By prioritizing the use of more sophisticated experts only when it is most
beneficial, the learning process becomes more efficient, achieving robust performance without

unnecessary overhead.

5.2.3 Literature Review on Learning from Imperfect Experts

In the literature, significant effort has been directed toward learning from imperfect experts
in imitation learning (IL). For instance, [Wu et al., 2019] introduces a novel approach that
utilizes confidence scores to capture the quality of demonstrations, where these scores indicate
the likelihood that a given trajectory is optimal. In this framework, target actions can be la-
belled as optimal, non-optimal, or left unlabeled. They propose the 2IWIL algorithm, which
first trains a semi-supervised classifier to predict confidence scores for unlabeled demonstra-

tions. These scores are then integrated into a weighted Generative Adversarial Imitation
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Learning (GAIL) framework to train the agent.

In another approach, [Wang et al., 2021] explores methods for weighting imperfect expert
demonstrations in GAIL without relying on extensive prior information. [Brown et al., 2020]
addresses the challenge of deriving a reward function that effectively fits a set of ranked trajec-
tories, providing a way to learn from relative performance. To address noisy or mixed-quality
demonstrations, [Valko et al., 2013] leverages semi-supervised support vector machines to dif-
ferentiate between good and bad demonstrations when training a policy, thereby enhancing
the performance of the agent. More recently, [Wang et al., 2023] proposes a two-step process
for dealing with imperfect demonstrations: first, purifying noisy demonstrations through a
diffusion process and then performing imitation learning on these refined examples. These
existing approaches focus on learning from imperfect demonstrations provided by a single
expert, often relying on inverse reinforcement learning. Further research is needed to expand
these techniques to scenarios involving multiple imperfect experts, where each expert may

contribute unique biases or incomplete information.

In [Raykar et al., 2009] and [Raykar et al., 2010], authors explore imitation learning in
settings with multiple experts, working under the assumption that a pre-labelled dataset
is available. [Sun et al., 2023] introduces MEGA-DAgger, a variant of DAgger designed
for interactive learning with multiple imperfect experts. To ensure high-quality training
data, MEGA-DAgger begins by filtering out unsafe demonstrations, reducing the influence
of any imperfect or suboptimal examples and thereby focusing the training of the novice on
accurate, relevant data. Following this, the method incorporates a scenario-specific evaluation
of the experts, using tailored metrics to assess their performance and resolve any conflicts
in the guidance provided. This process helps ensure that the novice model benefits from the
strengths of each expert while mitigating the risk of learning from flawed demonstrations.
MEGA-DAgger’s approach of combining filtering and selective expert evaluation supports a
more robust and effective imitation learning process in environments with multiple, diverse

expert sources.

[Brantley et al., 2020] considers an active learning setting with access to a cheaper but noisy
expert (or heuristic) that provides guidance with some level of inaccuracy, whereas accessing
the true expert is costly. They propose an algorithm called LEAQI (Learning to Query for
Imitation), which aims to reduce the number of expensive true expert queries needed for
target actions. LEAQI operates by always consulting the noisy expert for a label and only
querying the true expert when it predicts a likely disagreement between the true expert and
the noisy expert. This prediction is achieved by training a difference classifier that detects

potential disagreements between the two sources. The challenge in training this classifier lies
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in the one-sided feedback: if the classifier predicts agreement (and thus does not query the
true expert), it cannot learn from any potential error in its prediction. [Laskey et al., 2016]

is another example that aims to reduce the queries.

Recently, [Sekhari et al., 2024 studied a similar problem to [Brantley et al., 2020] with
the goal of designing algorithms that achieve low regret for correct action predictions while
minimizing the number of true expert queries in the presence of a noisy expert. Their
algorithm’s query count is bounded by the confidence level of the noisy expert’s predictions.
They further extend their approach to a multi-expert setting, where the learner has access to
multiple experts, each specializing in different regions of the state space. [Xu et al., 2022], [Li
et al., 2023] show the idea of using a supplementary dataset obtained from a behavior policy

and propose a cooperation framework to boost learning in a Behavior Cloning framework.

5.3 Conclusion

We presented a comprehensive taxonomy of expert-based algorithms that can be utilized in
imitation learning to address operations research (OR) problems. This taxonomy outlines
various properties of the expert, enabling readers to better understand and effectively incor-
porate the expert in any imitation learning setting. Recognizing that obtaining a perfect
expert for OR problems is often expensive or impractical, we highlighted key distinctions

between traditional imitation learning problems and those encountered in OR.
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CHAPTER 6 AN IMITATION LEARNING APPROACH FOR THE NTP

This chapter represents an initial attempt to develop machine learning-based policies for
the stochastic version of the NTP. The primary goal is to train a model that can directly
predict the next action at each decision point in the process. To achieve this, we utilize
Imitation Learning (IL), specifically Behavior Cloning (BC), where the model learns from
offline, fully informed solutions. The problem assumptions remain consistent with those

outlined in Section 4.1.

Section 6.1 introduces the methodology employed in this study, detailing the structure of the
machine learning model and the process of training it on offline data. The proposed algo-
rithm builds upon the DAgger framework [Ross et al., 2011], with adaptations to address the
challenge of obtaining exact optimal actions for imitation. Instead, we utilize an approxima-
tion based on the optimization models described in Chapter 5. We also give a perspective of
the algorithm with respect to the taxonomy defined. Subsequently, Section 6.2 presents the
experimental results, evaluating the trained model’s performance and providing key insights

derived from these findings.

6.1 DAgger with Algorithmic Experts

The DAgger algorithm [Ross et al., 2011], as defined in Section 2.2.3, is an iterative imitation
learning method designed to enhance policy performance by incorporating expert corrections
for states encountered by the learned policy. Unlike standard behavioral cloning, which
suffers from covariate shift, DAgger progressively expands the training set by including states
visited by the learner, thereby improving generalization. Variants of DAgger have been
successfully applied in various domains, including autonomous driving [Kelly et al., 2019],

video games [Ross et al., 2011] and drone control [Wang and Chang, 2021].

However, DAgger relies on the availability of an optimal expert capable of providing demon-
strations across all encountered states during training. In practice, this assumption is of-
ten impractical for real-world operations research (OR) problems due to computational in-
tractability or the lack of a well-defined optimal policy. Many OR problems, particularly
those involving large-scale combinatorial decision-making, are N'P-hard, making it infeasible

to generate expert demonstrations for all possible scenarios.

To overcome this challenge, our approach relaxes the requirement of a true optimal expert and

instead utilizes approximate or imperfect experts (Section 5.1.1) to guide the learning pro-
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cess. These experts are derived from heuristic methods, rule-based policies, or optimization
models with relaxed constraints. The DAgger-based algorithm we develop relies on multiple
optimization-based experts to inform decision-making. While these approximations provide

valuable guidance, they may also introduce inconsistencies or errors in policy execution.

Since some experts may produce differing optimal actions for the same state, inconsistencies
arise that must be addressed. As discussed in Section 5.2, there are several reasons why this
discrepancy can occur. To mitigate the impact of such expert imperfections, we implement
an aggregation strategy that consolidates multiple decisions from the same expert into a
single target action. This approach helps smooth out individual inaccuracies by leveraging
diverse expert perspectives, reducing the risk of systematic bias introduced by any single
imperfect expert. By structuring the aggregation process effectively, our approach enhances

the robustness of the learned policy while maintaining computational efficiency.

6.1.1 Constructing training examples and training policies - DAgger

The DAgger algorithm follows an iterative policy training framework, leveraging online learn-
ing principles that require access to an expert. In each iteration, the primary classifier is
retrained using all previously encountered states from the learner’s experience. This itera-
tive refinement allows the learner to correct past mistakes at each stage. Initially, the first
policy, 7o, is either directly derived from expert demonstrations or serves as a strong heuris-
tic. After executing mp, the learner observes the states it encounters. A new dataset is then
constructed, incorporating corrections from the expert to address errors in my. The next
policy, m;, is trained on a combination of the original trajectories and the newly collected
ones from the current iteration. This process is repeated iteratively to refine the policy over

time.

To enhance stability, we redefine the DAgger algorithm using the VANILLA DAgger decision
rule, which mitigates the risks associated with strictly following the learned model’s actions.
Instead of immediately adopting the model’s suggested actions, VANILLA DAgger retains
expert intervention with a certain probability. As training progresses, the learned policy
gradually assumes greater responsibility for decision-making, ensuring a controlled transition
from expert-guided behavior to autonomous decision-making. This approach reduces the
likelihood of the model entering undesirable or unsafe states early in training, ultimately

fostering a more stable learning process.

Furthermore, we extend the original DAgger framework by allowing flexibility in selecting
different types of experts. Algorithm 12 presents a more detailed version of Algorithm 3

from Chapter 2, explicitly incorporating an expert based on mathematical optimization, as
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shown in line 7. Since solving exact optimization models may be computationally intractable,
these models may instead serve as approximations. In this context, we denote the expert’s
action as a. Throughout the algorithm, indices ¢ and k represent the current iteration and
epoch, respectively. Additionally, we assume direct access to the true state xj, rather than

the observation oy, as discussed in Chapter 2.

Algorithm 12: DAgger - DAgger algorithm with Optimization-based Expert using
VANILLA DR
1 Function DAgger():

2 Initialize D < 0,7, \, Bo
3 | forie{0,... itr} do
4 Bi < X'Bo;
5 Sample K-step trajectories as follows;
6 for ke {1,...,K} do
7 ai = ExpertAction(zy);
8 ar = VANILLADAgger(xy, a., Bi, m;);
9 T = XM (2, ar, &)
10 end
11 Collect D; = {(zy, ak)} dataset of visited states and target actions;
12 D+ DUDy;
13 Train policy m; 11 on D;
14 end
15 end

Algorithm 13: VANILLA DAgger Decision Rule

1 Function VanillaDAgger (xy, 1, Bo, A):
ag < m;i(xg);
ay < m(xg);
Bi = X' Bo;
z ~ Uniform(0, 1);
if z < 3; then
‘ return a;;
else
‘ return ay;
end

© W g OO A W N

=
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6.1.2 Experts Used

Given this general DAgger framework, we can now define different expert functions based on

the taxonomy defined in Section 5.1.1. We restrict ourselves to the Full-Information (FIE),
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Deterministic Expert (DE), Two-stage stochastic (2SSE) and Aggregated Deterministic Ex-
pert (ADE). This function will take as input the current state and return an action. Within
the function, they will generate the required number of scenarios and then use them to solve

an optimization problem.

1. Full-Information Expert - This expert has knowledge of the future scenarios € with
respect to the current state x,. Alternatively, this means we use the same scenario to
generate a trajectory and the target action. We then solve a deterministic optimization

problem Equation (5.3) to obtain the optimal action a°.

2. Deterministic Expert - This expert samples one future scenario é’ with respect to
the current state z;. We then solve a deterministic optimization problem defined in

Equation (5.4) to obtain the optimal action a”.

3. Aggregated Deterministic Expert - First, n samples of future scenarios are gen-
erated, and we obtain optimal actions denoted by a? for each of these scenarios using
Equation (5.4). Then, a target action is generated by aggregating all actions given by
a? = Agg(aP) using an aggregator function Agg.

4. Two-stage Stochastic Expert - Similar to the Aggregated Deterministic Expert, we
generate n future scenarios él. However, now we solve a single two-stage stochastic
program defined by Equation (5.5). The smaller the number of scenarios, the easier it
is for the underlying stochastic program to solve. This expert considers the aggregation

within the optimization model as opposed to the Aggregated Deterministic Expert.

We use the same Vanilla Dagger decision rule defined by Algorithm 13. This function will
take as input the current state x, the expert-provided action ay, the mixing parameter [;,
and the learned model 7;. It returns the action to be taken to proceed in the episode. The
main difference with respect to Algorithm 5 is that the action is suggested by an imperfect

expert denoted by 7.

However, given that the list of experts discussed may be imperfect or suboptimal, each expert
is implemented individually and evaluated based on their performance. This evaluation can
be conducted using various metrics, such as cumulative cost or the ability to avoid undesirable
states. By analyzing their effectiveness over multiple trials, the expert who demonstrates the

best overall performance will be selected.

Finally, we would like to describe the DAgger algorithm with respect to the taxonomy defined
in the Chapter 5 for NTP. Table 6.1, Table 6.2 provide a structured comparison of different
expert configurations used in the DAgger algorithm. The DAgger algorithm is designed to
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work with a variety of expert types, making it adaptable to different learning settings. The
goal is to learn a dynamic policy that directly predicts decisions, leveraging expert-provided
labels to guide the learning process. Each column represents a specific expert type, while the

rows outline key characteristics that differentiate them within the DAgger algorithm.

o Expert Type: We focus on four specific types: FIE, DE, ADE, and 2SSE.

« Policy Type & Policy Variable: All policies learnt are dynamic, meaning they take
into account the current state of the system. The decision variable is always a direct

decision that is to be executed in the episode.

o Optimality: The primary distinction between the experts lies in the optimality of their
actions. FIE, DE, and 2SSE are suboptimal in the sense that they generate optimal
decisions only for the specific scenarios they encounter, rather than achieving true
global optimality across all possible situations. ADE, in contrast, aggregates optimal
solutions from multiple deterministic experts, effectively providing an estimate of the
optimal action. This aggregation process helps mitigate the limitations of individual

deterministic experts by leveraging multiple perspectives.

o Information Used: All four expert types operate with limited information, as their
decisions are based on a finite set of randomly generated scenarios rather than exhaus-

tive knowledge of the problem space.

o Reproducibility: Since these experts rely on sampled scenarios, their recommenda-
tions can be inconsistent; that is, the recommended action may change for the same

state.

Table 6.1 Vanilla DAgger Algorithm Classification

Expert

Full-Information

Deterministic

Policy Type

Dynamic

Dynamic

Policy Variable

Direct Decision

Direct Decision

Optimality Sub-Optimal Sub-Optimal
Information Used Limited Limited
Reproducibility Inconsistent (Imperfect Expert) | Inconsistent (Imperfect Expert)

Expert Usage

Single Complete

Single Complete

Number of Experts Single Single
Learning Control Regressive Regressive
Expert Evolution Static Static
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Table 6.2 Vanilla DAgger Algorithm Classification

Expert
Two - Stage Stochastic Aggregated Deterministic
Policy Type Dynamic Dynamic
Policy Variable Direct Decision Direct Decision
Optimality Sub-Optimal Approximate
Information Used Limited Limited
Reproducibility | Inconsistent (Imperfect Expert) | Inconsistent (Imperfect Expert)
Expert Usage Single Complete Mulitple Complete
Number of Experts Single Single
Learning Control Regressive Regressive
Expert Evolution Static Static

o Expert Usage: ADE differs in how it utilizes expert guidance. Instead of relying on a
single deterministic expert, it acts as a proxy expert by querying the DE multiple times
and selecting a target action based on an aggregation criterion. This makes ADE more
robust to variations in deterministic expert decisions and helps smooth out inconsis-

tencies. The FIE, DE, and 2SSE are all used just once to provide a demonstration.
e Number of Experts: All algorithms use a single distinct expert.

o Learning Control: All experts follow a regressive learning approach, meaning they

influence trajectory generation iteratively under the Vanilla DAgger framework.

6.1.3 Using the ML model

To evaluate the effectiveness of our approach, we apply it to the Notification Timing Problem
(NTP), a real-world challenge that involves determining the optimal timing for notifying
employees about available shifts. In typical online NTP scenarios, employees are usually
notified in batches, with a waiting period between notifications to allow for responses. This
sequential notification strategy helps prevent unnecessary notifications and mitigates the risk
of overwhelming employees with excessive alerts. However, while this approach reduces the
chance of over-notification, it often results in delays, as employees may take longer to respond,

and subsequent notifications are delayed accordingly.

The overall efficiency of the notification process can be improved by proactively sending
additional notifications based on predicted response patterns, thereby reducing total wait
times and ensuring faster shift assignments. By anticipating when employees are likely to
respond, the system can optimize the timing of notifications, facilitating quicker decisions

and a smoother operational flow.
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While anticipatory actions promise to improve decision-making efficiency, they also introduce
significant challenges, particularly for human planners. Human decision-makers often face
substantial uncertainty and variability in real-world settings, and predicting future responses
accurately is difficult due to limited available information and the complexity of the problem.
Analysing and modelling the myriad factors influencing employee behavior, such as response
delay distributions and external influences on availability, may exceed the cognitive capacities
of human planners. Furthermore, traditional methods for forecasting and scheduling often
fail to account for the dynamic nature of the problem, where conditions change rapidly as

employees are notified and respond.

These complexities underscore the need for machine learning assistance in managing the
NTP effectively. Our approach utilizes machine learning techniques to train a model based
on historical experiences and expert demonstrations. By learning from past data, the model
can recognise patterns in employee responses and optimize the timing of notifications. Once
the model is trained, it can be seamlessly integrated into real-time decision-making, offering
a structured and efficient solution for managing the notification process in online NTP sce-
narios. The ability to make data-driven, anticipatory decisions allows for improved resource

allocation, reduced wait times, and overall operational efficiency.

We next describe how the simulation setting operates given a learned policy 7. In the
simulation setup, at time 0, the initial notification is sent, and this notification for the
employee is placed in a buffer. The learned model is then invoked to determine the timing for
subsequent notifications using the current state of the system. The current state of the system
is then condensed into a set of features as the size of the state at each epoch is large. For each
decision epoch within the planning horizon, a training example is constructed, represented as
(Fy, ay), where F}, signifies the input features and a; denotes the label indicating the target
expert action at epoch k. The learned model takes as input the features of the current state
and estimates a wait time for the next employee. If the model estimates a wait time of zero,
the next notification is immediately placed in the buffer. This process continues until either
the buffer reaches its limit of W notifications per minute or the model suggests a positive
wait time before notifying the next employee. If W notifications were sent in the previous
minute, the model is re-invoked to assess the timing of the next action. When a positive
wait time is estimated, the simulation waits until this time elapses, after which the next
notification is placed directly in the buffer. Additionally, the model is invoked whenever an
employee responds, allowing the decision-making to adjust based on recent actions. Thus,
the decision epochs—where the model is invoked—can be triggered by three possible events:
(i) reaching the buffer limit in the previous time interval, (ii) the expiration of a wait time,

and (iii) an employee response. This setup enables the model to adapt decisions dynamically
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based on real-time feedback, simulating a responsive and realistic operational environment.

We condense the state into corresponding features that are given as input to the ML model.
The features utilized in our models are detailed in Table 6.3. While most features are self-
explanatory, additional detail is provided for some. The cumulative leftover cutoff represents
the sum of the remaining cutoff time for all employees. Next, to obtain the delay buckets, we
first divide the interval [0, D] into six intervals to define delay buckets. For example, when
D = 180, intervals such as [(0,10), (10, 30), (30, 60), (60, 120), (120, 150), (150, 180)] are used
to create six buckets. For any interval (I, u), the feature captures the count of employees

whose current delay usage falls between [ and u.

ONP cumulative notifications represent the fixed number of employees that the ONP policy
would have notified until the current epoch. Meanwhile, the to notify now feature represents
the number of employees waiting to be notified at the current epoch. This scenario occurs
when the model suggests notifying an employee and immediately receiving the decision for

the next employee in the seniority order.

Features: I

time remaining (tr) time since last notification (tsln)
shifts vacant (sv) cumulative employees notified (cn)
ratio of time remaining and shifts vacant (rtbysv) | cumulative leftover cutoff (cl)

action at last epoch (la) delay buckets (db_j)

ONP cumulative notifications (cn__onp) number of response at last epoch (Ir)
to notify now (tc)

Table 6.3 Set of features used to make predictions

For the learning part, we employ a neural network. We use 3 layers for the neural network
with 128, 64, and 16, respectively. The target action is the time to wait before sending the
next notification, and hence, we still use mean square error as the loss function. The neural
network is trained for 100 epochs with a batch size of 32. All features were normalised before

being input into the NN.

6.2 Results

All experiments and models were implemented in Python, and GUROBI 10.0 was employed
to solve the offline optimization problem instances. A maximum solving time of 4 minutes was
set for each instance. GUROBI consistently demonstrated efficient performance, often finding
the optimal solution within seconds for all instances. In rare cases, it required additional

time to confirm optimality.
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6.2.1 Experimental Settings

We consider the NTP with the same settings of N = 150 employees, H = 6 hours, with a
discretization of 1 minute, a total of L = 50 shifts, and a cutoff D = 3 hours. For each
iteration ¢ of the DAgger algorithm, we perform 10 runs with the learned policy 7;. A total
of 50 iterations are performed. Additionally, in each iteration, we perform 10 runs using the
policy ;. This additional loop is to collect sufficient demonstrations for the current policy.
The policy is then updated using data from all 10 runs. Thus, in all, there are a total of 500
trajectories to collect the data. We set G = 200 and W = 2.

We present the results for the DAgger algorithms, Vanilla Decision Rule - Algorithm 5 for each
of the experts. We set A = 0.7, 8y = 1 for both the decision rules. Furthermore, we restrict
ourselves to median as the aggregator function. The Full-Information (FIE), Deterministic
Expert (DE), and Aggregated Deterministic Expert (ADE) both use MIPyn7py (4.15-4.24)
formulation. The Two-Stage Stochastic Expert (2SSE) uses M I Ppnrp—s (4.2-4.14) as models
to get the optimal action. A time limit is set for obtaining the solution from the expert. For
the FIE, DE, and ADE, this limit is 60 seconds. All optimization problems for the single-
scenario experts are solved to optimality within predefined limits. For the 2SSE, we evaluate
two configurations—one with a 90-second time limit and another with a 180-second time
limit. Depending on the current time period within the planning horizon, the two-stage
stochastic model may not always reach optimality, especially in the earlier periods when
the problem size is larger. We provide additional analysis using 9 scenarios to examine this

aspect in detail.

These experiments aim to provide a comprehensive evaluation of the DAgger algorithms un-
der varying levels of information and uncertainty, thus demonstrating the robustness and
adaptability of the algorithms to different expert paradigms. We refer the reader to Ap-
pendix A.3, which presents the initial implementation of the DAgger algorithm using the
Naive decision rule. In this section, we provide a detailed comparison between the Determin-
istic Expert (DE) and the Aggregated Deterministic Expert (ADE), including a description
of the algorithm. We also explore different aggregator functions for the ADE expert. In the
ADE approach, actions are aggregated across 9 distinct scenarios, allowing it to capture a
richer set of optimal actions than any single scenario can provide. The choice of nine scenar-
ios is motivated by initial experimental results to balance computational time and quality
of solution. Our findings indicate that the ADE expert outperforms the DE when using the
median as the aggregation function. However, ADE does not significantly outperform the
ONP baseline introduced in Chapter 4.
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6.2.2 Data and Scenarios

The real-world response delay data was divided into train and test sets. The train set
was utilised to select the best-performing models, and then the test set was used to assess
performance. We compare our results with ONP from Chapter 4. The ONP is a heuristic
policy based on the aggregation of pure offline solutions. This policy will send notifications if
the current cumulative notifications do not meet a dynamic threshold obtained from offline
solutions for each decision epoch. Note that this is a static policy and does not account for
the current state of the system. The ADE is similar to the way the ONP policy is formulated,

just that we do the learning to take into account the current state of the system using DAgger.

Figure 6.1 shows the notification profile of the ONP across time. After sending a few notifi-
cations at the start, the rate of sending notifications slows down and is then accelerated when
the end of the planning period is close. The only difference is that we enforce a restriction
of not notifying more than W = 2 employees per time unit. We do this after seeing the

ONP notification patterns in Figure 6.1. This policy is known to produce good results from
Chapter 4.

150
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Cumulative Notifications

50

0 100 200 300
Time

Figure 6.1 Notification profile

6.2.3 Comparing the time limit for the 2SSE

Solving the two-stage stochastic problem to optimality within the DAgger framework imposes
a substantial computational burden. To mitigate this, we introduce three time limits—90
seconds, 180 seconds and 600 seconds, and evaluate their impact on solution quality. The
600-second test is just for reference as implementing it would be really costly even in offline
training. Specifically, we generate a set of 200 instances, each comprising 9 scenarios, and

solve the corresponding optimization problems at the start of the horizon, when the problem
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is at its most complex. It is important to note that, in practice, the problem becomes easier
at later stages of the horizon, as some employees will have already been contacted, reducing
the decision space. Table 6.4 presents the results, illustrating the effect of time limits on the

quality of the solutions obtained.

We observe that increasing the time limit to 180 seconds significantly improves solution
quality compared to the 90-second limit. However, extending the limit further to 600 seconds
yields only marginal gains in objective value, despite a notable reduction in the MIP gap.
This suggests diminishing returns in terms of decision quality beyond a certain point. The
results clearly indicate that a 90-second limit may often produce subpar expert decisions for
imitation. Nevertheless, the improvement obtained with a 180-second limit comes at the
cost of doubling the computational effort during DAgger training, underscoring the trade-off
between expert quality and training efficiency. Figure 6.2 presents a box plot of the MIP

gaps across 200 instances.

Table 6.4 Average Objective and Average Gap given the time limit

Time Limit (secs) | Avg. Objective | Avg. Gap
90 87.43 74.69
180 51.02 47.47
600 48.25 23.91
100 8

80 -1

60

Gap

2 : —

90 180 600
Time Limit

Figure 6.2 Box Plot of MIP gap
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6.2.4 Training Time

Table 6.5 shows the approximate training time and the number of iterations with each expert

and the time limit allowed to each expert.

Table 6.5 Training Time and Runtime given the time limit

Expert | Time Limit | Runtime (Hours) | Iterations
FIE 60 8 20
DE 60 8 50
ADE 60 98 20
2SSE 90 200 20
2SSE 180 200 28

We next present results for Vanilla DAgger applied to the NTP using the FIE, DE, 2SSE, and
ADE as experts. We consider a set of 9 scenarios based on results obtained in Appendix A.3
both for the ADE and the 2SSE. We report the average cost of the learned policy over
50 iterations, with each policy evaluated through simulations on 1000 validation instances.
Additionally, we analyse the average number of bumps and vacant shifts across iterations.
Finally, we provide insights into the imperfections of these experts and try to understand

their impact on policy performance.

6.2.5 Total Average Cost

Figure 6.3 illustrates the cost of each learned policy over 50 iterations using Vanilla DAgger.
The 2SSE expert is referenced along with its corresponding time limit. Ideally, a well-
performing policy should demonstrate a steadily declining cost over iterations. However,
the results reveal that both DE and FIE exhibit highly erratic behavior, with large fluc-
tuations in performance. As the learned model increasingly governs the trajectories, some
iterations yield reasonable performance, followed by sharp spikes in cost. DE, which gener-
ates demonstrations based on a single sampled future scenario, is particularly unstable. In
contrast, 2SSE90 begins with volatile performance but gradually stabilizes. While 2SSE180
offers greater stability from the outset, it struggles to show consistent improvement over iter-
ations. Among all the experts, the ADE stands out, leveraging its aggregation over multiple

deterministic scenarios to provide the most robust and reliable guidance for learning.

Figure 6.4 provides a zoomed-in view of Figure 6.3, offering a closer look at ADE’s perfor-
mance. The aggregation of multiple full-information optimal actions enables ADE to outper-
form other experts. As training progresses, the total average cost exhibits a clear downward

trend, reinforcing the effectiveness of ADE’s aggregation approach in achieving more reliable
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and cost-efficient decisions. There is a slight jump in cost at the end, which may be due to a
change in state distribution in the training dataset. Also, we need to investigate further the

FIE and DE experts as to why they show oscillations.

The advantage of the DAgger algorithm is seen in Figure 6.3. The initial point of the plots
represents the policy obtained by the first iteration of the DAgger. This policy purely learns
from the expert trajectories. The ADE and 2SSE clearly show the effect of using DAgger as
we get better policies from the one obtained in the first iteration. Figure 6.4 shows a general
progression in obtaining better policies as the iterations progress. The other experts may
not have good targets to imitate and hence show some erratic behaviour; however, there are

stages when it performs better in some iterations than in other iterations.
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Figure 6.3 Cost progression across learning iterations

6.2.6 Total Average Bumps and Total Average Vacant Shifts

Figure 6.5 and Figure 6.6 provide additional insight by displaying each policy’s average
number of bumps and vacant shifts, respectively. From these plots, it becomes apparent that
the primary contributor to the cost function in the DE and FIE is the number of vacant
shifts. The learned models consistently fail to contact enough employees to ensure all shifts
are filled, leading to a high number of vacant shifts that substantially impact the cost. This
issue arises because these experts do not sufficiently account for the long-term impact of
their decisions on shift filling. Even the 25SE90, 2SSE180 exhibits higher vacancies than the

management-set threshold of 0.15 vacant shifts, as specified in Chapter 4. We emphasize
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Figure 6.4 Cost progression across learning iterations - ADE

that for the NTP, vacant shifts are highly undesirable from a management perspective, as
they can lead to significant operational disruptions. This highlights a key limitation of the

stochastic expert in ensuring shift coverage even after considering multiple scenarios.

Figure 6.5 shows that the number of bumps remains relatively stable across iterations for
all experts, suggesting that learned policies do not drastically alter the bumping dynamics.
Interestingly, ADE exhibits the highest number of bumps, which, in turn, results in signif-
icantly fewer vacant shifts. This suggests that ADE prioritizes filling shifts at the cost of
potentially increasing schedule disruptions. Figure 6.7 presents a zoomed-in plot of the total
average vacant shifts for ADE. Initially, only minor improvements are observed in the aver-
age number of vacancies, but toward the final iterations, a noticeable drop occurs, leading
to a significant reduction in cost. This final drop indicates that ADE can leverage its aggre-
gated decision-making approach more effectively in later iterations, reinforcing the benefits

of expert aggregation in guiding policy learning.

6.2.7 Comparing Best Policies

In this subsection, we present the results of the best-performing policies obtained by each
method and compare them to the ONP heuristic introduced in Chapter 4. The selection of
the best policies was based on their performance across 1000 validation instances, with the

policy achieving the highest performance for each expert being chosen.

Given the insights from the plots discussed in the previous subsections, it is evident that the
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DE, FIE and 2SSE are expected to underperform. After selecting the best policies based on
validation results, these models were tested on a new set of 500 test instances, with their
outcomes compared against the ONP heuristic. Table 6.6 summarizes the results, where the
model number corresponds to the iteration of the DAgger algorithm in which the policy was
obtained. Figure 6.8 represents the distribution of all employees having a response delay of
less than 270 minutes across all 500 test instances. The threshold of 270, though less than

H, is big enough, especially considering that many of the employees are notified late in the
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Horizon. All such employees are referred to as effective available employees. Those instances
with effective available employees close to 50 represent difficult instances which are prime

candidates to have vacant shifts.

The findings demonstrate a significant improvement over the ONP when utilizing the ADE.
The ADE effectively reduces both bumps and shift vacancies, showcasing its ability to achieve
a better balance between these competing objectives. In contrast to ADE, DE, and 2SSE
perform poorly, particularly in minimizing shift vacancies, underscoring their limitations in
addressing the practical challenges of the problem. These models are not able to improve
the heuristic solutions. Notably, the best models for the FIE, and the 2SSE were obtained
in the earlier iterations of the DAgger algorithm. This means the addition of further data
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Figure 6.8 Distribution - Number of Users with response delays less than 270 minutes across
all 500 test instances
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did not lead to any improvement in the models. The results obtained are much better than
the initial results given in the Appendix. The ADE is still, however, the best-performing
expert. The reason for improved results can be attributed to the use of the VANILLA
DAgger decision rule and a more tuned NN model. In the initial phases of the research, we

only used Gradient-Boosted Decision Trees as the ML model.

Table 6.6 Final Model Results

Policy | Model Number | Average Bumps | Average Shift Vacant | Average Cost

ONP - 87.22 0.064 100.02
Stoch - 76.59 0.204 116.99
FIE 4 73.8 0.39 151.8
DE 25 66.25 0.148 155.05
ADE 47 85.28 0.032 91.68
2SSE90 4 90.93 0.32 154.93

2SSE180 2 69.92 0.274 124.72

We also perform a deeper dive into the results obtained by the best ADE policy and the
ONP. Let 74PE denote the best policy obtained using the ADE. There were a total of 16
vacant shifts across 500 test instances using 74:PF seen across only 7 instances. Likewise,
the ONP gives a total of 32 vacant shifts seen across 12 instances. Table 6.7 gives details
of all vacant shifts seen across different instances. We see that for all instances where there
exist some vacant shifts using 72:PF, the ONP also had vacant shifts. In the final column, we
list the effective employees available. This table highlights that m3:P¥ performs well even on

riskier instances.

Table 6.7 Vacant shifts in ONP and ADE

Vacant Shifts
Instance ID | ONP | n2PF | Effective Available Employees

4 1 1 53
10 2 0 53
50 1 1 58
63 3 2 56
135 1 0 56
156 1 0 57
165 2 0 53
197 3 2 o1
240 ) 2 55
275 ) 3 o1
280 7 5 48
393 1 0 58
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Figure 6.9 shows the feature importance using Shapley values. The y-axis denotes the feature
names, with lower positions indicating greater influence on the output. The analysis reveals
that features such as time remaining, number of vacant shifts, the ratio of time remaining to

shift vacant, and the cumulative notifications sent are the most important features.
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Figure 6.9 Feature Importance for m3:>%

Analysis of Expert Imperfection

The plots in Figure 6.10, Figure 6.11, and Figure 6.12 show the mean wait times recommended
by different experts across all decision epochs. The dark blue line represents the mean,
while the shaded region indicates the standard deviation. Since actual wait times are state-

dependent, these plots primarily illustrate the smoothing effect achieved by the ADE.
The results show that FIE, ADE, and 2SSE90 exhibit highly variable mean wait times,

with significant fluctuations. This variability suggests that the learning process lacks stable
targets, leading to potential overfitting in the neural network. Furthermore, this explains
why FIE, DE, and 2SSE90 initially performed well, as early-stage data collection has a lower

variance, making it easier for the model to fit.

Among the experts, both 2SSE180 and ADE exhibit lower variability in mean wait times
across epochs, suggesting more stable decision-making. However, ADE demonstrates slightly
less variability than 2SSE180. The models learned from these experts recommend shorter
wait times that contribute to a more proactive notification strategy, reducing shift vacancies.

The smoother target provided by these experts facilitates more effective learning. This



111

highlights the benefits of aggregation techniques in capturing diverse future scenarios, leading

to improved robustness and efficiency in decision-making.

Although an expert like the ADE demonstrates promising results, the plots suggest that
further improvements can be made by refining the expert labels. Enhancing the quality of
these labels could help the algorithm discover better policies in the earlier iterations. This
process may involve identifying incorrect labels and subsequently relabeling them to ensure
consistency and accuracy in the training data, thereby improving the overall performance of

the learning algorithm.

Given the plots, the experts can induce errors in two ways for the NTP. Either suggesting
actions to notify too many employees too soon, or waiting too long to send a notification.
These represent outlier actions due to the presence of outlier scenarios in the scenario set.

We can introduce bounds on the suggested actions to filter out outlier actions.

Additionally, one could consider increasing the number of scenarios used in the 2SSE expert
to better capture uncertainty. However, solving the resulting larger stochastic problems
becomes increasingly expensive. A practical workaround is to rely on a known behavior policy
to perform actions in situations where solving the full stochastic problem is computationally
prohibitive. For example, we could use the ONP early in the horizon and then rely on the
stochastic expert after a certain point. This allows the system to continue operating while

reserving the use of the expensive 2SSE expert for more critical decision points.

Moreover, the behavior policy can also serve as a sanity check or baseline to validate or filter
the actions proposed by the expert, thereby adding a layer of robustness to the decision-
making process. In Appendix Appendix A.4, we provide a detailed algorithm that is based

on this idea by incorporating both expert and behavior policy in a complementary way.

6.2.8 VSS for the NTP

The Value of the Stochastic Solution (VSS) measures the benefit of explicitly consid-
ering uncertainty in decision-making compared to relying on a deterministic approximation.
To compute the VSS, we first determine a solution assuming that all uncertain parame-
ters—such as demand, travel time, or appointment duration—are fixed at their expected
values. This formulation is referred to as the Expected Value Solution (EV). We then
evaluate the performance of this solution under real uncertainty and compare it to a solution
optimized while considering uncertainty, referred to as the Stochastic Solution (SS). The
VSS is computed as the difference in objective values between the EV and SS solutions.

A high VSS indicates that explicitly modelling uncertainty leads to significantly improved
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decision-making, whereas a low VSS suggests that ignoring uncertainty has minimal impact.

In the literature, the VSS has been widely used to quantify the benefits of incorporating

uncertainty into optimization models. [Florio et al., 2020] consider the Vehicle Routing Prob-

lem (VRP) with stochastic demands and report an average VSS of 4%, with a maximum

of approximately 10%. Similarly, [Torres et al., 2022] studies the Vehicle Routing Problem
with Time Windows (VRPTW) with stochastic vehicle availability, finding a maximum VSS
of 17%. In the context of last-mile delivery using crowd-shipping, [Nieto-Isaza et al., 2022]
reports a VSS ranging from 1.1% to 10% for networks with 10 nodes and 1.1% to 7.1% for
networks with 20 nodes. The highest reported VSS among these studies appears in the work

of [Berg et al., 2014] on patient appointment scheduling with uncertainty in procedure times
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and patient attendance, where the VSS reaches approximately 32%.

To compute the VSS for the Notification Timing Problem (NTP), we apply the following
approach. In the EV formulation, we assume that all employee response delays are fixed at
their mean values. Under this assumption, no "bumps" (schedule disruptions) would occur, as
all employees could be notified simultaneously, ensuring responses arrive at the same epoch.
However, such a policy would perform poorly in practice, as it fails to account for variability

in response times. This deterministic policy corresponds to the NA policy, as shown in
Table 4.7.

Another challenge in estimating the EV is that not all employees respond to system notifi-
cations. In practice, this will lead to high average response delays as some employees may
never respond. The response delays for such cases are censored to a maximum value in the
data. As a result, the most effective deterministic policy would be to notify all employees
simultaneously as early as possible. We present the VSS considering this policy. Alterna-
tively, one could consider using the mean response delay conditioned on only those employees
who actually respond. However, even under this metric, the average delay remains high, as
employees do tend to respond late in practice. As a result, this adjustment does not change

the structure of the optimal policy.

Additionally, we will consider an alternate policy that is optimal for the EV problem. This
policy sends notifications sequentially, starting from time zero, with each employee receiving
a notification one minute apart. That is, employee ¢ would receive a notification at minute
¢. Such a policy is optimal under mean response delays for EV problem and also reduces the

cost under uncertainty. We refer to this policy as the Notify and Wait policy with parameters
n = 1,’(1] =1 (NAWLl)-

The actual NTP problem is a multistage decision problem. However, obtaining the true
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stochastic optimal policy is infeasible, so we approximate the solution using a Two-Stage
stochastic formulation with 200 scenarios. Consequently, the obtained VSS serves as an
estimate or bound of the actual VSS. The VSS is computed as a percentage of the EV

objective value, reported below:

o VSS % for NA policy = 81.3%

e VSS % for NAW, ; policy = 46.0%

The actual VSS is expected to be higher than the values reported above. Even under an
optimistic scenario where we use the NAW, ; policy, the VSS remains significantly high. In

both cases, this suggests that the NTP is highly sensitive to uncertainty.

This observation justifies why models trained on offline solutions derived from single scenarios,
such as the FIE or DE, exhibit erratic behavior. Even the 2SSE model, which incorporates
a limited number of scenarios, struggles to perform well due to extreme uncertainty. The
ADE, despite being based on a limited number of scenarios, smooths out some of these

uncertainties, leading to more stable and satisfactory results.

6.3 Extending DAgger to consider Contextual Data

In many real-world applications, some parameters of the SDP are uncertain and must be
inferred from contextual data. This is also referred to as contextual optimization [Sadana
et al., 2024], where the distribution of uncertain parameters that affect the objective and
the constraints is unknown. However, correlated side information (covariates or features) is
available and can be exploited to make better decisions. For example, GPS-based navigation
systems like Google Maps or Waze use contextual optimization to suggest the fastest routes
by analyzing current traffic patterns, road closures, and construction work. Airline compa-
nies use contextual data such as the time of year (holiday season, back-to-school period) to
optimize fares dynamically. In these scenarios, decision-makers utilize historical data, such
as previous values of covariates (e.g., weather) and the associated uncertain parameters (e.g.,
congestion). Data-driven contextual optimization approaches leverage this data to estimate
the conditional distribution of the uncertain parameter (or a sufficient statistic) based on
the covariate. In contrast, traditional stochastic optimization models disregard contextual
information, relying on unconditional distributions of uncertain parameters to inform deci-
sions [Birge and Louveaux, 2011]. This approach can lead to suboptimal decisions [Ban and

Rudin, 2019]. The availability of vast data and computational power, along with advances in
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ML and optimization techniques, has driven a shift towards contextual optimization [Misi¢
and Perakis, 2020].

We redefine the basic equations (1.1)-(1.3) for SDP from Chapter 1 to include contextual
information reflecting the equations in [Sadana et al., 2024]. Let & denote the contextual
features that are a part of the state variable, which are simply denoted by z. Alternately, &
represents a vector of relevant covariates, which are correlated with the uncertain parameters
¢ and are revealed before having to choose an action. £ may represent a vector of random
variables which are considered to be independent. We can rewrite the objective as in equation

(6.2) below to include the conditional distribution of £ given the state x.

T = argininEp(ﬂx){C’(W(X),E)|LE0} (6.1)

7 = argmin V" (xg) (6.2)

™

Here C(n(x), &) = 21, Cr(zr, m(71)) is the total cost. We can also represent equation (6.2)
in the form of the famous Bellman equations [Puterman, 1990] by using equation (5.7). The
version of the NTP considered so far does not consider any contextual side information.
We directly and uniformly sample the response delays from a single dataset. However, the

response delays may depend on several contextual features. For example,

o Weather - Some employees may not prefer to work on bad weather days.

e Personal Schedule - Employees may only want to work on certain weekdays and hence

may not respond to shifts on certain days.

o Shift Preferences - First introduced in Chapter 4, shift preferences represent important
data. Employee response delays may be dependent on whether their favorite shift is

still available or not.

Considering contextual factors within the problem settings can significantly enhance decision-
making by allowing for a more adaptive response to various real-world conditions. For in-
stance, during adverse weather conditions, fewer people may be inclined to respond to noti-
fications promptly, suggesting that notifications should be sent out faster to ensure sufficient
coverage. Conversely, certain segments of the workforce may prefer to work on weekends
and, as a result, respond more quickly to system notifications on those days. This scenario

implies a more gradual notification policy during such times.



116

In the offline optimization setting, these contextual factors are not explicitly included in the
mathematical formulation. However, the optimization process, given access to full future
information, inherently adapts its decisions based on these conditions. Thus, offline decisions
are implicitly shaped by contextual influences. In other words, the expert’s decisions will
inherently reflect adjustments based on contextual information, allowing the model to learn
policies that are more responsive and attuned to real-world conditions. The DAgger algorithm
presented in Algorithm 15 can be seamlessly adapted to incorporate contextual data. All
relevant contextual information previously discussed can be treated as part of the state
variable. Consequently, when training a machine learning model to make decisions, these
contextual features can be integrated directly into the dataset D. This approach enables the
model to learn correlations between contextual variables and the decisions recommended by

the expert.

6.4 Conclusion

This chapter presents the results obtained from the three different experts introduced in
Chapter 5. Among the tested experts, the Aggregated Deterministic Expert, combined with
the Vanilla DAgger decision rule, demonstrated the best overall performance. It significantly
outperformed the ONP heuristic, achieving notable improvements in reducing both total

bumps and vacant shifts.

Additionally, we analyzed the imperfections inherent in the experts considered, shedding light
on their limitations and the potential impact on policy performance. These analyses provide
valuable insights into the trade-offs involved in leveraging different types of experts to learn

effective decision-making policies.
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CHAPTER 7 CONCLUSION

This dissertation explores the Notification Timing Problem (NTP) in dynamic, on-demand
personnel scheduling, a new challenge in certain modern labor platforms that must balance
quick shift fulfillment with minimizing disruptions for employees. Through the novel inte-
gration of machine learning, optimization, and imitation learning, this research contributes a
methodologically rigorous and practically impactful solution that advances the state-of-the-
art in personnel scheduling. In this chapter, we present the summary of our work in Section

7.1 and future research directions in Section 7.2.

7.1 Summary of Works

In Chapter 3, we define the Notification Timing Problem (NTP), a novel scheduling decision
problem (SDP) that arises within on-demand labor platforms. These platforms match clients
who need specific tasks completed with casual workers seeking job opportunities. The plat-
form operates as a self-scheduling system, announcing open shifts to workers. However, shifts
are made available to workers at specific times, prioritized by their seniority to align with
client objectives. This prioritization allows senior workers to select shifts earlier, even allow-
ing them to replace junior workers who may have chosen their preferred shift, responding

before the senior employee.

The objective of the NTP is to develop a policy that sequentially notifies workers of job
openings according to their seniority. This policy aims to minimize disruptions caused when
senior employees replace juniors while ensuring all shifts are filled, accounting for the uncer-
tain behavior of employees. A key finding in this research is the demonstration that the NTP,
even in a simplified offline (full information) form, is NP-complete. This result highlights
the computational intractability of finding exact solutions in real-time applications. The
complexity of the NTP stems from the need to manage "bumps" while fully staffing shifts.
By reducing the NTP to the subset sum problem, we provide foundational insights into its

computational limits, reinforcing the necessity for heuristic and approximation methods.

To address the dynamic nature of the NTP, this research introduces an Offline Notification
Policy (ONP) heuristic in Chapter 4. This approach utilizes aggregated offline solutions to
inform real-time decisions. Specifically, it simulates optimal solutions across various scenar-
ios and applies these deterministic solutions in real-time contexts. By leveraging features

from multiple offline instances, the ONP strikes a balance between optimality and computa-
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tional efficiency. Empirical results on real-world data demonstrate that the ONP significantly
reduces scheduling replacements. We further validate the policy’s robustness by testing it

against different hypothetical employee preference profiles.

We then turn our attention to leveraging machine learning models for online decision-making
by imitating an expert. Ideally, we would aim to imitate a multistage optimization model as
the expert. However, obtaining optimal or even near-optimal actions for all possible states
is infeasible due to the complexity of the problem. As a practical alternative, we focus on
imitating simpler optimization models that operate under limited information. These models
are designed to generate optimal decisions within a restricted set of scenarios, making them
more computationally tractable. Based on these considerations, we define four types of
experts: Full-Information Expert (FIE), Deterministic Expert (DE), Two-Stage Stochastic
Expert (2SSE), and Aggregated Deterministic Expert (ADE). Chapter 5 provides a detailed
discussion on expert models suitable for imitation learning. We establish a taxonomy of
experts that categorizes different approaches to expert-based learning, offering a structured
framework to guide both theoretical understanding and practical experimentation. This
taxonomy helps contextualize the choice of expert models and their implications for algorithm

design and performance evaluation.

One of the most innovative contributions of this research is the application of imitation
learning, specifically through the DAgger (Dataset Aggregation) algorithm, as discussed in
Chapter 6. The DAgger algorithm iteratively refines the scheduling policy by aggregating a
dataset of expert decisions from an algorithmic expert—the offline solution, which is tractable
for the problem sizes considered. This technique allows the model to learn from optimal
decisions without incurring the computational costs of generating exact real-time solutions.
Unlike traditional behavior cloning, which may suffer from compounding errors, DAgger
mitigates this issue by continuously updating the policy with corrective feedback from the

expert. We combine different expert optimization models within the DAgger framework.

Experimental results indicate that the DAgger-trained model using the Aggregated Determin-
istic Expert (ADE) not only surpasses the performance of the currently deployed policy used
by our industrial partner but also outperforms the ONP. However, models trained on other
expert types fail to achieve comparable results. A deeper analysis reveals that the problem
exhibits a high degree of stochasticity, making the optimal actions or targets defined by the
Full-Information Expert (FIE), Deterministic Expert (DE), and even the Two-Stage Stochas-
tic Expert (2SSE) unstable. Specifically, there is significant variance among the target actions
for a given state, as these experts are highly biased toward the specific scenarios they solve.

This variability reduces their reliability for imitation learning in a dynamic environment. The
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strong performance of the ADE-trained model highlights the potential of imitation learning
in tackling complex, real-world scheduling problems, particularly when traditional optimiza-
tion methods are computationally prohibitive. By leveraging aggregated decision-making
across multiple scenarios, ADE provides more stable and generalizable targets, making it a

promising approach for large-scale stochastic decision problems.

7.2 Limitations and Future Research

The Notification Timing Problem (NTP) includes a wealth of side information that could
significantly enhance the decision-making process. This information encompasses environ-
mental variables such as weather, shift types, and locations, as well as worker demographics
like gender, location, and age. Some of this information is available while others are not
stored by our industrial partner. However, the most influential factors are likely to be his-
torical user response delays and individual shift preferences. By incorporating this data into
the state representation, the learning process can leverage it to improve decision-making, po-
tentially reducing "bumps" more effectively. Additionally, parameters such as the number of
employees, number of shifts, cutoff time, and the planning horizon have been treated as con-
stants. In real-world scenarios, these parameters may vary and exhibit stochastic behavior.
As a result, the Offline Notification Policy (ONP) approach may not be directly applicable to
derive an effective policy under such uncertainty. This limitation presents an area for further
research, justifying the potential for machine learning models to address the dynamic and

stochastic nature of the problem.

In our experimentation, we explored both naive and vanilla versions of the DAgger algo-
rithm. In the literature review, we discussed variations of DAgger as well as other imitation
learning methods, with particular interest in MEGA DAgger, which aims to address key
limitations encountered in our approach. As discussed in Chapter 6, a primary challenge is
the suboptimality of the expert used in training. Our expert model is derived from static,
deterministic optimization problems and assumes future knowledge, which biases its guid-
ance. These expert models are also somewhat volatile, often providing inconsistent target
actions for the same state. To mitigate this, we aggregate multiple target actions to smooth
out volatility. However, the resulting targets can still be imperfect. Improving these target
labels could involve methods such as confidence intervals and similarity scoring. For instance,
grouping states with high similarity and adjusting labels based on confidence intervals could
refine the learning process and provide more consistent guidance. A possible solution is to
use an alternate decision rule within the DAgger algorithm that can identify instances where

the expert suggests actions that appear to be outliers due to an outlier scenario. This can
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be achieved by introducing bounds to detect such deviations or by comparing the expert’s
suggested actions against a well-performing heuristic. By incorporating these checks, the
decision rule can selectively override unreliable expert actions, improving the stability and

robustness of the learned policy.

Using the DAgger algorithm, we predict the time to wait before sending the next notification.
Alternatively, one could consider alternate variables as targets, like the number of notifica-
tions to be sent. One could even change it to categorical and learn a proper distribution over

the wait times in a given epoch.

The NTP problem, as discussed in Chapter 3, is marked by high stochasticity, introducing
substantial uncertainty beyond the decision-maker’s control. This unpredictability makes
it difficult to design policies that generalize well across different problem realizations. Ex-
tending this framework to other SDPs, such as resource allocation or vehicle routing, where
the decision-maker has more control over outcomes, presents an exciting avenue for future

research.

Several challenges would arise in this context. The first involves action aggregation in the
ADE, particularly for problems involving discrete decisions, such as selecting which nodes to
visit in vehicle routing. In such cases, a voting-based approach could be used: for each state,

solve across multiple scenarios and identify the nodes most frequently chosen as targets.

The second challenge is ensuring feasibility. The aggregated targets must satisfy problem-
specific constraints, such as vehicle capacity limits. Even after constructing a feasible ag-
gregated target, the learned model may still produce infeasible predictions at test time. To
address this, one may need to take a corrective step to restore feasibility. However, this step
must remain lightweight, ensuring that the bulk of the decision-making burden is handled by
the model’s predictions, with only minor adjustments made afterwards. The NTP also has
an easier deterministic version of the problem to solve, which makes applying DAgger easier.
This might not be the case for all problems. Thus, one may need to put effort into defining

simple experts for such cases which signifies a trade off between quality and efficiency.

Another promising area of investigation within imitation learning is handling problems with
an expanding decision space. Many problems in operations research involve combinatorial
decision-making at each stage, making it difficult to apply standard behavior cloning tech-
niques directly. As the decision space grows, naive imitation learning approaches may struggle
to capture complex dependencies, necessitating more advanced strategies to effectively mimic
expert behavior. Addressing these challenges could significantly enhance the applicability of

imitation learning in large-scale combinatorial optimization problems.
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APPENDIX A PROOF

A.1 Pseudo Code to find a bump chain

Let I = {Il}leﬁ and L = {Lj}jeg-

Algorithm 14: To construct B;
1 Function Compile(i,e;, I, L):
2 | Bi={}

3 i i

4 while I, # ¢ do
5 Bi:BiU{ILi,}E
6

7

8

9

i — ]Li’;
end
141+ 1;
return B;;
10 end

A.2 Proofs

Note: Any reference to a bump is a reference to a potential bump.

Theorem 1. Given an instance I = {H,M,r}, let S% denote an optimal schedule with
preferences X such that X = {X;}ice. Also, let S, be the schedule that minimizes the total
potential bumps for this instance, and ST be the schedule that minimizes the total bumps with

identical preferences. Then, Bg: < Bg: = Bs:.

Proof. We show this in two parts.

1) It is trivial to say that Bg: < Bg:. This is because potential bumps are all cases when

a senior employee has responded later than a junior employee.

2) Now consider the case when preferences are identical. By 1), Bs: < Bs:. Let
{1,..., M} represent the set of shifts where 1 represents the most preferred shift, 2
represents the second most preferred and so on in the identical preferences setting.

Consider an employee i responding back at e; and choosing the current preferred and
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available shift ;. Let
Pi={j1:Jos -5 Jn 1 €5, < €50 < J1 <0 < Ji} (A.1)

represent the potential bumps as in Equation 2. j; represents the least junior employee
responding before 4; (j; = {minj : j > i,e; > e;j € £}) and is the first potential
candidate to get bumped if ¢ responds. If B; = ¢, there are no potential bumps induced

by a response from 1.

Consider any ¢ such that P; # ¢, that is, there are some potential bumps. Under
identical preferences, X; = X; = {1,...,M},Vj € P;,. We now show that P; is also a
bump chain defined by Equation 1, for that employee ¢ when preferences are identical.
That is, all potential bumps are actually realised bumps when preferences are identical

(P; = B;) for all employees i € £ and, as a consequence, Bg: > Bg:.

Let I, = j; at time e;, that is employee j; occupies shift [. All shifts in the set
{1,...,1—1} are chosen by senior employees to j;, otherwise j; would occupy them as
they more preferred in &;,. This also means that L; = [ + 1. Consequently, for any
employee in j, € Py, I110-1 = Jo. Also

l4+0 ifl+o0< M;
L= "7 ""7° (A.2)
10} else;

As 1 is senior to jy, shift [ will always be available to him as long as j; occupies it. When
i responds, he too will not have any shifts available to him in the set {1,...,1 —1}. If
such a shift were available, then j would occupy it because it is more preferred. Hence
Il = L; and I; = j; at the time i responds. Employee ¢ will bump j;, and j; is the first
element of the bump set in Equation 1. As a consequence, j; will then similarly bump
Jo for the next shift [ +1 as L; = [ + 1. Thus, this will induce a chain of bumps for all
employees in P;. For the last person in the chain, either there is no shift available for jy,
or his preferred shift will be unoccupied from Equation (A.2). Thus, all employees in P;
are bumped Vi € £, and it is a bump chain B;. Therefore, Bs: < Bg: and Bs; = Bs:.

Proposition 1. The minimum makespan of a NBS is C§ =ry + > (riz1 —ri)".
i=1

Proof. Case 1: r; < r;11,Vi € £. Therefore, we can send notifications to employees ¢ and

i+1 at the same time (s; = s;41) without introducing a bump. The makespan of the schedule
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is increased by ;41 — ;.
Case 2: r; > r;y1,Vi € £. The only way to avoid a bump, in this case, is to make sure
that both of them respond at the same time e; = e;,;. This is easily ensured by setting

Siv1 = S; +r; — rip1. Hence, the makespan is not increased in this case.

[]

Proposition 2. The block schedule has the following properties:

1. Vk € A, Si, = Sip—1-

2. Vi€ &Y Vk €A, ¢ = ¢, 0T S; = Sj,.

3. Sipy = Si, + lggarag, where 1 denotes indicator variable.

4 B(S(A) = = a;

JEA!

5. C(S(A)) = Cs — 3 a;.

JEA!

Proof. Property 1, 2, and 3 are true by construction.

4. Consider some k € A, r;, > r; from Equation (7) in the main article, and s;, = s; from

Equation (8) in the main article, Vi € £7. As a consequence
€5, = T, + Siy, >+ 8 = ei,Wk <1< ’ik+1.

Since ay, = i,41 — i and using proposition Corollary 1, b;, = ay.
Now consider some k € A\A', and e;, = s;, + 15, = si + 15 = €;,Vig < i < ipy1. As
a consequence, no employee is potentially bumped by 45 and b;, = 0. Hence, the total

potential bumps are given by

BSAN) =Y b =Y b= Y o (A3)

ic€ keA kc Al
5. C(S(A)) =C§ — X a,.
JEA!
Using property 3 and by recursion:
k

Sigy1 = Z a; (A-4)

J=Lijg Al
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Now consider the employee with priority M.

SM = Sp—1 = Siy T 1N¢A’GN- (A5)

Substitute equation Equation (A.4) in Equation (A.5),

N-1
SpM = Z aj+1N¢A/aN
J=lg Al
su= 2 q
JgA

As a consequence one can now find C(S(A4")) = en

C(S(A) =sy+ru

=D aj+) q

JEA’ jeA

=2 a;= 2 4

jEA jeA

=Co— > g

jeA

Proposition 3. For any NTP([aj]jeA, W), C = eyr.

Proof. Proof of Proposition 3 It suffices to show that r,;, > r;, since s); > s;, due to
seniority Vi € £.
Case 1: i =i, € &°.

k
T =20, <) a; =Ty
j=1

jeA
Case 2: i €& 1 k€ A

k-1
Ty = Tip_y :Zaj < Zaj:’l"M
=1 jeA

Hence ryy > r;, Vi € £. O

Proposition 4. Vk € A, VI € A employee i), cannot bump employee ;.
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Proof.
Case 1 k > [: The proposition is true due to seniority Vig,i; € €.

k
Case 2 k < [ : To show that e;, < e;,. Consider i, € &€ such that i, = > a; from Equation
j=1
7 in the main article;

l k
Ty — Ty, :ZCLJ—Z%

=1
l
Ty — Ti, = Z aj>0

Hence 7;, > r;,. Due to seniority s;, > s;,. Adding both inequalities

T, +Sil >7’ik+8ik

€, > €4,

]
Proposition 5. Vi € £5, Vi’ € £ employee i cannot bump employee i'.
Proof.
Case 1 i > i': The proposition is true due to seniority Vi € £%,7' € £.
Case 2 i < i’ : To show that e¢; < e;.
k-1
Response delay for i, r; = r;,_, = Y. a; where iy, <1 < i)4; and k € A from Equation (7) in
j=1
the main article;
Ty =Tiy,_, i <0 <ipg (A.6)

Since 1 <, k <k’ .

Ty =T = Tigy_ = Ty

K1 k-1
SR 310

Jj=1 Jj=1
ri —1i >0

Hence ry > r;. Due to seniority s > s;. As a consequence, ey > e;. ]
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Proposition 6. Vk € A, Vi € £ 10 > i1, employee iy, cannot bump employee 1.

Proof. Yk € A, Vi € £ : 1 > iy, it suffices to show r;, < ;.

Case 1: Fori € EN{i : i > ipy1,7 € &}, the inequality holds due to proposition
Proposition 3.

Case 2: Fori € ESN{i' 17 > i 1,7 € E}, ri =1, , wherei € & and | € A. Since i > gy
and iy € EC, 1>k + 1.

Ty = Ti = Ti_qy — Ty

Using Proposition 4, where the response times of stable employees are monotonically non-
decreasing, to get Tip, = Tigs1o1 = Tigs
Ti_y = Tig > Pigyr1 = Ty,

Ti_1 — T Z 0

Hence r; > r;,, and since s; > s;, due to seniority, e; > e;, . O

Corollary 1. Vk € A, Vi € £ if employee iy, bumps employee i, then i € EY .

Proof. This is straightforward from Proposition 3 and Proposition 5 and by construction in

Equation (7) from the main article, where r;, > r;, such that k € A, i € & . ]

Lemma 1. VS* € Onrp(lajljea, W), Vk € A, by, = ag or 0.

Proof. Let S* = [s;, €i]ice € ONTP([aj]jeA, W), and let B* = B(S*) be the optimal number
of potential bumps and C'(S*) represent the makespan of the notification schedule. Note we
use B*, B(S*) interchangeably. Consider the employee block £, along with critical employee
ix, for k € A. The following two cases are possible:

Case 1: Vi such that ¢ € E,f, e; < e;,. This directly implies b;, = ay.

Case 2: 3i’ such that e; > e;,. A new schedule S’ = [}, €}];cc can be formed by redefining
end times for employees of the £ as follows

€;

Vie{iie <e,ic&P},

k

e; else
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This new schedule S’ is a feasible schedule since Vi € {i : ¢; < ¢;,,i € E,f }ori =1y, and

el = e;, implies s, = s;, +ay. Also Vi € {i:e; > ¢;,,i €&},

/
> Siy, + T — Tip_y

> Si, T ag

In general, Vi € £, s, > max{s;, + ax,s;_1}. Hence, it is easy to see that for the schedule
S, the potential bumps for iz, b; = 0. Hence Vk' € A: k' # k,

b, = b (A7)

k

This equation follows from Proposition 6 and Corollary 1. Also from Proposition 5, b, =
b; = 0,Vi € £%. Hence for schedule S, b, = 0 since Vi € &, €; > € . Since S* is optimal,
B(S*) = B(S') and from equation Equation (A.7) b;, = 0. O

Corollary 2. VS € fNTp([aj]jeA, W), the total potential bumps B(S) = > b;,.
keA

This corollary directly follows from Lemma 1.

Lemma 2. S(A) € FNTP<[aj]jeA,W).

Proof. For NT P([aj] jeAs W), any feasible schedule must satisfy the seniority constraint and
the horizon constraint. Any block schedule S(A’) already satisfies the seniority constraint.

For the horizon constraint, the following equation must hold:

H=C;~W=C;— Y a;=C(S(A4)

JEA

Since H > C(S(A)), S(A) is a feasible schedule.

Lemma 3. A’ C A such that S(A’) € (’)NTP([aj]jeA,W).

Proof. Let S* = [s},e;]ice) be an optimal schedule with total potential bumps B(S*) and
makespan C(S*) < H for NTP ([aj]je A,W). From Lemma 2, a feasible solution always
exists. We are now going to show VS* € (’)NTP([aj]je A, W) there exists a block schedule
S(A") = [s;, €i](icey where A" C A such that B(S*) = B(S(4’)) and C(S(A")) < C(S*) < H.
From Lemma 1, Vk € A, b;, = a; or 0. One can simply construct A" = {k : b;, = aj}. The
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block schedule S(A’) has total potential bumps B(S(A")) = Y. a; = B(S*). Also Vk € A,
jEA!
the following two cases exists:

Case 1 k € A', b;, = a;: For this condition to be true Vi € E,f, e; < e;,. Hence s;, <s; <

Sik+1.
Case 2 k ¢ A’ b;, = 0: For this condition to be true Vi € &,e¢; > e;,. This implies
Si +1; > 84, + 14, . Hence it follows that s;, +ap < s; < 85, ;.

Combining the two cases to get:
N-1
siv 2 2 Ligaa
j=1

Therefore, for the last employee, sy > s + Ligaay > Y a;. Hence C(S(A')) = ey +
JEA!
smy+ry > Y a;+ Y a; and S(A') is also an optimal schedule. O
JEA! jEA

Corollary 3. VS* € ONTP([aj]jeA,W>, the optimal objective value B(S*) > W.

Proof. From Lemma 3, 3A’ C A,S(A) € (’)NTP([aj]jeA,W> such that B(S(4')) = X a;

jEA
and C(S(A4) =C5 — X aj.
jEA

CSA))=C;—-B*<H=C;—-W
Simplifying, B* > W. O
Theorem 2. For NTP([aj]jeA, W), B(S*) =W < JA* C A such that 3 jcpa; = W.
Proof.

Case 1 3 5* = [(s], €f)]ies such that B(S*) = W: From Lemma 3, one can build an optimal
block schedule S(A*) with B(S(A*)) = > a;. Hence, W = Y aj.
jEA*

jEA*
Case 2 Suppose 3JA* C A such that W = Y~ a;: Construct a feasible block schedule S(A*)
jEA*
with B(S(A*)) = > a; = W and makespan C(S(A*)) = Cf — > a; = H. By Corollary 3,
JEA* JEA*
S(A*) is optimal. O

Theorem 3. NTP(I) € NP.

Proof. Given a finite vector r with duration r; € Z*, for each i € £ = {1,.., M}, a target

horizon H and a target number of potential bumps B*.

» Certificate: A notification schedule [s;];ce, such that s; +r; < H,Vi € £ with total
bumps B.
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e Verification: One can verify s; + r; < H in linear time with respect to the number
of employees. To count the potential bumps, we need to count for a given employee
i how many senior employees (i/) respond after . Thus, for each employee we would
need to check almost ¢ — 1 checks, which is again linear in time. The checks for all

employees can thus be performed at a maximum O(n?) time, which is polynomial and
thus NTP(I) € NP.

Theorem 4. NTP(I) is NP-complete.

Proof. This conclusion follows from the fact that SUBSET-SuM is NP-complete. As NTP(I)
€ NP, by providing a reduction from the SUBSET-SuUM problem to NTP(7), we establish
the NP-completeness of NTP (7). O

Theorem 5. Given any online algorithm, there exists an instance I in which the algorithm
suffers the maximum potential bumps or has vacant shifts, and the offline counterpart will

have zero potential bumps and zero vacancies for that same instance.

Proof. Let H be the horizon and £ denote the employee set. Let s; denote the times when
the online algorithm sends the notifications to employee i. The goal is to design a suitable
instance (response delays r;) such that the online algorithm behaves as badly as possible. In
other words, we designing an adversary for the online algorithm. As the online algorithm

starts sending notifications, two cases can happen

Case 1 37 such that 7 = {mini:i €&, s; > 0}.

Alternately, this means all employees are sent notifications at time 0. In such a case set

ri=H+1—i, Vie& (A.8)

The online algorithm will then suffer the maximum potential bumps as employees will respond
in the reverse order of seniority (e; = H + 1 — 7). The offline algorithm, however, can easily
prevent bumps by simply ensuring that all employees respond at the same time. Let s}
denote the offline solution.

si=H-—-r;, Vie& (A.9)

This will ensure all employees respond at the horizon.
Case 2 37 such that ¢ = {mini:i € &,s; > 0}.
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7 represents the first employee not notified at time = 0. In such a case, we can set

Since e; = s; + H, it would mean all junior employees to 7, and as well as 7 would respond
after the horizon. Hence, the moment the online algorithm waits for even one unit, we make
sure that, irrespective of the notification times for the next employees, we set their response
times such that there are some vacant shifts. It is easy to see that the offline solution will
have no bumps due to r; = r;,Vi,j € £ Additionally, we can also ensure that an offline

schedule has zero vacancies if

s =0 (A.11)

This way, you can ensure that all employees respond at the horizon and that there are zero

vacancies or bumps. We also respect seniority in the notifying order.

A.3 Intial Results using DAgger based algorithm

The initial phases of the project concentrated on the use of DAgger for the SDPs. However,
the issue with directly using DAgger for dynamic SDPs is that getting an expert is highly
expensive, even for offline training. Hence, one would need to use approximate or pseudo-
experts to imitate. These experts must be easier to obtain as well offer quality demonstrations
to learn from. Hence, the initial goal was to learn whether one could design suitable pseudo-

experts.

A.3.1 Algorithm

For the NTP, we rely on a pseudo-expert constructed using offline solutions to replace the
actual expert. This pseudo-expert is still expensive to compute in real-time, but is viable
for offline training. We derive our main idea for the pseudo-expert from the ONP policy in
Chapter 4. This policy is derived by first solving several instances offline using (M1 Pyrps).
Next, the optimal solutions, the number of notifications to be sent at each epoch, are aggre-
gated using an aggregator function. The aggregator functions used are simple functions like
mean and percentiles. We run DAgger algorithms for each of the aggregator functions, and
the best-performing one is chosen among them. The algorithm used to generate trajectories
and train models is given by Algorithm 15. This algorithm represents an extension of the

naive version of DAgger.
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Each of the n scenarios is then solved offline using M I Pyrps to obtain a vector of optimal
actions ay for a given decision epoch. This is also referred to as Hindsight optimization. Note
M1IPyrpo gives the optimal number of notifications to send at each epoch. However, with
this information, one can then easily calculate the optimal wait time between notifications.
This effectively provides us with n distinct expert actions for each scenario. Subsequently, an
aggregator function is applied to this vector to define a singular target a,. The state variable,
denoted by zj, encapsulates comprehensive information. Our objective is to distil this wealth
of data into a fixed set of relevant features F, elaborated upon in the results section. For each
decision epoch within the planning horizon, a training example is constructed, represented as
(Fy,ax), where Fj, signifies the input features and a; denotes the label indicating the expert
action at epoch k. Note that we skip the iteration subscript used in the algorithm to denote
the feature vector and the target. Ultimately, the best policy 7; is selected based on a set of

validation instances.

Algorithm 15: DAgger algorithm to generate training examples and train policy
1 Function HindOptDAgger ():

2 Initialize D < ¢, m9 <~ ONP

3 | forie{0,...,itr} do

4 for j €{0,...,1} do

5 Sample K-step trajectories using m; ;

6 for ke {1,...,K} do

7 Generate n scenarios ;

8 Get optimal actions for each scenario afj = [GZ]IG{I,...,TL} using

M1 Pntpa;

9 Get the input feature vector F) ,ij ;

10 Get target action &Zj = Agg(a?j);

11 end

12 Collect D;; = {(F,a7)} dataset of visited states and target actions;
13 D < DU Dy;

14 end

15 Train policy 7,1 on D;
16 end
17 end

We also simulate the currently employed policy by our industrial partner, a linear Notify-and-
wait (NAW) policy that notifies a fixed number of employees n = 5 every 7 = 1 time unit.
Additionally, we attempted to improve this heuristic policy (TNAW) through brute force
search on its parameters, simulating and testing all possible combinations. Furthermore, a

Notify-all (NA) policy was implemented, which notifies all employees at the beginning as



143

soon as possible, respecting the maximum notifications per decision epoch constraint. This
policy was included to emphasize its adverse impact on bumps. Finally, we also compare our
results with ONP from Chapter 4.

For the DAgger algorithm, we employ gradient-boosted decision trees (GBDT) with XGBoost
to build a learning model. Mean and percentile are used as aggregator functions. The
percentile functions utilized are spaced 5 units apart, namely {45,50,55}. Such policies are
referred to as percentile DAgger policies. Our regression model predicts the waiting time
before sending the next notification as a continuous value, which is then rounded down to
the nearest integer to obtain a discrete number. We use the same features as described in

Table 6.3 in Chapter 5.

A.3.2 Results across aggregator functions

Table A.1 displays the average cost across 500 test instances obtained for different policies.
Algorithm 15 is executed with various aggregator functions, gathering different operating
policies while utilizing n = 9 scenarios to define the target. The cost function remains
consistent with the objective defined in M IPyrps. The primary observation indicates that
the DAgger policy DTy5 slightly outperforms the ONP in terms of cost. While DTxq, exhibits

nearly identical performance in cost compared to the ONP.

However, DT, significantly underperforms compared to DAgger policies. This observation
is noteworthy, indicating that an average offline decision derived from a set of contextual
scenarios is notably inadequate for the stochastic problem. Both the current policy, NAW
and the NA policy demonstrate considerably higher costs. Even a tuned version (TNAW) of

the current policy exhibits notably weaker performance than the percentile DAgger policies.

Figure A.1 illustrates the bumps and vacancies for each policy. It is noticeable that as the
number of bumps increases within the various policies, the number of vacancies decreases.
The current heuristic (NAW) and Notify-all (NA) policies perform poorly in terms of bumps
to ensure a complete shift allocation. Compared to the ONP, DT)5 results in fewer vacancies,

which may be of greater interest to decision-makers.

It is also important to highlight the substantial value of stochastic information in this prob-
lem. Solving 1000 instances offline under complete information, where all uncertainty is
known at the start of the planning period, yielded an average of about 5.5 bumps with 0
average vacancies. Thus, if all response delays are known at the start, nearly all bumps can

be eliminated, and all shifts can be scheduled.
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Policies
NA | NAW | TNAW | ONP | DT, | DTys | DT50 | DT55
Cost | 668.8 | 418.0 122.9 103.7 | 143.06 | 99.48 | 103.4 | 114.8

Table A.1 Cost for different policies
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Figure A.1 Bumps vs Vacancy for all policies

A.3.3 Effect of number of scenarios

Next, we also study the effect of the number of scenarios (n) on the learning. We try 3
different settings for n = {1,5,9} and present the results obtained from the best policies.
We see that the performance in five scenarios is not as bad as compared to 9 scenarios.
However, having only 1 scenario means there may be vacant shifts. As noted in the previous
subsection, the value of stochastic information is high, and as a result, having 1 scenario
completely fails to ensure sufficient shift occupancy. The results show that the greater the

number of scenarios, the better the performance in terms of cost.

A.3.4 Notifying Profiles

Figure A.2a illustrates the distribution of the cumulative number of notifications sent at
each discrete point in time. Upon comparison with Figure 6.1, it becomes evident that

the distributions are generally similar. The distribution appears tightly packed, indicating



145

Table A.2 Cost, Bumps, and Vacancy across different scenarios

Scenarios
1 5 9
Cost 275.9 | 119.5 | 994
Bumps | 65.9 | 106.5 | 90.2
Vacancy | 1.05 | 0.065 | 0.046

the absence of divergent trajectories. Furthermore, Figure A.2b displays the same profiles
across 12 episodes featuring empty shifts out of the 500 test scenarios. The trajectory reveals
that the model indeed attempted to notify all 150 employees. However, due to inadequate

responses within the allotted time, some shifts remained vacant.
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Figure A.2 Notification profiles over the horizon for DTys

A.3.5 Feature importance

The graph in Figure A.3 displays the feature importance in the model.

A.4 Using multiple experts to control trajectories

In the previous subsection, we examined the use of different imperfect experts in the learning
process. The imperfection in these experts stems from their reliance on scenario sampling
from available data. Since the target action is determined based on sampled scenarios, the

presence of an outlier scenario can lead to an outlier action for a given state. This deviation
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Figure A.3 Feature Importance

not only distorts the observed trajectory but may also introduce states that lie outside the
true expert’s distribution. Consequently, the learning process may be hindered, as the policy
must adapt to handling these previously unseen or unrealistic states rather than refining its

decisions within the intended distribution.

To mitigate this issue, we introduce a behavior policy as a secondary expert to guide
the algorithm away from unsafe or anomalous actions. While this behavior policy is not
necessarily optimal, it is designed to perform reliably under standard conditions. Its primary
function is to monitor the actions suggested by the primary expert and intervene when
necessary. If the primary expert recommends an action that significantly deviates from
expected behavior, the secondary expert provides an alternative, more stable action. This
mechanism enhances robustness by reducing the impact of outlier actions and ensuring safer

decision-making in uncertain environments.

To formalize this approach, we introduce a modified decision rule, referred to as the Expert-
Safe Decision Rule, which is detailed in Algorithm 16. The key distinction from the
Vanilla DAgger decision rule, highlighted in blue, lies in how the expert’s guidance is uti-
lized. Specifically, we compare the imperfect primary expert action, denoted as aj, against
the secondary expert action, a?. A discrepancy measure f is then computed to quantify the
difference between these two actions in the current state. If the discrepancy exceeds a prede-
fined threshold 7, the behavior action is executed; otherwise, we default to the expert action,
assuming it remains safe. The discrepancy measure f can be any function that evaluates the
difference between the two actions. A simple example is the absolute difference |a} — a],

though more sophisticated measures could incorporate additional state-dependent factors to
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refine the decision-making process.

In the context of the Notification Timing Problem (NTP), the behavior action a? can
be represented by the Offline Notification Policy (ONP)—a well-established policy with
a proven track record of reliability, as discussed in Chapter 4. By leveraging this behavior
policy as a secondary expert, the algorithm promotes more stable trajectories while gradually
integrating the learned model’s decisions. The key difference of the Expert-Safe DR as
compared to Safe DR in Algorithm 6 is we do check on the expert action and not the model

action.

Algorithm 16: EXPERT-SAFE DAgger Decision Rule
1 Function Expert-Safe DAgger (xy,1, Sy, A):

2 ag < mi(xg);

3 ab < b (xp);

4 | af « m(zp);

5 Bi = N'Bo:

6 z ~ Uniform(0, 1);
7 | if f(xy,af,al) > 7 then
8 ‘ a; < al;

9 end

10 if z < j3; then

11 ‘ return a;;

12 else

13 ‘ return ay;

14 end
15 end

Table A.3 presents the algorithm within the taxonomy framework, highlighting its key dis-
tinctions from the Vanilla DAgger algorithm discussed in the previous subsection. The main
differences lie in the incorporation of multiple experts. Unlike Vanilla DAgger, which relies
solely on a single expert, this approach introduces a behavior policy as a secondary expert.
This secondary expert is a heuristic behavior policy. This behavior policy provides alterna-
tive actions when the primary expert suggests an outlier and is also meant to play a crucial

role in guiding the trajectory, ensuring more stable and reliable learning dynamics.

o Expert Type: The experts used are a combination of the optimization-based expert

and the heuristic.

o Optimality: Since we use a combination of experts, the action suggested will be
optimal if the optimization model was used; else it would be an approximation if the

heuristic was used.
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o Expert Usage: ADE differs in how it utilizes expert guidance. Instead of relying on a
single deterministic expert, it acts as a proxy expert by querying the DE multiple times
and selecting a target action based on an aggregation criterion. This makes ADE more
robust to variations in deterministic expert decisions and helps smooth out inconsis-

tencies. The FIE, DE, and 2SSE all are used just once to provide a demonstration.

o Number of Experts: All algorithms use multiple (2) distinct experts.

Table A.3 Expert-Safe DAgger Algorithm Classification

Expert Used
DE + Heuristic 2SSE + Heuristic ADE + Heuristic
Policy Type Dynamic Dynamic Dynamic
Policy Variable Direct Decision Direct Decision Direct Decision
Optimality Sub-Optimal /Approximate | Sub-Optimal/Approximate Approximate
Information Used Limited Limited Limited
Reproducibility Inconsistent Inconsistent Inconsistent
Expert Usage Single Complete Single Complete Multiple/Single Complete
Number of Experts Mutiple Mutiple Mutiple
Learning Control Regressive Regressive Regressive
Expert Evolution Static Static Static
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