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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/lesgo-jhu/lesg The restricted nonlinear (RNL) model is employed as low-order representation of turbulent flow over riblets at
o Re, =~ 395. Comparisons with direct numerical simulations (DNS) verify the ability of the model to accurately

capture low-order statistics, as well as trends in drag-alteration and secondary motion as a function of riblet

Keywords:
Restricted nonlinear modeling geometry and spacing. We demonstrate the ability of the RNL model to reproduce additional flow features by
Riblets decomposing the roughness function to isolate contributions from the total stress and comparing its predictions

to DNS data. An analysis of the spectra of Reynolds shear stress shows that the RNL model captures Kelvin-
Helmbholtz-like rollers linked to riblet drag reduction breakdown but slightly over predicts the total stresses.
The reproduction of the overall trends in stresses and flow features linked to the breakdown of riblet induced
drag-reduction suggests that the nonlinearity and scale interactions retained in the RNL system are adequate
to capture the key mechanisms underlying turbulent flow over a range of riblet geometries. These results also
indicate that examining the limitations of the model may provide insight into the critical nonlinear interactions
underlying drag alteration due to riblets.

Turbulent structures
Drag reduction

1. Introduction riblet spacing (Bechert and Bartenwerfer, 1989; Choi et al., 1993), or
the square root of the area between adjacent riblets (Garcia-Mayoral

Friction drag is responsible for a significant portion of transport
efficiency loss in a range of applications (Zheng and Yan, 2010; Jo
et al., 2018; Gémez-de Segura and Garcia-Mayoral, 2019). Identifying
effective methods to reduce turbulent drag is therefore both a critical
and a practical challenge, with implications for various engineering
applications, including minimizing drag on ship hulls and airplane
wings. One promising approach is surface modification through the
introduction of spanwise-varying micro-grooves that are commonly
referred to as riblets (Kramer, 1937; Walsh, 1980, 1982; Walsh and

and Jiménez, 2011b). In the viscous regime, narrowly spaced riblets
reduce friction drag and this reduction in drag continues to grow with
increases in the characteristic length-scale until minimum friction drag
is achieved (Garcia-Mayoral et al., 2019; Garcia-Mayoral and Jiménez,
2011b). Beyond the minimum drag point, increasing the riblet spacing
leads to progressively less drag reduction until the spacing becomes
large enough that riblet-lined walls cause a higher frictional drag than
the corresponding smooth wall (Garcia-Mayoral and Jiménez, 2011b,

Lindemann, 1984; Goldstein et al., 1995). Riblets have been shown
to reduce friction drag up to 10% compared to flow over a smooth
surface at low to moderate Reynolds numbers (Bechert et al., 1997;
Garcia-Mayoral and Jiménez, 2011a; Wen et al., 2020; Modesti et al.,
2021; Rouhi et al., 2022; Wong et al., 2024). Numerous studies have
demonstrated that the characteristic length scale for a given riblet ge-
ometry greatly impacts the friction drag over the riblet surface (Walsh,
1980; Walsh and Lindemann, 1984; Bechert and Bartenwerfer, 1989;
Luchini et al., 1991; Bechert et al., 1997, 2000; Garcia-Mayoral and
Jiménez, 2011a,b). This length scale can be defined in terms of the

* Corresponding author.
E-mail address: bianca.viggiano@polymtl.ca (B. Viggiano).

https://doi.org/10.1016/j.ijheatfluidflow.2025.109862

2012; Newton et al., 2018).

Exploiting the full potential of riblets as a passive drag-reduction
technique requires an in-depth understanding of the full range of
mechanisms governing both drag reduction and its breakdown across
the full range of potential geometries and flow regimes. Numerical
studies of riblets face significant challenges. Resolving turbulent flow
interactions with riblets whose length scales are on the order of single-
digit wall units (Bechert and Bartenwerfer, 1989; Luchini et al., 1991;
Choi et al., 1993) requires spanwise (z direction) resolution on the
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order of Azt ~ O(1) (Choi et al., 1993; Goldstein et al., 1995; Gold-
stein and Tuan, 1998; Garcia-Mayoral and Jiménez, 2011a). Here the
superscript “+” indicates quantities in wall units, i.e., normalized by
the friction velocity u, and the viscosity v. In contrast, DNS of flow
over smooth walls under similar conditions typically employ 4z* ~
©O(10) (Moser et al., 1999; Lee and Moser, 2015). This means that DNS
of flow over riblet-lined walls is approximately 10 times more com-
putationally expensive DNS than for smooth walls, which are already
prohibitively expensive at high Reynolds numbers. The stringent resolu-
tion requirements make the numerical exploration of riblet-lined wall
flows a highly resource-intensive endeavor, significantly limiting the
range of Reynolds numbers and configurations that can be practically
investigated. Experimental study of riblets poses its own challenges
in measurement and manufacturing (Bechert and Bartenwerfer, 1989;
Bechert et al., 2000). For example, there are limited means of obtaining
measurements of the flow fields between objects on the order of mil-
limeters and the precision manufacturing of a large number of riblet
sizes and configurations is also difficult and time consuming.

The challenges of fully resolved simulations and experimental stud-
ies of flow over riblets have motivated the development of reduced-
order and low-complexity approaches. One approach is to use a mini-
mal channel, which reduces computational costs by limiting the stream-
wise and spanwise extent of the calculation domain to the minimal
set of structures required to sustain turbulence (Jiménez and Moin,
1991). This simplified setting was shown to predict low-order statistics
in smooth wall channel flows with small decreases in accuracy observed
only in the outer layer (Jiménez and Moin, 1991; Flores and Jiménez,
2010; Hwang, 2013; MacDonald et al., 2017). The minimal channel
setting was adapted to rough walls by Chung et al. (2015), and later
used for simulating flow over a range of riblet geometries at low to
moderate fiction Reynolds numbers (i.e, Re, = 180, 395) (Endrikat
et al., 2018; Modesti et al., 2018, 2019; Endrikat et al., 2021; Modesti
et al., 2021; Wong et al., 2024). These minimal channel simulations of
flow over riblets have proven useful in the study of secondary motions
and dispersive stresses, as well as in the evaluation of the instabilities
that influence the breakdown of the drag reduction regime.

Another method to improving the tractability of the problem is to
adapt input—output analysis approaches based on the Navier-Stokes
equations linearized about the turbulent mean flow, see e.g. McK-
eon and Sharma (2010), to the setting of turbulent flow over ri-
blets. Chavarin and Luhar (2020) used such a framework to demon-
strate that the response associated with the single resolvent mode
representing structures associated with the near-wall cycle predicts slip
velocity associated with drag reduction trends. They further showed
that the response associated with structures reminiscent of Kelvin-
Helmholtz (KH) rollers reporduces the trends of deterioration in drag-
reduction observed in DNS of turbulent flow over blade type riblets
seen in e.g., Garcia-Mayoral and Jiménez (2011a) and Endrikat et al.
(2018). Ran et al. (2021) similarly employed a spatio-temporal re-
sponse function associated with the linearized Navier-Stokes equations
augmented with a turbulent eddy-viscosity to understand the effect of
background turbulence on skin-friction drag. Those results, focusing
on triangular riblets, further demonstrated the ability of input—output
methods to reproduce drag reduction trends.

The present study adopts a restricted nonlinear (RNL) modeling
approach that enables both simulation and simplified analysis of flow
over riblets (Viggiano et al., 2024). The RNL dynamics are obtained by
decomposing the Navier-Stokes equations into a streamwise-averaged
component and streamwise-varying perturbations, and then restricting
both the nonlinearity in the perturbation equations and the number of
streamwise length scales supporting the dynamics (Farrell and Ioannou,
2012; Thomas et al., 2014, 2015; Farrell and Ioannou, 2017). When
the streamwise varying scales are limited to those associated with
maximum dissipation in the outer layer, the RNL model has been shown
to accurately predict both low-order statistics and spectral properties
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in turbulent channels at low to moderate Reynolds numbers at signifi-
cantly reduced computation costs versus DNS, see e.g., Bretheim et al.
(2015), Gayme and Minnick (2019) and Minnick and Gayme (2019).
Use of this streamwise coherent modeling approach is motivated by
the observed prevalence and importance of streamwise coherent struc-
tures (Kim and Adrian, 1999; Meinhart and Adrian, 1995; Hutchins
and Marusic, 2007; Monty et al., 2007; Guala et al., 2006; Marusic,
2001; Smits et al., 2011) in wall-turbulence as well as their role in the
energy amplification, see e.g. Jovanovi¢ and Bamieh (2005), Farrell
and Ioannou (1993), Cossu et al. (2009), del Alamo and Jiménez
(2006) and Hwang and Cossu (2010). This emphasis on the cross-
stream motions suggests its applicability to the problem of flow over
riblets where secondary flows, comprised of cross stream motions,
have been associated with both drag-reduction in flow over riblets
and its breakdown (Goldstein and Tuan, 1998; Choi et al., 1993; Lee
and Lee, 2001; Boomsma and Sotiropoulos, 2016; Raayai-Ardakani and
McKinley, 2017).

Results from simulations at Re, = 395 demonstrate that both
the low-order statistics and the cross-plane structures associated with
the secondary flow are indeed well captured by the RNL model. The
potential of the current framework for analyzing different mechanisms
contributing to riblet-induced friction modifications is demonstrated
through comparisons to DNS predictions of the slip velocity and total
stresses contributing to the roughness function. An analysis of the
KH instabilities associated with the Reynolds stress reveals that the
RNL simulations predict the appearance of corresponding structures
only in the specific geometries and spacings known to exhibit these
instabilities. These results highlight the promise of the RNL setting
as a computationally and analytically tractable approach to further
understanding drag variations induced by riblet surfaces.

The remainder of the paper is organized as follows. In Section 2
we describe the problem setting and the RNL equations for flow over
riblets. The numerical approach and the different riblet geometries
to be simulated are detailed in Section 3. In Section 4 we report a
short validation of the DNS code that is employed to evaluate the
performance of the RNL model. Section 5 compares RNL and DNS
predictions of the mean velocity, roughness function and slip velocity.
This discussion is followed by an examination of the secondary motions
in Section 6. Section 7 focuses on RNL predictions of the stresses, which
have been attributed to the breakdown of riblet induced drag reduction.
The paper concludes in Section 8.

2. The RNL model for turbulent flow over riblets

Consider a channel flow with respective streamwise, wall-normal,
and spanwise spatial coordinates (x,y,z) and temporal coordinate f.
The RNL dynamics are derived from the Navier-Stokes equation, by
first decomposing the flow field u(x, y, z, ) into a streamwise-averaged
mean component (u) (y,z?), and streamwise varying perturbations
about that mean, wu,(x,y,z,1) = u(x,y,z1) — (u),(y,z1). Here {-), =
LLX fOL*(~) dx indicates streamwise-averaging over the streamwise extent
L,. In a Fourier space representation, the streamwise-averaged mean,
(u),(y, z, 1), corresponds to the zero streamwise wavenumber, i.e., k, =
0, where k, = 2zxn/L, is the dimensional streamwise wavenumber
for non-negative integer n. The perturbation component, u,(x, y, z,1),
corresponds to the flow field associated with all of the streamwise
varying wavenumbers (i.e., k, # 0) supported by the dynamics. The
pressure field can similarly be decomposed as p(x, y, z,1) = (p),(y, z, 1) +
pp(x,y,z,1). The RNL equations are then formed by neglecting nonlinear
interactions between perturbations that do not contribute to the mean.
The resulting RNL evolution equations for flow over riblet-lined walls
are
% + (u), - V{u), + (up . Vup>x + })V(p)x - vV2<u)x = (f),, (1a)

%

L Qu), - VU, +u, - V() + %Vpp — VWi, =, (1b)
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Ve(u),=V-u,=0, (19

where the immersed boundary force, f(x, y, z, 1) = (f),.(», z, D+H,(x, y, 2, 1),
is used to impose boundary conditions associated with the riblets, p
is the fluid density, and v is its kinematic viscosity. Here, V and V?
respectively denote the gradient and the Laplacian operators.

In the RNL framework, the nonlinear interactions terms (u,-Vu,), —
u, - Vu, are systematically neglected, yielding simplified dynamics
that can be supported by a small number of streamwise varying
modes (Thomas et al., 2015; Farrell et al., 2016). The lower number of
streamwise modes and reduced nonlinear interactions between these
modes reduces the computational requirements in a Fourier repre-
sentation, see Bretheim et al. (2018) for further details. The RNL
system can self-sustain with different sets of streamwise wavenumbers
supporting the dynamics, but the properties of this set affect the
statistical properties of the RNL flow field (Bretheim et al., 2015). The
streamwise wavenumber support that accurately predicts the low-order
statistics at low to moderate Reynolds numbers (i.e., Re, = 110 — 340
in Bretheim et al. (2015)) was shown to coincide with the outer-
layer peak of the dissipation spectra (Minnick and Gayme, 2019). The
structures associated with this wavenumber range have streamwise
wavelengths that asymptotically approach a constant value for Re, <
2000, as discussed in detail in Gayme and Minnick (2019). The model
parametrization (i.e., streamwise wavenumber support) that produces
the desired statistical features for the Reynolds number considered in
this work (Re, = 395) is known and specified in the simulation set-
up. While this parametrization was developed for flow over smooth
walls, the widely accepted concept of outer-layer similarity (Townsend,
1980; Schultz and Flack, 2005; Flack et al., 2007) suggests the same
parametrization is applicable to flows over riblets.

3. Numerical approach

We now describe the numerical approach used throughout this
work. All simulations employ the DNS mode of the open-source pseudo-
spectral code JHU-LESGO (2019), which was previously modified to
simulate the RNL equations, see e.g., Bretheim et al. (2015) and Min-
nick and Gayme (2019). This code employs spectral derivatives in the
streamwise and spanwise directions with the 3/2 rule for dealiasing.
A centered second-order finite difference scheme with a hyperbolic-
tangent stretched coordinate system (Jelly et al., 2014; Wang et al.,
2019) is used for the wall-normal direction. The second-order Adams—
Bashforth method is used for time marching. This code has been
extensively used and validated for large eddy simulations (LES) of
wall-bounded turbulent flows over a range of configurations such as
urban canopies (Cheng and Porté-Agel, 2015; Giometto et al., 2016),
vegetative canopies (Chester et al., 2007; Bai et al., 2012), and complex
natural terrains (Anderson et al., 2012; Yang and Meneveau, 2016). The
DNS mode of the code has been less utilized, so we provide validation
cases for turbulent flow over both smooth walls and riblets in Section 4.

All simulations are carried out in a half-channel configuration un-
less noted otherwise and employ periodic boundary conditions in the
horizontal (i.e., streamwise and spanwise) directions. For the wall-
normal direction, stress-free (du/dy = dw/dy = 0) and zero permeability
(v = 0) boundary conditions are imposed at the top of the calculation
domain. For the bottom wall, no-slip (u = w = 0) and zero permeability
(v = 0) boundary conditions are employed. The geometries of riblets
are imposed via the immersed boundary method (Peskin, 2002). The
immersed boundary force in Eq. (1) is defined as (Chester et al., 2007;
Fang and Porté-Agel, 2016; Li et al., 2016),

0 when ¢ >0
foey. 20| = 11 ot , (2)
T ol22vp -L  whene<0
25 Pl ™3 WHERPS

where a signed distance function ¢ is used to indicate the grid points
within the solid (¢ < 0) and the fluid (¢ > 0). Here, n indicates
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the time-step, At is the duration of the time-step, and u* = u|,_, +
At (%r|,=,, - %r|,=n_1 + %Vp|,=n_1) is an intermediate velocity, with r =
—u - Vu + vV?u representing the sum of advective and diffusive terms.
As described in Eq. (1) this force is decomposed as f = (f), +f, in the
RNL simulations.

The dynamical restriction of the RNL system reduces its streamwise
wavenumber support to a small number of k, Fourier modes. We
exploit this order reduction to reduce computational time by simu-
lating the system without a physical streamwise grid. More specifi-
cally, Egs. (1a) and (1b) are solved in (k,,y,z,t) space, where the
truncated nonlinearity is computed as a convolution. This approach
eliminates the need for streamwise transforms to physical space to
compute the nonlinearity as a product. Further details regarding the
computational approach for RNL simulations using the JHU-LESGO
code are provided in Bretheim et al. (2018). In this study, the non-
zero streamwise wavenumbers retained in the RNL dynamics (Eq. (1))
are k.6 = 15.5, 16, 16.5, where § is the channel half-height for the
smooth wall. These streamwise wavenumbers coincide with the peak
of the outer-layer surrogate dissipation spectra (Gayme and Minnick,
2019). Consistent with the notion of outer-layer similarity (Townsend,
1980; Schultz and Flack, 2005), this peak region was found to remain
largely unaltered for flows over riblets.

3.1. Case descriptions

All of simulations (except the three DNS validation cases) are per-
formed in the half-channel flow configuration shown in Fig. 1 with a
wall-normal extent of L, /8 = 1. For the smooth wall cases, the friction
Reynolds number is set to Re, = 395, defined as Re, = 6t = u,6/v,
where v is the fluid viscosity, and u, = /7,,/p is the friction velocity.
Here, 7,, donotes the wall shear stress and p is the fluid density.

We consider the four riblet geometries described in Table 1, which
were selected to match the configurations studied in Modesti et al.
(2021) and Endrikat et al. (2021). We include a schematic of the simu-
lation setup for flow over symmetric triangular riblets to introduce the
parameters of the simulation. Here we include the protrusion height,
¢r, which is induced through the riblet geometry and necessitates the
definition of both a simulation Reynolds number, 5;, taken from the
mean height of the riblet, y,,, and a Reynolds number, 5;;’ , based on the
virtual origin for the flow field, £, below the riblet tip. The latter needs
to be considered in comparing flows over rough and smooth walls.
More details on the calculation of the virtual origin and the use of the
two Reynolds numbers are given in Sections 5 and 6, respectively.

For each geometry we consider spacings of s* = {10, 15, 20, 25, 30,
40, 50}. The riblet heights change with s* according to their shape
constraints, i.e., h = stan(r/2 — a/2)/2 for symmetric triangular riblets
(with a ridge angle a = z/3), and h = s5/2 for all the other geometries.
The specification of the blade geometry also includes a thickness-to-
spacing ratio b/s = 1/5. The full details of the geometry for all cases
are provided in Table 1.

The details of the computational grid and simulation domain for ri-
blet configurations of the DNS and RNL simulations are provided in Ta-
ble 2. A spanwise resolution of Az* = 1 was selected based on previous
results that demonstrated that this resolution was adequate to resolve
both the riblet geometry and the smallest turbulent scales (Goldstein
and Tuan, 1998; Garcia-Mayoral and Jiménez, 2011b).

4. DNS code validation

We next validate the DNS mode of the JHU-LESGO code for full
channel flow with smooth walls at Re, = 180 and 395, and a channel
with a smooth top wall and riblets over the bottom wall at Re, =
180. For the smooth wall configuration we impose no-slip boundary
conditions at both the top and bottom wall. For the simulation at
Re, = 180, we employ a domain size of [Ly. Ly, L.1/6 = [47,2,47/3]
with [N,,N,,N_] = [128,192,128] grid points, corresponding to grid
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y’U o

Ym

Fig. 1. Schematic diagram of the flow configuration with symmetric triangular riblets as an example (not to scale). Included is the height of the riblet, h, the spacing, s, the angle
of the riblet tip, «, the area of the cross-section, A,, and the half-channel height from the base, i.e. the smooth wall half-channel height, 5. Also presented is the mean height of
the riblets, y,,, and the associated half-channel height of the riblets §;. We introduce the virtual origin, y,,, in the wall-normal direction which is located #; below the riblet tip,
¥,» where ¢ is the protrusion height and the adjusted channel height, &}, is taken from the virtual origin.

Table 1

Description of the riblet geometries considered. Cases are denoted by XX##, where (XX) indicates the geometry and (##) indicates spacing s*.
We use ‘ST’ for symmetric triangular, ‘BL’ for blade, ‘AT’ for asymmetric triangular, and ‘TR’ for trapezoid geometries. The area of the cross
section between the riblets elements is denoted A;, which is used to define the characteristic length #; = /A;. Finally, the half-channel height

measured from the virtual origin, 6;{ , is included.

Geometry Case st ht ¢t a b/s g
S ST10 10 8.66 6.58 /3 - 379.2
— ST15 15 12.99 9.87 z/3 - 373.1
A, L ST20 20 17.32 13.16 /3 - 366.3
ST25 25 21.65 16.45 /3 - 359.7
ST30 30 25.98 19.74 /3 - 353.2
Symmetric triangular ST40 40 34.64 26.32 z/3 - 340.4
ST50 50 43.30 32.90 z/3 - 327.9
s b BL10 10 5 6.32 - 1/5 388.0
BLI15 15 7.5 9.47 - 1/5 385.6
BL20 20 10 12.65 - 1/5 383.1
Ag h BL25 25 12.5 15.81 - 1/5 380.6
BL30 30 15 18.97 - 1/5 378.1
BL40 40 20 25.30 - 1/5 373.1
Blade BL50 50 25 31.62 - 1/5 368.1
S AT10 10 5 5 0357 - 385.3
AT15 15 7.5 7.5 0357 - 381.9
M l i AT20 20 10 10 0.357 - 378.0
« AT25 25 12,5 12.5 0357 - 374.6
AT30 30 15 15 035z - 370.9
Asymmetric triangular AT40 40 20 20 0357 - 363.6
AT50 50 25 25 0357 - 356.4
S TR10 10 5 6.58 /6 - 387.5
TR15 15 7.5 9.87 /6 - 385.2
TR20 20 10 13.16 z/6 - 382.6
Ag h TR25 25 12.5 16.45 z/6 - 379.9
TR30 30 15 19.74 /6 - 377.3
TR40 40 20 26.32 z/6 - 372.0
Trapezoid TR50 50 35 32.90 /6 - 366.7

Table 2

Description of the computational domain and grid resolution for the DNS and RNL simulations. L,, L, and L, are the streamwise, wall-normal
and spanwise extents, while N,, N, and N, are the corresponding number of grid points, 4x*, 4y* and Az* are the corresponding grid

resolutions.
Case L./6 L,/é L,/8 . f Ax* Ayt Az*
DNS 2 1 3.0380 288 192 8.6176 0.6205~3.4092 1
RNL - 1 3.0380 192 - 0.6205~3.4092 1
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Fig. 2. Validation of JHU-LESGO DNS code for smooth wall channel flow at Re, = 180 and 395. Panel (a) shows the time- and plane-averaged streamwise velocity, (u)*, and
panels (b-d) show Reynolds stresses. The black (Re, = 180) and gray (Re, = 395) lines indicate the results from the JHU-LESGO code. Markers indicate data from Moser et al.

(1999) at Re, =180 (O) and Re, =395 (.

(a)20
o
1= 10
O/() 1 2
10 10 10
y‘l'O

(b)o0.15

Fig. 3. Validation of JHU-LESGO DNS code for riblet-lined wall channel flow at Re, = 180. Panel (a) shows the time- and plane-averaged streamwise velocity, («)*, and (b) depicts
the root mean square (r.m.s.) of velocity fluctuations, normalized by the mean channel centerline velocity u, = (u(y = 6)). The lines indicate the results from the JHU-LESGO code.
Circle markers (O) represent data from Choi et al. (1993). In panel (a), y! denotes the wall-normal coordinate starting from the virtual origin, chosen using the method of Bechert
and Bartenwerfer (1989) to match the profile with cross markers (+) data in Fig. 8 of Choi et al. (1993). The dashed gray line represents the smooth wall results from Moser

et al. (1999) for reference.

resolutions of Ax* =~ 17.7, Ay* € [0.2,3.5], and Az =~ 5.9. For
the Re, = 395 case, the domain size is [Ly Ly, L1/6 = [27,2,7]
with [N, N »» N1 = [256,384,192] grid points, corresponding to grid
resolutions of [Ax*, Ayt,AzT] ~ [9.7,0.1 ~ 1.7,6.5]. These resolutions
were chosen to match those of Moser et al. (1999) in the streamwise
and spanwise directions. The finest resolution in the wall-normal grid
was also selected to be similar to that of Moser et al. (1999), however,
the range differs due to our use of a hyperbolic-tangent stretched
coordinate system rather than the Chebyshev grid employed in Moser
et al. (1999).

Fig. 2(a) shows the time- and plane-averaged streamwise velocity,
(u)*, for the two smooth wall cases. Here the angle brackets indicate
plane-averaging, i.e., (-) = le le /OLZ fOLX(-)dz dx, the over-bar indicates

time-averaging, - = % fOT(-)dt, and the + subscript indicates wall-units,
i.e., ut = u/u,. Reynolds stresses are shown in Fig. 2(b)-(d), where
(+)) = (-) = (%) is the fluctuation. These results demonstrate that the DNS
mode of the JHU-LESGO code accurately reproduces both the first- and
second-order statistics reported in Moser et al. (1999) at both Reynolds
numbers.

We validate this code for flow over riblets using the full channel
flow configuration in Choi et al. (1993), where the upper wall is smooth
and the lower wall geometry comprises symmetric triangular riblets
with a ridge angle of a« = #/3, and riblet spacings of st = su_/v = 20.

We perform the simulation at Re, = 180 with the same domain size
as Choi et al. (1993), which is [L,, L,L,/s = [x,2,0289], with
[Ny, Ny, N1 = [32,192,160] grid points corresponding to a grid reso-
lution of [Ax*, Ay*, 4z*] ~ [17.7,0.2 ~ 3.5,1]. For a direct comparison
of the results, we map our vertical direction coordinate frame to that
used in Choi et al. (1993).

Fig. 3 shows that both the mean streamwise velocity and the root
mean square (r.m.s.) statistics of each velocity components, respec-
tively in panels (a) and (b), compare well with those of Choi et al.
(1993). In particular, the upward shift in the mean streamwise velocity
compared to the smooth wall profile (shown as a dashed line in
Fig. 3(a)) is well captured, indicating our ability to predict the drag
reduction induced for this riblet geometry.

The next three sections discuss RNL predictions of key flow proper-
ties and associated analysis for the geometries described in Table 1.

5. Mean momentum transfer analysis

In this section, we evaluate the ability of the RNL model to predict
riblet induced alterations to skin friction drag and the corresponding
slip velocity for the various riblet geometries in Table 1. We quantify
changes in skin friction drag using the roughness function, AU, de-
fined in terms of the upward/downward shift in the logarithmic profile
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(b)

Fig. 4. Time- and plane-averaged streamwise velocity (u)* from DNS (square [] markers) and RNL (+ markers). (a) smooth wall DNS ([J) and RNL simulation () streamwise
velocity predictions compared to profiles from drag increasing case TR50 from DNS ([]) and RNL simulations (-). (b) smooth wall DNS ((J) and RNL simulation () compared to
profiles from drag decreasing case TR20 from DNS ([ ) and RNL model (). In both panels, vertical dashed lines indicate the position of y* = 50 and 150 as references, and the

slanted dashed lines are used to evaluate the roughness function 4U™.

due to the addition of riblets (Flack and Schultz, 2010),
— 1
@*=—In [v,] + B—4U*. 3)

Here x = 0.4 is the Von Kiarmén constant, B = 5.2 is a constant
representing the wall-normal intercept of the logarithmic profile for
the smooth wall case (Pope, 2001), and y/ is the virtual origin of
turbulence (Luchini et al., 1991). We follow the method of Endrikat
et al. (2021) and define yjo = (y+ h—¢;)" where ¢ is the protrusion
height (Luchini et al., 1991), and & is the riblet height (see Table 1). We
determine ¢} based on the largest slope of the Reynolds stress profile
at the drag optimum case for each riblet type. This £ /h* is then used
for all riblet spacings. For ease of exposition we redefine our current
coordinate system and use y* = 0 at the virtual origin for all subsequent
rough-wall representations and calculations.

Fig. 4(a) shows the time- and plane-averaged streamwise velocity,
(u)*, as a function of the wall-normal elevation y* for DNS and RNL
simulations of flow over riblets with a spacing associated with drag
increase (case TR50). Here, the RNL simulation accurately predicts the
mean velocity profile for the smooth wall and the velocity reduction
induced by the drag-increasing riblet configuration. Fig. 4(b) provides
the streamwise velocity for the flow over riblets with a spacing as-
sociated with drag reduction (case TR20). As in panel (a), the RNL
simulation accurately reproduces the rough-wall mean velocity profiles
and the drag reduction associated with this case. Similar accuracy in the
mean velocity profile is seen across the range of cases in Table 1. The
accuracy of the RNL model in predicting the mean velocity profile and
roughness function across these cases, using the same wavenumbers
effective for smooth wall flows, stems from outer-layer similarity. While
riblets may alter near-wall structures, the turbulent cascade in the outer
layer remains unaffected, with dissipative streamwise scales unaltered.

Fig. 5 shows DNS and RNL predictions of the roughness function
AU as a function of the characteristic length-scale f; alongside results
from the minimal channel DNS of Endrikat et al. (2021). Here we
compute AU* based on the differences of linear fits to the smooth-
and rough-wall velocity profiles over the range yt € [50,150]. Our
DNS results are comparable to the minimal channel results of Endrikat
et al. (2021), but with small differences in the precise AU* values.
These differences may be associated with the difference in the rough-
ness function measurement approach, i.e., the fact that the roughness
function can be evaluated at any location in the logarithmic range,
which is known to lead to small differences in the precise values but not
the overall trends. Additional differences may be attributed to the full
versus minimal channel simulation domains, the half-channel versus
full-channel settings, and the differences in Reynolds number due to

the change in the channel height because of the riblets lining the
lower wall. The figures indicate that the RNL model accurately predicts
the point of maximum drag reduction as f;_gpt ~ 10 for all of the
geometries considered in this study. These results are consistent with
the reference data of Endrikat et al. (2021) for the same geometries in
a minimal channel configuration. For example, the blade case of the
RNL simulations predict f;r_opt ~ 9.87, which is the closest spacing to
the value predicted in DNS by Garcia-Mayoral and Jiménez (2011b),
who reported f;:opt ~ 10.7. Our value is also in close agreement with

experimental results from Bechert et al. (1997), who found s;’p, ~
+

18 (which corresponds to #;_,, ~ 10). Analysis based on an eddy-
viscosity enhanced linearized Navier-Stokes equations based models
predict similar trends and the correct minimal drag spacing for trape-
zoidal riblets with the same a« = 60° at Re, = 186 (Ran et al,
2021) but slightly overestimate the drag reduction. Our results have
closer correspondence to the DNS, which suggests that essential physics
governing drag reduction and its subsequent breakdown are effectively
captured by the RNL model.

We further examine the mean flow characteristics using the slip
velocity, which is defined as the time- and plane-averaged streamwise
velocity at the riblet tip. The slip velocity for all considered RNL and
DNS cases is presented in Fig. 6. These figures show that the slip
velocity magnitude increases nearly linearly with the characteristic
riblet length scale up to a certain value and then becomes sublinear.
Taking the blade geometry as an example (Fig. 6(a)), the slip velocity
increases linearly with increasing riblet length scale in the viscous
regime (i.e., 0 < f; < 10), and the slope of the line follows the
Stokes flow based predictions proposed by Luchini et al. (1991), i.e., the
dashed gray line in Fig. 6(a). When the riblets length scale is larger,
ie., f; > 15, the DNS results deviate from the Stokes prediction. This
is expected since the riblets are above the viscous sublayer, where
the linear assumption of Stokes flow is no longer applicable. Previous
studies using a low-order resolvent analysis based model demonstrated
similar agreement in the magnitude trend within the regime where the
Stokes flow assumption is valid (Chavarin and Luhar, 2020), but begins
to deviate at larger spacings. Further analysis, beyond the scope of the
current study, is needed to assess whether this breakdown is due to
the limited number of resolvent modes used in their analysis or can be
attributed to the linearity of the resolvent model. The RNL captures
the magnitude trend and accurately predicts the deviation from the
Stokes behavior (seen most clearly in Fig. 6(a)) for all geometries. These
results indicate that the nonlinearity maintained in the RNL model is
sufficient to capture the behavior associated with the known deviations
of the slip velocity at large spacing, which suggests the potential of
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Fig. 5. Roughness function, AU*, as a function of the equivalent riblet length #; for (a) symmetric triangular, (b) blade, (c) asymmetric triangular, and (d) trapezoid riblets as
reported from DNS (O), RNL simulations (CJ), and minimal channel simulations (<>) from Endrikat et al. (2021).
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Fig. 6. Slip velocity, U, as a function of f* for different geometries. In all panels, O indicates DNS results, and [J RNL model predictions. In panel (a), DNS results from Garcia-

5

Mayoral and Jiménez (2011b), represented w1th ¢, and Stokes predictions (Luchini et al., 1991), represented with - -, are also included for reference.

this model in studying the regime where riblet induced drag reduction
breaks down.

Figs. 4-6 demonstrate the accuracy of the RNL predictions of the
spacing associated with the minimal drag, the overall roughness func-
tion and slip velocity trends across a wide range of riblet geometries
and sizes. We next examine its ability to reproduce the cross-plane
motion and associated secondary flow structures.

6. Secondary flow structures induced by riblets

The secondary flow motions result in non-zero mean cross-plane
velocities in the immediate vicinity of the riblet geometry. We examine
this behavior in terms of the time- and streamwise-averaged wall-
normal velocity, (5)}, in Fig. 7. The figure presents data obtained from
both DNS and RNL simulations for different riblet geometries at four

spacings. In particular, panels (a) and (b) show symmetric triangular,
(c) and (d) asymmetric triangular, (e) and (f) blade, and, (g) and (h)
trapezoid shaped riblets. In each panel, the first two columns are in
the drag reducing regime with the second column corresponding to
the optimal spacing or minimal drag configuration for the particular
geometry. The data in the third column corresponds to the spacing
at which the riblets cross over from reducing to increasing drag, we
refer to this spacing as the neutral point as the smooth- and rough-
wall friction drag are approximately equal for this spacing. The fourth
column corresponds to a spacing in the increased friction drag regime.
The vertical dashed lines are included to separate the drag reduction,
neutral, and increased drag cases.

For the symmetric configurations (i.e., blade, symmetric triangular,
and trapezoid shapes), the velocity moves upward above the riblet tip
(illustrated by red contours), and downward into the valley (shown
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via blue contours). This pattern of alternating high and low vertical
velocity near the riblets is a form of Prandtl’s secondary flow (Prandtl,
1931). For the asymmetric triangular case, positive vertical velocity is
present in the valley as well as above the riblet tip, while downward
movement is observed at the middle of the hypotenuse of the triangle.
This behavior is consistent with observations of Modesti et al. (2018).
Comparisons of the DNS and RNL simulation results for each geometry
considered here indicate that both the location and the intensity of
vertical motions with increasing spacing that has been associated with
increasing modification to the near-wall turbulent structures (Chung
et al., 2018) are well represented by the RNL model.

Fig. 8 plots the mean streamwise vorticity, w, = 0w/dy — d0/0z
obtained from DNS and RNL simulations for all of the geometries and
spacings in Fig. 7. In all RNL and DNS cases, there are two regions
with an alternating pattern of high and low mean streamwise vorticity.
In particular, small high and low vorticity regions in the immediate
vicinity of the riblet surface are accompanied by larger regions of
vorticity with the opposite sign directly above them. This vorticity is
confined to a wall-normal distance that is less than two times the riblet
spacing. Although there are some similarities in the structures for all
cases, the different geometries lead to slightly different arrangements
and positioning of the regions with alternating sign vorticity. For
the symmetric configurations (i.e., blade, symmetric triangular, and
trapezoid), the large-regions of alternating signed streamwise vorticity
extends farther into the riblet valley, enhancing momentum flux in the
valley region. These results indicate that the RNL simulations are able
to reproduce the size and intensity of vorticity in the cross-plane as
well as the variation as a function of increasing spacing for all of the
geometries in Table 1.

The high accuracy of the RNL predictions for secondary motions
is not unexpected, since the cross-plane scales are fully resolved and
the streamwise mean nonlinearity is retained in the RNL dynamics.
This nonlinearity has been previously shown to be responsible for re-
distributing momentum and generating instantaneous streamwise rolls,
see e.g. Reddy and Ioannou (2000), Gayme et al. (2011) and Gayme and
Minnick (2019) and the references therein. In the context of flow over
riblets, this nonlinearity also responds to the near-wall topography,
intensifying with increasing riblet size, and modifying the near-wall
rolls induced by the secondary flow as illustrated in Figs. 7 and 8.
We also expect streamwise perturbations that interact to contribute to
the mean, i.e., (up . Vup)x, to play a role in the generation of these
streamwise-rolling motions. Furthermore, as the streamwise perturba-
tions scale with the outer-layer surrogate dissipation spectra, we expect
them to become more dominant farther from the wall and be relevant
when the riblets protrude into the outer-layer. The trends observed
indicate that the essential physics governing drag reduction and its
subsequent breakdown are effectively captured by the RNL model. In
the next section we take steps towards quantifying such effects on
drag reduction and its associated breakdown by isolating the effect of
stresses in the roughness function.

7. The role of total stresses

We now decompose the roughness function to isolate the total stress
component and explore the role of these stresses in riblet-induced
friction drag reduction and its breakdown. Following the approach
of Endrikat et al. (2021) we start from the momentum balance for flow
above a heterogeneous rough surface,
1dP _ 17, _ d@) d@o) = da@)

pdx — 5p= dy dy +vdyz’ )

where (7) := () — (%) is the horizontal spatial fluctuation and (7@75)
represents the dispersive stress. Then we integrate the equation with
respect to the wall-normal component, and express the total stress as
the sum of Reynolds, dispersive, and viscous stresses. These integrated
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stress profiles at a given critical channel height (y* in the logarithmic
layer) are given by

+ ol +
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Here, y/ is the location of the riblet tip, 6 = 395 — y, represents
the Reynolds number taken from the mean height of the riblet, and
&, represents the true Reynolds number based on the adjusted origin
of turbulence (see Fig. 1 and Table 1). Using a similar approach, the
mean streamwise velocity of the smooth wall (denoted by a subscript
sw) can be expressed as:

T
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Subtracting Eq. (5) from Eq. (6), leads to the following expression
for the roughness function AU+

AUt = (Esw>+|y:y;r - <E>+|y:y:r = AU,Jr + AU,:rU, (7)
where
AU = (g |y = @ oy ®

which represents the velocity difference at the height of the riblet tip
for smooth and riblet-lined wall, and
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This AU is defined as the total stress component, representing the
change related to both the dispersive stress components and the dif-
ference in Reynolds number due to the change from the smooth versus
riblet-lined wall configuration.

Fig. 9 shows the components of the roughness function decom-
position in Eq. (7) and their sum alongside the roughness function
computed from the velocity curves (previously described in Fig. 5). For
the DNS cases, and all but the RNL simulations over blade riblets the
total drag reduction curve (dashed black line in Fig. 9) closely matches
the curve obtained using Eq. (7) through most of the range of f; .Inall
cases, the total stress component shows negligible contributions in the
drag reduction regime, i.e., the drag reduction is driven by AU;" in the
viscous regime. AU/ begins to contribute to the total drag around f;f ~
15 and begins to dominate as the riblet induced drag reduction breaks
down and the flow moves into an increased drag regime. For each com-
ponent, the general trends predicted by the RNL simulations and DNS
are consistent. For example, the total stress component (blue square)
contributes minimally for the small £}, while an increased effect is
observed at a similar threshold as in the DNS. Moreover the AU, values
obtained from the RNL simulations are similar to the DNS values across
all cases except the symmetric triangular riblet simulations. In fact,
the largest discrepancy between DNS and RNL occurs for the smallest
riblet spacings for the symmetric triangles (see Fig. 9(b) and (f)). The
origin of this difference is unclear and may be due the sensitivity of
the computation to the method of obtaining #7. This is also noted in
the similar error observed between AU* computed from Eq. (7) and
AU™ calculated from the velocity curves at that spacing. This trend is
not observed by neighboring spacings, indicating that this discrepancy
does not arise from the RNL physics.

There are also differences between DNS and RNL predictions at
the largest spacings for both the blade and triangular riblet cases.
For the blade riblet simulations the RNL model slightly over-predicts
the stresses in the drag-increasing regime, panels (a) and (e). These
differences are also reflected in an over prediction of the roughness
function using the decomposition in Eq. (7) for the RNL simulations.
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Fig. 7. Time- and streamwise-averaged wall-normal velocity, (1‘1):,

illustrating the secondary flow motions in the cross-plane. In all panels, positive wall-normal velocity (shown in

red) corresponds to flow upwards, and negative wall-normal velocity (shown in blue) represents downward flow. For each geometry, the left two columns are in the drag reducing
regime and the second column represents the minimum drag point; the third column corresponds to the neutral point; and the fourth column is in drag increasing regime.

The decomposition recovers the measured function, which suggests that
there is an effect that is not captured in the RNL simulations over the
blades in the drag increasing regime. In contrast, the total stresses are
under-predicted for the same spacing regime for the symmetric triangu-
lar riblets. However in this case, the corresponding over prediction of
AU} leads to a similar overall prediction for the roughness function.
Future work is needed to determine the source of these differences,
particularly to extract the Reynolds number differences (in the smooth
versus rough-wall simulations) and riblet induced physics.

It is of interest to note that the over prediction of the stresses in
the drag increasing regime occurs in the blade riblet case, where a
KH instability is thought to play a role in the degradation of the drag
reduction process (Garcia-Mayoral and Jiménez, 2011b; Endrikat et al.,
2021). In order to further explore this connection, we investigate the
capability of the RNL model to predict KH-like rollers over riblets by
analyzing the premultiplied 2D co-spectra of the Reynolds stress. Fig.
10 provides this quantity at an x — z plane located 3 wall units above
the riblet tips for all four riblet types. The three columns respectively
show data for RNL cases with spacings, st = 30, 40, 50, where the cor-
responding f; is noted at the top of each panel alongside a schematic
of the riblet geometry. In each panel, the A} = s* value is marked with
a line and the region pertaining to the scales that are relevant to KH-
like rollers (65 < A} < 290 and 250 < A} < o) is outlined by a solid
box. The three non-zero streamwise wavenumbers supporting the RNL
dynamics (k6 = 15.5, 16, 16.5) correspond to 4, =~ 160,155, and 150.
These modes are captured in the single elongated structure that spans
the simulated wavelengths in the 2D spectra in Fig. 10. Here it is
clear that the RNL model accurately predicts the main peak, which
is known to be primarily associated with turbulence, and the near-
wall streaks indicating the model reproduces non-riblet related flow
properties. Moreover, the signature of the texture at 4} = s* is also well

modeled by the limited streamwise wavenumbers in the RNL dynamics
for the blade riblets, consistent with previous findings (Viggiano et al.,
2024). As noted in Viggiano et al. (2024), the normalized magnitude of
the RNL spectra is larger than that of the minimal channel due to the
fact that energy is constrained to a small number of modes that must
contribute to the same total stress that Fig. 9 indicates is consistent with
that observed in the DNS (minimal channel) data that has a full range
of streamwise scales.

Fig. 10 shows substantial stresses within the boxed region (65 <
AT <290 and 250 < A} < o) for all riblets types except the asymmetric
triangular riblets. The highest levels of stress are seen in the blade
cases. Stress within the boxed region is observed for both the symmetric
triangular riblets at « = 30° and the trapezoidal riblets, though it is
less pronounced compared to the blade case. This progression aligns
with the spectral analysis of Endrikat et al. (2021). In the RNL model,
for the three cases in which the KH instability plays a role, it reaches
its maximum within the box at st = 30 (left-most column of Fig. 10)
and then diminishes as s* increases. When comparing with the specific
wavenumber magnitude observed by Endrikat et al. (2021), a decrease
in stress is detected, again matching our trends, but the stresses shift
towards larger wavenumbers still associated with KH-like rollers as the
spacing increases. Although the RNL model is not able to fully capture
this effect, trends in total stress do not clearly suggest that it is a key
factor in the differences between the RNL model and DNS curves. Fur-
ther isolation of the contributions of KH rollers needs to be performed
to understand the implications of the limited band of wavenumbers
on the generation of the KH instability. These results suggest that
overall, the RNL model is able to capture the signature of the KH-
like rollers in the drag increasing regime even with the vastly reduced
streamwise varying modes supporting the RNL dynamics. Although
this may seem surprising, the ability to reproduce these structures is
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Fig. 8. Time- and streamwise-averaged streamwise vorticity, <5X):, from DNS and RNL simulations for each geometry. In all panels, positive vorticity (shown in red) corresponds
to clockwise-rotating fluid, and negative vorticity (shown in blue) represents counterclockwise-rotating fluid. For each geometry, the left two columns are in the drag reducing
regime and the second column represents the minimum drag point; the third column corresponds to the neutral point; and the fourth column is in drag increasing regime.
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likely due to the correspondence between the wavelengths associated
with the KH structures in Garcia-Mayoral and Jiménez (2011a) and
Chavarin and Luhar (2020) and the streamwise wavenumber support
of the RNL dynamics. This conjecture is supported by the fact that a
model based on a single resolvent mode corresponding to a streamwise
wavelength in the same range as those supporting these RNL dynamics
was similarly shown to reproduce the emergence of spanwise rollers
resembling KH vortices and the observed breakdown with increasing
riblet size (Chavarin and Luhar, 2020). The preliminary results in this
section suggest that it is not an inability to predict the spanwise KH-like
rollers that leads to the differences in RNL versus DNS predictions of
the total stresses in the drag increasing regime.

Future work is needed to determine the source of these differences,
in particular whether a larger range of structures in the streamwise
wavenumber support or the additional nonlinearity in a more com-
prehensive model such as the augmented RNL framework, introduced
in Minnick et al. (2023), is needed to capture these phenomena. Un-
derstanding the minimal physics required could provide further insight
into the mechanisms underlying riblet induced drag alterations and
inform control approaches that can produced similar effects.

11

of the larger spacings (s* = 30, 40, 50) for each type of riblet investigated. The spectra are taken at a plane

8. Conclusions

This work adapts the RNL modeling framework to flow over a wide
range of riblet geometries. The results demonstrate that despite restric-
tion of the nonlinear interactions between streamwise varying modes,
the rough-wall RNL representation captures the salient characteristics
of turbulent flow over riblets. In particular, RNL simulations reproduce
roughness function trends associated with riblet induced alterations
to skin friction drag as a function of riblet spacing for four common
riblet shapes. Secondary motions quantified through the wall-normal
velocity and streamwise vorticity are also faithfully represented by the
RNL dynamics. A detailed analysis isolating the contribution of the total
stresses including the two-dimensional co-spectra of the Reynolds stress
indicates that the RNL model captures stresses linked to KH-like rollers
and associated with the breakdown of riblet induced drag reduction
in certain riblet geometries. Together these results suggest the utility
of the RNL framework as a low-order model for investigating the flow
over riblets.

The present study is conducted at a moderate Reynolds number
(Re, = 395), which may limit the direct applicability of the findings
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to higher-Re turbulent flows. Ongoing work includes application of the
augmented RNL framework, which has shown promise in higher-Re
channel flows (Minnick et al., 2023) and has already proven useful in
characterizing flow over riblets (Viggiano et al., 2024). As part of those
efforts we will exploit the RNL framework to investigate key streamwise
scale interactions and the trade-offs between computational complexity
and model fidelity in capturing the critical flow mechanisms. The long
term goal of such work is to inform related passive and active flow
control techniques.
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