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H I G H L I G H T S

∙ Low-rank representations of the damped parameterized equation for 3D elastodynamics.

∙ Enhanced performance of the spatial solver by a new prediction–correction strategy.

∙ Damping identification using the surrogate model and Particle Swarm Optimization.

∙ Scalable method for accurate simulations of 3D viscoelastic structures.
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A B S T R A C T

This paper extends the Proper Generalized Decomposition framework to develop a reduced-order model param-

eterized by Rayleigh damping coefficients. The developed method incorporates damping modes to construct a 

damped surrogate model effectively. A novel method is introduced for treating the problem in space: during the 

offline phase, the spatial problem is initially projected onto the subspace spanned by the Ritz vectors of the system 

to provide an efficient prediction of the spatial modes. The prediction is then refined using a MinRes iterative 

solver. This two-step, prediction–correction process reduces the computational cost of a full-order solution while 

improving the accuracy of the reduced model. The resulting Proper Generalized Decomposition surrogate is sub-

sequently employed within a Particle Swarm Optimization algorithm to determine optimal damping coefficients 

based on a given snapshot. Numerical experiments demonstrate the effectiveness of the developed method.

1. Introduction

Although computer resources and computational methods have 

greatly improved over the last half-century, there is still a crucial 

need to devise more efficient digital tools. This results from the ever 

increasing complexity of problems such as those encountered in de-

sign, control, optimization, or uncertainty quantification [1]. Indeed, 

accounting for the variability or uncertainty in model and input pa-

rameters, including e.g., variations in boundary or initial conditions, 

material, and geometric parameters, has become essential, driven by 

the need to finely study physical behaviors and improve the predictive 

capability of computational simulations. However, the drastic increase 

in the number of calculations needed to be performed has ruled out the 

use of conventional methods due to the so-called curse of dimension-

ality. Reduced-order modeling has emerged as a way to overcome this

issue by bringing innovative strategies to deal with high-dimensional 

problems.

Several model reduction approaches have been put forth for ap-

plications in structural dynamics. One of the most prolific methods is 

the Proper Orthogonal Decomposition (POD) [1]. This data-driven ap-

proach builds a reduced model generally obtained by the Singular Value 

Decomposition (SVD) performed on snapshots describing the evolution 

of the states of the system. The performance of the POD has been demon-

strated for both linear and nonlinear dynamics subjected to transient 

loads [2–4], and most notably, within a goal-oriented framework for 

elastodynamics, in the cases of either space-time approximation [5] and 

parameterized problems [6]. One well-known shortcoming of the Proper 

Orthogonal Decomposition (POD) is that it requires snapshots computed 

in an offline stage by an expensive high-fidelity solver, e.g., the Finite
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Element Method. In [7], the snapshots are evaluated at a given time-

step only if the estimated error exceeds a given threshold and reduced 

bases are subsequently enriched in an adaptive manner. Such an ap-

proach allows one to mitigate the cost of evaluating the full-order model. 

Similarly, the so-called Reduced Basis (RB) technique provides a snap-

shot selection strategy designed to minimize the error committed by the 

reduced model [8,9].

By contrast, the Proper Generalized Decomposition (PGD) [10,11] 

completely removes this burden as the solution of the governing PDE is 

searched for along with the construction of the reduced basis. The PGD 

reduced model is usually obtained in an iterative manner by constructing 

one mode, or enrichment, at a time. In other words, the computation of 

a new enrichment is based on a residual that assesses and corrects the 

error committed by the previous iterate of the decomposition. In that 

regard, an enrichment can be viewed as an error correction.

An extensive study on the minimal residual formulation for the space-

time separated PGD is presented in [12–14], with the goal of identifying 

an optimal norm to minimize the discrete residual in elastodynamics. 

In [15], the authors developed a space-time representation using a PGD 

approach based on a non-incremental Newmark integration scheme. 

They considered the discretized wave equation, both in space and time, 

within the Newmark framework to derive an algebraic system. A fully 

discrete space-time separated representation of the displacement was 

then introduced into this system, which was solved iteratively for the 

spatial and temporal modes using a fixed-point procedure. This im-

plementation was extended to efficiently solve geometrically nonlinear 

structural dynamics problems, where residuals are linearized over the 

space-time domain around the current solution [16]. In [17], a strategy 

was proposed to address the challenges associated with space-time sep-

aration, where the number of spatial modes is adaptively estimated at 

each time step, assuming strong spatial separation. A PGD approach with 

separated material and geometric parameters was presented in [18]. The 

PGD is remarkably versatile, so much so that the parameter-separated 

strategy was extended to solve parameterized linear systems [19] and 

parameterized eigenvalue problems [20]. Alternatively, space-frequency 

separated representations have been developed for a broad range of 

applications: 2D acoustics [21,22], non-linear soil mechanics [23,24], 

linear and non-linear structural dynamics [25,26], and transient elec-

tronics [27]. This space-frequency separation has proven particularly 

efficient when additional parameters, such as material or geometric 

properties, are taken into account.

A recent variant of the PGD, called sparse PGD (sPGD), has been 

introduced as a core component of a multi-parametric framework for 

digital twins [28]. Used in an a posteriori setting with limited data, 

sPGD was combined with a Harmonic-Modal Hybrid (HMH) solver and 

the Discrete Empirical Interpolation Method (DEIM). Building on this, 

the authors developed a surrogate model for a Vertical Axis Rotating 

Machine subjected to nonlinear bearing forces, unbalances and imper-

fections, and varying loads and speeds [29]. The model, parameterized 

by unknown system properties, employs the HMH approach to construct 

a sparse solution library. Parameters are identified via Levenberg-

Marquardt optimization using measured shaft displacements. The HMH 

formulation was also extended to degenerated domains, leveraging 

space-separated representations to enable high-resolution 3D model-

ing at reduced computational cost [30]. PGD was also implemented 

for transient Thermo-Hydro-Mechanical (THM) problems in porous me-

dia, with applications to deep geological repositories [31]. The study 

demonstrated the efficiency of PGD in delivering real-time solutions for 

complex, multiparameter THM scenarios.

On another note, with the growing interest in Machine Learning ap-

plied to ROM, it is worth mentioning Separable Physics-Informed Neural 

Networks (SPINN) [32] and Separable DeepONet (SepDeepONet) [33] 

frameworks. Like the PGD, the SPINN and SepDeepONet break the prob-

lem down by handling one-dimensional coordinates individually, with 

each sub-network dedicated to computing the separated modes for its re-

spective coordinate. As a result, it reduces both the number of forward

passes and the computational burden of Jacobian matrix calculations. 

These studies have demonstrated that this framework also achieves lin-

ear scaling of computational cost with increasing discretization density. 

In a similar manner, a hybrid approach combining PGD and PINNs was 

introduced in [34].

In the case of high-order tensors, i.e., whenever the order is higher 

than one, attempts to compute low-rank decomposition representations 

inevitably lead to ill-posed formulations [35]. This is mainly due to the 

non-uniqueness of such separated representations [36], which may re-

sult in convergence issues, as pointed out in [12,13,37], especially for 

the Galerkin-based PGD. The issue has been overcome with the im-

plementation of a greedy rank-one strategy, in which one mode per 

parameter is computed, followed by an update of the formerly computed 

modes [38]. This updating procedure was observed to be necessary 

in the case of problems in elastodynamics but could also make the 

Galerkin-based PGD [37] diverge on some occasions. This is due to the 

tendency of the algorithm to compute modes that are not necessarily lin-

early independent. It was shown in [37] that a displacement–momentum 

formulation, where two bases are simultaneously built, one for the dis-

placement and the other for the conjugate momentum, led to a robust 

PGD solver. One can then take advantage of the separated modes to or-

thogonalize them with respect to well chosen metrics, hence preventing 

ill-conditioning and divergence. The methodology was subsequently ex-

tended to a space-discrete, time-continuous Hamiltonian formalism. The 

updating procedure was further interpreted in terms of the preservation 

of the symplectic structure by the PGD [39]. Moreover, an additional 

approximation, inspired by Modal Decomposition, was introduced to 

mitigate the cost associated with solving the spatial problem. Aitken’s 

delta-squared process and mode-orthogonalization were incorporated as 

well within the fixed-point iteration procedure to ensure convergence 

and stability of the algorithm.

In this paper, we further extend this implementation to parame-

terize the PGD reduced model with respect to the Rayleigh damping 

coefficients 𝛼, 𝛽 ∈ R + 

. This hypothesis on the damping matrix 𝐶, 
written as 𝐶 = 𝛼𝐾 + 𝛽𝑀 [40–42], is particularly convenient in 

Modal Decomposition since the damping operator is also diagonal in 

the eigenspace. Thus, the solution of the generalized eigenvalue prob-

lem 𝐾𝒖 = 𝜆𝑀𝒖 allows one for computing the dynamical response 

of a structure in which damping is modeled with Rayleigh damping. 

Yet, these coefficients do not have a clear physical meaning regard-

ing the materials [40,41]. Their estimation remains nevertheless an 

active research topic in both the experimental and numerical commu-

nities [43,44], as control of damping phenomena is a critical issue 

in the construction, automotive, or aerospace industries. Similarly to 

the Modal Decomposition, several methods based on Krylov subspaces 

have been developed to deal with proportionally damped reduced mod-

els [45–47]. However, both Modal Decomposition and Krylov-based 

methods operate in two steps: 1) build a ROM for the undamped model; 

2) project the damped model onto the reduced basis for given values of 

𝛼 and 𝛽. The reduced model is actually not parameterized with respect 

to the damping parameters.

In contrast to these methods, the developed reduced model directly 

incorporates the dependence on Rayleigh damping parameters in the 

modes. Each enrichment term includes four modes: one spatial mode, 

one temporal mode, and one mode for each of the damping parameters 

𝛼 and 𝛽. The treatment of the problem in space draws upon our pre-

vious work. In the offline phase, computations are initially performed 

in the subspace spanned by the Ritz vectors of the system. This ap-

proach offers a computationally efficient estimation of the spatial modes 

but limits the accuracy of the PGD approximation to the information 

contained in the selected Ritz vectors [39]. To enhance accuracy, the 

estimation is subsequently refined using a Minimal Residual iterative 

solver. This two-step, prediction–correction process reduces the compu-

tational cost of a full-order solution while improving the accuracy of the 

reduced model. Subsequently, the PGD can be used as a surrogate to 

perform the optimization of the damping parameters with respect to a
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given snapshot. A Particle Swarm Optimization (PSO) algorithm [48,49] 

drives the optimization process and queries the PGD surrogate to esti-

mate the damped response of the structure. The numerical experiment is 

carried out with a snapshot generated by FEM, whose damping is mod-

eled according to the Rayleigh hypothesis. It also assumes the knowledge 

of the time-dependent external load. The proof of concept consists in 

testing the capability of the parametric PGD to: 1) build a ROM that 

includes damping modes; 2) employ the surrogate to identify the coef-

ficients that were used to generate the snapshot (inverse problem). The 

authors in [1] pointed out that the offline phase is somewhat subop-

timal when the goal is to use the ROM for optimization. Indeed, the 

offline phase involves an exploration of the parametric space, but it is 

not known a priori whether the explored regions will subsequently be 

exploited throughout the online phase (optimization); or worse, the op-

timization process could lead to assess the response of the system in 

some regions where the offline phase did not gather enough information 

about the system’s behavior. This remark especially applies to methods 

like the POD, where the exploration is contingent to costly, full-order so-

lutions [50]. It will be shown that the developed method does not suffer 

from this issue. The first reason is that the need for full-order solutions 

is irrelevant here as the PGD is used as an a priori ROM. The second 

reason, of paramount importance, is that the complexity of the offline 

phase weakly depends on the discretization of the damping parameter 

spaces.

The paper is organized as follows: in Section 2, we describe the model 

problem in its parametric form and highlight the computational burden 

incurred by the use of conventional FEM solvers. The PGD approach is 

described in Section 3, with a particular focus on both the complexity of 

the algorithm and the solution of the problem in space. In Section 4, we 

describe the combination of the PSO method with the PGD as a surro-

gate. Some numerical experiments are presented in Section 5 to illustrate 

the performance of the developed approach. We finally provide some 

concluding remarks in Section 6.

2. Model problem 

2.1. Strong formulation

The model problem we shall consider is that of elastodynamics in 

three dimensions under the assumption of infinitesimal deformation and 

linear viscoelastic damping. Let Ω be an open bounded domain of R 

3, 

with Lipschitz boundary 𝜕Ω, and let  = (0, 𝑇 ) denote the time interval. 

The boundary 𝜕Ω is supposed to be decomposed into two portions, 𝜕Ω 𝐷
and 𝜕Ω 𝑁 

𝑢∶ ̄ Ω × ̄  → R 

3 

, such that 𝜕Ω = 𝜕Ω ∪ 𝜕Ω 𝑁 𝐷 . The displacement field, denoted

by , satisfies the following partial differential equation:

𝜌 

𝜕 

2 𝑢 

𝜕𝑡 

2 

− ∇ ⋅ 𝜎(𝑢) = 𝑓, ∀(𝑥, 𝑡) ∈ Ω × , (1)

where, in the case of infinitesimal deformation, the stress tensor 𝜎(𝑢) 

and strain tensor 𝜀(𝑢) are given by:

𝜎(𝑢) = E∶𝜀(𝑢) + D∶𝜀̇ (𝑢), ∀(𝑥, 𝑡) ∈ Ω × , (2)

𝜀(𝑢) = 1
2

( 

∇𝑢 +
(

∇𝑢
)𝑇

) 

, ∀(𝑥, 𝑡) ∈ Ω × , (3)

and is subjected to the initial conditions: 

𝑢(𝑥, 0) = 𝑢 0 

(𝑥), ∀𝑥 ∈ Ω, (4)

𝜕𝑢 

𝜕𝑡 

(𝑥, 0) = 𝑣 0 

(𝑥), ∀𝑥 ∈ Ω, (5) 

as well as to the boundary conditions:

𝑢(𝑥, 𝑡) = 0, ∀(𝑥, 𝑡) ∈ 𝜕Ω 𝐷 × , (6)

𝜎(𝑢) ⋅ 𝑛 = 𝑔 𝑁 (𝑥, 𝑡), ∀(𝑥, 𝑡) ∈ 𝜕Ω 𝑁 × . (7)

The functions 𝑓 ∶Ω ×  → R 

3 , 𝑢 0 

∶Ω → R 

3 , 𝑣 0 

∶Ω → R 

3 , and 

𝑔 𝑁 

∶𝜕Ω 𝑁 

×  → R 

 3 are supposed to be sufficiently regular to yield a

well-posed problem. The tensors E and D describe the elastic and viscous 

local properties, respectively, of the medium occupied in Ω. The latter 

is assumed to be isotropic, with density 𝜌 and Lamé coefficients 𝜆 and 𝜇 

(we note that the material parameters could possibly vary in space). The 

constitutive Eq. (2) thus reduces to:

𝜎(𝑢) = 2𝜇𝜀(𝑢) + 𝜆tr (𝜀(𝑢)) 𝐼 3 

+ D∶𝜀̇(𝑢),

where 𝐼 3 ∈ R 

3×3 is the identity matrix. In the following, we will denote 

the first and second time derivatives by 𝑢̇ = 𝜕𝑢∕𝜕𝑡 and 𝑢̈ = 𝜕 

2 𝑢∕𝜕𝑡 

2.

2.2. Semi-weak formulation

We consider here the semi-weak formulation with respect to the 

spatial variable in order to construct the discrete problem in space us-

ing the Finite Element Method (FEM). Multiplying (1) by an arbitrary 

smooth function 𝑢 

∗ = 𝑢 

∗ (𝑥) and integrating over the whole domain Ω,
one 

∫ Ω
𝜌𝑢̈ ⋅ 𝑢 

∗ − (∇ ⋅ 𝜎(𝑢)) ⋅ 𝑢 

∗ 𝑑𝑥 = ∫ Ω
𝑓 ⋅ 𝑢 

∗ 𝑑𝑥, ∀𝑡 ∈ . (8)

obtains:

Following the same development as in [39], the semi-discrete formu-

lation of the problem then reads:

Find 𝑢 such that for all 𝑡 ∈ , 𝑢(⋅, 𝑡) ∈ 𝑉 , and

∫ Ω
𝜌𝑢̈ ⋅ 𝑢 

∗ + 𝜀(𝑢)∶E∶𝜀(𝑢 

∗ ) + 𝜀̇ (𝑢)∶D∶𝜀(𝑢 

∗ ) 𝑑𝑥

= ∫ Ω 

𝑓 ⋅ 𝑢 

∗ 𝑑𝑥 + ∫ 𝜕Ω𝑁
𝑔 𝑁 ⋅ 𝑢 

∗ 𝑑𝑥, ∀𝑢 

∗ ∈ 𝑉 , ∀𝑡 ∈ , (9)

and

𝑢(𝑥, 0) = 𝑢 0 

(𝑥), ∀𝑥 ∈ Ω,

𝑢̇ (𝑥, 0) = 𝑣 0 

(𝑥), ∀𝑥 ∈ Ω,

where 𝑉 is the vector space of vector-valued functions defined on Ω: 

𝑉 = 

{ 

𝑣 ∈ 

[ 

𝐻 

1 (Ω) 

] 3 ∶ 𝑣 = 0 on 𝜕Ω 𝐷 

} 

.

2.3. Spatial discretization

We partition the domain into 𝑁 𝑒 tetrahedral elements 𝐾 𝑒 

such that 

Ω = ∪ 

𝑁 𝑒
=1𝐾 𝑒 𝑒 and Int(𝐾 𝑖) ∩ Int(𝐾 𝑗 ) = ∅, ∀𝑖, 𝑗 = 1, … , 𝑁 𝑒, 𝑖 ≠ 𝑗. We then as-

sociate with the mesh the finite-dimensional Finite Element space 𝑊 

ℎ ,

dim 𝑊 

ℎ = 𝑠, of scalar-valued continuous and piecewise polynomial 

functions defined on Ω, that is:

𝑊 

ℎ = 

{ 

𝑣 ℎ 

∶ Ω → R ∶ 𝑣 ℎ 

| 𝐾 𝑒
∈ P 𝑘 

(𝐾 𝑒), 𝑒 = 1,… , 𝑁 𝑒

} 

,

where P 𝑘 

(𝐾 𝑒 

) denotes the space of polynomial functions of degree 𝑘 on 

𝐾 𝑒 

. Let 𝜙 𝑖 

, 𝑖 = 1, … , 𝑠, denote the basis functions of 𝑊 

ℎ = span{𝜙 𝑖 

}. We
then introduce the finite element subspace 𝑉 

ℎ of 𝑉 such as:

𝑉 

ℎ = 

[ 

𝑊 

ℎ 

] 3 ∩ 𝑉 ,

and search for finite element solutions 𝑢 ℎ 

satisfying 𝑢 ℎ 

(⋅, 𝑡) ∈ 𝑉 

ℎ , ∀𝑡 ∈ ̄, 
in the form:

𝑢 ℎ 

(𝑥, 𝑡) =
𝑠
∑ 

𝑗=1
𝜙 𝑗 (𝑥)𝑞 𝑗 (𝑡),

where the vectors of degrees of freedom, 𝑞 𝑗 

∈ R 

3 , depend on time. We

introduce the set of 𝑛 = 3 𝑠 vector-valued basis functions as:

𝜒 3𝑖−2(𝑥) =
⎡

⎢ 

⎢ 

⎣

𝜙𝑖(𝑥)
0
0

⎤ 

⎥ 

⎥ 

⎦

, 𝜒 3𝑖−1(𝑥) =
⎡ 

⎢ 

⎢ 

⎣

0 

𝜙 𝑖(𝑥) 

0

⎤

⎥

⎥ 

⎦

, 𝜒 3𝑖(𝑥) =
⎡ 

⎢ 

⎢ 

⎣

0 

0 

𝜙 𝑖(𝑥) 

⎤ 

⎥ 

⎥

⎦

, 𝑖 = 1, … , 𝑠.
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Using the Galerkin method, the Finite Element problem thus reads: 

Find 𝑢 ℎ 

such that 𝑢 ℎ 

(⋅, 𝑡) ∈ 𝑉 

ℎ ,∀𝑡 ∈ ̄ , and

∫ Ω
𝜌𝜒 𝑖(𝑥) ⋅ 𝑢̈ ℎ 

(𝑥, 𝑡) +  𝜀(𝜒 𝑖)(𝑥)∶E∶𝜀(𝑢 ℎ 

)(𝑥, 𝑡) + 𝜀(𝜒 𝑖 

)(𝑥)∶D∶𝜀̇ (𝑢 ℎ 

)(𝑥, 𝑡) 𝑑𝑥

= ∫ Ω 

𝜒 𝑖(𝑥) ⋅ 𝑓 (𝑥, 𝑡) 𝑑𝑥 + ∫𝜕Ω𝑁
𝜒 𝑖(𝑥) ⋅ 𝑔 𝑁 

(𝑥, 𝑡) 𝑑𝑠, ∀𝑖 = 1, … , 𝑛, ∀𝑡 ∈ ,

satisfying the initial conditions

𝑢 ℎ 

(𝑥, 0) = 𝑢 0,ℎ 

(𝑥), ∀𝑥 ∈ Ω,

𝑢̇ ℎ 

(𝑥, 0) = 𝑣 0,ℎ 

(𝑥), ∀𝑥 ∈ Ω,

where 𝑢 0,ℎ and 𝑣 0,ℎ are interpolants or projections of 𝑢 0 

and 𝑣 0 

in the

space 𝑉 

ℎ . The above problem can be conveniently recast in compact

form as:

𝑀 ̈ 𝒒(𝑡) + 𝐶 ̇ 𝒒(𝑡) + 𝐾𝒒(𝑡) = 𝒇 (𝑡), ∀𝑡 ∈ , (10)

𝒒(0) = 𝒖 0, (11)

̇ 𝒒(0) = 𝒗 0, (12)

where 𝑀 , 𝐶, and 𝐾 are the global mass, damping, and stiffness matrices,

respectively:

𝑀 𝑖𝑗 = ∫ Ω
𝜌𝜒 𝑖 ⋅ 𝜒 𝑗 𝑑𝑥, 

𝐾 𝑖𝑗 = ∫ Ω
𝜀(𝜒 𝑖)∶E∶𝜀(𝜒 𝑗 

) 𝑑𝑥, ∀𝑖, 𝑗 = 1, … , 𝑛,

𝐶 𝑖𝑗 = ∫ Ω
𝜀(𝜒 𝑖)∶D∶𝜀(𝜒 𝑗 ) 𝑑𝑥,

𝒇 (𝑡) is the loading vector at time 𝑡 whose components are given by: 

𝑓 𝑖 

(𝑡) = ∫ Ω
𝜒 𝑖(𝑥) ⋅ 𝑓 (𝑥, 𝑡) 𝑑𝑥 + ∫𝜕Ω𝑁

𝜒 𝑖(𝑥) ⋅ 𝑔 𝑁 

(𝑥, 𝑡) 𝑑𝑠, ∀𝑖 = 1, … , 𝑛,

𝒒(𝑡) is the global vector of degrees of freedom: 

𝒒(𝑡) = 𝑞1(𝑡) … 𝑞 𝑠(𝑡) 

 𝑇 ,
[ ]

where 𝑞 𝑖 

∈ R3, 𝑖 = 1, … , 𝑠, and 𝒖 0 and 𝒗 0 

are the initial vectors:

𝒖 0 = 

[ 

𝑢0,1 … 𝑢 0,𝑠 

] 𝑇 ,

𝒗 0 = 

[ 

𝑣 0,1 … 𝑣 0,𝑠 

] 𝑇 .

Note that 𝑢 0,𝑖 ∈ R 

3 and 𝑣 0,𝑖 

∈ R 

3 , 𝑖 = 1, … , 𝑠, are vectors whose com-

ponents are the initial displacements and velocities in the three spatial 

directions. Moreover, the above definition of 𝐶 is not practical and will 

be replaced by the model described in the next section. 

2.4. Damping modeling and parameter discretization

We assume here that damping is “proportional” to 𝐾 and 𝑀 , that 

is, 𝐶 = 𝛼𝐾 + 𝛽𝑀 , where 𝛼, 𝛽 ∈ R + 

are the so-called Rayleigh damp-

ing coefficients. Furthermore, we shall rewrite the damping matrix as 

follows:

𝐶(𝛼, 𝛽) = 𝛼𝛼̄𝐾 + 𝛽 

̄ 𝛽𝑀, (13)

where the constant parameters 𝛼̄ , ̄ 𝛽 ∈ R + 

are interpreted as reference

parameters while 𝛼 and 𝛽 encapsulate the variability in the parameters. 

Let  𝛼 

and  𝛽 be spaces for parameters 𝛼, 𝛽 ∈ R + 

, respectively, such

that:

 𝛼 =
[ 

𝛼 min 

, 𝛼 max
] 

,  

 

 𝛽 = 

[ 

𝛽 min 

, 𝛽 max .
]

Let  be the global parameter space defined as the tensor product of

 𝛼 

and  𝛽 , i.e.,  =  𝛼 ×  𝛽 . Our goal is to compute the mechanical

response of a system over Ω ×  × . Finite element solutions are sought 

for in the form:

𝑢 ℎ 

(𝑥, 𝑡, 𝛼, 𝛽) =
𝑠
∑ 

𝑗=1
𝜙 𝑗 

(𝑥)𝑞 𝑗 (𝑡, 𝛼, 𝛽).

In other words, we aim at modeling the mechanical behavior for mul-

tiple pairs of values (𝛼, 𝛽) ∈ , (𝛼, 𝛽) being chosen so that the computed 

approximations are in the following solution manifold:

 

ℎ = 

{ 

𝑣 ℎ 

∶ → 𝑊 

ℎ ⊗ 𝐿 

2 (); ∫ 
|||𝑣 ℎ 

||| 

2 𝑑𝜇 < ∞ 

}

,

where: 

|||𝑢||| =

√

∫  

∫ Ω

1
2 

𝜌𝑢̇ ⋅ 𝑢̇ + 1
2 

𝜀(𝑢)∶E∶𝜀(𝑢) 𝑑𝑥𝑑𝑡.

Later on, the parameter spaces  and  will be partitioned into𝛼   𝛽    

(𝑛 − 1) and ( 𝑛𝑛  

 

− 1) subintervals, respectively, that is,
 

  𝛼 𝛽  𝛼 = ∪ 

𝛼
=2[𝛼 𝑖−1, 𝛼 𝑖]

𝛽 
𝑖  

and  𝛽 

= ∪
𝑛
 =2[𝛽𝑖 −1, 𝛽 𝑖].𝑖  Here, 𝑛𝛼 and 𝑛 denote grid𝛽  the numbers of   

 

points

𝛼 

 

, 𝑖 = 1,… , 𝑛  

 

, and 𝛽 , 𝑖 = 1,… , 𝑛   

 

, chosen in
 

and 𝑖 𝛼 𝑖 𝛽 𝛼   𝛽 

, respectively. 

We also define ‖⋅‖ ℎ 

 

such that:

∀𝑢 ∈  

ℎ, ‖𝑢‖  

ℎ = ∫ 
|||𝑢||| 

2 𝑑𝜇.

In many applications, it is useful to know the mechanical response 

for many pairs of parameters (𝛼, 𝛽) in the global parameter space . 
However, this entails a substantial computational burden when using 

conventional methods, as shown in the next section. 

2.5. Discretization in time

The time domain  is    

 

−1divided into 𝑛𝑡 subintervals  

𝑖 = 

 

[𝑡 

𝑖 , 𝑡 

𝑖], with 

𝑖  

 = 1,… , 𝑛 𝑡 

, of size ℎ 𝑖 

= 𝑡 

𝑖 − 𝑡  

 

𝑖−1. For the sake of simplicity, we assume 

here that all intervals are of same length ℎ 𝑡 

, i.e., ℎ 𝑖 

= ℎ , .𝑡  𝑖 = 1,… , 𝑛 

 𝑡  

 

Introducing the vector 𝒑(𝑡) = 𝑀 ̇ 𝒒(𝑡), Eq. (10) can be recast into the

system of coupled equations: 

̇ 𝒑(𝑡) + 𝐶 ̇ 𝒒(𝑡) + 𝐾𝒒(𝑡) = 𝒇 (𝑡), ∀𝑡 ∈ , (14)

̇ 𝒒(𝑡) − 𝑀 

−1 𝒑(𝑡) = 0, ∀𝑡 ∈ . (15) 

The two Eqs. (14) and (15) are discretized using the Crank–Nicolson 

scheme (also referred to as the implicit trapezoidal rule) to obtain, for 

𝑖 = 1,… , 𝑛 𝑡 

:

[

ℎ 𝑡 

𝐾 + 2𝐶 2𝐼 𝑛
2𝐼 𝑛 −ℎ 𝑡 

𝑀 

−1

] [

𝒒 

𝑖 

𝒑 

𝑖

]

= 

[ 

−ℎ 𝑡 

𝐾 + 2𝐶 2𝐼 𝑛
2𝐼 𝑛 ℎ 𝑡𝑀 

−1

] [

𝒒 

𝑖−1

𝒑𝑖−1

] 

+ ℎ 𝑡

[

𝒇 

𝑖 + 𝒇 

𝑖−1

0

] 

, (16)

with:

𝒒 

0 = 𝒖 0, 

𝒑 

0 = 𝑀𝒗 0. 

Eq. (16) can be rewritten as:

[

ℎ 𝑡 

𝐾 + 2𝐶 2𝐼 𝑛
2𝐼 𝑛 

−ℎ𝑡𝑀−1

] [

𝒒 

𝑖 

𝒑𝑖

] 

=

[

𝒃𝑖𝑞
𝒃 

𝑖
𝑝

] 

,

with 

𝒃 

𝑖
𝑞 = 

[ 

−ℎ 𝑡 

𝐾 + 2𝐶 

] 

𝒒 

𝑖−1 + 2𝒑 

𝑖−1 + ℎ 𝑡 

( 

𝒇 𝑖 + 𝒇 

𝑖−1 

) 

,

𝒃 

𝑖
𝑝 = 2𝒒 

𝑖−1 + ℎ 𝑡 

𝑀 

−1 𝒑 

𝑖−1.
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Developing above system yields the two equations:

[ 

ℎ 𝑡 

𝐾 + 2𝐶 

] 

𝒒 

𝑖 + 2𝒑 

𝑖 = 𝒃 

𝑖
𝑞 

,

2𝒒 

𝑖 − ℎ 𝑡 

𝑀 

−1𝒑 

𝑖 = 𝒃 

𝑖 

𝑝 

.

Rewriting the second equation as: 

𝒑 

𝑖 = 

2
ℎ 𝑡
𝑀𝒒 

𝑖 − 1
ℎ 𝑡 

𝑀𝒃 

𝑖
𝑝 

,

and substituting 𝒑 

𝑖 for this new expression in the first equation lead to:

[ 

ℎ 𝑡𝐾 + 2𝐶 + 

4
ℎ 𝑡
𝑀 

]

𝒒 

𝑖 = 𝒃 

𝑖
𝑞 + 

2
ℎ 𝑡 

𝑀𝒃 

𝑖
𝑝 

.

Finally, applying the Rayleigh hypothesis for 𝐶 (13), one has to solve 

at each time-step the coupled equations:

[ 

(ℎ 𝑡 + 2𝛼𝛼̄)𝐾 + 

(

4
ℎ 𝑡

+ 2𝛽𝛽 

)

𝑀 

]

𝒒 

𝑖 = 𝒃 

𝑖
𝑞 + 

2
ℎ 𝑡
𝑀𝒃 

𝑖
𝑝, (17)

𝒑 

𝑖 = 2
ℎ 𝑡
𝑀𝒒 

𝑖 − 1
ℎ 𝑡 

𝑀𝒃 

𝑖
𝑝. (18)

Since 𝐾 and 𝑀 are both symmetric and positive-definite, so is the 

left-hand side matrix in (17). Therefore, the equation can be solved at 

the cost of one Cholesky factorization of the matrix 𝐴 = 

[ 

(ℎ 𝑡 

+ 2𝛼𝛼̄)𝐾 +
( 

4ℎ 

−1
𝑡 +2𝛽 

̄ 𝛽 

) 

𝑀 

] 

(as long as the time-step ℎ 𝑡 

remains constant), while all

subsequent operations inside one time-step loop will have costs similar 

to those of matrix-vector multiplications. 

The corresponding algorithm is shown in Algorithm 1. Its complex-

ity depends on the number of non-zero elements in the matrices that are 

dealt with and on their sparsity patterns (note that 𝐾 and 𝑀 feature the 

same number of non-zero elements and sparsity patterns, properties that 

are directly inherited by 𝐴). As an approximation, if we consider that all 

matrices are dense, of size 𝑛, the cost of Algorithm 1 is thus proportional 
( ) 

to 

3that of a Cholesky factorization, i.e., 
(

 

)

 𝑛 , and 𝑛 

 

matrix-vector mul
 

𝑡
tiplications, each having a cost of  𝑛2 . 

(

The resulting
)

 complexity of 
 

the algorithm is therefore of 3 2the  

 order of  𝑛 +𝑛 𝑛 . We also𝑡   note that 

the Cholesky factorization is the most expensive operation, but that the 

integrating scheme could also be costly if 𝑛 becomes large.𝑡  

-

Accounting for parameters, the evaluation of the mechanical re-

sponse over the discrete global parameter space  by means of 

Algorithm 1 

( ( ))

has complexity of order  𝑛𝛼𝑛𝛽  

 𝑛3 +
 

 𝑛 

2
 

 𝑡 

𝑛 . It shows that

the complexity of such a task rapidly grows with respect to the num-

ber of parameters. We describe below a reduced-order technique that 

efficiently tackles the evaluation of 𝑢 ℎ 

when dealing with many param-

eters. Furthermore, we will denote the complexity of solving a linear 

system of 𝑛 algebraic equations in 𝑛 unknowns as lin(𝑛). This notation is 

used to generalize the complexity, whether a direct or iterative solver is 

employed, and regardless of the sparsity pattern of the operators.

Algorithm 1 Classic elastodynamics FEM–Crank–Nicolson solver

1: Input: assembled operators 𝐾, 𝑀 and 𝒇 

2: 0initial conditions 𝒒  

 and 𝒑 

0 

 

𝐴 = 

[

(ℎ 𝑡 

+ 2𝛼𝛼̄)𝐾 + 

( 

4ℎ 

−1
𝑡 + 2𝛽 ̄ 𝛽 

) 

𝑀 

]

3: Define 

4: Factorize 𝐴: L = cholesky(𝐴) see sksparse.cholmod [51] sparse 

Cholesky decomposition

5: for 𝑖=1, …, 𝑛 𝑡 

do 

6: 𝑖Update 𝒃  

𝑞 and 𝒃 

𝑖 

𝑝
7: 𝑖Solve 𝒒 

𝑖 = L.solve_A(𝒃 +𝑞  2ℎ 

−1
𝑡 𝑀𝒃 

𝑖 )𝑝 forward / backward

substitution for Eq. (17) 

8: Compute 𝒑 

𝑖 Eq. (18)

9: end for

10: Output: 𝑄 = 

[ 

𝒒 

0 … 𝒒 

𝑛 𝑡 

]

and 𝑃 = 

[ 

𝒑 

0 … 𝒑 

𝑛 𝑡 

]

3. Parametric PGD reduced-order modeling

The Proper Generalized Decomposition method aims at approximat-

ing both the generalized coordinates 𝒒 and their generalized momenta 

𝒑 in separated form. We are thus searching for a space-time separated

representation of 𝒒 and 𝒑 as:

𝒒(𝑡, 𝛼, 𝛽) ≈ 𝒒 𝑚 

(𝑡, 𝛼, 𝛽) =
𝑚
∑ 

𝑖=1
𝝋𝑞𝑖 𝜓

𝑞
𝑖 (𝑡)𝜉

𝑞
𝑖 (𝛼)𝜁

𝑞
𝑖 (𝛽),

𝒑(𝑡, 𝛼, 𝛽) ≈ 𝒑 𝑚 

(𝑡, 𝛼, 𝛽) =
𝑚
∑

𝑖=1
𝝋𝑝𝑖𝜓

𝑝
𝑖 (𝑡)𝜉

𝑝
𝑖 (𝛼)𝜁

𝑝
𝑖 (𝛽).

For the sake of clarity in the presentation, we shall, from now on, 

drop the subscript 𝑖 and write the decompositions of rank 𝑚 as: 

𝒒(𝑡, 𝛼, 𝛽) ≈ 𝒒 𝑚 

(𝑡, 𝛼, 𝛽) = 𝒒 𝑚−1 

(𝑡, 𝛼, 𝛽) + 𝝋 𝑞 

𝜓 𝑞 

(𝑡)𝜉 𝑞(𝛼)𝜁 𝑞 

(𝛽), 

𝒑(𝑡, 𝛼, 𝛽) ≈ 𝒑 𝑚 

(𝑡, 𝛼, 𝛽) = 𝒑 𝑚−1 

(𝑡, 𝛼, 𝛽) + 𝝋 𝑝 

𝜓 𝑝(𝑡)𝜉 𝑝(𝛼)𝜁 𝑝 

(𝛽). 

The bold notations 𝒛, 𝝋, 𝝍 , 𝝃, and 𝜻 denote vertical concatenations 

such that: 

𝒛 =
[

𝒒 

𝒑 

] 

, 𝝋 = 

[

𝝋 𝑞
𝝋 𝑝

] 

, 𝝍 = 

[

𝜓 𝑞
𝜓 𝑝

] 

, 𝝃 = 

[

𝜉 𝑞
𝜉 𝑝

] 

, 𝜻 = 

[

𝜁 𝑞
𝜁 𝑝

] 

.

The following weighted residual form of (14)–(15) is considered:

∫ ∫
𝒒 

∗𝑇 

[ 

̇ 𝒑 + 

( 

𝛼𝛼̄𝐾 + 𝛽 ̄ 𝛽𝑀 

) 

̇ 𝒒 + 𝐾𝒒 

] 

𝑑𝑡𝑑𝜇

= ∫  

∫ 
𝒒 

∗𝑇 𝒇 𝑑𝑡𝑑𝜇, ∀𝒒 

∗ ∈ 

[ 

𝐿 

2 () ⊗ 𝐿 

2()
]𝑛, 

∫  

∫ 
𝒑 

∗𝑇 

[ 

̇ 𝒒 − 𝑀 

−1 𝒑 

] 

𝑑𝑡𝑑𝜇 = 0, ∀𝒑 

∗ ∈ 

[ 

𝐿 

2 () ⊗ 𝐿 

2 () 

]𝑛 . (19) 

The separated representation is computed in a progressive manner 

by adding one quadruplet of modes (𝝋, 𝝍 , 𝝃, 𝜻) at each enrichment, 

following the so-called greedy rank-one update algorithm. In other 

words, we substitute 𝒒 and for𝑚  𝒑 𝑚   

  

𝒒 and 𝒑, respectively, so that the 

modes (𝝋 𝑞 , 𝜓 𝑞 , 𝜉 and𝑞 , 𝜁 𝑞)  (𝝋 𝑝, 𝜓 𝑝, 𝜉 𝑝, 𝜁 𝑝)  

   

become the new unknowns of 

the problem. Subsequently, the modes are computed one by one at 

each enrichment, with 𝒛𝑚 −1 being known. This computing paradigm

has the virtue of drastically reducing the complexity by splitting the

computational costs into lower dimensional sub-problems.

The goal in this section is to show how the PGD sub-problems are

modified in comparison to our previous work [39] with the introduc-

tion of additional modes for parameters 𝛼 and 𝛽. This development is

rather straightforward and is drawn from an example with the tran-

sient diffusion equation in [11], where the diffusivity is considered as

an extra-coordinate. The authors highlight that the analytical solution

of the transient diffusion equation cannot be written in a parameter-

separated format. Yet, the PGD strategy is somehow efficient to tackle

the diffusion problem. Likewise, modal superposition does not express

the solution of the problem that is therein dealt with in a separated

form [52]. We will show in Section 5 that the PGD was found to be ef-

ficient when applied to the problem at hand. Special attention will be

devoted to the way we address the spatial problem and a new resolu-

tion strategy will be presented. The effect of the PGD technique on the

complexity will be detailed as well.

3.1. Fixed-point algorithm

If the complexity reduction offered by the PGD strategy is appeal-

ing, it however leads to a non-linear formulation for the modes. At each 

enrichment 𝑚, the problem to be solved for (𝝋, 𝝍 , 𝝃, 𝜻) reads:

∫ ∫
𝒒 

∗𝑇 

[ 

𝝋 𝑝 

𝜓̇ 𝑝 

𝜉 𝑝 

𝜁 𝑝 + 

( 

𝛼𝛼̄𝐾 + 𝛽 

̄ 𝛽𝑀 

) 

𝝋 𝑞𝜓̇ 𝑞 

𝜉 𝑞 

𝜁 𝑞 + 𝐾𝝋 𝑞 

𝜓 𝑞 

𝜉 𝑞 

𝜁 𝑞 

] 

𝑑𝑡𝑑𝜇

= ∫ ∫
𝒒∗𝑇 𝒓 

𝑞
𝑚−1 𝑑𝑡𝑑𝜇, ∀𝒒 

∗,
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∫ ∫
𝒑 

∗𝑇 [ 

𝝋 𝑞 

𝜓̇ 𝑞 

𝜉 𝑞 

𝜁 𝑞 − 𝑀 

−1 𝝋 𝑝 

𝜓 𝑝 

𝜉 𝑝 

𝜁 𝑝 

] 

𝑑𝑡𝑑𝜇

= ∫  

∫  

𝒑∗𝑇 𝒓 

𝑝
𝑚−1 𝑑𝑡𝑑𝜇, ∀𝒑 

∗, 

𝑞
where 𝒓  

 and𝑚−1  𝒓𝑝𝑚 are−1  the 𝑚th residuals: 

𝒓 

𝑞
𝑚−1 = 

{

𝒇 , if 𝑚 = 1,

𝒇 − ̇ 𝒑𝑚−1 

− 

( 

𝛼𝛼̄𝐾 + 𝛽𝛽𝑀 

) 

̇ 𝒒𝑚−1 

− 𝐾𝒒 𝑚−1 

, if 𝑚 > 1,

𝒓 

𝑝
𝑚−1 = 

{

𝟎, if 𝑚 = 1,

𝑀 

−1 𝒑 𝑚−1 − 𝒒̇𝑚−1 

, if 𝑚 > 1.

The above problem is solved in an iterative manner using the 

following fixed point algorithm:

1. Solve (19) for 𝝋 with (𝝍 , 𝝃, 𝜻) known. This step will be referred to

as the spatial problem and is written in a generic form as: 

𝐴  

(𝝍 , 𝝃, 𝜻)𝝋 = 𝒃  

(𝝍 , 𝝃, 𝜻 , 𝒛 𝑚−1), (20) 

where the 2𝑛 × 2𝑛 matrix 𝐴  

and vector 𝒃  

of size 2𝑛 will be

specified in Section 3.2.

2. Solve (19) for 𝝃 with (𝝋, 𝝍 , 𝜻) known. This problem consists in

solving the 2𝑛𝛼 algebraic equations: 

𝐴 𝜉 

(𝛼, 𝝋, 𝝍 , 𝜻)𝝃 = 𝒃 𝜉 (𝛼, 𝝋, 𝝍 , 𝜻 , 𝒛 𝑚−1 

), (21)

where the 2 × 2 matrix 𝐴 and vector of𝜉  𝒃𝜉  size 2 are explicitly

provided in Appendix A. In other words, there is one 2 × 2 linear 

system to solve for each value of the parameter 𝛼.
3. Solve (19) for 𝜻 with (𝝋, 𝝍 , 𝝃) known. This problem consists in

solving the 2𝑛𝛽 algebraic equations: 

𝐴 𝜁 

(𝛽, 𝝋, 𝝍 , 𝝃)𝜻 = 𝒃 𝜁 (𝛽, 𝝋, 𝝍 , 𝝃, 𝒛 𝑚−1 

), (22) 

where the 2 × 2 matrix 𝐴  

 

and vector of𝜁  𝒃𝜁  size 2 are explicitly 

provided in Appendix A. As for 𝛼, there is one 2 × 2 linear system 

to solve for each value of the parameter 𝛽.
4. Solve (19) for 𝝍 with (𝝋, 𝝃, 𝜻) known. The temporal problem

corresponds to the system of first-order differential equations: 

̇ 𝝍 = 𝑓  (𝑡, 𝝍 , 𝝋, 𝝃, 𝜻 , 𝒛 𝑚−1), (23) 

where the vector-valued function 𝑓  

is explicitly provided in

Appendix A.

The fixed-point procedure is illustrated in Fig. 1. It appears 

that
(

 the 

(

resulting complexity of the PGD algorithm is of order

 𝑚𝑘
 ))

max lin(𝑛) + 𝑛 + 𝑛 + 𝑛
 

 , with 𝑘 max  maximum 

 

the number of𝑡 𝛼 𝛽  

fixed-point iterations to reach convergence. We will show in the next 

section that this complexity can further be decreased by projecting the 

spatial problem onto a subspace spanned by Ritz vectors. 

3.2. Problem in space 

3.2.1. Projection in ritz subspace

We assume that (𝝍 , 𝝃, 𝜻) is known and we search for the new spatial 

mode 𝝋  

∗. We choose  functions 

∗ ∗test in  

 the form 𝒒 = 𝝋  

  𝑞𝜓𝑞𝜉𝑞𝜁 and𝑞  𝒑  

 =
𝝋 

∗ 

𝑝𝜓 𝜉 .𝑝𝜁 (𝑝  Equation𝑝  19) leads to the linear system:

𝐴  

𝝋 = 𝒃  

, (24) 

where: 

𝐴  

= 

[

𝑘 𝑞𝑞 

𝐾 + 𝑚 𝑞𝑞 

𝑀 𝑐 𝑞𝑝 

𝐼 𝑛
𝑐 𝑝𝑞 

𝐼 𝑛 

𝑚 𝑝𝑝𝑀 

−1

] 

,

Fig. 1. Flowchart of the conventional fixed-point algorithm with associated 

computational complexities.

𝒃  

=

⎡ 

⎢ 

⎢ 

⎢ 

⎣

∫ ∫
𝜓𝑞𝜉𝑞𝜁𝑞𝒓 

𝑞
𝑚−1 𝑑𝑡𝑑𝜇

∫ ∫
𝜓𝑝𝜉𝑝𝜁𝑝𝒓 

𝑝
𝑚−1 𝑑𝑡𝑑𝜇

⎤ 

⎥ 

⎥ 

⎥ 

⎦ 

,

and the real coefficients are defined in Appendix A. The introduction 

of viscous damping, assumed to be proportional to  and , allows 

us to write (

𝐾 𝑀
24) in a form similar to that in our previous work [39]. 

Therefore, following [39], we can project Eq. (24) onto the subspace of 

approximated eigenvectors, namely the Ritz vectors, which verify the 

properties (with 𝑚 ⩽ 𝑟 ≪ 𝑛):

(

Λ̂, 

̂ 𝑉 

) 

∈ R 

𝑟×𝑟 × R 

𝑛×𝑟 , such that ̂ 𝑉 

𝑇 𝐾 ̂ 𝑉 = ̂ Λ, and 𝑉 

𝑇 𝑀 𝑉 = 𝐼 𝑟 

,

where the Ritz values and associated Ritz vectors are:

̂ Λ = diag 

( ̂ 𝜆 1, … , ̂ 𝜆 𝑟
) 

,

𝑉 =
 

̂ 𝒗1 

… ̂ 𝒗𝑟 

 

.
[ ]

We now introduce the mapping: 

𝑅 = 

[

𝑉 0
0 𝑀 ̂ 𝑉 

] 

.

The problem in space (24), using 𝝋 = 𝑅𝝋̂ , can thus be rewritten as:

̂ 𝐴  

̂ 𝝋 = 𝒃̂  , (25)

with: 

̂ 𝐴  

= 𝑅 

𝑇 𝐴  

𝑅 = 

[ 

𝑘 𝑞𝑞 ̂ Λ + 𝑚 𝑞𝑞 

𝐼 𝑟 

𝑐 𝑞𝑝 

𝐼 𝑟
𝑐 𝑝𝑞 

𝐼 𝑟 

𝑚 𝑝𝑝 

𝐼 𝑟

] 

,

̂ 𝒃  

= 𝑅 

𝑇 𝒃  

= 

[ ̂ 𝒃 𝑞
̂ 𝒃 𝑝 

] 

.

The structure of 𝐴̂  exhibits a coupling of the components of 𝝋̂ 

 𝑞 

and

𝝋̂ 𝑝 

. The solution can be explicitly expressed, component-wise, as:

̂ 𝝋𝑞,𝑖 = 

1
𝑚̂ 𝑞𝑞 

𝑚 𝑝𝑝 

− 𝑐 𝑞𝑝 

𝑐 𝑝𝑞

(

𝑚𝑝𝑝 

𝒃̂ 𝑞,𝑖 

− 𝑐 𝑞𝑝𝒃̂ 𝑝,𝑖
) 

, (26)
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Fig. 2. Flowchart of the PGD offline phase with the hybrid space solver.

̂ 𝝋𝑝,𝑖 =
1

𝑚̂ 𝑞𝑞 

𝑚 𝑝𝑝 − 𝑐 𝑞𝑝 

𝑐 𝑝𝑞

( 

𝑚̂ 𝑞𝑞 𝒃̂ 𝑝,𝑖 − 𝑐 𝑝𝑞 ̂ 𝒃 𝑞,𝑖 

) 

, (27)

with: 

𝑚̂ 𝑞𝑞 

= 𝑘 𝑞𝑞 𝜆̂ 𝑖 + 𝑚 𝑞𝑞 

.

The complexity of the spatial problem (24) is linear in terms of the 

dimension 𝑟 of
(

 the Ritz
(

 subspace, which results in the overall complex

 𝑚𝑘 𝑟
 ))

ity of order max  + 𝑛𝑡 + 𝑛𝛼 + 𝑛
 

𝛽 . It  

 

is  

 

noteworthy that part of the 

complexity of the computation is transferred to the solution of the gen

eralized eigenproblem, i.e., 𝐾𝒖 = 𝜆𝑀𝒖. However, the solution of the

-

-

eigenproblem, followed by the PGD offline phase, allows one to obtain 

the solution to the parameterized problem for all parameter values, in 

contrast to one FEM solution per pair (𝛼, 𝛽) for all possible values of 𝛼 

and 𝛽. Strictly speaking, this method consists in searching for the spatial 

modes as a linear combination of Ritz vectors and can be interpreted as 

an extra reduction step per se. It will be shown to be extremely efficient 

computation-wise.

3.2.2. Hybrid space solver

The solution to the projected spatial problem (25) involves a trade-

off between computational efficiency and solution accuracy. On one

Computers and Structures 315 (2025) 107826 
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hand, the projection of the system onto a subspace spanned by Ritz vec-

tors is extremely efficient but introduces additional numerical errors. 

Moreover, it was observed that the accuracy of the PGD approximation 

is bounded by the information contained in the Ritz vectors. On the other 

hand, solving the full system (24) does not introduce any extra approx-

imation and thus enables one to keep finding modes that increase the 

ROM accuracy. Unfortunately, as it relies on assembling and factorizing 

the matrix 𝐴  

in (24) at each fixed-point iteration, this turns out to be

prohibitive as soon as the number of spatial degrees of freedom becomes 

too large. We refer the reader to [39] for further details on this issue.

In this section, we develop a compromise, which consists of adap-

tively searching for spatial modes either as a linear combination of Ritz 

vectors, performing a projection (25), or as a linear combination of the 

full-order FE basis functions, solving for the full problem (24). In fact, 

the relevant information contained in the Ritz vectors is usually ex-

tracted after around 20 modes (see e.g., Fig. 13). However, when dealing 

with a problem involving several parameters, the number of enrichments 

should be increased to obtain a satisfactory accuracy, in which case one 

should consider solving the full-order problem (24). As in [39], spatial 

modes 𝝋 𝑞 

and 𝝋 𝑝 

are orthonormalized with respect to 𝐾 and 𝑀 

−1 , re-

spectively. For the damping parameter modes, they are normalized such 

that:

∫ 𝛼

(

𝜉𝑞𝑖
) 2𝑑𝛼 = 1, ∫ 𝛼

(

𝜉𝑝𝑖
) 2𝑑𝛼 = 1,

∫𝛽

(

𝜁𝑞𝑖
) 2𝑑𝛽 = 1, ∫𝛽

(

𝜁𝑝𝑖
) 2𝑑𝛽 = 1,

𝑖 = 1, … , 𝑚.

Thus, for each PGD enrichment, a factor 𝑤 𝑖 

can be defined in the 

space-discrete formalism as:

𝑤 𝑖 = ∫ ∫

(1
2
(

𝜓𝑞𝑖 𝜉
𝑞
𝑖 𝜁

𝑞
𝑖
) 2( 

𝝋𝑞𝑖
) 𝑇𝐾𝝋𝑞𝑖 + 

1
2
(

𝜓𝑝𝑖 𝜉
𝑝
𝑖 𝜁

𝑝
𝑖
) 2(𝝋𝑝𝑖

) 𝑇𝑀 

−1𝝋𝑝𝑖
) 

𝑑𝑡𝑑𝜇.

With separability and normalization, the integral reduces to: 

𝑤 𝑖 = 

1
2 ∫ 

(

𝜓𝑞𝑖
) 2 +

(

𝜓𝑝𝑖
) 2𝑑𝑡.

Alike mode participation factors in modal analysis, 𝑤 𝑖 

measures 

the contribution of the 𝑖th mode in the description of the dynamic re-

sponse. We will hereafter refer to these factors as “contribution factors”. 

Their magnitude is expected to decrease as the rank of the enrichment 

increases. We thus develop the following adaptive approach (see Fig. 2):

1. Compute enrichment terms using the Ritz approximation of the

spatial problem: solve (25) for ̂ 𝝋 and set 𝝋 = 𝑅 ̂ 𝝋. Repeat until 

𝑤 

 

∕𝑤 1 

< 𝜖 , 
 

a user-defined𝑖 𝑤   tolerance, at which point a MinRes 

correction will be activated, as described in Step 2;

2. Use the mode 𝝋 computed in Step 1 as an initial guess 𝝋 

0 ∶ = 𝝋
and solve (24) for 𝝋 by means of the Minimal Residual (MinRes) 

iterative solver. This approach is similar to a prediction–correction 

method.

Such an algorithm circumvents the computational burden incurred 

by the resolution of (24). Furthermore, the prediction of the spatial mode 

given by 𝝋 = 𝑅 ̂ 𝝋 has proved effective when used as an initial guess, since 

it significantly decreases the number of MinRes iterations (as shown in 

Fig. 14).

4. Parameter identification using particle swarm optimization

The problem we address here deals with the identification of the 

parameters 𝛼 and 𝛽 with respect to given snapshots 𝑢 .𝑆  The goal is

   (𝛼 

∗
 

𝛽∗to find values  ,  

 ) ∈  such that a displacement field, denoted by

𝑢 ℎ      

ℎ
        

 

= 𝑢 (𝛼, 𝛽) ∈  and evaluated by means of a chosen computationalℎ

Fig. 3. Pseudo flowchart of the deployed solution.

method, minimizes a given cost function 𝐽 ∶ → R. The problem thus 

reads:

∗F ( ∗ind 𝛼  

 , 𝛽  

 ) ∈  ∗ ∗
 such   

 that (𝛼 , 𝛽 ) ∈ argmin 𝐽 (𝛼, 𝛽).
(𝛼,𝛽)∈

The cost function measures the deviation between the snapshot 𝑢 𝑆 

and the computed approximation 𝑢 ℎ 

, usually defined with respect to a 

Quantity of Interest (QoI). In the test case that will be presented there-

after, we focus on the mechanical response over the boundary 𝜕Ω 𝑁 

,

where Neumann boundary conditions are enforced. The cost function 

can be formulated as:

𝐽 (𝛼, 𝛽) =

√

∫ 

∫ 𝜕Ω𝑁

1
2
𝜌𝑒̇(𝛼, 𝛽) ⋅ 𝑒̇(𝛼, 𝛽) + 

1
2
𝜀
(

𝑒(𝛼, 𝛽) 

) 

∶E∶𝜀 

( 

𝑒(𝛼, 𝛽) 

) 

𝑑𝑥𝑑𝑡

√

∫ 

∫ 𝜕Ω𝑁

1
2 

𝜌𝑣 𝑆 

⋅ 𝑣 𝑆 

+ 

1
2
𝜀 

( 

𝑢 𝑆 

) 

∶E∶𝜀 

( 

𝑢 𝑆 

) 

𝑑𝑥𝑑𝑡

,

with:

𝑒(𝛼, 𝛽) = 𝑢 𝑆 − 𝑢 ℎ 

(𝛼, 𝛽),

𝑒̇(𝛼, 𝛽) = 𝑣 𝑆 − 𝑢̇ ℎ 

(𝛼, 𝛽).

The optimization problem is computationally demanding, particu-

larly if 𝑢 ℎ 

(𝛼, 𝛽) is evaluated by a conventional FEM solver. Thus, the use 

of the PGD as a surrogate model should improve the efficiency of the 

process as it provides fast evaluations of 𝑢 ℎ 

(𝛼, 𝛽) (see Fig. 3).

The optimization problem is solved using the Particle Swarm 

Optimization (PSO) technique [48,49]. PSO was chosen for its weakly-

intrusive nature, making it well-suited for problems where additional 

parameters may be introduced. Unlike gradient-based methods, PSO 

does not require significant modifications to the code to accommodate 

new parameters, ensuring flexibility in optimization while maintaining 

computational efficiency. A recent study implemented a PSO optimizer 

within the framework of Parametric Model Order Reduction to address 

the optimal design of fiber composites [53]. The optimization focuses 

on four design variables representing tow path angles. Additionally, 

theoretical results establish its global convergence under well-prepared 

initialization and suitable hyperparameter choices [54]. These find-

ings support its applicability in high-dimensional, nonconvex settings, 

reinforcing its use in complex optimization tasks.
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Fig. 4. Schematic of the 3D beam ̄ Ω = [0, 6] × [0, 1] × [0, 1].

Fig. 5. Schematic of the boundary multiaxial load 𝜎 ⋅ 𝑛 prescribed on 𝜕Ω 𝑁 

.

In the presented framework, one considers 𝑛 PSO 

particles individually 

associated with a triplet (𝛼𝑝 , 𝛽 𝑝, 𝐽 𝑝 = 𝐽 (𝛼𝑝 , 𝛽 𝑝)), with 𝑝 = 1, … , 𝑛  

 PSO 

, that 

are used to explore in an iterative manner
(

 the search space 
)

. The state 

 

of each particle is denoted by 𝑥 

𝑘 = 𝛼 

𝑘, 𝛽 

𝑘, 𝐽 

𝑘 , with 𝑘 being the index𝑝 𝑝 𝑝 𝑝   

of the current PSO iteration and 𝑝 the particle label. The PSO technique 

proceeds as follows:

1. Initialization: a population of 𝑛PSO particles is randomly
(

 initialized
)

 

 

 

0within . Each particle is 

0 0 0assigned a triplet 𝑥 =𝑝  𝛼𝑝 , 𝛽 𝑝 , 𝐽 ;𝑝

2.
𝑘𝑝

 Individual update: each particle updates its own best
 

 state 𝑥 𝑝 

,

where 𝑘 𝑝 = argmin 𝐽 

𝑖,𝑝  for 𝑝 = 1, … , 𝑛 PSO
1⩽𝑖⩽

 

;
𝑘

3. Global update: update the global best state 𝑥𝑘𝑝 , which represents 

𝑏 
the best solution found by any particle in the entire swarm at the 

current iteration, where 𝑝 𝑏 = argmin 𝐽 

𝑘;𝑝
1⩽𝑝⩽𝑛PSO 

4. State update: the state of each particle is updated based on its

current state, its own best state, and global best state, according 

to the following equations:

Velocity update
⎧

⎪

⎨

⎪

⎩

𝛼̇ 

𝑘+1
𝑝 

= 𝑤𝛼̇ 

𝑘+1
𝑝 

+ 𝑐 1𝜖 

𝑘
𝑝

(

𝛼 

𝑘 𝑝 

𝑝 − 𝛼 

𝑘
𝑝

) 

+ 𝑐 2𝜂 

𝑘
𝑝

(

𝛼𝑘 

𝑝 𝑏
− 𝛼 

𝑘
𝑝

) 

,

𝛽̇ 

𝑘+1
𝑝 = 𝑤𝛽̇ 

𝑘+1
𝑝 + 𝑐 1𝜖 

𝑘
𝑝

(

𝛽
𝑘 𝑝 

𝑝 − 𝛽 

𝑘
𝑝

) 

+ 𝑐 2𝜂 

𝑘
𝑝

(

𝛽𝑘𝑝𝑏 − 𝛽 

𝑘
𝑝

) 

,

Position update
⎧

⎪

⎨

⎪

⎩

𝛼 

𝑘+1
𝑝 = 𝛼 

𝑘
𝑝 + 𝛼̇ 

𝑘+1 

𝑝 

,

𝛽 

𝑘+1
𝑝 = 𝛽 

𝑘
𝑝 + 𝛽̇ 

𝑘+1
𝑝 ,

where 𝑤, 𝑐1 , and 𝑐 2 

are three control parameters, namely the inertia 

weight, the cognitive, and the social acceleration coefficients, respec

tively, and 𝜖 

𝑘 and𝑝  𝜂 

𝑘 are𝑝  random perturbations. These parameters

influence the search strategy between exploitation and exploration. The 

term exploitation means that one carries out the search around known

promising states (own and global best states, promoted by 𝑐 1 

and 𝑐 2 

). A

drawback of assigning too much weight to exploitation is the premature 

attraction to local optima. Conversely, exploration promotes the evalua

tion of states as widely as possible within the search space (promoted by

𝑤, 𝜖 

𝑘,𝑝  and 𝜂 

𝑘).𝑝  It may in return lead to a higher number of iterations for 

the algorithm to converge towards an optimal solution. Consequently, 

the parameters are to be tuned in order to find a good trade-off between 

exploitation and exploration. Steps 2 to 4 are repeated until a conver

gence criterion is fulfilled. It is worth noting that evaluating the state of 

each particle can be seamlessly performed in parallel.

-

-

-

5. Numerical examples 

5.1. Test case: parameter optimization with respect to a QoI

The test case consists of a 3D beam clamped on one end 𝜕Ω 𝐷 and 

subjected to a multiaxial load on the other end 𝜕Ω 𝑁 

, see Fig. 4. The 

computational domain Ω = (0, 6)×(0, 1)×(0, 1) (in meters) is a rectangular 

parallelepiped with a squared cross-section. Its response to an external 

load on its right end is computed over the time interval  = (0, 1) (in 

seconds). The governing equations are those introduced in Section 2.1 

with 𝑓 = 0. Moreover, the beam is subjected to homogeneous initial 

conditions:

𝑢(𝑥, 0) = 0, ∀𝑥 ∈ Ω,
𝜕𝑢 

𝜕𝑡 

(𝑥, 0) = 0, ∀𝑥 ∈ Ω, 

and to the boundary conditions:

𝑢(𝑥, 𝑡) = 0, ∀(𝑥, 𝑡) ∈ 𝜕Ω 𝐷 

× ,

𝜎(𝑢) ⋅ 𝑛 = 𝑔 𝑁 

(𝑥, 𝑡), ∀(𝑥, 𝑡) ∈ 𝜕Ω 𝑁 

× ,

𝜎(𝑢) ⋅ 𝑛 = 0, ∀(𝑥, 𝑡) ∈ 𝜕Ω 0 

× .

The external load 𝑔 𝑁 , applied to the boundary 𝜕Ω 𝑁 

= {6} × (0, 1) ×
(0, 1) of the structure, is described in Fig. 5 and results in both vertical 

bending and torsion. The beam is free on the remainder of the boundary 

𝜕Ω 0 

= 𝜕Ω∖(𝜕Ω 

 

∪ 𝜕Ω . 
 

) The values𝐷 𝑁   of the parameters are chosen as 

follows:

𝐸 = 220 GPa, 

𝜈 = 0.3, 

3𝜌 = 7,000 kg/m  

 ,

𝜔 𝐵 

= 160 rad/s, 

𝜔 𝑇 

= 875 rad/s, 

−5𝛼̄ = 10  

 s,
−1𝛽  

 = 1 s ,

𝛼 min 

= 𝛽 min 

= 0.2,

𝛼 max 

= 𝛽 max = 2,

and the Lamé coefficients are evaluated as: 

𝜇 = 

𝐸
2(1 + 𝜈)

, 𝜆 = 

𝐸𝜈
(1 + 𝜈)(1 − 2𝜈) 

. 

The time domain  is divided into 𝑛 𝑡 = 4800 sub-intervals of 

equal size. The space domain Ω is partitioned into linear tetrahe-

dral elements and five meshes will be considered such that the 

number 2𝑛 of spatial degrees of freedom (DOF) takes values in 

{33,990, 147,174, 554,412, 1,408,002, 3,002,406}. Regardless of the spatial

discretization, the number of Ritz vectors is set to 𝑟 = 300, corresponding 

to the smallest Ritz values [52]. The offline phase of the PGD is performed 

for 𝑚 = 100 modes. In the case of the hybrid space solver, the tolerance

𝜖 is set to  

−6
 

10 . The evaluation the cost function  is carried𝑤  of    𝐽  out us

ing the PGD reduced-order model, referred to as the online phase. Unless 

stated otherwise,  and𝛼    

 

are𝛽 

both discretized using 𝑛𝛼 = 𝑛 𝛽 = 190
values for 𝛼 and 𝛽. Thus, the dimension of the discrete global parameter 

space  is 36,100. Note that the evaluation of 𝐽 is not limited to these

discrete parameter values as it can be evaluated for any pair (𝛼, 𝛽) ∈  

by interpolation of the PGD damping modes 𝝃 and 𝜻 . A linear interpo

lation will be considered for this purpose. The global best PSO variant 

is used with the inertia weight, the cognitive and the social acceleration

coefficients set to 𝑤 = 0.4, 𝑐1  

= 0.5, and 𝑐2  

= 0.3, respectively. The PSO 

-

-

algorithm will run in parallel with 𝑛 PSO 

= 32 particles. Recall that the

overall solution process is illustrated in Fig. 3.
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5.2. Comparison method and performance criteria

We shall report and compare the results based on the following 

criteria:

1. The relative error 𝜖 ROM of the PGD approximations with respect 

to the full-order solutions, namely the FEM solutions described in 

Section 2.3, is defined as:

𝜖 ROM = 

√

‖

‖

𝑢 FEM 

− 𝑢 ROM
‖ 

‖ 

ℎ

‖

‖ 

𝑢FEM
‖ 

‖ 

ℎ
.

For feasibility reasons, 𝜖 ROM will be assessed only for a small 

number of spatial DOF, i.e., 2𝑛 = 36,774, and coarse parameter dis-

cretizations 𝑛 𝛼 = 𝑛 𝛽 = 10 for  𝛼 and  𝛽 

. Three approaches will be 

compared for the problem in space: (1) only the Ritz prediction 

is performed; (2) an LU factorization is performed at each fixed-

point iteration; (3) a prediction–correction with a MinRes solver 

is performed, as described in Section 3.2.2. The three approaches 

are respectively labeled “Ritz”, “Full”, and “Hybrid” on Fig. 13. 

The evolution of the contribution factors 𝑤 𝑖 

will be measured to 

verify the efficiency of the hybrid solver. Past these results, only 

the hybrid solver will be considered;

2. The time speedup factor achieved by the reduced-order model

when compared to the conventional FEM solver, see Algorithm 1. 

It will include scaling performance with respect to the size of the 

spatial discretization. The scaling performance refers to the of-

fline phase that was performed on a computing hub offering more 

resources than most personal computers;

3. The decrease in the cost function, evaluated by the swarm parti

cles.  

 The relative errors in the optimized parameters (𝛼 

𝑘
𝑝 , 𝛽 

𝑘 ), th
𝑏 𝑝  wi

𝑏
respect to the pair (𝛼 

 

, 𝛽 ) employed to generate the snapshots, are𝑆 𝑆  

defined as:

-

𝜖 

𝑘
𝛼 =

𝛼 

𝑘
𝑝 𝑏

− 𝛼 𝑆

𝛼 𝑆
, 𝜖𝑘𝛽 =

𝛽 

𝑘
𝑝𝑏

− 𝛽 𝑆

𝛽 𝑆
.

The errors are assessed at every PSO iteration, denoted here by 

𝑘, for the global best particle. The snapshots and the offline PGD 

are computed on the same mesh featuring 2𝑛 = 3,002,406 spatial 

DOFs. The optimization was performed on a personal computer, 

using the PGD as a surrogate model (online phase) and the PSO to 

drive the parameter search.

As far as computer times are concerned, the configurations of both 

the computing hub and the personal computer are detailed below:

• Computing hub (AWS’ c5.12xlarge instance):

– Intel(R) Xeon(R) Platinum 8275CL CPU @ 3.00 GHz (24 cores, 48

threads);

– RAM: 96 GB;

– OS: Ubuntu 22.04.4 LTS (Jammy Jellyfish).

• Personal computer:

– CPU: AMD Ryzen 7 PRO 4750U @ 1.7 GHz per core (8 cores, 16

threads);

– RAM: 38 GB;

– OS: Arch Linux kernel version 6.10.6.

The code, written using Python 3.9.19, leverages Intel’s MKL with the 

Intel Distribution for Python and SuiteSparse’s CHOLMOD Supernodal 

Sparse Cholesky Factorization [51]. The MinRes algorithm is SciPy 

scipy.sparse.linalg.minres [55] with a tolerance for the relative 

residual set to tol = 5 × 10 

−8 . The offline PGD computation was per-

formed using the computing hub on 16 cores. The PSO, fed with the PGD 

surrogate model, was carried out by the research toolkit PySwarms [56] 

using the personal computer on 8 cores.

Table 1 

Time efficiency of the PGD offline phase with respect to different spatial 

discretizations with 𝑛 𝛼 

= 𝑛 𝛽 

= 190.

# DOF in space 33,990 147,174 554,412 1,408,002 3,002,406

Offline PGD (s) 24 90 360 999 2317

Table 2 

Time efficiency of the FEM solver described in Algorithm 1 for one computation.

# DOF in space 33,990 147,174 554,412 1,408,002 3,002,406

FEM (s) 29 188 847 2431 5757

Table 3 

Summary of the time and memory efficiency of the developed PGD solver com-

pared to those of a conventional FEM for a computation with 2𝑛 = 3,002,406 

spatial DOFs, 𝑛 𝑡 

= 4800 time-steps and 𝑛 𝛼 = 𝑛 𝛽 = 190 values for the damping

parameters (the PGD results are provided by the code while the FEM results are 

estimated based on the result for a single computation).

PGD FEM

Offline phase Time (s) 2317 n.a.

Memory (GB) 59 n.a.

Optimization Time (s) 322 10 

7

Memory (GB) 2.7 52 

Storage 4.8 GB 4200 TB

5.3. Numerical results

We show in Fig. 13 the evolution of the relative error 𝜖 ROM with 

respect to the number of modes, when using the Ritz projection, the 

full, and the hybrid approaches. We observe that 𝜖 ROM 

decreases rather 

quickly for about the first 30 enrichments. However, the limitation of the 

Ritz projection is clearly highlighted in this test case as we can see that 

the useful information contained in the 𝑟 = 300 Ritz vectors has been 

thoroughly exploited after 30 enrichments. The adaptive hybrid solver 

activates the MinRes correction around the 30 

th enrichment, after which 

an abrupt decrease in 𝜖 ROM 

along with an increase of the contribution 

factors 𝑤 𝑖 

are observed. One aspect that has not been discussed so far 

is the loss of information due to the projection in Eq. (25) on the repre-

sentation of the original right-hand side of Eq. (24). In fact, it is rather 

difficult to predict in advance up to which rank the representation of the 

right-hand side residual in the base formed by the Ritz vectors will be 

accurate. In particular, it is likely that high-frequency variations in the 

residual will not be retained after projection. This information is how-

ever recovered as soon as the hybrid solver switches to the solution of the 

full-order spatial problem (24). Fig. 13 also shows the error reduction of 

the PGD solver with LU factorization, labeled “Full”, and it confirms the 

relevance of the hybrid solver. Indeed, the hybrid solver mitigates com-

putational costs with an accuracy similar to that of the “Full” solver. As 

a point of comparison, for 33,990 spatial DOFs, the offline phase takes 

970 s when an LU factorization is used to solve the problem in space, 

compared to 24 s with the hybrid strategy. Regarding the latter, Fig. 14 

illustrates the impact of the prediction–correction scheme, reducing the 

average number of MinRes iterations per linear solve (24) from 91 to 

20. It is also worth mentioning that the Cholesky factorization of 𝐾 was 

tested as a preconditioner for the MinRes solver, but this choice was 

not retained. While it reduces the number of iterations to an average of 

10, the additional computations required for the Cholesky forward and 

backward solves ultimately make this approach slower.

The results regarding execution time are reported in Tables 1 and 2. 

Note that the execution time for the FEM solver corresponds to the com-

putation for a single pair (𝛼, 𝛽). As multiple evaluations of the response 

are needed to proceed with parameter optimization, one may conclude 

that the use of a classic FEM solver is prohibitive. Conversely, once the
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Fig. 6. 1st spatial mode.

Fig. 7. 2nd spatial mode.

Fig. 8. 3rd spatial mode.

Fig. 9. 4 

th spatial mode.

Fig. 10. First four temporal modes.

Fig. 11. First four 𝛼-modes.

Fig. 12. First four 𝛽-modes.
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Fig. 13. (Left) Relative error 𝜖 ROM 

between the reference fields and the PGD fields

for the three strategies for the problem in space (𝑦-axis in log scale). (Right)
Factor 𝑤 𝑖 of the 𝑖th enrichment for the three strategies for the problem in space

(𝑦-axis in log scale).

Fig. 14. Impact of an initial guess on the number of MinRes iterations (cumula-

tive sum of MinRes iterations per fixed-point iteration).

PGD offline phase is completed, the modes can be used as a surrogate 

model to quickly assess the mechanical behavior for any pair (𝛼, 𝛽) ∈ . 
Fig. 15 shows the time distribution across the different phases of the 

computations. It clearly illustrates that the time marching scheme is the 

computationally most expensive phase of the FEM solver. In the case 

of the PGD solver, the space problem accounts for the majority of the 

computational time. The diagram clearly demonstrates the excellent ef-

ficiency of the Ritz estimates, even when including the time spent to 

compute the Ritz vectors during the preprocessing stage. Notably, the 

damping modes contribute minimally to the overall computational time. 

Note that the time required to assemble the operators is included in 

the diagram slices for each problem, respectively. Therefore, a possible 

improvement would be to work on a more efficient method for assem-

bling the operators for the right-hand side residuals and the left-hand 

side (when applicable). This remark especially applies to the problem in 

space. Indeed, the problems related to time and damping parameters are 

purely one-dimensional with respect to the time variable 𝑡 and damping 

parameters 𝛼 and 𝛽. In contrast, the spatial problem does not assume 

separability with respect to the three spatial directions, which results in 

an increased workload.

Fig. 16 shows the evolution of the cost function evaluated for both 

the global best and global worst particles of the swarm as well as the rel-

ative errors 𝜖 

𝑘
𝛼 and 𝜖 

𝑘
𝛽 for the global best particle. We illustrate in Fig. 17

the PSO iterative search and in Fig. 18 the surface of the cost function 

near the global minimum. Note that the surface was post-processed for 

visualization purposes only as PSO does not require any knowledge other 

than the one collected by the swarm particles through their search. One 

observes in Fig. 16 that the best particle reaches an optimal state around 

the 40th iteration. The convergence of the swarm towards this opti-

mum is reached around the 55th iteration. The final optimized damping 

coefficients achieve errors that are within acceptable bounds, and the 

value of the optimized cost function also indicates the effectiveness of 

the approach. Thus, we consider that 55 × 𝑛 PSO 

= 1760 evaluations of

the cost function, and a fortiori of 𝑢 ℎ 

(𝛼, 𝛽), were required to solve the

optimization problem. Using the PGD surrogate model (online phase), 

the optimization was performed in 322 s. If a conventional FEM solver 

were to be used instead, this time would have been several orders of 

magnitude longer. Accounting for the offline phase, the overall speedup 

factor is estimated to be 3800. Beyond time efficiency, the memory us-

age needed to store the results is also an aspect to be accounted for. 

After the offline phase, we are provided with separated representations 

for both the generalized coordinates and momenta, i.e., 2𝑚 modes for 

the space, time, and damping parameters, respectively, which amount

to a total of 2𝑚(𝑛 + 𝑛 𝑡 

+ 𝑛 𝛼 + 𝑛 𝛽 ) floating numbers to store. By contrast,

the storage of all FEM solutions amounts to 2𝑛 × 𝑛 𝑡 × 𝑛 𝛼 × 𝑛 𝛽 floating

numbers. Therefore, the PGD approximation also offers a gain in mem-

ory by several orders of magnitude. Table 3 summarizes these results, 

considering that numbers are stored in double precision. From a compu-

tational point of view, the PGD offline phase may be seen as a substantial 

overhead with respect to the optimization problem. However, the com-

putational cost of such an approach is subsequently justified by the gains 

it enables.

A last noteworthy comment is about the physical interpretation of the 

results. The graphical representation of the parameter-separated modes 

provides a picture of the influence of each parameter used to simulate 

the physical phenomena. As a reminder, our simulation consists of a vis-

coelastic 3D beam that is clamped on one end and subjected to bending 

and torsional, periodic, mechanical efforts on the other end. The bending 

and torsional loading functions have different pulsations, denoted by 𝜔 𝐵
and 𝜔 𝑇 

, respectively. We observe in Figs. 6–12 that the computed PGD 

modes are rather consistent with the physics being modeled. Indeed,

1. The spatial modes {𝝋𝑞1 

,𝝋𝑞3}, shown in Figs. 6 and 8, and {𝝋𝑞2 

,𝝋𝑞4}, 
shown in Figs. 7 and 9, contribute to the bending and torsion 

motions, respectively;

2. The temporal modes {𝜓𝑞1 , 𝜓 

𝑞
3 }, see Fig. 10, are clearly related to 

the bending frequency 𝜔 𝐵 , while the modes {𝜓𝑞2 , 𝜓
𝑞
4 } are similar 

to signals featuring two frequencies. The slow and fast variations 

seem to be related to 𝜔 𝐵 

and 𝜔 𝑇 

, respectively. For mode 𝜓𝑞4 , some
higher frequencies are visible in the vicinity of 𝑡 = 0. We inter-

pret them as small corrections as they do not appear to have a 

particular physical meaning regarding the model;

3. Damping modes: their magnitudes tend to decrease as the values

of the damping parameters increase, which is physically sensible.

5.4. Further discussion

In this section, we make several comments in relation to the devel-

oped PGD strategy.

We first recall that the estimation of time and memory for the opti-

mization phase with a conventional FEM solver, as reported in Table 3, 

was based on the fact that one solution was computed at a time, the

solution fields were only stored over 𝜕Ω 𝑁 

× 

̄ , and the data was erased

after the cost function was evaluated. Tackling an optimization problem 

this way is an energy drain. Conversely, the PGD allows to store once 

and for all the solution fields over Ω̄ × ̄ ×  𝛼 ×  𝛽 

. The data com-

pression enabled by the PGD allows one to reuse past computations to 

carry out new analyses. For instance, if one wanted to study a specific
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Fig. 15. (Left) Time distribution of the developed PGD solver described in Fig. 2 (2𝑛 = 3,002,406 spatial DOFs, 𝑛 𝑡 

= 4800 time-steps and 𝑛 𝛼 = 𝑛 𝛽 = 190 values for the

damping parameters). (Right) Time distribution of the FEM solver described in Algorithm 1 (2 𝑛 = 3,002,406 spatial DOFs, 𝑛 𝑡 

= 4800 time-steps for one computation).

Fig. 16. (Left) Values of the global best cost 𝐽 

𝑘
𝑝 𝑏
and the global worst cost 𝐽 

𝑘 

𝑝 𝑤
during the PSO iterations. (Right) Values of the errors 𝜖 𝛼 

and 𝜖 𝛽 

for the global 

best particle 𝑝 𝑏 

during the PSO iterations.

QoI, e.g., the dissipated energy, the solution is readily available and one 

could simply skip the offline phase.

The developed PGD solver begins with the computation of eigenpair 

approximations, as in Modal Decomposition. The mechanical behavior 

of the structure could be efficiently assessed for several damping param-

eters using modal superposition instead of PGD. However, as previously 

discussed in [39], the drawback of the method is that many of the Ritz 

vectors are irrelevant in describing the behavior of the structure, since 

they do not account for external loads. We actually computed that, for 

2𝑛 = 33,990 spatial DOFs, the computation of around 16,000 Ritz vec-

tors (approximately 4 h on the computing hub) was needed to recover 

the same accuracy as that provided by the PGD approach using 100 

modes. This shortcoming in the modal superposition method can be mit-

igated by considering additional modes, referred to in the literature as 

static corrections [52]. In that regard, it also seems interesting to enrich 

the subspace spanned by the Ritz vectors with such static corrections 

in the context of the PGD approach presented herein. It is also worth

Fig. 17. The swarm particles throughout PSO iterations.

noting that for larger-scale problems, solving the generalized eigen-

value problem is computationally demanding. To address this challenge, 

Automated Multi-Level Substructuring (AMLS) [57] can be employed to 

improve scalability. Studies on vibro-acoustic analysis with FE models 

exceeding a dozen million degrees of freedom show that AMLS is signif-

icantly faster than Lanczos-type methods, especially for fine meshes and 

a high number of required eigenvectors [58].

Finally, it is important to highlight that the success of PGD depends 

on the separability of the input data. This is indeed the case here: the 

external load is explicitly expressed as a sum of products of space and 

time functions (recall Fig. 5), and the damping operator is written as a 

sum of products of the damping parameters with the stiffness and mass

Computers and Structures 315 (2025) 107826 

13 



C. Vella and S. Prudhomme

Fig. 18. Cost function 𝐽 over .

matrices. However, if the input data is not explicitly separable, one can 

approximate a separated representation using the SVD or, in the case of 

geometric parameters for example, employ morphing techniques with 

respect to a reference mesh [18]. In general, while these tasks are es-

sential to the performance of PGD-based solvers, they are not trivial and 

can be computationally intensive. 

6. Conclusion 

We have presented in this paper an extended implementation of the

PGD approach to efficiently parameterize reduced-order models with 

respect to Rayleigh damping coefficients. The results demonstrate that 

the hybrid solver, based on a two-step prediction–correction process, 

successfully mitigates computational costs while achieving accuracy 

comparable to that of full-order solutions. The spatial modes are ini-

tially estimated in the subspace formed by the Ritz vectors, as long as 

the contribution of these modes is significant. When this is no longer 

the case, the estimates are further refined using a Minimal Residual iter-

ative solver, thereby capturing additional significant information. This 

hybrid strategy effectively balances the trade-off between computational 

expense and solution accuracy. Ultimately, the PGD reduced-basis was 

integrated as a surrogate in the Particle Swarm Optimization algorithm 

to optimize the damping parameters for a given snapshot, demonstrating 

the effectiveness of the developed PGD approach for optimization. The 

numerical experiments confirm that the parametric PGD can accurately 

build a ROM that includes damping modes and efficiently identifies the 

damping coefficients used in the snapshot. 
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Appendix A

The PGD formulation requires the computation of numerous coeffi-

cients. Their definitions are enumerated thereafter:

𝑘 𝑥 = 𝝋 

𝑇
𝑞 𝐾𝝋 𝑞 

, 𝑘 𝑡 = ∫ 
𝜓 

2
𝑞 𝑑𝑡, 𝑘 𝛼 

= ∫ 
𝜉 

2
𝑞 𝑑𝛼, 𝑘 𝛽 

= ∫ 
𝜁 

2
𝑞 𝑑𝛽,

𝛼 𝛽

𝑚 𝑥 = 𝝋 

𝑇
𝑝𝑀

−1𝝋𝑝, 𝑚 𝑡 = ∫ 
𝜓 

2
𝑝 𝑑𝑡, 𝑚 𝛼 = ∫ 

𝜉 

2
𝑝 𝑑𝛼, 𝑚  𝛽 

= ∫ 
𝜁 

2
𝑝 𝑑𝛽,

𝛼 𝛽

𝑐 𝑥 = 𝝋𝑇𝑞 𝝋 𝑝, 𝑐  𝑡 

= ∫ 
𝜓 𝑞 

𝜓̇ 𝑝 𝑑𝑡 = 𝜓 𝑞(𝑇 )𝜓 𝑝 

(𝑇 ) − 𝑑 𝑡, 𝑐 𝛼 = ∫ 𝛼
𝜉 𝑞 

𝜉 𝑝 

𝑑𝛼,

𝑐 𝛽 = ∫ 𝛽
𝜁 𝑞 

𝜁 𝑝 𝑑𝛽, 𝜉  𝑥 = 𝝋 

𝑇 

𝑞𝑀𝝋 𝑞 

, 𝜉 𝑡 = ∫  

𝜓 𝑞𝜓̇ 𝑞 𝑑𝑡 = 1
2
𝜓 𝑞(𝑇 ) 

2,

𝜉 𝛼 = 𝛼̄ ∫ 𝛼
𝛼𝜉 

2
𝑞 𝑑𝛼, 𝜉 𝛽 = 𝛽 ∫ 𝛽

𝛽𝜁 

2
𝑞 𝑑𝛽.

With normalizations, the coefficients 𝑘 𝑥 

, 𝑚 𝑥 

, 𝑘 𝛼 

, 𝑚 𝛼 

, 𝑘𝛽  

and 𝑚 𝛽 

are

all set to unity. 

Problem in space. The parameters 𝑘 𝑞𝑞 

, 𝑚𝑞 𝑞 

, 𝑐 ,𝑞 𝑝  

 

𝑐𝑝𝑞 

 

, and 𝑚 are𝑝𝑝  defined

as follows: 

𝑘 𝑞𝑞 

= 𝜉 𝑡 

𝜉 𝛼 

𝑘 𝛽 

+ 𝑘 𝑡 

𝑘 𝛼 

𝑘 𝛽 

, 

𝑚 𝑞𝑞 

= 𝜉 𝑡 

𝑘 𝛼 

𝜉 𝛽 

,

𝑐 𝑞𝑝 

= 𝑐 𝑡 

𝑐 𝛼𝑐 𝛽 

, 

𝑐 𝑝𝑞 

= 𝑑 𝑡𝑐 𝛼 

𝑐 𝛽 

,

𝑚 𝑝𝑝 = −𝑚 𝑡 

𝑚 𝛼 

𝑚 𝛽 

. 

( ) ( ) 

Problem in time. We assume that 𝝋 , 𝜉 𝑞 , 𝜁 and𝑞 𝑞  𝝋 𝑝, 𝜉  

  𝑝, 𝜁 are𝑝  known

and search for 𝜓𝑞  

and 𝜓 ∗. We choose test functions in the form𝑝  𝒒  

         =
𝝋 𝜓 

∗𝜉 𝜁  𝒑 

∗ ∗
 

𝑞   

and𝑞 𝑞 𝑞
 = 𝝋 𝑝𝜓  

𝑝 𝜉 

 

𝜁 :𝑝 𝑝 

∫ 
𝜓 

∗
𝑞
𝑇 

[ 

𝑐𝛼𝑐𝛽𝑐𝑥𝜓̇ 𝑝 + 𝜉 𝛼 

𝑘 𝛽𝑘 𝑥 

𝜓̇ 𝑞 

+ 𝑘 𝛼 

𝜉 𝛽 

𝜉 𝑥𝜓̇ 𝑞 + 𝑘 𝛼 

𝑘 𝛽 

𝑘 𝑥 

𝜓 𝑞
] 

𝑑𝑡

= ∫  

∫ 
𝒒 

∗𝑇 𝒓 

𝑞
𝑚−1 

𝑑𝑡𝑑𝜇, ∀𝜓 

∗
𝑞 ∈ 𝐶 

0 (̄), 

∫ 
𝜓 

∗
𝑝
𝑇 

[ 

𝑐𝛼 

𝑐 𝛽 

𝑐 𝑥𝜓̇ 𝑞 − 𝑚 𝛼 

𝑚 𝛽 

𝑚 𝑥 

𝜓 𝑝 

] 

𝑑𝑡

= ∫ ∫
𝒑∗𝑇 𝒓 

𝑝
𝑚−1 𝑑𝑡𝑑𝜇, ∀𝜓 

∗ 

𝑝 ∈ 𝐶 

0(̄), 

which simplifies to: 

𝑐 𝛼 

𝑐 𝛽 

𝑐 𝑥 

𝜓̇ 𝑝 

+ (𝜉 𝛼 

𝑘 𝛽𝑘 𝑥 

+ 𝑘 𝛼 

𝜉 𝛽 

𝜉 𝑥)𝜓̇ 𝑞 

+ 𝑘 𝛼 

𝑘 𝛽 

𝑘 𝑥 

𝜓 𝑞 = 𝑏 

𝑞
 

,

𝑐 𝛼 

𝑐 𝛽 

𝑐 𝑥 

𝜓̇ 𝑞 

− 𝑚 𝛼 

𝑚 𝛽 

𝑚 𝑥 

𝜓 𝑝 = 𝑏 

𝑝
 

,

with:

𝑏 

𝑞
 = ∫ 

𝜉 𝑞 

𝜁 𝑞𝝋 

𝑇
𝑞 𝒓 

𝑞
𝑚−1 𝑑𝜇,

𝑏 

𝑝
 = ∫ 

𝜉 𝑝 

𝜁 𝑝𝝋 

𝑇
𝑝 𝒓 

𝑝
𝑚−1 𝑑𝜇.

Above equations are discretized using the Crank–Nicolson time-

marching scheme, such that, given 𝝍 

0 , one computes the 𝑖 

th iterate 

(𝑖 > 0) as: 

𝐴  

𝝍 

𝑖 = 𝐵  𝝍 𝑖−1 + 𝒃 

𝑖
 , 𝑖 = 1,… , 𝑛 𝑡 

,
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where:

𝐴  = 

[ 

ℎ 𝑡 

𝑘 𝛼𝑘 𝛽 

𝑘 𝑥 

+ 2(𝜉 𝛼𝑘 𝛽 

𝑘 𝑥 

+ 𝑘 𝛼 

𝜉 𝛽 

𝜉 𝑥 

) 2𝑐 𝛼 

𝑐 𝛽 

𝑐 𝑥
2𝑐 𝛼 

𝑐 𝛽 

𝑐 𝑥 −ℎ𝑡𝑚𝛼𝑚𝛽𝑚𝑥

] 

,

𝐵  = 

[ 

−ℎ𝑡𝑘𝛼𝑘𝛽𝑘𝑥 + 2(𝜉 𝛼 

𝑘 𝛽𝑘 𝑥 

+ 𝑘 𝛼 

𝜉 𝛽 

𝜉 𝑥 

) 2𝑐 𝛼 

𝑐 𝛽 

𝑐 𝑥
2𝑐 𝛼 

𝑐 𝛽 

𝑐 𝑥 ℎ 𝑡 

𝑚 𝛼𝑚 𝛽 

𝑚𝑥 

] 

,

𝒃 

𝑖
 = ℎ 𝑡 

[

𝑏 

𝑞,𝑖
 

+ 𝑏 

𝑞,𝑖−1


𝑏 

𝑝,𝑖
 + 𝑏 

𝑞,𝑖−1


] 

.

(  

(

Problem in
)

 damping parameter 𝛼. We assume that 𝝋𝑞 

, 𝜓 𝑞 

, 𝜁 𝑞 

and

𝝋 , 𝜓 , 𝜁
 

 are known and search for𝑝 𝑝 𝑝   𝜉𝑞  

and 𝜉 . We choose test functions𝑝      

 

in the form 𝒒 

∗ = 𝝋 and𝑞𝜓 𝑞𝜉∗  = 𝑞 𝜁  

 𝑞 𝒑 

∗
 𝝋 𝑝 

𝜓𝑝  

𝜉 

∗
𝑝 𝜁 :𝑝  

)

∫ 𝛼
𝜉 

∗
𝑞
(

𝑐𝑡𝑐𝛽𝑐𝑥𝜉𝑝 + 𝜉 𝑡𝑘 𝛽 

𝑘 𝑥 

𝛼𝛼̄𝜉 𝑞 

+ 𝜉 𝑡 

𝜉 𝛽 

𝜉 𝑥 

𝑓 𝑞 + 𝑘 𝑡 

𝑘 𝛽 

𝑘 𝑥 

𝜉 𝑞
) 

𝑑𝛼

= ∫  

∫ 
𝒒∗𝑇 𝒓 

𝑞
𝑚−1 

𝑑𝑡𝑑𝜇, ∀𝜉 

∗
𝑞 ∈ 𝐶 

0 ( 𝛼 

),

∫ 𝛼
𝜉 

∗
𝑝
(

𝑑𝑡 

𝑐 𝛽 

𝑐 𝑥 

𝜉 𝑞 − 𝑚 𝑡 

𝑚 𝛽 

𝑚 𝑥 

𝜉 𝑝
) 

𝑑𝛼 

= ∫  

∫  

𝒑∗𝑇 𝒓 

𝑝
𝑚−1 𝑑𝑡𝑑𝜇, ∀𝜉 

∗
𝑞 ∈ 𝐶 

0 ( 𝛼),

which simplifies to:

𝑐 𝑡 

𝑐 𝛽 

𝑐 𝑥 

𝜉 𝑝 

+ (𝜉 𝑡 

𝜉 𝛽 

𝜉 𝑥 + 𝑘 𝑡 

𝑘 𝛽 

𝑘 𝑥 

+ 𝜉 𝑡𝑘 𝛽 

𝑘 𝑥 

𝛼𝛼̄)𝜉 𝑞 = 𝑏 

𝑞
𝜉 

,

𝑑 𝑡 

𝑐 𝛽 

𝑐 𝑥 

𝜉 𝑞 

− 𝑚 𝑡 

𝑚 𝛽 

𝑚 𝑥 

𝜉 𝑝 = 𝑏 

𝑝
𝜉 

,

with: 

𝑏𝑞𝜉 = ∫ ∫ 
𝜓 𝑞 

𝜁 𝑞𝝋 

𝑇
𝑞 𝒓 

𝑞
𝑚−1 𝑑𝑡𝑑𝛽,

𝛽

𝑏𝑝𝜉 

= ∫𝛽 ∫  

𝜓 𝑝 

𝜁 𝑝𝝋 

𝑇
𝑝 𝒓 

𝑝
𝑚−1 𝑑𝑡𝑑𝛽.

The solutions read, with dependencies on 𝛼 explicitly written:

𝜉 𝑞(𝛼) =
𝑐𝑡𝑐𝛽𝑐𝑥𝑏 

𝑝
𝜉 (𝛼) + 𝑚 𝑡 

𝑚 𝛽 

𝑚 𝑥𝑏 

𝑞
𝜉 (𝛼)

(𝜉 𝑡 

𝜉 𝛽 

𝜉 𝑥 + 𝑘 𝑡 

𝑘 𝛽 

𝑘 𝑥 

+ 𝜉 𝑡 

𝑘 𝛽 

𝑘 𝑥 

𝛼𝛼̄)𝑚 𝑡 

𝑚 𝛽 

𝑚 𝑥 

+ 𝑐 𝑡 

𝑑 𝑡(𝑐 𝛽 

𝑐 𝑥 

) 

2 

,

𝜉 𝑝(𝛼) =
𝑑𝑡𝑐𝛽𝑐𝑥𝑏 

𝑞
𝜉 (𝛼) − (𝜉 𝑡 

𝜉 𝛽 

𝜉 𝑥 + 𝑘 𝑡 

𝑘 𝛽𝑘 𝑥 

+ 𝜉 𝑡 

𝑘 𝛽 

𝑘 𝑥𝛼𝛼̄)𝑏
𝑝
𝜉 (𝛼)

(𝜉 𝑡 

𝜉 𝛽 

𝜉 𝑥 

+ 𝑘 𝑡 

𝑘 𝛽 

𝑘 𝑥 

+ 𝜉 𝑡𝑘 𝛽 

𝑘 𝑥 

𝛼𝛼̄)𝑚 𝑡 

𝑚 𝛽 

𝑚 𝑥 

+ 𝑐 𝑡 

𝑑 𝑡(𝑐 𝛽 

𝑐 𝑥 

) 

2
.

(

 in parameter 𝛽
 ) ( )

Problem . We assume that 𝝋 ,
 

 𝜓 𝑞 , 𝜉
 

 and𝑞 𝑞  𝝋𝑝 , 𝜓 𝑝 

, 𝜉 𝑝 

are

known and search for 𝜁 and𝑞  𝜁 . We choose test functions𝑝    in the form

𝒒 

∗ = 𝝋 𝑞𝜓𝑞 𝜉  

𝑞  

 

𝜁∗ and𝑞  𝒑 

∗
 

= 𝝋 𝑝 

𝜓𝑝  

𝜉 𝑝𝜁 

∗:𝑝

∫𝛽
𝜁 

∗
𝑞
[ 

𝑐 𝑡 

𝑐 𝛼 

𝑐 𝑥 

𝜁 𝑝 + 𝜉 𝑡 

𝜉 𝛼 

𝑘 𝑥 

𝜁 𝑞 + 𝜉 𝑡 

𝑘 𝛼 

𝜉 𝑥𝛽𝛽𝜁 𝑞 + 𝑘 𝑡 

𝑘 𝛼 

𝑘 𝑥 

𝜁 𝑞
] 

𝑑𝛽

= ∫ ∫
𝒒∗𝑇 𝒓 

𝑞
𝑚−1 𝑑𝑡𝑑𝜇, ∀𝜁 

∗
𝑞 ∈ 𝐶 

0 ( 𝛽 ),

∫𝛽
𝜁 

∗
𝑝
[ 

𝑑 𝑡 

𝑐 𝛼 

𝑐 𝑥 

𝜁 𝑞 − 𝑚 𝑡 

𝑚 𝛼 

𝑚 𝑥 

𝜁 𝑝
] 

𝑑𝛽 

= ∫  

∫  

𝒑∗𝑇 𝒓 

𝑝
𝑚−1 𝑑𝑡𝑑𝜇, ∀𝜁 

∗
𝑞 ∈ 𝐶 

0 ( 𝛽 ),

which simplifies to:

𝑐 𝑡 

𝑐 𝛼 

𝑐 𝑥 

𝜁 𝑝 

+ (𝜉 𝑡 

𝜉 𝛼𝑘 𝑥 

+ 𝑘 𝑡𝑘 𝛼 

𝑘 𝑥 

+ 𝜉 𝑡 

𝑘 𝛼 

𝜉 𝑥𝛽 ̄ 𝛽)𝜁 𝑞 = 𝑏 

𝑞
𝜁 

,

𝑑 𝑡 

𝑐 𝛼 

𝑐 𝑥 

𝜁 𝑞 − 𝑚 𝑡 

𝑚 𝛼 

𝑚 𝑥 

𝜁 𝑝 = 𝑏 

𝑝
𝜁 

,

with: 

𝑏 

𝑞 

𝜁 = ∫ 𝛼 ∫ 
𝜓 𝑞 

𝜉 𝑞𝝋 

𝑇
𝑞 𝒓 

𝑞
𝑚−1 𝑑𝑡𝑑𝛼,

𝑏 

𝑝
𝜁 = ∫ 𝛼 ∫  

𝜓 𝑝 

𝜉 𝑝𝝋 

𝑇
𝑝 𝒓 

𝑝
𝑚−1 𝑑𝑡𝑑𝛼.

The solutions read, with dependencies on 𝛽 explicitly written:

𝜁 𝑞(𝛽) =
𝑐𝑡𝑐𝛼𝑐𝑥𝑏 

𝑝
𝜁 (𝛽) + 𝑚 𝑡 

𝑚 𝛼 

𝑚 𝑥 

𝑏 

𝑞 

𝜁 (𝛽)

(𝜉 𝑡 

𝜉 𝛼𝑘 𝑥 

+ 𝑘 𝑡 

𝑘 𝛼 

𝑘 𝑥 

+ 𝜉 𝑡 

𝑘 𝛼 

𝜉 𝑥 

𝛽 𝛽)𝑚 𝑡 

𝑚 𝛼 

𝑚 𝑥 

+ 𝑐 𝑡 

𝑑 𝑡 

(𝑐 𝛼 

𝑐 𝑥 

) 

2
,

𝜁 𝑝(𝛽) =
𝑑 𝑡 

𝑐 𝛼 

𝑐 𝑥𝑏 𝜁 (𝛽) − (𝜉 𝑡 

𝜉 𝛼𝑘 𝑥 

+ 𝑘 𝑡 

𝑘 𝛼 

𝑘 𝑥 

+ 𝜉 𝑡 

𝑘 𝛼 

𝜉 𝑥 

𝛽𝛽)𝑏 𝜁 (𝛽)

(𝜉 𝑡 

𝜉 𝛼 

𝑘 𝑥 

+ 𝑘 𝑡 

𝑘 𝛼 

𝑘 𝑥 + 𝜉 𝑡 

𝑘 𝛼 

𝜉 𝑥 

𝛽𝛽)𝑚 𝑡 

𝑚 𝛼 

𝑚 𝑥 

+ 𝑐 𝑡 

𝑑 𝑡(𝑐 𝛼 

𝑐 𝑥 

) 

2
.

𝑞 ̄ 𝑝

Data availability

No data was used for the research described in the article. 
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