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ARTICLE INFO ABSTRACT

The review of this paper was arranged by
Prof. Andrew Hazel

We present TSA-PINN, a novel Physics-Informed Neural Network (PINN) that leverages a Trainable Sinusoidal
Activation (TSA) mechanism to approximate solutions to the Navier-Stokes equations. By incorporating neuron-
wise sinusoidal activation functions with trainable frequencies and a dynamic slope recovery mechanism, TSA-
PINN achieves superior accuracy and convergence. Its ability to dynamically adjust activation frequencies enables
efficient modeling of complex fluid behaviors, reducing training time and computational cost. Our testing goes
beyond canonical problems, to study less-explored and more challenging scenarios, which have typically posed
difficulties for prior models. Various numerical tests underscore the efficacy of the TSA-PINN model across
five different scenarios. These include steady-state two-dimensional flows in a lid-driven cavity at two different
Reynolds numbers; a cylinder wake problem characterized by oscillatory fluid behavior; and two time-dependent
three-dimensional turbulent flow cases. In the turbulent cases, the focus is on detailed near-wall phenomena—
including the viscous sub-layer, buffer layer, and log-law region—as well as the complex interactions among
eddies of various scales. Both numerical and quantitative analyses demonstrate that TSA-PINN offers substantial
improvements over conventional PINN models. This research advances physics-informed machine learning,

Dataset link: https://github.com/
AmirhosseinnnKhademi/TSA-PINN
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setting a new benchmark for modeling dynamic systems in scientific computing and engineering.

1. Introduction

Machine learning (ML), particularly deep learning via multilayer
neural networks, has shown promise for performing nonlinear mapping
tasks through the use of surrogate models. But, such models often lack
physical interpretability, which is crucial in applied science, where ad-
herence to governing equations is paramount for generalization. Many
scientific disciplines do not rely on extensive datasets, leading to mod-
els that are faster but not necessarily predictive. Hence, it is impor-
tant to integrate existing knowledge, inherent physics principles, and
domain expertise to constrain these models during training, with the
limited data available. Raissi et al. [1] introduced Physics-Informed
Neural Networks (PINN), with subsequent variants further developed
to applied to fluid mechanics problem [2,3]. PINN included physical
laws in the ML model using a weak loss function that incorporates the
residuals of the conservation equations and boundary condition con-
straints. Despite their promising performance, PINN do not perform
well in high-dimensional scenarios. In fluid dynamics, particularly for
approximating solutions to the Navier-Stokes equations, PINN mod-

* Corresponding author.

els are characterized by issues of convergence and extended training
durations.

Based on the foundational work on data clustering of Mao et al. [4],
Jagtap et al. [5] proposed domain decomposition techniques, namely
conservative PINN (CPINN), to make it possible to use independent mod-
els in separate subdomains, to set the stage for the parallelization of
PINN models. This method was further extended to also cover temporal
decomposition [6], and finally led to the parallel PINN [7]. A time-
sweeping and information propagation scheme was later incorporated
in the scientific ML framework, to optimize training schedules on sub-
domains [8]. This approach led to computational speed-ups. Recently,
Khademi and Dufour [9] refined the regularity and smoothness of solu-
tions in the discretized PINN framework by introducing additional loss
terms that account for the H'! norm of the error on the propagation of in-
formation. They also enhanced expressibility of the model by integrating
transformer networks (subdomain-wise) into the architecture, inspired
by the work of Wang et al. [10]. Lorin and Yang [11] explored the
capabilities of PINN framework to solve the time-dependent Dirac equa-
tion, showcasing its efficiency in quantum relativistic physics without
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requiring derivative discretization. They also propose a quasi-optimal
Schwarz Waveform Relaxation (SWR) domain decomposition method
accelerated with PINN for solving the time-dependent Schrodinger equa-
tion. By leveraging Dirichlet-to-Neumann transmission operators and
PINN, they achieve faster convergence rates with reduced computa-
tional costs compared to classical SWR methods [12]. Zhang et al. [13]
introduce Trans-Net, a neural network framework that uses temporal
domain decomposition to efficiently solve partial differential equations.
This method improves accuracy and reduces training time by leveraging
pre-trained networks from previous subdomains for subsequent calcula-
tions. Finally, Ren et al. [14] introduce SeismicNet, a physics-informed
neural network model for seismic wave modeling in semi-infinite do-
mains. This approach enhances scalability and accuracy using absorbing
boundary conditions and temporal domain decomposition, demonstrat-
ing improvements over traditional methods without needing labeled
data.

Zhang et al. [15] introduced a PINN model to study incompressible
fluid flows around a cylinder, governed by the Navier-Stokes equations.
This model incorporates the geometry of the cylinder, boundary and ini-
tial conditions, and fluid properties. By integrating Fourier features, the
PINN demonstrated improved predictive accuracy across various design
parameters and temporal scenarios. Lou et al. [16] illustrated the capa-
bilities of PINN models for tackling inverse multiscale flow challenges.
Implementing PINNs in inverse modeling across continuum and rarefied
regimes via the Boltzmann-Bhatnagar-Gross-Krook (BGK) model, they
demonstrated that PINN-BGK offer a versatile solution, facilitating both
forward and inverse modeling.

To improve training efficiency, Chiu et al. [17] integrated numerical
discretizations with automatic differentiation and applied this technique
to flow mixing problems, lid-driven cavity flows, and channel flows
over a backward-facing step. This integration significantly reduces the
number of required collocation points, accelerating convergence rates.
Psaros et al. [18] introduced a meta-learning framework into the PINN,
leading to improved performance on tasks outside the typical training
distribution, using computational resources more efficiently. Concur-
rently, Penwarden et al. [19] explored model-agnostic meta-learning
and transfer learning concepts before implementing a specialized meta-
learning adaptation tailored to PINNs. This approach has been verified
in a variety of settings. Geometry-aware PINNs (GA-PINNs) incorporate
a variational auto-encoder alongside a boundary-constrained network,
facilitate the study of applications in complex, non-parametrizable ge-
ometries [20]. Spline-PINNs [21] merge PINNs with convolutional neu-
ral networks (CNN), using Hermite spline kernels. This combination is
designed to train PINNs with minimal data, offering quick and contin-
uous solution inference that extend to changing boundary conditions.
This approach involves longer training phases across a spectrum of
parametric variables, but allows to perform rapid inferences for vari-
ous parametric values.

Numerical stiffness presents a considerable obstacle for PINN mod-
els, leading to disproportionate gradients during the back-propagation
process in training. A broad range of solutions, detailed in several studies
[22-25], have been explored, mainly focusing on regularization tech-
niques, penalization strategies, or by adapting learning rates to balance
the loss term coefficients. Manually adjusting these coefficients is not
only time-consuming, but it also tends to be less effective, particularly
because the solutions are prone to instabilities from small variations
of these coefficients. Wang et al. [10] introduced a method that ad-
justs learning rates dynamically. This method calculates the coefficients
using a moving average, taking into consideration the relative magni-
tude of the various loss terms. Extending this approach to time-sensitive
issues led to the concept of causal PINN [26] was developed to man-
age dynamic systems characterized by complex behaviors like chaos
or turbulence. Here, weighting coefficients are applied to loss terms
in a manner that prioritizes the minimization of a specific loss term
at a given time, contingent on the satisfactory minimization of previous
losses. Song et al. [27] proposed the LA-PINN model, which incorporates
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a novel loss-attention mechanism. This model uses different attention-
driven networks for each type of loss, dynamically adjusting weights at
individual training points throughout the training, enhancing the per-
formance of the model in areas of numerical stiffness.

Using the PINN frameworks to approximate solutions of high-
dimensional and nonlinear problems presents substantial challenges
that are not typically encountered in other applications. Problems in-
volving high Reynolds numbers exhibit chaotic behavior and rapid
changes. Standard PINN models often fall short for accuracy and com-
puting efficiency in capturing these complex and nonlinear phenomena.
These complexities necessitate the development of sophisticated and
customized models. Eivazi et al. [28] incorporate Reynolds-Averaged
Navier-Stokes (RANS) equations in the loss function of a PINN model
to enable the PINN to deal with turbulence. To validate, the model was
tested on problems involving a Zero Pressure Gradient (ZPG), an Adver-
sial Pressure Gradient (APG), a NACA4412 airfoil, and a Periodic hill. Xu
et al. [29] utilized parameterized Navier-Stokes equations as constraints.
Using RANS model with eddy viscosity, showed that missing data in ran-
domly specified regions can be inferred. Similar approaches were used in
other studies to approximate turbulent flows [30,31]. Patel et al. [32]
used the Spalart-Allmaras (SA) turbulence model, augmented with a
PINN approach for data assimilation in turbulent flow scenarios. This
hybrid method significantly enhances mean flow reconstruction accu-
racy when compared to traditional RANS solvers. Wang et al. [33] used
a hybrid turbulence modeling approach that integrates RANS and Large
Eddy Simulation (LES) models with deep learning. It introduces train-
able spectral filters and uses a specialized U-net architecture for turbu-
lence prediction, achieving reductions in prediction error and predicting
physical fields that respect conservation laws, like mass conservation,
while accurately emulating turbulent kinetic energy fields. Sliwinski and
Rigas [34] introduced a PINN methodology for the reconstruction of the
mean velocity and the Reynolds stress fields in turbulent flows, apply-
ing it within the context of the RANS equations. The paper uses sparse
velocity data to successfully infer unknown closure quantities like the
curl of unsteady RANS forcing, enhancing the assimilation of Reynolds
stresses to complete the flow fields. The results underscore the ability of
PINNSs to accurately interpolate flow from sparse measurements, high-
lighting their potential to reduce experimental and computational costs
in fluid dynamics studies. Turbulence filtering methods simplify com-
putations by averaging flow characteristics, but this approach makes
PINNSs to overlook transient and fluctuating components, and phenom-
ena with inherently unsteady behaviors, such as sharp gradients and
near-wall phenomena. This simplification compromises the accuracy of
this approach for capturing complex flow dynamics. Jin et al. [35] used
PINNs to directly model 3D time-dependent turbulent channel flows
at a Reynolds number around 1000, without using a turbulence model.
They focused on optimizing the weighting of the loss function to balance
data and physics, and they achieved results that were in good agree-
ment with Direct Numerical Simulation (DNS) data, but at the expense
of very long training time. Finally, Khademi et al. [36] introduced a
time-marching approach with generative modeling—called DG-PINN—
for modeling high-dimensional, time-dependent, 3D turbulent channel
flow governed by the Navier-Stokes equations. By respecting causality,
leveraging temporal discretization, and sharing generative information
across time steps, DG-PINN reduced memory usage through a paral-
lel setup while preserving approximation accuracy as time progresses,
thereby addressing a key limitation of PINNs in high dimensional prob-
lems.

It is important to focus on the fundamental aspects of the Deep Neu-
ral Network models. A critical component in every Artificial Neural
Network (ANN) model is the activation function. Without this function,
the model would effectively just act as a linear mapping between the
input and output spaces, regardless of the number of layers or neurons
it contains. There is no one-size-fits-all activation function for neural
networks; selection often hinges on specific problems. Various meth-
ods were explored accordingly, such as Yu et al. [37]’s adaptive sig-
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moidal activation function for multilayer networks, Qian et al. [38]’s
data-driven method of combining activation functions for convolutional
neural networks, and Dushkoff and Ptucha [39]’s technique allowing
neurons to choose from multiple activation functions. Abbasi and An-
dersen [40] introduced tailored activation functions derived from the
physical principles governing the problem being modeled, differing
from standard activation functions like tangent hyperbolic (tanh) or sig-
moid functions. By integrating them into PINN models, the networks
become more constrained by the underlying physics, which improves
their predictive accuracy and efficiency. Jagtap et al. [41] used adap-
tive activation functions to enhance the modeling of both smooth and
high-gradient solutions of the partial differential equations like the non-
linear Klein-Gordon, Burgers, and Helmholtz equations. These adaptive
functions, equipped with a scalable hyper-parameter, dynamically ad-
just the loss function’s topology during optimization. In another study
[42] they introduced scalable parameters at both the layer and neuron
levels, optimizing them via stochastic gradient descent to enhance train-
ing speeds and to prevent suboptimal convergence. Their methodology
showed accelerated training and improved solution accuracy for both
forward and inverse problems.

Existing Physics-Informed Neural Networks (PINNs), despite their
considerable promise, often struggle to efficiently and accurately
model complex fluid dynamics, especially in scenarios involving high-
dimensional problems, rapid temporal changes, and chaotic phenom-
ena. Traditional PINNs frequently encounter issues with slow con-
vergence, extensive training durations, and difficulties in capturing
intricate near-wall behaviors and multi-scale interactions inherent in
turbulent flows. Addressing these bottlenecks necessitates a more fun-
damental investigation into neural network components—particularly
activation functions, which significantly influence model expressivity
and performance. Motivated by these challenges and the need to im-
prove upon the limitations of current methods, this study introduces a
novel PINN model employing trainable sinusoidal activation functions
(TSA-PINN). By incorporating neuron-specific sinusoidal components
with frequencies initialized to predefined values and subsequently opti-
mized via gradient descent, the proposed method aims to enhance the
expressivity and training efficiency of PINNs. The efficacy of TSA-PINN
is evaluated through comprehensive tests involving the steady-state lid-
driven cavity flow at various Reynolds numbers, the time-dependent
cylinder wake problem exhibiting vortex shedding, and a more com-
plex, realistic scenario of 3D turbulent channel flow. This approach not
only closely matches reference solutions but also demonstrates signif-
icant improvements over standard PINN models in capturing complex
fluid behaviors, thus filling a crucial research gap and setting a founda-
tion for future explorations into advanced activation strategies in PINNs.

2. Methodology
2.1. Physics-informed neural networks

PINNSs integrate observational data and known governing equations
in a NN model to approximate solutions of physical systems. Specifically,
they estimate the state vector i(x, t) such that it approximates the actual
system states u(x, t), where x € R? represents spatial coordinates within
the domain and ¢ € [0, T'] denotes time.

The governing dynamics of the system are encapsulated by the non-
linear operator N, and the system’s behavior is modeled through the
differential equation:

u o
E+N‘(u,x,t)—0. (€))

PINN models aim at minimizing a loss function that includes both a
data fidelity term and a physics-informed term. The data fidelity term
is designed to minimize the discrepancy between the predicted and the
reference solutions
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Ndata
Ljata = Z ”ﬁ(xi’ti)_u(xi’ti)nz’ )
i=1

where Ng,,, is the number of available data points and (x;, ;) represents
the spatio-temporal coordinates of these points.

The physics-informed term ensures that the predictions adhere to the
governing partial differential equations (PDEs),

Nphys

Lonys= Y, ||N(f‘(xj”j);xjv’j)‘
Jj=1

2

3

where Ny, denotes the number of points at which the physical laws
are enforced.

The goal during training is to minimize the combined loss function

Lpinn = Lgata + Lphys’ Q)

where we want the approximate solution é(x,t) converges towards the
true solution u(x,?). This process ensures that the model not only fits
the observed data, but also satisfies the underlying physical principles
that govern the system.

2.2. Neural networks

The universal approximation theorem establishes that even a sim-
ple multi-layer perceptron with a single hidden layer can approximate
any continuous function to an arbitrary degree of precision by increas-
ing the number of neurons [43-45]. The widely used architecture in
PINN models is the Feedforward Neural Network (FFNN), consisting of
multiple fully connected layers. Each neuron’s output in a given layer is
described by

fixsw, b)=aw; -x+b;), fori=12,...,n, (5)

where x denotes the input vector, and w; and b; are the weight vector
and bias for the i-th neuron, respectively. The nonlinear activation func-
tion a enables the network to capture complex relationships within the
data.

In approximating solutions of the Navier-Stokes equations, the FFNN
receives spatial and temporal coordinates X = (¢, x, y, z) as inputs. The
network outputs consist of the velocity field U(X) = (u,v, w) and the
pressure field P(X), as expressed by

Uo(X), PO(X) = fyn(X.0), (6)

where fy (X, 0) is the neural network function approximating the ve-
locity and pressure fields, and 8 = w, b denotes all trainable parameters
of the network. Training the network involves optimizing 6 by mini-
mizing the discrepancy between predicted and actual physical fields,
formulated in the loss function (equations (1), (2), (3), and (4)). The
final FFNN representation is written as:

San(x,0)=(ag ocaoay_jo--oaoap)(x), ()

where a(x) = wx + b.
2.3. Trainable sinusoidal activation of physics-informed neural networks

2.3.1. Trainable sinusoidal activation mechanism

The purpose of an activation function is to determine whether a neu-
ron should activate or remain inactive. In the absence of a nonlinear
activation function, the model would simply perform a linear trans-
formation using the weights and biases, which corresponds to a linear
regression model. Let us assume that no nonlinear activation function is
used, which means that f(z) = z. In this case, the output of each layer
simply becomes (see Fig.1)

a;=z;=w;a;,_; + b, (8)

starting with the input layer
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Loss Function

Optimizer

Update:
W= (u)
b= (b}
=10

Fig. 1. Schematics of the TSA-PINN. The white circles represent the multiplication of weights and the addition of biases. The gray circles indicate the application of
activation functions. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

a =w;x+by, 9

the second layer

ay = Wyay + by =wy(wyx + b))+ b,

(10)
= w W)X + wyby + b,
and the third layer
a3 = w3a, + by = w3(wywx + wyby + by) + by
an
= W3 W,H W X + W3w,oby + w3by + bs.
This process continues until the final layer L is reached
ap =WpWy_1 ... Wwxw X+ Wpwyp_y ... Wby +wypwy_, 12
c.wzby + -+ byp).
At the final layer, the output of the network can be written as
Y =Weota X + biora 13)

where w, = wy w;_; ... w,w; is a matrix resulting from multiply-
ing all the weight matrices and b, = (W w;_; ... Wby +wyw;_y ...
w3 by + -+ + by) is the combination of all the bias terms. This expression
is a linear transformation of the input x. There is no nonlinearity intro-
duced in the network, so regardless of the depth of the network (number
of layers), the output remains a linear function of the input (13). For a
standard fully connected neural network (FFNN), the pre-activation out-
put of neuron i/ in layer k is given by:

2 2 gD 4 0 a4

1

where:

« a®=D e R™-1 is the input vector from layer k—1,
l(.k) € R"-1 is the weight vector for neuron i in layer k,
. bl(.k) € R is the bias of neuron i,

* W

. zl(.k) € R is the scalar pre-activation output.

In this work, we use a neuron-wise sinusoidal activation function
with a trainable frequency f,.(k) € R. The activation output of each neu-
ron is computed as:

v =sin(fz{), (as)

¢ = cos(f{"z"), 6)
k k k . k) _(k k) _(k

o =Gy + 6o = 6y sin(r V2 + & cos(£2(), a7

where {;,{, € R are trainable or fixed scalar coefficients shared across
the layer.

Let a*~1) € R™-1 be the input vector to layer k. The vector of pre-
activations in the layer is:

200 = Whalk=1 4 pk). as)
where:
« W g R"*k-1 is the weight matrix of layer k,

« b® € R is the bias vector,
+ 2z € R" is the pre-activation vector.

The elementwise sinusoidal activations are applied using a vector of
trainable frequencies £ € R:

W(k) — Sin(f(k) 10 Z(k)), (19)
¢(k) = cos(f(k) o z(k)), (20)

where © denotes the Hadamard (element-wise) product.
The final output of layer k with N = n; neurons is then given explic-
itly by:

k . k) _(k k) _(k
a® & sin(f 92 + ¢ cos(r 92\

1
k . k) (k k) (k
a0 = | @ || Grsin(sy ! D+ Gyeos(f, ') @1

-k . k) _(k : k) _(k
a9 | | &sin(r P28 + & cos(1 28

This formulation enables each neuron to adapt its activation fre-
quency independently, allowing the network to represent functions
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with varying and potentially high-frequency components across differ-
ent neurons.

2.3.2. Slope recovery

The slope recovery term .S(a) adjusts the slope of the activation func-
tions dynamically, which is crucial for maintaining active and effective
gradient propagation across the network. By incorporating this term, in-
spired by Jagtap et al. [42], the network is forced to rapidly enhance
the activation slope, consequently accelerating the training process. We
have

S(a)= ! , (22)

1 L-1 1 N ck
7 Zke1 SXP (Fk X )

where:

» L represents the total number of layers;
* N, denotes the number of neurons in the k-th layer;
. fl." is the trainable frequency for the i-th neuron in the k-th layer.

The slope recovery term is included into the loss function to regulate the
impact of trainable frequencies on training dynamics. The augmented
loss function with the slope recovery term is written as

Lpinn = Lata + Lphys + 45(a), (23)

phys
where A is a hyperparameter that determines the weight of the slope re-
covery term in the total loss, restricting the model to optimize frequency
parameters.

2.3.3. The loss function

To establish the loss function associated with the TSA-PINN model, a
problem involving a 3D time-dependant turbulent channel flow is con-
sidered. The incompressible Navier-Stokes equations, that govern the
flow, are written in the Velocity-Pressure (VP) form as:

du

1
- .V Vp— —Au=0 in Q; 2

= U Vut Vp— —-Au=0, in Q; (X))
V-u=0, in Q; (25)
u=ur, on I'p; (26)
ou

==y, Ty. 27
on on N @7

In this context, the non-dimensional time is ¢. The non-dimensional ve-
locity vector is denoted by u(x,y,z,t) = [u,0, w]”, and P denotes the
non-dimensional pressure. The Reynolds number, Re, is a parameter
used to characterizing the dynamics of the flow by comparing inertial
forces to viscous forces. It is defined as Re = %, where p is the fluid
density, u is the characteristic velocity, L represents the characteristic
length scale, and y is the dynamic viscosity. The Dirichlet and Neumann
boundary conditions are given by equations (26) and (27), respectively.
The residuals associated with the conservation of the momentum and
continuity equations, (24) and (25) respectively, can be expressed as:

R, =0u+udu+voyu+wo u+o.p

_é(aﬁxu + 02 u+ 02, u); @8
R, =0,v+ud,v+vo,v+wd,v+9yp

_é(aixv + 0§yv + 032 v); @9
R, =0,w+ud,w+ vo,w+ wo,w+9,p

_é(aixw + 0§yw + 0§Zw); 0
R. =dxu+()yv+0zw. (31)

Here, R,, R,, R,, and R, denote the residuals for the momentum
equations in the x, y, and z directions, and the divergence-free con-
straint, respectively. To compute the partial differential operators, au-
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tomatic differentiation is used [46]. This approach involves calculating
the derivatives of the outputs from the computational graph with re-
spect to the variables x, y, z, and ¢, to approximate the derivatives in
the governing equations. In the context of TSA-PINN, the approxima-
tion problem is reformulated as an optimization problem involving the
network parameters w,b and f. The goal is to minimize a loss func-
tion related to the approximation of the solution. The loss function is
expressed as:

L =L+ Lpc+ Ly + ALsg, (32)

and the loss terms are written as:

N
1 2
Lc=— u!—ul.| ; (33)
N, rg{ o~ %ic
N
LBC=LZB up —uy 2; 34)
NB [/ BC

n=1
Ng NRr Nr Ngr
1 a2 2 2 2

LR_VR<Z‘RX +y +y + , (35)

n=1 n=1 n=1 n=1
where L;c, Lpc, and Ly denote the errors associated with the approxi-
mations of the initial conditions (IC), the boundary conditions (BC), and
the residuals of the governing PDEs, respectively. The last term of equa-
tion (32) represents the slope recovery term, as introduced in equation
(22). The optimization problem discovers the optimal values of network

parameters such that to minimize the loss associated with the approxi-
mation:

R; R

n
R,V

W* = arg min,, (L(w)); (36)
b* = arg min,(L(b)); (37)
[f=arg min ;(L(f)). (38)

This minimization problem is approximated using a gradient descent
approach. The model parameters are updated as:

W™ = w" =V w L™ (w); (39)
B = b — 0V L (b); (40)
= =V e L), (41)

where, at the m-th iteration, # denotes the learning rate and L" is the
loss function.

3. Results and discussion

To validate the TSA-PINN, it is applied to approximate the Navier—
Stokes equations in various scenarios:

2D steady-state lid-driven cavity problem at Re = 100;

2D steady-state lid-driven cavity problem at Re = 3200;

2D time-dependent Cylinder Wake;

3D time-dependent turbulent channel flow: near-wall region;

3D time-dependent turbulent channel flow: over a larger domain.

AW

To estimate the error associated with each scenario, the relative L, norm
of the error at all evaluation points is used

10, -U,l,
U1l

where the subscript i denotes the index of the variable and || - ||, repre-
sents the L, norm. U and U indicate the vectors of the approximated
and the reference solutions, respectively. The standard PINN model uses
the tanh activation function. For both models, TSA-PINN and standard
PINN, weights and biases are initialized using the Glorot normal method

Error; = % 100, 42)
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Fig. 2. Lid-driven cavity problem at Re = 100: Comparison of loss decays.

[47]. Trainable frequencies are initialized using o = 1.0 unless speci-
fied otherwise. A gradient descent method is used in all cases, with the
ADAM optimizer [48]. TensorFlow is used for automatic differentiation
and computational graph construction [49].

3.1. 2D lid-driven cavity problem at Re = 100

The first test case is a steady-state flow in a two-dimensional lid-
driven cavity, governed by the 2D steady-state incompressible Navier-
Stokes equations (24) and (25). For this problem, we set the Reynolds
number to Re = 100, and the system is expected to converge to a steady-
state solution [50]. Spatial coordinates x € [0, 1] and y € [0, 1] are pro-
vided as inputs to the network, which outputs the stream function y and
the pressure field P. All the variables are non-dimensional. By adopt-
ing the stream-function formulation, the solutions to the Navier-Stokes
equations are explored in a set of divergence-free functions

u,+v,= 0. (43)

In this setting, the velocity components are

u=0,y, (44)
and
v=—0,y. (45)

This assumption automatically satisfies the continuity constraint. It is
important to note that no training data from within the domain are
available for this problem. The training relies entirely on unsupervised
learning, using 4,000 collocation points within the domain, and 500
boundary condition points along the domain boundaries. In this setting,
the residuals of the governing equations are:

I » 2.
R, =udu+vdu+d,.p— R—e(()xxu +0,,u); (46)

1
R, =ud, v+ vd,v+0d,p— R—e(0§XU+d§y0)‘ (47)

These terms are included in the loss function to satisfy the physics-
informed part. The learning rate is set to exponential decay, starting
from an initial value of n = 10~ with a decay rate of 0.9 every 1000
steps. For this case, training consists in 8,000 iterations. To estimate the
error, we used a spatial mesh grid of 400 x 400 points. Finally, the neural
network architecture used for this simulation involves 5 hidden layers
with 50 neurons in each layer.

One primary advantage of the TSA-PINN compared to the standard
PINN is its enhanced model expressibility, which leads to faster con-
vergence rates, thanks to the use of neuron-wise sinusoidal activation
functions with trainable frequencies. Fig. 2 illustrates that the loss de-
cay of the TSA-PINN, is significantly faster when compared to standard
PINNs, by nearly half an order of magnitude. This improvement is fur-
ther illustrated in Fig. 3. While the simulation using the standard PINN

Computer Physics Communications 314 (2025) 109672

Table 1
Error and runtime comparison (2D lid-driven cavity
problem at Re = 100): Standard PINN vs. TSA-PINN.

Method Epochs Run-time (s) Rel. L,-err.
Standard PINN 8,000 1,161 1.51x 107!
TSA-PINN 8,000 1,438 2.74x 1072

Table 2
Error and runtime comparison (2D lid-driven cavity problem at Re =
3200): Standard PINN vs. TSA-PINN.

Method Epochs Run-time (s) Rel. L,-err. layers-neurons
PINN 6,000 2,150 1.09 x 107! 8 x 100
TSA-PINN 6,000 2,691 3.92x 1072 8% 100

struggles to accurately capture the velocity fields (Fig. 3-a), the TSA-
PINN exhibits minimal error and accurately captures all phenomena
(Fig. 3-b).

Fig. 4 shows a quantitative analysis of the approximations made by
both the TSA-PINN (Fig. 4-b) and the standard PINN (Fig. 4-a). This
analysis quantitatively reaffirms the earlier conclusion, highlighting the
superior accuracy of the TSA-PINN. The approximations made by the
TSA-PINN align almost exactly with the reference solution. The standard
PINN approximations exhibit noticeable errors. Table 1 gives a compar-
ison of the L, norm of the approximation errors between the TSA-PINN
and standard PINNs. The TSA-PINN achieves higher accuracy compared
to the standard PINN, where the errors reduced by an order of magni-
tude. This increase in accuracy comes at the cost of approximately 24%
additional computational time.

3.2. 2D lid-driven cavity problem at Re = 3200

To further evaluate the robustness and capability of TSA-PINN in
handling more challenging flow problems, we applied the method to the
two-dimensional lid-driven cavity problem at a higher Reynolds num-
ber, Re = 3200, governed by the incompressible Navier-Stokes equa-
tions. Following the recommendations of Wang et al. [51], and to miti-
gate discontinuities at the two corners of the moving lid boundary, we
reformulated the top boundary condition as:

cosh(Cy(x —0.5))
"~ cosh(05C)) (48)
v(x,y)=0, (49)

u(x,y)=1

where x € [0,1], y =1, and C; = 50. We use three sets of evaluation
points: 7000 points for the PDE residuals, 1000 for the boundary con-
ditions, and 100 for the training data, which were sampled from the
results of a direct numerical simulation.

For the lid-driven cavity problem at Re = 3200, our results highlight
the superior performance of TSA-PINN compared to the standard PINN
framework. In Fig. 5, the velocity contours and approximation errors
are presented for both methods. In panel (a), the standard PINN results
reveal less accurate flow feature capture, particularly in the near-wall
regions, whereas panel (b) demonstrates that TSA-PINN better resolves
these flow structures, yielding lower approximation errors. The quan-
titative validation of the solution is provided in Fig. 6, where the ap-
proximated solutions along selected cross-sections are compared to the
reference data. TSA-PINN’s predictions are in close agreement with the
reference, affirming its ability to accurately capture the essential flow
dynamics at high Reynolds numbers.

Fig. 7 displays the loss histories for the two approaches. TSA-PINN
shows a smoother and more stable convergence behavior with a lower
final loss value compared to the standard PINN, which indicates en-
hanced training efficiency and improved numerical stability. Finally,
Table 2 summarizes the error metrics and runtime comparisons between
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Fig. 3. Lid-driven cavity problem at Re = 100: Velocity contours and approximation error. (a) Standard PINN; (b) TSA-PINN.
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the standard PINN and TSA-PINN. Although TSA-PINN incurs a slight in-
crease in training time, the significant reduction in approximation error
makes it a more robust and efficient option for simulating the complex
flow phenomena encountered at Re = 3200.

3.3. 2D time-dependent cylinder wake

The second problem is a time-dependent simulation of 2D vortex
shedding behind a circular cylinder at Re = 100. This problem is gov-
erned by the 2D incompressible Navier—Stokes equations (24) and (25).
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constant = 0-7 and .0 = 0.7. (a) Standard PINN; (b) TSA-PINN.

The inlet condition is specified as a free-stream non-dimensional veloc-
ity u,, =1, and the kinematic viscosity is set to v =0.01. The center
of the cylinder, with a diameter D = 1, is positioned at (x,y) = (0,0).
This configuration gives rise to asymmetrical swirling vortices due to
vortex shedding, commonly known as the Karman vortex street. For ref-
erence data generation, a high-fidelity DNS approach is used [2]. The
dimensions of the spatial domain are [1,8] X [-2,2]. The time inter-
val is [0,20] and the time-step is At = 0.01. The inputs to the neural
network model are the spatio-temporal coordinates x,y, and ¢ (all pa-
rameters are non-dimensional). The two-dimensional output represents
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Fig. 5. Lid-driven cavity problem at Re = 3200: Velocity contours and approximation error. (a) Standard PINN; (b) TSA-PINN.
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Fig. 7. Lid-driven cavity problem at Re =3200: Comparison of loss histories.

the stream function w(x,y,t) and the pressure p(x, y,?). Labeled train-
ing data are available within the domain. At each of the 200 time-steps,
1,000 collocation points and 400 boundary condition points are used to
evaluate the model’s loss. The neural network architecture used for this
simulation involves 4 hidden layers with 50 neurons in each layer. The
learning rate is configured for exponential decay, starting from an ini-
tial value of 5 = 5 X 1073, with a decay rate of 0.95 every 1,000 steps.
The training process used 4,000 iterations. To estimate the L, norm of
the error during training, a mesh grid of 200 X 200 is used to estimate
the error at points not used during the training at each time-step. The
residuals of the governing equations for this problem are:

1

R, =0,u+udu+vdu+0d.p— R—e(agxu +05 u); (50)
1

R, = 0,0+ U0+ 00,0+ 0,p = 2= (05, 0+ 0;,0). (51

First, we analyze the role of the initialization for the trainable frequen-
cies in the TSA-PINN model. Despite the adaptability of frequencies
within the TSA-PINN, the initialization influences the optimization. Ini-
tial values for the frequencies are better to align with the spectral char-
acteristics of the target function, enabling the optimizer to converge
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more efficiently towards optimal parameter values. Fig. 8 illustrates the
loss decay comparison between the standard PINN and the TSA-PINN
initialized with various frequency values . The loss history, illustrated
in Fig. 8, indicates that TSA-PINN models, when initialized with opti-

Standard Predicted U Velocity

2.000

Standard Predicted V Velocity
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mal frequencies, converge more efficiently towards accurate solutions.
This observation illustrates the importance of the initial frequency set-
tings. The model with ¢ = 1.0 shows the most rapid initial decrease of
the loss, suggesting that this value is relatively the optimal frequency
for this problem. Models initialized with ¢ =0.1 and ¢ = 3.0 converge
more slowly compared to the TSA-PINN with ¢ = 1.0, indicating a sub-
optimal starting point, requiring more epochs to adjust towards effective
frequency values. Even for the models with ¢ = 0.1 and ¢ = 3.0, de-
spite not being initialized optimally, their trainable frequencies lead to
improved convergence after additional iterations, compared to the stan-
dard PINN. This illustrates the capability of the TSA-PINN to adapt and
refine frequency parameters dynamically during training.

In Fig. 9 we illustrate the error dynamics of TSA-PINN models with
varying ¢ parameters compared to the standard PINN model. The TSA-
PINN configured with ¢ = 1.0 consistently exhibits the lowest error
rates, leading to rapid error reduction and superior model accuracy.
With various initial o settings, TSA-PINN models systematically out-
perform the standard PINN, which lacks frequency adaptability. This
advantage, evident even when ¢ values are not optimally set, high-
lights the superior performance of the TSA-PINN. The robustness and
consistent efficacy of TSA-PINN across a range of ¢ configurations show
its superiority over traditional PINN approaches. It is worthy to note
that the process of determining optimal values for the initialization of
trainable frequencies often involves trial and error, similar to selecting
the optimal network size. Both are considered problem-specific hyper-
parameters.

Fig. 10 shows the velocity contours at t = 10.0 s, comparing the pre-
dictions from a standard PINN model and a TSA-PINN model against
reference data. It is evident that the standard PINN struggles to cap-
ture the detailed flow structures around the cylinder, particularly in
the wake region, within this limited number of epochs. Conversely, the
TSA-PINN model exhibits improved prediction capabilities. The veloc-
ity components show better details and very close agreement with the
reference data, capturing all features of vortex shedding and wake for-
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Table 3
Error and runtime comparison for the cylinder wake
problem: Standard PINN vs. TSA-PINN.

Method Run-time (s) Ly-err.:u L,-err.: v
PINN 156 6.41x107"  6.78x 107!
TSA-PINN 201 1.96x 1072 6.63%x 1072

mation with high accuracy. This comparative analysis highlights the
superior performance of the TSA-PINN in modeling complex fluid dy-
namics, demonstrating their effectiveness in capturing intricate flow
features that the standard PINN fails to resolve, within such a limited
number of training epochs.

Fig. 11 illustrated the time evolution of the velocity components at a
fixed point in the wake of a cylinder, providing a quantitative compari-
son of TSA-PINN and standard PINN models against the reference data.
This comparison serves as a validation of the models, demonstrating
their ability to capture the dynamics of the fluid over time. The TSA-
PINN model exhibits remarkable agreement with the reference data,
accurately replicating the sinusoidal oscillations in both velocity com-
ponents, within a very fast and short training process (Table 3). This
precision in capturing the amplitude and phase of the flow’s oscillations
highlights the efficacy of TSA-PINN’s trainable sinusoidal activation
functions, which are better suited to this type of fluid dynamics problem
where the underlying solutions exhibit sinusoidal behavior. In contrast,
the standard PINN fails to accurately match the reference solution. The
quantitative results from this comparison not only validate the TSA-
PINN model, but also underscore its superiority in terms of accuracy and
robustness. The enhanced performance of TSA-PINNs shows its ability
to adjust its activation frequencies dynamically. Table 3 gives a detailed
comparison of the L,-norm of approximation errors and runtime be-
tween standard PINNs and TSA-PINNs. The data clearly shows that the
TSA-PINN significantly enhances accuracy, with smaller L,-errors in
both velocity components. Specifically, the L,-error for the u velocity
component of the TSA-PINN is 1.96 x 10~2 compared to 6.41 x 10~! for

10
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Fig. 12. Schematics of the 3D turbulent channel flow problem [52-54] from
https://turbulence.pha.jhu.edu.

the standard PINN, and for the v velocity component, it is 6.63 x 1072,
compared to 6.78 x 10!, demonstrating nearly an order of magnitude
improvement in accuracy. This demonstrates that while TSA-PINNSs re-
quire a merely negligible additional computational resources, the payoff
in terms of accuracy is considerable. While the standard PINN converges
to a relatively accurate solution, it requires substantially more epochs
compared to the TSA-PINN. Our comparative study shows that for a lim-
ited training duration, TSA-PINNs achieve comparable precision, much
more rapidly. These results establish TSA-PINNs as a more efficient al-
ternative, achieving superior accuracy and making it a better choice for
applications demanding high accuracy within limited computational re-
sources.

3.4. 3D time-dependent turbulent channel flow: near-wall region

For the third test and validation scenario, we extend the application
of our model to a more complex and realistic challenge by conduct-
ing a time-dependent simulation of a 3D turbulent channel flow at
Re =999.4. This problem is governed by the incompressible Navier—
Stokes equations (24) and (25). This case represents a less commonly
explored problem in the literature on PINN, applied to fluid dynamics
problems, as most studies typically focus on more canonical problems.
The training and testing data used for the VP form of the Navier-Stokes
equations are sourced from the turbulent channel flow database pro-
vided by Perlman et al. [52], Li et al. [53], Graham et al. [54], available
at https://turbulence.pha.jhu.edu/.

The spatial domain for the simulation is [0,87] X [—1,1] X [0, 3x],
for x, y, and z respectively, with a time-step size of 0.0065 as pro-
vided by the online database. The viscosity is v = 5 x 10, and the
initial conditions represent a fully developed turbulence. The network’s
input and output dimensions consist in four variables each: (x,y, z,t)
serve as inputs, while the corresponding outputs are the velocity com-
ponents and pressure, (i, v, w, P). The schematics of the problem domain
are depicted in Fig. 12. To study the performance of the TSA-PINN in
a near-wall region, a smaller domain is considered with dimensions
[12.47,12.66] x [—1.00,—0.90] x [4.69,4.75] for x, y, and z respectively.
The analysis includes 17 discrete time-steps within this region, focusing
on capturing the detailed dynamics near the boundary. According to the
description provided by the database [54], the specified region includes
the viscous sub-layer, the buffer layer, and the log-law region:

+ The viscous sub-layer, or laminar sub-layer, is positioned next to the
wall, where the flow is predominantly viscous and turbulence is min-
imal. In this region, the velocity profile is nearly linear, with the
shear stress being predominantly viscous. Viscous effects dominate,
and the velocity gradient is directly proportional to the shear stress,
characterizing this layer as very thin compared to others.
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Table 4

Computer Physics Communications 314 (2025) 109672

Error comparison for the 3D turbulent channel (Problem 4): Standard PINN vs. TSA-PINN.

Method Time-step index L,-err.: u component L,-err.: v component L,-err.: w component
PINN 0 7.31%x1072 1.98x 107! 1.48x 107!
TSAPINN 0 3.06 x 1072 9.63 x 1072 8.12x 1072
PINN 5 8.91x 1072 248 x 107! 1.92x 107!
TSA-PINN 5 3.57x 1072 1.43x 107! 1.08 x 107!
PINN 10 1.01x 107! 2.98x 107! 2.48x 107!
TSA-PINN 10 4.26x1072 1.95x 107! 1.48%x 107!

+ Located above the viscous sub-layer and below the fully turbulent
zone, the buffer layer serves as a transition zone where the effects
of viscosity and turbulence intermingle. This layer is significant for
both viscous and turbulent shears, and it is characterized by a com-
plex velocity profile that neither follows a simple linear nor loga-
rithmic law. It marks the region where turbulence production and
dissipation are approximately balanced.

» Located above the buffer layer, the log-law region is governed by fully
turbulent flow, where the viscosity effects are negligible when com-
pared to the inertial effects of turbulence. The mean velocity profile
within this region follows a logarithmic distribution as a function of
the distance from the wall,
ut = % log(y*) + B, (52)

where u™ denotes the non-dimensional velocity, y* is the non-

dimensional distance from the wall, k is the von Karmén constant

(approximately 0.41), and B is a constant dependent on the flow

characteristics and surface roughness, here considered to be 5.2.

In this simulation, at each time-step, the model’s loss is computed using
10,000 collocation points, 6,644 boundary condition points, and 10,000
initial condition points at the first time-step. The neural network ar-
chitecture contains 8 hidden layers, each containing 200 neurons. The
training use a piece-wise decay of learning rate strategy with the ADAM
optimizer, initially set at 10~ for the first 150 epochs, then decaying to
104 for the next 200 epochs, 5 x 10~ for another 200 epochs, 5 x 10~°
for an additional 250 epochs, and finally 10~ for the last 150 epochs,
with 150 iterations per epoch. The segmented learning strategy in using
the ADAM optimizer leverages the benefits of adjusting learning rates
at different phases of training. By segmenting the learning strategy, the
model initially uses a higher learning rate to converge quickly to a rea-
sonable solution space and then gradually decreases the rate to refine
the solution. To assess the L,-norm of the error post-training, mesh grids
of 1500 x 1500 at z = constant planes are used to evaluate the error at
points not encountered during training at each time-step. The residuals
of the governing equations for this problem, critical for understanding
the dynamics and performance of the model, are formulated in equa-
tions (28), (29), (30), and (31).

It is worth noting that, in the turbulent channel flow problems (i.e.,
the third and fourth test cases), the training duration was kept iden-
tical for both TSA-PINN and the standard PINN. Under this constraint,
the standard PINN was able to complete approximately 25% more train-
ing epochs. Nevertheless, the TSA-PINN consistently outperformed the
standard version, demonstrating superior performance.

The comparisons of instantaneous velocity fields with the reference
DNS solution and the TSA-PINN predictions are illustrated in Fig. 13 at
three different time frames. These comparisons indicate that the TSA-
PINN’s approximations align well with the reference solution, particu-
larly in the early stages. Due to the initial conditions specified at the
first time frame, the accuracy is initially better and tends to decrease
as time progresses. This observation is confirmed in Table 4, which also
clearly shows the superior efficiency of TSA-PINN when compared to the
standard PINN. Furthermore, the performance of the TSA-PINN in cap-
turing the near-wall phenomena (viscous sub-layer, buffer region, and

12

Mean Velocity Profile in Viscous Units

« Predicted U* from data
~=- Viscous sub-layer: U* =y*
=== Log-law region: U* =2.44log(y *) +5.2

Fig. 14. 3D turbulent channel (Problem 4): Mean velocity profile in viscous
units. Standard values of k =0.41 and B = 5.2 are used in the log-law for refer-
ence.

log-law region) is analyzed. Fig. 14 illustrates how the TSA-PINN’s ap-
proximations for the mean velocity profile correspond to the expected
behavior in the near-wall region. The quantitative results show that the
model’s predictions up to y* = 10 follow a linear model where Ut = yt,
suggesting a linear relationship between the mean velocity profile and
the vertical distance in wall-units. In the range 10 < y* < 30, the buffer
layer is observed where the velocity profile becomes more complex and
does not adhere to a simple linear or logarithmic law. Beyond y* > 30,
the mean velocity profile predicted by the TSA-PINN adheres to a log-
arithmic distribution relative to the distance from the wall, confirming
that the predictions are consistent with the reference solution [54].

3.5. 3D time-dependent turbulent channel flow: over a larger domain

As an extension of case 4, this final validation and testing sce-
nario (case 5) involves a substantially larger domain, covering half of
the channel height. This subdomain [12.47,12.66] x [—-1.00,—0.0031] %
[4.61,4.82] for x, y, and z respectively, includes analysis over 8 dis-
crete time-steps. The larger domain facilitates interactions among di-
verse scales of eddies, with significant computational challenges. The
complexity introduced by these varying scales necessitates an increased
number of loss evaluation points, thereby demanding more computa-
tional resources and power. At each time increment, the evaluation of
the model’s loss incorporates 40,000 collocation points, 26,048 bound-
ary condition points, and 147,968 initial condition points at the first
time-step. The computational architecture used consists of 10 hidden
layers, each with 300 neurons. A piece wise decay of the learning rate
strategy is used with the ADAM optimizer, with a learning rate of 103
for the initial 100 epochs, then sequentially decreasing to 10~* for 250
epochs, 107> for another 250 epochs, 5 x 10~ for an additional 250
epochs, and ultimately with to 10° for the final 150 epochs, maintain-
ing 150 iterations per epoch.
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Fig. 15. 3D turbulent channel (Problem 5): Velocity contours at z.,,.. =4.61. (a) Reference solution at t = 0 (left) and # =4 X 0.0065 (right); (b) TSA-PINN at =0
(left) and t = 4 x 0.0065 (right); (c) Reference at = 8 x 0.0065 (left) and ¢ = 12 x 0.0065 (right); (d) TSA-PINN at ¢ = 8 x 0.0065 (left) and 7 = 12 X 0.0065 (right).

It is worth mentioning that the wall-normal and span-wise velocities
exhibit greater relative L,-errors when compared to the stream-wise
velocity. This is because of the substantially larger values of the stream-
wise velocity relative to the other two components. Fig. 15 illustrates
comparisons of instantaneous velocity fields between the reference DNS
solution and TSA-PINN approximations for four different time frames.
The TSA-PINN’s approximations align well with the reference solution,
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especially at time frames within the training range. The final time-step,
t =12 x0.0065, extends beyond the training scope of ¢ € [0, 8 X 0.0065].
Therefore, TSA-PINN’s predictions are highly accurate within the inter-
polation domain and remain acceptably accurate in the extrapolation
phase.

Fig. 16 and Table 5 quantitatively confirm this observation where the
L,-norm of the errors associated with the models’ numerical approxi-
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Table 5
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Error comparison for the 3D turbulent channel (Problem 5): Standard PINN vs. TSA-PINN.

Method Time-step index L,-err.: u component L,-err.: v component L,-err.: w component
PINN 0 6.25x 1073 1.17x 107! 1.08 x 107!
TSA-PINN 0 3.95x 1073 6.57x 1072 5.49 x 1072
PINN 4 5.41%x1073 9.44x 1072 9.83x 1072
TSA-PINN 4 3.48x 1073 5.43x 1072 5.57x 1072
PINN 8 6.91x 1073 1.30x 107! 1.35x 107!
TSA-PINN 8 5.17%x 1073 8.24x 1072 8.72x 1072
PINN 12 1.00 x 1072 2.10x 107! 1.85x 107!
TSA-PINN 12 8.68 x 1073 1.74x 107! 1.49x 107!
PINN 16 1.46x 1072 3.43x 107! 3.05%x 107!
TSA-PINN 16 1.80 x 1072 3.15x 107! 2.70x 107!

—e— PINN Error U
—e— PINN Error V
—e— PINN Error W
-m- TSA-PINN Error U
~m- TSA-PINN Error V
-m- TSA-PINN Error W
0.259 ===

0.30

Extrapolation Start

o
0
1)

Relative Error
o
o
&

0.10

Time (s)

Fig. 16. 3D turbulent channel (Problem 5): Comparison of the error history.

mations are compared to the reference data. Within the interpolation
domain, TSA-PINN’s approximations are closely aligned with the ref-
erence solution, maintaining the error below 103 for u and 1072 for v
and w. Beyond the training domain, as illustrated using a vertical dashed
line at 0.06 seconds in Fig. 16, an increase in error rates for all velocity
components is observed. The error, which had remained low within the
interpolation region, grows sharply post-extrapolation. This larger rise
in error highlights the challenges associated with generalizing data be-
yond the temporal bounds of the training data. Although the standard
PINN exhibits similar trends, the TSA-PINN performs better, confirm-
ing its superior efficiency and effectiveness. These analyses show the
benefits of TSA-PINNSs over standard PINNs, particularly their enhanced
capability to accurately capture complex fluid dynamics.

4. Conclusion

In this work, we introduced a transformative approach to approxi-
mate the solutions to the Navier-Stokes equations using a novel Physics-
Informed Neural Network model, incorporating a Trainable Sinusoidal
Activation Function (TSA-PINN). Central to our approach is the inte-
gration of an innovative trainable neuron-wise sinusoidal activation
mechanism and a dynamic slope recovery mechanism. The initial align-
ment of activation frequencies with the target function, coupled with
their trainable nature, allows for continuous optimization during train-
ing, ensuring that the model dynamically converges to optimal settings.
The slope recovery mechanism, an addition to our model, adjusts the fre-
quencies of the activation functions in real time, stabilizing the gradient
flow and preventing issues such as gradients vanishing or exploding.
This leads to faster convergence, and bolsters the model’s robustness.
Our numerical experiments span from steady-state two-dimensional to
time-dependent three-dimensional turbulent flows with high Reynolds
numbers. In the first and second validation experiments—lid-driven cav-
ity flows at Re = 100 and Re = 3200—TSA-PINN demonstrated good
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agreement with the reference solutions, achieving improved accuracy
and more effective convergence compared to the standard PINN. The
third test case, the cylinder wake problem, showcased that the TSA-PINN
is even more efficient in scenarios where the target phenomena exhibit
an oscillating behavior. This efficiency is attributed to the sinusoidal
nature (a combination of sine and cosine functions) of the activation
function and of the trainable frequency, allowing the model to adapt
dynamically to the oscillatory nature of the flow dynamics. We went
beyond the “canonical” problems to study less-explored, more challeng-
ing and realistic models, where other methods often struggle to find
accurate approximations. This allowed us to show that the TSA-PINN
provides improvements over PINN models. The TSA-PINN’s ability to
dynamically adjust the frequencies in sets of neuron-specific sinusoidal
activation functions allows it to effectively capture flow dynamics that
are typically challenging, especially in high-dimensional chaotic sys-
tems where other models often fail. Our findings show that TSA-PINNs
not only deliver superior accuracy, but also achieve this with fewer
training epochs when compared to other methods. Specifically, our ap-
plication of TSA-PINNs to three-dimensional, time-dependent turbulent
channel flows illustrates their proficiency in capturing complex phenom-
ena, such as rapidly-changing behaviors near walls (as seen in the 4th
test case) and the nonlinear behaviors arising at various scales of ed-
dies (as showed in the 5th test case). Future work will focus on further
optimizing the architecture and training processes of TSA-PINNs and
expanding the application scope to study additional physical systems.
This research not only advances the field of physics-informed machine
learning, but also paves the way for more sophisticated, efficient, and
accurate models, using advanced and dynamic activation functions in
scientific computing and engineering simulations.
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