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Abstract: Let {X(t),t > 0} be a one-dimensional jump-diffusion process whose continuous
part is either a Wiener, Ornstein—Uhlenbeck, or generalized Bessel process. The process
starts at X(0) = x € [—d, d]. Let 7(x) be the first time that X(¢) = 0 or |X(¢)| = d. The
jumps follow a uniform distribution on the interval (—2x,0) when x is positive and on the
interval (0, —2x) when x is negative. We are interested in the moment-generating function
of T(x), its mean, and the probability that X[t(x)] = 0. We must solve integro-differential
equations, subject to the appropriate boundary conditions. Analytical and numerical results
are presented.

Keywords: Brownian motion; Poisson process; first-passage time; Kolmogorov backward
equation; integro-differential equation

MSC: 60]60; 6070

1. Introduction

Let {Xo(t),t > 0} be a one-dimensional diffusion process defined by the stochastic
differential Equation (see [1])

dXo(t) = folXo(t)]dt + {vo[Xo(t)]}/>dBy(t), (1)

where {By(t),t > 0} is a standard Brownian motion. Assume that Xy(0) = x € [4,b] and
define the first-hitting time (or first-passage time)

To(x) =inf{t > 0: Xo(t) ¢ (a,b) | Xo(0) = x € [a,]]}, (2)

where we assume that the boundaries at x = 2 and x = b are attainable in finite time. The
moment-generating function

My(x;s) :=E [e*STO(x)}, (3)

where s > 0, of the random variable 1y (x) satisfies the Kolmogorov backward equation

%vo(x)M{)’(x;s) + folx) Mh(x35) = s Mo (x35) @)

Mathematics 2025, 13, 1629

https://doi.org/10.3390/math13101629


https://doi.org/10.3390/math13101629
https://doi.org/10.3390/math13101629
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-9451-543X
https://orcid.org/0000-0001-6018-4671
https://doi.org/10.3390/math13101629
https://www.mdpi.com/article/10.3390/math13101629?type=check_update&version=1

Mathematics 2025, 13, 1629

2 of 14

fora < x < b; see, for example, Cox and Miller [2]. Moreover the boundary conditions are
My(a;s) = My(b;s) = 1. Similarly, the function m(x) := E[1p(x)] (if it exists) satisfies the
ordinary differential Equation (ODE)

So0(e) () + folw)my(x) = 1, ©)

subject to mg(a) = my(b) = 0. Finally, the probability po(x) := P[Xo(19(x)) = a] is a
solution of the ODE
500(x) Py (%) + folx) po(x) = 0, ©6)

and is such that pg(a) = 1 and po(b) = 0. First-hitting problems have applications in many
fields, notably biology and financial mathematics.
In this paper, we consider the stochastic process {X(t),t > 0} defined by

N(#)

X(t) = X(0) + /Otf[X(s)}ds +0B(t)+ )Y, 7)
i=0

where f(+) is a real function such that f(—x) = —f(x), ¢ > 0, {B(t),t > 0} is a standard

Brownian motion process, {N(t),t > 0} is a Poisson process with rate A (which is indepen-

dent of {B(t),t > 0}), and Y3, Yy, ... are independent and identically distributed random

variables. Moreover, we assume that f is such that {X(t),t > 0} is a jump-diffusion

process.

We define the first-hitting time

T(x) =inf{t > 0: X(t) =0or |X(t)| =d | X(0) =x € [-d,d]} (8)

and we let M(x;a) := E [e’”(")] , where & > 0. It can be shown (see [3]) that the function
M(x; a) satisfies the integro-differential Equation (IDE) (writing M(x; «) as M(x))

%O'ZM”(X) + f(x)M'(x) +/\{/o:o M(x+y) fy(y)dy — M(x)} =aM(x), 9)

where Y is distributed as the Y;’s. The boundary conditions are M(0) = M(+d) = 1.

Suppose that Y has a uniform distribution on the interval (—2x,0) if x > 0 and a
uniform distribution on the interval (0, —2x) if x < 0. Then, by symmetry, we can write that
M(—x) = M(x), so that we can consider the process in the interval [0, d] alone. Moreover,
for x >0,

[T Merppmay = o [ Mty = [0 Me)d

sym. 1

= f/OxM(z)dz. (10)

X

Hence, Equation (9) becomes

%O'ZM”(X) + f(x) M (x) +)\{i /: M(z)dz — M(x)} = aM(x) (11)

for0 < x <d.
Next, let m(x) := E[t(x)] and p(x) := P[X(7(x)) = 0]. To obtain these functions, we
need to solve the following equations:

s+ feom' @)+ {1 [ mdz—mx) | =, (12)
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subject to the boundary conditions m(0) = m(d) = 0, and

306+ Fp )2 {5 [T plardz—pn =0 3)

subject to p(0) = 1 and p(d) = 0.

A possible application of the problem studied in this paper is as follows: Suppose that
X (t) represents the position of an object (an aircraft, for example) at time ¢. The objective
is to make the object in question follow a trajectory that corresponds to x = 0. To do this,
we correct the trajectory according to a Poisson process, trying to bring the object back
to the origin with thrusts that follow a uniform distribution whose mean is —x, with x
being the current position of the object. Note that, by continuity, the probability of a jump
from x to 0 is equal to 0. Moreover, because the jumps are instantaneous, if the process
jumps from a positive to a negative value (or vice versa), it is assumed that it did not hit
the origin.

We will consider the following particular cases for the function f(x):

1. f(x) =0,so that {X(t),t > 0} is a Wiener process with zero drift and with jumps.
f(x) = —Bx, where B > 0, so that {X(t),t > 0} is an Ornstein—Uhlenbeck process
with jumps.

3. f(x)= 727;1, where 7 € [0,2), so that {X(t),t > 0} is a (generalized) Bessel process
with jumps. The condition ¢ € [0,2) implies that the process can attain the origin;
see [4].

Remark 1. (i) We used the expression generalized Bessel process, because a Bessel process is non-
negative by definition. Therefore, if it reaches the origin, we assume that there is a reflecting (or an
absorbing) boundary at x = 0. However, a diffusion process that satisfies the stochastic differential
equation

dXo(t) = ZVXO(;dt +dBy(t) (14)
can be considered for negative values when vy € [0,2). In particular, if v = 1, then {Xo(t),t > 0}
is a standard Brownian motion, which is a Gaussian process.
(ii) The Wiener process, or Brownian motion, is the basic and most important diffusion process.
The Ornstein—Uhlenbeck process is also very important for the applications. It was proposed by
Uhlenbeck and Ornstein in [5] as a model for the velocity of a particle that is undergoing Brownian
motion. The Bessel process was studied extensively in the book by Revuz and Yor [6]. These three
diffusion processes are treated in most textbooks on stochastic processes, for instance, in the works of
Karlin and Taylor [4] and Lefebore [7].

Obtaining exact and explicit solutions to boundary value problems for integro-
differential equations is a difficult task. The first author has written a number of papers on
such problems; see, in particular, refs. [8,9]. He also considered optimal control problems
known as homing problems for these processes.

A very important application of jump-diffusion processes is in financial mathematics;
in his seminal paper, Merton [10] used these processes to model the behaviour of stock
prices. Other papers on jump-diffusion processes include the following: Abundo [11,12],
Cai [13], Peng and Liu [14], Yin et al. [15], Zhou and Wu [16], and Ai et al. [17].

In [18], Abundo computed the first-passage area of one-dimensional jump-diffusion
processes. Lefebvre [19] also studied a first-passage-place problem for a one-dimensional
jump-diffusion process and its integral.
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Jump-diffusion processes are related to diffusion processes with stochastic resetting,
but they are fundamentally different. These processes were first studied by Evans and
Majumdar [20]; see also Abundo [21] and the references therein. In the case of a diffusion
process with resetting times, according to a Poisson process, at random times that follow
an exponential distribution, the process is reset instantaneously to a fixed value xg and
then evolves from this position in accordance with the stochastic differential equation that
defines the diffusion process. In contrast, when a jump occurs in a jump-diffusion process,
the new position of the process is completely random and (when the jump size distribution
is a continuous random variable) can never be the same.

In Section 2, we will obtain exact analytical expressions for the probability p(x). We
will first transform the IDE in Equation (13) into a third-order linear ODE. After solving
this ODE, subject to two boundary conditions, we will determine the third constant which
is such that the solution to the ODE also satisfies the corresponding IDE.

Next, in Section 3, numerical solutions for the mean m(x) and the moment-generating
function M(x; «) will be presented. We will see the effect of the jumps on the solutions by
comparing these functions with the corresponding ones when there are no jumps (that is,
when A = 0). Finally, we will end with a few remarks in Section 4.

2. Ordinary Differential Equations

Differentiating both sides of the IDE in Equation (11), we obtain (from Leibniz’s
integral rule) that

(x) + F(x) M"(x) + [/ (x) = A — o] M'(x) + /\{—xlz [ Mez)dz+ iM(x)} 0. (15)

Moreover, from Equation (11),

& * _ _1 2 aql o /

el M(z)dz = 57 M7 (x) — f(x)M'(x) + (A + o) M(x). (16)
Hence, we can state the following proposition.

Proposition 1. The moment-generating function M(x) (= M(x;«)) satisfies, for A > 0, the
third-order linear ODE

2
%szM”’(x) + [xf(x) + 02} M"(x) + {x[f'(x) = A —a] + f(x) } M'(x) = aM(x) (17)
for x € (0,d). Moreover, we have the boundary conditions M(0) = M(d) = 1.

Corollary 1. The mean m(x) of the random variable T(x) satisfies, for A > 0, the ODE

getan (@) + 200+ S| w0+ (3176~ A1+ f) 0 = -1 19

for x € (0,d), subject to the boundary conditions m(0) = m(d) = 0.

Proof. Assuming that the moments of 7(x) exist, we can write that

M(x;a) = E[e™™W] =E [1 —at(x) + zxzr;(x) —.. }

- 1—aE[T(x)]+%2E[TZ(x)] _ (19)
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Substituting the above expression for M(x; «) into Equation (17), we deduce from the terms
in & that m(x) := E[7(x)] is such that

1 2 " 02 " !
—5 0 xm (x)—[xf(x)—i—z]m (x) = {x[f'(x) —A—a] + f(x)}m'(x) =1,  (20)
which yields Equation (18). O

Corollary 2. The probability p(x) = P[X(t(x)) = 0] satisfies, for A > 0, the ODE

1 1 a1 1 /
3@+ [0 + | + 0 - A sl =0 @
for x € (0,d), and the boundary conditions are p(0) = 1 and p(d) = 0.

Remark 2. Equations (18) and (21) are actually second-order linear ODEs for n(x) := m'(x) and
g(x) := p'(x), respectively.

In this section, we will obtain exact analytical solutions to Equation (21) for the
important special cases mentioned in the previous section. First, we take f(x) = 0 and
o = 1 so that the continuous part of the jump-diffusion process {X(t),t > 0} is a Wiener
process with zero drift and dispersion parameter equal to 1. Furthermore, for the sake of
simplicity, we set A = d = 1. Equation (21) then reduces to

2P () + " (x) — xp!(x) =0, 22)

Making use of the software program Maple (version 2020), we find that the solution to the
above equation that satisfies the boundary conditions p(0) = 1 and p(1) = 0 can be written
as follows:

s [StruveL(1,v2) Yo(i V2) + riStruvel (0, v2) Y1 (iv/2) — 2 Yo(i v2)
pla) = { —rStruveL(1, v2) Io(v/2) + mStruveL (0, v2) [ (v2) — 21(v/2)
] 3 }
—nStruveL(1,v/2) Iy(v/2) + mStruveL(0, v2) I; (v2) — 21(v/2)
X %{ni 2xStruveL (1, v2x) Ip(vV2x) — iv/2xStruveL(0, vV2x) I (V2 x)
+ 2f2ix10(\6x)}

+%3{7'ci 2xStruveL (1, v2x) Yo (i v/2x) — 7t v/2xStruveL (0, v2x) Y1 (i v2x)

+2v2ixYo(iv2x) } +1, (23)

where c3 is an arbitrary constant, I, (-) and Y, (-) are Bessel functions, and StruveL(v, x) is
the modified Struve function which solves the non-homogeneous Bessel equation

v+1
2y () + 3y (x) — (& + ) y(x) = D )
\/EF (U + j)
This is defined as follows in Abramowitz and Stegun [22]:
2k
StruveL (v, x) (= Ly(x)) = (x/2)"*! Z (x/2) (25)

%)F(k—i—v—i—%)'
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Moreover, for n € N, we have (see also [22])
_(z/2)7" Yn—k—1)! 2
Yu(z) = - kgo i (22/4)" + —In(z/2)Ju(2)
B (Z/Z)n ) (_22/4)k
- Ig{w(k+1)+¢(n+k+1)}m, (26)
where 2
ad 4
Jn(z) = (z/2)" Z K / ) (27)

(1) = —1 (the Euler-Mascheroni constant -y is approximately equal to 0.57721) and

n—1
pn)=—v+ ) % forn > 2. (28)
k=1
Finally, 2
= (z/2)" Z k' /4 (29)

To determine the value of the constant c3, we can substitute the above expression for
the function p(x) into the IDE (13). The calculations are rather heavy. We find that we must
take c3 = 0. Hence, we have the following proposition.

Proposition 2. The probability p(x) = P[X(t(x)) = 0] when f(x) =0andoc =X =d = 11is
given by

iv2

1
1- 2 { —mStruveL(1,v/2) Iy(v/2) 4+ mwStruveL(0, v2) I; (v/2) — 21(v/2) }

x {m' 2xStruveL(1, v2x) Io(V2x) — 7riv/2xStruveL(0, v2x) I (V2x)
n zﬁixlo(\fzx)} (30)

forx € ]0,1].

When there are no jumps (that is, A = 0), the function py(x) := P[Xo(1(x)) = 0]
satisfies the elementary ODE
SHi) =0, 61
The solution that satisfies the boundary conditions po(0) = 1 and po(1) = 0 is the straight
line po(x) = 1 — x. The functions po(x) and p(x) are shown in Figure 1. We see the effect
of the jumps on the probability of absorption at the origin as follows: jumps increase the
value of this probability, which is logical since jumps bring the process from its current
position x to a random value whose mathematical expectation is equal to zero.
Next, we replace the function f(x) = 0 by f(x) = —Bx, where B > 0. This time,
the continuous part of {X(t),t > 0} is an Ornstein—-Uhlenbeck process, which is a very

important diffusion process for these applications. Equation (21) becomes (with ¢ = 1)

3300+ (5= B2 ) () = (2B Ax) /() = )
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02 0.4 0.6 0.8 1

x

Figure 1. Functions p(x) (full line) and po(x) for x € [0,1] when f(x) =0andoc =A =d = 1.

The general solution of this ODE can be expressed in terms of the Meijer G function
and a generalized hypergeometric function. In the special case when = A = 1, we find
(with the help of Maple) that

x2/2

p(x) =1+ ;;(617/2) {C3 [10(1/2)1<0(x2/2) ~ Ko(1/2) Io(xz/z)} 12 Io(xz/Z)}, (33)

where Kj(-) is a Bessel function which can be defined as follows for x > 0:

®© cos(xt)
241

Ko(x) = /0 " cos(x sinh(t))df — /0 dt. (34)

The above function is such that p(0) = 1 and p(1) = 0. Contrary to the previous case, we
cannot set c3 equal to zero. We could substitute this expression into the IDE (13) and try to
determine the constant c3 for which the IDE is satisfied. We can also proceed as follows:
The unique solution to Equation (32) that satisfies the three conditions p(0) =1, p(1/2) =r
and p(1) =0is

(x) = 1_xex2/210(x2/2)[2e1/2(r—1)K0(1/2)+el/81<0(1/8)]
Py = S75TI5(1/2) Ko(1/8)—Ko(1/2) 1o (1/8)]
212K (32 /2) 212 (r—1) Iy(1/2) +¢V/8 [, (1/8)]
e>/8[In(1/2) Ko(1/8)—Ko(1/2) I(1/8)]

(35)

Substituting this function into Equation (13), we find that the constant r is approximately
equal to 0.676.

Proposition 3. The function p(x) when f(x) = —xand o = A = d = 1 is given by

xe?/2 [y (x2/2) [~0.648¢1/2Ko(1/2)+e1/3 Ky (1/8))]

PE) = I /D Ko /8) Ko (12 (1 /5)
xe /2Ky (x2/2) [~0.648 12 [y (1/2)+¢1/3 [y (1/8)]

e>/8[In(1/2) Ko(1/8)—Ko(1/2) Iy(1/8)]

(36)

for x € [0,1].
Remark 3. Making use of Maple’s evalf function, we can rewrite the function p(x) as follows:

p(x) &~ 1—05708xe" Ip(x2/2) + 0.0005217 xe* /2 Ky(x2/2). (37)
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With A = 0, we must solve the ODE
1 " . ’ .
2P () —xph(x) =0, 38)
We find that f(ix)
erf(ix
po(x) = 1 - erf(z) 7 (39)
where erf(-) is the error function defined by
2 * o2
erf(x) = —= / e " dt. 40
=" (40)

Figure 2 presents the functions p(x) and pg(x) in the interval [0, 1].
.
0.81
0.6
0.41

0.21

02 0.4 0.6 038 1

x

Figure 2. Functions p(x) (full line) and po(x) for x € [0,1] when f(x) = —xandoc=A =d =1.
Finally, we consider the jump-diffusion process defined by

N(t)

X(t) = X(0) + /Ot ;X_(Sl) ds+oB(t)+ ). Y, (41)
- i=0

where ¢ € [0,2). As mentioned above, the continuous part of {X(t),t > 0} is a Bessel
process that can attain the origin. Since the origin is actually a regular boundary for this
process (see [4]), we can consider it in the interval (—co, o). The Bessel process plays an
important role in financial mathematics.

Let us take v = 1/2 and ¢ = d = 1. In the absence of jumps, the function po(x)

satisfies the ODE 1 1

Lon Ly _
2 Po (x) Ax po(x) 0. (42)
With po(0) = 1 and po(1) = 0, we find that
po(x) =1—x%2, (43)

When A = 1, we must solve the third-order linear ODE

1 " 1 1 / i
Sxp"(x) + 39 (0) = xp' () =0, (44)



Mathematics 2025, 13, 1629

9of 14

The software program Maple provides the following solution that is such that p(0) = 1,
p(1/2) =rand p(1) =0:

plx) = 1+i{x[4(r1 hypergeom(m[ } )
o amspegeom[1] £ 1] 5) s3], [3:3] %)
P — e
o) [ e (31 D)

31 [57]1 1] [3 3] 1
s = Vapergeon (5] [3.3] 5 Jroperson(|] 3.3 3)
31 15 7] 1 1 331

anypengeon( [ 3], [33] 5 ) eneon (|5 [3.3]) 5) w0

and hypergeom is the generalized hypergeometric function, which is defined in Maple by

where

ok Hle pochhammer (#;, k)

h ny,na, ...\, ldy,ds,...],2) = 47
ypergeom([ny, ny, .. ], [d1,da, .. ], 2) k;) KTIL, pochhammer(d;, k) (47)

with
pochhammer(z,n) :=z(z+1)---(z+n—1). (48)

The generalized hypergeometric function is often denoted by ,F;(n,d, z). Using this nota-
tion, we would write

31 [57]1 357
hypergeom(h}, {4,4],2> = 1F2<4,4,4,2), (49)
etc.

When we substitute the function p(x) defined in Equation (45) into Equation (13), we
find that the IDE is satisfied if we take 7 ~ 0.688.

—_

Proposition 4. The probability P[X(t(x)) = 0] when f(x) = —} andc = A = d = 1 s the
function p(x) given in Equation (45) for x € [0,1], with r ~ 0.688.

The functions p(x) and po(x) in the interval [0, 1] are displayed in Figure 3.

As we have seen in this section, the problem of calculating the probability p(x) =
P[X(t(x)) = 0], which is straightforward in the case of diffusion processes without jumps,
becomes very difficult when jumps according to a Poisson process are added. In the next
section, we will use numerical methods to obtain the mean m(x) of the random variable
7(x) and its moment-generating function M(x; «).
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02 0.4 0.6 08 1

x

Figure 3. Functions p(x) (full line) and py(x) for x € [0,1] when f(x) = —f- andc = A =d = 1.

3. Numerical Solutions

In this section, we present the numerical solution of integro-differential Equation (12) as
follows:

%U2m”(x) + f(x)ym'(x) + A{i /Ox m(z)dz — m(x)} = -1, (50)
subject to the boundary conditions
m(0) =0, m(d) =0, (51)
and Equation (11) as follows:
%UZM//(X) + f(x)M'(x) + A{i /Ox M(z)dz — M(x)} =aM(x), (52)
subject to the boundary conditions
M0)=1, M(d)=1. (53)

The function f(x) takes different forms; more specifically, we will treat the following
special cases:

0,
fx) =4 —Bx (54)
vy—1
2x

The parameters values are takentobe p =0 =d =1, v = %, and various values of
a € (0,1].

We employ finite difference methods for spatial discretization and iterative correction
to account for the integral term (see [23]). The numerical results demonstrate the behaviour
of the functions m(x) and M(x) for two values of parameter A, namely 0 and 1.

3.1. Discretization of the Domain

The computational domain is defined as x € [0, 1], which is discretized into N equally
spaced points as follows:
i .
xl‘—m, l—O,l,...,N—l, (55)

where the grid spacing is given by dx = x;,1 — x;.
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3.2. Finite Difference Approximations

To approximate the derivatives in each equation, we use the following central finite
difference scheme:

- The second derivative is approximated as

d?y  yi1—2yi+ Vi1

—5 & 56
dx? dx? (56)
- The first derivative is approximated as
dy _ Yiv1 —¥ia
— 7
dx 2dx ©7)
These approximations are used to construct the system matrix.
3.3. Integral Term Approximation
The integral term in the equation is given by
"X
I(x) = / y(z)dz. (58)
0
We approximate it numerically using the trapezoidal rule, as follows:
i—1 4. .
_|_
I(x;) =) HTIH o (59)

=

This is efficiently computed using MATLAB's built-in ‘cumtrapz()’ function (version R2023b).
3.4. Construction of the System of Equations
By discretizing the given equation, we obtain the following linear system:
Ay—b, (60)

where A is a coefficient matrix incorporating the finite difference terms, and b is the
right-hand side vector.

3.5. Iterative Approach for the Integral Term

Since I(x) depends on y(x), we employ an iterative correction scheme as follows:

1. Start with an initial guess y(x) = 0.

2. Compute the integral term I(x).

3. Update the right-hand side b using I(x).
4. Solve for y(x).

5. Repeat until convergence is achieved.
3.6. Graphs

The numerical solutions of Equations (50) and (52) are displayed in Figures 4-8. In the
case of the function m(x), we can see that the jumps decrease its value. This is a consequence
of the fact that jumps bring the process closer, on average, to the origin. Finally, because
a > 0, the effect of the jumps on the function M(x; ) is the opposite.
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Figure 4. Function m(x) for f(x) =0, with A = 0.1.
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Figure 5. Function m(x) for f(x) = —x, with A = 0.1.

02 i i i f(x) = -1/(4?()
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Figure 6. The function m(x) for f(x) = 1—1, with A = 0.1.

X

f(x) =0 f(x) =-x f(x) = -1/4x

1.051 1.051
a=0.2 a=0.2
e (=04 e =04
1 a=0.6 4 a=0.6
— =08 —=0.8
1.0 s =10
095 095} \-/
= = =
g Z oo Z oo
085 085}
0.8 0.8
0.75 - ! 0.75 - ! 0.75 - !
05 1 0 05 1 05 1
X X X

Figure 7. Function M(x) for f(x) = 0, —x and Z—; with A = 0 and for different values of «.
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Figure 8. Function M(x) for f(x) = 0, —x and 7> with A = 1 and for different values of .

4. Discussion

To obtain more realistic models, many authors nowadays add jumps to diffusion
processes according to a Poisson process such as a Brownian motion process. From a
mathematical point of view, this entails that problems such as calculating the characteristics
of random variables called first-hitting times become much more difficult.

Indeed, as we have seen in this paper, rather than solving linear ordinary differential
equations, the introduction of jumps whose size is a continuous random variable implies
that we now have to solve integro-differential equations.

In this paper, we considered such a problem in the case when the jump size is uniformly
distributed on the interval (—2x,0) (when x > 0), where x is the current value of the process.
We were able to obtain exact analytical expressions, in terms of special functions, for the
probability that the jump-diffusion process {X(t), t > 0} will hit the origin before a barrier
at x = 1. Three particular cases for the continuous part of {X(t),t > 0} were treated. These
three cases are among the most important ones for applications.

In Section 3, we presented numerical solutions to the integro-differential equations
that must be solved, subject to the appropriate boundary conditions, to obtain the mean
and the moment-generating function of the first-hitting time of interest.

There are still few papers with explicit results for this type of problem. Here, we were
able to transform the integro-differential equations into third-order ordinary differential
equations. These equations are linear, but with non-constant coefficients. Therefore, their
solutions are often quite intricate. Moreover, even if we are able to solve them explicitly,
we still have to substitute the solutions into the original integro-differential equations to
determine the value of the third arbitrary constant in the general solutions.

The main difficulty in obtaining explicit and exact analytical results for the type of
problems studied in this paper is thus solving the ODEs. We were able to do this for
the function p(x), but in the case of the functions m(x) and M(x; «), we had to resort to
numerical methods.

As a continuation of this work, we could consider jump-diffusion processes in two or
more dimensions. Sometimes, by using symmetry, it is possible to reduce these problems
to one-dimensional problems. Another possibility would be to consider jumps whose
size is a discrete, rather than a continuous, random variable. In this case, instead of
integro-differential equations, we would have to solve difference-differential equations.
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