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RÉSUMÉ

Cette thèse porte sur l’amélioration de l’algorithme de recherche tabou (TS) afin de résoudre
des problèmes d’optimisation complexes de manière plus efficace. Bien que TS soit une méta-
heuristique puissante pour une large gamme de problèmes d’optimisation, ses performances
peuvent être considérablement améliorées. L’objectif principal de cette recherche est dou-
ble: (1) améliorer le processus de recherche de TS et (2) développer des méthodes efficaces
d’optimisation des hyperparamètres (HPO) dans divers contextes de problèmes.

Pour atteindre ces objectifs, nous avons intégré des techniques d’apprentissage automatique,
telles que la régression logistique et les arbres de décision, dans le cadre de TS, afin d’améliorer
son processus de recherche. Ces méthodes d’apprentissage ont permis d’affiner l’exploration
de l’algorithme en réduisant l’espace de recherche et en améliorant la prise de décision au
cours de la recherche. De plus, nous avons évalué la performance de TS en utilisant trois
méthodes de HPO : MADS, IRACE et la recherche sur grille (Grid Search).

La thèse est structurée autour de deux études principales. Dans la première, nous avons
intégré l’apprentissage automatique à TS pour résoudre un problème d’ordonnancement des
médecins, démontrant des améliorations significatives des performances dans un environ-
nement stochastique et des résultats comparables dans des conditions déterministes. La deux-
ième étude est relative à l’optimisation des hyperparamètres de TS à l’aide des méthodes men-
tionnées plus haut, appliquées à deux problèmes distincts : le problème d’ordonnancement
des médecins et le problème généralisé d’affectation multi-ressources. Nos résultats montrent
que ces techniques d’optimisation améliorent les performances globales de TS, offrant une
approche adaptable et efficace pour résoudre divers problèmes d’optimisation complexes.

De manière générale, cette recherche contribue au développement d’algorithmes TS plus
robustes et adaptatifs grâce à des améliorations basées sur l’apprentissage et des méthodes
d’optimisation des hyperparamètres, proposant ainsi des solutions pratiques à une variété de
défis d’optimisation.
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ABSTRACT

This thesis focuses on advancing the tabu search (TS) algorithm to address complex opti-
mization problems more efficiently and effectively. Although TS has proven to be a powerful
metaheuristic for solving a wide range of optimization problems, its performance can be sig-
nificantly improved. The primary objective of this research is twofold: (1) to improve the
search process of TS, and (2) to develop effective methods for hyperparameter optimization
(HPO) across various problem contexts.

To achieve these objectives, we introduce machine learning techniques such as logistic regres-
sion and decision trees into the TS framework to enhance its search process. These learning
methods help refine the algorithm’s exploration by reducing the search space and improving
decision-making during the search. In addition, we evaluate the performance of TS using
three HPO methods: MADS, IRACE, and Grid Search.

The thesis is structured around two key studies. In the first study, we integrate machine
learning into TS to solve a physician scheduling problem, demonstrating significant perfor-
mance improvements in a stochastic environment and comparable results in deterministic
settings. The second study focuses on optimizing the TS hyperparameters using the men-
tioned tuning methods for two distinct problems: the Physician Scheduling Problem and the
Multi-Resource Generalized Assignment Problem. Our findings reveal that these optimiza-
tion techniques enhance the overall performance of TS, providing an adaptable and efficient
approach to solving various hard optimization problems.

In general, this research contributes to the development of more robust and adaptable TS
algorithms through learning-based enhancements and HPO methods, offering practical solu-
tions to a variety of challenging optimization tasks.
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CHAPTER 1 INTRODUCTION

Optimization problems appear in many scientific and industrial fields, including scheduling,
routing, and applications in machine learning and artificial intelligence. As these problems
become more complex, there is a growing need for highly efficient and adaptable algorithms.
Among various optimization techniques, metaheuristics and Tabu Search (TS) have been
widely used for solving difficult combinatorial problems. First introduced by Fred Glover in
the late 1980s [2], TS has been developed and refined to effectively solve a wide range of
optimization tasks and applications.

In recent years, research has increasingly focused on combining different methods to enhance
the performance of metaheuristics, such as TS. These combined approaches, known as hybrid
metaheuristics, often integrate techniques from various optimization algorithms, including
those outside of the traditional scope of metaheuristics [3, 4]. Hybrid methods have shown
the potential to improve the quality of solutions for difficult optimization problems, although
the development of an effective hybrid algorithm remains a challenging task. As highlighted
in the literature, hybrid algorithms often face transferability issues, performing well in certain
contexts while struggling in others.

1.1 Learning tabu search

Metaheuristics, including TS, explore the search space through an iterative process, generat-
ing large amounts of data during the search. Although some of this data, such as tabu lists
and frequency-based information, is used to guide the search, much of the knowledge gath-
ered remains unused. Recent research suggests that making better use of this information
could improve search efficiency [5]. Machine learning (ML) techniques offer the potential to
extract valuable insights from these data and use them to refine the search process, making
it more effective in finding high-quality solutions.

The first article presented in Chapter 4 builds on these ideas by integrating ML into the TS
framework and developing a learning-based Tabu Search (L-TS) algorithm. The goal is to
improve adaptability and performance by reducing the search space.

Incorporating ML into TS provides two main advantages: it can approximate complex com-
putations, reducing computational effort, and it can guide the search more effectively by
identifying promising areas of the solution space. By analyzing patterns in high-performing
solutions, ML techniques can enhance decision making within TS, leading to more efficient
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search strategies. This work is motivated by the strong performance of TS in solving diffi-
cult optimization problems, making it a suitable candidate for studying the benefits of ML
integration.

1.2 Hyperparameter optimization

Many optimization algorithms require careful tuning of algorithm-specific hyperparameters
to achieve the best performance. This applies to all heuristic and metaheuristic approaches.
These algorithms often involve setting a large number of hyperparameters, as noted in sev-
eral studies [6–9]. Although default hyperparameter settings are usually available for an
algorithm, they are often optimized for specific problem types or application areas. As a
result, optimizing the hyperparameters for a particular problem can significantly improve
the algorithm’s performance.

Traditionally, the design and tuning of optimization algorithms have been handled manually.
Developers would experiment with various hyperparameter configurations, evaluate the re-
sults, and adjust based on trial and error. While this manual approach can produce effective
algorithms, it has several limitations: it is time-consuming and heavily dependent on intu-
ition and experience, making it subjective and challenging to reproduce. Typically, only a
small subset of instances is tested, with a limited range of design options and hyperparameter
settings explored.

To address these limitations, automated and systematic approaches for algorithm design
and hyperparameter optimization have been introduced. Methods such as experimental de-
sign [10, 11], racing methods [12], and heuristic-based configuration techniques [13–17] have
been developed to improve efficiency. In addition, statistical modeling approaches [18, 19]
have further automated the optimization process, reducing the need for extensive manual
intervention.

In metaheuristics, hyperparameter optimization requires identifying the best hyperparame-
ters settings based on a set of instances. The goal is to optimize algorithm performance on
these instances. This problem is called a hyperparameter optimization (HPO) problem and
is commonly treated as a blackbox optimization (BBO) problem [20], formulated as

max
p∈P

ϕ(p) (1.1)

where P is the set of hyperparameters, and ϕ is the objective function, provided by a blackbox,
i.e. a process.
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A key distinction in hyperparameter optimization is between offline and online approaches.
Offline methods determine the best settings before solving instances, whereas the online
methods dynamically adjust hyperparameters during execution [21,22].

The second article presented in Chapter 5 explores three approaches for optimizing the hy-
perparameters of TS: Mesh Adaptive Direct Search (MADS) [23], Iterated Racing Algorithm
Configuration Environment (IRACE) [24] and Grid Search.

1.3 Contributions of the thesis

This thesis introduces several contributions aimed at enhancing the performance of TS by
integrating ML techniques and applying HPO methods. These contributions focus on im-
proving computational efficiency, guiding the search process more effectively, and refining
algorithm hyperparameters to achieve high-quality solutions in different optimization prob-
lems. The key contributions are summarized below:

1. Enhancing the search process in tabu search:
One of the primary contributions of this thesis is the improvement of the exploration
and exploitation capabilities by narrowing the search space of TS through the use of
ML techniques. Using logistic regression and decision trees, the algorithm can learn
to identify promising neighborhoods within the search space. The ML models ana-
lyze patterns in past search behavior to predict which neighborhoods are most likely
to contain high-quality solutions. By focusing on these promising areas, TS reduces
unnecessary exploration, leading to:

– A narrower and more efficient search space, reducing computational effort.

– Improved decision-making, as the algorithm learns from past iterations.

– Faster convergence, while maintaining or improving solution quality.

We investigate both online learning, where ML models adapt dynamically during the
search, and offline learning, where models are pre-trained before execution. These
methods provide valuable information on the structure of the search space, leading to
more informed search decisions.

2. Hyperparameter optimization for tabu search:
Hyperparameter optimization plays an important role in enhancing the efficiency of
TS. This thesis evaluates different approaches to optimize the key hyperparameters of
TS, such as:
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– Tabu tenure (the size of tabu list).

– Neighborhood size (the number of candidate solutions considered at each step).

– Sequence of visiting neighborhoods or application of moves.

We explore and analyze three HPO methods, MADS, IRACE and Grid Search. By
comparing these approaches, we can provide insight into the strengths and weaknesses
of each approach, offering guidance on selecting the most suitable method for different
types of optimization problems.

3. Evaluation of hyperparameter optimization methods on different optimization prob-
lems:
The effectiveness of MADS, IRACE, and Grid Search is tested on multiple optimization
problems, demonstrating their applicability to real-world problems. We consider two
key case studies:

– Multi-Resource Generalized Assignment Problem [25], which focuses on efficiently
allocating resources to tasks,

– Physician Scheduling Problem [1], which entails optimizing the schedules of physi-
cians while considering availability and workload constraints.

Together, these contributions refine the TS framework, making it more effective in solving
complex optimization problems. These innovations improve the efficiency and adaptability
of TS, making it more efficient in solving different optimization problems.
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CHAPTER 2 LITERATURE REVIEW

This chapter provides a comprehensive overview of the literature surrounding TS, its ad-
vancements, the integration of ML techniques, and the important aspect of HPO. These
sections serve as the foundation for understanding the contributions of this dissertation in
enhancing the efficiency and performance of the TS algorithm.

2.1 Tabu search and enhancements

Since its introduction, TS received great attention in the literature and significant progress
has been made in improving its robustness, efficiency, and adaptability. Various modifi-
cations have been introduced to balance exploration and exploitation while reducing com-
putational complexity. Some of the most significant enhancements include Adaptive Tabu
Search (ATS) [26], probabilistic Tabu Search (PTS) [27] or Reactive Tabu Search (RTS) [28].
Additionally, hybridization strategies have been explored, integrating TS with evolutionary
algorithms, quantum-inspired techniques, and machine learning-based approaches to further
improve its performance. These modifications have extended the applicability of TS to a
wide range of combinatorial optimization problems.

ATS extends the classical TS by incorporating dynamic search strategies that enhance effi-
ciency. Unlike traditional TS, which relies on a fixed-length tabu list, ATS introduces back-
tracking for diversification and an adaptive radius for intensification [29]. These strategies
allow the algorithm to adjust its search behavior dynamically, leading to more effective explo-
ration and exploitation. The theoretical foundations, convergence proofs, and performance
evaluations of ATS have been well-documented in [30].

PTS, as introduced in [31], enhances computational efficiency by evaluating only a random
subset N ′(S) of the full neighborhood N(S) instead of exhaustively exploring all possible
moves. This candidate list strategy significantly reduces the search time while still main-
taining high-quality solutions. The probabilistic nature of PTS allows the use of a shorter
tabu list, making it computationally attractive, though it may occasionally miss high-quality
solutions.

RTS, first proposed in [28], introduces a self-adaptive mechanism that dynamically adjusts
the tabu list size according to the characteristics of the problem. The algorithm stores visited
configurations and their corresponding iteration numbers to track revisit frequencies. When
the search repeatedly visits the same solutions, the algorithm expands the tabu list size to
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discourage cycles, while in less critical regions, it reduces the tabu list size to encourage
further exploration. RTS has been widely applied in scheduling and routing problems due to
its ability to dynamically adapt to different search landscapes.

Beyond these enhancements, TS has been successfully hybridized with other optimization
techniques to further improve its performance. Several studies have explored the integration
of evolutionary algorithms with TS, where TS refines solutions within an evolutionary frame-
work, or evolutionary techniques enhance the diversification and intensification capabilities of
TS. Studies such as [32–34] have demonstrated the effectiveness of these hybrid approaches.
In [35], a genetic tabu search algorithm was developed to solve the distributed job shop
scheduling problem, outperforming existing algorithms in both computational efficiency and
solution quality. Similarly, in [36] a Tabu-Harmony hybrid algorithm was proposed for task
scheduling in cloud computing, leveraging the strengths of both TS and Harmony Search to
optimize task allocation.

TS has also been successfully applied to logistics and supply chain optimization. In [37],
a Mixed-Integer Linear Programming model was proposed to solve the Green Inventory-
Routing Problem with Time Windows. The study implemented an enhanced version of TS
alongside heuristic methods, such as the improved Clarke-Wright algorithm and the Push-
Forward Insertion Heuristic, to optimize routing and minimize total costs.

Quantum-inspired approaches have also influenced the TS methodologies in recent years.
In [38], an amplitude-ensemble quantum-inspired TS algorithm was introduced to solve the
0/1 knapsack problem, demonstrating superior search efficiency. Similarly, [39] explored
quantum-classical hybrid methods for solving capacitated vehicle routing problems, showing
promising results. The integration of quantum computing principles with TS is an emerging
area that has the potential to further enhance the algorithm’s performance. Other stud-
ies, such as [40], have further examined the potential of quantum-inspired TS for complex
optimization problems.

Further adaptations of TS have been developed for multi-objective optimization problems.
In [41], an extension of TS for handling multiple objectives was proposed, incorporating
path relinking strategies commonly used in discrete optimization problems. Additionally, an
Advanced and Adaptive TS algorithm was introduced in [42], designed for dynamic parking
allocation problems. This algorithm utilizes an adaptive neighborhood generation mechanism
with bi-operator competition, achieving high-quality solutions with improved computational
speed.

Efforts to refine TS have also focused on identifying key solution attributes that define pro-
hibited moves, leading to more effective search strategies. The study in [43] emphasized the
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importance of selecting these attributes to improve solution quality, while studies in [44, 45]
explored how balancing these attributes can optimize the search process. Another important
development is the introduction of multi-objective TS variants.

In summary, the evolution of TS, from adaptive and probabilistic modifications to hybrid
and quantum-inspired methodologies, demonstrates a continuous effort to improve its perfor-
mance across a wide range of applications. These advancements not only enhance the algo-
rithm’s search efficiency but also extend its applicability to increasingly complex optimization
problems. In the following section, we explore studies that have integrated learning-based
methods to further enhance the performance of TS.

2.2 Learning tabu search

The emphasis on adaptive memory within TS highlights its inherent learning capabilities.
However, recent research efforts aim to further enhance this learning behavior by integrating
advanced learning mechanisms. Most of the work in this area has focused on clustering
strategies [46] and intensification-diversification mechanisms [47], but significant progress
has also been made in incorporating machine learning techniques into TS to improve solution
quality and efficiency.

In [48], the authors introduced Learnable Tabu Search, a novel hybrid approach that in-
tegrates TS with estimation of distribution models. Their method dynamically learns and
updates a probabilistic model of high-quality solutions while guiding TS in exploring the
search space. By integrating learning-based probability distributions, the algorithm adapts
its search strategy over time, improving solution diversity and robustness.

Intensification and diversification strategies are critical components in metaheuristics, and
learning-based TS approaches have been developed to refine their effectiveness. A recent
study [49] introduced a relaxation-based adaptive memory programming algorithm for the
resource-constrained project scheduling problem. This method leveraged primal–dual rela-
tionships to dynamically adjust the search process within an Intensification, Diversification,
and Learning framework. By incorporating Lagrangian-based heuristics into a simple TS
model, the approach effectively integrated dual information into the search process, improv-
ing efficiency and convergence rates.

In another study [50], a learning-based TS algorithm was proposed for a truck allocation
problem. This approach introduced a trail system to track critical solution characteris-
tics and employed a diversification mechanism to explore new regions of the solution space.
By encouraging moves that were less frequently executed in previous cycles, the algorithm
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aimed to broaden its search capabilities. Similarly, [51] presented a hybrid intelligent-guided
adaptive search combined with path-relinking for the maximum covering location problem.
Path-relinking, originally proposed in [52] as an intensification strategy, was used to re-
fine the search for high-quality solutions by blending features from an elite set of solutions,
while simultaneously diversifying the search space. Additionally, [53] proposed the Modular
Abstract Self-Learning TS algorithm, which employed dynamic neighborhood selection to
adaptively explore the search space. This method facilitated the use of both intensification
and diversification strategies to improve performance.

2.2.1 Classification and feature selection in tabu search

Classification is another learning method that can be integrated within a TS framework.
Classification in this context refers to target analysis, which identifies the characteristics of
promising moves based on historical search data. However, when the feature space is large,
accurately predicting the classification of new instances becomes increasingly challenging.

Feature selection and weighting techniques have been incorporated into TS to improve clas-
sification accuracy while reducing computational complexity. In [54], a hybrid approach
was introduced for simultaneous feature selection and feature weighting in the K-nearest
neighbor (K-NN) rule, based on TS. Feature selection involves identifying the best subset
of features, while each selected feature is assigned a weight to distinguish between pattern
classes. Feature selection simplifies model understanding and reduces computational time,
but using classifiers to build models can be time-consuming. A related study [55] extended
this approach by developing an optimization model for handling large datasets. This model
integrated TS with a learning mechanism that selectively evaluated only promising feature
subsets, reducing the overhead associated with computationally expensive classifiers.

2.2.2 Neural networks and reinforcement learning in tabu search

Artificial Neural Networks have been widely used for pattern recognition and optimization
problems, making them valuable for enhancing TS. Typically, TS has been used to optimize
ANN training, with fewer studies exploring how neural networks can enhance TS procedures.
One such study by [56] introduced a neural-based TS for the unit commitment problem.
Their algorithm, based on an annealing neural network to generate initial solutions, which
were then refined using TS. This hybridization improved solution quality while reducing
computational costs.

A further enhancement was proposed in [57], where a hybrid TS-neural network model was
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developed. In this approach, the neural network processed input data that had not been
previously explored by the TS algorithm, allowing for more informed move selection. The
study demonstrated that this method significantly improved search performance in high-
dimensional spaces. Similarly, [58] explored deep learning-aided TS in large multiple-input
multiple-output detection, using deep neural networks to guide the search process. By in-
tegrating Convolutional Neural Networks to rank promising search regions, their method
significantly reduced computational costs while maintaining competitive detection accuracy.

More recently, [59] introduced the DeepEigen-Tabu, a deep learning-enhanced TS scheme
that significantly reduced computational costs while maintaining high-quality solutions. This
enhancement leveraged DeepEigNet, a neural network-based approach for effective initializa-
tion, along with a PTS model that used early stopping and efficient candidate selection
mechanisms.

Recent developments have also focused on reinforcement learning (RL) strategies to improve
TS performance. In [60] introduced a Reinforcement Learning-based Tabu Search algorithm
(RLTS), which integrated reinforcement learning mechanisms with TS to solve the max–mean
dispersion problem. By dynamically updating reward structures, RLTS demonstrated supe-
rior convergence properties and solution quality. Moreover, [61] also proposed a RLTS to
solve the Minimum Load Coloring Problem. Their approach adapts the tabu list size dy-
namically by learning from past search patterns, allowing RL to make informed decisions
about which solutions to revisit and which to avoid. This adaptive mechanism significantly
improves convergence speed and solution quality by avoiding premature cycles in the search
process.

Learning-based approaches have enhanced the capabilities of TS, allowing it to intelligently
adapt its search behavior based on previous experience. In the following section, we explore
studies that have considered optimizing the hyperparameters of TS to further enhance its
performance.

2.3 Hyperparameter optimization in metaheuristics

HPO is a critical component in optimizing the performance of metaheuristic algorithms.
There are two main approaches to setting hyperparameter values: hyperparameter opti-
mization (also known as offline tuning) and hyperparameter control (or online tuning). HPO
involves determining best hyperparameter values before the algorithm’s execution, with these
values remaining fixed throughout the execution. In contrast, hyperparameter control begins
with initial hyperparameter values that are adjusted dynamically during execution. Both
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approaches play an important role in ensuring that the metaheuristic performs well on the
problem, as each algorithm has a predefined set of hyperparameters that must be calibrated
to the specific characteristics of the problem.

Many studies have focused on addressing the metaheuristic tuning problem. These include
techniques such as beam search [62], experimental design [11, 63], genetic programming [64]
and the application of racing algorithms [12, 65]. Some approaches also combine fractional
experimental design with local search [10] to efficiently explore hyperparameter configura-
tions. More recently, model-based approaches such as Bayesian Optimization (BO), which
efficiently explores the search space using surrogate models, have gained attention as well [66].

These methods are generally classified into blackbox or whitebox optimization methods [67].
Blackbox optimization methods treat the metaheuristic as a “blackbox” focusing on auto-
mated tools that systematically search for the best hyperparameter values or combinations of
algorithm components. CALIBRA [10] and F-RACE [65] are both examples of the blackbox
methods. The advantage of blackbox methods is that they require minimal human interven-
tion and can explore large parameter spaces efficiently.

In contrast, whitebox optimization methods allow the user to inspect the algorithm’s inner
workings, providing opportunities for the designer to guide the tuning process. Examples
include statistical analysis, such as fitness distance correlation and run time distribution
analysis [68–70], as well as human-guided search approaches [71, 72]. The study by [73] can
be placed in this line of research. Another example is the visualization of search algorithm
behavior [74] which can help users better understand the algorithm’s performance. However,
white-box methods still rely heavily on human input, and tuning results may vary depending
on the individual conducting the tuning.

Some alternative HPO approaches have been explored beyond the traditional blackbox and
whitebox methods. Agent-based methods, such as +CARPS [75], use decentralized decision-
making frameworks where multiple agents adjust hyperparameters collaboratively. Similarly,
self-adaptive algorithms [28] employ mechanisms that allow hyperparameters to evolve dy-
namically based on feedback from the optimization process. These approaches can be cate-
gorized within blackbox or whitebox methodologies depending on their implementation.

The choice between blackbox and whitebox approaches depends largely on the nature of the
objective function. Whitebox methods are effective when the mathematical form or gradients
are known, making them suitable for structured problems such as convex or differentiable
optimization. However, when the analytical form of the objective function is unknown or too
complex to express explicitly, blackbox optimization becomes essential [76]. This distinction
highlights the importance of selecting appropriate HPO techniques, as different optimization
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problems require customized strategies.

HPO frameworks have also been developed to improve solvers’ efficiency. For instance, [77]
highlights the importance of selecting optimal hyperparameter values customized to specific
problem instances. Classical techniques such as grid search, random search, and BO remain
widely used, each presenting distinct advantages. A comprehensive survey by [78] categorized
offline automatic algorithm configuration methods into four main groups; Model-Free meth-
ods, Racing methods, Design of Experiments (DoE) methods, and Model-Based methods.
These categories provide a structured way to analyze and compare different HPO techniques.

2.3.1 Hyperparameter optimization in tabu search

In this dissertation, we focus on hyperparameter optimization for the TS algorithm. Over the
years, various approaches have been proposed to optimize TS hyperparameters, including the
use of metaheuristic techniques such as evolutionary algorithms, simulated annealing, and
particle swarm optimization [79–82]. For instance, [52] introduced an ATS algorithm that
adjusts hyperparameters such as tabu list size and neighborhood size based on the problem’s
characteristics. This adaptive approach outperformed several state-of-the-art algorithms on
benchmark problems, demonstrating the effectiveness of dynamic hyperparameter tuning in
TS.

Each of these HPO methods presents unique strengths in exploring hyperparameter spaces,
optimizing performance, and reducing computational costs. In this dissertation, we investi-
gate how MADS, IRACE, and Grid Search can be applied to efficiently optimize TS hyperpa-
rameters. Although IRACE, Grid Search and MADS [83,84] have been used in the literature
to optimize hyperparameters for various algorithms and metaheuristics, to the best of our
knowledge, this is the first time MADS is being applied to optimize the hyperparameters of
the TS algorithm and compared against the other two methods.



12

CHAPTER 3 GENERAL ORGANIZATION OF THE DOCUMENT

This thesis is structured into seven chapters, followed by supporting information in the appen-
dices. Chapter 1 provides an introduction to general research, highlighting the motivation,
objectives, and scope of the study. It sets the context for improving the TS algorithm, em-
phasizing the importance of solving complex optimization problems efficiently. This chapter
also defines the contributions and objectives that guide the rest of the thesis.

In Chapter 2, we perform a detailed review of the existing literature. This includes exploring
new studies to improve the performance of TS, as well as the integration of learning methods
with TS. We also provide studies on HPO methods for metaheuristics and TS.

Chapter 4 presents the first article, titled “Learning Tabu Search Algorithms: A Scheduling
Application” and published in Computers & Operations Research. This article explores the
integration of ML techniques into the TS algorithm. Specifically, it aims to improve both
exploration and exploitation during the search process.

Chapter 5 presents the second article, titled “Blackbox Optimization of Tabu Search Hy-
perparameters” and submitted to the Journal of Heuristics for publication. This article
addresses the importance of efficient methods to optimize the hyperparameters of TS. It
explores the role of blackbox optimization in optimizing TS hyperparameters to enhance al-
gorithm performance in two multi-objective problems. In this context, three HPO methods,
including MADS, IRACE, and Grid Search, are evaluated. The results highlight the sub-
stantial impact of well-defined hyperparameters on the efficiency and effectiveness of TS in
solving complex optimization problems.

Chapter 6 offers a general discussion of the key findings of the previous chapters, highlight-
ing the main contributions of the research. This section summarizes the findings of the
integration of ML techniques and HPO methods into TS, highlighting their impact on im-
proving optimization methods. The discussion also addresses the potential impact of these
contributions on real-world applications.

In Chapter 7, we provide the concluding remarks of the thesis. This section summarizes
the contributions made to the field, acknowledges the limitations encountered during the
research, and suggests potential areas for future work.

Appendix A includes a published conference article, titled “A Learning Metaheuristic Al-
gorithm for a Scheduling Application”. This article explores the integration of Logistic Re-
gression within the TS algorithm, with a specific application to a scheduling problem. The
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objective is to improve solution quality while reducing computational effort. The article iden-
tifies key areas where ML techniques can be applied effectively. The findings of this study
provide the foundation for the subsequent research presented in the first article in Chapter 4.
In addition, supporting information for Chapter 4 is provided in Appendix B, providing fur-
ther details and additional data related to this article. Appendix C provides additional notes
on Chapter 4, including further explanation of the integration of learning algorithms with
TS and a discussion of model accuracy.
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classification methods in order to better motivate moves through the search space. The
learning tabu search is compared to an enhanced version of tabu search that includes diver-
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4.1 Introduction

In recent years, there has been extensive research on combining various methods to improve
the performance of metaheuristics. Some of this research originates from other optimization
algorithms, while many others originate from outside the field of metaheuristics. These ap-
proaches are referred to as hybrid metaheuristics [3, 4]. Choosing an adequate combination
of methods and algorithmic concepts can be a critical factor in achieving high-quality perfor-
mance when solving hard optimization problems. Developing an effective hybrid approach
is generally difficult, and the wealth of literature on the subject demonstrates that it is non-
trivial to generalize a particular hybrid algorithm. They indeed suffer from transferability;
an algorithm may work well for some problems, but perform poorly for others.

Metaheuristics explore the search space using an iterative process, during which they gen-
erate a large amount of dynamic data. Some of the information is collected and leveraged,
for example the frequencies and tabu information that is used during the search process.
However, we argue that metaheuristics do not fully exploit the explicit knowledge discovered
during the search process, and that making better use of this information to guide the search
space will make the search process more efficient. The main objective of this paper is to
demonstrate that metaheuristics, particularly tabu search, can behave more intelligently and
efficiently by gathering and using the data generated during the search process. We believe
that more advanced techniques such as machine learning (ML) can best extract and use this
valuable knowledge. These techniques facilitate a better exploration of the search space,
and are capable of finding solutions that are unattainable without these learning algorithms.
To measure the performance of the learning method we run each algorithm and report the
amount of effort it takes to reach the best solution, where effort is in terms of number of
evaluations, number of iterations and computation time.

Machine learning techniques can help improve an algorithm in two ways [5]. During the
search phase of metaheuristics, learning can be used to build approximations that replace
heavy computations. The learning methods can also explore the space of decision variables
and improve the ability to make algorithmic decisions. To achieve this improvement, the
relevant knowledge is extracted from the behavior of the best-performing variables.

Tabu search (TS) has been successful in solving many hard optimization problems, which is
why we believe it is a good candidate for studying the impact of incorporating our learning
methods into a metaheuristic. We propose a novel learning tabu search algorithm using
classification methods in the context of a physician scheduling problem. To the best of
our knowledge, there is no comprehensive study on integrating ML techniques into TS to
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explore the search space. Most studies on learning metaheuristics evolve in the context
of clustering or intensification and diversification strategies. In particular, [46] studied a
clustering method that depends on frequency-based memory applied to high-quality solutions.
In comparison, [47] studied a diversification-based learning method.

Tabu search has been hybridized with numerous methods, most commonly with evolutionary
algorithms. The hybridization can either be an evolutionary method that employs tabu search
to generate improved solutions, or a tabu search method that benefits from an evolutionary
search as a diversification or intensification strategy. References [32–34] are examples of this
evolutionary/tabu search hybridization. Other examples using heuristics to modify the search
space of an optimization problem [85], constraint programming [86] and exact methods [87]
are available.

This paper provides an intensive study on the use of ML techniques for the design of TS. We
believe this paper is beneficial for both academic and industry experts engaged in solving
hard combinatorial problems. Our proposed method is used to study a physician scheduling
problem, and our results are compared with those of [1]. Tabu search presented by [1]
uses most of the techniques known to improve the efficiency of the algorithm, specifically:
diversification, intensification and multiple neighborhoods. The algorithm proved to be very
efficient when compared to CPLEX. The algorithm is adapted to solve the problem under
both deterministic and stochastic conditions; under stochastic conditions the search space
is larger and requires more computation effort. This paper focuses on designing a learning
TS. We use the deterministic case as a proof of concept and to experiment with the design
of the method. We use the number of evaluations, the number of iterations and running
time to evaluate the amount of effort required to reach the best solution. We then assess the
performance of L-TS in the stochastic environment. L-TS reaches comparable results for the
deterministic case and outperforms TS in the stochastic one.

The rest of the paper is organized as follows. In Section 4.2, we present the algorithm
and review the related studies. We present the baselines for the classification methods, and
explain the proposed methods in detail in Section 4.3. We describe the instance generation
procedure and present the results in Section 4.4, and Section 4.5 provides concluding remarks.

4.2 Algorithm definition and related literature

This section provides a brief introduction to Tabu Search, followed by a literature review.



17

4.2.1 Algorithm definition - Tabu search

Tabu search [2] moves through the search space in an iterative procedure starting from an
initial solution x0 (possibly infeasible). Let X be the solution space, each solution x′ ∈ X

is selected from the neighbors of previous solution x. A neighborhood N(x) is defined as
all the solutions that can be reached from x ∈ X after applying a specific move. At each
iteration, all (or only a subset of) the neighbors are evaluated, and the best non-tabu solution
is selected. The aspiration criteria makes an exception for a tabu move when it improves
the current best solution x∗. Each solution is evaluated by the function f(x). A tabu list
(Tlist) containing attributes of recently visited solutions (or attributes of moves) is maintained
to prevent cycling. Solutions on the tabu list cannot be revisited for a specific number of
iterations. Different strategies help search the neighborhood solutions. The strategies are
intended to explore the entire relevant search space, and having an adequate combination
of moves and strategies has a large impact on the quality of the results. The moves and
strategies used to search the solution space are the main ingredients of tabu search methods.
Over the years, tabu search has been adapted to solve many applications beyond handling
uncertainty. The adaptation process commonly considers several scenarios; scenarios that
are typically generated using historical data or a probability distribution. Instead of moving
to the best solution in the neighborhood (deterministic environment), the best solution on
average (stochastic environment) is typically preferred.

The classical TS method evaluates all (or a subset of) neighbor solutions of x and selects
the best x′ ∈ N(x) as a move. This approach is computationally expensive, and often costly
for large problems. Instead, we can choose a learning method as a guiding principal of
our search process within the feasible space; such a learning method can help us find good
solutions faster. This is how ML techniques allow us to extract knowledge, in the form of a
set of rules or patterns, and from good solutions that can be used to generate even better
solutions [88].

4.2.2 Literature

Leveraging machine learning techniques to solve combinatorial problems has received a lot
of attention recently, but the study of learning within metaheuristics has not been given the
attention it deserves. Specifically, [89] and [90] demonstrated that employing machine learn-
ing during the search process can improve the performance of heuristic algorithms. Studies
that employ machine learning to enhance heuristics have pursued the following objectives:

• Algorithm selection and analysis [91],
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• Learning generative models of solutions [92],

• Learning evaluation functions [93],

• Understanding the search space [94,95].

Algorithms that improve the search performance by learning an evaluation function for pre-
dicting the outcome of a local search algorithm using features of states visited during the
search are described by [93]. Other studies on learning evaluation functions are presented
in [96–98]. In the same domain, [99] is another example of a recent study on learning meta-
heuristics. This study proposed a learning variable neighborhood search (LVNS) that identi-
fies quality features simultaneously. This information is then used to guide the search towards
promising areas of the solution space. The LVNS learning mechanism relies on a set of trails,
where the algorithm measures the quality of the solutions. This idea comes from ant colony
optimization, and the trail system is inspired by the pheromone trails ants use to mark a
path.

Machine learning has also been employed to prune the search space of large-scale optimization
problems by developing pre-processing techniques [100], [101]. Some other studies used ML-
based methods to directly predict a high-quality solution [102,103]. Moreover, [104] and [105]
provided a review of literature on the subject of the benefits of using ML with metaheuristics,
and also discussed potential future areas of research.

We propose a learning tabu search algorithm that builds on these previous studies with
enhanced classification methods that guide the search through the solution space of hard
combinatorial problems. We observe that the emphasis on adaptive memory within tabu
search represents the nature of its learning mechanism. In contrast, most previous works
focused on clustering [46] or intensification/diversification [47] strategies. In metaheuristics,
intensification and diversification strategies play important roles in the quality of solutions.
In a recent study, [49] presented a relaxation-adaptive memory programming algorithm on a
resource-constrained project scheduling problem. In that approach, primal-dual relationships
help to effectively explore the interplay between intensification, diversification, and learning
(IDL). The algorithm is designed to integrate the most cutting edge Lagrangian-based heuris-
tic with a simple tabu search. The authors goal was to present a study of the IDL relationship
when dual information is added to the search. In [50], the authors presented a learning tabu
search algorithm for a truck allocation problem in which they considered a trail system for
weighing combinations of important characteristics. In this study, a diversification mecha-
nism is introduced to help visit new regions of the solution space. The authors proposed
diversifying the search by performing “good” moves that were not often performed in the
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previous cycles.

There are also numerous studies on improving the performance of tabu search. In particu-
lar, [43] emphasized improving solution quality by selecting particular attributes of solutions
and determining conditions that help to find the prohibited moves. Following that work, [44]
and [45] employed a balance among more commonly used attributes. Their experiments
showed that considering these attributes can significantly outperform all other methods.
These outcomes underpin researchers’ ongoing strategy of identifying attributes that lead to
more effective methods. However, to the best of our knowledge, our study in favor of learning
the characteristics of the search space during the tabu search algorithm’s search procedure,
is a novel contribution to the literature. We use classification models to fill this gap, and
demonstrate how ML can help learn the best neighborhoods to build or change a solution
during the search process.

4.3 Learning tabu search algorithm

Before getting into the details of our proposed learning TS (L-TS), we provide a brief expla-
nation of, and the baselines for, our chosen classification methods (namely logistic regression
(LR) and decision trees (DT)). Next, we present our L-TS, followed by the important char-
acteristics of the case study we chose in order to evaluate the performance of L-TS.

4.3.1 The basics of LR and DT

In this paper, we study the impact of deploying logistic regression as a multinomial classifi-
cation method, and the decision trees learning method to guide the tabu search. Here, we
give a basic overview of these methods, and define some terms used throughout the paper.

The logistic regression model is one of the most important models for analyzing categorical
data, and the multinomial logistic regression model is a simple extension of the binomial
one. It uses predictive analysis to explain the relationship between one nominal dependent
variable, and one or more independent variables.

In a binomial logistic regression model, let n denote the number of predictors for a binary
response Y by the features matrix X = (xij)n×d, where each column represents a feature and
each row represents an observation. The numerical value of xij denotes the measurement of
a specific feature j (j = 1, ..., d) in a specific observation i (i = 1, ..., n). Given a training
dataset (xi, yi)n

i=1, where xi = (xi1, xi2, ..., xid) represents the vector feature values of the ith

observation, and yi ∈ {0, 1} for i = 1, ..., n, where yi = 1 if observation i is in class 1 and
0 if i is in class 2. In general, the aim is to classify the new observation and identify the
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relevant features with high classification accuracy. Assume p(xi) represents the probability
for observation i when yi = 1, p(xi) = Pr(yi = 1|xi). Logistic regression determines this
probability by learning, from a training set, a vector of weights w, and a bias term [106]. More
precisely, each weight wj is a real number, and is associated with feature j of observation i.

The weight wj represents how important that input feature is to the classification decision.
The bias term b, also called the intercept, is another real number that is added to the weighted
inputs. Moreover, z in equation (4.1) expresses the weighted sum of the evidence for the class,
which can also be represented by the dot product notation in (4.2):

zi =
d∑

j=1
wjxij + b (4.1)

zi = w · xi + b (4.2)

To create a probability, we pass z through the sigmoid (logistic) function, σ(z),

yi = σ(zi) = 1
1 + e−zi

(4.3)

Now, we have an algorithm that, given an observation xi, can compute the probability
P (yi = 1|xi). Hence, we can classify observation xi based on:

ŷi =

1, if P (yi = 1|xi) > α

0, otherwise.

where α is a parameter (e.g., 0.5) and the vector w is learned by iteratively minimizing the
classification error over the observations in the training set.

Now we turn to the decision tree, a supervised machine learning technique that develops a
tree of decision paths from training data [107]. A decision tree is a predictive model that
maps observations of an event (training data) to conclusions about its target value (label).
Decision trees classify data using a set of hierarchical decisions based on features. In the
tree structure, leaves represent classifications (also referred to as labels), non-leaf nodes are
features, and branches represent combinations of features that lead to the classifications.

Decision trees are a widely-used predictive model for many reasons:

• They are easy to interpret and explain to non-technical audiences,
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• They require minimal data preparation,

• They can handle mmany varities of data, including numerical and categorical,

• Assumptions of linearity in the training data are not required, and nonlinear relation-
ships between parameters do not affect tree performance.

As for logistic regression, the tree is constructed by iteratively minimizing a loss function
corresponding to misclassification in the training set [108].

Using a predictive method significantly reduces the number of evaluations performed during
the tabu search, and both logistic regression and decision trees are powerful classification
methods with their own advantages.

4.3.2 Learning tabu search

Data is an essential component of a learning algorithm; in our context data is generated during
the search procedure of TS. The learning procedure contains three main phases: collecting
data (Tcollect), training the model (Ttrain), and applying predictions using the trained model
(Tapply). Phase Tcollect, starts with the TS and collects data related to the exploration of
the search space. After collecting enough data, we start phase Ttrain, training the learning
model for a specific number of iterations. Note that in phase Ttrain, the training set is
updated at each iteration using the data generated. The duration of phases Tcollect and Ttrain

needs to be carefully tuned to reduce the risk of issues such as over-fitting. We evaluate
the impact of different settings for Tcollect and Ttrain in Section 4.4.2. Itrain represents the
iteration that phase Ttrain (training) starts and Iapply represents the end of Ttrain and the
start of applying the prediction algorithm. After collecting enough data and training the
model, the application phase Tapply starts. In the application phase an action is taken based
on the prediction of the trained model, and after validating the elements of a tabu list (Tlist).

The learning procedure (i.e., the three phases) may be applied in different settings, we refer
to those as the online and offline learning approaches. The main difference between the two is
the set of instances used to collect and to train data (i.e., to learn from). Figure 4.1 illustrates
the flow of the phases. For the online learning, for each instance to be solved, we apply Tcollect,
Ttrain on the instances followed by Tapply. For the offline learning, for each instance to be solved,
we apply Tcollect, Ttrain on a set of similar instances (to be described in more details later)
followed by Tapply. More details on how the application phase was used in online and offline
learning are provided in Section 4.4.2.

The learning methods are very sensitive to the input information. Thus, extracting the
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Figure 4.1 Online vs. Offline learning

features that have the greatest impact on the solution space is the first and most important
step. These features represent important characteristics of the solution space and moves. We
propose 10 features in total which were carefully chosen and evaluated in different settings.
More details on the design of our experiments is presented in Section 4.4.2. All features are
independent from the application, and only concern the data collected during the search.
Table 4.1 presents these features in different categories along with the prediction output.
While it will be discussed later, it should describe the level of granularity of the neighborhood
to be explored, e.g., one neighbor or a subset of neighbors that should be evaluated.

Table 4.1 Input/Output features for the training model

Input Output
Category Features Format Label

Cost improvement ∆x

∆x > 0
R
B

Tabu
xi ∈ Tlist

|ti| = Tlist(x)
Freq−ID

B
Z
Z

O
bs

er
ve

d
O

ut
pu

t

Solution
x
M∗

M ′

MZ
MB
MB

Move Attractiveness
Trail of the moves

Q
MQ

Let x be the current solution, x∗ the best known solution, and x′ the next solution. Each
solution is represented as a matrix of integers. We measure cost improvement as ∆x =
f(x′) − f(x). The first feature is the value of ∆x, and the second reflects whether or not
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the solution is improved (∆x > 0 in the context of maximizing). In the tabu category, we
have a binary variable that determines if the accepted move belongs to the Tlist, whether or
not it has already been visited, and the tabu value for the move (when it will be free to be
considered again). The frequency of the move is also considered, which indicates how many
times the move has been visited so far. The next category represents the characteristics of
solution. First, the solution x itself. A binary matrix (M∗) denotes the difference between
the obtained solution and the last best known solution. A 1 indicates if the corresponding
entry is equal, 0 otherwise. Another binary matrix (M ′) denotes the difference between the
obtained solution and the previous solution, with the same meaning for 1’s and 0’s. The
final category is related to the move characteristics, i.e., the attractiveness of the move and
a trail matrix of the moves. These features were inspired by the recent work of [99]. Here,
a trail system influences the decisions made by the ants in the Ant Algorithms, where move
with high attractiveness values have a higher chance of being performed. The same list of
features is used for the decision trees model.

To use tabu search in a stochastic environment, the set of input features in the stochastic
learning algorithm is modified by considering the average of f(x) over all scenarios at each
iteration. In other words, we find the move that is the best in average over all scenarios.
Thus, our objective is to find the solution x′ ∈ Nv(x) that minimizes the average solution

over all scenarios
∑

r
fr(x′

r)
|R|

.

The L-TS model differs from the TS mostly in the search space. Our goal is to reduce the
number of evaluations in the search process. To accomplish this, we predict how promis-
ing each move is, and evaluate only highly promising neighbors, instead of every possible
neighbor, of N(x). This is the output of the prediction.

4.3.3 Case study: Physician Scheduling

We studied the impact of our proposed learning mechanism on a physician scheduling prob-
lem previously studied by [1]. In this section, we introduce the main characteristics of the
problem, but we encourage those seeking a thorough explanation to review [1]. The goal is
to find a weekly cyclic schedule for physicians in a radiotherapy department, and to assign
the arriving patients to the best possible available specialist for their cancer type. Figure 4.2
shows a schematic diagram of the typical stages of the pre-treatment phase for a radiotherapy
center (for patients with different types of cancer, some stages may vary).

In most physician scheduling problems, each day is divided into different slots (one or more),
and each slot is assigned to a task [109,110].
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Figure 4.2 Stages of pre-treatment phase in a radiotherapy center [1].

In practice, all of the tasks are scheduled each week, and some tasks are repeated. In this
physician scheduling problem, the goal is to minimize the duration of the pre-treatment phase
for patients. This is defined as the time from the patient’s arrival day, to the day the final
task is finished before treatment starts. This is usually one week for curative patients, while
it should be three days at most for palliative patients. Scheduling may also take into account
physician preferences.

Let I be the set of physicians, J the set of patients, T , the set of tasks and D the set of
days. Each day is divided into δ time slots. The binary variables are defined as follows: pd

ti

is 1 if physician i performs task t, qij is 1 if patient j is assigned to physician i, and zd
ijt is 1

if patient j undergoes task t on day d when assigned to physician i.

The objective is twofold: maximize the physician preferences and minimize the pre-treatment
duration. Each physician has a preference for each day for each task (sd

ti), and the pre-
treatment duration is defined as the time from the arrival day aj to the day the final task
|T oj | is performed.

maximize
∑
i∈I

( ∑
t∈T

∑
d∈D

sd
tip

d
ti −

∑
j∈J

∑
d∈D

dzd
ij|T oj | − aj

)
(4.4)

Like most large combinatorial problems, this problem is intractable for exact methods. Thus,
it is a good candidate for a tabu search metaheuristic. An exact mathematical model for this
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problem was presented in [1]. An example of a schedule is illustrated in Figure 4.3. In this
figure, T1, T2, T3 and T4 represent the four main tasks for physicians in the pre-treatment
phase in a radiotherapy center.

Figure 4.3 An example of the solution for 6 physicians, 4 tasks, 5 days and 2 time slots per
day.

In practice, the arrival days, profiles and cancer types for patients are not known in advance
and vary from one day/week to another. We took this uncertainty into account in the tabu
search procedure by considering several scenarios (different arrival days, profiles and cancer
types), typically built using historical data or a probability distribution. This strategy is
common when uncertainty must be considered.

To summarize the tabu search algorithm for our physician scheduling problem, the search
space is explored with three types of moves that are closely related to the decision variables
(which task should be assigned to a physician on which day, and which patient should be
assigned to which physician). Namely,

• Move 1 : We seek the best sequence of task assignments achievable by swapping the
assignments of a physician’s current schedule from one day to another in the planning
horizon.

• Move 2 : We introduce more flexibility in a schedule by changing the repeated task. In
the simple form of the problem, where the planning horizon is five days, and we have
four main tasks, each physician repeats just one task. This task could be replaced by
any other. In the case of two time slots, the neighborhood to explore is larger since it
is likely that all tasks are repeated. Five tasks can be allocated to each of the ten time
slots, and we evaluate all these options.

• Move 3 : The third move focuses on the second decision variable, i.e., the assignment
of patients to physicians. We explore all possible re-assignments.

Combinations of these three moves were used as different strategies for diversification and
intensification criteria during the TS procedure. According to [1], Move 1 and 3 have the
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greatest impact on the quality of the solution. Therefore, the TS starts with Move 1 and
applies Move 3 whenever the best solution is not improved. Move 2 is applied as a diversifi-
cation strategy to encourage the method to search unvisited regions of the search space. The
current solution and the best solution are updated at the end of each iteration. An aspiration
criterion is also considered whenever a best solution is found that is tabu. In Algorithm 1,
we refer to the TS algorithm as RunTS().

Having described the learning algorithm in Section 4.3.2, we will now demonstrate its ap-
plication to the physician scheduling problem. Preliminary experiments show that applying
the learning algorithm on Move 1 has the greatest impact on the performance of the TS.
In the L-TS method, we consider a subset of neighbors to evaluate, instead of evaluating
all possibilities at each iteration. We predict the physician to which Move 1 should be ap-
plied. Since data is the essential component of any learning algorithm, we collect behavioral
data about the solution space (stage Tcollect) before we employ the learning methods (phase
Ttrain along with the application phase, Tapply) within the TS. The L-TS algorithm starts
with the TS to collect the necessary data for Idet

train iterations, as demonstrated in Figure 4.1.
(Note that superscript det stands for deterministic and stoc will be used for the stochastic
environment). We re-train the learning method for a specific number of iterations (stage
Ttrain), evaluate the result of the learning algorithm, and update the set of input features to
encourage the method to search more promising regions. In the application phase, we use
the last trained model at iteration Idet

apply − 1 to identify (by prediction) promising moves to
build N ′(x) ⊂ N(x). Move 2 and Move 3 are used to diversify the search during Idet

2 and Idet
3

iterations respectively, and the total procedure ends when the stopping criterion (Stopmax)
is reached. Our criterion is 1h of CPU time. Details of the parameter initialization step are
documented in Section 4.4. Algorithm 1 presents the pseudocode of our learning tabu search
algorithm.
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Algorithm 1 Learning tabu search algorithm
1: Generate initial solution x0:

a) Assign each task (at least once) to physicians randomly; and,
b) for each patient: assign to the physician who performs task A on the arrival day if

the quota is not reached, and to any other available physician otherwise;
2: Calculate initial cost f(x0) using function 4.4 defined in Section 4.3.3. Create an empty

Tlist;
3: x, x′, x∗ ← x0, f(x) = f(x′) = f(x∗) = f(x0)
4: it, it∗

5: while Stopmax < 1h do
6: Stage Tcollect:
7: for it < Idet

train do
8: Do RunTS() with Move v ∈ {1, 2, 3}
9: Update the feature set

10: end for
11: Stage Ttrain:
12: for Idet

train < it < Idet
apply do

13: Train the learning model
14: Predict next neighbor
15: Do RunTS() with Move v ∈ {1} ∈ N ′(x)
16: Update the feature set
17: end for
18: Stage Tapply:
19: for it > Idet

apply do
20: Do RunTS() with Move v ∈ {1, 2, 3}:
21: if v = {1} then
22: Predict
23: end if
24: end for
25: it← it + 1
26: end while
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4.4 Experiments

In this section, we answer some important questions: Is learning possible during the TS
procedure? Does online or offline learning have the greatest impact (these concepts will be
explained later in this section)? Finally, how should we choose the parameters and features
of each method?

4.4.1 Experimental Setup

We compare the results with a benchmark previously published by [1] for both deterministic
and stochastic environments where performance was compared with CPLEX. We refer to
this previous work as TS for the remainder of the paper. We use 21 generated pseudo-
real instances where we vary both the number of new patients arriving each week, and the
number of available physicians. The number of physicians varies from 6 to 10, and number of
patients from 7 to 60; the problem sizes range from small instances to real-world applications.
Each instance is labeled pr − (# of physicians, # of patients). In the deterministic case, we
select one scenario to obtain a typical schedule. In the stochastic situation, we consider a
subset of R for different scenarios. We refer the readers to [1] for more details on instance
generation. The experiments were conducted on clusters provided by the Digital Research
Alliance of Canada. To implement our learning methods, we utilized an open-source library,
OpenCV/3.4.3, which was integrated into our C++ TS implementation.

4.4.2 Experimental Results

We report and analyze results in deterministic and stochastic cases based on 1) performance,
2) efficiency, 3) scalability and 4) sensitivity of the algorithm.

• Performance We evaluated the performance of the learning algorithm by comparing
the cost value defined in equation (4.4).

• Efficiency The efficiency of the algorithm was validated by measuring three crite-
ria, this is meant to assess the computation effort. First, we use the primal integral
value [111]. It can be interpreted as a normalized average of the incumbent value over
time (see B.2 for more information). The second criteria is the beneficial rate, that
compares the improvement rates of L-TS and TS. The third and last criteria is the
convergence rate (number of evaluations and the number of iterations) to assess the
search space exploration and how quickly the algorithm approaches the best solution.
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• Scalability The scalability of the algorithm was evaluated by testing in small, medium
and large-scale instances.

• Sensitivity The sensitivity analysis was performed by evaluating the impact of differ-
ent training features and methods (online/offline) on the performance of the algorithm.

All results were compared and evaluated with respect to the TS method and a random
approach (in which N ′(x) ⊂ N(x) was randomly chosen) to test the performance of the
L-TS method. Comparing these three approaches helps us to see the performance of each,
and confirm the advantage of choosing TS over the random approach, and the advantage
of choosing L-TS over TS. Thus we clearly demonstrate that learning during the process is
useful, and the results are not a fluke.

The first three of the mentioned criteria (performance, efficiency and scalability), are dis-
cussed in Section 4.4.2 (Experimental performance on the Deterministic case) and Sec-
tion 4.4.2 (Experimental performance on the Stochastic case). The fourth criterion, sensi-
tivity, is analyzed in Section 4.4.2 (Fine-Tuning and Feature Selection).

Experimental performance on the Deterministic case

In this section, we use the experiments in the deterministic case to experiment with the
design of the method, mainly for parameter tuning purposes and as a proof of concept.
When not otherwise specified, we refer to online learning as our primary method of learning
and will use L-TS for short (see Section 4.3.2). First, we validate our L-TS algorithm and
determine the value of the parameters, i.e., the size of the Tlist, the number of iterations
in each neighborhood, the iteration to start the training phase and application phase. The
values tested are all related to the size of the instances (i.e., number of patients, number
of physicians and number of time blocks). For the deterministic case, we use Idet

1 = 1,
Idet

2 = 2|J | + |I| + δ × |D|, Idet
3 = 1, Idet

train = 3
√
|J | × |I| × (δ × |D|), Idet

apply = 2|Idet
train|,

Stopmax = 1h, and we set θdet = 2|J |+ |I|+ δ× |D|; the reason for these choices is discussed
in Section 4.4.2. Note that the stopping criterion is computation time. This approach is best
suited for assessing efficiency, as it ensures a fair comparison across all methods, regardless
of their complexity or computational requirements.

Performance Table 4.2 compares the cost values of different methods and the gap columns
show improvements with respect to the TS. In this table, “GAP - Best” compares the best
solution obtained from 10 different runs of each method, and represents the improvements
over the best solution obtained from the TS. Conversely, “GAP - Avg” represents the average
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Table 4.2 Results for generated instances in the deterministic case

Tests GAP - Best (%) GAP - Avg (%)
Random L-TS-LR L-TS-DT Random L-TS-LR L-TS-DT

Sm
al

l
pr-(6,7) 0.5 -1.0 -0.7 2.3 -0.7 0.0
pr-(6,9) 1.0 0.8 1.3 1.7 -1.4 -0.1
pr-(6,11) 2.4 0.3 -0.8 2.1 -0.2 0.4
pr-(6,12) 2.9 0.5 1.1 3.1 0.3 0.5
pr-(8,7) 2.7 -0.7 0.7 2.4 -0.1 0.7
pr-(8,9) 2.2 -0.4 0.5 2.5 -0.2 0.1
pr-(10,7) 1.5 0.0 0.4 2.3 0.1 0.7

M
ed

iu
m

pr-(6,20) 1.2 0.9 0.6 3.6 1.3 0.5
pr-(8,11) 3.0 0.6 0.6 2.9 0.4 0.5
pr-(8,12) 1.5 0.0 -0.6 2.3 0.0 0.1
pr-(8,20) 3.3 0.8 -0.8 3.7 -0.1 0.8
pr-(10,9) 2.3 0.3 0.4 2.1 0.1 0.2
pr-(10,11) 1.7 -0.4 -0.1 2.2 0.2 0.7
pr-(10,12) 1.5 0.1 0.6 3.0 0.4 0.5

La
rg

e

pr-(6,40) 2.6 -4.0 -3.5 4.5 -0.4 2.1
pr-(6,60) 9.4 -0.7 1.4 5.8 -3.6 -8.7
pr-(8,40) 2.3 -0.5 0.0 4.4 1.7 1.7
pr-(8,60) 8.2 1.3 5.2 8.5 3.3 5.3
pr-(10,20) 3.9 0.0 1.2 4.1 0.4 1.2
pr-(10,40) 3.4 0.4 0.2 4.4 0.1 2.3
pr-(10,60) 1.5 0.0 -1.1 6.2 2.2 1.5
Average: 2.81 -0.08 0.31 3.53 0.18 0.52

values from ten different runs. This speaks to the methods consistency. A negative value
in the GAP columns indicates that the learning tabu search has improved the solution on
average. We observe that logistic regression succeeded in reaching the best solutions (0.08%
on average over all the instances): 7/21 instances are improved, 4/21 same solution is reached
and for the remaining 10/21, the gap is between 0.1% and 1.3%. We see more improvement
on average in large instances (0.5%). When comparing the averages (second set of columns),
performance of TS and L-TS-LR are very similar (0.18% GAP). Same observations can be
made for the decision tree based learning algorithm : 7/21 instances are improved, 1/21
reaches same solution and the gap is between 0.2% and 5.2% for the remaining 13/21 in-
stances. Solutions are very similar when looking at the averages over ten runs, which speaks
to the consistency of the algorithm. Finally, both learning methods, L-TS-LR and L-TS-DT,
perform much better than the Random algorithm. This confirms that the learning algorithms
receive valuable information that guides the exploration.

Efficiency The value of the cost function does capture the benefits of a specific method
only from that aspect. In what follows, we provide comparisons based on the primal integral,
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the beneficial rate and the convergence rate.

Primal integral value. Figure 4.4 illustrates the primal integral value for all instances.
The premise of the primal integral comes from [111]. It is defined such that the smaller the
primal integral value, the better the expected quality of the solution if we stop the solver at
an arbitrary point in time. The value is calculated based on ten runs for each instance and
shows the improvement of the best solution vs time.

Figure 4.4 Comparing the primal integral value for different methods in the deterministic
case

We observe from Figure 4.4, that the learning methods consistently exhibit comparable primal
integral values across the majority of instances, except from four instances (pr− (8, 40), pr−
(8, 60), pr− (10, 40), and pr− (10, 60)). This means that the effort to reach the best solution
is comparable. To provide further insight, the primal gap values over time are presented in
Figure 4.5 for two specific instances: pr−(8, 20) and pr−(10, 40). In the case of pr−(10, 40),
the primal value P for the L-TS-LR method is notably lower than TS method, and the two
values are similar for pr − (8, 20). For these instances, the GAP between TS and L-TS-LR
is 0.8% and 0.4% respectively. The figure shows that both L-TS-LR and the TS methods
achieve similar results in terms of the value of the objective function, but the key driver here
is the time. L-TS-LR method required more time to converge to the best solution in both
cases. Running time is a key element and we discuss it through the time for each iteration
and to reach the best solution.

The computation time required by each algorithm varies from one method to another and
from one instance to the other. Figure 4.6 illustrates the running times per iteration for
each algorithm to reach Stopmax (Figure 4.6a), and the running times for the Training phase
more specifically (Figure 4.6b). All box-plot graphs show the median (line) and the mean
(pointer). Figure 4.6 shows that the logistic regression and decision tree algorithm require on
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(a) pr_(8, 20) (b) pr_(10, 40)

Figure 4.5 Comparing the primal gap for all methods in the deterministic case with online
learning

average 0.28 and 0.25 seconds per iteration (0.20 for TS). This is due to the time needed to
manipulate the training data and train the models (Figure 4.6b). Note that the learning al-
gorithms were employed within the search process, so the pre-processing procedure, including
data preparation and training time, have an impact on the total computing time. Compu-
tation time varies significantly based on several factors, including hardware specifications
and the chosen implementation approach [112]. To highlight this variability, we illustrate
three distinct implementations of the L-TS-LR method, aiming to demonstrate its impact
on computation time (see Appendix B.3).

Figure 4.6a also shows that the time spent for each iteration was nearly identical for all
methods, with an average difference of around 0.08 seconds (which is rather insignificant).

(a) Total (b) Training Period

Figure 4.6 Comparing computing time per iteration for all methods in the deterministic case
with online learning

Beneficial rate. The second criterion we use to compare the efficiency of the methods is
the beneficial rate B. Let b1 be the improvement rate and b2 be the time spent increasing
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the rate compared to the TS for each learning method. B = b1
b2

is the overall beneficial rate.
This rate is demonstrated in Figure 4.7.

Figure 4.7 Comparing the beneficial rate for learning methods in the deterministic case

B(L-TS-LR) = 2.1% on average for all instances. This shows the advantage of L-TS-LR
over the TS. Despite the efficiency of the TS method, our L-TS-LR method outperformed
the TS for 7 instances (33% of our test cases). The maximum B value we obtained is 35.7%,
and is from Pr-(10,60). The minimum value obtained was -1.5% from Pr-(6,9). This analysis
shows that even in the worst case, pr-(6,9), we did not negatively impact the results of the
TS method. For most instances, the rate B is close to 0, with a median of 0.0 for the
deterministic case. This confirms that the performance of L-TS is very close to that one of
the TS in the deterministic case.

Convergence rate. The last criteria to compare the different methods in terms of efficiency
is the convergence rate. We define two measures : number of evaluations and number of
iterations.

Figure 4.8 provides a comparison of two critical metrics: the number of evaluations conducted
at each iteration and the total number of iterations required to reach the predetermined
stopping criterion (Stopmax). The “number of evaluations” metric shows the number of
neighboring data points that must be assessed during each iteration. It is obvious that,
the figure distinctly illustrates a reduction in the number of evaluations within the learning
methods, reflecting the evaluation of a smaller subset of neighbors. Also, the decrease in the
total number of iterations shows that we successfully reduced the overall search space in both
learning methods.

We also compare the number of iterations required to reach the best solution. Figure 4.9
illustrates that the L-TS-LR model is more consistent over different instances in terms of
number of iterations needed to reach the best solution. Furthermore, L-TS-LR finds the
best solution in 1378 iterations on average, while the TS finds the best solution in 1930
iterations on average. When comparing the number of iterations for the different instances,
number of iterations to reach the best solution for small and medium instances is 663 and
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Figure 4.8 Comparing computing performance for all methods in the deterministic case with
online learning

756 iterations on average, while it is 4462 and 2621 for large instances. We also note that
L-TS-LR method required 1266 iterations in average to reach to the comparable solution
while the TS needs 1883 iterations in average. More specifically, in 13 out of 21 instances,
L-TS-LR method obtained a comparable best solution in less number of iterations comparing
to the TS method. This is in concordance with previous observations; the learning phase
requires time but helps reach a better solution in less number of iterations and evaluations,
especially for the larger instances.

Figure 4.9 Number of iterations to reach the best solution

All of these illustrations, including the improvement in the objective value presented earlier
in Table 4.2, show that the learning tabu search is able to learn during the search and is able
to reach good quality solutions. Because we can enhance solutions for certain instances and
typically require fewer iterations and evaluations in general, it demonstrates that the search
mechanism incorporates interesting features.

In the next section, we present these experiments within different settings, first for parameter
settings, and second for different testing strategies.
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Fine-Tuning and Feature Selection

In this section, we explain how we chose the parameters and features for our learning method.
Fixed parameters and parameters based on the size of each instance, were considered while de-
signing our experiments. We also had different sets of parameters for L-TS-LR and L-TS-DT
models. Table 4.3 gives a detailed view of the different parameter settings. We experimented
with two different sets of parameters for Itrain and Iapply for the L-TS method. With the first
set of parameters, we used fixed values ({30, 60, 100}), and for the second set we used parame-
ters based on the size of each instance ({

√
|I| × |J | × (δ × |D|), 2×

√
|I| × |J | × (δ × |D|), 3×√

|I| × |J | × (δ × |D|)}). For the remaining instances, we use α =
√
|I| × |J | × (δ × |D|).

Setting values of parameters based on the size of instances is more efficient for parameter
tuning. For Iapply, we test the values {30, 60, 100} and Itrain. L-TS-LR is evaluated with
different parameter settings for the regularization methods, training methods, and learning
iterations. We also tested the L-TS-DT method by varying the settings for “Min sample
count” and “Max depth”.

Table 4.3 Design of experiments for parameter settings

Methods Parameters Values

L-TS-(.)
Itrain train = {30, 60, 100, α, 2α, 3α }
Iapply apply = {30, 60, 100, 2× train}

LR
Regularization method {L1, L2}
Training method {Batch, MINI-Batch}
Learning iterations {1000, 500, 100, 10}

DT
Min sample count { |I| , |I| × |J | , |I| × |J | × (δ × |D|) }
Max depth {50, 10}

α =
√
|I| × |J | × (δ × |D|)

As an illustration, in Table 4.4 we present a portion of the results from varying the sizes of
Idet

train and Idet
apply parameters. This table presents the “GAP- Best” results by varying param-

eters and comparing the best solution obtained from 10 different runs for each parameter to
the best solution obtained from the TS. The best values are in bold to highlight the differ-
ence between the settings. Observe that for problems with small sizes, the L-TS-LR method
obtained better results in columns I30 − I60 and I30 − I90 with a 0.13% gap on average. We
observe better performance with I60 − I120 for Medium size problems with a gap of 0.04%
on average. For large problems, I60 − I160 performs better than other settings with a gap
of -0.2% on average. This demonstrates the sensitivity of these parameters. Thus, these
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parameters should be optimized to avoid issues, such as lacking enough data to learn from,
or the risk of over-fitting. We also evaluated L-TS-LR method by varying Itrain and Iapply

based on the size of each problem. The best improvements were -0.06%, 0.03% and -0.40%
on average for small, medium and large problems respectively. By analyzing the standard
deviation for each set of parameters, we observe more robustness in the last three column
(i.e., when considering the size of the problem, standard deviation varies between 0.15 and
0.18).

Table 4.4 Comparing the performance of the learning algorithm by varying the size of training
set and training duration

Tests
GAP - Best (%)

Itrain I30 I30 I30 I60 I60 I60 I100 I100 I100 Iα I2α I3α

Iapply I60 I90 I130 I90 I120 I160 I130 I160 I200 I2α I4α I6α

Sm
al

l

pr-(6,7) -0.7 -0.7 -1.2 -1.7 -1.7 0.0 0.0 -0.2 0.0 -0.7 -0.7 -1.0
pr-(6,9) 1.3 1.3 1.3 2.3 2.3 0.8 0.8 0.8 1.0 0.8 1.5 0.8
pr-(6,11) -0.8 -0.8 0.5 0.8 -0.8 -0.3 1.3 1.1 1.1 -0.5 -0.3 0.3
pr-(6,12) 0.5 0.5 1.6 1.1 1.1 1.1 0.8 0.8 0.8 0.3 0.3 0.5
pr-(8,7) 0.0 0.0 -0.4 -0.2 -0.2 0.7 -0.5 -0.5 -0.5 0.0 -0.5 -0.7
pr-(8,9) 0.0 0.0 0.7 0.2 0.6 0.9 0.0 0.4 0.4 0.0 -0.4 -0.4
pr-(10,7) 0.6 0.6 0.3 0.4 0.4 0.4 0.6 0.0 0.0 0.3 -0.3 0.1

Average 0.13 0.13 0.40 0.41 0.24 0.51 0.43 0.34 0.40 0.03 -0.06 -0.06

M
ed

iu
m

pr-(6,20) 1.2 1.2 0.3 1.2 0.6 1.6 0.6 0.6 0.6 0.0 2.5 0.9
pr-(8,11) -0.4 -0.4 -0.4 0.2 -0.2 -0.2 0.2 0.2 0.2 0.6 0.0 0.6
pr-(8,12) 0.2 0.2 0.0 -0.2 -0.2 -0.2 0.0 0.0 0.0 -0.2 -0.6 0.0
pr-(8,20) 0.0 0.0 0.2 0.4 0.4 -1.0 0.6 0.6 0.6 -0.6 -0.2 0.8
pr-(10,9) 0.6 0.6 0.9 0.4 0.0 1.1 -0.1 -0.1 -0.1 0.3 0.0 0.3
pr-(10,11) -0.3 -0.3 0.4 0.3 -0.6 0.1 0.0 0.0 0.0 -0.3 0.1 -0.3
pr-(10,12) -0.4 -0.4 0.3 0.3 0.3 0.1 0.7 0.7 -0.4 0.4 0.1 0.1

Average 0.13 0.13 0.24 0.37 0.04 0.21 0.29 0.29 0.13 0.03 0.27 0.34

La
rg

e

pr-(6,40) 0.4 -0.4 -5.7 -2.6 -2.6 -5.7 -6.6 -6.2 -5.7 0.0 -1.3 -4.0
pr-(6,60) -0.7 -0.7 -14.0 -0.7 -0.7 -7.0 -3.5 -3.5 -3.5 -0.7 -2.2 -0.7
pr-(8,40) 2.0 2.0 4.8 0.5 0.5 0.5 0.8 0.8 0.8 -0.8 -1.3 -0.5
pr-(8,60) 0.3 0.3 8.3 2.6 2.6 6.9 5.8 5.8 5.8 2.0 4.9 1.3
pr-(10,20) -0.2 -0.2 0.9 0.3 0.3 1.7 2.0 1.2 1.9 0.6 1.2 0.2
pr-(10,40) 1.1 1.1 4.4 1.4 1.1 0.6 3.1 3.1 0.7 1.1 1.1 0.5
pr-(10,60) -1.3 -1.3 2.8 -0.4 0.7 1.6 1.9 1.9 0.9 -0.2 -0.2 0.4

Average 0.23 0.11 0.21 0.16 0.27 -0.20 0.50 0.44 0.13 0.29 0.31 -0.40

Average: 0.16 0.12 0.29 0.24 0.15 0.18 0.4 0.35 0.21 0.1 0.18 -0.03
Standard deviation: 0.14 0.14 0.64 0.51 0.39 0.40 0.75 0.68 0.49 0.16 0.18 0.15

Note : α =
√
|I| × |J | × (δ × |D|)
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Table 4.5 presents the results obtained from a subset of different groups for training features
in our primary move, Move 1, with online learning. In this table, The “GAP - Best” columns
show the improvements over the best solution obtained from the TS. We evaluated the L-TS-
LR method with different subsets of features to identify how each feature contributes to the
performance of the algorithm. For this purpose, we removed any noise or randomness in the
algorithm (e.g., no diversification). Each column represents the set of features used. The first
one displays the results from when all 10 features were considered. In the following columns,
we present the most interesting results, using other combinations of features. Considering
All features performs better than all other subsets, with a 0.05% gap on average for all
instances. The results with “All” features are also more stable for all instances (standard
deviation = 0.6). Columns ∆x and ∆x > 0 show that considering features in the “Cost
improvement” group perform the worst, with a 1.01% gap on average. However, we see
more improvement with the “Solution” and “Move” related features in columns x, M∗, M ′,
and Attractiveness and Trail of the moves ((A, T ) for short where the gap is 0.34%, 0.46%,
0.48% and 0.36% respectively. We also evaluated the combination of “Solution” and “Cost
improvement” groups in columns (x, ∆x) and (M∗, ∆x) where the gap was 0.44% and 0.41%
on average. In general, we observe that the differences are more significant for the large size
instances.
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Table 4.5 Comparing the effect of different feature sets in learning - without noise

Tests
GAP - Best (%)

All ∆x ∆x > 0 x M∗ M ′ (x, ∆x) (M∗, ∆x) (A, T )
Sm

al
l

pr-(6,7) 0.0 0.5 0.5 0.3 0.3 0.5 0.5 0.3 0.0
pr-(6,9) 1.1 0.0 0.0 0.5 1.1 1.1 0.5 0.3 0.0
pr-(6,11) -0.3 -0.3 -0.3 0.0 0.0 0.0 0.0 0.0 0.0
pr-(6,12) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
pr-(8,7) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
pr-(8,9) 0.0 1.0 1.0 0.0 0.4 0.4 0.4 0.4 0.2
pr-(10,7) 0.1 0.3 0.3 0.3 0.3 0.3 0.1 0.1 0.1

M
ed

iu
m

pr-(6,20) 1.1 1.1 1.1 0.0 1.1 1.1 1.1 1.1 0.0
pr-(8,11) 0.0 0.0 0.0 0.0 -0.2 -0.2 0.0 0.0 -0.2
pr-(8,12) 0.4 0.0 0.0 -0.2 -0.2 -0.2 -0.2 -0.2 0.0
pr-(8,20) 0.0 -0.7 -0.7 0.0 0.0 0.0 0.0 0.0 0.0
pr-(10,9) 0.2 0.2 0.2 0.0 0.0 0.0 -0.3 -0.3 0.0
pr-(10,11) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
pr-(10,12) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

La
rg

e

pr-(6,40) 0.7 0.7 0.7 0.0 0.7 0.7 0.7 0.7 0.7
pr-(6,60) 0.0 22.0 22.0 9.8 9.8 9.8 9.8 9.8 9.8
pr-(8,40) -0.7 -1.7 -1.7 -1.0 -1.0 -1.0 -1.0 -1.0 -1.0
pr-(8,60) -0.7 -0.7 -0.7 -0.7 -0.7 -0.7 -0.7 -0.7 -0.7
pr-(10,20) 0.0 -0.5 -0.5 0.0 0.0 0.0 0.0 0.0 0.0
pr-(10,40) 0.7 1.3 1.3 0.2 0.2 0.2 0.2 0.2 0.7
pr-(10,60) -1.6 -1.9 -1.9 -1.9 -1.9 -1.9 -1.9 -1.9 -1.9

Average: 0.05 1.01 1.01 0.34 0.46 0.48 0.44 0.41 0.36
Standard deviation: 0.6 4.9 4.9 2.2 2.2 2.2 2.2 2.2 2.2

The last set of experiments for testing the algorithm design is the setting: online vs offline.
This answers the questions: can we learn from different instances? can we learn in advance?
or is learning instance based? If pre-training is possible, then it would save training time
whenever a problem is solved. It would mean that phases Tcollect and Ttrain could be done
beforehand. We would only need to run Tapply when solving a problem. In addition to
different sets of parameters, we also experimented with different learning settings, i.e. online
and offline learning. Furthermore, we investigated different prediction outputs. This relates
to the level of granularity of the prediction: the move that needs to be performed or the
subset of neighbors to be evaluated.

We use different strategies to run the offline model. First, we determine the set of instances
that can be used for learning. Each instance is based on a number of physicians and a number
of patients. Each instance is run 10 times in our experiments. Can we use different instances
of the same problem pr-(β, γ) to solve instance i of problem pr-(β, γ)-i, where β is the number
of physicians and γ is the number of patients? Can we learn from similar instances i with
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different problem sizes (i.e., sharing the same number of physicians β or the same number of
patients γ). Another option could be to use the instance i regardless of problem size. Recall
that we are only using the learning phase for Move1 (swapping tasks for physicians). In the
following, we investigate these three strategies and proceed as follows. To solve pr-(β, γ)-i:

• Strategy 1: collect and train on pr-(6,γ)-1. Here we learn from an instance that is
similar in terms of the number of patients γ, but use a fixed number of physicians.
This number is set to the smallest number over all problems, which is equal to 6. For
example, we used the trained model from problem pr-(6,7) to predict the output for
instances pr-(8,7) and pr-(10,7).

• Strategy 2: collect and train on pr-(β,7)-1. This is similar to the previous strategy,
in that the learning uses a similar number of physicians, but uses a fixed number of
patients (7 since it’s the smallest). For example, we used the trained model from
problem pr-(6,7) to predict the output for instances pr-(6,9) and pr-(6,11).

• Strategy 3: collect and train on pr-(β,γ)-1. For this strategy, we use one instance of
a specific problem pr-(β, γ) to learn and predict for all other instances (i > 1). For
example, we used the trained model from problem pr-(6,7)-1 to predict the output for
instances pr-(6,7)-2 and pr-(6,7)-10.

The performance of these experiments on the L-TS-LR model is shown in Table 4.6. The
“GAP - Best” and “GAP - Avg” columns present the improvements from the best solution
obtained over the TS. We can observe from Table 4.6 that the strategies related to “Initial
Sol.” perform better than other strategies with an overall gap of 1.02%. It can also be
observed that the strategies based on the “Physicians” were poorly designed; we can see the
impact of randomness specifically in large problems where the gap is 2.61% on average. This
shows that we need to use the right number of physicians and patients in order to predict
the best moves, but we can learn information from solutions.

Finally, we also compared the performance of online versus offline learning based on compu-
tation time. Figure 4.10 compares the time per iteration for the L-TS-LR method in online
and offline settings. Figure 4.10 also shows that the offline method performs faster than the
online method (≈0.05 seconds per iteration). This is due to the fact that there is no time
spent on the collect and train phases. This is in concordance with what was observed earlier:
most of the time is spent for these two phases. The difference in the computing time (time
per iteration) between the L-TS-LR offline model and the TS model is also negligible (≈0.02
seconds per iterations).



40

Table 4.6 Comparing the performance of logistic regression in the deterministic case with
offline learning

Tests GAP - Best (%) GAP - Avg (%)
Physicians Patients Initial Sol. Physicians Patients Initial Sol.

Sm
al

l
pr-(6,7) 0.0 0.1 -0.2 -0.1 -0.2 -0.1
pr-(6,9) 1.5 1.9 1.6 -0.9 -0.7 -1.1
pr-(6,11) 1.8 1.9 0.7 0.7 0.6 -0.5
pr-(6,12) 2.1 2.4 1.2 1.0 1.4 0.2
pr-(8,7) 0.9 1.0 0.6 0.9 0.8 0.5
pr-(8,9) 0.7 1.1 0.4 0.6 0.7 0.2
pr-(10,7) 0.1 0.4 0.5 0.2 0.2 0.3

M
ed

iu
m

pr-(6,20) 26.0 1.3 0.8 1.8 1.5 0.9
pr-(8,11) 0.3 0.2 0.4 0.0 -0.1 0.2
pr-(8,12) -0.2 -0.1 -0.4 0.0 0.0 -0.2
pr-(8,20) -0.8 -0.7 0.4 -1.1 -1.1 -0.3
pr-(10,9) 1.1 1.2 0.8 0.5 0.6 0.1
pr-(10,11) -0.1 -0.2 0.1 0.3 0.1 0.3
pr-(10,12) 0.9 0.9 0.7 0.6 0.6 0.4

La
rg

e

pr-(6,40) 5.3 4.8 1.5 5.4 4.9 2.1
pr-(6,60) 2.9 3.3 6.5 -8.0 -8.7 -5.7
pr-(8,40) -0.3 0.0 1.4 -0.6 1.0 0.2
pr-(8,60) 3.6 3.8 4.4 6.7 5.7 3.4
pr-(10,20) 1.3 1.2 0.7 0.9 0.9 0.3
pr-(10,40) 2.0 2.2 1.3 1.6 1.7 0.5
pr-(10,60) 0.7 0.7 0.1 1.0 0.9 0.8
Average: 2.61 1.23 1.02 0.55 0.52 0.14
standard deviation: 5.35 1.30 1.45 2.46 2.42 1.48

Figure 4.10 Comparing computing time per iteration for online vs. offline learning in the
deterministic case

Our experiments show that the TS and L-TS perform similarly in terms of solution quality,
but behave differently when it comes to running time, the number of evaluations and number
of iterations. The impact is expected to grow as the size of the problem increases. In
the following section, we present the stochastic version of the problem, where each scenario
(arrival and profile of patients), needs to be evaluated.

Experimental performance on the Stochastic case

In this section we evaluate the L-TS method with uncertainty conditions. The main difference
between the deterministic and the stochastic setting are the characteristics of the patients.
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For each problem pr − (# of physicians, # of patients), the arrival days and the profile
(palliative or curative) of the patients are known. In the stochastic version, the aim is
to find the best weekly schedule for the physicians that will fit different patients arrivals
and profiles. These uncertainty conditions make the search space larger. In a deterministic
environment, where we have |I| physicians, |J | patients, and δ×|D| time blocks in a physician
scheduling problem, the complexity of the problem is O(n3), and the size of the neighborhood
is |I| × |J | × (δ × |D|). The stochastic conditions enlarge the problem by×(#of scenarios).
For this purpose, we follow the methods used by [1]. A set of 50 scenarios (with the stochastic
setting) with different arrival days, etc. was generated. This is similar to what we referred
to as an instance earlier. For each problem, the algorithm was computed using 10, 30 or
50 instances. These instances were defined based on the arrival day of patients (Poisson
distribution) and their profiles.

For the stochastic case, the values of the parameters Istoc
1 , Istoc

3 and θstoc are the same as we
used for the deterministic case, except that Istoc

2 is now equal to |J |, the number of patients,
Istoc

train =
√
|J | × |I| × (δ × |D|), and Stopmax = 5h. We evaluated the same three criteria of

Performance, Efficiency and Scalability for the stochastic cases.

Performance Table 4.7 presents the results of experiments conducted in stochastic cases
with online learning. Notably, both learning methods, L-TS-LR and L-TS-DT, demonstrated
significant enhancements to the TS on a global scale. The most substantial improvements
were observed in cases involving 10 scenarios, where L-TS-LR achieved an average improve-
ment of -1.67%. Specifically, L-TS-LR enhanced the solution in 18 out of 21 instances and
reached the same solution in 1 out of 21 instances. L-TS-DT also outperformed the TS,
showing an average improvement of -3.02%, with enhancements in 17 out of 21 instances and
identical solutions in 2 out of 21 instances. For the stochastic case, L-TS-DT exhibits more
notable improvements although L-TS-LR method demonstrates greater overall robustness,
with an average standard deviation of 5.52, compared to 9.28 for L-TS-DT.

We observe the same behavior for 30 and 50 scenarios : L-TS-LR method improves results for
16/21 (14/21) instances, and the average improvement is -0.54% (-0.59%); L-TS-DT method
improves results for 18/21 (17/21) with an average improvement of -0.65% (-0.91% ).
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Table 4.7 Comparing the performance of different methods in the stochastic case

Tests
GAP - Best (%) GAP - Avg (%)

10 Scenarios 30 Scenarios 50 Scenarios 10 Scenarios 30 Scenarios 50 Scenarios
Random L-TS-LR L-TS-DT Random L-TS-LR L-TS-DT Random L-TS-LR L-TS-DT Random L-TS-LR L-TS-DT Random L-TS-LR L-TS-DT Random L-TS-LR L-TS-DT

Sm
al

l

pr-(6,7) 1.3 -0.3 -0.3 1.7 -0.7 -0.5 1.0 -0.7 -0.2 1.1 0.2 -0.3 0.8 -1.4 -1.1 0.9 -1.1 -0.2
pr-(6,9) 0.8 0.0 0.0 1.3 0.0 -0.3 1.5 0.3 0.3 0.9 -1.2 0.0 1.5 -1.1 -0.8 0.5 -2.2 0.3
pr-(6,11) 2.2 -0.3 -0.6 2.2 -0.3 -0.3 1.1 -1.3 -1.1 1.0 -1.1 -0.6 -0.5 -1.1 -0.9 2.6 -2.6 -1.1
pr-(6,12) 0.8 -1.4 -0.8 0.8 -0.6 -0.3 0.8 -1.6 -1.3 0.3 -1.3 -0.8 1.2 -1.1 -0.4 1.6 1.3 -1.3
pr-(8,7) 1.3 -0.5 -0.4 1.3 -0.4 -0.4 -0.4 -1.1 -0.5 0.4 -1.0 -0.4 1.5 -0.6 0.0 2.1 -1.3 -0.5
pr-(8,9) 1.7 -0.4 -0.4 1.1 -0.4 -0.7 1.4 -0.4 -0.4 1.6 -0.6 -0.4 1.6 -0.5 0.1 0.7 -1.4 -0.4
pr-(10,7) 1.0 -0.7 0.0 1.8 0.1 0.3 1.0 0.1 -0.1 1.3 -0.4 0.0 1.0 -0.5 -0.1 0.7 -0.9 -0.1
Average: 1.30 -0.51 -0.36 1.46 -0.33 -0.31 0.91 -0.67 -0.47 0.94 -0.77 -0.36 1.01 -0.90 -0.46 1.30 -1.17 -0.47
Standard deviation: 0.51 0.45 0.29 0.47 0.29 0.31 0.63 0.71 0.56 0.46 0.54 0.29 0.73 0.36 0.48 0.81 1.25 0.56

M
ed

iu
m

pr-(6,20) 0.7 -1.3 -2.0 0.6 -1.9 -0.6 2.7 0.6 -0.3 1.6 -1.4 -2.0 1.5 -4.4 -4.0 0.5 0.6 -0.3
pr-(8,11) 1.0 -0.6 -1.0 1.2 -0.4 -0.4 0.9 -0.6 0.0 1.3 -1.3 -1.0 0.5 -1.1 -0.5 0.3 -1.6 0.0
pr-(8,12) 1.2 -0.8 -0.2 1.8 -0.6 -1.0 0.0 -1.5 -2.1 0.6 -0.8 -0.2 0.5 -1.9 -0.7 0.0 -2.0 -2.1
pr-(8,20) 2.4 -0.7 0.4 0.8 -1.3 -1.0 1.8 -0.4 -1.0 -1.3 -1.4 0.4 0.8 -3.1 -1.1 1.7 -2.1 -1.0
pr-(10,9) 1.5 -0.1 -0.3 1.7 0.1 0.3 1.0 -0.4 -0.4 1.5 -0.4 -0.3 0.9 -0.8 -0.6 0.3 -1.6 -0.4
pr-(10,11) 0.4 -1.0 -0.4 0.7 -0.7 -0.3 0.9 0.3 0.3 1.5 -1.0 -0.4 0.0 -0.7 -0.1 -0.4 -1.9 0.3
pr-(10,12) 1.3 -0.3 -0.3 1.8 -0.4 -0.4 0.4 -0.4 -0.4 1.2 -0.3 -0.3 0.8 -1.2 0.5 0.1 -2.2 -0.4
Average: 1.21 -0.69 -0.54 1.23 -0.74 -0.49 1.10 -0.34 -0.56 0.91 -0.94 -0.54 0.71 -1.89 -0.93 0.36 -1.54 -0.56
Standard deviation: 0.64 0.41 0.76 0.54 0.66 0.45 0.90 0.67 0.79 1.03 0.46 0.76 0.46 1.38 1.45 0.66 0.97 0.79

La
rg

e

pr-(6,40) 5.2 4.6 1.1 4.3 -1.4 -1.0 -1.3 -3.5 -3.1 2.2 1.9 1.1 0.3 -1.8 -0.3 4.3 -0.8 -3.1
pr-(6,60) -10.7 -25.0 -42.9 8.1 0.0 0.0 3.8 -1.5 -3.8 16.3 -44.7 -42.9 12.4 0.3 -76.5 0.1 -3.2 -3.8
pr-(8,40) 1.3 -0.6 -6.6 1.6 -0.5 -1.4 0.8 0.0 -1.8 2.8 -0.4 -6.6 -0.3 -0.9 -0.9 0.5 -2.4 -1.8
pr-(8,60) 0.0 -3.2 -3.7 0.5 -1.4 -4.5 1.7 -0.3 -2.0 3.3 -4.8 -3.7 3.1 1.6 -27.7 0.1 -3.5 -2.0
pr-(10,20) 1.1 -0.7 -0.8 1.9 -0.2 -0.3 1.5 0.0 -0.5 1.2 -1.0 -0.8 0.2 -2.3 -1.9 0.2 -4.6 -0.5
pr-(10,40) 0.2 -2.1 -2.8 1.5 0.0 -0.6 0.9 -0.4 -0.5 0.4 -1.0 -2.8 0.3 -0.3 0.0 0.1 -1.5 -0.5
pr-(10,60) 2.0 0.3 -1.7 2.6 -0.5 -0.3 0.9 0.4 0.0 1.5 4.3 -1.7 0.6 -1.1 -2.7 2.8 -1.9 0.0
Average: -0.13 -3.81 -8.20 2.93 -0.57 -1.16 1.19 -0.76 -1.67 3.96 -6.53 -8.20 2.37 -0.64 -15.71 1.16 -2.56 -1.67
Standard deviation: 4.97 9.66 15.49 2.57 0.60 1.55 1.51 1.35 1.43 5.53 17.06 15.49 4.56 1.32 28.59 1.70 1.30 1.43
Average: 0.79 -1.67 -3.02 1.87 -0.54 -0.65 1.07 -0.59 -0.91 1.93 -2.75 -3.02 1.36 -1.14 -5.7 0.94 -1.75 -0.91
Standard deviation: 2.84 5.52 9.28 1.65 0.54 0.97 1.03 0.93 1.10 3.42 9.75 9.28 2.65 1.20 17.28 1.17 1.27 1.10
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Efficiency To evaluate the efficiency, we provide the primal integral, the beneficial rate
and the convergence rate.

Primal integral value. We show the primal integral values in the stochastic environment
with 30 scenarios in Figure 4.11.

Figure 4.11 Comparing the primal integral value for different methods in the stochastic case
with 30 scenarios

Figure 4.11 shows that the learning methods have better or comparable primal integral values
for almost all instances. This figure shows that both learning methods, presented by red and
yellow lines, perform better than the TS and Random algorithms.

(a) pr_(8, 20) (b) pr_(10, 40)

Figure 4.12 Comparing the primal gap for all methods in the stochastic case with 30 scenarios

The primal gap values over time are also presented in Figure 4.12 for two specific instances:
pr − (8, 20) and pr − (10, 40) with 30 scenarios. In the case of pr − (10, 40), Figure 4.11
indicates that the primal value for the L-TS-LR method is less favorable than that of the
TS method. However, Figure 4.12b shows that both L-TS-LR and the TS methods achieved
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similar solution and the difference is where L-TS-LR requires more time to reach to the
similar solution. Figure 4.12a clearly shows the advantage of both learning methods over the
TS in pr − (8, 20).

The performance of each learning algorithm in a stochastic environment was also evaluated
based on its computation time. Figure 4.13 compares the time per iteration by method for
10, 30 and 50 scenarios. It is clear that increasing the number of scenarios increases the
computation time.

(a) 10 Scenarios

(b) 30 Scenarios

(c) 50 Scenarios

Figure 4.13 Comparing computation time per iteration for all methods, in the stochastic case, with
online learning

Beneficial rate. The second criteria we use to compare the efficiency of the methods is
the beneficial rate B. This rate is demonstrated in Figure 4.14 for L-TS-LR and L-TS-DT
methods in the stochastic case with 30 scenarios.

B(L-TS-LR) shows advantage of L-TS-LR method over TS in 16/21 instances while B(L-TS-
DT) shows this advantage in 17/21 instances. For most instances, the rate B is close to 0,
with a median of 0.0 for the stochastic environment and 30 scenarios. This confirms that the
performance of L-TS is very close to that one of the TS in the stochastic cases as well.

Convergence rate. We compared the number of evaluations and number of iterations
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Figure 4.14 Comparing the beneficial rate for learning methods in the deterministic case

(convergence rate) as the last criteria to compare the different methods in terms of efficiency.
Figure 4.15 provides a comparison of these two critical metrics to reach the predetermined
stopping criterion (Stopmax). The metric “number of evaluations” represents the count of
neighboring data points to be examined in each iteration. It is evident that the graph
clearly indicates a decrease in the number of evaluations within the learning methods, which
signifies the evaluation of a smaller subset of neighbors. Additionally, the reduction in the
total number of iterations demonstrates our effective reduction of the overall search space in
both learning methods.

Figure 4.15 Comparing computing performance for all methods in the stochastic case with
30 scenarios

These illustrations, as well as the earlier-mentioned enhancement in the objective value pre-
sented in Table 4.7, collectively demonstrate the capacity of L-TS methods to learn and
attain high-quality solutions during the search process. This ability is particularly beneficial
for real-world problem instances, as it allows for improved solutions while generally demand-
ing fewer iterations and evaluations. It underlines the algorithm’s effectiveness in exploring
a reduced search space while incorporating valuable features in the search mechanism.
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4.5 Conclusion

In this paper, we proposed a novel learning tabu search method, and assessed its performance
in the context of the physician scheduling problem. We evaluated the performance of our
approach on several benchmark instances with promising results. Notably, our L-TS method
leverages data generated during the tabu search procedure, and none of the 10 features
used for learning are application-dependent. Based on this, we believe that L-TS has broad
applicability for any optimization problem that has been solved using tabu search.

Our experimental design and evaluation of the new method encompassed both deterministic
and stochastic environments. To illustrate the use of the algorithm, for parameter tuning
and as a proof of concept, we used the deterministic case as a benchmark and compared the
performance of the L-TS methods with the TS algorithm. We evaluated the L-TS methods
in terms of Performance, Efficiency, Scalability, and Sensitivity.

Regarding “Performance”, the L-TS-LR algorithm showed a slight improvement over the TS
algorithm, while L-TS-DT achieved very similar results with only a 0.31% gap over the TS.
We assessed “Efficiency” by considering three rates, the “Primal Integral”, the “Beneficial
Rate” and the “Convergence Rate”, and observed the effectiveness of both L-TS methods. To
evaluate “Scalability”, we varied the size of the problems. Finally, we assessed the Sensitivity”
by varying the design of our experiments. In Section 4.4.2 (Fine-Tuning and Feature Selec-
tion), we presented different settings for our L-TS methods, evaluated different sizes for Itrain

and Iapply, and assessed the effect of different feature sets on the algorithm’s performance. We
also tested the algorithm with different learning strategies, online vs offline. Through these
experiments, we validated the effectiveness of our L-TS algorithm and identified the best
parameters for obtaining optimal results. We illustrated that both L-TS methods achieved
very comparable results with the TS method in the deterministic cases. We extended these
algorithms to the stochastic cases where both L-TS-LR and L-TS-DT methods showed great
advantage over the TS.

In conclusion, we demonstrated that our method is highly efficient when compared to both
the tabu search algorithm and a random method, particularly in its stochastic version. Across
21 instances, the average gap was improved by 1.67% with logistic regression and 3% with
decision trees when 10 scenarios were considered. Additionally, the learning methods achieved
better solutions faster than both the tabu search algorithm and random methods with respect
to “number of evaluations” and “number of iterations” which confirms the reduction in the
search space.

Although we focused on applying our method to a scheduling problem, tabu search has
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proven effective in solving a wide range of optimization problems. Therefore, the learning
tabu search algorithm has the potential to be adapted for use in other applications. Future
work could further extend the algorithm by generalizing several ingredients that we devel-
oped specifically for our application, so that they would work well on a more broad set of
optimization problems.



48

CHAPTER 5 ARTICLE 2. BLACKBOX OPTIMIZATION OF TABU
SEARCH HYPERPARAMETERS

Nazgol Niroumandrad
Department of Mathematics and Industrial Engineering, Polytechnique Montréal

Nadia Lahrichi
Department of Mathematics and Industrial Engineering, Polytechnique Montréal

Sébastien Le Digabel
Department of Mathematics and Industrial Engineering, Polytechnique Montréal

Abstract The performance and behavior of any metaheuristic algorithm largely depend on
its hyperparameters. These hyperparameters need to be chosen carefully to achieve the best
results. Their impact is even more important in large-scale and real-world size problems. The
literature shows that hyperparameter optimization (HPO) is a nontrivial task and efficient
methods are required to obtain the best possible results. We study the impact and perfor-
mance of different HPO approaches and present how blackbox optimization (BBO) enables
the efficient selection of tabu search (TS) hyperparameters. Computational experiments have
been conducted on two real-world applications.
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5.1 Introduction

Metaheuristics are widely recognized as efficient approaches for many difficult combinatorial
problems. All metaheuristic algorithms are associated with a set of hyperparameters that
have a great impact on their performance. Hyperparameters are parameters whose values
are predetermined before the start of an algorithm and remain fixed throughout its execu-
tion. While default hyperparameter settings are typically provided as part of the algorithm’s
design, these settings are often optimized for specific problems or application domains. Tra-
ditionally, the tuning of optimization algorithms have been handled manually. However, the
best values for the hyperparameters cannot be identified through a trial-and-error approach
when the search space is large. Literature shows that hyperparameter optimization is a
non-trivial task.

The task of fine-tuning algorithms often takes longer than the design and implementation
of the algorithms themselves. This is particularly true where the “right” choice of values
for hyperparameters has a considerable effect on the performance of the algorithm. The
performance of a heuristic or metaheuristic algorithm is typically evaluated based on both
the quality of the solutions obtained and the time needed to find them, yet tuning time is
often overlooked.

In this work, we study different approaches for optimizing tabu search (TS) hyperparameters.
This problem is called a hyperparameter optimization (HPO) problem and is commonly
treated as a blackbox optimization (BBO) problem [20], formulated as

max
p∈P

ϕ(p) (5.1)

where P is the set of hyperparameters, and ϕ is the objective function, provided by a blackbox,
i.e. a process, typically a computer simulation, for which no analytical expression is available.
BBO methods follow the framework described in Figure 5.1, where the blackbox is iteratively
evaluated by the solver.

Before defining the BBO problem, several key questions must be addressed. The first question
pertains to the objective measure of the problem. Different objectives can be considered,
such as minimizing the time required to solve a set of problem instances or ensuring that
all instances are solved within a reasonable time. The second question concerns the set
of acceptable hyperparameter values (P). For instance, some hyperparameters may have
constraints, such as non-negativity or upper limits. Another key question is how to select a
subset of instances for evaluation.

In this study, we investigate the use and the performance of the following methods for HPO:
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BBO Solverp0 and ϕ(p0) p∗ and ϕ(p∗)

Blackbox

Trial points
p1, p2, . . .

Evaluated trial points
ϕ(p1), ϕ(p2), . . .

Figure 5.1 An illustration of the iterative process in a BBO algorithm, where trial points are
generated by the solver and evaluated by the blackbox to converge to a solution.

MADS [113], IRACE [24], and Grid Search, across a diverse set of optimization problems.
We consider the Multi-Resource Generalized Assignment Problem [25], which focuses on
efficiently allocating resources to tasks, and the Physician Scheduling Problem [1], which
entails optimizing the schedules of physicians while considering availability and workload
constraints. Note that both problems are multi-objective. In both cases, a TS algorithm was
used to solve the problems. We refer to these as the target algorithms in the remaining. Our
experiments show that IRACE and Grid-Search (Grid-Heuristic) perform similarly, while
MADS outperforms both by achieving faster convergence rates and superior overall solution
quality.

The remainder of this study is organized as follows: Section 5.2 provides a review of related
studies. In Section 5.3, we provide a detailed description about the problem following by
describing the applications and instance generation. Section 5.4 explains the HPO methods in
detail while Section 5.5 presents the results. Section 5.6 discusses the findings, and Section 5.7
provides concluding remarks.

5.2 Literature review

Hyperparameter optimization (also termed as offline tuning) and hyperparameter control
(also known as on-line tuning) are two major forms of setting parameter values. Hyperpa-
rameter optimization is usually referred to as the approach of finding good values for the
hyperparameters before the execution of the target algorithm. These hyperparameters re-
main fixed during the execution. In contrast, a hyperparameter control method starts with
initial hyperparameter values that are adjusted during execution.

Each metaheuristic has a predefined set of hyperparameters that has to be initialized before
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execution or dynamically adjusted during the execution of the algorithm. The calibration of
these hyperparameters is usually done with respect to the problem.

Many studies have addressed the problem of tuning the hyperparameters of metaheuristics,
such as beam search [62], experimental design [11, 63], genetic programming [64], the appli-
cation of racing algorithms [12, 65], and combinations of fractional experimental design and
local search [10].

These methods can be classified as blackbox or whitebox tuning methods [67]. Blackbox
tuning methods refer to those that treat metaheuristics as a “blackbox”. They are usually
presented in the form of automated tools that systematically search for the best hyperparam-
eter values or combination of metaheuristic components. CALIBRA [10] and F-RACE [65]
are placed in this category. The whitebox tuning methods refer to those that allow the
designer to inspect the inner-working of the algorithm and to assist in designing a better
algorithm. These include, statistical analysis such as fitness distance correlation and run
time distribution analysis [68–70], human-guided search such as studies performed in [71,72].
Recently, this line of work resurfaced in [73]. Also visualization of search algorithm behav-
ior [74] can be categorized in the whitebox methods. Whitebox optimization relies on the
explicit knowledge of the objective function and constraints, making it effective for structured
problems like convex or differentiable optimization. However, when the objective function is
complex, non-differentiable, or inaccessible (i.e., proprietary software, simulations, or heuris-
tic algorithms), blackbox optimization becomes essential [20]. These methods still require
human effort for tuning, and results may vary as different users apply different strategies.
While whitebox approaches use explicit formulas to guide optimization, blackbox methods
rely on iterative and experimental evaluations, emphasizing the need for robust and tailored
hyperparameter tuning techniques.

There are few other works around the HPO problem, such as, an agent based approach
+CARPS [75] and self adaptive algorithms [28]. Recent advancements in HPO include model-
based approaches such as Bayesian Optimization (BO), which efficiently explores the search
space using surrogate models [66]. While BO has shown success in tuning continuous hy-
perparameters, it can be less effective for highly categorical and combinatorial spaces, such
as those encountered in TS. Hybrid approaches, such as BO combined with local search or
multi-fidelity HPO, aim to mitigate these limitations [114].

The literature also highlights the critical role of HPO in improving solver efficiency and effec-
tiveness. For example, [77] discusses the importance of selecting the appropriate parameter
configuration in order to achieve optimal performance. The authors emphasize that the choice
of parameters can have a significant impact on the solver’s performance, and that different
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parameter settings may be optimal for different problem instances. The article presents a
comprehensive overview of existing techniques for parameter tuning, including Grid Search,
Random Search, and BO, and discusses their relative strengths and weaknesses. The authors
also highlight several key challenges associated with parameter tuning, including the time
and computational resources required to perform the tuning, the difficulty of choosing an
appropriate performance metric, and the potential for over-fitting. In the recent study [78],
the authors provided an inclusive survey on offline automatic algorithm configuration which
is categorized in four main groups; Model-Free methods, Racing methods, Design of Experi-
ments (DoE) methods, and Model-based methods.

In this work, we study the optimization of hyperparameters for the TS metaheuristic which
emphasizes the importance of understanding how hyperparameter choices influence the be-
havior and outcomes of TS, in line with “scientific testing” proposed by [115] that investigates
how specific factors affect algorithmic performance. Over the years, different approaches have
been proposed to configure the TS hyperparameters. One common approach is to use meta-
heuristic techniques such as evolutionary algorithms, simulated annealing, or particle swarm
optimization. These studies include [79–82].

In an early study, [52] proposed an adaptive TS algorithm that uses a set of rules to adjust
the tabu list size, neighborhood size, and other parameters based on the characteristics of
the optimization problem. The algorithm was evaluated on several benchmark problems and
was shown to perform well compared to other state-of-the-art algorithms.

Each of fine tuning methods can be effectively leveraged to tune the hyperparameters of TS.
Each offers unique strengths in exploring parameter spaces, optimizing performance, and
reducing computational time. However, given the structured nature of TS hyperparameters,
approaches like those used in this study (MADS and IRACE) remain competitive, offering
greater flexibility in handling mixed-variable spaces. In the following sections, we outline
how MADS, IRACE, and Grid Search can be applied as blackbox optimization methods to
efficiently fine-tune the TS hyperparameters, providing a comparative perspective on their
potential impacts and advantages. While IRACE, Grid Search and MADS [83,84] have been
used in the literature to optimize hyperparameters for various algorithms and metaheuristics,
to the best of our knowledge, this is the first time MADS is being applied to optimize the
hyperparameters of the TS algorithm and compared against the other two methods. MADS
is most effective for continuous optimization problems where local search and refinement
of solutions are required, particularly in constrained environments. IRACE, with its global
exploration and adaptive sampling, excels in automatic tuning of algorithms with complex,
mixed-parameter spaces, offering a balance between efficiency and flexibility. Grid Search,
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while reliable and systematic, is better suited for small-scale parameter searches where ex-
haustive evaluation is manageable. For large or complex problems, IRACE and MADS
provide the most robust and adaptable solutions.

5.3 Hyperparameter optimization for tabu search

In this section, we start with a short description of the fundamentals of the TS algorithm,
focusing on its mechanism for escaping local optima using a flexible memory structure. We
then describe the HPO problem we aim to address and introduce two case studies used for
the experimentation and comparative analysis.

5.3.1 Tabu search principles

TS [2] is an advanced local search method designed to overcome the limitations of traditional
local search methods. These methods explore potential solutions of a problem and their
immediate neighbors to identify improvements. However, they may become trapped in local
optima. To mitigate this, TS employs a tabu list, a memory structure that prevents revisiting
previously explored solutions, thereby reducing cycling and enhancing search efficiency.

In summary, TS starts with an initial solution x0, which may be infeasible. It then iteratively
moves from the current solution x to a neighboring solution x′ in search of an improved
solution. The neighborhood N(x) is defined as all solutions that can be reached from x

after applying a specific move. The next solution x′ is chosen as the best solution in N(x)
that does not exist in the tabu list. An exception can be made based on aspiration criteria,
allowing a tabu move if it improves the current best solution x∗. The function f is used to
evaluate each solution.

To prevent cycling, a tabu list (Tlist) is maintained, containing attributes of recently visited
solutions or moves that cannot be revisited for a specific number of iterations.

Various strategies can be applied to search the neighborhood solutions, and the moves and
strategies used to explore the solution space are crucial factors affecting the quality of solu-
tions in TS. Over time, various advancements have expanded the capabilities of TS. These
include Adaptive TS (ATS) [26], probabilistic TS [27], Reactive Tabu Search (RTS) [28], and
multiple neighborhood structures. The latter share similarities with the Variable Neighbor-
hood Search (VNS) [116], a powerful method to systematically change neighborhood struc-
tures in order to explore the solution space more effectively. Unlike TS, which uses memory
structures to avoid revisiting previously explored areas, VNS dynamically switches between
different neighborhood structures to escape local optima and improve the search process.
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The key hyperparameters for TS include the size of the tabu list, the stopping criteria, the
size of various neighborhoods, and the selection of different neighborhood structures.

5.3.2 The hyperparameter optimization problem

We now formulate the HPO problem for TS, the target algorithm, as a BBO problem. For
that, we need to define ϕ, the objective function in (5.1), and P, the set of hyperparameters
of TS, such as the size of the tabu list or the neighborhood size n. The blackbox process
that provides the value of ϕ executes TS on a series of runs in the set S, with fixed values
p ∈ P for the hyperparameters, and we note fT S

s (p) the value of each of these TS runs, with
s ∈ S. We propose the two following variants for ϕ(p):

• The maximum of fT S
s , for searching the overall best solution:

ϕmax(p) = max
s∈S

fT S
s (p) (5.2)

• The average of fT S
s , for searching the most robust set of hyperparameters:

ϕavg(p) = avgs∈S fT S
s (p) (5.3)

A BBO solver can then be applied to optimize (5.2) or (5.3) over P, the set of hyperparam-
eters, that is specific to each case study, as shown in the next section.

5.3.3 Case studies

In this section, we present the key characteristics of two case studies, including a brief de-
scription of the problem, the proposed TS algorithm, and the associated TS hyperparameters
defining the set P.

Multi-Resource Generalized Assignment Problem

The assignment problem involves assigning a set of tasks to a set of resources or agents in
a way that minimizes the total cost or maximizes the total efficiency of the assignments.
The assignment problem has numerous applications in various fields, including logistics,
transportation, workforce management, project scheduling, and resource allocation. Each
task needs to be assigned to exactly one resource, and each resource can handle only one
task. In the generalized case, each resource can handle multiple tasks, subject to a capacity
constraint (or multiple ones in the multi-resource case).
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Given T tasks and R resources, and a cost matrix C where cij represents the cost of assigning
task i ∈ T to resource j ∈ R, the objective is to find an assignment that minimizes the total
assignment cost.

The authors in [25] present a novel algorithm for assigning patients to nurses in home care
services, aimed at balancing nurse workloads and minimizing travel distances. The fluctuating
demand for homecare services can create significant workload imbalances among nurses.
The authors introduced a mixed integer programming model, that considers three main
components of a nurse’s workload: visit load (number and complexity of visits), case load
(number of patients, categorized into five groups based on care complexity), and travel load
(distance traveled for patient visits). However, due to the high computational complexity
of exact methods for large combinatorial problems, and given that the objective function
and a set of constraints are nonlinear, a TS algorithm is designed to solve the optimization
problem. It uses the following five moves:

Flip: changing the assignment of patient m from nurse i to nurse i′;

2-swap: exchanging patients m and m′ between nurses i and i′;

3-swap: exchanging patients m, m′ and m′′ initially assigned to i, i′ and i′′ respectively, such
that m is reassigned to i′, m′ to i′′, and m′′ to i;

2-mswap: exchanging patient m assigned to i with a set of patients m′ assigned to i′.
Workload of m and m′ is comparable;

3-mswap: exchanging patient m, patients in set m′ and m′′ initially assigned to i, i′ and i′′

respectively, such that m is reassigned to i′, set of patient m′ to i′′, and m′′ to i.

A tabu list prevents cycling by temporarily forbidding the reassignment of a patient (and
comparable ones, i.e. similar category and workload) back to their previous nurse unless it
improves the overall solution.

In addition to using distinct move types, intensification strategies focus the search on promis-
ing areas by prioritizing patients with the highest impact on workload imbalance, while di-
versification strategies explore under-explored regions of the solution space when progress
stagnates. A total of nine strategies are used to increase or reduce the size of the neighbor-
hood.

The key hyperparameters that need to be optimized in this setting include: the size of the
tabu list, the sequence of moves and neighborhoods, and the effort (in terms of number of
iterations) spent in each neighborhood.
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Physician Scheduling

The second case study is the physician scheduling problem [1]. Its objective is to generate
a weekly cyclic schedule for physicians in a radiotherapy department, while also assigning
arriving patients to the most suitable available specialist based on their cancer type. Number
and type of patients arriving each day is unknown.

The physician scheduling problem in radiotherapy centers is generally task-based [109, 110].
Each day is divided into one or multiple periods, and each period is dedicated to a specific
task. All tasks have to be scheduled weekly, and some may be repeated. The objective
is to minimize the pre-treatment phase duration for patients, which is defined as the time
from the patient’s arrival at the center until the final task is completed and treatment begins.
Typically, this phase lasts one week for curative patients and at most three days for palliative
patients. Physician preferences may also be considered during scheduling.

For a set of physicians I, set of patients M , set of tasks T and periods D, the physician
scheduling problem can be mathematically formulated by defining binary variables xd

ti to
represent whether physician i ∈ I performs task t ∈ T on period d ∈ D, and yim to denote if
patient m ∈M is assigned to physician i. Another variable, zd

imt, is introduced to determine
if patient m undergoes task t on period d when assigned to physician i.

This study aims to achieve two objectives: maximizing physician preferences and minimizing
the pre-treatment duration. A mathematical model for this problem was proposed in [1],
along with a tabu search metaheuristic.

The TS algorithm uses three types of moves related to the decision variables presented above.
These moves are:

Swap: for each physician i, exchanging tasks t and t′ scheduled on periods d and d′;

Change: for each physician i, replace one of the repeated tasks. Indeed, in general, there
are more periods than tasks to be performed;

Assignment: for each patient m ∈ M , change the assignment from the physician initially
assigned to another one.

The key hyperparameters that need to be optimized is similar to previously: the size of the
tabu list, the sequence of moves, and the effort (in terms of number of iterations) spent in
each neighborhood.

In the following, we explain the characteristics of the three methods for optimizing the TS
hyperparameters.
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5.4 Methodology

In this section, we present the three considered methods for HPO: MADS, IRACE, and two
variants of Grid Search. MADS and IRACE are employed to our context and the Grid Search
variants are considered as simple comparative baselines.

5.4.1 Mesh Adaptive Direct Search (MADS)

The Mesh Adaptive Direct Search (MADS) algorithm was introduced by Audet and Dennis
in 2006 [113]. MADS is a BBO method that follows the framework of Figure 5.1, and, more
specifically, it is a direct search method that generates sets of points at each iteration, using
dense sets of directions around the current iterate. These points lie on a discretization of
the space called the mesh, and are sent to the blackbox to be evaluated. The algorithm
iteratively refines its search until a predefined stopping criterion is met, such as reaching a
maximum number of evaluations or a minimal value for the mesh size.

We treat the TS evaluation function as the blackbox and use the trial points in P, generated
by MADS to optimize the TS hyperparameters, such as the size of the tabu list or the number
of iterations to search within a neighborhood.

5.4.2 IRACE

The IRACE package [24] is designed for automatic algorithm configuration, particularly
in complex optimization scenarios where multiple parameters influence the performance of
algorithms. The package implements an iterated racing algorithm, which evaluates different
configurations of algorithm parameters by progressively testing them on a set of problem
instances. This iterative process continues until a predefined stopping criterion is met, such as
exhausting the computational budget. Poor-performing configurations are eliminated using
statistical tests, making IRACE an efficient tool for parameter tuning.

One of IRACE’s key features is its “racing procedure”, where configurations are tested and
progressively discarded if they perform significantly worse than others based on statistical
evaluations across instances. This racing mechanism ensures that only the most promising
configurations proceed to the next rounds of testing. To further improve performance and
prevent premature convergence on suboptimal configurations, IRACE incorporates a “soft-
restart mechanism”, which reinitializes parts of the search space if the search converges
too early on similar configurations. Another key feature is “elitist racing”, where the best
configurations (those evaluated on the largest number of instances) are given preference in
subsequent evaluations, ensuring that they are tested extensively across multiple problem
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instances to avoid losing potentially good configurations due to variance in early rounds.

The IRACE package is highly flexible, capable of handling categorical, ordinal, and numer-
ical parameters, and supports conditional parameters, which depend on the values of other
parameters. The package also updates its sampling distributions iteratively, using truncated
normal distributions for numerical parameters and discrete distributions for categorical ones,
which allows for fine-tuned exploration of the parameter space. Furthermore, IRACE sup-
ports parallel execution across multiple cores or computers, making it scalable for large
computational tasks. These features make IRACE particularly suitable for automatic tun-
ing in scenarios involving complex algorithms with numerous parameters, ensuring robust
performance across a wide variety of problem instances.

5.4.3 Grid search

In addition to MADS and IRACE, we consider two simple alternatives based on Grid Search,
called “Random Grid Search” (Grid-Rand), and “Heuristic Grid Search” (Grid-Heuristic).
The principle of Grid Search for HPO is to discretize the space of hyperparameters. This
“grid” defines a predefined set of hyperparameter values that are systematically evaluated,
and the best design is then returned. Grid search is commonly used for HPO, as it evaluates
a predefined set of parameter values to identify the best combination [1, 25]. In this study,
we employ a heuristic-based Grid Search, which systematically explores the search space
while incorporating heuristic principles to improve efficiency. It will serve as a comparative
baseline for MADS and IRACE. The Grid-Rand variant simply performs these evaluations
in a random order, to avoid any bias. The Grid-Heuristic variant is a bit more elaborated: It
iterates through subsets of the S set evaluating each hyperparameter combination. For each
combination p ∈ P, the performance of the TS target algorithm is measured on the current
subset of S, and the best-performing configuration is updated accordingly. If no improvement
is found after a given number of iterations, the search terminates, preventing unnecessary
evaluations. Unlike Grid-Rand, which exhaustively evaluates all the hyperparameter combi-
nations, Grid-Heuristic introduces a termination condition based on performance stagnation,
which helps avoid redundant evaluations.

5.5 Computational experiments

In this section, we evaluate how the different approaches impact the performance of TS. All
experiments are performed on the two case studies presented earlier.
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5.5.1 Experimental Setup

For each of the case studies, we compare the performance of the HPO methods for TS and
the results obtained on the target algorithms previously published in [1, 25]. We use the
hyperparameters determined in [1,25] to run the target algorithms. We refer to the solutions
obtained as baseline, and the case studies as AssignmentT S and SchedulingT S in the remainder
of this paper. All methods have the same stopping criteria when running the blackbox.

In the experiments for AssignmentT S, we consider 5 instances of 496 patients and 19 nurses
where the clustering of patients and staffing differ, with different sets of weights for the three
criteria of the objective function: ({1,1,1}, {1,0,1}, {1,100,1}, {100,0,1} and {1,0,100}) in
our experiments.

In SchedulingT S, we use 21 generated pseudo-real instances, where the number of new patients
arriving each week, their profile and the number of available physicians varies. Number of
physicians varies from 6 to 10 and number of patients from 7 to 60. Each instance is labeled
pr− (# of physicians, # of patients). We refer the reader to [1] for more details on instances.

In both AssignmentT S and SchedulingT S, a set of 10 runs was generated (|S| = 10). In
AssignmentT S, each run uses a different random seed, notably used to generate the initial
solution for the target algorithm, while in SchedulingT S, each run uses different patients
arrival and profiles.

Table 5.1 shows the list of hyperparameters P for both AssignmentT S and SchedulingT S,
along with the corresponding boundaries considered across the three HPO methods: MADS,
IRACE, and Grid Search. The values for the size of tabu list (pθ), sequence of neighborhoods
(pn where n represents number of neighborhoods), and the sequence of movements (pmove

where move represents number of movements) are parameterized with ranges or formulas,
where specific variables (e.g., pθ, pn and pmove) are optimized with given limits.

For example, in AssignmentT S, the target algorithm uses 9 neighborhoods, resulting in a total
of 9! possible sequences. Considering that some of the neighborhoods are special cases of
others, it is possible to reduce the number of sequences to (9 - 3)!. This improves the efficiency
of the search process and avoids computationally expensive calculations. Additionally, the
target algorithm in AssignmentT S uses 5 possible moves, leading to 5! total movement
sequences. Similarly, the target algorithm in SchedulingT S considers 3 moves, resulting in 3!
possible movement sequences. For the remaining parameters, we consider sufficiently large
values to ensure all methods explore a reasonable search space.

In both MADS and IRACE methods, the number of blackbox evaluations and the stopping
criterion for the target algorithm (number of iterations) need to be specified. These are
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Table 5.1 Hyperparameters and their boundaries for AssignmentT S and SchedulingT S Prob-
lems
Problem Size of tabu list Sequence of

neighbor-
hoods

Sequence
of move-
ments

Size of neigh-
borhood 1

Size of neigh-
borhood 2

AssignmentT S pθ = [ρ ×
√

# of neighbors]
with ρ ∈ [1, 5]

pn ∈ [1, (n−3)!]
with n = 9

pmove ∈
[1, move!]
with move =
5

N/A N/A

SchedulingT S pθ ∈ [# of physicians, 40] N/A pmove ∈
[1, move!]
with move =
3

pn1 ∈
[# of physicians, 240]

pn2 ∈ [1, 100]

problem specific and will be discussed for each case study. The stopping criteria in partic-
ular should reflect a compromise between time and quality of results. Indeed, it may differ
completely from what was used in the previous publications [1,25], making the results incom-
parable. To illustrate, the stopping criteria (inside the blackbox) was set to more than 10,000
iterations, which is time consuming. In the context of this study, the number of iterations
should be set based on reasonable criteria that balance model performance, computational
efficiency, and generalization capability.

The NOMAD software package [117] is used as the MADS implementation.

5.5.2 Experimental Results

We report and analyze results based on the performance of the algorithm. The performance
is evaluated by comparing the cost value defined in (5.2) and (5.3) for both AssignmentT S

and SchedulingT S.

In all tables, the first columns refer to the instance, the second set of columns presents the
value of the objective function obtained in the “Baseline” (with the original hyperparameters
of AssignmentT S or SchedulingT S), and the HPO problem with “MADS”, “IRACE”, “Grid-
Heuristic” and “Grid-Rand” for the two Grid Search variants. The last set of columns
provides the gaps when comparing each method to baseline. A negative value in the gap
columns signifies that the corresponding method has produced a better solution than the
baseline, while a positive value indicates a worse performance. Finally, we summarize the
findings in the last two lines, which provide the overall average for each column as well as
the improvement ratio; that is, the percentage of problems (out of all problems considered)
in which we achieved an improved solution compared to the target algorithms.
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AssignmentT S

The performance of the optimization methods is assessed on the assignment problem based
on Equations (5.2) and (5.3) where |P| = 3. In both MADS and IRACE methods, we
considered a limit of maximum 1,000 blackbox evaluations and the stopping criterion for the
target algorithm is set to 2,000 iterations for all approaches.

Table 5.2 presents the results obtained for AssignmentT S based on Equation (5.2). On av-
erage, compared to the baseline, MADS achieved a 0.91% improvement, IRACE achieved
0.35%, and Grid-Heuristic achieved 0.37%. In contrast, Grid-Rand deteriorated the solution
by 3.30%. MADS is consistently superior for all instances, while IRACE and the Grid-
heuristics yield mixed reesutls. Additionally, Grid-Heursitics appears to perform better than
IRACE. improvement over the results obtained with AssignmentT S.

Table 5.2 Comparing the performance of different methods in the “Minimization” problem -
AssignmentT S.

OBJ GAP (%)
ω1 - ω2 - ω3 Baseline MADS IRACE Grid-

Heuristic
Grid-
Rand

MADS IRACE Grid-
Heuristic

Grid-
Rand

1 - 1 - 1 5,419 5,403 5,421 5,416 5,513 -0.29 0.04 -0.05 1.74
1 - 0 - 1 4,530 4,492 4,589 4,551 5,113 -0.85 1.30 0.46 12.86
1 - 100 - 1 8,721 8,710 8,721 8,709 8,873 -0.13 0.0 -0.14 1.74
100 - 0 - 1 8,144 8,144 8,144 8,144 8,144 0.0 0.0 0.0 0.0
1 - 0 - 100 96,916 93,733 93,914 94,879 97,078 -3.28 -3.10 -2.10 0.17
Average 24,746.1 24,096.4 24,157.8 24,339.9 24,944.2 -0.91% -0.35% -0.37% 3.30%
Improvement Ratio 100% 60% 60% 20%

Table 5.3 highlights the robustness of the results achieved by various optimization methods.
The results show that, once again, MADS outperforms the AssignmentT S method, achieving
an average improvement of 5.73%. Notably, most evaluated instances (80%, or 4 out of 5)
showed improvements, highlighting the consistency and effectiveness of the MADS approach
in enhancing solution quality across all tested scenarios. IRACE shows similar performance,
followed by Grid-Heuristic. However, this performance is less consistent (40 to 60% of the
instances could be improved).

In summary, MADS consistently produces better solutions across all instances and, on av-
erage, outperforms the baseline as well as the other optimization methods. IRACE and
Grid-Heuristic exhibit similar performance.
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Table 5.3 Comparing the performance of different methods in the “Average” problem -
AssignmentT S.

OBJ GAP (%)
ω1 - ω2 - ω3 Baseline MADS IRACE Grid-

Heuristic
Grid-
Rand

MADS IRACE Grid-
Heuristic

Grid-
Rand

1 - 1 - 1 5,534 5,551 5,567 5,545 5,600 0.31 0.60 0.20 1.19
1 - 0 - 1 4,742 4,707 4,771 4,726 5,212 -0.74 0.61 -0.34 9.91
1 - 100 - 1 8,934 8,776 8,947 8,868 8,985 -1.77 0.14 -0.74 0.57
100 - 0 - 1 8,144 8,144 8,144 8,144 8,144 0.0 0.0 0.0 0.0
1 - 0 - 100 131,754 96,916 93,914 110,773 128,460 -26.44 -28.72 -15.92 -2.50
Average 31,821.7 24,818.8 24,268.6 27,611.2 31,280.2 -5.73% -5.47% -3.36% 1.83%
Improvement Ratio 80% 40% 80% 40%

SchedulingT S

The performance of SchedulingT S is evaluated based on Equations (5.2) and (5.3) with |P| =
4. In both MADS and IRACE methods, we considered a limit of maximum 1,000 blackbox
evaluations and the stopping criterion for the target algorithm (inside the blackbox) is set to
3,000 iterations for all approaches.

From Table 5.4, it is evident that MADS consistently achieved the best results among all
methods for nearly all problems. Specifically, MADS outperformed the baseline in 95.24%
of the cases (20 out of 21 instances), resulting in an average improvement of 5.25%. This
highlights the superior ability of MADS to optimize the problem. The improvements were
2.01%, 3.93% and 9.82% on average for small, medium and large set of instances respectively.

Additionally, IRACE, Grid-Heuristic, and Grid-Rand achieved comparable results with an
average improvement of 1%. However, this improvement was less consistent, as indicated by
an improvement ratio of 61.9% to 80% across all instances. It is worth to note that the Grid-
Heuristic method has demonstrated strong performance, delivering an average improvement
of 1.94% over the baseline. It improved the results in 80.95% of the instances (18 out of 21),
making it a reliable alternative for optimization in most scenarios.

Finally, we observe that the improvement increases as the size of instances increase, from 2%
improvement to more than 9%.

Table 5.5 presents the results when using Equation (5.3). It is again evident that MADS
outperforms the baseline, achieving an average improvement of 2.46%. Notably, this method
exhibits significant enhancements across 71.43% of the tested instances, specifically improving
15 out of 21 cases, highlighting the robustness and reliability of MADS in diverse scenarios.

Additionally, IRACE and the Grid-Heuristic method demonstrate commendable performance
as well, with an average improvement of 0.5%, with a success rate of 47 to 62% of the
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Table 5.4 Comparing the performance of different methods in the “Maximization” problem -
SchedulingT S.

OBJ GAP (%)
Baseline MADS IRACE Grid-

Heuristic
Grid-
Rand

MADS IRACE Grid-
Heuristic

Grid-
Rand

Sm
al

l

Pr-(6,7) 409 420 413 420 416 -2.69 -0.98 -2.69 -1.71
Pr-(6,9) 395 403 396 401 394 -2.03 -0.25 -1.52 0.25
Pr-(6,11) 392 385 378 385 383 1.79 3.57 1.79 2.30
Pr-(6,12) 367 390 372 389 376 -6.27 -1.36 -5.99 -2.45
Pr-(8,7) 567 574 558 574 570 -1.23 1.59 -1.23 -0.53
Pr-(8,9) 552 566 557 565 557 -2.54 -0.91 -2.36 -0.91
Pr-(10,7) 726 734 724 734 726 -1.10 0.28 -1.10 0.00

M
ed

iu
m

Average: 486.86 496.00 485.43 495.43 489.86 -2.01 0.28 -1.10 0.00
Pr-(6,20) 315 343 318 336 327 -8.89 -0.95 -6.67 -3.81
Pr-(8,11) 544 553 536 550 547 -1.65 1.47 -1.10 -0.55
Pr-(8,12) 526 543 543 542 537 -3.23 -3.23 -3.04 -2.09
Pr-(8,20) 464 503 476 497 495 -8.41 -2.59 -7.11 -6.68
Pr-(10,9) 709 721 715 721 709 -1.69 -0.85 -1.69 0.00
Pr-(10,11) 705 710 695 709 706 -0.71 1.42 -0.57 -0.14
Pr-(10,12) 687 707 693 707 689 -2.91 -0.87 -2.91 -0.29

La
rg

e

Average: 564.29 582.86 568.00 580.29 571.00 -3.93 -0.80 -3.30 -1.94
Pr-(6,40) 219 249 256 233 231 -13.7 -16.89 -6.39 -5.48
Pr-(6,60) 121 139 109 113 101 -14.88 9.92 6.61 16.53
Pr-(8,40) 398 411 388 376 386 -3.27 2.51 5.53 3.02
Pr-(8,60) 250 309 265 263 276 -23.60 -6.00 -5.20 -10.40
Pr-(10,20) 642 665 671 665 661 -3.58 -4.52 -3.58 -2.96
Pr-(10,40) 546 568 575 555 542 -4.03 -5.31 -1.65 0.73
Pr-(10,60) 438 463 425 437 433 -5.71 2.97 0.23 1.14
Average: 373.43 400.57 384.14 377.43 375.71 -9.82 -2.48 -0.64 0.37
Average: 474.86 493.81 482.52 484.38 478.86 -5.25% -1.00% -1.94% -0.67%
Improvement Ratio: 95.24% 61.90% 80.95% 61.90%
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instances. While IRACE requires to use a package, the Grid-heuristic stands out as an
alternative optimization technique.

Table 5.5 Comparing the performance of different methods in the “Average” problem -
SchedulingT S.

OBJ GAP (%)
Baseline MADS IRACE Grid-

Heuristic
Grid-
Rand

MADS IRACE Grid-
Heuristic

Grid-
Rand

Sm
al

l

Pr-(6,7) 404.45 406.6 407.36 403.9 379.6 -0.53 -0.72 0.14 6.14
Pr-(6,9) 389.27 392.39 388 391.7 361.2 -0.80 0.33 -0.62 7.21
Pr-(6,11) 386.82 371.19 375.18 370.2 338.5 4.04 3.01 4.30 12.49
Pr-(6,12) 357.45 367.69 360.75 365.6 336 -2.86 -0.92 -2.28 6.00
Pr-(8,7) 562.55 564 564.2 563.7 522.3 -0.26 -0.29 -0.21 7.15
Pr-(8,9) 545.45 552 547.63 551.9 512.6 -1.20 -0.40 -1.18 6.02
Pr-(10,7) 723.18 723 720.5 722.5 672.2 0.03 0.37 -0.09 7.05
Average: 481.31 482.41 480.52 481.36 446.06 -0.23 0.20 0.03 7.44

M
ed

iu
m

Pr-(6,20) 297.91 310.6 302.22 307 274.9 -4.26 -1.45 -3.05 7.72
Pr-(8,11) 537.64 537 536 535.4 495.6 0.12 0.30 0.42 7.82
Pr-(8,12) 515.18 531 509.45 528.9 485.9 -3.07 1.11 -2.66 5.68
Pr-(8,20) 447.73 478 454 476.6 419.3 -6.76 -1.40 -6.45 6.35
Pr-(10,9) 701.00 709 699 707.2 655.2 -1.14 0.29 -0.88 6.53
Pr-(10,11) 698.73 698 694.44 696.4 644.5 0.10 0.61 0.33 7.76
Pr-(10,12) 681.55 691 674.7 690 635.4 -1.39 1.00 -1.24 6.77
Average: 554.25 564.94 552.83 563.07 515.83 -2.34 0.07 -1.93 6.95

La
rg

e

Pr-(6,40) 185.27 196.5 197.64 190.1 147.9 -6.06 -6.68 -2.61 20.17
Pr-(6,60) 77.36 82 79.44 63 10.1 -5.99 -2.68 18.57 86.94
Pr-(8,40) 368.73 366 365.6 356.4 297.3 0.74 0.85 3.34 19.37
Pr-(8,60) 215.82 238 218.2 234 139.6 -10.28 -1.10 -8.42 35.32
Pr-(10,20) 624.45 640 616.18 640.5 570.5 -2.49 1.33 -2.57 8.64
Pr-(10,40) 525.18 516 521.54 517.2 447.9 1.75 0.69 1.52 14.72
Pr-(10,60) 374.36 417 392.7 402.4 307.8 -11.39 -4.90 -7.49 17.78
Average: 338.74 350.79 341.61 343.37 274.44 -4.82 -1.79 0.33 28.99
Average 458.10 466.05 458.32 462.6 412.11 -2.46% -0.51% -0.52% 14.46%
Improvement Ratio 71.43% 47.62% 61.90% 0.00%

Overall, the results highlight the strengths of both MADS and Grid-Heuristic methods in
optimizing costs compared to the baseline, indicating their potential for practical applications
in various optimization problems.

5.5.3 Sensitivity Analysis

In this section, we present more supplementary and sensitivity analysis on the performance
of HPO problem using three methods: MADS, IRACE, and Grid Search, as applied to the
SchedulingT S with respect to criterion (5.2), where the objective to find the best overall solu-
tion. This problem exhibited the greatest variation in performance among the optimization
methods.

Additionally, since MADS has shown the best performance, we conduct a sensitivity analysis,
focusing on its response to variations in starting points and S.
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Hyperparameter sensitivity in tabu search

We start by comparing the hyperparameter configurations obtained from different methods
to evaluate their impact on the performance of the target algorithm. By analyzing varia-
tions in key hyperparameters, we aimed to understand how different optimization approaches
influence solution quality.

Table 5.6 Comparison of TS Hyperparameter Configurations with different methods in
SchedulingT S - Maximization

Experiment Method Size of
tabu list

(pθ)

Sequence of
movements

(pmove)

Size of
neighbor-

hood 1 (pn1)

Size of
neighbor-

hood 2 (pn2)

OBJ

Pr-(6,12)

Baseline 19 1 40 1 367
MADS 7 2 6 1 390
IRACE 11 1 22 12 372
Grid-Heuristic 6 2 6 1 389
Grid-Rand 6 1 6 1 376

Pr-(8,20)

Baseline 19 1 58 1 464
MADS 9 2 18 1 503
IRACE 17 2 20 16 476
Grid-Heuristic 8 1 8 20 497
Grid-Rand 8 3 8 20 495

Pr-(10,20)

Baseline 19 1 60 1 642
MADS 10 1 10 1 665
IRACE 15 2 30 43 671
Grid-Heuristic 10 2 10 1 665
Grid-Rand 14 2 42 20 661

Table 5.6 presents a comparison of the TS hyperparameter values for SchedulingT S - Maxi-
mization across three instances: Pr-(6,12), Pr-(8,20), and Pr-(10,20). These instances were
selected as representative cases for small, medium, and large problem sizes, respectively. The
table highlights the impact of key hyperparameters, tabu list size (pθ), sequence of move-
ments (pmove), and neighborhood sizes (pn1 , pn2). The tabu list size (pθ) controls how long
solutions remain forbidden, influencing search diversification. The baseline uses a fixed large
value (19), while HPO methods favor smaller values (e.g., 7, 9, 10), suggesting that a more
dynamic tabu list improves exploration. The sequence of movements (pmove) determines the
order in which movements are used. The baseline is fixed at 1, whereas HPO methods vary
this parameter (e.g., 2 or 3), indicating that flexibility in search order enhances performance.
The size of neighborhood (pn1 , pn2) defines the number of candidate solutions examined at
each step. The baseline uses a large value for pn1 and a minimal value for pn2 (e.g., 40 and 1),
while HPO methods explore more balanced or diverse sizes (e.g., 6 & 1, 30 & 43), showing
that optimizing these values is crucial for better results. The results suggest that smaller
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tabu lists, flexible movement sequences, and well-balanced neighborhood sizes lead to better
search efficiency and higher objective values.

Generalization of MADS hyperparameters to different problem scales

To evaluate the generalization of hyperparameter optimization, we applied the set of hyper-
parameters obtained by MADS for the representative instances Pr-(6,12), Pr-(8,20) and Pr-
(10,20) to solve other instances within the categories of small, medium, and large instances,
respectively. This analysis aims to determine whether a hyperparameter configuration opti-
mized for a specific problem size can be effectively transferred to similar-sized problems while
maintaining competitive performance. By assessing the impact of this approach, we examine
its effectiveness in reducing the computational cost of hyperparameter optimization while
ensuring consistent solution quality across different instances within the same problem scale.
We call this approach static MADS and Table 5.7 compares the results obtained through the
MADS and static MADS strategies.

The results show that while static MADS consistently improves performance compared to
baseline, it does not match the effectiveness of MADS in all problem sizes. In particular,
the performance gap between MADS and static MADS widens as the problem size increases,
suggesting that static MADS may struggle with larger-scale problems compared to the fully
adaptive MADS approach. In particular, MADS achieves the highest overall improvement,
with an average increase of 5.25%, while static MADS improves by 3.14%. Furthermore, the
improvement ratio shows that MADS outperforms the baseline in 95.24% of cases, whereas
static MADS does so in 80.95% of cases. These findings highlight the advantage of MADS
in effectively optimizing hyperparameters for complex problems.

Efficiency of the HPO approaches: A convergence and performance comparison

To assess the efficiency of the HPO approaches, we use the SchedulingT S problem using
Equation (5.2).

Figure 5.2 compares the convergence speed between all approaches. In all instances, we can
see that MADS (which is represented with blue line) converges faster than other methods and
requires fewer (less than 20) evaluations to converge to the best solution. In most cases, the
Grid-Heuristic algorithm (green line) achieved results comparable to MADS but required a
greater number of evaluations. On the other hand, IRACE demonstrated lower performance
for this problem, with slower convergence compared to the other methods. This is consistent
regardless of the size of the problem.
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Table 5.7 Comparing the performance of MADS vs. Static MADS in the “Maximization”
problem - SchedulingT S

OBJ GAP (%)
Baseline MADS Static MADS MADS Static MADS

Sm
al

l

Pr-(6,7) 409 420 416 -2.69 -1.71
Pr-(6,9) 395 403 398 -2.03 -0.76
Pr-(6,11) 392 385 384 1.79 2.04
Pr-(6,12) 367 390 390 -6.27 -6.27
Pr-(8,7) 567 574 573 -1.23 -1.06
Pr-(8,9) 552 566 559 -2.54 -1.27
Pr-(10,7) 726 734 733 -1.10 -0.96

M
ed

iu
m

Average: 486.86 496.00 493.29 -2.01 -1.43
Pr-(6,20) 315 343 339 -8.89 -7.62
Pr-(8,11) 544 553 548 -1.65 -0.74
Pr-(8,12) 526 543 540 -3.23 -2.66
Pr-(8,20) 464 503 503 -8.41 -8.41
Pr-(10,9) 709 721 719 -1.69 -1.41
Pr-(10,11) 705 710 704 -0.71 0.14
Pr-(10,12) 687 707 705 -2.91 -2.62

La
rg

e

Average: 564.29 582.86 579.71 -3.93 -3.33
Pr-(6,40) 219 249 248 -13.7 -13.24
Pr-(6,60) 121 139 136 -14.88 -12.40
Pr-(8,40) 398 411 401 -3.27 -0.75
Pr-(8,60) 250 309 272 -23.60 -8.80
Pr-(10,20) 642 665 665 -3.58 -3.58
Pr-(10,40) 546 568 541 -4.03 0.92
Pr-(10,60) 438 463 415 -5.71 5.25
Average: 373.43 400.57 382.57 -9.82 -4.66
Average: 474.86 493.81 485.19 -5.25% -3.14%
Improvement Ratio: 95.24% 80.95%
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(a) Small

(b) Medium

(c) Large

Figure 5.2 Convergence speed among different approaches for the “Maximization” problem -
SchedulingT S
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Figure 5.3 presents the data profiles. Data profiles are graphical tools used to compare the
performance of optimization algorithms over a range of test problems. In these plots, the
x-axis shows a normalized computational budget (i.e., function evaluations), while the y-axis
indicates the fraction of problems solved to a specified tolerance. Introduced in [118], this
approach is especially valuable for benchmarking derivative-free optimization methods, as it
visually highlights both efficiency and robustness across various problems. In Figure 5.3, each
curve corresponds to a different method. Curve trends reflect the efficiency and convergence
behavior of each approach. This figure demonstrates that both MADS and Grid-Heuristic
achieved superior results. We can also observe that Grid-Random has extremely poor per-
formance, resulting in an almost flat or non-existent data profile curve.

Figure 5.3 Performance comparison of HPO approaches: data profiles for the “Maximization”
problem - SchedulingT S

We also compare the relative strengths and weaknesses of each algorithm under varying
resource constraints and budgets. Figure 5.4 presents a comparison between the MADS
and IRACE packages under different computational budgets for blackbox. The box plots
illustrate the distributions of GAP values relative to the baseline when allocating budgets of
3,000 and 10,000 iterations to blackbox. The range of the box plots indicate an impact of
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increasing the number of iterations from 3,000 to 10,000.

Figure 5.4 Comparing the impact of blackbox stopping criterion in MADS and IRACE methods
for the “Maximization” problem - SchedulingT S

Figure 5.4 shows that MADS converges faster and finds better, more stable solutions than
IRACE. MADS consistently produces low GAP values (very small range to no range in the
boxplots). IRACE exhibits great variability; its performance improves with a higher budget,
showing that it does require more effort to reach best solutions.

In addition, as the size of problem increases, the GAP values for IRACE show more variation,
whereas MADS maintains steady performance. For small problems, both methods perform
similarly, but for medium and large instances, MADS clearly delivers more robust and reliable
results.
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Starting points and size of S - MADS

Table 5.8 focuses on the sensitivity of MADS to different starting points, again in reference to
Equation (5.2). The columns labeled “SPi” with i ∈ {1, 2, . . . , 10}, report the results obtained
from running MADS with 10 distinct starting points. This table emphasizes the significant
impact that the choice of initial conditions has on the performance of the algorithm. Varying
the starting points leads to diverse outcomes, illustrating MADS’s sensitivity to initialization,
which can result in the algorithm either converging to local optima or discovering near-global
solutions.

Table 5.8 Comparing the performance of MADS with different starting points - SchedulingT S

SP1 SP2 SP3 SP4 SP5 SP6 SP7 SP8 SP9 SP10

Sm
al

l

Pr-(6,7) 419 420 420 419 395 419 419 420 419 419
Pr-(6,9) 403 403 402 384 403 403 403 402 401 403
Pr-(6,11) 391 386 389 389 361 389 387 389 389 390
Pr-(6,12) 390 388 390 391 390 390 370 389 389 388
Pr-(8,7) 575 574 574 574 537 573 574 574 573 574
Pr-(8,9) 566 564 566 566 523 565 566 566 564 566
Pr-(10,7) 734 733 733 733 677 734 734 734 734 731

M
ed

iu
m

Pr-(6,20) 343 342 340 339 341 339 337 340 342 341
Pr-(8,11) 551 552 552 554 510 551 550 553 552 551
Pr-(8,12) 543 542 544 544 542 543 543 543 541 542
Pr-(8,20) 503 502 500 498 496 498 496 499 498 498
Pr-(10,9) 721 720 722 722 659 722 719 722 720 720
Pr-(10,11) 710 711 712 713 711 714 710 713 713 709
Pr-(10,12) 708 707 708 691 708 708 708 708 706 707

La
rg

e

Pr-(6,40) 249 249 249 248 208 249 218 249 249 247
Pr-(6,60) 136 131 132 136 68 132 99 136 136 136
Pr-(8,40) 406 401 407 404 359 406 405 408 405 408
Pr-(8,60) 286 287 288 274 273 283 270 309 306 292
Pr-(10,20) 665 661 658 660 664 664 656 662 662 663
Pr-(10,40) 562 555 555 558 558 559 555 563 568 560
Pr-(10,60) 442 446 453 422 450 432 442 435 441 447

We also analyze the impact of the size of S on the performance of MADS by varying the size
of S. Figure 5.5 illustrates the performance of MADS for the SchedulingT S problem with
|S| = {10, 30, 50}, where the variation in the objective value for |S| = 10, |S| = 30, and
|S| = 50 is illustrated.



72

Figure 5.5 Comparing the impact of different sizes for S for the “Maximization” problem -
SchedulingT S
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As shown in Figure 5.5 the size of the S has a minimal effect on the algorithm’s performance,
except for one instance, Pr-(10,12). This indicates that even with |S| = 10, the algorithm
was able to gather sufficient information about the search space.

5.6 Discussion

The analysis presented in Section 5.5.2 and Section 5.5.3 highlights several key insights.

Parameter Tuning in Tabu Search The results demonstrate that optimizing the hyper-
parameters of the TS algorithm has a direct and positive impact on its performance across
various problem types.

Static optimization The sensitivity analysis between MADS and static MADS highlights
the impact of S and the method used to obtain hyperparameters on algorithm performance.
The results indicate that the choice of evaluation runs plays an important role in determin-
ing the optimized hyperparameters. This suggests that selecting hyperparameters based on
evaluations within the same problem size category can lead to more consistent and reliable
performance improvements.

Sensitivity to Starting Points The sensitivity analysis of MADS highlights an important
challenge in optimization algorithms, the reliance on the choice of initial conditions. Our
findings suggest that while MADS is a powerful algorithm, its performance can vary widely
based on the starting point.

Sensitivity to the Size of S The sensitivity analysis of MADS illustrates that the size of
S had a minimal effect on algorithm performance. This suggests that even with a reduced
size S, the algorithm effectively captured the necessary information about the search space.
These findings highlight the robustness of the MADS algorithm and its ability to maintain
efficiency with limited evaluation data.

5.7 Conclusion

This study demonstrated the benefits of integrating HPO methods with the TS algorithm. By
integrating a HPO approach with the guided exploration and exploitation capabilities of TS,
we designed an approach capable of effectively balancing intensification and diversification
in the search process.
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The experimental results demonstrate that our proposed methods consistently outperform
standalone applications of TS. When evaluated two case studies and real-world optimization
scenarios, the proposed methods exhibited faster convergence rates, higher solution quality,
and greater robustness in navigating complex search spaces.

For SchedulingT S, MADS improved TS results by 5.25% and 2.46% relative to finding the
overall best solution and the most robust set of hyperparameters, respectively. Similarly,
significant improvements were observed in AssignmentT S, with enhancements of 0.91% and
5.73%. Although the Grid-Heuristic approach performed well and can serve as an alter-
native to MADS, MADS remains more efficient and scalable than Grid Search, especially
for high-dimensional, mixed-variable, and computationally expensive scenarios like TS hy-
perparameter optimization. While Grid Search is simple and effective for low-dimensional
problems, MADS is better suited for complex tasks that require adaptive refinement.

Additionally, the analysis revealed that MADS is more sensitive to the starting point while
being less affected by the size of S. Furthermore, the sensitivity analysis between MADS and
static MADS highlights the impact of S and the strategy used to obtain hyperparameters on
algorithm performance.

In conclusion, the proposed methods allow fine-tuning of hyperparameters, such as the size
of tabu tenure, and neighborhood structures, providing users with a highly customizable
algorithm for a wide range of problem types.

In addition, the proposed algorithms demonstrated success in handling constrained and un-
constrained problems alike; this makes them a valuable contribution to the growing body of
optimization literature. Future work will focus on expanding the applicability and efficiency
of this framework.
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CHAPTER 6 GENERAL DISCUSSION

In this chapter, we discuss the key contributions and findings of the two presented papers in
Chapter 4 and Chapter 5, focusing on how they improve the performance of the TS algorithm.
The integration of ML techniques and HPO methods represents an advancement in the field
of optimization, which leads to the improvement of performance and adaptability of TS in
various problem domains.

The first paper, presented in Chapter 4, introduces a novel approach to improve the perfor-
mance of TS, particularly in scheduling applications. However, this approach can be easily
adapted to other optimization problems. One of its key contributions is the identification
of critical features for training ML models. By analyzing the search process, we determined
how ML techniques can help reduce the search space and identified features that assist ML
models in learning the behavior of the search space. In addition, we integrate logistic re-
gression and decision trees to refine the search process. These methods allow TS to focus on
promising neighborhoods, reducing computational effort while improving solution quality for
stochastic environment, and obtaining comparable solutions in a deterministic environment.
The study also explores adaptive learning mechanisms, demonstrating how both online and
offline learning strategies can improve algorithm performance through real-time adaptation.
The proposed

The second paper, presented in Chapter 5, highlights the importance of hyperparameter opti-
mization to improve TS performance. This study evaluates different HPO methods, including
MADS, IRACE, and Grid Search, showing their effectiveness in solving multi-objective prob-
lems. By optimizing hyperparameters, the study demonstrates improvements in convergence
rates and overall solution quality, reinforcing the idea that well-tuned configurations lead to
better solutions. Furthermore, extensive testing across different problem domains, such as
the Physician Scheduling Problem and the Multi-Resource Generalized Assignment Prob-
lem, demonstrates the versatility of these HPO approaches. The results suggest that these
methods can be applied effectively to real-world challenges in various fields.

In general, the findings of these studies show how the TS algorithm can be improved for
better performance. The integration of ML techniques not only enhances the algorithm’s
ability to explore and exploit the search space but also establishes a framework for adaptive
learning that responds to changing conditions. Additionally, the emphasis on hyperparameter
optimization highlights the importance of aligning algorithm hyperparameters with specific
problem characteristics to achieve more effective results.
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CHAPTER 7 CONCLUSION

This thesis successfully improves the performance of TS through the integration of ML tech-
niques and HPO methods. It contributes to the field of optimization by improving computa-
tional efficiency and solution quality in different optimization problems. In the following, we
first present the contributions achieved by this dissertation. Then we highlight the limitations
of the proposed methods and possible future research directions.

7.1 Summary of works

A primary contribution of this work is the enhancement of the exploration and exploitation
capabilities in TS. The algorithm can identify and focus on promising neighborhoods by
using ML techniques such as logistic regression and decision trees. This approach reduces
computational effort while maintaining, and/or improving, solution quality. Both online and
offline learning techniques provided valuable insights.

This research also addressed the challenge of hyperparameter optimization for multi-objective
problems. We optimized key TS hyperparameters by evaluating methods such as MADS,
IRACE, and Grid Search, leading to better performance. These improvements help TS to
adapt more effectively to different optimization problems. Extensive testing on different
optimization problems shows the flexibility of these methods.

7.2 Limitations and future research

Despite the improvements presented in this thesis, several limitations must be acknowledged.
First, while the integration of ML techniques has shown promise in improving the exploration
and exploitation capabilities of TS, the effectiveness of these methods may vary depending on
the specific characteristics of the optimization problems addressed. More research is needed
to assess the generalizability of the proposed approaches across a wider range of problems.

Furthermore, optimizing the hyperparameters of TS has demonstrated a direct and posi-
tive impact on performance across different types of problem. The sensitivity analysis be-
tween MADS and static MADS highlights the influence of both the hyperparameter selection
method and the choice of evaluation instances. The findings suggest that selecting hyper-
parameters within the same problem size category can lead to more consistent and reliable
improvements.
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Another key limitation is the sensitivity of the HPO methods to the starting conditions. The
MADS analysis showed that the algorithm’s performance can vary significantly based on
the initial conditions, emphasizing the need for robust initialization strategies. Furthermore,
MADS sensitivity analysis with respect to the size of S revealed that reducing S had a minimal
impact on performance, indicating that the algorithm effectively captures necessary search
space information even with fewer evaluations.

Building on these contributions and limitations, several directions for future research can be
explored. One potential direction is the integration of more advanced ML techniques, such
as ensemble learning, to further refine the identification of promising search regions. These
approaches could improve search efficiency and provide deeper insight.

Moreover, a more extensive benchmarking effort involving various optimization problems
could provide stronger empirical validation of the proposed methods. Investigating the scal-
ability of the enhanced TS approaches in real-world and large-scale applications, such as
logistics or energy management, would further demonstrate their practical impact.

In conclusion, while this thesis represents significant progress in integrating ML techniques
and HPO methods into TS, addressing its limitations and exploring future research directions
will contribute to further refining these methods. Advancing these efforts will help develop
more robust and efficient optimization algorithms capable of solving complex problems.
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A.1 Introduction

Metaheuristics are popular and demanded optimization methods for many hard optimization
problems because they are flexible and can be adapted to complex applications. These
algorithms were first introduced by [46] and refer to approximate algorithms that obtain
near optimal solutions for combinatorial or integer programming problems.

Metaheuristics generate a lot of dynamic data during the iterative search process. However,
they do not use explicit knowledge discovered during the search. The main idea of this paper
revolves around using the data generated during the search process to show that metaheuris-
tics, and more specifically tabu search, can behave more intelligently and efficiently. Using
advanced machine learning (ML) models can be helpful to extract valuable knowledge that
will guide and enhance the search performance to move smarter through the search space.
Having a better exploration of the search space and exploring solutions that might not be
not reachable without these learning algorithms leads to optimizing computation time in
complex problems.

Since tabu search (TS) has been successful in solving many hard optimization problems,
we chose to study the effects of learning methods on the performance of a tabu search
algorithm. We are proposing a novel learning tabu search algorithm using logistic regression
in the context of a physician scheduling problem. To the best of our knowledge, there is
no comprehensive study on integrating ML techniques into TS to explore the search space.
Most studies on learning metaheuristics evolve in the context of clustering or intensification
and diversification strategies.

Although there are a number of studies on improving the performance of TS, the literature
lacks a comprehensive study on how ML techniques can be integrated into TS to enhance
its search procedure. This paper provides an intensive study on the use of ML techniques
in the design of TS, which does not rely on a simple diversification/intensification strategy
to improve the search procedure. We believe this paper is beneficial for both academic and
industry experts engaged in solving hard combinatorial problems. Our proposed method is
used to study a scheduling problem, and our results are compared with those of [1]. Since
the original tabu search presented in [1] proved to be very efficient and optimized under
deterministic conditions, this paper focuses on improving, by learning, the performance of
the TS with uncertainty conditions.

The rest of the paper is organized as follows. In Appendix A.2, we review the related studies.
In Appendix A.3, we explain the problem along with the proposed method in detail. We
describe the instance generation and present the results in Appendix A.4. A discussion on
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the results and different testing strategies is presented in Appendix A.5 and Appendix A.6
provides concluding remarks.

A.2 Related literature

The study of learning within metaheuristics has not been given the attention it deserves.
However, benefiting from machine learning (ML) techniques to solve combinatorial problems
received a lot of attention recently. More precisely, [89] and [90] demonstrated that employing
ML during the search process can improve the performance of heuristic algorithms. [93]
described algorithms that improve the search performance by learning an evaluation function
that predicts the outcome of a local search algorithm from features of states visited during
the search. Other studies on learning evaluation functions are presented in [96], [97] and [98].
Along the same subject, [99] is another example of a recent study on learning metaheuristics.
This study proposed a learning variable neighborhood search (LVNS) that identifies quality
features simultaneously. This information is then used to guide the search towards promising
areas of the solution space. The LVNS learning mechanism relies on a set of trails, where the
algorithm measures the quality of the solutions.

ML was also employed to prune the search space of large-scale optimization problems by
developing pre-processing techniques [100], [101]. Some other studies used ML-based methods
to directly predict a high-quality solution [102, 103]. Moreover, [104] and [105] provided a
review of studies where metaheuristic algorithms benefited from ML and the potential future
work.

Building upon these previous studies, we propose a learning tabu search algorithm enhanced
with a logistic regression method to guide the search through the solution space of hard
combinatorial problems. We observe that the emphasis on adaptive memory within tabu
search represents the nature of its learning mechanism. However, most previous works fo-
cused on clustering [46] or intensification/diversification [47] strategies. In metaheuristics,
intensification and diversification strategies play important roles in the quality of solutions.
In a recent study, [49] presented a relaxation-adaptive memory programming algorithm on a
resource-constrained scheduling problem. In that approach, primal-dual relationships help to
effectively explore the interplay between intensification, diversification, and learning (IDL).
The algorithm is designed to integrate the current most effective Lagrangian-based heuristic
with a simple tabu search. The authors aimed to present a study on the IDL relationship
when dual information is added to the search. In [50], the authors presented a learning tabu
search algorithm for a truck-allocation problem in which they considered a trail system (in
the ant colony optimization, a trail system is inspired from the pheromone trails of ants to
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mark a path) for the combination of important characteristics. In this study, a diversifica-
tion mechanism is introduced to help visit new solution space regions. The authors proposed
diversifying the search by performing “good” moves that were not often performed in the
previous cycles.

There are also numerous studies found in the literature on improving the performance of
tabu search. In particular, [43] emphasized selecting particular attributes of solutions and
determining conditions that help to find the prohibited moves, in order to produce high-
quality solutions. Following that work, [44] and [45] employed a balance among more com-
monly used attributes. The presented computational experiments showed that considering
these attributes can significantly outperform all other methods. These outcomes underpin
researchers’ ongoing strategy of identifying attributes that lead to more effective methods.
However, to the best of our knowledge, our study in favor of learning the characteristics of the
search space during the tabu search algorithm’s search procedure is a novel contribution to
the literature. We aim to use a classification model to fill this gap. Our contribution focuses
on how ML helps to learn the best neighborhoods to build or change a solution during the
search process.

A.3 Problem statement and proposed learning algorithm

In a nutshell, tabu search [2] is an iterative procedure that starts from an initial solution x0

(possibly infeasible). From each current solution x (x = x0 at the beginning of the procedure),
it moves to a neighbor solution x′. The neighborhood is defined by all solutions that can be
reached from x ∈ X, where X is the solution space, after applying a specific move. Let us
denote this neighborhood by N(x). The next solution x′ is the best non-tabu solution in the
neighborhood N(x) (an exception is made if a move is tabu but it improves upon the current
best solution x∗, i.e., through the so-called aspiration criteria). The function f(x) is defined to
evaluate each solution. To prevent cycling, a tabu list (Tlist) containing attributes of recently
visited solutions (or attributes of moves) is maintained. The associated solutions cannot be
revisited for a specific number of iterations. Various strategies can be applied to search the
neighborhood solutions. The moves and strategies to search the solution space are the main
ingredients of tabu search methods. Hence, the adequate combination and sequence have a
great impact on the quality of the results. Tabu search is used in multiple applications and
is adapted to handle uncertainty. This is commonly done by considering several scenarios,
typically generated using historical data or a probability distribution. Instead of moving
to the best solution in the neighborhood (deterministic environment), the best solution in
average (with uncertainty conditions) is preferred.
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A naïve approach to choose a solution x′ is to evaluate and analyze all possibilities, which
would be computationally expensive. Instead, we can characterize the neighborhood using
experiments. In particular, the guiding principle of our investigation is that using a learning
method can help us find good solutions faster. ML techniques allow us to extract knowledge
from good solutions and use it to generate even better solutions. This knowledge can be in
the form of a set of rules or patterns [88]. Table A.1 shows how applying a learning method
during the search process to reduce the space in a metaheuristic algorithm has computational
impact. This table presents an example where we have |P | number of physicians, |M | number
of patients and |K| number of time blocks in a physician scheduling problem. However, this
can be generalized to other problems.

Table A.1 Examples of computational impact of reduction of search space

Size of the problem Complexity of the problem
without learning

Predicting element Complexity of the problem
with learning

O(n3)
p ∈ P O(n2(n− 1))

|P | × |M | × |K| p ∈ P & m ∈M O(n(n− 1)2)
p ∈ P & m ∈M & k ∈ K O((n− 1)3)

We studied the impact of deploying a learning procedure to answer this situation. We chose
logistic regression for this purpose, as it is one of the most important models that can be
applied to analyze categorical data. The learning procedure is employed in two phases of
training and application.

• Training phase : this phase is divided in stages T1 and T2. In T1, the original TS
collects data related to the structure of the search space. Once enough data is collected,
training begins with the logistic regression model for a specific number of iterations (T2).
Training starts at iteration Ist and ends at Iend;

• Application phase : in this phase, an action will be taken based on the prediction of
the trained model and after validating the elements of a tabu list (Tlist).

The learning methods are very sensitive to the input information. Thus, extracting the
features that have the greatest impact on the solution space is the first and most important
step. These features represent important characteristics of the solutions space and moves.
Table A.2 presents these features in different categories.

Let x be the current solution, x∗ the best known solution, and x′ the next solution. Each
solution is represented as a matrix of integers. In the category of cost improvement, we are
first considering the improvement in cost, which is presented as ∆x = f(x′)− f(x). The first
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Table A.2 Input/output features for the training model

Input Output
Category Features Format Label

Cost improvement ∆x

∆x > 0
R
B

Tabu
xi ∈ Tlist

|ti| = Tlist(x)
Freq−ID

B
Z
Z

O
bs

er
ve

d
O

ut
pu

t

Solution
x
D∗

D′

MZ
MB
MB

Move Attractiveness
Trail of the moves

Q
MQ

feature is the value of ∆x and the second reflects if the solution is improved (∆x > 0 in the
context of maximizing). In the tabu category, we have a binary variable that determines if
the accepted move belongs to the Tlist and whether it has already been visited along with
the tabu value for the move, meaning when it will be free and can be considered again. The
frequency of the move is also considered, which indicates how many times the move has been
visited so far. The next category represents the characteristics of solution. First, the solution
x itself. A binary matrix (D∗) denotes the difference between the obtained solution and the
last best known solution. A 1 indicates if the corresponding entry is equal, 0 otherwise. Also,
a binary matrix (D′) denotes the difference between the obtained solution and the previous
solution, with the same meaning for 1’s and 0’s. The final category is related to the move
characteristics, i.e., the attractiveness of the move and a trail matrix of the moves. These
features were inspired by the recent work of [99]. Here, a trail system influences the decisions
made by the ants in the Ant Algorithms, and the notion of move attractiveness shows that
moves with high attractiveness values have a higher chance to be performed.

As tabu search can be used in situations with uncertainty conditions, the set of input features
under these conditions is modified by considering the average of f(x) over all scenarios at
each iteration. In other words, we need to find the move that is the best in average over
all the scenarios. Thus, our objective is to find the solution x′ ∈ Nv(x) that minimizes the

average solution over all scenarios
∑

w
fw(x′

w)
|W |

.

The learning tabu search (L-TS) model differs from the original TS mostly in the search
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space. We seek to reduce the number of evaluations in the search process. Thus, we predict
the subset of promising moves and evaluate only those neighbors instead of evaluating every
possible neighbor of N(x).

The L-TS algorithm starts with the original TS to collect the necessary data for ID
st iterations.

We train the learning method for a specific number of iterations (stage T2), evaluate the result
of the learning algorithm, and update the set of input features to encourage the method to
search more promising regions. In the application phase, we use the last trained model at
iteration ID

end − 1 to identify (by prediction) promising moves to build N ′(x) ⊂ N(x) (note
that superscript D stands for deterministic and S will be used for the case with uncertainty
conditions). The total procedure ends when the stopping criterion (Stopmax) is reached. Our
criterion is 1h of CPU time. Details of the parameter initialization step are documented in
Appendix A.4.

A.4 Experiments

In this section, we show the advantage of using a learning algorithm during the TS procedure
for both deterministic environment and with uncertainty conditions.

We compare the results with a benchmark previously published in [1] for both deterministic
environment and an environment with uncertainty in which the performance was compared
with CPLEX. We refer to this previous work as “original TS” in the remainder of the paper.
In [1], the authors studied a tabu search algorithm in a physician scheduling problem. The
goal is to find a weekly cyclic schedule for physicians in a radiotherapy department and to
assign the arriving patients to the best possible available specialist for their cancer type. In
most radiotherapy centers, the physician schedule is task based. Each day is divided into one
or multiple periods, and each period is dedicated to a single task. The goal is to minimize
the duration of the pre-treatment phase for patients. This is defined as the time from the
patient’s arrival day to the day the final task is finished before the treatment starts. Taking
inspiration from this work, we use 21 generated pseudo-real instances where we vary the
number of new patients arriving each week and the number of available physicians. The
number of physicians varies from 6 to 10 and the number of patients from 7 to 60, ranging
from small instances to real-world applications. Each instance is labeled pr−(# of physicians,
# of patients). In the deterministic case, we select one scenario to obtain a typical schedule,
and in the situation with uncertainty, we consider a subset of W for different scenarios. We
refer the readers to [1] for more details on instance generation.

We report and analyze results in deterministic and uncertain environments. All results were
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compared and evaluated with respect to the original TS method and a random approach (in
which N ′(x) ⊂ N(x) was randomly chosen) to test the performance of the L-TS method.
Comparing these three approaches helps us to see the performance of each and confirm the
advantage of choosing TS over the random approach and of choosing L-TS over TS. It shows
that we are learning during the process, and the results are not achieved by chance.

First, we wish to validate our L-TS algorithm and determine the value of the parameters, i.e.,
the size of the Tlist, the number of iterations in each neighborhood, and the iteration to start
the training phase and application phase. The values tested are all related to the size of the
instances (i.e., number of patients, number of physicians, and number of time blocks). For
the deterministic case, we use ID

1 = 1, ID
2 = 2|J |+ |I|+ |5n|, ID

3 = 1, ID
st = 3

√
|J | × |I| × |D|,

ID
end = 2|ID

st |, Stopmax = 1h, and we set θD = 2|J |+ |I|+ |D|.

To evaluate the solution obtained from the learning tabu search algorithm under uncertainty
conditions, we proceed as follows:

• Generate a set A of scenarios (up to 50 different scenarios);

• For each instance (i.e., pr-(6,7) to pr-(10,60)), run the algorithm using 10 or 50 scenarios
from set A (using one scenario is equivalent to the deterministic case).

To evaluate the performance of the learning algorithm with uncertainty conditions, the values
of the parameters IS

1 , IS
3 and θS are the same, except that IS

2 is now equal to |J |, the number
of patients, IS

st =
√
|J | × |I| × |D|, and Stopmax = 5h.

Table A.3 compares the cost (same definition as in [1]) values of different methods and the
gap columns show improvements with respect to the original TS. In this table, “GAP - Best
compares the best solution obtained from ten different runs of each method and represents
the improvements from the best solution obtained from the original TS. Conversely, “GAP
- Avg” represents the average values from ten different runs. A negative value in the GAP
columns indicates that the learning tabu search has improved the solution on average. It
can be observed that logistic regression succeeded in slightly improving the cost, by 0.03%
on average. We see more improvement in large instances where the algorithm has more
flexibility.

It can be observed that the learning method improved tabu search in uncertainty case globally.
We can see the most improvement in cases using 10 scenarios, with -1.67% on average for
L-TS.

The value of the cost function alone cannot represent the advantage of using each approach.
Hence, we measured the primal integral value for all methods to compare the progress of the
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Table A.3 Comparing the performance of different methods

Deterministic case Uncertainty case

Tests
GAP - Best (%) GAP - Avg (%) GAP - Best (%) GAP - Avg (%)

10 Scenarios 50 Scenarios 10 Scenarios 50 Scenarios
Random L-TS Random L-TS Random L-TS Random L-TS Random L-TS Random L-TS

Sm
al

l

pr-(6,7) 0.5 -1.0 2.3 -0.7 1.3 -0.3 1.0 -0.7 1.1 0.2 0.9 -1.1
pr-(6,9) 1.0 0.8 1.7 -1.4 0.8 0.0 1.5 0.3 0.9 -1.2 0.5 -2.2
pr-(6,11) 2.4 0.3 2.1 -0.2 2.2 -0.3 1.1 -1.3 1.0 -1.1 2.6 -2.6
pr-(6,12) 2.9 0.5 3.1 0.3 0.8 -1.4 0.8 -1.6 0.3 -1.3 1.6 1.3
pr-(8,7) 2.7 -0.7 2.4 -0.1 1.3 -0.5 -0.4 -1.1 0.4 -1.0 2.1 -1.3
pr-(8,9) 2.2 -0.4 2.5 -0.2 1.7 -0.4 1.4 -0.4 1.6 -0.6 0.7 -1.4
pr-(10,7) 1.5 0.1 2.3 0.1 1.0 -0.7 1.0 0.1 1.3 -0.4 0.7 -0.9

M
ed

iu
m

pr-(6,20) 1.2 0.9 3.6 1.3 0.7 -1.3 2.7 0.6 1.6 -1.4 0.5 0.6
pr-(8,11) 3.0 0.6 2.9 0.4 1.0 -0.6 0.9 -0.6 1.3 -1.3 0.3 -1.6
pr-(8,12) 1.5 0.0 2.3 0.0 1.2 -0.8 0.0 -1.5 0.6 -0.8 0.0 -2.0
pr-(8,20) 3.3 0.8 3.7 -0.1 2.4 -0.7 1.8 -0.4 -1.3 -1.4 1.7 -2.1
pr-(10,9) 2.3 0.3 2.1 0.1 1.5 -0.1 1.0 -0.4 1.5 -0.4 0.3 -1.6
pr-(10,11) 1.7 -0.3 2.2 0.2 0.4 -1.0 0.9 0.3 1.5 -1.0 -0.4 -1.9
pr-(10,12) 1.5 0.1 3.0 0.4 1.3 -0.3 0.4 -0.4 1.2 -0.3 0.1 -2.2

La
rg

e

pr-(6,40) 2.6 -4.0 4.5 -0.4 5.2 4.6 -1.3 -3.5 2.2 1.9 4.3 -0.8
pr-(6,60) 9.4 -0.7 5.8 -3.6 -10.7 -25.0 3.8 -1.5 16.3 -44.7 0.1 -3.2
pr-(8,40) 2.3 -0.5 4.4 1.7 1.3 -0.6 0.8 0.0 2.8 -0.4 0.5 -2.4
pr-(8,60) 8.2 1.3 8.5 3.3 0.0 -3.2 1.7 -0.3 3.3 -4.8 0.1 -3.5
pr-(10,20) 3.9 0.2 4.1 0.4 1.1 -0.7 1.5 0.0 1.2 -1.0 0.2 -4.6
pr-(10,40) 3.4 0.5 4.4 0.1 0.2 -2.1 0.9 -0.4 0.4 -1.0 0.1 -1.5
pr-(10,60) 1.5 0.4 6.2 2.2 2.0 0.3 0.9 0.4 1.5 4.3 2.8 -1.9
Average: 2.81 -0.03 3.53 0.18 0.79 -1.67 1.07 -0.59 1.93 -2.75 0.94 -1.75

primal bound’s convergence towards the best-known solution over the entire solving time.
Figure A.1 illustrates this measure for all instances.

Figure A.1 Comparing the convergence speed for different methods in the deterministic case

The idea of the primal integral [111] is that the smaller the primal integral value is, the
better the expected quality of the solution will be if we stop the solver at an arbitrary point
in time. It can be observed from Figure A.1 that the logistic regression method has better
primal integral values than the other methods for all instances. Again, this figure shows that
the learning method, presented by the green line, performs better than the original TS and
Random algorithms. Figure A.2 compares the number of evaluations at each iteration, the
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total number of evaluations, and the total number of iterations until we reach the stopping
criterion for different methods. It clearly shows a decrease in the number of calculations in the
L-TS. We can also observe that the random method performs same number of evaluations
but requires more iterations (compared with L-TS) to find the solution, due to its poor
performance. This behavior was expected from the random approach since it is evaluating
N ′(x), a subset of N(x), randomly.

Figure A.2 Comparing computing performance for all methods in the deterministic case

All of these illustrations, including the improvement in the objective value presented in Ta-
ble A.3, show the advantage of employing the learning TS idea. More precisely, given the
similar computing time and number of iterations to reach the best solution, as well as the
improvement in the cost value, the logistic regression method demonstrates superior perfor-
mance.

The performance of the learning algorithm in an uncertain environment was also evaluated
based on its computing time. Figure A.3 compares the time per iteration by method for 10
and 50 scenarios. It is clear that increasing the number of scenarios increases the computing
time.

We observe that with 10 scenarios, the average gap improved by 1.67% with the logistic
regression model. Also, with 50 scenarios, we have 0.59% improvements in average gap for
L-TS model.
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(a) 10 Scenarios

(b) 50 Scenarios

Figure A.3 Comparing computing time per iteration for all methods with uncertainty

A.5 Discussion

The proposed L-TS algorithm show improvements in both deterministic and uncertain en-
vironments. The performance of this algorithm was evaluated with extensive number of
experiments and this paper presents part of these experiments to demonstrate the advantage
of employing a learning mechanism within TS.

This study was initially started by applying a neural network to predict the promising neigh-
bors. However, the method was time consuming and might not be applicable to large combi-
natorial and real case problems. Sometimes, a simpler method is able to achieve same results
with less computational efforts. Hence, we focused on classification methods, decision trees
and logistic regression. The performance of these methods also evaluated through different
configurations; in most cases, the logistic regression model outperforms the other ones.

Additionally, in the case with uncertainty conditions, we performed tests where we varied
the number of scenarios from 10 to 50. We observed no significant impact with 30 scenarios.
We also performed a sensitivity analysis to set the parameters, e.g. Stopmax = 2.5, 5, 7.5
and 10 hours.
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A.6 Conclusion

In this paper, we proposed a learning tabu search method and studied its performance on
a physician scheduling problem. The performance of the proposed algorithm was evaluated
using the benchmark instances.

We evaluated the new method in both deterministic and uncertain environments. We showed
that our method is very efficient compared with the original tabu search and a random
method, especially in the case with uncertainty conditions where the algorithm has more
flexibility. Over 21 instances, the average gap improved by 1.67% with logistic regression
in the case with 10 scenarios. The learning method obtained best solutions faster than
the original TS and random methods over the computing time. Although we studied the
application of this method in a scheduling problem, tabu search has already been used to
solve pretty much all optimization problems. Thus, the learning tabu search algorithm can
be adapted to other applications. Future work could employ learning tabu search to solve
other optimization problems by generalizing several ingredients for which we gave special
attention to our specific application.
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APPENDIX B SUPPORTING INFORMATION FOR CHAPTER 4

B.1 List of symbols

ML machine learning
TS tabu search

The TS the tabu search method presented in [1]
X the solution space
x0 the initial solution
x∗ the best solution
x′ best next available solution

N(x) neighborhood of solution x

f(x) the objective value of solution x

∆x the improvement in cost at solution x

Tlist the tabu list
L-TS the learning tabu search
DT decision trees
LR logistic regression

Tcollect phase for collecting data
Ttrain phase for training the model
Tapply phase for applying the prediction
Itrain the iteration that training phase starts
Iapply the iteration that application phase starts
M∗ a binary matrix denotes the difference between the ob-

tained solution and the last best known solution.
M ′ a binary matrix denotes the difference between the ob-

tained solution and the previous solution
Stopmax the stopping criterion

I set of physicians
J set of patients
D set of days
δ number of time blocks
R set of scenarios in the stochastic case

det deterministic
stoc stochastic
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B.2 Primal integral

The primal integral can briefly described as the area underneath the primal gap function p

up to time T [119]. In formal context, when x represents a feasible solution and x∗ stands as
the optimal or best-known solution for the mixed-integer programming problem (PMIP ), we
define the primal gap of x as follows:

γ(x) =


0 if |cT x| = |cT x∗|,

1 if cT x · cT x∗ < 0,

|cT x−cT x∗|
max{|cT x|,|cT x∗|} otherwise

Using xt to represent the current incumbent at time t, we define the primal gap function,
denoted as p : R ≥ 0→ [0, 1] as follows:

p(t) =

1 if no incumbent is found until time t

γ(xt) otherwise

Given a time limit T ∈ R ≥ 0, the primal integral P (T ) can be determined by calculating
the area under the primal gap function p up to time T ,

P (T ) :=
K∑

i=1
p(ti−1)(ti − ti−1) (B.1)

B.3 Computation time

Computation time can vary significantly based on several factors, including hardware spec-
ifications and the chosen implementation approach [112]. To highlight this variability, we
employed three distinct implementations of the L-TS-LR method, aiming to demonstrate
its impact on computation time. Figure B.1 highlights the impact of the implementation
approach on computation time. In this figure, we have three variations: L-TS-LR, which
represents our primary approach utilizing the C++ package of the OpenCV/3.4.3 library;
L-TS-LR-2nd, a complete C++ implementation; and L-TS-LR-3rd, which utilizes the Eigen
library for our L-TS-LR method.

In Figure B.1a, a distinct reduction in the time required per iteration to achieve the best
solution is evident, particularly with the second implementation. While L-TS-LR-2nd does
exhibit slightly longer execution times compared to the TS method, this disparity is minimal,
measuring less than 0.05 seconds. This marginal difference can be associated to the data



103

(a) Time (seconds) per iterations to reach the
best solution - Total

(b) Time (seconds) per iterations to reach the
best solution - Training Period

Figure B.1 Comparing computing time per iteration for different implementation approach
in the deterministic case with online learning

preparation and feature calculation processes related to the learning phase. It’s worth noting
that the primary contrast in computation time between the three learning implementation
approaches becomes more apparent during the training phase, as illustrated in Figure B.1b.

The average time per iteration to reach the best solution decreases from 0.29 to 0.14 seconds
when using L-TS-LR-2nd, and from 0.29 to 0.065 seconds when using L-TS-LR-3rd. Note
that each of these machine learning libraries and packages employ different sets of parameters.
This makes the parameter tuning difficult to achieve and need to be done carefully for each
method.
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APPENDIX C ADDITIONAL NOTES ON CHAPTER 4

This appendix provides additional clarification regarding the prediction and evaluation pro-
cess used in Chapter 4, particularly concerning the predictive model and its integration within
the TS framework.

C.1 Integration of Learning Algorithms with Tabu Search

The overall process was divided into three distinct phases: Icollect, Itrain and Iapply.

During the Itrain phase, the predictive model was trained to learn the mapping between prob-
lem features and the most suitable physician. This involved generating labeled training data
using full evaluations, where the performance of all physicians was assessed for each problem
instance. The resulting model aimed to generalize this mapping and provide predictions on
unseen instances.

In the Iapply phase, the trained model was used to predict the most appropriate physician.
Rather than evaluating all possible physicians, which would be computationally expensive,
the system evaluated only a limited set of candidates: selected neighbors using the predicted
physician only.

This selective evaluation significantly reduced computational cost while still maintaining
solution quality. The rationale was that even if the model’s prediction was not exactly
correct, it would often be close to a good solution, and high-performing candidates could still
be found in its immediate neighborhood. The TS then proceeded from this localized starting
point, continuing the search within this reduced search space.

This integration of predictive modeling and TS allowed for efficient and effective exploration,
keeping a balance between performance and resource usage.

C.2 Model Accuracy

In the paper, we are not reporting the output of the learning methods or analyzing the
accuracy of its result. We used the prediction results inside of the TS procedure.

The performance or the overfitting issues of the learning method are not a concern as the
main purpose of the method is to extract a knowledge about the search-space behavior rather
than to maximize classifier precision. In general, a local search algorithm explores different
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neighborhoods and the learning algorithm could perform poorly (with low accuracy rate). In
this work, we define accuracy rate as the proportion of moves within the search for which the
model’s top prediction coincides with the physician that ultimately yields the best solution for
that move. Therefore, a low (high) accuracy rate indicates that the model’s predictions rarely
(often) match the best solution. In a local search, what ultimately matters is the quality
of the final solution, not the cost of the immediate neighborhood. Even when the model
directs the search to a suboptimal neighborhood, it still provides useful information about
where high-quality solutions may lie, and by narrowing the search focus, it can reduce the
total number of evaluations required. Thus, guiding the TS with a learning-based prediction;
even an imperfect one; can accelerate convergence and improve our understanding of how
the search space is structured.

In what follows, we present our analysis on the accuracy of L-TS-LR method for some
instances. We compared the results obtained from the learning method with the results
selected from local search at each neighborhood.

Tests Accuracy
pr-(10,60) 70%
pr-(8,20) 65%
pr-(6,40) 61%
pr-(4,12) 52%

It shows that for large instances the classification method performs better, and this is due to
more available data for learning.

C.3 Evaluation of Alternative Learning Methods

To assess the robustness and flexibility of the proposed framework, alternative machine learn-
ing methods were also evaluated during the Itrain phase. Specifically, two additional models
were implemented and tested: k−Nearest Neighbors (k−NN) and Neural Networks.

The purpose of this comparison was to determine whether different learning algorithms could
provide meaningful improvements when combined with the TS phases.

The k−NN algorithm was tested as a simple non-parametric method. While k−NN benefited
from interpretability and required minimal training, its performance was sensitive to the
choice of distance metric and the value of k. In practice, it tended to be less consistent
than logistic regression and decision tree models in cases involving high-dimensional or noisy
features.

Neural Networks were also tested as a more expressive and data-driven approach. Their
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capacity to capture non-linear relationships between features and outcomes allowed them
to perform competitively on more complex instances. However, they also introduced higher
complexity and CPU time for training and required careful tuning of hyperparameters, such
as network depth, learning rate, and regularization.

Despite some variation in raw prediction accuracy across the models, their impact on overall
solution quality during the Iapply phase was more complex. Since the TS procedure explores
the neighborhood of the predicted physician, small differences in prediction precision did not
necessarily lead to significant differences in the final outcome. In many cases, even when
the top prediction varied between models, the neighborhood still contained high-performing
candidates.

These observations highlight the flexibility of the framework with respect to the choice of
predictive model. While logistic regression and decision trees were used in the main ex-
periments for their favorable balance of accuracy, interpretability, and efficiency, alternative
models such as k−NN and Neural Networks were also evaluated. Neural Networks, while
capable of capturing complex relationships, proved to be computationally intensive and less
practical in scenarios with limited time or resources.

Overall, the results suggest that the framework can accommodate a range of learning mod-
els, particularly when combined with a robust local search component that mitigates small
inaccuracies in prediction.
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