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RESUME

Le sujet de cette maitrise est la famille de problémes liée au Voyageur de Commerce. Ce
probleme NP-difficile, rendu célebre pour ses nombreuses applications et pour la variété des
améliorations dans le domaine de 'optimisation apparues en I’étudiant, vise a déterminer
un cycle hamiltonien de poids minimum dans un graphe. Plusieurs variantes existent, qui
incluent des contraintes additionnelles. En particulier, ce sujet se concentre sur I'introduction
d’une asymmeétrie des cotits et I'ajout de contraintes temporelles.

Au cours de ce projet, nous cherchons a développer des méthodes d’aide a la résolution de ces
variantes, basées sur le concept de densités de solutions. Nous utilisons I'information obtenue
en résolvant des problemes similaires et plus faciles. Pour ce faire, plusieurs relaxations sont
présentées ainsi que la fagon de calculer les densités correspondantes.

L’objectif est d’accélérer la résolution par des modeles de Programmation par Contraintes et
de Programmation en Nombres Entiers, deux paradigmes de modélisation et résolution de
problemes. Dans ces modeles, nos densités de solutions peuvent étre interprétées comme des
probabilités qu’une valeur particuliere soit affectée a une variable.

Ce mémoire décrit les résultats expérimentaux obtenus a 1’aide de plusieurs solveurs plus ou
moins spécialisés dans la résolution du Probleme du Voyageur de Commerce. Nous montrons
que les densités de solutions peuvent étre utilisées pour éliminer des arétes peu prometteuses,

pré-sélectionner des variables ou pré-déterminer des précédences dans un tour.
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ABSTRACT

The traveling salesman problem (TSP) is a very widely studied routing problem that aims
at finding a minimum length Hamiltonian tour in a graph. The problem in itself is NP-hard,
and often used as a research focus in the development of optimization techniques. Several
variants exist for the problem, adding time constraints or asymmetric distances in the graph.
The goal of this subject is to develop reduction methods to simplify the resolution of these
TSP-like problems.

Our main focus is using relaxations of the problems in order to get relevant information on
good variable-value assignments. We present several relaxations, i.e., easier related problems,
and the corresponding information, called solution density. This document compiles compu-
tation methods and less time-consuming approximation for these solution densities.

We introduce methods to use this information to simplify the resolution: how to select good
arcs, reduce the domains of the time variables and infer partial orders. We test these ap-
proaches on several solvers from two different solving paradigms, namely Constraint Program-

ming and Mixed-Integer Programming and report experimental results on usual benchmarks.
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CHAPTER 1 INTRODUCTION

1.1 The Traveling Salesman Problem

Even before the rise of online shopping, worldwide trade of goods was made possible ever
since the Middle Ages by traveling commercials, walking the roads to distribute products
from town to town. The traveling salesman (or salesperson) became a literature figure, from
the character by Honoré de Balzac in the XIXth century [1] to the american play [2] "Death
of a Salesman" in 1949, adapted in several countries’ theaters and as movies. Simultaneously
a stereotype of materialistic middle-class, a window open on the world and exotic travels,
and an occupation affected by the evolution of industry and trade, the traveling salesman is
studied as an historical figure [3-5]. In 1930, the Traveling Salesman gives birth to an eponym
problem that studies the optimization of the salesman’s trajectory: how can he choose a road
map that will help him save some traveling time?

The problem has been intensively studied in the past century. It is a central problem in con-
strained optimization, which makes it a very interesting challenge, especially to test generic
solving approaches, since a lot of benchmark data exist to be compared with. The book [6]
is a TSP-specific bibliography that argues that the success of the TSP as a central problem
is a consequence of its help in designing generic techniques in applied mathematics, espe-
cially in developing the field of Mixed-Integer Programming, Branch and Bound methods
and heuristic search. The idea that started this research is to use the TSP as an entry point
for exploring Counting-Based search (CBS) and the use of relaxations’ solution densities in
optimization problems: in the original CBS article for optimization [7], the TSP is already
used as a first example and the project [8] was a logical next step in the same direction.
Besides its theoretical interests, the TSP also has a lot of practical applications, not only in
planning and scheduling [9] where the problem first appeared but also in other domains such

as DNA sequencing [10].

1.2 Mixed-Integer Programming

Mixed Integer Linear Programming (MILP) is a term that encapsulates a class of problems

described by some linear inequalities over a set of variables among which a non-empty subset



must take integral values. It is the most common subclass of all MIP! problems, which can
feature quadratic objectives or constraints, for instance. Geometrically, a linear inequality can
be understood as a half-space (understand half-plane when there are two variables) in which
the vector of variables needs to be. When there are several such constraints, the intersection
of half-spaces defines a polytope (polygon in two dimensions) with possibly infinite bounds
in some directions. The integrality constraints on some variables define points of integral
coordinates in this polytope.

In Figure 1.1, we show the geometric representation of a 2-variable linear program. The

Figure 1.1 An illustration of Linear Programming and (Mixed-) Integer Linear Programming

number of variables corresponds to the dimension of the space, so a 2-variable program can
be represented in a plane. We call the two variables  and y, that are featured respectively
in the horizontal and vertical axes. The colored area represents the set of all admissible
points when we consider only the linear inequalities. By adding integrality constraints on
both variables, we obtain the points of Figure 1.1a: instead of an infinity of solutions defined

by every point of the area, only 9 admissible points remain, featured in bold in the figure.

Tn this project, we only study linear programs, the rest of the paragraph focuses on programs with only
linear constraints and objectives



In Figure 1.1b, we look at a mixed-integer linear program, where only x has to take integral
values: the set of admissible solutions is defined by the three vertical lines. An optimization
program looks at maximizing (or minimizing) a linear function over this set.

Several algorithms exist to solve continuous Linear Programming. The most famous one
is the Simplex Algorithm, that has an exponential complexity in the worst case. On the
other hand, its polynomial complexity in average [11] makes it a useful tool in practice.
Algorithms that are polynomial in the worst case also exist: the polynomial complexity of
the problem was proven in 1979 [12]. Most solvers implement the Simplex Algorithm rather
than alternatives, even though some polynomial Interior Point Methods like the one in [13]
are competitive with the Simplex Algorithm.

While Linear Programming on continuous variables can be solved in polynomial time and
is therefore considered an easy problem, the introduction of integrality constraints makes
the general resolution of MIP problems difficult. However, Linear Programming takes an
important place in the resolution of general MIP problems. Algorithms such as branch-and-
bound and branch-and-cut are widely studied to make these problems solvable in practice.

Branch-and-cut algorithms consist of two different steps.

o Finding and adding cutting planes that can be visualized with the black line in Fig-
ure 1.2. A cutting plane is an additional linear constraint that removes a subset of
the admissible polytope containing no integer point and thus helps refining the set of

admissible points.

o Branching on subsets of the polytope: in Figure 1.2, the colored figure is separated
into two separate subsets. In each of these subsets, a lower bound can be obtained by
solving the linear relaxation; and a classical branch-and-bound exploration allows to

recursively look for integral solutions.

It is of crucial interest to find the best model for any problem and reduce it as much as
possible, as for exponential algorithms a small reduction of the problem can dramatically
reduce the resolution time.

A generic formulation of a MIP problem is the following: we are given a matrix A € M,, ,(R)

and two vectors b € R™, ¢ € R". The MIP in its general form can be written as



Figure 1.2 Branch-and-cut algorithms on a simplified model

Igleiél Al (1.1)
s.t. Ax > b (1.2)
rel (1.3)
(1.4)

where E := Z* xR!, k+1 = n. The inequality between vectors is to be understood coordinate
by coordinate, and k represents the number of integral variables. We ordered the variables in
the formulation to put all the integral variables first. Without loss of generality, we defined
the objective as a minimization, but it can also be written as a maximization by changing

the sign of the objective function.



1.3 Constraint Programming

Unlike Mixed Integer Programming, Constraint Programming is a very generic paradigm that
encapsulates non-linear constraints and allows declarative programming with a wide variety
of constraints. That means that the models are written in a high-level, easily understandable
form without giving the details of the resolution method. We usually distinguish between
two forms of Constraint Programs: Constraint Satisfaction Problems (CSP) [14] and Con-
straint Optimization Problems (COP) that include an objective function. COPs in general
can be solved as a series of CSPs [15], which make the two problems strongly connected. The
intuition is that a Constraint Program is made of a set of variables and several constraints
on those that describe what a solution should look like, and a solution is simply a choice of
value for the corresponding variables.

Formally, a constraint satisfaction problem is defined by a set of variables V' = (vy,...,v,)
with respective domains D; and a set of constraints C' = (¢q,...,¢,) that are subsets of
the domains: Vj € [|1,m|],¢; € Dy x ... x D,. Solving a constraint satisfaction problem is

finding a variable-value assignment

f:V—=D (1.5)

such that (f(v1),...,f(vs)) € N ¢;. A constraint optimization problem adds an objective

1<j<m
function g(x1,...,x,) to be minimized (resp. maximized): it can be seen as a series of
constraint satisfaction problems with an additional constraint g(f(vy),..., f(v,)) < Z (resp.

> 7)) where Z takes the successive values of found solutions. When the additional constraint
makes the problem infeasible, the optimum value has been found.

A common example of everyday life problem easily modelled in Constraint Programming is
the resolution of Sudoku grids. The objective of the player is to find a value to put in each
cell of the grid. Each cell can be understood as a variable with domain [|1,9]]. Abstract
relationships on the cells make some assignments impossible, for instance putting two 1s
in the same line. Each line, column and 3 x 3 cell corresponds to a constraint, and each
constraint can be understood as encapsulating a different aspect of the problem’s structure.
The constraints in the problem are global constraints commonly known as Al1Different
constraints.

The two main aspects of solving Constraint Programs are constraint propagation [16], which

is the incremental reduction of the domains often based on logical inference, and search.



When solving an easy Sudoku grid, you can usually remove some values from each cell’s
possibilities by looking at neighbouring cells: this is called propagation. However, it happens
that for more difficult instances, you have to make a choice and see if it leads to an impossible
situation. This is the search part, which needs a search heuristic to select the first affectation
that will be tried in each situation. In the following, we will mainly focus on search, and

especially finding variable and value selection heuristics, rather than propagation.

1.4 Relaxations and solution densities

The satisfaction problem associated with the Traveling Salesman Problem, i.e., the problem
of answering "for a given weight k, is there a tour of weight < k7" was shown to be NP-
complete in 1972 [17], which means there is to this day no exact algorithm able to solve the
problem in polynomial time. In fact, it is believed that no such algorithm will ever exist.
For a more precise (and fun) insight into what computer scientists think of this (unresolved)
question, see [18].

Nonetheless, some related problems, that also look at optimal routes and travels, are easily
solved in polynomial time. The difficulty in solving the TSP is that it combines several
constraints. We must consider simultaneously that an edge is either included or not included
in a solution and cannot be partially included (integrality constraint), we look at constructing
one single cycle with no subtour, all of the nodes must be visited, etc. A relaxation of a
problem is a related problem obtained by removing, or simplifying, one or several of these
constraints. For instance: what happens if we allow several disjoint subtours instead of a
single one?” What happens if we allow our cycle to go through only a subset of the nodes?
The methods we look at in this research project aim at using relaxations of the problems
to develop heuristic reductions and exact guiding of the resolution. The intuition is the
following: is it reasonable to think that an easier but similar problem can give us a good idea
of what (good) solutions look like?

In practice, the idea is to look separately at different aspects of the problem and see what
itineraries are interesting for these easier subproblems. If the problem is easy enough, we can
list all of the feasible solutions. Then, the predominance of some routes among the solutions
set help us define a score we call Solution Density (SD) of an edge, that will be described

more formally in Section 2.3.



1.5 Research objectives

This research aims at following in the footsteps of Pierre Coste in a previous Master’s project
[8]. We are looking to understand how a relaxation can inform a bigger problem’s solutions.
While the author of [8] focuses on the symmetric Traveling Salesman Problem, this thesis
extends the research to variants of the TSP, namely the asymmetric and time-constrained
variants. We adapt the relaxations and solution densities introduced in this former thesis,
and investigate how its results can be applied to generalizations. We also aim at developing
complementary solution densities for the additional constraints. One of the challenges of this
adaptation is to make several relaxations work together and learn how to combine them in
an effective way. This project will analyze different ways of combining solution densities for
pre-processing and reducing the computational effort of solving MIP formulations, and will

continue to use Counting-Based Search for branching heuristics in CP.

1.6 Thesis outline

In this document, we describe in Chapter 2 the literature around the problems and their
formulations, as well as the state-of-the-art and the work previously done on relevant solution
densities. In Chapter 3 we study the traveling salesman problem and its asymmetric variant;
and then in Chapter 4 the time-constrained variant that represents the biggest contribution
of this Master’s. In each of these problems, we describe the method(s) used on several
benchmarks and models, as well as the experimental results obtained. We finally conclude

with a synthesis and future leads to continue this research topic.



CHAPTER 2 LITERATURE REVIEW

2.1 The Traveling Salesman Problem and its variants

2.1.1 Routing problems

Vehicle routing is a generic name for a family of problems (VRP) featuring transportation
requests and vehicles that are thoroughly studied in computer science, both for their difficulty
and for the gain in global transportation costs due to good resolution algorithms [19]. Vehicle
Routing Problems were introduced in [20] in 1954 in the context of scheduling problems for
fuel oil tankers.

Variants of the VRPs include restricting the number of available vehicles to 1 or a bounded
number, limiting loading capacities for the vehicles, having variable transporting times as
a function of the time of the day, adding time windows for the tasks, pickup-and-delivery
constraints that force precedence between some tasks, or even more complicated constraints
such as the break time needed for employees driving the vehicles in some more specific cases.
These additional features usually come from the modelization of real-life transportation prob-
lems.

In this thesis, we focus on TSP-like problems, that allow only for one vehicle with no capacity
constraints. The Traveling Salesman Problem in itself can be described as finding an optimal
Hamiltonian cycle in a graph, i.e., a tour going through each vertex once while minimizing
the sum of edge costs. If we suppose that costs in the graph respect the triangle inequality,
which means that for all vertices i, j, k we have d(i, k) < d(i,7) + d(j, k) where d(i, j) is the
weight of the edge from ¢ to j, we can simply see it as a tour going exactly once through each
node, or a permutation of the nodes. The triangle inequality also implies that all connected
graphs are complete.

We will look more specifically at the Asymmetric Traveling Salesman Problem, in which
weights from ¢ to j and from j to i are allowed to have different values. It is the case for in-
stance of networks with one-way roads. The TSP can be seen as a specific case of the ATSP
where opposite edges both have the same weight. A transformation from the ATSP into
symmetric TSP was introduced in [21] that proves that the two problems are in fact exactly
equivalent. However, the transformation doubles the number of vertices, which means there
is an interest for solving the ATSP in a direct manner.

The second variant that we will consider in this thesis is the Traveling Salesman Problem
with Time Windows. In contrast with the straightforward TSP, time windows [R;, D;] are

added to each node with the additional constraint that each node must be visited during that



time interval . The Traveling Salesman Problem with Time Windows is in itself asymmetric,
as the reversed cycle may not always be a feasible solution, but weights can be symmetric or
not.

In general, for all of these problems, the distances d(i,j) between two nodes i and j are
arbitrary real numbers, but additional constraints on the distance function can give inter-
esting information on the solutions. A few theorems are described in [22] for symmetric and
Euclidean distances, as well as distance functions that do not have negative-weight cycles or

respect the triangle inequality.

2.1.2 MIP formulations

Several linear formulations can be used to define the Traveling Salesman Problem and its
variants. We will focus on two MIP models for the ATSP, but the survey [22] describes

several other models for which thorough computational results were not reported.

Dantzig-Fulkerson-Johnson

Given a directed graph (V,A) and costs C' = (¢;;) associated to the arcs (i,5) € E of the
graph, we define a first MIP model [23]. We define a set of binary variables (z;;); jev repre-

senting each of the arcs included in the model. The constraints are the following:

mianlij (21)
i,J
JEST(3)
Jjes— ()
(,9)€A(S)
vy € 40,1}, (i.j) € A (2:5)

where A(S) is the set of arcs whose two endpoints are in the subset S. Here, 67 () is the set
of arcs going out of ¢ and §~ (i) the set of arcs going into i.

Constraints (2.2) and (2.3) are known as the degree constraints, since they can be interpreted
in a graph as the imposition for each node to have two incident arcs, one going in and one
out.

Constraints (2.4) are usually known as subtour elimination constraints. With only the other
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constraints, several disjoint tours on subsets of the vertices would make an acceptable solu-
tion. These constraints remove all cycles that do not include all vertices, since for the subset
S of vertices included in a cycle, there is at least |S| arcs in A(s).

The main drawback of the DFJ model is that there is an exponential number of subtour
elimination constraints (an order of O(2")). The model that follows is interesting because it

does not have this weakness.

Miller-Tucker-Zemlin

The first constraints of the DFJ model remain in this second model [24], i.e.,

min Z Cij T4 (26)
2

s.t. Z Tij = 1, eV (27)

JESH (i)
Y xu=1, i€V (2.8)

JEG (i)
Zij € {07 1}7 (Z7]) S (29)
The subtour elimination constraints are replaced by the following. Variables u;,i € {2,...,n}

are introduced, as well as the constraints:

1<u; <n-—-1, i1=2,...,n (2.11)
Here, there is a linear number of subtour elimination constraints. If a tour (vy,..., vk, v1)

existed in the graph, then by adding up all of the constraints (2.10) relative to arcs (v, vit1)
of the cycle, we would obtain a sum on all variables u; where consecutive terms cancel each
other. This would result in having the constraint n — 1 < n — 2, which is a contradiction.

This model is simpler to write and includes less constraints as the previous one, but it has a
weaker linear relaxation. An analytical proof is available in [25]. By weaker linear relaxation,
we mean that the set of feasible solutions contains the set of feasible solutions of the DFJ
models, hence a higher value for the lower bound provided by the relaxation. That will make

the branch-and-bround process less effective.
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TSPTW: Big-M formulation

One possible model for the traveling salesman problem with time windows is a "Big-M" for-
mulation [26,27] , which means it uses a variable M representing an infinite value. The model
builds onto the MTZ formulation described above and replaces the subtour elimination con-
straints by time constraints.

Given a graph (V, A), costs C' = (¢;;) as well as travel times © = (6,;) on the arcs (i, j) € A
(we often have © = C' if the cost we look to minimize is the traveling time), time windows
[R;, D;] on each request i € V, we have two additional nodes p and ¢ so that a cycle is
mapped to a path from p to q.

We add binary variables x;; representing arcs in the cycle, and variables s; representing the

starting time of the vertex ¢ € V' in the cycle. The Big-M formulation is defined as such:

1,jEA
Je6t (@)
JES (1)
S; + 6’,-j — (1 — l’ij)Mij < S V(l,]) cA (215)

where M,;; = D; — R; + 6;;. This construction ensures that the constraints (2.15) do not
restrain the domain for arcs (4, j) with z;; = 0. It is thus an "infinite" value in the sense that
it is sufficiently large compared to the magnitudes of other time variables. When xz;; = 1, the
constraint translates to s; + 0;; < s;, which means that the times needed to travel must be
respected between the visiting times. It also serves as a cycle elimination constraint: since
we are looking for a simple path from p to ¢, the constraints must eliminate cycles of any
length. Suppose there is a cycle i; — ... — i — 41, then the constraints (2.15) with indexes

ij,%541 for all 7 < k sum to

k k
> 051 <D (8541 = 85) = Spp1 — 51 =0 (2.18)
i=1 j=1

which is only possible with a cycle of negative weight, discarded from the model since it is

incompatible with the concept of optimal tour.
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We also see that the inequality in the constraints (2.15) instead of an equality means we allow
"waiting', i.e., the arrival time s; at a node ¢ could be anterior to the release time R;. The
waiting period R; — s; does not appear in the cost of the tour. The model does not include
processing times, as we can adapt any model to have zero processing times by including them

into the traveling costs.

Other MIP models for the TSP with Time Windows

The previous model is described in [26] as a first simple model in the construction of a
more complicated one called a Time-Bucket Formulation, that builds on the time-indexed
formulation from [28]. Indeed, a lot of work has been done on constructing more compact
formulations or MIP models that have a stronger linear relaxation (meaning a tighter lower
bound).

In this thesis, we focused on the Big-M model from Section 2.1.2; as the goal is not to select
an optimal MIP model but to work on reducing the effort of solving the problems by using
specific tools. However, we can cite other formulations that can be of interest for comparison
in future works, since the results reported here are dependent on the model used for solving.
Besides our model of interest, Ascheuer et al. [27] report another model presented in the
articles [29,30]. Instead of Big-M constraints, this second model includes additional integral
variables on arc y;; where y;; = 0 when z;; = 0 and y;; represents the start time of processing

of node i otherwise. Constraints (2.15) and (2.16) are replaced with

Z Yij + Z ;i < Z Yik, Vjiev (2.19)
i=1L3ij i=03i] k=0sk+j

In the same way that the previous model did, the constraints (2.19) and (2.20) are a way of
imposing that the travel times and the time windows are respected with a linear constraint.
Since only one z;; and the corresponding y;; are non-zero for each j, the constraint (2.19)

translate to

and Equation (2.20) to y;; being in the right time window.
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2.2 State of the art

2.2.1 State of the art for the TSP

The generally admitted state of the art for the Traveling Salesman Problem is Concorde [6,31],
a branch-and-cut-based software that very effectively solves Euclidean symmetric instances
of 10000s of nodes, and outperforms other solvers on all symmetric instances. While the
underlying engine behind Concorde is Integer Programming, it works in practice as a black
box, and cannot accept additional constraints. It also requires a specific structure for the
problems by accepting only full matrix inputs, which correspond to complete graphs. For
other sets of instances, namely variants or sparse graphs, Constraint Programming and MIP
models become of interest because of their adaptability. Local search techniques have also

proven their efficiency, for instance the Lin-Kernighan heuristic [32].

2.2.2 State of the art in Constraint Programming
Weighted Circuit Constraint

The state of the art for the TSP in Constraint Programming, as described in [33], is encap-
sulated in the Weighted Circuit Constraint (WCC) defined over a weighted graph with an
upper bound Z as input. The WCC ensures that the selected edges form a cycle of weight
bounded by a given value. In general, the cost is expressed as a linear function of the vari-
ables, which complicates the filtering the domains, as the only upper bound on each variable
is the whole cost. Including the upper bound in the cycle constraint allows to repair this
issue.

The circuit is represented as a variable S in the form of a set containing edges [34], with a
lower and upper bound on the set updated during the propagation. The lower and upper
bounds on the set are respectively the set M of mandatory edges that need to be included
in any solution, and the whole set without a set I of impossible edges: M C S C F\I if £
is the complete set of edges in the graph.

The method used to update M and I, or filtering relative to this constraint, is inspired
by the Lagrangian Relaxation of the degree constraints introduced in [35]. The degree con-
straints are removed and added into the objective, reducing the problem to the easier task of
finding an optimal 1-tree, structure that will be defined more thoroughly in Section 2.3. The
principle of the Lagrangian Relaxation, often used in Integer Programming [36], is to divide
the problem into two sets of constraints, one of which is included in the objective with a set

A of multipliers: the problem
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min f(x) (2.21)
st.xzeC) (2.22)
ze () G (2.23)

C,eCy
(2.24)

becomes

min f(z) + > Nd(z,C;) (2.25)

’ CieCy
st.xeCy (2.26)
(2.27)

where (C} is the subset of relaxed constraints, for instance the degree constraints in our specific
case. You can see from the difference between the two models that the constraints C; € Cy do
not appear as constraints anymore. A value of x respecting those constraints is a solution of
the Lagrangian Relaxation with the same value for the objective as in the original problem.
The values \; represent the cost paid to be able to dismiss the corresponding constraints.

This structure allows the authors to define marginal costs on edges, i.e., the minimum increase
in weight in order to obtain a 1-tree where a specific edge is selected (resp. is removed). The
upper bound Z is used to include edges whose marginal cost for selection (resp. for deletion)
is too high into the set I of impossible (resp. in M) edges. While this algorithm can the-
oretically be adapted to work on asymmetric instances, the article [34] mentions that using

the transformation to the symmetric TSP [21] is actually more effective.

Search strategies

On top of propagation, constraint programming uses a search tree: one value is selected
for a variable (more generally, we can select an additional constraint to add to the model)
until a solution or a contradiction is found. The search then backtracks and explores a
different possibility. Each investigated possibility is a branch of the search tree. We call
search strategy the choice of the value that will be chosen at each step. Search strategies can

usually be separated into:
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e« What variable do we branch on?

o« What value do we select for it?

The state of the art consists of, in combination to the above formulation of the constraints,
a very effective selection strategy: the LCFirst strategy described in [37]. This heuristic
branches on one of the endpoints of the last selected edge, thus adding edges incrementally
to a path.

Several value selection strategies are cited as good search strategies, while none of them seems

to be significantly better than the others.

k-Cutsets

An additional filtering relying on the structure of the Hamiltonian cycle is introduced in [38].
Isoart et al. make the observation that a bridge, i.e., a single edge disconnecting the graph,
makes it impossible for any tour to exist in the graph. Similarly, a pair of edges disconnecting
the graph into two subsets A and B need to be in any tour, since any cycle needs to go from
A to B and back from B to A. Those simple observations give way to a few elimination and
selection techniques, relying on k-cutsets, those sets of k edges disconnecting the graph. More
generally, any cutset includes at least 2 edges of any solution, and always in an even number:
for instance, exactly two edges of any 3-cutset must be selected. In practice, the propagator
of [38] only uses cutsets of size k = 1,2,3 that can be found using Tsin’s algorithm [39].
Tsin’s algorithm finds all 2-cutsets in O(m +n). For each edge e, a 2-cutset (eq, e2) in G\{e}
can be mapped to a 3-cutset (e, e, ) in G, which makes it possible to compute all 2 and 3
cutsets in O(m(n 4+ m)) by iterating on the choice of e. Not all sizes of cutsets can be used
as the complexity of the enumeration relies heavily on the value of k [40].

The k-cutsets properties can easily be translated for asymmetric TSP instances, and the same
algorithm without modifications can be used to find cutsets in an oriented graph. However,
the solver developed by Isoart & Régin [38] relies on the Weighted Circuit Constraint and

does not yet take the asymmetric case as direct input.

2.2.3 State-of-the-art with Time Windows

The report [41] compiles an overview of the state-of-the-art for the general Vehicle Routing
Problem with Time Windows in 2010. Not focused on Integer Programming, it includes
mostly heuristic and metaheuristic methods based on local search and large neighbourhood,

quoted as the current best option for solving large instances. In 2020, the state-of-the-art for
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solving the Traveling Salesman Problem with Time Windows with an exact algorithm seems
to be [42], a method that combines dynamic programming and column generation: ever since

the 1980s, column generation has been used to solve vehicle routing problems [43].

2.3 Computing solution densities

2.3.1 Relaxations and solution densities

A relaxation, in its general form, is a space of feasible solutions containing the problem that
we look at. It generally consists of removing some constraints of the problem. One of the
main interests of a relaxation is to remove problematic constraints that make the computa-
tion hard, in order to obtain a simpler (polynomial) problem and thus having a lower (or
upper if we are maximizing) bound on the value of the objective. We gave in Section 2.2.2 the
case of Lagrangian relaxations, where the removed constraints are included in the objective
with a multiplicator. An infinity of relaxations are created this way that are parameterized
by the vector A\ of Lagrangian multipliers. Another usual family of relaxation are Linear Re-
laxations, where we relax the integrality constraints. For instance, replacing binary domains
{0,1} by real intervals like [0, 1]!.

Lower and upper bounds can be used in branch-and-bound algorithms [44], for filtering in
constraint propagation [34,45], or even for theoretical bounds on an approximating algo-
rithm. Counting-Based Search, a paradigm of search heuristics described below, aims at
using relaxations to guide the search of solutions in constraint programming.

A family of usual relaxations are generally used in algorithms for the Traveling Salesman
Problem, including the 1-tree and 2-matching relaxations described below, or the n-path

relaxation [46].

2.3.2 Counting-Based Search

Counting-based search strategies, as introduced in [47], are especially defined for satisfaction
problems. They focus on guiding the search by counting feasible solutions, using the proba-
bility for one variable-value assignment to feature in a solution of a unique constraint. We
call these probabilities solution densities (SD).

For each constraint ¢(z1, . .., x;) with a number of solutions #c(z1, ..., xy), the solution den-

sity for the assignment z; = d is defined as

IThis is an interval, not a citation, even though they look alike
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#C(Z’l, . ,.’lfi_l,d, Litlsy- - - ,.’L'k)

#C(l‘l, e ,[L‘k)

The solution density is thus exactly the proportion of solutions where z; takes the value d.

o(e,z;,d) = (2.28)

For optimization problems, the concept is generalized to that of cost-based solution densi-
ties [7] that take into account the cost function f we look to minimize. Since we are working
with optimization problems only, in this work Solution Density (SD) will be used to designate
Cost-Based Solution Density. With € > 0 a small real number and #c.(z1,...,xy, 2, f) the

number of solutions of cost z < (1 + &) min f, the formalism becomes

#Ca(l'l, cee 7$i—1ada Titly--- 7xk:azaf)

#CE(ZL'I, ey Ty 2, f)

When e = 0, it corresponds exactly to counting only optimal solutions. Adding the param-

o(e,xi,d,e) = (2.29)

eter allows to look at near-optimal solutions that can be interesting to consider when we
describe a subspace that contains "good" solutions.

Since these solution densities are defined with respect to a single constraint or a subset of
the constraints, enumerating the solutions can be a lot less time-consuming than finding
solutions for the whole problem: the idea is to look at relaxations that are easy to compute.
However, for specific constraints, we can find faster computation methods that do not need to
effectively enumerate all the solutions to count them. We can also simply use approximations

of the number of solutions.

2.3.3 1-tree relaxation
Structure

A 1-tree is a sub-graph (V', E’) of (V, E) such that V' =V and E’ is a spanning tree over
V\{1} plus two edges incident to 1. From this construction, we see that a hamiltonian cycle
is always a 1-tree, which makes the weight of an optimal 1-tree a lower bound on the solution
of the TSP. We show a representation of one solution of the 1-tree relaxation in Figure 2.1,
where node 1 is the closest point to the top of the figure. The 1-tree relaxation coincides with
relaxing all the degree constraints except for the vertex 1, but keeping the less restrictive
constraint of the total number of edges. Just like a Hamiltonian cycle, a 1-tree structure

contains exactly n edges.
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Figure 2.1 Complete graph vs. a solution of the 1-tree relaxation. On the left we see a
complete graph on 6 vertices, where vertex 1 is the vertex closest to the top. On the right,
we have a solution of the 1-tree relaxation: this particular vertex is of degree 2 and the rest
form a spanning tree. We see that there are exactly 6 edges in the right figure.

Counting with the Matrix-Tree theorem

In the thesis [8], the computation method for counting the number of 1-trees over a graph
relies in fact on counting regular spanning trees over a graph of vertices V U {v} where v is
a copy of Vertex 1. This structure is also a valid relaxation of Hamiltonian cycles, and it
is almost a 1-tree under the assumption that vertices v and 1 have a degree of one in the
spanning tree, and are not connected to the same vertex or to each other. In practice, this
can generally be achieved by selecting a vertex that maximizes its distance to other vertices.
This slight modification allows to effectively count the solutions to the relaxation since the
Matrix-Tree theorem [48] gives an exact expression for the number of spanning trees.

The Matrix-Tree theorem states that the number of spanning trees can be obtained in com-
puting the determinant of a matrix in M, (X). In practice, we will write it as a matrix in
M, (R) by identifying the indeterminate with a value in the interval [0, 1].

More precisely, if we call w(i,j) the weight of the edge (i,7) in the graph, let us denote L
the Special Laplacian matrix in M, (X) such that

— X w) if 1 # j

S XwER)if =
k#ie[1,n]

Lij = (2.30)
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and L the submatrix of L where the line and column of index i have been removed. Then,

for all i, the theorem states that det(L(i)) = Y a; X" where a;, is the number of spanning
i

trees of weight k. It means that for all i between 1 and n, the value of det(L®) is the same.
By replacing the indeterminate X by a real value between 0 and 1, we control the decay
applied to bigger weights, since with = 1 the equation gives the total number of trees.
When computing, we replace X by a real value from the start and not only by evaluating
the polynomial obtained in computing the determinant.

The next step is to compute the 1-tree density corresponding to each edge e, which is by

definition the proportion of 1-trees containing that specific edge. We can write
det(LY)
dle)=1—- ——==
(©) det(L)

where L, is the Special Laplacian Matrix associated with the graph (V\{e}, F)

Since L. differs from L by only four coefficients, we can use the Sherman-Morrison formula

(2.31)

to simplify this expression: by choosing for each edge i as one of its incident vertices, the two
sub-matrices only differ by one coefficient. We recall here the Sherman-Morrison formula [49]

for a matrix A and two vectors u, v

det(A +uv’) = (1 +v7 A7 ) det(A) (2.32)

The final expression for e = (4, j) is

d(e) =1 — LW 4w (2.33)

77

In this final equation and in the adaptation we will see in the next Chapter, the indexes
in the submatrix are adapted with the removal of a row and column. For instance, here, if

s (j — 1,7 — 1) so that it corresponds to

i < j, the coordinates of the coefficient in L
(7,7) in the original matrix. These transformations are omitted from the expression to keep
things simple, but should be taken into account when implementing it.

We see that we only need one matrix inversion for each edge. In this case, computing the
densities for a subset of the edges only demands the inversion of the matrices of a vertex
cover of these edges: in particular, updating the edges going into one single node can be done
in O(n?) by inverting a single matrix. A non-optimal vertex cover can easily be found with

a greedy algorithm.
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2.3.4 2-matching relaxation
Definition

The 2-matching relaxation is the relaxation of the subtour elimination constraints (Equa-
tions (2.4), (2.10) and (2.11) in our models). By keeping only degree constraints, we can
obtain any number of disjoint cycles in the graph. The problem of finding a 2-matching
structure can be understood as an assignment problem if we see it as finding a succes-
sor/predecessor for each node. This version of the problem will be useful in the following.
In Figure 2.2, we represent a solution of the 2-matching relaxation on a graph of 6 vertices:
without the subtour elimination constraints, we can obtain a graph of two separate subtours

without connectivity.

Figure 2.2 Complete graph vs. a solution of the 2-matching relaxation. The figure in the
left represents a complete graph on 6 vertices, and the right figure represents a solution of
the 2-matching relaxation in this graph. Since 2-matching is the relaxation of the subtour
elimination constraints, we see that we obtain a solution with two separate subtours on 3
vertices, but the degree constraints are respected.

Counting as Permanent of a matrix

The adjacency matrix A = (a;j)ij<n of a graph is defined by a;; = 1 iff an edge (i, ) ex-
ists in the graph and a;; = 0 otherwise. A matching in such a graph is a permutation

o :[1,n] — [1,n], since there are as many variables as values and all values must be different.



21

The value

H aia(i) (234)
=1

is equal to 1 if and only if every a,,(; is equal to 1, which means that the permutation
respects the existence of the edges. Starting from that, if we call P the set of permutations

that correspond to acceptable assignments, we have

Pl= > leer= Y, [lawn (2.35)

oes(1n)) oeS(1n]) i=1

where S([1,n]) is the set of all permutations of [1,n].

By definition, this value is the permanent of the matrix A. While the definition of the
permanent is very close to the determinant of a matrix, the algorithms that allow a O(n?)
complexity for computing the determinant do not extend to the permanent due to the ab-
sence of alternating signs. Valiant [50] shows that computing the permanent of a matrix is
in fact #P-complete, which means it is at least as hard as any problem of the class #P of
problems that consist in counting the number of solutions for a NP problem.

Pesant [51] introduces a method for computing the cost-aware solution densities of this con-
straint. An approximation is made by using several usual upper bounds on the permanent of
matrices with non-negative values. The algorithm relies on computing these upper bounds for
a modified matrix defined with the reduced costs obtained in the Hungarian Algorithm [52],
which can be interpreted as the amount we are willing to gain on the objective in order to

select a variable-value assignment.

Acceleration

On top of the approximations based on upper bounds, [8] mentions a high correlation between
high-ranking edges for the 2-matching solution density and edges with a reduced cost of 0.
The reduced costs being much faster to compute than the approximated solution densities
by several orders of magnitude, it can be interesting to replace the SD by reduced costs for
pre-computation. Since the same edges have good rankings for the 2-matching SD and for

reduced costs, we can use reduced costs to sparsify our instances.
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2.3.5 Ordering time windows

In the time-constrained TSP, we often have two disjoint time windows that impose a partial
order between two nodes. If we have two nodes i and j with respective windows [a;, b;] and

[a;,b;], and that we have the additional condition

a; + d(l,]) > bj

we know for sure that any path going through ¢ during the corresponding time window will
arrive at j after the end of the deadline. Consequently any tour that respects the time con-
straints needs to go through j before i: we denote that as j < ¢ and we can see this set of
constraints as an order relation on vertices R = {(i,7)|i < j}

Cherkaoui [53] shows how linear extensions of partial orders, i.e., complete orders on the set
that respect the partial orders, can be counted. He especially develops an approximation al-
gorithm to compute the probability that an ordering constraint ¢ < j is found in the different
extensions of the order, based on the importance of the reconfiguration if the constraint is

added to R. Formally, the probability p;; that ¢ < j is computed with the following equation.

[RUG, 55— |R]
(IRU ()| = [R])

Here, R is the set of precedence constraints, and RU (i, j) is the set where we add the prece-

e =1 — 2.36
p J 2 ( )

dence (7, ) but also all of the constraints that are added by transitivity. We write L[] the
set of elements that are lower or equal to i in the partial order, and U[j] the elements greater

or equal than j. We compute |R U (i*, j*)| — | R| by observing that

RO, ") = R = L[] x U[f"] N R (2.37)

We call (i*, j*) the tuple among (7, j) and (j,7) that minimizes this quantity, hence implying
the lowest amount of change in the partial order, and compute the reverse with pj«;» =
1 — pi=j+: in a total order, we must have ¢ < j or j < ¢ and the two are incompatible, so the
sum of probabilities must be equal to 1. These probabilities p;; can only be equal to 1 if we
already have ¢ < j and to 0 if we already have 7 < 7 in the partial order.

An exact algorithm using dynamic programming that can be exponential in the size of the
largest antichain (set of incomparable elements) is also described: even though the thesis
shows an empirical correlation between the exact and the approximate algorithms, we will
eventually experiment with the exact algorithm on smaller instances to evaluate the quality

of the approximation.
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CHAPTER 3 USING SOLUTION DENSITIES TO SOLVE THE
SYMMETRIC AND ASYMMETRIC TSP

In this chapter we study the adaptations from the TSP to the asymmetric TSP. We will first
describe how we adapt and how we compute several solution densities. We will describe the
models that we use in our experiments and then the methods that we introduce to help solve
the (A)TSP with solution densities. Finally, we report the experimental results for these
different methods.

3.1 Computing the asymmetric Solution Densities

3.1.1 Adaptation of the symmetric 1-tree Solution Density

In Section 2.3.3, we defined the solution density relative to symmetric instances. The same
Matrix-Tree Theorem can be applied to the directed case.

In the literature, we often call 1-arborescence a 1-tree (see Section 2.3.3) in a directed graph:
the difference is that the orientation of the arcs matters, with one vertex being the root of
the arborescence. Instead of having det(L") constant over all i = 1,...,n, we still have
det(L™) = 3" ax X*, but here a, is the number of spanning trees rooted at i. In the case of
the ATSP, Wke will simply count the number of spanning trees rooted at each vertex and add
them together to have the total number of rooted spanning trees.

The total number of spanning trees is simply > det(L®).
i€[1,n]
This means we can re-write Equation (2.31) as

> det(L)
1 1€[1,n]
d(e) =1 ST (3.1)

1€[1,n]

Since, in an asymmetrical instance, removing an arc (¢, j) does not affect the coefficients of
the arc (j,4), only two coefficients change in the overall matrix between L and L.. With
only one coefficient changing, we can use the Sherman-Morrison formula again. The final

computation is

Y det(L®) (1 + z¥©§(1, j, k)

de = (i,7)) = 1= = e (3.2)

k<n
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We call (4, j, k) in the equation the value
LW LWL i £k
8(i,j, k) = § —L® 1 ifi=Fk+#;j (3.3)
0 if j =k

where L® ™" is the inverse matrix of L(*). We recall that the indexations are relative to the
coordinates in the original matrix L, meaning that if £k < i or k < j the corresponding indices
are shifted by one.

With this equation, we see that in order to compute all of the densities, we need to compute
the inverse of n matrices of size n, which has a total complexity of O(n?).

All of the densities depend on all of those inverses. Here, computing all of the densities or
just a subset always involves n matrix inversions, whereas in the symmetric case, updating

the densities of all of the arcs incident to a vertex can be done in O(n?).

3.1.2 Normalizing weights

There are two issues for the computation of the 1-tree SD, with both high and low weights.
Indeed, since the computation results in evaluating a polynomial of high degree in a value
between 0 and 1, low weights may result in high values in the terms of the sum, while high
weights may cause degenerate values and instability in the computation. Since the solutions
do not change with an affine transformation of the weights, a normalization of weights can

be done by applying

f : [minoldvmaxold] — [minnewamaxnew]

maTpew — minnew . .
w : (W — Mingg) + Minpey
maXolg — MiNpld

Empirically, a weight interval of [8, 10] is practical for correctly computing solution densities
for instances of size 300 which is the maximum size in our benchmark. The operation of
transforming the weights is linear in the number of arcs, or quadratic in the number of

vertices, which is of negligible cost compared to the rest of the SD computation.

3.1.3 Choice of z for the 1-tree SD

As described in the section on the 1-tree density, the determinant of the Special Laplacian

Matrix is linked to the weight of spanning trees with the relation
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det(LY) = Y ap X* (3.4)
kelN

where ay, is the number of spanning trees rooted in ¢ of weight k. However, we do not work
with matrices of indeterminates but simply with float matrices by evaluating X in a number

x between 0 and 1. With z = 1, the equation becomes

det(LD)(z =1) = > ak (3.5)

kelN

the total number of spanning trees. Otherwise, the polynomial expression can be factored in

det(LW)(z) = aFmin 37 ay (a7 Fmin) (3.6)

kelN

When x — 0, we have

det(L%)(z)

Ikmin z—0

> Ak (37)

min

The value of x can thus be understood as a parameter controlling the importance of the
weight in the solution density. The closer z is to 0, the more trees of high weight are
discounted. The instances that are found in usual benchmarks are complete graphs, which
makes the value x = 1 uniform among arcs. We need a value z < 1 to make our SD
interesting. In Figure 3.1, we look at a few instances from the TSPLib ATSP benchmark and
observe the distribution of the ranks of the arcs in an optimal solution when the value of x
varies.

In all three graphs, what we observe is the rank of the arcs of one optimal solution for the
corresponding instances: the ranks are sorted in increasing order to observe the distribution
more clearly, and normalized between 0 and 1. We see that one line corresponding to the
extreme value of z = 1 stands out of the rest and approximates (even more so when the
number of nodes grows) the diagonal of the graph. This diagonal corresponds to the fact
that the instances are complete, which makes the value of the solution density uniform, and
the ranks uniformly distributed.

The goal is for the rank of our optimal arcs to be as close to 0 as possible: we look at the
parameter corresponding to the lowest curve in the figure. Here, we see that the graph of
x = 0.7 seems to be achieve good performances for these instances. If the weights were not
normalized before the computation, any value x < 1 would result in a quick decay towards 0
with high weights. With these high values, the optimal curve is obtained with the parameters

close to x = 1. Indeed, a parameter close to 1 allows more variety between the different values,
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Figure 3.1 Distribution of ranks for arcs of an optimal tour for different values of = between
0.5 and 1. (a) is the instance £tv35, (b) is the instance £tv47 and (c) is the instance ftv64.
For each vertex, we look at the outgoing arc in an optimal solution and plot its normalized
rank as ordinate. A value of 0 means the optimal arc was the best ranked among those going
out of the same vertex. We organize the ranks in increasing order instead of by index of the
vertex to make the graphs more readable. An optimal configuration is when the curve is as
low as possible.

since they are not all equal to 0. To be able to find a real value for our parameter, we need
to normalize the weights. The optimal value of x will depend on the chosen normalization.

However, a value of 0.7 to 0.8 often gives good results. We will use x = 0.7 unless specified
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otherwise.

3.1.4 Choice of ¢ for the 2-matching heuristic

A parameter ¢ serves approximately the same purpose as the x parameter for the 1-tree heuris-
tic: we want to discard solutions that have a weight of € above the optimal (z > (1 4 ¢)zx%).
In the same way that x controls the decay of higher weight trees, € controls the limit we
allow for higher assignments. The thesis [8] analyzes the effect of the choice of value for ¢
going from 0.01 to 0.5, showing that higher values of ¢ perform better on small instances and
lower values on bigger instances. Since the 2-matching solution density needs no adjustments
from the TSP to the asymmetric version, we will not look at the choice of ¢ in all of our

experiments. I chose € = 0.5 in the experiments reported in this thesis.

3.1.5 Using cutsets to define a solution density

We defined cutsets of a graph in Section 2.2.2. The inference is the following: given a cutset
of three arcs ey, es, e3 with e; and e; mandatory arcs, we can remove arc es. In the case of
oriented graphs, the adaptation is quite simple: let us look at Figure 3.2. The circles repre-
sent subgraphs whose only arcs from one to the other are represented by the black arrows.
arcs inside the subgraphs are omitted. In Figure 3.2a, arcs e; and e; are both mandatory in
any tour, just like the undirected case. In Figure 3.2b, on the other hand, no tour can exist
and the search must backtrack. In Figure 3.2c, e3 is mandatory and if e; is mandatory, ey
can be removed. If none of the three is mandatory, or if only e3 is, we cannot infer anything.
For undirected graphs, we need any two of the three arcs to be mandatory. However, with a
single mandatory arc e, or in the oriented case with only e3, we know that for each solution,
one of the two other arcs needs to be chosen, and both arcs cannot be simultaneously in a
tour. This information is not used in the filtering introduced in [38]. We try below to define
a way to use the information based on cutsets and the Vertex Cover Problem, in the same
way that we used other relaxations before.

We can see as a relaxation of the problem the simple fact of looking for a selection of arcs that
respect all of the cutsets information. For instance, given two cutsets ey, s, e3 and ey, es, €4
with a mandatory arc e;, the only two assignments for these arcs are {ej,es} or {ej, e3,e4}.
We could define this way a solution density that affects a value of 1 to the arc e; since it
appears in both these solutions, and a value of 0.5 to the three other arcs that appear in only
one.

Formally, given a collection of sets (E;);cipng With Vi € [|1,n]], E; C E, we look for a subset
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Figure 3.2 Visualization of 2-cutsets and 3-cutsets in a schematized graph. The red circles
represent subgraphs that are only connected through the black arcs. arcs inside the subgraphs
are omitted. We added orientation to the symmetric case described in [38]. The orientation
changes what we can infer from the cutsets: in (a) both arcs are mandatory whereas in (b)
there is no possible tour.

SCE (3.8)
st¥iel|Ln],|SNE|=1 (3.9)

In this case, we also have the property that each Ej is of size exactly 2 (the two non-mandatory
arcs of a 3-cutset), which makes the problem look a lot like the Vertex Cover Problem where
we relax Constraint (3.9) into

ISNE;|>1 (3.10)

Unfortunately, the Vertex Cover Problem is NP-hard, which means using it as a relaxation
to guide search or filter the instance is unrealistic, especially if a lot of arcs appear in several
cutsets at the same time. Nevertheless, we can reduce an instance {ej,es}, Fo, ..., E, with
e; and ey not appearing in any of the F; by assigning a density 0.5 to e; and ey and looking
at the reduced problem F»,..., E,.

Even though the problem itself is difficult, it is a very famous and highly studied topic that
can be approximated by a 2 — @(ﬁ) factor [54]. It is also Fixed-Parameter Tractable: several
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kernelization methods! exist [55] that make the question of finding a vertex cover of a graph
consisting of k or fewer vertices tractable in O(kn + 1.2852%) in a graph of n nodes. Such
a complexity is called "fixed-parameter tractable"(FPT) as the complexity for a fixed value
of k is polynomial in n. This means that for small values of k, i.e., if we have only a small
number of cutsets with shared arcs, the problem may not be too computationally heavy.

Since we look at computing solution densities especially, we note that even enumerating so-
lutions to the vertex cover problem is FPT with a complexity of O(k?2% + kn), which is still

linear in n for fixed values of k.

3.2 The models

This project aims at analyzing the improvements we can gain by using solution densities in
both Mixed-Integer Programming and Constraint Programming. In order to have a generic
overview of what it can be used for, we tested our methods in combination with several
pre-existing models from the MIP and CP sides. We detail here the models we used with

different solvers and structures.

3.2.1 Concorde
Transformation into symmetric instances

Concorde is a very powerful tool for solving TSP instances of any size. It is interesting to see
if our filtering methods can speed up even more the resolution. However, since we are focus-
ing on the asymmetric TSP and Concorde only accepts symmetric instances with complete
matrices, a transformation [21] has to be performed beforehand. Figure 3.3a illustrates how
the transformation of ATSP instances into symmetric instances works: n additional nodes
are added as copies of the original n, the node indexed by n + i being a copy of node 1.

Node n+1 will serve as the outgoing version of node ¢ while ¢ will serve as the incoming node.
The arcs between two nodes 7,5 or n + i,n + j are removed, and weights between ¢ and its
copy are set to 0. The weight between a node i and a node n + j is set to w(i, j) + M, where
M is a value set to be bigger than all of the initial weights. We see that the two arcs (i,n+j)
and (j,n+1) serve for the information of the two different weights for the orientations of the

initial arc (4,7). Any tour going into ¢ must then go either into n + ¢ and then into a j or

Kernelization is the reduction of a problem by eliminating vertices until the remaining "kernel" of candi-
date vertices has a size dependent on k and not n: for instance, any vertex of degree strictly higher than k
must be in all solutions of size k or less.
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(a) Transformation of two nodes (b) Proof of structure of the optimal solution

Figure 3.3 Illustration of the asymmetric to symmetric transformation for two nodes ¢ and j

into another n + j, which means that the tour alternates between original nodes and copies:
o —>nN+1 —>ilyg—>...>n+1 — 1

Let us imagine that an optimal tour of the transformed instance does not include an arc
(19,n +ip). In Figure 3.3b, we represent the arcs of a portion of this tour in solid lines. By
replacing these arcs by the dashed arcs, we obtain a new tour going through all of the nodes
that contains the arc (ig,n + ip). Each node keeps a degree of 2 and since M is bigger than
all of the initial weights, the weight of the two new arcs is necessarily lower than that of
the initial arcs. Since we can choose 7; among the two original neighbours of n + iy, we can

choose to transform

ig — 1+ dg — ) = n g — i — (2 = i

into

io — n iy — ) = n iy — i — (@) = 4

where (c~1) is the reverse of (¢;), which exists in this symmetric instance. In this way, we are
sure that we keep it a cycle. Since we found a lower cost solution, we proved that all of the
(i,n + 1) arcs are in all of the solutions and n arcs are of the form M + w(i, j) which means

we can obtain the optimal weight from the asymmetric instance by removing n x M from
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the objective.
In practice we took a value of M = 20000 for our experiments, a value bigger than the weights

of the arcs in all our instances.

Edge elimination

Even if edge elimination before solving with Concorde has already been done successfully [56],
the complete-matrix restriction makes the elimination less promising: the only tool we have
to discard an edge is changing its weight to an excessively crippling value. Since the amount
of information given is the same, there is no hope to gain time in the processing of the in-
stance and the edges we discard because of their less promising characteristics could already
be removed in the pre-processing of Concorde itself. In practice, we set the weights of the
discarded edges to a value of 99999. Those edges hence have too big a weight to be included

in any optimal solution — everything happens as if they did not exist at all.

3.2.2 MIP models

The MTZ and Big-M models described in 2.1.2 were implemented in Gurobi respectively for
the ATSP and TSPTW problems. Gurobi is a generic solver that accepts MIP models as
well as other optimization models and features a Python interface. We used more specifically
the API included in the Python module gurobipy available at [57].

3.2.3 CP models
Basic model

Since this project is in continuation of [8], we experimented on the same CP model imple-
mented with IBM ILOG CP Solver 1.6. adapted for the Asymmetric Traveling Salesman
Problem. The base model includes successor variables next[i] associated with each node

with a I10A11Diff constraint implementing the A11Different constraint:

Vi, j,1 # j = next[i] # next[j]

A TloNoCycle constraint ensures that the model is in fact a tour and does not contain sub-
tours.

Constraints are able to provide solution densities by inheriting from the Constraint class
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IlcCountableConstraint that has a method recount () as well as a method getDensity (i,
val) or getCostDensity(i,val) for the weighted case. These methods allow to obtain the
density associated with a variable-value assignment for a constraint, as in Equations (2.28)
and (2.29).

In our case, we can add the countable constraints I1cCostAl1DiffCounting implement-
ing the A11Diff constraint as well as the 2-matching relaxation, and the IlcSpanningT
constraint detailed in the thesis [8] implementing the 1-tree relaxation, whose computation
method for the solution density needs adapting to the asymmetric case with the equation
(3.2) described earlier.

Talos: State-of-the-art model

Since the previous model is very basic and cannot effectively solve bigger TSP instances,
we also experimented with the State-of-the-art CP model [38] written in Java with the au-
tonomous solver Talos for the problem. This model only allows symmetric instances so we
experimented on the Symmetric TSP.

This model implements the WCC constraint [34], that needs an initial upper bound to per-
form the filtering. The upper bound is given as input, usually by using already found solutions
in the literature and greatly affects the performance (see more detail on the effect of the cho-
sen value in Section 3.5.4). Setting the upper bound very close to the optimum transforms
the model into more of a proof of optimality so we also experimented with various upper
bounds, even if a close-to-optimal solution could be found heuristically. We see in the results
later on that we use an upper bound of 5% above the optimal value in some experiments in
order to have a more realistic configuration. However, there is no polynomial approximation
algorithm with a constant ratio € > 0 for the general TSP, so we cannot ensure that a gap
of 5% can be achieved in all instances [58].

The paper describing the filtering for the constraints specifies how to adapt it for an asym-
metric case but also stipulates that they had better results using the symmetric case with
the ATSP-to-TSP transformation, which makes the asymmetric case less interesting to in-
vestigate for us.

Since Talos is implemented in Java and our basic CP model in C++4-, we could not add to this
model the computation of the 2-matching SD and all its variants based on different upper
bounds. In what follows, the search guided by our solution densities only uses the 1-tree SD.

For sparsification however, we were able to use both SDs as it only involves the preprocessing.


IlcCountableConstraint
getDensity(i, val)
getDensity(i, val)
getCostDensity(i,val)
IlcCostAllDiffCounting
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3.3 Guiding search

With the two Constraint Programming models, we used the solution densities to guide search:
1-tree density for both CP models and also the 2-matching solution density for the ILOG
model. The 2-matching density was implemented with all the variants of upper bounds in
C++, so we only use 1-tree for Talos. However, we use the 2-matching implementation to
sparsify the instances before solving with Talos, since it does not need to be implemented in
the same program. We use the costMaxSD search heuristic, which selects the variable-value
assignment that has the highest solution density. With Talos, the LCFirst heuristic is used
to select a vertex, which means we usually select the best arc incident to the last connected
vertex, so we use costMaxSD only to select an arc among those that are incident to the se-
lected vertex. Since the implementation of the ILOG model takes all variables into account
at each step, we select among any arc available.

For guiding search, we need to update the densities at each step, since adding and removing
arcs changes the structure of the graph. Inspired by [59], we decided to update the densities
in the Talos solver only from time to time instead of at every node of the search tree. The
idea is the following: we select a parameter p and only update the densities when the number

of optional arcs |O| changes by a factor p:

|O|new < p X |O|old or |O|new > |O|old

We observe the distribution of these variations of domains, and how the size of the search
tree as well as the solve time are affected by the value of p, which is a compromise between
heavy computation and approximate solution densities. We also update the densities only
for the arcs taken into account at each node, since the vertex selection comes first.

In Figure 3.4, we observe for instance kroA100 the ratios at each search-tree node between
the present and the former domain sizes: a ratio r < 1 means the number of optional arcs
decreased since the last search node was visited. The first plot represents the histogram of
these ratios, where we see that the majority of ratios are between 0 and 1, with very few
values going up to a maximum of 8: in general, we go down the search tree and reduce the
number of possible choices.

In order to see more clearly the gain we can have by recomputing only when the ratios
are below a certain value p (r < p or 7 > 1 to compute after each backtrack), we look at
cumulative densities for the next three plots. We use a logarithmic scale to have a better
visual accuracy of the reading. The third and fourth plots are simply zooms of the second,
to see the region of interest. They can be read this way: for example in the subplot (d), we

see that the curve reaches 107! for r ~ 0.63. This means that by choosing p = 0.63, we can
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Figure 3.4 Distribution of the variations of domain size at each search-tree node on the sym-
metric instance kroA100. The four graphs show the same data with different visualization.
(a) is a histogram of the ratios. (b) is the same but cumulative (the values are added to the
ones before) and normalized to end at 1. (¢) and (d) are zooms of (b) around an interesting
region.

expect to re-compute the densities for 10% of the nodes.

3.4 Filtering

Another possible use of solution densities is an initial filtering of the arcs. We select promising
arcs in the instance and remove the variables corresponding to the rest of the arcs, thus
reducing the number of arcs. It creates a sparser instance that needs fewer branching decisions

to be solved as there is a smaller number of variables.
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3.4.1 Selecting the arcs

In general, to keep consistency in the structure of the graph, we select a percentage of arcs
going into and from each node, thus keeping at least a sufficient degree for each node. An
additional method to keep at least one feasible solution for the ATSP is to add the "trivial"

cycle (1,2),...,(n,1) which adds at most n arcs, which is asymptotically negligible compared

kn(n—1)
to 100

instances in our benchmark.

(k % of all arcs). This cycle can always be included because we only have complete

For the TSPTW that we will detail in the following chapter, there is no such easy way
to select one feasible solution, even if the graph is complete. We report in Table 3.1 the
percentage of the total of selected arcs over the total of all arcs for several instances of
different sizes. We keep a percentage of the arcs incident to each node for each solution
density. The total percentage of kept arcs can be higher than this parameter. The columns

in Table 3.1 represent the fraction of arcs we keep for each SD and each node.

The values are the percentages of all the arcs, i.e., 100 x n(lﬁl) where F is the set of selected

arcs.

) 10 15 20 30 40 20 60

brl7  6.25 13.2 21.7 26.5 46.7 56.6 72.1 85.3
ftvd4  6.82 12.1 17.0 252 356 481 585 71.0
ftv70  6.26 129 18.0 249 36.6 48.3 589 69.6
ft70  6.75 12,9 17.7 240 353 46.9 582 69.2
ftvl70  6.05 12.3 176 23.5 35.00 46.1 57.0 67.9
rbg323 7.57 14.6 21.1 271 39.0 49.7 604 71.0
rbgd43 8.47 172 25.7 339 487 619 T1.7 79.2

Table 3.1 Real fraction of kept arcs vs. percentage parameter. We compare each "theoretical'
percentage with the percentage of arcs that are kept in total for a few illustrative instances
- the results for each instance are not relevant.

3.4.2 Advantages

Sparsifying an instance before solving has the advantage on the previous method that so-
lution densities need to be computed only once, which makes the method’s complexity less
reliant on the efficiency of the SDs’ computation. The two methods can of course be com-
bined together in CP models, but sparsified instances can be used with any solver as it does
not need to change anything in the solving itself. We used different solvers to compare the
results of sparsified and basic instances.

On the other hand, sparsifying from the start means we possibly lose some solution. What
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we describe here is a heuristic, and does not prove the optimality of the solutions found. We
keep feasible but possibly suboptimal solutions. We will report the distance to the optimal

solution in our experimental results.

3.5 Computational Results

3.5.1 Benchmark

For all of the experiments below, the symmetric and asymmetric instances are taken respec-
tively from the classic libraries for the Traveling Salesman TSPLIB95/TSP and TSPLIB95/ATSP
[60]. There are 19 asymmetric instances studied from sizes 17 to 443. There are 112 sym-
metric instances, but we will only report results on a few of them. Instances and best-known
solutions can be found at [61]. The times needed to compute the solution densities can be
found in Section 4.3.2. Those use instances from benchmarks with time windows that present
the advantage of being of different sizes.

We symmetrize asymmetric instances for Concorde and use symmetric instances only for

Talos, to compare with the previous results obtained with Talos in [38].

3.5.2 Concorde

In Table 3.2, we report the time in seconds needed to solve each instance with only k% of
selected arcs: the columns represent the sparsification rate. The instances are symmetrized
versions of the ATSP benchmark, since Concorde only accepts symmetric instances. We use
QSopt for Red Hat Linux 64bit version as the underlying linear solver.

We observe that more than half of the instances are solved to optimality with 10% of arcs
and almost all of them are solved with 20%. However, there is no general tendency and
on the contrary, the average time seems to be rather smaller with a high number of arcs.
Furthermore, the solving is really fast and there is little hope that the time we can gain is
comparable to the time needed for pre-computation.

Since for almost all of the instances and parameters the optimal solution is found, we do
not report gaps to optimality for the rest as is done in some other results tables. We simply
report X's when the optimal solution is not found. In general, we want to compare the time
we gain by sparsifying with the margin we are willing to lose on the optimal solution. Here,
we see that we do not gain any time in average, so there is little meaning in comparing the

quality of the solutions.
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Instance 5% 10% 15% 20% 30 % 40% 50% 60 % 100%
brl7 X X X X X 0.04 005 005 0.05
fthH3 X X X 014 0.11 0.10 0.09 0.09 0.09
ft70 X 049 049 031 042 035 037 044 0.30

ftv170 5.73 496 2.03 449 227 495 277 385 1.82
ftv33 X X X 004 0.04 004 0.04 0.04 0.05
ftv35 X X X 125 086 1.22 1.00 3.53 1.24
ftv38 X X X 208 269 145 193 118 2.35
ftv44 X 059 143 131 090 097 1.17 084 1.34
ftva7 X 122 150 4.08 180 3.30 1.18 252 141
ftvd5 X 109 103 091 374 091 164 185 1.56
ftv64 X 311 6.18 3.78 323 398 5.11 577 6.31
ftv70 X 173 169 216 1.71 269 1.18 221 1.15

krol24p X X 093 069 0.76 1.13 050 077 0.64

geometric mean 5.73 1.39 146 0.95 089 0.73 0.63 0.79 0.66
arithmetic mean 5.73 188 196 1.77 154 1.63 131 178 141

Table 3.2 Results of sparsified asymmetric instances with Concorde. The times are in seconds,
and the percentages are the number of arcs we keep. A lower percentage means an instance
we reduced aggressively.

3.5.3 ILOG CP model

The results reported below are for our basic CP model, described in Section 3.2.3.

Using SDs as search strategy

We report in Appendix in Table A.1 the best solutions found in 3600s for two different search
heuristics.
We compare our search heuristic costMaxSD in which we select at each step the arc with higher
solution density among 1-tree and 2-matching with the search heuristic iloMinSizeInt. The
latter selects at each step the variable next [1] with the minimum domain (minimum degree
for the vertex) and the arc among those lexicographically.
It is difficult from only the times to compare the results since all of the instances time out.
However, we can see that for almost all of the instances, our heuristic finds a better solution
than iloMinSizeInt. On a few instances, we will see in Figure 3.5 how the best solution
evolves over time.

We see from Figure 3.5 that our search heuristic almost always outperforms iloMinSizeInt,
and always finds a better solution in the early stages. In the only instance in which i1oMinSizeInt

finds a better solution in the end, £tv33, the shift only appears after over 2000s of solving.
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Figure 3.5 Evolution of best solution over time for two different search heuristics in the ILOG
CP Model. The horizontal axis is the time in seconds. We compare 8 instances.

It is difficult to know what would happen if the experiments were conducted until the end,

since even very small instances like these take at least one hour.

Sparsification

We use the search heuristic costMaxSD with sparsification rates of 40 and 20% to see the
evolution of the best solution found over time in Figure 3.6. We see in the figure that the
basic instance finds a good solution very fast, even when the sparsified version ends up with
a better solution in the end. Nevertheless, the interpretation we can do of these results is
limited by the fact that all instances time out, even the smaller ones. Given that information,
it is difficult to know if the reduced instances will finish sooner and if the gaps will remain at

the end. For this reason, we will consider another more complex CP model in the following
section.

3.5.4 Talos

We use the model implemented by Isoart et al. in [38]. The model is implemented in Java
with its own solver called Talos. Basic structures are implemented as well as all of the
constraints defining the Traveling Salesman Problem. We use the model as is, so all of the

experiments reported below are done on symmetric instances.
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Figure 3.6 Evolution of best solution over time in sparsified instances solved with ILOG
model. The horizontal axis represents the time in seconds. The bold line is the instance
where no filtering is done while for the two other curves the percentage represents the number
of arcs that are kept.

Guiding search

We report in Figure 3.7 the number of search nodes and the solving time for several values

of p (see Section 3.3). The choice of p is a compromise between the precision of the solution
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density and the amount of computation. Both subfigures of Figure 3.7 are normalized with
the values for p = 1 that serves as reference (we can see that all of the points for p = 1 in
both figures are merged in one point of coordinates (1.0, 1.0))

The first figure represents the time needed for solving. We see that any value of p induces

Solving times NMumber of search nodes

1.0

10
0.8 1 _j g -
0.6 v
0.4 1
0.2 +
0'0 B T T T T T T

0.5 0.6 0.7 0.8 0.9 1.0 0.5 0.6 0.7 0.8 0.9 1.0
—— kroA100 — rat99 — pr22e6 groé
pr264 — gr120 — pr76 —— prl36

Figure 3.7 Times (left) and number of search nodes (right) as a function of p. The values
are normalized by the value for p = 1 to be able to represent several instances together. In
the right figure, we add the linear regression of the points for each instance to illustrate the
general evolution.

a significant speedup for most instances, which is consistent with Figure 3.4: a lot of com-
putation corresponded to a value of » = 1 so any parameter removing these values reduces
drastically the number of SD computation. However, there is little information on the "best"
value of p. Some of the instances show little dependence on p while others have an erratic
behavior. A value of p = 0.95 seems to be among the minimal values for all the instances or
so, but all of the values seem to be equivalent.

On the right plot, we show the number of search nodes for each value represented with a
point, and the corresponding linear regression shown in a straight line. We see that all the
lines are decreasing or (almost) flat. More precisely, all of the lines are descending except
for the one corresponding to gri120, with a coefficient of 2.2 x 1073, This tendency means
that in general a more precise solution density gives a better accuracy, with some instances
gaining a x3 ratio in number of search nodes between p = 0.5 and p = 1. The small slope of

some instances mean we lose little to no accuracy by giving up on some computation: these
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instances show a good improvement in computation time when choosing a small value of p
while bigger slopes means we increase the number of search nodes by a lot and hence the
solving time. The left-figure curves corresponding to instances gr96, kroA100 and pr76 are
heavily non-monotonous compared to the five other.

We will compare in Table 3.3 the search heuristic based on costMaxSD with p = 0.95 to the

Instance minDeltaDeg costMaxSD p=1
Time (ms) nb. Nodes Time (ms) nb. Nodes nb. Nodes
pr76 80633 115805 67060 92415 46171
prl36 30467 18297 66634 28599 13547
pr226 3136 233 10830 839 287
pr264 6356 785 24021 661 523
grd8 255 29 822 83 159
gro6 2977 613 3732 923 309
gr120 2006 221 2584 189 317
rat99 833 105 1349 57 45
rat195 67351 29211 251187 62945 X
kroA100 3463 1471 7930 4959 2407
kroB150 248432 140243 506492 201487 X
kroB200 185363 81473 640135 146225 X
kroD100 1770 291 2642 405 317

Table 3.3 Comparison of time and number of search nodes between search heuristics
costMaxSD and minDeltaDeg. Xs represent cases where the solving times out.

best-known search heuristic for Talos’s TSP model, namely minDeltaDeg. The latter selects
the arc with the minimal difference between the number of optional and mandatory arcs
incident to its two extremities. In other words, if we denote O and M the sets of optional

and mandatory arcs, we look for an arc (7, ) minimizing

Ay = (To(i,k) + Lo, k) — Lu(i, k) — L (j, k)

ken

This heuristic selects arcs with a low number of neighbours, i.e., arcs in a sparse area. It is
based on the principle of first fail, trying to backtrack as fast as possible to avoid searching
in infeasible regions. We also report the number of nodes for p = 1, which serves as a guide
for the expected number of nodes if we used the exact 1-tree solution density.

We conclude from the table that costMaxSD is not competitive with minDeltaDeg but com-
pares on most instances with a ratio of 1.5 to 4 and even does better than minDeltaDeg
search heuristic on one instance. A more complete implementation of our search heuristic

including the 2-matching solution density may perform better.
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With the choice of p, we were able to limit the amount of computation in general. Since
we are looking at symmetric instances, we are also able to update for each step only the
densities of the arcs we are looking at by inverting a single matrix, which is not possible for
asymmetric instances. Other possibilities exist to speedup the process, that rely mainly on

speeding up each computation:

» Inverting a definite positive matrix is faster using Cholesky’s decomposition instead of
the more general LU decomposition. However, the algorithm is not available in-place
in the Colt matrix library that we use. According to [62], the Cholesky decomposition

is about twice faster as the LU decomposition for definite positive matrices.

o As we go down the search tree, our graph includes paths from one node to another
that can be contracted into a single node, since no other arc can be added to it: we
simply connect the arcs incident to the two end nodes to a new "contracted" node. By
doing so, we reduce the number of nodes in the graph and thus the size of the matrix
to be inverted. However, this is only possible if we have a way to backtrack and so
a specific reversible matrix. For instance, the removed nodes could be swapped to be
at the end of the matrix with a parameter keeping in memory the submatrix active at
each step. Again, a matrix structure including matrix inversions as well as reversibility

for backtracking is not pre-implemented in Java or Talos.

In order to gain an additional speedup, there are a lot of structural modifications to be added
that require to write specific matrix libraries. Since it takes a lot of time to implement, and
this would still only be on the symmetric TSP, we stopped the experiments on this specific
model here. Nevertheless, these additional improvements could probably help speeding up the
process by a factor of 2, which would make our search heuristic more efficient. Additionally,
we would need to implement the 2-matching heuristic in Java, since we currently use only

1-tree to guide search.

Influence of the upper bound on the initial filtering

The filtering of the Weighted Circuit Constraint (see Section 2.2.2) relies on the current value
of the upper bound. With an optimal upper bound, the initial filtering can remove a great
proportion of the arcs.

In [34], the authors represent a comparison of the remaining arcs for upper bounds of 700 and
675 on an instance, showing how dependent the initial filtering is on the upper bound. Initial

upper bounds can be found by using a fast heuristic for the TSP, such as the Lin-Kernighan
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Inst OPT 1.050PT 1.20PT 1.50PT
nstance Time Tree Time Tree Time Tree Time Tree
4193 cMSD 341 86797 2465 528667 > 3h X >3h X

mDDeg 174 5095 342 129225 293 254915 749 319733
cMSD  17.7 14115 193 155213 177 155911 323 278645

kroA100 mDDeg  2.11 1471 151 12865 96.6 104049 157 191553
lopls  CMSD 730 322833 3050 1285625 0302 4420441 0395 4497889
mDDeg 255 140243 1121 639717 1374 852495 1191 743415
lropoy  CMSD 542 48701 5101 1293193 = 3h X > 3h X
mDDeg 218 81473 3624 1309571 > 3h X > 3h X
i3 CMSD 100 42587 3378 150083 2888 1380165 4293 2109815
mDDeg  33.6 18297 723 416781 1141 760169 1907 1288453
alos  CMSD 260 78000 3588 1050675 4076 1253379 3409 1044657

mDDeg  84.5 29211 8875 3321431 > 3h X >3h X

Table 3.4 Results of symmetric instances in Talos with search heuristics costMaxSD and
minDeltaDeg with different initial upper bounds

heuristic. However, instead of implementing an initial local search for the upper bound, Talos
relies on a manual entry of an upper bound, that can be set to the best-known solution, thus
becoming mainly a proof of optimality. We look in this section at how a suboptimal upper
bound influences the result for costMaxSD and minDeltaDeg. Table 3.4 reports the times
and sizes of the search trees for our two heuristics depending on the initial bound used for
the filtering. We select the six "difficult" instances to compare. We see that the initial bound
impacts heavily the efficiency of the filtering, with a factor higher than 10 for all instances
between the optimal bound and a gap to the optimal bound of 20%. With inaccurate upper
bounds, the model becomes impractical. In the following section, we will use both the opti-
mal bound and a more realistic value of 1.050PT.

However, no matter what value we choose for the initial upper bound, our search heuris-
tic is less efficient than the state-of-the-art search strategy minDeltaDeg for these difficult

instances.

Sparsification

We sparsify the graph after the initial filtering done by the WCC constraint. If we did our
sparsification first, there is a big chance that there is little change with the original instance,
since a lot of arcs are filtered out. We illustrate the rate of the initial WCC filtering with an
optimal upper bound in Table 3.5.

We compare in Tables 3.6 and 3.7 the results for different rates of sparsification. We report
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Instance Percentage Instance Percentage
bays29 10.59 kroB150 14.19

d198 99.19 kroB200 12.47
eil101 5.267 kroD100 9.535
gr120 7.801 prl07 99.24
gra8 18.17 prl36 29.01
gr96 15.29 rat195 19.67
kroA100 13.43 rat99 4.927

Table 3.5 Percentage of remaining optional arcs after the initial WCC filtering.

Instance 20% 40% 60% 100%
Time Tree Time Tree Time Tree Time Tree
4198 cMSD 147 41503 184 42227 342 86797 341 86797
mDDeg  16.8 5261 14.33 3827 18.1 5095 174 5095
kroA100 cMSD  5.23 4051 8.75 6445 174 14115 17.7 14115
mDDeg 0.87 539 2.41 1657 2.13 1471 2.11 1471
KroB150 cMSD 362 167091 746 331831 721 322883 730 322883
mDDeg 116 62933 310 170687 262 140243 255 140243
KroB200 cMSD 518 150927 567 152517 540 148701 542 148701
mDDeg 243 92823 264 95799 215 81473 218 81473
136 cMSD  35.8 14555 109 47313  98.0 42587 100 42587
P mDDeg  9.05 4559 385 21621 33.4 18297 33.6 18297
rat195 cMSD 220 75753 260 83979 259 78009 260 78009

mDDeg 809 28239 46.2 16177 85.0 29211 845 29211

Table 3.6 Results of sparsified symmetric instances in Talos with optimal upper bounds.
Numbers in bold are where no solution was found, i.e., we lost the optimal solution.

the results with and without initial upper bounds: in Table 3.6 the initial upper bounds are
set to the best known solutions while in Table 3.7 the upper bounds are 5% higher than the
optimal value. We compare the results for the two search heuristics costMaxSD based on the
1-tree search heuristic and minDeltaDeg defined previously.

In Table 3.6, the upper bound is set to the optimal value, which means that we can only
find a solution if it is optimal. We write in bold the times where no solution was found.
In Table 3.7, since they are the same instances, the optimal solution is found for the same
instances than in Table 3.6, the rest find suboptimal solutions.

For these tables, we look at instances that take at least a few seconds to solve, since smaller
instances give very unstable results. We observe in Table 3.6 that for most instances the solv-
ing times stay the same with a medium sparsification. The speedups for instances kroA100
and kroB150 are linked to a loss of the optimal solution. On the other hand, d198 and pr136
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20% 40% 60% 100%

Instance . . . .
Time Tree Time Tree Time Tree Time Tree

cMSD 1539 397515 1997 443395 2461 528667 2465 528667

mDDeg 257 96421 336 133623 335 129225 342 129225

KroA 100 cMSD  26.8 23629  73.3 61537 184 155213 193 155213
mDDeg  3.23 2821 222 19367  15.2 12865  15.1 12865

KroB150 cMSD 1923 839051 3009 1322379 3089 1285625 3059 1285625
mDDeg 2437 1436633 1223 691319 1119 639717 1121 639717

1roB200 cMSD 10162 2846877 3991 1037785 5122 1293193 5101 1293193
mDDeg 5213 2023657 3929 1465191 3635 1309571 3624 1309571
cMSD 1331 679003 1577 747001 3332 1500863 3378 1500863
mDDeg 298 177591 2434 1484319 715 416781 723 416781
rat195 cMSD 2322 809115 4027 1182285 3591 1059675 3588 1059675
mDDeg 916 330653 2619 949879 8748 3321431 8875 3321431

d198

prl36

Table 3.7 Results of sparsified symmetric instances in Talos with an upper bound of 1.050PT
(5% above optimal value). The times are reported in seconds. The gaps for the instances
that lose optimality are reported in the text and are under 0.2%

gain a 2x speedup with 20% of arcs.

In Table 3.7, we relaxed the upper bound, so all instances are feasible, even if the optimal
solution is not found. More precisely, the solution of kroA100 with 20% of arcs has a gap of
0.12% and of 0.05% with 40% of arcs while kroB150 has a gap of 0.18% with 20% of arcs. All
of the other sparsified instances keep the optimal solution, as was already shown in Table 3.6.
We see that the sparsification to 20% of arcs induces very small losses of optimality while
reducing the solving times for almost all instances (except kroB200 here). For less aggressive

sparsification rates, the speedup is not as clear.

Graph of cutsets

As a first step to evaluate the interest of the idea developed in Section 3.1.5, we look at the
cutsets found during the search. We are interested in the total number of cutsets found but
also the structure of the cutsets. The idea is to have a sufficient number of cutsets to be able
to gain information from it; the degree of the nodes is interesting as a graph with vertices of
degree 0 or 1 only adds the value 0.5 for the possible values of the solution density. On the
contrary, a graph with a very complicated structure may make it impossible to compute a
vertex cover because of the dependence on the optimal value k of the complexity. We see that
for instances bigger than the two reported here, there is no cutset found directly at the root
node. This means that while we could use an adapted solution density for guiding search, we

cannot use it for sparsification or any pre-computing, which means that any heuristic based
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on the idea would need to be fast enough to be computed during search.

In Figure 3.8, we represent the transformation from the list of cutsets into a graph where

(29
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Figure 3.8 Representation of the graph of cutsets in instance burma14. Each node represents
an arc of the instance and each arc a 3-cutset where both incident arcs are non-mandatory.
Exactly one of the two arcs connected in the graph must be in every solution. We see that
there are two connected components.

nodes represent arcs of the instance. In cyan are represented the arcs that are in the actual
optimal solution. We see that contrary to what could be imagined, the vertex cover repre-
sented here is of size 12 whereas the complementary, of size 3, is not in the optimal solution.
Of course this approach does not include the degree constraints nor the weights of the arcs.
Even by taking into account the weights of the arcs, the blue set has a cost of almost 4x the
rest. In Figure 3.9, we see another completely different structure for the cutsets graph.
Although all of the arcs are in one cutset at most, there is some information that can be
inferred from the graph: for instance, two different cutsets have in common Vertex 1. Since
for these two pairs of arcs one and only one must be in the solution, there are only 4 pos-
sibilities for Vertex 1’s neighbours, and all of the other arcs incident to 1 can be discarded.
For this instance, there is a significant number of cutsets that exist and are not taken into
account by the binary filtering, which means there is an interest in finding a solution density
to use this information. However, on these two examples, the Minimum Weighted Vertex
Cover Problem seems to be of little interest in practice given the optimal solution in the first
example and the structure of the second.
The cutsets that are represented in these figures are the information that is not used in the
filtering of [38]. Although there are 14 arcs involved only at the root node, no arc is found in
two different cutsets: for all these arcs, the value of a solution density would be of 0.5 with

no possibility to discriminate between two arcs found in a same cutset.
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O

Figure 3.9 Representation of the graph of cutsets in instance bays29. In cyan are arcs found
in an optimal solution, vertices represent arcs of the instance bays29 and arcs represent a
3-cutset in which both arcs were simultaneously.

3.5.5 MIP model

We look at how sparsifying with 1-tree and 2-matching like described in Section 3.4 before
solving with a MIP model affects performance. Besides the reports of solving times and gaps
to optimality, we also trace the evolution of the lower and upper bounds during the search

which illustrates the results we would have for each limitation of time.

Evolution of bounds during the solving

Graphically, we observe in Figure 3.10 the evolution of lower and upper bounds during the
resolution by Gurobi of the MTZ model on 4 different instances. The times are in seconds.
The orange lines represent the bounds for the original instances while the blue lines represent
the bounds for an instance where only 20% of the arcs at each node were kept. The stars are
the ending points when the resolution terminates.

We see that in our four experiments, the optimal solution is kept in the sparsified instance
(the blue and orange stars are on the same horizontal line), and the sparsified version usually
finds a first solution faster than the original version. The start of the upper bound line
indicates when the first feasible solution is found.

The sparsified instance also terminates faster, but we see that most of the time both of the
bounds are tighter: at any point, we would have a more precise surrounding for the value of

the optimal and a better current solution. We see from this evolution that the sparsification
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Figure 3.10 Evolution of the lower bound and the upper bound (best known solution) over
time during the resolution of a few instances and their sparsified version

gives more impressive results than what was observed on both CP models and with Concorde

with the same instances.

The following section will give more complete results including a higher number of instances

and several sparsification rates.

Comprehensive results of solving time

In this last section, we report in Tables 3.8 and 3.9 the time needed to solve several instances
in the model as well as the gap to optimality, i.e., the percentage we lose on our objective
by using a sparsification method. A gap of optimality of 0 means that we found the optimal

solution. Gaps are always non negative.

We see that the results are highly dependent on the instance. For a small instance like br17,

we can have both very high gaps and very high time increases due to the low values of the
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brl7  fthH3 ft70  ftv33 ftv3dd ftv38 ftv44d ftv47 ftvd5 g.avg

5 Time(%) 0.00 198 <332 072 297 036 504 124 150 0.00
Gap (%) 32821 69.37 0.00 44.56 34.69 38.82 4.03 327 970 41.75
10 Time(%) 1.50 11.9 100 187 183 10.0 645 234 216 18.01
Gap (%) 146.15 0.14 0.00 295 0.00 0.00 0.00 0.00 0.00 10.90
15 Time(%) 120 19.2 100 259 29.7 534 688 145 328 40.75
Gap (%) 92.31  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 7.54
20 Time(%) 51.9  33.8 100 46.0 317 33.7 794 282 209 41.96
Gap(%) 12.82  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.35
30 Time(%) 59.4  53.8 100 23.7 406 31.2 110 373 233 4597
Gap(%) 0.00 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00
40 Time(%) 467  47.6 100  89.2 126 145 173 245 80.5 1024
Gap (%) 0.00  0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00
50 Time(%) 602 534 100 20.9 150 824 712 351 439 76.63
Gap (%) 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
60 Time(%) 468  78.0 100  41.7 122 376 63.1  54.7 343 9791
Gap(%) 0.00  0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00
100 Time (s) 1.33 36.79 >1000 1.39 2.02 2.79 417 17.74 11.97
Solution 39 6905 38673 1286 1473 1530 1613 1776 1608

Table 3.8 Results of the MTZ model in Gurobi with sparsified instances. The rows correspond
to the percentage of kept arcs for each vertex and each SD and the value are in percentage
of the 100% configuration (without any sparsification). The columns represent 17 instances
of the TSPLIB ATSP library

base case. For bigger instances like the rbg* reported here, the difference between the basic
instance and the 60% sparsification is big and we can have significant speedups. We use a
geometric mean to ensure that the mean is not too much impacted by one instance alone.
Otherwise, the poor results we have on instance br17 would affect the mean, even though it
is an instance that can be solved in 1.33s without any filtering.

Besides instances br17 and rbg323, all instances are solved to optimality with a 15% sparsi-
fication rate. We see that on average, we can have a 2.5x speedup for the smaller instances
and a 10x speedup for bigger instances when taking 15% of the arcs. We recall that there is
not exactly 15% of the arcs that are kept, but 15% of incoming and outgoing arcs for each

vertex and each solution density plus a trivial cycle, see Section 3.4.1 for more detail.

3.5.6 Effectiveness of reduced costs compared to 2-matching

In this section, we compare the solution densities obtained by computing upper bounds with
the reduced costs from the Hungarian Algorithm. We will see in Section 4.3.2 that the
reduced costs are faster to compute than the original 2-matching heuristics, with a ratio of

up to 1000 for large sizes. We want to see if this speedup means losing the quality of the
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ftv64 ftv70 ftvl70 krol24p rbg323 rbg358 rbgd03 rbgdd3 g.avg

5 Time(%) 832 528 7.19 3.61 <069 <063 <215 <349 3.73
Gap (%) 038 221 0.00 0.07 17.04 64.92 19.23 12.06 12.94
10 Time(%) 28.5 34.2 17.6 569 <153 <173 <814 <131 851
Gap (%) 0.00 0.00 0.00 0.00 2.56 0.00 1.42 1.32  0.66
15 Time (%) 36.3  49.9 22.2 111 <112 <169 <898 <258 10.88
Gap (%) 0.00 0.00 0.00 0.00 0.45 0.00 0.00 0.00  0.00
20 Time (%) 282 54.9 74.3 16,1 <18 <722 <306 <476 15.66
Gap (%) 0.00 0.00 0.00 0.00 0.45 0.00 0.00 0.00  0.00
30 Time (%)  66.6 116 45.6 248 <152 <361 <647 <524 18.90
Gap (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
40 Time(%) 33.6  90.0 92.5 269 <162 <1363 <749 <586 17.09
Gap (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
50 Time(%)  56.7 141 45.7 406 <848 <422 <11.7 <£6.27 21.08
Gap(%)  0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
60 Time(%)  45.3 143 97.9 52.2 <114 <354 <473 <691 21.38
Gap (%) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
100 Time (s) 41.57 22.26 210.94 226.36  >1000  >1000 >1000 >1000

Solution 1839 1950 2755 36230 1326 1163 2465 2720

Table 3.9 Results of the MTZ model in Gurobi with sparsified instances.

solution density compared to the results previously given with the original 2-matching SD.

Similarity of sparsified instances

We show in Figure 3.11 the arcs selected for 20%-sparsified instances with files br17, ftv33
and £tv35 from top to bottom. The nodes are represented in a circle in the order of an optimal
solution. Figures (a) on the left are instances sparsified with 2-matching and Figures (b) on
the right are instances sparsified with reduced costs only. We represent in blue dots the arcs
that are kept in sparsified instances. We see that in general the structures are very similar,
but for br17 a lot fewer arcs are kept for the reduced costs even though a lot of those that are
kept are also in the 2-matching-sparsified instance. The arcs that are lost from the optimal
solution are those where the contour of the circle is not complete, for instance arcs (8,12)
and (14,0) in the first figure. In Table 3.10, we look at more objective comparisons of the
sets. We observe that usually the ratios and the Jaccard index are increasing as a function
of the number of arcs, which is understandable as the sets tend to resemble the complete
graph.

We recall the Jaccard index [63] of sets A, B is defined as A0B] and is symmetric. A Jaccard

|AUB|
index close to 1 means the two sets are very close to one another. Since the number of arcs

added with the two methods can differ, we also add the ratio (R) between the intersection
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Figure 3.11 Sparsified instances with reduced costs (left) vs the real 2-matching solution
density (right) for 20% of top arcs. From top to bottom: br17, £tv33, ftv35

|ANB]
min(|A,| B|)

close to 1, we tend to a situation where one set is included in the other. We see that the

and the smallest set that gives an upper bound on the similarity: if this value is

ratios are close to 0.9, which means 90% of one of the two sets are included in the other. The

first three rows of the 20% column are the instances represented in Figure 3.11.
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brl7 ftv33 ftv35 ftv38 ftvdd ftv47 ftvbs ftved ftv70  ftv170

5% J 10 064 066 066 073 070 070 0.72 0.72 0.76
R 10 079 08 08 089 087 084 088 0.88 0.91
10% J 059 075 081 075 072 071 074 077 0.77 0.81
R 10 09 097 093 09 089 091 088 091 0.94
15% J 053 077 083 080 080 0.77 080 0.77 0.80 0.84
R 10 08 094 093 09 089 091 088 091 0.94
20% J 06 079 08 08 08 079 083 084 0.84 0.86
R 095 090 093 094 092 089 092 092 093 0.95
0% J 059 083 08 0.8 087 0.8 087 0.86 0.88 0.89
R 093 093 093 093 094 092 093 092 094 0.95
40% J 060 0.8 087 087 088 0.87 088 0.88 0.90 0.92
R 090 093 094 094 094 093 094 093 095 0.96

Table 3.10 Similarity between instances sparsified with Reduced costs and 2-matching com-
puted as the Jaccard index (J) of the arcs lists. We report the index for different instances
and sparsification rates (columns).

Results of sparsified instances

We report in Table 3.11 and Table 3.12 the results of solving instances sparsified with reduced
costs instead of 2-matching. This table is to be compared with Table 3.8 and Table 3.9: both
are obtained with instances sparsified with the union of the 1-tree heuristic and a version
of the 2-matching heuristic plus a trivial cycle included to have at least one solution. The
percentages and instances are the same, we can compare the geometric averages of times and
gaps to compare the efficiency of the two SDs. We observe in Table 3.11 that the gaps are a
little bit higher and the average times a little bit faster, probably because in general there are
a little fewer arcs in these instances. However, most instances are still solvable to optimality
with 15% of the arcs, and it is especially the instance br17 that induces higher gaps. We
conclude that for further works, the reduced costs can effectively replace the 2-matching

heuristic, at least for sparsification purposes.
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brl7 ft53 ft70  ftv33  ftvdb  ftv38  ftv44 ftvA7 ftvhh g.avg
5 Time(%) 0.00 217 <0.67 0.00 4.95 0.36 1.92 1.01 1.67 0.00
Gap (%) 32821  31.51 5.71 7411 67.89 63.66 11.04 5.46 19.15 50.55
10 Time(%) 0.75 15.63 100.00 12.95 891 10.04 10.55 5.24 10.61 9.75
Gap (%) 328.21 0.00 0.00 1.24 0.27 0.13 0.00 0.84 0.00 17.86
15 Time (%) 5.26  12.26 100.00 17.99 18.32 51.25 41.73 19.28 23.56 23.35
Gap (%) 148.72 0.00 0.00  0.00 0.00 0.00 0.00 0.00 0.00 10.65
920 Time (%) 7.52  31.23 100.00 9.35 104.46 40.50 61.15 20.01 15.71 29.68
Gap (%) 102.56 0.00 0.00  0.00 0.00 0.00 0.00 0.00 0.00 8.16
30 Time (%) 18.80  44.14 100.00 17.99 100.99 69.53 18.47 26.66 13.37 34.49
Gap (%) 102.56 0.00 0.00  0.00 0.00 0.00 0.00 0.00 0.00 8.16
A0 Time(%) 180.45 41.56 100.00 41.73 101.98 119.35 100.48 24.41 36.01 68.60
Gap (%) 0.00 0.00 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 Time(%) 412.03 70.56 100.00 46.76  59.41 50.90 48.20 37.99 52.05 69.77
Gap(%) 0.00 0.00 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
60 Time(%) 415.04 125.74 100.00 37.41 169.31 43.73 60.91 46.84 34.75 80.58
Gap (%) 0.00 0.00 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 Time (s) 1.33 36.79 >1000 1.39 2.02 2.79 4.17 1774 11.97
Solution 39 6905 38673 1286 1473 1530 1613 1776 1608

Table 3.11 Results of the MTZ model in Gurobi with instances sparsified with reduced costs

ftv64  ftv70 ftvl70 krol24p rbg323 rbg358 rbgd03 rbgdd3 g.avg
Time(%)  9.48 9.61 8.59 506 < 0.13 <057 <064 <190 2.08
Gap (%)  0.65 0.36 0.00 0.31 76.32 248.50  58.01  60.59 41.20
10 Time(%) 12.08  28.57 9.71 6.38 <039 <137 <295 <1.06 3.70
Gap (%)  0.00 0.00 0.00 0.00 234 49.36 17.00 1234 9.11
15 Time (%) 16.79  35.76  15.22 778 <138 <751 <366 <252 715
Gap (%)  0.00 0.00 0.00 0.00 0.00 1.20 3.08 1.91  0.77
920 Time (%) 48.83 73.58  20.82 6.63 <215 <415 <4.00 <295 9.22
Gap (%)  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
30 Time (%) 17.25  90.57  41.02 14.08 <557 <331 <37 <706 12.04
Gap (%)  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
A0 Time(%) 46.36  84.41 114.12 19.99 <461 <300 <635 <6.39 16.31
Gap (%)  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
50 Time(%) 64.95 95.42 34.32 31.04 <710 <497 <791 <727 1844
Gap(%)  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
60 Time(%) 48.74 113.43 111.42 70.23 <1846 <445 <530 <856 2517
Gap (%)  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00
100 Time (s) 41.57 22.26 21094  226.36  >1000 >1000 >1000 >1000
Solution 1839 1950 2755 36230 1326 1163 2465 2720

Table 3.12 Results of the MTZ model in Gurobi with instances sparsified with reduced costs
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3.6 Conclusion

In this chapter we explored a search heuristic based on solution densities in two different CP
models, as well as a sparsification method tested in four different models. We see that the
CP search heuristic costMaxSD performs way better than the minDomain heuristic in our
first model, but does not perform as well as the state of the art minDeltaDeg implemented
in our second model. We were able to present several opportunities of improvement for
speeding up the computation of the search heuristic in the Talos solver that may make it
more competitive. We also explored the influence of the update parameter.

In terms of sparsification, we showed that the optimal solutions are kept with a low number
of arcs. The sparsification induces high speedups in the MIP model Miller-Tucker-Zemlin,
whereas the CP models are not or marginally sped up by this process.

Furthermore, this chapter presents the theoretical adaptation of the 1-tree solution density
to asymmetric instances as well as an idea of new solution density based on cutsets, and an

investigation of the best choice of parameter for 1-tree computation.
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CHAPTER 4 REDUCING THE COMPUTATION OF THE TRAVELING
SALESMAN PROBLEM WITH TIME WINDOWS BY A MIP MODEL

This chapter describes methods used to reduce the size of the instance described in the MIP
model from Section 2.1.2 and solved with Gurobi. The model itself will stay the same, but
some of the variables may be removed and some additional constraints will be added. We
describe how we define and compute solution densities, the reduction methods that we use to

simplify the problem and then report the experimental results we obtained with this model.

4.1 Computing densities

4.1.1 Overlap of time windows

In Section 2.3.5, we transformed the time windows into a partial order on the nodes. How-
ever, that construction only takes into account non-overlapping time windows to begin with.
We could also pay attention to the importance of the overlap compared to the size of the
windows: two time windows with a small interval of time possible for s; with ¢ < j, could
be considered to be "almost ordered". This would mean not only looking at the condition
a; + d(i, j) > b; but also looking at the relative values of a;, b;, a;,b; and d(i, j),d(j, ¢) when
the condition is not respected.

We recall that for two random variables X; and X; following a uniform distribution on in-

tervals I; = [a;, b;] and I; = [a;, bj| the probability of having X; < X can be written as

_ lpin)?
2 p(L;) (1)

where we suppose without loss of generality that a; < a;.

P(X; < X;) =1

Instead of using exactly the algorithm from Section 2.3.5, we can replace the original order
with this variant. Indeed, the cardinality of a set S C E can be written as [S| = Y ,cp Lies.
We can thus replace every set cardinality |S| by > ,cpP(xz € S), which is a relaxation of
the ordering property where we have any value between 0 and 1 instead of 0 — 1 values. We
need to take the travel times d(i,j) and d(j,4) into account as they are of first importance
in declaring a partial order. For instance, we can define X; on [a; + d(i,7),b;] and X; on
la; + d(j,1),b;]. This relaxation can be used by itself or as a first brick for the algorithm
from Section 2.3.5. It will then give an alternative solution density. The sections below refer
to solution densities computed with or without taking into account the overlap of the time

windows. The empirical comparison between the algorithm based only on non-overlapping
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windows and this variant is reported in Section 4.3.8.

4.1.2 A solution density for the edges

There are two sets of variables in our model. The continuous variables s represent the start
time for the visit of each vertex, and the binary variables x represent whether an edge is
included or not in the model. Ordering constraints ¢ < j can be directly translated in terms
of start times: ¢ < j < s; < s;. This means that the solution density based on time windows
defined in Section 2.3.5 is defined on start times variables. However, it is interesting for us to
also have information on the x;; variables, since it will be easier to compare with the solution
densities based solely on the graph structure. We will denote ¢ — j the fact that vertex j is
visited directly after vertex 4, which is equivalent to z;; = 1.

The goal of this section is to underline the links between the probabilities of ¢ < ;7 and
t — j: in general we have i — 7 = i < j, but can we define a more specific equation for the

probability of the edges? More precisely, we can write the probability for this event as

P(i — j) =P(i < j AV, (i,5 < kVk <1i,7))

Y

meaning that all the other vertices are either before or after ¢ and j.

In general, there is no reason to suppose that events ¢ < j,7 < k, ...are independent: on the
contrary, the transitivity property means there are necessarily links among the precedence
constraints. However, we can approximate a density on the variables z;; by assuming that

independence and writing

P(i — j) ~P(i < j) [[ (PG < k)P < k) +P(k < )Pk < 7)) (4.1)
k#i,j

When the densities o;; for i < j are computed with one of the two methods described before,
the density for each edge (7,7) can be computed in linear time, which gives an additional
pre-computing complexity of O(n?). This expression will be used when we want to use the

time windows to have a SD on the edges.

4.2 Reduction methods

4.2.1 A first exact reduction

The densities computed above will be used later on in approximated reductions of the prob-

lem. We can observe right away that extreme values for those densities have good properties
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that will help reduce the instance without losing any solutions. We denote as d;; the density
attributed to edge (4, 7) in Equation (4.1).

Theorem 4.2.1. The values d;; = 0 and d;; = 1 are respectively equivalent to impossible and

mandatory edges in any solution.

Proof. We will note P(i < j) = p;; and P(i — j) = d,; here.

Let us first suppose that for a tuple (i,j) we obtain d;; = 1. Since all p,, are in [0, 1],
necessarily, p;; = 1 and for each k # 4, j, pipjr + privk; = 1. We always have pg; = 1 — pi
and pjr = 1 — pg;: by studying the function (z,y) — zy + (1 — z)(1 — y) for (z,y) in
[0, 1] x [0, 1], we see that the value 1 is maximal and only obtained for (x,y) = (1, 1) or (0,0).
It means that we either have k < i,k < j or i < k,j < k, which means that no vertex is
between ¢ and j. With ¢ < 7, it means that ¢« — 7.

The reciprocal implication is trivial.

Suppose now that for a tuple (i, j) we obtain d;; = 0. Since d;; is a product, we have either
pij = 0 or for some k # i, j, pixpjr + PriPrj = 0.

The first case directly implies that edge (7, j) cannot be in a solution.

The second case means that we have p;yp;r = pripr; = 0. If for instance p;; = 0, we have
pri = 1, which means that p;; = 0 and that p;; = 1. The symmetric case is also possible. In
both cases, we necessarily have a vertex k such that i < k£ < j or 7 < k < 4, which means
that edge (i,7) is impossible.

Again, the reciprocal implication is trivial by looking at a k such that i < k < j. O

From this simple result, we know that fixing to 1 the values of variables z;; corresponding
to edges of densities d;; = 1 and removing the variables of edges with densities d;; = 0 will
not change the set of feasible solutions of an instance. The theory behind it shows that
this edge elimination could be induced by simply mandatory precedences: having i < j < k
makes edges (7,1), (k,7), (k,i) and (i,k) impossible in any solution. However, this simple
deduction seems not to be caught by the basic preprocessing from Gurobi since we do in
fact observe a speedup in many cases (see in results below). Gurobi has some parameters
PreSolve and PreSparsify that make the presolve of the problem more agressive. Still,
setting these parameters to their maximal values does not seem to catch these elimination
rules.

This first reduction of the problem can now be the base case of all of the heuristic reductions
that follow. Moreover, when we add the sparsification method from Section 4.2.2 afterwards,
the corresponding edge densities are computed anyway, hence not losing any precomputation

time with this elimination as it is a byproduct of the edge densities’ computation.
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4.2.2 Sparsifying with the edge densities

Once we have an adaptation of our solution density defined for the edges, we can use the
same methods we used to sparsify with the basic TSP and remove unpromising edges from the
model, hence limiting the number of variables in the model. With time windows, sparsifying
the graph can lead to serious feasibility issues, as the 1-tree and 2-matching solution densities
do not take the time window constraint into account: while most benchmarks have complete
graphs and thus include a lot of tours, some instances have narrow time windows and specific
edges need to be included in any tour respecting the time constraints.

Each edge can be described by a number of solution densities: here we have three different
solution densities that are 1-tree, 2-matching and a solution density on time windows. This
can be represented by a 3-dimensional vector. Selecting a subset of the edges based on
their solution densities is the same as defining a subset of the 3-dimensional vector space of
"promising edges". In our case, we will rather look at the relative rankings than the solution
densities themselves: we can for instance select the union or the intersection of the top k%
best ranking edges in each solution density, or have a variable percentage of edges selected in
each ranking. The following paragraph investigates the structure obtained by each of these
methods.

Distribution of optimal edges

Figure 4.1 shows the distribution in the 2-dimensional space of 1-tree and 2-matching rank-
ings of the edges of the instance ftv35. This is an asymmetric instance. The coordinates
of each dot in the graph represents the rankings of an edge for both densities. To visualize
"'good" edges, we plotted in blue the edges from one optimal solution: there may be other
edges in other optimal solutions, we only look at one example. The orange points are the
remaining edges of the instance.

The first observation we make is that there is a general correlation between the two densities:
while the two densities are different, the general cloud of points is distributed along the di-
agonal. This means that some of the information from the two densities may be redundant,
but is also a good indication that the solution densities could both be linked to the problem
under study.

The only difference between the three other images is the black line separating the "good"
edges from the "bad". In Figure 4.1b, we select the intersection of about 80% of both rankings,
corresponding to the 0.8 coordinates of the black line’s intersection with axes. In Figure 4.1c,
we select about 40% of the rankings, which is the complementary of taking the intersection

of 60% of bad edges. The last image, Figure 4.1d, represents a more complicated rule that
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Figure 4.1 Distribution of edges in the SD-ranking space and three subsets of the space for
file £tv35. 4.1a is the set of points in the space. On the three other subfigures, a black line
shows the subset of points defined by a rule on the SDs: 4.1b intersection of rankings, 4.1c
union of rankings, 4.1d maximum norm for the vector of ranks

could be defined by a circle equation: by calling ry,, and ry; the normalized rankings of
respectively 2-matching and 1-tree, the subset could be defined by r2 +r?, < 0.8 and is no
longer simply defined by linear inequalities.

The objective to have an efficient filtering is to find a rule that minimizes the number of
orange points while keeping all of the blue ones. Since a lot of orange points are found in
the convex hull of the blue points, we have no hope of drastically sparsifying with simple
rules, but we see that there are wide regions with no blue points in the upper-right corner,
which is the region we try to remove from our models. In this specific case, we see without
counting that Figure 4.1b contains a lot more points, but a whole section between 0.6 and

0.8 for the 2-matching ranking contains no blue point. An additional option is to uncorrelate
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the percentage for each SD: we could have taken the top 60% of the 2-match ranking and
the top 80% of the 1-tree ranking in this case. We also see from the correlation between
solution densities that the union case Figure 4.1c contains few points on the upper-left and
bottom-right corners, while the intersection from Figure 4.1b adds a lot of edges when the
area grows in the upper-right direction. Since our goal is to minimize the number of orange
points and not the global area selected, the union of ranks is a good candidate as we gain
consistency without adding too many uninteresting edges.

Our last observation is that for each form of the subset, the critical edges, i.e., the blue
points closer to the border, are different points, which means different filtering methods will
yield different results. We should keep in mind that these figures are taken from one single
instance that does not necessarily represent all of the instances, and that the blue edges are
taken from one single optimal solution; the figure is given mostly for visualization and not

to be fully representative.

Experimental parameters

After experiments on solving instances sparsified with union or intersection of rankings, we
will use only the union in the following methods, but other rules can be investigated.

More specifically, in Section 4.3.4, we use the top k% of edges for each solution density among
1-tree, 2-matching and the solution density on time windows. We rank the incoming and
outgoing edges of each vertex in decreasing order for each SD and select the top 1’“—5}’) in each
of these rankings. Selecting edges for each vertex makes the degrees uniform in the graph,

impeding a distant vertex to be disconnected when we look for a tour.

4.2.3 Adding ordering constraints

We describe another method for using these solution densities based on the time windows
that does not use the solution densities from the TSP or the adaptation into edges: we simply
look at the basic densities computed with the algorithm from Section 2.3.5.

Since these densities are related to the orderings ¢ < j, we can simply rank the orderings
by their solution densities and add additional linear constraints in the model of the form
s; < s;. 'To make the constraints tighter, and since there are travel times, we can add
constraints s; + d(7, j) < s;: additional constraints reduce the search space and will possibly
reduce the number of search nodes.

We can see this method as the use of the time windows’ SD alone for sparsification.
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4.2.4 Fixing edges

We are looking at ways to combine our different solution densities to gain strength in our
reduction and not simply use the different SDs in parallel. However, the solution density
we defined on edges is based on an approximation without theoretical guarantee, and the
previous subsection 4.2.3 describes a method that uses only the SD on time windows. In this
section, we try to use the information of TSP and TW densities together without approxi-

mation. This last method uses only the implication that

i—=j=>1=<] (4.2)

This implication is always true. A high probability that ¢ < j cannot directly be linked to a
high probability that ¢ — j. On the contrary, one might even think that a high probability
for ¢+ < j means ¢ will appear long before j and several other nodes will be visited in between.
However, we can use the contrapositive from (4.2) to eliminate edges: a high probability that
i < j is linked to a very low probability for the edge 7 — 1.

Instead of our usual method of limiting the number of variables by removing unlikely edges,
we will select some of the variables from the start. We rank the edges based on the best solu-
tion density among the 1-tree and 2-matching SDs, and thus get a ranking on all edges. We
will then select some of these edges by removing the corresponding x;; variable and writing
the model with already an outgoing degree of 1 for node i and an incoming degree of 1 for
node j.

We will need three parameters for this method: we will look at the top a edges for the 1-tree
and 2-matching solution densities and select a maximum of b edges among them if and only
if the corresponding precedence solution density is above a threshold of t: P(i < j) >t

All of the experiments reported here use ¢t = 0.5, which corresponds to the natural interpre-
tation of "this edge is likely to at least be in the right direction". The double-setting of a and
b allows to control both the number of additional constraints and the minimal likelihood of
these constraints: if none of the top-ranking edges are likely to be in a solution that respects

the time windows constraints, it is better not to add any of them than to add very bad edges.

4.3 Experimental results

4.3.1 Benchmarks

The benchmarks used in all of the following experiments are available at [64] as well as some

information on best solutions. They consist of five different datasets.
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o Dumas instances are parameterized by the number of nodes and the width of their
time windows. The benchmark includes 135 instances from sizes 20 to 200 with time
windows of width 20 to 100. For each size-width tuple in the benchmark, 5 different
instances of the same parameters exist. For instance, the instance n100w40.003 is the
third of all five instances of size 100 with time-windows of size 40. Smaller width means

the instances are more constrained in time and are usually easier to solve.

« AFG instances from [27] is the second biggest benchmark with 50 instances. The
instances have varying sizes between 10 and 230. We use instances of sizes until 150

that can all be solved in less than a few hours for the longer ones.

e The 25 OhlmannThomas instances are of the same form as Dumas instances, but the
sizes are 150 and 200 and the time windows sizes’ vary from 120 to 160, which makes
them much harder. Our results will show that more instances are not easily solved in

several hours or even days.

o SolomonPesant instances are 27 instances of sizes between 20 and 45. The weights of
the edges are not integral and the time windows are not of constant size, but some of

them are usually very wide.

e SolomonPotvinBengio are 30 instances similar to SolomonPesant instances, with a few

smaller instances (one of them only contains 4 nodes).

In all the following benchmarks, we report the results for instances that take at least 10s
to solve in the model: first, because there is little to gain for these instances that do not
really represent a challenge; second, because by doing so, we condense useful information in
smaller tables. We use a timeout of 2,000 seconds for benchmarks Dumas and AFG, 20, 000
seconds for Solomon* benchmarks, and a timeout of 200,000 seconds for the benchmark
OhlmannThomas, which is still not long enough to solve most of the instances. Because there
is little relevant information when most instances reach the time limit, the OhlmannThomas
results will be reported mainly in Appendix, as well as the Dumas results that consist of lots
of instances and take a lot of room. We report in the following experimental results sections
mainly results for the Solomon-Pesant, Solomon-Potvin-Bengio and AFG benchmarks, which

makes a total of about 50 instances reported in full.

4.3.2 SDs computing times

In order to evaluate our reduction methods, we need to compare the times gained in the

resolution with the losses of optimality and the times needed for preprocessing. This section
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reports the times needed to compute the solution densities, so they can be compared with
the times needed for resolution in the following sections.

The computing times reported in Tables 4.1 and 4.2 are averages of computing times on
instances of the same size of the Dumas benchmark. This particular benchmark has the
advantage of featuring instances of various '"round' sizes, which gives a good idea of the
dependence of the computation on the size of the instance. However, the size is not the only
parameter impacting the computing times. The width of the time windows and number of
comparable time windows (meaning there is a partial order defined between them) impacts

heavily the computing times for the Time Windows densities.

Computing TSP densities

Size 1-tree (ms) 2-matching (ms) Reduced costs (ms

~—

20 17 30 <1
40 85 443 1
60 276 2 230 3
80 687 7 009 )
100 1426 17 106 9
150 5 625 86 199 22
200 16 444 272 050 46

Table 4.1 Average time needed to compute three types of solution densities for different sizes
of instances from the Dumas benchmark

For instances of size larger than 100, the computing time with the original 2-matching com-
putation method is comparable to the resolution times and is a real problem to make our
reductions based on TSP solution densities competitive. We see in Table 4.1 that replacing
the 2-matching density with reduced costs as mentioned in Section 2.3.4 allows a more than
1000x speedup, making its computation negligible compared to that of 1-tree. The results
obtained by replacing 2-matching by the reduced costs are shown in Section 3.5.6 to be very

similar to the original SD.

Computing TW densities

The times needed for computing the time windows’ densities are reported for both methods:
heuristic and exact algorithm in Table 4.2. We add separately the transformation into edge

densities.
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Size Heuristic (ms) Exact (ms) Edge densities (ms)

20 12 272 9
40 100 31 144 52
60 406 814 282 162
80 1311 > 1000s 369
100 3 048 > 1000s 761
150 18 050 > 1000s 2751
200 68 110 > 1000s 7274

Table 4.2 Average time needed to compute the time windows solution density for different
sizes of instances from the Dumas benchmark

The exact algorithm’s complexity relies heavily on the width of the partial order, which is
the cardinality of the maximal set of incomparable elements. This depends on the number of
overlapping windows, i.e., it depends on the width of these windows: wider windows imply
fewer comparable windows and means a higher complexity for the exact algorithm. The
times reported here are thus only accurate for the Dumas benchmark, and others such as the
AFG benchmark may take longer when fewer time windows are comparable.

Even for small instances, the exact algorithm is quickly dismissed as the order of magnitude
of its computing time is much higher. We compare in Section 4.3.7 the results obtained
with the exact algorithm vs. the approximation, but we can already suppose that the exact
algorithm will be of little interest for bigger instances, since on top of the complexity, the
implementation is more complicated and there is more risk of numerical instability. However,
we can imagine using the exact algorithm during search in CP, when most of the problem is

already fixed.

4.3.3 Exact reduction
Number of removed / fixed edges

Table 4.3 reports the number of edges selected or removed after the exact reduction. The
number of mandatory edges is a percentage of the instance’s size, since the total number of
edges in a tour is n. The optional and deleted edges are in percentage of the total number
of edges (which is n(n — 1)).

We observe that as predicted the number of mandatory and deleted edges decreases as
the width of the windows increases for each size, while the number of remaining optional
edges (variables) increase. With windows of size 20 there always are mandatory edges, with
a maximum of 42% of needed edges found with a size of 20. The number of remaining

variables is divided by almost 20 for size 200 and windows of size 20.
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Size  Width Mand. (% of n) Opt. (%) Del. (%)

20 42.00 16.81 81.19

40 14.00 27.19 72.14

20 60 2.00 38.00 61.90
80 0.00 46.90 53.10

100 0.00 57.67 42.33

20 20.00 11.90 87.61

40 2.50 19.38 76.90

40 60 0.50 30.20 69.79
80 0.00 35.22 64.78

100 0.00 44.38 55.62

20 12.67 9.32 90.47

40 6.33 16.16 83.73

60 60 1.67 22.32 77.66
80 1.33 31.03 68.95

100 0.00 37.32 62.68

20 9.75 8.19 91.69

30 40 3.00 14.23 85.73
60 0.50 20.81 79.18

80 0.25 25.97 74.03

20 6.60 5.97 93.92

100 40 2.40 12.71 87.27
60 1.40 19.31 80.68

20 4.93 5.72 94.25

150 40 2.67 10.92 89.06
60 1.20 14.81 85.18

200 20 3.70 5.09 94.89
40 1.40 9.46 90.53

Table 4.3 Influence of the exact reduction on the number of edges in each instance of the
Dumas benchmark. The Mand. column is the percentage of the tour found after the filtering.
The Opt. and Del. columns are respectively the optional and deleted edges of the remaining.
Optional edges will be the variables of the problem.

The number of edges that can be removed or fixed is heavily dependent on the number of
already ordered nodes (and thus on the width of time windows) so we report averages for a

constant time windows width.

Resolution times

We report the speedup gained by this reduction in Table 4.4. Here, the speedup observed

for the Dumas benchmark really outperforms the other benchmarks, although the Ohlmann-
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Thomas result is biased. Indeed, while the average ratio is high, this is due to timeouts
from most of the instances after 200, 000 seconds. Without any filtering, only one of the 25

instances finds a solution before timing out, while 16 find at least one solution in the filtered

instances.
Benchmark geom. avg filtered /base arit. avg filtered /base
Dumas 13.49 28.30
AFG 44.72 85.17
Solomon-Pesant 81.41 103.0
Solomon-Potvin-Bengio 61.91 84.41
OhlmannThomas 44.35 75.08

Table 4.4 Average percentage of time needed by the exact reduction on different benchmarks.
The rows are the sets of instances described before and the columns report the geometric and
arithmetic averages of the fraction of times, i.e., the ratio in % between the filtered version
and the original one. A value close to 100% means the exact reduction does not change the
times needed for resolution.

4.3.4 Heuristic sparsification

This section reports the experimental results from the method described in Section 4.2.2. We
sparsify the instances on top of the exact reduction introduced in Section 4.2.1. We select a
percentage of n of the edges, which means a low rate of sparsification may converge rapidly
towards the reduced instance. We could also take a percentage of the remaining edges, but
in the following we decided to keep a percentage of n to make sure that the instance contains
the instance sparsified without taking the time windows into account. Since we saw that for
the Dumas benchmark the number of remaining edges (see Table 4.3) was below 50%, we
will need to look at very low rates of sparsification to reduce the instance. The results for the
Dumas benchmark are reported in Appendix. For other benchmarks, the speedup is smaller,
so the reduced instances are closer to the original instance. We will look at percentages up
to 80% of the edges.

Sparsified instances

We represent in Figure 4.2 the instances sparsified with only TSP densities (left) and the
instances sparsified adding also the edge density from time windows (right). On the top, we
have instance rbg019c and on the bottom, instance rbg021.3. We take the union of the

best-ranking edges for the three SDs. Since we first do our exact reduction, the instance
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Figure 4.2 Difference between instances sparsified with two and three solution densities. The
figures on the right also include the best-ranking edges for the SD on edges based on time
windows. We see that a lot of additional edges are added, and that the degrees of the
vertices are evenly distributed. The order of the circle is the order of the vertices in an
optimal solution. Note: the orientation of the edges are omitted in the figures.

from the left may not be exactly contained in the instance from the right, but the edges from
the optimal tour should be included in one another, since they are not removed by our exact
filtering. The only difference that could appear there would be due to the rounding of the
number of edges, since we always take an integral number of edges based on a percentage. In
the first instance reported, the optimal tour was already included in the instance with only
TSP densities. In the second, we see that we were able to recover edge (13,10). As opposed
to the first similar visualization we did in Figure 3.11, having edges on the tour is not a
sufficient condition to have the optimal tour as the orientation matters, but adding arrows
would make the graph very difficult to read, so we keep it as a simple indication. We see
that taking the top k edges for each vertex creates a very well-distributed instance, where

each node has approximately the same degree.
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SolomonPesant

We report in Table 4.5 the results for the benchmark SolomonPesant. The rows represent
the different instances of the benchmark, with column "Base' corresponding to the exact
reduction described in Section 4.2.1. The other columns represent configurations of different
sparsification rates, with the percentage of time and of gap relative to the "Base" column. For
instance, a 100.00 in the 80% column means that the solving times are the same as without
sparsification. A 0.00 in the 80% gap column means that the optimal solution is kept during
the sparsification process. A 5.00 in the 80% gap column means that the best solution that
was found was of weight 1.05 x 2z where z is the cost of the best solution found in the "Base'
configuration. X's represent cases where no solution was found at all. Positive results for our
methods are when the time columns are under 100.00 and as small as possible, and the gaps
are as close to 0 as possible.

We see from the results in Table 4.5 that an aggressive sparsification makes us lose both
solutions and efficiency, with most of the instances not being solved as fast and high values
for the gaps. Although we used the same general method as in the previous chapter for
sparsification, we do not have the same results: our lower rates of sparsification give small

gaps but not a real speedup and by pushing the cursor further, we actually make things

worse.

Instance Base 80% 50% 30%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
rc203.0 20000 727.453 100.00 0.00 100.00 0.00 100.00 5.81
rc203.1 20000 726.991 100.00 0.00 100.00 0.00 100.00 4.14
rc203.2 103.39  617.465 56.34 0.00 21.02 0.00 41.15 3.88
rc204.0 1249.66  541.448 215.66 0.00 302.00 0.00 843.25 10.73
rc204.1 244.56  485.367 180.65 0.00 47.34 2.45 238.80 24.28
rc204.2 20000 778.395 100.00 0.00 100.00 0.00 X X
rc205.2 65.15  714.695 182.06 0.00 180.18 0.00 226.05 1.11
rc206.0 107.22  835.232 71.68 0.00 62.03 0.00 1988.60 3.85
rc206.1 15.27  664.731 102.49 0.00 209.04 0.00 595.09 341
rc207.0 85.85  806.689 68.60 0.00 87.68 0.00  12900.44 4.69
rc207.1 234.68  726.359 43.73 0.00 34.66 0.00 23.45 2.82
rc207.2 10.79  546.405 94.25 0.00 123.73 0.00 73.12 4.66
rc208.0 20000 inf X X X X X X
rc208.1 229.71  509.041 96.80 0.00 17.31 0.00 8706.64 24.88
rc208.2 54.17  503.923 20.07 0.00 94.61 0.00 1587.10 9.70
geometric mean 87.78 0.00 79.90 0.17 400.29 7.75
arithmetic mean 102.31 0.00 105.69 0.17 2109.51 7.99
median 98.40 0.00 97.31 0.00 238.80 4.66

Table 4.5 Times and gaps to optimality for sparsification in the benchmark SolomonPesant
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SolomonPotvinBengio

We report in Table 4.6 the results of the same method applied to the SolomonPotvinBengio
benchmark. While the results are a little less catastrophic than in Table 4.5 and we even have
positive speedups on average with higher number of edges, we see that the more aggressive
configuration still induces high resolution times and high gaps. The median also stays around

100%, which means that as many instances are sped up than slowed down in the process.

Instance Base 80% 50% 30%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
rc_202.1 20000 771.776 90.62 0.00 100.00 0.00 25.24 0.43
rc_202.4 97.77  793.030 57.37 0.00 49.91 0.00 111.24 2.85
rc_203.2 20000 784.158 100.00 0.00 100.00 0.00 44.67 4.98
rc_203.3 20000 817.526 100.00 0.00 100.00 0.00 61.65 4.71
rc_204.1 20000 878.640 100.00 0.00 100.00 0.00 X X
rc_204.2 20000 662.159 100.00 1.39 100.00 2.53 100.00 11.38
rc_204.3 172.06  455.031 104.86 0.00 82.53 0.00 157.08 8.42
rc_205.3 17.60  825.058 141.76 0.00 154.72 0.00 6997.22 6.77
rc_205.4 29.70  760.470 142.36 0.00 93.97 0.00 47.07 0.00
rc_206.2 7104.06  828.059 45.86 0.00 31.95 0.00 281.53 3.31
rc_ 206.3 449.35 574.418 69.44 0.00 103.14 2.53 875.96 20.78
rc_206.4 20000 831.670 100.00 0.00 100.00 0.00 100.00 1.28
rc_207.1 12515.56  732.683 43.70 0.00 50.46 0.00 63.37 5.16
rc_207.2 20000 711.487 X X X X X X
rc_207.3 20000 682.404 100.00 -0.00 100.00 0.29 100.00 0.64
rc_208.1 20000 inf X X X X X X
rc_208.2 81.88  533.780 138.97 0.00 119.20 0.00 X X
rc_208.3 20000 640.399 100.00 0.00 100.00 1.01 X X
geometric mean 90.78 0.09 87.53 0.39 137.45 5.30
arithmetic mean 95.93 0.09 92.87 0.40 689.62 5.44
median 100.00 0.00 100.00 0.00 100.00 4.71

Table 4.6 Times and gaps to optimality for sparsification in the benchmark SolomonPotvin-
Bengio

AFG

We report in Table 4.7 the results of the sparsified instances in the benchmark AFG. We see
that compared to the two previous tables, we are able to go to higher rates of sparsification,
which can be explained by the number of edges kept by our first reduction. Indeed, we see
from Table 4.4 that the exact reduction induces a higher speedup in this benchmark than the
Solomon™*: this is linked to a lower number of edges kept after the reduction. When keeping
80% of the edges in the sparsification, we probably do not remove additional edges. However,

this benchmark gives very promising results, with some instances being solved 10,000 times
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faster (0.01%). The average gaps are still quite high, especially with several instances going

over a 5% gap.

Instance Base 30% 20% 10%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
rbg019c¢ 321.22 4536 1.11 0.24 0.03 0.24 0.01 0.24
rbg020a 69.18 4689 0.06 0.00 0.07 0.00 0.03 0.00
rbg021.3 127.28 4528 2.03 0.42 0.09 0.42 0.01 0.42
rbg021.4 108.5 4525 2.92 0.49 0.09 0.49 0.01 0.49
rbg021.5 25.84 4515 7.24 0.69 0.70 0.71 0.04 0.71
rbg021 330.12 4536 1.01 0.24 0.02 0.24 0.00 0.24
rbg027a 2000 inf 0.12 -100.00 0.00 -100.00 0.00 -100.00
rbg04la 95.7 2598 1.22 3.31 0.72 8.43 0.19 10.66
rbg042a 31.15 2772 97.40 4.51 0.22 4.94 0.19 7.22
rbg048a 2000 inf X X X X X X
rbg086a 65.94 8400 21.37 0.00 29.51 0.00 3.47 3.17
rbg092a 51.11 7158 170.89 0.00 70.12 0.39 7.65 5.57
rbgl25a 20.84 7936 49.28 0.00 46.31 0.00 141.84 5.47
rbg132.2 729.94 8191 74.78 0.00 274.00 1.43 61.44 10.16
rbgl32 31.36 8468 53.16 0.00 76.02 0.00 1220.03 2.17
rbgl52.3  2000.06 9789 100.00 0.49 X X X X
rbg152 30.57 10032 96.99 0.00 100.52 0.00 278.80 1.50
geometric mean 8.01 0.68 0.00 1.21 0.00 3.37
arithmetic mean 42.47 0.69 39.89 1.23 114.25 3.43
median 14.31 0.21 0.70 0.32 0.19 1.84

Table 4.7 Times and gaps to optimality for sparsification in the benchmark AFG

Dumas

Since there are a lot of instances in the Dumas benchmark, the full results are available in

Table B.1 in Appendix. Table 4.8 reports only the average results, where we see that although

the gaps induced by sparsifying are small, the sparsification does not help the solving times.

30% 20% 10%
Time (%) Gap(%) Time(%) Gap(%) Time(%) Gap(%)
geometric mean 136.94 0.54 124.06 0.34 104.92 1.43
arithmetic mean 212.82 0.56 173.86 0.35 126.65 1.47
median 111.82 0.00 107.07 0.00 100.00 0.41

Table 4.8 Average times and gaps for sparsifying in the Dumas benchmark
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Global analysis

We see that the method gives uneven results over the different benchmarks in terms of time,
but induces high gaps to optimality in a number of instances. While for the ATSP alone, we
saw in the previous chapter that the sparsification based on SD gave very promising results,
using the times windows as a density on edges does not yield the same improvements. This
can be because our transformation into edge densities is based on a rough approximation,
and also because we do not control the feasibility as well. Indeed, while most instances
are complete and thus contain a lot of feasible tours of different weights, the time windows

restrict the possible orderings of the visits.

4.3.5 Ordering constraints

In this section, we report the results of the "ordering constraints" method described in Sec-
tion 4.2.3. The percentages giving names to the columns are percentages of the instances’
dimensions. For instance, the 50% column for an instance of size 20 corresponds to an addi-
tion of 10 ordering constraints of the form s; +d;; < s;. Since there are an order of magnitude
of n? pairs of nodes, 100% is not an upper bound here. However, since a solution can be

described by n ordering constraints so < s; < ... < s,, we choose a parameter linear in n.

SolomonPesant

We report the results for the method of adding ordering constraints in Table 4.9 with 50, 100
and 150% of n constraints added to the model.

We see in this table that adding ordering constraints has on average a negative effect,
increasing by a lot the time needed for solving. The difference between geometric and arith-
metic means is linked to the small number of instances that really have big values for the
time ratio: on the other hand, some instances are sped up by the process. This observa-
tion will be confirmed in the following sections, with some instances influencing negatively
the average while the majority is usually sped up, as we can see from the medians that are
at 100% or under. This particular benchmark performs once again worse than the ones in

SolomonPotvinBengio and AFG reported next.

SolomonPotvinBengio

In Table 4.10, we see that the geometric means of the solving times indicate a general speedup
as we add ordering constraints, while some instances become infeasible with 100% and 150%

of ordering constraints. Nevertheless, three instances cause high values which disturb the
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Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
rc203.0 20000 727.453 100.00 0.00 100.00 0.10 100.00 1.95
rc203.1 20000 726.991 100.00 0.00 100.00 0.00 100.00 0.64
rc203.2 103.39  617.465 51.76 0.00 13.78 3.42 8.35 3.42
rc204.0 1249.66  541.448 794.87 2.25 116.51 2.25 20.55 3.45
rc204.1 244.56 485.367 23.77 0.00 241.18 3.13 421.31 8.03
rc204.2 20000 778.395 X X X X X X
rc205.2 65.15  714.695 50.97 0.00 22.49 0.00 10.82 0.00
rc206.0 107.22  835.232 107.39 2.65 18653.25 8.57 18653.25 10.23
rc206.1 15.27  664.731 63.59 0.00 50.16 0.00 2417 0.00
rc207.0 85.85  806.689 37.76 0.00 122.19 0.00 61.00 0.00
rc207.1 234.68 726.359 25.78 1.14 19.72 1.63 13.17 1.73
rc207.2 10.79  546.405 70.25 0.00 89.53 1.90 120.11 2.96
rc208.0 20000 inf X X X X X X
rc208.1 229.71  509.041 8706.63 15.56 8706.63 18.91 8706.64 28.11
rc208.2 54.17  503.923 36920.86 12.16 36920.86 12.72 X X
geometric mean 166.40 2.49 232.00 3.90 109.50 4.79
arithmetic mean 3620.00 2.60 5012.00 4.05 2353.00 5.04
median 70.25 0.00 100.00 1.90 80.50 2.46

Table 4.9 Times and gaps to optimality for adding ordering constraints in the benchmark
SolomonPesant

arithmetic mean to be very high once again, since we take an average on the relative times
and not weighted by the solving times themselves. We also see that most of the instances that
time out at the start are still not solved within the time limits by adding ordering constraints.

We still observe small gaps on average, with less than 2% on average in all configurations.

AFG

In Table 4.11, we report the same results for the set of instances AFG. Here, the speedups
are much more impressive, with one instance being solved 5000 times faster and a lot of
them more than 100 times. On average, we reach a geometric average of 2.7% with 150% of
ordering constraints, still having a gap under 1% to the base best solution and no instance
losing feasibility compared to the start. While not all benchmark give results that positive,
we can at least see that for these instances, we have a drastic improvement of the solving
times.

On those two last benchmarks, we have a lot less loss of feasibility and smaller gaps than

the first method of sparsification.
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Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
rc_202.1 20000 771.776 100.00 0.00 89.79 0.07 36.25 0.64
rc_202.4 97.77 793.03 183.95 2.28 3856.07 5.62 X X
rc_203.2 20000 784.158 100.00 0.00 100.00 0.00 100.00 0.88
rc_203.3 20000.02 817.526 100.00 4.77 X X X X
rc_204.1 20000 878.64 100.00 0.00 100.00 0.75 100.00 1.55
rc_204.2 20000 662.159 100.00 -0.00 100.00 -0.00 100.00 0.17
rc_204.3 172.06  455.031 19.10 0.00 11623.86 5.47 X X
rc_205.3 17.6  825.058 105.74 0.00 70.74 0.00 65.40 1.03
rc_205.4 29.7 760.47 29.39 0.00 7.95 0.00 3.64 0.26
rc_206.2 7104.06  828.059 5.47 0.00 1.70 0.14 2.01 0.35
rc_206.3 449.35 574.418 9.55 1.62 7.74 2.15 7.11 2.15
rc_206.4 20000 831.67 100.00 0.00 67.51 0.25 34.96 0.25
rc_207.1 12515.56  732.683 6.90 0.00 4.22 0.00 3.06 0.00
rc_207.2 20000  711.487 100.00 -1.44 100.00 -1.29 100.00 -1.29
rc_207.3 20000 682.404 100.00 -0.00 100.00 -0.00 100.00 1.85
rc_ 208.1 20000 inf X X X X X X
rc_ 208.2 81.88 533.78 24426.04 19.72 X X X X
rc_208.3 20000 640.399 100.00 0.53 100.00 9.64 X X
geometric mean 76.09 1.52 72.76 1.48 26.70 0.65
arithmetic mean 1511.00 1.62 1089.00 1.52 54.40 0.65
median 100.00 0.00 100.00 0.07 50.83 0.50

Table 4.10 Times and gaps to optimality for adding ordering constraints in the benchmark
SolomonPotvinBengio

Dumas

Like in the previous Section 4.3.4, we only report the average results in this chapter, the full
results are available in Table C.1, as well as comparison with the exact SD and the variant
based on partial overlaps (see Section 4.3.7 and 4.3.8). Table 4.12 reports only the averages
and median for this benchmark. Compared to the previous sparsification method, we see a

real speedup and slightly higher gaps.

Global analysis

Once again, the results are highly dependent on the set of instances, We can report positive
results from the AFG benchmark, that have the advantage over the previous method of
Section 4.3.4 of reducing the average gaps to optimality. On all these benchmarks, a few
instances drastically impact the means of the solving times: we observe a big difference
between the geometric mean or the median and the arithmetic mean. However, for two
benchmarks out of three, the medians of the solving times stay close to 100%, which means

we do not improve the solving of a majority of instances.
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Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
rbg019c 321.22 4536.0 0.02 0.00 0.09 0.26 0.09 0.26
rbg020a 69.18 4689.0 0.23 0.17 0.19 0.17 0.07 0.17
rbg021.3 127.28 4528.0 0.29 0.00 0.27 0.00 0.24 0.11
rbg021.4 108.5 4525.0 0.08 0.00 0.26 0.09 0.05 0.11
rbg021.5 25.84 4515.0 0.31 0.00 0.62 0.20 0.46 0.20
rbg021 330.12 4536.0 0.01 0.00 0.08 0.26 0.09 0.26
rbg027a 2000 inf 0.27  -100.00 8.64  -100.00 X X
rbg041a 95.7 2598.0 41.42 0.12 4.73 0.69 0.93 2.00
rbg042a 31.15 2772.0 67.16 0.00 74.99 0.36 159.52 0.90
rbg048a 2000 inf X X X X X X
rbg086a 65.94 8400.0 3.09 0.05 2.53 0.43 2.84 1.49
rbg092a 51.11 7158.0 430.29 0.03 31.19 0.07 19.06 0.32
rbgl25a 20.84 7936.0 16.55 0.58 43.86 1.30 33.97 1.89
rbg132.2 729.94 8191.0 274.00 0.57 108.84 0.89 62.53 1.89
rbgl32 31.36 8468.0 27.14 0.70 29.59 1.56 18.40 2.22
rbgl52.3 2000 9789.0 X X 100.00 0.19 100.00 0.10
rbg152 30.57 10032.0 65.72 0.39 56.43 0.71 30.06 1.08
geometric mean 2.68 0.19 4.25 0.48 2.70 0.86
arithmetic mean 61.77 0.19 28.89 0.48 28.44 0.87
median 3.09 0.03 6.69 0.26 2.84 0.32

Table 4.11 Times and gap to optimality for adding ordering constraints in the benchmark
AFG

50% 100% 150%
Time(%) Gap(%) Time(%) Gap(%) Time(%) Gap(%)
geometric mean 73.39 0.30 46.53 0.84 41.05 1.93
arithmetic mean 101.25 0.30 59.07 0.85 62.77 1.95
median 71.45 0.00 52.2 0.73 49.71 1.22

Table 4.12 Average times and gaps for adding ordering constraints in the Dumas benchmark

4.3.6 Fixing edges

This section reports the results from the method described in Section 4.2.4. We study two
different configurations, named 5 — 10 and 15 — 30: the first number is the maximum number
of edges that can be added, and the second the maximum number of edges that are considered
as candidate. For a configuration a — b, we add at most a edges among the top b ranked with
their solution densities, if and only if the corresponding ordering has a SD of at least 0.5. In
practice, a very low number of edges are added in general.

In a following section we will compare with adding randomly selected edges with the same

process to see if the solution densities add useful information.
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Number of fixed edges

Tables 4.13 and 4.14 report the number of edges that are fixed in the real instances: when
we use the configuration 5-10, we suggest 5 candidates for selection but we may add only 1,
for instance. We look at the distribution of instances where each number of edges is fixed in
reality.

We see that the number of edges that are in fact fixed is in general much lower than the
maximum we allowed (5 or 15). The number of edges depends on the instance, we see mainly
that the distribution is very different for Dumas instances and for the AFG instances, where

almost no edge is added into the model.

Benchmark o 1 2 3 4+
Dumas 21 49 51 14 0

AFG 24 4 1 0 0
SolomonPesant 4 6 4 1 0
SolomonPotvinBengio 3 4 9 2 0

Table 4.13 Number of instances with n added edges for each benchmark in the configuration
5—10

Benchmark 0-2 3 4 5 6-8 9+
Dumas 24 31 31 35 13 0
AFG 8 9 1 1 0 0
SolomonPesant 6 3 5 1 0 0

SolomonPotvinBengio 5 2 5 5 1 0

Table 4.14 Number of instances with n added edges for each benchmark in the configuration
15— 30

SolomonPesant

We report in Table 4.15 the number of edges added, the time and gap ratios for the configura-
tions 5 —10 and 15— 30. We see that on average, a low number of edges are actually selected:
for our two configurations a — b, it is almost never the case that the parameter a influences
the number of selected edges. We can increase the number of edges selected by changing the
value of b and accepting to select edges that have a higher rank for our solution densities, or
to reduce the minimum value of the density for (i < j), accepting edges that are less likely

to respect the partial order on time windows. While this particular set of instances proved
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Instance Base 5-10 15-30

Time (s) Solution Time (%) Gap (%) Edges Time (%) Gap (%) Edges
rc203.0 20000 727.453 100.00 1.05 1 100.00 2.19 4
rc203.1 20000 726.991 100.00 0.78 2 100.00 1.31 3
rc203.2 103.39  617.465 42.13 0.00 1 7.09 5.28 4
rc204.0 1249.66  541.448 198.89 0.00 1 129.14 0.66 2
rc204.1 244.56  485.367 149.54 0.75 1 149.27 0.75 1
rc204.2 20000 778.395 100.00 0.00 0 100.00 inf 1
rc205.2 65.15  714.695 124.33 0.00 1 12.92 1.20 4
rc206.0 107.22  835.232 20.86 0.03 2 9.74 0.33 4
rc206.1 15.27  664.731 5.63 0.00 2 54.29 1.40 3
rc207.0 85.85  806.689 43.98 0.00 1 38.32 1.61 4
rc207.1 234.68  726.359 10.65 1.37 3 6.08 2.51 5
rc207.2 10.79  546.405 67.75 0.83 2 7.04 3.35 3
rc208.0 20000 inf X X 0 X X 0
rc208.1 229.71  509.041 100.00 0.00 0 100.00 0.00 0
rc208.2 54.17  503.923 100.00 0.00 0 100.00 0.00 0

geometric mean 58.73 0.34 38.43 1.57

arithmetic mean 83.13 0.34 65.28 1.58

median 100.00 0.00 100.00 1.31

Table 4.15 Times and gaps to optimality for pre-selecting edges in the benchmark Solomon-
Pesant

resistant to our two previous attempts of reducing the resolution time, we see here a clear
improvement of the solving times with average gaps under 2% and a maximum of 5.28% for
a single instance. We see that the instances that were impacted the most by adding specific
ordering constraints in advance correspond here to instances where none of the candidate
edges is selected into the model, meaning that the 30 best edges for the resolution of the

TSP without time windows do not coincide with good orderings for our SD.

SolomonPotvinBengio

We report in Table 4.16 the results obtained with the benchmark SolomonPotvinBengio when
we fix some edges before solving. We see that in the configuration 5 — 10 two instances lose
feasibility, and 5 in the configuration 15 — 30. In the first configuration, we see a positive
speedup, while fixing more edges after that reduces the number of solutions without speeding
up the resolution further. Compared with the previous benchmark, the second configuration
is less interesting. We see from Tables 4.13 and 4.14 that more edges are selected in this
benchmark on average, which means the top ranking edges are more frequently coherent
with our partial orders. The instances that lose feasibility are among those where the highest
number of edges are selected.

Once again, the instances where no edge is added correspond to instances that lost feasibility

or had high gaps and high solving times in the previous method (rc_204.3, rc_208.2,
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rc_208.3).
Instance Base 5-10 15-30

Time (s) Solution Time (%) Gap (%) Edges Time (%) Gap (%) FEdges
rc_202.1 20000 771.776 10.42 0.11 1 100.52 1.01 4
rc_202.4 97.77  793.030 13.25 0.00 2 6.53 0.78 5
rc_203.2 20000 784.158 < 98.12 0.17 2 100.00 3.88 4
rc_203.3 20000 817.526 100.00 0.00 1 100.00 4.21 4
rc_204.1 20000 878.640 100.00 1.41 2 100.00 1.41 2
rc_204.2 20000 662.159 100.00 3.08 1 100.00 3.08 2
rc_204.3 172.06  455.031 100.00 0.00 0 100.00 0.00 0
rc_205.3 17.60  825.058 66.14 0.03 1 X X 4
rc_205.4 29.70  760.470 X X 3 X X 5
rc_206.2  7104.06  828.059 X X 2 X X 5
rc_206.3 449.35  574.418 16.12 0.64 2 X X 6
rc_206.4 20000 831.670 68.5 0.24 2 41.83 0.44 3
rc_207.1 12515.56  732.683 2.62 0.00 2 1.74 0.00 4
rc_207.2 20000 711.487 100.00 -1.13 3 X X 5
rc_207.3 20000 682.404 100.00 0.97 2 100.00 1.90 5
rc_208.1 20000 inf X X 2 X X 3
rc_208.2 81.88  533.780 100.00 0.00 0 100.00 0.00 0
rc_208.3 20000 640.399 100.00 0.00 0 100 0.00 0

geometric mean 49.46 0.36 52.88 1.38

arithmetic mean 71.68 0.37 79.22 1.39

median 100.00 0.03 100.00 0.90

Table 4.16 Times and gaps to optimality for pre-selecting edges in the benchmark Solomon-
PotvinBengio

AFG

We see from Table 4.13 that a majority of the instances are not changed with the 5 — 10
configuration. It means that the information from solving the TSP is not very compatible
with the partial orderings. Even when taking more edges into account, we see from Table 4.14
that there is generally three edges or fewer added among the top 30. We will not report in
detail the results of the instances with the 5 — 10 configuration as only five instances select
at least one edge. Since reporting the same tables as for the previous benchmarks with most
instances not adding a single edge, we will focus on the instances where at least one edge is
added and report only the results of configuration 15 — 30 in Figure 4.3. The other instances
will always have solving times close to 100.00 and gaps of 0.00 since nothing is changed in
the instance. We see that even zooming in, the resolution of a majority of instances is longer
than it was in the base case. We note that we report only the results for about 20 instances.

We will report the same histograms for the Dumas instances in the following section.
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Figure 4.3 Histograms of the times and gaps of instances where at least one edge is added.
We see a zoom of Figure 4.3a in Figure 4.3b and the last Figure 4.3c represents the gaps to
the base instance

Dumas

In this section, we report the results of the configuration 5 — 10 in Figure 4.4 and of the
configuration 15 — 30 in Figure 4.5. For both configurations, we zoom in on the instances
where the ratio of time is under 5, which allows to see more detail. Indeed, we see in
Figure 4.4a that most results are compressed in one column since one instance gives a time
ratio close to 3000. The third figure, namely Figures 4.4c and 4.5¢ report the gaps to the
base instance of the versions with selected edges. We observe that for the first configuration,
zoomed in in Figure 4.4b, a majority of bars are after 1: the histograms show the ratio
between the sparsified instance and the simply filtered one. This means that in a majority of
cases, the time needed for solving is longer than before. On the contrary, a majority of the

results are below 1 in the second configuration. We see there that selecting edges induces a
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Figure 4.4 Histograms of the times and gaps of instances where at least one edge is added in
the 5—10 configuration. We see a zoom of Figure 4.4a in Figure 4.4b and the last Figure 4.4c
represents the gaps to the base instance

speedup while the gaps are still all lower than 10%.
For this benchmark, since there are a lot of instances, we do not include the full results for

each instance, that can be found in Appendix.

Comparison with randomly fixed edges

After having shown in Figures 4.4 and 4.5 the distribution of the times and gaps when we
use our method for pre-selecting edges, we will show in Figures 4.6 and 4.7 the same results
when we use the same process but we select the candidates for selection at random. This
means that instead of ranking the best edges for our SDs and then checking if they respect
our SD for the order of visiting times, we check if random edges respect these orders before

adding them. The first difference we observe with our previous experiments is that we have
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Figure 4.5 Histograms of the times and gaps of instances where at least one edge is added
in the 15 — 30 configuration. We see a zoom of Figure 4.5a in Figure 4.5b and the last
Figure 4.5c represents the gaps to the base instance

fewer points in our second sets, and even half as much in the first sets corresponding to the
5 — 10 configuration. Since we only plot instances with at least one selected edge, the reason
for that is that there are fewer edges that go positively through the controlling phase. We
then see that on average, more instances than before have a positive speedup, i.e., there are
more points below 1 in the first two graphs. The speedup is generally linked to the number
of added edges: in order to have a more accurate comparison, we would need to compare
separately the instances where the same number of edges are added, or even restrain the
comparison to instances where the same number of edges is selected in both methods. Of
course, having precise data while separating our instance into a lot of categories would need
a higher number of instances. Since we only changed the pre-selection method for the edges
and not the way we actually add them, changing the pre-selection should not really affect

the time needed for the solving. However, the edges selected should be less "good" edges for
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Figure 4.6 Comparison of the results of fixing edges based on SD with pre-selecting 5 — 10
random edges

the objective function, and we observe that the gaps obtained are indeed higher than when

we choose our candidates more carefully.

Global analysis

In this section, we saw that the two benchmarks that performed badly in our previous ex-
periments report improvements of their solving times and low gaps compared to the previous
attempts. Moreover, we see that selecting edges based on our SD and not only on ordering
constraints performs better. We confirm the interest of the heuristic SD for Time Windows
in regard to the exact algorithm presented in [53]. The main drawback of this method is
that for a number of instances, there is no interesting edge that can be selected: the majority
of the AFG benchmark is left unchanged. However, different parameters could help find

interesting edges, and this affects a benchmark whose resolution is greatly improved by our
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Figure 4.7 Comparison of the results of fixing edges based on SD with pre-selecting 15 — 30
random edges

other methods: we see that a combination of the reduction methods based on the structure

of the instance could be helpful.

4.3.7 Effectiveness of the TW-SD heuristic compared to the exact algorithm

Table 4.17 is to be compared with Table 4.11 seen before in this chapter. For instances of
sizes bigger than 20, the time needed to compute the densities alone can take hours (timeout
after 1h). We report results for sizes up to 20, which limits the quantity of data. In any case,
the time needed for computation makes the method impractical, but we want to compare on
a few instances to compare the quality of the density obtained.

Since only a few instances of the benchmark are small enough to compute the exact densities,
we add the means of Table 4.11 for this subset of instances to help the comparison. The

results for all the small instances of the Dumas benchmark can be found in Appendix: in the
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Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
rbg019c 321.22 4536.0 25.45 0.13 31.27 0.26 194.58 0.93
rbg020a 69.18 4689.0 180.72 0.17 32.05 0.17 19.72 0.17
rbg021.3 127.28 4528.0 44.44 0.00 19.75 0.13 2.58 0.44
rbg021.4 108.5 4525.0 62.20 0.00 6.88 0.20 0.62 0.29
rbg021.5 25.84 4515.0 171.94 0.29 3.25 0.29 1.70 0.38
rbg021 330.12 4536.0 23.44 0.13 29.27 0.26 181.23 0.93
rbg027a 2000 inf X X X X X X
geometric mean 60.94 0.12 15.33 0.22 11.12 0.52
arithmetic mean 84.70 0.12 20.41 0.22 66.74 0.52
median 53.32 0.13 24.51 0.23 11.15 0.41
geom.mean for approximation 0.10 0.03 0.34 0.16 0.12 0.18
arit.mean for approximation 0.17 0.03 1.45 0.16 0.17 0.18
median for approximation 0.23 0.00 0.26 0.19 0.09 0.19

Table 4.17 Results of "ordering constraints" with exact TW solution density on the benchmark
AFG

3 comparable instances n40w80.002, n40w100.002 and n40w100.005, the exact SD performs
better than the approximation. However, it seems from the few AFG instances that the
exact densities do not speed up or improve the gaps to optimality, which is surprising. Even
though we only look at a few instances, we would expect for the exact algorithm to perform
better than the approximation. We see that the small AFG instances are those that give
the best results among all benchmarks for adding ordering constraints, so the results for the
exact algorithm looks more like the average of the other instances: one explanation could be
that we only compare on instances where the approximation performs really well. It could
also be because of numerical instability linked to the size of the numbers involved in the
computation: the exact algorithm relies on counting linear extensions. Even in the smallest
instance rbg019c, the number of linear extensions for the partial order is close to 103. Tt

could also be simply a random deviation since we look at a small number of instances.

4.3.8 Using partial overlaps as a solution density

This section compares the variant of the TW SD introduced in Section 4.1.1 based on the
intersection of time windows rather than only non-overlapping time windows. Once again,
Table 4.18 is to be compared with Table 4.11. We use the sum of overlaps instead of the num-
ber of precedences in computing the densities for the orderings: we see that this proposition
of extension of the solution density gives on these instances smaller gaps with comparable
speedups (higher medians but means of the same magnitude). Experiments on a higher num-
ber of examples could give a more precise idea of the potential of the heuristic, but it seems

from this first experiment that the variant is promising. We report in Appendix in Table E.1
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Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
rbg019c¢ 321.22 4536.0 0.10 0.00 0.41 0.13 0.03 0.24
rbg020a 69.18 4689.0 0.13 0.00 0.38 0.15 0.32 0.19
rbg021.3 127.28 4528.0 0.13 0.00 0.09 0.00 0.16 0.49
rbg021.4 108.5 4525.0 0.15 0.00 0.17 0.22 0.09 0.22
rbg021.5 25.84 4515.0 0.46 0.20 0.19 0.31 0.19 0.40
rbg021 330.12 4536.0 0.08 0.00 0.40 0.13 0.03 0.24
rbg027a 2000 inf 0.27 -100.00 0.34 -100.00 100.00 -100.00
rbg04la 95.7 2598.0 108.07 0.00 55.25 0.00 27.27 0.42
rbg042a 31.15 2772.0 68.60 0.00 67.64 0.14 28.64 0.14
rbg048a 2000 inf X X X X X X
rbg086a 65.94 8400.0 13.18 0.00 14.18 0.12 13.91 0.58
rbg092a 51.11 7158.0 132.69 0.00 41.73 0.04 21.89 0.21
rbgl2ba 20.84 7936.0 54.08 0.01 56.05 0.01 11.32 0.28
rbgl132.2 729.94 8191.0 62.37 0.05 83.17 0.23 39.70 0.42
rbgl32 31.36 8468.0 74.27 0.00 58.13 0.15 49.84 0.84
rbgl52.3 2000 9789.0 100.00 -0.01 100.00 -0.01 100.00 0.06
rbg152 30.57  10032.0 78.28 0.00 82.04 0.05 60.35 0.18
geometric mean 4.74 0.02 5.21 0.11 3.87 0.33
arithmetic mean 43.30 0.02 35.01 0.11 28.36 0.33
median 33.63 0.00 27.96 0.13 17.90 0.24

Table 4.18 Results of "ordering constraints" with partial overlaps on the benchmark AFG

the same results for the Dumas benchmark where we also see that, even if the average time
needed for computation is longer than with the basic solution density, more instances are

feasible with 150% of ordering constraints, and the average gaps are also smaller.

4.4 Conclusion

In this chapter, we presented the computation of solution densities with variants and four
reduction methods with the corresponding experimental results. We see that the exact re-
duction presented, though simple, outperforms the precomputation done by the solver itself
and improves the solving times of all benchmarks at different levels. For the three heuristics
presented, we see that the results vary from one benchmark to the other. The sparsification
method tends to make instances infeasible, even by adding a SD based on the time windows.
Adding some ordering constraints based on the extension of partial orders induces very long
solving times for a few instances, which ruins the average, but speeds up most instances and
performs really well on the AFG benchmark. Finally, the main drawback of the method based
on pre-selecting some edges is that in most cases we cannot find an edge that is good for the
TSP and the ordering in some benchmarks, which gives little possibilities of improvement.
However, this third method gives good results on average in all our benchmarks.

Finally, this chapter compared the results obtained by variants of our SDs: we suggested a



85

variant for the extension of the partial orderings based on the intersection of the time win-
dows, and compared the exact and approximated algorithms on a few instances.

The variability of results between the benchmarks for each method means the performance
relies a lot on the structure of the instance. A further development of this project could be
to create an algorithm analyzing the instances and selecting a good reduction method before

solving.
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CHAPTER 5 CONCLUSION

5.1 Summary of Works

This thesis presented a compilation of several uses of solution densities for the ATSP and
TSPTW: we described them, presented computation methods and evaluated them empiri-
cally.

We presented adaptations of solution densities for the TSP into an asymmetric version as
well as approximations. We also introduced a solution density for the TSPTW based on
non-overlapping Time Windows, its approximation and suggested a possible variant.

We also developed several ways of using the information given by these solution densities,
mainly reduction methods, that use the SDs to reduce the number of variables or add addi-
tional constraints that restrict the search space. We investigated a search heuristic based on
those SDs and compared it to search heuristics in two different models. We also considered
several MIP models, both for the ATSP and the TSPTW and looked at how our reduction
methods can reduce the computing times in two of these models.

In addition to the solving times, we reported the losses of optimality or feasibility induced
by our heuristic methods. We effectively reduced the solving time for the ATSP by MIP
models, and have positive results on several methods for solving the TSPTW with a basic

MIP model, depending on the benchmarks.

5.2 Limitations

Due to the number of different models and techniques tried, a lot of improvements that
demand more work were dismissed to be able to focus on more promising leads and cover
all of the research directions. For instance the experiments about using a SD-based search
heuristic in the CP solver Talos were inconclusive because of too high computational times
although several leads are mentioned to increase the speed. All of them demand coding re-
versible matrix structures and inversion algorithms that are time-consuming without being
central to this Master’s project. A model adapted to include asymmetric instances and time
windows could be of high interest for our experiments, and is currently the focus of the team
who published [38], but does not yet exist. In general, we did not have enough time to try
all of the methods and all of their parameters on all solvers.

This leads to our methods not helping the state-of-the-art methods in each problem, and hav-

ing positive results on non-optimal methods only. Furthermore the methods presented here
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are heuristic, which means that there is no proof of optimality for any choice of parameters.
While we present some choices of parameters for our different methods and show average
values indicating what to expect with each configuration, there is a significant variance on

the instances in terms of time as well as optimality gap.

5.3 Future Research

The main (quick) improvement that can be done to the project would be continuing to im-
plement variants of the solution densities, parameters and methods to go to the end of our
exploration: for instance accelerating the computation of the 1-tree density, using reduced
costs to also guide search if possible, combining several reductions together to get an addi-
tional speedup, changing the parameter of edge-fixing ...

Since we get different results depending on the benchmark, a more profound analysis of what
methods work well with the different characteristics of the instances could give way to a tool
selecting the best reduction method before solving.

On a larger scale, the objective would be to adapt the method to other routing problems
with different relaxations, such as capacitated problems or with multiple vehicles. On an
even larger scale, this project is part of the exploration of counting-based search and prepro-

cessing, that can be adapted to other difficult problems having efficient relaxations.
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APPENDIX A BEST SOLUTIONS FOUND IN BASIC CP MODEL

Instance iloMinSizelnt costMaxSD Instance iloMinSizelnt costMaxSD

brl7 39 39  ftvbdh 2834 1673
ft53 12181 7223 ftvb4 3522 2115
ft70 53317 39692  ftv70 3382 2147
ftv170 6025 3089  krol24p 175195 39531
ftv33 1323 1364 p43 9995 5697
ftv3h 1509 1475 rbg323 6287 6287
ftv3s8 1644 1532 rbg358 6999 6999
ftv44 1863 1706  rbg403 7566 7566
ftvar 2889 1790  rbg443 8392 8392

Table A.1 Comparison between costMaxSD and iloMinSizeInt in ILOG CP Model. We
report results with a 3600s timeout, and we observe that almost all experiments reach the
time limit.

Instance 100%  40%  20% Instance 100%  40%  20%
brl7 39 39 X ftv55 1673 1771 1881
ft53 7223 8600 8349 ftve4 2115 1979 2082
ft70 39692 42481 44197 ftv70 2147 2118 2689

ftv170 3089 3359 3969 krol24p 39531 41503 45015
ftv33 1364 1364 1286 p43 5697 5698 5660

ftv35 1475 1533 1499 rbg323 6287 X X
ftv38 1532 1511 1555 rbg358 6999 X X
ftv44 1706 1701 1772  rbg403 7566 X X
ftvar 1790 1956 1983 rbg443 8392 X X

Table A.2 Results of sparsified instances with costMaxSD
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APPENDIX B SPARSIFICATION IN THE DUMAS BENCHMARK

Instance Base 30% 20% 10%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
n40w80.002 66.16 429.0 67.70 2.10 X X X X
n40w100.002 75.96 358.0 86.12 0.56 X X X X
n40w100.005 24.59 377.0 2741.76 11.94 X X X X
n60w60.003 13.18 485.0 75.80 0.41 120.18 2.47 X X
n60w80.001 24.97 457.0 111.65 0.00 66.32 0.22 X X
n60w80.002 54.87 498.0 210.92 0.00 47.13 0.20 X X
n60w80.003 21.92 550.0 89.87 0.00 64.87 0.91 X X
n60w80.004 11.76 566.0 164.88 0.18 175.85 2.83 X X
n60w80.005 152.47 468.0 151.79 1.92 X X X X
n60w100.001 75.51 515.0 111.99 1.55 X X X X
n60w100.002 1755.23 534.0 46.66 1.12 X X X X
n60w100.003 162.19 557.0 507.37 2.15 X X X X
n60w100.004 28.10 510.0 115.87 0.39 144.06 1.18 X X
n80w40.002 35.48 613.0 108.57 0.00 134.19 0.00 54.90 0.65
n80w60.001 14.80 554.0 177.30 0.00 198.31 0.18 X X
n80w60.004 200.19 612.0 201.57 0.00 43.24 0.00 X X
n80w60.005 2000 575.0 100.00 0.00 100.00 0.00 20.13 6.26
n80w80.001 15.43 624.0 400.32 0.00 349.25 0.00 X X
n80w80.002 189.64 591.0 277.08 0.00 123.97 0.00 50.72 10.49
n80w80.003 91.27 589.0 512.74 0.17 108.48 0.17 X X
n80w80.004 2000 594.0 100.00 0.34 100.00 0.34 100.00 4.04
n80w80.005 12.89 570.0 220.17 0.00 110.40 0.00 X X
n100w40.004 14.94 651.0 105.56 0.00 123.63 0.00 170.82 0.61
n100w60.001 48.19 655.0 108.18 0.00 599.09 2.29 X X
n100w60.002 44.91 656.0 146.92 0.00 176.26 0.00 X X
n100w60.003 2000 743.0 54.29 0.00 100.00 0.00 X X
n100w60.004 19.31 764.0 239.15 0.00 1501.19 1.31 X X
n150w40.001 23.68 912.0 255.15 0.00 141.98 0.00 350.84 1.10
n150w40.002 25.17 941.0 129.28 0.00 107.07 0.00 157.69 0.21
n150w40.003 17.74 727.0 177.40 0.00 157.05 0.00 119.95 0.41
n150w40.005 2000 823.0 100.00 0.00 100.00 0.00 100.00 0.00
n150w60.001 2000 851.0 X X X X 100.00 1.53
n150w60.002 60.71 781.0 71.83 0.00 87.46 0.00 86.66 0.90
n150w60.003 2000 789.0 100.00 0.13 100.00 0.00 X X
n150w60.004 2000 817.0 99.16 0.00 100.00 0.00 X X
n150w60.005 2000 840.0 89.71 0.00 59.94 0.00 100.00 0.83
n200w20.002 24.65 970.0 119.39 0.00 135.78 0.00 127.71 0.00
n200w20.004 11.80 984.0 88.39 0.00 82.71 0.00 117.80 0.00
n200w40.001 2000 1021.0 100.00 0.00 100.00 0.00 100.00 0.00
n200w40.002 2000 945.0 100.00 0.00 100.00 0.00 100.00 0.21
n200w40.003 1028.89 929.0 76.74 0.00 94.27 0.00 59.21 0.22
n200w40.004 739.19 979.0 178.87 0.00 77.68 0.00 148.88 0.31
n200w40.005 319.09 1030.0 486.35 0.00 254.74 0.00 341.09 0.00
geometric mean 136.94 0.54 124.06 0.34 104.92 1.43
arithmetic mean 212.82 0.56 173.86 0.35 126.65 1.47
median 111.82 0.00 107.07 0.00 100.00 0.41

Table B.1 Results of time and gaps to optimality for sparsification in the Dumas benchmark



APPENDIX C ORDERING CONSTRAINTS IN THE DUMAS

BENCHMARK

Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
n40w80.002 66.16 429.0 7.33 0.00 2.78 0.00 1.60 6.53
n40w100.002 75.96 358.0 251.54 1.12 46.71 1.12 12.69 1.12
n40w100.005 24.59 377.0 88.41 0.00 45.99 0.00 160.55 0.00
n60w60.003 13.18 485.0 18.06 0.00 15.17 0.82 12.52 0.82
n60w80.001 24.97 457.0 91.63 0.00 57.07 0.88 85.82 4.16
n60w80.002 54.87 498.0 61.80 0.00 40.55 0.00 53.76 1.20
n60w80.003 21.92 550.0 68.43 0.00 36.86 0.55 40.47 0.55
n60w80.004 11.76 566.0 138.44 0.00 181.29 1.77 271.17 1.77
n60w80.005 152.47 468.0 151.56 0.00 34.77 0.43 33.98 2.56
n60w100.001 75.51 515.0 26.78 0.00 55.08 0.58 21.72 1.75
n60w100.002 1755.23 534.0 40.67 2.06 18.82 3.56 23.67 6.74
n60w100.003 162.19 557.0 64.23 0.00 75.71 0.36 125.36 0.36
n60w100.004 28.10 510.0 31.81 0.00 41.28 0.00 59.96 1.76
n80w40.002 35.48 613.0 55.10 0.98 45.55 1.96 X X
n80w60.001 14.80 554.0 74.46 0.00 56.76 0.00 77.64 0.54
n80w60.004 200.19 612.0 333.25 0.00 X X X X
n80w60.005 2000 575.0 30.60 0.35 11.89 3.13 42.59 3.65
n80w80.001 15.43 624.0 28.58 0.00 120.41 1.60 49.71 2.24
n80w8&0.002 189.64 591.0 161.25 0.17 52.20 0.17 12.02 2.03
n80w80.003 91.27 589.0 389.89 0.00 67.95 0.00 68.14 0.51
n80w80.004 2000 594.0 100.00 0.00 100.00 0.00 27.48 0.67
n80w80.005 12.89 570.0 28.63 0.18 73.78 0.35 104.65 4.04
n100w40.004 14.94 651.0 55.22 0.31 13.86 0.77 11.45 2.46
n100w60.001 48.19 655.0 68.23 0.00 107.82 1.22 88.38 1.22
n100w60.002 44.91 656.0 229.08 1.52 X X X X
n100w60.003 2000 743.0 34.91 0.00 46.34 0.81 29.46 0.81
n100w60.004 19.31 764.0 84.88 0.00 71.21 0.00 61.21 0.26
n150w40.001 23.68 912.0 82.69 0.22 X X X X
n150w40.002 25.17 941.0 40.80 0.32 X X X X
n150w40.003 17.74 727.0 94.08 0.00 X X X X
n150w40.005 2000 823.0 35.40 0.00 39.09 0.73 X X
n150w60.001 2000 851.0 X X X X X X
n150w60.002 60.71 781.0 65.23 0.26 72.16 1.54 X X
n150w60.003 2000 789.0 100.00 0.00 100.00 0.00 100.00 0.76
n150w60.004 2000 817.0 100.00 0.86 38.39 0.86 X X
n150w60.005 2000 840.0 X X X X X X
n200w20.002 24.65 970.0 57.48 1.24 X X X X
n200w20.004 11.80 984.0 56.95 0.20 61.61 2.13 18.90 3.05
n200w40.001 2000 1021.0 100.00 0.00 100.00 0.88 100.00 0.98
n200w40.002 2000 945.0 100.00 0.63 X X X X
n200w40.003 1028.89 929.0 194.39 1.29 X X X X
n200w40.004 739.19 979.0 X X X X X X
n200w40.005 319.09 1030.0 308.42 0.19 X X X X
geometric mean 73.39 0.30 46.53 0.84 41.05 1.93
arithmetic mean 101.25 0.30 59.07 0.85 62.77 1.95
median 71.45 0.00 52.2 0.73 49.71 1.22

95

Table C.1 Times and gaps to optimality for adding ordering constraints in the Dumas bench-

mark
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APPENDIX D ORDERING CONSTRAINTS WITH EXACT ALGORITHM
IN THE DUMAS BENCHMARK

Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
n20w20.001 0.01 378.0 X X X X X X
n20w20.003 0.01 394.0 0.00 3.81 X X X X
n20w40.001 0.05 254.0 40.00 4.72 X X X X
n20w40.002 0.01 333.0 X X X X X X
n20w40.003 0.02 317.0 50.00 5.05 X X X X
n20w40.004 0.02 388.0 X X X X X X
n20w40.005 0.04 288.0 25.00 0.00 0.00 11.81 X X
n20w60.001 0.04 335.0 100.00 0.00 225.00 3.58 25.00 12.24
n20w60.002 0.02 244.0 100.00 0.00 50.00 3.69 X X
n20w60.003 0.03 352.0 33.33 1.99 X X X X
n20w60.004 0.16 280.0 81.25 0.00 50.00 0.00 12.50 0.00
n20w60.005 0.04 338.0 75.00 2.66 X X X X
n20w80.001 0.06 329.0 100.00 0.30 66.67 0.30 16.67 6.08
n20w80.002 0.03 338.0 100.00 0.00 100.00 7.10 100.00 17.46
n20w80.003 0.04 320.0 75.00 0.94 50.00 8.12 50.00 8.12
n20w80.004 0.05 304.0 320.00 7.57 80.00 7.57 20.00 9.21
n20w80.005 0.39 264.0 53.85 0.00 117.95 3.03 66.67 6.06
n20w100.001 0.45 237.0 102.22 0.00 13.33 0.00 57.78 16.88
n20w100.002 0.25 222.0 288.00 11.71 204.00 13.51 184.00 19.37
n20w100.003 0.49 310.0 79.59 0.00 10.20 1.29 6.12 2.58
n20w100.004 0.05 349.0 80.00 0.00 80.00 5.73 80.00 8.31
n20w100.005 0.09 258.0 66.67 0.00 44.44 0.00 44.44 11.63
n40w20.001 0.02 497.0 0.00 1.61 X X X X
n40w20.002 0.02 552.0 50.00 3.08 X X X X
n40w20.003 0.01 478.0 100.00 0.84 X X X X
n40w20.004 0.01 404.0 100.00 2.23 X X X X
n40w20.005 0.01 499.0 X X X X X X
n40w40.001 0.03 465.0 100.00 0.43 X X X X
n40w40.002 0.25 461.0 108.00 1.95 24.00 5.21 X X
n40w40.003 0.06 470.0 33.33 0.00 33.33 5.74 X X
n40w40.004 0.11 452.0 63.64 1.99 27.27 3.54 18.18 4.87
n40w40.005 0.21 453.0 61.90 0.22 19.05 1.10 14.29 1.77
n40w60.001 0.68 494.0 123.53 0.00 75.00 0.00 88.24 7.69
n40w60.002 2.34 470.0 5.98 0.00 3.85 2,77 4.70 2.77
n40w60.003 0.74 408.0 102.70 0.74 82.43 0.98 35.14 2.94
n40w60.004 0.66 382.0 71.21 0.00 81.82 1.83 22.73 2.88
n40w60.005 0.20 328.0 45.00 0.00 125.00 4.27 60.00 10.37
n40w80.001 0.79 395.0 92.41 0.00 96.20 1.01 32.91 4.05
n40w80.002 66.16 429.0 11.28 0.00 6.67 0.00 1.50 0.00
n40w80.003 3.37 410.0 118.69 1.95 70.92 2.68 12.17 3.66
n40w80.004 0.64 417.0 164.06 0.00 79.69 1.68 40.62 2.64
n40w80.005 4.71 344.0 74.31 0.00 20.38 0.00 23.14 1.74
n40w100.001 7.65 429.0 129.28 0.00 153.07 0.23 70.59 0.23
n40w100.002 75.96 358.0 30.29 1.12 12.01 1.12 12.60 1.40
n40w100.003 4.76 359.0 121.01 0.00 63.87 2.79 75.21 4.18
n40w100.004 3.39 357.0 70.50 0.00 48.38 0.00 37.17 0.00
n40w100.005 24.59 377.0 63.16 0.00 42.66 0.00 36.76 0.00
geometric mean 0.00 1.25 0.00 3.00 28.82 5.47
arithmetic mean 83.38 1.28 65.40 3.05 43.07 5.60
median 75.00 0.00 50.00 1.83 35.14 4.05

Table D.1 Times and gaps to optimality for Dumas instances where ordering constraints have
been added on the basis of the exact algorithm. In this case only, we add all the instances
with no filtering on the solving times, to have more data available
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APPENDIX E ORDERING CONSTRAINTS WITH PARTIAL OVERLAPS
IN THE DUMAS BENCHMARK

Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
n40w80.002 66.16 429.0 22.61 0.00 15.80 0.00 15.70 6.53
n40w100.002 75.96 358.0 111.69 0.00 142.19 0.00 X X
n40w100.005 24.59 377.0 64.54 0.00 89.10 0.00 228.75 0.00
n60w60.003 13.18 485.0 73.98 0.00 13.96 0.00 56.15 0.00
n60w80.001 24.97 457.0 70.85 0.00 34.40 0.00 X X
n60w80.002 54.87 498.0 75.25 0.00 78.48 0.00 46.49 0.00
n60w80.003 21.92 550.0 65.33 0.00 94.94 0.55 101.37 0.55
n60w80.004 11.76 566.0 86.99 0.00 145.49 0.00 86.14 0.00
n60w80.005 152.47 468.0 61.53 0.21 56.37 0.21 27.59 0.43
n60w100.001 75.51 515.0 133.24 0.00 216.16 0.00 179.53 0.00
n60w100.002 1755.23 534.0 99.02 0.00 22.98 0.00 14.49 1.87
n60w100.003 162.19 557.0 49.02 0.00 56.33 0.00 56.57 0.00
n60w100.004 28.10 510.0 127.72 0.00 14.56 0.98 X X
n80w40.002 35.48 613.0 101.63 1.14 60.15 1.14 18.21 1.47
n80w60.001 14.80 554.0 203.31 0.00 66.55 0.00 X X
n80w60.004 200.19 612.0 109.04 0.00 134.33 0.00 132.38 0.00
n80w60.005 2000 575.0 100.00 0.35 100.00 1.39 X X
n80w&0.001 15.43 624.0 127.28 0.00 128.32 0.00 83.67 0.00
n80w80.002 189.64 591.0 196.11 0.00 133.38 0.00 90.17 0.17
n80w80.003 91.27 589.0 71.41 0.00 92.09 0.00 116.11 0.00
n80w80.004 2000 594.0 100.00 0.00 100.00 0.17 100.00 0.17
n80w80.005 12.89 570.0 152.52 0.00 139.88 0.00 151.51 0.00
n100w40.004 14.94 651.0 102.95 0.00 162.25 0.46 63.99 0.46
n100w60.001 48.19 655.0 140.28 0.00 151.59 0.00 128.26 0.31
n100w60.002 44.91 656.0 149.14 0.00 335.52 0.00 157.07 0.15
n100w60.003 2000 743.0 100.00 0.00 100.00 0.27 93.07 0.27
n100w60.004 19.31 764.0 51.68 0.00 196.69 0.00 60.95 0.00
n150w40.001 23.68 912.0 129.56 0.00 52.32 0.00 158.02 0.22
n150w40.002 25.17 941.0 82.52 0.00 85.86 0.32 X X
n150w40.003 17.74 727.0 116.01 0.00 118.94 0.28 22.32 0.28
n150w40.005 2000 823.0 100.00 0.00 96.88 0.00 21.60 0.12
n150w60.001 2000 851.0 X X X X X X
n150w60.002 60.71 781.0 85.50 0.00 69.74 0.00 94.07 0.00
n150w60.003 2000 789.0 100.00 0.00 100.00 0.00 100.00 2.15
n150w60.004 2000 817.0 100.00 0.00 100.00 0.00 100.00 0.00
n150w60.005 2000 840.0 80.89 0.00 89.51 0.00 52.25 0.00
n200w20.002 24.65 970.0 47.51 0.21 X X X X
n200w20.004 11.80 984.0 76.19 0.00 46.78 0.20 X X
n200w40.001 2000 1021.0 100.00 0.00 X X X X
n200w40.002 2000 945.0 100.00 0.00 100.00 0.42 X X
n200w40.003 1028.89 929.0 86.84 0.00 187.11 0.11 194.39 0.75
n200w40.004 739.19 979.0 270.57 0.00 159.24 0.00 54.28 0.41
n200w40.005 319.09 1030.0 79.28 0.00 166.89 0.00 93.67 0.00
geometric mean 93.97 0.05 88.68 0.16 72.12 0.50
arithmetic mean 102.43 0.05 109.39 0.16 90.59 0.51
median 100.00 0.00 100.00 0.00 91.62 0.14

Table E.1 Times and gaps to optimality for adding ordering consraints based on the variant
with partial overlaps in the Dumas benchmark
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Instance Base 50% 100% 150%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
n150w120.001 200000 734.0 65.45 0.00 100.00 0.00 100.00 0.00
nl150w120.002 200000 674.0 100.00 0.89 100.00 1.93 100.00 1.63
n150w120.003 4650.7 746.0 58.70 0.00 43.11 0.00 56.80 0.00
n150w120.004 200000 inf 68.28 -100.00 90.20 -100.00 85.45 -100.00
n150w120.005 17581.58 685.0 755.99 1.02 573.64 1.02 166.75 1.02
n150w140.001 200000 756.0 100.00 0.00 100.00 0.53 100.00 0.00
nl150w140.002 200000 753.0 100.00 0.00 100.00 0.00 86.35 0.00
nl50w140.003 200000 617.0 100.00 -1.13 100.00 0.00 100.00 0.00
n150w140.004 1715.99 672.0 38.19 0.00 28.50 0.00 48.73 0.00
n150w140.005 200000 664.0 100.00 0.00 100.00 -0.15 100.00 1.05
n150w160.001 81163.34 705.0 109.86 0.00 111.35 0.00 60.50 0.00
nl150w160.002 200000 708.0 100.00 0.00 100.00 0.00 100.00 0.42
nl150w160.003 200000 605.0 X X 100.00 0.66 X X
n150w160.004 200000 670.0 47.28 1.64 100.00 0.75 100.00 0.00
nl50w160.005 200000 661.0 29.33 -0.45 100.00 0.45 100.00 0.61
n200w120.001  93022.06 795.0 95.68 0.00 93.40 0.00 215.00 0.75
n200w120.002 200000 721.0 100.00 0.14 100.00 0.00 100.00 0.00
n200w120.003 200000 inf X X X X X X
n200w120.004 5217.51 772.0 209.88 0.00 314.91 0.00 68.70 0.00
n200w120.005 200000 841.0 100.00 0.00 100.00 0.12 100.00 0.48
n200w140.001 200000 inf 99.97 -100.00 X X 99.97 -100.00
n200w140.002 200000 inf 100.00 -100.00 100.00 -100.00 100.00 -100.00
n200w140.003 200000 741.0 100.00 -0.27 100.00 0.40 100.00 0.00
n200w140.004 200000 809.0 100.00 0.37 100.00 2.35 100.00 2.22
n200w140.005 200000 inf X X 100.00 -100.00 X X
geometric mean 93.57 0.11 103.24 0.42 94.73 0.43
arithmetic mean 121.75 0.12 124.14 0.42 99.47 0.43
median 100.00 0.00 100.00 0.00 100.00 0.00

Table F.1 Times and gaps to optimality for adding ordering constraints in the Ohlman-
nThomas benchmark
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SPARSIFICATION IN THE OHLMANNTHOMAS

BENCHMARK

Instance Base 50% 30% 20%
Time (s) Solution Time (%) Gap (%) Time (%) Gap (%) Time (%) Gap (%)
n150w120.001 200000 734.0 100.00 0.00 100.00 1.09 100.00 3.13
n150w120.002 200000 674.0 X X 100.00 0.89 100.00 1.19
n150w120.003 4650.7 746.0 125.13 0.00 147.32 0.13 80.63 0.94
nl150w120.004 200000 inf 100.00 -100.00 100.00 -100.00 13.08 -100.00
n150w120.005 17581.58 685.0 288.04 0.00 318.75 0.73 749.61 2.48
n150w140.001 200000 756.0 100.00 0.00 100.00 2.65 100.00 6.75
n150w140.002 200000 753.0 100.00 0.00 100.00 1.20 X X
n150w140.003 200000 617.0 100.00 -1.30 100.00 1.78 X X
nl150w140.004  1715.99 672.0 90.19 0.00 106.97 1.04 X X
n150w140.005 200000 664.0 100.00 0.00 100.00 0.00 100.00 0.45
nl150w160.001 81163.34 705.0 136.36 0.00 165.01 2.27 10.64 8.23
n150w160.002 200000 708.0 100.00 0.99 100.00 1.98 X X
n150w160.003 200000 605.0 100.00 -0.66 100.00 0.17 X X
n150w160.004 200000 670.0 100.00 0.75 X X X X
n150w160.005 200000 661.0 X X X X X X
n200w120.001  93022.06 795.0 59.50 0.00 81.55 0.00 215.00 1.51
n200w120.002 200000 721.0 100.00 0.14 100.00 0.28 X X
n200w120.003 200000 inf X X X X X X
n200w120.004  5217.51 772.0 115.72 0.00 70.18 0.00 3833.25 3.89
n200w120.005 200000 841.0 100.00 0.12 100.00 0.36 100.00 1.07
n200w140.001 200000 inf X X X X X X
n200w140.002 200000 inf 100.00 -100.00 100.00 -100.00 100.00 -100.00
n200w140.003 200000 741.0 100.00 0.40 100.00 0.40 X X
n200w140.004 200000 809.0 100.00 0.25 X X 100.00 1.85
n200w140.005 200000 inf X X 100.00 -100.00 X X
geometric mean 105.74 0.04 108.10 0.88 116.06 2.84
arithmetic mean 110.75 0.04 114.49 0.88 430.94 2.86
median 100.00 0.00 100.00 0.73 100.00 1.85

Table G.1 Times and gaps to optimality for adding sparsification in the OhlmannThomas

benchmark
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