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ABSTRACT

E-commerce operations are essentially online, with customer orders arriving dynamically. However, very little is known about

the performance of online policies for warehousing with respect to optimality, particularly for order picking and batching oper-
ations, which constitute a substantial portion of the total operating costs in warehouses. We aim to close this gap for one of the
most prominent dynamic algorithms, namely reoptimization (Reopt), which reoptimizes the current solution each time a new

order arrives. We examine Reopt in the Online Order Batching, Sequencing, and Routing Problem (OOBSRP), in both cases when

the picker uses either a manual pushcart or a robotic cart. Moreover, we examine the non-interventionist Reopt in the case of a

manual pushcart, wherein picking instructions are provided exclusively at the depot. We establish analytical performance bounds

employing worst-case and probabilistic analysis. We demonstrate that, under generic stochastic assumptions, Reopt is almost surely

asymptotically optimal and, notably, we validate its near-optimal performance in computational experiments across a broad range

of warehouse settings. These results underscore Reopt’s relevance as a method for online warehousing applications.

1 | Introduction

E-commerce has emerged as an important channel of retail trade,
emphasizing fast deliveries and large product assortments, while
pressuring for low logistics costs. This makes warehousing an
operational challenge and a leading determinant of competitive-
ness in the e-commerce market. The central component of effi-
cient warehousing is order picking, which accounts for up to
60%-70% of the total operating costs [1, 2]. Most warehouses are
so-called picker-to-parts warehouses [3, 4], in which order pick-
ers travel around the warehouse to collect inventory items (see
Figure 1). In a widespread pick-while-sort setup, pickers try to
collect several orders simultaneously to save on costs. They use

a manual pushcart (Figure 1a), which needs to be taken to the
depot for unloading when it is full, or a robotic cart (Figure 1b),
which can autonomously return to the depot while the picker
keeps working in the field. Each cart contains several bins, and
each bin can accommodate an order. In this paper, we focus on
picking operations in picker-to-parts warehouses and examine
both technologies, manual pushcarts and robotic carts.

E-commerce operations are essentially online, with customer
orders arriving dynamically. However, very little is known about
the performance of the online policies for handling these orders
with respect to optimality. A prominent online policy is reopti-
mization, which myopically optimizes picking operations for the
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(a) Pushcart

FIGURE1 | Anorder picker with a cart in a picker-to-parts warehouse.

<

Depot

m j

FIGURE2 | A typical warehouse layout. A warehouse of length L
and width W with three cross-aisles and seven aisles. Circles mark access
points to pick highlighted items.

set of available orders at specific points in time. Moreover, reop-
timization can leverage the recent progress in exact algorithms
and heuristics developed for the offline setting, in which all the
customer orders are known in advance (cf. [5-7]). Nevertheless,
it remains open whether reoptimization makes sense for pick-
ing operations in warehouses. Optimization literature provides
examples both of good [8, 9] and unfortunate (cf. [10]) perfor-
mance of reoptimization in online problems.

In this paper, we study reoptimization analytically and experi-
mentally in a generic order picking setting, which is known as the
Online Order Batching, Sequencing, and Routing Problem (OOB-
SRP) in the taxonomy of Pardo et al. [11]. In OOBSRP, given the
dynamically arriving orders, we have to determine (a) [batching]
which orders to pick together in a single cart tour and (b) [rout-
ing] how to schedule the picking operations and how to route
the picker. OOBSRP is an online routing problem set in a special-
ized rectilinear network that depicts the warehouse (see Figure 2),
which includes particular capacity constraints that reflect the
characteristics of order batching. In the following, Section 1.1

Source: SSI Schifer

(b) Robotic cart

reviews the literature, and we state the article’s contribution in
Section 1.2.

1.1 | Literature Review

Online order picking and batching problems have attracted much
interest in the literature, see the surveys of Boysen et al. [12], Li
et al. [13], Pardo et al. [11], Van Gils et al. [14] and Vanheusden
[4]. Yet, very little is known about optimal policies. The available
research can be roughly classified into three threads. The first
one analyzes intuitive policies (such as “first come first served”,
S-shape routing, etc.). Here, important insights on the system sta-
bility and policy parameters are formulated using, in most cases,
the tools of the queuing theory (cf. [15-19]). Within this thread
Bukchin et al. [20], analyze optimal decisions on the waiting time
before picking a batch for a significantly simplified problem (e.g.,
the time to collect a batch does not depend on the locations of
the respective items in the warehouse). Secondly, a number of
papers design sophisticated online policies based on metaheuris-
tics, Al, or rule-based approaches (e.g., [21-24]). Finally, and
mostly prominently, a number of authors use reoptimization as
the online policy of choice (see [25-27]). In all these studies,
reoptimization is performed immediately at the arrival of a new
order. In all the discussed cases, the designed policies are usually
benchmarked against simple policies, so that their performance
gap to optimality is generally unknown.

To the best of our knowledge, only Henn [28] and Alipour et al.
[29] compare selected policies to optimality. Both papers focus on
the worst-case performance using competitive analysis. Henn [28]
studies reoptimization in a special case of OOBSRP with a man-
ual pushcart, where the picker routes start and end in the depot
and follow a predefined simplified scheme, which defines the
problem as the Online Order Batching Problem (OOBP) according
to the classification of Pardo et al. [11]. In his analysis, reopti-
mization can only be performed when the picker retrieves a new
cart in the depot; it is performed either immediately when some
recently arrived orders are available or after some deliberate wait-
ing time. The concept of waiting times seems appealing, because
further orders may arrive that make better-matching batches with
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the available orders. In Henn [28], the introduction of the wait-
ing time did not improve the results of the algorithm. The paper
establishes a lower bound of 3/2 for the strict competitive ratio for
any deterministic online algorithm and proves an upper bound
of 2 for the asymptotic competitive ratio for their reoptimization
policy (see definitions in Section 3). The tight competitive ratios
remain unknown. Alipour et al. [29] extend the results of Henn
[28] to multiple pickers.

On a more general note, OOBSRP can be described as a non-
trivial blend of two well-known optimization problems— the
online traveling salesman problem (online TSP) (since the picker
is routed over a set of locations) and the online batching problem
(OBP) (since the incoming orders have to be grouped into batches
to be processed simultaneously in one cart tour). The seminal
work of Ausiello et al. [30] introduces two versions of online TSP:
The nomadic one (N-TSP), for which the route of the online server
ends at the last visited location, and the homing one (H-TSP),
which requires the server to return to the depot. As we will
explain in Section 2, N-TSP and H-TSP resemble OOBSRP in the
special case of infinite cart capacity in the cases where a robotic
cart and a manual pushcart are used for picking, respectively.
In OBP, the machine can process up to ¢ € N jobs simultane-
ously, and the processing time equals the processing time of the
longest job. The objective is to schedule the processing of dynam-
ically arriving non-preemptive jobs on this machine to minimize
the makespan (cf. [31]). OBP can be interpreted as a special case
of OOBSRP with a manual pushcart in a single-aisle warehouse
with the depot located at the end of the aisle. Let us denote as
Reopt the immediate reoptimization policy, which reoptimizes
each time a new order arrives. The worst-case performance of
Reopt has been estimated as follows: The strict competitive ratio
of Reopt equals 2.5 for N-TSP [30], does not exceed 2.5 for H-TSP
[30], and equals 2 for OBP [32]. Moreover, although better poli-
cies are possible, Reopt’s results in these problems are quite close
to the best achievable worst-case results (see [30, 31, 33]). Further,
Ascheuer et al. [33] proved that the result of Reopt in H-TSP is
at most twice the complete-information optimum objective value
plus a constant additive factor that characterizes the diameter of
the studied metric space. In none of the aforementioned studies,
Reopt was compared empirically to an optimal algorithm.

Although various extensions of the online routing problem have
been studied in the literature (cf. [34-36]), only a very few papers
in the literature perform probabilistic competitive analysis for
online routing problems with capacity restrictions. The reason
is that the service times of the tours formed for each capaci-
tated vehicle by nontrivial policies, such as Reopt, usually have
a nonzero length and are highly interdependent, which makes a
formal analysis very hard. Therefore, most existing studies ana-
lyze variants of the “first come first served” policy to leverage
the methods of the queuing theory (cf. e.g., [37]). An exception
is a prominent article by Jaillet and Wagner [9], who studied the
online TSP with precedence and capacity constraints (OTSP-PC).
Jaillet and Wagner [9] examine a problem extension with several
salesmen, propose online algorithms with the best-possible strict
competitive ratio for several problem variants, perform com-
petitive analysis under resource augmentation, and, for specific
problem variants and under several additional assumptions, per-
form probabilistic asymptotic analysis of online algorithms for a
renewal process of arriving requests and an arrival process with

order statistics property. However, OTSP-PC studied by Jaillet and
Wagner [9] differs from OOBSRP as it allows splitting of orders
(called requests) among several tours, whereas OOBSRP does not.
Consequently, once the first item of an order (called city of a
request in OTSP-PC) is collected, a commitment to collect all the
remaining items of this order within the current tour emerges in
OOBSRP (see Example 1 of Section 3.4). This is nontrivial and
changes the character of the problem completely. Overall, the
idea of a probabilistic asymptotic analysis of Reopt as well as the
nature of examined arrival processes in this paper were inspired
by Jaillet and Wagner [9]. However, this paper’s methodology is
distinct in several essential ways. For instance Jaillet and Wagner
[9], rely on a number of additional assumptions in their proba-
bilistic analysis that do not apply to OOBSRP and are not used in
this paper, such as Euclidean space, one item per order, and—in
case of a renewal process for order arrivals—infinitely growing
cart capacity (called server capacity) with the number of orders
n. This radically changes the mechanics of the proofs and, as in
Theorem 3, requires new proof techniques.

To sum up, the optimality analysis of reoptimization for OOBSRP,
which combines the features of routing (online TSP) and batch-
ing (OBP), has not been performed so far. Although the results of
Reopt in online TSP and OBP are quite promising, it is absolutely
unclear, whether it retains its good performance in the more gen-
eral case of OOBSRP. Furthermore, this paper is the first to prove
almost sure asymptotic optimality of a reoptimization algorithm
in the case of a fixed server capacity for any capacitated online
routing problem, under a renewal process model for arrival times.

1.2 | Contribution

OOBSRP, which describes picking operations in e-commerce, is a
central problem in the warehousing literature. However, we still
do not know the performance gap to optimality for any OOBSRP
policy. We aim to close this gap for one of the most prominent
dynamic algorithms, namely immediate reoptimization (Reopt),
which reoptimizes the current solution each time a new order
arrives. Therefore, we establish analytical performance bounds
by means of worst-case and probabilistic analysis, and empirically
validate the almost optimal performance of Reopt, which is indi-
cated by our analytical findings. In particular,

« We analyze OOBSRP for two widespread technologies: Man-
ual pushcarts and robotic picking carts. Since in the former
case, transmitting instructions to the picker is only possible
at the depot in some types of warehouses (cf. [38]), we also
examine a so-called non-interventionist version of Reopt for
manual pushcarts. Non-interventionist Reopt does not allow
the modification of started batches, therefore, reoptimiza-
tion only takes place when the picker is at the depot.

« Our main result states that Reopt is almost surely asymptot-
ically optimal under very general stochastic assumptions in
all the examined picking systems. Stated differently, in any
sufficiently large instance, the result of Reopt coincides, with
probability one, with the outcome of the optimal policy for
this instance and cannot be improved. This is the case when
the order arrival times can be modeled as so-called order
statistics, or as a Poisson process with sufficiently small rates.
In the case of a Poisson process, we also show that Reopt

159

85U80]7 SUOWILIOD BAIIERD 8]qedl|dde a3 Aq peusenob aJe e YO ‘8sn Jo se|nJ Joj Areiqi8UIIUO 43I UO (SUORIPUOD-PUB-SWLBIW0D A8 |IMAleJq 1 BUl|UO//:SANY) SUORIPUOD Pue SWIB 18U} 89S *[5202/TT/bZ] Uo Ariqiauljuo AB[IM ‘eIuo N 8a YoeiA|od 81093 Ad 18222 1BU/Z00T 0T/I0p/w0d Aa | A.q e juo//Sdny wouy pepeojumod ‘Z ‘SZ0Z ‘LE00.60T



achieves a slightly weaker notion of optimality when the
order arrival rate is sufficiently large.

« In the subsequent analysis, we drop stochastic assumptions
and examine the performance of Reopt in any large instance
as well as in instances of arbitrary sizes. Among others, we
prove that the worst-case performance of Reopt compared to
the optimum (competitive ratio) approaches 2 in all studied
picking systems, In other words, no policy can improve upon
the results of Reopt by more than 50% in such instances.

+ Our experiments, which feature typical warehouse settings
and order arrival rates, reveal almost optimal performance
of Reopt already in moderate-sized instances.

Our analysis offers significant insights into long-standing dis-
cussions within the warehousing literature. The first pertains to
the merits of waiting, wherein the picker interrupts the pick-
ing process to wait in the depot (or field) for additional orders,
in the hope for the arrival of better-matching orders for the
next batch [11, 20]. Waiting is an integral part of prominent
fixed-time-window batching and variable-time-window batching
policies [11, 16]. The second involves anticipation, which seeks
to predict upcoming order properties based on historical data
[39]. In prevalent designs, anticipatory algorithms reserve slots
in batches for future orders, resulting in the under-utilization of
the cart for some time and potentially leaving out well-matching
orders. Both waiting and anticipation incur immediate costs for
uncertain future benefits. The performance gaps of Reopt, which
eschews both waiting and anticipation, establish a clear bench-
mark for assessing the benefits of these concepts. In scenarios
where Reopt closely approaches complete-information optimality
(which is a strong concept of optimality, cf. Section 2), the intro-
duction of waiting or anticipation cannot significantly improve
the results and could potentially lead to deterioration.

We emphasize the novelty of the performed probabilistic analy-
sis of Reopt. This analysis is one of the few research endeavors to
scrutinize optimality gaps of a nontrivial online policy for a vari-
ant of the capacitated vehicle routing problem, diverging from the
conventional “first come first served” approach, and assuming
realistic capacity restrictions (see the discussion in Section 1.1).

We proceed as follows. Section 2 states OOBSRP formally,
Section 3 presents a theoretical analysis of Reopt for OOBSRP, and
Section 4 reports on computational experiments. We conclude
with a discussion in Section 5.

2 | Problem Description

A typical warehouse (see Figure 2) resembles a rectilinear grid of
length L and width W, which has a > 1 equidistantly positioned
parallel aisles and b > 2 equidistantly positioned cross-aisles.
The depot is located at some fixed location /, in the grid. The
picker moves in a rectilinear way through aisles and cross-aisles,
which results in a particular distance metric d( ). As illustrated
in Figure 2, the picker can access items only from the aisles, in
particular, no items are located in cross-aisles.

Orders (0y, 05, ..., 0;, ...) arrive dynamically over time and each
order o; is associated with some number k(j) € N of picking

locations in the warehouse, where the ordered items have to be
retrieved. Following the hierarchical planning process in ware-
houses, OOBSRP assumes that the picking location of each
ordered item has already been determined, therefore, we use
these terms interchangeably. Recall that the cart of the picker con-
sists of ¢ € N bins, so that, to save on costs, she collects up to ¢
orders at a time during one cart tour in a so-called batch. Orders
cannot be split between different bins, and each bin may contain
only one order at a time. Parameter c is called batching capacity.

We examine picking systems with two different types of carts:
Manual pushcarts and robotic carts; we will denote these carts as
pushcart and robot, respectively, in the following. The main differ-
ence between them is that the picker must bring the pushcart to
the depot each time after a batch has been collected, whereas the
robot can drive there autonomously, allowing the picker to pro-
ceed with picking the items “in the field” into the newly arrived
robot.

OOBSRP considers one picking zone of a single picker. Therefore,
when we talk about the warehouse layout below, we refer to the
layout of a single zone of the warehouse.

‘We make the following assumptions:

« W.lo.g., we assume that the picker travels at unit speed, so
that we talk about the distances and picker travel times inter-
changeably. In our theoretical analysis, we set the picking
times of retrieving an item from the shelf and placing it in the
cart to zero for simplicity. Later on, in the empirical analysis
of Section 4, we consider non-zero picking times.

« Following the literature on robotic carts (e.g., [40, 41]), we
assume that an empty robot is immediately available for the
picker after she has completed a batch. Indeed, two robots
per picker are usually sufficient to avoid picker waiting
(ct. [40]).

Before stating OOBSRP in Section 2.2, we introduce the
offline problem variant with complete information (OBSRP¥) in
Section 2.1. Figure 3 states an illustrative example that we use
throughout this section.

2.1 | Offline Problem Variant With Complete
Information: OBSRP*

An instance I of OBSRP* with a specific type of cart has the fol-
lowing input:

« Infrastructure parameters, such as the location of the depot
1, width W, length L, the number of aisles a and cross-aisles
b, as well as the batching capacity c;

« the sequence of dynamically arriving orders o = (oy, ..., 0,),
where o; := {sjl., ...,sf(’)} refers to the set of k(j) > 1 pick-
ing locations for the j order;

« the respective sequence of arrival times r = (rq, ...,r,), with
r; being the arrival time of 0; and r; < - - - < r,,. Observe that
in OBSRP*, where all the information is known in advance,
arrival times can be simply interpreted as release times for
picking the items of the corresponding orders.
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(a) Instance I

(b) CIOPT Picker route with robot

(c) Reopt Picker route with robot

FIGURE 3 | [Illustrative example. Items of all (n = 4) orders are marked in different colors.
TABLE1 | Algorithms and their solutions for the illustrative instance I from Figure 3.
Sequence of batches

Algorithm Objective value mhatehes — (g 5 ...) Picker route’r
Caseofapushcart
CIOPT? 88 ({o1,03}{05,04}) (al,d2,d9, g9, j2,al, g2,1t9, m2,m2, al)
Non-interventionist 100 ({oy,0,}, {03,04}) (al,d2,j2,19,m2,al,d9, g9, m2, g2, al)
Reopt
Interventionist Reopt 90 ({o1,04}{0,5,05}) (al,cl,d2,g1,g2,m2,j2,al,m2,19,g9,d9, al)
Caseo farobot
CIOPT 52 ({o1, 04}, {05,03}) (al,d2, g2, j2,m2,m2,19, g9, d9)
Interventionist Reopt 54 ({o1, 03}, {0,,04}) (al,cl,d2,d6,d9, g9, j2, g2, m2, m2,19)

2CIOPT refers to an exact algorithm for the complete-information counterpart of instance I.
The picker positions at reoptimization events of the interventionist Reopt are marked in bold.

The objective is to minimize the total completion time of picking,
which describes the picker’s working time. In the system with a
pushcart, the picker has to return the pushcart to the depot at the
end. On the contrary, in the system with a robot, the total comple-
tion time describes the time passed until the picker picks the last
item of the last batch. Given this objective, an optimal solution
of OBSRP* for both cases of a pushcart and a robot is uniquely
defined by:

« a partition of the orders into batches: {o;, ...
SIUS,U---US, S NS, =08VkIel(l, ... [}
batch contains at most ¢ orders.

,0,} =
each

« a sequence z%°"¢s of these batches, which determines the
order in which the batches are processed by the picker.

« for each batch ), a permutation of the picking locations of
all the included orders, which determines in which order the
picker collects the items.

Indeed, in an optimal picking schedule, the picker will pick each
item at the earliest possible time (which accounts for the arrival
times of the orders) given the sequence of batches z%ch¢s and
the visiting sequences of picking locations for each batch. We

denote the optimal objective value of instance I as complete
information optimum CIOPT(I) and a respective optimal solu-
tionas CIOPT.

Note that OBSRP* is NP-hard. We refer to Lorenz et al. [42] for
further details and a concise mathematical model of OBSRP*
with a pushcart.

Table 1 illustrates CIOPT (I) for instance I with n = 4 orders
provided in Figure 3a in the case of a pushcart and a robot,
respectively.

Note that in the optimal solutions for both cases, the picker leaves
the depot towards the first picking location even before the arrival
of the respective order, since the arrival times and picking loca-
tions of all the orders are known in advance. Also observe that
grid cellsin Figure 3 have a unit length, for example, d(al, d2) = 4
as the picker has to traverse four units (cell lengths) between the
cell centers of the depot al and d2.

In an optimal solution of OBSRP* with a pushcart, the
picker arrives at each picking location after the arrival of the
corresponding order. The first batch consists of two orders
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(S; ={o0;,05}) and is completed in (4+ 7+ 5+ 10+ 10) =36
time units, after the picker’s return to the depot. The second batch
S, = {0,,0,} is picked in (7 + 19 + 13 + 0 4+ 13) = 52 time units.
Overall, CIOPT requires (36 + 52) = 88 time units.

Observe that in C10 PT for OBSRP* with a robot (cf. Figure 3b),
the picker waits for the arrival of order o, for one time unit
at location g2 while performing the first batch. Overall, batch
S, ={o0y,04} is picked in (4 +5+[1]+ 5+ 5) = 20 time units.
After having completed the first batch, the loaded robot returns to
the depot autonomously, a new empty robot is immediately avail-
able, and the picker continues with the next batch S, = {o,, 05}
from her current location m2. CIOPT requires (20 + 32) = 52
time units.

22 |
Policy

Online Problem and the Reoptimization

In the online problem, OOBSRP, neither the number of orders
n, nor the arrival times of orders are known ahead of time, and
the characteristics of each order o; are revealed at its arrival ;.
Therefore, online algorithms represent policies, which prescribe
a decision given the current state and available information. We
analyze the online algorithm Reopt, which optimizes picking
operations based on the available information without any
anticipation of future orders, and knowledge of their probability
distributions.

In traditional warehouses with a pushcart, the picker can receive
instructions only at the depot, for example, because the cart-
and picker equipment is order-specific for each batch, so that
an already commenced batch cannot be replanned. Therefore,
we differentiate between non-interventionist Reopt and interven-
tionist Reopt. In non-interventionist Reopt, reoptimization occurs
each time the picker returns to the depot, provided newly arrived
orders are available. If all the available orders have been com-
pleted, the picker simply stays at the depot until further orders
arrive. Let reoptimization take place at some time ¢, then it
amounts to solving the complete-information problem OBSRP*
for the orders, which arrived before t and have not been picked so
far; obviously, these orders are treated as immediately available.

To the contrary, in the interventionist Reopt, reoptimization is per-
formed at each arrival r ; of a new order o I Also in this case, the
planner solves a variant of OBSRP* for the already arrived, but
not yet processed orders; however, she takes the following aspects
into account: (i) if some bins of the cart contain picked items, the
respective orders must be completed as part of the current batch;
(ii) in the current batch, empty bins are free to be (re)assigned to
any available and not yet commenced order, (iii) the picker route
starts from her current position in the warehouse.

To sum up, we examine three picking systems for OOBSRP, each
featuring a cart technology and the applied Reopt algorithm: One
with a pushcart and a non-interventionist Reopt policy (Pcart-N),
one with a pushcart and interventionist Reopt (Pcart), and one
with a robot and interventionist Reopt (Robot).

Table 1 illustrates the objective values Reopt(I) of Reopt for the
instance I from Figure 3 in the three considered picking systems:
Pcart-N, Pcart, and Robot. In all three systems, the picker stays at
the depot until the first two orders arrive at time r; = r, = 2.

In Pcart-N, at the time ¢ = 2 of the first (re)optimization, only
orders o, and o, are available and the batch S; = {0;,0,} with a
picking time of (4 + 8 + 16 + 13 + 13) = 54 is formed. Although
new orders arrive at times 4 and 10, no replanning can take
place until the picker returns to the depot. The next reoptimiza-
tion occurs at time (54 + 2) = 56, and the remaining orders are
assigned to the next batch. Altogether, Reopt(I) = 56 + 44 = 100
for Pcart-N.

In contrast, in Pcart and Robot, interventionist Reopt reoptimizes
the current solution at each arrival of a new order. In both sys-
tems, at r; = 4 the picker is at decision point c1, and the planned
routes for the batch S; = {0;,0,} are (al,d2,m2,19, j2,al) and
(al,d2, j2,m2,19) in the case of Pcart and Robot, respectively. For
Pcart, the new sequence of batches is ({0, }, {0,, 0;}) and the new
route is (al,cl,d2,j2,al,m2,19, g9,d9, al). This route is inter-
rupted at the arrival of o, at r, = 10, when the picker is at g1,
resulting in the final solution of Table 1 with Reopt(I) = 90. For
Robot, the batching is first changed to ({0;, 05} {0,}) and the route
is changed to (al,cl,d2,d9, g9, j2,m2,19). The order o, arrives
when the picker is at position d6, having picked the first item of
o0,. Therefore, at the next reoptimization at time r, = 10, one bin
in the current batch is reserved for order o,. So, the new batch-
ing is ({0;,05},{0,,0,}) and results in Reopt(I) =33+ 21 =54
for Robot (cf. Figure 3c).

3 | Extended Competitive Analysis for Reopt
in OOBSRP

In this section, we perform competitive analysis for Reopt. In
competitive analysis, the result of an algorithm ALG(I) for an
instance [ is compared to the best possible online policy for that
instance. Obviously, the best possible online policy is that of an
oracle, which perfectly foresees the arrival time and the compo-
sition of each order, and the result of this policy is CIOPT(I)
(cf. [43]).

We apply three different ratios to highlight the various aspects of
OOBSRP performance. We start in Section 3.2 with the almost
surely (a.s.) asymptotical competitive ratio o-g;_;mp_(ALG), which

assumes a probabilistic lens and disregards improbable events.
We say that 6%* (ALG) = a, if:

asymp.

_ ALGU ™y
PR ETopTayen - 0! @

where I(n)“ is a random instance with n orders follow-
ing given stochastic assumptions. Note that o7’ (ALG)
strongly depends on the stochastic assumptions under

consideration.

To analyze general large instances in Section 3.3, we turn to the
asymptotic competitive ratio o,,,,, (ALG). We call an algorithm
ALG asymptotically a-competitive if, for any instance I, there
exists a constant const, which is independent of the number and
characteristics of the orders in I, but may depend on the ware-
house geometry, such that:

ALG(I) < a - CIOPT(I) + const )
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The asymptotic competitive ratio ¢,;,,,, (ALG) is then defined as
the infimum over all constants «, such that A LG is asymptotically
a-competitive.

Finally, to include small instances in our analysis (Section 3.4),
which may display anomalies, we use the strict competitive ratio
6(ALG), which is the worst-case ratio between ALG(I) and
CIOPT(I) over all possible instances I of the problem:

ALG(I)

Observe that the strict competitive ratio derives from the asymp-
totic competitive ratio by forcing the constant const to be zero.

We begin by stating the key properties of OOBSRP in Section 3.1.
Afterward, Section 3.2 establishes almost sure asymptotic opti-
mality of Reopt in all the examined systems under general
stochastic conditions. Sections 3.3 and 3.4 examine the asymp-
totic and the strict competitive ratios of Reopt, respectively.

3.1 | Properties of OOBSRP

The results of this section are used throughout the follow-
ing discussion. We state bounds for a warehouse traversal in
Lemma 1 as well as for the results of Reopt and CIOPT in
Lemmas 2-4, respectively. We conclude by showing asymptotic
optimality of Reopt for a special OOBSRP case, where each order
contains exactly one item.

Let us denote an OOBSRP instance with n orders as I(n).
We denote as I(n)=° the variant of some given instance I(n),
in which all the orders are instantly available, that is, with
rp=ry=---=r,=0.

Lemma1l (Upper bound for the warehouse traversal).
Notwithstanding the cart technology—a pushcart or a robot—and
given an arbitrary starting position of the picker, the shortest time
needed to visit all the picking locations in the warehouse and return
to any given location is bounded from above by the following con-
stant u. The bound u is tight.

u=(a+1)W +2L 4)
Proof.  See Electronic Companion A. O

Lemma 2 (Upper bound for Reopt(I)). In Pcart-N, Pcart,
and Robot, the results of the respective Reopt policy for some
instance I(n) cannot be worse than the following bound:

Reopt(I(n)) < r, + CIOPT(I(n)=°) +u (5)

Proof.  Attimer,, when the last order arrives, Reopt reoptimizes
having the complete information and requires no more time than
the following simple policy: Complete the currently open batch
and return to the depot in at most u time (cf. Lemma 1), then
follow the route of CIOPT for the instance I(n)=° to collect the
remaining orders. O

For Pcart and Pcart-N, let us define the makespan M(o;) of order
0; as the length of the shortest route that starts at the depot,

covers all items s;, € oj, and ends at the depot. Similarly, for
Robot, we define the makespan M(o;) of order o; as the length
of the shortest route that starts in any picking location sj. €oj,
covers all picking locations in o;, and ends at any arbitrary
picking location s, € o;.

Lemma 3. In Pcart-N, Pcart, and Robot, the complete informa-
tion optimum for any instance I(n)=°, for which all orders are
initially available, cannot be better than the following bound:

i M)
c

CIOPT(I(n)=°) > (6)

Proof.  This bound assumes the ideal case in which each batch
can be fully packed with ¢ perfectly matching orders. These
orders are then collected simultaneously during the picking pro-
cess at the walking cost of only one of these orders, M(o)), for
o; in the batch. In the case of Robot, it further ignores possible
walking time between the items of subsequent distinct batches.o

The following Lemma 4 summarizes some important straightfor-
ward relations, which we state without a proof.

Lemma4 (Lower bounds for CIOPT(I)). In Pcart-N,
Pcart, and Robot, and any instance I(n):

CIOPT((n) > r, (7)

CIOPT(I(n)) > CIOPT(I(n)™°) (®)

> CIOPT(J™™% VJ CI(n) 9)

Proposition 1. In Robot, in the special case of OOBSRP with
single-item orders, that is, k(oj) =1Vje{1,...,n}, Reopt is
asymptotically optimal, that is, c,,,,, (Reopt) = 1.

Proof.  Observe that Robot with single-item orders is equivalent
to the online nomadic TSP. So, at the arrival of the last order at
time r,, Reopt reoptimizes having the complete information and
collects the remaining orders in no more time than that required
by the following simple policy: Traverse the warehouse in S-shape
motion once. This traversal requires a constant amount of time,
dependent only on the warehouse geometry. Using (7) and the
definition of the asymptotic convergence in Equation (2), we
complete the proof. O

3.2 | Asymptotic Optimality of Reopt

In this section, we show that, under general stochastic assump-
tions, when the number of incoming orders is sufficiently large,
Reopt is asymptotically optimal with a probability of one (almost
surely) in all the examined systems: Pcart-N, Pcart, and Robot.

In a probabilistic analysis, we consider random instances, and
such an instance with n €N orders is denoted as I(n)"9.
We denote the involved random variables in capital letters,
for example, orders O =(0,,0,,...,0,) and arrivals R =
(R, Ry, ..., R,). We assume that distinct customer orders O; in O
are independently identically distributed (i.i.d.). For mathematical
completeness, we redefine O ; as a multivariate random variable
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FIGURE4 | Realizations of 30 order arrival times with the order statistics model for different distributions. The three graphs show the probability

distribution function (PDF) of the respective distributions (line) and the dots on the x-axis represent the realizations of the arrival times.

0, =(K;, Sjl, o S/.I(’) with K, picking locations Sjl, . S}.Kj.
Further, in case of Robot, we exclude the trivial case of single-item
orders (cf. Proposition 1) and assume E[K;] > 1. Observe that the
specified stochastic assumptions explicitly allow product items S;
and Sj’. of the same order O ; to be correlated, such as phones and
matching protective cases, which are usually ordered together.

We assume that the random sequences R and O are independent.
In the following, we will discuss two common stochastic models
for the arrival time sequence R.

We begin by examining the order statistics property of arrival
times in Section 3.2.1, an order arrival model suggested in the
context of online routing problems by Jaillet and Wagner [9]. This
model considers a fixed number n of orders, with arrival times
that are independent and identically distributed (i.i.d.) accord-
ing to a fixed but arbitrary distribution. The i.i.d. assumption is
natural in e-commerce warehousing, since customers act inde-
pendently. The distribution can be arbitrary (see Figure 4), for
example, uniform, single-peaked, skewed, multimodal (the lat-
ter applies, for instance, when most orders arrive during lunch
breaks and evenings). The order statistics arrival model can have
both finite and infinite support; in the former case, the orders
arrive within a finite time interval, like a shift or a day, while in
the latter, order arrival times are unrestricted.

For an example of the latter case, consider picking a stock of
n limited-edition cell phones from a warehouse that exclusively
contains those items. The picking process concludes when all n
items have been picked.

The analysis in Section 3.2.2, where order arrivals follow a homo-
geneous Poisson process, builds upon the results of Section 3.2.1.
We proceed with a formal definition of the two models and the
analytical results in Sections 3.2.1 and 3.2.2.

3.21 |
Times

Case of the Order Statistics Property of Arrival

The order statistics property of arrival times can be defined as fol-
lows. The arrival times of the orders are i.i.d. realizations Y,.j€
{1, ...,n}, of a generic random variable Y > 0 with an arbitrary,
given distribution and mean y, < oo. To derive the arrival times
of the orders, we sort the realizations of Y; the j** arrival time is
the j™ order statistic: R, = Y{;, where Y;;) < Y5 <--- <Y,.

Theorem 1 states one of the main results of this work.

Theorem 1. In Pcart-N, Pcart, and Robot, given the specified
stochastic assumptions, including the order statistics property of
arrival times:

R I rand
ReoptUer™) g
i~ CTOPT(I(nyend)

Proof. Following a similar line of proof as [9], we first recall two
relations from Lemmas 4 and 2, respectively:

CIOPT(I(n)™%) > CIOPT (I (n)“"4"=0) (11)
Reopt(I(n)" ™y < CIOPT(I(n)""""=°) + R, +u (12)

Together, they imply

Reopt(I(n)") <1 n R, +u (13)
CIOPT(I(nyand)y =~ CIOPT(I(nyandr=0y ~— p
Since p, < o0, Lemma 6 of [9] can be applied:
R
lim— +%=0 a.s. (14)

n—-oo n n

At this point, the proof of [9] developed for the capacitated online

TSP is not applicable, and we proceed in a unique way. To show

that ——————— is bounded from above by a constant (which
CIOPT(I(n)rand.r=0)

does not depend on n), we use the lower bound from Lemma 3:

CIOPT(I(ny =) 1 2 M) 15)
n C n

Recall that the makespan M(O;) of order O is the shortest picker

route to collect all items in O;. Given the stochastic assumptions,

M(0;),j € {1, ...,n}, are i.i.d. Therefore, by the Strong Law of

Large Numbers:

fim 1. 22 MO 1 E[M©O)] >0  as.  (16)
n—oo ¢ n Cc
‘We only consider the case of a strictly positive E[M(O,)]. Other-
wise, the problem is trivial, and Reopt is optimal per definition
in Pcart-N and Pcart; in Robot, the problem reduces to the
single-item order case for which Reopt is asymptotically optimal
by Proposition 1.
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Observe that * - E[M(O,)] is a constant that does not depend
on n. The con\cfergence of (16) implies that the right-hand sight
of (15) is larger than some nongzero constant ¢ < %[E[M(Ol)]
a.s. if the number of orders » is large enough, that is, Vn >
n, for some n:

CIOPT rand ,r=0
() ) > e u < 1 a.s.
n CIOPT(I(n)yrand.r=0y — ¢

17)

This, together with (13) and (14), completes the proof:

Reopt(I(n)r™) < n R, +u
CIOPT(I(n)yand) = CIOPT(I(n)ramdr=0)y
iy 14+0 a.s.

O

The interpretation of Theorem 1 for an order statistic with a
finite-support arrival-time distribution Y, such as during a shift,
is quite intuitive. As the number of orders arriving during this
shift increases, the picker becomes overloaded, and most orders
will have to be picked after the shift ends, regardless of the pick-
ing policy. Therefore, Reopt, which picks optimally after the end
of the shift when no more orders arrive, converges to optimal-
ity. However, the interpretation is less straightforward for a ran-
dom arrival-time distribution Y with infinite support, such as a
normal distribution in the limited-edition cell phone example
in Section 3.2. In this case, as the number of available products
increases, n — oo, the arrival time of the last order placement, R,,,
will extend to infinity (as for arbitrary x < oo, P(R, > x) =1 —
P(Y < x)" — 1by definition of Y’s infinite support). This implies
that the picking system remains dynamic throughout the entire
picking process. Even for these systems, Theorem 1 proves that
Reopt can keep up with an optimal picking strategy, with proba-
bility one.

3.2.2 | Case of the Homogeneous Poisson Process
for Order Arrivals

Let random variables X »JEN, which represent the time
between the j* and the (j — 1)" order arrival, be i.i.d. exponen-
tially distributed with mean i, then the sequence of order arrival
times follows a homogeneous Poisson process with rate A.

A central notion for the analysis of the Poisson-arriving orders is
the queue QReoP'(I(n) "), which is the set of pending orders at
time R, in instance I (n)""* for policy Reopt.

We prove in Theorem 2 that Reopt is a.s. asymptotically optimal
if lim,_, 19""I@™ _ o that is, if with probability one, the
queue of pendinng orders does not grow as fast as the total num-
ber of received orders. Note that this condition would be neces-
sary under the Reopt policy to safeguard the warehousing system
against potential instability.

Because the queue length |QReoP!(I(n)e"?)| is generated by two
independent sequences of i.i.d. random variables—the picking
locations and the inter-arrival times—we believe that by the
0-1-Laws, the probability of the event lim,_, o™l _
is either 1 or zero for a given rate A, and we suspe?:t that the

probability increases monotonously in A. In other words, we
Reopt rand
believe thatlim,_, W = 01is true for small arrival rates

until a fixed threshold 4 (see Conjecture 1).

In the case of asymptotically increasing arrival rates, the proba-
bility that Reopt approaches optimality converges to 1 as well, as
we prove in Theorem 3.

Observe the stand-alone character of this section’s arguments in
the warehousing research. The available queuing systems analy-
sis, which is usually employed when order arrivals follow a Pois-
son process, requires i.i.d. service times of the batches. The latter
is the case, for instance, for the “first come first served” policy,
when orders are serviced in the sequence of their arrival. This
is not the case for Reopt and neither it is the case for CTOPT,
where the service times of the batches are interdependent due to
reoptimization.

Theorem 2. In  Pcart-N, Pcart, and  Robot, if
Reopt rand
lim,_, ., w =0a.s., then:
R t(1 rand
copl(m™) _ 1 as. (18)

n—eo CIOPT(I(n)end) ~

Proof. Exploiting the i.i.d. inter-arrival time property of the
Poisson process, the proof combines the Strong Law of Large
Numbers with the fact that the warehouse has bounded dimen-
sions. We refer to the Electronic Companion B for details. O

Observe that Theorem 2 demonstrates the asymptotic optimal-
ity of Reopt not only for a.s. stable picking systems, but also
for certain systems with high-order arrival rates, where there is
a non-zero probability that the queue length grows to infinity
over time. For instance, it applies to picking systems with queues
growing as fast as \/Z, which is sublinear in n. In summary, the
statement of Theorem 2 is quite general, extending from small to
moderately high-order arrival rates.

Conjecture 1. In Pcart-N, Pcart, and Robot, there is a rate 1
Reopt ([ (yrand ~

such that P(lim,,_, W =0) =1 forall A < A. Thus, for

all rates A < 1:

R I rand
_ReoptI(m™) _ 1. (19)
n=co CIOPT(I(nyed)

It remains unclear whether Reopt is asymptotically optimal a.s.
for rates A > 1. To prove a somewhat weaker notion of conver-
gence, we fix the time interval [0,7] (e.g., a shift) and examine
the orders I(t) "¢ arrived in this time interval [0,] given the
arrival rate A of the underlying Poisson process. Recall that, by
definition, the number of orders N (¢) in the interval is Poisson(4 -
t)-distributed. We denote by PP, the underlying probability mea-
sure for a given arrival rate A.

Theorem 3. Let 4, > 0,i € N be any increasing sequence of
arrival rates such that A; — o if i - oo. In Pcart-N, Pcart, and
Robot, the following holds true:

R I rand
g [_Reoptr @) ]

—_— | = 20
i=w | CIOPT(I(tyand) 20)
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And forall e > 0:

lim P

i—=o0

Reopt(1(ty™?)
4\ CIOPT(I(r)-and) =

Proof. The detailed proof is provided in the Electronic Com-
panion C.

1+€) =0 (21)

Recall that to establish convergence, Theorem 1 depended on a

sublinear growth of the arrival time R, of the n'* order ( % = 0).
a.s.

This is not the case when the arrival-time sequence is a SPois—
son process with some given inter-arrival time L Therefore, we
must resort to a very different line of proof. In this proof, we per-
form a formal transition from the probability space described in
Section 3.2.1 to the probability space of this section. The proof
proceeds in three steps.

First, we want to leverage the convergence statement of
Theorem 1. Therefore, we apply it in the case of instances I(n) "
with independent uniformly [0, ]-distributed arrival times for
an arbitrary r € R*. Since the ratio ReopI'™)_ i 51y ded (cf.

3 CIOPT(I(nyend)
Section 3.4), we can restate Theorem 1 as the convergence in mean.

Secondly, we assume that the order arrival times follow a Pois-
son process with some given arrival rate A € R*. We examine
instances I(¢)""¢ comprising all orders arriving within a prede-
fined time interval [0,¢],7 € R*. Let N(¢) be the random num-
ber of these orders. We then use the Order Statistics Property
of the homogeneous Poisson process, in combination with the
statements of the first step of this proof, to derive the conditional
convergence in mean:

rand
limE, [ Reopt(I(1)" ")

n—oo CIOPT(I(t)rand) [ N®)=n]=1 (22)

Convergence implies that for any € > 0, we can find n, € N such
Reopt(I1(t) ™) _ €
that Bl clorraayan | N@)=n] <1+ 5 foralln>n,.

Thirdly, we compute the unconditional expectation
rand

A[%] using the Law of Total Expectation for dis-

tinct groups of instances—those with N(r) > n, and those

with N(7) <n.. After some transformations, we show that
i—=o0
for any sequence of rates 4; with 4, — oo and any ¢ >0,
one can choose i, € N in dependence of ¢ and ¢, such that
Reopt(1(1) ") . .
[EA,[—C10PT(1U>MM)] <@+e)foralli>i,.

We use Markov’s inequality to derive the implication of (21) from
Equation (20). o

3.3 | Performance of Reopt in General Large
OOBSRP Instances

In this section, we abolish the stochastic assumptions and exam-
ine whether Reopt retains its good performance for general large
problem instances. We show that even in the worst-case, the Reopt
result cannot be improved by more than 50% in any given OOB-
SRP instance if it is sufficiently large. This is still an excellent
performance.

Overall, having examined different worst-case examples for Reopt
in OOBSRP with a pushcart and a robot, we see two underlying

mechanisms of the Reopt’s suboptimal result: (i) unfortunate
batching and, in the case of the interventionist Reopt, (ii) unnec-
essary walking. In (i), Reopt places orders in one batch even if the
savings from their batching are small compared to a separate pick-
ing of these orders (cf. Example 1). CIOPT, to the contrary, can
anticipate upcoming better-matching orders. In (ii), Reopt com-
pletely changes the current route of the picker, including her next
destination, at the slightest promise of time-saving. Paradoxically,
this behavior may result in a prolonged back-and-forth walking
without picking an item, which is avoided in CTOPT (cf. the
proof of Proposition 3).

In the following, Proposition 2 establishes the upper bound
of 2 for o (Reopt) in all the examined picking systems.

asymp.

Proposition 3 states that this worst-case ratio is tight for Pcart and
Robot.

Proposition 2.  In Pcart-N, Pcart, and Robot, 6,4, (Reopt) <
2. In other words, for every instance I(n)

Reopt(I(n)) <2-CIOPT(I(n))+ const (23)
where const is the warehouse traversal time u from Lemma 1.
Proof. By Lemmas 2 and 4:

Reopt(I(n)) < r, +u+ CIOPT(I(n)=")

<2.-CIOPTU)) +u 24)
]

Proposition 3. In Pcart and Robot, the upper bound of 2 is
tight for the asymptotic competitive ratio, that is,
G ysymp.(Reopt) > 2 (25)

Note that in the case of Pcart, the statement requires a warehouse
with at least two aisles.

Proof. We examine the case of Pcart and refer to Electronic
Companion E for the case of Robot.

Figure 5 provides an unfortunate example IV°'™! for ¢ = 2 and a
two-aisle warehouse. This example can be generalized for ¢ > 2
and more general warehouse layouts.

Arriving orders in IV°™! consist of one item, which is placed
either in the left aisle (at position s'*%) or in the right aisle (at

gLeft sRight

“H—>r
back-and-forth
walk in Reopt

FIGURES5 | Pcart: Unfortunate large instance for Reopt. ¢ = 2.
Single-item orders with items s'* and s"8" arrive such that, in Reopt, the
picker keeps walking back and forth without completing any batch until
the arrival of the last order.
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position s"&t), We simplify the notation for these single-order
items and write o, = s'*% or o; = """, Vi € N, respectively. Recall
that W and L are the width and the length of the warehouse,
respectively. In this example, the picker can traverse both aisles
in a cyclic tour of length T =2W + 2L from the depot. Let
d(ld, sleft) — (ldv Sright) -1, d(left, sright) — lT.

2 2

Instance IW°™! consists of n = 2k orders, where k € N, is some
uneven number. Each time, orders s'ft and s"€" arrive simultane-
ously. The idea is to set the inter-arrival times of the orders such
that Reopt makes the picker oscillate between the positions of s™ft
and s"¢"t in the upper half of the warehouse, without picking any
item, until the last order arrives.

At time r; = r, = 0, Reopt batches the only two available orders
together: S, = {0,,0,} with o, = 5" and o, = s"", and plans
to pick them in a circular tour. W.l.o.g., let Reopt pick o, first (at
. 1

time ZT)'

5

T — 55 an order st and an order stight

arrive. In Reopt, the picker is currently at distance 2:—_2 above
item s"8"t with o, placed in her cart. Reopt has two choices.
The first is to follow the initial plan and pick batch {o;,0,} =
{s'eft, st} to the end, then pick batch {05, 0,} = {s", s"8"'} ata
total cost of 2T'. The second is to turn back and complete a mod-
ified batch S| = {0, 05} = {s'f, IEft} then plck S, ={0,,0,} =
{stieht gright} atatotal costofr, + T - m + Z=2T-2. 2:—2
Reopt decides for the second optron

At time r; =r, =

an order sl‘eft and an order s"ight
left

At time ry =rg = ZT—3 2k >

arrive, and the picker is at a distance of m above s with o,
placed in her cart. Reopt has two choices. The first is to con-
tinue picking S, = {0,,0;} = {5, s*} and then S, = {0,,0,} =
{ sight, right} and S; = {05,06} = {sleft, gright} " at a total cost of
2T -2 m +T =3T —2- —. The second is to change the
first batch again to S, = {01, 02} = {s'ft, smight} then pick S, =
{05,05} = {s'°T, 1€ft} and S3 = {0,,04} = {5180, stight} "at a total

3 5 .
cost of r¢ + ZT_ 2k_2 +2- 5 =3T -4 -=. Reopt decides for
the second option.

. 2p—1
In general, at time r,, ; =ry, = p -(2p-3)- m for pe

{2,...,k}, an order s*% and an order s"ght arrive. If p is
uneven, the picker is at distance ﬁ above s planning
to pick ? batches of type {s'%, s} first, then % batches
of type {sfieht stighty With the two recently arrived orders,
Reopt decides to pick batch S; = {0,,0,} = {s"f, 578"} instead,
then ’%1 batches of type {s"f, s} and ’%1 batches of type
{stight_grighty o the picker turns around towards s"€, Similarly,
if p is even, the picker is at distance ﬁ above s"#" planning to
pick S, = {0;,0,} = {s'°f, st} first, then £ — 1 batches of type
{seft gleft} “and then £ — 1 batches of type { smight grighty \With the
two recently arrived orders Reopt decides to p1ck batches of
type {s'", s} first, then £ batches of type {s"¢", rlght} So, the
picker turns around towards s'ft.

If k is uneven, Reopt(1V°™') = kT — §, which equals the release
time of the last order r,, = ET - (2k-3)- L plus the tirne

( =T — m) to reach s"ight and complete the ﬁrst batch plus (

2T) to pick kzl batches of type {s'f, st} and kzl batches

of type {s"ght, 518t} In contrast, CIOPT picks S, = {0;,0,},
then % batches of type {s'ft,s'*f} and /%1 batches of type
{stieht, stieht) such that CTOPT(I(k) =T + (k= 1) = T+ L.
This implies that

lim Reopt(1(k))

O (26)
k=w CIOPT(I(k)

By Lemma 5 in Electronic Companion D, ¢ (Reopt) > 2 fol-

lows immediately for Pcart.

asymp

For ¢ > 2, we can place multiple single-item orders at positions
s'ft and 518, Note that in the example above, Reopt faces ties. Ini-
tially, there are two alternative plans with the same cost— picking
the orders together as S; = {0;,0,} in a cyclic tour or picking
them separately as S} = {o;} and S, = {0,}. In the second plan,
the example does not work. We can avoid ties by considering

0, = {5, 5'}, where s is placed just above s, which makes
Reopt to prefer picking both orders together. O
3.4 | Performance of Reopt in Instances of All
Sizes

In any OOBSRP instance, Reopt never exceeds more than 4 times
the complete-information optimum in Pcart and Robot and no
more than 2.5 times in Pcart-N, respectively (see Proposition 4).
However, strict competitive ratios of any deterministic online
algorithm are at least 2, 1.64, and 2 in Pcart-N, Pcart, and Robot,
respectively, by Proposition 5. In other words, the performance of
Reopt cannot be improved much across instances of all sizes.

Observe that the upper bound 2.5 on the strict competitive

ratio for Reopt in Pcart-N is almost tight, as we can construct
Reopt(I) _

instances I with C10PT(D = = 2.5 — ¢ for an arbitrary small € > 0

(see Example 1).

Proposition 4.
competitive ratio:

The following upper bounds hold for the strict

In Pcart — N : o(Reopt) < 2.5 (27)

In Pcart and Robot : o(Reopt) < 4 (28)

Proofof(27). Weare in system Pcart-N and consider two casess

In the first case, the picker in Reopt is idle at the depot at time r,,.
Then, by Lemma 4:

Reopt(I) < r, + CIOPT(I'™) <2-CIOPT(I)  (29)

In the other case, at r,, the picker in Reopt is collecting batch S,
for which she left the depot at time #(S). Let j be the index of the
first order that arrives after time #(.S). Let I ; denote an instance
which contains the subset of orders {o;| s.t. i > j} and assumes
these orders are instantly available. We denote by J an instance
that contains all orders in the queue of Reopt at time #(.S5), and that
assumes all these orders are instantly available. By definition, at
time #(S), Reopt’s plan to collect the orders of J is optimal given
the current information. Therefore, the solution of Reopt is not
worse than the following feasible policy: At #(S), complete first
J in time CIOPT(J). After that, the picker is at the depot and
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collects the remaining orders in at most C/OPT(I;) time. We
denote d,,,, = max{d(l,,s}) | s; € 0;U0;,, U---Uo,}, the max-
imal distance from the depot to an item in I, ;. Altogether:

Reopt(I) < (S) + CIOPT(J) + CIOPT(I;) (30)

< r; + CIOPT(I ;) + CIOPT(I) (31)
< CIOPT(I)+dy,, + CIOPT(I) (32)
<2.5.-CIOPT(I) (33)

Line (31) follows by Lemma 4. In CIOPT, the picker can
move towards the first picking location prior to the arrival
of the corresponding order, thus (32) ensues from Equation
(31): CIOPT()+dyuy 277+ CIOPT(I,;). Finally, since
CIOPT(I) > 2-d,,,, (33) follows.

The logic above does not hold for Pcart-Int and Robot, because the
initiated batch S can be changed at each order arrival after #(S),
possibly leading to a worse solution.

Proof of (28). Consider Pcart and recall Lemma 2: At time r,,
when the last order arrives, Reopt reoptimizes having the com-
plete information and requires not more time than the following
simple policy: (1) Complete the currently open batch and move to
the depot, then (2) use CIOPT (I1(n)=°) to collect the remaining
orders. For (1), the picker requires at most r, + CIOPT (I (n)"=0),
because she can walk from the current position all the way back to
the depot in r, and then follow CIO PT for picking the remaining
items of the currently open batch (and skipping the rest). Thus,
for (1) together with (2), by Lemma 4:

Reopt(I(n)) <2 -r,+2-CIOPT(I(n)=")
<4.-CIOPT(n) (34)
The proof for Robot proceeds along the same lines. Observe, how-
ever, that at the start of step (2), the picker may be away from the

depot. However, she can follow CTOPT in the reverse direction
to collect the remaining items. m]

Figure 6 provides an unfortunate instance 1*"/ for Pcart-N with

_ Reopt(1"") ~
¢ = 2, such that cioprann ~ 2.5.

Example 1. In instance I*"/ of Figure 6, Reopt receives two
orders at time r; = r, = W + L: 0, with only one item s/ at

Sleft L

the closest picking location to the depot, d(/,, s'***) = ¢, and o,
with two far away picking locations that can be visited best in a
cyclic tour of length 2(W + L) from the depot. Reopt forms batch
s, = {o;,0,}, and as soon as the picker leaves the depot (at time
ry=W + L+ 6,6 — 0),athird order o; = o, arrives. Although o,
and o; are perfectly matching, Reopt in Pcart — N cannot modify
the commenced batch .S, and completes the operation with .S, =
{05} at time Reopt(I""/) = r, +2(W + L)+ 2(W + L) = 5(W +
L). On the other hand, CIOPT picks the first item of o, and
o0, (in s"¢M) at time W + L+ and completes its first batch
{o0,,05} at time 2(L + W) + € + 6. After picking o, separately,
CIOPT(I"/)=2(L 4+ W) + 3¢ + 6. Since § — 0 and € is the dis-
tance from the depot to the closest picking location, we can con-
struct instances with arbitrarily small (3¢ + 6) > 0.

We now denote by ALG an arbitrary deterministic online
algorithm for OOBSRP in each of the studied systems (Pcart-N,
Pcart, and Robot). An algorithm is deterministic, if for every fixed
instance, it always generates the same result when run repeat-
edly. We differentiate deterministic algorithms from probabilistic
algorithms, which may choose their actions randomly. Note
that ALG in Pcart-N must be an arbitrary non-interventionist
algorithm that can update the current picking plan only when
the picker is at the depot.

Proposition 5. For every deterministic online algorithm ALG
for OOBS RP, the strict competitive ratio cannot be better than the
following:

In Pcart — N and Robot : o(ALG) > 2 (35)

In Pcart : c(ALG) >1.64 (36)

Note that we require ¢ > 2 for Pcart-N and Pcart.

Proof. The lower bounds for Pcart and Robot are based on
Theorems 3.1 and 3.3 of Ausiello et al. [30], respectively. In both
cases Ausiello et al. [30], construct unfortunate instances for the
online TSP on the real line. These instances can be transformed to
the warehouse environment. The proof requires nontrivial exten-
sions, which are given in the Electronic Companion F. Indeed, in
the warehouse, the movements of the picker are not limited to a
real line, and the batching capacity should be respected.

To prove the lower bound for any ALG in Pcart-N, consider
the instance in Figure 7. Recall that the warehouse width is W

Srlght

,,,,,,,,,,, >y

D 01 = {Sclose}

<

DOZ — {Sleft’sright}

[ R,

. 03 = {Sleft’sright}

FIGURE6 |
poorly matching orders o, and o, together.

Pcart-N: Unfortunate small instance I*"/ for Reopt.c = 2,r; =r, = L+ W,and r; = L + W + § with § — 0. Reopt myopically collects
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and the picker moves at the unit speed. Initially, at », = 0, order
o, = {sl} withd(l,,s) = %W is available. Let ALG decide to dis-
patch the picker to collect the single-order batch {o, } at time 7. In
the following, we will construct an unfortunate instance for each
possible value of 7.

If + > W, no more orders arrive. ALG needs (t + W) > 2W time
to collect o, in a return-trip from the depot, while CTOPT(I) =
W for the resulting instance 1.

If %W <t < W, then a second order o, = {sé} with d(l,, s%) =t
arrives at time r, = ¢ (but after the picker dispatched). Then, in
the resulting instance I, batch {o;,0,} can be collected in time
CIOPT(I) = 2t, while ALG collects o, and o, in two separate
batches with ALGP<“=N(I) =t + W + 2t > 4t.

Ifr< %W, then a second order o, = {s;} with d(ld,s;) = %W
arrives at time r, = (but after the picker dispatched). For the
resulting instance I, it is possible to collect both orders in the
single batch {o0;,0,} in time CIOPT(I) = W, while ALG(I) =
t+ W + W > 2W, because it picks o, and o, in separate batches.

In all the cases above, the ratio
instance I in Pcart-N.

ALG .
_— >
7 O 2 for the respectlve

Observe that in the unfortunate examples for Pcart-N and
Pcart, ¢ > 2. If ¢ =1, a weaker lower bound of 1.5 can be

s1

(L1 \|,i| [
Q@

N
~ Depot™

FIGURE7 | Pcart-N: Unfortunate small instance for all algorithms.
No action suits all possible futures well: (a) no further orders arrive, (b)
further orders arrive.

TABLE2 | Overview of the 10 settings of the data set.

straightforwardly derived in both cases from the unfortu-
nate instance created for OOBSRP in Robot in the Electronic
Companion F. O

4 | Computational Experiments

The analysis of Section 3.2 showed that Reopt may converge to an
optimal policy with an increasing instance size. In this section, we
compare the results of Reopt to optimality (measured by CIOPT)
experimentally and investigate the gap to optimality in small
instances.

Note the computational challenges associated with these exper-
iments. To make representative measurements across diverse
warehouse settings, we create 2600 OBSRP* instances and solve
more than 2380 of those to optimality. The quantity of items
that need to be picked in the created instances ranges between
4 and 50, and OBSRP*, which combines batching and routing,
is NP-hard in the strong sense (cf. [40]). Given the scale of the
endeavor, we limit our studies to the interventionist versions of
Reopt, that is, systems Pcart and Robot. Section 4.1 explains the
data generation, and Section 4.2 reports on experiments.

4.1 | DataSets

We randomly generate instances grouped in 10 settings (see
Table 2) that feature different warehouse environments. Each set-
ting comprises 10 instances of each order size n € {3,4, ...,15}.
The procedure is repeated for two picking systems— Pcart and
Robot. Thus, in total, 2 600 instances (2 systems X 10 settings X 13
sizes x 10) are created.

In the Base setting(Base), the picker’s speed equals 0.8 m/s (cf.
[28]) and it takes 10 s to collect one item at each picking loca-
tion. The warehouse consists of 10 aisles and 3 cross-aisles, each
of which has a width of 3 m. One single shelf row marks the
left and right outer borders of the storage area, respectively, and
neighboring aisles are separated by two shelf rows placed along-
side each other (cf. Figure 2). The shelves measure 3 m in width

Changed factor Settings
Number of aisles — Base Large warehouse
(10 aisles) (20 aisles)
Number of cross-aisles Less cross-aisles Base —
(2 cross-aisles) (3 cross-aisles)
Storage policy — Base Class-based dispersion
(uniform) (class-based)
Maximal order size Small orders Base Large orders
(2 SKUs) (4 SKUs) (8 SKUs)
Batching capacity Small batches Base Large batches
(c=1) (c=2) (c=4)
Arrival rate Small rate Base Large rate

(rPcart =70, rRobot — 90)

(rPcart =90, rRobot - 110) (rPcart =110, rRobot — 130)
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and 1 m in depth. One aisle contains 20 shelves. Thus, the ware-
house has a length of 50 m (10 aisles x 3m + (1 +9 - 2 + 1) shelf
rows X 1 m) and a width of 69 m (20 shelves X 3 m + 3 cross-aisles
% 3 m). Each shelf has slots for three distinct stock keeping units
(SKUs), that is, distinguishable product items, which results in a
granularity of 1 m and provides 1200 slots for SKUs (20 shelves
per aisle x 3 x 20 shelf rows) in the warehouse in total. The depot
is positioned at the lower-left corner of the warehouse. The batch
capacity is ¢ = 2. The number of items k(/j) in each order o; is uni-
formly distributed in set the {1,2, ..., E},E = 4, which reflects a
common scenario in e-commerce, where the typical order con-
tains fewer than two items on average (cf. [12, 44]). The storage
locations of ordered items are uniformly distributed among all
storage locations (uniform dispersion). The orders arrive accord-
ing to a homogeneous Poisson process with an arrival rate r. In
preliminary experiments, we investigated different arrival rates
r for shifts of 4h, increasing the rates in steps of 10 orders/shift,
and found that optimal arrival rates in the Base setting, at which
the system remains stable, are 77" = 90 orders/shift and rRoP°t =
110 orders/shift for Pcart and Robot, respectively. So, we set the
arrival rates to these numbers. For Pcart, the 130 instances in
Base, which form 13 groups of 10 instances according to their size
n, are generated randomly and independently from each other.
For better comparability, the 130 instances in Base for Robot are
identical to those in Pcart, except for the sequence of arrival times,
which was produced using a higher stable rate rR°®°t, We generate
the remaining nine settings by taking the instances of Base and
changing their specific characteristics in a one-factor-at-a-time
design (see Table 2). For better control of the impact of warehouse
characteristics, we keep the instances unchanged (including the
coordinates of the generated items and the order arrival times)
over the different settings, unless explicitly stated otherwise.

We investigate different batch capacities in settings Smallbatches
and Largebatches, where we set ¢ =1 and ¢ = 4, respectively
(all other instance data remained unchanged). In Smallrate and
Largerate, the arrival rates are set to rF41t = 70, /P4t = 110 and
ROt — 90 and FROPt = 130 for Robot and Pcart, respectively. We
do it by generating new arrival times for the instances in Base. We
investigate warehouse geometries in Largewarehouse (20 aisles)
and Lesscrossaisles (2 cross-aisles). Observe that the lengths and
widths of the shelves, aisles, and cross-aisles, as well as the num-
ber of shelves per aisle, remain the same, so that the size of
the warehouse changes accordingly. In particular, in Largeware-
house, the warehouse has a length of 100 m (20 aisles X 3 m +
(1+19-2+1)shelfrows X 1 m) and a width of 69 m is identical
to Base; in Lesscrossaisles, the warehouse length of 50 m is identi-
cal to Base, and the width is 66 m (20 shelves X 3 m + 2 cross-aisles
X 3 m). In Largewarehouse, we generate the positions of the
ordered items anew. We do not have to do it in Lesscrossaisles,
since the number of SKU slots remains the same (1 200) and only
the middle cross-aisle disappears. In Classbaseddispertion, SKUs
are stored in the warehouse according to their turnover rates, so
that we take instances of Base and generate new picking posi-
tions. We randomly assign ordered items to three classes: A, B,
and C with probabilities of 52%, 36%, and 12%. Items in A refer
to high-turnover products, which occupy slots in the first aisle.
Items in B occupy aisles 2 to 4. And aisles in C are low-turnover
products, which occupy aisles 5 to 10. We randomly assign a stor-
age position to each ordered item in the respective aisles of its

class. Finally, in Smallorders and Largeorders, the maximal order
size is set to k = 2 and k = 8, respectively. For this, we have to
generate the orders (including their size, positions of the items,
and arrival times) anew in the instances of Base. The generated
instances can be found in the Electronic Companion.

We performed the experiments on the Compute Canada cluster
by using 1 CPU with a time and memory limit of at most 1h and
350G, respectively. For each instance I, we compute CIOPT(I)
by solving the respective OBSRP* exactly with the dynamic pro-
gramming approach described in Lorenz et al. [42]. We calculate
Reopt(I) by letting the orders arrive dynamically according to
their arrival rates and applying exact reoptimization as described
in Section 2.2 using the straightforwardly adapted dynamic pro-
gramming approach of Lorenz et al. [42].

4.2 | Optimality Ratios of Reopt in Pcart
and Robot

. . . . Reopt(I)
For each instance I, we compute the optimality ratio as C10PT D"

Tables 3 and 4 report worst observed optimality ratios in Pcart and
Robot. The average observed optimality ratios for Pcart and Robot
can be found in Tables S5 and S6 in Electronic Companion G.

According to our experiments, Reopt’s results are rather close to
optimality even in small-sized instances. For the smallest tested
instance sizes (with the number of orders n < 5), the average ratio
over all settings equaled 1.10 and 1.09, for Pcart and Robot, respec-
tively; for the largest tested instance sizes (n > 13), it decreased
to 1.05, for both cart types. The worst observed optimality ratio
across all the instances equaled 1.34 for Pcart and 1.32 for Robot;
and the respective ratios for larger instances (n > 13) decreased
and equaled 1.13 and 1.16, respectively.

To statistically validate the monotonic decreasing relationship
between the observed optimality ratios and the instance size n,
we conducted a Spearman’s rank correlation test (see e.g., [45]).
For each of the 10 settings, we computed the Spearman’s correla-
tion coefficient for the optimality ratios across all solved instances
of different instance sizes (130 observations for most settings,
fewer for Largeorders and Largebatches, see Tables 3 and 4). In
Pcart (Robot), for all settings except Largeorders, the coefficients
ranged from —0.68 to —0.25 (from —0.61 to —0.27) with p-values
of less than 0.04 (less than 0.01) indicating a moderate but sta-
tistically significant decrease. For Largeorders, the Spearman’s
correlation coefficient was —0.23 (—0.16), and the p-value of 0.07
(0.20) may be explained by the lower number of observations and
the limitation in instance size n.

5 | Conclusion

This paper performs an optimality analysis of reoptimization
policies for the Online Order Batching, Sequencing, and Rout-
ing Problem (OOBSRP). The focus is on immediate reoptimiza-
tion (Reopt), where the current (partial) solution adjusts each
time a new order arrives. We consider warehouses employ-
ing manual pushcarts and warehouses employing robotic carts.
Given that picking instructions in traditional warehouses may
only be transmitted at the depot, we additionally examine the
non-interventionist version of Reopt for manual pushcarts. In
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TABLE 3 | Worst observed optimality ratios of Reopt in Pcart.

The number of orders n =

Setting 3 4 5 6 7 8 9 10 11 12 13 14 15

Base 1.18 1.14 1.16 1.12 1.15 1.09 1.20 1.08 1.14 1.14 1.07 1.10 1.11
Largewarehouse 1.21 1.15 1.15 1.18 1.18 1.12 1.18 1.15 1.11 1.12 1.13 1.12 *1.10
Lesscrossaisles 116 124 118 110 110 114 114 110 112 109 107 113 1.13
Classbaseddispersion 1.20 114 118 112 1.16 1.11 1.14 1.14 113 111 110 1.10 *1.08
Smallorders 134 133 122 111 116 1.08 1.16 1.08 1.07 1.09 123 1.10 1.09
Largeorders 1.18 121 110 1.08 1.12 *1.17  *1.10 — — — — — —

Smallbatches 1.15 1.15 1.08 1.08 1.07 1.06 1.06 1.05 1.05 1.04 1.04 1.04 1.03
Largebatches 1.17 1.17 1.31 1.16 1.17 1.12 1.13 — — — — — —

Smallrate 1.14 1.17 1.13 1.11 1.08 1.12 1.05 1.05 1.10 1.15 1.08 1.12 1.09
Largerate 1.19 1.14 1.19 1.21 1.12 1.11 1.13 1.12 1.12 1.14 1.13 1.11 *1.08
Total 1.34 1.33 1.31 1.21 1.18 1.17 1.20 1.15 1.14 1.15 1.23 1.13 1.13

Note: *Results for less than 10 (out of 10) instances. CIOPT did not solve 1 or 2 instances to optimality. —No results reported, since CIOPT solved less than 8 instances to

optimality.

TABLE4 | Worstobserved optimality ratios of Reopt in Robot.

The number of orders n =

Setting 3 4 5 6 7 8 9 10 11 12 13 14 15

Base 1.18 1.24 1.12 1.10 1.18 1.05 1.12 1.09 1.06 1.09 1.07 1.11 1.08
Largewarehouse 1.32 1.14 1.19 1.24 1.12 1.08 1.12 1.09 1.07 1.08 1.11 1.09 1.10
Lesscrossaisles 1.25 1.25 1.31 1.12 1.16 1.13 1.13 1.10 1.17 1.11 1.14 1.16 1.12
Classbaseddispersion 1.15 1.22 1.10 1.18 1.14 1.18 1.08 1.09 1.08 1.04 1.08 1.10 1.10
Smallorders 1.19 1.29 1.17 1.11 1.10 1.08 1.13 1.07 1.08 1.06 1.06 1.12 1.07
Largeorders 112 111 122 1.07 110 *1.12  *1.10 — — — — — —

Smallbatches 122 124 119 106 1.15 1.08 1.14 1.11 1.09 107 110 1.06 1.06
Largebatches 1.18 124 115 109 1.11 1.11 1.15 *1.12 — — — — —

Smallrate 122 115 111 1.08 1.07 1.09 1.09 1.10 1.10 109 106 1.10 1.08
Largerate 1.25 1.12 1.23 1.08 1.17 1.09 1.15 1.10 1.09 1.09 1.13 1.11 *1.08
Total 1.32 1.29 1.31 1.24 1.18 1.18 1.15 1.12 1.17 1.11 1.14 1.16 1.12

Note: *Results for less than 10 (out of 10) instances. CIOPT did not solve 1 or 2 instances to optimality. — No results reported, since CIOPT solved less than 8 instances to

optimality.

total, we investigate three systems, each featuring a specific
reoptimization policy and cart technology: Robot for interven-
tionist Reopt and robotic carts, Pcart for interventionist Reopt
and manual pushcarts, as well as Pcart-N for non-interventionist
Reopt and manual pushcarts.

OOBSRP can be interpreted as a nontrivial combination of
the online batching problem and the online traveling salesman
problem. To the best of our knowledge, there is currently no clar-
ity on the performance gaps to optimality for any OOBSRP policy.
Reopt is chosen for analysis due to its prominence in warehousing
literature and its ability to leverage recent algorithmic progress
for the offline version of OOBSRP.

Our extended competitive analysis demonstrates the almost sure
asymptotically optimal performance of Reopt under very general
stochastic assumptions in all three examined systems— Robot,

Pcart, and Pcart-N. Our stochastic assumptions can describe a
variety of order arrival patterns relevant for practice. On the
formal side, they encompass arrival times that are modeled as
order statistics or as a homogeneous Poisson process with specific
arrival rates.

Even if we drop stochastic assumptions and examine any theoret-
ically possible OOBSRP instances, Reopt performs well, with no
policy improving its result by more than 50% in sufficiently large
instances. Anomalies are possible in small OOBSRP instances,
which cannot be overcome by any deterministic algorithm (see
strict competitive ratios in Section 3.4). However, no policy
can improve Reopt’s result by more than 75% regardless of the
instance size.

Having established the almost sure asymptotic optimality of
Reopt analytically under various stochastic scenarios, we
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show empirically that Reopt remains rather close to the
complete-information optimality already in small instances
in Pcart and Robot.

This paper provides insights into ongoing debates regarding the
benefits of waiting and anticipation for online policies in ware-
house operations. Indeed, the performance gaps of Reopt, which
eschews both waiting and anticipation, serves as a benchmark for
assessing the benefits of these concepts (see Section 1.2).

Several questions remain for future research, including the open
status of Conjecture 1 and determining stable rates A when order
arrival times follow a Poisson process. Further performance
analysis is needed for other online algorithms, including simple
policies like “first-come-first-served” and S-shape routing. An
optimal online policy is still unknown, especially for small OOB-
SRP instances. Exploration of additional OOBSRP variants and
extensions, including multiple pickers, picking location assign-
ment, advanced information on orders, and order due dates, is
suggested as avenues for future research. Furthermore, the anal-
ysis of alternative objectives, particularly those related to the ser-
vice level (e.g., tardiness), remains an outstanding research area.
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