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Abstract — A monotone finite-difference scheme is proposed for the multidimensional angular Fokker– 
Planck operator in discrete ordinates calculations. It is compatible with nonorthogonal quadrature sets on 
the unit sphere and preserves the null space, the zeroth, and the first three angular moments of the 
analytical angular Fokker–Planck operator. Numerical results demonstrate that this discretization, com
bined with the suitable Galerkin quadrature method, eliminates spurious oscillations in the flux solution 
related to highly anisotropic scattering.

Keywords — Transport equation, discrete ordinates, Fokker–Planck operator, finite-difference schemes.  

Note — Some figures may be in color only in the electronic version.

I. INTRODUCTION

Angular discretization of the transport equation by the 
discrete ordinates (SN) method leads to numerical issues. In 
the presence of highly forward-peaked scattering, the SN 
method can produce highly inaccurate solutions, but with 
Gauss-Legendre quadrature in one-dimensional (1D) 
geometry.[1] Pautz and Adams showed that the source itera
tion process can even diverge, notably in scattering-domi
nated medium.[2] Such divergence is due to inappropriate 
angular discretization approximations, which can introduce 
a nonphysical multiplication factor in the medium, leading to 
an absence of a steady-state solution.

The Galerkin quadrature methodology has been devel
oped to tackle these issues and to make the SN method 
robust.[1,3] However, the Galerkin method does not provide 
a monotone representation of the angular flux 
scattering.[4,5] Undesirable numerical artifacts still can 
appear in the solution, such as rather important oscillations 
in the presence of anisotropic scattering, distinct from the 
well-known ray effects in multidimensional transport.[6]

The purpose of this paper is to propose a methodology to 
mitigate these monotonicity issues related to highly anisotro
pic scattering using the angular Fokker–Planck (AFP) opera
tor. Following the work of Landesman and Morel, the 
forward-peaked elastic scattering handling can be transferred 
from the Boltzmann operator to the AFP operator, for which 
monotone and moment-preserving finite-difference schemes 
exist.[7] For the 1D AFP operator, the finite-difference 
scheme from Morel,[8] applicable to any choice of quadra
ture, is used. For the multidimensional AFP operator, a finite- 
difference scheme is developed based on the Voronoi tessel
lation of the unit sphere.[9] This scheme is a generalization of 
the previous work of Morel et al.,[10] with product quadrature 
sets to nonorthogonal quadrature sets on the unit sphere.

This paper is organized as follows. In Sec. II, we describe 
the Boltzmann Fokker–Planck (BFP) equation, which 
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contains the ingredients of the angular discretization proposed 
in this work. In Sec. III, the discrete ordinates and Galerkin 
quadrature method formalism is introduced. In Sec. IV, finite- 
difference schemes for the Fokker–Planck (FP) operator are 
developed to be compatible with nonorthogonal quadrature 
sets. Finally, in Sec. V, the impacts of the proposed methodol
ogy for angular discretization on energy deposition bench
marks are presented and discussed.

II. BFP EQUATION

The presented angular discretization is based on the 
BFP equation, which consists of the linear Boltzmann trans
port equation to which FP terms are added. Przybylski and 
Ligou introduced it to deal accurately with both small and 
large energy loss interactions by having specific treatment 
for each of them.[11] The main idea is that interactions 
leading to small energy losses and angular deflection, called 
soft interactions, are handled by the FP operator, while 
interactions leading to large energy transfer, called cata
strophic interactions, are handled by the Boltzmann opera
tor. The FP operator is an asymptotic limit of the Boltzmann 
operator for small energy loss and direction change.[12]

Let S
2
¼ Ω ¼ μ; η; ξð Þ 2 R 3 : Ωj jj j ¼ 1
� �

be the unit 
sphere, Ω the particle direction, and μ; η; ξ 2 ½� 1; 1� the 
direction cosines along x-, y-, and z-axis, respectively. Let E 
be the particle energy, and r ¼ ðx; y; zÞ 2 R 3 be the particle 
position. The steady-state BFP equation is given by

where Qextðr;Ω;EÞ consists of fixed external sources of 
particles. The FP operator, with respectively the contin
uous slowing-down (CSD) and AFP terms, is given by[13]

where

The Boltzmann operator, in which scattering cross 
sections are expanded in Legendre polynomials and angu
lar flux are expanded in Np spherical harmonics, is[14]

with the angular flux moments

where 

Rm
, ðΩÞ = real spherical harmonics, as 

defined in Hébert[14] using Ferrer 
definitions of the associated 
Legendre polynomials

Ψðr;Ω;EÞ = angular flux

Σtðr;EÞ = macroscopic total cross section

Σs;,ðr;E 0 ! EÞ = ,-order Legendre moment of the 
macroscopic scattering cross sec
tion from energies E 0 to E

Sðr;EÞ = soft stopping power

Tðr;EÞ = soft momentum transfer.

For a more formal definition of the cross sections, 
stopping powers, and momentum transfer in the BFP, as 
well as the definition of the soft and catastrophic interac
tions, see Refs. [15,16]. The indexes ,p and mp are func
tions of their index p, whose values are given following 
a Gramm-Schmidt process to select a subset of spherical 
harmonics, as described in Sec. III.

The multigroup discretization of Eq. (1), which divides 
the energy domain into G energy groups, and the discretiza
tion schemes for both streaming (spatial derivative) and 
CSD terms (energy derivative), are described in previous 
works[4,11,15,17–19] and are not the focus of this paper.

This paper aims to propose a flexible angular discreti
zation framework that capitalizes on the capacities of the 
BFP equation, based on its AFP and Boltzmann operators. 
Note that while the CSD term is employed in this work for 
electron transport, the presented method does not rely on it. 
The following schemes could equally be applied to the 
Boltzmann equation by including the AFP operator in it, 
and could equally be applied to neutral particle transport. 
Particularly, it could be of interest for very fast neutron 
transport using discrete ordinate solvers.[20]

The elastic scattering cross sections can be decomposed 
into soft and catastrophic components.[7] Let’s assume 
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a material identified by index i. Let L be the order of the cross 
section Legendre expansion and Σg!g

s;,;i be the ,-order 
Legendre moment of the elastic scattering cross section in 
group g in material i. Let Lmax � L be the last nonzero 
Legendre moments of the scattering in group g in material i. 
The Legendre moments of the soft are assumed to be given by

for , 2 1; :::; Lmaxf g. This expression is obtained by 
establishing equality between the eigenvalues of the 
Boltzmann and the AFP operator applied to the 
Legendre polynomials.[13]

This method sets a relation that depends on two 
undefined parameters Σg!g;soft

s;0;i and Tg;i, which are defined 
to ensure the preservation of the Boltzmann operator 
moments by the FP operator. Landesman and Morel 
proposed to equate Σg!g;soft

s;Lmax� 1;i ¼ Σg!g
s;Lmax� 1;i and Σg!g;soft

s;Lmax;i ¼

Σg!g
s;Lmax;i to define these parameters, which results in

and

The soft component of the elastic cross sections 
should then be withdrawn from cross sections since the 
AFP operator, jointly with the momentum transfer given 
by Eq. (7), is used to treat that soft scattering. The 
resulting catastrophic cross sections are given by

The Legendre moments of the cross sections are 
obtained by substituting Eqs. (8) and (6) into Eq. (9). 
Thus, the total elastic cross sections are redefined as

and the ,-order Legendre moment of the scattering cross 
sections are redefined as

This method, as presented, includes the extended trans
port correction.[21,22] The goal of this operation is to transfer 

the handling of forward-peaked scattering from the 
Boltzmann operator, which encounters monotonicity issues 
with such scattering,[4] to the FP operator, which can be 
tackled by finite-difference discretization schemes.[8,10]

III. DISCRETE ORDINATES METHOD AND GALERKIN 
QUADRATURE

The discrete ordinates method, also known as the SN 
method, consists of the discretization of the angular 
domain and the unit sphere S

2 in the Nd discrete direc
tions Ωn for n ¼ 1; :::;Ndf g. Numerical quadrature is 
used to deal with integrals over S

2 using weights wn 
associated with each direction Ωn. The SN equations are 
obtained by requiring the one-speed transport equation in 
group g to hold when evaluated at each Ωn, such as

where the Boltzmann operator is given by

with g 0 and g being the energy group of the incoming and 
outgoing particle, and where

The AFP operator discretization is given in Sec. IV. The 
CSD operator discretization is not discussed here since it is 
independent of the proposed angular discretization; see Refs. 
[11,17,18] for a detailed treatment of that operator. The SN 
method leads to a set of Nd equations that can be solved using 
iterative techniques. At each iteration, along each direction, 
the flux solution is computed across the spatial domain in 
a process, often referred to as sweeping,[14] using the most up- 
to-date particle sources.

Then the sources are actualized using the last estimation 
of the flux solution. To achieve this, the Nd discrete angular 
fluxes in Ψg ¼ Ψg;1;Ψg;2; :::;Ψg;Nd

� �
have to be converted 

in Np spherical harmonics flux moments in 
Φg ¼ Φg;1;Φg;2; :::;Φg;Np

� �
. The resulting spherical harmo

nics flux moments are multiplied by their corresponding 
Legendre moments of the scattering cross section to obtain 
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the Legendre moments of the Boltzmann sources, which are 
then converted back into discrete angular sources for the 
following iteration. These conversion operations can be 
expressed in matrix form using both the discrete-to-moment 
D and the moment-to-discrete M matrices such as

The standard discrete ordinates conversion matrix com
ponents are given by

for n ¼ 1;Nd and p ¼ 1;Np. In 1D Cartesian geometry, 
these conversion matrix components can be reduced to

where P,pðμnÞ are Legendre polynomials and ,p ¼ p � 1.
The quadrature on the unit sphere reduces to 

a quadrature over the direction cosine μ domain, 
which spans from −1 to 1. With these matrices, the 
vector containing the Nd Boltzmann sources, 
QB

g ¼ QB
g;1;QB

g;2; :::;QB
g;Nd

� �
, is given by

where Σg 0!g is a Np � Np diagonal matrix with each 
component associated with ,p-order Legendre moments 
of the scattering cross section (Σg 0!g

p;p ¼ Σg 0!g
s;,p

).
The definition of indexes ,p and mp depending on index 

p can seem messy, but it is a compact and versatile notation 
that enables any choice of a subset of spherical harmonics. For 
instance, based on Reed’s S2 suitable interpolation basis for 
level-symmetric quadrature in two-dimensional (2D) 
Cartesian geometry,[23] composed of R0

0, R0
1, R1

1, and R1
2, the 

corresponding indexes are given by , ¼ ð0; 1; 1; 2Þ and 
m ¼ ð0; 0; 1; 1Þ, and the diagonal of the Σg0!g matrix is 
given by ðΣg 0!g

s;0 ;Σg 0!g
s;1 ;Σg 0!g

s;1 ;Σg 0!g
s;2 Þ.

It is well known that there is an equivalence in 1D 
Cartesian or spherical geometry between the discrete ordi
nates solution, using the N-order Gauss-Legendre quadrature 
with Legendre expansion of degree N � 1, and the 
ðN � 1Þ-order spherical harmonics (or PN) solution using 
Mark boundary conditions.[13,14] In fact, with such quadrature 
and Legendre expansion, both conversion matrices M and 
D are square and inverse of each other, which is very desirable 
since it ensures accurate integration regardless of the strength 
of the anisotropy.[4] This ensures an exact integration of 
a Dirac scattering and that the commonly used transport 
correction leaves the solution of the transport equation invar
iant, which is not the case with any other quadrature choice.[1]

This is a major shortcoming in multidimensional 
geometries since there is no known quadrature on the 
unit sphere or choice of polynomial basis that results 
naturally to conversion matrices that are inverse of each 
other. While the classical SN method can lead to inaccu
rate and nonphysical solutions, it also can prevent con
vergence by allowing a scattering ratio to exceed one, 
which mostly happens in scattering-dominated 
mediums.[2] Such a scattering ratio is associated with 
each scattering moment, and a single discrepancy is suf
ficient to disrupt the iterative process. These problems 
become apparent when dealing with charged particles, for 
which scattering is dominant and scattering is highly 
forward peaked.

The Galerkin quadrature method, developed by Morel, 
solves the most important issues of the classical SN 
method.[1,3] It ensures the exact integration of a Dirac scatter
ing, and as a corollary, that the transport correction leaves the 
solution of the transport equation invariant.[4] It guarantees 
that the scattering ratios remain below one for all moments, 
thereby ensuring proper convergence of the source iteration 
process.[2] The Galerkin method, however, does not offer 
a solution to artifacts related to scattering positivity.[1] 

A Galerkin quadrature is obtained by inverting either the 
discrete-to-moment or the moment-to-discrete matrix, evalu
ated using Eqs. (16) or (17), i.e.,

This requires that D and M are square and invertible 
matrices. If we can compute M with these two properties, it 
can be inverted to find D, or vice versa, to obtain a Galerkin 
quadrature.[1,3,24] For these matrices to be square, the number 
of directions Nd (nodes of the quadrature) has to be strictly 
equal to the number of basis functions used in the angular flux 
expansion. To be invertible, linearly independent matrix col
umns are required, which is not the case for every choice of 
basis functions. While it is not part of the present work, the 
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reader should also be aware that Shands et al.[3] have devel
oped a new Galerkin quadrature method that eliminates the 
need for matrix inversion.

For 1D Cartesian geometries, Legendre polynomials can 
be used as basis functions. For a quadrature with Nd nodes, 
the Legendre polynomials up to order Nd � 1 should be 
chosen as the basis function of the angular flux expansion. 
The discrete-to-moment matrix D can then be computed 
using Eq. (17), and it can be inverted to obtain the moment- 
to-discrete matrix M, or vice versa, without any additional 
difficulties. This is because the previously stated choice of 
Legendre polynomials yields square and invertible matrices. 
The Gauss-Legendre quadrature is the sole quadrature choice 
that naturally produces a Galerkin quadrature with classical 
SN.[13] The Galerkin quadrature method allows for the use of 
the Gauss–Lobatto quadrature, which is very useful when 
dealing with normally incident particle sources due to its 

two nodes aligned with the Cartesian reference system axis 
(μ ¼ � 1 and μ ¼ 1).[4]

For multidimensional geometries, the real spherical 
harmonics are used as basis functions. For a quadrature 
set with Nd nodes, a subset of spherical harmonics has to 
be chosen knowing that not every subset leads to an 
invertible discrete-to-moment matrix (or vice versa). 
While rules for a suitable subset of spherical harmonics 
exist for some quadrature sets,[1,3,25] a Gram–Schmidt 
procedure has been proposed by Drumm et al. to choose 
a subset of spherical harmonics such that the columns of 
D (or M) are linearly independent, regardless of the 
choice of quadrature.[26,27] This procedure, which is 
described in Algorithm 1, was employed in this work. It 
should be noted that quadrature on the unit sphere and 
real spherical harmonics basis functions can also be used 
in 1D geometry.

Algorithm 1 Gram–Schmidt procedure for selecting a suitable subset of spherical harmonics to ensure 
invertibility of the discrete-to-moment D or the moment-to-discrete M matrices, considering machine 
precision ε and geometry dimension Ndim.
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The efficiency of a quadrature set defined over the 
unit sphere with Nd nodes that integrate a subspace of 
spherical harmonics of maximum degree N is given by[28]

A quadrature set is considered optimal if η � 1, and 
suboptimal if η < 1. An optimal quadrature set is desir
able in SN transport calculations because the multipli
cation of nodes increases the number of required 
sweeps over the spatial domain per iteration to achieve 
a specific accuracy. The most straightforward quadra
ture over the sphere is a product quadrature, which 
consists of the product of two quadrature sets over 
a line segment along the μ and ϕ coordinates. This 
quadrature, with Nd ¼ 2N2 nodes, divides the angular 
domain into orthogonal meshes. However, accurate 
calculations with such a quadrature set are exceedingly 
expensive because the quadrature efficiency is con
strained between η ¼ 1=6 (N !1) and η ¼ 3=8 
(N ¼ 2), as shown in Fig. 1.

The node distribution over the sphere is far from 
uniform with dense pileups of nodes near μ ¼ �1 while 
it also lacks fourfold (C4) rotational symmetry around the 
three axes, as can be seen in Fig. 2. To deal with these 
issues, the so-called level-symmetric quadrature sets were 
developed. An example is Carlson’s ESN quadrature,[29] 

which presents a more uniform node distribution and C4 

rotational symmetry around the axis. It has 
Nd ¼ NðN þ 2Þ, and the resulting efficiency of this kind 
of quadrature still is constrained between η ¼ 1=3 
(N !1) and η ¼ 3=8 (N ¼ 2).

Optimal, or sightly optimal, quadrature sets do exist, 
such as the ones of Lebedev[30,31] and Lebedev and 
Laikov.[32] These quadratures possess octahedral rotation 
symmetry with inversion, and have as the Gauss–Lobatto 
in 1D, nodes along the Cartesian reference system 
axis.[30] While these nodes along the axis are useful for 
treating normally incident beams, they lead to an asym
metric subset of spherical harmonics for the Galerkin 
quadrature methods, which is not ideal (see p. 141 of 
Ref. [25]).

IV. FINITE-DIFFERENCE SCHEMES FOR THE AFP TERM

Extracting the momentum transfer term from the 
cross sections to treat the elastic forward-peaked scatter
ing with the AFP operator rather than the Boltzmann 
operator allows for the use of finite-difference schemes 
to enforce the positivity and monotonicity of the forward- 
peaked scattering. The Nd FP angular sources are 
given by

where Tg is the momentum transfer defined in Sec. II and 
the square Nd � Nd mapping matrix M defines the FP 
scattering between the Nd angular flux. It is worth noting 
that unlike Tg, M is independent of energy and position, and 
therefore needs to be computed only once before the itera
tive process. Leaving the forward-peaked part of the elastic 
scattering in the cross sections is equivalent to extracting the 
momentum transfer from the cross sections and computing 
the AFP source using the following mapping matrix[5,7]:

where M ¼ D� 1 based on the Galerkin quadrature 
method. This will be referred to as the Galerkin scheme. 
It preserves the moments of the AFP operator with the 
selected subset of spherical harmonics, but it does not 
yield a monotone mapping matrix M as does the follow
ing finite-difference scheme.

Fig. 1. Quadrature efficiency of the product quadrature 
(Gauss–Legendre quadrature along μ and Chebychev 
quadrature along ϕ), the level-symmetric quadrature 
(Carlson ESN quadrature), and the Lebedev quadrature. 
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IV.A. Finite-Difference Scheme for the 1D AFP 
Operator

Morel has developed a finite-difference scheme for 
the 1D AFP operator that preserves both the zeroth and 
first angular moments of the analytical AFP operator.[7,8] 

The resulting mapping matrix is a tridiagonal matrix in 
which components are given by

where the terms are defined by

with the recursion formula

The matrix M is negative semidefinite (real eigen
values less or equal to zero) and monotone (negative 
diagonal and positive off-diagonal elements). This dis
cretization scheme can be described as positive since it 
will yield positive FP angular sources given positive 
angular flux.[4,8] This scheme is compatible with any 
choice of quadrature set.

IV.B. Finite-Difference Scheme for the 
Multidimensional AFP Operator

Morel et al. have extended the 1D finite-difference 
FP scheme to multidimensional geometries.[4,10] The pro
posed scheme, however, is constrained to product quad
rature, generating angular mesh boundaries that are 
aligned with director cosine μ and azimuthal angle ϕ. 
When the product quadrature is constructed with the 
Chebychev azimuthal quadrature, it enforces the preser
vation of the zeroth and the three first angular moments 
of the AFP operator.

The resulting mapping matrix M components, over 
two-dimensional (2D) and three-dimensional (3D) quad
rature, are given in the Appendix. It is negative semide
finite, it is monotone, and it yields positive sources. 
However, as underlined in the previous section, product 
quadrature sets are far from optimal quadrature ones, as 
their nodes are unevenly distributed on the sphere and 
they lack C4 rotational symmetry around the axes. Using 

Fig. 2. Voronoi tessellation of the unit sphere positive octant based on the nodes (in blue) of product quadrature (Gauss -Legendre 
quadrature along μ and Chebychev quadrature along ϕ), level-symmetric quadrature (Carlson ESN quadrature), and Lebedev quadrature. 
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such quadrature in transport calculations is extremely 
inefficient due to the enormous amount of nodes Ωn 
required to achieve a specific level of angular accuracy, 
which involves sweeping over the spatial domain for each 
of these directions. To tackle these shortcomings, we 
have extended the approach to nonorthogonal quadrature 
on the unit sphere.

The AFP operator QAFP
g Ωð Þ is given by[9,33]

where Ñ2
Ω is the Laplace operator and Ñt is the tangential 

gradient on the unit sphere S
2 given by

where Ñ is the usual gradient in R 3 and nðΩÞ is the unit 
normal vector on S

2 at Ω. The integration of the AFP 
operator over the unit sphere [leftmost expression in 
Eq. (28)] can be described either as the sum of the integral 
over Nd nonoverlapping regions Ωn covering the totality of 

S
2 [middle expression in Eq. (28)] or by numerical quad

rature on S
2 [rightmost expression in Eq. (28)], such as

where ωn are the quadrature weights and QAFP
g;n is the 

discretized AFP operator.
An example of such Nd nonoverlapping regions over 

S
2 is given in Fig. 3. This discretized operator can be 

deduced by association from the previous equation and 
the integral over region Ωn can be simplified using diver
gence theorem over the spherical domain,[33,34]

Fig. 3. Voronoi tessellation of the S8 Carlson’s level-symmetric quadrature nodes on the positive octant of the unit sphere. The red 
point corresponds to the node n ¼ 6 and the green ones correspond to the nodes that share one of the J6 ¼ 6 edges of the region 
formed by the sixth node. 
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where δ Ωn is the boundary of the region Ωn and n, is the 
normal vector at region boundary on S

2.
Assuming that the region Ωn is a polygon with Jn 

sides, then the integral can be rewritten as the sum of the 
Jn integrals over the edges of the n’th region,

The central finite-difference is used to approximate the 
derivative on each edge of the polygon, and this derivate 
is assumed to be constant over the entire edge. The 
previous expression can be approximated by

where 

,n;j = length of the j’th edge, which is an 
arc on the unit sphere

Ψg;n ¼ ΨgðΩnÞ = angular flux along node n

Ψg;mn;j = angular flux of the node mn;j that 
shares the edge j with the node n

Δxn;j = length of the arc between the two 
nodes n and m.

Let us introduce a general parameter γn;mn;j 
that 

includes both ,n;j and Δxn;j and is associated with the 
shared edge between the nodes n. This parameter will be 
used as an adjustment parameter to enforce moment pre
servation and will differ from the ratio of ,n;j and Δxn;j that 
it substitutes. The property γn;m ¼ γm;n is enforced, such as 
each edge is associated with a unique coefficient γn;m with 
n < m. The discretized AFP operator takes the form

Figure 3 shows an example of how these relations 
are defined between adjacent regions on the unit sphere. 
A Voronoi tessellation, based on the set of quadrature 
nodes, was constructed over the unit sphere, such as an 
arbitrary point on S

2 belongs to the closest node Ωn. 
The resulting grid was used to establish which regions 
share which edge. Voronoi grids for product, level- 
quadrature, and Lebedev quadrature are shown in 
Fig. 2.

The values of the γn;m coefficients are fixed to 
enforce the preservation of the zeroth and first moments 
of the flux. Note that, regardless of the value of the γn;m 
values, the discretized AFP operator preserves the null 
space, which means that any isotropic angular flux leads 
to zero. Following that the spherical harmonics are eigen
functions of the Laplace operator[10], i.e.,

the preservation of the spherical harmonics moments of 
the AFP operator requires the enforcement of

The zeroth and the three first moments of the AFP 
operator are therefore given by

and should be preserved by the discretized AFP operator, 
such as

with Ωn ¼ μn; ηn; ξnð Þ.
The finite-difference scheme given by Eq. (32) preserves 

the zeroth moment of the AFP operator for any value of γn;m. 
To find the parameters γn;m that preserve the three discretized 
first moments of the flux, the methodology proposed by 
Morel et al.[10] was used. Explicit equations for γn;m were 
obtained by defining the following complete basis:
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where δn;k is the Kronecker delta. Substituting it and 
Eq. (32) in the rightmost expression in Eq. (36) for 
each k ¼ 1;Nd , one obtains Nd equations of the form

where Ωmk; j is the coordinates of the node that share the 
edge j with node k for a total of 3Nd equations.

Regardless of the choice of quadrature, it leads to an 
overdetermined linear system of equations since the number 
of unknown parameters γn;m with n < m, which is equal to 
the total number of edges between nodes Nedges, is smaller 
than the total number of equations 3Nd . This can be 
deduced from Euler’s polyhedron formula, which states 
that the sum of vertices Nvertices, edges Nedges, and faces 
Nd in a convex polyhedron, as the one formed by the 
quadrature nodes, is given by Euler characteristic χ ¼ 2, 
and from the fact that there are at least three edges connect
ing at each vertex, such as 2Nedges � 3Nvertices.[35] It follows 
that

Fortunately, with any quadrature set we have tested, 
ranging from product, level symmetric, and Lebedev 
quadrature, the resulting system contains redundant equa
tions, likely due to symmetry in these quadrature sets. 
Solving this system using the Moore-Penrose 
inverse,[36,37] also called pseudoinverse, gives an exact 
solution for γn;m such that all the three Nd equations are 
simultaneously satisfied. Since the system’s matrix has 
a full column rank, the solution is unique.

It has been observed that all values of γn;m are posi
tive and respect the quadrature set symmetries. These 
observations will require further investigations to assert 
the properties of quadrature (e.g., required symmetries) 
compatible with our approach, i.e., leading to an exact 
solution rather than an inexact least-squares solution, 
which is usually expected with the pseudoinverse.

Using the calculated zeroth and first moment–preserving 
coefficients γn;m, the resulting mapping matrix is given by

The produced matrix is negative, semidefinite, and mono
tone. The presented methodology, applied to product 
quadrature with Chebychev azimuthal quadrature, repro
duces the mapping matrix of the scheme from Morel 
et al.[10] given in the Appendix.

V. RESULTS

The benchmarks were based on pure electron trans
port in a water slab exposed by an infinitely wide, 
normally incident 10-MeV electron beam, unless 
noted otherwise. The energy domain was divided loga
rithmically into 40 energy groups, where the midpoint 
of the highest energy group was 10 MeV and the cutoff 
energy was 1 keV. Linear discontinuous schemes were 
used to deal with both the space and energy derivatives. 
A convergence criterion of 10� 5 was used. Void bound
ary conditions were applied to the geometry 
boundaries.

Cross sections and stopping powers for elastic, 
impact ionization, and bremsstrahlung interactions were 
given by models described in Bienvenue et al.[16] The 
elastic cross sections were given by screened Mott cross 
sections based on the mixed uses of the unscreened Mott 
tabulation of Boschini[38] and the Rutherford formula 
with Molière screening,[15] with additional low-energy 
and low-Z corrections from Seltzer[39] and 
Kawrakow.[40] This elastic model becomes highly for
ward-peaked as the particle energy increases, providing 
an interesting study case for the presented angular dis
cretization models. The impact ionization catastrophic 
cross sections were given by modified Møller cross sec
tions taking into account binding energies[41,42] over the 
catastrophic domain. The soft collisional stopping powers 
were given by subtracting the stopping powers associated 
with the catastrophic collisional cross sections to the 
Bethe formula with density and shell corrections.[43] 

Finally, the bremsstrahlung catastrophic cross sections 
and soft stopping powers were obtained similarly using 
the tabulation of Seltzer and Berger.[44]

The calculation of the energy deposition cross section 
in each energy group included the addition of energy lost 
by the incoming electron (impact ionization and brems
strahlung), by soft and catastrophic events, and by the 
subtraction of the energy gain by secondary particles (the 
knock-on electron and the bremsstrahlung photon). The 
methodology to compute the total energy deposition, 
which consisted of the energy deposited in each group 
and at the cutoff energy, can be found in Morel et al.[45] 

or Bienvenue et al.[16]
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V.A. Comparison of Galerkin Quadrature Methods

In a conference paper,[24] Morel et al. compared two 
Galerkin quadratures methods for a product quadrature 
defined over the unit sphere that consisted of inverting 
either the discrete-to-moment D or the moment-to-dis
crete M, as presented in Sec. III. Their results showed 
that these methods give similar flux solutions for 
a benchmark in which an isotropic boundary source is 
defined. Recently, Shands et al. proposed additional com
parisons of these two methods with a novel Galerkin 
quadrature method over similar benchmarks, giving simi
lar conclusions.[3] However, it was observed that one 
method was superior in some cases with quadrature 
defined over the unit sphere.

The 1D Cartesian geometry was used with the 
Lebedev quadrature. Unlike most 1D slab geometry 
calculations in literature, the angular domain was not 
simplified from the unit sphere to the main direction 
cosine domain between −1 and 1. The spherical har
monics must be kept as the interpolation basis rather 
than the Legendre polynomials, and quadrature on the 
unit sphere is required, as is done in 3D Cartesian 

geometry. This method aims to test angular 
discretization on the unit sphere without relying on 
costly multidimensional calculations or incurring 
errors introduced by such calculations, such as ray 
effects.

The geometry domain, an infinitely wide 5-cm slab, 
was divided into 40 voxels. The Galerkin scheme was 
used for the AFP operator. The first comparison consisted 
of a benchmark with a 10-MeV isotropic source defined 
between 2 cm and 3 cm, while the second one used 
a normally incident 10-MeV beam. As shown in Fig. 4, 
for isotropic sources, both methods gave similar results 
for any quadrature order. This was coherent with the 
result in Morel et al.[24] However, for the normally inci
dent boundary source, the D ¼M� 1 energy deposition 
results were less accurate than the M ¼ D� 1 ones at any 
quadrature order. Notably, the S9 solution presented 
a huge overestimation of the deposited energy between 
a 0-cm and 1-cm depth. Even at high quadrature order 
(S23), while seemingly converging toward the M ¼ D� 1 

solution, the D ¼M� 1 solution still exhibited significant 
spurious oscillations. The M ¼ D� 1 Galerkin quadrature 
method was therefore used for the following results.

Fig. 4. Comparison of two Galerkin quadrature methods for different quadrature orders for benchmark with (top) isotropic source 
or (bottom) normally incident source. 
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Fig. 5. Comparison of energy deposition profiles using (red) Galerkin and (blue) finite-difference schemes for the FP operator 
based on the Gauss–Lobatto quadrature in 1D Cartesian geometry. The (black) reference solution was obtained using the S26 
finite-difference scheme. 
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V.B. AFP Finite-Difference Schemes

The first benchmark compared the Galerkin and Morel 1D finite-difference discretization of the AFP term[8] in 1D 
Cartesian geometry using the Gauss–Lobatto quadrature. The geometry domain, an infinitely wide 5-cm slab, was divided 
into 40 voxels. The Galerkin and finite-difference mapping matrix of the S6 case, provided to highlight their properties, are 
respectively given by

and

The finite-difference matrix is clearly monotone since 
the row’s off-diagonal components are positive and the 
diagonal components are negative, and it is diagonally 
dominant since the sum of the row’s off-diagonal compo
nents is equal to the absolute value of the diagonal compo
nents. These properties were not shared by the Galerkin 
matrix. Along each line n of the Galerkin matrix, corre
sponding to the incoming angular flux direction, the main 
scattering events were n! n � 1 (for n�1) and n! nþ 1 
(for n�Nd), as in the finite-difference case, but farther away 

from the diagonal, the values sign oscillated. The negative 
sign for a nondiagonal element m�n is not desirable since it 
implies that the flux Ψn along the direction μn scatter, such 
as there is a reduction along the direction μm, does not make 
any physical sense. On the contrary, the finite-difference 
matrix was more physically robust since the flux Ψn along 
the direction μn scatter, such as the flux lost at m ¼ n, was 
redistributed along the directions m�n.

The energy deposition solutions for a quadrature order 
varying from 4 to 12 are shown in Fig. 5. The reference 



solution was obtained with the S26 finite-difference scheme. 
The solution using the Galerkin scheme presented signifi
cant nonphysical oscillations due to the discussed lack of 
monotonicity of the mapping matrix M. These oscillations 
can be damped by increasing the quadrature order, but 
some artifacts can be persistent, as shown by the S12 case 
near x ¼ 0 cm. This scheme, used jointly with the Galerkin 
quadrature method, preserved Nd moments of the AFP 
operator.[4] It made the Galerkin scheme a more accurate 
moment representation of the AFP operator than the finite- 
difference scheme, which preserved only the zeroth and 
first moments.

This explains the better agreement of the low- 
order Galerkin scheme near x ¼ 3 cm with the refer
ence solution. The finite-difference scheme was more 
robust for any quadrature order since it eliminated the 
spurious oscillations in the solution. As the 
quadrature order increased, both the Galerkin and 
finite-difference schemes tended toward the same 
solution.

The second benchmark compared the Galerkin and 
the multidimensional finite-difference discretization of 
the AFP term in 1D Cartesian geometry using the 
Lebedev quadrature. The geometry domain, an infinitely 
wide 5-cm slab, was divided into 40 voxels. The energy 
deposition solutions for quadrature order varying from 5 
to 13 are shown in Fig. 6. The solution using the Galerkin 
scheme exhibited oscillations similar to the one with the 
Gauss–Lobatto, but at different locations. This shows that 
such behavior is difficult to predict for a given quadrature 
choice. As with the 1D AFP finite-difference scheme, the 
multidimensional AFP one provided a solution free of 
such oscillations at the cost of the enforcement of high- 
order spherical harmonics moments of the AFP operator.

The third benchmark compared the Galerkin and the 
multidimensional finite-difference discretization of the AFP 
term in 3D Cartesian geometry using the Lebedev quadra
ture. The Cartesian geometry domain, whose size was 
5 � 5 � 1.5 cm along each axis, was divided into 20, 20, 
and 6 voxels. The source of electrons was defined over all the 
surface y–z at x ¼ 0 and produced particles in direction 
μ ¼ 1. The Galerkin and finite-difference mapping matrix 
had, respectively, the same properties as in the 1D case.

The energy deposition solution for quadrature order 
varying from 5 to 13 is shown in Fig. 7. The solution 
using the Galerkin scheme presented, as expected, non
physical oscillations along both the x- and y-spatial axis. 
As in the 1D case, increasing the quadrature order 
improved the overall monotonicity, but did not solve it. 
The finite-difference method, which preserved the zeroth 
and the three first moments of the AFP operator, elimi
nated any spurious oscillations of the Galerkin scheme.

The newly developed method permits monotonicity- 
enforcing AFP operator treatment with an optimal quad
rature. This is very useful for particle transport since it 
diminishes greatly the number of directions required to 
achieve a specific angular accuracy and then improves 
running times. For example, the speedup of the Lebedev 
quadrature for S5, S9, and S17 compared to the product 
quadrature for S4, S8, and S16 are, respectively, �2.3, 3.5, 
and �4.7. The Lebedev quadrature also offered a better 
distribution of nodes and desirable symmetries. The 
finite-difference schemes produced more predictable 
solutions than the Galerkin scheme since the oscillation 
intensity was difficult to evaluate before calculations.

It should be noted that this method does not address 
the issues related to the ray effect, which is caused by the 
forced fulfillment of the transport equation along the 

Fig. 6. Comparison of energy deposition profiles using (red) Galerkin and (blue) finite-difference schemes for the FP operator 
based on the Lebedev quadrature in 1D Cartesian geometry. The (black) reference solution was obtained using the S23 finite- 
difference scheme. 
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discrete set of directions only and the lack of rotational 
invariance of the streaming operator.[46]

VI. CONCLUSION

In this work, a methodology to produce monotone 
schemes for the multidimensional AFP operator, compati
ble with nonorthogonal quadrature sets and preserving the 
null space, the zeroth, and the first moments of the analy
tical AFP operator, was introduced. These schemes were 
used to treat the forward-peaked component of the elastic 
scattering with the Boltzmann transport equation. Results 
for 1D and 3D geometry calculations showed that these 

schemes eliminated spurious oscillations related to such 
scattering. Further investigations will be required to assess 
the properties of the quadrature set, such as rotational 
symmetries compatible with the proposed approach.

APPENDIX                         

FINITE-DIFFERENCE SCHEME FOR THE 
MULTIDIMENSIONAL AFP OPERATOR

The 2D finite-difference scheme using product quad
rature with Chebychev azimuthal quadrature from Morel 
et al. is given by[10]

Fig. 7. Comparison of energy deposition profiles along (a) y ¼ 2:5 cm, (b) x ¼ 1:25 cm, and (c) x ¼ 2:5 cm using (red) Galerkin 
and (blue) finite-difference schemes for the FP operator based on the Lebedev quadrature in 3D Cartesian geometry. The (black) 
reference solution was obtained using the S19 finite-difference scheme. 
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with x ¼ iþ Nðn � 1Þ and y ¼ jþ Nðm � 1Þ, where the C-terms are defined by Eq. (24) and the D-terms are defined by

and 

The weights of the Chebychev quadrature are given by

while the coefficients γn are given by

with

The 3D finite-difference scheme is given by
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with x ¼ iþ 2Nðn � 1Þ and y ¼ jþ 2Nðm � 1Þ, where 
the C-terms are defined by Eq. (24) and the E-terms are 
defined by

and
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