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H I G H L I G H T S

Van der Waals forces cause pressure
overshoot in fluidized beds of fine par-
ticles.
Static wall friction also contributes to
the pressure-drop overshoot.
Van der Waals adhesion is crucial for
predicting homogeneous bed expa-
nsion.
Gas flow rate and Van der Waals forces
impact the evolution of particle con-
tacts.
A CFD-DEM database is generated to
guide developing continuum solid stress
closures.

G R A P H I C A L A B S T R A C T

R T I C L E I N F O

eywords:
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tatic-dynamic friction
ressure-drop hysteresis
omogeneous fluidization
FD-DEM

A B S T R A C T

This article explores the effect of Van der Waals force and static friction on the fluidization of fine solids
using CFD-DEM simulations. The results show that both Van der Waals adhesion and static friction contribute
to the pressure-drop hysteresis phenomenon. These results also demonstrate that to predict the homogeneous
expansion of the bed across the range of velocities from the minimum required for fluidization to the minimum
for bubbling, it is necessary to take into account the Van der Waals adhesion. The generated CFD-DEM dataset
can guide the development of solid stress closures for two-fluid models to incorporate the effects of Van der
Waals adhesion and static friction on fluidization hydrodynamics, allowing for the prediction of hysteresis in
bed pressure drop at the macro-scale.
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1. Introduction

Fluidized and packed (fixed or moving) beds are used in several
industrial processes and applications, including the chemical, pharma-
ceutical, food, and mining industries [1–5]. Both fixed and fluidized
eds have their own advantages and disadvantages [2,6,7]. Studying

the hydrodynamics of these beds and developing numerical models able
to predict the different transport phenomena occurring inside them can
play a key role in their optimization and scale-up.

Several authors studied the role of friction and Van der Waals
dhesion in fluidized beds. Dupuy et al. [8] showed through numerical
imulations that friction hinders the dense packing of particles and
lays a role in determining the minimum fluidization velocity. Zhang
t al. [9] demonstrated, through Eulerian–Lagrangian simulations, that
an der Waals adhesion can lead to the aggregation of particles. Mut-
ers and Rietema [10] and Tsinontides and Jackson [11] hypothesized
hat the homogeneous fluidization observed in experiments with fine
articles is caused by the adhesion and friction between these particles
n contact. Rietema and Piepers [12] attributed the overshoot in the

pressure drop across a bed of fine solids to particle–particle Van der
Waals adhesion, as well as frictional interactions between the parti-
cles and the wall. Srivastava and Sundaresan [13] linked the larger
overshoot they observed in smaller columns to particle–wall frictional
interactions. The non-sphericity of particles increases interparticle and
particle–wall friction, and amplifies the hysteresis in bed pressure
drop [8,14–17].

The CFD-DEM (Computational Fluid Dynamics-Discrete Element
ethod) approach may be used to investigate fluid–solid flows in lab-

cale fluidized beds containing typically the order of 106 particles [18,
19], whereas the two-fluid approach can be employed to simulate
industrial-scale fluidized beds [20]. A main advantage of the CFD-DEM
approach over the two-fluid model is its ability to account for multiple
and long-duration particle contacts. The assumption of binary and in-
stantaneous collisions and the lack of proper solid stress closures render
the two-fluid model incapable of predicting several phenomena that
ccur in dense granular media, such as the Janssen effect in silos [21]
nd the pressure-drop hysteresis in fine-particle fluidized beds [22–

24]. Numerical data from CFD-DEM simulations may be employed to
evelop particle stress closures for the two-fluid model, allowing it to

handle very dense fluid–solid flows with increased accuracy.
Several researchers used mesoscopic simulation data from DEM

or CFD-DEM to compute macroscopic quantities and develop contin-
uum models. Dupuy et al. [25] developed a continuum model for the
particle–wall contact shear stress through analysis of CFD-DEM simu-
lations. Rothenburg and Kruyt [26] carried out and analyzed various

EM simulations of 2D granular arrangements of disks undergoing bi-
xial compression. Based on their analysis, they postulated a transport
quation for the coordination number, which contains empirical param-
ters that indicate probabilities of contact formation and destruction.
hey found that the theoretical solution of this transport equation is

n good agreement with the DEM simulation data. According to their
nvestigation, variations in solid fraction cannot be described only in
erms of coordination number but also in terms of anisotropy in contact
rientations. Sun and Sundaresan [27] used DEM simulations as a basis
o develop closures for the solid pressure and the macroscopic friction
oefficient in simple shear flows. These authors proposed continuum
ransport equations for the coordination number and the fabric ten-
or, which are included in the aforementioned closures. The material
arameters in their constitutive model were calibrated to produce the
esired response given by the DEM data. Chialvo et al. [28] studied

simple shear flows of noncohesive particles through DEM simulations.
They investigated three different flow regimes: inertial (dilute), in-
termediate, and quasistatic, as well as the transitions between them.
For each flow regime, they found an asymptotic power-law relation
etween the particle pressure and the shear rate scaled by powers of the
2

istance to the jamming point (separating the inertial and quasistatic c
regimes). This jamming point is affected by particle–particle friction.
They also proposed a function that combines the previously mentioned
asymptotic relationships, resulting in a continuous evolution of the
solid pressure as a function of shear rate for the limits of the three
flow regimes and the transitions between them. Luding [29] obtained
macroscopic data such as bulk moduli, friction angle, and cohesion
rom DEM simulations of non-cohesive and cohesive particles subjected

to a shear deformation. In his study, the macroscopic stress, stiffness,
and fabric tensors were calculated. Gu et al. [30] modified the solid
ressure and viscosity closures that are based on the kinetic theory to
ake adhesion into consideration. These modifications were guided by
he results obtained from their CFD-DEM simulations. These researchers
bserved larger aggregates in a test with adhesion compared to a test
ithout adhesion. Hou et al. [31] performed CFD-DEM simulations

of fluidized beds with Geldart B and A particles accounting for the
an der Waals adhesion. Based on their mesoscopic data, they pro-

posed correlations for the static, expanded, and fluidized bed states,
which describe how the average number of contacts per particle varies
with the particle volume fraction (macroscopic quantities). Vijayan
et al. [32] used DEM to study the variation in the coordination number
and contact anisotropy (fabric) for a 3D particle arrangement under
uniaxial compression. They noticed a hysteresis between loading and
unloading coordination number-strain curves. These authors defined
three different flow regimes (quasi-static, dense, and collisional dilute)
according to the value of the inertial number, which is expressed
as a function of the compression strain rate and solid compressive
pressure. They proposed a semi-empirical model that relates the contact
anisotropy to the macroscopic stress.

Overall, Van der Waals and frictional interactions have a substan-
tial effect on fluidization behavior. However, these interactions are
ot adequately modeled at the macroscale. Coupling mesoscopic and
acroscopic scales is an effective strategy to address this issue. In this
aper, we extract mesoscopic data from CFD-DEM simulations to guide
he development of Eulerian solid stress closures for Van der Waals
dhesion and friction. We implemented static-dynamic friction and
an der Waals adhesion models in the CFD-DEM code YALES2 [18].

Then, we used this code to perform Eulerian–Lagrangian simulations
of fluidization and defluidization for Geldart A particles. From these
simulations, we obtained information about the fluidization hydrody-
namics and the structural and solid stress changes within the particle
bed in the presence or absence of Van der Waals adhesion force. We
show that both static friction and Van der Waals adhesion contribute to
the pressure overshoot and that the homogeneous fluidization regime
is only predicted when adhesion is present. Finally, we measure the
source term in the coordination number transport equation. This source
term is shown to be influenced by both the superficial gas velocity and
Van der Waals adhesion force.

The paper is organized as follows: Section 2 briefly describes the
modeling approach used in this research and explains the implemen-
tation of static-dynamic friction and Van der Waals adhesion in DEM,
Section 3 presents the fluidization and defluidization CFD-DEM sim-
ulations conducted in this study and discusses the results obtained,
nd Section 4 covers the calculation of the source term of the Eule-

rian transport equation for the coordination number from CFD-DEM
simulations.

2. Numerical model

A computational framework has been developed by integrating
he DEM for particle phase representation and the LES (Large-Eddy
imulation) method for gas phase representation within the YALES2
ode [18]. This computational tool uses the finite volume method and

is designed to solve the filtered Navier–Stokes equations at low Mach
numbers for flows with turbulence and chemical reactions. The LES
equations for the gas phase can be found in Dufresne et al. [18]. These
quations account for the local volume fraction of the gas, which is
omputed using the particle centroid method [33].
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The motion of a spherical particle 𝑝, encompassing both transla-
ional and rotational aspects, can be determined through the applica-
ion of Newton’s second law [18]:

d𝑡
(

𝐱𝑝
)

= 𝐮𝑝, (1)

𝑚𝑝d𝑡
(

𝐮𝑝
)

= 𝐅𝑒
𝑝 + 𝐅𝑐

𝑝, (2)

𝐼𝑝d𝑡
(

𝝎𝑝
)

= 𝐌𝑑
𝑝 +𝐌𝑐

𝑝 +𝐌𝑟
𝑝. (3)

The variables 𝐼𝑝, 𝑚𝑝, 𝐱𝑝, 𝝎𝑝, and 𝐮𝑝 denote respectively the moment
of inertia, mass, position, angular velocity, and translation velocity of
particle 𝑝. 𝐅𝑒

𝑝, 𝐅𝑐
𝑝, 𝐌𝑑

𝑝 , 𝐌𝑐
𝑝, and 𝐌𝑟

𝑝 are respectively the overall external
force acting upon particle 𝑝, the total contact force (due to inter-particle
and particle–wall contacts), the torque of gas drag force, the torque of
𝐅𝑐
𝑝, and the torque due to rolling friction. The overall external force 𝐅𝑒

𝑝
encompasses the force of gravity 𝐅𝑔

𝑝 and the forces acting upon the solid
by the gas, specifically the buoyancy force 𝐅𝑏

𝑝 and the drag force 𝐅𝑑
𝑝 :

𝐅𝑒
𝑝 = 𝐅𝑑

𝑝 + 𝐅𝑏
𝑝 + 𝐅𝑔

𝑝 . (4)

Details about the modeling of the external force and the torques in
Eqs. (2) and (3) can be found in the study by Nigmetova et al. [34]
nd in the thesis by Dufresne [35]. The contact forces are described in
etail hereafter.

The Coulomb dynamic friction model relates the tangential and
ormal contact forces exerted by particle 𝑞 on particle 𝑝 as follows:

𝐟 𝑐𝑞→𝑝,𝑡 = −𝜇𝑑‖𝐟 𝑐𝑞→𝑝,𝑛‖𝐭𝑝𝑞 , (5)

where 𝜇𝑑 is the dynamic (sliding) friction coefficient, 𝐟 𝑐𝑞→𝑝,𝑛 is the
normal contact force represented using a spring–dashpot system, and
𝑝𝑞 is the tangential unit vector defined as:

𝐭𝑝𝑞 =
⎧

⎪

⎨

⎪

⎩

𝐮𝑝𝑞 ,𝑡
‖𝐮𝑝𝑞 ,𝑡‖

, if ‖𝐮𝑝𝑞 ,𝑡‖ > 0,

0, otherwise.
(6)

In Eq. (6), the instantaneous tangential relative velocity 𝐮𝑝𝑞 ,𝑡 is defined
as follows:

𝐮𝑝𝑞 ,𝑡 = 𝐮𝑝𝑞 − 𝐮𝑝𝑞 ,𝑛, (7)

where 𝐮𝑝𝑞 = 𝐮𝑝 − 𝐮𝑞 is the relative velocity, and 𝐮𝑝𝑞 ,𝑛 =
(

𝐮𝑝𝑞 ⋅ 𝐧𝑝𝑞
)

𝐧𝑝𝑞 is
the normal component of the relative velocity. 𝐧𝑝𝑞 is the normal unit
vector given by 𝐧𝑝𝑞 =

(

𝐱𝑞 − 𝐱𝑝
)

∕‖𝐱𝑞 − 𝐱𝑝‖, with 𝐱 being the position
vector of the particle center. When 𝐮𝑝𝑞 ,𝑡 is zero, 𝐭𝑝𝑞 equals zero, and
hence the tangential contact force 𝐟 𝑐𝑞→𝑝,𝑡 is zero (Eq. (5)). This indicates
hat the contact cannot support any tangential load when the particles
re stationary. Thus, the dynamic friction model given by Eq. (5), which
s valid for rapid granular flows, is not suitable for fixed beds. To
vercome this limitation, a model that accounts for both static and
ynamic frictions was implemented in the massively parallel YALES2
ode, as described in the next subsection.

2.1. Formulation and implementation of static-dynamic friction

2.1.1. Model formulation
In the static-dynamic friction model, the tangential contact force

s composed of elastic (spring) and damping (dashpot) terms and
s constrained by the Coulomb limit, as defined by the following
quation [36]:

𝐟 𝑐𝑞→𝑝,𝑡 =

{

𝐟∗𝑞→𝑝,𝑡, if ‖𝐟∗𝑞→𝑝,𝑡‖ ≤ 𝜇𝑑‖𝐟 𝑐𝑞→𝑝,𝑛‖,
𝐟CL𝑞→𝑝,𝑡, if ‖𝐟∗𝑞→𝑝,𝑡‖ > 𝜇𝑑‖𝐟 𝑐𝑞→𝑝,𝑛‖,

(8)

with

𝐟∗𝑞→𝑝,𝑡 = −𝑘𝑡𝜹∗𝑝𝑞 ,𝑡 − 𝛾𝑡𝐮𝑝𝑞 ,𝑡, (9)

and

𝐟CL𝑞→𝑝,𝑡 = −𝑘𝑡𝜹CL𝑝𝑞 ,𝑡 − 𝛾𝑡𝐮𝑝𝑞 ,𝑡 = 𝜇𝑑‖𝐟 𝑐𝑞→𝑝,𝑛‖𝐭𝑝𝑞 , (10)
3

o

where 𝐟∗𝑞→𝑝,𝑡 is the test force, 𝑘𝑡 is the tangential spring stiffness, 𝛾𝑡 is the
angential viscous damping coefficient, and 𝐭𝑝𝑞 = 𝐟∗𝑞→𝑝,𝑡∕‖𝐟

∗
𝑞→𝑝,𝑡‖ is the

angential unit vector. The superscript CL refers to the Coulomb limit.
he tangential overlap 𝜹𝑝𝑞 ,𝑡 depends on the contact history, as it cannot
e determined instantaneously but must be accumulated over time and
aturated to ensure that the Coulomb limit is never surpassed, as shown
n the equation below:

𝜹𝑝𝑞 ,𝑡 =
{

𝜹∗𝑝𝑞 ,𝑡, if ‖𝐟∗𝑞→𝑝,𝑡‖ ≤ 𝜇𝑑‖𝐟 𝑐𝑞→𝑝,𝑛‖,
𝜹CL𝑝𝑞 ,𝑡, if ‖𝐟∗𝑞→𝑝,𝑡‖ > 𝜇𝑑‖𝐟 𝑐𝑞→𝑝,𝑛‖,

(11)

with

𝜹∗𝑝𝑞 ,𝑡 = 𝜹prev
𝑝𝑞 ,𝑡 ⋅𝐇 + 𝛥𝑡𝑝𝐮𝑝𝑞 ,𝑡, (12)

and

𝜹CL𝑝𝑞 ,𝑡 =
1
𝑘𝑡

(

−𝜇𝑑‖𝐟 𝑐𝑞→𝑝,𝑛‖𝐭𝑝𝑞 − 𝛾𝑡𝐮𝑝𝑞 ,𝑡
)

, (13)

where 𝛥𝑡𝑝 is the particle time step, and 𝜹prev
𝑝𝑞 ,𝑡 is the tangential overlap

at the previous time step, which is rotated by a matrix 𝐇 in order
to be situated in the contact plane specified by the new normal unit
vector [37]. The rotation matrix 𝐇 is defined as:

𝐇 =
⎛

⎜

⎜

⎝

𝑤𝑏2𝑥 + 𝑐 𝑤𝑏𝑥𝑏𝑦 − 𝑠𝑏𝑧 𝑤𝑏𝑥𝑏𝑧 + 𝑠𝑏𝑦
𝑤𝑏𝑥𝑏𝑦 + 𝑠𝑏𝑧 𝑤𝑏2𝑦 + 𝑐 𝑤𝑏𝑦𝑏𝑧 − 𝑠𝑏𝑥
𝑤𝑏𝑥𝑏𝑧 − 𝑠𝑏𝑦 𝑤𝑏𝑦𝑏𝑧 + 𝑠𝑏𝑥 𝑤𝑏2𝑧 + 𝑐

⎞

⎟

⎟

⎠

, (14)

where 𝐛, 𝑐, 𝑠, and 𝑤 are given by:

𝐛 =
𝐧𝑝𝑞 × 𝐧prev

𝑝𝑞
‖

‖

‖

𝐧𝑝𝑞 × 𝐧prev
𝑝𝑞

‖

‖

‖

, 𝑐 = cos 𝜃 , 𝑠 = sin 𝜃 , 𝑤 = 1 − 𝑐 ,

with 𝜃 defined as:

𝜃 = ar csin
(

‖

‖

‖

𝐧𝑝𝑞 × 𝐧prev
𝑝𝑞

‖

‖

‖

)

,

where 𝐧prev
𝑝𝑞 is the normal unit vector at the previous time step. The

tangential damping parameter 𝛾𝑡 can be formulated as follows:

𝛾𝑡 =
−2 ln 𝑒𝑡

√

𝜋2 + ln2 𝑒𝑡

√

𝑘𝑡
2
7
𝑚𝑝𝑞 , (15)

where 𝑒𝑡 represents the tangential restitution coefficient. The static-
dynamic model (Eq. (8)) has greater computational and memory costs
than the Coulomb dynamic model (Eq. (5)). To account for static
riction, the tangential overlap of each contact should be stored at each
ime step.

2.1.2. Model implementation
A multi-level domain decomposition method is employed in YALES2

18,38]. The grid cells are assembled into cell groups at a first level,
and cell groups are distributed over processors at a second level [38].
In the third decomposition level, particles situated in a cell group are
gathered in particle groups holding up to 500 particles each [18]. These
decomposition levels aim at improving data locality, cache memory
accesses, and load balancing.

A ghost particle method is used to treat contacts between particles
hat are not in the same processor region [18,39]. In this method,

a cell halo enclosing each processor region is employed to identify
ghost particles [18]. The data of particles located in the cell halo are
ommunicated among the involved processors to calculate the contact
orce.

Examining all the particles in the domain to determine the contacts
ith a given particle has a high computational cost, scaling as (𝑁2

𝑡𝑜𝑡),
here 𝑁𝑡𝑜𝑡 is the total number of particles. To deal with this problem,

he linked-cell method is used, whose computational cost scales as
(𝑁𝑡𝑜𝑡) [35,39–41]. In this technique, a Cartesian grid of size larger

han the particle diameter is overlaid on the main grid to identify the
otential contact partners of each particle, as shown in Fig. 1. The list
f potential contact partners for a given particle is provided by looping
ver the 8 surrounding Cartesian grid cells plus the one in which the
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Fig. 1. Linked-cell technique. : nodes of the main grid. : overlaid Cartesian grid. The particle of interest is located in the middle cell ( ) and is indicated as 𝑝. The
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Source: Adapted from [39].
Fig. 2. Particle distribution in a computational domain. : limit between processor domains. : limit between particle groups (pt_grp). : ghost particles of
rocessor #2. : ghost particles of processor #1. A particle of interest, 𝑝, is in contact with 5 particles.
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article is located (26+1 grid cells in 3D) [39]. However, Newton’s
hird law (action–reaction principle: 𝐟 𝑐𝑝→𝑞 = −𝐟 𝑐𝑞→𝑝) allows checking
nly half of these cells (4+1 cells in 2D) [40], and particles situated
n these cells are identified as potential contact partners, as illustrated
n Fig. 1. During the calculation of the contact force, only the potential
ontact partners are checked. Once an overlap is detected between a
ertain particle and one of its potential contact partners, a contact force
s computed.

Particles inside a given processor domain are distributed over vari-
us particle groups, as illustrated in Fig. 2. In a particle group contain-
ng 𝑁𝑔 particles, a given particle 𝑝 has a local index 𝑛𝑙 𝑜𝑐𝑝 ∈ [1, 𝑁𝑔]. This
article has also a unique global index 𝑛𝑔 𝑙 𝑜𝑏𝑝 ∈ [1, 𝑁𝑡𝑜𝑡], where 𝑁𝑡𝑜𝑡 is
he total number of particles in the domain. The particle index that was
sed in the accumulation of the tangential overlap 𝜹𝑝𝑞 ,𝑡 (Eq. (11)) is the
lobal index because it does not change when the particle moves from
ne particle group to another or from one processor domain to another.
hen a particle moves from one CPU to another, the information about

ts contacts, based on global particle indices, is transferred along with
he particle. The particle of interest 𝑝 in Fig. 2 is in contact with five
particles. Each of these (𝑝, 𝑞) contact pairs has a distinct tangential

verlap 𝜹𝑝𝑞 ,𝑡, which must be accumulated over time.
A two-step algorithm for determining the tangential overlap was

mplemented in YALES2. These two steps are described below.
First step: Insert a new pair in the list of contact pairs and accumu-

ate the tangential overlap. This is achieved by:

(1) Looping over the potential contact partners 𝑞 of a given particle
𝑝 at the current time step, or in other words, looping over
potential contact pairs. The list of potential contact partners of a
given particle is provided by the linked-cell method, as described
previously.

(2) Calculating the normal overlap at the current time step (𝛿𝑝𝑞 ,𝑛 =
𝑟 + 𝑟 − ‖𝐱 − 𝐱 ‖, where 𝑟 is the particle radius).
4

𝑝 𝑞 𝑝 𝑞 t
(3) Inserting the pair (𝑝, 𝑞) in the list of contact pairs if it is not
already there (at the previous time step) and accumulating the
tangential overlap 𝜹𝑝𝑞 ,𝑡, if particles 𝑝 and 𝑞 are in contact (𝛿𝑝𝑞 ,𝑛 >
0).

econd step: Erase an obsolete pair from the list of contact pairs. This
s achieved by the following actions:

(1) Looping over particles 𝑞 that were in contact with a given
particle 𝑝 at the previous time step, or in other words, looping
over already existing contact pairs.

(2) Calculating the normal overlap at the current time step.
(3) Erasing the pair (𝑝, 𝑞) from the list of contact pairs if the particles

𝑝 and 𝑞 are no longer in contact (𝛿𝑝𝑞 ,𝑛 ≤ 0).
ach particle situated at a processor boundary has two copies: a real
nd a ghost. The data of a certain duplicated particle, which are
equired to compute friction forces, are transmitted from the processor
here it is real to the processor where it is ghost.

.2. Formulation and implementation of Van der Waals force

The Van der Waals force was included in the DEM model by adding
n adhesive force term, 𝐅𝑎𝑑

𝑞→𝑝, to the particle equation of motion [42]:
𝑎𝑑
𝑞→𝑝 =

𝐴
6𝑑𝑝

1
(

2𝑢 + 𝑢2
)2

1
(1 + 𝑢)3

𝐧𝑝𝑞 . (16)

ere, 𝐴 denotes the Hamaker constant, 𝑢 = ‖𝐱𝑞 − 𝐱𝑝‖∕𝑑𝑝 − 1 repre-
ents the dimensionless separation distance between the two particle
urfaces, and 𝐧𝑝𝑞 signifies the normal unit vector. When the spheres
re nearly touching, the force in Eq. (16) can be written as:
𝑎𝑑
𝑞→𝑝 =

𝐴
6𝑑𝑝

1
(

2𝑢0 + 𝑢20
)2

1
(

1 + 𝑢0
)3

𝐧𝑝𝑞 ≈
𝐴
6𝑑𝑝

1
4𝑢20

𝐧𝑝𝑞 =
𝐴𝑑𝑝
24𝑆2

0

𝐧𝑝𝑞 , (17)

here 𝑢0 = 𝑆0∕𝑑𝑝 is the minimum dimensionless separation distance,
nd 𝑆0 is the minimum cutoff distance between the surfaces of the
wo particles. The Van der Waals interaction diminishes quickly as 𝑢
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increases. Therefore, to simplify matters, we implemented the Van der
aals force between two particles in the following manner:

𝐅𝑎𝑑
𝑞→𝑝 =

⎧

⎪

⎨

⎪

⎩

𝐴𝑑𝑝
24𝑆2

0

𝐧𝑝𝑞 , if 𝛿𝑝𝑞 ,𝑛 > 0,

0, otherwise.
(18)

Additionally, we implemented the particle–wall Van der Waals force
s [24]:

𝐅𝑎𝑑
𝑤→𝑝 =

⎧

⎪

⎨

⎪

⎩

𝐴𝑑𝑝
12𝑆2

0

𝐧𝑝𝑤, if 𝛿𝑝𝑤,𝑛 > 0,

0, otherwise.
(19)

2.3. Validation of friction and adhesion models

The static-dynamic friction model was implemented for both inter-
article and particle–wall interactions and validated at both micro and
acro scales. At the microscale, we found good agreement between the

esults of our simulations and those obtained using Walton’s theoretical
odel [43] for both interparticle and particle–wall collisions. At the

macroscale, we found a close match between the vertical solid stress
profile in a silo obtained using the implemented static-dynamic friction
model and that determined using Janssen’s theoretical model [44], as

ell as between the mass flow rate of powder exiting a hopper obtained
from our simulation and that calculated using Beverloo’s empirical
correlation [45]. The implementation of the interparticle and particle–

all Van der Waals adhesion forces was qualitatively validated at the
icroscale by predicting the effects of adhesion on rebound transla-

ional and rotational velocities, contact time, and maximum normal
verlap [46,47]. The results of the aforementioned validation tests are
ot presented in this paper since the focus of this study is to investigate
he influence of friction and Van der Waals adhesion on fluidization
ydrodynamics. Therefore, we only present the prediction of a pressure
vershoot in a fluidized bed in the following section.

3. Fluidization and defluidization simulations

3.1. Simulation setup

We conducted fluidization and defluidization CFD-DEM tests to
analyze the impact of Van der Waals forces and static wall friction on
pressure-drop hysteresis and to gather essential information for guiding
the development of macroscopic solid stress models. These simulations,
which are similar to those performed by Ye et al. [48], employ the
parameters listed in Table 1.

In the initial phase, we conducted particle settling under the influ-
nce of gravity (𝑔𝑧 = −9.81 m∕s2). The particles used are categorized
nder Geldart group 𝐴, with their properties outlined in Table 1. The
eeding region was positioned at a distance of 𝑑𝑝 from the side walls
ithin the 𝑧-range of 4 mm to 6.075 mm. Each cell was seeded with
ne particle along each dimension (𝛥𝑥, 𝛥𝑦, 𝛥𝑧). Beginning at 𝑡 = 0,
e seeded 480 particles at intervals of 0.1 s until 𝑡 = 7.4 s, with the

imulation continuing for a total of 9 s. These particles experienced
andom translation velocities ranging from −0.1 to 0.1 m∕s and random
otational velocities between −100 and +100 rad/s at seeding. For this
tudy, we employed a zero rolling friction coefficient. Additionally, Van
er Waals forces among particles and between particles and walls were
aken into account during the settling process.

Subsequently, we used the formed static bed as the initial state for
oth fluidization and defluidization tests. Turbulence effects were ne-
lected in these tests. All boundaries were treated as walls for particles.

The bottom boundary served as the inlet for gas, and the top boundary
functioned as the gas outlet, maintaining a pressure of 1 atm. A no-slip
condition was applied to the gas at the sidewalls. In these simulations,
we vary the gas mass flow rate at the inlet using a stepwise approach. In
5

this approach, the gas flow rate is maintained at a constant value for a
given duration before being instantaneously increased or decreased to a
new value for another given period. The mass flow rates are determined
y the equation:

𝑊̇ = 𝜌𝑔𝑈𝑔𝑆𝑏, (20)

where 𝑈𝑔 is the superficial gas velocity, and 𝑆𝑏 is the cross-sectional
area of the bed. Each superficial gas velocity (𝑈𝑔) was maintained for
a duration of 0.7 +𝐻0

𝑏 ∕𝑈𝑔 seconds, where 𝐻0
𝑏 ≈ 3.52 mm represents the

bed height at zero gas velocity. Time averages were computed over the
last 0.3 s of each individual time interval during which a specific 𝑈𝑔
value was sustained. The Hamaker constant value used in the test cases
involving adhesion (refer to Table 1) yields an adhesion force 𝐅𝑎𝑑

𝑞→𝑝
qual to 1.18𝑚𝑝𝐠. As given in Table 1, we used a very small CFL number

(0.01) to improve numerical stability because the coupling between the
as and solid phases in YALES2 is explicit.

The drag force can be written as follows:

𝐅𝑑
𝑝 = 1

𝜏𝑑𝑟

[

𝐮𝑔@𝑝 − 𝐮𝑝
]

𝑚𝑝, (21)

where 𝜏𝑑𝑟 represents the drag relaxation time, given as:

𝜏𝑑𝑟 = 4
3

(

𝜌𝑝𝑑2𝑝
𝜇𝑔@𝑝𝑅𝑒𝑝𝐶𝑑

)

. (22)

Here, 𝐶𝑑 stands for the drag coefficient, and 𝑅𝑒𝑝 represents the particle
Reynolds number, which is written as:

𝑅𝑒𝑝 =
𝑑𝑝‖𝐮𝑔@𝑝 − 𝐮𝑝‖𝜌𝑔@𝑝

𝜇𝑔@𝑝
𝛼𝑔@𝑝. (23)

The closure model employed for 𝐶𝑑 in our numerical simulations is the
ne suggested by Gobin et al. [51]:

𝐶𝑑 =

{

𝐶𝑊&𝑌
𝑑 , if 𝛼𝑝 ≤ 0.3,

min(𝐶𝐸
𝑑 , 𝐶𝑊&𝑌

𝑑 ), else.
(24)

Here, 𝐶𝐸
𝑑 represents the drag coefficient according to Ergun [52]:

𝐶𝐸
𝑑 = 1

𝛼𝑔@𝑝

[

7
3
+ 200

𝑅𝑒𝑝

(

1 − 𝛼𝑔@𝑝
)

]

, (25)

and 𝐶𝑊&𝑌
𝑑 is the Wen and Yu drag coefficient [53] defined as:

𝐶𝑊&𝑌
𝑑 =

⎧

⎪

⎨

⎪

⎩

0.44𝛼−2.7𝑔@𝑝 , if 𝑅𝑒𝑝 ≥ 1000,
24
𝑅𝑒𝑝

𝛼−2.7𝑔@𝑝

(

1 + 0.15𝑅𝑒0.687𝑝

)

, else,
(26)

where 𝛼𝑔@𝑝 is the volume fraction of the gas interpolated at the po-
ition of the particle. This drag model ensures a continuous transition
etween the Ergun and Wen & Yu correlations and gives satisfactory

predictions compared to direct numerical simulation (DNS) data [51,
54].

3.2. Prediction of the pressure-drop hysteresis and of the homogeneous
luidization regime

The time-averaged bed pressure drop was calculated using the
ormula:

𝛥𝑃 =
∑𝑁𝑟

𝑘=1 𝛥𝑃𝑘𝛥𝑡𝑔 ,𝑘
∑𝑁𝑟

𝑘=1 𝛥𝑡𝑔 ,𝑘
. (27)

Here, 𝛥𝑡𝑔 represents the gas time step, 𝛥𝑃 is the gas pressure drop
etween the inlet and 6.5 mm above the inlet, and 𝑁𝑟 is the total
umber of gas time steps in the 0.3 s interval. Then, the normalized
ime-averaged bed pressure drop was determined as 𝛥𝑃∕𝛥𝑃𝑒𝑞 , where
𝛥𝑃𝑒𝑞 represents the pressure drop equivalent to the weight of the
articles, which was computed as:

𝛥𝑃𝑒𝑞 =
𝑚𝑏𝑔
𝑆𝑏

=
𝜋 𝑑3𝑝
6

𝑁𝑡𝑜𝑡𝜌𝑝𝑔
𝑆𝑏

= 32.4 Pa. (28)

In this equation, 𝑚𝑏 represents the mass of the particle bed, and
𝑁 represents the number of all the particles. Fig. 3 illustrates the
𝑡𝑜𝑡



Powder Technology 455 (2025) 120763Y. Badran et al.

t

w
w

t

c
r
v
d
a

Table 1
Parameters for the fluidization and defluidization simulations.

Particle properties Interparticle and particle–wall collisions
Diameter, 𝑑𝑝 75 μm Normal spring stiffness, 𝑘𝑛 7 N∕m
Density, 𝜌𝑝 1495 k g∕m3 Normal restitution coefficient, 𝑒𝑛 0.9

Tangential spring stiffness, 𝑘𝑡 2 N∕m
Cuboid geometry Tangential restitution coefficient, 𝑒𝑡 0.9
Width (𝑥-direction), 𝑊 40𝑑𝑝 Dynamic friction coefficient, 𝜇𝑑 0.2
Thickness (𝑦-direction), 𝑇 16𝑑𝑝 Maximum normal overlap, 𝛿𝑚𝑎𝑥𝑛 0.1𝑑𝑝
Height (𝑧-direction), 𝐻 160𝑑𝑝

Gas properties
Hexahedral mesh Density, 𝜌𝑔 1.1979 kg/m3

Number of cells in the 𝑥-direction, 𝑁𝑥
𝑐 12 Viscosity, 𝜇𝑔 1.8 × 10−5 Pa s

Number of cells in the 𝑦-direction, 𝑁𝑦
𝑐 5

Number of cells in the 𝑧-direction, 𝑁𝑧
𝑐 48 Advancement of gas

Time integration scheme TFV4A [49]
Particle loading Spatial integration scheme 4th-order centered
Number of particles, 𝑁𝑡𝑜𝑡 36,000 Courant number, 𝐶 𝐹 𝐿 0.01

Time advancement of particles Gas–particle interaction
Numerical scheme Groot–Warren [50] Drag model Gobin et al. [51]
Particle CFL number, 𝐶 𝐹 𝐿𝑠 1.5
Contact CFL number, 𝐶 𝐹 𝐿𝑐

𝑠 0.05 Interparticle and particle–wall adhesion
Number of sub-steps within the collision time, 𝑛𝑐 15 Minimum cutoff distance, 𝑆0 4 × 10−10 m

Hamaker constant, 𝐴 1.96 × 10−22 J
b
f

fluidization and defluidization pressure-drop curves for tests with and
without adhesion effects (interparticle and particle–wall Van der Waals
adhesion). The figure displays an overshoot in the bed pressure drop
during fluidization, which is attributed to static wall friction in the
case without adhesion. It also shows that the overshoot intensity in-
creases when adhesion is present. Moreover, there is a hysteresis in
pressure drop between the decreasing and increasing velocity path
curves (defluidization and fluidization cycles, respectively).

The pressure drop in the static bed state can be approximated using
he Ergun [52] correlation:

𝛥𝑃
𝐻𝑏

= 1.75𝜌𝑔
(

1 − 𝛼𝑔
)

U2
𝑔

𝛼3𝑔𝜀𝑝𝑑𝑝
+ 150𝜇𝑔

(

1 − 𝛼𝑔
)2 U𝑔

𝛼3𝑔
(

𝜀𝑝𝑑𝑝
)2

, (29)

where 𝐻𝑏 is the bed height, 𝛼𝑔 is the voidage of the bed, and 𝜀𝑝 is the
particle sphericity. As shown in Fig. 3, there is a good match between
the Ergun equation and the simulation results.

A fluidization simulation that excluded both adhesion and particle–
all friction showed no overshoot. Another fluidization simulation,
hich accounted for interparticle adhesion but excluded particle–wall

adhesion, demonstrated a smaller overshoot area compared to the sim-
ulation that considered both interparticle and particle–wall adhesion.
The data from these two simulations are not presented here.

In this study, we used a small simulation domain due to the high
computational cost. Increasing the domain size would reduce the con-
tribution of boundary interactions (wall friction and adhesion) to the
overshoot [13,15].

In our simulations, where all cells have the same volume, the
time-spatial averaged solid volume fraction was computed as follows:

⟨𝛼𝑝⟩ =
∑𝑁𝑟

𝑘=1⟨𝛼𝑝⟩𝑘𝛥𝑡𝑔 ,𝑘
∑𝑁𝑟

𝑘=1 𝛥𝑡𝑔 ,𝑘
=

𝑣𝑝
𝑣𝑠𝑎

∑𝑁𝑟
𝑘=1 𝑛𝑠𝑎,𝑘𝛥𝑡𝑔 ,𝑘
∑𝑁𝑟

𝑘=1 𝛥𝑡𝑔 ,𝑘
, (30)

where 𝑣𝑝 is the volume of one particle (𝜋 𝑑3𝑝∕6), 𝑣𝑠𝑎 is the total volume
below a designated height 𝐻𝑠𝑎 where spatial averaging was performed,
and 𝑛𝑠𝑎 is the total number of particles situated below the height 𝐻𝑠𝑎.
This height is set at 𝐻𝑠𝑎 = 14𝛥𝑧 = 3.5 mm, which is approximately equal
to the bed height when the gas velocity is zero. The bed voidage was
hen determined as follows: ⟨𝛼𝑔⟩ = 1 − ⟨𝛼𝑝⟩.

The evolution of bed voidage during defluidization and fluidization
ycles is plotted in Fig. 4. In the fluidization branch, the bed voidage
emains stable at around 0.38 until reaching the minimum fluidization
elocity (𝑈𝑚𝑓 = 3.32 mm/s), after which it begins to increase. The
ecreasing path curves do not return to the voidage of the settled bed,
ligning with observations from experiments by Affleck et al. [22],
6

Fig. 3. Normalized time-averaged overall bed pressure drop during fluidization and
defluidization cycles without and with Van der Waals (VDW) adhesion. 𝐹 represents a
fluidization branch, and 𝐷 represents a defluidization branch.

particularly when the particle bed is tapped before fluidization. Ad-
ditionally, defluidization curves differ between tests with and without
adhesion, with adhesion resulting in a higher voidage for the static
ed due to hindered particle movement, consistent with findings in the
ixed bed simulations by Mihajlovic et al. [47].

The minimum fluidization velocity calculated using the correlation
proposed by Abrahamsen and Geldart [55], which is expressed as:

𝑈𝑚𝑓 = 9 × 10−4 (𝑔 [𝜌𝑝 − 𝜌𝑔
])0.934 𝑑1.8𝑝

𝜇0.87
𝑔 𝜌0.066𝑔

, (31)

is approximately 3.5 mm/s. The simulation value of 3.32 mm/s is only
about 5% lower than this estimate, indicating a very close agreement.

The time-spatial averaged coordination number was computed in
the following manner:

⟨𝐶 𝑁⟩ =
∑𝑁𝑟

𝑘=1⟨𝛼𝑝⟩𝑘⟨𝐶 𝑁⟩𝑘𝛥𝑡𝑔 ,𝑘
∑𝑁𝑟

=
∑𝑁𝑟

𝑘=1 𝑛𝑠𝑎,𝑘⟨𝐶 𝑁⟩𝑘𝛥𝑡𝑔 ,𝑘
∑𝑁𝑟
𝑘=1⟨𝛼𝑝⟩𝑘𝛥𝑡𝑔 ,𝑘 𝑘=1 𝑛𝑠𝑎,𝑘𝛥𝑡𝑔 ,𝑘
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Fig. 4. Bed voidage profiles during defluidization (D) and fluidization (F) cycles
ithout and with Van der Waals (VDW) adhesion.

=

∑𝑁𝑟
𝑘=1

(

∑𝑛𝑠𝑎,𝑘
𝑖=1 𝐶 𝑁𝑖

)

𝛥𝑡𝑔 ,𝑘
∑𝑁𝑟

𝑘=1 𝑛𝑠𝑎,𝑘𝛥𝑡𝑔 ,𝑘
. (32)

The evolution of the coordination number during defluidization and
luidization cycles is presented in Fig. 5. A hysteresis is observed for

the average coordination number predictions between the decreasing
and increasing gas velocity paths (below 𝑈𝑚𝑓 ). In the absence of
adhesion, the average coordination number decreases rapidly to nearly
zero with the increase in superficial gas velocity (above 𝑈𝑚𝑓 ) for both
the defluidization and fluidization cycles. In contrast, in the presence
of Van der Waals adhesion, the coordination number slowly decreases
with the increase in superficial gas velocity (up to 𝑈𝑔 = 8.3 mm/s). In
the fluidization and defluidization branches with adhesion, increasing
the superficial gas velocity from 4.43 mm/s to 6.93 mm/s, for example,
does not significantly decrease the coordination number despite an
increase in the voidage (see Fig. 4). This is a characteristic of the
omogeneous fluidization regime. Therefore, the coordination number
ariations in Fig. 5 reveal that predicting the homogeneous regime

between the minimum fluidization and minimum bubbling velocities
requires accounting for the Van der Waals adhesion. Some tests (not
shown here) have demonstrated that suppressing Van der Waals ad-
hesion between particles and walls does not alter the homogeneous
fluidization regime and the overall coordination number trend.

For fluidization to occur, the forces exerted by the gas on the par-
ticles must overcome the weight of the particles. However, this is true
only if particle–wall interactions (friction and adhesion), which resist
the movement of all particles, are neglected. In the presence of these
orces, the gas must exert an additional force beyond the bed weight
o fluidize the particles. This results in an overshoot region where

the pressure drop exceeds the value corresponding to the particles’
eight. During defluidization, particle–wall friction opposes the down-
ard movement of the particles, preventing the bed from becoming as
ense as the one formed after filling. In addition, the internal stresses
eveloped during filling are relieved after fluidization, so the bed does
ot return to its initial voidage and fewer contacts are formed after
efluidization (see the differences in bed voidage and coordination
umber for 𝑈𝑔 < 𝑈𝑚𝑓 between fluidization and defluidization in Figs. 4

and 5). This difference results in pressure drop hysteresis between the
defluidization and fluidization cycles.

Additionally, the contact fabric tensor was computed as follows
[56]:

𝑅𝑖𝑗 =
1

𝑁𝑡𝑜𝑡
∑

𝑐𝑘
∑

𝑛𝑐𝑘,𝑖𝑛
𝑐
𝑘,𝑗 , (33)
7

𝑁𝑡𝑜𝑡 𝑘=1 𝑐=1
Fig. 5. Evolution of the coordination number during defluidization (D) and fluidization
(F) cycles, without and with Van der Waals (VDW) adhesion.

where 𝑁𝑡𝑜𝑡 represents the number of particles in the bed (𝑁𝑡𝑜𝑡 = 36,000
n our case), 𝑐𝑘 denotes the count of contacts on particle 𝑘, and 𝐧𝑐𝑘

indicates the unit branch vector that originates from the center of
particle 𝑘 and points towards a contact point 𝑐. The trace of this
fabric tensor is equal to the average coordination number of all the
particles. The fabric tensor, 𝑅𝑖𝑗 , is symmetric. The fabric component
𝑅𝑧𝑧 at a particular gas time step 𝛥𝑡𝑔 was calculated by averaging over
the particle time steps as follows:

𝑅𝑧𝑧 = 1
𝑁𝑡𝑜𝑡

⎛

⎜

⎜

⎜

⎝

∑𝑁𝑠𝑡
𝑗=1

(

𝑛11,𝑧𝑛
1
1,𝑧 +⋯ + 𝑛𝑐11,𝑧𝑛

𝑐1
1,𝑧

)

𝑗
𝛥𝑡𝑝,𝑗

∑𝑁𝑠𝑡
𝑗=1 𝛥𝑡𝑝,𝑗

+⋯ ⋯ +

∑𝑁𝑠𝑡
𝑗=1

(

𝑛1𝑁𝑡𝑜𝑡 ,𝑧
𝑛1𝑁𝑡𝑜𝑡 ,𝑧

+⋯ + 𝑛
𝑐𝑁𝑡𝑜𝑡
𝑁𝑡𝑜𝑡 ,𝑧

𝑛
𝑐𝑁𝑡𝑜𝑡
𝑁𝑡𝑜𝑡 ,𝑧

)

𝑗
𝛥𝑡𝑝,𝑗

∑𝑁𝑠𝑡
𝑗=1 𝛥𝑡𝑝,𝑗

⎞

⎟

⎟

⎟

⎠

. (34)

Here, 𝛥𝑡𝑝 is the particle time step, and 𝑁𝑠𝑡 is the number of sub-steps
(particle time steps) in a given gas time step. The time-averaged 𝑅𝑧𝑧
was then computed as:

𝑅𝑧𝑧 =
∑𝑁𝑟

𝑘=1 𝑅𝑧𝑧,𝑘𝛥𝑡𝑔 ,𝑘
∑𝑁𝑟

𝑘=1 𝛥𝑡𝑔 ,𝑘
. (35)

The other fabric tensor components were determined similarly to how
𝑅𝑧𝑧 was calculated.

Fig. 6 shows the diagonal components of the fabric tensor as a func-
ion of the superficial gas velocity during defluidization and fluidization
ycles, without and with adhesion. The 𝑅𝑧𝑧 component of the fabric
ensor indicates the degree of alignment of contacts within the particle
ed (orientation of the unit branch vector) along the 𝑧-axis. As observed
n Fig. 6, the fabric component 𝑅𝑧𝑧 exhibits higher values in the fixed
ed state compared to the fabric components 𝑅𝑥𝑥 and 𝑅𝑦𝑦, indicating

that more contacts are oriented in the 𝑧 direction than in the 𝑥 and
𝑦 directions. In the fixed bed state, the variation in these diagonal
components with the gas velocity is relatively small, indicating that
the contact orientations in the 𝑥, 𝑦, and 𝑧 directions remain nearly
unchanged. At high gas velocities, the fabric diagonal components de-
crease significantly and reach very small values as contacts are lost. In
the presence of adhesion, the fabric diagonal components maintain high
values at higher gas velocities compared to the case without adhesion.
This implies that adhesion inhibits changes in contact orientations and
the disintegration of the contact network.
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Fig. 6. Variation of the time-averaged diagonal components of the fabric tensor with the superficial gas velocity during defluidization (D) and fluidization (F) cycles for test cases:
a) without Van der Waals adhesion, and (b) with Van der Waals adhesion.
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3.3. Spatial distribution of coordination number and particle velocity

Fig. 7 shows the solid patterns during the fluidization cycle without
dhesion. In Fig. 7(a), the distribution of the number of contacts per

particle (𝐶 𝑁) in the fixed bed (at 𝑈𝑔 = 0.97 mm/s) is homogeneous,
with an average value of nearly 5. Increasing the gas velocity to
5.54 mm/s causes the bed to expand, leading to a decrease in the
coordination number (see Fig. 7(b)). A further increase in gas velocity
to 11.08 mm/s results in significant bed expansion, bubble formation,
and a substantial decrease in the coordination number, which drops to
zero for the majority of the particles (see Fig. 7(c)). Fig. 7(d) shows
that the particle velocity is high around the bubbles, particularly in the
wake region.

Fig. 8 shows a comparison of the number of contacts per particle
at a superficial gas velocity of 5.54 mm/s between cases with and

ithout adhesion. The presence of adhesion prevents the destruction
f the contact network, in contrast to the case without adhesion, where
ontacts are lost and the coordination number decreases markedly.

With adhesion, the particles undergo a homogeneous expansion
phase (see Fig. 8(a)) before the onset of bubbling. During this phase,
he bed expands uniformly, maintaining a relatively stable structure
nd largely preserving the interparticle contacts. On the other hand,
ithout adhesion, particles do not experience a homogeneous expan-

ion phase. Instead, the drag force exerted by the gas on the particles
reaks the interparticle contacts (see Fig. 8(b)), allowing bubbles to
orm.

3.4. Variation of solid pressure and particle–wall shear stress

The macroscopic collisional stress tensor in an averaging volume 𝑉
can be expressed as [29,56,57]:

𝜎𝑖𝑗 = − 1
𝑉

𝑛𝑠
∑

𝑘=1

𝑐𝑘
∑

𝑐=1
𝑙𝑐𝑘,𝑖𝑓

𝑐
𝑘,𝑗 , (36)

where 𝑛𝑠 is the number of particles whose centers lie within the volume
𝑉 , 𝑐𝑘 is the number of contacts on particle 𝑘, 𝒍𝑐𝑘 is the branch vector
from the center of particle 𝑘 to a contact point 𝑐, and 𝐟 𝑐𝑘 is the contact
force acting on particle 𝑘. For a particle 𝑝 in contact with a particle 𝑞
at a point 𝑐, the branch vector 𝒍𝑐𝑝 is given by:

𝒍𝑐𝑝 =
(𝑑𝑝

2
−

𝛿𝑝𝑞 ,𝑛
2

)

𝐧𝑝𝑞 . (37)

The computational domain was divided into 32 slices, each with a
hickness of 𝛥𝑧 = 5𝑑𝑝, as illustrated in Fig. 9. The collisional stress was
alculated for each slice.

The time-averaged 𝜎𝑧𝑧, for instance, was calculated as follows:

𝜎𝑧𝑧 =
∑𝑁𝑟

𝑘=1 𝜎𝑧𝑧,𝑘𝛥𝑡𝑔 ,𝑘
∑𝑁𝑟

, (38)
8

𝑘=1 𝛥𝑡𝑔 ,𝑘
where 𝜎𝑧𝑧,𝑘 is the collisional stress 𝑧𝑧-component at a given gas time
step 𝛥𝑡𝑔 ,𝑘, calculated by averaging over the particle time steps as
ollows:

𝜎𝑧𝑧 = − 1
𝑉

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

∑𝑁𝑠𝑡
𝑗=1(

particle 1
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝑙11,𝑧𝑓

1
1,𝑧 +⋯ + 𝑙𝑐11,𝑧𝑓

𝑐1
1,𝑧)𝑗𝛥𝑡𝑝,𝑗

∑𝑁𝑠𝑡
𝑗=1 𝛥𝑡𝑝,𝑗

+⋯ ⋯ +

∑𝑁𝑠𝑡
𝑗=1(

particle 𝑛𝑠
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝑙1𝑛𝑠 ,𝑧𝑓

1
𝑛𝑠 ,𝑧

+⋯ + 𝑙
𝑐𝑛𝑠
𝑛𝑠 ,𝑧𝑓

𝑐𝑛𝑠
𝑛𝑠 ,𝑧)𝑗𝛥𝑡𝑝,𝑗

∑𝑁𝑠𝑡
𝑗=1 𝛥𝑡𝑝,𝑗

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (39)

where 𝑛𝑠 is the number of particles located inside a given slice of vol-
ume 𝑉 . The contribution of particle–wall interactions was not included
in the computation of the stress given by Eq. (39). The time-averaged
epulsive solid pressure was then determined as:

𝑃 𝑟
𝑝 = 1

3
(

𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧
)

. (40)

The time-averaged adhesive solid pressure 𝑃 𝑎
𝑝 was computed similarly

o the repulsive solid pressure 𝑃 𝑟
𝑝 , but using the Van der Waals force

instead of the collision force. The effective solid pressure is the sum of
he repulsive and adhesive solid pressures:

𝑃 𝑒
𝑝 = 𝑃 𝑟

𝑝 + 𝑃 𝑎
𝑝 . (41)

Fig. 10 shows the variation of repulsive solid pressure with depth for
different superficial gas velocities, with each curve belonging to either
the fluidization or defluidization branch. These data are from a test case
without adhesion. As observed, at the lowest gas velocity of 0.97 mm/s,
where the bed is fixed, the repulsive solid pressure increases with
depth. Additionally, the repulsive solid pressure decreases as the gas
elocity increases because the contact network between the particles is
isrupted. At a gas velocity of 4.43 mm/s, the repulsive solid pressure
pproaches zero due to the expansion of the bed. Furthermore, there is
 noticeable difference in the repulsive solid pressure values between

the defluidization and fluidization curves, for example, at gas veloc-
ities of 0.97, 2.22, and 2.77 mm/s, where the defluidization curves
exhibit lower repulsive pressure values. This is consistent with the
higher voidage values observed at these velocities during defluidization
compared to fluidization. In the defluidization cycle, a reduction in gas
velocity from 3.88 to 3.05 mm/s leads to an increase in repulsive pres-
sure due to the compression of the bed. This results in higher repulsive
pressures during defluidization compared to fluidization, specifically
in the lower regions of the bed. The transition from higher repulsive
pressures during defluidization in comparison with fluidization to the
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Fig. 7. Solid pattern snapshots for the fluidization branch of the test case without adhesion: (a–c) Coordination number at 𝑈𝑔 = 0.97, 5.54, and 11.08 mm/s, respectively; (d)
Particle velocity at 𝑈𝑔 = 11.08 mm/s. 𝑊ℎ represents half the width of the cuboid.

Fig. 8. Comparison of number of contacts per particle at a superficial gas velocity of 5.54 mm/s: (a) with vs. (b) without Van der Waals adhesion.



Powder Technology 455 (2025) 120763Y. Badran et al.
Fig. 9. Division of the cuboid into slices. 𝑠 denotes the slice number. Each slice has a
thickness 𝛥𝑧 = 5𝑑𝑝.

Fig. 10. Variation of time-averaged repulsive particle pressure with depth during
defluidization (D) and fluidization (F) cycles without Van der Waals adhesion. The
numbers in the legends of this figure and Figs. 11, 12, and 13 are the superficial gas
velocity values in mm/s.

opposite occurs at a gas velocity of 3.05 mm/s, at which the bed
voidage starts to increase in the fluidization branch (refer to Fig. 4).

Figs. 11, 12, and 13 illustrate the repulsive, adhesive, and effective
solid pressures during defluidization and fluidization cycles with Van
der Waals adhesion. In Fig. 11, within the fluidization branch at a
velocity of 3.05 mm/s, for example, the repulsive pressure is higher
compared to the case without adhesion (see Fig. 10). This increase is
due to adhesion inhibiting the expansion of the bed. The shift from
higher repulsive pressures during defluidization compared to fluidiza-
tion to the opposite happens at a gas velocity of 3.32 mm/s, where the
bed voidage begins to rise in the fluidization branch (see Fig. 4).

In Fig. 12, we observe that the adhesive solid pressure during deflu-
idization generally exhibits a lower magnitude compared to that during
10
Fig. 11. Variation of time-averaged repulsive particle pressure with depth during
defluidization (D) and fluidization (F) cycles with Van der Waals adhesion.

Fig. 12. Variation of time-averaged adhesive particle pressure with depth during
defluidization (D) and fluidization (F) cycles.

fluidization. This is consistent with the higher bed voidage and lower
coordination number during defluidization compared to fluidization
because the Van der Waals force is applied at contact. Additionally,
as the superficial gas velocity increases along the fluidization branch,
the magnitude of adhesive pressure decreases due to the declining
coordination number. Unlike repulsive pressure, adhesive pressure does
not vary significantly with depth due to the uniform coordination
number distribution within the bed and the constant magnitude of the
applied Van der Waals forces.

In Fig. 13, we note that the effective pressure values are lower than
the repulsive pressure values indicated in Fig. 11 due to the negative
adhesion contribution, as per Eq. (41).

The particle–wall contact forces were calculated in each slice. For
instance, the 𝑧-component of the particle–wall contact force at a partic-
ular gas time step was determined by averaging over the particle time
steps as follows:

𝑓 𝑎
𝑤→𝑝,𝑧 =

∑𝑁𝑠𝑡
𝑗=1 𝑓𝑤→𝑝,𝑧|𝑗𝛥𝑡𝑝,𝑗
∑𝑁 =

∑𝑁𝑠𝑡
𝑗=1 𝑓𝑤→𝑝,𝑧|𝑗𝛥𝑡𝑝,𝑗

, (42)

𝑠𝑡

𝑗=1 𝛥𝑡𝑝,𝑗
𝛥𝑡𝑔
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Fig. 13. Variation of time-averaged effective particle pressure with depth during
efluidization (D) and fluidization (F) cycles with Van der Waals adhesion.

where 𝑓𝑤→𝑝,𝑧|𝑗 represents the 𝑧-component of the contact force applied
by all walls 𝑤 to particle 𝑝 at the particle time step 𝛥𝑡𝑝,𝑗 , and 𝛥𝑡𝑔
is the gas time step. When adhesion is present, 𝐟𝑤→𝑝 is the sum of
repulsive contact force (modeled by spring–dashpot systems in both
the tangential and normal directions) and adhesive contact force (Van
er Waals force in the normal direction). The sum of the contact force
ver all particles with centers located within slice 𝑠 was determined as

follows:

𝐹 𝑠
𝑤→𝑝,𝑧 =

∑

𝑛𝑠

𝑓 𝑎
𝑤→𝑝,𝑧, (43)

where 𝑛𝑠 denotes the number of particles in the slice 𝑠 at 𝛥𝑡𝑔 . The time
verage of 𝐹 𝑠

𝑤→𝑝,𝑧 was then calculated as follows:

𝐹
𝑠
𝑤→𝑝,𝑧 =

∑𝑁𝑟
𝑘=1 𝐹

𝑠
𝑤→𝑝,𝑧|𝑘𝛥𝑡𝑔 ,𝑘

∑𝑁𝑟
𝑘=1 𝛥𝑡𝑔 ,𝑘

, (44)

where 𝑁𝑟 is the total number of gas time steps in the averaging time
interval. To obtain the time-averaged particle–wall shear stress 𝜎𝑠𝑝𝑤, we
ivided 𝐹

𝑠
𝑤→𝑝,𝑧 by the wall surface area 𝑆𝑤, which is given by:

𝑆𝑤 = 2𝑊 𝛥𝑧 + 2𝑇 𝛥𝑧 = 560𝑑2𝑝 . (45)

Here, 𝛥𝑧 = 5𝑑𝑝 represents the thickness of the slice 𝑠. 𝑊 and 𝑇 refer to
he width and thickness of the cuboid, as specified in Table 1.

Fig. 14 depicts the variation of time-averaged particle–wall shear
tress with depth during defluidization (D) and fluidization (F) cycles
n the absence of Van der Waals adhesion. In defluidization, the shear
tress is positive, whereas it is negative during fluidization. During
he defluidization cycle, as gas velocity decreases, the wall friction
pposes the downward movement of particles, resulting in a positive
hear stress (in the positive z direction). Conversely, during the flu-
dization cycle, as gas velocity increases, wall friction counteracts the
pward movement of particles, leading to a negative shear stress (in
he negative z direction). Loezos et al. [58] employed a positive sign for
he particle–wall friction term in a particle force balance model during
efluidization, while a negative sign was used during fluidization.
urthermore, Fig. 14 shows that as the superficial gas velocity rises,

the magnitude of the particle–wall shear stress diminishes. This occurs
because the increase in gas velocity leads to a reduction in the number
f contacts, particularly between particles near the walls.

4. Computation of the coordination number source term

In our previous study [59], we proposed an adhesive pressure
model based on the coordination number within the Eulerian–Eulerian
11
Fig. 14. Variation of time-averaged particle–wall shear stress with depth during
efluidization (D) and fluidization (F) cycles without Van der Waals adhesion. The

numbers in the legend are the superficial gas velocity values in mm/s.

framework. This model successfully predicted an overshoot in the bed
ressure drop; however, it could not predict the hysteresis in the
ressure drop due to the lack of a model for the coordination number

evolution. To determine this evolution at the macro-scale, it is essential
to propose a transport equation for the coordination number. The first
step in this process is to measure the source term of this transport
equation. This measurement is crucial for developing and validating
n expression for the source term, which can then be utilized in two-

fluid simulations. In this section, we compute the coordination number
source term from our CFD-DEM simulations using two methods: the
direct Lagrangian method and the mesoscopic Eulerian method, which
are detailed in the following subsections.

4.1. Direct Lagrangian method

The Lagrangian equation of the coordination number 𝐶 𝑁 following
a given particle can be written as:
𝑑 𝐶 𝑁
𝑑 𝑡 = 𝑆𝐶 𝑁 , (46)

where 𝑑∕𝑑 𝑡 is the time derivative along the particle trajectory, and 𝑆𝐶 𝑁
is a source term. The corresponding Eulerian equation can be written
or uniform particle mass as follows:
𝐷
𝐷 𝑡

(

𝑛𝑝⟨𝐶 𝑁⟩

)

= 𝑛𝑝
⟨𝑑 𝐶 𝑁

𝑑 𝑡
⟩

, (47)

where 𝑛𝑝 denotes the particle number density, and ⟨𝐶 𝑁⟩ stands for
the ensemble average of the coordination number. The term on the
eft-hand side of Eq. (47) can be expressed as:
𝐷
𝐷 𝑡

(

𝑛𝑝⟨𝐶 𝑁⟩

)

= 𝜕
𝜕 𝑡
(

𝑛𝑝⟨𝐶 𝑁⟩

)

+ 𝜕
𝜕 𝑥𝑖

(

𝑛𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

+ 𝜕
𝜕 𝑥𝑖

(

𝑛𝑝⟨𝑢
′
𝑝,𝑖𝐶 𝑁⟩

)

. (48)

Here, 𝑈𝑝,𝑖 = ⟨𝑢𝑝,𝑖⟩ represents the average particle velocity, and 𝑢′𝑝,𝑖
denotes the uncorrelated random particle velocity. The term on the
right-hand side of Eq. (47) represents the source term and can be
calculated directly from the Lagrangian simulation:

𝑛𝑝⟨𝑆𝐶 𝑁 ⟩ = 𝑛𝑝
⟨𝑑 𝐶 𝑁

𝑑 𝑡
⟩

= 1
𝑉𝑐

𝑁𝑐
𝑝

∑

𝑘=1

𝑑 𝐶 𝑁𝑘
𝑑 𝑡 , (49)

where 𝑉𝑐 stands for the volume of a given cell, and 𝑁𝑐
𝑝 refers to the

umber of particles whose centers are inside this cell. With the direct
agrangian method, Eq. (49) is used to compute the source term from

CFD-DEM simulations. The time derivative in Eq. (49) was calculated
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Fig. 15. Computation of the coordination number source term at 𝑈𝑔 = 11.08 mm/s: instantaneous distributions of (a) gas volume fraction, (b) coordination number source term
computed using the direct Lagrangian method, and (c) coordination number source term computed using the mesoscopic Eulerian method. 𝑊ℎ represents half the width of the
cuboid.
for a specific particle 𝑘 with a backward difference:
𝑑 𝐶 𝑁𝑘
𝑑 𝑡

|

|

|

|𝑛
=

𝐶 𝑁𝑘
|

|𝑛 − 𝐶 𝑁𝑘
|

|𝑛−1
𝛥𝑡𝑔

, (50)

where 𝑛 and 𝑛− 1 represent the current and previous states, respectively,
and 𝛥𝑡𝑔 stands for the gas time step.

4.2. Mesoscopic Eulerian method

We assume that the last term in Eq. (48) is negligible. Then, we can
write the following:
𝐷
𝐷 𝑡

(

𝑛𝑝⟨𝐶 𝑁⟩

)

= 𝜕
𝜕 𝑡
(

𝑛𝑝⟨𝐶 𝑁⟩

)

+ 𝜕
𝜕 𝑥𝑖

(

𝑛𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

= 𝑛𝑝 ⟨𝑆𝐶 𝑁 ⟩ . (51)

In this equation, it is assumed that the mean coordination number ⟨𝐶 𝑁⟩

is convected with the local average velocity (correlated mesoscopic
velocity) of the particles 𝑈𝑝,𝑖, and that no diffusive transport takes
place. Using Eq. (51), the source term can be expressed as:

𝑛𝑝 ⟨𝑆𝐶 𝑁 ⟩ = 1
𝑣𝑝

[

𝜕
𝜕 𝑡
(

𝛼𝑝⟨𝐶 𝑁⟩

)

+ 𝜕
𝜕 𝑥𝑖

(

𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

]

, (52)

where 𝑣𝑝 = 𝜋 𝑑3𝑝∕6 denotes the volume of one particle. The partial
derivatives in Eq. (52) can be computed from the calculated Eule-
rian variables. The mean coordination number in a given cell was
determined as follows:

⟨𝐶 𝑁⟩ = 1
𝑁𝑐

𝑝

𝑁𝑐
𝑝

∑

𝑘=1
𝐶 𝑁𝑘, (53)

where 𝑁𝑐
𝑝 is the number of particles in the cell and 𝐶 𝑁𝑘 is the

coordination number of particle 𝑘. Similarly, the mean particle velocity
in a particular cell was calculated as:

𝑈𝑝,𝑖 =
1
𝑁𝑐

𝑝

𝑁𝑐
𝑝

∑

𝑘=1
𝑢𝑘,𝑖, (54)

where 𝑢𝑘,𝑖 is the velocity of particle 𝑘. The solid volume fraction for a
specific cell was obtained as follows:

𝛼𝑝 =
𝑁𝑐

𝑝𝑣𝑝
𝑉𝑐

, (55)

where 𝑉𝑐 is the volume of the cell.
The time derivative in Eq. (52) was computed for a specific cell with

a backward difference:

𝜕 (

𝛼𝑝⟨𝐶 𝑁⟩

)|

|

|

=

(

𝛼𝑝⟨𝐶 𝑁⟩

)

|

|

|𝑛
−

(

𝛼𝑝⟨𝐶 𝑁⟩

)

|

|

|𝑛−1 , (56)
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𝜕 𝑡
|𝑛 𝛥𝑡𝑔
where 𝑛 and 𝑛− 1 represent the current and previous states, respectively,
and 𝛥𝑡𝑔 stands for the gas time step.

The divergence in Eq. (52) was calculated by employing the Gauss–
Ostrogradsky theorem. This theorem is given by:

∬𝑆
𝑄𝑖𝑛𝑖 𝑑 𝑆 = ∭𝑉

𝜕 𝑄𝑖
𝜕 𝑥𝑖

𝑑 𝑉 , (57)

where 𝑉 refers to the volume bounded by a surface 𝑆, 𝑄𝑖 represents a
vector field, and 𝑛𝑖 stands for the unit vector normal to 𝑆 and oriented
outward. Assuming that the spatial variation of 𝜕 𝑄𝑖∕𝜕 𝑥𝑖 is negligible
inside the volume 𝑉 , the integral over 𝑉 in Eq. (57) can be expressed
as:

∭𝑉

𝜕 𝑄𝑖
𝜕 𝑥𝑖

𝑑 𝑉 =
𝜕 𝑄𝑖
𝜕 𝑥𝑖

𝑉 . (58)

Assuming that the spatial variation of 𝑄𝑖𝑛𝑖 is negligible inside each face
(part of the surface 𝑆), the integral over 𝑆 in Eq. (57) can be formulated
as:

∬𝑆
𝑄𝑖𝑛𝑖 𝑑 𝑆 =

𝑁𝑓
∑

𝑗=1
∫𝑆𝑗

𝑄𝑖𝑛𝑖 𝑑 𝑆 =
𝑁𝑓
∑

𝑗=1
𝑄𝑖,𝑗𝑛𝑖,𝑗𝑆𝑗 , (59)

where 𝑁𝑓 is the number of faces comprising the closed surface 𝑆, and
𝑆𝑗 is the surface area of face 𝑗. Substituting Eqs. (58) and (59) into
Eq. (57) gives:
𝑁𝑓
∑

𝑗=1
𝑄𝑖,𝑗𝑛𝑖,𝑗𝑆𝑗 =

𝜕 𝑄𝑖
𝜕 𝑥𝑖

𝑉 . (60)

Then, the divergence of 𝑄𝑖 can be calculated in the following way:

𝜕 𝑄𝑖
𝜕 𝑥𝑖

= 1
𝑉

𝑁𝑓
∑

𝑗=1
𝑄𝑖,𝑗𝑛𝑖,𝑗𝑆𝑗 . (61)

We used the face-to-element connectivity in YALES2, which enabled
us to consider two adjacent cells and compute the flux between them
(flux across a face). The value of 𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩ at a face 𝑗 between two
adjacent cells 𝑐1 and 𝑐2 was determined as follows:
(

𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

𝑗 =
1
2

[

(

𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

𝑐1
+
(

𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

𝑐2

]

. (62)

The divergence of 𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩ for a particular cell with volume 𝑉𝑐 and
𝑁𝑐

𝑓 faces was computed as follows (see Eq. (61)):

𝜕 (

𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

= 1
𝑁𝑐

𝑓
∑

(

𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

𝑗𝑛𝑖,𝑗𝑆𝑗 , (63)

𝜕 𝑥𝑖 𝑉𝑐 𝑗=1
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Fig. 16. Instantaneous distribution of the coordination number source term in the presence of adhesion at different superficial gas velocity values: (a) 0.97 mm/s (fixed bed), (b)
5.54 mm/s (expanded bed), and (c) 11.08 mm/s (bubbling bed).
where
(

𝛼𝑝𝑈𝑝,𝑖⟨𝐶 𝑁⟩

)

𝑗 was obtained from Eq. (62). With the mesoscopic
Eulerian method, the source term is calculated using Eq. (52), where
the time derivative and divergence terms are computed using Eqs. (56)
and (63).

4.3. Results

Fig. 15 displays the distributions of the coordination number source
term at a superficial gas velocity of 11.08 mm/s, obtained using the
direct Lagrangian and mesoscopic Eulerian methods. The two distribu-
tions are identical, indicating consistency between the two methods.
The positive source term values imply an increase in the coordination
number, while the negative source term values imply a decrease in the
coordination number.

Fig. 16 illustrates the distribution of the coordination number source
term, computed using the direct Lagrangian method, for various inlet
gas velocities during the fluidization cycle with adhesion. In the fixed
bed regime, the coordination number source term is zero everywhere,
indicating no change in the coordination number. In the expanded bed
regime (homogeneous fluidization), the source term is non-zero in very
few cells, and at certain times, it is zero in all cells. To demonstrate
this regime adequately, we provide a representative source term dis-
tribution in Fig. 16(b). This distribution shows that there are slight
variations in the coordination number in the homogeneous fluidiza-
tion regime. In the bubbling bed regime, the local magnitudes of the
source term are higher due to significant variations in the coordination
number.

Fig. 17 shows the distributions of the coordination number source
term at a superficial gas velocity of 5.54 mm/s for tests conducted with
and without adhesion. Both Figs. 17(a) and 17(b) represent the same
time instant. As observed, the local magnitudes of the coordination
number source term in the absence of adhesion (no homogeneous
fluidization regime) are significantly larger than those in the presence
of adhesion (homogeneous fluidization). These distributions reveal that
the coordination number varies considerably in the absence of adhesion
compared to when adhesion is present.

The obtained measurements of the source term are essential for
developing and validating a Eulerian model for it. The developed source
term expression can then be used in two-fluid simulations to determine
the evolution of the coordination number and predict the hysteresis in
the bed pressure drop at the macroscale.
13
Fig. 17. Comparison of coordination number source term at a superficial gas velocity
of 5.54 mm/s: (a) with vs. (b) without Van der Waals adhesion.

5. Conclusion

In this study, CFD-DEM simulations were conducted to predict the
pressure-drop hysteresis phenomenon observed in fluidized beds of fine
solids. In a fluidization test case without Van der Waals adhesion,
an overshoot attributed to static wall friction was predicted. With
adhesion, the intensity of the overshoot increased. A hysteresis in the
pressure drop across the particle bed was observed. Furthermore, our
results reveal that predicting the homogeneous bed expansion between
the minimum fluidization and minimum bubbling velocities necessi-
tates accounting for Van der Waals adhesion. The coordination number
source term was shown to be affected by the superficial gas velocity and
Van der Waals forces. In contrast to the case without Van der Waals
adhesion, the presence of adhesion prevents significant variations in
the coordination number when the superficial gas velocity is increased
to a value between the minimum fluidization velocity and the bubbling
threshold.

The new numerical data extracted from our CFD-DEM simulations
may be utilized to guide the development and validation of an Eulerian
model for adhesion and a continuum transport equation for the coor-
dination number, enabling the prediction of pressure hysteresis using
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two-fluid simulations.
Our fluidization and defluidization simulations did not use spring

stiffness values obtained from real material properties, specifically
Young’s modulus and Poisson’s ratio. Using these properties would
result in a much higher spring stiffness value, leading to a considerably
smaller contact duration and particle time step, which significantly
increases the computational cost. A potential solution to reduce com-
putational cost would be to implement the modified adhesion model
suggested by Gu et al. [60], which allows the use of lower spring
tiffness values than reality without affecting accuracy.
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