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Abstract — Time-periodic  form  or  expression  is  commonly  observed  in  both  natural  and  man-made  phenomena  across  a  wide
range of scientific and engineering disciplines. In this article, we propose the theory of periodic sequence (TPS), marking the first
effort  to  mathematically  formalize  Maxwell’s  equations  in  the  discrete  transform domain  (corresponding  to  time  domain)  and  to
legitimize the application of the discrete Fourier transform to the temporal aspect of Maxwell’s equation. TPS is intended to serve
as  a  comprehensive  theory  to  depict  the  physical  behavior  of  electromagnetic  (EM) periodic  sequential  fields  and waves.  Within
the  TPS  framework,  periodic-sequential  Maxwell’s  curl  equations  are  decomposed  and  decoupled  to  independent  and  paralleled
instances via designated mappings. The fundamental solutions of EM periodic sequential excitation are elucidated and corroborated
by radio-frequency (RF)/microwave measurements. This involves potential applications in the analysis of broadband RF transmission
and the design of high-speed RF devices.
Keywords — Theory of periodic sequence , Time-periodic electromagnetics, Broadband transmission.
Citation — Ben You  and  Ke Wu, “Theory  of  periodic  sequence:  A  generalized  formalism of  Maxwell’s  equations  in  discrete
transform domain,” Electromagnetic Science, vol. 2, no. 4, article no. 0080282, 2024. doi: 10.23919/emsci.2024.0028.

  
I. Introduction
Time-periodic  phenomena  can  be  commonly  observed  in
the natural  world and the engineering field.  In fact,  such a
time-scale  periodicity  or  periodic  sequence  that  inherently
characterizes parametric motions, dynamics, and evolutions,
presents fundamental features and phenomena in the discip-
lines  of  physics  and  others  including  electrodynamics [1],
[2], acoustics [3]–[5], thermodynamics [6]–[8], and quantum
mechanics [9]–[11].  With  the  fast  development  of  today’s
computers and computing techniques, any natural and engin-
eered dynamics such as the propagation of waves can be eas-
ily  described  and  explained  by  temporal-spatial  sequences
in terms of Fourier decompositions or compositions. In this
connection, it inspires and guides us to utilize specific peri-
odic sequences of choice for developing theories of physics,
especially  for  electromagnetic  (EM) wave  equations  under
time-periodic boundary conditions (TPBCs).

TPBC is associated with continuous time-periodic EM
waves  featuring  diverse  waveforms,  covering  all  periodic

waves characterized by arbitrary shapes. These waves pos-
sess the capacity to carry more valuable signal information
than sinusoids,  showcasing  promising  potential  in  advanc-
ing  the  development  of  a  high-speed  computational  EM
platform.  For  such  EM  problems,  time-domain  methods,
such as finite-difference time-domain (FDTD) method [12],
wavelet transform [13], and Laguerre polynomials [14], are
barely suitable due to the periodic nature.

On  the  other  hand,  frequency-domain  methods,  such
as finite-difference frequency-domain (FDFD) method [15],
method of moments (MoM) [16] and finite element method
(FEM) [17],  are based on sinusoidal  signals,  which can be
viewed  as  the  result  of  applying  continuous-time  Fourier
transform  (CTFT)  to  Maxwell’s  curl  equations [18]–[22].
Furthermore,  any  arbitrary  continuous  time-periodic  EM
wave  can  be  decomposed  into  an  infinite  set  of  spectral
components  in  the  frequency  domain.  Subsequently,  the
frequency-domain  wave  equation  is  employed  to  derive
the  response  corresponding  to  each  component,  using  the
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inverse  CTFT  to  obtain  the  time-domain  waveform  of  a
given  periodic  excitation.  While  the  CTFT  conceptually
possesses an  infinite  period  in  mathematics,  modern  com-
putational science and communications in the computer era
heavily rely on discretization, which involves finite periods.

For  practical  applications,  researchers  and  engineers
frequently employ the fast Fourier transform (FFT) to extract
the  excitation  spectrum  of  continuous  time-periodic  EM
waves. They then apply frequency-domain Maxwell’s equa-
tions to address the propagation problem of EM periodic se-
quences  and  subsequently  derive  its  temporal  response  via
inverse  FFT  (IFFT).  We  must  mention  that  both  FFT  and
IFFT operate on periodic sequences rather than continuous
time-periodic signals. From a rigorous mathematical stand-
point,  for  an  accurate  representation  of  the  propagation
problem of EM periodic sequences, it is necessary to develop
a new form of  Maxwell’s  equations that  fully  incorporates
discretization for the time-related components.

Table 1 shows a comparison of the aforementioned al-
gorithms based on EM signal types and domain categories.
It is evident that a rigorous EM theory is absent in the lower-
right  corner  (highlighted  in  green).  To  fill  up  this  gap,  we
have  endeavored  to  develop  a  generalized  discrete  Fourier
transform  (DFT)  version  of  Maxwell’s equations  to  de-
scribe  the  propagation  of  periodic-sequential  EM  waves,
leading to the formulation of our proposed theory.

Traditionally, the concept  of  DFT is  primarily associ-
ated with field transformations rather than being applied to
the full  set  of  partial  differential  equations  (PDEs)  in  sci-
ence and engineering. In our work, we extend this concept
to  encompass  the  entire  set  of  Maxwell’s equations,  there-
by  providing  a  more  comprehensive  understanding  of  the
underlying principles that link time-domain and frequency-
domain formalisms and solutions.

In this article, we introduce a distinctive computational
methodology called the theory of periodic sequence (TPS).
This methodology is designed to effectively tackle the state-
steady  process  of  time-periodic  EM  fields  and  waves.  We

will  reveal  and  elucidate  an  intriguing  and  inherent  prop-
erty of  TPS:  The  computational  complexity  remains  inde-
pendent of the bandwidth of excitation. To be more specific,
time-periodic  EM waves  with  different  bandwidths  corres-
pond  to  the  same  periodic  sequence  as  long  as  they  have
identical waveshape parameters. When integrated with FEM
(to handle the spatial  part),  it  provides flexibility and scal-
ability  in  creating  parallel  computational  algorithms.  We
will demonstrate the promising potential of TPS by analyz-
ing a broadband transmission case, providing a glimpse into
its  superior  computational  efficiency  and  high  accuracy.  It
is  worth mentioning that  although this  theory is  developed
in  EMs,  it  also  can  be  applied  to  other  physical  subjects
such as acoustics, optics, and quantum mechanics. 

II. Theory of Periodic Sequence
In  pursuit  of  our  objective,  we make use  of  the  method of
lines (MoLs), a highly effective half-analytical approach, as
introduced in [23]. Typically, MoLs excels in managing the
spatial components of PDEs and solving them within speci-
fied  boundary  conditions  in  specific  transform  domains.
However,  in  our  proposed  theory,  MoLs  take  on  a  novel
role  by  treating  and  formulating  the  temporal  components
of Maxwell’s equations under TPBCs. The Maxwell’s curl
equations will be completely sequentialized and further de-
coupled in a transform domain by designated mappings. To
the best of the authors’ knowledge, this represents the first
instance  of  utilizing  MoLs  to  handle  temporal  parts  of
PDEs.  In  subsequent  sections  of  this  article,  we  will  show
that the transform-domain mappings linked to the temporal
case  display  a  stronger  constraint  in  comparison  to  those
associated with the spatial case.

T †

⌈·⌉
i

For the sake of formulation, we stipulate that the super-
script  represents transpose operator, the superscript  de-
notes Hermitian  operator,  the  superscript  *  denotes  conju-
gate  operator,  and  denotes  the  ceiling  truncation.  All
units are international system of units, and  represents the
imaginary unit. 

1. Basic theory
In simple and Ohm-lossless media, the Maxwell’s curl equa-
tions under TPBCs (with time period T) are written as
  

∇×E(t) = −µ∂H(t)
∂t

∇×H(t) = +ϵ
∂E(t)
∂t

(1)

ϵ µwhere  and  denote the permittivity and permeability, re-
spectively, and
  {

E(t) = E(t+T )
H(t) = H(t+T ) (2)

For simplicity, all the spatial variables are dropped out
of (1) and (2).

To  achieve  a  full  discretization  of  the  temporal  com-
ponents in (1), all field variables are sampled equidistantly
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Table 1  Comparison of TPS and other computational EM algorithms

Algorithm name

Domain category to which the
algorithm belongs

Continuous
transform
domain

Discrete time
domain

Discrete
transform
domain

EM signal
type suitable

for the
algorithm

Sinusoid FD-FEM
MoM FDFD

Short-time
pulse FDTD Wavelet

Long-time
pulse Lagurre

Periodic
arbitrary

waveform
TPS

Note:  TPS (short for theory of periodic sequence) is a rigorous EM theory
designed to process periodic-sequential EM signals with arbitrary
waveforms in the discrete transform domain.
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∆tin the time domain by a leapfrog scheme with time step ,
as depicted in Figure 1; while their time-partial derivatives
are approximated by the first-order difference scheme:
 

Dt =



−1 0 0 . . . 1
1 −1 0 . . . 0
0 1 −1 . . . 0
...

...
. . .

. . .
...

0 0 . . . 1 −1


N×N

(3)

N = T/∆twhere sequential period is denoted by .
 
 

E
1

E
1

O

E
2

E
3

H
1

H
2

H
3

H
N

E
N

t

Δt Δt
2

E

H

∆t/2 T N
∆t

Figure 1  Full  time-discretization  of  Maxwell’s curl  equations  under  TP-
BCs.  To  simulate  discrete  EM  events,  the  sampling  instant  of  magnetic
field is time-shifted with respect to that of electric field with half-step de-
lay ( ). The time period  is equidistantly partitioned to  segments,
where  is  subjective  to  the  Nyquist  sampling  theorem  so  as  to  avoid
aliasing.
 

Dt  is  a circulant matrix,  of which the fringe elements
are set to characterize the TPBCs. Note that the approxima-
tion  scheme  of  time-partial  derivative  directly  decides  the
numerical accuracy.

Subsequently,  the  periodic-sequential  curl  equations
can be expressed as
  

∇×E[n] =
µ

∆t
Dt H[n]

∇×H[n] =
ϵ

∆t
DT

t E[n]
(4)

Based on (4), the wave equation can be easily derived
as
 

∇×∇×E[n]− ϵµ

∆t2
Dtt E[n] = 0 (5)

where
 

Dtt = Dt DT
t =



2 −1 0 . . . 1
−1 2 −1 . . . 0
0 −1 2 . . . 0
...

...
. . .

. . .
...

1 0 . . . −1 2


N×N

(6)

DttIn  equation  (6),  denotes  the  second-order differ-
ence  scheme  and  also  possesses  circulant  elements.  In  the
realm  of  mathematics,  circulant  matrices  are  classified  as
“normal”, implying that they can always undergo diagonal-

ization through unitary matrices. This diagonalization acts as
a  crucial  link  between  the  periodic-sequential  domain  and
the emerging transform domain. It is imperative to observe
that these transform operators must adhere to the following
stipulated rules:

● The transform operators are able to diagonalize both
the first-order (3) and second-order (6) difference schemes.

●  Following  the  application  of  the  inverse  mapping,
the solution to the wave equation (5) is expected to produce
a real number at any given observation point.

Note that the application of MoLs in the spatial domain
does not encounter this issue, as the corresponding process
initiates  with  the  frequency-domain  form  of  Maxwell’s
equations.

Te,hConsequently,  we  introduce  bilateral  mappings 
corresponding  to  the  electric/magnetic  fields,  expressed  as
follows:
 

Te,h ≜
(

[SGN(k)]ne,h

√
N

W−(k−1)(n− ne,h
2 )

N

)
nk

(7)

n = 1,2, . . . ,N, k = 1,2, . . . ,N ne = 2
nh = 1 WN = exp(i2π/N)

SGN(k)

where ,  (for  electric
field),  (for  magnetic  field), ,  and

 is given by
 

SGN(k) =


+1, k = 1,2, . . . ,

⌈
N +1

2

⌉
−1, k =

⌈
N +1

2

⌉
+1,

⌈
N +1

2

⌉
+2, . . . ,N

(8)

Note  that  equation  (7)  establishes  a  bilateral  mapping
or  transformation  between  the  periodic-sequential  domain
and the so-called “w domain” (please refer to Appendix A
for a detailed proof).

Utilizing  the  aforementioned  transform  mappings  on
the  EM  fields  within  the  periodic-sequential  domain,  we
obtain
 

ek = Te†E[n] =
1
√

N

N∑
n=1

E[n]W (k−1)(n−1)
N (9)

and
 

hk = Th†H[n] =
SGN(k)
√

N

N∑
n=1

H[n]W (k−1)(n− 1
2 )

N (10)

SGN(k) Th

Equations  (9)  and  (10)  represent  the  electric  and  magnetic
field expressions,  respectively,  in  the  new transformed do-
main. To  distinguish  it  from  the  canonical  frequency  do-
main, we name this numerical transform domain as “w do-
main”. Note that for electric field, the transformation is in-
deed the exact DFT. However, for magnetic field, while the
transformation operator  remains a  unitary matrix,  it  differs
from  the  canonical  DFT  in  its  formulation.  In  addition  to
the  half-step  sampling  delay  in  the  discrete-time  domain,
there is a unique term  present in  to ensure that
the equations  still  conform to  the  law of  energy  conserva-
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tion in the transform domain.

E[n] H[n] k
Equation (9)/(10) is conjugate symmetric provided that
/  is  real.  To  be  more  specific,  for  each  index ,

we have
  {

eN+2−k = ek
∗

hN+2−k = hk
∗ (11)

∆t/2

Equation  (8)  imposes  the  identical  symmetry  on  both
electric field and magnetic field, and it is a compulsory con-
dition, otherwise, the w-domain magnetic field will be con-
jugate  anti-symmetric  (due  to  the  delay )  and  incur
non-physical effect  which  violates  the  law  of  energy  con-
servation.

Based  on  (7),  the  first- and  second-order  difference
matrices can be diagonalized as
 

Λk = Te†DtTh = 2isin
[
π

N
(k−1)

]
SGN(k) (12)

and
 

Λk
2 = Te†DttTe = −4sin2

[
π

N
(k−1)

]
(13)

Dtt ⌈(N +1)/2⌉
λk

respectively. Equation (13) implies that  has 
non-repetitive eigenvalues (denoted by ) due to the sym-
metric property:
 

λk = λN+2−k, k = 1,2, . . . ,kmax (14)

kmax = ⌈ N+1
2 ⌉where  denotes  the  maximum  index  of  the

nonzero w-domain components corresponding to the given
periodic-sequential  excitation.  For  the  sake of  comparison,
we define the normalized bandwidth (NBW) as
 

NBW =
2(kmax−1)

N
(15)

fs ≥ NBW/∆T
We  stipulate  that  the  sampling  rate  of  the  leapfrog

scheme should satisfy  so as to avoid aliasing.
In turn, the w-domain Maxwell’s curl equations can be

expressed as
  {

∇× ek = +iω̃kµ hk

∇× hk = −iω̃kϵ ek
(16)

where
 

ω̃k =
2
∆t

sin
[
π

N
(k−1)

]
SGN(k) (17)

ω̃k

ω̃k = −ω̃N+2−k

 possesses  the  conjugate  anti-symmetric  property,  i.e.,
.  This  anti-symmetry  leads  to  real  sequential

response after inversely mapping the solutions of (16) to the
periodic-sequential domain.

Equation (17) can be further rewritten as
 

ω̃k = ωk Sa
[
π

N
(k−1)

]
, k = 1,2, . . . ,

⌈
N +1

2

⌉
(18)

where 

ωk = 2π fk =
2π(k−1)

T
(19)

ωk fk

k
Sa[π(k−1)/N]

N
k N

k ω̃k

ωk

 and  denote the circular frequency and frequency cor-
responding  to  the -th  index,  respectively,  and  the  factor

 depicts  the  numerical  approximation  which
is  related  to  not  only  the  sequential  period  but  also  the
spectrum index .  As  tends  towards  infinity  and with  a
fixed value of , the quantized spectrum  approaches the
circular frequency .

k = N +2− kSubstituting  to (16), we have
  {

∇× eN+2−k = +iω̃N+2−k µ hN+2−k

∇× hN+2−k = −iω̃N+2−k ϵ eN+2−k

⇓{
∇× e∗N+2−k = +iω̃kµ h∗N+2−k

∇× h∗N+2−k = −iω̃kϵ e∗N+2−k

(20)

ω̃k

Comparing (20) with (16), it is obvious to see that the
anti-symmetric  property  of  ensures the  conjugate  sym-
metry  of  the  solution  of  w-domain  curl  equations.  Once
mapping  the  fields  back  to  the  original  domain,  they  stay
real as required.

We should note that the theory discussed above can be
easily  extended to  the Ohm-lossy case,  allowing us  to  fur-
ther derive the law of energy conservation in the w domain.
For more details, please refer to Appendix B. 

2. Quantized spectrum vs. circular frequency
The difference scheme plays  a  crucial  role  in  the  develop-
ment  of  TPS.  While  the  first-order  difference  scheme  (3)
offers a succinct analysis for establishing the basics of TPS,
it is accompanied by incidental numerical losses. Therefore,
it becomes imperative to scrutinize this deviation in order to
enhance numerical accuracy.

ω̃k ωkThe discrepancy between  and  is due to the ap-
proximation  of  the  time-partial derivative  through  differ-
ence schemes. Therefore, it is important to carefully select a
difference scheme as it directly impacts the numerical accur-
acy.  Fortunately,  by  introducing  the  recurrent  difference
scheme [24], we can improve the accuracy without changing
the transform operators (7).

According  to  Taylor  series  expansion,  the  first-order
difference scheme can be expressed as
 

ψi+1−ψi

2
=


∆t
2
1!

∂

∂t
+

(
∆t
2

)3

3!
∂3

∂t3
+

(
∆t
2

)5

5!
∂5

∂t5
+ · · ·

ψ (21)

Based on  (21),  we  can  build  up  the  recurrent  differ-
ence scheme as follows:
 

∂

∂t
=

D
∆t

1+

(
∆t
2

)2

3!
∂2

∂t2

1+
3!

(
∆t
2

)2

5!
∂2

∂t2
(1+ · · · )



−1

(22)
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D {−1,1}where  represents the first-order difference scheme .
Note that the first-order difference scheme is explicit while
the  expression  of  recurrent  difference  operator  is  implicit.
Subsequently, we use the former one to establish our theor-
etical model  and  take  the  later  one  for  practical  computa-
tion. Inserting (6) to (22), In the w domain, we have
 

ω̃(1)
k =

ω̃k

sinc(ω̃k/2)
(23)

ω̃k ω̃(0)
k qIf we denote  as , the quantized spectrum after 

times of recurrence can be expressed as
 

ω̃(q)
k =

ω̃(0)
k

sinc(ω̃(q−1)
k /2)

(24)

q→∞ ωk ω̃(q)
k

ω̃k

ωk

kmax

N

Obviously,  given ,  is  the  limitation  of .
Figure 2 illustrates the normalized magnitude of  in com-
parison to  across various orders of recurrence. It is evi-
dent  that  the  relative  error  becomes  prominent  as  at-
tains larger values. In other words, a longer “close-to-unity”
span  corresponds  to  improved  accuracy  performance  of  a
difference scheme. Depending on the bandwidth of a given
periodic sequence, distinct orders of recurrence are required.
With a sufficiently large , achieving this with a lower order
of recurrence becomes feasible.
 
 

1.00

1.00.90.80.70.60.50.40.30.20.10

NBW

0.95

0.90

0.85

ω
k(q

) /
ω
k

~ 0.80

0.75

0.70

0.65

0 recurrence

1 recurrence

2 recurrence

ω̃
(q)
k /ωk

N
q

Figure 2  Normalized quantized spectrum  as a function of NBW
across  various  orders  of  recurrent  difference  schemes.  With  a  constant
length of , the region approaching unity experiences a notable expansion
as the recurrent order  increases.
 

Furthermore,  the  numerical  dispersion  is  related  to
both  time  and  spacial  discretizations.  In  order  to  analyze
their effects on the dispersion, we investigate the dispersion
relation  in  two-dimensional  (2D)-problem space.  Assum-
ing  that  an  infinite  plane  is  filled  with  lossless,  isotropic,
and homogeneous media, then a w-domain plane wave can
be defined as
 

ek = exp[i(κx x+ κyy)] (25)

Partitioning  the  plane  by  triangular  mesh,  we  insert
(25)  to  (16)  and  replacing  the  infinite  boundary  condition
with the Floquet  periodic boundary condition [25],  we can
derive the dispersion relation as equation (26). 

κkmax

2 = κx
2+ κy

2+
π4ϵµ

12∆t2 NBW4+ (ακ1
4+βκx

3κy

+γκx
2κy

2+δκxκy
3+ θκy

4)+O(κ4) (26)

κk

where O represents  the  higher-order  infinitesimal  and  the
w-domain wavenumber  is given by
 

κk = −κN+2−k = ω̃k
√
ϵµ, k = 1,2, . . . ,

⌈
N +1

2

⌉
(27)

α, β, γ, δ θ
κk

κk

, and  represent the geometric coefficients which
are decided by the given type of edge element. Note that 
keeps  non-negative  within  the  first  half  of  the  quantized
spectrum. In turn, it allows us to use the sign ahead of  to
discern the direction of propagation.

4

6

Equation  (26)  indicates  that  the -th-order  numerical
error  is  composed of  the  items corresponding to  both  time
and  spatial  discretization.  Generally  speaking,  the  spatial
discretization  can  be  deemed  as  a  minor  contributor  given
an appropriate  mesh (not  too coarse).  Note  that  the contri-
bution of spatial discretization will reduce to the -th-order
if the grid is constituted by equilateral triangles. In order to
assess  the  dispersion  level,  we  define  the  relative  error  of
propagation constant as
 

p =
|κkmax −ωkmax

√
ϵµ|

ωkmax

√
ϵµ

×100% (28)

ẑ
a×b

For illustration,  we test  the  relative  error  of  rectangu-
lar  waveguide  (RWG)  under  perfect  electrical  conductor
(PEC) condition (see Appendix C for  more details),  which
also has an analytical  solution in the w domain.  Assuming
that  waveguide  is  infinitely  long  in  direction (lateral  di-
mension ), the wave equation can be expressed as
  {

∇2ek + κ
2
kek = 0

∇2hk + κ
2
k hk = 0 (29)

κkIn turn, it allows us to use the sign ahead of  to dis-
criminate the propagating direction.

As  a  consequence,  the  w-domain  dispersion  of  the
RWG can be derived as
 

κzk
=

√
κk

2−
(mπ

a

)2

−
(

lπ
b

)2

(30)

a b
(m, l)

k
{TE10k} (k = 1,2, . . . ,kmax)

TEmlk

where  and  represent the width and height of RWG, re-
spectively,  and  stands  for  the  spatial-modal  index
pair. Since equation (30) is related to the index , we stipu-
late that the complete set of  repre-
sents the “TE10 mode” of RWG (please refer to Appendix D
for detail on the  mode of RWG).

κzk

Figures 3(a)–(c) illustrate the relative error of propaga-
tion  constant  of  a  WR-284 RWG, corresponding  to  differ-
ent  recurrent  orders.  It  is  clearly  to  see  that  the  numerical
curves are fitting well with those analytical ones, indicating
that  the  numerical  dispersion  will  dominate  the  dispersion
relation (26) under an appropriate mesh. If  is much big-
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ger  than  the  third  item on  the  right  side  of  (26),  then  (28)
can be approximated as
 

p =
π2

24
NBW2 (31)

NBW

N N

As shown in Figure  3(a),  equation  (31)  keeps  a  good
consistency with  the  theoretical  result  within  a  consider-
able span of NBW. Also, it indicates that the numerical dis-
persion  is  proportional  to  the  power  of ,  so  we  can
suppress  the  dispersion  by  brutally  increasing  the  periodic
length . However, this might require a large  to achieve
a satisfied accuracy. Fortunately, the recurrent spectrum (24)
can greatly alleviate this problem. Figures 3(b) and (c) illus-
trate the cases of first- and second-order recurrence, the cor-
responding approximations of (28) can be expressed as
 

p =
π4

288
NBW4 (32)

and
 

p =
π6

3456
NBW6 (33)

respectively.  Given  a  fixed  accuracy  level,  the  qualified
span  of  NBW  is  extended  with  the  increase  of  recurrent
order, as shown in Figure 3(d), leading to a well-restrained
dispersion level. 

3. Periodic-sequential excitation and general
computational process

Contrasting  with  conventional  frequency-domain  analysis,
often tied to sinusoids (single-point spectrum), periodic se-

kmax

kmax

quential excitation assumes a pivotal role in TPS, making a
substantial contribution  by  carrying  richer  signal  informa-
tion within  its  waveform.  In  the  w  domain,  the  computa-
tional scale depends on the maximum index  of a given
excitation. The general process of obtaining  is listed as
follows:

1) Setting  waveshape  parameters  of  a  specific  wave-
form in the continuous-time domain,  such as (root)  raised-
cosine, trapezoidal, and Gaussian waveforms.

fc

2) Cutting off  the corresponding spectrum in the con-
tinuous-frequency domain, denoted by .

kmax

argmink{ω̃
(q)
k −2π fc} ω̃(q)

k ≤ 2π fc

3) Deriving  numerically by solving the optimiza-
tion problem  subject to .

T K T = KT s T s = Ns∆t
N = KNs N

K N = KNs Ns

For the sake of analysis, we equidistantly divide period
 to  segments, i.e., , where . As a re-

sult, we have . Correspondingly,  can be equidis-
tantly  partitioned  to  segments,  i.e.,  where 
denotes the code duration or unit interval (UI).

In  turn,  the  above  optimization  problem is  equivalent
to
 

argmin
k


Ns sin

[
π(k−1)

N

]
πsinc

 ω̃(q−1)
k

2

 −
fc

Fs

 (34)

subject to
 

Ns sin
[
π

N
(k−1)

]
πsinc

 ω̃(q−1)
k

2

 ≤ fc

Fs
(35)
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Figure 3  Relative error of propagation constant :  mode of WR-284 (lateral dimension: 72.136 mm  34.036 mm). (a) Difference scheme with-
out recurrence. (b) st-recurrent difference operator. (c) nd-recurrent difference operator. (d) Relative error  vs. recurrence order. Here, “Analysis” (sol-
id)  denotes the analytical  dispersion relation of  mode (30); “Numerical’ (curve with marker)  represents the result  derived from 2D FEM, and
“Approximation” (dash) corresponds to the empirical formulas (31)–(33).
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Fs = 1/T swhere .
fc/Fs kmax

K

Note that item  in (34) are dimensionless, so 
is  not  related  to  the  bandwidth  of  original  signals.  This
means  that  time-periodic EM  waves  with  different  band-
widths correspond to the same periodic sequence as long as
they  have  identical  waveshape  parameters.  Consequently,
given  a  fixed  UI-measured  period ,  we  can  arbitrarily
compress  the  original  transient  pulse  while  still  preserving
the same computational scale in the w domain, as illustrated
in Figure 4.
 
 

Time

compression

Transient

 pulses

N=K
N s

Constant

waveshape

g(β1, β2, ... , βs)

Figure 4  General process of periodic sequential excitation. The computa-
tional scale in the w domain is independent of the bandwidth of the origi-
nal  transient  pulse,  offering  a  promising  computational  advantage  in  the
broadband transmission scenario.
 

q→∞
kmax

Moreover,  considering  the  ideal  scenario  that ,
then  can be explicitly expressed as
 

kmax =

⌊(
fc

Fs

)
K
⌋

(36)

⌊·⌋ fc/Fswhere  denotes the floor-integer operator. Since  is
only  decided  by  time-domain  waveshape  parameters  and
transform-domain cut-off criterion, we rewrite (36) to
 

kmax = ⌊g (β1,β2, . . . ,βS ) K⌋ (37)

g(·)
{βs}Ss=1

where  is the function of waveshape and cut-off parame-
ters .  A different  waveform will  result  in  a  different
scale of computation.

g(·)As depicted in Figure 5, the expressions of  which
correspond to raised-cosine, trapezoidal, and Gaussian peri-
odic sequences are
 

g(α) =
1+α

2
(38)

 

g(r) =
1
r

(39)

and
 

g
(
tp, fp

)
=

2
π

√
ln

(
tp
)
ln

(
fp
)

(40)

respectively.
α

[0,1] r
tp fp

For raised-cosine case (38),  denotes the roll-off fac-
tor, within the range . For trapezoidal case (39),  rep-
resents the rise-time ratio. For Gaussian case (40),  and 

BT tp

depict  the  truncation  positions  in  time  and  transform  do-
main,  respectively.  Alternatively,  we  use  time-bandwidth
product  instead of  as the waveshape parameter,  and
their relation is shown as follows:
 

tp = exp
[
−
(
πBT/

√
2ln2

)2
]

(41)

K K

It is clearly to see that once a specific waveform is se-
lected,  the  computational  scale  only  depends  on  the  UI-
measured  period .  Hence,  if  is  appropriately  sized,
there is a significant promise for rapidly solving Maxwell’s
equations in the w domain via parallel computation.

(tp, fp) (0.01,0.01)

Ns K

As  illustration,  we  have  investigated  the  propagation
of  a  modulated-Gaussian  periodic  sequence  in  a  standard
WR-10  RWG  (2.54  mm  ×  1.27  mm  ×  50.00  mm).  The
bandwidth  of  the  baseband  Gaussian  equals  to  17.5  GHz
and the  carrier  frequency  is  set  to  97.5  GHz.  The  wave-
shape parameters  are set  to .  To explore
the  impact  of  varying  recurrent  orders  in  the  difference
scheme, the parameters  and  are fixed at 50 and 5, re-
spectively.

k

The overall parallel scale in the w domain is set to 10.
Figure  6(a)  illustrates  the  input  modulated-Gaussian  peri-
odic  sequences  under  different  recurrent  orders,  showcas-
ing identical waveforms. However, significant spectral dif-
ferences emerge between the spectrum corresponding to the
first-order difference scheme and the first- and second-order
recurrent  schemes,  as  depicted  in Figure  6(b). The  devia-
tion in the quantized spectrum reflects the numerical errors
induced by difference schemes, and this deviation enlarges
with the increasing index . Figure 6(c) displays the corre-
sponding output response of RWG. Notably, in the case of a
large NBW, the first-order difference scheme leads to con-
siderable numerical  dispersion.  Therefore,  to ensure robust
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Figure 5  Waveform parameter and cut-off criterion of commonly used pe-
riodic sequences.
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numerical  accuracy,  we  opt  for  the  second-order  recurrent
difference scheme in practical applications.
 
 

(a)

(b)

Quantized spectrum

(c)

1.0

0.5

N
o
rm

al
iz

ed
 v

o
lt

ag
e

0

−0.5

−1.0

1.0

0.5

0

−0.5

−1.0

1.00

0.75

0.50

0.25

0

23 24 25 26 27 28 29 30 31 32

0 50 100 150 200 250

0 50 100 150 200 250

0 recurrence
1 recurrence
2 recurrence

0 recurrence
1 recurrence
2 recurrence

0 recurrence
1 recurrence
2 recurrence

One period (N)

One period (N)

N
or

m
al

iz
ed

 m
ag

ni
tu

de
N

or
m

al
iz

ed
 v

ol
ta

ge

Figure 6  Propagation of modulated-Gaussian periodic sequence in RWG.
(a)  Input  modulated-Gaussian  periodic  sequence  vs.  recurrent  orders  of
difference scheme. (b) Corresponding quantized spectrum. (c) Periodic se-
quential responses of WR-10 (2.54 mm ×1.27 mm × 50.00 mm).
 

The aforementioned theory only involves the temporal
part  of  Maxwell’s curl  equations—we must  introduce spa-
tial-part process in the w domain so as to solve general EM
problems. Without loss of generality, FEM is chosen as the
w-domain  solver,  in  which  EM  fields  are  represented  by
the  first-type  Nédélec  edge  elements [26].  In  this  article,
we  focus  on  the  the  close-region  scenario  and  electrical
excitation.

k

The  general  process  of  w-domain parallel  computa-
tion  is  straightforward,  as  illustrated  in Figure  7.  First,  the
periodic-sequential  excitation  is  mapped  to  the  w  domain
by FFT. By inspecting its quantized spectrum, one can eas-
ily get the maximum index which decides the computation-
al scale. For each index , an FEM solver will be called to
yield the corresponding output. Due to the parallel nature of
TPS,  it  is  very  promising  to  implement  multiprocessing  to
solve those subroutines independently. After all the subrou-
tines  are  completed,  the  outcomes  will  be  synthesized  and

inversely  mapped  to  the  periodic-sequential  domain  via
IFFT.  The  output  is  still  a  periodic  sequence  and  can  be
deemed  as  the “system  response” of  the  entire  problem
space.
 
 

 FEM solver 

Input
FFT

points

IFFT

points

k=2

k=3

k=kmax

w-domain multiprocessing

OutputN N

kmax

Figure 7  General process of w-domain parallel computation. The compu-
tational scale is decided by . Multiprocessing technique is adopted in
w domain so as to solve each componential equation.
 

Assuming that the close-region problem only involves
two types of  boundary conditions: “PEC” and “waveport”.
For each w-domain index, the matrices equation can be ex-
pressed as [17]
  Pe− κ2

kQe+ iω̃kµ0

P∑
p=1

∞∑
m=1

bp
mk bp

mk
T

ek = 2iω̃kµ0

P∑
p=1

∞∑
m=1

bp
mk

(42)

where
 

Pe
i j =

y
Ve

(∇×Ne
i · µ̄−1 · ∇×Ne

j)dV

Qe
i j =

y
Ve

(Ne
i · ϵ̄ ·Ne

j)dV

(bp
mk)i =

x
S p

e

(Ne
i × hp

mk) · n̂dS (43)

µ0 ϵ̄ µ̄

Ne
i, j

Ve
(
S p

e
)

i
j hp

mk

p m
p P

where  denotes the vacuum permeability;  and  are the
tensor form  of  relative  permittivity  and  permeability,  re-
spectively;  represents the vector finite element basis of
the tetrahedral (triangular) element ; the subscripts 
and  denote the global index of the vector basis;  is the
normalized magnetic modal field; the superscripts  and 
denote the -th port (  ports total) and the spatial index of
the modal field, respectively. Similar to traditional frequen-
cy domain, we extend the concept of scattering parameters
(S-parameters) to the w domain, referred to as quantized S-
parameters as follows:
 

spp0

mk = bp
mk

Tek −δpp0 (44)

p0

p = p0 δpp0

Here, the excitation is only assigned to the -th port. If
,  equals to one otherwise zero. Besides, the eigen-

value problem on each port surface is solved by modifying
(27)  in [27].  The  corresponding  process  is  similar  to  (42),
hence the details are omitted here due to space limitation.

Once  the  quantized S-parameters  have  been  obtained,
it  is  easily  to  derive  the  output  response  for  arbitrary  port.
The overall process can be summarized as
 

q̃[n] = h̃[n]
N

⊛ p̃[n] (45)
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p̃[n] h̃[n] q̃[n]

N

⊛
N

where , ,  and  represent  the  input  excitation,
the “impulse  response” of  the  close-region, and  the  corre-
sponding “system response”, respectively; the tilde sign in-
dicates that the sequence is periodic type and  represents
the -points circular convolution. Note that the response is
only  related  to  the  sequence —all  spatial  variables  have
been eliminated via the surface integration on each port.

∞
ω̃(∞)

k = ωk

Equation (45) bridges the gap between the “IFFT oper-
ation on the excitation” and the “IFFT operation on the re-
sponse”. In fact, the formulation associated with TPS deter-
mines the “system response”. The “system response” is dic-
tated  by  the  formulation  associated  with  TPS.  In  essence,
the  procedures  carried  out  by  researchers  and  engineers
closely resemble the limiting case where the -order recur-
rent operator is applied, leading to .
 

III. Experimental Demonstration
As  mentioned  earlier,  time-periodic  waves  with  arbitrary
waveforms are  able  to  convey  more  valuable  signal  infor-
mation  than  sinusoids.  This  category  of  EM  waves  holds
potential applications in the analysis of broadband transmis-
sion and the design of  high-speed RF devices.  Hence,  it  is
meaningful to explore their propagation behavior in practi-
cal scenarios. In this section, we undertake two experimental
measurements related to time-periodic waves with assigned
waveforms and investigate whether TPS can provide an ac-
curate  analysis  for  the  propagation  of  those  time-periodic
EM waves. 

1. Propagation of periodic-sequential wave in RWG
As mentioned earlier, RWG can be characterized by analyt-
ical expressions that  correspond to  EM fields  in  the  w do-
main.  Consequently,  we  selected  a  standard  RWG  as  our
first benchmark to validate the proposed theory. For testing
purposes, we utilized the Keysight M8190A arbitrary wave-
form  generator  (AWG)  with  a  maximum  sampling  rate  of
12 GSa/s. The chosen device under test (DUT) is a standard
RWG  with  the  designation  WR-284. The  physical  dimen-
sion of WR-284 is 72.14 mm × 34.04 mm × 420 mm, and
its TE10-mode cutoff frequency is approximately 2.08 GHz.
The selection of  WR-284 as the DUT aligns with the con-
straints  imposed  by  the  maximum  sampling  rate  of  the
Keysight M8190A AWG, ensuring compatibility and accur-
acy in our experimental setup.

Figure  8(a)  depicts  the  measurement  setup.  The  pri-
mary  channel  comprises  a  Keysight  M8190A,  a  real-time
oscilloscope (OSC) Agilent  Infiniium DSO81204B (with a
maximum sampling rate of 40 GSa/s), and the DUT RWG,
along with fixtures and coaxial cables. The secondary chan-
nel  facilitates  a  direct  connection  between  the  AWG  and
the OSC, linked by cables of identical length to those in the
primary channel. By considering the second channel as the
reference,  any  delay  introduced  by  the  cables  in  the  first
channel can be easily eliminated.

Figures  8(b)  and  (c)  illustrate  the  input  modulated-
Gaussian periodic sequence and its quantized spectrum, re-

(tp, fp) (0.01,
0.10) Ns = 729 K = 3

spectively. Due to the high-pass property of RWG, we can
choose a modulated periodic Gaussian sequence as the ex-
citation. The waveshape parameters  are set to 

 with  and .  The  corresponding  data
rate and carrier frequency are fixed at 1.5 GHz and 2.5 GHz,
respectively.

Figure  8(d)  illustrates  the  output  sequence  derived
from the OSC and that  predicted by our proposed method.
For the sake of comparison, the magnitude is normalized in
both  cases.  It  is  evident  that  the  theoretical  curve  closely
matches  the  experimental  curve.  Due  to  the  limited  max-
imum sampling rate of the AWG, there is a slight distortion
in the experimental results.  Nevertheless, these experimen-
tal  findings  provide  substantial  support  for  the  validity  of
our proposed theory.

As aforementioned in Section II.3, TPS exhibits inher-
ent computational advantages in the scenario of broadband
EM transmission. To substantiate this advantageous feature,
we designed and manufactured four high-speed boards with
varying routine delays,  denoted as cases 1–4, as illustrated
in Figures  9(d)–(g).  The  microstrip  boards  under  test  are
constructed from  Rogers  RO3003  substrate  with  a  thick-
ness of 5 mil, and they operate in the frequency range from
direct  current  (DC) to  50  GHz.  Both  routines,  each with  a
width of 0.3 mm, are terminated by V-band end launchers.
To  investigate  the  crosstalk  effects,  we  set  the  coupling
length and gap spacing to 10.0 mm and 0.2 mm, respective-
ly, ensuring a significant coupling effect. The difference in
length  between  routine  port  1–port  2  (“long”)  and  routine
port 3–port 4 (“short”) is equal to 1/3/5/7 mm. 

2. Broadband transmission
Figure 9(a)  shows the setup of  the experimental  system. It
is  composed  of  an  AWG  Keysight  M8196A  (maximum
sampling rate at 92 GSa/s), the DUT crosstalk boards, a real-
time  OSC  UXR0702AP  (maximum  sampling  rate  at  256
GSa/s)  and  four  V-band  cables.  The  outputs  of  AWG  are
controlled by the panel of Keysight IQtools. To avoid alias-
ing, the sampling rate of AWG is set to 90 GSa/s. After the
in-system calibration, the AWG channels are synchronized
(the skew is less than 0.2 ps), and the attenuation is consid-
erably alleviated. The loss, delay, and inter-channel skew of
the  V-band  cables  are  removed  by  the  common procedure
of  the  in-system calibration  and  the  Keysight  D9020ASIA
advanced signal integrity (SI) software.

α = 1

kmax = 10

To provide  a  reasonable  comparison  between  simula-
tion  and  measurement,  we  send  a  raised-cosine  ( )
broadband  pulse  (with  bandwidth  45  GHz)  to  AWG,  and
take the average of output (4096 waveforms) as the excita-
tion. The discrepancy between the two synchronized AWG
outputs and the ideal reference can be easily observed from
Figures  9(b)–9(c).  Since  corresponds  to  a  small
computational scale, we implement one-batch multiprocess-
ing to solve those components simultaneously.

q̃1[n] q̃1[n]
For a  quantitative  comparison  of  output  system  re-

sponses (denoted by  and , respectively), we uti-
lize  the  Kullback-Leibler  (KL)  divergence  as  the  figure  of
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merit to assess the performance of our proposed method in
comparison  to  the  measured  benchmark.  In  mathematics,
the  KL divergence  is  a  measure  of  deviation  between  two
non-negative vectors[28]:
 

DKL(u,v) =
N∑

n=1

{
u[n] ln

u[n]
v[n]
−u[n]+ v[n]

}
(46)

u[n] = |̃q1[n]|/||̃q2[n]||2 v[n] = |̃q2[n]|/||̃q2[n]||2+ε
ε = 10−12 ε v
where , , and

. The error  is to ensure that each component of 
is  positive.  Note  that  the  bounds  of  sum and  norm in  (46)
are both limited within one sequential  period.  It  is  clear to
see that KL divergence is non-negative and equals to zero if

u = v
DKL(u,v) DKL(v,u)

and only if two sequences are identical, i.e. . General-
ly  speaking,  does  not  equal  to .  Hence,
we  stipulate  that  the  second  sequence  (corresponding  to
measurement) is always deemed as the reference.

Figures 9(d)–(g) illustrate the periodic responses of the
under-tested  circuits  (cases  1–4) according  to  the  predic-
tion and the measurement,  respectively.  The effects of far-
end  crosstalk  (FEXT)  are  captured  in  both  the  simulation
and measurement. In each case, the predicted curves are fit-
ting  well  with  the  measured  ones,  and  this  observation  is
further corroborated by the corresponding small  KL diver-
gences.

As demonstrated  by  these  experiments,  we  can  con-
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clude that TPS indeed possesses the capability to provide an
accurate simulation, executed through parallel computation,
to  depict  the  propagation  of  continuous  time-periodic  EM
waves with diverse waveforms across different wavelength
scales. It should be noted that TPS is better suited for hand-
ling  (ultra-)wideband  scenarios  without  sharp  resonant
peaks in the spectrum. If the resonant peaks are distributed
over  a  wide  spectral  span,  this  may  result  in  significant
computational overhead.
 

IV. Conclusion

In  summary,  we  have  presented,  to  the  best  of  our  know-
ledge,  the  first  open  publication  and  development  on  TPS
and  its  applications  concerning  time-periodic  EM  waves.
TPS demonstrates  its  effectiveness  in  successfully  depict-
ing the propagation process of EM periodic sequences with
arbitrary  waveforms.  The  accuracy  of  the  proposed  theory

and method is substantiated by experimental measurements
of  time-periodic waves  with  assigned waveforms.  It  is  im-
portant to note that, in reality, Maxwell’s equations and EM
signals  are  continuous  in  the  time  domain.  Therefore,  the
application  of  TPS is  accurate  only  when  signals  are  truly
periodic  or  can  be  approximated  as  such  in  both  time  and
frequency domains. The bandwidth-independent property of
periodic sequences and the parallel nature of the w-domain
Maxwell’s  equations  make  TPS  a  potential  tool  for  the
analysis  of  (ultra-)wideband  wired/wireless  channels  and
facilitate  the  rapid  design  of  high-speed  RF devices  in  the
future.
 

Appendix A. Existence Proof of Te,h

Theorem A-1  Fourier  transform of  a  discrete-time sequence exists  if  and
only if the sequence is summable.

TeProof  Regarding the electric  field,  is  essentially  a  DFT operator,
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and therefore the corresponding proof is omitted.
hk H[n]In  the  case  of  the  magnetic  field,  exists  if  is  absolutely

summable. This can be easily proved as follows:
 

|hk | = |Th†H[n]| = 1
√

N

∣∣∣∣∣∣∣
N∑

n=1

H[n]SGN(k)W−(k−1)(n− 1
2 )

N

∣∣∣∣∣∣∣
≤ 1
√

N

N∑
n=1

|H[n]SGN(k)W−(k−1)(n− 1
2 )

N |

=
1
√

N

N∑
n=1

|H[n]| · |SGN(k)W−(k−1)(n− 1
2 )

N |

≤ 1
√

N

N∑
n=1

|H[n]| <∞ (A-1)

 

Appendix B. Ohm-Lossy Scenario and Energy
Conservation

In Ohm-lossy scenario, the periodic-sequential curl equations can be writ-
ten as
  

∇×En =
µ

∆t
Dt Hn

∇×Hn =

(
σO+

ϵ

∆t
Dt

)T

En

(B-1)

O
where σ denotes  the  conductivity  of  the  lossy  material  and  the  averaging
operator  is defined as
 

O =
1
2



1 0 0 . . . 1
1 1 0 . . . 0
0 1 1 . . . 0
...

...
. . .

. . .
...

0 0 . . . 1 1


N×N

(B-2)

Note  that  the  sample  timing  of  electric  field  is  identical  to  that  of
magnetic field in the second equation of (B-1). In the w domain, we have
  {

∇× ek = +iω̃kµ hk

∇× hk = (ok − iω̃kϵ) ek
(B-3)

where
 

ok = σcos
[
π

N
(k−1)

]
SGN(k) (B-4)

ok k ok = oN+2−k

k ok

 is symmetric with respect to  (i.e., ) and keeps positive over
the range of index . Otherwise, a negative  will bring about gain rather
than loss—obviously it is in conflict with the Ohm-loss presumption.

Subsequently,  the  w-domain complex  Poynting  vector  can  be  repre-
sented as
 

Sav =
1
N

N∑
n=1

E[n]×
(

H[n−1]+H[n]
2

)
(B-5)

Substituting the inverse transforms of (9) and (10) to (B-5) under the
conjugate symmetric condition, we have
 

Sav =
1
N

⌈ N+1
2 ⌉∑

k=1

δkRe
(
ek × h∗k

)
cos

[
π

N
(k−1)

]
(B-6)

NFor odd ,
 

δk =

 1, k = 1

2, k = 2,3, . . . ,
N +1

2
(B-7)

NFor even ,
 

δk =


1, k = 1 &

N
2
+1

2, k = 2,3, . . . ,
N
2

(B-8)

In turn, the w-domain complex Poynting vector can be represented as
 

s =
1
N

⌈ N+1
2 ⌉∑

k=1

δk
(
ek × h∗k

)
cos

[
π

N
(k−1)

]
(B-9)

Inserting (B-3) to (B-9), we have
 

−∇ · s = i[pe− pm]+ p j (B-10)

where
 

pe =
1
N

⌈ N+1
2 ⌉∑

k=1

δkω̃kϵ|ek |2cos
[
π

N
(k−1)

]
(B-11)

 

pm =
1
N

⌈ N+1
2 ⌉∑

k=1

δkω̃kµ|hk |2cos
[
π

N
(k−1)

]
(B-12)

 

p j =
1
N

⌈ N+1
2 ⌉∑

k=1

δkok |ek |2cos
[
π

N
(k−1)

]
(B-13)

pe pm p jwhere , ,  and  denote the complex power density of electric field,
that  of  magnetic  field,  and  Ohm  loss,  respectively.  Equation  (B-10) de-
scribes and substantiates the conservation of energy in the w domain. 

Appendix C. Transformation of Boundary Conditions

So  far,  we  have  only  investigated  the “volume” behavior  of  Maxwell’s
equations in the w domain, and we need to derive the boundary conditions
so as to complete our theory.

Figure C-1 shows the interface of two different media with the corre-
sponding  EM physical  quantities.  The  boundary  conditions  of  Maxwell’s
equations in the discrete time domain are
 

n̂× (E1[n]−E2[n]) = 0
n̂× (H1[n]−H2[n]) = J s[n]
n̂ · (D1[n]− D2[n]) = ϱs[n]
n̂ · (B1[n]−B2[n]) = 0 (C-1)

Accordingly, the w-domain correspondences of (C-1) are
 

n̂× (e1k − e2k) = 0
n̂× (h1k − h2k) = jsk

n̂ · (d1k − d2k) = ρsk

n̂ · (b1k − b2k) = 0 (C-2)

n̂
J s ( js)

ϱs (ρs)

where  denotes  the  unit  normal  vector  of  the  interface. D (d)  and B (b)
represent the electric and magnetic flux densities, respectively;  and

 denote the  electric  current  and  charge  density  at  the  interface,  re-
spectively.

Especially,  the  w-domain boundary  PEC  and  perfect  magnetic  con-
ductor (PMC) can be expressed as
 

ek = 0 (C-3)

and
 

hk = 0 (C-4)
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−respectively. Equations (C-2) (C-4) indicate that the w-domain boundary
conditions are very similar to the frequency-domain ones, except the quan-
tized feature. It implies that we can inherit the existing frequency-domain
methods and derive their w-domain versions via a certain modification re-
lated to spectrum.

 
 

(ϵ1, μ1, σ1)

(ϵ2, μ2, σ2)

Discrete time domain

ρ
s

 ϱ
s

w domainn

E1

E2

D1
Js
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B2 e2

B1 d1 h1

d2 h2

b1
js
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Figure C-1  Boundary conditions at  the interface of  two different  materi-
als: physical quantities in periodic-sequential domain (left side) and in the
w domain (right side).
  

Appendix D. Field Expressions for TEmlk Mode in RWG

kthIn  the  w  domain,  the  EM  fields  corresponding  to  the  component  in
RWG are subject to
 


exk

eyk

hxk

hyk

 = 1
κc

2



∂

∂z
0 0 iω̃kµ

0
∂

∂z
−iω̃kµ 0

0 −iω̃kϵ
∂

∂z
0

iω̃kϵ 0 0
∂

∂z





∂ezk

∂x
∂ezk

∂y
∂hzk

∂x
∂hzk

∂y


(D-1)

TEmlkUnder  the  PEC  boundary  condition  (C-3),  the  mode  of  RWG
can be derived as
 

hzk
= hk

ml ·1 · cos(κm
x x)cos(κl

yy)exp(iκzk
z)

exk
= hk

ml ·
−iµκl

yω̃k

κc
2
· cos(κm

x x)sin(κl
yy)exp(iκzk

z)

eyk
= hk

ml ·
iµκm

x ω̃k

κc
2
· sin(κm

x x)cos(κl
yy)exp(iκzk

z)

hxk
= hk

ml ·
−iκzk

κc
2
· sin(κm

x x)cos(κl
yy)exp(iκzk

z)

hyk
= hk

ml ·
−iκzk

κc
2
· cos(κm

x x)sin(κl
yy)exp(iκzk

z) (D-2)

m l x̂ ŷ

hk
ml

κm
x = mπ/a κl

y = lπ/b κc =

√
(κm

x )2+ (κl
y)

2
κzk

Here,  and  represent the modal indices of  and  directions, re-
spectively.  is the  magnetic  field  intensity  of  the  input  periodic  se-

quence. , , and .  denotes the dis-

persion relation of RWG in the w domain.
{TE10k} (k = 1,2, . . . ,kmax)Suppose  that  only  modes  are  allowed  to

propagate along the waveguide, i.e.,
 

π

a
<

2
√
ϵµ

∆t
sin

[
π

N
(kmax−1)

]
<

2π
a

(D-3)

kmax

TE10k

TE10k (k = 1,2, . . . ,kmax)

fmax

(kmax−1)/T ∆t

where  denotes the maximum index of the nonzero components. In the
traditional frequency domain, “TE10” represents the main mode of RWG;
while  in  the  w  domain,  we  define “ ” as  the  main  mode  and “TE10”
denotes  the  complete  set  of .  Assuming  that  the
highest  frequency  of  the  input  signal  equals  to ,  we  can  take

 as  its  approximation.  Note  that  the sampling interval  will
be  decided  not  only  by  Nyquist  sampling  condition  but  also  the  main-
modes-only condition (D-3): 

T ·Sa−1 [min(1,C)]
π(kmax−1)

< ∆t <
T ·S a−1

[
max

(
2
π
,
C
2

)]
π(kmax−1)

(D-4)

C = T/[(kmax−1)a
√
ϵµ]

T
2a
√
ϵµ
+1 < kmax <

Tπ
4a
√
ϵµ
+1

∆t

Tπ
4a
√
ϵµ
+1 < kmax <

T
a
√
ϵµ
+1

kmax >
T

a
√
ϵµ
+1

where . Specifically, when the quantized spectrum
of input sequence is relatively narrow , the prop-
agation  condition  of  TE10 modes  will  dominate  the  upper  bound  of .
With  the  increase  of  the  bandwidth  but  still  within  the  range

,  the  upper  bound  will  be  decided  by  unaliasing
sampling  condition.  Once , the  lower  bound  will  be  con-
trolled by the TE20-modes cutoff condition.
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