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Abstract: An Erlang loss system, which is an M/G/s/s queue, is a model used in various
applications. In this paper, a controlled version of the process is defined. The objective is to
maximize the expected time until the system is full when the service time is exponentially
distributed. The control variable is the service rate. The dynamic programming equation
satisfied by the value function F, from which the optimal control follows at once, is derived,
and F is found explicitly when s = 2 and s = 3. The problem of minimising the probability
of the system being saturated is also considered.

Keywords: M/G/s/s model; dynamic programming; first-passage time; homing problem;
difference equations
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1. Introduction

In an M/G/s/s queue, called an Erlang loss system, customers arrive according to
a Poisson process of rate A. The service time S can follow any distribution. There are s
servers, and no room for potential customers to wait for service because the capacity of the
system is also equal to s. As a result, if a customer arrives while the system is in state s, this
customer is lost.

This model is used in various applications. In Smith et al. [1], it was applied to traffic
distribution in cellular networks. Lee and Dudin [2] analysed the sojourn time and loss
probability in a model of traffic control in communication networks.

Restrepo et al. [3] wanted to find out how to allocate a fleet of ambulances in order
to keep response times to calls as small as possible. van Dijk and Kortbeek [4] computed
bounds for the probability of rejection in operating theatre and intensive care unit systems.

In de Bruin et al. [5], the problem of interest was to determine the size of hospital
wards. Hyytid et al. [6] proposed a model related to an Erlang loss system to describe a
single vehicle in a dial-a-ride transport system. They presented closed-form expressions for
the blocking probability, the acceptance rate, and the mean sojourn time of the vehicle in
the system.

Rastpour et al. [7] worked on the duration of red alerts for ambulance systems, which
corresponds to times at which all ambulances are busy. Morozov et al. [8] were interested
in the stability of a model for cognitive wireless networks and used a modified Erlang loss
system. Finally, in Zimmerman et al. [9], the aim was to effectively manage the distribution
of ventilators during the COVID-19 pandemic.

Recently, Lefebvre and Yaghoubi studied optimal control problems for queueing
systems. In [10], they assumed that in the M/G/1 model, the server can choose between
two service time distributions. The aim was to minimize the expected time needed to clear
the queue of customers. In [11], there were k servers, and the objective was to determine
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how many servers should be used at any time to reduce the number of customers from
k+1tok+r, where 0 < r < [, as rapidly as possible. In both cases, the optimizer had to
take quadratic control costs into account.

In this paper, we first suppose that the service time S has an exponential distribu-
tion with the parameter y, so that the Erlang loss system becomes an M/M/s/s queue.
However, we assume that the parameter y is actually a function, p[X(t)], of the number
of customers in the system at time ¢ and that the server can choose any (positive) service
rate. The aim will be to determine the value of y[X(t)] that maximizes the expected value
of the time (k) until the system is full, where k is the initial number of customers in the
system. Then, we will consider the problem of minimising the probability that the system,
when in equilibrium, is saturated in the interval [0, T(k)). Finally, we will suppose that the
parameter y is a random variable R and compute the probability that the system (when in
equilibrium) is saturated for various important distributions of R.

2. Optimal Service Rate

Let X () denote the number of customers at time ¢ in an M/M/s/s queue. We assume
that X(0) =k € {0,1,2,...,s — 1}. We define the random variable as follows:

(k) = inf{t > 0: X(t) = s | X(0) = k}. (1)

In probability theory, T(k) is called the first-passage time. It is the first time that the
system is full, given that there were k customers at the initial time 0. All the servers are
assumed to serve at the same rate u[X(t)]. The larger u[X(t)] is, the longer it will take until
X(t) = s. However, we take it for granted that serving faster is more costly for the system.
More precisely, we consider the cost functional:

6= [ Ganxio] + o a4 Kiew), ®

where qop > 0 and 6 < 0 are constants and K(-) is a terminal cost function. Since 0 is
negative, a reward is received as long as the system is not full. There must therefore be a
trade-off between working faster (so that u[X(t)] is larger) and the quadratic costs thus
incurred. The optimizer must also take into account the final cost K[t (k)]. In this paper, we
assume that K[7(k)] is a constant K.

When the service time S has an exponential distribution, we can use dynamic pro-
gramming to determine the value of u[X(t)] in the interval [0, T(k)) that minimizes the
expected value of the cost criterion ] (k).

Many papers have been published on the optimal control of queueing systems; see,
for instance, Chen and Xia [12], Su and Li [13], and Chen et al. [14]. The main difference
between these papers and the present one is the fact that in our case, the final time is a
random variable. Such problems are known as homing problems (see Whittle [15]). In a
homing problem, the optimizer controls a stochastic process until a certain event occurs.
In many applications, the final time is indeed neither fixed nor infinite, but rather random.
For example, suppose that X(t) denotes the number of people suffering from a certain
disease during an epidemic, and that we want to put an end to this epidemic as quickly as
possible. In reality, the duration of the epidemic is obviously a random variable. Similarly,
in the problem that we are studying, we cannot know how long it will take until the system
is saturated.

Homing problems were first considered by Whittle [15] as n-dimensional diffusion
processes. In practice, it is very difficult to find explicit and exact solutions to these problems
in two or more dimensions, as this usually requires solving non-linear partial differential
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equations. Whittle [16] also generalised homing problems by considering a cost functional
that takes into account the optimizer’s sensitivity to risk.

In Rishel [17], a homing problem for diffusion processes that can model the wear of
devices was created. In addition to their papers on the optimal control of queueing systems,
the author has solved homing problems for autoregressive processes ([18]) and in discrete
times ([19]). In [19], the problem considered was in fact a stochastic dynamic game.

Now, we define the value function:

F(k)=  inf  E[J(k)], 3)
u[X(t)]
t € [0,7(k))

where “E” denotes the expected value. This function gives us the expected cost (or reward)
obtained if the optimizer chooses the optimal service rate in the interval [0, T(k)). Moreover,
it satisfies the boundary condition

F(s) = Ko. (4)

Remark 1. Contrary to the problem in [10], here the problem that we study is time-invariant.
Therefore, the value function depends only on the current state k. In addition, we now assume that
the optimizer can choose any positive value of u[X(t)]. In [10], there were only two possible values
for the service rate.

In an M/M/s/s queue, the random time A needed for a new customer to arrive is
exponentially distributed with parameter A. It follows that the probability that a customer
will arrive in the interval (0, At] is given by

P[A < At =1—e M = AAt + o(Ab). (5)

When there are k € {1,2,...,5s — 1} customers in the system, the time S(k) until a

customer departs has an exponential distribution with the parameter k (k). Hence,
P[S(k) < At] = ku(k) At + o(At). (6)

The probability of at least two events (arrivals or departures) in any interval of length
At is equal to o(At). Moreover, the random variables A and S(k) are assumed to be
independent, which implies that min{A, S(k)} ~ Exp(A + kpu(k)).

When X (0) =k € {1,2,...,s — 1}, the random number of customers in the system at
time At is

k+1 with probability AAt + o(At),
X(At) =1 k—1 with probability kp (k) At + o(At), (7)
k  with probability 1 — [A + ku(k)] At + o(At).

If X(0) = 0, we find that

k+1 with probability A At + o(At),
X(At) = 8
(48) { k  with probability 1 — A At + o(At). ®)
Next, since 7(0) has the same distribution as A 4 (1), we can write that
1 0
E[t(0)] = T E[t(1)] = F(0)= 1 + F(1). )
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Fork € {1,2,...,s — 1}, we find that

F T (1
E(k) := inf E = 2Xt+9}dt}
() T T
t € [0,7(k))
B . [ rAt 1 5 (k) 1 2
= y[l)?(ft)] E_/o {zqoy [X(t)]+9}dt+/m {Zqoy [X(t)]+9}dt}
t e [0,7(k))
(/1 (k) (1
= inf E|( 5 q0u®(k +9)At+ {7 2[X(t +9}dt
e E| (a0 S o ix )
t e [0,7(k))
+0(At)}. (10)

Making use of Bellman'’s principle of optimality, we can express the expected value of
the integral from At to 7(k) in terms of the value function at time At:

inf E[/T(k){l%ﬂz[X(t)] +9}dt] — E[FIX(AD]] +0(Af). (1)
uxe) - Lae (2
t e (At (k)

We deduce from Equation (7) that
E[F[X(At)]] = F(k+1)AAt + F(k—1)ku(k) At + F(k) {1 — [A + ku(k)] At} + o(At). (12)
It then follows from Equation (10) that

0 = inf { (%qoyz(k) +9> At+ E(k+1)AAE+ E(k — 1) ku(k) At — F(k) [A + kp(k)] At

4 o(At)}. (13)

That is,

0= inf {;qo;ﬂ(k) 40+ k4 1)A + E(k— 1) kn(k) — F(k) [+ kpu(k)] + 2BH } (14)

Letting At decrease to zero, we can state the following proposition.

Proposition 1. The value function F(k) satisfies the dynamic programming equation (DPE)

0= ;r(mkf) {;qoyz(k) + 60+ F(k+1)A+F(k—1)ku(k) — F(k) [A + ky(k)]} (15)

for k € {1,2,...,s —1}. Moreover, we obtain Equation (9) and the boundary condition
in Equation (4).

Now, by differentiating the expression within the curly brackets in Equation (15) with
respect to u(k) and setting it to zero, we find that

qgop(k) +kF(k—1) —kF(k) = 0. (16)
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Corollary 1. The optimal control can be expressed in terms of the value function as follows:

k

pr (k) = —[F(k) — F(k = 1)] (17)
40

forke{1,2,...,s —1}.

Substituting the expression for u* (k) in Equation (17) into the DPE, we find (after
simplification) that to obtain the value function F(k) we must solve the non-linear second-
order difference equation

k2

0=0-——
qu

[F(k) — F(k — 1)]* + A[F(k +1) — F(k)], (18)

where k € {1,2,...,5 — 1}, subject to the boundary condition F(s) = K. In the remainder
of this paper, we will assume that Ky = 0, so that F(s) = 0.

Remark 2. Suppose that we set (k) = 0 for any k. That is, we consider the uncontrolled process
{Xo(t), t > 0}. Then, we find that

T (k)
Jok):= [ 6dt = E[o(0)] = OE[mo(K)] 19)
Moreover, we can write that
To(k) = A+ Ap1+ -+ A, (20)

where A; ~ Exp(A) fori=1,2,...,5s — 1. Hence,

s—k s—k)o
E®] =25 = R =20 @
It follows that the value function must satisfy the inequation
k) < & _Ak)g <0. (22)
2.1. The Case When s = 2
When s = 2, we find that F(2) = 0. Equation (18) for k = 1 becomes
0—0— - [F(1) — F(0)]* — AF(1). (23)
20]0
Moreover, Equation (9) implies that
92
—AqoF(0) +26¢9 — =0 (24)
so that 5
26 6 25)

FO)y=22— 7
( ) A 2/\3 q0 !
and F(1) = F(0) — 0/A. From Equation (17), we see that the optimal control is given by

sy — LR - __9
14(1)—%[1“(1) F(0)] = oA (26)
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2.2. The Case When s = 3
We now use F(3) = 0 and the following non-linear difference equations:

1

0 = 05 [F() ~ FO)P +A[FQ) ~ (1), 27)
0

0 = 60— ;[F(Z) —F(1)]* = AF(2). (28)

0

Making use of the mathematical software program Mathematica (https://www.
wolfram.com/mathematica/online/), we find that the solution to systems (27) and (28),
together with Equation (9), is

0(6A°qy —5A*q50 +4A%q6% — 6%)

F(0) = , 29
o T 9
0 (4A°q5 —5A*q30 +4A% 6% — 6°
2\ q
0(2A°q5 —4A*q30 + 4A% 6% — 6
27743
In the particular case where § = —1 and A = 1, we obtain

_6q)+5q5+4q0+1

F(0) =
243

(32)

This function of g¢ is shown in Figure 1. Notice that

lim F(0) = -3, 33

M F(0) (33)
which is the bound deduced from Equation (22). This result follows from the fact that
when g tends to infinity, the optimizer should choose y(k) = 0 for any k < s — 1. Similarly,
with § = —1and A = 1, we obtain limg, ,« F(1) = —2 and limg, e F(2) = —1.

4+

_5-

-6

-8+

Figure 1. Value function F(0) for g9 € [0,10] whens =3;0 = —1;and A = 1.

The optimal controls are

. _ 9

(1) = Y (34)
2

we = 2.8 (35)

QoA q5A3
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3. Minimising the Probability of Saturation

When the Erlang loss system is in statistical equilibrium (or a steady state), the proba-
bility that it is in state k is given by the following (see [20]):

(AE[S]))F/k!

_ 36
= AEIS) /] (%)

i 1= lim P[X(t) = K] =

for k € {0,1,...,s}. Thus, the probability that the system in equilibrium is saturated (or
full), such that all the servers are busyj, is
(AE[S])®/s!

" DG ES 7

Suppose now that we start controlling the process when it is in equilibrium and that
X(0)=ke {0, 1,...,s — 1}. Moreover, we assume, as in the preceding section, that the
service time is an exponential random variable with parameter u that depends on the
state of the process, such that 7t; = 715[p(X(t))]. We want to minimize the probability of
saturation in the interval [0, T(k)). We consider the cost functional

o
R0 = [ G x(0] + lux(o)) o 38)

Proceeding as in Section 2, we obtain the following corollary to Proposition 1.

Corollary 2. The value function F (k) satisfies the DPE

1
0 = inf {iqopﬂ(k) +

N EP/SE e 1) A+ PGk — 1) kp(k) — E(k) [/H—ky(k)]} (39)
p(k) /!

oA/ (o))
ork € {1,2,...,s — 1}. The boundary condition is F(s) = 0.
Y

Even in the case where s = 2, trying to express the optimal control p*(k) in terms
of the value function does not seem possible. Therefore, we will simplify the problem.
Assume that the optimizer can only choose between y = y; or y and cannot switch from
11 to pp (or vice versa) in the interval [0, T(k)). Then,

-7 (k)
Ela(0) = [ [ { Gaond + ) bae| = {Saond + ) e, a0
where y; = pj or pp.

3.1. The Case When s = 2

Let F; ; be the event: the first transition of the process from state i is to state j. Using
the fact that

A
P|A < S| = , 41
A<= )
we can write that
E[t(1)] = E[t(1) | Fi,0] P[F0] + E[t(1) | F12] P[Fy2]
1 1 i 1 A
= — + E[T(1 42
{P’i+/\+/\+ [ )]}ui+A+ﬂi+Aﬂi+A “2)

fori =1, 2. It follows that

Elr() = K24 )




Axioms 2025, 14, 130 8 of 12

Therefore, in order to determine whether E[],(1)] is smaller when p = 7 or pp, we
must calculate

1 (A/pi)?/2 pi+ A
E[,(1)] = | =q0u% + ! 44
fori = 1,2 and compare the two values of E[J»(1)].
Suppose that A = 1, 1 = 1 and yp = 2. We must compare
=1 2 =2 3
E[R()]"= qo+ 5 with E[R(1)]'= 6q0 + 13- (45)

The two straight lines cross at g9 = g* := 11/325. As can be seen in Figure 2,
the optimal solution is to choose y = 2 for qo € [0,4*] and y = 1 for g > g*.

0.8 /
/
/
0.74 /
, /
0.64 /
/

0.54 /

/
0.44 /

/

03 /

0.02 0.04 0.06 0.08 0.10

Figure 2. E[]>(1)] for g9 € [0,0.1] whens =2, A =1, u = 1 (solid line), and p = 2 (dotted line).

3.2. The Case When s = 3

We know that
E[t()] = E[t(1) [ Fiol P[Fio] + E[t(1) | Fi] P[Fi 2]
= {;41+A +s +E[T(1)]} yzf_tA + {yiiA +E[T(2)]} yiiA (46)
and
E[t(2)] = E[t(2) | Fa]P[Fa] +E[7(2) | F23] P[F25]

1 Ui 1 A
E[t(1 ) 47
{ui+?\+ = )]}#i+?\+ui+?tui+)t #7)

We find that the solution to systems (46) and (47) is

_

E[r(1)] = 3; @A 420 +42) and E[t(2)] = 55 (P4 Ap+p2). (49

=33
With these values, we can proceed as in the case when s = 2 to determine whether
U = {1 or 4 = Yy is the optimal choice for k = 1, 2. First, when k = 1, we compute

1 (A ui)3/6 1 2 2
E[J,(1)] = | = gou? —(2 2Au; + 4?) (4
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fori =1,2. Let us again take A =1, y; = 1, and pp = 2. We obtain
p=15 5 = 10
ER()]"S' Sq0+ 1 and E[B(1)] "= 20g0 + . (50)

see

1.11

1.04

0.91

0.8

0.71

0.61

0.5

0.41

0.3

0.2

The optimal service rate is y = 2 for qo € [0,47/4424] and p = 1 for g9 > 47/4424;
Figure 3.

0.01 0.02 0.03 0.04 0.05

Figure 3. E[]>(1)] for g9 € [0,0.05] whens =3, A =1, u = 1 (solid line), and y = 2 (dotted line).

see

0.7

0.6

0.51

0.4

0.3

0.21

0.1

Similarly, when k = 2, we find that

yl3

3 =2 7
= Sao+ 1z and E[2(2)]'= 14q0 + 7 (51)

ElR(2) =

This time, the optimal service rateis y = 2 for o € [0,5/632] and u = 1 for g9 > 5/632;
Figure 4.

0.01 0.02 0.03 0.04 0.05

Figure 4. E[]>(2)] for g9 € [0,0.05] whens = 3, A =1, u = 1 (solid line), and y = 2 (dotted line).

4. The Case in Which the Service Rate Is a Random Variable

To conclude this paper, we will consider the following problem: suppose that the

service time S has an exponential distribution with parameter R, where R is itself a random
variable. We would like to determine for which distribution of R, as it has a given expected
value, the probability of saturation is minimized when the system is in equilibrium. To do so,

assuming that R possesses a probability density function fg(r), we would have to minimize

(A/r)s/s!
sy RO 2

e [
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under the constraints that

/OoofR(r)drzl and ./(;oorfR(r)dr:ro, (53)

where 1 is a given constant. The random variable R could be discrete, or even of mixed
type, so that the density function fz(r) may contain Dirac delta functions.

Instead of trying to find the function f() that minimizes 7r;, we will consider the
most important probability distributions for R. We will treat this as a case in which s = 2
and, for the sake of simplicity, set A equal to 1. Moreover, we assume that E[R] = 1. Hence,
we must compute

)2/2
= r)dr 54
= / 1+ ( 1/r) %(1/r)2fR() 4
for random variables such that -

/ rfr(r)dr =1. (55)

0

Suppose first that R is actually the constant 1. Then, we find that
for) =6(r-1) = m=—2__1 (56)
r(r) = 2= 11 Tl =5

Next, if R has a uniform distribution at the interval (0,2), we find that

1 2 (1/r

1 )2
T2 v+

/2 _arctan(5) 7
; (1/r)2dr— S — g~ 02940, (57)

Assume now that S has a gamma distribution with both parameters equal to «, so that

fr(r;a) = 1“(1&) (ar)* Lae™  forr > 0. (58)

We obtain E[R] = 1, as required. If « = 1, R ~ Exp(1). We compute

* (1/r)%/2
s = 0.1)dr ~ 0.7474.
/0 1+(1/r)+%(1/r)2fR(r'“ 0.1)dr~0 (59)

The value of 7, whena =1,2,...,20 is shown in Figure 5. We see that 71, decreases
with an increasing «. For large a, the limiting probability 77, is approximately equal to 0.21.

0.36]
0.34
0.32
0.30f
0.28
0.26
0.24]

0.22

.
e,
......

Figure 5. Value of the probability 7, of saturation when R has the gamma distribution defined in
Equation (58), fora =1,2,...,20.



Axioms 2025, 14, 130

11 of 12

Let

fr(r;0) = %wz/ @) forr >0, (60)

That is, the random variable R has a Rayleigh distribution with parameter c. When
0 = +/2/m, we find that E[R] = 1. We calculate

e (1/7)?/2 o B

Notice that for all the distributions considered above, the value of 7, is larger than
when R = 1.

If R is a discrete random variable taking the values 0.5 and 1.5 with probability of
1/2, we find that 7, ~ 0.2588. When R = rq or 2 — r; with a probability of 1/2, where
r1 € (0,1), my € (1/5,7/13) and decreases as r1 increases. More generally, if R =71 < 1 or
rp > 1, such that E[R] = 1, the value of 7 is greater than 1/5.

5. Conclusions

In this paper, a homing problem for an M/G/s/s queueing model was considered.
As mentioned in Section 1, this model is used in many applications. We were interested
in maximising the expected time until the system becomes saturated. We were able to
determine the optimal value of the service rate when the service time S has an exponential
distribution, such that we are dealing with an M/M/s/s queue. In this case, we can
appeal to dynamic programming to obtain the equation satisfied by the value function.
This equation is a non-linear second-order difference equation. The optimal control can be
deduced from the value function.

In Section 3, we examined a related optimal control problem. However, we had to
simplify the problem because it is not possible to explicitly express the optimal control in
terms of the value function.

In Section 4, we wanted to minimize the probability of saturation when the service
rate y is a random variable R. Various types of distribution of R were considered.

In general, when the service time is not exponentially distributed, it is not possible
to make use of dynamic programming. Indeed, if the probability in Equation (6) is not
proportional to At, thelS technique will fail. The same holds true if the random variable A
does not have an exponential distribution. In those cases, another technique must be used
for the M/G/s/s queue.

Finally, we could modify the assumptions leading us to the M/M/s/s model. For in-
stance, the servers could serve at different rates and/or perhaps more than one customer at
a time, or there could be batch arrivals, and so on.
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