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RESUME

Une technologie de pointe particulierement intéressante depuis quelques décennies est le
processeur quantique. Contrairement au processeur classique, opérant sur des bits logiques
dont la valeur peut étre soit “0” ou “1”, un processeur quantique opere sur un bit quantique,
un qubit, pouvant étre dans un état de superposition des valeurs “0” et “1”. Un tel processeur
exploite le principe de superposition quantique et 'intrication, lui permettant la résolution
de problemes dont la complexité nous est hors de portée, méme pour les super-ordinateurs
les plus puissants. Une implémentation du qubit prometteuse consiste a utiliser le spin
des porteurs de charge dans les nano-structures semiconductrices. L’idée étant de confiner
un petit nombre de particules dans une région nanométrique a l’aide de minces couches
semiconductrices et des contacts électrostatiques, et d’ensuite manipuler leur spin a l'aide de
champs électro-magnétiques alternatifs. L’étude de la physique des porteurs de charge est

donc d’importance centrale dans la réalisation des qubits semiconducteurs.

Il existe principalement deux types de porteurs de charge dans les semiconducteurs: les
électrons et les trous. Un trou consiste en un état électronique inoccupé par un électron.
Sachant qu’un état électronique ne peut accueillir quun seul électron a la fois, un trou peut
disparaitre et réapparaitre ailleurs simplement par le mouvement des électrons quittant leur
état pour se diriger vers un autre état inoccupé. Le trou peut donc effectivement étre traité
comme une particule a part entiere, de charge positive, et possédant sa propre mobilité, sa
propre masse effective, etc... Les trous lourds forment 'une des deux catégories de trous
de faible énergie (les autres étant les trous légers) que l'on retrouve dans plusieurs semicon-
ducteurs importants dont le silicium et le germanium. Depuis quelques années, d’immenses
progrés ont été réalisés dans la conception de qubits & base de trous (lourds) dans le ger-
manium. Ce systéme possede plusieurs caractéristiques favorables a I'implémentation d’un
qubit. Premiérement, le germanium est compatible avec le silicium, facilitant ainsi la produc-
tion éventuelle a grande échelle. Le germanium est également un matériau a grand couplage
spin-orbite, signifiant que le mouvement des trous est fortement corrélé avec la précession
de leur spin. Cela permet de manipuler ce dernier a ’aide de champs électriques plutot que
magnétiques, facilitant la miniaturisation et limitant la surchauffe du dispositif. De plus, le
germanium possede des isotopes dont le noyau atomique ne possede aucun spin. Du germa-
nium isotopiquement purifié pour contenir seulement de tels isotopes peut alors étre utilisé
dans la réalisation du dispositif, ce qui confere au qubit un temps de relaxation et de co-
hérence beaucoup plus grands. Dans les systemes a base de germanium, la famille de trous

impliquée dans la réalisation du qubit sont les trous lourds. Cela est principalement di a
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une limitation en matériaux disponibles. Le procédé de fabrication standard combine une
couche de germanium avec un substrat en alliage silicium-germanium. Cette combinaison
de matériaux résulte en une contrainte épitaxiale compressive dans le germanium, favorisant

I’apparition de trous lours dans le spectre a basse énergie.

Bien que les trous lourds profitent des avantages mentionnés dans le paragraphe précédent,
le niveau de séparation en énergie entre leur deux états de spin, quantifié par le facteur g, est
tres faible dans la configuration utilisant des champs magnétiques orientés dans le plan des
couches semiconductrices. Egalement, bien que les trous lourds soient assujettis & un grand
couplage spin-orbite, la variété de couplage spin-orbite nécessaire a la manipulation du spin
y est presque absente. Pour remédier a ce probleme, cette these propose 'utilisation de trous
légers dans I'implémentation de qubits de spin. Tout d’abord, le travail consiste a adapter
les théories existantes (la théorie k - p) pour 1'étude des trous légers et de leur spin lorsqu’ils
sont confinés a 1’échelle nano-métrique. Ensuite, le modele est testé contre les résultats d’une
étude expérimentale originale, faisant intervenir des trous lourds dans le germanium dont
la séparation en énergie entre les deux états de spin s’annule pour des champs magnétiques
non-nuls. Ensuite, une nouvelle famille d’hétérostructures a base d’'un semiconducteur du
groupe IV, l'alliage de germanium et d’étain (Ge;_,Sn,), est introduite. Nous appliquons le
modele dévelopé précédemment afin de montrer que de telles hétérostructures, qui ont déja
6té réalisées en laboratoire & I'Ecole Polytechnique de Montréal, sont en mesure d’amener
les trous légers a de plus faibles énergies que les trous lourds, ceci grace a la contrainte
épitaxiale en tension que confere le Ge;_,Sn,. De plus, plusieurs propriétés des trous légers
y sont évaluées, dont notamment le facteur g et quelques coefficients de couplage spin-orbite.
En particulier, ce travail montre que les trous légers ont un facteur g beaucoup plus grand
que les trous lours pour des champs magnétiques orientés dans le plan. De plus, la variété
de couplage spin-orbite nécessaire a la manipulation y est beaucoup plus grande. Ensuite, le
modele théorique est utilisé afin de modéliser la dynamique du spin d’un trou léger dans les
nanostructures semiconductrices, tels que des points quantiques et des canaux quantiques.
On y montre notamment qu’'une variété de couplage spin-orbite absente dans le cas des trous
lourds apporte une riche dynamique au spin, facilitant par exemple le contrdle électrostatique

de la force du couplage spin-orbite, ainsi que de trés grandes fréquences de manipulation.

Enfin, ce travail approfondit notre compréhension des trous dans les semiconducteurs du
groupe IV qui, jusqu’a maintenant, était orientée presque exclusivement au cas des trous
lourds. Cette étude introduit et fait I’analyse d’une nouvelle famille de semiconducteurs
compatibles avec le silicium qui est prometteuse pour 'implémentation de qubits rapides et
efficaces, dont le controle peut étre réalisé par des méthodes purement électriques, et dont la

cohérence est maximisée grace a la purification isotopique.
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ABSTRACT

One of the exciting potential technologies that has attracted significant attention in the
last few decades is the quantum processor. In contrast to a classical processing unit, which
operates on bits that can be in a state of value O or 1, a quantum processor operates on
quantum bits, or qubits, which can be in a quantum superposition of the 0 and 1 states.
This quantum superposition, as well as quantum entanglement, are leveraged in a quantum
processor to solve specific problems of such complexity that they are out of reach to even the
most powerful super-computers. One promising implementation of a qubit device uses the
spin degree of freedom of charge carriers confined in semiconductor heterostructures. The
idea is to confine a small number of carriers within a very thin layer of a semiconducting
material and underneath a set of electrostatic gates, to then manipulate their spin with
oscillating electro-magnetic fields. Understanding the spin physics in solid-state devices is

thus of central importance in realizing semiconducting spin qubits.

There are two broad categories of charge carriers in semiconductors: electrons and holes. In
solid state physics, a hole is an empty, or unoccupied electronic level within the material.
Knowing that levels cannot accommodate more than one electron at once, a hole can dis-
appear and reappear elsewhere as a result of an electron hopping from one level to another.
In fact, holes are treated as particles (or quasi-particles) as much as solid-state electrons
are. Holes are therefore assigned a positive charge, with their own mobility, effective mass,
etc. .. Heavy holes are one of the two categories of low energy holes (the other being light
holes) in many important semiconductors, notably silicon and germanium. There has been
significant progress in the last few years towards realizing (heavy) hole spin qubits in germa-
nium. This system has many favorable characteristics for qubit devices. Firstly, germanium
is silicon-compatible, thus providing great manufacturability. Germanium is also a high spin-
orbit coupling material, meaning that the hole’s orbital motion is strongly correlated with
the precession of its spin. This effect can effectively lead to manipulation schemes where
the spin is controlled with oscillating electric fields instead of magnetic fields, reducing heat-
ing and vibration issues caused by local magnets and making scaling-up easier. Moreover,
germanium has isotopes with spin-free atomic nuclei. An isotopically purified material with
zero nuclear spins can therefore provide an ideal environment where hyperfine interactions
are eliminated, thus leading to highly coherent and long-lived qubits. State-of-the-art ger-
manium qubit devices use heavy holes as the information carrier. This is mostly a material
limitation, since the devices are constructed by growing germanium on a layer of silicon-

germanium alloy. This combination of materials leads to a compressive epitaxial strain in
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the germanium layer, thus favoring heavy holes to the low energy spectrum.

Despite the aforementioned advantages of heavy holes, the energy difference between their
two spin state projections, quantified by the g-factor, is very small when magnetic fields are
applied in the plane of the layers. Furthermore, despite the strong spin-orbit coupling, the
kind that is dominant in heavy holes does not contribute to the electrical driving of the spin.
This thesis therefore proposes novel spin qubits based on light holes. As a first step, existing
theories (more specifically, the k-p theory) for describing holes in semiconductors are adapted
to the case of light hole ground states confined in semiconductor heterostructures. Next, the
theoretical model is benchmarked against the experiment revealing vanishing energy spin
splitting at finite magnetic fields in two-dimensional heavy hole gases in germanium. A
new family of group IV semiconductors based on germanium-tin alloys (Ge;_,Sn,) is then
introduced. The model is employed to show that these new heterostructures, which have
already been grown by our group, can bring light holes to the ground state, thanks to the
large epitaxial tensile strain caused by the Ge;_,Sn, layers. Furthermore, the key light
hole spin properties are evaluated, such as the g-tensor components and spin-orbit coupling
parameters. In particular, this work shows that light holes have a very large in-plane g-
factor as well as a strong type of spin-orbit coupling that is relevant to all-electrical driving
schemes. Light hole spin dynamics is then evaluated in Ge;_,Sn,-based heterostructures with
in-plane confinement, such as in quantum dots and quantum channels. A large spin-orbit
coupling linear in momentum that is small in heavy hole systems is reported and shown that
it can be leveraged to achieve gate-controlled spin-orbit strength tuning, as well as very large

manipulation frequencies compared to heavy holes.

This thesis provides a deeper understanding of light hole spin physics in group IV semicon-
ductors, which so far have been mostly left aside in favor of heavy holes due to the lack of
proper material systems. The work presented therein introduces and analyzes a new family
of group IV semiconductors that are compatible with silicon. This system is promising for
implementing fast and efficient light hole spin-based qubit devices, where manipulation can
be performed by all-electrical means and where high coherence times are expected thanks to

isotopic purification.
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CHAPTER 1 INTRODUCTION

Semiconductor heterostructures are widely used in electronics, optoelectronics and spintron-
ics. In the last few decades, many experiments showed promising results towards the im-
plementation of scalable quantum computing devices, by leveraging the rich spin physics of
charge carriers in these systems. The physics of solid-state charge carriers is strongly de-
pendent on many of the device properties: the materials used in the heterostructure, the
thickness of the layers, the type and concentration of impurities or dopants, the epitaxial
strain, the crystal defects such as dislocations or vacancies, the temperature, symmetry ef-
fects at interfaces and many more. It is hard to overestimate the formidable complexity of
semiconductor physics, which has even been qualified as “physics of dirt” by W. E. Pauli or
“squalid state physics” by M. Gell-Mann. Despite all that complexity, decades of research
in solid-state physics led to significant progress in knowledge and is still a flourishing area of

research today.

In this section, we present basic properties that are important in the field of semiconductors
and for this dissertation. It is then followed by a discussion of a few key elements that
characterize semiconductor heterostructures, before presenting a quick overview of qubit
dynamics, and the influence of spin-orbit coupling. The motivation as well as a list of
objectives addressed by this research are then presented, followed by a brief outline of the

results presented in this dissertation.

1.1 Basic concepts

1.1.1 Semiconductor heterostructures

A semiconductor is a material that lies somewhat between a conductor and an isolator in
terms of its electrical conductivity. Every semiconductor is characterized by its bandgap
energy, which is a band of energy devoid of any quantum levels that can accommodate
electrons. The set of electronic bands that are below the bandgap (lower in energy) are called
valence bands (VB), while those above the bandgap are called conduction bands (CB). At zero
temperature, all the valence bands are occupied by an electron, while none of the conduction
bands are occupied. In this situation, the semiconductor cannot host any electrical current.
If a valence band electron receives enough energy (from thermal excitation or from a photon),
it can be promoted to the conduction band, while leaving an empty level behind, a hole, in

the valence band. Both holes and conduction band electrons can serve as carriers of electrical



current. In general, a charge carrier with crystal momentum k jumping from one energy level
E;(k) to another level Ef(k’) will involve a phonon of momentum q = k —k'. If k = k'
(no phonon involved), it is called a direct transition. Otherwise, any transition involving
a phonon is called an indirect transition. In group IV semiconductors, the valence band
edge (the maximum of the band) is located at k = 0. In contrast, the conduction band
edge (the minimum of the band) is away from k = 0 in Si and Ge. Therefore, the smallest
energy excitation that moves a carrier across the bandgap involves an indirect transition.
Consequently, Si and Ge are referred as indirect bandgap semiconductors. On the other
hand, some group III-V materials (e.g. GaAs) have their CB minimum at k = 0 and are

correspondingly referred as direct bandgap semiconductors.

In semiconductors, electrons, and especially holes, are subject to spin-orbit interaction (SOI).
SOl is a relativistic effect, and results from the perceived motion of the positive nuclei within
the reference frame of a moving electron in the crystal. This apparent motion generates a
magnetic field in the electron’s frame, which then interacts with the electron’s spin. SOI in
semiconductors tends to increase with the atomic number Z [1]. Worth mentioning is another
source of SOI called Dresselhaus SOI, which arises in inversion asymmetric crystals such as
ITI-V or II-VI semiconductors. However, this type of SOI will not be discussed further, as
the main focus of this work is on group IV semiconductors, which lack the crystal asymmetry

required for Dresselhaus SOI.

A semiconductor planar heterostructure consists of multiple layers of semiconducting mate-
rials deposited on top of each other, starting from a semiconducting wafer substrate usually
made of Si. An important category of heterostructures for this work is the quantum well
(QW) heterostructure. A QW is made by forming a sandwich of semiconductors where the
layer in the middle (the QW, usually ~ 10 nm thick) has band edge energies lying within the
bandgap of the layers surrounding it (the barriers). This configuration promotes the accu-
mulation of charge carriers in the QW as they tend to minimize their energy. There are three
types of band alignments in a QW heterostructure (see Fig. 1.1). A type-I QW is such that
both holes and electrons accumulate in the QW layer, whereas in a type-1I alignment, only
one type of carrier accumulates in the well. Type-III alignment occurs if the bandgap region
of the QW does not overlap with that of the barriers. If adjacent layers in a heterostructure
share the same lattice constant, they are said to be lattice matched. Otherwise, they are
lattice mismatched. A lattice mismatched layer will try to adjust its crystal structure such
that its in-plane lattice constant matches that of its underlying material layer. This results
in epitaxial strain. Epitaxial strain can be either compressive or tensile, depending on the
relative size of the lattice constants between the two layers. In the former case, a material

A is deposited on a substrate of lattice constant smaller than that of A, while in the latter



case, the substrate’s lattice constant is larger than that of A. Strain has profound effects on
the electronic band structure, including the tendency of the bandgap to shrink with tensile
strain, and to expand with compressive strain. If band structure extrema shift at different
rates with respect to strain, an indirect bandgap material can become direct, or vice-versa if
strain is large enough. Strain effects will be discussed in more detail in coming sections, as

the theoretical framework is presented.

(a) ©B (b) ()
CB

CB Type-III

Type-11

Type-I

VB VB VB

Figure 1.1 (a) Type-I, (b) type-II, and (c) type-III band alignments. Bandgaps in the well
(barriers) are indicated by red (blue) areas. Vertical axis is energy and horizontal axis is
position (parallel to growth direction). The heterostructures are symmetric in all cases.

If a DC electric field F = Fle, is applied to the heterostructure towards the growth direction
z, the piecewise-constant band alignments as in Fig. 1.1 acquire a slope equal to eF,, where e
is the elementary charge. This field influences the behavior of charge carriers in multiple ways.
First, the field pushes positive carriers (holes) towards the surface of the heterostructure and
negative carriers (electrons) towards the substrate, thereby increasing the overlap of their
wavefunction with the interfaces between the well and the adjacent barrier layers. Secondly,
the tilting of the bands removes any structure inversion symmetry that might have been
present prior to applying the field. As will be discussed at length in this work, this symmetry
breaking, or structure inversion asymmetry (SIA), has profound effects on the dynamics of
carriers in the QW. It is enabled by the inherent SOI of the host materials and is referred as
Rashba SOI [2].

1.1.2 The diamond crystal structure
The real-space and k-space lattice

Si, Ge and o-Sn (simply Sn from now on) all share the same atomic structure as diamond
in their bulk crystal form. Atomic sites in the diamond crystal structure correspond to the

lattice points of two inter-penetrating face-centered cubic (fcc) Bravais sub-lattices. This



configuration is displayed in Fig. 1.2a where atomic sites belonging to the first (second) fcc
sub-lattice are represented by black (green) spheres. The lattice constant ay of the crystal
is defined as the distance between two adjacent corners of the fcc lattice (Fig. 1.2b). Each
atom in the crystal has four nearest neighbors located v/3ag/4 apart. In this arrangement,
atoms are able to satisfy their four empty p electronic orbitals via sp® bonding with their
four nearest neighbors (Fig. 1.2b). The crystal is invariant with respect to any translation
by a lattice vector Ry, = la; + may + naz, where [, m and n are integers and where the

three primitive vectors a; o3 are

0 1 1
Qg Qo Qo
_ % _ 20 = ) 1.1
ar = |1, az= - (0], ag = |1 (1.1)
1 1 0

The set of Ry,,, defines the real-space lattice. The set of points r that are closer to a
given lattice point Ry,,, than to any other point Ry, # Ry, is called a Wigner-Seitz
cell (Fig. 1.2c¢). For the diamond crystal structure, each Wigner-Seitz cell has a volume
V =a,; - (ay x a3) = a}/4, and each cell contains two atoms (one from each fcc sub-lattice)

whose coordinates are

0 |
¢ = o], @:%1. (1.2)
0 1

A reciprocal-space lattice (or k-space lattice) is generated by the set of reciprocal lattice

vectors G such that

'GR = 1. (1.3)

Similarly to Ry, the k-space lattice is invariant with respect to any translations by Gy, =
[by + mby 4+ nbs, with [, m and n integers. The three primitive k-space vectors b; are

obtained by cyclic permutations of by = 27 (ay x ag)/V:
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Figure 1.2 Conventional unit cell of a diamond crystal structure. (a) The diamond crystal
is equivalent to two inter-penetrating fcc sub-lattices. Black (green) atomic sites belong
to the first (second) fcc sub-lattice. Alignment of the Cartesian axes with respect to the
crystal directions is also shown. (b) Covalent bonding (teal lines) of atoms with their four
nearest neighbors. Each bond is v/3ag/4 in length, where aq is the lattice constant. (c)
Real-space Wigner-Seitz cell. Primitive vectors a; o3 (dark blue) and the two atoms (red
spheres) contained within are also shown. These two atoms are the same as those marked in
red in panel (b). The three other atoms (black) belong to adjacent primitive cells.

by=—1|1]/, by = — [-1], by=—|1]. (1.4)

The k-space Wigner-Seitz cell centered on G = 0 is called the first Brillouin zone (FBZ).
The point lying at the center of the FBZ (k = Gggg = 0) is called the I" point. Other notable
high symmetry points lying on the edge of the FBZ are the so-called L. and X points:

1 o[t
L= 11/, X="1o|. (1.5)
Qg Qo
1 0

The FBZ totals 8 equivalent L points and 6 equivalent X points. The path connecting I' to
L is called A while the path connecting I' to X is called A. The FBZ is displayed in Fig. 1.3

with its symmetry points, primitive vectors and reciprocal space reference frame.

The whole k-space lattice can be constructed by stacking together Wigner-Seitz cells centered
on every Gy,,. In particular, for any point k' in k-space, there is a unique k € FBZ and a
unique Gy,,,, such that k' = k + Gy,.,,.



Figure 1.3 First Brillouin zone (FBZ) of the fcc Bravais lattice. The primitive reciprocal
vectors b; o3 are shown as dark blue arrows, while —b; 23 are shown as light blue arrows.
The reciprocal space coordinate system k,, . is shown as black arrows. Spheres represent
high symmetry points of the FBZ: I' (red), 8 x L (green) and 6 x X (black). The A path
connecting I' to L is shown by the green line. Any point within the FBZ is closer to the I'
point than to any other point Gy, # 0.

Symmetry of the diamond structure

The space group of the diamond crystal structure is F'd3m, or Of. This crystal structure is
known to be nonsymmorphic, meaning that the subset of symmetry operations on the crystal
that are not pure translations contain glide planes or screw axes [3]. In diamond, there are
three glide planes, each one containing a translation by v/3a¢/4 along the diagonal of the
unit cell. However, the factor group GG over the translation subgroup of a diamond lattice is
isomorphic to the point group Oy, the set of operations that leave a cube invariant. Since
G ~ Oy, we will simply refer to G as Oy, in the following. A wealth of information regarding
the energy level structure of an electron in the crystal can be deduced only from symmetry

considerations, as we show below.

Ignoring spin for now, the Hamiltonian H of a single electron in the crystal must remain
invariant with respect to any operation of the group Oj. If Tk is an operator associated
with an operation R € Oy, then the Hamiltonian must commute with Tx: [Tg, H] = 0 for
every R € Oy. In particular, if |p) is an eigenstate of H with associated energy F, then
Tr|p) is also an eigenstate of H with the same energy: HTg|p) = TrH |p) = ETg|p).
If the energy E is [-fold degenerate (I = 1,2,...), then the set of eigenstates {|p;)} lying
in that degenerate subspace provides a basis for an [-dimensional irreducible representation
(irrep) of Oy. Since Oy, has 48 elements categorized into 10 classes, the group has a total of
10 irreps labeled (according to Reference [4]) {Ff}j

) with FfZ being one-dimensional, I's
being two-dimensional and Ffﬁg, being three-dimensional. Superscripts + indicate the parity



with respect to inversion.

In group IV crystals, each atom forms 4 hybridized sp* orbitals with four nearest neighbors,
where each orbital accommodates at most 2 electrons. An 8-dimensional representation
I'®) of O, can be constructed by keeping track of the position of the 2 (red) atoms within
the primitive cell (Fig. 1.2c) plus their three other nearest neighbors (totaling 8 atoms)
upon application of each element of 0. With the fixed point located halfway between the
two red atoms, the character of each group element is obtained by identifying the number
of atoms that remain invariant by the transformation. For example, upon performing an
element in class 8C'5, corresponding to the 3-fold rotations along the axis connecting two
nearest neighbors (the two red atoms for instance), only these two atoms remain invariant,
thus giving y(8C3) = 2. The classes 6Cy, 6C%, i, 8Ss, and 30y, involve a glide, hence their
characters are zero. The four other classes have characters x(E) = 8, x(3C2) = 0, x(65;) =0

and x(60q) = 4. This representation decomposes into:

r'® =rferter, ory. (1.6)

From this, the low-energy spectrum of the electron at the I' point is expected to transform
according to one of the four irreps in (1.6). For instance, in Si and Ge, the lowest energy at the
I" point transforms according to I'7, while the second lowest (at the edge of the valence band)
transforms according to I's (3-fold degenerate). In Si, the next level (above the bandgap)

transforms according to I'y, while in Ge it transforms according to I'; .

If electron spin is taken in account, a rotation of 27 along any fixed axis introduces a m-phase
to the spinor. The crystal symmetry is therefore expanded to the Oy double group, where a
full rotation corresponds to 47. This introduces 6 new irreps, namely {Ff}jZG with ng7 being
2-dimensional and ' being 4-dimensional. A representation including spin for an electron
transforming according to one of the four irreps in (1.6) is obtained from a direct product
with the 2-dimensional representation DIF/Q of the full rotation group. These decompose like

SO:

Fir ® D;r/z = Féra ( )
Iy ® Dy, =T7 @Ty, (1.7b)
r; ® Dj/Q =T, (1.7¢)
Iy ® Dy, =T &T%. (1.7d)



Hence, with spin effects included in the Hamiltonian (e.g. spin-orbit coupling), low-energy
eigenstates of H at the I" point are either doubly degenerate (Fécj) or 4-fold degenerate (I's).
In particular, the otherwise 6-fold degenerate valence band edge (I'f ® D;F/Q) splits into one
4-fold degenerate level I'y and one 2-fold degenerate level T'F (the so-called split-off band).
The former is compatible with the 4-dimensional irrep D§L/2 of the full rotation group (j = 3/2

matrices), while the latter is compatible with Dfm (7 = 1/2 matrices).

Away from k = 0 the crystal symmetry is reduced to a subgroup of Oy. For instance,
along A, the crystal symmetry becomes Cy,, for which the double group has no irreps of
dimension higher than 2. The 4-fold degeneracy decomposes to I'y = I'¢ @ I'; where I's 7 are
2-dimensional irreps of the Cy, double group. I'y therefore splits away from the I" point into
a pair of 2-fold bands called heavy-holes (HH, m; = £3/2) and light-holes (LH, m; = £1/2).

1.1.3 Quantum bits and spin-orbit coupling

A quantum bit, or qubit, is the quantum counterpart of classical bits. In contrast to classical
bits, which can either be in a state of value 0 or 1, a qubit will in general find itself in a

quantum superposition between the O state and the 1 state:

[9) = co]0) +c1]1). (1.8)

A qubit is always normalized, meaning that for any qubit 1) given by (1.8), the superposition
coefficients satisfy |co|? +|c1|* = 1. A qubit is realized by any two-level quantum system that
is sufficiently well isolated from its environment, such that the qubit dynamics involves only
the states |0) and |1). If Ep and E; are the energies associated with |0) and |1) respectively,
and hw = E; — Eg > 0 is the qubit energy, any excited level |e) at energy F, should be
far from both |0) and |1). In particular, excited levels should not come by Aw-energy steps
(as in a harmonic oscillator), since this would suppress the qubit addressability. Two-level
systems are fortunately abundant in physics. Among the simplest are the spin 1/2 of an
electron or the polarization of a photon. More complex systems also provide useful platforms
to implement two-level systems, such as gate-defined semiconductor spin qubits, which are
the focus of this thesis. Other implementations also include trapped ion qubits, color center

qubits or superconducting qubits.

Once a qubit is defined (E; # Ep), its total energy is given by the Hamiltonian

H, = Bx 1) (1] (1.9a)



= hweis_, (1.9b)

where Fg = 0 without loss of generality and where the operators ¢, are given by

s = (1) (0], < =10) (1], (1.10)

with anti-commutation relations {¢1,¢+} = 1 and {¢y,cx} = 0. Driving the qubit is
performed by applying an oscillating perturbation W that is off-diagonal with respect to
{|1),]0)}. If the driving is performed at frequency w’, the perturbation Hamiltonian is

W = hx (e’i"’/tg + ei‘”/tg,) : (1.11)

where 2 = 2 [(1| W |0)| /h. Solving the time-dependent Schrodinger equation for (1.8), as-
suming w’ = w, and switching to the rotating frame via the substitution ¢; = e“!cy, we find

the following differential equations for co(t) and ¢ ():

o) = —igco(t), ic(,(t) - —i;)al(t). (1.12)

For a qubit initially in state |0), (1.12) solves into

¢1(t) = —isin (?) , co(t) = cos (?) , (1.13)

indicating that the driving induces oscillations in the probabilities Po(t) = |co* = (1 —
cosQt) and Pi(t) = |1 = (1 + cosQt) with (Rabi) frequency Q. The Rabi frequency
increases if the driving frequency w’ # w, but at the cost of smaller probability oscillation

amplitudes.

A spin qubit maps the 0 and 1 states directly to a particle’s spin 1/2 projections |—) and |+)
along a given axis, usually specified by a static magnetic field B. Setting this field along the z

axis without loss of generality, the two-level system is described by the Zeeman Hamiltonian

H,=gupBo.o_, (1.14)
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where ¢ is the particle’s g factor and o4 are Pauli raising and lowering operators. Driving
the qubit requires a magnetic field B that oscillates in the z-y plane. The Hamiltonian of

this perturbation is given by

B
W = gu; (0, coswt + o, sinwt) (1.15)
B, .
= QMQB (e_Wt0+ + e“”ta_) , (1.16)

from which we easily identify w = gupB/h and Q = gupB/h. Resonant driving of a qubit

by means of an oscillating magnetic field is referred as electron spin resonance (ESR).

In semiconductor heterostructures, spin-orbit coupling can be leveraged such that the two-
level system consists of the particle’s spin-1/2 projections entangled with orbital degrees of
freedom. In this situation, a static B-field is still required to define the two-level system, but
driving can surprisingly be performed only with oscillating electric fields. This process must
involve some intermediate orbital state as the electric field cannot directly couple to the spin

degree of freedom. To demonstrate this, let the two-level system be defined by

‘O> = |_>‘070>+50’+> ‘170>a (1-173)

and with a Hamiltonian given by

H, = gugBgs;s_. (1.18)

The small parameters So and (51 (53,1 ~ () arise from spin-orbit coupling and are such that
fo = [y if the static B field is removed. The kets |n1,ny) are orbital eigenstates and are

acted upon with ladder operators a; and a, as in the usual harmonic oscillator:

r—1y ilk_ x4y ilky
- i = — 1.19
where [ is a characteristic length of the device and ki = k, + ik, with k,, the particle’s

wavevector components. Writing x and y in terms of the a;’s:
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l il
x:§<a1+ai+a2+a$), y:§<a1_a1_a2+a£)a (1.20)

the perturbation Hamiltonian associated with the oscillating electric field F is

W = eF (x coswt — ysinwt) (1.21a)
Fl :
= % (al + a£> e "+ He. (1.21b)

Projecting W onto {|1),]0)} gives a perturbation Hamiltonian with a structure similar to
that of (1.11):

W = €2Fl(60 — 1) (e_i“’t@r + emg_) , (1.22)

with the qubit energy and Rabi frequency easily identified as w = gugB and Q = eFl (6o —
f1)/h respectively. Electrical driving of a spin qubit as in the last example is referred as
electric-dipole spin resonance (EDSR). EDSR on semiconducting spin qubits is enabled no-
tably by engineering the Rashba spin-orbit coupling arising from the spatial inversion asym-
metry of the heterostructure. There are three types of Rashba spin-orbit couplings, one of
which is linear in momentum (~ k_) and two of which are cubic in momentum (~ &% and
~ k_k,k_). Since EDSR relies on electrical dipolar interaction, orbital degrees of freedom
that are entangled with the spin degree of freedom must not differ by more than one quan-
tum of energy, as in (1.17). Rashba spin-orbit coupling terms that contribute to EDSR must
therefore change |ny,n2) by only one quantum, which is the case for the two Rashba terms
~k_and ~k_kik_.

1.2 Motivation

Quantum technologies exploit the quantum properties of nature to perform an operation or
a task. Among these technologies, quantum computing has been a very active research field
in the last few decades since it was proven that quantum algorithms could solve certain prob-
lems much faster than any classical algorithm [5,6]. A significant scientific and engineering
challenge is the physical implementation of qubits that can be manipulated and entangled

efficiently with low relaxation and dephasing rates. Electron spins in semiconductor quan-
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tum dots attracted a lot of attention after Daniel Loss and David P. DiVincenzo revealed
their potential as qubits [7]. This implementation brings many advantages: first, solid-state
physics and semiconductor processing have been at the heart of information technologies
for multiple decades. This knowledge can be recycled and applied to solid-state quantum
computing. Secondly, arrays of interconnected quantum dots enable large scale multi-qubit
quantum systems (> 10° physical qubits) capable of solving practical quantum algorithms [§].
Quantum dots are also convenient to implement two-qubit operations, since tunnel coupling
between neighboring dots can be precisely engineered [9-12]. Thirdly, the vast amount of
semiconductor elements and their alloys, combined with lattice engineering from epitaxy can

be leveraged to create extremely diversified quantum systems.

In the past few years, research in this field was mostly oriented towards devices based on
group III-V materials, notably GaAs and InAs [13]. While III-V qubits are notoriously
fast [14,15], thanks to their inherently large spin-orbit interaction, an important issue is the
interaction of the electron spin with the surrounding nuclear spin bath. This increases the
decoherence rate of the qubit through hyperfine interaction and is only partially alleviated by
means of decoupling schemes [16]. Since the late 2000’s and early 2010’s, a whole new axis
of research has sparkled with the experimental demonstration of group IV semiconductor
qubits [17,18]. In contrast to III-V’s, group IV elements have nuclear spin-free isotopes.
Isotopically enriched nuclear spin-free, nuclear spin-full depleted materials such as 2*Si or
Ge therefore eliminate this decoherence channel. Following that approach, electron spins
in Si quantum dots have reached coherence times 7, = 28 ms and dephasing times 7T =
120 us [19]. However, one drawback of Si-based qubits is the inherently small spin-orbit
coupling, which typically requires the fabrication of on-chip magnetic field striplines for
qubit manipulation, hindering scaling-up efforts. Recently, there has been a surge of interest
towards hole spin-based qubit devices. Holes have many advantages over electrons: the p-
type symmetry of their wavefunction reduces hyperfine interactions with the nuclear spin
bath [20]. Holes are also more affected by spin-orbit interaction than electrons, enabling
all-electrical qubit manipulation schemes such as electric dipole spin resonance (EDSR) and
g-tensor modulation resonance (g-TMR). Moreover, holes occupy a single valley (the I" point
valley) which eliminates the complications related to valley splitting. To this end, a shift
towards hole spins in Ge has occurred in the past few years, with the first devices already
demonstrated in Si;_,Ge,/Ge/Si;_,Ge, QWs in the late 2010’s [21]. This system has all the
advantages listed before, plus a few more from the intrinsic properties of Ge: it has a higher
intrinsic SOI than Si, it is compatible with Si processing, and it has the highest hole mobility

of all standard semiconductors [22,23].

The coherent growth of Ge onto strain-relaxed Si;_,Ge, barriers results in compressive epi-



13

taxial strain in the Ge layer. HHs being typically heavier than LHs towards the growth
direction, combined with the effects of strain on the band structure, the ground state in
state-of-the-art Ge qubits are HHs. Besides the aforementioned qualities pertaining to holes
in Ge, HHs also come with a few drawbacks. First, a sizable Zeeman splitting requires large
magnetic fields due to the near-zero in-plane g-factor. HHs also have a negligible linear
Rashba SOC and their largest cubic Rashba contribution does not participate in EDSR. In-
stead, their smaller cubic Rashba parameter that contributes to EDSR is highly dependent
on the device geometry through the LH admixture within the HH ground state. Given that
LH-HH mixing improves the driving efficiency and increases the in-plane g-factor of HH spin
qubits, LH ground states could potentially be promising candidates for spin qubits. Indeed,
their g-factor remains finite for in-plane magnetic fields. Secondly, they have a large linear
Rashba interaction and their largest contribution to cubic Rashba SOC is compatible with
EDSR [24]. Thirdly, the small LH component arising from LH-HH mixing is indispensable in
devices relying on proximity induced superconductivity [25]. Therefore, a mostly LH system
with a small HH component could potentially be more efficient in such devices. Lastly, LHs
are key ingredients for transferring the polarization state of a photon to the spin state of a
solid-state qubit [26,27].

Pushing a LH to the ground state is challenging since the amount of tensile strain required to
change the ordering between LHs and HHs must overcome the large out-of-plane mass of HHs.
There are only a few material combinations that (a) have a substantial lattice mismatch to
induce the required tensile strain in the QW layer and (b) have a compatible band alignment
with LH confinement. A candidate material system is Ge with GaAs/InGaAs barriers [28].
However, mixing group III-V and group IV elements can result in low quality interfaces,
and is difficult to integrate with Si processing. Another group IV-only option is to grow
a Si;_,Ge, QW on a stack of multiple Si;_,Ge, barriers with different compositions [29].
This approach is superior in terms of Si compatibility but implements the qubit in Si;_,Ge,,
which could lead to smaller SOI, and smaller mobilities due to alloy scattering [30]. Finally,
a LH ground state in Ge can be realized by introducing Sn into the barriers. Since the lattice
constant of Sn is larger than that of Ge, sufficient Sn content and strain relaxation in the
barriers will introduce a large amount of tensile strain in Ge, leading to LH confinement in
Ge [31,32]. One potential advantage of this material system is its direct bandgap across the
QW and barrier stack, where directness in the barriers is provided by the incorporation of
Sn and that in the well by large tensile strain (roughly +1.68% tensile strain or more, see
Chapter 5).

In light of the previous discussion, it is of great interest to investigate the spin properties

of LHs in group IV low-dimensional systems, which have been left aside in favor of HHs
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in literature. Although they share the same total angular momentum j = 3/2, LH spins
behave quite differently than HH spins as will be shown in this thesis. In addition, the
novel Ge;_,Sn,-based system involves mixed type-I and type-II band alignments that are
not well documented. Effective models that have been derived for HH spins must therefore

be carefully revisited for LH systems, which is the central subject of this thesis.

1.3 Research objectives

To address the scientific questions raised in Section 1.2, this thesis is constructed around the

following main objectives:

o Develop a strain resolved k- p theory framework to investigate light hole spin properties

in group-IV semiconductor nanostructures;

e Benchmark the % - p theory, as well as the material parametrization of group-IV semi-

conductors;

o Elucidate the interplay of strain, strain relaxation, and material concentration on the

nature of light hole confinement;

» Investigate the dynamics of light holes as well as their spin-orbit coupling properties in

Ge low dimensional systems;

e Introduce a light hole qubit design and investigate its properties.

1.4 Thesis outline

The next Chapter of this dissertation is a review of the current knowledge on the physics
of electron and holes in semiconductor low-dimensional systems. We emphasize the impor-
tance of SOC on the behavior of charge carriers, before discussing the implications of the
hyperfine coupling on spin dynamics, as well as opportunities towards photon-to-spin hybrid
devices brought by semiconductor nanostructures. The review also covers the progress that
has been made so far regarding the development of spin qubit devices in group-IV semi-
conductor heterostructures. The chapter then concludes with a review of state-of-the-art
modeling techniques of electron and holes in heterostructures using k - p theory. Chapter
3 is devoted to a thorough description of the k- p model that was developed to accurately
describe LH spin dynamics in heterostructures. The amount of details included should be
sufficient for anyone with reasonable background in solid-state physics to reproduce the re-

sults of the remaining chapters. Chapter 4 consists of the benchmark of the theoretical
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framework applied to the experimental observation of vanishing Zeeman energies in Ge two-
dimensional hole gases [33]. Chapter 5 introduces a group-IV platform based on Ge;_,Sn,
heterostructures that are promising candidates for realizing a LH ground state in tensile
strained Ge [34]. Conditions on the materials, strain and sizes of the layers for the appear-
ance of a LH ground state are laid out. This is followed by an exploration of the LH ground
state properties for a wide range of heterostructure parameters, such as residual strain, Sn
content in the barrier layers and QW thickness. Chapter 6 focuses on one particular point in
the parameter space that was explored in Chapter 5 and describes the dynamics of LH qubits
in Ge;_,Sn,/Ge/Ge;_,Sn, gate defined quantum dots [24]. Finally, Chapter 7 introduces a
tensile strained Ge Metal-Oxide-Semiconductor (MOS) QW. We show that this configuration
can still host a LH ground state, but allows a much greater control on the SOC strength,
with “cold” and “hot” spots appearing for certain QW geometries. This chapter also covers
the effects of tilted magnetic fields and elongation of the quantum dot on the dynamics of
LH spins. Following the conclusion in Chapter 8, a few appendices can be found, which offer

complementary information on the theoretical framework of Chapter 3.
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CHAPTER 2 LITERATURE REVIEW

2.1 Holes in group-IV semiconductors

2.1.1 Spin-orbit coupling-enabled phenomena

Spin-orbit coupling (SOC) is a relativistic effect induced by the perceived motion of the
crystal ion lattice relative to a moving electron. The spin-orbit Hamiltonian for such an

electron is derived from Dirac’s equation, and reads [35]:

h
HSO = —WPGX f(I')7 (21)
where f(r) = —[V(r), p]/(ih) is the Lorentz force on the electron from the crystal’s periodic

potential V' (r). SOC is particularly stronger for p-like valence band holes compared to s-
like conduction band electrons. In the former case, SOC lifts the degeneracy of the 3-fold
degenerate | = 1 levels (6-fold including spin) into the 4-fold degenerate j = 3/2 group of HHs
and LHs, and into the j = 1/2 group of SO holes. The energy difference between the j = 3/2
and the 7 = 1/2 groups is called the spin-orbit gap Ag. SOC has profound effects on the
energy spectrum of holes in semiconductor heterostructures. For instance, by engineering the
band offsets between adjacent materials and/or by applying a DC out-of-plane gate electric
field, the inversion symmetry of the heterostructure may be broken, resulting in a B = 0
spin splitting called the Rashba effect [2]. For s-like conduction electrons, the Rashba effect

is modelled to lowest order in momentum k by the Hamiltonian [36]

HY=0ok xF-o (2.2a)
k_
— oF, ko O] ; (2:2b)
+

where F is the external electric field, o is the vector of Pauli matrices o, k+ = k, £ ik,,
and where the second line corresponds to F = F,e,. It is evident from (2.2a) that the spin
splitting is linear in the field F, and linear in momentum k. It should be noted however that
(2.2a) is even with time-reversal. In fact, one can show that the Rashba Hamiltonian (2.2a)

does not break the Kramers degeneracy
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Ey(ky) = E-(=ky), (2.3)

where E are the eigenvalues of (2.2a) and k| = ke, + kye,. A similar Hamiltonian can be
derived for the 7 = 3/2 holes at the edge of the valence band [36]. This gives

HY =akxF -J+akxF-J (2.4a)
0 v3k_/2 0 0 0 7V3k_/8 0 3k /4
0 k_ 0 0 5k_/2 0
— o F, + o, / , (24b)
0 3k_/2 0  7vV3k_/8
T 0 T 0

where J is the vector of (unit-less) spin 3/2 matrices ([Jo, Jg| = i€apydy), T = Tu€s+Ty€y+
J.e, is the vector of J;, = Jf’ matrices, and s is usually much smaller than a4, since the
former arises only from couplings with higher conduction bands. Ignoring for now the as
term, a comparison between the LH subspace in (2.4a) with (2.2a) indicates that the Rashba
splitting for LHs is quite similar to that of electrons. Moreover, it is also clear that no linear-
in-k spin splitting occurs for HHs, at least not in this simple 4-band model. Rashba spin
splitting for HHs either require the oy parameter or arises from expanding invariants beyond
linear-in-k terms. In fact, the next contributing terms for HHs are cubic in k, and come in

two varieties, illustrated by the following Rashba Hamiltonian for HHs up to &* terms [1]:

HY = (iByky — iBak?® +iBsk k k) oy + Hee. (2.5)

Here the f3; coefficients are the Rashba parameters, with 8; = 3asF, /4 being the linear term

from (2.4a), and P, 3 corresponding to the two aforementioned varieties of cubic-in-momentum
Rashba SOI.

Rashba spin physics in solid state systems has been an active area of research in the last
few decades. New phenomena have emerged from Rashba physics such as spin interferome-
ters [37,38], the spin Hall effect [39-41] and the quantum spin Hall effect [42,43]. The cubic
Rashba SOI in quasi 2D hole system was investigated in InGaAs [44] and GaAs [45] QW
heterostructures. However, the presence of cubic-in-k Dresselhaus SOI arising from the bulk
inversion asymmetry of III-V semiconductors makes it more challenging to differentiate it
from Rashba SOI. In contrast, the simplicity of the band structure and lack of Dresselhaus

SOI in group IV semiconductors such as Ge make them ideal environments to investigate
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cubic-in-k Rashba SOI [46]. In qubit devices, the cubic Rashba interaction is an essential
ingredient for electric dipole spin resonance (EDSR). The inherently large SOI of Ge has
therefore made it a material of choice to implement electrically driven hole spin qubits [47].
It should be noted that, despite successful attempts to make EDSR-driven heavy hole spin
qubits in Ge [48], the relevant term in (2.5) that contributes to driving, /3, is much smaller
than f5 for heavy holes. It is still an open question whether EDSR has other contributions
aside from the 3 term in experiments. There have been suggestions that linear-in-k Rashba
terms arising from inhomogeneous strain fields can increase Rabi-frequencies by one order of
magnitude [49, 50].

Similarly to Rashba SOI, the crystal lattice also influences the g-factor of charge carriers. For
an electron in free space submerged in a uniform and constant magnetic field B, the g-factor
is the proportionality factor between the strength of the field B = v/B - B and the energy
difference between its two spin eigenstates due to the Zeeman effect. This is described by a
Hamiltonian similar to that of the Rashba effect (2.2a), but with k replaced by the mechanical
wavenumber K = k + eA/h where A is the vector potential and with the electric field F
being replaced by iK [36]:

10 o

H? = ; KxK-o (2.6a)
1
= §QONBB - 0, (2'6b)

where ag = h%/(2myg), pus = eh/(2mg) is the Bohr magneton and where the B field arises
from the non-commutativity of the K’s: K x K = eB/(ih). Conduction band electrons in
semiconductors have a similar Zeeman Hamiltonian but with gy being replaced by an effective
g-factor, simply labeled ¢ in this thesis, that is material-dependent. The same connection to
Rashba SOI also exists for the 4-fold HH and LH subspace:

H? = 2kpupB - J +2qupB - J. (2.7)

Here, the k parameter is the hole effective g-factor and ¢ is the so-called cubic-in-J correction
to the g-factor. As with g, both parameters are material dependent. In parallel with the
ay parameter in (2.4a), ¢ is likewise much smaller than & [51]. It is straightforward to show
that the Hamiltonian (2.7) gives anisotropic Zeeman splitting with respect to the field’s
orientation. For instance, the HH and LH g-factor for out-of-plane fields are 6x + 27¢/2 and
2k + q/2 respectively, while for in-plane fields they are 3¢ and 4k + 10g respectively. This
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agrees with magneto-transport experiments realized in 2D HH gases in Ge [52]. In contrast,
as illustrated by (2.6), the g-factor of conduction band electrons is independent of the field

orientation [53].

In addition to being material-dependent, modifications to the g-factor can emerge from con-
finement effects, coupling to the SO band, as well as wavefunction spread into adjacent
layers [33, 54, 55]. In nanowire devices, strong spin-orbit coupling, confinement and or-
bital effects from the applied magnetic field were shown to strongly renormalize the hole
g-factor [56]. Site-dependent and anisotropic g-factors were also reported in Ge hut wire
singlet-triplet qubit devices [57]. Moreover, hole density-dependent g-factors are indication
of the non-parabolicity of the hole band structure [58]. Confinement effects and anisotropies
of the conduction band electron g-tensor were also reported in Ge QWs [59]. Moreover, non-
vanishing off-diagonal g-tensor components were reported in group III-V QW devices grown
along low-symmetry crystallographic orientations [60]. Lastly, giant g-factors in large SOC
systems offer ideal platforms for topological-qubit-based quantum computing [61]. It is an
understatement to say that g-factor engineering plays a central role in the realization of qubit

devices and spintronics in general.

2.1.2 Isotopic purification and hyperfine interaction

The spin of a charge carrier in a crystal (nano)structure interacts with the surrounding nuclear
spins through hyperfine interaction. An electron spin interacts with a nearby nucleus through
three mechanisms [62]: (a) the Fermi contact hyperfine interaction, (b) the (anisotropic)
dipole-dipole interaction and (c) the coupling of the electron orbital angular momentum to
the nuclear spin. For s-like particles such as conduction band electrons, the orbital angular
momentum contribution can be neglected as a good approximation [63,64], resulting in the
isotropic Fermi contact interaction dominating. On the other hand, due to the p-symmetry
of holes, the Fermi contact hyperfine interaction is weaker [20]. However, since holes have
[ # 0, the orbital angular momentum contribution term has a significant contribution to the
total hyperfine coupling [65]. Hyperfine coupling parameters A calculated for electrons and
HHs in Si with neighboring ?Si isotopes illustrate the anisotropy of the hyperfine interaction
for holes: A = —2.4 peV for electrons, and Ay = —2.5ueV, A, = —0.01 peV for HHs [65].
In particular, A, being very small indicates a mostly Ising-like interaction to the nuclear
spin bath. A similar calculation for HHs in Ge is likely to give qualitatively similar results,
thanks to the similar crystal structure. On the other hand, dynamics of LH spins show a
qualitatively different behavior compared to HHs [20]. For instance, it was shown that LH

spins aligned with the z axis and with a magnetic field B || e, will decay and experience
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oscillations over time, in contrast to HHs that remain in a steady state. Moreover, a HH-LH
mixed spin hyperfine interaction is more isotropic than that of pure HH spins. The hyperfine
interaction for holes in Si and Ge quantum dots was also shown to be sensitive to the device

geometry and tunable with external electric fields [66].

Group IV semiconductors Si, Ge and Sn all have stable isotopes with zero and non-zero
nuclear spins. Si has three stable isotopes: 2*Si and *°Si with zero spin and 2Si with spin
1/2 and natural abundance of 4.68%. Ge has five stable isotopes, four of which have zero
nuclear spin: "°Ge, "?Ge, “Ge, "®Ge, and only ™Ge with nuclear spin 9/2 and natural
abundance 7.73%. Sn has 10 stable isotopes, 3 of which have spin 1/2 nuclei and 7 without
spin that amount to 83.4% of the natural abundance. As will be discussed below, Si-purified
qubit devices have already been realized on multiple occasions. On the other hand, Ge-
purified qubit devices are yet to be demonstrated, but are likely to occur in the near future,
since purified °Ge QWs have already been realized [67].

2.1.3 Photon-to-spin interfaces

As quantum networks grow larger in size, transferring a qubit state to another qubit over
large distances will become a necessity. Despite solid-state qubits being a good choice for
quantum state storage, they are not ideal for long-range information transfer that would be
required, for instance, in long-range entanglement or quantum key distribution. Converting
the solid-state qubit to a more suitable implementation for long-range communication and

vice-versa needs to be addressed.

One useful qubit implementation for long-range information transfer is the polarization degree
of freedom of photons. The solid-state to-be-encoded qubit would act as a photodetector in
the process of transferring the polarization state of the photon to that of the electron or
hole. The mechanisms involved in this conversion depend on whether the solid-state qubit
is encoded in the spin of an electron, of a HH or of a LH. Previous proposals have already
investigated various options [26]. An important aspect is that the conversion from the photon
to the spin involves both holes and electrons, and maximal coherence in the solid-state qubit
should involve separable hole and electron spin components. For this, the two spin projections
of the electron should be accessible from only one spin component of the hole, or vice-versa.
To this end, the authors in Reference [26] suggested to leverage the p-like character and
m; = 1/2 characteristic of LHs, in addition to their large out-of-plane and in-plane g-tensor
components. The main challenge is of course to engineer the required amount of tensile strain
in the active layer to push LHs to the ground state, for which the authors in Reference [26]

suggested combining Si with III-V semiconductors. Another recent work also suggested to
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encode the qubit in the spin polarization of a HH subject to in-plane B-fields, leveraging

their vanishingly small g-factor in such configuration [27].

2.2 Spin qubit devices in group-IV semiconductor heterostructures

2.2.1 Si/Si;_,Ge, and Si-MOS spin-qubit devices

The first reported implementations of a Loss-DiVincenzo qubit [7] in group IV planar het-
erostructures were performed with electron spins in a Si/Si;_,Ge, QW in 2009 [17] and in a
Si-MOS device in 2010 [18]. In the former, a type-II QW band alignment confines electrons of
the band minima located along A near the X point of the FBZ in the tensile strained Si layer.
In these devices, epitaxial strain is an essential ingredient to partially lift the degeneracy of
the 6 equivalent A valleys into a 4-fold group of higher energy and a 2-fold group of lower
energy, hosting the qubit. However, the proximity of these 2 valleys brings complex inter-
valley spin dynamics [68], and introduces a decoherence channel for qubits [69-72]. Multiple
approaches have been employed to increase the valley splitting energy, such as tuning the
gate field potentials [73-75], introducing a Ge concentration peak at the interfaces [76] or
within the Si well [77]. Another promising approach is to introduce an oscillating concen-
tration of Ge inside the Si well [78]. On the other hand, small intrinsic SOC in Si combined
with the absence of Dresselhaus SOI leads to longer coherence times compared to group III-
V devices [17]. Suppressing hyperfine interactions by eliminating nuclear spin-full isotopes
from the Si QW has also been realized for qubit devices [11,70,79-92] and for multi-qubit

devices [93-95], enhancing coherence times.

In Si-MOS devices, A-valley electrons are confined by a triangular potential at the interface
between Si and an oxide, usually SiOy. Despite Dresselhaus SOI being absent in bulk Si,
carriers confined near an interface are subject to a Dresselhaus term [96-98]. The sign of
the Dresselhaus-like scale parameter changes with monoatomic shifts of the interface, while
the usual Rashba SOI parameter remains unchanged [99]. Cooperation of the two SOI types
can lead to valley-state dependent g-factors [100] as well as g-factor renormalization [98].
In addition, SOI-driven Stark shifts of the g-factor [19] contributes to dephasing, but can
be mitigated by tilting the magnetic field towards a magic angle such that the Rashba and
Dresselhaus SOI enter destructive interference [101]. Improvements to coherence times can
also be realized by means of isotopic purification of Si, which has already been made in a
number of experiments [19,100-113], in some cases leading to very long spin lifetimes of
~ 1s [103,109].

Despite the rich SOI effects, Si is still a semiconductor with weak SOI, with a spin-orbit
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gap g of only 44 meV. Consequently, driving the qubit usually requires oscillating magnetic
fields generated from on-chip ESR microwave transmission lines [102]. In more recent devices,
EDSR is enabled by applying gradient magnetic fields to boost the otherwise small SOI of

Si [11,87,88] or even without micromagnets, relying solely on electric field gradients [114].

2.2.2 Ge/Si;_,Ge, spin-qubit devices

Siy_.Ge, /Ge/Si;_,Ge, QW heterostructures provide a type-I band alignment, thus confining
electrons, HHs and LHs into the Ge layer. The epitaxial growth of Ge on lattice mismatched
Siy_,Ge, barriers leads to compressive strain in Ge, typically around —0.6% for z = 0.8 Ge
content [22,115], ensuring a HH ground state in Ge. Despite holes suffering from typically
shorter coherence times compared to electron spin qubits in Si, hole qubits in Ge typically
have shorter gate times [116]. Moreover, many complications of Si-based electron qubits
including valley states are not an issue in hole systems. Ge is also a higher SOI semicon-
ductor, with a split-off gap Ay more than 6.5 times that of Si. The p-symmetry of the hole
wavefunction provides additional leverage of SOI, thus enabling fast all-electrical control of
the qubit without the need of additional ESR striplines [21]. Moreover, the very large mo-
bility of holes in Ge [115] inherited from small effective masses alleviates size constraints
of gate patterns, allowing larger quantum dot designs and therefore simplifying the fabrica-
tion process [48]. So far, significant progress has been made towards enhancing the qubit
relaxation times [117], achieving single-hole occupation regimes [48], realizing multi-qubit
arrays [21,48,118-124], quantum simulators [125] and quantum processors [12,126]. The
anisotropic nature of hole spins was also investigated in a two-qubit system [127], revealing
that strong g-factor anisotropies make the qubit sensitive to electric field fluctuations, induc-
ing charge-noise-mediated decoherence. Hyperfine coupling with nearby *Ge atoms was also
found to be highly anisotropic and to be detrimental for the qubit coherence. Isotopically

enriched ™Ge quantum wells would mitigate this decoherence channel [67].

2.3 k-p modelling of energy bands in cubic semiconductors

k - p theory is a pseudo-empirical approach to evaluating the band structure of semiconduc-
tors. It is a Schrodinger-like eigenvalue problem based on the Bloch solutions of electrons
in periodic potentials. One major advantage of k - p theory is its ability to produce very
accurate band structures with only a small set of material parameters, while requiring few
computational resources. Moreover, k - p theory can be adapted for heterostructures, where
band-edge offsets between adjacent materials lead to discrete energy spectra. This theory is

still widely used to this day in many areas of solid-state physics. In optoelectronics for in-
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stance, it provides invaluable information on epitaxial strain and material composition effects
on band edge energies, and therefore on absorption or on emission wavelengths [128, 129].
k - p theory can also provide information on discrete energy level spacings [130-132], non-
parabolicity effects [133], symmetry breaking effects [134, 135], and more, all of which are

relevant in many technological applications.

k-p theory was originally introduced in 1950 by W. Shockley as a means of evaluating energy
surfaces in cubic semiconductors with as few material parameters as possible [136]. His work
was driven by strong evidence of the non-parabolicity of hole and electron energy surfaces in
Ge, revealed by magneto-transport experiments [137]. In the following years, J. M. Luttinger
and W. Kohn pioneered the so-called theory of invariants to expand k - p theory where band
minima are not necessarily at k = 0, and to include effects from impurity states in cubic
semiconductors [138,139]. These works layed the groundwork for the now extensively used
Luttinger-Kohn (LK) and Kane & - p Hamiltonians, where the latter incorporated the lowest
conduction band to the theory to accurately describe the absorption spectra of small bandgap
material InSb [140]. In the next decade, efforts were made in an attempt to expand k - p
theory away from band minima to cover the whole first Brillouin zone (FBZ). This gave rise
to the now extensively used 15-band (or 30-band including spin) & - p framework, which was
first demonstrated in 1966 by M. Cardona et al. for the band structure of Si and Ge [141].

The first application of k-p theory for semiconductor heterostructures, where material param-
eters are position dependent, was performed in 1975 by G. Bastard et al. who pointed out its
relevance in graded mixed semiconductors such as Cd, Hg;_,Te and Zn,Cd;_,S [142]. This
variation of k - p theory is now referred as the envelope function approximation (EFA), and
is applicable in systems where the band edge energies of the constituent semiconductors vary
slowly on the length scale of the lattice constant. However, the space-dependence of material
parameters implies non-commutativity with momentum operators, and therefore brings a
problem of proper operator ordering. Following the works of G. Bastard, many attempts to
rederive the k - p Hamiltonian from first principles were made. To this end, the works of M.
G. Burt and B. A. Foreman [143-146] have provided the widely used Burt-Foreman operator

ordering, which is also the one employed for the work described in this thesis.

A well-known problem in EFA £k - p theory involving violently oscillating envelope functions
and energy levels within the bandgap can appear if the lowest conduction bands are included
in the theory, as in the Kane model. These unphysical “solutions”, or spurious solutions,
are a consequence of a loss of ellipticity of the coupled differential equations for certain
sets of material parameters [147]. Furthermore, otherwise well-behaved sets of material

parameters might lead to non-ellipticity following the removal of remote band contributions
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when introducing more bands to the k- p matrix. In such cases, the solution proposed by B.
A. Foreman is to adjust the parameter responsible for the coupling between the CB and the
VB, the so-called Kane parameter P, such that the electron effective mass exactly vanishes
without its remote band contributions [148]. His approach also specifies the proper operator
ordering for the linear-in-momentum terms belonging to the subspace coupling the CB and
VB. An artifact to this approach, already highlighted in Reference [148], is discontinuous CB
envelope functions at abrupt interfaces. Spurious solutions encountered in the work presented
in this thesis were completely removed following the approach in Reference [148], without
additional tuning required. A first-principle derivation of the 14-band EFA k- p Hamiltonian
was also provided by T. Eififeller in [149, 150], where a symmetry-adapted finite-element
scheme was introduced to alleviate spurious solution problems. Also incorporated were the
cubic-in-J correction to the hole g-factor and an explicit derivation of the terms arising from

external magnetic fields.

The books from L. C. Lew Yan Voon [151] and R. Winkler [35] are must-reads for anyone

interested in k - p theory, its history and its applications in large spin-orbit coupling systems.
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CHAPTER 3 THEORETICAL FRAMEWORK

This chapter is devoted to laying out the notation, the physical background, and the theo-
retical framework behind a large portion of the results presented in this thesis. Sections are
mostly organised following a bottom-up approach, where more general concepts are discussed
first, before delving into more specialized subjects. Plenty of detail is provided for anyone
who wishes to refine their understanding of k - p theory, and the results derived from it.
This also helps removing ambiguities such as operator orderings, material parameter rescal-
ing, perturbation theory orders, and notably, basis phase factors. To make this Chapter as
self-consistent as possible, every equation and result following Hamiltonian (3.64) has been
rederived with proper operator orderings, giving rise to commutator and anti-commutator
terms that have been overlooked in the past, and according to the basis employed by R.
Winkler in Reference [35]. An attentive reader might notice small sign or phase differences
in a few matrix elements compared to other works, but these are insignificant and do not

change the predictions of the theory, as long as they are consistent with the basis being used.

Overall, this chapter provides an all-consistent framework derived from k-p theory to describe
SOC effects in semiconductor heterostructures for the lowest conduction band electrons, LHs,
HHs and SO holes. A notable result is that in quantum well heterostructures, charge carriers
can be organised in two groups of quantum levels, referred here as “light” (n for short) and
“heavy” (H). The latter corresponds simply to HHs, whereas the former is a superposed
state of m; = £1/2 carriers, namely CB electrons, LHs and SO holes. Consequently, all
equations pertaining to 1 levels are a generalization of those for pure electron, LH, and SO

hole systems.

We also point out the following convention employed therein: energy points “upwards” A
typical electron band minimum like — is assigned a positive curvature (positive effective
mass), whereas a typical hole band maximum like ~ has negative curvature (negative effective
mass). Also, the sign of diagonal g-tensor elements for electron and holes are such that g is
positive if £, — E_ > 0, where &£ is the projection of the particle’s pseudo-spin along the z

axis.
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3.1 Electron in a periodic lattice: the k- p theory

3.1.1 General k- p formulation

Let an electron with charge ¢ = —e and free mass my move in an infinite periodic ion lattice.

The potential V(r) felt by the electron from the surrounding positively charged nuclei is

1
v —cs — Ripa| ’

Vi =Ly

47T€0 Imn s=1

(3.1)

where c; 5 are the position of the two atomic sites contained in the primitive cell specified
by Rymn and @ is their (positive) charge. Including spin-orbit coupling (but not strain for

simplicity), the corresponding Hamiltonian is

2
D h

H=2 1ve) -2 p.oxf 2

2 + V(r) 4m(2)02p o x f(r), (3.2)

where f(r) = —[V(r),p|/(ih) is the force on the electron from the nuclei. The Schrodinger

equation for the electron reads

Hlp)=E|p). (3.3)

It is clear from (3.1) that H is invariant with respect to any translation by a lattice vector
Ry, since this corresponds only to a rearrangement of the terms in the sum (3.1). This

suggests Bloch waves eigenstates

‘90> = |90nk> = e'r ‘nk> ) (34)

where the wavevector k € FBZ and n is a band index. The functions u,(r) = (r|nk) are
periodic in r: Un(r + Rymn) = tnk(r). Inserting (3.4) into (3.3) and multiplying from the

left on both sides by e~ gives a Schrodinger equation for the |nk) functions only:

H(k) |nk) = E, (k) |nk), (3.5)

where the k-dependent Hamiltonian H(k) = e **He™*. From the canonical relations

75, p;] = ihd; ;, one finds
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—zk rp2€zkr — p2 + 28k - p 4 thQ, (363)
e—zk I‘p =p + hk. (36b)

Defining
m=p-— 4mo020' x f(r), (3.7)

and using (3.6), the k-dependent Hamiltonian H (k) becomes

2 21.2
~ p h 12k h
A() = o+ V) et o = o o x £, (3.8)

A k- p matrix is constructed by projecting (3.8) onto an orthonormal basis. The eigenstates
of Hamiltonian (3.8) evaluated at k = 0 and without the spin-orbit interaction terms define

such a basis:

2

[2me YV (e )] vo) =&, |vo) | (3.9)

where v is a band index and o is the spin index. In this basis, the matrix elements %% (k) =

(vo|H(k)|/o') are

.y h2k? h
Hyy' (k) = (5 +5 )(Lwém +—k P+ ALY (3.10)

mo mo ve

where PV = (vo|n|v'o’) ~ (v|p|V') 654 are momentum matrix elements and

h

! !
AV —
o 4m3c?

(volp- o x f(r)|V o). (3.11)

Finally, cigenstates |nk) of H(k) are obtained from an expansion in terms of the basis kets

lvo):

Ink) = ch ) |lvo), (3.12)

where the scalars ¢V (k) = (vo|nk) result from the diagonalization of (3.10):
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S HYT ()l (k) = B, (k)el (k). (3.13)

In principle, the infinite dimensional eigenvalue problem (3.13) solves the energy dispersion
of the electron for all the bands n everywhere in the FBZ. However, in most situations one is
only interested in a subset of bands that are close in energy to the bandgap of the material.
The infinite dimensional problem (3.13) is therefore often turned into a finite dimensional
problem by merely truncating the set {|vo)} to include only the bands of interest, plus a
few more below and above in energy to take in account inter-band couplings. An example of
such truncation is the extensively used 30-band & - p framework, which, as its name suggests,
includes in its basis a total of 15 v-bands (X2 including spin o) starting from the fundamental
valence band level I'f and up in energy. This set gives accurate energy dispersions for the
bands below the bandgap and those above, but not too far from the bandgap. The energies
&,, the momentum matrix elements P%?" and the spin-orbit constants AZ° are usually
obtained from experiment, and/or by fitting the k-p dispersion with other theoretical models.
Moreover, many elements in P%.?" and A"?" vanish because of strict symmetry requirements,
thus greatly reducing the number of free parameters. The theory of invariants is a powerful
tool for determining which elements in P%? and A% must vanish by symmetry. It is
important to note that the basis |vo) is derived from a spin-independent Hamiltonian, hence
the functions |v) transform according to the irreps ', of Oy,. However, since H (k) includes
spin-orbit coupling, the levels |n0) transform according to the Fﬁij,s irreps of the Oy double
group.

The E, (k) relation along A up to X and along A up to L are shown for Si, Ge and Sn in
Fig. 3.1. In all cases, the lowest band transforms according to I'f = I'T ® DT/Q as mentioned
earlier. The energy difference between the split-off band (I'7) and the degenerate HH-LH
bands (T'y) is smaller in Si ( ~ 0.044€V) than in Ge ( ~ 0.290eV). The lowest band above
the bandgap in Si transforms according to Iy, in contrast to Ge where it transforms as I'; .
According to the parameters given in [152], this ordering changes around Sig70Gegso. The
two pairs of 2-fold degenerate bands transforming according to I'f are difficult to distinguish
in Si at this energy scale. In Sn, the two lowest bands transform according to I'y and I'T like
Si and Ge, but the I'> band is located below the I'y band, making Sn a bandgap-free material.
According to the parameters given in [153], the ordering between I'; and I'y changes (or the
bandgap closes) around Geg 70Sng 30. Table 3.1 gives a summary of the band symmetries and

energies for Ge.
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Energy (eV)

L r X L r X L r X

Figure 3.1 Bulk energy dispersion E, (k) of Si, Ge and Sn obtained from the 30-band % - p
model (3.10). The k- p parameters for Si and Ge are taken from [152], while those for Sn are
taken from [153]. The labels indicate according to which irrep of the O, double group the
bands transform at the I' point. The zero-energy point is set at the top of the I'y band in
Ge, while the dispersions for Si and Sn are aligned with that of Ge according to the valence
band offsets listed in Reference [154] and [155] respectively. The bandgap in Si and Ge is
indicated by the shaded area.

3.1.2 Strain effects in £ - p theory

A material’s crystal structure undergoes small deformations when external stress is applied.
Crystal deformations are quantified by the strain tensor ¢;; (in general position-dependent),

and is connected to the external stress tensor o;; by a rank-four stiffness tensor Cjj:

Oij = ZCijklskl. (314)
kl

In particular, the component i of a lattice vector R’ in the deformed crystal lattice is con-

nected to the components of the unstrained lattice vector R by

J

In heterostructures, stress may be generated by epitaxial growth on a lattice mismatched
substrate. Non-zero strain tensor elements appear in the deposited material near the interface

with the substrate to match the lattice constants of both materials. At a certain critical
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Table 3.1 Band symmetries and energies without and with spin-
orbit coupling (SOC). Bands are ordered as in Ge.

no SOC with SOC
Sym. Energy Sym. Energy
_ S Ty Er- =&-+A}/3
I, Er- s 5 4 /
4 N T Erg :5; _2A0/3:Er8++Egr
Iy SFE - Iy EF; = Spg = EF; + Egr
Bandgap
T+ £ S Ty Er; = 5F5+ + Ag/3
5 N I Er; = 5F5+ —2A0/3
FT 51“1* — Fg_ Erg = 5F1+

thickness, the strain energy in the deposited material becomes too large, and dislocations
start to appear as a means to relieve strain energy in a process called strain relaxation [156].
An [001]-oriented epitaxial growth of a material with diamond crystal structure results in a
strain tensor whose elements are easily computed from the lattice constant mismatch. If ag
is the lattice constant of the substrate “S” and a is that of the grown material “A”, the strain

tensor in material A has no shear components (off-diagonal terms):

€|| 0 0
e=10 €l 01, (3.16)
0 0 €1
with €| = (a —ap)/ag, and €| = =2 (c12/c11) €], where ¢1; and ci2 are material-specific elastic

constants. The cases ) > 0 and ¢ < 0 are called tensile and compressive strain respectively.
Strain effects are easily incorporated in the k - p framework through the so-called Bir-Pikus
Hamiltonian [157].

The crystal deformation and symmetry reduction from strain has important effects on the
energy band structure. The first notable effect is a modification of the direct bandgap energy
Eg,r which increases with compressive strain and decreases with tensile strain. This has
important consequences in optoelectronics, since an indirect bandgap material may become
direct with tensile strain if the rate of change of E,r with ¢ is larger than that of the
indirect transition. Material specific parameters that quantify the effects of strain on energy
transitions are called deformation potentials. The second notable effect is the energy splitting
between the heavy hole (HH) and the light hole (LH) bands that are otherwise degenerate at
the I' point. This arises from the symmetry reduction of the crystal to a subgroup of Oy. The
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deformation potential b determines the band ordering at a given strain, and is negative for
Si, Ge, Sn and for many group III-V semiconductors [158]. Therefore, tensile (compressive)
strain pushes the LH (HH) band towards the bandgap. This plays a crucial role in hole
engineering, since strain may change the type of holes in the ground state. The energy
difference between LHs and HHs also changes many hole properties such as the g-factor and

effective mass.

3.1.3 Finite-dimensional £ - p Hamiltonians

The 30-band k - p Hamiltonian from the previous section is appropriate for calculating the
energy dispersion of the bands near the bandgap in the whole FBZ. However, for most
situations we only require a description of these bands for small k near the I' point. In this
case, it is more practical to write an effective Hamiltonian H4 only for the relevant set of
bands A, with other bands (the so-called remote bands) taken in account perturbatively.
The dispersion from this effective Hamiltonian matches that of the 30-band k - p for small
values of k before diverging at larger k. Two methods are available to construct the effective
Hamiltonian H 4; the first being the theory of invariants, and the second being Lowdin’s

partitioning method.

Theory of invariants

The theory of invariants is a powerful tool for constructing Hamiltonians only from symmetry
considerations. Despite being unable to predict how large a given Hamiltonian term is, it
is still particularly useful for identifying which terms are allowed in the Hamiltonian. The
approach consists of writting the effective Hamiltonian H4(K) as a sum of K-independent
matrices X that transform according to specific irreps of the symmetry group of the Hamilto-

nian, multiplied by combinations of the components of K that transform according to those

irreps [35]:
HA - Z Cn,)\,yzn,)\,ua (317)
Ky,
where
dy;
Toau = 3. AV (3.18)

=1

are the so-called invariants. Here K is a general tensor operator that represents for instance
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the wavevector k, the magnetic field B, the strain tensor €;; or an electric field F. The s index
represents the irrep I, of dimension d,, A (i) represents different sets of matrices X' (tensor
operators K) transforming according to the irrep x. The [ index labels the d,; matrices (tensor
operators) that transform within each other according to irrep I',. The constants ¢y, are
material dependent and can be extracted from experiment. For an effective matrix block
H,3 where o and 3 indicates to which irrep the basis functions transform, the irreps I',; are

identified as those that are contained in the direct product I'y @ I'.

For instance, the I',, irreps of a 3 x 3 effective Hamiltonian Hr;;,r; (ignoring spin, strain,

magnetic or electric fields) for the three valence bands that transform according to I'y are

I =Tfeli el oly. (3.19)

Nine linearly independent 3 x 3 matrices are obtained by forming linear combinations of the

products I;1;, where the three matrices I, , . are the generators of rotations:

00 0 0 0 i 0 —i 0
I,=10 0 —if, I,=10 0 0f, L=1i 0 0 (3.20)
0 i 0 —i 00 0 0 0

For properly chosen combinations, these 9 matrices provide a basis that block diagonalizes
'y ® '™ according to (3.19) (see Table 3.2). It is apparent from (3.19) that no odd powers
of k are allowed in this Hamiltonian, since all irreps involved in (3.19) are even with respect
to inversion (the + superscript). By forming products with the X and X, one obtains the
invariants that constitute the Hamiltonian H 4. The most general spin-less Hamiltonian for

the I'f subspace up to k? is therefore

Hys pr (k) = ciq +era(ky + ky + k) + ca(I5k7 + e.p.) + es({ Lo, [, hoky +cp.)  (3.21a)

(L — M)k>  Nkk, Nk,
=i+ MK + | Nk, (L—MEK  Nkk. |. (3.21b)
Nk k, Nk.k, (L — M)k

where L, M, and N are simply combinations of the ¢ constants. In contrast, if the 'y
conduction band is also included in the effective Hamiltonian, the 1 x 3 block that couples

the valence band with the conduction band must be linear in k, since I'T ® I';* = I'j is
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odd under inversion and corresponds to the symmetry of (k,, ky, k.). The resulting block is

simply

HF;,F; =P [k:r: ky kz} ) (322)

where the ¢ factor is conventional. A similar procedure yields matrices for the block coupling
the I'Z subspace with the I'; subspace (HFLF;, linear in k) and the 6-fold Df/z ®I'$ subspace
(Hso, independent of k):

0 k. k,
Hpors =Q |k 0 ka, (3.23)
k, ks, 0
Heo = 20
50 = > o, ®1I;. (3.24)
J

Just as ¢, L, M, and N, the constants P, () and A, are material parameters. P and () are
specific momentum matrix elements (v|p|v'), whereas A is a spin-orbit coupling constant
[c.f. (3.11)].

Table 3.2 List of matrices X and wavevector operators k that
transform according to (3.19) for B =0. {A, B} = AB+ BA
is the anti-commutator.

Irrep X K

Iy 2=+ 12417 I
Iy ([2—12 1241 —217) (k2 — k2 k2 + k. —2k2)
rf (1,1, 1,) None for B =0

U5 (e Ly} ALy, L} AL L)) (Kaky, kyks, kkz)

Lowdin’s partitioning method

The other approach to obtain H 4 is based on perturbation theory, or the so-called Lowdin
partitioning method (also called a Schrieffer-Wolff transformation). We start from a general
multi-band Hamiltonian H = Hy + W, where H; is a Hamiltonian with known eigenvalues
E; and associated eigenstates |¢;) and W is a perturbation term with unknown eigenvalues

and eigenstates. In the eigenbasis of Hj, the matrix for H consists of one diagonal term
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E, = diag{E\, Es, . .. } containing all the eigenvalues F; of Hy, plus a matrix for W: (bold

characters represent matrices)

H=E)+W. (3.25)

In basis {|¢;)}, the matrix elements of Ey and W are

(@il Holpj) = E;di; (3.26)
(il Wlepj) = Wi; = Wj;. (3.27)

The total Hilbert space H is then divided into one Hilbert space H 4 generated by the set of
bands A for which we want an effective Hamiltonian. The orthogonal complement Hilbert
space Hg is generated by all the other bands R, also called the remote bands. The idea
is to find an unitary matrix €5 such that H = ¢SHe S is block-diagonal with respect to
the subspaces A and R, with the blocks coupling the A set with the R set equal to zero.
The S matrix can be found iteratively, with each iteration corresponding to a degree of
perturbation. Once the Hamiltonian is block diagonalized to the desired perturbation order,
the block corresponding to the A set is the final effective Hamiltonian H 4. The structure of
this Hamiltonian should be identical to that obtained by means of the theory of invariants.
Combining the two methods provides explicit expressions for the effective masses that appear
in H4 in terms of the momentum matrix elements P“°" and the energies &, from (3.10). It
should be noted that the perturbation is with respect to the wavenumber k and the magnetic
field B, which should remain small for H4 to be accurate. It is customary to build H4 up
to 2" order in perturbation, resulting in a matrix depending at most quadratically in k or

linearly in B.

As an example, we consider an effective 6 x 6 Hamiltonian for the three valence bands T'F
that were discussed earlier in the context of the theory of invariants, and with spin-orbit
effects included. The full Hamiltonian matrix H corresponds to (3.10), while the part with
known eigenvalues and eigenvectors Eg is given by SF; + h?k?/ (QmO)} 16.6. The zero-th
order approximation of Hg, noted Héo), is obtained by neglecting entirely W. Its matrix

elements within the subspace spanned by the A bands are simply those of Eq:

(Héo))aﬁ — Eulog (3.28a)
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h2k?
- o 2

where a and 3 are indices labelling dimensions within the A subspace only. The first order
contribution matrix elements (Hél)) 5 are simply the matrix elements of W in basis {|p;)}

within the subspace spanned by the A bands:

(Hél)) =Wap (3.29a)

a,B
= A3° (Z 0 ® Ij> . (3.29b)
J

0{75

Finally, the matrix elements for the second order contribution H(62) are given by a sum that

involve remote bands within the R set:

1 1
WauWus ( + ) (3.30)
zu: S Aa,u Aﬁ,u

N | —

(Hs”). .=

where A; ; = E; — E; and the p index runs only within the R subspace. The sum in (3.30)
is expanded according to the structure of the Hamiltonian blocks that couple the A-set with
the R-set (c.f. (3.22)-(3.23)). The final effective Hamiltonian Hg is obtained by summing all

the perturbative contributions:

Hy=H" + H" + H. (3.31)

It is straightforward to verify that the structure of Hg within a given spin subspace (neglecting
spin-orbit coupling) is identical to (3.21b), with the added benefit of explicit perturbative
expressions for the parameters L, M, and so on, in terms of the momentum matrix elements

and the energies &, .

3.1.4 List of bulk parameters

The k- p framework described later in section 3.3 requires 20 material parameters. Those are
the lattice constant ag, the direct bandgap energy at the I' point Egp (with spin-orbit interac-
tion included, see Table 3.1), the valence band energy &+ (relative to vacuum; corresponds

to E, avg in Reference [154]), the spin-orbit gap Ay between I'f and I'F:
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Ay = 4;’:‘ (X]lp x £(1),12) (3.32)
the conduction band inverse effective mass 7. = mgo/m. and g-factor g, three Luttinger
parameters 7, 72, and <3, the hole g-factor parameter x, the cubic-in-J correction to the
g-factor ¢, the material density p, the elastic constants ci1, c12, and ¢y, the hydrostatic
deformation potential a. and a, for the I'; and I'§ band respectively, the b and d deformation
potentials for I'y, and the Kane energy parameter E, = P?/aq, where ag = h*/(2my) and P

is a momentum matrix element:

h
P=—(S5|p.|X). 3.33
(S 1P| ) (333
A list of all parameters appearing in the k-p framework for Si, Ge and Sn is presented in Table
3.3. Additionally, a few complementary parameters are required in order to calculate self
consistently some of the parameters listed in Table 3.3, or to evaluate the bandgap directness.
Those are presented in Table 3.4. The superscripts “X” and “L” in the deformation potentials

= correspond to the conduction band minima along the A and the A directions, respectively.

An “L” superscript on an effective mass or a g-factor parameter indicates that it contains
all remote band contributions. The k - p framework of section 3.3 uses rescaled versions of
the “L.” parameters. This rescaling removes the remote band contributions that are included
in the “L” parameters, which assume that the 'Y, the I'f and the I'; bands are treated
perturbatively from each other. For an Hamiltonian that explicitly depends on {I'7, I's, 7},

the rescaling is:

L 2E,3E,/2+ A

=N S E T (3.34a)
g=g"+ gg’g’ﬁ) (3.34b)
=k ;}i (3.34¢)
N (55; (3.34d)
Y= — (fE (3.34¢)
K=K"— &, (3.34f)
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All material parameters of the Si;_,Ge, and Ge;_,Sn, alloys, except the effective masses
and g-factors, were calculated in the full composition range by interpolating the parameters

from the pure elements:

P(x) = (1 —2)P* + 2P® — 2(1 — 2)bp. (3.35)

Here 0 < z < 1 is the alloy fraction and bp is a bowing constant for the parameter P, if
necessary. Temperature-dependent quantities such as the lattice constant or bandgaps are
evaluated by applying (3.35) on the temperature-dependent parameters of the pure elements.

For instance if PAB(T) is temperature-dependent, P(x,T) of the alloy is given by

P(x,T) = (1 —z)PYT) +2P®(T) — z(1 — 2)bp. (3.36)

In particular, the temperature dependence of the bandgaps of pure elements follows a Varshni

relation:
(3.37)

Effective masses and g-factors of Si;_,Ge,

The three Luttinger parameters 7{47273, the electron inverse mass 7%, and the hole and electron
g-factor parameters " and g respectively were computed based on the approach employed
in Reference [131,134] and following the theory outlined in Reference [162]. The procedure

starts by removing the contributions of the I'; and I'; bands from ~" and x*:

=7+ ; (F 4 2H,), (3.38a)
Yo =75 + é (F — Hy), (3.38b)
Y3 =75 + é (F 4 Hy), (3.38¢)

R=r"+ é (F— Hy), (3.38d)

and interpolate the obtained rescaled parameters, as well as D (see Table 3.4), according to
(3.35) without bowing. The constants F' = —E,/Egr and H, = —E /E/, where E, and E],

are calculated from the Luttinger parameters:



38

Table 3.3 Material parameters and bowings for the k - p Hamiltonian.

Si Sii_,Ge, Ge Ge1_,Sn, Sn
Lattice constant
a [AQO0K] 5.429815* 0.0246" 5.652357* —0.083" 6.480117"
Band energies
Egx [eV @ 0K] 4.185P 0.8981P 246K  —0.413P
ar [1071eV/K]  5.367° 6.842! —7.94k
Br K] 745.8° 398! 11%
Ay [eV] 0.0441P 0.290°  —0.100! 0.7708
Ers  [eV] —0.684f 0 0.69'
Mechanical properties
cii [GPa] 165.77° 124° 69.0P
ci2  [GPa] 63.93" 41.3P 29.3P
cu  [GPal 79.62° 68.3" 36.2°
p [g/cm?] 2.329P 5.3234P 7.285P
Deformation potentials®
arr  [eV] 1.984 —8.244 —6.00™
a, [eV] 2.464 1.244 1.58™
b [eV] —2.1° —2.86° —2.7°
d [eV] —4.85¢ —5.28¢ —4.1P
Effective mass and spin parameters
mb [mo) 0.234% A 0.03828 —0.058%
v . 1.9638 il —2.818 84.9%
AR 4.285¢ l 13.38f # —14.978
v 0.339° il 4.241 # —10.618
o 1.446" i\ 5.69 # —8.528
kY —0.268 il 3.41# —11.848
q . 0.01f 0.06f 0.308

References: 2: [159], P: [160], ¢: [131], 4: [154], : [161], ©: [35], &: [162],
b [163], 1 [164], I [165], *: [166], \: [155], ™: [167], : [168], ©: [169]

" See (3.36)
T Relative to Ge
! The convention ay; = a. — a, is used

$ Calculated from Luttinger parameters of pure constituents [see (3.44)]

T See (3.44)
# See (3.45)

1 4
E, = E,r (7% + e 4 25 + 26" +4q + 1) :

3 3

(3.39a)
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1 3 3 117
E, = Egr (271L — 5+ 5’7:% - §/€L - 24(1) : (3.39b)
Eir, E, and E}, are interpolated according to
Elo(z) = ES @\’ (3.40a)
9 9" \a(z) )’
. o oSt 2
Ey(z) = E)} [1 +« (D(m) - D 1)] (a@)) : (3.40Db)
oSt \ 2
Ey(z) = B [1+ o (D(x) — D¥)] (a m) . (3.40c)

with €, a and o that are consistent with Ejp, Ej, and E of Si and Ge. Next, F(x), Hy ()

and y(z) are evaluated for arbitrary alloy concentration x:

F(z) = —5’;(2), (3.41)
Hiy(z) = —5’;(2), (3.42)
y(x) = ——0lo) (3.43)

@) = @) — 5 (F () + 28, (2)), (3.442)
() = F4(@) — 5 (Fla) — Hi(@)), (3.44)
() = F(w) — 5 (Fla) + Hi(@)), (3.440
kP (x) = RH(x) — é (F(z) — Hy(z)), (3.444)
ve(z) =1—F(2)(1—y(x)) + F', (3.44e)
g (z) =2(1 + F(2)y(x)), (3.44f)

where F' ~ —2.
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Effective masses and g-factors of Ge;_,Sn,

The electron effective mass m'y. and the electron g* factor of Sn were calculated similarly to
those of Si;_,Ge,, following the approach outlined in Reference [162] to ensure consistency
with the bandgaps and energy couplings listed in Tables 3.3 and 3.4. The three Luttinger
parameters 7{12’3 were interpolated between pure Ge and GeggpSngog using the data from

Reference [170], giving

L L,Ge T L,GeSn [ L T x
. — ) 1—7 7 —_— _bli 1—7 y 345

(@) = ( 0.2) MK (0.2) 0.2 ( 0.2) (3.45)
with 9 listed in table 3.3, and y1"®" = 20.2108, 5% = 12.2413, 59" = 13.7387
and by = 20.3391, by = 9.6609, b; = 9.8187.

Table 3.4 Complementary material parameters and bowings.

Si Siy_,Ge, Ge Gej_zSn, Sn

Band energies

Eln [eV@O0K]  3.400° ’ 3.1242 2.400"
Eg [eV@O0K]  2.010° 0.740>  1.235T  0.100'
Ex [V Q@ 0K] 1.155>  0.206>  0.931° 0.73521
a,  [107%eV/K] 5.367% 4.561¢

ax [107%*eV/K] 7.021° 4.7742

b [K] 745.8% 210°

Bx K] 1108°¢ 235%

Deformation potentials®

ar  [eV] —0.664 —1.54° —2.14/
ax  [eV] 4.18° 2.554

EL [eV] 16.144 16.24

=X [eV] 8.64 9.424

Kane energy coupling parameters

E, [eV] 22.148% i 26.542% 23.812%
B, [eV] 14.6678 : 17.4248 15.9428
Other

D : 1f 1.25¢ 1.475

References: ® [131], b [171], © [164], % [161], ©: [154], & [172),
& [173], ™ [162], i [165], I: [168],

" See (3.40)

T See (3.36)

! The convention aio; = a. — a, is used

$ Calculated from Luttinger parameters [see (3.39)]
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Spurious solutions

The Kane momentum matrix element P coupling the I'; band to the I'T bands is known
to sometimes cause spurious solutions, often appearing as levels within the bandgap or with
violently oscillating envelopes [147-149]. The approach employed here to eliminate spurious

solutions is described in Reference [148], and consists of rescaling P:

-1
2 1
P? = 3ap- . 3.46
C]50'.}/(: (EgI‘ _l_ Egl" +A0> ( )

The remote band contributions in the Luttinger parameters are then readjusted according to
(3.34) with E, = P?/ag and P defined as above.

3.2 k-p theory for heterostructures

In this section, the k - p formalism for bulk materials discussed so far is extended to the case
of heterostructures consisting of semiconducting layers epitaxially deposited on top of each
other. The growth direction is oriented towards the [001] crystal direction and taken parallel

to the +z axis.

3.2.1 The envelope function approximation

In semiconductor heterostructures, the energy dispersion dictating the motion of electrons
changes with position r, therefore invalidating the Bloch wave solution |¢,i) = ¢ |nk). It
was shown in Reference [174] that in heterostructures, it is sufficient to replace the plane wave
part in |@,x) by slowly varying envelope functions. For instance, with confinement along the
z-axis (2 degrees of freedom in the z-y plane), the k, component of k no longer commutes
with the Hamiltonian resulting in envelope functions in the z-dimension. The Bloch wave

expansion (3.4) of |p,k) in terms of |nk) becomes

|0ii) = €™ k) (3.47)

where the band index n has been replaced by a subband index j, and where the e*+* plane

wave is now part of |jk;) in the form of an envelope function (z| Jl-’lfu> = I (2):

k) =D lvo) [£5,), (3.48)
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with k| = k,e, + kye,. A subband ]gpjku) is subject to the orthonormality relation

<90jk\| '@j'kh> = /d3T <90jk|| |I‘> <r|90j'k'>
o /d3T [6 zkg;x zkuyz VO'| ij *] [ ikl x zkyyz |l/ ’k’ )
— /dxe zkzx k!, x/dy e—zkyyezkyyz/d ij /ki‘ (Z)

_5 kH k” Z/dz JkH ’k” (Z)
= 52 (k — K|)d;- (3.49)

In heterostructures, the wavevector components generally do not commute with material
parameters since these are now r-dependent. Consequently, in contrast to bulk where ma-
terial parameters are simply constants, in heterostructures they are instead represented by
operators. For example, if v is a material parameter that changes with z (this could be an
effective mass, a strain tensor component, an energy bandgap, ...), we have [y, k,] # 0. One

can find a matrix for the operator v by acting with it on position eigenstates |z):

71z} =(2)[2) (3.50)

where v is the operator and (z) is a function returning the value of v at coordinate z.
Material parameters v are thus diagonal in {|z)}: 7.. = v(2)d(z — 2/). In contrast, the

matrix for k, in position basis is clearly not diagonal:

(el ks =~ . (3.51)

Special care must be attributed to the operator ordering between material parameters and k,
operators, as an improper ordering is known to result in inaccurate g-factors and unphysical

(spurious) solutions [148,150].

3.2.2 Numerical implementation

In quantum well heterostructures, any material parameter ~ is a function of only the z-
coordinate, with the growth direction taken as +z. Accordingly, the position representation

of the Hamiltonian implies the substitution k, — — where the derivative is numerically

d Y
implemented by means of finite differences. We describe in this section the numerical imple-



43

mentation of the operators appearing in the k - p Hamiltonian.

The heterostructure is partitioned into a one-dimensional mesh grid, with each point ¢ corre-
sponding to a specific z coordinate equal to z;. Adjacent mesh points are all separated by the
same distance 0z = 2;,1 — z;. The mesh is generated by first specifying the z = 0 coordinate
within the heterostructure. This point is also referred as the mesh stem, from which mesh
points are appended in both directions a distance 0z apart until the whole heterostructure
is covered. This approach is beneficial in inversion symmetric systems, since a mesh stem
placed on the point of symmetry guarantees a symmetric mesh for any chosen dz. If the het-
erostructure is of thickness L, and extends from z = —L_upto z =L, with L=L_+ L,
and Ly positive, the total number of mesh pointsis N = [L_/dz| + | Ly /dz] + 1. The mesh
grid indices are ordered such that z; < 2o < --- < zy and z;, = 0, where 7 is the index of the
mesh stem. Figure 3.2 depicts a 7 layer heterostructure partitioned into 11 equally spaced

mesh points.

A material parameter v evaluated at a mesh point z; located within a layer made of material
MTR is simply given by the value of v for the material MTR. However, if z; is exactly on
an interface, it is ambiguous to which layer it belongs to. In that case, we do one of the

following:

o If 2; is to the left of the mesh stem (z; < z;,), then ~; corresponds to the value of 7 for

the material to the right of the interface;

o If z; is to the right of the mesh stem (z; > z;,), then ~; corresponds to the value of ~y
for the material to the left of the interface;

o If the mesh stem is on an interface, then ~; corresponds to the value of v for the

material to the right of the mesh stem, except if the mesh stem is exactly on the

surface (0 =z, = Ly, L_ = L).

In the finite difference scheme, all operators appearing in the k - p matrix are themselves
matrices of dimension N x N, where N is the number of mesh points. The corresponding
matrices are implemented differently depending on how many k, operators appear in a term.
For the present k - p framework, only three types of terms are allowed at kj = 0: (1) k.-
independent terms v, (2) quadratic-in-k, terms k,vk,, and (3) linear-in-k, terms iyk, (and

Hermitian conjugate thereof (ivk.)T).

The first are simply material parameter operators such as v. As mentioned earlier, these

operators are diagonal in position basis {|z)}. When position space is partitioned into a
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Figure 3.2 Sketch of a z-mesh. Dots are the mesh points with coordinates z;. The dot with a
blue circle is the mesh stem, with index iy = 6 and coordinate z;, = 0. The dashed green lines
are interfaces, and the two thick gray lines are the edges of the simulation domain. There
are 7 layers and 8 interfaces (including boundaries) in this mesh. The brackets indicate the
set of mesh points belonging to a layer n.

discrete set of N mesh points z — z;, 7 becomes a N x N diagonal matrix, with diagonal

elements (z;|v|z) = v(z) = v

v 0 -+ 0
0 7 --- 0

(zil v [2) = o (3.52)
N -0
0 0 0

Since all material parameters are real, material parameter operators are automatically Her-
mitian.
The second type of operators are those that involve two k, operators, one on both sides of

~v: k.vk,. Operators as such are clearly non-diagonal. The action of k,vk, on an envelope

function |f) gives the following in position basis (z|:

(ol krhe 1) = = () (2) (3.5%)
= () () = () (3.530)

The finite difference stencil must be chosen such that (a) the matrix associated with k,vk,
is Hermitian, and (b) upon application on an envelope point f; = f(z;), the finite differences

should involve ~; and f; in equal proportions with respect to i. For example, if k. vk, f;
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involves f;11/2, then it should also involve f;_;/2. We point out that satisfying condition

(b) does not automatically satisfy condition (a). The following finite difference stencil fulfils

conditions (a) and (b):

d d 1d

LYALIA = 539 e = fiape)

1d

1 d

= g&”y(z)fiﬂm - &&V(Z)fi—lﬂ

1

~ @(%’priﬂ — Yic12fi) — @(%H/zfi — Yic1/2fi-1)

1

=52 [%’H/zfiﬂ — 27 fi + %71/2f1;1} ,

(3.54)

where Yiy1/0 = (75 + Vix1)/2 and 5 = (Vig1/2 + Yi—1/2)/2. It is apparent from (3.54) that

k.vk. is symmetric in 7. The matrix for k,vk, is also tridiagonal and Hermitian:

_—271 Y15
M5 —2%

(zi] k.. |ZJ> = 52

0
0

0
V2.5

1 0 Vo5 —273

0
0

—29N-1
YN-1/2

YN-1/2

—29N |

(3.55)

If y(z) is constant for all z, then (3.54) and (3.55) reduce to an ordinary centered 3-point 24

order derivative.

The third type of operators is found in the coupling blocks between the I'F” and the I'; bands,

which are of the form ivk,. Importantly, ik, is in general not Hermitian since [y, k.| # 0. We

adopt the convention used in Reference [148], which is to write the I';-I's elements as ivk,,

and the corresponding Hermitian conjugate I'7-T'; element as (iyk,)!, therefore ensuring

hermiticity of the full Hamiltonian. The i factor is added so that ik, is real. In contrast

with k,vk., one cannot use a centered finite difference stencil for ivk,, as it is known to

lead to violently oscillating envelope functions [175]. Any de-centered stencil without gaps

in i (e.g., if the stencil involves f;1; and f;_o, it should also involve f; and f;_1) gives well

behaved solutions. Here we use the 4-point stencil {1/6,—1,1/2,1/3}:
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[1/2 1/3 0 0 0

112 1/3 0 0

| 116 —1 172 1/3 0
Gliklz0 =510 16 -1 172 0 (3.56)

: : : : .0

00 0 1/6 -1 1/2]

The matrix for ik, is obtained by simply multiplying the matrix for - in (3.52) with that
of ik, (3.56).

Away from k| = 0, two other types of operators appear in the k - p Hamiltonian. The first

type corresponds to the commutator [y, k.]. Its application on |f) gives

— L) + i $40)] 1)+ L
= i(2)f(2) (3:57)

Since [, k.]|f) does not involve derivatives on f(z), the matrix for [y, k.| is diagonal in
position space, and its elements are given by iv., where 7, is the derivative of v evaluated
at z = z;. The derivatives 7, are obtained by applying a finite difference operator D;; on v;,
consisting of the 2-point centered stencil {—1/2,0, 1/2} for interior ¢ and de-centered 3-point
stencils {—3/2,2,—1/2} and {1/2,-2,3/2} for i =1 and i = N respectively:

Vi =2 Dy (3.58)
j
] —3/2 2 —1/2 0 0] [7]
~ -1/2 0 1/2 0 0| |7
! 11 0 =1/2 0 1/2 0 ,
N ”Y:/; _ 1 / / 73 (3.59)
o o0z | 0 0o -1/2 0 0| |7
: : : : : .0 :
Y] 0 0 0 1/2 -2 3/2] |

The matrix for 7' is the diagonal matrix of 7.:
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v 0 0
0 ~. --- 0
Gl ) = | (3.60)
: : .0
0 0 0 A

The second type of operators for k|| # 0 corresponds to anti-commutators {7, k.}. In contrast
with [, k.], {7, k.} is a non-diagonal matrix, since (z| {v, k.} |f) has terms proportional to
f'(2). In that situation, the matrix for {~,k,} = vk, + k.7 is simply the multiplication of

the matrix for v with a Hermitian matrix representing k., based on a 2-point centered stencil

{-1/2,0,1/2}.

3.3 The 8-band k- p Hamiltonian

In this section we present the effective Hamiltonian for the I'f, I'y and I'; bands. These

8 bands are the closest to the bandgap in Ge and Ge;_,Sn, with z < 0.30. However, the
closest band above the bandgap in Si;_,Ge, is 'y for < 0.30 but becomes I'; for > 0.30.
Treating ['y as a remote band is not an issue since only Ge-rich Si;_,Ge, are considered in
this thesis. In the remaining, we may refer to the 'Y band as the split-off (SO) band, I'{ as
the heavy hole (HH) and light hole (LH) bands and I'; as the conduction band (CB). The
implementation of the effective k- p matrix is based on the 8-band part of the 14-band model
presented in References [149,150]. For the sake of transparency, the notation employed below
makes abstraction of the numerical approach described in Section 3.2.2, unless mentioned

otherwise.

3.3.1 General formulation

The basis used to write the Hamiltonian matrix is usually referred as the Cartesian basis. It
consists of the single s-like v band that transforms as I';, denoted |S) and the three p-like
v-bands transforming as I's, denoted | X),|Y),|Z), times the spin 1/2 degree of freedom:

By ={[54),[5=), [X+), [Y+),[Z2+) | X =), [Y =), [Z2=)} . (3.61)

The magnetic field B is described by a vector potential A which is kept arbitrary for the
moment. A Peirels substitution on the wavevector components is required to properly take

in account orbital effects from the B-field:
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K=k+ %A. (3.62)

This results in non-zero commutation relations between the components of K:

(&
KxK=_B. 3.63
<K =— (3.63)

The 8-band Hamiltonian Hg is written as a sum of different contributions:
Hy=Hy+ Hso+ H. + V. (3.64)

The first term Hy, = Hy(K) includes the K-dependent part of the energy dispersion as well

as the Zeeman splitting from the commutation relations (3.63):

ok 1 H* H 0

H, — o ol B LA, (3.65)

12><2 ® Hcv 12)(2 ® H’UU 0 HB ® 13><3

with
HE = aoZKa%K 4l Zeaﬂ7 (9 — 90) K0, (3.66)
afy

K MK, + Ki(L— MK, i=j
(HY,)ij = = ( ) 7 (3.67)

KN, K; + K;N_K; i
HY = |iPK, iPK, iPK.], (3.68)
Hp = w‘ggo S apy Ka K0, (3.69)

aBy
0252 0 0
Hy=U% ;| 0 —2i00Y0py capKagksJ? 0 |UX. . (3.70)
0 0 Ozco

Here ag = h?/(2my), go = 2 is the free electron g-factor, €,4, is the Levi-Civita tensor, K,
are the Cartesian components of the wavevector K (ordering of products K, Kg is important
due to (3.63)), o, are the Pauli matrices ([0, 03] = 2i€qn3,0,), J, are the (unit-less) spin-3/2
matrices ([Jo, J3] = i€qpyJy) and (i, 7) in (3.67) iterate through {z,y, z}. The unitary matrix

U%. ; is described further below.
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The four valence band effective mass parameters L, M and N. are linear combinations of

the Luttinger parameters ;23 and &:

M 2 4 0 O L
1 (1 -1 0 0 M
Tl (3.71)
Y3 6ag ([0 0 1 1 Ni 4+ g
K 0 0 1 —1||N_.—aq
The spin-orbit interaction term Hgg is non-diagonal in basis By:
000 0 0 0 0]
000 0 0 0
000 — 0 0 0 1
Ay A0 O i 0 0 0 0 —i
Heo =090 ® — > 0,1, = — , 3.72
0= 02 ® ) 310000 0 -1 0 (3.72)
000 0 -1 0 4 0
000 0 —i —i 00
001 2 0 O 0
with eigenvalues 0 (x2), —2A¢/3 (x2), and Ay/3 (x4). The strain term H. is
HE 0
H o= | e 6 (3.73)
Osx2 lox2 ® H,
with
Hcsc = 12X26LCTI{€}, (374)
. mTr{e} + (Il —m)ey i=7
(Hm;)i,j = o (3.75)
neij 1]
with [, m and n being related to a,, b and d by [157]:
Ay ) 1 2 0 [
b| = 3 -1 0| [m]. (3.76)
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Finally, the potential energy term V' includes the band energy alignments 8F5+ and SF; =

gr; + E,r + Ag/3, out-of-plane electric fields F = Fle, and in-plane confinement profiles:

V= (L2 ® &, @ Loxs ® Ens ) + eFaz + V(2 9) (3.77a)

= Lo @ &p; 020 +eFlz+ Vj(z,y). (3.77b)
O6x2 Loy ® gp;

Note that the energy difference £ ; — & overestimates the bandgap E,r by Ag/3. This is

corrected in the final energy spectrum of Hg by the 4 eigenvalues Ay/3 and the 2 eigenvalues

—2A,/3 within the valence band subspace of Hgo. If doping profiles are incorporated to

the heterostructure, it might be relevant to also include with V' the potential V., associated

with the redistribution of charges across layers. The k - p envelope functions are then solved

self-consistently with the Poisson equation. This is explained in Appendix B.

The 8-band Hamiltonian Hyg is also often written in a basis that diagonalizes the spin-orbit
term Hgo, the so-called angular momentum basis BY. This basis is the set of joint eigenstates
of J, and J?, where J = L + S is the total angular momentum of the electron/hole. The
s-like electron in I'y corresponds to | = 0 and s = 1/2, which gives j = 1/2. The two basis
%, i%>c, and provide a basis for I';. The p-like holes in ' have [ = 1
and s = 1/2 and are thus categorized in two groups, one with j = 3/2 and the other with

states are therefore

j = 1/2. The four states within the first group provide a basis for I'y and correspond to
the HHs %,:I:%> and the LHs
basis for I't and correspond to the SO holes
as follows [35]:

11 1 1 33\ (31 3 1 3 3 11 1 1
0 __ . - e < - s - s Y . - =
BJ_{‘2’2>C’ 2’ 2>c’ 2’2>’ 2’2>’ 2’ 2>’ 2’ 2>’ 2’2>7 2’ 2>} (378a)

= {|CB+),|CB—),|HH+),|LH+),|LH-),|HH-),|SO+),|SO—)}. (3.78b)

%, :i:%> The two states within the second group provide a
1

29

j:%> A somewhat conventional ordering is

In terms of the Cartesian basis functions, the angular momentum basis functions are given
by:

11

s3) =ls ) 5-3) =Is-) (3.798)

2" 2
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§,3>:— 12(\X+>+21Y+>) 2—2> 7(|X ) —i[Y=)) (3.79b)
S )= R @Iz — X —ilY =) [5 =2 = (X — i) +212-)
2’ 6 2”2/ V6
(3.79¢)
55) =~ (0 F Xy +ily =) [5-3) = == (1X+) —iY+) —12-)
2’ 3 ’ V3
(3.79d)
In matrix representation, this gives
10 0o o0 0O 0 0]
01 0 0 O 0 0
0 0 —s9 0 S6 0 0 —s3
Ug(<_J_ 0 0 —ts9 0 —isg O 0 1S3 | (3.80)
00 0 s3 0 0 —s3 0
00 0 —s¢ 0 55 —sg
00 0 —isg 0O —isg —isg3 O
00 0 0 s;3 0 0 s

where sy = 1/v/2, 83 = 1/V/3, s = 1/4/6, and s93 = 1/2/3. The Hamiltonian matrix in basis
BY is therefore U;)(T(_JHSU%FJ.

Comparison with the 30-band k - p Hamiltonian

A comparison between the E, (k) relation given by the 30-band and that given by the 8-band
Hamiltonian for bulk Ge with B = 0 is shown in Fig. 3.3. The 8-band model reproduces the
band energies and their curvature at the I' point. However, as k increases, the fit becomes
noticeably worse, especially for the I'> conduction band, which normally reaches an extremum
away from k = 0 before going down towards the band gap. This is of little importance in
situations where one is interested only in the band structure for small k. The Hamiltonian
Hg provides a good fit up to around 1/10 of the distance between the I point and the edges
of the FBZ, which for Ge corresponds to ||k|| < 1nm™!

3.3.2 The quantum well Hamiltonian (B = 0)

In this section we derive a Hamiltonian Hqyw for the QW system starting from the Hamilto-

nian Hy of the preceding section with V|(z,y) = 0 and B = 0. In principle, one could directly
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——30-band k- p
——8-band k- p

E, (k)

i
L Tr X

Figure 3.3 Comparison between the 30-band (black lines) and the 8-band (blue lines) % - p
models for bulk Ge.

d
dz

problem for each k, and k,. However, this would be highly inefficient in practice as will be

inject into Hqw the wavevector components k,, k,, and &, = —i+- and solve the eigenvalue
shown further below, since a fairly large matrix (typically 10° x 10° elements) would need to
be diagonalized for each (k,, k). In the following, we derive a basis in which the Hamiltonian

matrix is much smaller, while keeping the same accuracy for sufficiently small k.

The Hamiltonian matrix Hqw depends on the three components of the wavevector k. Out
of these three components, only k;, commute with Hqw, since k, is associated with the
derivative —ii. Hqw is Hermitian for any k. Let Hy be Hqw evaluated at k| = 0, and let
W be the remaining part of How: W = Hqw — Hy. If we define the basis B; consisting of

the following re-ordering of the angular-momentum basis BY:

B_{11>31>11>33>1 1>
J — 272 672)2 7272 7272 72) 2(;’

and associated unitary transformation Ux,. j:

3 1\ |1 1\ (3 3
g Y [t SO e 81
2’ 2>’ 2’ 2>’ 2’ 2>} (3:81)




100 00O0O0O
00001000
00010000
01000000
Uxey=US
I 0 00001000
0O000O0O0O0OTO 071
00100000
_0 000O0O01 0_
the matrix U;(HJHOUXH] takes a block-diagonal shape:
H, 0
Ul jHoUx s = { . H_] :
where
Hy_r = HF + HE 4 V7
Epr 0 0 0
0 0 0
VZ=Eq+ + +eF.z,
8 -Ay 0
0

kovek. iv/2/3cyk, —iocyk./V/3
—k,vik, 2V 20k, sk

—k.v_k,

H(]: =
T _sz)/lkz
a. 0 0 O 0 O
» 0 0 —1 2
H: =Tr{e} ¢ +0b-0¢ V2o
a, 0
Ay

_ o O

93

(3.82)

(3.83)

(3.84a)

(3.84b)

(3.84c¢)

(3.84d)

Here we defined vy = vy £ 279, ¢, = \/E,/ap and 0 = €, — €,,. The parameter o = %1 is

a pseudo-spin quantum number. It should be noted that since products like A - k,, or €;;kq

do not appear in Hqw, W does not depend on Ay nor on ¢;;. In other words, all information

pertaining to strain or spin-orbit coupling is contained within Hy. It is apparent from (3.84)
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that H, are themselves block-diagonal. The first 3 x 3 block corresponds to a CB-LH-SO
superposition with pseudo-spin o, whereas the 1 x 1 block corresponds to a pure HH with
pseudo-spin ¢. From this, eigenstates of Hy are categorized into four kinds of levels: pure
HH states (referred as H-states, one for each o), and CB-LH-SO superposed states (referred

as n-states, one for each ¢). This can be written as follow:

33
Ho; 1) = ‘7 0> hy) | (3.85a)
27 2
. 1 o 3 0 1 o
no;j) = B} 2>C lcj) + ’27 2> 14;) + o 9 2> [55) (3.85b)

where [ is a subband index for H states and j is a subband index for 1 states. The second ket
in each term are envelope functions. For example, (z|(;) = ff(z) is the envelope function in
the LH part of the spinor for the j-th 1 level (evaluated at k| = 0). H states are normalized
such that

(Ho; U|Ho'; 'Y = 05010101, (3.86)
where the orthogonality on o is provided by the bulk Bloch states |5, <
nality on [ is provided by the envelope functions |h;). Similarly, n states are normalized such
that

3 3—">, and the orthogo-

(o; j o’ ') = oo ({cj | i) + (61 £} + (551 557)) = G005 (3.87)

Here again, the bulk Bloch states %,%

the envelopes provide the orthogonality on j. Orthogonality from the envelopes is guaranteed

> and so on provide the orthogonality on o, whereas

by the hermiticity of Hy. It should be noted that a specific envelope function, say |{;), is
by itself not an eigenstate of any particular Hamiltonian. Instead, the three envelopes |c;),
|(;), and |s;) are mutually eigenstates of the 3 x 3 block in (3.84). The level nj (shorthand
for no; j)) may be referred as CB-like, LH-like or SO-like depending on the relative weights
of its envelopes |¢;), |¢;), and |s;). For instance, an mn level such that (¢|¢) > (c|c) and
(€| €) > (s|s) may be identified as LH-like. Note also that since H, is real, the envelope
functions f(z), f¢(2), f*(z), and f*(z) are also real. The classification into 1 and H levels
clearly indicates that from the point of view of 8-band k - p theory, the lowest conduction
band electrons, LHs and SO holes are the same thing; they merely correspond to different

relative weights of the three envelopes |c), |¢) and |s). An equation for n levels is therefore
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valid for all three particles and superpositions thereof.

For each eigenstate |70;j) (where 7 = {n,H} and j is a general subband index) corresponds
an eigenenergy E7 that is independent of o. This is because H, and H_ in (3.84) are time-
reversed versions of each other, and because no B-fields enter the Hamiltonian Hy. The set of
eigenstates {|7c, j)} provide an orthonormal basis By (also referred here as the subband-edge
basis') on which the full Hamiltonian Hqyw can be projected onto. To generate a basis, one
only needs to diagonalize H, for the N, levels closest to a given energy?. This results in a
set of Ny H levels and N, 1 levels of pseudo-spin ¢ = + (N, = Ny + H,). The eigenstates
of H_ are then simply constructed as the time-reversed versions of eigenstates of H, [see
(3.85)]. The basis By therefore consists of the N, calculated eigenstates of Hy plus the N
constructed eigenstates of H_, totaling 2N, elements. The original dimension of Hqw imply
that N, cannot exceed 4N, with N being the number of mesh points along z. The elements

in By are ordered as such:

By ={[H+).n+),n—),[H-)}
={|H+;1),|H+;2),...,n+;1),n+;2), ..., (3.88)

A Hamiltonian matrix for How = Ho + W with arbitrary k; may now be constructed by
projecting Hqw onto By. In this basis, Hy is, by construction, the diagonal matrix E(?W
consisting of all the energies ET arranged according to (3.88) (bold is used for matrices

written in basis By). The matrix W is obtained by performing the following:

W = U}%OU;(HJ(HQW - HO)UXHJUJem (389)

where the unitary Uj;._o is the matrix whose columns are the eigenstates of Hy ordered

according to (3.88), and where the rows are ordered according to (3.81):

Usco = [[H+) In+) n—) [H-)] (3.90a)

1Subbands usually reach their global extremum at k| = 0. That point is therefore located on the “edge”
of that subband

2Here L signifies “perpendicular-to-the-QW-plane”; the N, levels provide a basis for the one-dimensional
QW problem, with confinement along the z axis



o6

0 0 lc1)  eo) 0 0 0 0
0 0 101) |65 0 0 0 0
0 0 |s1)  |s2) 0 0 0 0
|1} (R 0 0 0 0 0 0 (3.90b)
0 0 0 0 le)  ea) 0 0 '
0 0 0 0 1) |6 0 0
0 0 0 0 —|s1) —]s2) 0 0
0 0 0 0 0 0 hi)  |he)
The complete Hamiltonian Hqw = E((?W + W is therefore:
How = B + ag [Mkf + (iMik- + Mok? + He.)|, (3.91)
where ki =k + k7, ks = k, £ ik, and
E" 0 0 o0 T 0 0 0
E'" 0 0 rl 0 0
EV = : M, = I , (3.92a)
t E'" 0 t Iy 0
E" I}
(0 T 0 0 (0 0 u 0
0 0 T 0 0 0 uf
M, = : M, = 3.92b
"lo 0o o T T8t 0 o0 (3.92b)
™ 0 0 0 0 5 0

As mentioned earlier, the diagonal matrices E™ are the energies of each quantum well subband:
E™ = diag{E], E7,...} (1 = {n,H}). The other matrices I'j, T, u, and & are:

1 2
I‘?\:<C|%|C>_§<+’71+72|+>—§<—’71—272\—>, (3.93a)
Ll = —(h|m+721h), (3.93b)

™ = = (0l [ep o) — Vi (s 1)+ 5l 1 10)] (3.93¢)
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T = L ((eley|4) + (+]ep ] &)

V6

1 (3.93d)
+¢(2<c|w,k4|c>—»«+|u+|—>+—<—|u-|+»-—5<fiw’k4|@>’
™ = 2 (g, k] ) (3.93¢)
H= \/§<h|72+73|+>7 (3.931)

2
V3
8= (hln—ul+), (3.93g)
with |£) = [€) & 252 |s), uy = {73, k.} & [k, k.], and {A, B} = AB + BA being the anti-
commutator. Subband indices in (3.93) are omitted for simplicity. For instance, the (1,2)
matrix element of TH would be T1}, = —3i (hy | [g, k.] | hs) /2. Bra-ket products involving a

material parameter are integrals as such:

(ehele) = [ dz f(2)" () (=), (3.94)
which in the framework of finite differences described in Section 3.2.2 gives

N

(chyele) = 02> fi" (ve)iff, (3.95)

=1

where the sum is performed on the mesh points ¢ and 0z is the mesh spacing. The matrices
E", I‘ﬁ, and T7 are all real and Hermitian (7 = n, H), while T*, u, and 8 are real, but not

Hermitian.

Eigenvectors of (3.91) at finite k| have the following structure:

CH+
. . C
(k) = >, o) | (3.96)
T,0,) n—
CH-—

where ¢, (cy,) is a N;-component (Ng-component) vector indicating the contribution of
no; j) (|Ho; 1)) in ‘gp(k||)>. Useful information can be extracted from ‘gp(k||)> such as envelope
functions <z ‘ go(k||)>:
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<Z ‘ 90(k||)> = (2| (Z 703 7) <TU;j|) ’80(k||)>

T,0,]
=2 (alrosd) ¢, (k)
TO',j
1 g c 3 g ) ]_ o s
Z kH H7> fj<z>+ 272>fj(2)+0"2,2>f]<2)} ( )
3.97
3 3o
(ky)
ZCHU ” 2 2 >fl ( )
or the H contribution within ‘(p(k”)> indicating the amount of n-H mixing p:
p = (Pu)
< kH ‘ (Z |HO’ l HO‘ ll) ‘QO kH >
= clieny + cly_en, (3.98)

where Py is the projection operator associated with the H subspace.

Bulk band alignments

A bulk band alignment is a plot of the bulk band edges as a function of position, or growth
direction z. These plots give important information on the confinement type of the het-
erostructure (see Figure 1.1), as well as valuable information on the strength of confinement
a carrier is subject to. The band alignment for the CB, the LH, the HH and the SO hole
bands at the I' point are computed by finding the 4 eigenvalues of the 4 x 4 Hamiltonian®
(3.84) with k, = 0. For each coordinate z along the growth direction, material parameters
in (3.84) are replaced by their value at coordinate z. In heterostructures where the alloy
concentration changes with position, material parameters (including strain tensor elements)
are evaluated at that position according to the alloy concentration at that point. The eigen-
values of Hamiltonian (3.84) with k, = 0 precisely correspond to the results of the so-called
model-solid theory [154].

3Here the Hamiltonian really is 4 x 4; i.e. there is no Hilbert space associated with the z degree of
freedom, and all material parameters are scalars.
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The band alignments of the conduction band minima along A and A are computed using the

approach outlined in Reference [154]. The energy Ey of a valley V is given by

A
By =& + ?0 + Epyv +Tr{E) +EY(n:n) ¢}, (3.99)

u

where V = {1, X}, ZY = asy — =V /3 (see Table 3.4), “.” is the usual matrix product, “:”
is the dyadic product, and n is the unitary vector pointing towards the valley V. With
isotropic bi-axial strain, the 4 A valleys lying in the QW plane are degenerate, and so are
the 2 A valleys perpendicular to the QW plane. All 8 A valleys remain degenerate under

these circumstances.

Accuracy of the projection onto B,

The accuracy of the envelopes and their associated energy obtained from the full diagonaliza-
tion of Hqw depends only on the number of mesh points that discretize the heterostructure
(see section 3.2.2 for more details on the numerical implementation). For N mesh points along
the z-direction, the k- p matrix for Hqw is 8N x 8N with 8N orthogonal eigenstates. If each
of these 8N subbands were included in the basis By (corresponding to the limit N, = 4N),
the unitary transformation (3.89) would correspond to an ezact change of basis from Hqw to
Hqw, with both matrices sharing exactly the same eigenvalues. One advantage of projecting
Haqw onto By is that only a subset of the 8N subbands are necessary in By to achieve good
accuracy. If one is interested in a small set of subbands A, only the subbands A plus a few
more that are close in energy should be included in the basis By. In most situations, the
size of By can be taken much smaller than 8N (2N, < 8N), which reduces significantly
the size of the k - p matrix. Furthermore, levels corresponding to o = — can be constructed
from the eigenstates of H,, thus reducing the problem of diagonalizing a 8N x 8 N matrix to
diagonalizing a N, x N, matrix. This procedure is in very close analogy with the strategy
that was employed to reduce the infinite dimensional bulk dispersion problem (3.10) to the
finite size matrix of 30-band k - p, except now the dimension of the starting Hamiltonian is
8N instead of infinite.

To illustrate this, consider a Si;_,Ge, /Ge/Si;_,Ge, heterostructure with x = 0.80, where the
thickness of the Ge layer is 16 nm and that of the Si;_,Ge, barriers is 50 nm each, for a total
thickness L = 116 nm. A typical mesh size 6z = 0.01 nm gives a total of N = 11601 mesh
points, 8N = 92808 orthonormal eigenstates, and a 92808 x 92808 Hqw matrix. Figure 3.4a
shows the energy dispersion F(k,) for the first H and the first 1 subband computed from the

exact diagonalization of the 8N x 8 N Hamiltonian. Also shown are the dispersion obtained
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from the Hamiltonian projected on basis By with various N,. For smaller N, = 100, the
dispersion from Hqw is more accurate over a larger range of k, for H1 compared to nl. This
is attributed to N, not being large enough to include higher energy subbands that couple
strongly with n1. Increasing N, to 200 subbands improves the accuracy for both H1 and n1.
At N, = 400, which is still much smaller than 4N = 46404, the dispersion given by Hqw
is essentially the same as that given by Hqw for the whole range of validity of 8-band & - p
theory (k, < 1nm™!, see Fig. 3.3). A similar calculation is performed in Fig. 3.4b for an
infinite Ge well with the same strain as in the system from Fig. 3.4a. In case (b), the energy
dispersion given by Hqw converges faster with N, compared to case (a), with N = 50 (mint
line) being already very accurate. This is caused by the finite QW band offsets in case (a),
leading to a large density of plane wave levels outside the QW and across the barriers. If an
accurate dispersion requires a basis that spans an energy window AFE, much fewer bands are
required in By to span that energy range when the well has infinite band offsets, due to the

discrete nature of the energy spectrum.

Exact ] 0

-100 - -100 +

Energy [meV]
Energy [meV]

Ju
ot
[}
'
[u
[y
(=]

-200 -200 |

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
k, [nm™Y k, [nm™!]

Figure 3.4 Energy dispersion E(k,) for H1 and n1 calculated directly from Hqw (Exact) and
by projecting Hqw onto By for various basis size N,. Excited H and 1 levels are not shown
for clarity. (a) Finite quantum well system: Si;_,Ge,/Ge/Si;_,Ge, with 16nm Ge QW and
50nm Si;_,Ge, barriers with x = 0.80. (b) Infinite Ge QW of thickness 16 nm. In-plane
strain in Ge is ) = —0.86% in both systems.

For simple QW geometries, the eigenvalue problem (3.84) for the envelopes is accelerated
by assuming a certain shape for the envelopes. For instance, in an infinite square well
potential, the envelope for Hl must be either a cosine (for odd [) or a sine (for even [).
Similarly, in the 1 subspace, even LH and SO envelopes (cosines) must come with odd CB
envelopes (sines), because the coupling terms CB-LH and CB-SO are linear in k.. In the

general case, quantum wells have finite band offsets (such as in the Si;_,Ge,/Ge/Si;_,Ge,
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QW example), are subject to external electric fields F = Fle,, or could be in close proximity
to another QW. For isolated bands such as H-levels, this is in principle still solvable by
assuming some shape for the envelope wavefunctions. However, for n-levels, where CBs,
LHs and SOs are superposed, such procedure becomes quickly impractical. This is worsened
by position-dependent material parameters that lead to complex boundary conditions at
interfaces between two materials. The eigenvalue problem (3.84) is therefore solved entirely
numerically, without any assumptions on the shape of the envelopes. Advantages of this
approach include the benefits from requiring only one implementation of the & - p solver that
is applicable to any type of confinement. Another advantage is the ability to write closed
formulas for hole parameters, such as (3.93) and more in the following, that are valid for any
type of confinement. Once a formula for some parameter is written for an arbitrary envelope
f(2), it is straightforward to analytically evaluate a particular case where the shape of f(z)
is known by symmetry. Unless specified otherwise, hole parameters and matrix elements are
applicable for any type of confinement in the z-axis and are not bound to any assumptions

on the dependence of material parameters on z.

A disadvantage of the full numerical approach for solving (3.84) is obviously larger compu-
tation times. A remedy is the projection of Hqw onto the basis By, where the same level of
accuracy is obtained by the much smaller Hamiltonian Hgw. It should be noted that the M
matrices and the energies EOQW in Hqw can be evaluated only once for a given heterostruc-
ture, thus making the computation for k| # 0 even faster. For reference, generating the
“Exact” curve for the infinite QW of Fig. 3.4b with 251 k, points from 0 to 1nm~! took

about one hour, while the N, = 100 curve took about 5 seconds.

3.3.3 The quantum well Hamiltonian for B || z (4, = 0 gauge)

When the heterostructure is submerged in a magnetic field, the components of the wavevector
must undergo a Peierls substitution to incorporate the orbital effects from the field [see (3.62)].
An appropriate gauge for a perpendicular field B = Be, is one that has no z component

e, - A(r) = 0 and no dependence on the z operator:

A(r)=B (—y sin? Ae, + x cos? Aey) : (3.100)

where A is a free gauge parameter that has no effect on B. Setting A = 7 /4, the components

of the mechanical wavevector K = k + eA /h are given by
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Ky =k — 2, 101
20 (3.101a)

K, = ky+ —, (3.101D)

K. =k, (3.101c)

with g = y/h/eB. In terms of the circular components Ky = K, + (K, the wavevector

satisfies the commutation relation

1 1

One can also write K = K2 + K in terms of the anti-commutator

1
Ki = 5{K,, K.} (3.103)

A matrix Hamiltonian Hqw for arbitrary K (and B) is constructed following the approach
outlined in the previous subsection. When evaluated at B = 0 and k, = k, = 0, Hqw(K) —
Hy, where Hy is the same as in (3.84). Projecting Hqw(K) onto the eigenbasis of Hy, while
carefully preserving the ordering between the components of K, we obtain the following

matrix Hamiltonian:

%)

How = BSY + oM, K7 + T
B

M, + ap (iM K-+ MpK? + He.) (3.104)

where E&V, M., M;, and M, are the same as in the B = 0 case (3.91) and

Gl 0 0
M, = + : (3.105)
t -Gl 0
_GE
with
27
G = — (h| 6k + L |n), (3.106a)

2
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(Wlalt) = 3 ((+14) = (=1-) (3.106b)

Gl = (clgle) =2 (+]x[+) 5

1
2
being real and Hermitian matrices. We also note that ag/l% = ugB, where ug = eh/(2my)
is the Bohr magneton. Hamiltonian (3.91) is recovered when setting B = 0 into (3.104), as

expected.

Diagonalizing (3.104) for B > 0 is more challenging than in the B = 0 case, since neither
ke, ky, K, and K, are good quantum numbers. The strategy is thus to write the in-plane
components of K in terms of a new operator that commutes with Hqw for all values of
B. Under certain approximations, this new operator takes a very simple form, and the

Hamiltonian is easily diagonalized.

The first approximation consists of neglecting the small cubic-in-J g-factor correction for H
levels: TH = 0. This is a very good approximation in Si, Ge and Sn since TH is directly
proportional to the parameter ¢, which is very small compared to the hole g-factor parameter
k. In the second approximation, known as the azial approximation, the Hamiltonian terms
that capture the cubic symmetry of the crystal are neglected, leading to isotropic energy
dispersions in the QW plane. The axial approximation is excellent in Ge, since these cubic
terms are proportional to v — 73, and in Ge, 75 &~ v3. In the Hamiltonian (3.104), the axial
approximation simply consists of setting 8 = 0 in the matrix M,. Setting T =0 and § =0
in (3.104) gives:

o GH
~ ET] (%)) Gl
HQW = + —
En 2% el
EH el
(3.107)
'K} iT"K_  uK? 0
K T'K. ulK?
+ ag
T I‘ﬂKﬁ iTT K _
T Kf
efining the operator a = g _ , we get the following i1dentities:
By defining th 1K _/\/2, we get the following identiti
2 2at
o= V2 K, = V2 (3.108)

ilg’ il ’
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24> 2a1?
G G (3.109)
lB lB
NS D 1
K=+ (aa +a a) = 5 (2n+1), (3.110)
P 1%
a,af] =1, (3.111)

where n = a’a. The commutation relation (3.111) reveals that a is a harmonic oscillator-like

ladder operator, and that its action on the eigenstates of n is as follow:

alaln) =nn), aln)=vnn—1), dany=vn+1lln+1), al0)=0 (3.112)

where the quantum number n is any integer > 0. In terms of a, ﬂQW becomes

EY(B)
. E (B
o — N
E" (B)
EY(B)
(3.113)
21"|I|{aTa V20T a  —2ua? 0
L Qo 2I‘ﬂaTa V20T  —2uta?
12 + 2Tala  V2IpTa |’

2I‘|I|{a7a
where E7.(B) = E™ + %;) ( e GE/Q). The first term in Hqw is diagonal in |n) since it
contains no a operators. However, the second term involves various powers of a and a' in a

way that suggests an eigenspinor of the form [139]:

cur m — 1)

Cn+ [m)
- ; 3.114
o= 3.114)
cy_ |m + 2)

where ¢,y are N.-component vectors (Ng + N, = N, ) and m is the Landau level index,

whose value must be such that n remains > 0. If m = —2, only the H— subspace is allowed
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in the Hamiltonian since |m + 2)

|0). In that case, the Hamiltonian collapses to

N 201
H{W 2 = EXN(B) + 2 —5-Tjld'a (3.115a)
= E%(B). (3.115b)
Note that EX (B) is not necessarily diagonal with respect to |70 j), since I'j and G generally
have non-zero off-diagonal terms, especially if envelopes spread across multiple materials. If
m = —1, only the H— and the n— subspaces are allowed. The Hamiltonian becomes
. E"(B ] 20at 15T
Figs ' = (B) L Qo e \fB (3.116a)
E" (B ] 0 V25T
_ [B=(P) + 20 V2l (3.116b)
EY(B) Ig 2I‘H

Similarly, if m = 0, only the H+ subspace is forbidden in the Hamiltonian. Hence, Hqw
becomes:

E"(B) ] 2Tfata V2UpTa  —2pfa?
HEW = E"(B) + 3 Mata V2T a|  (3.117a)
I E"(B)] b I 2T tata
E(B) 1 o vaisT —2vau
= E" (B) +%° o1 2zBTXT (3.117h)
EYB)| 7

Finally, for m > 1, all subspaces are allowed
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EL(B)
rym ET] (B)
HQVZVI — + .
E" (B)
EY(B)
20 (m — 1) V20pT*/m —2u\/m(m+1) 0
Lo oTm  V2pTWm+1 —2uf/(m+1)(m +2)
% 2T (m + 1) V20T /m + 2

2T} (m + 2)
(3.118)

The QW energy dispersion as a function of B is obtained by solving ﬂgw for as many
Landau levels m > —2 as required. The result is called a fan-diagram. A Zeeman spin-split
pair corresponds to any pair of 1 or H levels that is degenerate at B = 0 and shares the same
n quantum number at finite B. For instance, a spin-down m = —2 H level is the spin-split
partner of the spin-up m = 1 H level. Similarly, a spin-down m = —1 n level is the spin-split
partner of the spin-up m = 0 n level. We emphasize that m is a good quantum number only
within the two aforementioned approximations (axial + no ¢). Otherwise, the corrections
owing to the cubic symmetry of the crystal must be taken in account, which is described by

the following Hamiltonian:

0 0 —268af? 2i3THal

0 o0 —281a 2
Hp = 20 ¢ (3.119)
I3 T 0 0
0

3.3.4 The quantum well Hamiltonian for arbitrary B (A, = 0 gauge)

In-plane components of the magnetic field can be taken in account by adding z-dependent

terms in the in-plane components of the vector potential. If

B = B (sin 6 cos ¢e, + sin 0 sin ¢e, + cosbe,), (3.120)

where 6 and ¢ are the field’s polar and azimuth angles respectively, then
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A=A + A.||7 (3.121&)
A, = Bcosf (—y sin® Ae, +  cos? Aey) : (3.121b)
A = zBsinf (sin ge, — cos ge,) . (3.121c¢)

Here A and A describe the out-of-plane and in-plane components of the magnetic field
respectively. This choice of gauge is convenient since the z operator is easy to implement
within the present theoretical framework (see Section 3.2.2). Every operator in the QW
Hamiltonian that act on the z dimension, namely z and K, = k., will be fully integrated
following the projection onto the basis (3.88). It is thus natural to divide the mechanical
wavevector K into one part that depends only on x and y (the same K as in the B || z case
but normalized by cosf), and one other part containing the in-plane components of the field
that are proportional to z. In other words, all operators acting on the z dimension will be
pushed within the Hamiltonian matrices M; and so on, such that the final Hamiltonian only

depends on wavenumber components acting only in the QW plane degrees of freedom.

The mechanical wavevector K = k+eA /h obeys the familiar commutation relations K x K =
eB/(ih). Let’s rewrite K in a way that brings forward the contributions from the out-of-plane

and in-plane B-field components:

K=K+ A (3.122)
where
K=k+ %AL. (3.123)

The wavenumber K only depends on the in-plane operators z, v, k, and ky, and has the

following commutation relations:

cos fe, [f(_, f(+] _ 2cosf

— 3.124

with circular components K, = K, + if(y. The circular components K4 and K expand to:
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~ . B - +ig
Ki=ky+ % cos, Ki=K,F ze2 zsinf, (3.125)
I3 I3
where (4 = (x +iy)/2, and satisfy the commutation relations
(4, k] =0, [Cx, k] = 1. (3.126)

As in the B = 0 and B || z case, a Hamiltonian Hqw for B > 0 is constructed by pro-
jecting Hqow onto the eigenbasis (3.88), while preserving the K-products ordering. The K
wavenumbers are then expanded in terms of the K’s, with the z contributions from the

in-plane components of the field pushed into the matrices M;. The result is

~ g cos B - .
How = Eo + aoM, K7 + OTMQ +ao (iMyK_ + MyK? + Hee.)
B
apsin b
%
o sin? 4
I

(1ML K + e M — 2ie MK _ + H.c.) (3.127)

[Mg - (e—%‘bmg + Hc)] ,

with f(ﬁ = {f(,,fﬂr} /2. Noting that K. — K. when # — 0, equation (3.127) reduces to
(3.104) when 6 = 0, as required. The primed matrices M; have the same structure as their

unprimed version (3.92):

Tt o0 0 0 o0 0 0
" 0 0 | R 0
M, = I , M/ = I , 3.128a
K t rﬂ* 0 7 f F;"“ 0 ( )
H H
N N

M, = , (3.128D)
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0 0 @ 0 0 0 u 0
0 0 0 wi 0 0 0 pt
- : M = 3.128¢
2018 0 0 0 208" 0 0 0 ( )
0 &8 0 0 0 & 0 0

Primed matrix elements are also based on the unprimed elements from (3.93), but with added

powers of z depending on the number p of primes:

T = {c] 2Py ) — ; (H 27 (1 + ) [+) - z (=127 (0 = 2232) =), (3.1292)
I = 1 e, (3.1290)

pc _ Zp _ Z'pzpfl S . C
ﬂh\[z ) (+| Tkl - 2 \>)], (3.1200)
"= (e 1)+ (4 25,10

+(§ (el [79, k] |e) = (+] . [=) + (= | |+) = 5.4¢] [7g, k] |e>) (3.1290)
25 (127 =)+ (=127 )

™ = 2 (0] 2P, k] ), (3.120¢)

= \§<h\zp('y2+73)!+> (3.120F)

8" = \fwzp(% Y3) [+) (3.129g)

where vl = {2P7y3, k,} &+ [2Pk, k.]. p = 0 corresponds to (3.93), and p = 1,2 corresponds to
one and two primes respectively. Similarly to (3.92), the matrices M2, I‘ﬁT, and TP are real
and Hermitian, while the matrices Mﬁ’g, TP u?, and 8” are real but not Hermitian.

For purely in-plane magnetic fields, the wavevectors in Hamiltonian (3.127) reduce to scalars:
K. — k. Since the latter do not contain any dependence on z or y, the Hamiltonian then
commutes with ki, which can be taken as quantum numbers. However, their physical sig-

nificance must be taken with special care, since k4 are gauge dependent. The corresponding

gauge invariant quantities are the K = ky F ie;th (no tilde on K. ), but these are not good
B
quantum numbers because they contain a z operator. Taking the average value of K, and

noting that (ki) = ki gives:
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jeTi®
(Ki) = ke F 2 (2) - (3.130)
B
Therefore, by carefully choosing the z = 0 coordinate such that (z) = 0, one obtains

(K1) = ki, meaning that the quantum numbers ky that were once gauge dependent now
correspond to the gauge invariant quantity (K4). In inversion symmetric heterostructures
such as quantum wells with identical barriers on both sides, this is achieved by placing the
z = 0 coordinate in the center of the well. In heterostructures with additional in-plane con-
finement (quantum dots, quantum channels, etc . .. ), it is more convenient to put the in-plane
contributions of the B-field into the z-component of A, thus eliminating any dependence on

the z operator and removing any gauge invariance complications.

3.3.5 List of quantum well parameters

As discussed earlier, a general multi-band Hamiltonian can be simplified to describe only
a subset of bands, with remote levels taken in account perturbatively. This was the main
topic of the previous few sections, where the starting point was the bulk 30-band % - p model
Hjg, and the simplified, effective Hamiltonian was an 8-band matrix Hg for the conduction,
the heavy hole, the light hole and the split-off bands. Doing so introduced material-specific
parameters in Hg (see Section 3.1.4) such that the dispersion predicted by Hg coincides with
that of Hsy close to the I' point. In analogy with bulk band models, a similar procedure can
be performed with quantum well multi-(sub)band Hamiltonians, where the starting multi-
subband Hamiltonian is the 2V, x 2N, matrix (3.91), (3.104) or (3.127). The simplified,
effective Hamiltonian may describe any collection of subbands nj and/or HI, with all other
subbands taken in account perturbatively. This Hamiltonian depends on a set of quantum
well parameters that are specific to the material system, the heterostructure and the chosen
set of subbands. The objective of this section is to evaluate quantum well parameters for
single 7j subband Hamiltonians. The corresponding effective matrices are 2 X 2 (0 = =)
and are described by means of 4™ order perturbation theory. As in bulk band effective

Hamiltonians, quantum well effective Hamiltonians are valid only for small K.

We take as the multi-subband Hamiltonian the matrix (3.104) for quantum wells in perpen-
dicular fields. This matrix is written as a sum of one term with known eigenvalues (already

diagonal) Eg, and one term with unknown eigenvalues W:
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EE 0 0 0
E' 0 0
E, — , (3.131)
+ E' 0
EH
W = agM. K2 + 20\ M, K_ +M,K2 +H 3.132
= ~ ”—’_@ g—}-a()(Z 1 _+ 2 _+ C) ( )

Notably, W vanishes if K| = 0. An effective Hamiltonian Hcg is obtained by summing terms

corresponding to different perturbation orders. Up to 4" order:

Hy=H? +HY + H® + H® + HW. (3.133)

Explicit expressions are found in Reference [35] for the p™ order correction H®) up to p = 4.
These expressions undergo some simplifications in the special case where the levels of interest
are fully degenerate, as is the case for |[7+; 7). In the following, we establish useful notation

to make the perturbative equations more concise.

We first denote by H the whole Hilbert space generated by the 2N | -dimensional QW subband
basis By [see (3.88)]. Every spin-degenerate pair |7+;j) generates a 2-dimensional Hilbert
subspace of H. We assume that there are no accidental degeneracies between a given nyj level

and another HIl level. We adopt the following convention of indices:

e 4, j: indices that run through the whole Hilbert space H;

e «, (3, 7, € indices that run within a degenerate subspace: for a given «, the indices [3,

v and € are restricted to the same degenerate subspace as «;

e A, i, v: indices that run through the orthogonal complement Hilbert subspace of the
degenerate subspace specified by the indices «, 3, v, €.

Immediate corollaries are £, = Eg = £, = E. and E, # E,. We also define the quantities
Ai7j and Ii7j:
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E, —E; if B, # Ej
Aij = ’ # 7, (3.134)

00 otherwise

B 1 ifE; = E;
L ;= . (3.135)
0 otherwise

The A matrix is defined as such since energy difference denominators are frequent in pertur-
bation theory. Setting A; ; = oo if F; = F; eliminates from a sum all the terms involving two
elements from the same degenerate subspace. The I matrix can be thought of as a “selector”
of degenerate subspaces, i.e., I, ; = 1 if and only if 7 and j belong to the same degenerate

subspace. We also define the dot- and the bar-matrix:

Wy=32eW=wWoa (3.136a)
(2

; Wi )

W= e W=Woa (3.136b)
i,J

Wij=Wili; & W=Wol, (3.136¢)

where @ is the element-wise matrix division and © is the element-wise matrix multiplication,
and A? = A ® A. A and I are such that the matrix elements of a dotted operator vanish
within a degenerate subspace, while those of a bared operator are only non-zero within
a degenerate subspace. This is useful in the numerical implementation of the following
perturbative sums, as subspaces are automatically selected by either dividing by A or by
multiplying by I. Lastly, we also define a left-to-right product rule for the matrices W:
products like WWWW for instance are evaluated by first replacing each dot- or bar-W by
its definition (3.136), and then by performing the multiplications from left to right:

WWWW — W0 AW GO IW 0 A*W o1 (3.137a)
S (((Woa)W) oD W) 0 A?)W) o1 (3.137D)
Wa,/\WAWW%uWMﬁ

s>

A,y

(3.137¢)

2
AarA3,

Common two-element products are:
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Wa Wi s

WW=(WoA)W)elI=> A , (3.138)
A o\
- W W,
WW = (WoA?) W) ol=3 —>7 (3.139)
by a,\
WW=(WoD)W)ol=> W,,W,; (3.140)
v
etc ...
while common three-element products are:
L W Wy W,
WWW = (W2 A)W)0 A)W)ol=Y 2 X b (3.141)
AL a,A=anp
I W Wi, W.
WWW = (((WoA?) W) o) W) 0T =3 =500, (3.142)
Ay a,A
e W W AW
WWW = ((WeDh)W)o A’ )W)el=3 ”A;’A A0 (3.143)
)\,’y 'Yv)‘

etc ...

In the perturbative expansion of Hcg, every right-most term in a product ends with a bar-

operator, since Heg only describes pairs of degenerate levels.

This implementation of perturbative sums provides a powerful approach to evaluate the
effective parameters of every degenerate pair |7=+; j) at once. For example, if N, = 3, Ny = 2
(so H is of dimension 10), the structure of any W-product ending in a bared operator (and
therefore Heg) will look like the following:
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Hg = (3.144)

where B indicates a non-zero matrix element. If we are interested by the effective parameters

of N1, we only need to read in Heg the relevant matrix elements for n=£; 1) (marked in orange).

The 0™ and the 15 order corrections to the effective Hamiltonian are:

HY) = Eodop & HO = E, (3.145)
H) =W,5&HY =W. (3.146)

The 2" order matrix elements are given by

W
H?) = Z AAMW (3.147)

sHY =(WoAYW)oI=WW. (3.148)

The 3" order correction is

W W W, 1 lWa,\W,\ W,s  We,W ,\ngl
Ha3) _ ) spp L ; 2B AV, ; (3.149)
’B Avﬂ AO&,)\AO{,,U, 2 ; Ai )\ A,Qy)\
& HO = WWW — = (WWW + WWW)
(3.150)

= WWW + [S]g.

Here [S]3 refers to the permutations of dots and bars specific to 3¢ order perturbation.
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Finally, the 4" order correction is

] Wa,/\WAWW%uWMﬁ

Hap =3

Wa,)\W)\,uWM,uWVﬂ . 1 Z 1 + 1
Aa /\Aa,quz,u Aa )\A’y s AO&,)\A37M

Mw

{l L1 ]WQ,AW,\,NWMWW%/g_F[ Lol 1WMW%AWMWM,B}
Agn A Ao rAq Ay A, A NA,
a )\WA ’yW'y eWe B + Wa,yW’y,eWe,/\W)\,ﬂ
A% AL

.,

5 Z
Ll

"
(3.151)

o HO - WWWW 4+ (WWWW + WWWW)

1, - ..
_ (WWWW + WWWW + WWWW)
2 (3.152)

| P . e
-5 (WWWW + WWWW + WWWW)
~ WWWW + [S],.
Once all the perturbation contributions have been summed, we collect and group terms with
alike K-products while preserving the K-products ordering. We may change the ordering of

a few products for convenience. For instance, we change the ordering of K_K, K, to the

symmetrized form K, K_K, by making use of the commutation relation (3.102):

2

K_K+K+ — (K+K_ —|— [K_,K+]) K+ — K+K_K+ + l2 K+ (3153)

Similarly, we may use (3.103) to symmetrize products K_K, as such:

1 1
K,K+ = §{K,,K+} + 5[K77K+] (3154&)

(3.154b)

The result is the following Hamiltonian:
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&%)

10t CL

Q
= Bo oo (v+ X6 KE 4 it + a0t 4
B B (3.155)

. . ) Q0
+ lzﬁlK_ — iRy K2 + iRy KK K_ + g, K: — %ELK— +H.c.|.
B

The effective parameter matrices represent:

o [0"] Ey: K| = 0 energy;

o [2%9] 5: inverse effective mass, v = mg/m*;

o [4"h] x.: spin-dependent effective mass, for perpendicular fields;

o [27] g1 g-factor for perpendicular fields;

o« [4™] ¢,: B-field independent non-parabolicity;

o [4%] ¢, : perpendicular B-field non linearity (quadratic in B term);
o [1¥] B;: linear-in-K Rashba spin-orbit coupling;

o [3] By cubic-in-K Rashba spin-orbit coupling;

 [3"] B5: cubic-in-K Rashba spin-orbit coupling;

o [4'h] ¢,: anisotropy parameter;

o [3"] &.: perpendicular B-field correction to 3; (vanishes for 2 x 2 Hamiltonians),

where the numbers in square brackets indicate the maximum perturbation order required
to describe that parameter. As a general rule, this order cannot exceed the power of K
associated with the parameter, since W is at least linear in K. For example, nothing new
is learned from 3™ order perturbation for ~, since « is associated with K ﬁ Each of these
parameters are the prefactors that arise by collecting alike K-products in Heg. By increasing

order of perturbation, we have:
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B, = agMy, (3.156a)

y =M, +ao (MyM] + MM, , (3.156h)

g1 = M, + 200 (M;M] — M{M,), (3.156¢)

B, = af (M{M] + MIM]) — of (M{M[M] + [S]5) , (3.156d)
By = a2 (M, M; — MM, + M;M, — M,M]

3 0 ( y 1 1 2 1 v 2 1) (3156e)

+ ol (M{Mll\_/ll + M, MM, + MMM/ + [5]3) :
X1 = ap (M, M, + 8M,M} + MM, — MM, )
+ a2 (6NN, MY + 2NL NI, M — 2N, MM,
— 6M]M, M, + 2M,MIM,, — 2M|M, M,
+ M, M,M]| + M, M, M| + M,M|M,
+ MIM,M, + M;M{M, + MM, M,
— 8M, M, M + SMIM; M, — SMLM{MY| + 8MIM{M, + [S];)
+ 4o} (2N, VI, NN + NI NN M — 2N NI N N — NIV NI M, +[S],)
(3.156f)
¢, = ag (1\./171\_/17 + 1\./[21\_/12 + MEI\_/Iz)
+af (MM, M] + M, M, M| + M,M|M,
+ MM, M, + MMM, + M{M;M,
— M;M; M} — M;MiM; — MIM,; M, (3.156g)
- MZMJ{MJ{ - Mile\_ﬂ - MJ{MJ{MQ + [5]3)
+af (MM M{M]{ + MI{M{M;M, + M, M|M,M|
+ MM, MM, + M;M{M{M, + M{M,M,;M] + [5]4) ,
G = ap (MM, + 12M,M} + 12M}M, )
+ da? (lemvm + ;Mlmgm L ONIINL, M, — ;Mmgml
+ ;Mgmlm _ ;Mgmml + ;MM}MQ _ ;Mimlmg
3 MM, M+ MMM, — 3NN M, (3.156h)
-3 M2M];MJ{ + MJ{M2M1 - 3MJ{MIM2 + [5]3)
+ da? (3N, MMM + NI NN MY — NNV
+ 3MIMINL M, + MM MM, — MMM MY+ [5]4))
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Ca = aOMQMQ — Oég (M1M1M2 -+ M1M2M1 + M2M1M1 + [5]3) (3 156)
e 1561

+ Oég (MlMlMlMl -+ [5]4) .
With the effective parameters (3.156) written down, it is now possible to write effective
2 x 2 Hamiltonians for specific 1 levels and H levels by reading the matrix elements in
(3.156) within the subspace corresponding to the subband of interest. For instance, the
matrix B, = apM; ® I, where M; consists of diagonal blocks shifted towards the right [see
(3.93)]. The terms T* do not contribute to f; since they do not overlap with non-zero matrix
clements of I [see (3.144)]. However, the terms T" located in the o subspace of n levels
(04 = (0, £ io,) /2) and the terms TH located in the o_ subspace of H levels do contribute

to Heg. The (5 parameter for the nj level and for the HI level is therefore:

V= T}, (3.157a)
= aoT}]. (3.157b)

On the other hand, the g-factor g, is a diagonal block matrix, since M, is block diagonal
and the products Mil\_/ll are as well. Additionally, the matrix element of g, in the o 0_
subspace of either 1 or H has opposite sign with respect to that in the o_o, subspace. The

g, term in the final 2 x 2 effective Hamiltonian will therefore multiply a o, operator.

The final effective 2 x 2 Hamiltonian for 1 or H levels in a perpendicular-to-plane B-field is

T « «
Hiy=E +ao (7 + 250, )| K? + o0 g70. + agC Kl + (]
202, 20, AL

+ [zﬂ;K_o—T — B K30, + i K K, K_ o, + aCTK* + H.c.} :

(3.158)

where in the o operators, 7 = +1 for 1 and H levels respectively. The three Rashba spin-orbit
effects give rise to a spin-quantization whose amplitude is determined by /] times a power
law in K and whose orientation is determined by the direction of in-plane motion ¢ and a
winding number. Table 3.5 gives an overview of Rashba SOC for n and H levels. The spin
orientation refers to the state of lowest energy (closer to the bandgap). It is important to note
that if B = 0, Rashba SOC does not break time-reversal symmetry; the energy dispersion
would still have a Kramers degeneracy E (k) = E_(=k).
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Table 3.5 Rashba SOC in quantum wells. &k and ¢ are
defined by k, = ke'®. 37 > 0.

Type Amplitude Winding # Spin orientation

1 H
BT~k 1 o-m/2 m/2—¢
B3 ~ k3 3 7/2 -3¢ 3¢—m/2
ey ~ K’ 1 p—m/2 w/2—¢

3.3.6 Key results and the particular case of the LK Hamiltonian

The parameters v, g,, and the Rashba ;23 parameters are arguably one of the most rel-
evant when discussing the dynamics of charge carriers in quantum wells. It is instructive
to investigate their behavior with respect to key characteristics of the heterostructure and
the material system. This may also provide some physical intuition behind the set of equa-
tions (3.156), which might appear quite opaque at first glance. To facilitate the discussion,
and unless specified otherwise, we work within the framework of the 4 x 4 Luttinger-Kohn
Hamiltonian, where most expressions in (3.156) become quite simple. In addition, we as-
sume infinite energy band offsets between the QW and the barrier materials. Within these
approximations, the envelope functions corresponding to the conduction band |c) and the
split-off hole band |s) exactly vanish. Moreover, boundary conditions imposed by the infinite
band offsets fix the value of the envelopes to zero at the interfaces. Assuming that the QW
is made of a single material, any material parameter v within the well is constant with z,
and therefore [v, k.| = 0.

Expanding the effective mass matrix y gives:

Y =M, + ag (MM] + M[M, ) (3.159a)
ff N
L m
.
L
o o (3.159D)
Txf:[\x]L THTH
T TxtTx
+ (6] . _ + (&%) .
Tt T

THTH T



Similarly, expanding the g, matrix gives:

Y = Mg + 2@0 <M1MJ{ — MJ{Ml)
GT )
Gl
_GTJ_ .
_GE
T
™

+ 2060 TXTTX

THTH

80

(3.160a)

THTH
T T
- 20[0 R
T
T
(3.160b)

From these expressions, the effective mass and the g-factor for the nj level and HI level

respectively immediately follow:

n__gmMm 5] ) > )
7" = L+ a0 (;E?—EIHJFZET‘_E?,)’

H__ pH J b
" —F;l,lJ“O‘O(ZEF—E‘?JFZEH—E},{

J

~ TH l,j
~ FH;U + (%) Z EH

_
j EJ

and

gl =G, 200 (z

l

J

15T ). T
Ly~ 53" 3" (3.161)
i i
155 T )
e (3.162)
T
5T 515, )
R T | (3.163)
B} —E & E - E)
Tty 3 T T
Ef —E] = Ef - B
(3.164)

~ Gl 200y

X Xk
I75175

7Bl - E)
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where in the second line of (3.162) and (3.164) the small cubic-in-J correction to the g-factor
is neglected (T™ — 0). For H levels, subtracting half of (3.164) from (3.162) eliminates the
sum on j. After inserting the definitions (3.93), the well-known formula that relates the

effective mass and the g-factor [58] is recovered:

H

S — (3169

Expanding (3.161)—(3.164) a bit more also reveals

n

(71 = 72) + 120075 (4| k=pTk- 14;) (3.166)
Y= —(n +72) + 120073 (lul kopi' ke | i) (3.167)
gl = =2k — 240073 (] kpjk. [4;) (3.168)
gt = =6k + 2403 (| ko k- [Iu) (3.169)

where

|hz
Z EH’ (3.170)
H j j
o=y ALl (3.17)
B - )

The well-known formulas for the masses and g-factors for 1 and H subbands are recovered
if the p}-terms are neglected. However, the latter introduce important corrections to what
would otherwise be merely first order approximations for the effective mass and g-factor.
The second order corrections are inversely proportional to the energy difference, and directly
proportional to the wavefunction overlap with neighboring levels. Note that the wavefunction
overlap is stronger between levels of opposite parity, since T* and T” involve k, operators [see
(3.93)]. As a general rule, the appearance of M, inside a perturbative expansion indicates
that opposite-parity n-n, n-H or H-H linear-in- K mixing has a contribution to the effective
parameter, while the appearance of an My term indicates a contribution from same-parity

quadratic-in- X’ mixing.

For the ] parameter, a 4-band LK formula gives exactly 5] = 0 regardless of the QW



82

symmetry. A linear Rashba parameter only arises if envelopes are allowed to spread into
barriers, owing to non-zero commutators [k, k.| and [q, k] in T matrices. Another way is to
introduce the split-off band to the n spinor, in which case we get the following (assuming
infinite band offsets):

Bl = =6V 20073 { (] k. |s;)} - (3.172)

The bra-ket product (¢;| k,|s;) # 0 only if

f2(2) # Cf(2), (3.173)

where C is any scalar. In particular, the bra-ket is zero if f*(z) and f*(z) share the same
parity. A necessary requirement for (3.173) is 7o # 0 [see (3.84)]. It should be noted that
there is an implicit 1/Ay dependence in (3.172) hidden within the f*(z) envelope function:
for large Ay, the SO contribution in the LH-like n level becomes increasingly small. Recalling
(3.87), the LH bra-ket (¢;]¢;) — 1, while (s;|s;) ~ 1/AZ, and therefore (¢;]s;) ~ 1/Aq (see
Appendix A as well). On the other hand, in the case Ay = 0 (no SOC), (3.84) shares its
eigenstates with those of L,. Rewriting the |j,m;) Bloch functions (3.79a) in terms of the

orbital eigenstates |l = 1,m;) = |my) of L,:

1
1) 5
0) = |2) | (3.174b)
1

V2

(1X) +i|Y)), (3.174a)

&l

|—1) = (IX)—1i|Y)), (3.174c)

and inserting into (3.85) for n levels gives

i) = ﬁ 0,4 (1) = 13 1V3) + 7 1,7 (1) + V2ls). (3.1752)
i) = ﬁ 0. (1) = ) /V2) + g =14 (1) + V2Is)) . (815b)

(3.175) diagonalizes (3.84) for any A, with properly chosen |¢;) and |s;) and must also

diagonalize L, if Ag = 0. To fulfill the latter case, one of the two parentheses must vanish,
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thereby forcing |¢;) = C'|s;), which violates criterion (3.173) and implies 5] = 0. Note that
A7 does not involve any levels other than 1y itself (the components |¢;) and |s;) belong to

the same nj spinor of energy £7).

Within the 4-band LK Hamiltonian, 15" and 3" order perturbation terms do not contribute

to any of the cubic Rashba parameters (37 ;. 21 order terms give:

3 = 3iag (v2 — 73) s ()] {k‘z, Pﬂ 145) ( )
B = =3iad (v2+7s) s (hul [z, 00" 1) (3.177)
B3 = —3iag (72 + 73) 73 (4] {k:z,pﬂ 145) (3.178)

5 = 3iad (12 — 73) v (] K=, 0)'] [P) (3.179)

As expected for H subbands, 3i is proportional to v + 3 while 3i is proportional to 75 —s.
In the axial approximation, 8L = 0, thus yielding isotropic dispersions. The reverse is true
for i subbands; isotropic dispersions come from 3 = 0 in the axial approximation. On a
related note, the anisotropy parameter (7 is described exactly by 2°¢ order perturbation in

the LK model. It vanishes for both 1 and H levels if v = v3:

3

G =" Gl s —wp)wll), (3.180)
3

C,If = TO <hz| 72P1H% - 730}{73 |hl> . (3‘181>

3.4 The 8band k- p Hamiltonian with in-plane confinement (A. # 0 gauge)

In the next few subsections, we introduce in-plane confinement through the potential function
Vi|(z,y). For simplicity, we assume that such confinement is provided by means of electrostatic
potentials, where the field is generated by applying a DC voltage through an arrangement of
electrostatic gates deposited at the surface of the heterostructure. We will consider the case
of quantum channels (2D confinement, or 1 degree of freedom) and quantum dot systems (3D
confinement, or no degrees of freedom). In all cases, we assume that material parameters are

constant in the QW plane, and that the in-plane confinement profile is parabolic.

If in-plane confinement is absent, x and y operators in the vector potential must be avoided
since they introduce unnecessary Hilbert spaces to a problem that should only involve the z-

dimension. When in-plane confinement is present, in-plane Hilbert spaces must be introduced



84

in the framework. An ideal gauge therefore replaces all z-operator dependence with = and/or
y operators, thus removing the complications of gauge invariance related with the average
value (z). An arbitrarily oriented magnetic field B with magnitude B and orientation (6, ¢)

is described by the following vector potential:

A = Bcos# (—y sin® Ae, + x cos? Aey> — Brysinfe,, (3.182)

where A is a gauge parameter that has no effects on B and 4 = xsin ¢ —y cos ¢. Depending
on the type of in-plane confinement, A may be chosen such that some operators disappear
from the vector potential. Performing the Peierls substitution with (3.182), inserting into
(3.64) and projecting onto the QW subband edge basis B, gives

W cos 6 sinf (sinf
H:EOQ + o lM7K2+212Mg+P<Z2N7T;—N;T¢>‘|
B B B
. . sin@ (e~ , 22 2
+ 1y [@M1K_ + M,K? + 2 ( 5 N, +iNy {ry, K_}> + H.C.‘| — <l4 + ?ZJ4> :
@ y

(3.183)

Hamiltonian (3.183) reduces to (3.104) in the limit /,, — oo and # = 0. The [, and [, pa-
rameters are characteristic lengths for the in-plane confinement. The additional terms r, and
N matrices arise from the A, # 0 component of the vector potential. In-plane components
of A are still contained within the in-plane components of the mechanical wavevector K. A

minus sign is required in the potential energy for hole confinement. The N matrices are the

following;:
T 0 0 0 ™ o0 0 o0
' 0 0 r'' o 0
N, = + , N/ = s , (3.184a)
+ I 0 t 0
r NG
(0 Gf 0 0 0 R* 0 0
0 0 G 0 0 0 R" 0
N, = | xt] N, = , (3.184b)
0 0 0 Gj 0 0 0 R
Gt 0o 0 o0 00 0 0

where



85

T} = (ehele) — 3 (i = 2l4) = 2 (o + 4ral-), (3.1550)
I'T = (cl{ve, bz He) + i\/g(@\CpH — (=leple))
X ) (3.185b)
3 (+H{m — 272, k2 }H+) — 3 (=[{71 + 42, k3 =),
T = — (hly — 292[h) (3.185c¢)
' = — (hl{m — 272, k. HR) (3.185d)

K= —2v/3(h| <n =) + Iq |6) — \}5 \s>> : (3.185)

GJl = (clgle) — 2 (+|r[=) = 2(=[x|+) = 10 (¢lglt) — V2 ({]s) + (s]-)), (3.185¢
G| = =3 (hlq|h), (3.185¢

R* = iv/3 (h|ys|-), (3.185h

R =i ((+[ys|=) = (=|sl+))- (3.185i

~— ~— ~— —

As in (3.93), the j and [ indices are omitted for clarity.

3.4.1 The quantum channel Hamiltonian

A quantum channel is a device in which charge carriers are allowed to move freely only
in one direction (say y). The two dimensions of confinement are provided by (a) the QW

heterostructure and (b) by electrostatic gates with associated potential

Vi(z) = —%x? (3.186)
I is a characteristic length to quantify the strength of in-plane confinement (as felt by an
electron of mass mg). This length is not necessarily the physical distance between the gates
on the actual device. [, is used instead as an abstraction of experimental details including the
shape of the gates, the distance between the gates and the QW, and on the applied voltage.
A full numerical 3D simulation could provide an estimation of [, from a given gate pattern,
but the approach here is to simply take [, as a free parameter. By Laplace’s equation,
the DC field provided by the gate stack also includes an out-of-plane component, which is
simply merged with the out-of-plane field parameter F,. For simplicity, we also assume that
the magnetic field has no x component, which would otherwise introduce an unwanted y

operator into the z-component of A. The y operator in the z-component of A is removed by
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setting A = 0.

In analogy with the quantum well system, a subband edge basis B(()‘QC is constructed by
diagonalizing the quantum channel Hamiltonian HOQC, which is given by (3.183) with k, =0
and B = 0:

HEC = BYY + ag [(M, + My + ME) 2+ (M — M) k] — %x? (3.187)

Eigenstates of this Hamiltonian are denoted |s; 4, N). Here, ¢ =7, | is a pseudo-spin quantum
number for the channel subbands, 7 is an out-of-plane quantum number and N is an in-plane
quantum number. The energy associated with |¢;4, N) is denoted Ef y, and is ¢-independent.

The kets |¢; 7, N) can be expanded as a linear combination of QW and in-plane basis states:

i
. , c;
G50, NY =D Crgjn |03 ) 0 c?+ ) (3.188)
T,0 jn —
Cii_

where ¢, are N,;N,-element vectors, with N, the number of |n) levels in the in-plane basis.
As with the quantum well case, it is possible to diagonalize H(?C only for the ¢ =1 subbands,
with the degenerate time-reversed partners ¢ =| simply constructed from the ¢ =71 levels.

The strategy starts by first expanding the M’s in H(?C to get the following matrix:

Li'k2 Tk,  ukl —iTYk,
—iTk,  Tlk;  iT% Wikl | 2
8'k2  —iT, TkZ Tk, 14
iTE, 8k —iT*k, T|'k2

HY = E&Y + (3.189)

Since the confining potential V| (z) is symmetric on the z axis, the wavefunctions (r|s;, V)
must be either symmetric (S) or antisymmetric (A) with respect to the transformation x —
—x. Since even powers of x or k, are symmetric, odd powers of x and k, are antisymmetric,
and from the structure of Hg‘zc, the four 7o subspaces of an eigenstate of H(OQC must have
r-symmetry “SASA” or “ASAS”. Noting that every element from the first group is in one-to-
one correspondence (and degenerate) with an element from the second group, we can identify
¢ =1, ) with “ASAS” and “SASA” respectively*. It is natural to introduce the ladder operator

4This is a convention; the opposite would work as well, but at the cost of g-factors with opposite sign
compared to (3.163) and (3.164) in the limit [, — oo.
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1 s
a=— (24 z‘lmk:x> , 3.190

V2 (lx ( )
such that {a, aq =1 and a'a|n) = n|n). Projecting the 2 and k, operators in HE® onto the
basis |n), and eliminating the subspaces that are incompatible with the “ASAS” symmetry
(even n in H+ subspace, and so on) results in a ¢ =1 Hamiltonian of dimension N, N, X N, N,.

The N N, other ¢ =] subbands are constructed from the ¢ =1 eigenstates with

CH+ CH-

4, N) ;| i, NY s | (3.191)
Cn— Cn+
CH— —CH+

The QC subband edge basis B(?C is constructed by collecting N ¢ =1 subbands and the
corresponding V| ¢ =] subbands close in energy to a set of QC subbands of interest. Similarly
to the QW problem, the size of B(?C is restricted to 2N N,, or Ny < N, N,. The QC
Hamiltonian away from k, = 0 and B = 0 is obtained by projecting the remaining part of
H — H onto BSC. The result is a 2N| X 2N| matrix

1 1 1
H = E§° + ag (Lik, + L k2 + =5 Ly + = Lak, + — Ly |, (3.192)
v 202 Al%,

where E(?'C is the diagonal matrix of energies E y:

E° O
E¢° = , 3.193
- (3199
and B¢ = diag{ E{, BT ;, ..., E5, E5 1, ... }. A few L matrices are further expanded:
L, =L, cosf + Ly sin6, (3.194a)
L3 = L3, cosf + Lg sin ), (3.194Db)
L,=1Ly cos’0+ Ly sin? 0 + Ly, sin 0 cos 6. (3.194c)

All L matrices have simple block structures inherited from the symmetry-based classification
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of ¢ =1,

L, = T = (¢;i, N|m; — 2myk, |¢";i', N'), (3.195a)
L, =T = (s;i, N|mg|¢";¢', N"), (3.195b)
L, = G = (s;4, N| M, + 2myx — 2mo{z, k, } |54, N') | (3.195¢)
Ly = G2 = (s34, N|ng — 2N 2 + 20y {z, k. } [¢"; 3, N') (3.195d)
Ly, =26 =4(s;i, N|moz|¢";7', N'), (3.195€)
Ly =853 = 4(; 4, Nz [¢; ¢/, N') (3.195f)
Ly =716 =4(;i,N| mz” 54, N'), (3.195g)
Ly = Zyso = 4 (s;i, N[N, 2% |¢; ', N') , (3.195h)
)

Ly = Zy s = 8(s;i, N|nyz? |¢';i', N') (3.195i

with ¢y the 2 x 2 identity matrix and ¢; 2 3 the Pauli matrices. The m and n matrices are

my = M, — M, — M},
m; = M; + ML

m, = i(M, — M}),

n, = —i(N, — N),
n; = N; + NJ{:

n, = i(N; — NI).

3.196a
3.196b
3.196¢
3.196d
3.196e
3.196f

_ — N~ T/~
_ N — N T

3.4.2 List of quantum channel parameters

A 2 x 2 effective Hamiltonian for a given quantum channel subband |[s; 4, N) is derived from
an approach similar to the one described in Sec 3.3.5. The part in (3.192) with known

eigenvalues and eigenvectors is the Eé’zc term, while the perturbation W is given by:

1 1 1
W = (%)) (ley + L’ykg + @Lg + @Lgky + %L4> . (3197)

Performing a 4" order SWT gives the following Hamiltonian:
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1 ) o
Hg=E°+ap |7+ T (X(i cos O3 + Xﬁ sin 9§2) k;; + 72
2l 205

a : C C
+ apCCkS + é (¢S cos 0+ (fsin® 0] + (85 + Bskz) kysa,

[gj cos 03 + gj sin 0§2}
(3.198)

where the “c” superscript refers to QQC subbands, and differentiates a parameter from its n
and H QW counterpart. In increasing order of perturbation, the effective parameters are

given by (in dot-bar notation):

Xj = a0 (T°Gf + G{T°) + of (T°T°Gf — T°G{T° + G{T°T" + [S);), (3.199i
¢ = aol T + o2 (rcTcTc + 1T + TTT’ + [5]3) +ad (TTTT + [5]4) , (3.199j

g5 =GS, (3.199a)

gfi = Gi, (3.199b)

BS = aoT", (3.199¢)

Y =T 4 aT°T¢, (3.199d)

¢ =75 + ayG5 GY, (3.199)

& = Zf + w0 G{Gf, (3.199f)

BS = af (F°T° + T°T%) + of (T°T°T* + [S]5) (3.199g)

X = ao (TGS + GST) + af (T°T°GS — T°GI T+ G T°T° + [S]s),  (3.199h)
)

)

where the dot and bared matrices are defined in (3.195). In contrast to the QW system, here

the two components of the g-tensor only require 1% order perturbation.

3.4.3 The quantum dot Hamiltonian

A quantum dot is a device in which charge carriers are confined in all three spatial dimensions.
The three dimensions of confinement are provided by (a) the QW heterostructure and (b)

by electrostatic gates with associated potential

Vi (x) = —ag <x2 + 92> . (3.200)

l; and [, are characteristic lengths to quantify the strength of in-plane confinement (as felt
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by an electron of mass mg). Appearance of both z and y in the Hamiltonian allows magnetic
fields with arbitrary orientation (6, ¢).

In analogy with the quantum well and the quantum channel systems, a subband edge basis
BgD is constructed by diagonalizing the quantum dot Hamiltonian H(?D, which is given by
(3.183) evaluated at B = 0:

2 2
. x

H = BV 4 o [kaﬁ + (lek, + Mok? + Hc)] — <l4 + ‘}ﬁ) . (3.201)

x y
Eigenstates of this Hamiltonian are denoted |[s;i, N1, Ny). Here, ¢ =7,] is a pseudo-spin
quantum number for the QD subbands, ¢ is an out-of-plane quantum number and N, are
in-plane quantum numbers. The energy associated with |¢; 4, N1, No) is denoted E;f Ny.N» and
is ¢-independent. The kets |¢;4, N1, No) can be expanded as a linear combination of QW and

in-plane basis states:

Ch+
. , Cy
550, N1y No) = Y Crojinans |T03 ) 01, n2) ?+ : (3.202)
T,0 j,n17n2 n—
Ci_

where c5 are N; N, N,-element vectors, with N, the number of |n;) levels and N, the number
of |ng) levels in the in-plane basis. As with the quantum well and the quantum channel cases,
it is possible to diagonalize H((jQD only for the ¢ =1 subbands. The degenerate time-reversed
partners ¢ =| are then simply constructed from the ¢ =7 levels. The strategy used for
the quantum channel can be recycled here, since V| has inversion symmetry with respect to
r — —x and y — —y. In this case, the classification is performed according to the parity of
|n1,n2). Assuming ny o > 0, |ny,n2) is even (odd) iff ny +ns is even (odd). Since even powers
of k4 preserve the parity of |ny, ng) and odd powers of ki do not, and from the structure of
H(?D, eigenstates must be either “ASAS” or “SASA”, as in the quantum channel case, with
“ASAS” corresponding to ¢ =1. We introduce the ladder operators

LA zlyky> , (3.203)

a—l(x—i-ilk) a—L
1 — xhzx | 2*\/5 ly

V2 \l

such that [ai,aﬂ = 0,; and aiai |n;) = n;|n;). Projecting z, y, k, and k, in HOQC onto

the basis |ny,ns), and eliminating the subspaces that are incompatible with the “ASAS”
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symmetry (even n; + np in H+ subspace, and so on) results in a ¢ =1 Hamiltonian of
dimension N; NN, x N, N,N,. The N; N,N, other ¢ =] subbands are constructed from

the ¢ =1 eigenstates as in the quantum channel system?:

CH+ CE_

4, Ni, No) = | | I AT B (3.204)
Cn— Cnt
CH-— —Cpy

The QD subband edge basis B(?D is constructed by collecting N ¢ =7 subbands and the
corresponding N ¢ =| subbands close in energy to a set of QD orbitals of interest. Similarly
to the QC problem, the size of B(?D is restricted to 2N, N, Ny, or Ny < Ny N,N,. The QD
Hamiltonian for B > 0 is obtained by projecting the remaining part of H — HS?D onto B(?D.
The result is a 2V X 2N matrix

o cos? 0 sin? 0
HQD = E(?D + 72 COS QLQJ_ + TLZ,H_ + 72]:“1”
205 2l% 2l
. is sinf 0, cosf (3:205)
+sinf e "Ly + 5~ L4||—|— ¢ "Ly +He.| ¢,
205 205
where E(?D is the diagonal matrix of energies Eff NiNy
E! 0
D
Eg° = o mil (3.206)

and BY = diag{E{,, E{o 1, ... Bl 10, EY 11,  ES o0, ESgy, - .- . Limatrices all have a 2x 2
block structure inherited from the symmetry-based classification of ¢ =1, . If A = 7/4, they

are given by

Ly, = Glois + G gy
= (534, N1, No| M, + [IM{(4, k- } + 2M; (- — 4iMs(_k_ + H.c] |54, NT, N3) |
(3.207)

5Complex conjugation is required for ¢ =| since for QDs, the c,, coefficients are in general complex. For
QCs, the c,, coefficients are real.
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Ly = Gl¢, + Gl¢_
= (s34, N1, Na| Ny — 20N/ ¢ — 2N {Cy k) + AN Gk |54, N, NG) |
Loy = (30, Ny, No| AML G (- — 4 [MaC® + Hee ] |4, N}, N)
Ly = (s;i, Ny, No| 8N, C, ¢ |¢'; 7', NY, NG
Ly = —4(c;4, N1, Ny N, ¢} [¢';4', Ny, Ny)
Lus = 8i (s34, Ni, No| N1 ¢ ¢ + NI [¢/34, N, Ny)

(3.207D)

3.207c¢

—~

3.207d
3.207e
3.207f

—_—
~— ~— ~— ~—

with ¢ = (¢1 & ic2)/2 and (3 = (v £ iy)/2.

3.4.4 List of quantum dot parameters

A 2 x 2 effective Hamiltonian for a single quantum dot orbital |;4, N7, Ny) is obtained
by performing a SWT on the 2N x 2N QD Hamiltonian (3.205). The part with known

eigenvalues is EOQD, while the part with unknown eigenvalues is

2 9 s 2 0
W = 29 L cos Oy, + oLy 4 oLy,
2l% 203 203
) sm@ %y 1 cosf . (3:208)
+ sin # ¢L2|| + 5 i 4t 53 e L, +He.|p.
20% 20%

A quick inspection of (3.208) reveals that the perturbation W is at least linear in B (or
quadratic in K). Therefore, a quartic-in-K effective QD Hamiltonian only requires 2°¢ order
perturbation theory. In addition, the arguably most relevant parameters for QDs, the g-
tensor components, all require only 1% order perturbation. In this section we shall focus only

on the g-tensor components.

A general Zeeman Hamiltonian for a 2-level system has the following structure:

%)

H
727 oR,

n-g-g, (3.209)
where ¢ is the vector of Pauli matrices, g is the 3 x 3 g-tensor, and n is the unit vector

pointing along B. In terms of (6, ¢) and the g-tensor components gflj, n-g-¢ expands to

3
n-g-¢=9y (gfi sin 0 cos ¢ + g3 sin @sin ¢ + g2 cos 9) Gi- (3.210)

=1
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Comparing this with the linear-in-B terms in W, namely Ly, and EQH, we obtain the following

g-tensor components for the QD orbital:

gh =3 (G1+G¥ +G* +G™), (3.211a)
gl = % (G4 - G¥ - G? +GP), (3.211b)
gl = _% (G- G¥+G! —G™), (3.211c)
1,_ _ _ _
g = (G +G¥ -G’ -G"), (3.211d)
1 /= d ~ d*
933 = 5 (GJ_ + GJ_) , (3.211e)
g4 =g4 =0. (3.211f)

3.5 k-p theory for hole-phonon coupling in quantum dots

A quantum dot prepared in a specific level can undergo phonon-mediated transitions through
a electron-phonon coupling mechanism. For instance, a hole (or an electron) occupying the
QD fundamental level can be promoted to an excited state by absorbing a phonon with
frequency matching that of the transition. Similarly, a hole occupying an excited QD level
can emit a phonon and fall into the QD ground state. A qubit defined by the 2-fold low
energy spectrum of a QD is subject to relaxation through this phonon-mediated process,

which we shall describe in this section.

From Fermi’s golden rule, the transition rate from an initial QD level |i) to a final QD level

|f) from a phonon-mediated interaction is

27V d3q N2
0= 50 [ s W Weali) 6 (e — i), (3.212)

where V is a volume, q is the phonon wavevector of amplitude ¢, a = {L, T1, T2} is the
phonon polarization index, w,q is the phonon frequency, Ae is the qubit Larmor frequency,
and W,q is the electron-phonon interaction Hamiltonian. Assuming linear-in-¢ and isotropic

phonon dispersions for all three branches, (3.212) simplifies into

Y w?

I = il
(2m)2 12

3 vlg/sinQdH A6 | {F[Wag (6, 8)]i) 2. (3.213)

where v, is the sound velocity in branch «. The integration (3.213) is performed with
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the modulus of q fixed, such that the phonon energy matches that of the qubit transition:
4 = Qo = W/Vq, with w = Ae/h.

In the phonon absorption process, the initial and final states are given respectively by

i) = 10) [TP), (3.214)

) = (1) bag | TP), (3.215)

N

while for phonon emission they are

1) = |1) |TP), (3.216)
|f) = ———0) b}, _4|TP). (3.217)

Na_q +1

Here |0) and |1) are the fundamental and first excited states of the quantum dot (separated
in energy by Ae at some finite B-field) and |TP) is the thermal bath of phonons. It is an

eigenstate of the phonon number operator blqbaq:

bl qbaq |TP) = Nog |TP) (3.218)

—1

where Nog = (ehwaq/ (ksT) _ 1) is the phonon occupation number. The total number of

phonons Ny, that contribute to the transition rate I' includes only those with w.q = Ae/h,
-1

s0 Npp = (eh“’/(kBT) — 1) .

The interaction Hamiltonian W, is the Bir-Pikus strain Hamiltonian (3.73), but with a

strain tensor €,q given by [176]:

€aq = 1¢Aaq€aq (3.219a)
= iq\/Aa/ 26" (baq + bl —q) €aq (3.219h)
= i\/q A e (baq + bl —q) €aq (3.219¢)
=el g (3.219d)
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where A,q = /A/(2pVwaq)e 0" (baq + b;_q) has units of length, and where A, = h/(2pVv,)

also has units of length. The 3 x 3 matrix €,q is

. 20,y CoQy + 8yl Cofs + Coy Jez Joy Je
6qu = 5 éyéx‘}'éx(jy Qéijy éy(jz‘l'éz(jy = fa:y fyy fyz ) (3220)

Coe + CoQx  C.Gy + Cyq: 2¢.q. few Jyz ez
where f;; = (¢4; + ¢;G;)/2, ¢ is the phonon unit polarization vector, and q = q/q. The
z-dependent part €% of €97 gets fully integrated during the basis change to the subband
edge basis By [see (3.88)]. In addition, the modulus of q being fixed for each polarization,

Waq can be written as

Wag = Wag (0, 0) = iy/ (baq + bl _q ) €900 s divinsintsindg (g ), (3.221)

where 0 and ¢ are the polar and azimuthal phonon propagation angles respectively, and w,,
only depends on the f;;(6, ¢):

Wa(07¢) = (fmc + fyy + fzz) Ca + (fxz + fyy - 2fzz) Cb

. . , (3.222)
+ (fzx - fyy)c2 + [(fyz + Zfzw) C,+ (foy)cz + H-C-] )
where the matrices C; are

a0 0 0 BT 0 0 0
0 am 0 0 0 b" 0 0

C, — a , C, = , (3.223a)
0 0 av o0 0 0 b 0
0 0 0 a 0 0 0 b
0t 0 0 (0 0B 0
0 0 t" 0 0 0 0 B

C, = , C, = B : (3.223D)
0 0 0 ¢ BT 0 0 0
00 0 0 0 B 0O 0
00 g o
00 0 pf

C, = B (3.223¢)
00 0 0
000 0
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The matrix elements in the C,’s are

al = (el e+ 3 ((Hlal 1) +2 (-], =) (3.2240)
a't = (h]d, |h) (3.224b)

b = ¢ ((+ ) = 4(-1¥|-)) (3.2210)

b = ; (h| b |h) (3.224d)

t* =i (h|d'|-) (3.224¢)

= = (1) = (1 ) (3.2246)

B = _‘f (h| V' |+) (3.224g)

B = (h|d |+), (3.224h)

with the primed deformation potentials being al, = /A,e%% <%, and so on. In the longi-

tudinal polarization, ¢ is parallel to q, which gives

, 1
fox — fyy = sin? 6 cos 2¢, fyzFifow = % sin20e™,  fo, = 2 sin? @ sin 2¢.

The first transverse polarization corresponds to ¢ perpendicular to q and with ¢ such that
the plane containing both vectors cuts through the QW plane at a 90° angle. The f-sums

are

3
fxx+fyy+fzz:07 fxx+fyy_2fZZ:§Sin29,

1 ’ , 1
fow — fyy = 3 sin 26 cos 2¢, fyzF+ifow = % cos 20e”, foy = 1 sin 26 sin 2¢.

The second transverse polarization corresponds to ¢ perpendicular to q with ¢ lying in the
QW plane. The f-sums are



97

fmx+fyy+fzzzou fmx+fyy_2fzzzoa

1 . 1
foz — fyy = — sinOsin 26, fye tifor= 5 Cos 0% fo, = 3 sin 6 cos 2¢.

Inserting W, into (3.213), evaluating the rate I" for emission and absorption processes and

taking the sum of both gives the final formula for the phonon-mediated relaxation rate:

<
S
w

I —

hw 1 . 1qq sin 6(x cos sin 2
(QW)2ﬁCOth <2kBT> Xa:qﬂ/smed@dM(O]eq" Arcosotysindly (0, ¢) ’1>‘

(3.225)
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CHAPTER 4 VANISHING ZEEMAN ENERGY IN A TWO
DIMENSIONAL HOLE GAS

4.1 Abstract

A clear signature of Zeeman split states crossing is observed in Landau fan-diagram of strained
germanium two-dimensional hole gas. The underlying mechanisms are discussed based on
a perturbative model yielding a closed formula for the critical magnetic fields. These fields
depend strongly on the energy difference between the top-most and the neighboring valence
bands and are sensitive to the quantum well thickness, strain, and spin-orbit-interaction. The
latter is a necessary feature for the crossing to occur. This framework enables a straightfor-
ward quantification of the hole-state parameters from simple measurements, thus paving the

way for its use in design and modelling of hole-based quantum devices.

4.2 Introduction

The inherently large and tunable spin-orbit interaction (SOI) energies of holes and their
reduced hyperfine coupling with nuclear spins are behind the surging interest in hole spin
qubits with fast all-electrical control [47,48,177-179]. Holes can also host superconducting
pairing correlations, a key ingredient for the emergence of Majorana zero modes [180-184] for
topological quantum computing. Because of its attractive properties [22,52,117,126,185-193],
strained Ge low-dimensional system has been proposed as an effective building block to
develop these emerging quantum devices. Interestingly, the simplicity of this system makes
it a textbook model to uncover and elucidate subtle hole spin-related phenomena leading, for

instance, to the recent observation of pure cubic Rashba spin-orbit coupling [46].

Measuring Zeeman splitting (ZS) of hole states under an external magnetic field has been
central in probing hole spin properties, as it is directly related to the hole g-factor, which is
itself strongly influenced by the underlying SOI, strain, symmetry, and confinement [35,194].
In III-V semiconductors [194-207], hole spin splitting depends nonlinearly on the out-of-
plane magnetic field strength B, causing Landau level crossings/anti-crossings [197, 208].
and Zeeman crossings/anti-crossings [22,115,134]. The nonlinearity is usually modeled by a
quadratic-in-field contribution to ZS [194], which owes its existence to valence band mixing.
Depending on the sign of the splitting, Zeeman energy can even vanish at some finite critical
field, B.. Theoretical studies attribute these nonlinearities to the mixing of heavy-hole (HH)
and light-hole (LH) bands at finite energy [195]. Alongside with valence band mixing, Rashba
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and Dresselhaus spin-orbit coupling were also shown to influence the crossing field, due to

the lattice inversion asymmetry and the confining potential.

Detailed mechanisms of ZS of hole states are yet to be unravelled and understood and further-
more, 7ZS treatments for zinc-blende or diamond crystals that explicitly consider strain and
SOI strength remain conspicuously missing in literature. Note that in early calculations [134]
of Landau levels in Ge/SiGe quantum well (QW) to interpret cyclotron resonance experi-
ments in Reference [209], the crossing of spin split states within the first HH subband was
present and the corresponding field position was found to be sensitive to the strength of spin-
orbit coupling. In that work, the authors insisted on the importance of including explicitly
the split-off hole band, which was required to achieve a good agreement with experiments.
Crucially, studies that included both strain and SOI were diagonalizing numerically the full
k - p matrix [134,198]. However, this mathematical rigor comes at the expense of identifying

the physics governing the non-linearities in ZS.

To overcome these limitations and elucidate the underlying mechanisms of ZS, herein we
uncover the clear signature of ZS crossings in a Ge high-mobility two-dimensional hole gas
(2DHG). We also derive a theoretical framework describing the crossing of Zeeman split states
that includes explicitly the SOI strength and strain. A closed formula for the crossing fields
is obtained and validated by experiment. In addition to establishing the key parameters in
Zeeman crossings, this analysis also provides a toolkit for a direct quantification from simple
magnetotransport measurements of important physical quantities including HH out-of-plane

g-factor, HH-LH splitting, and cubic Rashba spin-orbit coefficient.

4.3 Experimental details

The investigated 2DHG consists of a Ge/SiGe heterostructure including a strain-relaxed
Sip.2Gegg buffer setting the overall lattice parameter, a compressively-strained Ge QW, and
a SipoGepg barrier separating the QW from a sacrificial Si cap layer. The growth was
carried out in an Epsilon 2000 (ASMI) reduced pressure chemical vapor deposition reactor
on a 100 mm n-type Si(001) substrate. The growth sequence starts with the deposition of a
Sip.2Gegg virtual substrate. This virtual substrate is obtained by growing a 1.6 um strain-
relaxed Ge buffer layer, a 1.6 um reverse-graded Si;_,Ge, layer with final Ge composition
x = 0.8, and a 500 nm strain-relaxed SigoGegg buffer layer. A 16 nm compressively-strained
Ge quantum well is then grown on top of the SipoGegg virtual substrate, followed by a
strain-relaxed 17 nm-thick Sig2Gegg barrier. An in-plane compressive strain e = —0.63% is
found in the QW via X-ray diffraction measurements [22]. A thin (< 2nm) sacrificial Si cap

completes the heterostructure. This cap is readily oxidized upon exposure to the cleanroom
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environment after unloading the Ge/SiGe heterostructure from the growth reactor.

Hall-bar field effect transistors (H-FETs) are fabricated and operated with a negatively biased
gate to accumulate a 2D hole gas into the QW and tune the carrier density. Fig. 1a shows
an optical micrograph of the H-FET and a cross-section schematic of the active layers and
the gate stack. A 170nm deep trench mesa is dry-etched around the Hall-bar shaped H-
FET in order to isolate the bonding pads from the device. The sample is dipped in HF
to remove the native oxide prior to a 60nm Pt layer deposition via e-beam evaporation.
Ohmic contacts are obtained by diffusion of Pt into the quantum well occurring during
the atomic layer deposition of a 30nm Al,Oj3 dielectric layer at a temperature of 300 °C.
Finally, a 10/200 nm-thick Ti/Au gate layer is deposited. An optimized Sig2Gegg barrier
thickness of 17nm was chosen, which is thin enough to allow for a large saturation carrier
density [22] (up to 7.5 x 10!t em~2), while providing sufficient separation to reduce scattering
of carriers in the QW from remote impurities [115], leading to large hole maximum mobility
(2.6x 105 cm~2). Large density range and high mobility are key ingredients to observe Landau
level fan-diagrams in magnetotransport with the clarity required to reveal subtle spin-related

features.

In the magnetotransport studies, the longitudinal and transversal (p,, and p,,) component of
the 2DHG resistivity tensor were measured via a standard four-probe low-frequency lock-in
technique. The measurements are recorded at a temperature of 7" = 260 mK, measured at
the cold finger of a 3He dilution refrigerator. A source-drain voltage bias V,; = 0.1mV is
applied at a frequency of 7.7Hz. The magnetoresistance characterization of the device is
performed by sweeping the voltage gate V;, and stepping B with a resolution of 15mV and
25mT, respectively. The energy E is obtained using the relation £ = prh?/m*, where we
obtain the carrier density p by Hall effect measurements at low B and we use the effective
mass m* measured as a function of density in similar heterostructures [115]. The p,, vs.
energy profiles in the upper panels of Figs. 3(a)-3(d) have been smoothed for clarity by using
a Matlab routine based on Savitzky-Golay filtering method.

4.4 Magnetotransport studies of strained Ge 2DHG

The fan-diagram in Fig. 1b shows the normalized magnetoresistance oscillation amplitude
Apzz/po = (pzz — po)/po as a function of energy and out-of-plane external magnetic field B
aligned along the growth direction Z and perpendicular to the 2DHG plane, where py is the p,,
value at B = 0. The Zeeman split energy gap, corresponding to odd integer filling factors v,
deviates from its linear dependence on B, vanishes when the magnetic field reaches a critical

value B., and then reopens at higher B values. We clearly observe the associated crossing
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E (meV)

Figure 4.1 (a) Optical micrograph of a Hall-bar shaped Ge/SiGe heterostructure field effect
transistor and cross section of the gate stack and active regions of the strained Ge/SiGe
heterostructure below the red cut. The strained Ge (sGe) quantum well is 16 nm thick and
the Sig2Gegg barrier on top is 17nm thick. (b) Landau level fan-diagram reporting the
magnetoresistance Ap../po = (pzz — po)/po as a function of out-of-plane magnetic field B
and energy E. Labels of filling factors v = 1 — 4 are shown.

of Zeeman split states for odd integers v = 3,5,7, and 9. Partial signatures of Zeeman
crossings occurring at similar magnetic fields were observed in earlier studies [22,115], albeit
the fan-diagram measurements were limited in density range [22] or affected by thermal
broadening [115]. These observations point to an underlying mechanism that is independent

of the QW position with respect to the surface gate.

4.5 Theoretical framework for hole dispersion in strained Ge 2DHG

To identify the mechanisms behind the non-linearities in ZS and the parameters affecting the
crossing field, we employ the k-p framework derived in Section 3.3.3 for QWs in perpendicular
magnetic fields. We further assume an abrupt and infinite band offset between the QW of
width [, and its barriers, no out-of-plane DC electric fields F,, and no contributions from

the conduction bands, thereby assuming only the effects of the 6-band subspace spanned by
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HHs, LHs and split-off (SO) holes. The 1 spinor consequently only includes a LH envelope

and a SO hole envelope:

, 3 0 1o
|ﬂ0;]>:'272>|£j>+0‘2a2>|5j>7 (4.1)
where |(;) = du;|p;), |5;) = dsjle;), (zle;) = %sin (%) and dj ; + d2; = 1. Epitaxial

strain is assumed to be bi-axial, and is accounted for by means of the Bir-Pikus Hamiltonian.

The starting point Hamiltonian is (3.113), with the integer m labeling the Landau levels. At
B =0, the energy spectrum of the Hamiltonian is easily solvable within the approximations

mentionned earlier. For H-levels, we have (see Appendix A)

I 2
B = —aaln =2 () +aTre) + 025, (42)

where de = ¢,, — ... For n-levels, we have

A
El =€ +e;— 70i\/(ej+ﬁo/2)2+89§7 (43)

where the “+7 solution is for the LH-like level and the “—” solution is for the SO-like level,

and

gm\?
¢ =—am (l) + a,Tr{e}, (4.4)

™% b
¢; = —QpT2 (j> - 5(56 (45)

A 2" order Schrieffer-Wolff transformation is performed on (3.113), leading to an effective
Hamiltonian for spin-split Landau H-levels. The resulting effective 2 x 2 Hamiltonian does
not couple spin-up (¢ = +) and spin-down (0 = —) H-levels, as a consequence of spatial
inversion symmetry of the QW. The energy dispersion as a function of B is thus simply the
diagonal entries of the effective matrix. Shifting the Landau level index from m > —2 to

m > 1 for the spin-down component (such that the filling factor v = 2m — 1), we obtain
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B2
E® (B)=E"+3m(m+1)(x — F) 22
o l By (4.6a)
—[(2m — 1) (71 + 72) + 3k — 6mF}] up B,
2) jig B
EZ,,,(B) = B +3(m —2)(m — 1) (k — )

By (4.6b)
= [@2m —1) (n +12) = 3k = 6(m — 1) ] up B,

with (using dot-bar notation)

-1

2
potesh) o o (i) -
P odpppnt s (e 1) |5 Ef' - B}
k— F HH LH
~—— " _(E* — B (4.7b)
MB(V2+73)2( l ! )

where the star on the sum indicates that j iterates on the only two 1 levels with the same
number of nodes as the H level (one LH-like and one SO-like), and

F = %TXTXT. (4.8)

The characteristic field B} controls the crossing positions and is filling factor-independent,
while F; indicates the coupling strength between the H subband and neighboring 1 levels. The
obtained Zeeman splitting energy Ey = E(,Q)m(B) — Ef)m(B) of the m-th spin-split Landau
pair is (dropping the [ subscript for simplicity):

B
Ey = 6(r — F)usB [1 —@m—-1) (B*ﬂ . (4.9)
Solving for Ez = 0 results in a second order approximation for the filling factor-dependent

crossing field B, :

B*

B?(m) = 5 T
m_

C

(4.10)

The energy difference between the H subband edge and the crossings can also be found from
the second order equations. When m — oo (or v — o0) this energy difference becomes

independent of m :
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Figure 4.2 (a) Fan-diagram of the ground H level in a 16 nm Ge well subject to 0.6% compres-
sive strain. Solid curves are the dispersion obtained from the numerical solution of (3.113),
while the dashed curves are obtained from the second order dispersion assuming finite or
infinite SOI respectively. Symbols indicate the Zeeman crossings. Filling factors v are also
indicated. (b) v = 3 crossing field as a function of the well thickness at various strain val-
ues obtained from the numerical solution of (3.113) (solid curves) and through Eq. (4.10)
assuming finite or infinite SOI (dashed curves).

3
AE = |y +72 — 1 (k +3F)| upB”. (4.11)

Equation (4.9) also yields the H-level weak-field g-factor :

g'=6(k—F). (4.12)

The approximation (4.7b) holds only when SOI is large enough such that the SO band can

be neglected from the k - p framework. An explicit criterion for this is derived from (4.3):

™2 b
Ao > Y2 <l> + 558 (413)

In addition to the perturbation scheme, (3.113) is also numerically diagonalized to validate
the accuracy of the perturbative model for various QW widths [, and strain ¢|. Since Ge has
a rather high spin-orbit energy (see Table 3.3) it is worthwhile to look also at the behavior of
the model with the assumption Ay — oo. We also focus on relaxed or compressively strained
wells, which always result in a H-like valence band edge. The calculated fan-diagram of the

ground H subband is displayed in Fig. 4.2a for a 16 nm-thick well with ¢y = —0.6%, similar
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to the system analyzed in Fig. 4.1. Assuming finite Ay, the model reproduces the numerical
fan-diagram up to ~ 2T, which implies that 6(x — F') is a very accurate approximation for
the H g-factor at low fields. As the magnetic field increases, quadratic terms in B become
more important and the dispersions eventually cross. The dispersion of a state with spin-up
projection in a given spin-split Landau pair always has a bigger curvature than the spin-down
one, which can be straightforwardly inferred from the coefficients m(m+1) and (m—2)(m—1)
in (4.6). For that reason, a Zeeman crossing cannot occur, at least to second order, if the
spin-up component lies closer to the bandgap than the spin-down one. Crossing fields are
indicated in Fig. 4.2a for filling factors v = 3 and v = 5. The numerical solution of (3.113)
gives a crossing field B. = 7.27T for v = 3, whereas the second order formula (Eq. (4.10))
gives Bf) = 5.04T. Here the second order approximation underestimates B, as it diverges
from the numerical dispersion before the crossing. When assuming Ay — oo, however, the
dispersion diverges less dramatically than its finite SOI counterpart and instead overestimates
the crossing field. Assuming an infinite SOI for this particular system turns out to be a good
approximation, because the right-hand side of (4.13) equals 21.2 meV, which is much smaller

than spin-orbit gap in Ge.

Fig. 4.2b depicts the behavior of the crossing field as a function of the well thickness and
strain, with and without the assumption of an infinite SOI. The crossing field B, is well
approximated by B((f) for a well thickness > 10nm with reduced strain levels, as in our
experiments. For narrower and highly strained wells, third or higher perturbative terms
become more important. These could be included in the model, but at the cost of extremely
cumbersome equations, even with infinite SOI. On the other hand, for Ay — oo, B{?) misses
completely the increase of the crossing field for thin wells, which highlights the explicit role of
the SOI strength. This is consistent with criterion (4.13) : thin wells increase the right-hand

side in (4.13) as 1/12, thus requiring A, to be even larger for this criterion to be satisfied.

4.6 Discussion

From the present model, we see that Zeeman crossings still occur under the assumption of
an infinite QW (no barrier effects), an infinite bandgap (6-band k - p), and even an infinite
spin-orbit gap (4-band k - p for HH and LH). Consequently, LH-HH mixing plays a crucial
role in the crossing of spin-split states. Our assumptions also imply that structure inversion
asymmetry (SIA) has no role in the observed crossing in ZS energy. SIA is indeed suppressed
in infinite wells without external electric fields. Thus, Rashba SOI does not have a dominant
effect on the value of B.. The role of SOI and strain is, however, more evident in Eqs. (4.10)
and (4.7). SOI and strain affect B») mostly through the energy splitting £ — E" and the
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Figure 4.3 Experiment vs. Theory. (a)-(d) p,, as a function of filing factor v and
energy F around the crossings of Zeeman split states. The upper parts of each panel shows
a cross-section at odd filling factors v = 3,5,7,9. (e) Experimental crossing fields (dots)
for v = 3,5,7,9,11,13,15,17 fitted using Eq. (4.10) (solid line). The fitting parameter
B* = 25.258T.

parameter F. Compressive strain typically increases E¥ — E", which explains the increase of
B, at higher compressive strain. SOI also increases E™! — E", mainly through the spin-orbit
energy A, for SO-like n levels or through the out-of-plane effective mass for LH-like 1 levels.
At Ayg = 0 and any strain, the H subbands share the same spectrum as the “—” solution of
n levels [see (4.3)]. Eq. (4.7) then gives B* = 0 hence no Zeeman crossing occurs. SOI lifts

this degeneracy between H and 1 levels, and thus allows the existence of Zeeman crossings.

The experimental observation of Zeeman crossings are further highlighted by plotting portions
of the fan-diagram from Fig. 4.1b as a function of energy and filling factor (Fig. 4.3a~-d). The
upper part of each panel shows the p,, as a function of the energy F at odd-integer values of
filling factors from v = 3 to 9. Fingerprints of Zeeman crossing are observed for filing factors
up to v = 17. In addition to describing the crossings in Zeeman split states, the theoretical
framework described above also allows a straightforward evaluation of several parameters.
First, we fit the crossing fields extracted from Fig. 4.3a-d (v = 3,5, ...,17) with Eq. (4.10)
using B* as the sole fitting parameter. This yields B* = 25.258 T and the crossing fields
obtained from Eq. (4.10) match the experimental values with a relative error < 4% for
v=23,57,911 and < 10% for v = 13,15,17 (Fig. 4.3e). Zeeman crossings also approach a
fixed energy value as v increases, as demonstrated in Eq. (4.11). From Fig. 4.1(b), we have

AFE ~ 17meV. Knowing B* and AF gives the value of F', leading to the effective mass and
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weak-field g-factor. A rearrangement of Eq. (4.11) gives

4 AFE K
F=- — — — ~ 1.52. 4.14
(’Yl + 72 ,UBB*> 3 ( )

9

From Egs. (4.12) and (4.14), we extract g = 11.35, which is close to 12.9 obtained by
solving (3.113) numerically. An expression for the subband-edge H in-plane effective mass
m% involving the parameter I can also be derived by inserting Eq. (5) from Reference [58]
into Eq.  (4.12): m"/mg = (11 +72 —3F)"" ~ 0.077. This value is also close to those
reported in the literature at similar hole density [115,210]. A close relation exists between
the crossing fields, the g-factor and the H-n splitting (Eqs. (4.7) and (4.7b)). Knowing two
of these quantities is enough to obtain the third. For the system described in Fig. 4.1, the
criterion (4.13) is also satisfied (LH-like n become pure LHs), thus the HH-LH splitting is

found directly from Eq. (4.7b) :

6 (y2 +73)” s B*
it

pi gt — ~ 76.0 meV. (4.15)
A numerical solution of (3.113) yields a HH-LH splitting of 62.8 meV. This value does not
change significantly when an effective out-of-plane electric field is introduced in (3.113). This
is expected from square QWs whose HH-LH splitting is dominated by strain and quantum
confinement [46]. For that reason, we assume that the HH-LH splitting does not change with
hole concentration, or applied gate voltages. From the HH-LH splitting energy (Eq. (4.15)),

one can finally estimate the cubic Rashba coefficient ag :

2 H \?2
(g = ——073 . ( J ) ~ 4.25 x 10° e A", (4.16)
12 (72 +73)” \ BB~

where e is the elementary charge. a3 appears in the cubic Rashba SOI Hamiltonian of
HH states [46]: Hs = fBsi(k>or — kio_), where ky = k, £ ik, and oy = (0, £ i0y)/2
with o,, the Pauli spin matrices, and f3 = a3F,, with F, = ep/e the effective out-of-
plane electric field in the accumulation mode 2DHG [35], p the hole density and € the Ge
dielectric constant. The obtained a3 is almost twice as large as the one obtained for Ge
QW in Reference [46], which had a bigger HH-LH splitting of 110meV. As mentioned
above, we expect a3 to be independent of the gate voltage or hole concentration, since it
depends mostly on the HH-LH splitting. The Zeeman crossings appear at a density p ~
6.1 x 10" em~2, corresponding to F, ~ 6.8 x 10°4VA ™ (by taking € = 16.2¢y for Ge),
which yields g3 ~ 290 eV A, Note that az or (B3 are hitherto hard to measure in these high
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mobility systems with established methodologies : weak anti-localization measurements are
impractical due to the small characteristic transport field Bj, associated with pm-scale mean
free paths [211,212]; Shubnikov-de Haas oscillations lack sufficient spectral resolution before

onset of ZS to resolve the beatings associated with spin-split subbands [190].

4.7 Conclusion

In summary, Zeeman energy crossing of H-levels is observed in a Ge 2DHG under out-of-plane
magnetic fields and discussed within a perturbative model describing the hole dispersion.
Only second order perturbation in the magnetic field is necessary to describe the crossing
in which SOI emerges as an essential feature. However, our analysis indicates that SIA has
no effective role. Additionally, this analysis also provides a straightforward framework to
evaluate several physical parameters defining the hole states from simple magnetotransport
measurements. Crucially, the detailed knowledge of parameters such as the effective g-factor,
the in-plane effective mass, and the cubic Rashba coefficient of the underlying material plat-
form will provide the necessary input to further advance design and modelling of hole spin

qubits and other hole-based quantum devices.
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CHAPTER 5 LIGHT HOLE SPIN CONFINED IN GERMANIUM

5.1 Abstract

The selective confinement of light holes (LHs) in tensile strained germanium (Ge) quantum
well is studied by mapping the electronic structure of Ge;_,Sn,/Ge/Ge;_,Sn, heterostruc-
tures as a function of Sn content, residual strain, and Ge well thickness. It is shown that
above 12at.% Sn and below 0.4% residual compressive strain in the barriers, the tensile
strain in Ge becomes sufficiently large to yield a valence band edge with LH-like character,
thus forming a quasi two-dimensional LH gas in Ge. The LH ground state has a larger in-
plane effective mass than that of heavy hole (HH) in Si;_,Ge,/Ge/Si;_,Ge, quantum wells.
Moreover, LHs in optimal Ge;_,Sn,/Ge/Ge;_,Sn, heterostructures are found to exhibit a
strong g-tensor anisotropy, with the in-plane component one order of magnitude larger than
that of HHs in typical planar systems. Two of three structure-inversion-asymmetry Rashba
parameters, both of which are critical in electric-dipole-spin-resonance (EDSR) experiments,
are effectively ten times the size of the cubic Rashba parameter in HH quantum wells. In the
regime of LH selective confinement, every layer of the heterostructure is of direct bandgap
which can be relevant for efficient optical photon-spin qubit interfaces. This work discusses
the broad landscape of the characteristics of LH spin confined in Ge to guide the design and

implementation of LH spin-based devices.

5.2 Introduction

Hole spins in group-IV planar gated quantum dots are promising candidates for robust and
scalable qubits [12,48,117,123,126,213,214]. Developing these qubits has been so far ex-
clusively based on heavy-hole (HH) states as the materials currently used are restricted
to compressively strained germanium (Ge) heterostructures. Interestingly, the advent of
germanium/germanium-tin (Ge/Ge;_,Sn,) material system provides an additional degree of
freedom to tailor the valence band character in tensile strained Ge thus paving the way to
implement silicon-compatible platforms for light-hole (LH) spin qubits [24,31]. These LH
qubits share many of the advantages benefiting the HH ones but also bring about other at-
tractive characteristics pertaining to LHs and Ge/Ge;_,Sn, heterostructures. These include
a strong Rashba-type spin-orbit interaction (SOI) [24] and an efficient coupling with prox-
imity induced superconductivity [25] in addition to the bandgap directness [215] relevant

to coupling with optical photons. These characteristics can expand the functionalities of
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hole spin qubits by facilitating the implementation of hybrid superconductor-semiconductor

devices and photon-spin interfaces.

Although Ge;_,Sn, semiconductors have been the subject of extensive studies in recent years,
research in this area has mainly been focused on integrated photonics and optoelectronics
leveraging Ge;_,Sn, strain- and composition-dependent bandgap [215] leaving practically
unexplored their spin properties [24,216-218]. As a matter of fact, studies on hole spin in
Ge/Ge;_,Sn, are still conspicuously missing in the literature. Herein, this work addresses the
dynamics of LH spin confined in Ge;_,Sn, /Ge/Ge;_,Sn, heterostructures and elucidates the
key parameters affecting its behavior as a function of strain, well thickness, Sn content, and
magnetic field orientation. First, the paper describes and discusses the electronic structure of
tensile strained Ge on Ge;_,Sn,. Second, the parameters defining the band alignment of the
Ge;_,Sn,/Ge/Ge;_,Sn, quantum well are introduced and the criteria for LH confinement in
Ge are established. The third section outlines the Hamiltonian of the in-plane motion of LHs
for out-of-plane and in-plane magnetic fields yielding LH parameters such as the effective
mass, the g-tensor, and the Rashba-SOI parameters. LH-HH mixing within the LH ground
state is investigated in the fourth section. It is important to note that the focus here is on
LH properties in the planar system without the effects of electrostatic in-plane confinement

introduced in quantum dot systems [24].

5.3 Light-Hole quantum well in Ge;_,Sn,/Ge/Ge;_,Sn,

5.3.1 Ge;_,Sn,/Ge/Ge;_,Sn, heterostructure

Before delving into the details of the electronic structure of Ge/Ge;_,Sn,, it is instructive
to examine the strain-related behavior of bulk Ge. Fig. 5.1a outlines the effect of tensile
strain on the band structure of bulk Ge calculated by 8-band (full lines) and 4-band (dashed
lines) k - p theory. Here, the calculations assume a bi-isotropic biaxial strain in the (001)-
plane without any shear deformations, which is expected for an ideal [001]-oriented epitaxial
growth [31,154]. Under these conditions, the 4-fold degeneracy of the VB edge at the I point
is lifted yielding two spin-degenerate LH and HH bands. In the case of tensile strain, the VB
edge is LH-like, while in the broadly studied compressively strained Ge the VB edge is of
HH type. As discussed below, there is a threshold of tensile strain beyond which it becomes
possible to control and selectively manipulate spin 1/2 LHs instead of spin 3/2 HHs.

The proposed heterostructure consists of a Ge;_,Sn,/Ge/Ge;_,Sn, quantum well grown on
silicon [31], as illustrated in Fig. 5.1b. Thick Ge;_,Sn, buffer layers with an increasing Sn

content from the Ge virtual substrate (VS) up to the bottom Ge;_,Sn, barrier prevents the
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propagation of defects and dislocations near the Ge quantum well [31]. The lattice mismatch
between Ge;_,Sn, and Ge (with Sn contents above ~10at. %) is leveraged to achieve high
tensile strain in the coherently grown Ge quantum well. A top Ge;_,Sn, barrier is then
grown on the tensile strained Ge layer. As shown below, careful engineering of the lattice

strain and Sn content leads to a direct bandgap Ge LH quantum well.

5.3.2 Band alignment and LH confinement

The energy band alignment of the Ge;_,Sn,/Ge/Ge;_,Sn, heterostructure is computed
within the assumption that the in-plane lattice constant a| is the same in each layer, which
is consistent with a pseudomorphic epitaxial growth. The in-plane components €., and g,
of the strain tensor in a material ¢ are given by €,, = €y, = q/af, — 1, where af is the lattice
constant of the fully relaxed material . The out-of-plane strain component ¢, then follows
immediately from the relation €,, = —2(c12/¢11)€z2, Where ¢17 and ¢12 are the material elas-
tic constants and e = 0 if k # [ [154]. Three parameters determine completely the band
alignment of the Ge;_,Sn,/Ge/Ge;_,Sn, heterostructure: the Sn content x, the in-plane
strain egg in the barriers, and the in-plane strain in the Ge well eyw. Since the latter can
be counted for from the condition that a) is constant along the growth direction z, only the

barrier composition and strain (z, egr) are required to evaluate the band alignment.

A typical band alignment is displayed in Fig. 5.1c for x = 0.13 and egg = —0.125%. In
this instance, HHs and electrons are pushed away from Ge and form a continuum of states
in the GeggrSng 13 barriers. Meanwhile, LHs are selectively confined in Ge thereby forming
a LH quantum well. Here the combination of large strain in Ge (e = 1.95%) with small
epr pushes the LH ground state (n1) above the HH continuum, leading to the possibility, at
very low hole density, to populate only n1 and thus to create a pure quasi two-dimensional
n gas in Ge. Such system is achievable only in a specific region of the parameter space (z,

epr), depending on four energy offsets (see Fig. 5.1c) :

AFE, = max(LH) — max(HH), (5.1)
AFE; = E} — max(HH), (5.2)
AE; = E} — min(LH), (5.3)

LBO = max(LH) — min(LH)
=AF, — AFE, + AE;.
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Figure 5.1 (a) Bulk dispersion near the I' point (||k|| < 2.5nm™! in both directions) of
relaxed Ge (left) and tensile strained Ge (right) computed by the 8-band (full lines) and the
4-band (dashed lines) k - p frameworks. The non-zero components of the strain tensor are
Evw = Eyy = 2% and €,, = —2(c12/¢11)€4e = —1.3%. The conduction band was obtained from
an effective mass approximation in the 4-band computations. (b) Schematic illustration
of the proposed Ge;_,Sn,/Ge/Ge;_,Sn, heterostructure. (c) Band alignment profile of a
Ge;_,Sn, /Ge/Gey_,Sn, quantum well for selected barrier parameters. In this case, AFE; 3
and LBO are positive. ¢, in each layer is written in parenthesis.

Here, max(LH) and min(LH) are the energies at the bottom and top of the LH quantum
well, respectively, and max(HH) is the energy at the edge of the HH continuum. The zero
energy point is placed on the ground 1 subband, i.e. E} = 0. Band offsets AF; and LBO
(LH band offset) do not depend on the well thickness w.

Fig. 5.2a presents a two-dimensional map of band offsets LBO and AFE; with x and eggr as
independent parameters. The corresponding strain in the Ge well ey is also shown (black
dotted lines) only for the tensile strain regime (eyy > 0). The Ge indirect-to-direct transition
occurs at ew = 1.68% (solid black line) according to the parametrization of Table 3.3.
Similarly, the Ge;_,Sn, barriers exhibit bandgap directness above the dashed-dot blue line.
Constant LBO are indicated by the solid red curves, where LBO = 0 corresponds to a
completely flat LH profile along the growth direction. Finally, dashed red curves indicate
constant AFy, where AF; = 0 corresponds to the LH band edge in Ge sitting at the same
energy as the HH band edge in the barriers. As discussed below, a large and positive AF;

allows N1 to emerge from the continuum for sufficiently thick quantum wells.

LHs are confined in Ge if and only if LBO > 0. However, depending on AFE; and the well
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Figure 5.2 (a) Two-dimensional contour map of band offsets AE; and LBO, strain in Ge and
bandgap directness as a function of z and egg at 7" = 300 K. Contour lines for LBO and
AFE; are given at 0, 50 and 100meV. The star indicates the system from Fig. 5.1c. (b)
Minimal well thickness wy (solid lines) required for a LH-like valence band edge as a function
of eggr at fixed Sn content in the barriers. Dashed lines are the Ge critical growth thickness
h. estimated from the People and Bean relation. Solid circles indicate where wg = h, for a
given x. For x = 0.10, h. ~ 46 nm at egr = 0.

thickness w, these confined LHs could be situated within the HH continuum (negative AEs).
In the region AF; < 0, LHs can never emerge from the continuum since the bottom of the
LH well is below the HH band edge. However, if AF; > 0, there is a minimal QW thickness
wyp for which n1 emerges from the continuum. This lower bound depends on both Sn content
and lattice strain (i.e., z and epg) in the barriers and is plotted in Fig. 5.2b (solid lines).
At w = wy, the energy required for nl to escape the well is exactly LBO — AFE;, i.e. the
strain-induced HH-LH splitting in the barriers. wy — oo on the AE; = 0 curve, while wy = 0
if the barriers are fully relaxed. In addition to the lower bound wy < w, the maximum strain
energy that the Ge QW can accommodate also introduces an upper bound on w. This upper
bound is given by the Ge critical growth thickness h., beyond which misfit dislocations start
to appear at the interfaces and tensile strain in Ge is strongly suppressed. The dashed lines
in Fig. 5.2b show an estimation of h. based on the People and Bean formula [219,220]. Here
this model is applied for the critical thickness of a Ge layer with equilibrium lattice constant

a§® = ao(0) pseudomorphically grown on Ge;_,Sn, with lattice constant ag(x) (1 + epr).
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5.4 Light-Hole spin properties

5.4.1 Effective masses and spin parameters

In this section, the ground state subband effective mass, the out-of-plane and in-plane g fac-
tors, and the Rashba parameters are computed as a function of Sn content in the Ge;_,Sn,
barriers (z) and well thickness w. These parameters give important information on how
LHs move in the plane and how they respond to magnetic fields. Despite being intrinsic
to a given subband (here the focus is given to the lowest subband n1), there is generally a
significant influence from neighboring levels through inter-subband couplings. Moreover, the
wavefunction spread across interfaces can also influence subband parameters. In heterostruc-
tures such as Ge/Si;_,Ge, quantum wells, where both types of holes are confined into the
same layer and the band offsets are large, inter-subband coupling is significant to an energy
scale comprising only a few tens of subbands due to quantization effects. For instance, it is
often a reasonable approximation to include the coupling to only one or two 1 subbands for a
H ground state [189], or around 50 1 subbands when band offsets are taken into account [54].
In Ge/Ge;_,Sn, quantum wells, inter-subband couplings must include ~10% subbands due to
the neighboring continuum. Moreover, small LBOs leading to a sizable spread of n1 into the
barriers require an accurate description of the subband envelopes. The approach described in
Section 3.3.2 provides an efficient framework to solve problems as such, since it is applicable
to any type of confinement. Due to the neighboring continuum of levels, the subband-edge
basis By contains 2/N; = 400 elements closest to n1, which is large enough that all effective
parameters converge for nl1. Our implementation of k-p theory and how strain is incorporated

into the model is described in Chapter 3.

Here we recall that 1 levels such as nl always consists of a superposition of spin 1/2 CB
electron, LH, and split-off (SO) hole envelopes. At k; = 0, this is written as

1o 3 0 1o
)= [5:3) 0+ [5:5)10 7 |3.5) 19, ()

where o = =£1 is the pseudo-spin quantum number and (z|c,¢,s) = f“*(z) are the CB,
LH, and SO envelope functions, respectively. The additional contribution from H levels away
from kj = 0 is investigated in the next section. For reference, the SO contribution (s|s) in
N1 is typically smaller than 10% for the range of barrier and well parameters considered here,
but it plays an important role in the effective mass calculations, as discussed below. The CB
contribution (c|c) in nl is around 5%, where the envelopes f¢(z) are anti-symmetric with

respect to the center of the well and have their maximal amplitude near the interfaces.
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We also recall that for an out-of-plane magnetic field B = Be., the in-plane motion of [no)

up to K3 is described by an effective two-dimensional Hamiltonian (see chapter 3)

gL

A2 2 7

+ipy (K_oy —He) —iBy (Kio, — He) (5.6)
+ 7/53 (K_K+K_U+ — HC) .

Hp = agnyHQ +

The three Rashba parameters 3, o 3 arise from space inversion asymmetry. When a small DC
electric field F = Fle, is applied to an otherwise symmetric well, all ; parameters behave

linearly with F, and involve only odd powers of the field:

Bi=a;F.+0(F?), (5.7)

where ¢ = 1,2,3. For an in-plane magnetic field B = B(e, cos ¢ + e,sin¢) with vector

potential A = B(e, sin ¢ — e, cos ¢)z, the in-plane motion is instead described by

N _ 2 QY| [ —ip
Heff = Q{O’YICH + F? (6 U+ + HC)
+ 16 (k_oy —H.c.) —ifs (k:imr — H.C.) (5.8)

—+ Z63 (k_k+k_0'+ — HC) .

The in-plane g factor is given by

%:%{<c|zgkz|c>—2<+‘u’+ —>}
(5.9)
-var{ i elsP 1+ (-l
where
) =16 £252s), (5.10)

u', = {273, k. } £ [25, k), (5.11)
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In (5.9), the z = 0 coordinate is chosen such that (see Section 3.3.4)

()= > (r]z|7)=0. (5.12)
r={c,,s}

This ensures, when setting k, = k, = 0, that g is gauge independent and corresponds to
that at the subband edge. Equation (5.9) reduces to the well known |g|| = 4x in the special
case of 4-band Luttinger Hamiltonian with LBO — oo. The in-plane effective mass v, the
g-factor components and the three Rashba parameters «; are plotted as a function of x and w
in Fig. 5.3 panel (a), (b)-(c) and (d)-(f) respectively. A negative g means that the spin-down
level (0 = —1) is closer to the bandgap than the spin-up level.

5.4.2 n-H mixing

In the vicinity of k; = 0, n levels acquire a small H component in addition to the three
terms in (5.5), resulting in a n-H mixed state ¢, k). For m1, this is written as (up to a

normalization constant and to first order in k) :

3 30 T |hy)

‘¢,k“>: ]na>—i0a0k’_a 272>ZET—E}H+’ (513)
l

where the coefficients T}* are given in (3.93) (with j indices dropped). To first order in k,
mixing is stronger between n and H subbands with opposite parity (from k, terms in 7))

%7 37"> The H contribution

and with the same spin component sign, i.e. [no) couples with
p in the mixed subband ‘¢, k||> is given by the sum of the absolute square of each coefficient

in front of H terms. By symmetry, only even powers of £ must appear in p :

p = aki + O(k"), (5.14)
where a can be found from (5.13) :
2 Lin
a=agy —————. (5.15)
T (B} - Bl

The expression p ~ akﬁ is valid for small k|| such that p < 1. In general, p lies in the interval

[0,1] with p =0 (p = 1) corresponding to a pure 1 (H) subband.

p as a function of k, is displayed in Fig. 5.4a for w = 6nm and w = 10nm at x = 0.13.

When £k, is small, the parabolic term in (5.14) fits well the numerically computed p. Mixing
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Figure 5.3 n1 subband parameters as a function of the well thickness and z for fully relaxed
Gej_,Sn, barriers (egg = 0). (a) Inverse effective mass «. (b) out-of-plane g factor. (c) in-
plane ¢ factor. (d)-(e)-(f) a1, ag, a3 Rashba parameters respectively. The calculations were
carried out for a well thickness in the 5-15 nm range with 2nm steps. The data displayed
here are for thicknesses separated by a 2 nm-step.

decreases with increasing energy splitting between 1 and the H-level continuum, as indicated
by smaller p at the larger well thickness w = 10nm. This remains true for different Sn
compositions, as illustrated in Fig. 5.4b where a is plotted as a function of w and x for

EBR — 0.

5.5 Discussion

The results above demonstrate that the lattice mismatch between Ge;_,Sn, alloys and Ge
provides an additional degree of freedom to engineer the tensile strain required to confine LHs
in Ge. According to Fig. 5.2a, the region of interest, as defined by the parameters (z,egRr),
lies in the range where x is above 0.12 and the compressive strain in the barriers egg is below
—0.4% (i.e., |epr| < 0.4%). In this range, all band offsets AE; are positive and the Ge layer
is of direct bandgap. Ge;_,Sn, layers at Sn content in the proposed range have already been
demonstrated experimentally [215]. However, the addition of a highly tensile strained Ge
layer on top of strain-relaxed Ge;_,Sn, is still under development. For instance, the authors
in Reference [31] reported a 1.65% tensile strained Ge quantum well on partially relaxed
Geg.g54510.146 barriers with a residual strain to egg &~ —0.54%. This system would be located
near the crossing between the 0 meV AFE; line and the 50 meV LBO line in Fig. 5.2a, very

close to the optimal region of interest mentioned earlier. Strain relaxation in the barriers is
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Figure 5.4 (a) HH contribution p as a function of the wavevector k, for a quantum well
thickness w = 6 nm and w = 10 nm. Dashed lines correspond to the quadratic approximation
PR akﬁ. (b) Coefficient a as a function of w and x. The data displayed here are for thicknesses
separated by a 2 nm-step.

necessary to enhance confinement in Ge, while relaxing the criterion of minimal well thickness
wo required for a LH-like valence band edge (AE, > 0). The ideal amount of strain relaxation
for a given barrier Sn content can be estimated from Fig. 5.2b. For example, a barrier with
x = 0.14 does not allow a LH-like valence band edge for |egr| > 0.542% compressive strain.
The additional requirement wy < h., where h, is the critical thickness of Ge, further reduces
the range of |eggr| to around < 0.5% compressive strain. Reducing the amount of Sn in the
barriers relaxes the limit imposed by the critical thickness h., but at the cost of a smaller
LBO. In contrast, increasing = to 0.18 for instance slightly increases the range for |egr| to
around < 0.525%, increases significantly the LBO and AE; (Fig. 5.2a) but at the expense of
a smaller h. and a narrower window wy < w < h,, but still in the range typically achievable

in epitaxial growth experiments.

The in-plane effective mass v (Fig. 5.3a) shows a strong dependence on both = and w, with
small v expected from the general rule that 1 levels are heavier in the plane than H levels.
There is also an interesting feature where the dispersion changes from a hole-like (7 < 0)

to an electron-like (y > 0) curvature at kj = 0. In the hole-like regime, the valence band
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edge is formed by a single valley located at k| = 0. In contrast, in the electron-like regime,
the valence band edge consists of 4 valleys, each located a distance kj from k| = 0 along
the four equivalent (110) crystallographic directions in the QW plane. For instance, for a
5nm well at x = 0.13 and egr = 0 the valley minima are located at k =~ 0.0813 nm™~! away
from k| = 0. For larger wavevectors, the dispersion goes away from the bandgap as required,
owing to k*-terms or higher that are not taken in account by the effective Hamiltonians (5.6)
and (5.8). According to Fig. 5.3a, electron-like subbands occur for small w and large x. This
effect takes place for two reasons. The first is when the 1 subband anti-crosses a neighboring
H subband such that the curvature is inverted at ky = 0. This is typical in systems where
the ground state is H-like and the first n subband is allowed to mix strongly with the first
excited H subband [133], or when the 1 subband is close to a H-level continuum (e.g. when w
is small). When a 1 level is far from neighboring H levels (e.g. when tensile strain is large),
mixing decreases, as illustrated in Fig. 5.4b, and becomes too weak to invert the curvature.
The second reason for a curvature change is related to the anti-crossing between the LH and
the SO bands in the bulk dispersion of Ge for k, > 0 (Fig. 5.1a). This anti-crossing results
in a curvature sign change of the LH band at some point k7, such that the bulk energy
dispersion E(k,, ky; k) has a hole-like (electron-like) curvature when k, is fixed to a value
smaller (larger) than £} and k, , are close to zero. For a quantum well along the z direction,
the reciprocal-space envelope functions f (k,) become wider for thinner wells and thus get a
larger contribution from the electron-like regions in k-space, resulting in a dispersion with

inverted curvature at kj = 0.

A major difference with 1 subbands is the large g compared to heavy hole systems [57,117,
126,178,190]. A comparison between g and g, reveals an anisotropy for well thicknesses
away from ~10nm. Both components have a stronger dependence on w than on = but have
opposite behavior with w due to how they couple with neighboring subbands. For the out-of-
plane component, g, ~ 2k for large w because the coupling with neighboring levels becomes
weaker as 11 gets further from the continuum. In contrast, the in-plane g-factor does not
depend on couplings with neighboring H levels (c.f. (5.9)) and is instead more influenced by
the spatial distribution of the envelopes across the layers. Thus, for large (small) w, g ~ 4k
with x being that of Ge (Ge;_,Sn,).

Another peculiar feature associated with n subbands is the absence of direct connection
between v and ¢, in contrast with heavy holes (see Eq. (5) in Reference [58] for instance).

Perturbation theory gives the following for v and ¢, (see Section 3.3.5):
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y=T"+4C+D, (5.16a)
m
g;:i—C—IrD, (5.16b)

where I, G" are given in (3.93) and (3.106a), while C' and D are described in chapter 3.3.5.

For H levels, a similar expansion gives:

A =114, (5.17a)
H H

g1 G !

Lo 4 5.17b
5 = 5 T ( )

In the latter case, one can combine the equations for v and ¢'! to eliminate the C” term,
resulting in the expression (3.165) involving only the mass and the g-factor [58,221]. However,
the result is different for n subbands due to the additional D term in (5.16). The latter is

also related to the non-zero f; coefficient of 1 subbands [24].

Rashba parameters follow the general behavior a; — 0 as w increases. This is caused by a
reduced sensitivity of the wavefunction to electric fields when the level does not spread as
extensively into the barriers. Although the QW is characterized by relatively small LBOs
(< 100meV) and small out-of-plane effective masses, the device operation can comfortably
sustain realistic DC electric fields along the growth direction regardless of the well thickness
and LBO without inducing any envelope leak into the barriers. In devices where space
inversion symmetry needs to be broken, such as in electric dipole spin resonance (EDSR)
experiments, this should not be an issue as the relevant Rashba parameter as for EDSR,
(which is proportional to v, + 73) is one order of magnitude larger than the ay, Rashba

parameter (proportional to vo — 7y3), thus requiring smaller out-of-plane fields [24].

5.6 Conclusion

This work demonstrates how Ge;_,Sn,/Ge/Ge;_,Sn, heterostructures can be tailored to
achieve a selective confinement of LHs in Ge while pushing HHs in to the Ge;_,Sn, barriers.
For a sufficiently large Sn content (x > 0.12), small residual compressive strain in the barriers
(ler| < 0.4%) and a well thickness w > wy, the 1 ground state emerges from within the
H-level continuum, thus yielding a pure n-like valence band edge (AEs > 0). This regime

also corresponds to a direct bandgap in both the well and its barriers, owing to the large



121

tensile strain in the Ge well and the high Sn content in the barriers. Satisfying the condition
of AFE, > 0 imposes a threshold for residual strain in the barriers beyond which a LH-like

VB edge becomes virtually impossible.

The in-plane effective mass, the out-of-plane and in-plane g-factor, and the Rashba parame-
ters ay 2 3 were computed by explicitly taking in account the spread of the n-spinor envelopes
into the barriers and the coupling with the neighboring H-level continuum. Small inverse
effective masses ~ are obtained. A peculiar sign change in v appearing for small well thick-
nesses (w < 7nm) is observed and attributed to the proximity of the n to the H continuum
(larger n-H mixing) and the contribution of the split-off band in the n spinor. An increas-
ingly strong anisotropy in the g-factor components is also observed for well thicknesses away
from ~10nm. Most notably, the in-plane component of the g-tensor is significantly larger
than what is expected in heavy hole systems. A non-zero linear Rashba parameter oy was
obtained, as anticipated for n systems, with an a3 coefficient one order of magnitude larger

than as.
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CHAPTER 6 LIGHT HOLE GATE-DEFINED SPIN-ORBIT QUBIT

6.1 Abstract

The selective confinement of LHs is demonstrated by introducing a low-dimensional system
consisting of highly tensile-strained Ge quantum well enabling the design of an ultrafast
gate-defined spin qubit under electric dipole spin resonance. The qubit size-dependent g-
factor and dipole moment are mapped, and the parameters inducing their modulation are
discussed. It is found that the LH qubit dipole moment is 2 to 3 orders of magnitude higher
than that of the canonical heavy-hole qubit. This behavior originates from the significant
spin splitting resulting from the combined action of large cubic and linear Rashba spin-orbit
interactions that are peculiar to LHs. The qubit relaxation rate is also affected by the strong
spin-orbit interaction and follows typically a B” behavior. The proposed all-group IV, direct
bandgap LH qubit provides an effective platform for a scalable qubit-optical photon interface

sought-after for long-range entanglement distribution and quantum networks.

6.2 Introduction

Gated quantum dots (QDs) exploiting the strong spin-orbit interaction (SOI) of holes and
their quiet quantum environment provide practical building blocks for quantum proces-
sors [12,48,57,117,126,178,222-226]. However, due to the restricted choice of low-dimensional
systems (e.g., Ge/SiGe), current hole spin qubits are based predominately on heavy-hole
(HH) spins [47]. Notwithstanding this progress, the ability to utilize light-hole (LH) spins
would enable additional degrees of freedom to engineer qubits with extended functionalities.
Indeed, LHs allow simple schemes for a direct mapping of superposition from a flying qubit
to a stationary spin qubit [26] as well as a better resilience against charge noise [227] and
an enhanced proximity-induced superconductivity transfer [25]. Additionally, LHs are also
known to have strong SOI yielding fast Rabi oscillations [227]. Nevertheless, the development
of LH qubits has been hampered by the lack of proper material systems. Here, we address

this limitation and introduce a new low-dimensional system to control LH states.

The selective confinement of LHs in Ge quantum well (QW) requires sufficiently high tensile
strain, which can be achieved using the emerging germanium-tin (Ge;_,Sn,) alloys [31, 34].
Ge/Ge;_,Sn, hole spin devices combine all advantages that are inherent to group IV semi-
conductors [82,109]. Besides the weaker hyperfine interaction with the surrounding nuclear

spin bath resulting from the p-symmetry of the hole wavefunction [20,65,228], the strong
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SOI in the valence band of Ge and Sn would enable all-electrical driving of the qubit with-
out the need for an external RF transmission line and create rich spin-related phenomena
unique to holes [33,46]. Moreover, the Ge;_,Sn, alloy spans a wide range of lattice param-
eters [160,165,215], which is useful to control the hole spin properties through the epitaxial
strain directly on silicon wafers [31,229,230].

6.3 Results and discussion

Fig. 6.1 illustrates the gate-defined LH QD. Note that the lattice mismatch between Ge and
Ge;_,Sn, induces a significant tensile strain in the Ge layer, which lifts the HH-LH degeneracy
yielding a LLH-like valence band edge (Fig 6.1b). The Ge;_,Sn, /Ge/Ge;_,Sn, heterostructure
confines LHs in the Ge layer for = typically higher than 0.11, while the HHs are pulled into
the Ge;_,Sn, barriers [31]. A set of electrostatic gates on top of the heterostructure helps
confine the LH in the plane by applying a DC voltage. Note that Ge becomes a direct
bandgap semiconductor at a tensile strain higher than 1.68% [34]. The EDSR is performed
by applying a microwave voltage. A feature that is sometimes neglected [188,189,210] but
needs to be accounted for in this system is the spread of the LH wavefunction into the
barriers. Because the HHs are located in the barriers, LH-HH mixing wavefunction overlap
only occurs outside the QW. Assuming a hard wall potential at the interface is therefore
equivalent to neglecting entirely the LH-HH mixing. Moreover, the LH subband dispersion
non-parabolicity must also be considered. The theoretical framework outlined in Chapter

3.3.5 for the in-plane motion of LHs explicitly takes into account these peculiar features.

Starting from Hamiltonian Hqw [c.f. (3.104)] describing the motion of electron and holes in a
QW with a perpendicular B-field, an Hamiltonian H.g for the in-plane motion of the ground
N level up to K* with the usual assumptions of bi-axial epitaxial strain and [001]-oriented

substrates is given by (3.158), which we explicitly rewrite here for 7 =n:

(8% (8%
Heg=E"+ap (7 + om0, | KF + S0 g0 + ol Kf + 0y
202 202 I

+[iBK o —iBKioy +ifs K K K o, + aoCuK" + He|.

(6.1)

The approach described in 3.3.5 to obtain (6.1) is similar to that employed by References
[188,189,210] for instance. However, we emphasize here that the spread of the wavefunction
into the barriers and the effects of the DC field F = Fl.e, are implicitly taken into account

from the shape of the envelopes. The effective parameters in (6.1) are also calculated from
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Figure 6.1 (a) Schematic of a gate-defined Ge/Ge;_,Sn, LH qubit. (b) Band structure of
the valence band in bulk Ge without strain (dashed lines) and with 2% tensile strain (solid
lines). k - p parameters taken from Reference [152]. (¢)-(d) Ground LH subband dispersion
from the numerical diagonalization of Hqw (black solid lines) and from H.g with (without)
k* terms in solid (dashed) blue. (c) : Ge/Ge;_,Sn, LH QW with F, = 1V/um. (d) :
Infinite Ge LH QW with F, = 5V/um. Energy scale is in meV in both panels. Insets show
the envelope probability density of the lowest subband (ground HH subband is also shown
in (d)). The larger component of the wavefunction is the LH part of the spinor (red). The
smaller component with one lobe corresponds to the SO part (green) and the component
with two small lobes at the Ge interfaces corresponds to the CB part (black). The tensile
strain in Ge is 2.38% in both cases corresponding to x = 0.15.

a large subband edge basis due to the large number of H levels in the barriers. Fig. 6.1
shows the dispersion of the ground 1 subband for two different QWs. Fig.6.1(c) displays the
case of a 13nm Ge QW with relaxed GeggsSng.15 barriers. Close to kj = 0, Heg fits exactly
Hqw because the effective parameters in (6.1) are given exactly by 4th order perturbation
theory. Heg diverges from Hqyw further away from kj = 0 because k°-terms or higher become
important. This behavior is exacerbated for a QW with infinite band offsets (Fig.6.1(d)). In

both cases, H.g diverges faster when k* terms are neglected.

The calculations also predict an effective mass for the ground LH subband of the opposite
sign (clearly visible in Fig 6.1d, see also Chapter 5) for certain QW parameters. Such
behavior was also observed for different material systems [133,231,232]. This effect becomes
more prominent as the QW thickness decreases. The typical hole-like dispersion is recovered
above a critical thickness, corresponding to 11 nm for the Ge/GeSn QW system in Fig. 6.1c.
To simplify the LH qubit calculations, the thickness is fixed at 13 nm.

The QD Hamiltonian includes the isotropic and parabolic confinement from the top gates,
which can be added directly to H.g as a good approximation if the QD size is not too small:
Hqp = Heg + m*w? (2% + y?) /2, where m* = mg/v is the in-plane effective mass. Hqp is
diagonalized by first writing Hqp = Ho+ H', where Hj consists of the first two terms in (6.1)

plus the parabolic confinement :
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Figure 6.2 LH QD orbital energies as a function of B. The QD size [y at B = 0 is kept
constant at 25 nm. Black dotted lines represent the eigenvalues of Hj, while the solid green
lines are those of Hqgp. The qubit levels |0) and |1) and excited orbitals are displayed with
their main contributions from the eigenstates |nq,ng, o) for B = 0.1 T. The QW parameters
are the same as in Fig. 6.1c.

1 a
_ 2 x 2/( 2 2 091
Hy = aov K| + 2™ Wo (:1: +y ) + g?@. (6.2)
~ b (al fao 1) o e (L f o g1 6.3
= huwy <a1a1 + axaz + ) + 5 (%al — a2a2) + g?%, (6.3)
where
x—1y ilk_ x4y ilky
_ = _ Y, 7" 6.4
=" Ty R TR (6:4)

are ladder operators, ky = k, £ ik,, w. = eB/m*, w} = wj +w?/4 and | = \/h/(m*w,) is the
effective quantum dot confinement length. The eigenstates of Hy, the so-called Fock-Darwin
orbitals |ny,ne, o) with nyo =0,1,... and o = £1, provide an orthonormal basis on which
Hgqp is projected (see Section 6.5). The eigenvalues of the resulting matrix for Hqp in the
Fock-Darwin basis are then solved numerically. The two lowest energy orbitals |0) and |1)
corresponding to energies Fp and FE; define the qubit. These are mostly composed of the

Fock-Darwin orbitals 0,0, —) and |0, 0, +) respectively, plus higher-energy orbitals :
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10) = 10,0 [=) + (i) [0,1) + c§313,0) + €% [1,2)) |+) (6.5a)
1) =10,0) [+) + (c13 11,0) + c6310,3) + c§11 [2,1)) | -) - (6.5b)

(0,1)

The coefficients ¢ 7))

were extracted from the numerical diagonalization of Hqgp to avoid
artifacts near crossings between Fock-Darwin orbitals. They can be evaluated with pertur-
bation theory away from these crossings. For a driving field F(t) = e, F,. cos(wt), where
hw = |Eg — E4] is the qubit energy, the Rabi frequency €2 is given in terms of the qubit dipole

moment d = e (0| x|1) by Q = F,.|d|/h.

Fig. 6.2 shows the QD orbital energies as a function of the out-of-plane magnetic field for a
QD size Iy = /h/m*wy = 25nm and the same QW parameters as in Fig. 6.1a. The qubit
undergoes a transition from a spin qubit to a charge qubit at the crossing between |1) and
the mostly |0, 1, —) orbital near B = 0.275T. The two levels cross because |0, 1, —) is not

present in the expansion of |1).
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Figure 6.3 LH qubit dipole moment (left) and absolute value of the g-factor (right) as a
function of the QD size [p. The magnetic field is fixed at 0.05T. The QW parameters are
the same as in Fig. 6.1c.

The qubit dipole moment d and the qubit g-factor |gqp| are plotted in Fig. 6.3 as a function
of the QD size lp and B = 0.05T. The g-factor has a strong dependence on [y for small
QD sizes, and approaches asymptotically the QW value g, = 8.69 at large ly. The large g,
value originates from the first order approximation g, ~ 2x for a LH spin in a perpendicular
magnetic field with x = 3.41 in Ge (see Table 3.3). Deviations from 2x come from the

2nd

spread of the wavefunction and order corrections [233]. The dipole moment d takes very
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large values for two main reasons. First, the coefficient 83 that contributes to EDSR by
introducing a |1,0, —) contribution into |1) depends on the sum (v, +73) for n levels whereas
for H levels it depends on the difference (72 —73). In Ge, 75 ~ 73 [131] and therefore (3 is
much larger for n subbands. Secondly, the latter are subject to a linear Rashba spin splitting
proportional to ;. This additional term contributes to a large d similarly to 83 by increasing
the contribution of [1,0,—) into |1). At ly &~ 27.5nm, |d| reaches a maximum as a result
of the combined effects of 5; and f3, which gives a dipole moment that is 2 to 3 orders of
magnitude larger than that of HHs in a compressively strained Ge [210,234]. For instance,

an in-plane driving field as small as F,. = 1 mV/um gives a Rabi frequency 2 ~ 1.2 GHz.

There is, however, a range of QD sizes where the dipole moment is very small (Fig. 6.3).
This happens because both 3; and (3 contribute to d. When B is small such that |1) is far

from the excited orbitals, the dipole moment is given by

em*21%| g, |us B
B

Id| ~ 128, + 285 . (6.6)

Therefore, when (8,83 < 0, d can vanish at specific values of [y and B. For the QW parameters
in Fig. 6.1a, 31 = 0.42meV nm and 33 = —290 meV nm?® which causes the dipole moment to
vanish at B = 0.05T and Iy ~ 37nm. For [, > 37nm d increases again, but at the cost of a

smaller orbital energy spacing.

An important feature of LH qubits is that EDSR is driven by both n-H and n-n mixing. This
is because there is an allowed 1% order coupling between 1 subbands (n+; j | How |n—; ') =
iogT; ;K that is essentially non-existent for HHs [see (3.93)]. The n-H mixing part con-
tributes mainly to the 53 parameter through a term proportional to (y2+73), while n-n mixing
contributes to both 3 and ;. Notably, these two types of mixing are of equal importance

given that 3; and S5 can interfere to suppress the dipole moment [c.f. (6.6)].

The relaxation time 77 = 1/I" of the LH qubit was also evaluated for the system in Fig.
6.1a. The coupling of the hole to acoustic phonons was considered. The total relaxation rate
I' = Dem + Daps, where ey (Taps) is the rate associated with the emission (absorption) of one

phonon. Each of these rates is calculated by Fermi’s golden rule [c.f. (3.212)]:

2wV d3q N2
D=5 [ s W Weali)*6 (o = ) (6.7)

where the operator W,q is derived from the hole-phonon Hamiltonian in a procedure similar
to that in References [176,189,235,236]. Importantly, the matrix element (f | W,q|7) takes

into account the relaxation rate associated with all three spin-orbit parameters 3y, B2, and
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Figure 6.4 Relaxation rate I' = 1/T} as a function of the magnetic field. The QW parameters
are the same as in Fig. 6.1c.

Bs.
Fig. 6.4 shows the computed I' as a function of B for the Ge/GeSn QW system in Fig. 6.1a at

lo = 25nm. A relaxation time 77 = 100 us was extracted at B = 0.1'T. Moreover, I" follows a
B7 behavior when B > \/EkBT/(gQDMB) and a B% behavior when B < \/ﬁk‘BT/(gQDpB).
This higher relaxation rate for LHs compared to HHs [47,189] is due to the larger spin-orbit
coupling parameters 3 5 3. The B” behavior at low temperature is associated to the spin-orbit

term |I?3; + 23| that was encountered in eq. (6.6) and from the sum cg?l) + 05718 ~ B.

Similar calculations were also performed at a QD size [, = 37.9nm for which the dipole
moment vanishes at B = 0.05T (Fig. 6.4). In this case, two different regimes were observed:
for B < 0.05T the relaxation rate exhibits a B” behavior, but at B > 0.05T it evolves as

~ B! This is because the term associated with |I?3; + 23| vanishes and the dominating

(0,1)
ni,n2

with ny +ny = 3. At B=0.1T, T} = 8ms, which is consistent with a much smaller dipole

terms in I' are those associated with (5, 3 alone and the superposition coefficients ¢

moment at this QD size. The abrupt change in behavior around B = 0.14T is due to a
very small anti-crossing between |1) and the mostly |1,0, —) orbital, while at B = 0.5T it is

caused by a small anti-crossing between the mostly |1,0, —) and the mostly |0, 3, —) orbital.

6.4 Conclusion

This work unravels the spin properties of a light-hole gated quantum dot in tensile strained

Ge under EDSR. A detailed framework is described taking into account the spread of the
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envelopes in the barriers surrounding the quantum well and the effects of the dispersion non-
parabolicity. It was found that light-holes have a dipole moment d significantly larger than
that of the heavy-holes due to a larger cubic Rashba parameter (f3) and the existence of a
non-zero linear Rashba parameter (). Interestingly, 51 and (3 can interfere destructively
and cause the dipole moment to vanish at a specific quantum dot size. The relaxation
rate I' of a light hole qubit follows a B7 behavior, except when d ~ 0 where I' follows a
B! behavior. This direct bandgap Ge/GeSn device structure provides additional degrees
of freedom to implement silicon-compatible and scalable quantum processors leveraging the
advantages of light-hole spin properties in addition to their efficient coupling with optical

photons and their ability to transfer superconductivity.

6.5 Solution of time-independent quantum dot Hamiltonian

In this section we diagonalize the time-independent quantum dot Hamiltonian Hqgp. We
divide this task in two parts: first we diagonalize Hy, that is, Hqp without the spin-orbit

coupling term H’. Then we take in account H’ by using the solutions from the H, part.

The Hamiltonian of the quantum dot without spin-orbit coupling is given by (6.2):

L, g
Hy = aoyKﬁ + g™ wp <x2 + y2) + ZTO?J_O-Z’ (6.8)
B

This Hamiltonian can be diagonalized analytically by defining the following ladder operators :

+ (6.9)

where ky = k, + ik,, | = \/h/(m*w,) is the effective quantum dot size, w? = w3 + w?/4 and

w. = eB/m* is the cyclotron frequency. It is useful to define the dot size at zero magnetic

field Iy = \/h/(m*wyp), which is related to [ by

1 1 1

The ladder operators a; and ay follow the usual commutation relations for bosons : [a;, a;] =

[af,a}] = 0 and [ai,a;] = ¢§;;. They also act upon the eigenstates |ny) and |ny) of the
number operators n; = a}al and ny = agag in the usual way : aj|ny) = /ni|ng — 1),

ai In1) = v/n1+ 1|ny + 1), ny |ny) = ny [ny) and similarly for as. In terms of a; and ay, Hy
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becomes

hw,. o
Hy = hw, (aJ{al + abas + 1) + (aial — agaz) + TOQ—laz, (6.11)
2 13 2

which directly leads to its eigenvalues

hew.
By nyo = hwp (ng +ny 4+ 1) + % (n1 —ne) + %0%0 (6.12)
B

and corresponding eigenstates |ny, no, o) with ny2 ={0,1,2,...} and 0 = £1.

The set of eigenstates of Hy defines an orthonormal basis on which we can project H'. The
spin-orbit term H’ depends on products and powers of the K1 operators [(6.1) in main text].
The matrix expression for H' in the {|ny,ny, o)} basis can be found from the expression of

K. in terms of a; and as :

K_ = —ikyay +ik_al, (6.13)

1
Kﬁ = §{K—7K+}7 (614)

where ky = 1/l £1/(2(%). We cannot however perform the projection on every basis states
|n1,ng, 0) because Heg diverges from the exact dispersion Hqw at some point. Thus, the
projection is done only on the finite subset n; + ny < 4. The size of this truncated basis
subset is chosen large enough to include the orbitals from the ny + ny, =1 and ny +ny = 3
groups that have a significant contribution in |0) and |1) [210,237], but small enough that

the expectation value

IED) = /(01 + 1/2)K2 + (02 + 1/2)s2 (6.15)

is smaller than the point in k-space where H.g(K|) diverges from Hqw too significantly.

The qubit levels |0) and |1) can be expanded in terms of the Fock-Darwin orbitals |ny, ne, o)

using perturbation theory :
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k_3 63 o V262 Kk P

0) = 10,0, —) — 0,1,+) — + 3,0,+) + 1,2, +
0)=1 ) Eoo,— — Eoa+ | ) Eoo,— — B30+ | ) Eoo,- — Er2.+ | )

(6.16)

! 6r3 262 kK
|1> = |0707+> + K+ﬂ |1707_> + \/—H_52 |Oa37_> - \/_/{4—% 63 |2717_>a
E0,0,+ - El,o,— E0,0,+ - Eo,s,— E0,0,+ - Ez,l,—
(6.17)

where ' = 81 + (k3 + £2)053. These expressions are valid only far away from any crossing

between Fock-Darwin states that would make a denominator vanish.

6.6 Light hole-phonon interaction

We estimate the relaxation time 73 of the qubit by evaluating the rate of the single phonon-
mediated qubit transitions. Assuming an isotropic phonon dispersion, I' = 1/T} is given by
(3.225).

We write the hole-phonon Hamiltonian W,q = Qu, in the QW subband edge basis B, along
with Hqw before performing a 2" order SWT on H = E(?W + W + Ow,, to find an effective
Hamiltonian for the LH-phonon interaction in the qubit subspace. We keep only terms that

are linear in b,q. With Q given by

Q =3 Ia (baq + blz,fq) eixqa sinecosqﬁeiyqa sinOSinzi)’ (618)

the effective LH-phonon interaction is

ngf =1 Qa (baq -+ b:;,_q) (W110'+O'_ + W220'_0'+ + W120'+ + W210'_) . (619)

The expressions for W;; are quite lengthy, so here we give as an example the result of the
product (1| Wiio,0_|0):

(1| Wiioe0_[0) & [(frr + fy) (@7 + ") + foz (@7 — 2bM)] e () 1e02 + € pe05 + S pe0s)
— aphi— (fyz — if2z) 087*008,1600 (’é”’i‘” + TXT‘EX> .
(6.20)
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We make the assumption €*°*? ~ 1 in the 2nd order terms t"T" and alike.

The braket products involving @I ™I where r| = re, + ye,, are calculated analytically from

the expressions of |ny,ns) in position space :

% 4+ y2
boo(r,y) = vf_l [ 5 (6.21)
. T +
bro(7,y) = ¢0,1($7 y) = Gbo o(z,9) (6.22)
) (z + iy)°®
P30(x,y) = ¢ s(x,y) = VG bo,0(2,y) (6.23)
. z+y (7 + y
¢271($,y) = ¢1,2(937?/) = \/§l < 12 - 2) ¢0,0(957?/)- (6-24)
If we define |0) = |0,0), |1) = [1,0), |2) = |0,1), |3) = |3,0), |4) = |2,1), |5) = |1,2) and
16) = |0, 3) with ey = < et ITl > we have :
it .
€01 = §€Z¢600, €02 = 631(—(])7
it’ i it*
€o3 = 8\/66 €00, 04 = \/§ €00,
eos = €ou(—q), eos = €o3(—1),
12 3t2 12
€12 = —26_21%007 13 = NG <1 — 12) e*®eq,
12 t?

3t> t2 t? ,
€26 = €73, €34 = —\/— [1 - — <1 — — || e7*eq,

t2 6 t2 t2 2

—6i¢ —2i¢p

e = ——¢€ Peqo, ess =—— | 1——] e “eqo,
36 334 00 45 9 < 00

€56 = €34,

where t = ¢lsin @ and egy = e~ /4.
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CHAPTER 7 TUNABLE SPIN-ORBIT COUPLING IN LIGHT HOLE GE
QUANTUM CHANNELS

7.1 Introduction

SOl is a key ingredient in spin-based qubit devices with all-electrical driving. Planar sys-
tems with large intrinsic SOI leverage the Rashba effect to enable EDSR manipulation of the
qubit, which does not require any oscillating magnetic fields. The strength of the Rashba
SOl is strongly dependent on the confinement profile and on the type of carriers populating
the ground state. For instance, the EDSR-compatible Rashba SOI term for HHs is typi-
cally 10 times smaller than the one associated with LHs (see Chapters 3, 5 and 6). One
approach to increase SOI is to introduce an additional dimension of strong confinement, as
in a nanowire geometry. In that case, the 2-dimensional confinement (in the z-z plane for
instance) introduces a LH-HH mixing that persists even at k, = 0 [238]. This gives rise to
the so-called direct Rashba SOI (DRSOI) [180]. This type of SOI enables EDSR, but is also
strongly tunable with perpendicular electric fields [180,239]. Moreover, sweet spots in which
the SOI is turned off for specific DC gate field amplitudes have been reported [240], and
would essentially act like a switch to change the qubit in an operational state or in an idle

state.

Besides nanowires, 2-dimensional confinement is also possible in planar heterostructures with
gate-defined quantum channels (QC). These systems combine the scalability benefits from
planar systems with the large DRSOI of nanowires. Notably, they have attracted attention
lately as a potential candidate to host Majorana zero-modes [241]. In this Chapter, LH (or
1) spin dynamics in tensile strained Ge QCs are investigated. Moreover, additional weaker
confinements along the y direction, resulting in an elongated QD system, are also investigated.
To circumvent the limitations on the DC gate field amplitude F, due to the small LH band
offsets (see Chapter 5), the top Ge;_,Sn, barrier is replaced by a large band offset material

(e.g. an oxide) that essentially acts like a hard wall for n and H levels.

This Chapter is organized as follows: the first section introduces the planar system, without
in-plane confinement. Ground state properties such as n-H energy splitting, g-factors and
Rashba parameters are calculated, revealing vanishing linear-in-k Rashba SOI for specific
non-zero field amplitudes. Then, ground state properties of the QC system are computed and
compared with those previously calculated for the planar system. Finally, Rabi frequencies in
elongated QDs for various magnetic field configurations are computed for different dot sizes

and DC gate fields, revealing hot and cold spots that strongly correlate with the linear-in-k
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Rashba SOI of the planar system.

7.2 Results and discussion

A Gej_,Sn, /Ge/barrier heterostructure provides the out-of-plane confinement for the holes
(see Fig. 7.la). The Ge QW is coherently deposited on a mostly strained-relaxed [001]-
oriented Ge;_,Sn, barrier, with the z axis taken parallel to the growth direction. Lattice
mismatch between Ge and relaxed Ge;_,Sn, is leveraged to generate a significant epitaxial
biaxial strain in the Ge QW, which lifts the degeneracy between the LH and HH bands at
the I" point. The ensuing strain tensor is diagonal, with its components in Ge given by
€ = Eyy = €| = az/ag — 1 and €., = —2¢|c12/c11, where a, is the lattice constant of
Gey_,Sn, and cq1, ¢ are elastic constants for Ge. a, being larger than ag, the LH band is
pushed upwards closer to the bandgap, resulting in a LH-like valence band edge in Ge. The
top barrier is taken as a thin, large band offset material allowing holes to remain inside the
well even at reasonably large electric fields, without much leaking. This material could be a

very thin Si capping (a few angstroms), an oxide, or a combination thereof.

Spatial confinement also breaks LH-HH degeneracy, but usually favors HHs to the ground
state due to their larger effective mass along the growth direction. Large tensile strain is
therefore required to invert the band ordering and to push LHs towards the valence band
edge. The precise requirements for a LH-like Ge QW on Ge;_,Sn, are non-trivial (see Chapter
5). One important aspect is that while LHs are confined in Ge, HHs are instead pushed away
from Ge and form a continuum of levels in Ge;_,Sn,. The calculated confinement energy
profile of the device in Fig. 7.1a is shown in Fig. 7.1b. The calculation takes in account the
energy band offsets between bulk Ge and bulk Ge;_,Sn, with strain effects included. An out-
of-plane static electric field F = Fle, tilts all the bands such that holes are pushed towards
the surface. The inverted band alignment of the HH band creates an additional triangular
well at the interface between Ge;_,Sn, and Ge. Depending on the well thickness [, and
electric field strength F,, the HH ground state may be located either at the interface (as in
Fig. 7.1b) or at the surface. In any case, wavefunction overlap and/or wavefunction spread
across the Ge;_,Sn, /Ge interface enables LH-HH mixing between the ground n subband and
the closest H subband.

In Fig. 7.1c is shown the n1-H1 energy splitting as a function of [, and F,. Three regions
are identified as follows: the first corresponds to the region in parameter space where the
ground state is of H type, 