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RÉSUMÉ

Les diverses technologies en périphérie du réseau (TPR), telles que les véhicules électriques
(VÉ), les systèmes photovoltaïques (PV), les programmes de gestion de la demande de puis-
sance (GDP), etc., sont installées sur les sites des clients (périphérie du réseau) et connectées
aux réseaux électriques de distribution. Avec la transition énergétique en cours, le nombre de
TPR augmente rapidement. Il est essentiel pour les fournisseurs d’électricité d’évaluer leur
influence sur le réseau de distribution afin de maintenir la fiabilité du système et la qual-
ité de l’alimentation, et d’éviter les interruptions de service. Étant donné que la demande
d’électricité des clients due à l’utilisation de TPR se produit derrière le compteur et est aléa-
toire en termes de comportements d’utilisation, il est difficile de modéliser ces technologies
sur les réseaux et d’évaluer leurs impacts, en particulier à des taux de pénétration élevés.
Un outil d’analyse est donc nécessaire pour évaluer les impacts des TPR sur les réseaux élec-
triques tout en tenant compte des incertitudes associées à l’utilisation de ces technologies.
Cette thèse vise également à relever des défis posés par la pénétration croissante de ces tech-
nologies. Des plans d’atténuation pour minimiser des conditions anormales du réseau causées
par l’utilisation de ces TPR sont proposés afin de maintenir un fonctionnement sécuritaire
et optimal du système.

Nous introduisons une méthode d’estimation rapide (MER) pour analyser les impacts stochas-
tiques des TPR sur le réseau de distribution. Cette méthode utilise l’équation de Fokker-
Planck pour modéliser les fonctions de densité de probabilité des états du réseau, tels que les
niveaux de charge des équipements et les niveaux de tension, sous divers taux de pénétration
des TPR. Pour améliorer l’exactitude de la MER, une étape de calibration optionnelle est
proposée. Afin d’appliquer la MER aux études d’impact des VÉ, les profils de recharge des
propriétaires de VÉ en termes de distributions de probabilité sont requis comme intrants. En
l’absence de telles informations, nous proposons une méthode pour détecter les événements
de recharge des VÉ à partir des données de compteurs intelligents, qui sont plus accessibles
aux fournisseurs d’électricité. Cette méthode permet de déduire les habitudes de recharge des
clients et construit des distributions de probabilité des profils de recharge, qui sont ensuite
utilisées dans la MER pour les analyses d’impact des VÉ.

Lors de l’utilisation de MER pour analyser les impacts des véhicules électriques sur le réseau
de distribution, il est possible que des équipements du réseau soient surchargés à des taux
de pénétration élevés. Des stratégies d’atténuation doivent être conçues pour faire face à ces
problèmes de surcharge potentiels. Elles permettent d’éviter une défaillance prématurée de
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l’équipement qui peut entraîner des événements beaucoup plus graves et même des pannes
sur le réseau de distribution. Dans la thèse, nous décrivons une méthodologie pour leur
atténuation. Notre stratégie implique de déplacer les probabilités de recharge des VÉ des
clients durant des heures de pointe aux heures de faible consommation grâce à des pro-
grammes incitatifs. Un problème d’optimisation à deux niveaux est formulé pour concevoir
la stratégie d’atténuation, qui est ensuite reformulée en un programme convexe pour une
solution efficace. La MER est également appliquée pour déterminer la stratégie optimale.

Les impacts des PV sur le réseau de distribution peuvent également être étudiés à l’aide de
MER. Pour un réseau avec une forte intégration des PV, des problèmes de surtension peuvent
survenir, notamment pendant les périodes de pointe de production solaire. Pour résoudre ces
problèmes potentiels de surtension, une stratégie d’optimisation volt-var (VVO) est dévelop-
pée pour réguler les niveaux de tension sur le réseau de distribution. Cette stratégie inclut
des réglages optimaux pour les dispositifs de régulation de tension conventionnels et les ond-
uleurs intelligents, en tenant compte des incertitudes de la demande et de la génération PV.
Le problème de VVO est d’abord formulé comme un programme stochastique et est résolu
en utilisant une approche d’optimisation stochastique par boîte noire basée sur des scénarios.

Les méthodologies et les stratégies proposées dans cette thèse sont validées par des études
de cas approfondies sur le grand réseau de test IEEE-8500, démontrant leur applicabilité
pratique et leurs avantages pour les systèmes de distribution d’électricité modernes.
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ABSTRACT

As grid-edge technologies (GETs), such as electric vehicles (EVs) and photovoltaic systems
(PVs) are becoming popular on power distribution networks, their impacts need to be studied.
This dissertation aims to address the challenges posed by the increasing penetration of these
technologies, and mitigation plans to abnormal network conditions caused by the use of these
GETs are proposed to maintain safe and optimal operation of the system.

We introduce a rapid estimation method (REM) to perform stochastic impact analyses of
GETs on distribution networks. This method leverages the Fokker-Planck equation to model
the probability density functions (PDFs) of network states, such as equipment loading levels
and voltage levels, under various penetration rates of GETs. An optional calibration step is
proposed to enhance the accuracy of the REM. To apply the REM for EV impact studies, EV
owners charging habits in terms of probabilities are needed as input data. In absence of such
information, we propose a non-intrusive and training-free method to detect EV charging
events from smart meter data, which are more accessible to utilities. This method infers
customers’ charging habits and constructs probability distributions of charging profiles, which
are then used in the REM for EV impact analyses.

When using the REM to analyze impacts of EVs to the distribution network, it is possible that
network equipment may be overloaded at high EV penetration rates. Mitigation strategies
should be prepared to address such potential overloading issues to avoid premature failure of
the equipment which can lead to much more serious events and even faults on the distribution
network. We describe a methodology to design an incentive-based mitigation strategy. This
strategy involves shifting customers’ EV charging probabilities from peak to off-peak hours
through incentive programs. A bi-level optimization problem is formulated to design the
mitigation strategy, which is then reformulated into a convex program for efficient solution.
The REM is also applied to search for the optimal strategy.

Impacts of PVs to the distribution network can also be studied using the REM. For PV-rich
networks, over-voltage issues can be created especially during peak solar generation periods.
To address such issues, we develop a volt-var optimization (VVO) strategy to regulate voltage
levels on the distribution network. This strategy includes optimal settings for conventional
voltage-regulating devices and smart inverters, considering uncertainties in demand and PV
generation. The VVO problem first formulated as a stochastic program, and is solved using
a scenario-based stochastic blackbox optimization approach.

The methodologies and strategies proposed in this dissertation are validated through exten-
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sive case studies on the large-scale IEEE-8500 test feeder, showcasing their practical appli-
cability and benefits for modern power distribution systems.
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CHAPTER 1 INTRODUCTION

1.1 Motivation

Grid-edge technologies (GET), e.g., plug-in electric vehicles (EV), rooftop photovoltaic sys-
tems (PV), demand response (DR) programs, etc., are being installed at customers’ sites and
connected to the power distribution networks. With the energy transition happening, the
number of these grid-edge technologies is rapidly growing, and it becomes critical to assess
their influence on the distribution network in order to maintain system reliability and power
quality, and to avoid service interruptions. However, due to the limited observability and
randomness with the customers’ consumption and/or generation behaviours, it is difficult
to assess their impacts especially at high penetration rates. Taking EVs as an example of
a GET, charging of EVs may introduce undesired impacts to power networks such as over-
loading of key equipment, severe voltage variations, phase unbalancing, harmonic distortions,
etc., just to name a few [1, 2]. Analyses of these impacts depend on various factors such as
charging locations of EVs, charging time and duration, charging power, and battery capaci-
ties, which are uncertain and non-observable to utilities as EV chargers are usually installed
behind-the-meter (BTM). Given the challenges to model the EV consumption behaviours, it
is necessary to perform a stochastic analysis to evaluate the network states, i.e., equipment
loading levels, voltage levels, etc., with different penetration levels of EVs installed. Such
an analysis framework should also be extended to include other grid-edge technologies than
EVs, as well as to study the combined impacts when multiple technologies are installed to
the same power network.

Analysis results of the GETs’ impacts on the distribution networks may reveal abnormal con-
ditions such as equipment overloading, under/over-voltages, excessive network losses, etc.,
when high penetration of grid-edge technologies are installed on the networks. Mitigation
plans and network optimization must be considered for the operation and the planning of
power networks to maintain quality of service. While upgrades to the network infrastruc-
ture such as expansion of equipment capacity, installation of voltage regulators and reactive
power support devices may provide immediate relief to abnormal network conditions, they
require high levels of capital expenditure. Alternatively, reconfiguration of the network can
be performed such as in [3,4] where the optimal power flow (OPF) framework is adopted. To
mitigate overloading issues for networks with high penetration of GETs like EVs, load shap-
ing techniques have been proposed to reduce their impacts to the networks. For example,
time-of-use (TOU) rates can be designed to reduce EV charging demand at peak hours, and
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an EV charging schedule can be correspondingly developed in response to published TOU
rates to minimize users’ charging costs [5,6]. Coordinated EV charging is another technique
aiming for an optimal charging schedule of EVs connected to the network [7,8]. Similarly, for
networks with high penetration of PVs, the risk of over-voltage can be mitigated by using an
energy storage devices (such as a battery) as proposed in [9,10]. Dedicated demand response
programs integrating network constraints are also ongoing efforts to ensure safer distribution
network operations [11]. For networks with voltage regulating devices like voltage regulators,
volt-var optimization (VVO) technique can also be adopted to improve the voltage profiles
on the network [12]. GETs like PVs can also be included in VVO to control the amount of
reactive power absorbed or injected if they have such capability.

1.2 Research Objectives

This dissertation aims to address the following needs in planning, operations, and optimiza-
tion of today’s power distribution networks with increasing penetration of GETs:

• How to rapidly assess impacts of single or multiple types of distributed GETs
on the distribution networks for a range of penetration levels by considering the
randomness associated with the location and the usage of these GETs?

• What is a cost-effective way to reduce the likelihood of key network equipment be-
ing overloaded under the impacts of GETs (e.g., EVs) without spending significant
capital expenditure to upgrade the network infrastructure?

• Can a voltage regulating strategy be designed to optimize voltage levels of the dis-
tribution network and to minimize the energy losses when fluctuations in demand
and GET generation (e.g., PVs) are taken account for?

To develop solutions and methodologies in answering these research questions, the following
information are assumed generally available:

A1. Base load profiles for customer demand (e.g., household consumption) and gen-
eration for existing distributed energy resources (DERs) on the network. These
data are usually from meter measurement or forecasted by the utilities.

A2. Probability data related to adoption of GETs (e.g., how likely a customer owns
an EV) and their usage patterns (e.g., how many times a customer charges the
EV from 8 pm to midnight during the past year). The assumption is mild as
the information can be extracted from A1. if it is not readily available. The
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methodology is presented in Chapter 3.

A3. Network models containing network topology and devices/equipment on the net-
work. Device parameters such as impedance and nominal ratings are also available.

A4. Analysis parameters such as the desired ranges of simulation time and penetration
levels. Key network locations/sections that utilities want to monitor should also
be specified.

1.3 Contributions

The contributions aligning with the research objectives are described below, and their re-
lations are depicted in Figure 1.1. We want to highlight that the contributions target at
addressing difficulties that utility planners may encounter during their planning journeys for
the distribution networks with GETs. As GETs can have different impacts to the networks
according to their types, each methodology focuses on one GET type (i.e., whether EVs
or PVs but not both), except the stochastic impact analysis method which is applicable to
multiple GET types.

1.3.1 Rapid estimation method for stochastic impact analyses of GETs

The first and the main contribution of the research is to formulate an analytical and rapid
approach to perform a stochastic analysis on the impact of GETs to power distribution
networks. Uncertainties associated with locations of GETs as well as their power consump-
tion/generation profiles are considered. We propose a method to provide a rapid evaluation of
the network states at a wide range of penetration levels and to indicate likely locations of the
network where abnormal conditions, e.g., equipment overloading and under/over-voltages,
may occur at any given penetration level. From another perspective, results from the pro-
posed approach can also indicate the maximum penetration level possible that can be hosted
by the network at which the network can securely operate before network expansion and/or
mitigation action is required.

1.3.1.1 Related work to stochastic analyses

In the literature, deterministic methods have been proposed to study the impacts of EVs
[13–16] and PVs [17–19], and their combined impacts [20] to the power distribution networks.
These methods normally evaluate network states by generating typical or worst-case scenarios
from the parameters with uncertainties, e.g., power flow analysis is usually used to study
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the impacts in each scenario. While these deterministic simulation models are easier to
implement, uncertainty is often ignored when looking at selected scenarios. Analysis results
may be consequently inaccurate and cannot provide meaningful insights for power system
plannings. It is important to model the uncertainty in the input variables such as the locations
and the charging/generation profiles of EVs/PVs, etc., and use stochastic approaches to
compute the network states and their associated probability density functions (PDFs).

Such stochastic approaches can be categorized into numerical, analytical, and approximation
approaches. Due to the simplicity in the implementation, several Monte Carlo simulation-
based studies have been performed in the context of GET integration. Monte Carlo sim-
ulations can provide accurate results to complicated and/or non-linear systems with many
random variables involved. For example, in [21], impacts of voltage drops and loading condi-
tions of lines due to EV charging are studied, and in [22], network losses, voltage variations
and transformer loadings are studied at various penetration levels of EVs. In [23, 24], the
harmonic impacts due to EV charging are analyzed, where not only locations of EVs and
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charging patterns are randomized, but also the operating states of the residential household
loads. Finally, impacts of multiple technologies including EVs and PVs to the distribution
network in terms of abnormal voltages and transformer loading levels are studied in [25].

While the Monte Carlo simulation approach is a straightforward numerical method for the
stochastic analysis and can provide accurate results if all uncertain variables are covered,
it has a very slow rate of convergence. The construction of a large number of samples is
time-consuming, and performing a power flow analysis to each sample is computationally
expensive. Multiple techniques can be applied to improve the efficiency of Monte Carlo
simulations, such as variance reduction techniques [26], quasi-static Monte Carlo [27], combi-
nation with learning methods [28], bootstrapping techniques [29], etc. While the convergence
rate may be accelerated by using these techniques, the results obtained correspond to a single
GET penetration. For multiple penetration levels, samples still need to be generated for each
penetration. Analytical approaches are, therefore, an alternative to derive PDFs of output
variables from PDFs of input variables, such as in probabilistic power flow analysis. For
example, the PDF of an output random variable can be computed from the convolution of
input random variables which are independent. However, the convolution operation requires
extensive computation, even with the discrete Fourier transform (DFT) applied to reduce
the computational burden [30]. Approximation methods for probabilistic power flow analysis
are developed to improve the computational efficiency [31–37]. In [31], PDFs of power flows
in transmission lines are approximated in terms of cumulants, which are an alternative set
of quantitative measures to moments related to the shape of PDFs with the computational
time significantly reduced. Another approximation method is the point estimation method
which approximates the PDF of an output variable from its first and second moments as
in [32]. In recent years, polynomial chaos expansion (PCE)-based methods have shown
promising results in quantifying uncertainties in power systems; however, limitations still
exist which make them less applicable to the stochastic analysis of large-scale distribution
systems. For example, it suffers from the “curse of dimensionality” [33] when the number
of random input variables is large. Hence, the computation for the polynomial coefficients
of the surrogate model is challenging even if the expansion degree is limited to 2 [34]. Also,
separate approaches are required to accompany the PCE method such as using the Copula
theory in [35, 36] when random variables are correlated and certain constraints are to be
considered, and using the Stieltjes procedure to construct the orthogonal basis for PCE such
as in [37] when random variables have arbitrary probability distributions. Although such
advancements have been made to characterize uncertainties in power systems, a common
drawback of the analytical and approximated methods in the literature is that the models
are developed for a fixed penetration rate. To consider multiple penetration rates of GETs,
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models will have to be recomputed, which is inefficient.

1.3.1.2 Proposed methodology in the first contribution

We focus on EV and PV as GET types and suppose that a set of nominal charging and
generation profiles of EVs and PVs are given. Such sets of profiles reflect diversified charging
behaviours and charger types for EVs and different PV generation outputs related to weather
types. Probabilities of customers’ adoption for EVs and PVs as well as their preference of
profiles are also given, which can often be obtained from statistical surveys or socio-economic
analysis [38–40]. Alternatively, these probabilities can also be inferred from customers’ meter
data, which is the focus of the next contribution. Based on these data, one can characterize
the impacts of EVs/PVs on the distribution network either by Monte Carlo simulations
or by a numerical/analytical method based on probabilistic analysis, viz., an “estimation”
method. The latter, being the focus of the research, is an analytical approach which can
provide quick assessment of the network states at any penetration level of EVs and PVs
without performing repetitive power flow analysis to the network. Such an estimation method
models the network states of interests (equipment loading level and node/bus voltage) by
probability density functions. Drifting velocities of the network states, being the changes
to the network states under the influence of EVs/PVs, can be analytically computed, in
terms of an expected “density” of EVs/PVs at each customer’s site and an expected “load
offset” value for an EV/PV device. Such an expected “density” of EVs/PVs and “load offset”
value can be computed based on customers’ preference of adoption for EVs and PVs and
their preference of usage profiles of EVs/PVs, respectively. The Fokker-Planck equation is
then adopted and numerically solved to describe the evolution of the network state PDFs
as the penetration level of EVs/PVs is increasing. At any penetration level, probabilities of
equipment overloading and node/bus voltage exceeding specific limits can then be calculated,
which indicates susceptible equipment or network sections to EVs/PVs.

1.3.2 Method to infer EV charging patterns from meter data

To apply the stochastic analysis method developed in the first contribution described in
Section 1.3.1 to study impacts of EV charging specifically, probability data characterizing
customers’ EV charging profiles are required. While such probabilities can be constructed
based on historical EV charging events, utilities do not have direct access to the charging
events as EV chargers are often installed behind-the-meter. Thus, the second contribution
is to propose a method to detect BTM EV charging events from the data measured by
advanced metering infrastructure (AMI), which are readily available to the utilities. PDFs
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are also empirically constructed to characterize customers’ EV charging behaviours, which
are used as input data to the stochastic analysis method.

It is remarked that to study impacts of PVs, a similar method is also required if probability
data associated with PV generation profiles are not directly available. However, it is out of
the scope of this dissertation and not considered in the research work.

1.3.2.1 Related work to EV detection

In the literature, there exist mainly two groups of methods to detect EV charging events
from the smart meter data: supervised learning-based and training-free methods. Super-
vised machine learning methods, e.g., convolutional neural networks and recurrent neural
networks, have been trained to detect EV charging events with the best average accuracy
of 71% [41–44]. These methods primarily focus on identifying time periods associated with
EV charging activities. Supervised classification methods, e.g., random forest algorithm, k-
nearest neighbour, and classification trees, are also deployed for qualitative purposes, such as
distinguishing EV owners from other consumers [45, 46]. The downside of these methods is
that labelled data, i.e., training samples, are required but they may not be readily available,
and the performance of these methods is highly dependent on and sensitive to the quality
and quantity of data available for training.

In addition to supervised learning-based methods, training-free methods have also been uti-
lized in EV detection. These approaches take advantage of contextual information (e.g.,
standardized power level of EV chargers), and for this reason, they are widely applicable to
customers’ data on different distribution networks and/or regions. Models based on cross-
correlation and pattern recognition are proposed in [43,47]. These models use sliding windows
and pattern search techniques to identify EV’s charging events. For improved accuracy, filter-
ing techniques are proposed in [48,49] to specifically remove data segments that do not meet
typical values of power levels and of duration of an EV charging event. Signal decomposition
is also utilized and takes advantage of trends in measured meter data to target EV signa-
tures [50]. These methods are easily interpretable, but are limited by the assumptions made
about EV charging behaviours. More refined models further leverage statistical and proba-
bilistic methods. For example, [51, 52] use independent component analysis (ICA) to detect
EV charging events. Probabilistic models such as hidden Markov models (HMM) allow to
account for the uncertainty around EV charging profiles in terms of the start time, the initial
state-of-charge, duration, or the power level. In [53, 54], the authors used HMM to separate
individual appliances from an aggregate load without requiring complete knowledge of the
types of appliances in the households. Even though no training is required, hyperparameter
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tuning is still necessary for optimal performance.

Disaggregating EV charging consumption from the aggregated consumption falls into the
broader technique of non-intrusive load monitoring (NILM), where energy consumption of
multiple household appliances are detected. Similarly, NILM methods can be categorized
into learning-based and pattern matching methods. Readers are referred to [55] for a detailed
review on methods of NILM.

1.3.2.2 Proposed methodology in the second contribution

We aim to develop a non-intrusive and training free method to detect BTM EV charging
events from smart meter data. To do so, we leverage the contextual information of EV
charging and we formulate a mixed-integer convex quadratic program (MICQP) to detect
EV charging events from customers’ daily meter data. We do not require any labelled training
data or hyperparameter tuning procedures, and the MICQP can be efficiently solved with an
off-the-shelf solver. By collecting information about the start time, the charging duration,
and the power level of each detected charging event, we infer customers’ charging patterns
in terms of probabilities of charging profiles through a data-driven approach using one year’s
meter data.

1.3.3 Mitigation strategy to remove equipment overloads due to EV charging

From the stochastic analysis of EV impact studies on distribution networks, key network
equipment may be identified as being overloaded especially at high penetration of EVs. To
avoid premature failure of these equipment and to maintain their usable lifetime, utilities
must develop strategies to mitigate the overloads. Hence, the third contribution of the
research is to develop a methodology to design plans to mitigate overloads to equipment due
to EV charging.

1.3.3.1 Related work to mitigate equipment overloading

Conventional approaches to mitigate equipment overloading issues include expanding equip-
ment capacity [56], installing distributed generation [57], or deploying voltage control and
reactive power equipment [58]. These solutions come with substantial capital costs as well
as rigorous planning activities. Alternatively, optimal charging schedule for EVs connected
to the network can be derived through coordination to minimize network losses [7,8], reduce
the peak demand [59, 60], limit transformers’ loading [61, 62], and respect feeder capacity
constraints [63]. Decentralized algorithms based on game theory are also proposed to achieve
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valley-filling [64,65]. In these strategies, an ε-Nash equilibrium based on a given price signal
is searched as a fixed-point solution to the game model. However, how incentive plans or
the price signal are designed to attract customers to participate in coordinated charging is
not discussed in these works. On the other hand, demand response programs with incentive
plans, either incentive-based [66] or price-based [5,6], are designed to address the challenges
posed by EV charging by shifting EV charging loads to periods when the grids are lightly
loaded. For example, in [66] an incentive-based DR program is proposed to minimize im-
pacts of controllable loads to distribution networks. A constrained optimization problem is
formulated to allocate a demand limit for each customer during a time period, and customers
can select charging hours for their EVs as long as the demand limit is respected at all times.
Effectiveness of the DR program is shown at different EV penetration levels; however, the
relationship between the incentive and the demand limit is not clear. In [5], load patterns
are studied when a DR strategy is implemented to non-critical loads (including EV charging)
with time-of-use (TOU) rates. In [6], to reduce EV charging demand during peak hours, a
schedule is developed in response to the TOU rates to minimize users’ charging costs. In
both works, TOU rates are assumed to be pre-defined but not optimized for variations of
load demands which includes EVs. In other words, uncertainties in EV charging are not
considered.

A common shortcoming of all the aforementioned works is that the proposed strategies are
not demonstrated on large-scale networks for effectiveness while considering uncertainties
in EV charging. This could be due to the heavy computation burden when assessing the
network conditions under the strategies for a large number of EVs and accounting for charging
behaviour uncertainties. Further, communication systems for prices or control signals are
necessary to implement DR programs, which may lead to cybersecurity concerns [67].

1.3.3.2 Proposed methodology in the third contribution

We propose a framework to develop new mitigation strategies to temporally shift EV charging
from periods where network equipment may be overloaded to alternative time periods when
the network is lightly loaded. Incentives in the form of rewards or time-of-use tariff are offered
to EV owners to participate. We first formulate a bi-level optimization problem to restore
overloaded equipment’s lifetime as close as possible to the nominal value and to minimize
utilities’ costs by determining optimal incentive levels. To solve it in a more computationally
efficient way, we then reformulate it into a convex optimization problem which is shown to
be a convex restriction to the bi-level problem under some conditions. To search for an
optimal incentive level for the mitigation strategy, the convex problem is embedded into a
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search algorithm, and the rapid method developed in the first contribution of Section 1.3.1 is
used to estimate impacts of EV charging on equipment’s loading level under each potential
strategy searched.

1.3.4 Volt-var optimization method considering DER settings

As the penetration rate of DERs is increasing, it is becoming more important to manage
and optimize voltage levels on the distribution network. Volt-var optimization (VVO) is a
critical technique in modern power distribution systems to achieve this, and at the same time
network losses are minimized. In the last contribution of the research, we consider PVs as
the GET type and propose VVO strategies to regulate voltage levels on the network. We
propose an optimal reactive power dispatch (ORPD) stochastic program for VVO of power
distribution networks, while uncertainties in demand and PV generation are considered. The
formulation should consider not only control settings for voltage regulators, capacitor banks,
and on-load tap changers which are conventional devices for VVO, but also the capability of
inverter-based DERs to absorb and inject reactive power to regulate the voltage levels. Here,
we mainly optimize the settings of the volt-var droop curves of the DERs for reactive power
dispatch, which can be seen as decentralized control policy of voltage vs. reactive power.

1.3.4.1 Related work to VVO

Optimizing the amount of reactive power that DERs should inject/absorb is known as an
optimal reactive power dispatch problem, where optimal settings for legacy devices in VVO
are also determined. It can be considered as a sub-problem of the optimal power flow (OPF)
problem and is often formulated in the framework thereof. Given that ORPD contains
both continuous and discrete control variables, e.g., the tap positions, connection states of
capacitor banks, etc., a mixed-integer nonlinear programming (MINLP) problem needs to
be solved [12, 68–77]. Various techniques have been proposed to solve the nonlinear and
non-convex ORPD. In [12,68], the nonlinear power flow equations are linearized and mixed-
integer linear programs are solved to optimize settings for capacitors, voltage regulators,
and OLTCs. Linear power flow equations are used in [69] to optimize the volt-var droop
curve settings of PVs. Convex relaxation techniques have also been applied to convexify
ORPD which can lead to global optimal solutions. The two main convex relaxation methods
are the semidefinite relaxation (SDR) [70, 71] and the second-order cone relaxation (SOCR)
[72]. While computationally efficient, these relaxations may provide infeasible solutions with
respect to the initial problem. Among all these works, only [72] considers the integration and
reactive power control of DERs/PVs; however, controls of legacy devices of VVO are excluded
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even though they exist on the test networks the authors utilized. To consider uncertainties in
loads and power generation from DERs, approaches such as stochastic programming [73,74]
and robust optimization [75–77] are incorporated into the ORPD problems. A two-stage
VVO is formulated in [73] where settings for capacitor banks and OLTCs are optimized in
the first stage, and variations in loads and DER generations are included in the second stage.
Scenarios are constructed based on the probability distributions of the uncertainties and the
problem is then converted to a deterministic mixed-integer program. In [75–77], multi-stage
optimization models are proposed and solved for the worst case rather than considering
only the expected values of the random variables. Hence, the VVO solutions are robust
to uncertainties in minimizing the losses while maintaining the voltage levels in the desired
range. A distributed algorithm is used in [77] to efficiently solve the robust optimization
model. The OPF or ORPD-based models formulated for VVO in the literature above are in
essence mixed-integer programs. Linearization or relaxations are necessary to efficiently solve
them; however, exactness or feasibility of the solutions cannot be guaranteed, especially for
non-radial networks [78]. The scalability of these approaches is also a concern for an entire
distribution network containing thousands of nodes and maybe millions of constraints in
the optimization models [79]. Both limitations raise important practical implementation
questions for these methods.

Alternatively, data-driven [80, 81] and machine learning approaches [82–85] are increasingly
used for VVO. Based on the historical data measured on the network, statistical techniques,
e.g., regression models, are used in [80, 81] to develop control strategies for VVO. When
information of optimal control settings (i.e., data labels) are available in addition to his-
torical measurement data, models can be trained to predict near-optimal VVO solutions
using supervised learning methods like a support vector machine (SVM) [82] and deep learn-
ing methods approaches, e.g., artificial neural network (ANN) [83] and convolution neural
network (CNN) [84,85]. While these data-driven and learning-based approaches may be com-
putationally faster than ORPD-based methods as physical network models nor power balance
equations are necessary, they do rely on high-quality data, i.e., the prediction accuracy may
be degraded by measurement noise or missing data. Further, labelled data with optimal con-
trol settings to train learning models may be difficult to collect in practice and may still need
to be generated by solving the ORPD models. Significant progresses have been made in re-
inforcement learning (RL), especially deep reinforcement learning (DRL) techniques, making
them applicable for VVO. Conventional voltage-regulating devices and DERs are considered
as agents, and the impacts of their settings (i.e., actions) to the distribution network (i.e.,
the environment) are observed to learn optimal control strategies dynamically adapting to
fluctuating demand and DER generation. The distribution network is often considered as a
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blackbox, and is either simulated by power flow analyses/solvers (offline training) [86–89], is
represented by a surrogate model through a data-driven process [90], or uses real-time data
measured on the network (online training) [91]. It is worth noting that among the mentioned
RL literature, only [86] considers controls of legacy VVO devices and reactive power of DERs
for voltage support, while others focus either on tap changers or DERs but not both. They
also suffer from noises in observations, and methods such as in [92] are necessary to improve
robustness and to prevent distorted actions of agents. In addition, training steps ranging
from a few thousand up to 20,000 are necessary before convergence is reached, and similar
to ORPD-based approaches, none of the RL approaches demonstrates the performance on a
large-scale distribution network.

1.3.4.2 Proposed methodology in the fourth contribution

An ORPD problem generally include power flow equations in the formulation which makes
it nonlinear and nonconvex. It is also an NP-hard problem which is difficult to solve [93].
Our contribution is to propose to move the power flow equations out of the optimization
problem, and use a power flow solver as a blackbox to solve the problem by blackbox op-
timization (BBO) [94]. The VVO strategy obtained minimizes the expected losses on the
network while maintaining all voltage levels within a desired range using a scenario-based
BBO reformulation of the problem. The derived solution sustains various demand and DER
generation scenarios such that device settings do not need to be constantly changed, making
the solution practical for utilities to implement on their networks.

1.4 Structure of the dissertation

In the first chapter so far, we have introduced the motivations and the objectives of the
dissertation. The four contributions as well as literature review of related work are also
presented. Each contribution is discussed in details in one of the following chapters. To
be specific, in Chapter 2, we present the development of a rapid estimation method to
analyze the impacts of GETs on the distribution networks at a range of penetration rates. In
Chapter 3, we discuss how EV charging patterns can be inferred from the smart meter data
using a mixed-integer convex program, and the results serve as input data to the stochastic
impact analyses of EVs when such data are not readily available to utilities. In Chapter 4,
we formulate an optimization problem to mitigate equipment overloading issues due to EV
charging, and we discuss how to efficiently solve it and the mitigation strategy can be designed
based on the solution. In Chapter 5, we focus on PVs as the GET type and propose VVO
strategies to regulate voltage levels on the network when variations in demand and PV
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generation exist. In Chapters 2, 4, and 5, we use the IEEE-8500 node test feeder which is a
large-scale and unbalanced distribution network to demonstrate our methodologies. Finally,
we conclude in Chapter 6 by summarizing the research work and discussing potential future
work and extensions to the contributions achieved in this dissertation.

1.5 Publications and presentations related to the dissertation

This dissertation has lead to the publication of two journal papers and one conference paper,
and upcoming submission of two journal papers.

Accepted journal papers

J1. Feng Li, Élodie Campeau, Ilhan Kocar, and Antoine Lesage-Landry. Inferring electric
vehicle charging patterns from smart meter data for impact studies. Electric Power
Systems Research, 235 (2024): 110789.

J2. Feng Li, Ilhan Kocar, and Antoine Lesage-Landry. A Rapid Method for Impact Anal-
ysis of Grid-edge Technologies on Power Distribution Networks, IEEE Transactions on
Power Systems. vol. 39, no. 1, pp. 1530-1542, Jan. 2024.

Journal papers under review or to be submitted

J3. Feng Li, Ilhan Kocar, and Antoine Lesage-Landry. Volt-var Optimization and Opti-
mal Settings for Smart Inverters Using Blackbox Optimization, IEEE Transactions on
Smart Grid. 2024. (Under review)

J4. Feng Li, Ilhan Kocar, and Antoine Lesage-Landry. Convex Reformulation of Bi-Level
Optimization for Mitigating Electric Vehicle Charging Overloads in Distribution Sys-
tems, IEEE Transactions on Industrial Informatics. 2024. (To be submitted)

Conference papers

C1. Feng Li, Ilhan Kocar, and Antoine Lesage-Landry. Mitigation of Equipment Overloads
due to Electric Vehicles Considering Customer Incentives. 2023 IEEE Power & Energy
Society General Meeting (PESGM), July 2023.
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Talks and presentations

T1. Inferring Electric Vehicle Charging Patterns from Smart Meter Data for Impact Studies.
23rd Power Systems Computation Conference (PSCC 2024), Paris, France, 2024.

T2. Mixed-Integer Convex Optimization to Infer Electric Vehicle Charging Patterns for
Impact Studies. Optimization Days (JOPT 2024), Montreal, Canada, 2024.

T3. Mitigating Power Network Equipment Overloads due to Electric Vehicle Charging Using
Customer Incentives. Optimization Days (JOPT 2023), Montreal, Canada, 2023.
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CHAPTER 2 A RAPID METHOD FOR IMPACT ANALYSIS OF
GRID-EDGE TECHNOLOGIES ON POWER DISTRIBUTION NETWORKS

2.1 Introduction

Grid-edge technologies (GETs), e.g., plug-in electric vehicles (EVs), rooftop photovoltaic
systems (PVs), demand response (DR) programs, etc., are being installed at customers’
sites (edges of the grid) from which they are connected to the power distribution networks.
With the on-going energy transition, the number of GETs is rapidly growing. It becomes
critical to assess their influence on the distribution network in order to maintain system
reliability and power quality, and to avoid service interruptions. As changes to customers’
power demands (load offset) due to the use of GETs are behind-the-meter and are stochastic
in terms of customers’ usage behaviours, it is difficult to evaluate their impacts especially
at high penetration rates. For example, EV charging may introduce undesired impacts to
power networks such as the overloading of key equipment, severe voltage variations, phase
unbalancing, harmonic distortions, etc. [1, 2]. Various uncertain factors such as charging
locations of EVs, charging time and duration, charging power, and battery capacities, must
be properly modelled to perform an impact analysis to evaluate the network states with
different penetration levels of EVs installed. The analysis should be extended to other GETs
than EVs, and combined impacts should be studied when multiple types of GETs are installed
to the same power network.

In this chapter, our objective is to develop a model which can characterize the evolution
of network state PDFs in terms of the uncertainties of GETs while the penetration rate is
taken as a parameter. Such a model can be derived from the Fokker-Planck Equation (FPE).
In [95], an advection equation which is a simplified FPE is used to describe the evolution of
temperature PDFs for a group of thermostatically controlled loads (TCLs). In [96], the FPE
is modelled and is solved to describe the probability of power network stability over time
under perturbations. We propose a rapid estimation method (denoted as REM hereinafter)
based on FPE to perform a stochastic analysis on the impact of EVs and PVs to power
distribution networks. The REM approach provides a rapid assessment of the network states
at a wide range of penetration levels. It also indicates concentrated areas where GETs
are installed on the network, and network sections susceptible to abnormal conditions, e.g.,
equipment overloading and under/over-voltages, at any given penetration level. Results from
the REM can also identify the maximum penetration level possible that can be hosted by
each network section for the network to operate securely. Conversely, the REM approach



16

permits to determine the penetration level at which network expansion and/or mitigation
actions are required.

The rest of the chapter is organized as follows: in Section 2.2 the REM approach to perform
a stochastic impact analysis based on FPE is presented. The solution to the FPE model
characterizes the evolution of equipment loading levels and voltage levels on the network
with the GET penetration rate. In Section 2.3, a numerical method to solve the FPE model
is briefly introduced, where details of the numerical method can be found in Appendix A. To
improve the accuracy of the solution, a calibration method is also proposed in this section.
Section 2.4 demonstrates the performance of the REM by evaluating the impacts of EVs on
the modified IEEE-8500 test feeder. Finally the conclusion is made in Section 2.5 along with
some future work directions pointed out.

2.2 Stochastic impact analysis model

In this section, the REM model for the stochastic impact analysis of EVs/PVs is proposed.

2.2.1 Assumptions

In line with the general assumptions of this dissertation outlined in Section 1.2, we assume
that the following information is provided. This information can often be obtained from
statistical surveys or socio-economic analysis [38–40].

• Quantity probability Pri
num,k(n) ∈ [0, 1] which specifies the probabilities of any customer

i ∈ {1, 2, · · · , Nm} of customers having n ∈ N0 = {0, 1, · · · } GET k devices where Nm

is the total number of customers and k ∈ {EV, PV}.

• A set of load offset profiles Lk for GET k containing Lk profiles, i.e., Lk = {lj
k(t)}j=1,2,··· ,Lk

,
where lj

k(t) is an EV charging or a PV generation profile for time t ∈ T = {1, 2, · · · , T},
and Lk is the total number of profiles. The diversity of Lk characterizes different usage
patterns of EVs and PVs.

• Probabilities Pri[Lk] ∈ [0, 1]Lk attached to customer i to adopt a load offset profile j

in Lk.

Based on the given data, the REM approach is formulated in the next section which pro-
vides PDFs of network states (equipment loading level and node/bus voltage level) at any
penetration level of EVs and PVs without performing repetitive power flow analysis to the
network.
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In some work such as [97], the penetration rate is defined as the ratio of the number of GET
devices in service to the total number of GET devices on the network. This definition is not
applicable to our analysis because we do not know the total number of GET devices on the
network. However, we do know the total number of customers/meters on the network. Hence
in this chapter and the rest of the dissertation, the penetration rate is defined as the ratio
of the number of GET devices to the total number of customers/meters on the distribution
network.

Definition 2.1 (Penetration rate). The penetration rate pk for GET k is defined as

pk ≜
Tk

Nm
= nk + n0

k

Nm
, (2.1)

where Nm is the total number of customers/meters on the network, Tk is the number of GET k

devices, n0
k is the number of GET k devices already existing on the network, and nk is the

number of devices that are required to add in order to reach pk. The initial penetration rate
of GET k of the network is therefore p0

k = n0
k

Nm
.

Note that the definition is somewhat similar to that adopted in [98], but we extend it to
consider the case in which some GET k devices may already exist on the network (i.e., p0

k > 0).
When simultaneous impacts of multiple GET types are studied, a separate penetration rate
should be defined for each GET type. By this definition, pk can exceed 100%, which indicates
that on average each customer has more than one device of GET type k. While other forms
of penetration rate are available, e.g., percentage of technology power over the total power
that can be hosted by the network as in [99], our definition is more practical to utilities. The
number of total customers on the network is not only known information to the utilities, but
also the value stays relatively stable with time even in the long term, making it easier for
utilities to set the penetration rate as an analysis parameter.

For simplicity, when referring to one GET type, the subscript k in the penetration rate is
dropped from hereinafter, unless stated otherwise.

2.2.2 Stochastic model

Let x ∈ R denote a network state of interests, whether the loading level of a network equip-
ment or the voltage level of a network node/bus. The following general model is proposed
here to describe the network state when GET k devices are installed to the network with
respect to p:

dx = u(x, p)dp + σ(x, p)dWp, (2.2)
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where Wp is a Wiener process indexed by p. The term u(x, p) is the drift velocity of the
network state under the influence of EVs/PVs, and σ(x, p) > 0 denotes the magnitude of the
additive disturbances.

Due to the presence of the Wiener process, the trajectory x(p) does not have an analytical
form, but given an initial network state x(p0), one can generate a single trajectory by the
numerical integration of (2.2) [100]. To study the stochastic behaviour, one can further
generate a large set of trajectories and construct a histogram of x at each p to approximate
the PDF of x at p, denoted as m(x, p). This approach is similar to Monte Carlo which
is computationally heavy. Therefore, we derive a method that can directly describe the
propagation of m(x, p) with the penetration rate. To obtain such a method, the Fokker-
Planck equation [101] can be used:

∂m(x, p)
∂p

+ ∂

∂x

{
m(x, p)u(x, p)

}
= ∂2

∂x2

{
m(x, p)d(x, p)

}
, (2.3)

subject to m0 = m(x, p0). Here, d(x, p) = σ(x, p)2/2 is the diffusion velocity. It can be
generally assumed that the magnitude of additive disturbances to the network states due
to GETs is much smaller than the magnitude of the drift velocity, i.e., σ(x, p) ≪ |u(x, p)|.
Hence, we assume that the diffusion velocity is a small constant, i.e., d(x, p) ≜ d,∀x, p. We
can then rewrite (2.3) as

∂m(x, p)
∂p

+ ∂

∂x
{m(x, p)u(x, p)} = d

∂2m(x, p)
∂x2 . (2.4)

To solve (2.4) for the propagation of m(x, p), the drift term u(x, p) must first be computed.
The term depends on what network state x is describing, either the loading level of a de-
vice/equipment or the voltage level of a bus/node. In the following sections, we describe
how u(x, p) can be computed based on the stochastic data of customer’s quantity probability
Pri

num,k[N0], load offset profiles Lk, and customer’s adoption probability Pr[Lk]i.

2.2.3 Drift velocity of loading level

Let m(x, p) refer to the PDF of equipment loading level x at penetration rate p. For equip-
ment on distribution networks, the loading level is computed by-phase, hence we denote
x = zϕ

e,k(p) as the loading level of equipment e on phase ϕ ∈ {a, b, c} when devices of GET k

are to be added to the network. The drift velocity, therefore, is the derivative of zϕ
e,k(p) with

respect to p. Let zϕ
e (p0) be the initial loading level of e without installing additional GET k

devices other than those already existing on the network (which represent the penetration
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rate p0). The value of zϕ
e (p0) can be obtained from the power flow solution of the network.

For a given technology k, let gϕ
e,k(p) denote the change of loading level on phase ϕ with re-

spect to p. We can express zϕ
e,k(p) as devices of GET k are installed in the network by the

following equation.
zϕ

e,k(p) = zϕ
e (p0) + gϕ

e,k(p). (2.5)

The term gϕ
e,k(p) can be expressed as:

gϕ
e,k(p) = sgn(k)

nk(p) Prϕ
e,k(p)E[Sϕ

e,k] + E[∆Sϕ
e,loss(p)]

Sϕ
e

. (2.6)

Here, sgn(k) is a sign function where sgn(k) = 1 if GET k consumes active power and sgn(k) =
−1 otherwise, nk(p) = Nmp − n0

k by (2.1), Prϕ
e,k(p) is the probability that GET k devices

are installed to sections downstream of e on the desired phase ϕ, E[Sϕ
e,k] ∈ R is the expected

apparent load offset (in kVA) of one GET k device installed downstream of e and on phase ϕ,
E[∆Sϕ

e,loss(p)] ∈ R is the expected change of network losses (in kVA) of all sections downstream
of e on ϕ from adding GET k devices, and Sϕ

e ∈ R is the rated power (in kVA) of e on ϕ which is
assumed given. For certain equipment whose Sϕ

e is expressed in amperes (e.g., overhead lines
or switches), their Sϕ

e can be converted into kVA by multiplying the nominal voltage. The
first term in (2.6)’s numerator can be interpreted as the expected apparent power contributed
by GET k devices. We simplify (2.6) by assuming E[∆Sϕ

e,loss(p)]≪ nk(p) Prϕ
e,k(p)E[Sϕ

e,k]. To
see this, let E[Iϕ

e,k] ∈ R and E[Iϕ
l,k] ∈ R be the expected currents contributed by GET k

flowing through e and through each section l downstream of e on ϕ, respectively, E[V ϕ
e,k] ∈ R

be the expected voltage of e on ϕ, and E[δV ϕ
l,k] ∈ R be the expected voltage drop on section l.

Hence, we have
nk(p) Prϕ

e,k(p)E[Sϕ
e,k] = E[V ϕ

e,k]E[Iϕ
e,k], (2.7)

and

E[∆Sϕ
e,loss(p)] =

∑
l
E[Iϕ

l,k]E[δV ϕ
l,k]

≤
∑

l
E[Iϕ

l,k]δV

= δV
∑

l
E[Iϕ

l,k],

(2.8)

where δV is an upper bound of the voltage drops for all sections. Given that in general
δV ≪ E[V ϕ

e,k] and ∑l E[Iϕ
l,k] ≈ E[Iϕ

e,k] if phase angles of currents are similar, we can establish
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E[∆Sϕ
e,loss(p)]≪ nk(p) Prϕ

e,k(p)E[Sϕ
e,k] by (2.7) and (2.8). Hence gϕ

e,k can be approximated by,

gϕ
e,k(p) ≈ sgn(k)

nk(p) Prϕ
e,k(p)E[Sϕ

e,k]
Sϕ

e

. (2.9)

By (2.5), we have d
dp

(
zϕ

e,k(p)
)

= d
dp

(
gϕ

e,k(p)
)
. To obtain an analytical form of d

dp

(
gϕ

e,k(p)
)
,

Prϕ
e,k(p) and E[Sϕ

e,k] need to be computed.

2.2.3.1 Computation of Prϕ
e,k(p)

To derive an analytical form for Prϕ
e,k(p), we first denote K as the set of all customers, and

let Kϕ
e = {i ∈ K | i is downstream of e and on phase ϕ} be the set of customers who are

downstream of equipment e on phase ϕ. Suppose for now that ni
k, the number of GET k

devices allocated to customer i at any p, is proportional to their expected number of GET
devices, which is E[ni

k] = ∑
n=0,1,... n Pri

num,k(n). We have,

ni
k(p) =


nk(p) E[ni

k]∑
i∈K E[ni

k] , if p < pi
k,

ni
k, if p ≥ pi

k.

(2.10)

Here, ni
k = argmaxn{Pri

num,k(n) > 0} is the maximum number of devices that i is allowed to
add, and pi

k is the penetration rate at which ni
k devices would have been added to i. Given

that such pi
k may differ from one customer to another, for a given p, some customer, say i,

may already have hit the upper bound (p > pi
k) while another customer j still has room to

add more devices (p ≤ pj
k). In such a case, the total number of devices actually added to the

network (denoted as ñk) will be less than the desired nk.

Let ∆nk(p) = nk(p) − ñk(p) be the gap between the desired nk and the actual ñk at p, and
K>p,k = {i ∈ K|p < pi

k} be the set of customers who still have room to add more devices.
Then for each i ∈ K>p,k, we can compute the available room to add more GET k devices,
which is ∆i

k = ni
k − ni

k > 0. To bridge the gap of ∆nk, each customer in K>p,k should
receive some additional number of devices to ni

k in (2.10). Such an additional number ni,+
k

for i ∈ K>p,k is computed by,

ni,+
k (p) = ∆nk(p) ∆i

k∑
i∈K>p,k

∆i
k

.

The computed ni,+
k for a customer i never exceeds their available room ∆i

k because ∆nk ≤∑
i∈K>p,k

∆i
k. Note that for i /∈ K>p,k, ni,+

k = 0.
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Hence, the number of devices added to customer i can be modified from (2.10) by the following
equation,

ni
k(p) =

ni,old
k (p) + ni,+

k (p), if p < pi
k,

ni
k, otherwise,

(2.11)

where ni,old
k (p) is computed by (2.10).

The probability Prϕ
e,k(p) can then be expressed as the ratio of the total numbers of devices

that can be installed to all customers in Kϕ
e over those in K:

Prϕ
e,k(p) =

∑
i∈Kϕ

e
ni

k(p)∑
i∈K ni

k(p) . (2.12)

2.2.3.2 Calculation of E[Sϕ
e,k]

Recall that E[Sϕ
e,k] is the expected load offset of one GET k device for all customers in Kϕ

e .
Let si

k(t) ∈ C be the complex load offset value at time t for 1 GET k device added to i.
Based on Lk and Pr[Lk]i, one can compute the expected value of si

k(t).

E[si
k(t)] =

∑
j

lj
k(t) Pr(Li

k(j)). (2.13)

To calculate E[Sϕ
e,k], one can sum up E[si

k(t)] for all customers in Kϕ
e and then divided by the

number of customers in Kϕ
e . Specifically,

E[Sϕ
e,k] = 1

|Kϕ
e |

∣∣∣∣∣∣∣
∑

i∈Kϕ
e

E[si
k(t)]

∣∣∣∣∣∣∣ , (2.14)

where |Kϕ
e | is the cardinality of Kϕ

e . Note that in (2.14), the magnitude is taken to the
summation because E[si

k(t)] may be a complex value.

2.2.4 Calculation of drift velocity of gϕ
e,k(p)

In the last part, we need to compute d
dp

(
zϕ

e (p)
)

which is the drift velocity of zϕ
e (p) with respect

to p. By (2.5), d
dp

(
zϕ

e (p)
)

= d
dp

(
gϕ

e,k(p)
)
. In the following, we discuss how d

dp

(
gϕ

e,k(p)
)

can be
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computed by taking derivative of (2.6) with respect to p. We have,

d
dp

(
gϕ

e,k(p)
)

= d
dp

nk(p) Prϕ
e,k(p)E[Sϕ

k ]
Sϕ

e


= E[Sϕ

k ]
Sϕ

e

d
dp

(
nk(p) Prϕ

e,k(p)
)

= E[Sϕ
k ]

Sϕ
e

(
d
dp

nk(p) Prϕ
e,k(p) + nk(p) d

dp
Prϕ

e,k(p)
)

= E[Sϕ
k ]

Sϕ
e

(
Nm Prϕ

e,k(p) + nk(p) d
dp

Prϕ
e,k(p)

)
.

(2.15)

Before computing d
dp

Prϕ
e,k(p), we expand the expression in (2.12).

Prϕ
e,k(p) =

∑
i∈Kϕ

e
ni

k∑
i∈K ni

k

=
∑

i∈Kϕ
e ∩K>p,k

ni
k +∑

i∈Kϕ
e ∩(K>p,k)C ni

k∑
i∈K>p,k

ni
k +∑

i∈(K>p,k)C ni
k

=
∑

i∈Kϕ
e ∩K>p,k

ni
k +∑

i∈Kϕ
e ∩(K>p,k)C ni

k∑
i∈K>p,k

ni
k +∑

i∈(K>p,k)C ni
k

.

(2.16)

In (2.16), (K>p,k)C denotes the complement of K>p,k which is the set of customers who have
reached ni

k, the maximum number of GET k devices. Letting a denote the numerator of
(2.12), and b the denominator of (2.12), we have

a :=
∑

i∈Kϕ
e

ni
k,

b :=
∑
i∈K

ni
k, where both a and b are functions of p.

(2.17)
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Taking the derivative of (2.16) with respect to p, we have

d
dp

(
Prϕ

e,k(p)
)

= d
dp

(ab−1)

= b−1 da

dp
+ a

d
dp

(
b−1

)

= b−1 d
dp

 ∑
i∈Kϕ

e ∩K>p,k

ni
k

− ab−2 d
dp

 ∑
i∈K>p,k

ni
k


= b−1 ∑

i∈Kϕ
e ∩K>p,k

d
dp

(
ni

k

)
− ab−2 ∑

i∈K>p,k

d
dp

(
ni

k

)
.

(2.18)

To evaluate the term d
dp

(ni
k) in (2.18) for each individual customer i in K>p,k, we take the

derivative of (2.11) with respect to p. Note that the derivative is non-zero only in the first
case of (2.11).

d
dp

(
ni

k

)
= d

dp

(
ni,old

k + ni,+
k

)
= d

dp

((
pNm − n0

k

) E[ni
k]∑

i∈K E[ni
k]

)
+ d

dp

(
ni,+

k

)
= Nm

E[ni
k]∑

i∈K E[ni
k] + d

dp

(
(nk − ñk) ∆i

k∑
i∈K>p,k

∆i
k

)

= Nm
E[ni

k]∑
i∈K E[ni

k] + d
dp

(nk − ñk)
(

∆i
k∑

i∈K>p,k
∆i

k

)
(2.19)

+ (nk − ñk) d
dp

(
∆i

k∑
i∈K>p,k

∆i
k

)
.
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We now evaluate the two derivative terms in (2.19),

d
dp

(nk − ñk) = d
dp

(nk)− d
dp

(ñk)

= d
dp

(
pNm − n0

k

)
− d

dp

(∑
i∈K

ni,old
k

)

= Nm −
∑
i∈K

d
dp

(
ni,old

k

)
= Nm −

∑
i∈K>p,k

d
dp

(
ni,old

k

)
−

∑
i∈(K>p,k)C

d
dp

(
ni,old

k

)

= Nm −
∑

i∈K>p,k

d
dp

(
ni,old

k

)
−

∑
i∈(K>p,k)C

d
dp

(
ni

k

)

= Nm −
∑

i∈K>p,k

d
dp

(
ni,old

k

)

= Nm −
Nm∑

i∈K E[ni
k]

∑
i∈K>p,k

E[ni
k],

(2.20)

and,

d
dp

(
∆i

k∑
i∈K>p,k

∆i
k

)
=

d
dp

(∆i
k)∑

i∈K>p,k
∆i

k

− ∆i
k(∑

i∈K>p,k
∆i

k

)2
d
dp

 ∑
i∈K>p,k

∆i
k


=

d
dp

(∆i
k)∑

i∈K>p,k
∆i

k

− ∆i
k(∑

i∈K>p,k
∆i

k

)2
∑

i∈K>p,k

d
dp

(
∆i

k

)
,

(2.21)

where,

d
dp

(
∆i

k

)
= d

dp

(
ni

k − ni,old
k

)
= − d

dp

(
ni,old

k

)
= −Nm

E[ni
k]∑

i∈K E[ni
k]

(2.22)

Hence by (2.19)−(2.22), we can compute d
dp

(ni
k) for i ∈ K>p,k. By (2.18), we can compute

d
dp

(
Prϕ

e,k(p)
)
, and finally by (2.15) we can compute d

dp

(
gϕ

e (p)
)

which is the drift velocity u

of the probability distribution of loading level x. The above derivations also establish that u

depends only on the penetration rate p and not on x.
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2.2.5 Drift velocity of voltage level

As GET devices are added to the distribution network, voltage levels will be affected. For
example, undervoltage conditions are likely to happen to areas with a high penetration rate of
EVs, whereas overvoltage conditions may occur where high penetration levels of distributed
energy resources (e.g., PVs) are installed on the network. In this section, the computation of
the drift velocity u(x, p) is outlined, where m(x, p) is the PDF of voltage level x at various
penetration rate p. Unless specified otherwise, all complex variables in this section refer to
per-unit values.

We first consider a simple case where one GET k device is installed to a customer. We can
then compute the current injected by such GET k device, ∆i, by the following equation,
from which the change of voltage of this customer can be approximated,

∆i = ∆v

zth
≈
(

∆S

v

)∗

, (2.23)

where v ∈ C is the customer’s voltage before installing the GET device, zth ∈ C is the
equivalent network impedance at the customer’s location, ∆S ∈ C is the complex power of
the GET device, and ∆v ∈ C is the change of voltage after installing the GET device. The ∗
operator denotes the complex conjugate.

It should be noted that ∆v in (2.23) is an approximated value for the following two reasons:

1. The equivalent impedance zth is assumed to be computed from a linearized network.
In reality, the distribution network is not fully linear (due to load/generation models,
tap changers, and voltage-controlled devices, etc.).

2. Even if the network is fully linear, the current injected by the GET device is non-linear
because it depends on the voltage (v+∆v) after the GET device is connected. However,
on (2.23)’s right-hand side, the voltage v before adding GET devices is used, thus any
voltage difference is neglected.

Model (2.23) can be extended to simultaneously installing multiple GET devices to multiple
customers in a matrix form,

∆v(p) = Z∆i(p)

=
[
∆vϕ

o,k(p), o = 1, 2, · · · , N, ϕ = a, b, c
]⊤

,
(2.24)

where ∆v ∈ C3N is the voltage change of all N nodes of the network, and ∆i ∈ C3N is the
vector of currents injected to each node due to the GET devices installed. It is assumed that
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each node is three-phase, and for a non-connected phase, the voltage and current injection are
zero. The matrix Z ∈ C3N×3N is the sensitivity impedance of voltage with respect to current
injection, which can be computed from the modified augmented nodal analysis (MANA)
formulation [102,103].

2.2.6 Computation of Z

For a given network N , let A ∈ C(3N+M)×(3N+M) be the full MANA matrix formulated for
the network, where N = |N | is the number of network nodes, and M is the number of

“augmented" nodes. We partition A into the a 2 × 2 form, i.e., A =
A11 A12

A21 A22

 where

A11 ∈ C3N×3N , A12 ∈ C3N×M , A21 ∈ CM×3N , and A22 ∈ CM×M .

In the MANA formulation we have,

Ax = b,A11 A12

A21 A22

 v1

x2

 =
 i1

b2

 ,
(2.25)

where x =
[
v⊤

1 , x⊤
2

]⊤
and b =

[
i⊤
1 , b⊤

2

]⊤
. Here, v1 ∈ C3N comprises nodal three-phase

voltages of the network, x2 ∈ CM represents source currents, dependent currents, switch
currents, etc., i1 ∈ C3N is the current injection vector, and b2 ∈ CM contains voltage source
values and zero elements. As GET devices are added to the network, variations are introduced
to x and b, and (2.25) can be written in terms of such variations:

A11 A12

A21 A22

 ∆v1

∆x2

 =
∆i1

∆b2

 . (2.26)

Note that here, ∆v1 and ∆i1 are identical to ∆v and ∆i in (2.24), respectively, and a
subscript is added for clarity. If we assume that source voltage values remain constant before
and after adding GET devices, we have ∆b2 = 0. From (2.26), we then have the following
two equations,

A11∆v1 + A12∆x2 = ∆i1 (2.27)

A21∆v1 + A22∆x2 = 0. (2.28)



27

Solving for ∆x2 in (2.28) and inserting it into (2.27) yields,

(
A11 −A12A−1

22 A21
)

∆v1 = ∆i1. (2.29)

Comparing (2.29) to (2.24), we have,

Z =
(
A11 −A12A−1

22 A21
)−1

. (2.30)

2.2.7 Calculation of ∆i(p)

When multiple GET devices are connected to a node o, the current injected to o on phase ϕ,
which is a single element of ∆i, can be computed using:

∆iϕ
o,k(p) ≈ nk(p) Prϕ

o,k(p)
E[Sϕ

o,k]
vϕ

o (p0)

∗

, (2.31)

where Prϕ
o,k(p) is the probability of a GET k device directly installed to o on phase ϕ, E[Sϕ

o,k]
is the expected load offset of a GET k device directly connected to o on ϕ, and vϕ

o (p0) is the
initial phase voltage of node o on phase ϕ which can be obtained from a power flow analysis.

To derive the analytical forms of Prϕ
o,k(p) and E[Sϕ

o,k], let Kϕ
o be the set of customers who are

directly connected to node o and on phase ϕ. Then Prϕ
o,k(p) can be computed in a similar

way as in (2.12), such that,

Prϕ
o,k(p) =

∑
i∈Kϕ

o
ni

k(p)∑
i∈K ni

k(p) ,

where ni
k(p) is given by (2.11). Recall that K is the set of all customers on the network. The

expected load offset E[Sϕ
o,k] can be obtained from (2.14) where Kϕ

e is replaced by Kϕ
o .

Having computed the current injection to each node on each phase from (2.31), we can
construct the column vector ∆i(p) by,

∆i(p) =
[
∆iϕ

o,k(p), o = 1, 2, · · · , N, ϕ = a, b, c
]⊤

.

Using the resulting ∆i(p) in (2.24), we can obtain the column vector ∆v(p) which has the
voltage changes to all nodes on all phases. The voltage of node o on phase ϕ can be written
as,

vϕ
o,k(p) ≜ vϕ

o (p0) + ∆vϕ
o,k(p).

As x refers to the voltage level and vϕ
o,k(p) is the per-unit voltage in phasor, we let x = |vϕ

o,k(p)|,
and the drift velocity of x can be analytically computed by taking the derivative of |vϕ

o,k(p)|
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with respect to p. To derive the analytical expression for the derivative for node o on ϕ, we
first denote zϕ

o ∈ C1×3N as corresponding row in Z, hence,

vϕ
o,k(p) = vϕ

o (p0) + ∆vϕ
o,k(p)

= vϕ
o (p0) + zϕ

o ∆i(p).

We then write the explicit vector form of zϕ
o and ∆i(p), respectively, where

zϕ
o = [z1, z2, · · · , zn, · · · , z3N ]

∆i(p) = [∆i1, ∆i2, · · · , ∆in, · · · , ∆i3N ]
⊤

,

where n is a generic index of a node on a specific phase. It is remarked that the dependency
of p in each ∆in and the subscript k are omitted for simplicity of notation. The magnitude
of vϕ

o,k(p) can be expressed by the following:
∣∣∣vϕ

o,k(p)
∣∣∣ =

∣∣∣vϕ
o (p0) + zϕ

o ∆i(p)
∣∣∣

=
∣∣∣∣∣vϕ

o (p0) +
3N∑
n=1

zn∆in

∣∣∣∣∣
=
∣∣∣∣∣vϕ

o,R(p0) + jvϕ
o,I(p0) +

3N∑
n=1

∆vn,R + j∆vn,I

∣∣∣∣∣
=
∣∣∣∣∣
(

vϕ
o,R(p0) +

3N∑
n=1

∆vn,R

)
+ j

(
vϕ

o,I(p0) +
3N∑
n=1

∆vn,I

)∣∣∣∣∣
=
(vϕ

o,R(p0) +
3N∑
n=1

∆vn,R

)2

+
(

vϕ
o,I(p0) +

3N∑
n=1

∆vn,I

)2
1
2

. (2.32)

In (2.32), we write vϕ
o (p0) and zn∆in in rectangular forms, i.e., vϕ

o (p0) = vϕ
o,R(p0) + jvϕ

o,I(p0)
and zn∆in = ∆vn,R + j∆vn,I. To determine the expressions for p-dependent terms ∆vn,R

and ∆vn,I, we also write zn and ∆in in rectangular forms where zn = zn,R + jzn,I and
∆in = ∆in,R + j∆in,I, respectively. We then obtain:

zn∆in = ∆vn,R + j∆vn,I

= (zn,R + jzn,I)(∆in,R + j∆in,I)

= (zn,R∆in,R − zn,I∆in,I) + j (zn,R∆in,I + zn,I∆in,R) .
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Hence,

∆vn,R = zn,R∆in,R − zn,I∆in,I

∆vn,I = zn,R∆in,I + zn,I∆in,R.
(2.33)

Through (2.31) we can calculate ∆in and find analytical expressions for ∆in,R and ∆in,I,
where

∆in(p) = nk(p) Prn(p)
(
E[Sn]
vn(p0)

)∗

= nk(p) Prn(p)
(
ℜ
(
E[Sn]
vn(p0)

)
− jℑ

(
E[Sn]
vn(p0)

))
= ∆in,R + j∆in,I.

Recall that E[Sn] is the expected load offset installed to n and vn(p0) is its nodal voltage
determined from a power flow analysis at p0. Therefore,

∆in,R = nk(p) Prn(p)ℜ
(
E[Sn]
vn(p0)

)
(2.34)

∆in,I = −nk(p) Prn(p)ℑ
(
E[Sn]
vn(p0)

)
. (2.35)

By denoting A =
(
vϕ

o,R(p0) +∑3N
n=1 ∆vn,R

)2
+
(
vϕ

o,I(p0) +∑3N
n=1 ∆vn,I

)2
, (2.32) can be expressed

as
∣∣∣vϕ

o,k(p)
∣∣∣ =
√

A. The drift velocity is then the derivative of
∣∣∣vϕ

o,k(p)
∣∣∣ with respect to p,

leading to,

d
dp

∣∣∣vϕ
o,k(p)

∣∣∣ = 1
2A− 1

2
d
dp

A

= 1
2A− 1

2
d
dp

(vϕ
o,R(p0) +

3N∑
n=1

∆vn,R

)2

+
(

vϕ
o,I(p0) +

3N∑
n=1

∆vn,I

)2
= 1

2A− 1
2

2
(

vϕ
o,R(p0) +

3N∑
n=1

∆vn,R

)
d
dp

(
vϕ

o,R(p0) +
3N∑
n=1

∆vn,R

)

+ 2
(

vϕ
o,I(p0) +

3N∑
n=1

∆vn,I

)
d
dp

(
vϕ

o,I(p0) +
3N∑
n=1

∆vn,I

)
= A− 1

2

(vϕ
o,R(p0) +

3N∑
n=1

∆vn,R

) 3N∑
n=1

d
dp

∆vn,R
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+
(

vϕ
o,I(p0) +

3N∑
n=1

∆vn,I

) 3N∑
n=1

d
dp

∆vn,I


= A− 1

2

(vϕ
o,R(p0) +

3N∑
n=1

∆vn,R

) 3N∑
n=1

d
dp

(zn,R∆in,R − zn,I∆in,I)

+
(

vϕ
o,I(p0) +

3N∑
n=1

∆vn,I

) 3N∑
n=1

d
dp

(zn,R∆in,I + zn,I∆in,R)


= A− 1
2

(vϕ
o,R(p0) +

3N∑
n=1

∆vn,R

) 3N∑
n=1

(
zn,R

d
dp

∆in,R − zn,I
d
dp

∆in,I

)

+
(

vϕ
o,I(p0) +

3N∑
n=1

∆vn,I

) 3N∑
n=1

(
zn,R

d
dp

∆in,I + zn,I
d
dp

∆in,R

). (2.36)

Now we derive the expressions for d
dp

∆in,R and d
dp

∆in,I. By taking the derivatives of (2.34)
and (2.35), respectively, we get:

d
dp

∆in,R = d
dp

(
nk(p) Prn(p)ℜ

(
E[Sn]
vn(p0)

))

= ℜ
(
E[Sn]
vn(p0)

)(
d
dp

nk(p) Prn(p) + nk(p) d
dp

Prn(p)
)

= ℜ
(
E[Sn]
vn(p0)

)(
d
dp

(
pNm − n0

k

)
Prn(p) +

(
pNm − n0

k

) d
dp

Prn(p)
)

= ℜ
(
E[Sn]
vn(p0)

)(
Nm Prn(p) +

(
pNm − n0

k

) d
dp

Prn(p)
)

, (2.37)

and,

d
dp

∆in,I = − d
dp

(
nk(p) Prn(p)ℑ

(
E[Sn]
vn(p0)

))

= −ℑ
(
E[Sn]
vn(p0)

)(
d
dp

nk(p) Prn(p) + nk(p) d
dp

Prn(p)
)

= −ℑ
(
E[Sn]
vn(p0)

)(
d
dp

(
pNm − n0

k

)
Prn(p) +

(
pNm − n0

k

) d
dp

Prn(p)
)

= −ℑ
(
E[Sn]
vn(p0)

)(
Nm Prn(p) +

(
pNm − n0

k

) d
dp

Prn(p)
)

. (2.38)

The only undetermined term in (2.37) and (2.38) is d
dp

Prn(p), which is computed similarly
to d

dp
Prϕ

e,k(p) in (2.18). Recall that K is the set of all Nm customers on the network, and
let Kn denote the set of customers who are directed connected to node n. By denoting the
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following:

c :=
∑

i∈Kn

ni
k,

d :=
∑
i∈K

ni
k,

(2.39)

we can express Prn(p) by:

Prn(p) = cd−1. (2.40)

We then take the derivative of (2.40) with respect to p, and we have:

d
dp

(Prn(p)) = d
dp

(cd−1)

= d−1 dc

dp
+ c

d
dp

(
d−1

)

= d−1 d
dp

 ∑
i∈Kn∩K>p,k

ni
k

− cd−2 d
dp

 ∑
i∈K>p,k

ni
k


= d−1 ∑

i∈Kn∩K>p,k

d
dp

(
ni

k

)
− cd−2 ∑

i∈K>p,k

d
dp

(
ni

k

)
,

(2.41)

where the term d
dp

(ni
k) can be computed by following (2.19)−(2.22).

By now, all terms in (2.36) are derived in analytical forms, and the drift velocity of a node o

on phase ϕ can be evaluated.

2.3 Numerical solution

In this section, we first introduce a numerical method to solve the FPE. To improve the
accuracy of the obtained numerical solution, an optional calibration step is also utilized.

2.3.1 Numerical solution to the FPE

Let the solution to the FPE be M = {m(x, p)}p∈P which is a sequence of PDFs for each p

in a discretized set of penetration rates P = {p0, p0 + ∆p, p0 + 2∆p, · · · , pmax} with a step
size ∆p. The conservation law is to be satisfied such that the cumulative probability of each
PDF must sum up to 1. For advection-diffusion partial differential equations such as the
Fokker-Planck equation under the conservation law, finite-volume method (FVM) [104, 105]
is a suitable class of numerical methods to solve them. Using an implicit scheme, we can
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write the following generalized equation:

m(x, p) = f (m(x, p + ∆p), u(x, p + ∆p)) , (2.42)

where the mapping f : Rnx 7→ Rnx depends on the selected discretization scheme and nx

is the number of discretized points of x. For some schemes such as backwards Euler or
Crank–Nicolson, the mapping f is linear such that it can be represented by a matrix Su ∈
Rnx×nx which depends on u(x, p + ∆p). Hence, (2.42) can be written as:

m(x, p) = Sum(x, p + ∆p).

By taking the inverse of Su, we can compute m(x, p + ∆p) given m(x, p) by the following
equation:

m(x, p + ∆p) = S−1
u m(x, p).

The detailed form of the Su matrix is presented in Appendix A, and the readers can refer
to [104, 105] for more details. It is remarked that Su is tridiagonal, where its diagonal ele-
ments are always non-zero, and lower/upper-diagonal elements on each row are also non-zero
and differ from any diagonal element. Hence, for any given row of Su, it must be linearly
independent of any other row. Therefore, Su has always full rank and is non-singular. Con-
sequently, the implicit scheme is numerically stable and unconditional on the discretization
step size of x or ∆p.

2.3.2 Calibration of m(x, p)

Due to the approximations made in (2.9) and (2.31), the drift velocity term u(x, p) computed
in Section 2.2.3 for equipment loading levels and in Section 2.2.5 for voltage levels may become
less accurate when (i) the penetration rate is high enough such that magnitudes of voltage
drop/rise caused by GET devices are non-negligible, and (ii) transformers with load-tap
changers, voltage regulators and volt-var devices are active on the network causing non-
linearity to voltages and network loadings. Under these situations, the obtained sequence of
m(x, p) by numerically solving the FPE may not accurately reflect the evolution of network
states as a function of the penetration rate. To improve the accuracy, a calibration process
is proposed.

Based on (2.11) and (2.13), we can compute the expected number of GET k devices ni
k(p)

that should be added to customer i at penetration p and the expected offset of one GET k

device E[si
k(t)] at the time of analysis t. We can then compute an aggregated offset value
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of ni
k(p)E[si

k(t)] which is to be added to each customer i in the network model. A power
flow analysis will be performed to the modified network to extract the “true” mean network
state x̃(p). In the ideal case, such x̃(p) should be identical to the mean value E[x(p)] which
is computed from E[x(p)] =

∫+∞
−∞ xm(x, p)dx. If E[x(p)] ̸= x̃(p), then m(x, p) should be

calibrated to m(x + ∆x, p) where ∆x(p) ≜ x̃(p)− E[x(p)] is the shift value at p.

To maintain the computation efficiency, the power flow analysis of the network with aggre-
gated offset values added to customers is not done for all p ∈ P . Rather, the power flow is
only performed at a few selected penetration rates, and the calibration is interpolated for all
penetration rates. The process is as follow. Suppose that Ppf is the set of selected penetration
rates for power flow analyses, then we construct D = {∆x(p) = x̃(p) − E[x(p)]}p∈Ppf which
are differences between the mean E[x(p)] from the REM and the power flow mean values
x̃(p) at these penetration rates. Then for any p ∈ P , we compute ∆x(p) by,

∆x(p) = p− p−

p+ − p−
[∆x(p+)−∆x(p−)] + ∆x(p−),

where p− ≜ max{Ppf ∩ [p0, p]} is the greatest element in Ppf that is less than or equal to
p, p+ ≜ min{Ppf ∩ [p, pmax]} is the least element in Ppf that is greater than or equal to p,
and ∆x(p−), ∆x(p+) ∈ D. The calibrated PDF m(x̃, p) = m(x + ∆x(p), p) is reported as
the REM results. The number of power flow analyses required by the calibration process
is independent of the number of network sections for analysis but only corresponds to the
number of penetration rates included in Ppf, which is a much smaller set than P . Thus, the
calibration process adds negligible computation efforts to the REM.

It is remarked that this calibration step is optional. It does not produce any PDF, but
rather it “shifts” the mean values of the PDFs computed numerically from the FPE. For
large-scale distribution networks such as the IEEE-8500 test feeder used in the next section,
voltage control (e.g., regulators) and VAR control (e.g., switchable shunt capacitors) devices
are usually installed. Without the calibration step, the PDFs obtained by solving the FPE
while neglecting impacts of these volt-var devices may result in observable errors even at low
penetration rates, and become much less accurate as the penetration rate increases. On the
other hand, the calibration step can be skipped without impacts on the accuracy for small
networks or networks without volt-var control devices.

We would also like to point out that it may not be possible to perform the calibration step
at high penetration rate. This is mainly because when trying to do a power flow analysis
to the network with high penetration of GETs modelled, the power flow may not converge,
hence we cannot obtain a value for x̃(p). In this case, the accuracy of the numerical solution
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of m(x, p) may be reduced at high penetration.

2.3.3 Combined impact of multiple GETs

In the sections above, we present the methodology to study the impact of one GET type (EV
or PV) installed to the network at various penetration rates. Throughout this section, the
subscript k in the notation is conserved for clarity. Recall that Mk = {m(x, pk)}pk∈Pk

is the
sequence of PDFs computed and calibrated from the REM for each pk ∈ Pk when only GET
type k exists on the network. In the following, we explain how the model can be extended
to the analysis of networks where multiple GET types exist.

We start with the case in which two GET types k1 and k2 are installed to the network. We
first compute Mk1|k2 = {m(x, pk1)|pk2}pk1 ∈Pk1

when the penetration rate of GET type k2 is
fixed at pk2 as a parameter. To do so, the numerical FVM in Section 2.3.1 is first used to
solve for m(x, pk1)|pk2 from the FPE under the drift velocity of u(x, pk1)|pk2 . By assuming the
impacts of GET types k1 and k2 are independent, we have u(x, pk1)|pk2 = u(x, pk1)+u(x, pk2)
by superposition. For example, if the two GET types considered are EVs and PVs, then
u(x, pk1) and u(x, pk2) would drift the PDFs with the penetration rate towards opposite
directions, and the net drifting velocity characterized by u(x, pk1)|pk2 is used to compute the
PDF of the network state under the impacts of both technologies. If necessary, the method in
Section 2.3.2 is then applied to calibrate the resulting m(x, pk1)|pk2 . We repeat this process
to construct Mk1,k2 = {Mk1|k2}pk2 ∈Pk2

which is a sequence of Mk1|k2 for each pk2 ∈ Pk2 . Each
element of Mk1,k2 represents the network state PDF under the combined impacts of GET
types k1 and k2 with penetrations pk1 and pk2 , respectively.

For combined impacts of more than two GET types, the same process is adopted to compute
Mk1,k2,···, where sequences of PDFs are solved and calibrated by varying the penetration rate
of one GET type at a time.

2.4 Test results

In this section, results from the stochastic impact analysis are illustrated on a test feeder.

2.4.1 Test setup

The IEEE-8500 test feeder [106] is selected to demonstrate REM’s ability to conduct a rapid
stochastic impact analysis. The following modifications to the network are made:

• The network contains 1177 spot loads and a total of 4205 customers, where some spot
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loads contain more than 1 customer (the original IEEE-8500 network assumes each spot
load models 1 customer).

• The substation transformer is changed to Wye-wye configuration such that its loading
on each phase can be more easily seen.

To assess impacts of EVs and PVs on the network, we assume that the following information
are given.

• 4 levels of EV charging power are considered (1.8kW, 3.6kW, 6.6kW, 7.2kW). Charging
may start at any hour during the day and can last 2, 4, or 8 hours. Hence the set
LEV contains 288 charging profiles, where each profile lj

EV(t) is time-series data over a
24-hour period.

• 4 levels of PV nominal generation capacity are considered (1.6kW, 2.4kW, 3.6kW, 4kW).
We consider 8 solar radiance profiles under different weather types [107], hence we have
a total of 32 PV generation profiles in LPV.

• Each customer is assumed to have at most 1 EV.1 Quantity probability Pri
num,EV(1) for

customer i = 1, 2, . . . , 4205 is randomly generated from the uniform distribution U [0, 1],
and Pri

num,EV(0) = 1− Pri
num,EV(1). The probability Pr(Li

EV(j)) for adopting charging
profile j ∈ [1, 288] is also randomly generated from U [0, 1], and Pr[Li

EV] is normalized
such that ∑j Pr(Li

EV(j)) = 1.

• Each customer is assumed to have at most 1 PV.1 Quantity probability Pri
num,PV(1)

for customer i = 1, 2, . . . , 4205 is randomly generated from U [0, 1], and Pri
num,PV(0) =

1 − Pri
num,PV(1). To consider the correlation between the weather and the generation

profiles, we first randomly generate the probabilities of the 8 solar radiance profiles
from U [0, 1], denoted as Prsolar. Then for each customer i we generate the probabilities
of PV generation capacity from U [0, 1], denoted as Pri

PVgen. Then, we let Pr[Li
PV] =

Prsolar×Pri
PVgen. Finally, Pr[Li

PV] is normalized such that ∑j Pr(Li
PV(j)) = 1.

The information assumed above can be obtained from socio-economic or statistical studies.
Taking EV as an example, in [38, 40] the adoption rate of electric vehicles in terms of dif-
ferent demographic and socio-economic characteristics (such as education levels, age group,
household income, etc.) are studied. The results can be used to quantify the customer’s
quantity probabilities. Probability distributions of EV charging start time, state-of-charge

1 The REM approach is not restricted to this assumption. Rather, this assumption is made to reduce
the amount of the probability data required and, hence, simplifies the simulation.



36

(SOC), and EV travel information (mileage and duration per trip) are collected in [21, 22],
and can be used to generate EV charging profiles along with the adoption probability. In
the next chapter, we will also discuss an approach to infer the profile and adoption probabil-
ity information from customers’ meter data. Although there may exist much more possible
profiles from the statistical studies, here we use a smaller set of representative EV charging
and PV generation profiles (288 and 32, respectively) for illustration purpose. As increasing
the number of profiles only affects the calculations of the expected value in (2.13) and (2.14),
it has negligible impacts on the efficiency of the REM. Thus, the number of profiles is not
limited in the REM approach, nor does it affect its efficiency.

The modified network is modelled in the CYME software which is also used to perform power
flow analysis. The numerical solution and the calibration process of the REM analysis are
implemented in Python.

2.4.2 Result validation

For validation of accuracy, a Monte Carlo simulation-based approach is also developed, where
samples are constructed by randomly sampling from the same data set as given above. Al-
though such a Monte Carlo simulation-based approach is slow in convergence rate and requires
extensive computation for power flow analysis, the obtained results can be considered accu-
rate once convergence is reached. Stochastic analysis results based on power flow solutions,
i.e., the empirical distributions of loading levels of equipment and voltage levels of network
sections, serve as benchmarks for the REM and is used to evaluate its performance.

2.4.3 Test results – EV

The analysis time is set to 8:00PM when peak load usually occurs, and 2000 samples are
constructed for Monte Carlo simulations.

2.4.3.1 Loading level at selected penetration levels

Figure 2.1 illustrates the loading levels of the substation transformer when EVs are installed
to the modified IEEE-8500 network at 3 penetration rates (10%, 30%, 50%). Because the
power flow solution to a Monte Carlo sample is likely to diverge if the penetration rate is
too high, completing the Monte Carlo simulations of 2000 samples with feasible power flow
solutions takes too long. For this reason, the maximum penetration rate of 50% is chosen for
Monte Carlo simulations. However, no limitation to the maximum penetration rate exists
for our REM approach (i.e., see Section 2.4.3.3 and Figure 2.3 below). Results from the
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REM with and without calibrations at these penetration rates are compared with empirical
distributions from Monte Carlo simulations. It should be noted that the y-axis represents
the probability density and the total area under each curve sums up to 1.

34 36 38 40 42 44 46
Loading level (%)

0.0

0.5

1.0

Pr
ob

. d
en

sit
y 10% EV penetration REM

REM (calibrated)
MC

36 38 40 42 44 46 48 50 52
Loading level (%)

0.0

0.2

0.4

Pr
ob

. d
en

sit
y 30% EV penetration REM

REM (calibrated)
MC

40.0 42.5 45.0 47.5 50.0 52.5 55.0 57.5
Loading level (%)

0.0

0.2

0.4

Pr
ob

. d
en

sit
y 50% EV penetration REM
REM (calibrated)
MC

Figure 2.1 Comparison of probabilities of the substation transformer loading levels at various
EV penetration rates, REM results (blue) vs. calibrated REM results (green dashed) vs.
Monte Carlo (orange)

2.4.3.2 Voltage level at selected penetration levels

Figure 2.2 illustrates the probability distributions of the voltage level (in percentage) of a
section called “M1125994”. This section is 4.8 km from the substation and 1.2 km from a
downstream voltage regulator. Due to its long distance from the substation, this section is
expected to suffer from undervoltage when EV penetration is high. While, the substation
voltage is regulated at 1.05 p.u., Figure 2.2 confirms that this section has a small probability
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Figure 2.2 Comparison of probabilities of voltage levels the M1125994 section at various EV
penetration rates, REM results (blue) vs. calibrated REM results (orange dashed) vs. Monte
Carlo (green)

of having undervoltage issues at 50% EV penetration if the lower voltage limit is set at
0.95 p.u.

2.4.3.3 Network state estimation across a wide range of penetration rates

The REM provides a rapid estimation of network states (minimum, average, maximum levels)
across a wide range of penetration rates, based on the computed PDFs. It also enables fast
assessment for probabilities of abnormal conditions on the network (overloading, under/over-
voltages) as the penetration rate increases. For example, Figure 2.3 shows the average,
minimum, and maximum loading levels as well as overloading probabilities of a main line
section near the substation of the IEEE-8500 network up to 100% EV penetration rate. Here,
we take the mean value of the calibrated PDF at each p as the average loading level, and



39

minimum and maximum loading levels are ± 2× standard deviation from the mean value,
respectively. This type of results can provide insightful information on what penetration level
can be supported by the network before severe abnormalities occur.
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Figure 2.3 Loading levels (top) and overloading probabilities (bottom) of a line section vs.
penetration rates of EVs added to the IEEE-8500 network

2.4.3.4 Network locations susceptible to abnormal conditions

In the last experiment related to EVs, we select a total of 183 network sections on which
the initial equipment loading level is greater than 50% or the initial voltage level is less than
0.965 p.u. before any EV is installed to the network. These sections are likely to have equip-
ment overloading or undervoltage issues as EVs are installed to the network. The impact
analysis is performed to these sections to estimate network states and probabilities of abnor-
mal conditions at different EV penetration rates. Figure 2.4 visualizes the locations of the
network sections with the calculated probabilities of abnormal conditions at 50% EV pene-
tration rate. Here, we create Overloading probability and Undervoltage probability keywords
in CYME to highlight the locations according to the computed overloading and undervoltage
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probabilities, respectively. Almost all selected network equipment have some probability of
overloading. The line sections near the substation have an overloading probability close to
50%, which is consistent with the results of Figure 2.3. There are also multiple distribution
transformers on the network which can have up to 20% probabilities of being overloaded at
50% EV penetration. As the EV penetration increases, all the identified locations will have
even higher probabilities of overloads. The undervoltage issue is less severe on the network
mainly due to the presence of voltage regulators (indicated by the green droplets). Only
some sections that are far from the substation and upstream of a voltage regulator show
some probability of undervoltage, and this is where the section M1125994 is located.

 

Figure 2.4 IEEE-8500 network sections susceptible to equipment overloading and undervolt-
age issues at 50% EV penetration rate
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2.4.4 Test results – PV

The analysis time is set to 11:00AM when the solar irradiance starts to reach its peak.
While customers can have diversified EV charging profiles, the PV generation profiles are
correlated with the weather type, thus the analysis should be performed conditional on each
weather type. Then weighted average results based on probabilities of all weather types are
computed. Here, we present only the results when considering PV generation profiles during
sunny days to avoid running Monte Carlo simulations for other weather types. In Monte
Carlo simulations, 2000 samples are constructed.

2.4.4.1 Loading level at selected penetration levels

Figure 2.5 illustrates the loading levels of the substation transformer when PV are installed to
the network at 3 penetration rates (10%, 30%, 50%). Similar to the EV case, 50% penetration
is selected for comparison purpose. Results from the REM with and without calibrations are
compared with empirical distributions from Monte Carlo simulations.
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Figure 2.5 Comparison of probabilities of the substation transformer loading levels at various
PV penetration rates, REM results (blue) vs. calibrated REM results (green dashed) vs.
Monte Carlo (orange)

2.4.4.2 Voltage level at selected penetration levels

Figure 2.6 illustrates the probability distributions of the voltage level (in percentage) of the
M1125994 section when PVs are installed. Although no overvoltage (by taking 1.05 p.u. as
the upper voltage limit) occurs to this section due to its distance from the substation, it is
observed that REM well captures the trend of increasing voltage levels with the PV penetra-
tion. Therefore, overvoltage would possibly occur as the penetration continues to increase,
and calibrated results from the REM approach would accurately indicate the probabilities.



43

96 98 100 102 104
Voltage level (%)

0

1

2

3

Pr
ob

. d
en

sit
y

10% PV penetration

REM
REM (calibrated)
MC

96 98 100 102 104
Voltage level (%)

0.0
0.5
1.0
1.5

Pr
ob

. d
en

sit
y

30% PV penetration

REM
REM (calibrated)
MC

96 98 100 102 104
Voltage level (%)

0

1

2

Pr
ob

. d
en

sit
y

50% PV penetration

REM
REM (calibrated)
MC

Figure 2.6 Comparison of probabilities of voltage levels of the M1125994 section at various
PV penetration rates, REM results (blue) vs. calibrated REM results (orange dashed) vs.
Monte Carlo (green)

2.4.4.3 Network locations susceptible to overvoltage

In this experiment, we select a total of 114 locations whose voltage level is greater than
1.04 p.u. before any PV is installed to the network. When setting the upper voltage limit
to 1.05 p.u., more than half of these locations have overvoltage probabilities at 50% PV
penetration. The calibrated probability values from REM are used to create the Overvoltage
probability keyword in CYME to highlight network sections in Figure 2.7. It is observed
that sections near the substation have close to 100% probability of overvoltage, while some
sections immediately downstream of voltage regulators also have overvoltage issues with
different probabilities.
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 Figure 2.7 IEEE-8500 network sections susceptible to overvoltage issues at 50% PV penetra-
tion rate

2.4.5 Discussion of results

We discuss the results presented in the previous sections on impacts of EVs and PVs to the
network.

2.4.5.1 Impacts of EV

As the EV penetration level increases, more power demand is expected on the network due
to EV charging. This will increase the loading level of the substation transformer, and more
voltage drops will be incurred on each network section. These can be confirmed from obser-
vations of Figures 2.1 and 2.2: empirical distributions of the substation transformer loading
levels constructed from Monte Carlo simulations shift towards the heavier loading side, and
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distributions of the voltage level shift towards the lower voltage side. The same dynamics are
also observable from the PDFs computed and calibrated from the REM approach. In addi-
tion, as the level of uncertainties increases with the penetration rate, so does the dispersion
of the distributions which is well captured by both Monte Carlo and our method.

Tables 2.1 and 2.2 provide quantitative comparisons of the mean and standard deviation
values for the substation transformer loading levels using the two methods at various EV
penerations. Here, the standard deviation is the square root of the variance. For the
Monte Carlo method, the variance is empirically computed from the result set of all Monte
Carlo samples constructed. For the REM, let m(x, p) and m(x̃, p) be the non-calibrated
and calibrated PDFs, respectively. Hence, we have σ2 =

∫∞
−∞(x − E[x])2m(x, p)dx and

σ̃2 =
∫∞

−∞(x̃ − E[x̃])2m(x̃, p)dx̃ for the variance of m(x, p) and m(x̃, p), respectively. From
the calibration process, we have x̃ = x + ∆x, hence σ2 = σ̃2 and the standard deviation
values with and without calibration are identical. For this reason, only one cell is used for
the standard deviation (Std) of REM PDFs at each penetration rate in Tables 2.2, 2.4, 2.6,
and 2.8. From Table 2.1, the calibration step significantly reduces the errors of the mean
values, i.e., from 4.32% to less than 0.5% at 50% penetration rate. From Table 2.2, the Std
errors are negligible, and the increasing values reflect higher levels of uncertainties with the
penetrations.

Tables 2.3 and 2.4 list the mean and standard deviation values of voltage levels of the section
M1125994 at various EV penetrations. The mean values from both methods are almost
identical without the calibration step, and the calibration step further reduces the errors.
The standard deviation values are also observed to increase with the penetration rates, which
captures the higher levels of uncertainties.

Table 2.1 Mean values of substation transformer loading levels at various EV penetration
rates

Substation transformer loading levels (Mean)

Penetration
Monte Carlo

(p.u.)
Non-calibrated (p.u.)

and relative error
Calibrated (p.u.)
and relative error

10% 0.396 0.389 −1.97% 0.397 0.08%
30% 0.432 0.419 −3.06% 0.432 −0.08%
50% 0.467 0.447 −4.32% 0.465 −0.45%
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Table 2.2 Standard deviations of substation transformer loading levels at various EV pene-
tration rates

Substation transformer loading levels (Std)

Penetration
Monte Carlo

(p.u.)
Calibrated/non-calibrated (p.u.)

and error (p.u.)
10% 1.31× 10−2 1.06× 10−2 −2.5×10−3

30% 1.80× 10−2 1.42× 10−2 −3.8×10−3

50% 2.13× 10−2 2.13× 10−2 2.5×10−5

Table 2.3 Mean values of voltage levels on the M1125994 section at various EV penetration
rates

Voltage levels (Mean)

Penetration
Monte Carlo

(p.u.)
Non-calibrated (p.u.)

and relative error
Calibrated (p.u.)
and relative error

10% 0.9860 0.9881 0.21% 0.9866 0.06%
30% 0.9764 0.9821 0.59% 0.9790 0.26%
50% 0.9679 0.9774 0.98% 0.9714 0.35%

Table 2.4 Standard deviations of voltage levels on the M1125994 section at various EV pen-
etration rates

Voltage levels (Std)

Penetration
Monte Carlo

(p.u.)
Calibrated/non-calibrated (p.u.)

and error (p.u.)
10% 3.26× 10−3 2.76× 10−3 −4.96×10−4

30% 6.76× 10−3 5.92× 10−3 −8.32×10−4

50% 1.18× 10−2 8.69× 10−3 −3.11×10−3

2.4.5.2 Impacts of PV

It is generally expected that PVs have opposite impacts on the network to those by EVs,
such that network equipment’s loadings should decrease, and voltage rise usually happens on
network sections as PV penetration increases. From Figures 2.5 and 2.6, it is observed that
empirical distributions of the substation transformer loading levels shift towards the lighter
loading side, while distributions of the voltage levels of the M1125994 section shift towards
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the higher voltage side. The PDFs computed and calibrated from our REM approach show
similar dynamics.

Tables 2.5 and 2.6 provide quantitative comparisons of the mean and standard deviation
values using the two methods. As in the EV case, the calibration step reduces errors of the
mean values, and errors of the standard deviation values are negligible.

Table 2.5 Mean values of substation transformer loading levels at various PV penetration
rates

Substation transformer loading levels (Mean)

Penetration Monte Carlo
(p.u.)

Non-calibrated (p.u.)
and relative error

Calibrated (p.u.)
and relative error

10% 0.381 0.388 1.85% 0.381 −0.10%
30% 0.311 0.327 4.94% 0.306 −1.82%
50% 0.252 0.265 5.13% 0.248 −1.35%

Table 2.6 Standard deviations of substation transformer loading levels at various PV pene-
tration rates

Substation transformer loading levels (Std)

Penetration Monte Carlo
(p.u.)

Calibrated/non-calibrated (p.u.)
and error (p.u.)

10% 5.82× 10−3 5.19× 10−3 −6.33×10−4

30% 8.31× 10−3 8.65× 10−3 3.48×10−4

50% 8.70× 10−3 1.04× 10−2 1.68×10−3

Tables 2.7 and 2.8 list the mean and standard deviation values of voltage levels on the
M1125994 section at various PV penetrations. The mean values from Monte Carlo and the
REM have a relative difference of 1.85% in the worst case without the calibration step, and
the calibration step further reduces the relative errors to below 0.35%.

Table 2.7 Mean values of voltage levels on the M1125994 section at various PV penetration
rates

Voltage levels (Mean)

Penetration Monte Carlo
(p.u.)

Non-calibrated (p.u.)
and relative error

Calibrated (p.u.)
and relative error

10% 0.9881 0.9920 0.40% 0.9876 −0.05%
30% 1.0026 1.0083 0.57% 1.0060 0.34%
50% 1.0096 1.0282 1.85% 1.0092 −0.03%
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Table 2.8 Standard deviations of voltage levels on the M1125994 section at various PV pen-
etration rates

Voltage levels (Std)

Penetration Monte Carlo
(p.u.)

Calibrated/non-calibrated (p.u.)
and error (p.u.)

10% 1.85× 10−3 1.21× 10−3 6.39×10−4

30% 2.87× 10−3 1.81× 10−3 −1.06×10−3

50% 2.32× 10−2 2.41× 10−3 9.49×10−5

2.4.5.3 Quantile-Quantile plots

Besides comparing the mean and standard deviation values, we use Quantile-Quantile (Q-
Q) plots to compare the calibrated PDFs from the REM against the empirical distributions
from Monte Carlo simulations in Figure 2.8. Given that the latter are considered as the
benchmark, we use them on the x-axis as the theoretical distribution and quantiles of the
calibrated PDFs are plotted on the y-axis [108]. It is observed that in most plots the points
in the center region mainly lie on a 45◦ straight line, indicating that the mean values of
the calibrated PDFs from the REM well match those from Monte Carlo simulations. Some
skewness and deviations from the straight line at both ends can also be observed. This could
be due to the use of a constant diffusion velocity value in the FPE, which results in errors
at the tail regions of the PDFs. Diffusion velocity’s dependency on the penetration rate and
on the network model can be studied in future work.

2.4.5.4 Computation speed

All the experiments are performed on a workstation equipped with Intel Core i7-11800H
@ 2.30GHz CPU and 16GB RAM. Table 2.9 lists the computation time for experiments
in Section 2.4.3 when EVs are installed to the network. In Table 2.9, the time spent on
numerically solving the FPE is reported in the “Non-calibrated” column. As the FPE is
solved for one location at a time, the time is expected to increase linearly with the number
of locations to be simulated. However, for the time in the “Calibration” column, because
network states of all locations can be obtained from a single power flow, the time may only
be slightly increased for data processing as the number of locations for simulation increases.
The total time spent on each experiment using the REM is the sum of times in these two
columns.

For the Monte Carlo simulation approach, because the results are based on power flow solu-
tions of all the samples constructed, the time shown in Table 2.9 is similar for all experiments,
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Figure 2.8 Q-Q plots to compare quantiles of distributions from Monte Carlo simulations and
calibrated PDFs obtained from the REM

independent of the number of network sections included for stochastic impact analysis. It is
also remarked that we use the Naive Monte Carlo approach such that no parallelization is
utilized to directly compare with REM. For the REM approach, it is significantly faster to
conduct an impact analysis to a single network section (within a few minutes including the
calibration). However, in the last experiment, as 183 network sections are to be included for
analysis, the time to obtain non-calibrated PDFs increases to 5.69 hours which is 190× that
required for a single network section. On the other hand, as the time on calibrations does
not depend linearly on the number of sections for analysis, it takes only 0.29 hour in the
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last experiment which is increased by only 10× on more data processing. Finally, although
not shown in the table, the analysis time also depends linearly on the maximum penetration
level for both approaches.

Table 2.9 Comparison of computation speed

Experiments Time (hr)
Monte Carlo Non-calibrated Calibration

Substation transformer loading levels 20.84 0.03 0.03
Section M1125994 voltage levels 21.79 0.03 0.03

Line loading levels across a wide range of penetration rates - 0.06 0.03
Identifying locations with potential abnormal conditions 21.90 5.69 0.29

2.5 Conclusion and future work

In this chapter, we present a rapid estimation approach to perform a stochastic analysis on the
impact of EVs and PVs to power distribution networks. A calibration step is also proposed
to improve the accuracy of the REM. Quantitative assessments on a large-scale realistic
distribution network indicate that results from the REM well follow those from Monte Carlo
simulations with minimal errors, hence Monte Carlo simulations can be avoided for such
a stochastic analysis and the computation efficiency can be greatly improved. After using
REM to screen out locations where abnormal conditions may occur due to GET impacts,
additional detailed analyses using power flow can be carried out if more accurate results are
necessary.

As outlined in the Assumptions section, we rely on the information of load offset profiles
of GETs as well as customers’ adoption probabilities of different profiles. Although there
exist statistical studies to obtain such information, they are not necessarily applicable to
all utilities which may lead to inaccurate results when using REM. However, most utilities
do have access to customers’ consumption data measured by smart meters, and information
can be inferred and be used as input data to REM. In Chapter 3, we introduce a method to
extract EV charging profiles and probabilities from smart meter data and use the information
in REM to study EV impacts.

The impacts of EVs and PVs to the distribution network are evaluated at their respective
“peak” time. We can extend the approach to time-series analyses to study the impacts of
GETs during a time period. The approach can also be extended to analyze the impacts
of GETs with control schemes, which modify the set of offset profiles and shift customers’
adoption probabilities. The effectiveness and resulting impacts to the networks can be rapidly
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evaluated by the REM. In Chapter 4, we extend REM to study impacts of EV charging to
the distribution network on a typical day, and discuss how it can be used to evaluate the
effectiveness of strategies to mitigate overloads due to EV charging through design of optimal
incentive plans.

Last but not least, we propose a sketch on how the method can be applied to study simulta-
neous impacts of multiple GET types, and the performance can be verified through more case
studies on a distribution network. As penetration levels of GETs are expected to increase
over the next few years, REM offers an analysis framework dedicated to these technologies
which allows utilities to properly plan and optimize their networks.
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CHAPTER 3 INFERRING ELECTRIC VEHICLE CHARGING
PATTERNS FROM SMART METER DATA FOR IMPACT STUDIES

3.1 Introduction

With the increasing penetration levels of EVs on the power distribution networks, utility
planners need to evaluate the impacts of EV charging on their networks to maintain system
reliability and power quality. Due to the randomness associated with the usage of EVs,
stochastic methods are usually adopted to analyze the impact by characterizing EV owners’
charging habits in terms of probabilities of charging profiles. In the previous chapter, we
presented a stochastic method based on given probabilities of EV charging. While such
probabilities can be constructed based on historical EV charging events, as EV chargers are
often installed behind-the-meter (BTM), the charging events are using invisible to utilities. It
is hence challenging to directly observe customers’ charging behaviours to infer the probability
distributions.

In this chapter, we propose a method to detect customers’ charging events from the smart
meter data, which are readily available to the utilities. For each charging event detected,
the start time, the duration, and the power level of the charger is extracted. We then infer
customers’ charging patterns in terms of probability distributions based on the extracted in-
formation out of all charging events detected. To detect the EV charging events from smart
meter data, we formulate a mixed-integer convex program, which can be solved in a com-
putationally efficient way using an off-the-shelf solver. Our method leverages the contextual
information of EV charging, and does not rely on any supervised or unsupervised learning
models hence no labelled training samples or hyperparameter tuning are necessary, making
it readily implementable for utilities. Through a data-driven approach, we construct the
charging patterns of all customers in terms of probability distributions from the detection
results. Using the inferred charging patterns and probability information, impacts of these
customers’ EV charging behaviours to the power distribution network can then be analyzed
using the REM developed in Chapter 2.

The rest of the chapter is organized as follows: in Section 3.2, we state the main assumptions
about the contextual information of EV charging. We then formulate a mixed-integer convex
quadratic program to detect a customer’s EV charging events during a day. In Section 3.3,
we present our methodology to infer EV charging patterns for a set of customers on the
distribution network, based on the detected EV charging events. The charging patterns are
represented by distributions of charging start time, duration, and power levels. We present
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a case study to illustrate the EV charging patterns extracted by our proposed approach. We
then showcase in Section 3.4 the quality and accuracy of the inferred patterns by using them
in a stochastic analysis of EV impacts to a test distribution network based on the REM.
Finally, we conclude in Section 3.5 and point out some future work directions.

3.2 Detection of EV charging events

Let P = [Pi]Nm
i=1 ∈ RNm×NDT be the real power data measured in kW by the smart meters

for a set of Nm customers on the distribution network N and for ND days, where T is the
time horizon or the number of data samples during a day. Here, we assume that Pi ∈ RNDT

is measured at a 15-minute interval, hence T = 96. Let PEV, PBL ∈ RNm×NDT refer to,
respectively, the power demands to charge customers’ EVs and those of the baseload, i.e., all
other appliances and devices in the households. Hence, we write P = PEV + PBL. Our goal
is to disaggregate PEV from P through a detection procedure for EV charging events.

3.2.1 Contextual information

In this section, we state several assumptions based on characteristics of EV charging events
and results of statistical studies. Here, we limit our scope to the residential customers,
as they account for up to 80% of charging events with diversified and stochastic charging
patterns [109]. Therefore, in the proposed formulation, we assume that the smart meter
data correspond to an individual customer, and not to aggregated consumption of multiple
customers.

• The charging power levels depend on the vehicle models and the type of chargers.
For residential customers, Level 1 or Level 2 chargers are usually used. As the time
required for a full-charge by Level 2 chargers is shorter and the associated costs to install
them keep decreasing over time, they are becoming more popular among residential
customers [110]. Further, as the maximum power of Level 1 chargers does not exceed
2 kW, they do not cause much stress to the distribution system and utilities are less
concerned with their impacts. Hence, we focus on Level 2 chargers, and the set of
possible charging power levels depending on vehicle models is assumed to be P =
{3.6, 6.6, 7.2, 9.6, 11.5, 15}, in kW.

• Based on a statistical study on Pecan Street data [111], the duration of charging events
is usually more than 30 minutes, and the number of charging events during a day is
usually less than 3 [50]. In another statistical study on HVAC systems, the average
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duty cycle of an HVAC system is about 30 minutes [112]. In order to differentiate EV
charging events from HVAC duty cycles, we ignore charging events that last less than
1 hour.

• We assume that the profile of a charging event follows a rectangular waveform, i.e., the
power consumption is constant during the entire charging period [113], and is voltage
independent. The variations in power consumption are ignored when the charging starts
and completes, as well as due to voltage fluctuations during charging. As shown later
in the case study section, the assumption is valid, e.g., when comparing the waveform
of the detected EV charging event with the true waveform, the difference is negligible.

• According to a survey on multi-vehicle households [114], 90% of EV owners have more
than 1 vehicle but only 1% of them own another EV. Hence, we assume that only 1 EV
is charged each day, even for households with multiple EVs. Thus, all charging events
in a day should have the same power level.

We remark that in some cases where utilities only have data of lower temporal resolution, e.g.,
hourly measurements, our EV detection approach can still be applied but reduced accuracy
may be expected as illustrated in the case study section.

3.2.2 Mixed-integer convex quadratic program

Let Pi,d ∈ RT be customer i’s power demand during day d, and PEV
i,d , PBL

i,d ∈ RT be the
demand for EV charging and baseload, respectively. The mixed-integer convex quadratic
program (MICQP) to determine PEV

i,d is formulated as:

min
PEV

i,d
,x,y,z,δ

Var(PBL
i,d ) = 1

T

T∑
t=1

(
PBL

i,d (t)− PBL
i,d

)2
(3.1)

subject to PBL
i,d = 1

T

∑T
t=1 PBL

i,d (t), (3.2)

Pi,d = PEV
i,d + PBL

i,d , (3.3)

x, y, z ∈ {0, 1}T , (3.4)

δ ∈ {0, 1}|P|×T , (3.5)

δh ∈ R|P|, (3.6)

1⊤

T y ≤ 2, (3.7)∑min{T −t,3}
n=0 y(t + n) + z(t + n) ≤ 1,∀t, (3.8)

δ
⊤1|P| ≤ x, (3.9)
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δ
⊤(P − ε1|P|) ≤ PEV

i,d ≤ δ
⊤(P + ε1|P|), (3.10)

δh = 1
T

δ1T , (3.11)

δ(p, t) ≤ 1−∑|P|−p
n=1 δh(p + n), ∀p, t, (3.12)

PEV
i,d (t)− PEV

i,d (t− 1) ≤ y(t)M, ∀t, (3.13)

PEV
i,d (t− 1)− PEV

i,d (t) ≤ z(t)M, ∀t, (3.14)

PEV
i,d (t) ≤ x(t)M, ∀t, (3.15)

PEV
i,d (t), PBL

i,d (t) ≥ 0, ∀t, (3.16)

x(t)− x(t− 1) = y(t)− z(t), ∀t. (3.17)

The objective (3.1) is to minimize the variance of the baseload PBL
i,d after PEV

i,d is subtracted
from Pi,d, where PBL

i,d is the mean value of the resulting baseload as computed in (3.2). The
binary variables x, y, z ∈ {0, 1}T indicate, respectively, whether an EV is being charged
(x(t) = 1), the start time (y(t) = 1), and the end time (z(t) = 1) of a charging event for
each time step t during the horizon T . As we assume that EVs are not charged more than
twice during a day, we limit the detection of charging events to 2 by (3.7), i.e., y(t) = 1 at no
more than 2 time steps, and 1T is the column vector of ones of dimension T . As we do not
consider charging events that last less than 1 hour, we use (3.8) to enforce that we cannot
have an active y and an active z during any time window of 4 time steps. With (3.9) and
(3.10), the power level at each time step t takes a single value from P (within some tolerance
ε > 0), and the activated power level is indicated by the binary variable δ ∈ {0, 1}|P|×T .
Here, |P| is the cardinality of P , and 1|P| is the column vector of ones of dimension |P|. It
is possible that different power levels may occur during a charging event, i.e., step changes,
hence we need to ensure that the same power level is adopted during all charging events of
the day. An intermediate variable δh ∈ R|P| is defined in (3.11) to calculate the fraction of
power levels activated during the day. By (3.12), we force that the higher power level with a
corresponding non-zero δh value is always used during this day. By (3.13)−(3.17), the profile
of a charging event must follow a rectangular waveform at the activated power level, where
M is a large constant, i.e., M ≫ max(P). Finally, the resulting PEV

i,d and PBL
i,d (t) should be

non-negative at all times.

Note that for the simplicity in notation, the subscripts i and d on all binary and intermediate
variables, namely, x, y, z, δ, and δh, are omitted in the formulation of the MICQP.
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3.3 Customers’ EV charging patterns

Let T s and T d be random variables on sample space T and P c be a random variable
on sample space P , which represent, respectively, the start time, the duration, and the
charger power level of EV charging events for all customers on the network N . Here,
T = [0, ∆t, 2∆t, · · · , (T − 1)∆t] is the discretized time horizon with a time step ∆t = 15
minutes. The charging patterns can be characterized through the inferred probability mass
functions (PMFs) of these random variables, namely, f̂T s(t), f̂T d(t), and f̂P c(p).

Let td
i,d, ts

i,d, te
i,d, and P c

i,d be, respectively, the duration, the start time, the end time, and
the power level of the EV charging events detected for customer i on day d by solving
the MICQP proposed in the previous section. From the solution obtained, we compute
ts
i,d = {t ∈ T | y(t) = 1}, te

i,s = {t ∈ T | z(t) = 1}, td
i,d = te

i,s − ts
i,s, and P c

i,d = {maxt(PEV
i,d )}.

We note that as we detect up to two charging events in each day, two values may be collected
in each of sets. By repeatedly solving the MICQP for all customers and for all days, i.e., to
extract all charging events in P, we obtain the following multisets of detected results:

T s = {ts
i,d, d = 1, 2, · · · , ND, i = 1, 2, · · · , Nm}

T d = {td
i,d, d = 1, 2, · · · , ND, i = 1, 2, · · · , Nm}

Pc = {P c
i,d, d = 1, 2, · · · , ND, i = 1, 2, · · · , Nm},

We remark that T s, T d, and Pc contain the same number of elements. The probability mass
functions (PMFs) for the random variables T s, T d, and P c are then approximated by the
empirical distributions:

f̂T s(t) = 1
|T s|

∑
ts∈T s

1{ts}(t), t ∈ T

f̂T d(t) = 1
|T d|

∑
td∈T d

1{td}(t), t ∈ T

f̂P c(p) = 1
|Pc|

∑
pc∈Pc

1{pc}(p), p ∈ P ,

(3.18)

where 1 is an indicator function, i.e., 1{pc}(p) = 1 if pc = p and 1{pc}(p) = 0 otherwise.

Based on T s and T d, we then construct a set of all possible charging profiles in per-unit
(p.u.) values:

Lp.u.
EV = {lts,td(t) | ts ∈ T s, td ∈ T d}, (3.19)
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where T s and T d are the support of T s and T d, respectively, and

lts,td(t) =

1, if ts ≤ t < ts + td,

0, otherwise.
(3.20)

A profile lts,td(t) reconstructs the per-unit rectangular waveform of a charging event that
has been detected from customers’ smart meter data. To conduct an impact analysis of EV
charging, we also need to calculate the probability that each lts,td(t) is adopted, which is
given by:

Pr(lts,td) = Pr(T s = ts, T d = td)

= Pr(T s = ts | T d = td)f̂T d(td),
(3.21)

where Pr(T s = ts | T d = td) is approximated by m
n

, where n is the total number of detected
charging events lasting for td and m is the number of charging events starting at ts out of
the n events. We remark that as td ∈ T d, we have n ≥ 1.

3.4 Case study

We use the Pecan Street data [111] to evaluate the performance of our method to extract
customers’ EV charging habits. The dataset contains smart meter data measured for 76
customers with EVs for the full year of 2021. Daily power demand of EV charging is also
recorded for each customer, which serves as the “ground truth” to verify the accuracy of the
detection results using our approach.

3.4.1 Distributions of charging patterns

The first step is to detect daily charging events of each customer from the smart meter data
by solving the MICQP in Section 3.2.2. We remark that some customers have photovoltaic
(PV) systems, so the measured consumption has already been reduced by the PV generation.
In order to avoid under-estimation and to compare the detected events with the ground truth,
the smart meter data for these customers are pre-processed by adding back the consumption
that has been offest by the PV generation. Figures 3.1 and 3.2 show examples of the charging
events detected during a day of selected customers. Two experiments are performed: (1) using
smart meter data measured at a 15-minute interval and (2) using hourly measurements.

We observe in Figure 3.1 that EV charging events are accurately detected from the meter
data measured at every 15 minutes in terms of start time, duration, and the power level. We
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demonstrate that our method can accurately detect the EV charging events in the following
cases: multiple events occur during the day (e.g., Load 1517 and Load 2018), periods with
constant higher power consumption are not identified as EV charging (e.g., Load 2470), and
the pause between two charging events is correctly recognized (e.g., Load 2018). We also test
our approach on the same customers/days but using hourly meter measurements, and the
results are shown in Figure 3.2.
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Figure 3.1 Examples of EV charging events detected from smart meter data measured
throughout a day at every 15 minutes

We observe that while EV charging events can still be detected, the level of accuracy is
reduced mainly due to the lack of data. For example, the power level is determined to
be 3.6kW for Load 1517 because the baseload consumption during the day would become
negative if the power level were set at 7.2kW. For Load 2470, a peak demand at 2AM is
mistakenly identified as a charging event for 1 hour. Lastly, the brief pause between the two
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charging events for Load 2018 is not picked up, hence the extracted information on start time
and duration of the charging event is not exact.
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Figure 3.2 EV charging events detected for the same customer/day as in Figure 3.1 but from
smart meter data measured at every hour

To benchmark the performance of our proposed approach to detect the EV charging events,
we compare it with two other algorithms: one based on signal decomposition [50] and the
other using a trained CNN model [44]. We adopt the two metrics used in [50] to evaluate
the detection performance on customer i’s data:

• F1 Score F1 that measures the accuracy of detection results. The score is defined in
terms of sample counts in True Positive (TP ), False Positive (FP ), and False Negative
(FN) conditions:

F1i = 2TPi

2TPi + FPi + FNi

.
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• Explained Variance Score Evar that measures the dispersion or discrepancy between the
detected and true EV consumption data. The Evar score is defined as:

Evar,i = 1−
Var(PEV

i − PEV
i,true)

Var(PEV
i,true)

,

where PEV
i , PEV

i,true ∈ RNDT are the detected and true EV charging consumption for all
days, respectively.

We remark that the closer the two metric values are to 1, the better the performance of the
algorithm is.

Although the benchmark algorithms also use Pecan Street datasets to test the performance,
it is not clear what customers and time periods are included in the datasets. Therefore,
it is not possible to directly compare the metric values of a specific customer. Instead, we
report the minimum, mean, median, and maximum of F1 and Evar values obtained for all
customers in the dataset used in this work, and compare them with those reported in [44,50]
using their datasets. The values are shown in Table 3.1. We note that the performance of
our approach is comparable to that of the benchmark algorithms. Although the minimum,
mean, and median values from our approach are slightly lower, we should emphasize that
the meter data used in both benchmark algorithms have 1-minute intervals, while data with
15-minute intervals are used in our work. As pointed out in [50], as the data measurement
interval increases, the accuracy of the algorithm decreases (e.g., the mean Evar drops to 0.69
if data with 15-minute intervals are used in [50]). Further, to obtain high accuracy, the CNN
approach [44], being a supervised-learning method, needs a large number of labelled training
samples which are difficult to obtain in practice. While the method in [50] does not require
training, tuning of the hyperparamters in both stages of the decomposition is required to
differentiate EV charging from the use of air conditioners. In our approach, by leveraging
the readily available contextual information of EV charging events, we do not require high-
resolution data, and we achieve comparable accuracy with that of the literature without any
model training or hyperparameter tuning.
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Proposed approach Decomposition [50] CNN [44]
F1 Evar F1 Evar F1 Evar

Min 0.696 0.512 0.771 0.611 0.765 0.857
Mean 0.876 0.805 0.906 0.831 0.892 0.890
Median 0.889 0.819 0.909 0.852 0.911 0.891
Max 0.967 0.972 0.982 0.974 0.925 0.924

Table 3.1 Performance comparison with other algorithms

Next, we compute the empirical distributions for customers’ charging habits as in (3.18)
based on charging events detected for all customers during a full year. We use the meter
data with 15-minute intervals due to the better accuracy of the detection results. We com-
pare the estimated PMFs and the cumulative distribution functions (CDFs, except for the
charger power levels) computed from the detection results with those from the ground truth
in Figure 3.3.

We remark that in the distributions of the charging start time, high probabilities of starting
the charging at midnight are observed. This is because some charging events start during
the evening and continue until the next day. In this case, as we only detect events during
one day’s time window, the event is broken into two parts with the second part starting at
midnight the next day. Also, as we only detect events lasting more than 1 hour, we obtain a
zero probability for charging events starting on and after 11PM and for charging duration less
than 1 hour, which are observable differences when comparing the distributions in Figure 3.3.

The following can be inferred from the results for the customers in this Pecan Street dataset:

• Customers tend to charge EVs during evenings until early mornings, with slightly higher
probabilities starting in the evenings;

• Each charging event usually does not last more than 9 hours;

• Daily energy consumption for charging EVs rarely exceed 60 kWh, and;

• More than half of the EVs are charged at 3.6 kW.
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Figure 3.3 Distributions of start time, duration, daily energy, and charger power levels based
on detected charging events
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3.4.2 Impact analysis of EV charging

In this part of the case study, we use the inferred charging patterns to study the impact of
EV charging to the distribution network using the stochastic method presented in Chapter 2
(Refer to Section 4.3.1 of Chapter 4 for details on how the method is extended to time-series
analyses). We use the same IEEE-8500 test feeder as in Chapter 2 to demonstrate the results.
We construct the set of all possible per-unit charging profiles based on the detected results
using (3.19) and (3.20). The resulting set contains a total of 4224 profiles. We then use (3.21)
to calculate the probability that each per-unit profile will be adopted by the customers on
the network. We illustrate the probabilities of all profiles as a heat map in Figure 3.4, where
each profile is represented by the tuple (start time, duration). For example, (8PM, 2h30m)
represents the profile for which charging starts at 8PM and lasts for 2 hours and 30 minutes.
To get the EV charging profiles in kW, i.e., the set LEV, we multiply the per-unit profiles
with the 6 power levels in P . To apply the REM method of Chapter 2, we need to know the
probabilities of adopting profiles in LEV. For simplicity, we assume that the distribution of
power levels and the probabilities that per-unit charging profiles are adopted by the customers
are independent. Hence, the probabilities Pr[LEV] are obtained by multiplying the per-unit
profile probabilities in (3.21) with the distribution of the power levels, which is shown in the
bottom right plot of Figure 3.3.

In Figure 3.5, we show the impacts of EV charging on the loading level of the substation
transformer at penetration rates of 10%, 30%, 50%, and 80%. The penetration rate follows
the Definition 2.1 which is the ratio of the number of EVs connected to the network over the
total number of customers. We use both the inferred probabilities and the true probabilities as
in Figure 3.4 to perform the impact analyses. At each penetration rate, we show the loading
curve over one day without any EV connected and compare the loading curves obtained
from the two sets of probabilities. We observe that as the penetration grows, impacts to
the transformer loading level increase, and the transformer becomes overloaded during the
evening hours at 80% EV penetration. Due to differences in the profile distributions, errors
between the two loading curves are more observable at higher penetration rates. We extract
the per-unit errors at all penetrations and show them in Figure 3.6. Errors are mostly higher
during the 9h-11h and evening hours, which are the periods where differences in the profile
distributions are more observable in Figure 3.4. At 80% penetration rate, the worst error is
around 0.06 p.u. or 6%.
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Figure 3.4 Probabilities of profiles used in the stochastic EV impact analysis
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Figure 3.5 Comparison of the substation transformer loading levels using detected and true
profile probabilities at various EV penetration rates
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Figure 3.6 Result errors of the substation transformer loading levels using detected and true
profile probabilities at various EV penetration rates

3.5 Conclusion

In this chapter, a non-intrusive and training-free method is proposed to detect BTM EV
charging events based on customers’ smart meter data. Our approach does not require
labelled training data nor hyperparameter tuning, and achieves a similar level of accuracy
in extracting information of charging events as that of the literature by using meter data
measured at every 15 minutes. Through a data-driven approach, we infer customers’ charging
patterns in terms of probability distributions of charging profiles from the detection results
during an entire year. We compare the inferred probability distributions with those from
the ground truth, and illustrate that even if there exist some minor differences between the
two sets of distributions, no significant error occurs in the results of EV charging impact
analyses. Using the inferred probability distributions from our approach allows utilities
to better understand customers’ EV charging behaviours and to evaluate impacts that EV
charging may bring to their power distribution networks. In practice, as EV owners’ charging
behaviours may shift over time, the variations can be captured by periodically applying the
method on customers’ smart meter data to update the inferred probability distributions.

The detection approach presented in this chapter requires that the meter data contain only
consumption; in other words, if customers have power-generating devices installed such as
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PV or battery systems, the generation must be subtracted from the meter data such that EV
charging events are not under-estimated. As this information may not be always available to
utilities in practice, in the future we wish to extend our approach by adding an extra step to
estimate BTM generation (e.g., [115]) and exclude them from the meter data. Further, our
approach can be improved by relaxing the assumption of rectangular waveform during active
charging events, i.e., by considering variations of charging power in time.

As illustrated in the case studies, we use the inferred probability data for EV charging and
assess the EV impacts during a day. At high EV penetration rates, it is possible that network
equipment may be overloaded for continuous periods during the day. If such overloading
patterns repeatedly occur on each day during the year, we can expect that the equipment
are stressed and premature failure can happen, leading to much more serious events and
even faults on the distribution network. As a measure of prevention, mitigation strategies
should be prepared for better planning and operation of the networks. In the next chapter,
we present an approach to mitigate equipment overload on distribution networks with high
EV penetration. If some equipment is assessed as having risks of being overloaded under the
extracted charging behaviours of EV owners, we aim to design a strategy to shift customers’
EV charging behaviours through incentive programs. Details on how the REM presented
in Chapter 2 is extended to perform a stochastic time-series impact analysis using given
EV charging probability data are also discussed. The time-series REM (ts-REM) is used
to quickly assess the impacts when customers’ charging behaviours are shifted under the
designed mitigation plans.
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CHAPTER 4 A CONVEX REFORMULATION OF BI-LEVEL
OPTIMIZATION FOR MITIGATING ELECTRIC VEHICLE CHARGING

OVERLOADS ON DISTRIBUTION NETWORKS

4.1 Introduction

As the electrification of the transportation sector promotes the adoption of electric vehicles,
the penetration of EVs is rapidly increasing in power distribution networks. While EVs of-
fer the advantage of reducing reliance on fossil fuels and lowering greenhouse gas emissions,
charging them can pose significant challenges to power distribution networks, especially in
scenarios with high EV penetration. In the previous chapter, we illustrated an example where
the substation transformer of a distribution network has a risk of being overloaded due to
EV charging. Besides equipment overloading, other abnormal operating conditions may also
occur such as voltage fluctuations, phase imbalances, harmonic distortions, etc. [1, 2]. From
the perspective of utilities, stochastic analysis methods like the REM developed in Chapter 2
are necessary to study the impact that EV charging may have on the network conditions.
These impact analyses consider the uncertainties in EV charging-related variables, e.g., loca-
tions, start time, duration, and power levels, and help reveal potential abnormal conditions
on power networks [21, 22]. Based on the analysis results, it is important to address the
identified network issues through mitigation plans and network optimization to ensure safe
grid operations and maintain high-quality service.

In this chapter, we propose strategies to mitigate potential overloading issues to key network
equipment, e.g., a substation transformer. We aim to minimize the loss of equipment’s life-
time and to avoid premature failures due to the overloading caused by EV charging [116,117].
Customers are invited to participate and contribute to the implementation of the mitigation
strategies by receiving incentives from the utilities and changing their charging habits. The
idea is to reduce customers’ probability of charging their EVs during the period when the
equipment is most heavily loaded, i.e., the peak period, and to increase the probability of
charging EVs when the equipment is lightly loaded. The main advantage of the approach
is that the strategy is implementable without direct or real-time observations of customers’
EV charging events, because no control is imposed when an EV is being charged. Hence,
customers are not obliged to follow any real-time price or control signals and no communi-
cation infrastructure is necessary. Further, the strategy can be uniformized and applied to
customers on multiple large networks.

The following contributions are discussed in this chapter:
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• Formulating a bi-level optimization problem to design mitigation strategies aiming to
shift EV charging from the peak period when equipment is heavily loaded, to the off-
peak period when the equipment is lightly loaded. The problem is then reformulated
into a computationally tractable single-level convex program.

• Considering two types of incentive programs based on the solution to the convex pro-
gram: reward for reducing power consumption during the peak period and designing a
TOU tariff during different periods of a day.

• Embedding the convex program into a novel search algorithm to efficiently determine
optimal incentive levels and the corresponding shift in customer charging probabilities.
The proof of convergence is provided and the optimality of the converged value is
discussed.

The rest of the chapter is organized as follows: Section 4.2 presents the assumptions and
motivations for the problem statement. In Section 4.3, we derive a bi-level optimization
problem to design the mitigation strategy. Instead of directly solving the non-linear opti-
mization problem, we reformulate it to a convex problem in Section 4.4, and embed it into
a search algorithm to determine the reward level and the TOU tariff. Section 4.6 illustrates
the results of the proposed mitigation strategy to an overloaded substation transformer due
to EV charging on a modified IEEE-8500 test feeder. Finally, we conclude in Section 4.7 and
point out some future work directions.

4.2 Problem statement

When EV owners connect their vehicles to the power network for charging, more power
demand is seen by the equipment upstream to the customers, especially for those near the
source of the network. Here, we focus on charging impacts from residential EVs, as they
account for up to 80% of charging events [109], and have more diversity and variance in
charging patterns. As observed in the case studies of Chapter 3 on the Pecan Street dataset,
EV chargings are more frequent during the evening, which coincides with the peak time of the
network and equipment may be overloaded. To prevent accelerated aging of the equipment
leading to premature failure, mitigation strategies are required. To consider uncertainties
in customers’ behaviours in charging their EVs when designing such mitigation strategies,
we characterize their daily charging patterns in terms of probabilities, and we look at the
expected daily power demand for EV charging. We remark that our approach can be extended
to other customer types than residential without limitations as long as corresponding charging
patterns and probabilities are provided.



70

4.2.1 Assumptions on EV data

We assume that the following EV data is provided, which can be gathered from either sta-
tistical analysis of EV charging data [118], estimated from EV usage and travel data [119],
or extracted from historical smart meter data of EV owners using the method developed in
Chapter 3.

• A set of L charging profiles LEV = {lj
EV(t)}j=1,2,··· ,L, where lj

EV(t) is an EV charging
profile in kW during an entire day discretized over the set T = {1, 2, · · · , T}. Here, T

is the cardinality of T and depends on the time step, e.g., T = 96 if each time step has
a duration of ∆t = 15 minutes. For a profile, if charging is active at t, lj

EV(t) > 0 and
lj
EV(t) = 0 otherwise.

• Probabilities Pri[LEV] ∈ [0, 1]L attached to customer i ∈ {1, 2, · · · , Nm}, where Nm is
the total number of customers, and Pri(j) is the probability of a charging profile lj

EV

in LEV being adopted. For customers who do not own any EV, Pri(j) = 0,∀lj
EV ∈ LEV.

Note that we do not presume any type of distribution for Pri, hence it can be of any arbitrary
probability distribution.

4.2.2 Motivation

The expected charging power E[Se,EV](t) ∈ R of an EV connected downstream of equipment e

at time t on all connected phases is expressed by:

E[Se,EV](t) = 1
|Ke|

∑
i∈Ke

E[Si
e,EV](t)

E[Si
e,EV](t) =

∑
j
lj
EV(t) Pri(j),

(4.1)

where Ke is the set of customers who are downstream of e, and |Ke| is its cardinality. If all
customers on the network are downstream of e, then |Ke| = Nm. If EV owning customers
tend to charge their vehicles during peak hours (denoted by T P ⊂ T ), i.e., these customers
possess high probabilities of adopting charging profiles that are active during T P (denoted by
LP

EV ⊂ LEV), then it is expected that E[Se,EV](t) is large for t ∈ T P. Consequently, the extra
loading due to EV charging will be significant, and the probability of overloading network
equipment is then greatly increased, especially when the EV penetration is high. Conversely,
if a control mechanism is in place to limit E[Se,EV](t) for t ∈ T P, the equipment overloading
can be mitigated.
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Considering (4.1), E[Se,EV](t) during T P can be reduced if the probabilities Pri[LP
EV] of all

customers are decreased while those in Pri[LEV \ LP
EV] are increased. In other words, we are

shifting high values of E[Se,EV](t) for t ∈ T P to other time periods. Under such a strategy, we
can mitigate potential overloading issues to network equipment due to EV charging during T P

by reducing customers’ probabilities of charging their EVs in this period. In the following
section, we discuss how modifications to Pri are made when customer i participates in a
mitigation strategy.

4.2.3 Modification to charging profile probabilities

We partition the time period T and the set of profile types LEV into the following disjoint
sets:

T = T P ∪ T OP ∪ T MP

LEV = LP
EV ∪ LOP

EV ∪ LMP
EV ,

(4.2)

where

• T P is the peak period and LP
EV is the set of profiles where charging is active during T P.

Under a mitigation strategy, customers’ probabilities Pri[LP
EV] are to be reduced;

• T OP is the off-peak period and LOP
EV is the set of profiles where charging is active

during T OP, but excluding those in LP
EV, and customers’ probabilities Pri[LOP

EV] are to
be increased under a mitigation strategy, and;

• T MP is the mid-peak period and LMP
EV contains the remaining profiles excluding those

in LP
EV∪LOP

EV. Customers’ probabilities Pri[LMP
EV ] remain unchanged under a mitigation

strategy.

In general, T P should include the hours during which the network is heavily-loaded, hence
we can assume that overloading never occurs to equipment during T OP and T MP periods,
even when a mitigation strategy is applied.

Let yP ∈ {0, 1}L = [yP
j , j = 1, 2, · · ·L]⊤ be an indicator vector where yP

j = 1 if j ∈ LP
EV

and yP
j = 0 otherwise. Similarly, let yOP ∈ {0, 1}L be another indicator vector for profiles

in LOP
EV. For given Pri[LEV], we have Pri[LEV] = Pri,P + Pri,OP + Pri,MP, where Pri,P =

Pri[LEV] ⊙ yP, Pri,OP = Pri[LEV] ⊙ yOP, and ⊙ is the Hadamard product. It is remarked
that Pri,P, Pri,OP, Pri,MP ∈ [0, 1]L.

Denote Σi,P = (Pri[LEV])⊤yP ∈ [0, 1] as customer i’s total probability of adopting charging
profiles in LP

EV. Suppose that we would like to reduce Σi,P by an amount ∆i
prob ≥ 0, such
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that the customer’s probabilities of adopting charging profiles in LP
EV are reduced. Let

P̃r
i,P
∈ [0, 1]L be the resulting probabilities, and we have:

P̃r
i,P

= Pri,P−
∆i

prob

Σi,P Pri,P . (4.3)

We consider (4.3) as equivalent to scaling down the probabilities in Pri,P such that the sum
of reductions adds up to ∆i

prob. To ensure that all elements of P̃r
i,P

are non-negative, we
impose 0 ≤ ∆i

prob ≤ Σi,P. Conversely, we scale up the probabilities in Pri,OP such that the
total probability is increased by ∆i

prob, i.e.,

P̃r
i,OP

= Pri,OP +
∆i

prob

Σi,OP Pri,OP, (4.4)

where Σi,OP = (Pri[LEV])⊤yOP ∈ [0, 1]. From (4.3) and (4.4), the resulting probability
distribution P̃r

i
[LEV] ∈ [0, 1]L obtained by shifting probabilities of charging during T P to

T OP can be expressed by:

P̃r
i
[LEV] = P̃r

i,P
+ P̃r

i,OP
+ Pri,MP . (4.5)

To acknowledge the fact that not all customers own an EV or are willing to change their
charging habits under a mitigation program, we let Kp ⊆ Ke be the set of EV owners who
participate, and λp ∈ [0, 1] be the participation factor, which is defined by λp = |Kp|

|Ke| . We
have:

∆i
prob = 0, ∀i ∈ Ke \ Kp. (4.6)

We extend the above process of modifying charging profile probabilities to all customers in
a matrix form. By denoting Pr ∈ [0, 1]|Ke|×L as probabilities of all EV charging profiles LEV

for all customers in Ke, we extract the probabilities of profiles in LP
EV of all customers by

PrP = PrYP, where YP = diag(yP) ∈ {0, 1}L×L. Similarly, the probabilities of profiles
in LOP

EV are PrOP = PrYOP, where YOP = diag(yOP) ∈ {0, 1}L×L. We then extend (4.3) to
the following matrix form for all customers:

P̃r
P = PrP − (ΣP)−1∆probPrP, (4.7)

where ΣP = diag
(
{Σi,P, i ∈ Ke}

)
and ∆prob = diag

(
{∆i

prob, i ∈ Ke}
)

which are both |Ke| ×
|Ke| square matrices. Similarly, the adjusted probabilities for profiles in LOP

EV after adding
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∆prob are:

P̃r
OP = PrOP + (ΣOP)−1∆probPrOP, (4.8)

where ΣOP = diag
(
{Σi,OP, i ∈ Ke}

)
∈ [0, 1]|Ke|×|Ke|. From (4.7) and (4.8), we obtain the

modified probabilities of charging profiles for all customers as,

P̃r = P̃r
P + P̃r

OP + PrMP

= PrP − (ΣP)−1∆probPrP + PrOP + (ΣOP)−1∆probPrOP + PrMP

= Pr−Σinv

∆probPr 0|Ke|,L

0|Ke|,L ∆probPr

Y, (4.9)

where Σinv =
[
(ΣP)−1 −(ΣOP)−1

]
∈ R|Ke|×2|Ke|, 0|Ke|,L is a zero-matrix, and Y =

[
YP YOP

]⊤

∈
{0, 1}2L×L.

It is remarked that (4.9) formulates how the probabilities are modified assuming ∆prob is
given. Recall that for a non-EV owner or non-participating customer i /∈ Kp, ∆i

prob = 0.
For each participating customer, we discuss in the next section how ∆i

prob can be determined
from an optimization problem, which forms the basis for the mitigation strategy. Without
loss of generality, for the rest of the paper we assume that λp = 1, i.e., all customers are
participating into the mitigation program.

4.3 Mitigation strategy

Recall that our goal of encouraging EV owners to shift their probabilities of charging periods
from T P to T OP is to avoid overloading the key network equipment and to maintain equipment
lifetime. Mitigation strategies should be designed based on optimal values of ∆prob which
should meet the following conditions: (a) no extensive overloading occurs to the equipment
and its nominal lifetime is maintained and; (b) customers are driven by incentives to adopt
charging behaviours according to the adjusted P̃r which does not result in unmotivated costs
to utilities.

4.3.1 Stochastic EV impact analysis

First of all, for given Pr or modified probability data P̃r, a computational efficient stochastic
method is needed to evaluate impacts of EV charging to equipment loading level on distri-
bution networks. For this purpose, Monte Carlo simulation-based approaches are not appli-
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cable as generating samples and performing power flow analyses on them require important
computational resources. Here, we adopt the rapid estimation method (REM) developed in
Chapter 2, which analyzes the impact of grid-edge technologies, including EVs to distribution
networks under various penetration rates. We extend the method to perform a time-series
impact analysis to distribution networks given probability data on EV charging.

Denote x(p) as the network states, e.g., loading levels of an equipment (in per-unit or per-
centage) of the power distribution network at an EV penetration rate p. The penetration
rate is defined as the ratio of the total number of EVs nEV over the total number of customers
on the network Nm, i.e., p = nEV/Nm. Due to the stochasticity of EV charging events, x(p) is
no longer deterministic; rather, it should be characterized by its probability density function
(PDF) at p, which is denoted by m(x, p). Recall that the evolution of m(x, p) with respect
to p can be described by the following Fokker-Planck equation (FPE):

∂m(x, p)
∂p

+ ∂

∂x

{
m(x, p)u(x, p)

}
= d

∂2m(x, p)
∂x2 , (4.10)

subject to m0 = m(x, p0). Without loss of generality, let us assume p0 = 0 hereinafter, i.e.,
the baseline network does not have any EV. In (4.10), the diffusion velocity term d is a
small positive constant, and the drift velocity term u(x, p) specifies the rate of change to the
network state x at a given p.

As we focus on equipment loading, let xt,e(p) be the loading level of equipment e at time t

given EV penetration p, and gt,e(p) be the extra loading due to EV charging. The latter can
be approximated by the following:

gt,e(p) ≈
nEV Pre(p)E[Se,EV](t)

Se

, (4.11)

where Pre(p) is the time-invariant probability that EVs are connected downstream of e,
E[Se,EV](t) can be computed by (4.1) which is the expected power of an EV being charged at
time t, and Se ∈ R is the rated power of e which is assumed to be known. Refer to Section
2.2.3.1 of Chapter 2 for more details on the calculation of Pre(p).

The drift velocity u(xt,e, p) at time t can then be computed by taking the derivative of
gt,e(p) with respect to p. It is remarked that for distribution networks, the drift velocity
is usually computed by-phase because the equipment loading level is calculated on each
phase separately. However, for the purpose of this chapter we compute it on all connected
phases. We then can numerically solve (4.10) by the finite-volume method (FVM) using an
implicit scheme (refer to Appendix A or [105]). Thus, we obtain a sequence of PDFs indexed
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by p, from which xt,e(p) can take the mean or any percentile value computed from the PDF
at p. Refer to Sections 2.2.4 and 2.3 of Chapter 2 for more details on the calculation of the
derivative of gt,e(p) with respect to p and the numerical method to solve FPE, respectively.

To evaluate loading levels of e for the period T , denoted by xe = [xt,e]
⊤
t∈T ∈ RT , the analysis

must be repeated to calculate xt,e at each t ∈ T . As the result obtained at time t does
not depend on that evaluated at any other t, the process can be parallelized for improved
efficiency. The application of REM for such a time-series analysis is denoted as ts-REM here-
inafter, and it can be used to evaluate equipment’s loading levels at various EV penetration
levels with and without mitigation strategies applied. If the ts-REM results indicate that
the equipment is frequently overloaded or the overload lasts long at certain EV penetration
rate, a higher risk of premature equipment failure is expected which in turn increases the
operating and maintenance costs for utilities.

4.3.2 Impact of overloading on equipment lifetime and cost

As overloading often results in higher operating temperature of the equipment, its expected
lifetime is reduced if the equipment is periodically overheated due to the loading levels [120].
To assess the reduced lifetime, thermal-aging models are used. For example, IEEE stan-
dard C57.91 [121] describes the thermal-aging model for transformers and IEEE standard
1283-2013 [122] describes the model for lines and conductors. Given that the thermal-aging
model is already well documented in the IEEE standard, their details are omitted here for
conciseness. Let us denote TAM : RT 7→ R as the thermal-aging model. Recall that xe

is the equipment loading levels over the period T which is evaluated by ts-REM, and let
Flife = TAM(xe) be an annualized stress factor indicating the ratio of the expected over the
nominal lifetime of the equipment. If Flife = 1, the equipment’s expected lifetime is main-
tained at its nominal value, whereas the equipment is stressed by the loading levels and the
lifetime is reduced when Flife > 1.

Let c(Flife) denote the additional annual cost of the equipment (depreciation, operating &
maintenance, etc.) due to the shortened lifetime, i.e.,

c(Flife) = cannual(max{1, Flife} − 1), (4.12)

where cannual > 0 is the total annual cost at the nominal lifetime. We remark that it is possible
to have Flife < 1. This indicates that the equipment is still in service after its nominal lifetime
is reached. However, here we assume that no equipment operates beyond its nominal lifetime
for economical and safety reasons. Hence, when Flife ≤ 1, there is no saving in cost and we
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have c(Flife ≤ 1) = 0.

We remark that there’s no limitation to the type of equipment for which the overload cost
can be calculated. However, the information of equipment’s annual cost cannual and loading
pattern of key equipment with large ratings (e.g., substation transformer) are more practically
accessible to utilities than those of others (e.g., distribution transformers with small ratings),
although the latter can be overloaded under high EV impacts. Hence, in this work we
primarily consider key equipment with large ratings as our target for overload mitigation.

4.3.3 Incentives to customers

Recall that incentives are given to customers in exchange for changes in their charging habits,
i.e., adjusting Pr to P̃r by reducing ∆prob from their total probabilities of charging EVs
during T P. Let Ri(∆i

prob) denote the annualized incentive given to customer i, and F̃life the
resulting lifetime factor when all customers are adopting P̃r. The total annual incentives
given to all customers should not exceed c(Flife)− c(F̃life); otherwise, the best option for the
utility is to keep operating the equipment at a reduced lifetime Flife, because paying incentives
to customers becomes a more expensive option. Hence, c(Flife) − c(F̃life) is considered as a
“budget” for the total incentives, and we have the following constraint on the total incentives:

Nm∑
i=1

Ri ≤ c(Flife)− c(F̃life). (4.13)

Even though not all EV owners may contribute to the extra loading of e, i.e., not all customers
are downstream of e, they are still entitled to participate in the mitigation strategy and
benefit the announced incentives. Hence, the total incentive in (4.13) is summed over all
Nm customers. We also assume that the incentive applies only to EV consumption, i.e.,
a separate meter is installed for the EV charger [123]. In this case, Ri = 0 if customer i

does not own an EV. Further, we remark that if c(Flife) = 0, it is not necessary to adjust
customers’ charging habits hence no incentive is given to customers and ∆prob = 0. On the
other hand, if c(Flife) is too small, e.g., an overloaded distribution transformer on a lateral
circuit, there is also no gain to design a mitigation plan than an early replacement of the
equipment. To continue the following derivations, we assume that Flife > 1 initially with EVs
connected to the network before any mitigation strategy is adopted and the cost of loss of
lifetime is significant, e.g., a substation transformer whose c(Flife > 1)≫ 0.

We then consider two types of incentives: (1) reward for reduced consumption of EV charging
during T P, and (2) time-of-use (TOU) pricing during the entire day. The formulation as well
as the objective function of each type of incentive is detailed in the following sections.
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4.3.3.1 Reward for reduced consumption for charging during T P

As each customer contributes to reducing equipment loading during T P, a reward is given
based on the expected reduction of consumption for EV charging. Customer i’s expected
daily reward is given by:

Ri,reward
day = r

∑
t∈T P

∆Ei
t (4.14)

∆Ei
t = ∆t

∑
j

lj
EV(t)

(
Pri(j)− P̃r

i
(j)
)

, (4.15)

where ∆t is the time step, ∆Ei
t is the change of EV consumption at time t, and r ≥ 0

($/kWh) is the unit reward applicable to all customers and its value is to be determined.
The expected reward for customer i in a year is therefore:

Ri = 365Ri,reward
day . (4.16)

In addition, the following constraint is imposed to ensure that each customer’s total expected
energy consumed for EV charging remains unchanged with and without the reward.

∑
t∈T

∆Ei
t = 0, ∀i = 1, 2, · · · , |Ke|. (4.17)

4.3.3.2 TOU pricing

Given that we have partitioned each day into three periods, the electricity rate needs to be
determined for each period. Let pnom

rate > 0 ($/kWh) be the nominal rate. Because customers’
charging probabilities in the mid-peak period T MP remain unchanged, the rate remains at
pnom

rate , i.e., pMP
rate = pnom

rate . For the off-peak period, the rate is decreased by ξ ≥ 0, i.e., pOP
rate =

pnom
rate − ξ. For the peak period, a surcharge η ≥ 0 is added to the nominal rate, i.e., pP

rate =
pnom

rate + η. Both ξ and η are variables whose values are to be determined. Under such a TOU
pricing, customer i’s daily savings in electricity price is:

Ri,TOU
day = (pnom

rate + η)
∑

t∈T P

∆Ei
t + (pnom

rate − ξ)
∑

t∈T OP

∆Ei
t

− η
∑

t∈T P

Ei + ξ
∑

t∈T OP

Ei + pnom
rate

∑
t∈T MP

∆Ei
t , (4.18)
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where

Ei
t = ∆t

∑
j

lj
EV(t) Pri(j), (4.19)

and ∆Ei
t is defined in (4.15). The annualized reward for customer i is:

Ri = 365Ri,TOU
day . (4.20)

The EV charging energy conservation constraint (4.17) also applies. Further, because neither
the electricity price during the off-peak period nor each customer’s reward can be negative,
the following constraints are added:

pOP
rate ≥ 0

Ri,TOU
day ≥ 0.

(4.21)

4.3.4 Optimization problem formulation

An optimization problem is formulated to identify optimal levels of ∆prob and incentives such
that utilities’ costs are minimized while the equipment is maintained at its nominal lifetime
or as close as possible. This is expressed as:

min
∆prob,r,(ξ,η)

Nm∑
i=1

Ri

subject to ∆prob ∈ arg min∆prob
|F̃life − 1|

subject to 0 ≤∆prob ≤ ΣP

xe = ts-REM(P̃r)

F̃life = TAM(xe)

(4.6), (4.9), (4.12), (4.13), (4.17), and

(4.14) or (4.18), (4.21).

(4.22)

Recall that ts-REM refers to the time-series REM method presented in Section 4.3.1 which
evaluates impacts of EV charging to the equipment loading levels xe under P̃r, and TAM
refers to the thermal-aging model which computes the lifetime factor under the resulting xe.
Each customer’s incentive can either be a reward-based as in (4.16) or a TOU pricing-based
as in (4.20). If the latter is adopted, the variable r is replaced by ξ and η in (4.22).
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4.4 Convex reformulation

We remark that the form of the total rewards to customers is non-linear and non-convex (i.e.,
which is the product of incentive levels and changes to consumptions where both are to be
determined as variables), and ts-REM and TAM are not linear processes either. Hence, the
optimization problem formulated in (4.22) is a bi-level, non-linear, and non-convex problem,
which is difficult to solve and global optimality is not guaranteed. In this section, we aim to
reformulate (4.22) into a single-level convex optimization problem, which can be efficiently
solved.

4.4.1 Approximation of total incentives

The total annualized reward Ri used in (4.13) and then (4.22) is non-convex due to the
bilinear form of Ri,reward

day and Ri,TOU
day in (4.14) and (4.18), respectively. To approximate the

incentives, we use the price elasticity model [124, 125] to measure a customer’s response to
the incentive offered, where

−∆Ei
t = εi∆prate(t) = ε

Ei
t

pnom
rate

∆prate(t). (4.23)

In (4.23), to be consistent with the definition of ∆Ei
t in (4.15), a negative sign is necessary

to model the expected change in energy consumption for EV charging at time t when an
incentive ∆prate(t) is offered under the mitigation program. For the reward program,

∆prate(t) =

r, for t ∈ T P

0, otherwise.
(4.24)

For the TOU pricing,

∆prate(t) =


−η, for t ∈ T P,

ξ, for t ∈ T OP,

0, otherwise.

(4.25)

The individual price elasticity εi of customer i is related to the energy consumed Ei
t , the

nominal electricity price pnom
rate , and an averaged price elasticity factor ε < 0 which applies to

all participating customers independent of the time period. For non-participating customers
or non-EV owners, ∆Ei

t = 0, ∀t. It is remarked that we ignore the changes of energy
consumed in one period due to the price change in another period, hence cross elasticity
factors are not considered [124]. In addition, for given ε, pnom

rate , and ∆prate, customers with
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higher consumption should contribute more in reducing the consumption under the mitigation
strategy.

We apply (4.23) to the two type of incentives, and obtain:

R̂i,reward
day = −εi,Pr2, (4.26)

R̂i,TOU
day = −εi,P(η2 + ηpnom

rate )− εi,OP(ξ2 − ξpnom
rate )− ηEi,P + ξEi,OP + pnom

rate
∑

t∈T MP

∆Ei
t ,

(4.27)

where Ei,P = ∑
t∈T P Ei

t , Ei,OP = ∑
t∈T OP Ei

t , Ei,MP = ∑
t∈T MP Ei

t , εi,P = ε Ei,P

pnom
rate

, εi,OP = εEi,OP

pnom
rate

,
and Ei

t is defined in (4.19). The total incentives are now expressed as:

R̂i =


365R̂i,reward

day , if reward

365R̂i,TOU
day , if TOU.

(4.28)

We note that for the TOU type of incentives, constraint (4.21) should apply to R̂i,TOU
day .

4.4.2 Constraint to loading levels

In the second level of (4.22), we aim to maintain the equipment at its nominal lifetime by
adjusting equipment’s loading level xe. The lifetime is likely to be shortened (i.e., F̃life > 1)
when xe shows severe or prolonged overloading, mainly due to simultaneous EV charging
during the peak hours. While it is natural to add a constraint to limit the loading levels at
all time, it is difficult to find an optimal constraint as xe is numerically computed by the
ts-REM model. Alternatively, as discussed in Section 4.3 and by (4.11), the extra loading to
the equipment due to EV charging depends on E[Se,EV](t). Hence, constraining E[Se,EV](t)
would have an equivalent effect to limiting xe.

We denote E[S̃e,EV] the resulting loading levels of e evaluated using ts-REM when a mitigation
strategy is applied. Let us assume that there exists some time-varying limit St for E[S̃e,EV]
such that |F̃life − 1| is minimized. Under this assumption, not only can we move the ts-
REM and TAM models out of (4.22), we can also remove the second level of (4.22). The
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optimization problem (4.22) becomes:

min
∆prob,r,(ξ,η)

Nm∑
i=1

R̂i

subject to 0 ≤∆prob ≤ ΣP

E[S̃e,EV](t) ≤ St, ∀t ∈ T
Nm∑
i=1

R̂i ≤ c(Flife)

(4.6), (4.9), (4.17), and

(4.26) or (4.27), (4.21)

(4.29)

Note that as the TAM model is no longer embedded in the optimization problem, the c(F̃life)
term appearing in (4.13) cannot be evaluated. Hence we have relaxed it by taking the initial
cost of c(Flife) as the budget. Such a relaxation is exact if F̃life = 1, i.e., the nominal lifetime
is achievable under a mitigation strategy.

The reformulated optimization problem (4.29) is equivalent to (4.22) if F̃life = 1, is convex,
and is readily solvable to optimality but depends on St. Next, we discuss how to determine St.

4.4.3 Determination of St

In this subsection, we discuss the calculation of St which is essential for (4.29).

4.4.3.1 Limit for T OP and T MP

Recall that for a given EV penetration p, xt,e(p) is the loading level at time t which can be
expressed by:

xt,e(p) = xt,e(p0) + gt,e(p),

where xt,e(p0) is the loading level of e at p0 which can be deterministically determined from
a power flow analysis. As we assumed that the equipment should never be overloaded during
T OP and T MP, we have the following inequality:

xt,e(p0) + gt,e(p) ≤ 1,

gt,e(p) ≤ 1− xt,e(p0), t ∈ T OP ∪ T MP. (4.30)
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As gt,e(p) can be approximated by (4.11), by substituting it into (4.30) we get,

nEV Pre(p)E[Se,EV](t)
Se

≤ 1− xt,e(p0),

E[Se,EV](t) ≤
Se

(
1− xt,e(p0)

)
nEV Pre(p) , t ∈ T OP ∪ T MP.

(4.31)

The right-hand side of (4.31) is the limit for E[Se,EV](t) during the off-peak and mid-peak
periods which is a sufficient condition to guarantee that the equipment is not overloaded, i.e.,

St =
Se

(
1− xt,e(p0)

)
nEV Pre(p) , t ∈ T OP ∪ T MP. (4.32)

Note that the limit expressed in (4.32) is time-variant and independent of customers’ charging
probabilities.

4.4.3.2 Search for limit during T P

While we can analytically compute the limit for the peak period by also imposing that the
equipment is not overloaded, the resulting limit may be too restricting to minimize |F̃life−1|,
i.e., F̃life < 1, or (4.29) may be infeasible hence no solution is possible. Instead, we let
St = S

P
> 0 be constant ∀t ∈ T P, and we propose Algorithm 1 to search for an optimal

value of S
P, such that (a) the optimization problem (4.29) is feasible, and (b) |F̃life − 1| is

minimized. In general, the search algorithm constructs sequences of upper bounds {un} and
lower bounds {ln}. Candidate values of S

P
n are evaluated between {un} and {ln}, and the

search direction depends on the solution to (4.29) and the resulting Flife,n by applying the
S

P
n limit at iteration n.
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Algorithm 1 Search algorithm for optimal S
P

Initialize
n← 0
un ← maxt{xt,e(p0)}
ln ← 0
S

P
n ← δ ≪ un

while un − ln > δ do
Construct St using S

P
n and (4.32)

Solve the optimization problem (4.29)
n← n + 1
if a feasible solution is obtained then

Compute the resulting xe and Flife,n from
ts-REM and TAM models, respectively

if Flife,n > 1 then
S

P
n ← max{ln−1, S

P
n−1 exp (−1/n)}

if S
P
n has already been tried then

S
P
n ←

(ln−1+S
P
n−1)

2

end if
un ← S

P
n−1

ln ← ln−1

else if Flife,n ≤ 1 then
S

P
n ← min{un−1, S

P
n−1 exp (1/n)}

if S
P
n has already been tried then

S
P
n ←

(un−1+S
P
n−1)

2

end if
ln ← S

P
n−1

un ← un−1

end if
else if no feasible solution is obtained then

S
P
n ← min{un−1, S

P
n−1 exp (1/n)}

if S
P
n has already been tried then

S
P
n ← 1

2(un−1 + S
P
n−1)

end if
ln ← S

P
n−1

un ← un−1

end if
end while



84

To show that the sequence of S
P
n converges to a limit S

P
∗ , i.e., limn→∞ S

P
n = S

P
∗ , we first

discuss monotonic properties of the sequences {un} and {ln} constructed by the algorithm.

Lemma 1. Consider Algorithm 1, the following statements hold for n > 0:

(A) The sequence of upper bounds {un} is monotonically non-increasing, and the sequence
of lower bounds {ln} is monotonically non-decreasing.

(B) At any n > 0, un ≥ ln.

(C) limn→∞ un = inf{un}, and limn→∞ ln = sup{ln}.

Proof. For n > 0, we have the following two cases:

(1) If a solution to (4.29) has been found at iteration n− 1, we can calculate the resulting
Flife,n and:

(a) if Flife,n > 1, then S
P
n ≤ S

P
n−1, un = S

P
n−1, and ln = ln−1. Further, as S

P
n is bounded

below by ln−1, we also have un = S
P
n−1 ≥ S

P
n ≥ ln−1 = ln.

Applying S
P
n at iteration n, we have the following three cases:

(i) if a solution to (4.29) is found and Flife,n+1 > 1, then un+1 = S
P
n ≤ S

P
n−1 = un,

and ln+1 = ln.
(ii) if a solution to (4.29) is found but Flife,n+1 ≤ 1, then un+1 = un, and ln+1 =

S
P
n ≥ ln−1 = ln.

(iii) if no solution to (4.29) is found, then un+1 = un, and ln+1 = S
P
n ≥ ln−1 = ln.

Hence in cases (a).(i)-(iii), we have un+1 ≤ un and ln+1 ≥ ln.

(b) if Flife,n ≤ 1, then S
P
n ≥ S

P
n−1, un = un−1, and ln = S

P
n−1. Further, as S

P
n is

bounded above by un−1, we have un = un−1 ≥ S
P
n ≥ S

P
n−1 = ln.

At the next iteration, we have the following three cases:

i. if a solution to (4.29) is found and Flife,n+1 > 1, then un+1 = S
P
n ≤ un−1 = un

and ln+1 = ln.
ii. if a solution to (4.29) is found but Flife,n+1 ≤ 1, then un+1 = un and ln+1 =

S
P
n ≥ S

P
n−1 = ln.

iii. if no solution to (4.29) is found, then un+1 = un, and ln+1 = S
P
n ≥ S

P
n−1 = ln.

Hence in cases (b).(i)-(iii), we have un+1 ≤ un and ln+1 ≥ ln.
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(2) If there exists no solution to (4.29) at iteration n− 1, then S
P
n ≥ S

P
n−1, un = un−1, and

ln = S
P
n−1. The same argument as in (1).(b) lead to un ≥ ln.

At the next iteration, by the same argument as in (1).(b), we have un+1 ≤ un and
ln+1 ≥ ln.

In cases (1) and (2) we show that un+1 ≤ un and ln+1 ≥ ln hold, hence Lemma 1-(A) is
proved. In addition, we also show that un ≥ ln holds in these cases, hence Lemma 1-(B) is
proved.

As {un} is monotonically non-increasing and is bounded below by {ln}, by the monotone con-
vergence theorem, {un} converges to its infimum. Similarly, {ln} converges to its supremum.
Hence Lemma 1-(C) also holds.

Next, we argue that the candidate value S
P
n at iteration n must differ from that at the

previous iteration, except in the following special cases.

Lemma 2. For n > 0, the following statements hold for the S
P
n computed by Algorithm 1:

(A) If there exists a solution to (4.29) at iteration n− 1 and Flife,n > 1, then S
P
n = S

P
n−1 if

and only if S
P
n−1 = ln−1.

(B) If there exists a solution to (4.29) at iteration n−1 and Flife,n ≤ 1 or (4.29) is infeasible
at iteration n− 1, then S

P
n = S

P
n−1 if and only if S

P
n−1 = un−1.

Proof. We start with Lemma 2-(A) and prove the statement in both directions.

(⇒) If S
P
n−1 = ln−1, by the construction of Algorithm 1 we have S

P
n ≥ ln−1 and S

P
n ≤ S

P
n−1 =

ln−1 at the same time. Therefore, S
P
n = ln−1 = S

P
n−1 must hold.

(⇐) If S
P
n = S

P
n−1, then S

P
n can only take the following possible values by Algorithm 1:

(a) S
P
n = ln−1, then S

P
n = S

P
n−1 = ln−1.

(b) S
P
n = (ln−1+S

P
n−1)

2 , i.e., S
P
n = ln−1 has already been tried in previous iterations, then

2S
P
n−1 = ln−1 + S

P
n−1

⇔ S
P
n−1 = ln−1.

Hence S
P
n−1 = ln−1 always holds if S

P
n = S

P
n−1.
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Therefore, it is shown that S
P
n = S

P
n−1 if and only if S

P
n−1 = ln−1 when (4.29) is feasible and

Flife,n > 1.

The proof of Lemma 2-(B) follows the same argument as in Lemma 2-(A), and hence it is
omitted.

By Lemma 1 we established that the sequences {un} and {ln} are monotonic and convergent.
We now show that they converge to the same limit.

Lemma 3. The sequences {un} and {ln} constructed by Algorithm 1 converge to the same
limit, i.e., limn→∞ un = limn→∞ ln.

Proof. Suppose that at n = N , we have uN = u∗, lN = l∗. Let δN ≜ uN − lN ≥ 0. If δN = 0,
then u∗ = l∗. By Lemma 1 {un} and {ln} are monotonic and un ≥ ln, ∀n > 0, then we must
have un = ln = u∗ = l∗, ∀n > N . In this case, {un} and {ln} converge to the same limit and
the proof is done.

Now we consider δN > 0. At the next iteration n = N + 1, the following cases may occur:

(1) If there exists a solution to (4.29) at iteration N and Flife,N+1 > 1, then we have shown
in Lemma 1 that S

P
N+1 ≤ S

P
N , uN+1 = S

P
N , and lN+1 = lN = l∗. We thus have:

uN+1 − lN+1 = S
P
N − l∗,

= (u∗ − l∗) +
(
S

P
N − u∗

)
,

= δN +
(
S

P
N − u∗

)
.

In what follows, we argue uN+1 − lN+1 < δN for any value of S
P
N+1 and S

P
N :

(a) When S
P
N+1 = S

P
N , by Lemma 2-(A) we have S

P
N = lN = l∗. Hence,

uN+1 − lN+1 = δN +
(
S

P
N − u∗

)
,

= δN + (l∗ − u∗) ,

= δN − δN ,

= 0.

(b) When S
P
N+1 < S

P
N , uN+1 ≤ uN = u∗ always holds by the monotonicity of {un}. As

Flife,N+1 > 1 is assumed, we have uN+1 = S
P
N which leads to S

P
N ≤ u∗. If S

P
N < u∗,

then uN+1 − lN+1 < δN must hold.
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We now argue that S
P
N = u∗ cannot happen. By the construction of Algorithm 1,

uN is updated to u∗ as S
P
nu

reaches this value at some iteration nu < N . When S
P
N

reaches u∗ again at iteration N , it would need to be adjusted to S
P
N = (l∗+S

P
N−1)

2

according to the algorithm. We show by contradiction that the adjusted S
P
N ̸= u∗.

Let us assume for now that the adjusted S
P
N = u∗, we have:

2S
P
N = l∗ + S

P
N−1

⇔ 2u∗ = l∗ + S
P
N−1

⇔ u∗ + (u∗ − l∗) = S
P
N−1

⇔ u∗ + δN = S
P
N−1. (4.33)

As S
P
N−1 is bounded above by u∗ and δN > 0, (4.33) must not hold. Hence, by

contradiction, S
P
N ̸= u∗ and we must have S

P
N < u∗. In such a case,

uN+1 − lN+1 = δN+1 < δN .

From cases (a) and (b), we establish that the sequence {un − ln} is monotonically
decreasing and bounded below by 0. Hence by the monotone convergence theorem,

lim
n→∞

(un − ln) = 0⇔ lim
n→∞

un = lim
n→∞

ln.

(2) By similar argument, we arrive at limn→∞ un = limn→∞ ln when there exists a solution
to (4.29) at iteration N with Flife,N+1 ≤ 1, or when no solution is found for (4.29) at
iteration N .

In cases (1) and (2) we show that limn→∞ un = limn→∞ ln, hence this completes the proof.

Now we state the main result for the convergence of the sequence
{
S

P
n

}
constructed by the

search algorithm.

Theorem 1. The sequences
{
S

P
n

}
, {un}, and {ln} generated by Algorithm 1 for n > 0 con-

verge to S
P
∗ .

Proof. The sequence
{
S

P
n

}
is bounded by {un} and {ln} for all n. By Lemma 3, we have

limn→∞ un = limn→∞ ln. Finally, it follows that limn→∞ S
P
n = S

P
∗ = limn→∞ un = limn→∞ ln

by the squeeze theorem.
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Let St,∗ be the St computed in (4.32) for t ∈ T OP ∪ T MP and the searched S
P
∗ for t ∈ T P.

The following corollary can be consequently claimed.

Corollary 1. If F̃life = 1 can be achieved, then St,∗ is an optimal time-varying limit for
E[S̃e,EV] to achieve F̃life = 1. Further, (4.29) is a convex restriction of (4.22).

Proof. When applying St,∗, the resulting adjustment ∆prob and incentives are (i) feasible
with respect to the original problem (4.22), and (ii) globally optimal with respect to the
reformulated convex problem (4.29) by applying S

P
∗ during T P. Given that F̃life = 1, the

relaxation of (4.13) is exact. It therefore follows that (4.29) is a convex restriction of (4.22).

If there exists no S
P to achieve F̃life = 1, Theorem 1 still holds and yields some St,∗ that

minimizes |F̃life − 1|. In this case, (4.29) is a convex approximation to (4.22). We can still
solve for ∆prob and incentives from (4.29), but the relaxation of (4.13) is not exact. In either
case, a mitigation strategy is proposed based on the solution of (4.29) when St,∗ is applied.

4.5 Implementation guidelines

In this section, we discuss about practical details and necessary data to derive the TOU rate
based on Algorithm 1.

4.5.1 Extension to multiple equipment and networks

We remark that until now the incentive is computed to mitigate the extra loading due to
EV charging on a single equipment, and all EV owners on the network can participate in the
mitigation plan. In practice, simultaneous overloads on a set of equipment (denoted as E)
may occur, and they may belong to different networks. If we mitigate the overload on one
equipment at a time, we obtain heterogeneous strategies and incentive levels which are not
realistic to implement, e.g., customers in neighbouring areas but on different networks may
have different incentive plans. To design a single incentive policy applicable to all customers
on these networks, we make the following modifications to our approach:

• The budget constraint in (4.29) is replaced by:

NM∑
i=1

R̂i ≤
∑

e∈E
c(F e

life), (4.34)
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where NM is the total number of customers on all networks considered, and F e
life is the

initial lifetime stress factor for each e in E .

• Under the applied strategy, we aim to have the worst |F̃life| value for all equipment in
E as close as possible to 1. Hence, in Algorithm 1, at each iteration n, xe for each e is
evaluated to compute the corresponding factor F e

life,n, and the maximum value is used
for Flife,n, i.e., Flife,n = maxe∈E{F e

life,n}.

We want to highlight that this extension also enables to design a strategy to mitigate mul-
tiple overloaded distribution transformers, as long as their overload costs can be properly
determined.

4.5.2 Implementation and review of the strategy

We first need to determine the baseline network states over the time horizon T without any
EV load. To do so, we perform power flow analyses to the distribution network model N
using customers’ time-varying load data. We use ts-REM to assess EV charging impact to
the network at a given penetration level, and customers’ uncertainties in charging behaviours
are characterized by EV owners’ charging profiles and probability data. If a separate meter is
installed to the EV charger, it is straightforward to obtain EV charging data. Otherwise, it
is also possible to extract such information from customers’ net meter data using approaches
in [50, 126]. Finally, the nominal electricity price and the elasticity factor are used to model
customers’ sensitivity of consumption to the change of electricity price. If customers’ elas-
ticity factor is not available through local statistical studies, an average value can be used
from studies such as in [125]. The process using the identified input data and Algorithm 1 is
depicted in Figure 4.1 to derive the optimal incentive levels under the mitigation strategy.

After putting the incentives into practice, periodic reviews (e.g., yearly) should be performed
to measure the effectiveness of the mitigation strategy by collecting in-field data, e.g., trans-
former loading, customers EV charging consumption, etc. The main goals are: 1) to confirm
equipment overloads are indeed mitigated and 2) to compare customers’ shifted charging
behaviours with the computed ∆prob values. The latter can be used as a condition for par-
ticipation, and is also useful in fine-tuning the elasticity factor.

4.6 Numerical study

We use the modified IEEE-8500 test network as in Chapter 2 to illustrate the proposed
strategies. We specifically aim to mitigate overloads on the substation transformer. The
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Input Data

- Network model N
- Annual costs of network assets
- Customer load data over T
- Customer elasticity factor ε
- Nominal electricity price pnom

rate
- EV penetration level p

n← 0
ts-REM {xe, e ∈ E} TAM

Compute S
P
n

Solve (4.29)Modify Pr

Search algorithm

maxe∈E{F e
life,n}

Converged? Yes

St∆prob

P̃r
n← n + 1

Output

Incentives r or
ξ, η

{F e
life,n, e ∈ E}

No

Calculate budget
(only if n = 0)Periodic update

EV charging profiles and
probabilities Pr without control

Figure 4.1 Necessary input data and process to derive the incentive levels for the mitigation
strategy

following information are assumed:

• LEV: we follow the approach presented in Chapter 3 to extract EV charging profiles
from the Pecan Street database [111] at selected Level-2 power levels, namely 3.6 kW,
6.6 kW, 7.2 kW, and 9.6 kW, with unity power factor. Also, we consider only profiles
with charging duration up to 6 hours, as they account for over 90% of all profiles in
the dataset (refer to the assumptions on contextual information of EV charging in
Chapter 3).

• Pr[LEV]i: we extract multiple sets of probabilities of adopting profiles in LEV, and each
customer i in the test network is attached with a randomly selected set of probabili-
ties. It is observed that most customers have higher probabilities of starting charging
between noon and midnight.

• The nominal electricity price is pnom
rate = 0.35 $/kWh. According to [125], the averaged

elasticity factor ε ranges from −0.21 to −0.61 for residential customers. Hence we as-
sume ε = −0.4. We want to highlight that different nominal electricity prices can be
used depending on the geographic locations, and the optimal incentive levels are deter-
mined accordingly, i.e., for high (low) pnom

rate , incentive rates are high (low) to motivate
customers to cooperate.

We look at the impact to the substation transformer loading levels at 80% EV penetration
for T = 24 hours with a time step of ∆t = 1 hour. Figure 4.2 shows the mean and maxi-
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mum/minimum (±2× standard deviation) loading levels which are computed by the ts-REM
model.

Looking at the mean loading curve (in orange color), the transformer is overloaded from 3PM
until 10PM with the worst loading at over 120%. If such a loading pattern repeats during
the entire year, it is determined by TAM that the lifetime factor is Flife = 1.08. Suppose that
the annual cost associated with the transformer if it is maintained at the nominal lifetime is
cannual = $500,000, then from (4.12) an extra cost of $40,000 per year is incurred to utilities
due to the shortened lifetime, which serves as the budget for customer incentives.
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Figure 4.2 Multiple levels of loading curves of the substation transformer with 80% EV
penetration

Based on the loading curves in Figure 4.2, we set T P and T OP to [14:00, 21:00) and [0:00,
8:00), respectively, and the remaining hours to T MP. Figure 4.3 shows the S

P
n value searched

at each iteration of Algorithm 1 for the reward type of incentives (top left) and for TOU
pricing (top right). Figure 4.3 also shows the corresponding total yearly costs (bottom
left) and the incentives levels determined (bottom right) at each iteration. For the reward
incentives, S

P
n converges to S

P
∗ = 0.52, the unit reward is r = 12.32 ¢/kWh, and the total

extra cost to utilities reduces from an initial $40,000 to $23,201 per year (a 42.0% saving).
For the TOU pricing, S

P
n converges to S

P
∗ = 0.53, a discount of ξ = 15.36 ¢/kWh is offered

during the off-peak time, and a surcharge of η = 12.92 ¢/kWh is added during the peak
time. Under such pricing, the total extra cost to utilities reduces from $40,000 to $22,961
per year (a 42.6% saving). It is noted that the TOU program is slightly more efficient and
the total cost to implementing the mitigation strategy is less, given the added degree of
freedom. We remark that the obtained incentive levels correspond to the nominal price pnom

rate

used. Incentives levels are expected to be higher for higher pnom
rate used, such that the enough
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incentives are offered to customers to participate.
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Figure 4.3 The sequences of peak period limits searched (top), total costs (bottom left),
and incentive levels (bottom right) during iterations of Algorithm 1

Figure 4.4 shows the results when the mitigation strategies based on the converged solutions
for the two types of incentive programs are applied, where the transformer’s overload during
the peak period has been reduced to an acceptable level while the load is shifted to the
off-peak period. Although the transformer is still slightly overloaded for a brief period, its
lifetime of service is restored to the nominal value under either type of incentive programs,
i.e., F̃life = 1.
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Figure 4.4 Mitigation of the substation transformer overload by offering rewards (top) or by
applying TOU (bottom)

In Figure 4.5, we compare the averaged probabilities of all customers charging their EVs
before and after mitigation strategies are applied. It is observed that under the mitigation
strategies, customers decrease their probabilities of charging EVs during the peak period
and increase those during the off-peak period, while the probabilities of the mid-peak period
remain unchanged.

While all customers’ averaged probabilities of charging profiles are compared in Figure 4.5,
Figure 4.6 shows the change in charging habits in terms of probabilities for three selected
customers under the designed mitigation strategies, if they participate in such strategies. It
is observed in the top row that these customers initially have different charging behaviours.
Customer-1 has the most common habit among all customers who mostly charge their EVs
during the peak period, hence they should significantly increase the probabilities of charg-
ing during the off-peak period to benefit from the incentives offered under the mitigation
strategies. Customer-2 already charges the EV mostly during the off-peak period, hence the
change of probabilities is minimal. Customer-3’s initial probabilities of all charging profiles
are almost uniform. Although the change of probabilities does not need to be not as much as
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that of Customer-1, probabilities of charging during the off-peak period should still become
higher.
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Figure 4.5 Resulting changes to customers’ EV charging habits (joint probabilities of charging
hours and duration) under mitigation strategies
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Figure 4.6 Comparison of 3 selected customers’ probabilities of charging during the day
before adopting a mitigation strategy (top) versus those by offering rewards (middle) or by
applying TOU (bottom)

4.7 Conclusion

In this chapter, we propose a mitigation strategy to avoid overloading issues to key network
equipment with a high penetration of EVs by shifting customers’ probabilities of charging
their EVs from the peak hours to the off-peak hours. A bi-level optimization problem is
formulated to design the mitigation strategy aiming to maintain equipment’s nominal lifetime
and minimize associated costs. The bi-level problem is then re-expressed as a convex program,
which is embedded into a dedicated search algorithm to determine optimal levels of incentives
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offered under the mitigation strategy. We emphasize that with the proposed mitigation
strategy, we do not enforce a specific charging schedule to each customer on a daily basis.
Rather, customers still have the freedom to charge their EVs during the peak hours when
necessary. However, the probabilities of doing so in the long term should be consistent with
those determined from the mitigation plan.

Our formulation also accounts for the uncertainty in customers’ participation through the
λp factor, although the numerical example presented considers the full participation of cus-
tomers, i.e., λp = 1. This offers the opportunity to perform various case studies with different
participation rates and sensitivity analyses including validation studies with real customer
data for utilities as a next step. Further, we sketch a process in Section 4.5.1 to design a
uniformized strategy and incentive plan to all customers on different networks in a region
where multiple equipment may be overloaded. Additional case studies can be carried out by
following the proposed approach to verify the effectiveness of the single incentive plan to all
customers on these networks.

The mitigation plan designed in this chapter aims to reduce the likelihood of equipment being
overloaded due to high penetration of EV charging on the network. Although REM can assess
voltage levels on the network, we do not consider voltage levels in our formulation for two
reasons: (1) the costs associated with abnormal voltage levels are difficult to quantify, and (2)
there are other more effective ways to regulate voltage levels, e.g., using voltage regulators.
However, the implementation of the overload mitigation plan should also help to reduce the
probability of under-voltage conditions on the network during the peak period, i.e., when EV
charging loads are shifted outside of peak hours, the through currents are reduced leading to
less voltage drops on the network. When PVs are installed to the network as the GET type,
it is seen in the numerical example in Section 2.4.4 that we do not have risks of overloading
network equipment. However, at high PV penetration levels, certain network sections may
have increased probabilities of over-voltage conditions, especially near the substation and
voltage regulators where voltages are initially regulated to higher levels. The principle of
the mitigation plan discussed in this chapter is not applicable to mitigate the over-voltage
issues, because PVs are considered as non-dispatchable DERs and we cannot shift their
generation from one period to another. Therefore, another type of control strategies needs
to be developed to address the voltage abnormal conditions on PV-rich networks. For this
purpose, we present a control strategy under the volt-var optimization framework in the next
chapter to minimize the occurrence of abnormal voltage levels and the total network energy
losses with uncertainty in PV generation.
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CHAPTER 5 VOLT-VAR OPTIMIZATION AND OPTIMAL SETTINGS
FOR SMART INVERTERS USING BLACKBOX OPTIMIZATION

5.1 Introduction

Electric power distribution systems face multifaceted challenges, such as maintaining reliable
services and operational efficiency, while subject to demand fluctuations and an increasing
integration of distributed energy resources (DERs) like photovoltaic systems (PVs). Volt-var
optimization (VVO) is a critical technique in modern power distribution systems. It aims
to enhance grid efficiency, reduce energy losses, and improve overall system performance by
dynamically adjusting voltage levels and reactive power flows. Voltage regulators (VRs),
on-load tap changers (OLTCs), and capacitor banks (CBs) are legacy devices that are con-
ventionally used to perform VVO. It is becoming more important to manage and optimize
voltage levels in the distribution network with the increasing penetration rate of DERs. As
stated in the IEEE-1547 standard [127], DERs should have the capability of injecting or
absorbing reactive power for voltage regulation. Hence, they naturally become devices that
can be controlled to participate in VVO, in addition to the legacy devices.

In this chapter, we consider PVs as the primary DER type because not only can they be
of utility-scale, but they are also installed at residential and commercial areas as GETs.
We assume that locations of PVs on the distribution network and their nominal ratings are
known; in other words, the network containing these PVs (also known as the “as-planned”
network model) is available. However, uncertainty still exists in their actual generation
profiles. We propose an efficient and scalable approach to perform VVO, with the following
main contributions:

1. We formulate a stochastic program for optimal reactive power dispatch (ORPD) prob-
lem which considers variations in loading and DER generation. We include controls for
conventional devices in VVO and volt-var control of DERs conforming to the IEEE-1547
standard.

2. RL approaches have shown promise in VVO; however, their interpretability and trust-
worthiness can be questionable, i.e., RL penalizes policies leading to voltage violations
but it is not guaranteed that these policies are not proposed under scenarios with un-
certainty. This can pose risks to safety of the power system and it can become difficult
to interpret why such policies are given. For better interpretability, we use a multi-
phase unbalanced power flow solver as the blackbox simulator, and convert the ORPD
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problem to a blackbox optimization instance. We also do not need any hyperparameter
tuning process as needed in RL for better performance. To the best of our knowledge,
no prior work uses blackbox optimization for VVO in the literature.

3. We compare our approach with an RL method on a small-size test feeder in various case
studies and illustrate our approach’s performance and then scalability on a large-size
distribution system.

The rest of the chapter is organized as follows: In Section 5.2, we present the mathematical
models for the power flow solver as well as device models considered in VVO. We formulate
ORPD stochastic program in Section 5.3 and propose the blackbox optimization approach to
solve it. In Section 5.4, we illustrate the performance of our proposed method with numerical
studies. We conclude in Section 5.5 by pointing out directions for some future work.

5.2 Mathematical models

To optimize volt-var on the power distribution networks, we need a solver for power flow
analyses incorporating the VVO devices and their control schemes. We suppose that the
distribution network N contains buses B ⊂ N and branches/lines L ⊂ B × B. The branch
from nodes m to n is denoted by lmn ∈ L. A node m ∈ B and a branch lmn ∈ L can also
be indexed by the phase ϕ ∈ {a, b, c}, e.g., ma and la

mn refers to node m and branch lmn on
phase a, respectively.

5.2.1 Power flow model

For power distribution networks, multi-phase power flow analyses are required. The Backward-
Forward Sweep (BFS) method, also known as the Ladder Iterative or Voltage Drop (VD)
method, is often used. While it is computationally efficient for radial and passive distribu-
tion networks, other methods are required in VD to handle networks with loops [128] and
controlled devices (e.g., OLTC, voltage-controlled generators, etc.) [129]. Many more iter-
ations may be required for convergence, and in some cases, divergence may even occur for
certain voltage-sensitivity load models and levels [130]. As VVO involves the optimization
of control modes of these devices, we use the Modified Augmented Nodal Analysis (MANA)
formulation [131] to perform power flow analyses to better handle the modelling of such
devices.
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5.2.1.1 MANA formulation

The MANA system of equations for distribution networks has the following general form:



Y Vc Dc Sc

V⊤
c 0 0 0

D⊤
c 0 0 0

S⊤
c 0 0 Sz





v

iv

id

is


=



iinj

vv

0

0


, (5.1)

where Y ∈ CNb×Nb is the admittance matrix for Nb by-phase nodes of the network, Vc

represents the contribution of voltage sources, Dc models the branch-dependent relations
of devices, and Sc and Sz are used for closed and open switches, respectively. The column
vectors v, iv, id, and is contain the unknown values for node voltages, currents of voltage
sources, currents in the branch-dependent devices (e.g., currents in the secondary windings
of transformers), and switches, respectively. Finally, iinj is the vector of known nodal current
injections and vv contains known voltages. Let x = [v⊤

, i⊤
v , i⊤

d , i⊤
s ]⊤ denote the unknowns and

b = [i⊤
inj, v⊤

v , 0⊤
, 0⊤ ]⊤ the known values, we can write (5.1) in the simplified form:

Ax = b. (5.2)

The matrix A is sparse for a typical distribution system due to the admittance matrix Y.
Readers are referred to [131] for more details on the MANA formulation.

5.2.1.2 Newton-Raphson power flow solver

To perform a power flow analysis while considering the non-linearity in the distribution
networks, a fixed-point method can be used by solving (5.2) iteratively. However, similar
to the BFS or VD approach, it suffers from the poor convergence issues, either requiring
much more iterations or not converging for networks with multiple voltage-controlled device.
Alternatively, the Newton-Raphson (NR) method is used.

Consider a general nonlinear function f(x) = 0, one can expand f(x) by a first order Taylor
series for given x0:

f(x) ≈ f(x0) + J(x0)(x− x0) = 0,

f(x0) ≈ −J(x0)(x− x0), (5.3)

where J is the Jacobian matrix. The Newton-Raphson approach is an iterative process by
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using (5.3) as the update equation, i.e.,

∆x(k+1) = x(k+1) − x(k),

f(x(k)) = −J(x(k))∆x(k+1), (5.4)

where k indicates the iteration and ∆x(k) is the correction vector. The iterative process stops
when a given convergence criterion is reached, e.g., ∆x(k) → 0.

When applying the Newton-Raphson method to solve a MANA-formulated power flow, at
each iteration we evaluate f(x(k)) by augmenting (5.2) with power flow constraints from
various device models into the following:

f(x(k)) =
[
A Cc

] x(k)

x(k)
c

− b(k), (5.5)

where xc is the vector of additional state variables augmented (e.g., voltage ratio based on
tap position of regulators), and Cc is the submatrix for network constraints. We derive the
Jacobian matrix J(x(k)) by taking the first-order partial derivative of f(x(k)) with respect to
[x(k)⊤

, x(k)⊤
c ]⊤ , which has the following form:

J(x(k)) =
 A Cc

J(k)
21 J(k)

22

 , (5.6)

where J(k)
21 and J(k)

22 are submatrices of J(x(k)) when taking partial derivatives of f(x(k)) with
respect to xc. For more details on detailed formulation of J(x(k)), refer to [131]. From
hereinafter, the MANA-formulated power flow using Newton-Raphson is referred as MANA-
NR.

5.2.2 Device models for VVO

In this section, we integrate device models of capacitor banks, voltage regulators, transformers
with OLTC, and distributed energy resources (DERs) with smart inverters into the power
flow.
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5.2.2.1 Capacitor bank

In distribution systems, capacitor banks may be installed on one, two, or three phases. For
one unit on a single phase ϕ ∈ {a, b, c}, the capacitor impedance is given by:

Zϕ
cb = V 2

LN
P loss

cb − jQcb
, (5.7)

where VLN ∈ R is a line-neutral voltage magnitude on the phase where the capacitor is
connected to, P loss

cb models the active power losses, and Qcb is the reactive power rating of
the capacitor bank. If the unit is installed at node m on phase ϕ, i.e., mϕ, then its model is
integrated into A from (5.2) through Y[imϕ , imϕ ] = [γcbYcb], where Ycb = Z−1

cb , γcb ∈ {0, 1}
indicates whether the capacitor bank is switched On/Off, and imϕ is the index corresponding
to mϕ. Similarly, for a three-phase capacitor bank installed to m in Wye-Grounded, it is
modelled by:

Ym
cb = γcb


Y a

cb 0 0
0 Y b

cb 0
0 0 Y c

cb

 .

Note that here we assume that the capacitor unit on each phase cannot be switched On/Off
individually (i.e., if γcb = 0 then all units are switched Off) but Y a

cb, Y b
cb, and Y c

cb do not
necessarily have identical values, i.e., capacitors of different sizes can be installed.

5.2.2.2 Voltage regulator

A voltage regulator is an autotransformer whose turn ratio can be varied to either “step
up” (boost) or “step down” (buck) the voltage level through the “tap positions”. Similar to
the capacitor bank, a regulator can be installed on one, two, or three phases. As the series
impedance and shunt admittance of an autotransformer are negligible, a regulator installed
between nodes m and n in Wye-Grounded is modelled into A through Ymn

vr = 02p×2p which is
zero-matrix of dimension 2p×2p, where p is the number of connected phases of the regulator.
In addition, for each connected phase ϕ, a vector dmn,ϕ

vr = [−aϕ
vr, 1]⊤ is added to Dc at

corresponding indices to model the dependency between the primary and secondary currents
on phase ϕ. Here, aϕ

vr is the voltage-ratio on phase ϕ, which is given by aϕ
vr = 1± 0.00625T ϕ

vr

assuming ±10% regulation range with a total of 32 tap steps, where T ϕ
vr ∈ N is the tap

number.

Let V ϕ
m = V ϕ

m,R + jV ϕ
m,I be the phasor voltage at node m on phase ϕ whose magnitude
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|V ϕ
m| =

√
(V ϕ

m,R)2 + (V ϕ
m,I)2 is to be regulated to a desired level V ϕ

mD,vr ∈ R. Hence, the
voltage constraint f (k)

c,vr = |V ϕ
m|(k) − V ϕ

mD,vr is included in f(x(k)) by augmenting aϕ
vr as an

additional state variable to x(k) in the MANA formulation. We then calculate specific terms
in J(x(k)) related to the voltage constraint of the regulator, where more details can be found
in [132] .

5.2.2.3 Transformer with OLTC

Transformers with OLTC regulate the voltages in a similar way as that for voltage regulators;
however, transformers have multiple windings hence their impedance must be modelled.
Generally a simplified model is used for transformers in MANA representation where only the
series impedance (reference to the secondary side) is modelled and the magnetizing branch
and no-load losses are neglected (however, they can be modelled as constant-impedance
loads in MANA and readers can refer to [133] for load models). For example, for a single-
unit transformer installed between nodes m and n on phase ϕ in Wye-Grounded with zero
grounding impedance, it is represented by:

Ymn,ϕ
xfo =


0 0 0
0 Ys −Ys

0 −Ys Ys

 ,

where Ys is the series admittance of the transformer. Note that Ymn,x
xfo is a 3 × 3 matrix

where the middle column corresponds to the internal node on the secondary side before the
series impedance. In addition, to model the dependency between currents in primary and
secondary windings, a vector dmn,ϕ

xfo = [−gϕ
xfo, 1]⊤ is added to Dc corresponding to indices

of mϕ and nϕ, where gϕ
xfo is the turn ratio of the transformer according to the selected tap

position. For models on three-phase transformers and in other configurations, readers are
referred to [134].

For a transformer with OLTC, its turn ratio gϕ
xfo is no longer fixed but depends on the tap

number. To model the OLTC, a similar model as that of the voltage regulator is used, where
the voltage V ϕ

n on the secondary side (node nϕ) is regulated to a desired level V ϕ
nD,xfo, i.e.,

the voltage constraint f
(k)
c,xfo = |V ϕ

n |(k) − V ϕ
nD,xfo is included in f(x(k)) by augmenting the turn

ratio gϕ
xfo as an additional state variable to x(k).
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5.2.2.4 Inverter volt-var curve

Inverter-based DERs such as photovoltaic (PV) systems, wind turbines, and battery storages
have the capability of regulating voltages by adjusting their reactive power output. The
amount of reactive power to absorb or to inject to the grid depends on the volt-var curve
(or droop) settings in the DERs, which serves as a “policy” allowing DERs to act in a
decentralized way to regulate the voltage. The volt-var curves should follow the guidelines
provided in the IEEE-1547 standard [127]. An example is shown in Figure 5.1. The amount
of reactive power absorbed/injected is determined by the DER’s voltage magnitude v at the
point of connection such that:

Qder(v) =



Q1, if v < V1,

Q1(V2 − v)/(V2 − V1), if V1 ≤ v < V2,

0, if V2 ≤ v ≤ V3,

Q2(V4 − v)/(V4 − V3), if V3 < v < V4,

Q2, otherwise,

(5.8)

where the two reactive power limits Q1 and Q2 and the five per-unit voltage magnitudes
VRef, V1, V2, V3, and V4 are to be specified by the DER operator, which collectively define a
volt-var curve Cder.
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Figure 5.1 Example of the volt-var curve as specified by IEEE 1547 standard

It is remarked that the inverter has a nominal rating Snom in kVA, and in any case, the
apparent power of the DER should not exceed this rating, i.e.,

√
P 2

der + Q2
der ≤ Snom, where

Pder is the active power which may be fixed generation or follow a volt-watt control. If Snom
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is exceeded, either Pder or Qder needs to be reduced depending on the precedence mode of
watt/var. Once Pder and Qder are determined, we can model a DER as a PQ device with
constant impedance in MANA. We also add PQ constraints in f(x(k)) and corresponding
terms in J(k). The process to derive specific terms in J(k) related to the PQ constraints
follows the same as that in [131].

5.3 Optimization problem for VVO

We now formulate the VVO problem by first introducing the control variables.

5.3.1 Decision variables

Suppose that the network contains Ncb capacitor banks, Nvr voltage regulators, Nxfo trans-
formers with OLTC, and Nder DERs. The following control variables are available for voltage-
regulating devices described in Section 5.2.2:

• Each capacitor bank has an On/Off state γcb ∈ {0, 1}, hence we have Γcb = [γcbi
, i =

1, · · · , Ncb]⊤ for all capacitor banks.

• Desired voltage levels for all voltage regulators VD,vr = [VD,vri
, i = 1, · · · , Nvr]

⊤ where
VD,vr ∈ [V D,vr, V D,vr], and V D,vr and V D,vr are the lower and upper bounds of admissible
voltage levels, respectively. For simplicity we assume that the same VD,vri

value is set
to all connected phases of a regulator, but it is possible to use different values by phase
which increases the dimension of VD,vr accordingly.

• Desired voltage levels for transformers with OLTCs VD,xfo = [VD,xfoi
, i = 1, · · · , Nxfo]

⊤ ,
where VD,xfo ∈ [V D,xfo, V D,xfo] is applied to all phases, and V D,xfo and V D,xfo are the
lower and upper bounds of admissible voltage levels, respectively. It is also possible to
have desired values by phase.

• Each DER needs to have a volt-var curve Cder specified. Hence a set of curves Cder =
[Cderi

, i = 1, · · · , Nder]
⊤ needs to be determined. Recall that each Cderi

consists of seven
variables to be specified. For the allowable range of each variable, refer to the IEEE-
1547 standard [127]. In practice, multiple DERs can use an identical curve hence Cder

does not necessarily contain Nder elements in this case.

We denote all control variables on the network by X = [Γ⊤
c , V⊤

D,vr, V⊤
D,xfo, C⊤

der]
⊤ , and their

constraints collectively by g(X) ≤ 0.
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5.3.2 Stochastic program

In VVO, several objectives can be considered such as minimizing network losses, maintaining
system voltage levels, correcting power factors, etc. To account for the uncertainty in demand
and generation profiles over a period of time T = [0, ∆t, 2∆t, · · · , (T − 1)∆t] with T time
steps, let D = {dT

i , i = 1, · · · , Nm} ∈ CNm×T be demand profiles of the Nm loads and
G = {gT

i , i = 1, · · · , Nder} ∈ CNder×T be generation profiles of the Nder DERs on the network.
Each load’s demand and DER’s generation at time t are random on sample spaces D and G
with arbitrary probability distributions, respectively.

It is desired that the optimal settings for the control variables on the network should be
maintained over T for random D, G. This makes it easy for utilities and network operators
to adopt the strategy without constantly changing the settings under various network loading
and generation conditions during T . Hence, we formulate the VVO problem as a stochastic
program to minimize the expected total energy losses Eloss (in kWh) on the network during T :

min
X

ED,G[Eloss]

subject to g(X) ≤ 0

V, I = MANA-NR(N , X, D, G),

v ≤ |vn|
vbase

n

≤ v, ∀vn ∈ V.

(5.9)

Recall that MANA-NR is the MANA-formulated power flow using Newton-Raphson. For
Nb by-phase nodes on the network, V, I ∈ CNb×T are nodal voltages and currents for all
t ∈ T , respectively, v, v are the per-unit lower and upper limits of voltage levels, respectively,
e.g., v = 0.95 p.u., and v = 1.05 p.u., |vn| is the voltage magnitude of node n, and vbase

n is
the base voltage of node n. We solve (5.9) using a scenario-based approach. Suppose that
we construct a set of scenarios S where demand and generation in each scenario s ∈ S are
denoted by Ds and Gs, respectively. Then, the expected total energy losses is approximated
by:

ED,G[Eloss] ≈
1
|S|

∑
s∈S

Es
loss, (5.10)

where |S| is the cardinality of S, and Es
loss is computed by the following equation for given

Ds and Gs.

Es
loss = ∆t

∑
t∈T

P t
loss(Ds, Gs), (5.11)
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and P t
loss at time t is computed by:

P t
loss =

∑
lmn∈B

(P t
m − P t

n),

where the active loss on the branch lmn is the difference of P t
m denoting the active power

flowing out of m on lmn and P t
n which is the active power flowing into n on lmn at t. Both

P t
m and P t

n can be computed from the nodal voltages and currents obtained from the power
flow solution as outlined in Section 5.2.1 for given Ds and Gs at time t. The scenario-based
stochastic optimization problem is therefore:

min
X

1
|S|

∑
s∈S

Es
loss

subject to g(X) ≤ 0

Vs, Is = MANA-NR(N , X, Ds, Gs), ∀s

v ≤ |vn|
vbase

n

≤ v, ∀vn ∈ Vs, ∀s

(5.11) ∀s,

(5.12)

where Vs, Is ∈ CNb×T contain the scenario-dependent nodal voltages and currents for all
t ∈ T , respectively. A voltage magnitude constraint applies to each element vn in Vs such
that the magnitudes of all nodal voltages should be maintained within the range [v, v]. The
constraint should hold for each s ∈ S. Generally, (5.12) is nonlinear and nonconvex due
to MANA-NR. It is thus an NP-hard problem which is difficult to solve [93]. While it is
possible to linearize (5.12) or to relax it to a convex problem to solve it efficiently as done
in the literature, we lose the advantage of MANA-NR and the power flow solution may be
inaccurate or infeasible. Consequently, control setpoints obtained from the optimization may
not be effective and can fail to address the objective of VVO.

5.3.3 Blackbox approach

Although we have the detailed mathematical formulation of MANA-NR from Section 5.2, it
is not always guaranteed that a feasible solution to (5.12) satisfying the voltage magnitude
constraint could be found with MANA-NR itself being an iterative process. To simplify
the solution process, we try to decouple MANA-NR from the optimization problem where
the power flow to N can be performed assuming that X is given. Using this concept, we
move the MANA-NR out of (5.12) and treat it as a blackbox function with X as input
and Vs, Is as output for each scenario s ∈ S. We then attempt to solve the problem using
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blackbox optimization technique such as the Mesh Adaptive Direct Search (MADS) method
implemented in the NOMAD solver [135] to search for an optimal (or near-optimal) local solution
of X, through blackbox evaluations in a centralized manner. Once the solution is implemented
on the network, the volt-var control is done in a decentralized way, e.g., the amount of reactive
power injected or absorbed depends on the local voltage level measured at the DER and its
volt-var curve settings.

We remark that the voltage magnitude constraint in (5.12) is hard, i.e., any solution must
satisfy this constraint, otherwise the solution is rejected. This not only increases the compu-
tational efforts for a feasible solution, but can also lead to the case where no feasible solution
is returned. To deal with this, we consider the voltage magnitude constraint as relaxable,
i.e., it is not necessarily satisfied during the blackbox evaluation of a possible solution. We
then include it in the objective function fobj such that any violation will incur a significant
penalty to fobj, i.e.,

fobj = ED,G[Eloss] + ρED,G[Tuv,ov] (5.13)

ED,G[Tuv,ov] ≈ 1
|S|

∑
s∈S

∑
vn∈Vs

1uv,ov(vn), (5.14)

where ρ > 0 is a large number as the penalty weight and 1uv,ov is an indicator function for
under and over-voltage conditions, i.e., 1uv,ov(vn) = 1 if |vn|

vbase
n

/∈ [v, v]. This allows NOMAD to
quickly generate a mesh of variables in the search space which does not lead to abnormal
voltage conditions. In addition, if a solution leads to non-converging power flows on the net-
work, the solution is infeasible and the corresponding search space is avoided in the following
evaluations.

The process is depicted in Figure 5.2 subject to a computation budget which is the maximum
number of blackbox evaluations Nj. The objective is thus to find a solution by BBO which
does not lead to any violation of the voltage magnitude constraint, i.e., where the second term
in (5.13) vanishes. If such a solution is found, then it is also feasible for (5.12). In the case
where we are unable to find a feasible solution, i.e., some violation of voltage levels still exists,
the formulation aims to find a policy that minimizes the severity of the violation subject to
a high penalty of ρ. Comparing to RL approaches in the literature [86–89], we enhance
the trustworthiness where the solution space leading to abnormal voltage levels and/or non-
converging power flows on the network is avoided. Finally, the first-order convergence to
local optimality of NOMAD has been proven under mild assumptions [136]. Further, we also
use the Variable Neighbourhood Search (VNS) technique [137] to try to approach the globally
optimal solution within the evaluation budget Nj. Although we do not perform a convergence
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analysis in this work, we demonstrate that our approach has a faster (local) convergence rate
in the numerical studies in the next section.

Update N with X(j)

Increment j by 1
MANA-NR

NOMAD Evaluate f
(j)
obj by (5.13)

V(j), I(j)

X(j)

Blackbox model

Figure 5.2 Illustration of the proposed blackbox optimization approach

5.4 Numerical examples

In the following case studies, we use the IEEE-123 and the IEEE-8500 test feeders and add
some DERs to them to demonstrate the effectiveness and the scalability of our proposed
approach. In each scenario, each load is attached with a daily demand where the active
power is obtained through multiplying the kW data of the load in the original test feeder by
a consumption profile in percentage from the Pecan Street Dataport [111]. The power factor
of the load in the original test feeder is retained such that reactive power can be calculated
based on the active power profile attached to each load. DERs are assumed to be PVs in
our studies, and there are two types: utility-owned and user-owned PVs. Nominal capacities
for utility-owned PVs are assumed given and detailed in each case, and we randomly choose
a nominal capacity in the range of [5, 10] kVA for each user-owned PV. We randomize the
daily solar radiance profiles under different weather types [107] to generate daily generation
profiles for each PV. In all cases, we consider 30 days’ profiles hence 30 scenarios, and profiles
of selected loads and PV generation for one week (168 hours), i.e., 7 scenarios, are illustrated
in Figure 5.3. To perform the MANA-NR power flow, we use the CYME Distribution Analysis
software (CYMDIST) [138] as the blackbox simulator. To benchmark results of our proposed
approach, we compare with a reinforcement learning-based approach (RL) utilizing multi-
agent deep Q-network (DQN) [86] for VVO on the IEEE-123 network. We remark that we
use the specified parameters as set out in [86] without any tuning.
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Figure 5.3 Active power profiles of one week for 3 loads and 1 PV (7 scenarios)

5.4.1 Utility-owned PVs on IEEE-123 test feeder

In the first case, we add three utility-owned PVs on the IEEE-123 test feeder. Their locations
and nominal capacities are shown in Table 5.1. There are also four capacitor banks and four
voltage regulators whose locations are shown in Figure 5.4, and their controls are included
in the VVO strategy. Although we have no limitation to setting different desired voltages on
voltage regulator’s phases, for simplicity, it is assumed that the same desired voltage (on a
120 V base) is used on all connected phases, hence we have a total of 8 control variables for
capacitor banks and voltage regulators.

Table 5.1 Utility-owned PVs on IEEE-123 test feeder

ID Node Capacity (kVA)
PV1 35 345
PV2 52 345
PV3 97 690

5.4.1.1 Single volt-var curve for all PVs

We first consider the case where the same volt-var curve is adopted for all PVs, hence we
have a total of 15 control variables in VVO. We perform Nj = 600 blackbox evaluations and
present the optimal settings for capacitor banks and voltage regulators in Table 5.2 along with
those in the baseline case before VVO and the benchmark RL approach. We also compare
the expected energy losses E[Eloss] and the expected abnormal voltage duration E[Tuv,ov],
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Figure 5.4 One-line diagram of the modified IEEE-123 test feeder

which are computed by (5.10) and (5.14), respectively. We remark that for simplicity of
notations, the subscript of D, G is dropped in the expected values in the numerical examples
hereinafter. It is observed that the expected daily losses are reduced from 263.36 kWh to
150.59 kWh (42.8% reduction) while the best from the RL approach (after 1,000 training
episodes) gives 165.43 kWh (37.2% reduction). In both approaches, we are able to remove
the abnormal voltage conditions in all scenarios. On the left side of Figure 5.5, settings
for the volt-var curve applied to all PVs are shown. The cumulative average values of the
objective function are compared on the right side of Figure 5.5 as the number of blackbox
evaluations or training samples in RL increases. We observe that our proposed approach
quickly finds a feasible region of solutions in less than 100 evaluations, while most solutions
in the RL approach suffer violations of voltage constraints in the beginning and it takes much
more training iterations before a Q-function is properly learned.

We test the performance of the obtained optimal VVO settings by evaluating the daily
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Table 5.2 Optimal settings for capacitor banks and regulators after VVO on IEEE-123 test
feeder (single volt-var curve for PVs)

Location Base BBO RL
90 On Off Off
92 On Off On
88 On On On

Capacitor bank
(Connection state)

83 On Off Off
160-67 124 119.3 116.9
9-14 120 116.9 117.5

150-149 120 122.1 124.1
Regulator
(Desired voltage, V)

25-26 120 116.1 121.1
E[Eloss] (kWh) 263.36 150.59 165.43
E[Tuv,ov] (hour) 12.3 0 0
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Figure 5.5 Comparison of volt-var curves (right) and cumulative averages of fobj values (left)
using the proposed blackbox approach vs. the RL approach

energy losses for another 30 days’ profiles (out-of-sample) which are not used in any blackbox
evaluation. The minimum, maximum, and average losses are compared and summarized in
Table 5.3. In Figure 5.6, daily energy losses for 15 selected days are illustrated, where the
load and generation profiles of the first 7 days are included in the scenarios (in-sample) for
BBO and RL training while those of the latter 8 days are not (out-of-sample). We notice that
both approaches can greatly reduce the losses observed in the base case, and losses using the
BBO strategy are less than those using the RL solution in all days. Although not shown in
the table or the figure, neither of the VVO solutions cause abnormal voltages on the network
in all these scenarios.
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Table 5.3 Comparison of performance on 30 out-of-sample scenarios (single volt-var curve for
PVs)

Base BBO RL
Minimum 165.35 61.56 70.74
Maximum 298.88 166.32 176.77Eloss (kWh)
Average 245.14 112.51 124.09
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Figure 5.6 Comparison of daily energy losses for 15 days using VVO settings from the pro-
posed BBO approach vs. the RL approach (single volt-var curve)

5.4.1.2 Individual volt-var curve for all PVs

Given that the utility owns the PVs, it is not difficult for them to customize the volt-var
curve for each PV to better adapt to network conditions. In this case, we optimize the
volt-var curve settings for each PV individually as well as those for capacitor banks and
regulators. The number of control variables to optimize increases to 25 accordingly, hence
Nj = 1,500 blackbox evaluations and 4,000 RL training episodes are executed. In Table 5.4,
optimal settings for capacitors and regulators are listed and volt-var curve settings for each
PV are shown in Figure 5.7. The expected daily energy losses are reduced to 146.93 kWh
(44.2% reduction) and 151.53 kWh (42.5% reduction) for the BBO and RL approaches during
training, respectively, which are both improved from the results in the same volt-var curve
case in Section 5.4.1.1.

Table 5.5 shows the performance of the obtained optimal settings using the same set of
out-of-sample scenarios as in the previous case. The daily energy losses 7 in-sample and 8
out-of-sample scenarios are presented in Figure 5.8, where the BBO approach outperforms
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Table 5.4 Optimal settings for capacitor banks and regulators after VVO on IEEE-123 net-
work (individual volt-var curve for PVs)

Location Base BBO RL
90 On Off Off
92 On Off Off
88 On Off Off

Capacitor bank
(Connection state)

83 On Off Off
160-67 124 120.4 119.3
9-14 120 118.5 121.1

150-149 120 124.1 124.7
Regulator
(Desired voltage, V)

25-26 120 118.1 121.1
E[Eloss] (kWh) 263.36 146.93 151.53
E[Tuv,ov] (hour) 12.3 0 0

the RL approach in 13 out of the 15 scenarios and incurs only slightly more losses in 2 days.

Table 5.5 Comparison of performance on 30 out-of-samples scenarios (individual volt-var
curve for PVs)

Base BBO RL
Minimum 165.35 55.09 55.98
Maximum 298.88 149.15 155.09Eloss (kWh)
Average 245.14 104.04 108.98

5.4.2 Utility-owned and user-owned PVs on IEEE-123 feeder

In the last case on the IEEE-123 test feeder, we add single-phase PVs to 25 loads, which
is equivalent to a 30% penetration level, and their locations are identified in Figure 5.4.
Given that these PVs are customer-owned, utilities cannot customize the volt-var settings
individually; however, it is still possible to optimize a “factory default” curve and apply it
to all PVs before installation. Hence in this case, each utility-owned PV still has its own
curve and all user-owned PVs are assigned with the same curve, which comes to a total of
30 variables to optimize. After running Nj = 2,000 blackbox evaluations and 6,000 training
episodes for RL, we list regulators and capacitor banks’ settings using the BBO and RL
approaches in Table 5.6, as well as the comparison of expected losses and expected duration
of abnormal voltages.
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Figure 5.7 Comparison of individual volt-var curve for each PV and cumulative averages of
fobj values using the proposed BBO approach vs. the RL approach

Table 5.6 Optimal settings for capacitor banks and regulators after VVO on IEEE-123 net-
work (utility-owned and user-owned PVs)

Location Base BBO RL
90 On On Off
92 On On On
88 On On On

Capacitor bank
(Connection state)

83 On Off Off
160-67 124 118.1 116.6
9-14 120 116.9 121.2

150-149 120 122.9 122.8
Regulator
(Desired voltage, V)

25-26 120 116.3 120.5
E[Eloss] (kWh) 257.84 154.31 156.27
E[Tuv,ov] (hour) 7.6 0 0
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Figure 5.8 Comparison of daily losses for 15 days using VVO settings from the proposed BBO
approach vs. the RL approach (individual volt-var curve)

The resulting volt-var curve settings for the 3 utility-owned PVs and the single curve for
all customer-owned PVs are shown in Figure 5.9. The expected energy losses are reduced to
154.31 kWh (40.15% reduction) by the BBO approach and to 156.27 kWh (39.39% reduction)
by the RL approach during training. In all scenarios after VVO, we do not observe any
violation of voltage constraints, i.e., E[Tuv,ov] = 0.

The performance when applying the optimal settings to out-of-sample scenarios is illustrated
in Table 5.7 and Figure 5.10. Among the 15 scenarios in Figure 5.10, losses using the RL
approach are slightly lower in 4 scenarios, but the blackbox approach outperforms in all other
scenarios and has better performance when looking at E[Eloss].
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Figure 5.9 Comparison of volt-var curves for utility-owned and customer-owned PVs using
the proposed BBO approach vs. the RL approach

Table 5.7 Comparison of performance on 30 out-of-samples scenarios (utility-owned and user-
owned PVs)

Base BBO RL
Minimum 157.46 62.24 58.75
Maximum 299.12 180.49 191.84Eloss (kWh)
Average 239.68 115.78 119.92
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Figure 5.10 Comparison of daily losses for 15 days using VVO settings from the proposed
BBO vs. the RL approach (utility-owned and user-owned PVs)

5.4.3 Utility-owned and user-owned PVs on IEEE-8500 feeder

In this study case, we aim to demonstrate the scalability of our proposed BBO approach by
testing it on the modified IEEE-8500 feeder. A large-scale PV farm with a 1.5 MVA rating is
added to Section LN5562932-1 which is assumed to be owned and operated by the utility. A
total of 178 user-owned single-phase PVs (representing 15% penetration rate) with capacity
in the range of [5, 10] kVA are randomly added to the network. Locations of the utility-
owned and user-owned PVs as well as conventional devices for VVO (4 capacitor banks and 4
voltage regulators) on the network are shown in Figure 5.11. The sizes of nominal capacities
of user-owned PVs are indicated by the colour depths.

It is remarked that in this case study we do not run the RL approach as benchmark for
two reasons: (1) based on the results of the IEEE-123 network, RL would require a large
number of training episodes and the training will take much longer time on a large network;
and (2) the main purpose is to demonstrate the scalability of our approach for an effective
VVO strategy on a large-scale network, rather than comparing the performance with other
approaches.

After executing Nj = 2000 blackbox evaluations, the optimal settings for the 4 capacitor
banks and 4 voltage regulators on the network are listed in Table 5.8. Meanwhile, we optimize
two sets of volt-var curves: one for the PV farm and the other one for all customer-owned
PVs, and the curves are shown in Figure 5.12. We observe that the expected energy losses
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Figure 5.11 One-line diagram of the modified IEEE-8500 test feeder with utility-owned and
user-owned PVs added

are reduced from 4774.74 kWh to 4555.46 kWh (4.6% reduction). Given the size the network
and limited number of voltage regulating devices, these settings do not completely remove
the abnormal voltage conditions on the network; however, we are still able to significantly
reduce the severity in terms of the number of affected nodes and the expected duration of
under or over-voltage, i.e., from 12,864 hours for 1,195 nodes down to 202.3 hours for 228
nodes (98.4% reduction).
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Table 5.8 Optimal settings for capacitor banks and regulators after VVO on IEEE-8500
network

Location Base BBO
CAPBANK0 On On
CAPBANK1 On On
CAPBANK2 On Off

Capacitor bank
(Connection state)

CAPBANK3 On On
FEEDER_REG 125.85 123.43

VREG_2 125.78 124.04
VREG_3 124.53 122.03

Regulator
(Desired voltage, V)

VREG_4 124.50 124.38
E[Eloss] (kWh) 4774.74 4555.46
E[Tuv,ov] (hour) 12864.01 202.32

1 Expected duration for a total of 1195 nodes which have
experienced abnormal voltage conditions in 30 scenarios.

2 The number of nodes with abnormal voltage conditions
is reduced to 228 in 30 scenarios.
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Figure 5.12 Comparison of volt-var curves for utility-owned and customer-owned PVs for
IEEE-8500 network

Finally, we evaluate the performance of the obtained settings on 30 out-of-sample scenarios by
showing the minimum, maximum and average values of losses and total duration of abnormal
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voltage conditions in Table 5.9. We also show the losses and duration of abnormal voltages
for 15 scenarios in Figures 5.13 and 5.14, where the first 7 are in-sample and the latter 8 are
out-of-sample scenarios.

Table 5.9 Comparison of performance on 30 out-of-samples scenarios on IEEE-8500 network

Base BBO
Minimum 3274.4 2944.7
Maximum 6172.7 5923.2Eloss (kWh)
Average 4722.2 4399.8

Minimum 19375 142
Maximum 27747 668Tuv,ov (hour)
Average 23226.3 374
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Figure 5.13 Comparison of daily energy losses for 15 days using the obtained VVO settings
on IEEE-8500 network
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Figure 5.14 Comparison of duration of abnormal voltage conditions for 15 days using the
obtained VVO settings on IEEE-8500 network

5.5 Conclusion

In this chapter, we propose to use blackbox optimization to develop control strategies for VVO
to minimize network losses and violations of voltage levels. Settings for conventional devices
of VVO are considered as well as volt-var curves for DERs. It has been demonstrated that the
derived solutions are effective under different network loading conditions and DER generation
scenarios. The approach is scalable to large distribution networks and near-optimal solutions
can be found in much less iterations than those in state-of-art RL methods. Although the
performance of RL methods can be improved through tuning of hyperparameters [139], the
tuning itself is an optimization problem in the hyperparameter space, and solving the problem
adds further burden to already heavy computational efforts of RL. Our approach is practical
and can allow utilities to design long-term or seasonal VVO strategies using historical or
forecast data on their network without frequently adjusting settings for controllable devices.
We also want to emphasize that our approach is not limited to using CYME as the blackbox
simulator, but other solvers (open-source, commercial, or even non-MANA-based) can also
be used, as long as the discrete tap positions and nonlinear network constraints are properly
modelled such that effects of the VVO policy can be simulated.

We assume that the “as-planned” network model is available such that it can be treated as a
blackbox in our proposed approach. In other words, the locations of DERs and their nominal
ratings are known, despite uncertainty in generation profiles. In practice, if the DERs are of
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GET type, i.e., customer-owned and installed at customers’ sites, utilities have no visibility
of nor information about these DERs. Hence, it will be challenging to find an optimal policy
in this case and the policy may not be effective to regulate voltage levels on the network. A
potential solution is to detect the presence of DERs and estimate the system capacity from
the smart meter data [115], which are readily available to utilities. The inferred information
can then be used to build the network model and apply our approach to design a VVO policy.

We also implicitly assume that all customers participate in the VVO policy such that they
agree to let utilities update the volt-var curve settings on the DERs they own when necessary.
In practice, not all customers are willing to let utilities tap into their systems even if utilities
are aware of the presence of all customer-owned DERs. In such a case, a participation factor
can be included in our approach and we add some additional uncertainty in the locations
of the participating customers. Similar to our proposed approach in Chapter 4 to invite
EV owners to join the mitigation strategy to shift their charging habits, incentive programs
can be designed and embedded into the search for an optimal VVO strategy. Numerical
case studies should be carried out to evaluate the performance and effectiveness of the VVO
strategy obtained.

Finally, we aim to extend the scope of our approach by considering the following: (1) including
active power control (e.g., volt-watt curve) for DERs in the control strategy so to be compliant
with the IEEE-1547 standard, and (2) using by-phase settings for voltage regulators in the
VVO policy.
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CHAPTER 6 CONCLUSION

In this dissertation, we consider grid-edge technologies (GETs) like electric vehicles and
photovoltaic systems which are connected to the distribution systems at customers’ locations
at increasing penetration rates. Utilities have limited observability of the presence of these
technologies and stochasticity is induced by how customers are using them. The use of these
technologies may cause abnormal conditions to the distribution networks, such as equipment
being overloaded and non-acceptable voltage levels. Hence, their impacts must be studied for
planning and safe operations of the networks; however, due to the randomness involved, it is
challenging to properly model them on the distribution networks. Assessment method needs
to be developed to evaluate the impacts at various levels of penetration of the technologies
and uncertainties must be considered. If abnormal conditions are likely to occur according to
the impact analysis results, optimization strategies and mitigation plans should be designed
to minimize the likelihood of such abnormal conditions.

6.1 Summary of work

In Chapter 2, we develop a rapid estimation method (REM) to perform a stochastic analysis
on the impact of EVs and PVs to power distribution networks without performing repetitive
power flow analyses to multiple scenarios, i.e., Monte Carlo simulations. To deal with the
uncertainty in locations of EVs/PVs and their consumption/generation profiles, we compute
the probability density functions of the network states of interests (equipment loading level
and node/bus voltage) at given penetration rates by solving the Fokker-Planck equation.
For any specific penetration level, probabilities of equipment overloading and node/bus volt-
age exceeding specific limits can then be calculated, which indicates susceptible equipment
or network sections to EV/PV impacts. To improve the accuracy of our method, an op-
tional calibration step is also proposed. We illustrate the performance our our approach
on a large-scale realistic distribution network, and the results are benchmarked with Monte
Carlo simulations. It is illustrated that the REM results well follow those from Monte Carlo
simulations with minimal errors, hence we greatly improve the computational efficiency when
conducting stochastic impact analyses for EVs and PVs on the distribution networks. While
minor errors can be observed when comparing with results from Monte Carlo simulations
(e.g., mainly at tail regions of the PDFs or outside of 2× quantiles), we want to emphasize
that the computational speed is significantly improved, allowing utilities to do quick screen-
ing on their distribution networks to identify locations sensitive to impacts of GETs. Utilities
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can still perform power flow analyses on these identified locations for more accurate results.
We also obtain a sequence of PDFs indexed by the penetration rates, hence the results can
indicate GET impacts to the networks for changing penetration levels with time.

To apply the REM to study impacts of EV charging, probability data characterizing cus-
tomers’ EV charging profiles are required. However, these information are not always avail-
able, because utilities do not have direct access to the charging events as EV chargers are
normally installed behind-the-meter. In Chapter 3, a non-intrusive and training-free method
is proposed to detect BTM EV charging events based on customers’ smart meter data, which
are readily available to utilities. The approach does not require labelled training data nor
hyperparameter tuning, and achieves a similar level of accuracy in extracting information
of charging events as that of the literature. Through a data-driven approach, we infer cus-
tomers’ charging patterns in terms of probability distributions of charging profiles from the
detection results during an entire year. We compare the inferred probability distributions
with those from the ground truth, and illustrate that even if there exist some minor differ-
ences between the two sets of distributions, no significant error occurs in the results of EV
charging impact analyses.

In the numerical examples of Chapters 2 and 3 for impacts of EV charging to distribution
networks, we observe that key network equipment like substation transformers may be iden-
tified as being overloaded especially at high penetration of EVs. To avoid premature failure
of these equipment and to maintain their usable lifetime, utilities need to develop strategies
to mitigate the overloads. In Chapter 4, we propose a mitigation strategy to avoid overload-
ing issues to key network equipment by shifting customers’ probabilities of charging their
EVs from the peak hours to the off-peak hours. We first formulate a bi-level optimization
problem to design the mitigation strategy aiming to maintain equipment’s nominal lifetime
and minimize associated costs. We then re-express the bi-level problem as a convex program,
and embed it into a dedicated search algorithm to determine optimal levels of incentives of-
fered under the mitigation strategy. The proposed mitigation strategy is not an EV charging
schedule that customers must follow; rather, customers still have the freedom to charge their
EVs during the peak hours when necessary. However, the probabilities of doing so in the long
term should be consistent with those used in the mitigation plan to receive the corresponding
incentives.

In Chapter 5, we shift our focus to PVs. Unlike EVs which consume power, PVs inject power
to the distribution networks. Hence, overloading or under-voltage issues are less likely to
occur. However, a high penetration of PVs can lead to over-voltage problem on the network
which needs to be regulated. In this chapter, we propose an optimal reactive power dispatch
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(ORPD) stochastic program for volt-var optimization (VVO) of power distribution networks,
while uncertainties in demand and PV generation are considered. In the proposed stochastic
program, we consider not only control settings for voltage regulators, capacitor banks, and on-
load tap changers which are conventional devices for VVO, but also the capability of inverter-
based PVs to absorb and inject reactive power to regulate the voltage levels. Instead of
directly solving this NP-hard problem, we use a power flow solver as a blackbox simulator and
solve the problem by a scenario-based stochastic blackbox optimization (BBO). The derived
solution has been demonstrated to be effective under various demand and DER generation
scenarios. Comparing to reinforcement learning-based methods, our approach is more sample
efficient, and provide trustworthy and interpretable solutions. Our approach is practical and
can allow utilities to design long-term or seasonal VVO strategies using historical or forecast
data on their network without frequently adjusting settings for controllable devices.

Finally, to validate the performance and the scalability of all the methods and approaches
developed in this dissertation, they have been tested on the IEEE-8500 test feeder which is
a realistic large-scale distribution system.

6.2 Future work

In this dissertation, we consider EVs and PVs as the main GET types because of their in-
creasing presence on today’s distribution networks. GET also includes demand response (DR)
programs, which are attracting on-going attention due to their effectiveness and efficiency
in balancing demand with supply and optimizing the use of existing network infrastructure
against challenges in grid operations. With the set of offset profiles of DR characterized, i.e.,
how customers’ demands are varied under the DR program, we can use the proposed REM
approach to assess impacts of DR programs, and the combined impacts with other GET
types can also be analyzed. Thanks to the computational efficiency of REM, we can use it to
evaluate performance of different kinds of DR programs while uncertainties like participation
factors are taken accounted for. Further work can also done in optimizing the structure of
the DR program to coordinate with other GET types for optimal grid performance.

As pointed out in Chapter 3, to accurately detect EV charging events from the smart meter
data, there is a need to first estimate customers’ BTM generation such as from PV or battery
systems. This allows to use only the consumption data in the EV detection methodology. The
detection of PV generation from the smart meter data also informs utilities on the location
and nominal capacities of existing PVs on the network. These are useful information to model
PVs in the “as-planned” network model, which is essential to design optimal VVO strategies
to regulate voltage levels on the network.
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Last but not least, in some numerical examples, we made certain assumptions to simplify the
simulations although our proposed approaches do not have these limitations. For example,
in Chapter 3, we consider constant power throughout the entire EV charging event. In
Chapter 4, our formulation for the design of mitigation strategies accounts for the uncertainty
in customers’ participation through the λp factor; however, the numerical example presented
considers the full participation of customers, i.e., λp = 1. Our approach can also be applied to
design a uniformized strategy and incentive plan to all customers on different networks, while
only the substation transformer is assumed to be overloaded in the numerical example. In
Chapter 5, we implicitly assume that all customers participate in the VVO policy such that
they allow utilities to update the volt-var curve settings on the PVs they own when necessary.
In practice, these assumptions may not hold, e.g., EV charging power may be lowered at the
start and towards the end of charging to protect battery cells, not all EV owners are interested
in changing their routine schedule of charging their EVs even though incentives are offered,
or not all customers are willing to let utilities tap into their PV systems. These open up
opportunities to further develop our methodologies when these assumptions are relaxed, and
to validate and improve the performance of our proposed approaches through additional case
studies.
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APPENDIX A NUMERICAL SOLUTION OF THE FPE

We discuss the numerical methods that can be used to solve the FPE for m(x, p).

Explicit method

One can solve for m(x, p) by conservation laws using finite element methods. Given m0 =
m(x, p0) is a probability density, we should have the total mass M(p0) =

∫+∞
−∞ m(x, p0)dx = 1.

As m(x, p) propagates with the penetration rate p, its total mass should be conserved at any
p ≥ p0, i.e.

M(p) =
∫ +∞

−∞
m(x, p)dx = 1. (A.1)

To describe the propagation, we first define a mesh by discretizing the x − p plane. The
(Nx + 1) × (K + 1) discrete mesh points for the penetration rate p and the state x can be
defined for Nx, K ∈ Z+,

pi = i∆p, i = 0, 1, 2, . . . , K − 1, K,

xj = xmin + j∆x, j = 0, 1, 2, . . . , Nx − 1, Nx.
(A.2)

Here, xmin some minimum value for x-axis which is dependent on the network state we are
estimating.

Let m(xj, p) be the mass density at x = xj at penetration rate p for any 0 < j < Nx. We can
approximate m(xj, p) by the mass within the grid cell [xj− 1

2
, xj+ 1

2
] averaged over ∆x, i.e.,

m(xj, p) ≈ Mj(p)
∆x

≜
1

∆x

∫ x
j+ 1

2

x
j− 1

2

m(x, p)dx. (A.3)

Denote f(x, p) ≜ m(x, p)u(x, p) the flux of mass at point x. Integrating (2.4) on both sides
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over cell
[
xj− 1

2
, xj+ 1

2

]
and dividing by ∆x, we get

1
∆x

∫ x
j+ 1

2

x
j− 1

2

∂m(x, p)
∂p

dx + 1
∆x

∫ x
j+ 1

2

x
j− 1

2

∂f(x, p)
∂x

dx = d

∆x

∫ x
j+ 1

2

x
j− 1

2

∂2m(x, p)
∂x2 dx,

1
∆x

∫ x
j+ 1

2

x
j− 1

2

∂m(x, p)
∂p

dx + 1
∆x

(
f(xj+ 1

2
, p)− f(xj− 1

2
, p)
)

= d

∆x

(
∂m(xj+ 1

2
, p)

∂x
−

∂m(xj− 1
2
, p)

∂x

)
.

(A.4)

Suppose that m(x, p) is differentiable with respect to p at point (x, p), one can approximate
m(x, p + ∆p) by expanding a Taylor series, where

m(x, p + ∆p) = m(x, p) + ∂m(x, p)
∂p

∆p + ∂2m(x, p)
∂p2

∆p2

2 + . . . . (A.5)

Solving (A.5) for ∂m(x,p)
∂p

, one gets,

∂m(x, p)
∂p

= m(x, p + ∆p)−m(x, p)
∆p

− ∂2m(x, p)
∂p2

∆p2

2 +O(∆p3). (A.6)

If truncating all terms with partial derivatives of order 2 and higher in (A.6), one gets,

∂m(x, p)
∂p

= m(x, p + ∆p)−m(x, p)
∆p

. (A.7)

The derivative expressed in (A.7) is also referred as derivatives by Forward Euler Method,
which has a local truncation error of O(∆p2).

Integrating (A.7) on both sides over cell
[
xj− 1

2
, xj+ 1

2

]
and dividing by ∆x, we get

1
∆x

∫ x
j+ 1

2

x
j− 1

2

∂m(x, p)
∂p

dx = 1
∆p∆x

∫ x
j+ 1

2

x
j− 1

2

(m(x, p + ∆p)−m(x, p)) dx

= 1
∆p

 1
∆x

∫ x
j+ 1

2

x
j− 1

2

m(x, p + ∆p)dx− 1
∆x

∫ x
j+ 1

2

x
j− 1

2

m(x, p)dx


= 1

∆p

(
Mj(p + ∆p)

∆x
− Mj(p)

∆x

)

≈ 1
∆p

(m(xj, p + ∆p)−m(xj, p)) .

(A.8)

Note that in (A.8), we used the definition of average mass in (A.3).
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Now for the second and third terms in (A.4), evaluations of function values at points xj+ 1
2

and
xj− 1

2
are not possible, as these “half” points in fact do not exist in the mesh we discretized;

therefore, it is necessary to approximate the function values at these points.

By definition of f(x, p), the term 1
∆x

(
f(xj+ 1

2
, p)− f(xj− 1

2
, p)
)

can be interpreted as the
average change of flux over the cell

[
xj− 1

2
, xj+ 1

2

]
. If we assume that this average change of

flux remains constant over the cell [xj−1, xj+1], the second term in (A.4) can be expressed by,

1
∆x

(
f(xj+ 1

2
, p)− f(xj− 1

2
, p)
)

= 1
2∆x

(f(xj+1, p)− f(xj−1, p)) . (A.9)

For the spatial first derivative terms
∂m(x

j+ 1
2

,p)

∂x
and

∂m(x
j− 1

2
,p)

∂x
, we can approximate their

values by evaluating at the closest points xj and xj−1 respectively,

∂m(xj+ 1
2
, p)

∂x
≈ ∂m(xj, p)

∂x
,

∂m(xj− 1
2
, p)

∂x
≈ ∂m(xj−1, p)

∂x
.

(A.10)

Hence, by Forward Euler method again, we have approximate right-hand side term of (A.4)
by,

∂m(xj, p)
∂x

= m(xj+1, p)−m(xj, p)
∆x

,

∂m(xj−1, p)
∂x

= m(xj, p)−m(xj−1, p)
∆x

,

d

∆x

(
∂m(xj+ 1

2
, p)

∂x
−

∂m(xj− 1
2
, p)

∂x

)
≈ d

∆x

(
∂m(xj, p)

∂x
− ∂m(xj−1, p)

∂x

)

= d (m(xj+1, p) + m(xj−1, p)− 2m(xj, p))
(∆x)2 .

(A.11)

Substituting the results in (A.8), (A.9) and (A.11) into (A.4), we get

1
∆p

(m(xj, p + ∆p)−m(xj, p)) + 1
2∆x

(f(xj+1, p)− f(xj−1, p))

= d (m(xj+1, p) + m(xj−1, p)− 2m(xj, p))
(∆x)2 ,

m(xj, p + ∆p) = m(xj, p)− ∆p

2∆x
(f(xj+1, p)− f(xj−1, p))

+ d∆p (m(xj+1, p) + m(xj−1, p)− 2m(xj, p))
(∆x)2 .

(A.12)
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In (A.12) we describe how the mass m(xj, p) can be computed (or updated) given an initial
value m0(x) on the discretized mesh. This is known as an explicit scheme. For more details
about explicit schemes, the reader is referred to [104]. In order to obtain a convergent
and stable solution of m(x, p) from (A.12), the so-called Courant-Friedrichs-Lewy (or CFL)
condition must be satisfied, which is

|u|∆p

∆x
≤ 1. (A.13)

To make sure that the CFL condition is always satisfied at all times, in practice we usually
use |u|max in (A.13). Refer to [104] for more details of the CFL condition and its relation to
convergence and stability of (A.12), as well as other explicit schemes.

Implicit Method

When solving for m(x, p), if we work with a small range of x, we would have to choose a
small ∆x step to have a sufficiently refined grid. Given that the CFL condition in (A.13)
must be satisfied if explicit numerical methods are used, this indicates that ∆p may be even
smaller, hence making the computation slow and expensive.

Alternatively, we can consider an implicit scheme. In the explicit scheme, we evaluate all
spatial derivative terms at p. For the implicit scheme, we are going to evaluate them at
(p + ∆p). Hence we rewrite (A.12) to the following,

m(xj, p + ∆p) = m(xj, p)− ∆p

2∆x
(f(xj+1, p + ∆p)− f(xj−1, p + ∆p))

+ d∆p (m(xj+1, p + ∆p) + m(xj−1, p + ∆p)− 2m(xj, p + ∆p))
(∆x)2 .

(A.14)

We cannot directly solve m(xj, p + ∆p) in terms of values at p by the resulting implicit
scheme. However, we can express m(xj, p) in terms of values of the next step at (p + ∆p),
hence this implicit scheme can also be referred as a backward scheme.

Substituting f(xj+1, p + ∆p) = m(xj+1, p + ∆p)u(xj+1, p + ∆p) and f(xj−1, p + ∆p) =
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m(xj−1, p + ∆p)u(xj−1, p + ∆p) into (A.14), we get,

m(xj, p) = sjm(xj, p + ∆p) + sj+1m(xj+1, p + ∆p) + sj−1m(xj−1, p + ∆p), where s ∈ R,

sj = 1 + 2d∆p

(∆x)2 ,

sj+1 = ∆p

2∆x
u(xj+1, p + ∆p)− d∆p

(∆x)2 ,

sj−1 = − ∆p

2∆x
u(xj−1, p + ∆p)− d∆p

(∆x)2 .

(A.15)

Let m(x, p) and m(x, p + ∆p) denote the mass density at p and (p + ∆p) respectively, and
write them into the following (Nx + 1)× 1 column vectors

m(x, p) =



m(x0, p)
m(x1, p)

...
m(xNx−1, p)

m(xN , p)


, m(x, p + ∆p) =



m(x0, p + ∆p)
m(x1, p + ∆p)

...
m(xNx−1, p + ∆p)

m(xN , p + ∆p)


. (A.16)

Then for matrix Su ∈ R(Nx+1)×(Nx+1), we have,

m(x, p) = Sum(x, p + ∆p),

Sj,j = 1 + 2d∆p

(∆x)2 , j = 0, 1, . . . , Nx

Sj,j−1 = − ∆p

2∆x
u(xj−1, p + ∆p)− d∆p

(∆x)2 , j = 1, 2, . . . , Nx

Sj,j+1 = ∆p

2∆x
u(xj+1, p + ∆p)− d∆p

(∆x)2 , j = 0, 1, . . . , Nx − 1.

(A.17)

Hence, given any m(x, p), one can compute m(x, p + ∆p) by,

m(x, p + ∆p) = S−1
u m(x, p). (A.18)

Note that Su is a tridiagonal matrix with identical non-zero diagonal elements, and each row
contains at least 1 non-zero off-diagonal element. Hence for any given row of Su, it must
be linearly independent of any other row in Su. Therefore, Su has a rank of (Nx + 1), and,
therefore, is non-singular.
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In general, the stability condition for implicit schemes does not depend on ∆x or ∆p. It is
also possible that this scheme is unconditionally stable (independent of n and also u(x, p)).
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