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BEHRENS-FISHER PROBLEM UNDER THE ASSUMPTION OF
HOMOGENEOUS COEFFICIENTS OF VARIATION

by Bimal Kumar Sinhat
University of Montreal

an

Bernard Clément”
Ecole Polytechnique

SUMMARY

This paper examines and compares by simulation techniques
the powers of the likelihood ratio (LR) test and an "asymptotically
(in some sense) optimum'" invariant test with those of several other
relevant tests for the problem of testing the equality of two univa-
riate normal population means under the assumption of heterogeneous
variances but homogeneous coefficients of variation. It is seen that
the LR test is highly satisfactory for all values of the coefficient
of variation and the "asymptotically optimum'" invariant test, which is
computationally much simpler than the LR test, is a reasonably good
competitor for coefficient of variation greater than or equal to 3.
Also, the study of robustness of the LR test shows that the test re-
mains as highly satisfactory even for an appreciable deviation of the

ratio of two coefficients of variation from unity.

Some keywords: Behrens-Fisher problem; likelihood ratio test; invariant

test; simulation techniques; coefficient of variation.
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1. INTRODUCTION

We consider in this paper what is technically known as the
Behrens-Fisher problem of testing the equality of means of two uni-
variate normal populations when the variances are unequal and unknown.
There has been a considerable amount of work in the literature on this
problem during the last few decades. Starting with Behrens who intro-
duced this problem in 1929 and Fisher (1939) who defended Behrens'work,
Welch (1937), Gronow (1951), David and Johnson (1951, a and b), Box
(1954, a and b), among others, have contributed significantly towards
examining and discussing various aspects of this problem. Lately,
Lohrding (1969) derived the likelihood ratio test for this problem
with equal sample sizes from both the populations under the assumption
of heterogeneous variances but homogeneous coefficients of variation
and examined by simulation techniques its power compared to several
other relevant tests. As has been noted by Lohrding, the assumption
of homogeneous coefficients of variation is a valid assumption in many
types of agricultural, biological and psychological experimentation,
because quite often the treatment that yields a larger mean also has a
larger standard deviation. The motivation underlying the present inves-
tigation lies in the empirical findings of Lohrding, which suggest that
the use of the likelihood ratio test under the assumption of homogeneous
coefficients of variation is extremely helpful as it results in maximum

power compared to other tests.



Throughout this paper Lohrding's assumption of homogeneous
coefficients of variation is made. In section 2 we generalize the
result of Lohrding and derive the likelihood ratio test for unequal
sample sizes. The small sample distribution of the test statistic is
obtained by simulation techniques. Its power is studied in section 4

and compared with those of several other relevant tests. The conclusion

is that this test is highly powerful (among the tests under comparison)

for all values of the coefficient of variation despite Lohrding's remark

range
that the test is good only for a certain maféz of the coefficient of

variation.

Another feature of the problem under Lohrding's assumption is
that the various tests under comparison are all invariant under the
action of the multiplicative group of positive real constants that keeps
the problem invariant. It is, therefore, natural to enquire if there
exists a uniformly most powerful invariant (UMPI) test for this problem.
The approach of invariance is adopted in section 3 and certain difficul-
ties in obtaining the UMPI test are noted. However, the situation is
extremely simple if the common coefficient of variation is very large
(#>). The UMP wunbiased invariant test derived under this assumption
is seen to result in an F-test. It is shown by simulation techniques
that this latter test is most powerful compared to the other invariant
tests (including obviously the likelihood ratio test of the previous sec-

tion) for common coefficient of variation equal to or larger than 3.



2. DERIVATION OF THE LIKELIHOOD RATIO TEST OF EQUALITY OF TWO NORMAL
POPULATION MEANS UNDER THE ASSUMPTION OF HOMOGENEOUS COEFFICIENTS
OF VARIATION

2.1. DERIVATION OF THE LIKELIHOOD RATIO STATISTIC

Let {Xij’ j= 1,...,ni} a random sample of size n, from
a univariate normal population N(ui,B2 ui), i =1,2. Let the
non-restrictive parameter space be = {(ul,uz,B):O < ul < oo, (< u2 < o,
0 < B <®}, In this section we derive the likelihood ratio test of the
hypothesis H0 : ul = uz against the alternative H1 3 ul # uz. Towards

this we have first to derive the maximum likelihood estimators of the

parameters under both H and H .
0 1

The likelihood function under H is
1

[

-(n +n )/2 -n n

L) = (2m) ' 2 *(Bu ) ‘(Buz) 2 exp| -1 (xij—ui)z/szui (2.1)

™M
n ™

i=1 | j=1
Taking derivatives of log L(2) with respect to the parameters B8,u
1

and u2 and setting them equal to zero gives the following set of equa-

tions:
B2 = n {S? + (X -u )? 2 2 Y _u )2 2
1 1 ( 1 ul) }/ul(n1+n2) * n2 {Sz ¥ (Xz uz) }/uz(nl+n2) 2.2
2.2 v v
and By *+ X - (G#si) =0, k=1,2 (2.3)
where ii is the average of the i-th sample (i = 1,2) and
n.:
i -
si = £ (X,.-X.)*/n, , i=1,2. Writing (2.3) in the form
gl ij i i

2 y2 2 v 2 =



gives

B2 =n (® +S* -Xpu)/w¥m+n) +n (X +8 - Xu)/u*(n+n)
1 1 1 1 1 1 1 2 2 2 2 2 ‘2 2 1 2

comparing (2.2) and (2.5) gives ul in terms of u2 as

u anXpu/{tn+n)py -nX}
1 1. 1 2 1 27 "2 2 2

Using the above expression for u  in the identity
1

X+ 82 -Xu)/ = (R +8 - X p)nd
1 1 1 1 1 2 2 2 2 2

gives the following equation in uz:

W -ag +b=0
2 2

where

a=[(mn +2n* -n*) ¥®X +2n n+n) X S?1/[(n +n ){n X* + (n +n ) S*}]
1 2 2 1 1 2 2 1 2 2 1 1 2 2 1 1 2 1

and

b = [¥*X
1 2

Hence, we have ﬁz = 1[a*+@a*-4b]. It is seen from (2.3) that the equa-
tion in uk (for k = 1,2) has two real roots, one positive and the other

negative. Thus ﬁk may always be chosen positive and we have in fact the

following expression for ﬂ :
2

P =Hman +2n” -n®) ¥® +2n (n+n ) S’} X +n +vh +n X {(n +n ) X%
2 1 2 2 1 1 2 1 2 1 2 1 1 2 1 1 2 1 2

1
+ 4n X*S? + 4n X®S% + 4(n +n ) S2S%}%]/[2(n +n ){n X® + (n +n ) S?}]
1 2 1 2 1 2 1 2 1 2 1 2 2 1 1 2 1

m*-n?) + n?*S*% - n?%%S%)/[(n +n ){n R + (n +n ) S*}].
2 1 271 2 171 2 1 27 21 1 27 1

(2.5)

(2.6)

(2::7)

(2.8)



Using ﬁz, we get from (2.6)
0 =[{tnn +2n® -n®) ¥ +2n (n+n ) $*} X +n vh+n X {(n +n ) %
1 1 2 1 2 2 1 1 2 2 1 2 1 2 2 1 2 1 2
1
+ 4n X*S% + 4n ¥*S% + 4(n +n ) S*S*¥?1/[2(m +n ){n X + (n +n ) S*}]
2 1 2 1 2 1 1 2 1 2 1 2 1 2 1 2 2
which is also otherwise evident due to symmetry of the likelihood equations

in the yu's. Finally, éz is obtained from (2.2).

This set of estimators solves the set of likelihood equations
(2.2) and (2.3). Now a check must: be made to see if the joint estimators
ﬁl, ﬁz and B define a maximum. This involves the usual routine proce-

dure of checking for negative definiteness of the matrix

—h n : 2n ]
1 1 A = 1
2 - L 3B eX) 0 -
T Ty 1% B
1 1 1
32 ].Og L‘Q’ o ill. nz g = 2n2
. O, ul g 2 %3 (36 uz+x2) T oan
£ 3 ~ u B u Bu
(4 2 2
2n 2n 2(n +n )
e S o1 2
B Bl B

where ¢ =u ,9 =u,¢ =8,
1 1 2

It has been seen through considerable manipulation of inequalities that

the above matrix is negative definite. The details are omitted.

~

We have thus shown that the estimators ﬁ , ﬁ and B are
1 2

joint maximum likelihood estimators of the parameters under H . This
1

(2.9)



gives the maximum of the likelihood under Hx as

- -(n_#n )/2 _ . -n /2 _ . -n /2
LED = (2] ' ?F B+ -Fu) ' (P + 8 -Xu) * expl-tnen)/2.
1 1 11 2 2 2 2 i 2
(2.10)
Under Ho - ul = u2 = u (say), the restrictive parameter space is
w={(u,B) : 0<p<w, 0<B<w® andit is easy to verify that u = X,
B=S5/% where (n+n ) X=nX +n X and
1 2 11 22
2 2 o2 3 _% 2
(nl+n2) S° = nISl + nzbz + nlnz(Xl Xz) /(nl+n2).
Hence, the maximum of the likelihood under Ho is given by
R -(n +n )/2 -(n +n )/2
L) = (2m) ' % s*) ' ? -exp[-(nl+n2)/2] {2.11)
Therefore, the likelihood ratio statistic for testing H0 . ul = u2 against
Hl P # W under the assumption of homogeneous coefficients of variation
is given by
_ n /2 n /2 -(n +n )/2
A= L@/LE@ =[s*+A]1 ' . [S§+A2] & =[F] = = (2.12)
11
where
A =n + X2 (X*+28%) - A +n X X 2(n + X2 o+ +n ) §*},
1 2[(n1 nz) 1( 2+ 2) 1+nz X1X2 Bl/ (n1 n2){nl 2 (nn 2) 2}
A =nl(m+n ) B (X+258*) -vA+n XX Bl/2(n +n ){n ¥ + (n +n ) $*}
2 1 1 2 2 1 1 1 2 12 1 2 2 1 1 2 1
with
1
B ={(n+n ) X®X + 4n ®s* + 4n X®s?* + 4(n +n ) S*S%}3,
1 2 12 2 1 2 121 1 2 1 2

In particular, when the sample sizes are equal n = n =n (say), A is
1
reduced to [{[(XT+ZS:)(X:+ZS:)]% - Xliz}/(zsz)]“, as obtained already by

Lohrding (1969).



2.2. DETERMINATION OF THE SAMPLING DISTRIBUTION OF (-2 log A)

To get a complete description of the LR test what is needed
now is the specification of a constant corresponding to a specified le-
vel of significance. This in term involves the problem of determination
of the sampling distribution of (-2 log A) under HO. It is known
(Wilks, 1963) that in large samples the distribution of (-2 log A)
under H0 is that of a central X  variable with 1 d.f. However, for
small samples, this distribution is not known and seems to be very com-

plicated in view of the form of (-2 log A) as evidenced from (2.12).

To investigate the small sample distribution, we have adopted
the simulation technique. 10,000 values of the test statistic (-2 log A)
are computed from random samples of various sizes, assuming the null hypo-
thesis Ho : ul = uz to be true. These have been obtained by using the
Gauss subroutine generating N(p,0®) variates. The empirical distribu-
tion function of X = -2 log A has first been obtained for values of X
from 0 to 15 at intervals of 0.1 and then its upper tail has been smoothed
-Bx

by using the exponential model F(x) = l-ale These smoothed values have

further been smoothed out by using the formula

X-X =E +&E/n +&/n
1, 0 1 1 2 2

a

for nl <§n2. The two-stage smoothing process gave highly satisfactory re-

sults and the smoothed critical values are reproduced in table 1 to table 4.



TABLE 1: SMOOTHED APPROXIMATE CRITICAL VALUES FOR

THE TEST STATISTIC -2 log A (a = 0.10)
B
n1 2 4 6 10 15 20 30
2 5.60 4.25 3.87 357 3.42 .35 27
4 3.93 3.56 3.26 3.11 .03 .96
6 3.45 3.15 3.00 .93 .85
10 3.07 2.92 .85 .77
15 2.87 .80 .72
20 .78 .71
30 .70
For intermediate values use X = 2.49 + 1;‘27 + 41'150 where
1 2
n, Sn, and X is the critical value of -2 log A at

1 2
o = 0.10.



TABLE 2: SMOOTHED APPROXIMATE CRITICAL VALUES FOR
THE TEST STATISTIC -2 log A (o = 0.05)

n, 2 4 6 10 15 20 30
2 8.03 6.00 5.5 5.03 4.82 4.71 4,
4 5.60 5.06 4.63 4.42 4,31 4.
6 3.93 4.50 4.29 4.18 4.
10 4.39 4.18 4.07 3
15 4.13 4,02 3.
20 3.99 3.
30 3.
For intermediate values use X = 3.59 + lﬁég + éﬁii where

1 2

n, <n2 and X 1is the critical value of -2 log A, at

a = 0.05.



TABLE 3: SMOOTHED APPROXIMATE CRITICAL VALUES FOR

THE TEST STATISTIC -2 log A (a = 0.025)
nl 2 4 6 10 15 20 30
2 10.57 7.78 7.0z 6.42 6.12 5.97 5.82
4 7.37 6.62 6.01 5.71 5.56 5.41
6 6.49 5.88 5.58 5.43 5.28
10 5.78 5.47 5.32 5.17
15 5.42 5.27 5.12
20 5.24 5.09
30 5.06
For intermediate values use X = 4,71 + lﬁél + 2;95 where
1 2

n, Sn

1

and X is the critical value of -2 log Al at

a = 0.025.



TABLE 4: SMOOTHED APPROXIMATE CRITICAL VALUES FOR
THE TEST STATISTIC -2 log A (o = 0.01)

"2
n, 2 4 6 10 15 20 30
2 13.82 10.14 9.15 8.36 7.97 7.77 7.57
4 9.64 8.65 7.86 7.47 7.27 7.07
6 8.48 7.69 . 7.30 7.10 6.90
10 7.56 ‘ 717 6.97 6.77
15 7.10 6.90 6.71
20 . 6.87  6.70
30 6.64
For intermediate values use X = 6.18 + lr.ljg + 11,_; a where
2

n, <n2 and X is the critical value of -2 log )\1 at

a = 0.01.

P .
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3. "ASYMPTOTICALLY (as B = =) OPTIMUM'" INVARIANT TEST OF EQUALITY OF
TWO NORMAL POPULATION MEANS UNDER THE ASSUMPTION OF HOMOGENEOUS
COEFFICIENTS OF VARIATION

Assume the same formulation as in section 2. Let G = {g:g > 0}
be the multiplicative group of positive real constants. It is then easy

to see that under the action of the group G acting as

X ~gX, X +gX,u ~ > ou , B+ (3.1)
1 BAL s 5 -’ ul gul 5 uz gu2 B+ B

the basic testing problem remains invariant. Since (X , X , S, S )
are jointly sufficient for the parameters involved, it follows that we
need consider test functions depending only on these quantities. A maxi-

mal invariant statistic under the action (3.1) is
(X/S,X/S,S/S)YS(T,T,T) (say).
1 1 2 2 1 2 1 2 3

It is then well-known that any invariant test must depend only on (Tl’Tz’Ts)'
To get a reasonably good invariant test what is needed first is the sampling
distribution of (TI,T;,Ts). It may be noted that a maximal invariant para-
meter is (6 = ul/uz,B) so that the above distribution will depend only on
& and B, and our problem in this reduced set-up is that of testing

H : 86 =1 versus Hl : 8 #1 with B as a nuisance parameter. The deri-

0

vation of this distribution is rather straightforward and comes out as fol-

lows:
" nl-l 2 2 2 2 -(nl+n2)/2 @
£ LK =c.0 2. ; =
fe,s( ot ta) c t3 [(1+nxt1) t3 + 0 (1+n2t2)] expl (n1+n2)/28
w T(n +n +j/2) mMtt+6nt)ve |
5 1 2 .__1_ 1 1 3 2 2
o CEI+l) j 28 .2 2 2 d
j=0 B V«1+n t°) t° + 6° (1+n t°)
11 3 2 2
~© <t <® -~w<<t <o (<t <o (3.2)
1 2 3
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where c¢ is the normalizing absolute constant (independent of 6 and B).
Any step to obtain an "optimum" invariant test from (3.2) proceeds with

the following standard argument.

Observe that under H : 06 =1, B 1is the only nuisance para-
0
1

meter and V(t ,t ,t ) = (ntt +n t )/{(1+n t?) t> + (1+n t*)}*> is a

12 3 113 22 11 3 2 2
sufficient statistic for B. From (3.2), it follows that the distribution
of V under H is of the form

0

I((n +n +3)/2)

RT2) 0 o
TG+ VoY h(V) , <V <

gv) =¢ L

j=0

; Bj

for some function h(V) which is positive almost every where. Since then

for any (measurab{s) function &(V) of V, EB{Q(V)} = 0 identically in

B >0 implies f vl g(V) h(v) dV = 0, for all j = 0,1,2,..., it follows
o -

that f eV 4(V) h(V) 4V = 0 for all 6 € (-Y,Y), Y > 0 and hence with
-

the usual argument that the distribution of V is complete. This is no

doubt favourable towards obtaining an "optimum" invariant test. However,

the usual approach through conditioning argument does not seem to make

any progress in this particular problem not even locally. Thus, we have

been unable to obtain any 'optimum'" invariant test for this problem (local-

ly or uniformly).

On the other hand, the above testing problem is extremely simple
and the solution is almost immediate if we assume that the coefficient of
variation B is large. Taking B + o in (3.2) gives the distribution
of the maximal invariant statistic as

n n -1 -(n +n )/2
£t .t ,t) = c:02t! [(Q+n t?) t? + @ (1+n t¥)] ' 2
1 2 3 11 3 2 2

(5.5)

(3.4)
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and the solution is obtained by looking at the quantity
F=1{n (1+n t?) t?}/{n (1+n_ t>) 6%}
2 11 3 1 2 2

which has a central F-distribution with n ,n2 d.f. Since
1
n n
2
¢ (1+n t?) = L X*./S* and (1+n t?) = I X*./st ,
3 11 1 1) 2 272 1 2] 2
it follows that under the assumption of large common homogeneous coeffi-
cient of variation, the "approximate' uniformly most powerful unbiased

invariant test at level o has the specification

n n

1 2
. 2 2 2 < 3.5
Reject H% if § le/nl // ? ij/nz > Fnl,nz,a/Z o Fnlynz,l—a/z (58]

4. POWER STUDIES OF THE VARIOUS TESTS AND CONCLUSIONS

Extensive study has been made of the powers of the likelihood
ratio test, the asymptotically optimum invariant test and the other rele-
vant tests such as the F-test, the t-test and the t'-test (Fryer, 1966)
by using simulation techniques and 99 tables have been prepared.

But for the sake of space, only a few of the tables are reproduced here
illustrating and justifying our conclusions. We refer to the technical

reports (Clément, 1975, a and b) for details. The overall findings are:

1) Lohrding remarked that the likelihood ratio test is good for the
coefficient of variation only between 0.25 and 1.0. Contrary to
Lohrding's conclusion the likelihood ratio test has shown maximum
power for all values of the common coefficient of variation. This

is evident from table 5 to 12.
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2) This is not to say that the other tests such as the t-test and the
F-test do not achieve the same power as the likelihood ratio test
but they do so only under some restrictive conditions such as when
the variances are nearly equal (for the t-test) and widely different

(for the F-test). This is again evident from the table 8, 12, 13.

3) Another very important finding is that the likelihood ratio test
remains robust in the sense of retaining its power to a maximum
even for an appreciable deviation of the ratio of the two coeffi-
cients of variation from unity, say from 0.66 to 1.5. This is again

evident from table m 2, . 15 le, 1, \¥

4) However, if the common coefficient of variation is greater than or
equal to 3, the optimum invariant test derived in section 3 has
nearly the same power as the likelihood ratio test which is evident

0,12, %
from the table 15, 36, ¥7, 18. But since the former is computationally

much simple than the latter, it should be used whenever the assumption

of large (2 3) common coefficient of variation is met.
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TOTAL NUMBER OF REJECTION OUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN PUPULATION PARAMETERS
FOR 2 SAMPLES OF SIZE

NI= 10 NZ2= 10
MUl= 2.670 MU2= 4.670
SIGMAl= 2.000 SIGMA2= 3.500
¢ BETAI=SIGMAL/MUL= 0.750 BETAZ=STIGMAZ/MU2= 0.750
THETA=MUL/MU2= 0.570 PSI=BETAL/BETA2= 1.000
‘ % 3 % 2 3o %l ok o o s 3k 2 ol A ok e o e e o ofe s 3l e i sk eole ok ok 3e e Bk sk ool ook e ol ko e ok ok
3 x x ACPHA-LEVEL %
% TEST STATISTIC sdoskooromsoiofor o o ok i ool otk ok ok 3ok aor
* *  0.01 * 0.05 * 0.10 *
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* F * 13 * 30 % 45 *
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* T % 13 * 29 % 36 %*
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TOTAL NUMBER OF REJECTION wUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATION PARAMETERS
FOR 2 SAMPLES CF SIZE

N1l= 10 N2= 10
MUl= 2.000 MU2= 4.000
SIGMAl= 2.000 SIGMA2= 4,000
BETAL=SIGMAL/MUL= 1.000 BETA2=SIGNA2/MUZ2= 1.000
THETA=MUL/MU2= 0.500 PSI=BETAL/BETA2= 1.000
e 3 e e A e o e o o o ik o 3k ok o e ok e el sk Sk Rl sl iR koK e ok i 3ok Sk ol i 3 slesio
* * AUPHA-LEVEL % -
% TEST STATISTIC ksesiooskaofoisiosmofoiok i ol doiosk R ook ook 3okl ok ook ok
* * 0.01 x 0.05 % 0.10 #
% 9k 3 3k e B Ak e ok ok dk kool 3k koo ok o e Xk i ik ol sl ok ) 3k s SRR R KR 3R S e ok e Re ko o Sk R R R
* LAMBDA * 38 * 69 * 84 *
% 3% ¥ 3 3 e e 3 e e 3k o Ak e e 3k e Ak sk 3k e ok sk e e 3k ok e ol ik Y ik i i X sk S ik e 3K Ol sk vl e e e i Xk S
¥ U * 25 * 53 3 63 %
e ¥ e A 3¢ Ao e 3K Xk i X sk Ak 5 e Sk ok e st ok iz 30 ol 3k 3k ok sk vl 3 3 e i ok kol 33K TR X RO 3k
% F % Z1 * 49 * o7 3
33 e e o e ok ok ol ol ok ok ook e 3 e ol ol 3l i ool e Dk e i e ol %< sk 3R ol Sk 3k 3R 3k sk ko3l ek ik 3R sk ook
* T * 10 * 25 % 47 *
% 3% s s s o 3¢ 3k e i e o o ok 3 o s o sl aie ik s ok o ol 3 ot vk sk ke sl sk ol 3k i ol e e s ok e e ok e e ok sk okl
* TPRIME % 4 % 19 * 58 >
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TOTAL NUMBER CF REJECTION OUT UF 100 SAMPLES
SIMULATED WITH THE GIVEN PDPULATION PARAMETERS
FOR 2 SAMPLES OF SIZE

Nl= 10 N2= 10
MUl= 0.950 MU2= 1.000
SIGMAL= 0.475 - SIGMA2= 0.500
BETA1=SIGMAL/MULl= 0.500 BETAZ2=SIGMAZ/MUZ2= 0.500
THETA=MUl/MUZ2= 0.950 P>1=BETAL/BETAZ2= 1.000

S 3¢ o A o e i ke 3k X< %k e sie ok e s sk 3k e ool X% ke sl s e eosie s e e o 9k R X i 33 e R Xk Kk

* * ALPHA-LEVEL %
% TEST STATISTIC osiodosson ool ok ok sk 3 ek ok s okskok d ook
* 3% 0.01 3 0.05 * 0.10 *
36 e s o et o Xk oK e e ok e e Rl ek ek ek s i kol e ke skl e s skl ok e ok
* LAMBDA *® 1 * tr . % 13 *
s e et o o e ook A e sk ot ok ok ot ok R g el el ok ke o o s e ek e kool e Rk ok

% U % 0 x 0 * 0 x
s e s e o o e ok o oK e o e oK e o s e o ok o ke sk ok o e s K st sk o ok ok o skl ko
% F % 0 * 1 * 7 *
e s o ool e s otk ok oo i o e ok o e ek o o kx4 e skl s st ok ok o 3k s ok e o ek Xk
% T * 2 * 7 % 13 %
s o oo s e o s e ok e i e o e ek ke s ok ke ek ok e sl ok ol s sk i sl st o e sk sk

* TPRIME: % 0 % %4 B 10 %
e e 3 e e ok ke e o o o ok o el ook ok ook ok el ol e sk o o e K e ol ok sl skl sk ol ok ok o




e 3 e e ook 3 e afe A 4 e fe e oKk

x TABLE NO 9 x
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TOTAL NUMGBER OF REJECTION OUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN PUPULATION PARAMETERS
FOR 2 SAMPLES OF SIZE

NI= 10 N2= 10
MULI= 1.000 MU2= 1.500
SIGMALl= 0.200 SIGMA2= 0.300
BETALI=SIGMAL/MUL= 0.200 BETAZ2=SIGMAZ/MUZ=
THETA=MUL/MU2= 0.333 PSI=BETA1/BETA2= 1.000
e % ok 3 s o o 3ol ot e e oo e o ok ok ok i e sk ol ol o sk sl sl kol ok e sk ek o ook ok oK sk ok K
X % ALPHA-LEVEL X
% TEST STATISTIC sk sk ool skl ook s skolok ok ook sk ook sk ok s ok sokok
3 * 0.01 * 0.05 * 0.10 *
3 3 s el steofe ol s ok s ok s e e skolk oo st s ol 3k R 3l o ok e e ol oK o 3k e ak ok o ok 3k el ok ok % e e
x LAMBDA % 98 * 100 x 100 *
e s sk o ofe e e e e e e e el ok oK ol e 3 et e el e ke ol i el i o e sk oKk s e sk o ofe e ok o % ek
= U * 0 % 0 > I3 x
stz s e e sl e e e ol sk st ok s ok 3ol ol ok 3k sk e ofe sk e ofe g s e skl e o ek ol ok ok ok e ol ok 3
% F 2 7 * 16 * 29 *
33 ke e s st sl sl eole e s e e seole s o ok ol e e e ol o % o e sk sk sk otk ok ok e ok K ok 3 3 3k ok e 3 3k e ok
x T * 93 * 98 x* 99 *
e e sk e e s e e o e e i o s s ok s ok ok e sl ol e e el e e e e e skl et e e o ool ok o ok sk
%* TPRIME * 85 * 98 * 99 *
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sie e e st el s sl e e e OOl K X
*  TABLE NO 10 *
4 o e A e ol S0k ol sl ok ok Kk

.22

TOTAL NUMBFR NF REJECTIUN OUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATION PARAMETERS
FOR 2 SAMPLES OF SIZE

Ni= 10 ' NZ= 20
MUl= 8.000 MU2=10.000
SIGMAl= 2.000 SIGMA2= 2.500

BETAL=SIGMALl/MULl= 0.250

THETA=MUl/MU2= 0.800 PSI=BETAL/BETA2= 1.000

e e o e o ol 3 3k o o st sk ok e ol e e sie sk sk ok o 3 3 3 I R ok O I sk S ok SR o 3k

BETA2=SIGMAZ/MUZ2= 0.250

% * ALPHA-LZVEL : %
% TEST STATISTIC seotosksiotooiol ook ok sl i i ol oo koK s sk sk sk 3ok sk
% ¥ 0.0l % 0,05 % 0,10 %
3k s ok 3 i e i e ke s ool ol e el el s ool sk e sk sk %e oK 3 2Kt sk s s ok 3 ok o s o sl e B e
* LAMBDA * 46 3 72 s 84 *
st o 3 e s ok ok % ok ok 3K sl e ke i 33 o e e o e e el s o o e sl s st AR s SISl ISl e steode ook sk sk ok ok
* U * 0 o 0 * 0 %
e ke o o oo o ok ook i ok ok o ok okl ol i e e v ol ek o ok o ol st A o e ik ok ok ok ok K
* F * 2 % 7 % 20 *
o ok o ol o e e e ok i ol sl eI e o o il i o e ol ok e ok 3Ol i K SO e o sk ol o B o o
% T * 34 * 65 * 76 *
s ok e ook o st ok e e st e ot o sl e et ok o sl ol s ok i ok s 3 o o ok 3 oK 3K 3K i sk 3k ok 3k sk ok sk K sk o
* TPRIME * 36 * 53 X 78 *
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TOTAL NUMBFR OF REJECTION OUT 0OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPJLATION PARAMETERS
FOR 2 SAMPLES OF SIZE

Nl= 10 N2= 20
MUl= 1.000 MU2= 2.000
SIGMAl1= 3.000 SIGMA2= 6,000

BETAL=SIGMAL/MUL= 3.000 BETA2=SIGMA2/MU2=

THETA=MU1/MU2= 2.000

st 3 ok 3 ok v 3k ok ok 3 sk ok ok o ok o o 3 o ke sk e sk 3 e o e ol i 3 e s sl s sl sl ol ok sk e e e

PSI=BETAL/BFTA2= 1.000

%* b ALPHA-LEVEL %
% TEST STATISTIC iedsskokzesk sk se ek oot o0k sk e 2oiofoole Jeosfoslo N ok josko ok
% X 0.01 x 0.05 * 0.10 s
e o s e ook ok o ok e st ok ok ol ok sk 3 o o s ol ok o s o 3 s e e ofe ok s ok e e ki ok oK e st e ksl sk sk koK
* LAMBDA % 40 x 63 *x 82 (G
o e s e ok ok s sk sk e o ok s ook ke o ok ok e 3K ok sk st st s o e o ik sl s sl sl e o e e o el koK ok ok

* U e 34 % 63 * 76 *
e e ok A e o o ok 3K ok 26 3 3 o sk o o s ok o s sk ok e e 3k sk ol e e st ol o A e e sk K ol e ol kol ke ok
* F s 29 o 56 * 75 <
e ok e 3 s s ok sk e o 3 o ok o X6 ok 3 o sk e e skt ke ok el e ol e o e ok o e R ok ok 0K
* T % 2 * 8 * 10 s
afe e s o e ki e ol o sk o ok o o ool ol e e ik ok el e e ol sl s o s ook o stk ok Kk

™ %

*x TPRIME * 5 * 9 * 10 *
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TOTAL NUMBER OF REJECTIUN OUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATION PARAMETERS
FOR 2 SAMPLES OF SIZE '

N1= 10 N2= 10
MUl= 1.000 MU2= 2.000
SIGMAl= 4.000 SIGMA2= 8,000
BETALI=SIGMAL/MUL= 4.000 BETAZ=SIGMAZ2/MU2= 4.000
THETA=MU1/MU2= 0.500 PSI=BETA1/BETA2= 1.000

e e 3Rk R 3R R e e e ol 3ok ko 3ie e e ok ik X i ik il e 3k X 3k skl S st e sk ook e sk o ko

* % ACPHA-LEVEL %
% TEST STATISTIC ook soioof ko ok koo koo s ko dok ok i
E ¥ 0,01 % 0.05 * 0,10 %
3 ke sl sl s ofe e sk e e ok otttk ol e sk s e e st s ok s sk Sk i ok ek SRR Sk ok
* LAMBDA * 20 * 60 * 70 *
e e s e st et ol s ek ol e ok s ol e o e e e s e R R e sk ok sk Rk ok ook e
5 U * 33 = 58 % 75 *
e e s ok ok ol sl s el sl ol ke s e oK A0k o 3k SR KR o R ok KR R ok S ok
* F * 271 * 54 * 70 *
s e s el sl s st sfoliofe s ek st sk e e s e e o ol o ok R s oKk ok K oK ok ek Re o ok ok Stk ok
% T * 1 * 5 * 14 *
sk sfe ol e o st fe ol e o s e e o e e ok ok ke e Rl ik s At ROl koK 3K X ok K K ok ok
% TPRIME % 0 * 3 % 3 %
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TOTAL NUMBER OF REJECTION QUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATION PARAMETERS
FOR 2 SAMPLES OF SIZE

NI= 10 N2= 10
MUl= 1.000 MU2= 1.500
SIGMAl= 2.000 S1GMA2= 3.000
BETAI=STGHMATI/MUl= 2.000 BETA2=STGMAZ/MUZ2= 2.000

THETA=MUL1/MU2= 0.670 PSI=BETAL/BETA2= 1.000

o 3¢ e 3 3 e ok e e e ek e Xk e 3Kk iR K i R SN I ol Sl R e O e g AR e R R R %R K oKk R

x %k ALPHA-LEVEL x
% TEST STATISTIC esokssis s e s skok gk s ook ok s it oo 3k e i ¢ o o e 3ok 3k
* * 0.01 % 0.05 * 0.10 3
sk e ok ke ol ok o 3 o ok o e s e 3l ok o ke e s s sl e sl ok 3k sk sk e 2ol i 3ok A i sk R S ok
% LAMBDA * 4 * 17 %* 28 %*
e e e 3k e sl ol ook o ok e o ok e s e ol o st ot o sl s sl e ok e sl ke ok i ol Sl ek

% U % A * 15 * 2% 7
et e o o s ok 3k 36 ok s e o ook e e o e e e el skl e s KN ol s A ol ook skl le Sk sk ok koK Rk
* F * 5 % 19 3 27 2
3 e sl 3 e ok e e ke e s e ofe e ol st sl e s sl o o sk e sl st st s ok ool ok sk 363 ok 3 oKk e ksl al Rk Ok
* T * 0 * 3 * 10 *
s i o e 3 e sk s o 3 e e o ok sk ok o o sk ok sk ol ek sl sk e B st skl SO sk Kok ol oK s K kK kR Rk

* TPRIME * 0 5 [ £ 7 %
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TOTAL NUMBER OF REJECTION OUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATIUN PARAMETERS
FOR 2 SAMPLES OF SIZE

N1= 10 N2= 10
MUl= 1.000 MU2= 0.500
SIGMAl= 4.000 SIGMA2= 2.000
BETALI=SIGMAL/MUL= 4.000 BETAZ=SIGMAZ/MUZ2= 4.000
‘THETA=MU1/MU2= 2.000 PSI=BETAL1/BETA2= 1.000

e A e 3 ok ek 3 3k e e ok e ol ol kol ol e ol st 3 o s i ok s e s i sk ek sl i sk sl sk ok ek K

* * ALPHA-LEVEL *
% TEST STATISTIC s sokoikookstedeoi sk ok ok o sk ok sk e s e e ok okofe o ook se s oo
% * 0.01 * 0,05 * 0.10 *
e e o e 3 e e e ok o ok e e o skl e stk o ok ek oK KoK Kl IR 308K Sk s ol ok ok %k ok
x* LAMBDA % 24 % 55 *® Tl %
sl 3 e e 3 e i e e 30 403 o ok e o o e ik ok e ok e ok sl e o el ol oK ke ok o o e ok ok ok

% U % 28 * 59 E 76 e
e e e e ke e 3o e o ok e e ool e Aok o o oo i o R e ekl sl ol ok e ok R AR oK
* F o 26 * 53 * 05 *
e 3 3 ol o o ok e ok o oK 3k 3 ok ok o sk ok ok o sk e o ok o el sk ol sk sk ok ol oK s e o okl e ok ke sk Kok ok ok
* ¥ # 0 * 5 * 11 %
el 3 3 e o e o o 3 e ek g ok sk 3 o ok s e R i i sk ok kol s ok skl o sk ok ol ok Kok ok kokok

* TPRIME *® 0 * 2 3 6 7
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TOTAL NUMBER OF REJECTIUN OUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATION PARAMETERS
FOR 2 SAMPLES CF SIZE

Nl= 10 N2= 10
MUl= 1.000 MU2= 2.000
SIGMALl= 0.500 SIGMA2= 1.200
BETAL=SIGMAL/MUL= 0.500 BETA2=SIGMA2/MU2= 0.600
THETA=MUL/MU2= 0.500 PST=BETAL/BETA2= 0.833
s 3 o s sl s ok ok s e kol sk 3k s el ok 3 3 ik ik 3 e s e 3k ok ot ol ol 3 e ok o ok 3k 3k ok e e e
3 % ALPHA-LEVEL *
% TEST STATISTIC oo sk ook s g ook sl s 4 s s o s s st s e o ok o 4o o ook 3
%* % 0,01 x 0,05 % 0.10 %*
ke e s s s s st s e 3k 36 e el ok ok o o e ik el ok ok e e sk ok ok 33l ik i ok sl 3k ok 3 e ok ok 3 e e e sk o
* LAMBDA * 79 % 98 - * 100 *
st e e e OR S sl s R R SRR T s sl sl o ol ol o e kol o ok e ek oK
* U %x 20 o 0b * 80 %
e 3 o s st o 6 e s s o ok e sk 3k 3 o i s A o i ik o o e i e 3R ol 2 sl s o ok oK o e sk 3k ok ok ok ek ok K
* F * 40 * 67 * 75 *
s o e s e s ool e i ol ke e sk ok ok ok s e ol ol s i ok ol i e ok i o e i oK sk sk ek ok sk ik ok oK ok %ok
* T X 34 * 62 * 79 *
s sk o 5 3k e i 3 e sk ool KO o ok 7ol ol e e ik sKse i e sk ok il 36k sk ok sk sk 3K o ok e o ok ok ook
* TPRIME x 20 3 53 * 78 %
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TOTAL NUMBER OF REJECTION OUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATION PARAMETERS
FOR 2 SAMPLES OF SIZE

N1= 10 N2= 10
MUl= 1.000 MUu2= 2.000
SIGMAl= 1.000 SIGMAZ2= 3.000
BETAI=SIGMAL/MULl= 1.000 BETAZ2=SIGMAZ/MUZ2= 1.500
THETA=MUL/MU2= 0.500 PSI=BETAL/BETA2= 0.667

X % ALPHA-LEVEL *
% TEST STATISTIC soksisok sk foisi sor sokooiooi sk ok fedoofe sk i e ok o o ek e
* * 0.01 * 0.05 * 0.10 *
s sk o 3 e e e e o ke 3 s s ek ook el i e skl s stk 3 o skl ek ek ok ok o ek ok ok sk Aok
* LAMBDA * il * 94 * 97 x
3 o i e e o e 3 e o i s e e ok e o e sl ke o e K e et e e s o st e o s e ok e e ok ke e ke e ok

* U 5 58 o 82 * 94 2
3% 3¢ e e %k 3k e e i e i e e e ol 3z o 3k e ek i Yol e e sl ofe s e i ok e vk fe de ol 3z 3k 3 e e o e e i 3k ke
* P s 70 * 90 * 96 *
2% e e 3 3 e sl e e A sie e e sk ook e 2ol 3 i sk 6 e R el 3 s Ak e 22 e X 3 3 3k 3k BTk e v SR Re RO K
¢ T ¢ 8 * 21 * 26 *
e s e s e sk ok 3 s st e e e kR e el i le s i sk i 386 e e ok S i 3 36 e o 3 3K e ok o e 3 ofe o e o 3

% TPRIME % 1 %* 1o * 23 x
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TOTAL NUMBER OF REJECTION QUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATION PARAMETERS
FOR 2 SAMPLES QF SIZE

N1l= 10 N2= 20
MUL= 4.000 MU2= 6.000
SIGMAL= 2.000 : SIGMA2= 2.500
BETA1=SIGMAL1/MUL= 0.500 BETA2=SIGMA2/i4U2= 0.4106
THETA=MUL/MUZ2= 0.670 PSI=BETAL/BETAZ2= 1.200

e %< Ok s e e e Re e e Tz 3¢ e ke sk ol e e ek e %8 3k i e s Al 9l e ik el e i vie 3 sk T v de e 4 ste e vk ojeoje e g e

x % ALPHA-LEVEL *
% TEST STATISTIC koieseolesiosion ko s sk sk sk de sl de siok sesese ook e s e o s
* 3 Qs 01 % 0. 05 #* 0.10 *
3ol st s e e s skl e ok ok o s ok o e s sl s sk ol sl o ot skole ol s e s ke e ok sl kol ok R ek ok ok Sk K
% LAMBDA %* 43 " o7 * 80 *
3¢ 36 e e sl 3evje Aesieole sie e R ko dl e ik sie e e ok e e e ol e sl e e sle sl sl sesie B s i Aofe e e s Beoje e Xe sk ke
* U * 0 * 12 * 24 x
¥ 3 e o S sk o ok ik 2l e %2 e S vfe il e e ol oje ik Ye e e dlele ST ik 30k e Bk e e oK i R xk 3 sk ke ae TR K X
* F * 4 * 14 % 20 *
e 3 e o St e e e sk s e s e i sk st i e sl s ol o ale s st o ol e o o e st ke ol s v sk e o ok ok
* T * 27 X &3 S 14 *
% S e 3 e e e ik i g e B R ok sk ke vie sl sle sje e e e o sl sl slesle s o e e i sl e Sk 3 He ol e %e e ke skl sk Rk R
x* TPRIME > 27 ] 04 % T4 *
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TOTAL NUMBER OF REJECTIUON OUT OF 100 SAMPLES
SIMULATED WITH THE GIVEN POPULATION PARAMETERS
FOR 2 SAMPLES CF SI1ZE

Nl= 190 S - N2= 20
MULl= 1.000 MU2= 2.000

SIGMAl= 1.500 SIGMA2= 2.000

BETAL=SIGMAL/MUL= 1.500 = BETAZ2=SIGMA2/MU2=

THETA=MUL/MU2= 0.500 PST=BETAL/BETAZ2= 1.500

e 0k e sk ok ok Ak Ak dkale ke sl sk sk ok ol alk e St sl sl sl e ot e 57- ol Kk ole ok e she ol ok e sk ke ik sl sl giiake ok ol ok S alk ok

1.000

* ¥ T ALPHA-LFVEL %
% T E S T S -' A T I S T I C e ok ol SRSk K AR ol Ak T akpR R g it Sk e ¥ e e lle ol e sk i kol e kol
% * 0.01 3 0.05 % 0.10 *
% 2%k o 3 e e e 3 A alc e ok Nk Aoz e e o e i ok e e o2 ol sk 3k Ble ok it ol S e 3l e sk e i e skl ol siiale Siciak ke ke dkiole
% LAMEDA % & S T s 50 %

3 3 ok sl o e e o i e 3k A Bk sk sk sk ook TSl Bl Xk 3k S ol sl aT BlE sl sk e s 52 sk st ol sk sl ol sk 3k sl 3k v sl ok dk sk %k

* ¥ S 7 = 20 * 34
o 3 e e ake %o 3 e Sk 3k ¥ ol ol s ek 3ok Bl e 3k e ok vk e sk sie e e Xk ok e e sieosie ol e oz e ol skl s sk e alk o kg
* F o« 3 o 10 S 52
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% T S 7 , & 29 *
e 3¢ 3k 2k %o e X A2 3ok e e Sl sl 500l vl A 3k s dje e sl el e sje e e 2 s sk ol e ol sk ok ok ol e Sk sk

* 3 3%

* TPRIME = % S = 29 *
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