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Novel cylindrical representation of the STFT for
signal analysis
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Yuriria, Guanajuato, Mexico

’Department of Mechanical Engineering, Polytechnique Montreal,
Montreal, Canada
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The proposal of new signal representation techniques in time-frequency
domain can improve the visualization and acquisition of frequency
components in various applications. In this sense, this article presents
a novel and different representation of the short-time Fourier transform
(STFT) spectrogram for signal analysis, based on changing the visual-
ization from a linear to a cylindrical representation by means of a linear
transformation. Simulations show that this new representation focuses
on the accuracy of the frequency components rather according to the
angular position in which they occur; on the other hand it is easier to
analyze high-frequency components than those of low frequency. Fi-
nally, it is visually easier to identify fixed components along the test in
this representation in a wide window STFT analysis.

Introduction: The representation of a signal in different spatial domains
is a crucial aspect of the analysis and extraction of harmonic components
that alter the signal, which can be attributed to various phenomena. Con-
sequently, the signal can be transformed into different domains and/or
representations, which allows the extraction of characteristics that will
facilitate and improve the identification of the phenomena being studied.
The time, frequency, and time-frequency domains are among the most
employed domains for signal analysis. The domains are employed for a
plethora of tasks, including the removal of unwanted noise, the identi-
fication of harmonics, the reduction of noise, and the design of filters,
among others [1].

The fast Fourier transform (FFT) is a widely used technique for de-
composing a time-domain signal into the frequency domain [2, 3]. This
enables the identification of all the harmonic components it comprises.
These characteristics have led to the widespread application of these
transforms in a diverse range of fields, including sound and acoustics
[4], biomedical engineering [5], communications [6, 7], fault detection
[8, 9], and numerous others. Furthermore, if it is necessary to identify
when the harmonic components occur, this can be achieved through the
short-time Fourier transform (STFT) [10], which provides a represen-
tation of the signal in the time-frequency domain. This will also allow
identifying harmonics that are shifting over time.

The advantage of utilizing STFT for representing time-frequency sig-
nals has opened the way for numerous applications proposed in the lit-
erature. In [11] the STFT spectrogram and image processing are used
to identify the specific vibration components of rotating machines. In
[12], a combination of STFT and local binary pattern (LBP) is pro-
posed to extract features from a set of images and classify them us-
ing machine learning. In [13], an energy cumulant of STFT removes
the addictive white Gaussian noise. In [14], the STFT and finite im-
pulse response filters are used for the real-time detection of arrhythmia.
In [15], octonion algebra is employed to develop a novel method for
time-frequency representation, namely the octonion short-time Fourier
transform (OSTFT). However, as STFT is known to have limitations
with respect to its resolution in time and frequency, mainly due to the
use of the window size implemented in its computation [16], each of
these new representations has its limitations, as well as advantages and
disadvantages.

As demonstrated in the current literature, proposing a new signal rep-
resentation technique in the time-frequency domain can enhance visu-
alization and facilitate the acquisition of frequency components across
various applications. This letter proposes a novel and distinctive rep-
resentation of the STFT spectrogram for signal analysis, based on the
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Fig. 1 Displaying a point vector in an R (linear)

transformation of the visualization from a linear to a cylindrical rep-
resentation through linear transformations. This novel representation is
hypothesized to provide significant advantages over the classical linear
form. It allows for precise frequency determination based on the angu-
lar position of frequency components during cyclic tests. Additionally,
it enhances the perception of these components through wide-window
analysis of STFT and offers superior frequency image quality, as demon-
strated by an improved peak signal-to-noise ratio (PSNR) in the test re-
sults.

Graphic representation of the STFT: In order to define the cylindrical
transformation of the short Fourier transform spectrogram, various con-
cepts will be addressed to understand this new representation.

Short time Fourier transformation: STFT is based on the discrete
Fourier transformation (DFT) that represents the frequency and phase
components of a section of a time dependent signal. When dividing the
signal into equal sections using windowing techniques by overlapping
and performing the DFT, the discrete STFT is obtained, which is de-
scribed in (1)

STFTx[n](m, ) = Y x[n]w[n — mle™ /", (1)

n=-—00

where x[r] is the time signal to be transferred, » acts as the time step in
samples, w[n — m] is the window function which has a smaller duration
related to the input signal, m is the length of the window and j is the
complex unit. The magnitude squared yields the visual representation of
the power spectral density of the function called spectrogram [11].

STFT as a subspace on R*: The graphical representation of the STFT is
composed of three essential elements: time (s), frequency (w) and am-
plitude (4). Due to this, each data obtained from the STFT can be inter-
preted as a vector in the vector space R® of the form as in (2)

v=(s,w,4),veR. )

Therefore, each point of the STFT can be expressed as a three-
dimensional element in the vector space R® as seen in Figure 1.

Similarly, the data obtained by the STFT as vector points in R> al-
lows a linear transformation to be performed to observe the analyzed sig-
nal from another perspective without modifying its representative value.
Therefore, the graphical display of the Fourier transform representation
in cylindrical form is based on a linear transform in the vector space of
R3, where the linear transform will be defined in (3)

T : R*(linear) — R®(cylindrical), 3)
and (4)
) X
Tys|=1Y]- “
A A
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where x and y are defined in (5) and (6)

x =wcost,

y=uwsint".

&)
(6)

Furthermore, ' is a vector of the angular position of the signal in a
movement over time, so it is defined in (7)

' =0:— :2m, @)

which means that the cylindrical representation of the STFT is defined
as a graph that can be visualized as a cycle or revolution.

Demonstration of linear transformation: The linearity of the function
defined by (4) is demonstrated under the conditions presented by (8) and
(9) defined in [17], which ensure that for each vector in R? (linear), there
is a unique vector in R3(cylindrical).

Tu+v)=Tw)+T), (®)

T(au) = aT (u), &)

where u and v are vectors of R3(/inear) and « is a scalar. To demonstrate
that the linear transform satisfies the condition in (8), two vectors are

proposed in R*(linear) defined by (10) and the transformation defined
by (4) is performed.

) w2
u=\|s1|.v=1s], (10)
Ay A
o + w; X1 +x2
Tu+v)=T|si+s |=|»+n
Ay + 4> A+ 4>
w; cost’ + w, cost’ (w + wy)cost’
= | wysint’ + wysint’ | = | (w1 +wy)sint’ |, (11)
A] +A2 Al +A2
w] Xy w) cost’
Tw)=T|s1|=|»]|=|awsint|, (12)
A Ay A,
[0} X3 w; cost’
TOV)=T|s2]l=1|»]|=|wsint |, (13)
Az Az As
w) cost’ w, cost’
Tw)+Tv)= | wysint’ | + | w;sint’
Ay As
w; cost’ + w, cost’ (w1 + wy) cost’
= | wysint’ + wysint’ | = | (w; + wy)sint’ | . (14)

A+ 4,

When analyzing the result given by (11) and (14), it is observed that
it is the same, therefore the transform defined in (4) satisfies the first
condition for linearity. On the other hand, for condition in (9) a vector in
R3(linear) and any scalar « is proposed. One of the vectors defined in
(10) will be taken, then we have the following proof.
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Fig. 2 Displaying a point vector in an R*(cylindrical)
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Fig. 3 Comparison of visualization in the time-frequency domain between a)
R3(linear) and b) R*(cylindrical)

where it can be assumed that the second condition for linearity is sat-
isfied since the results in (15) and (16) are the same. In conclusion,
within the linear transformation, there is a unique vector as an image
in R3(cylindrical) for each of the vectors in the vector space R® (linear).

Short Fourier transform in cylindrical shape: Due to the linear trans-
form proposed above, the graphic representation of the STFT in cylin-
drical form is defined by three elements: x component [w-angle], y com-
ponent [w-angle] and amplitude [4]. Therefore, each data obtained from
the STFT in cylindrical form can be interpreted as vectors in the vector
space R®(cylindrical) of the form as in (17).

v=(x,y,4),v e R(cylindrical) a7

Hence, we can express each point of the STFT as a three-dimensional
element in the vector space R*(cylindrical) as seen in Figure 2 where it
can be seen that the x and y components will form the frequency perime-
ter of the vector space R*(cylindrical), in which the radius will represent
the frequency component, while the amplitude (4) will describe the en-
ergy density of the spectrogram.

On the other hand, Figure 3 shows a visual comparison of the change
in the vector space between R>(linear) and R>(cylindrical) from the
perspective of the time-frequency plane.

Simulations and results: In order to study the cylindrical representation
of the STFT, a synthetic signal was simulated in its linear representation
and its representation in cylindrical form. The synthetic signal used is
represented by (18),

aw oxg aw cost’
Tau)=T | as; | =| oy | = | aw;sint |, (15) _
ad, oA, ad, q(t) = cos2m ft + ¢(t)) + cos(27m fit) + cos(2w fot), (18)
where the first term of the equation is the chirp function (signal in which
] X1 the frequency increases or decreases with time ¢(¢) in a range from 0 to
alTW)=al | s1 | =a|n|, 100 Hz), f; = 120 Hz and f; =200 Hz.Furthermore, a Gaussian window
i A1 was employed for the STFT, with a wide window width (approximately
4000 samples) and a sampling frequency of 1 kHz used to discretise the
wi cost’ aw; cost’ signal.

=« | wsing' | = | aorsing |, (16) The linear representation of the STFT is shown in Figure 4, which
A ady depicts the frequency components of the signal described in (18).
2 ELECTRONICS LETTERS January/December 2025 Vol. 61 No. 1 wileyonlinelibrary.com/iet-el
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Fig. 4 STFT - R3(linear) of x(t). (a) Time-frequency plot; (b) three-
dimensional plot of the STFT in R?
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Fig. 5 STFT - R(cylindrical) of x(t). (a) Angular momentum-frequency
plot; (b) three-dimensional plot of the STFT in R

Furthermore, the frequency components of the chirp signal over time
are displayed.

Conversely, the cylindrical representation of the signal of (18) is de-
picted in Figure 5, wherein the frequency components are depicted as
circles. This is because the components are found throughout the signal,
with the radius representing the frequency value of the signal. Further-
more, the angular position with respect to time is observed to begin in
the first quadrant of the signal. This allows the frequency component of
the chirp to be monitored as it changes along the signal.

As depicted in Figure 5, the STFT representation is merely a trans-
formation of the original data into a cylindrical format. In this repre-
sentation, the precision of the frequency components and their angular
position are of greater significance.

Discussion: Throughout this paper we have described how to change the
perspective of the STFT display to obtain advantages over the classical
representation. In order to describe the advantages obtained with the new
cylindrical representation of the STFT, a synthetic signal described by
(19) is taken and the linear and cylindrical STFTs are shown.

q1(t) = 5¢cosQr ft + ¢1(2)) + 5cosQn ft + ¢a(t))+
10V COsin(2xt) + 2 sin(27 fot) + n(t), (19)

where the first two terms of (19) are chirp signals with different fre-
quency changes in the same time, the first from 0 to 500 Hz and the
second from 1500 to 2000 Hz. The third term is a representation of a
sinusoidal voltage controlled oscillator (VCO). The fourth term is a si-
nusoidal signal with f, = 850 Hz and the signal #(¢) is a noise signal.

The STFT of ¢,(¢) in its linear representation is shown in Figure 6,
while in its cylindrical representation it is shown in Figure 7.

Due to the visual change of the STFT in its cylindrical form, several
advantages can be observed with respect to the classical form, which
are: (i) The change of perspective which highlights the approach of hav-
ing a frequency plane with respect to the angular position that represents
the duration of the test in a cycle or revolution; in other words, if the
test is circular we can know the angular position where the frequency
change occurs. In this example, it can be seen that there is a frequency
change approximately at the 45° angular position and that the V'CO is
repetitive at certain angular position. (ii) In the high frequency analysis,
the frequency values of the signal can be observed with greater preci-
sion because the values are expanded (like a fan) in this representation;
this advantage is better seen in Figure 3. In this case we can see how
the high-frequency components of the V'CO are appreciated as a zoom.
On the other hand, at low frequencies it is difficult to visualise and it
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Fig. 6 STFT - R3(linear) of x1(t) on time-frequency plot
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Fig. 7 STFT - R3(cylindrical) of x1(t) on angular momentum-Frequency
plot

Table 1. Summary of advantages and disadvantages of STFT repre-
sentations

Representation STFT linear STFT cylindrical (proposed)

High frequencies Equal distribution Better resolution

Low frequencies Equal distribution Lower resolution

Wide window Loss of frequency

components

Noticeable frequency
components

Narrow window Noticeable frequency Noticeable frequency

components components
Particularity Time and frequency Angular position and

components frequency components
PSNR 23.4870 (low noise), 26.5587 (Low noise)

21.1784 (medium noise),
19.0514 (high noise)

23.7710 (Medium noise)
20.4530 (High noise)

would be necessary to zoom in; this can be seen in the frequency com-
ponents of the chirp signals. (iii) When using wide windows, where it is
desired to know the exact frequency components, the cylindrical STFT
is better because the frequency plane is measured in angular positions
and not in time, thus highlighting the precision of the frequency com-
ponents. In addition, the 850 Hz component of x; (¢) is better visualised
in the shown representation, since the circle of this frequency is visu-
alised, whereas it is less visible in the classical one. (iv) The peak signal-
to-noise ratio (PSNR) is higher in the cylindrical representation of the
STFT, which leads to a superior image quality. This analysis is presented
in the Table 1, in which different simulations of the signal in 19 were
conducted, varying the magnitude of the noise attached to the signal,
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and resulting in images of the frequency components. Subsequently, the
PSNR was calculated for the image of the signal without noise for each
of the STFT representations (linear and cylindrical), thereby obtaining
the quantitative value of the signal-to-noise ratio for the representations.
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