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Integration of Lattice Boltzmann-overset method with non-conforming
quadtree mesh based on the combination of spatial and Lagrangian-link
interpolated streaming technique

Abdallah ElSherbiny , Sébastien Leclaire *

URPEI, Department of Mechanical Engineering, Polytechnique Montréal, 2500 chemin de Polytechnique, Montréal, H3T 1J4, Canada

A R T I C L E I N F O
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A B S T R A C T

This study integrates the two-dimensional Lattice Boltzmann overset approach with a non-conforming quadtree
mesh to address fluid flow problems involving dynamic boundaries. The Lattice Boltzmann overset method
employs two grids, one fixed and one movable, which can be computationally intensive due to the dual grid
setup. A quadtree mesh is employed to reduce the number of nodes to mitigate this resource-demanding issue.
Nonetheless, the use of the quadtree introduces challenges related to varying cell levels and spatial displace-
ments. One of the approaches to address these challenges involves the use of an interpolated particle distribution
function streaming technique. This study introduces an interpolation method, which initially applies spatial
interpolation as a predictor step. Subsequently, this spatial predictor-interpolated value is utilized for a
Lagrangian-link corrector interpolation. Furthermore, the study introduces a node-splitting technique aimed at
enhancing the efficiency of the proposed interpolation scheme. The method’s order of accuracy is maintained
without any degradation as a second order, and the flow around a rotating cylinder validates the method as the
results align with previously published data.

1. Introduction

Solving the fluid flow with immersed moving bodies has long been a
question of great interest with the lattice Boltzmann method (LBM) due
to its wide application in industry. Several approaches solved this
problem by performing moving boundary treatments, such as the
moving overset method. The moving overset method was initially in-
tegrated with LBM as the sliding mesh interface approach [1–3], where
the computational domain is divided into fixed and moving grids that
interact through a shared interface ring. However, employing a single
interface led to mass and momentum conservation challenges and
generated numerical noise due to the relative motion [4]. Then, the
LB-overset method was developed to solve this issue by introducing two
communication borders: fixed-to-moving and moving-to-fixed borders
[5,6]. These communication borders act as boundary conditions [5]; the
fixed-to-moving border acts as a boundary condition for the moving
grid, and the moving-to-fixed border acts as a boundary condition for the
fixed grid. The LB-overset method is a second-order accuracy method
that defines the computational domain into two grids with their
respective coordinate systems; these grids are the fixed grid and the

moving grid, and the solid body is attached to the latter. Both grids share
an overlapping region and communicate through two interfaces using
interpolations.

The core of the LB-overset method is the reconstruction of PDFs on
the communication borders, acting as boundary conditions for both
grids. The PDFs’ reconstruction is implemented by macroscopic inter-
polation [7] and microscopic interpolation, the so-called direct coupling
method [6]. The macroscopic interpolation method interpolates the
velocity, density, and flux tensor between the two grids on the borders.
Then, the equilibrium and non-equilibrium PDFs are reconstructed from
the interpolated macroscopic variables using LBM momentum equa-
tions. On the other hand, the microscopic interpolation performs the
interpolation from the PDFs and then calculates the macroscopic vari-
ables from the interpolated PDFs to reconstruct the PDFs through their
equilibrium and non-equilibrium parts. Moreover, it needs a rotation of
the PDFs before the interpolation, which is a more complex process than
the rotation of the macroscopic variables. Furthermore, it required
interpolating the macroscopic stress tensor required to reconstruct the
non-equilibrium PDFs.

Utilizing a uniform mesh in the LB-overset method or the standard
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LBM imposes significant limitations on its applicability for complex
boundaries, which requires boundary treatments based on grid refine-
ment to increase the stability and accuracy of LBM and decrease the
required computational resources. The boundary treatments based on
grid refinement applied on LBM could be classified into body fitting and
orthogonal mesh refinement methods.

First, the body-fitting methods modify the grid to conform to the
boundaries, such as the body-conforming curvilinear mesh and the un-
structured mesh methods. The body-conforming curvilinear mesh
method [8,9] gives accurate results but only applies to regular curvi-
linear boundaries such as circular ones. If the boundary is not
near-circular, the mesh may be intersected or not uniform enough to
adapt to the LBM. The LBM unstructured meshing methods, such as
finite-difference LBM [10–12], finite volume LBM [13], and finite
element LBM [14] are based on the concept of independent space and
time discretization LBM [15]. Furthermore, an unstructured grid was
introduced based on the flux solver LBM [7], which is based on inter-
polating macroscopic variables around the flux calculation point to
construct the equilibrium particle distribution functions (PDFs) the flux
solver needs. Besides confirming the boundaries, the unstructured mesh
methods also perform grid refinement around the boundaries, giving
accurate results as the unstructured mesh conforms to the non-regular
boundaries. However, it adds more complex data structures, complex
grid generation, and increased computational resources due to addi-
tional calculations, contradicting LBM’s simplicity advantages on reg-
ular grids. Furthermore, some unstructured methods, such as
finite-difference LBM, could produce numerical instability at low
relaxation time LBM, requiring a high-order discretization scheme [10].

Second, the orthogonal grid refinement methods aim to refine the
grid around the boundaries based on orthogonal cells, which could be
classified into uniform and non-uniform orthogonal methods. The uni-
form orthogonal grid refinement methods, such as local grid refinement
[16] and multi-block grid [17,18], are based on performing the refine-
ment with uniform refinement blocks.

The local grid refinement method introduces a grid refinement in
locations of the most expected solution changes, which divides the mesh
into two cells’ blocks, fine and coarse cells. The fine-to-coarse
displacement ratio n is not required to be two and can reach up to 50.
As the grid size changes, the kinematic viscosity must be modified to
retrieve the same viscosity and Reynolds number. Consequently, a
relaxation parameter must be calculated in the fine mesh by knowing the
coarse mesh relaxation parameter. However, the finer mesh performs
the collision and streaming steps n times to maintain the same time step
in both blocks. Moreover, special treatments on the PDFs transferred
between coarse and fine cells must be performed.

Similarly, the multi-block grid method generates fine and coarse
blocks in the grid and calculates new relaxation parameters to maintain
the same viscosity. Nevertheless, the coarse block displacement is
doubled as the finer one [18], maintaining the same dynamic viscosity.
Consequently, these blocks could be repeated to reach the required
refinement and result in multi-blocks, significantly decreasing the
required computational resources [18]. However, similar to the local
grid refinement method, it requires special treatments on the blocks’
boundaries, and the collision and streaming steps in each fine block are
implemented two times its coarser one.

Then, the non-uniform orthogonal grid refinement methods, such as
directional refinement method [19], non-uniform staggered cartesian
grid (NSCG) [20], quadtree LBM [21,22], and non-conforming orthog-
onal mesh [23] are based on performing the refinement with a
non-uniform orthogonal mesh near the boundaries.

Cheng and Hung [19] introduced the directional refinement method,
which applies refinements in specific directions, producing a
non-uniform stretched grid containing rectangular cells with a uniform
data structure. Moreover, they implemented the interpolated PDFs
streaming in the non-uniform nodes using a spatial interpolation of nine
surrounding nodes, which is performed using the multiplication of two

1-D Lagrange polynomials applied in the tangential and perpendicular
directions.

Valero-Lara and Jansson [20] introduced the NSCG method, which
presents a non-uniform refinement based on introducing rectangular
cells and has four types of cells: coarse, fine, vertical-fine, and
horizontal-fine, and implements scaling on the kinematic viscosity for
each cell. Consequently, an arithmetic average relaxation parameter was
presented and applied to corner nodes of the vertical-fine and
horizontal-fine cells. This arithmetic average relaxation parameter al-
lows all fluid points, whether coarse or fine, to be solved once each time
step. However, it requires treatments based on the refinement cell in all
lattice directions. Moreover, when applied to 1-D refinement, it reduces
the nodes’ number compared to local grid refinement. Conversely, it
increases the necessary number of nodes when employed in 2D refine-
ment, such as refinement around a cylinder.

The quadtree mesh is a data structure where the cells can be divided
into four equivalent quadrants based on refinement requirements. These
refinement requirements can be implemented by adding control points
in the domain. If a cell contains a control point, it is split into four other
cells till it reaches the maximum required level lmax. A cell with no
splitting has a level equal to zero; with each split, the new cells have
their level increased by one. The algorithm of the LB quadtree method in
literature [21,22] is based on the local grid refinement method, where
the calculation is performed between each quadtree’s levels l and the
finest cells perform collision and streaming 2lmax times the most coarse
ones. This could lead to an extremely high processing time for high-level
quadtree mesh. For instance, if the quadtree has lmax = 6, so the
maximum level cells perform the collision and streaming 26 = 64 times
the low level cell. Moreover, the local grid refinement special treatment
must be applied between each two consecutive level cells, adding more
complexity and processing time.

Finally, Pellerin et al. [23] introduced the non-conforming orthog-
onal mesh method that generates a quadtree-like mesh with large aspect
ratio cells, as the x and y direction splitting are separated. The core of the
non-conforming LBM is using bicubic interpolated post-collision PDFs in
the streaming step. These interpolated PDFs’ locations are offset from
the PDF pulling node with the smallest cell size dimensions, which leads
to using the same time loop and relaxation time for all nodes in the
non-conforming orthogonal mesh. However, it adds more complexity
due to the bicubic interpolation, which is difficult and computationally
costly in 2D and even more in 3D.

Regarding the grid refinement on the LB-overset method, only two
studies perform grid refinement on the LB-overset method. Based on the
standard LB-overset method, one study applies a multi-block refinement
only on the fixed grid, while the moving grid is a uniform cartesian grid
with the finest cells [7,24]. The other one, based on the direct coupling
LB-overset, applies the local grid refinement concept as the moving grid
is a uniform cartesian grid with fine cells, while the fixed grid has coarse
cells [6].

The present study aims to solve the flow around moving boundaries
by integrating the LB-overset method with the non-conforming quadtree
mesh based on the combination of spatial and lagrangian-link interpo-
lated streaming technique. Our main goal of the study is to verify and
validate this approach. The quadtree grid is selected to reduce the total
number of nodes, consequently decreasing the computational resources,
as the quadtree mesh always has a lower number of nodes than the
multi-block refinement for the same refinement level. Moreover, the
interpolated PDF streaming technique is used instead of the methods
used in the quadtree studies [21,22] to avoid repeating the collision and
streaming in the fine cells and the complex implementation on the
different level boundaries.

The interpolated PDF streaming technique could be classified based
on spatial (Eulerian) interpolation and link (Lagrangian) interpolation.
The spatial interpolation methods [19,23] can be adapted to the
non-uniform grids. However, they are complex and require high
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computational resources and time due to the complex interpolation
schemes. Moreover, the complexity and the computational resources
will significantly increase for extending the methods to 3D. On the other
hand, the Lagrangian-link interpolation scheme, such as Guo’s boundary
treatment [25], benefited from the LBM lagrangian nature and per-
formed extrapolations on the non-equilibrium PDF on the link. How-
ever, it is not adapted to the non-uniform grids because the nodes are not
aligned in the same link.

Thus, this study implements a combination of spatial and
Lagrangian-link interpolation, which is straightforward, adapted to the
non-uniform grids, and reduces the computational resources. Moreover,
a streaming node splitting technique is developed to reduce the
computational resources, splitting the streaming nodes into direct
streaming, direct Lagrangian-link interpolation, and spatial Lagrangian-
link interpolation nodes, which prevents the interpolation from being
applied on all nodes. The direct streaming nodes are the most condensed
area in the quadtree located in the cells with the highest level, where
standard LBM streaming is applied and do not require interpolations.
Moreover, the direct Lagrangian-link interpolation extends across much
of the quadtree grid, affecting nodes surrounded by four square cells
with spatial displacements identical and not equal to the minimum
displacement. These nodes are situated in all level layers except the
maximum level one. Furthermore, the spatial Lagrangian-link interpo-
lation nodes are a few nodes located on the boundaries between the
different levels.

The LB-overset method based on the recursive regularized BGK
collision model is described in Section 2. Then, the non-conforming
quadtree mesh based on the spatial Lagrangian-link interpolated PDF
streaming technique is discussed in Section 3. Next, the results are dis-
cussed in Section 4 by implementing four test cases: the uniform flow,
Poiseuille flow, Taylor-Couette flow, and flow around a rotating cylinder
to verify and validate the method. Finally, the conclusion is articulated
in Section 5, and an appendix is attached at the end of the paper con-
taining the equations related to the recursive regularized LBM.

2. The recursive regularized LB-overset method

This section briefly introduces the recursive regularized LBM and the
LB-overset method. For more information, the reader can revise Latt and
Chopard [26], Malaspina [27], and Yoo et al. [7] works. The recursive
regularized LB-overset method performs the moving boundary treat-
ments for solving flow around moving objects.

2.1. Recursive regularized LBM

The lattice Boltzmann method is an emerging matured CFD solver
based on the principles of kinetic theory. It involves discretizing the
lattice Boltzmann equation (LBE) in time and space, utilizing a dis-
cretized velocity space denoted as (ξi). This discretization is achieved
through Gauss-Hermite quadrature, enabling the evaluation of the PDF
fi(x, t) at a specific location (x), time (t), and lattice direction (i). The
LBM’s core operation revolves around two primary steps: collision and
streaming.

Based on the Bhatnagar–Gross–Krook (BGK) model [28], the colli-
sion step is a relaxation process of the PDF fi(x, t) towards the equilib-
rium PDF f eqi (x, t) after a specific time called relaxation time (τ). In other
words, the collision step describes the collision of the PDF fi(x, t) in a
specific location, then redefining them with new values based on their
equilibrium PDF f eqi (x,t). The streaming step represents the propagation
of the post-collision PDFs to the surrounding nodes, each in its direction
(i), which obtain the post-streaming PDFs on these nodes. In the
following time step Δt, the previous post-streaming PDFs are the current
pre-collision ones. The collision and streaming can be represented as

fi(x+ ξi Δt, t+Δt) − fi(x, t) = −
Δt
τ

(
fi(x, t) − f eqi (x, t)

)
(1)

The equilibrium PDF f eqi is typically defined using the Maxwell-
Boltzmann distribution, and its formula change depends on the lattice
model. For instance, the D2Q9 model is applied for two dimensions
flows with population discretized into nine directions (i = 0 : 8).
Moreover, the equilibrium PDF is calculated using the weighting func-
tion wi and the local microscopic velocity (ξi) associated with the lattice
direction i, and the macroscopic variables presented in the flow density
(ρ) and velocity (u) as

f eqi (x, t) = wi ρ
(

1+
ξi⋅u
c2
s

+
1

2 c4
s

H i : uu
)

(2)

Where the Hermite polynomials H iαβ = ξiαξiβ − c2
s δαβ, the lattice

weights is wi, the lattice speed of sound is cs, and δαβ is the Kronecker
delta. Moreover, the flow density (ρ) and velocity (u) are retrieved from
the PDF zeroth and first moments for the D2Q9 model as

ρ =
∑8

i=0
fi (3)

ρu =
∑8

i=0
ξifi (4)

The regularized BGK model is based on maintaining the second-order
Knudsen number ϵ of the Chapman–Enskog expansion [29], which al-
lows the definition of the regularized PDF fRegi based on the second-order
non-equilibrium PDF fNeqi as

fRegi = fNeqi + f eqi (5)

The second-order non-equilibrium PDF fNeqi is reconstructed using
the non-equilibrium momentum flux tensor ΠNeq [26] as

fNeqi ≈ f (1)i =
wi

2 c4
s

H i ⋅ΠNeq (6)

The non-equilibrium momentum flux tensor ΠNeq is calculated
through the momentum flux tensor Π and its equilibrium part ΠNeq as

ΠNeq = Π − Πeq (7)

Παβ =
∑8

i=0
ξiα ξiβ fi (8)

Πeq
αβ =

∑8

i=0
ξiα ξiβf

eq
i (9)

Where α, β covers all possible combinations of the two directions x, y as
xx, xy, yx, yy. The regularized LBM significantly improves stability and
accuracy by truncating only up to the second-order non-equilibrium
part. This approach is computationally efficient, requiring only a few
additional steps to calculate the momentum flux tensor and the non-
equilibrium distribution function [26].

In contrast to the regularized LBM, which utilizes second-order terms
in the equilibrium and non-equilibrium PDFs, the recursive regularized
LBM incorporates higher-order terms. This enhancement results in so-
lutions that are both more stable and accurate [27,30]. Furthermore, the
higher-order non-equilibrium distribution functions are derived from a
recursive formula based on the second-order non-equilibrium tensor
a(2)1 , resulting in a velocity space discretization error of approximately
order ∅

(
Man+1) [27], which effectively reduces the compressibility

error that arises due to the Mach number Ma. The equlibrium and
non-equlibrium PDFs up to fourth-order are shown in Eqs. (11) and (12),
and the Hermite polynomials and high-order non-equilibrium distribu-
tions are articulated in Appendix Section I.

A. ElSherbiny and S. Leclaire Computers and Fluids 289 (2025) 106522 

3 



a(2)1 = ΠNeq =
∑8

i=0
H

(2)
i
(
fi − f eqi

)
(10)

f eqi = wi ρ
(

1+
ξi⋅u
c2
s

+
1

2 c4
s

H
(2)
i

: uu+
1

2 c6
s

(
H

(3)
ixxyu

2
xuy +H

(3)
ixyyu

2
yux

)
+

1
4 c8

s
H

(4)
ixxyyu

2
xu

2
y

)

(11)

fNeqi = wi

(
1

2 c4
s

H
(2)
i

: a(2)1 +
1

2 c6
s

(
H

(3)
ixxya

(3)
1,xxy +H

(3)
ixyya

(3)
1,xyy

)
+

1
4 c8

s
H

(4)
ixxyya

(4)
1,xxyy

)

(12)

2.2. LB-overset method

The LB-overset method presented in this section is based on the work
of Yoo et al. [7]. The LB-overset approach involves employing two grids
with distinct reference frames. The fixed grid adopts the inertial frame,
whereas the moving boundary is affixed to the moving grid. Moreover,
the fixed grid is addressed through the LBE in Eq. (1). In contrast, the
LBE for the moving grid incorporates an extra discrete forcing term,
denoted as Fi(x, t) or the Guo forcing term [21] as shown in Eq. (13).

fi(x+ ξi Δt, t+Δt) − fi(x, t) = −
Δt
τ

(
fi(x, t) − f eqi (x, t)

)

+
(

1 − 0.5
Δt
τ

)
Fi(x, t) (13)

The discrete force term Fi(x, t) introduces the influence of the inertial
density force F(x, t) derived from relative motion. This inertial force
comprises the linear acceleration − V̇ , centripetal acceleration − 2ω ×

uc, Coriolis acceleration − 2ω× uc, and Euler acceleration − ω̇ × r, as
shown in Eqs. (14) and (15). Moreover, calculating the discrete force
term and the inertial density force are based on the corrected velocity
field uc to retrieve a second-order accuracy. The corrected velocity is
calculated using the half-force correction [6] shown in Eq. (16).

Fi(x, t) = wi

(
(ξi − uc)⋅F

c2
s

+
(ξi⋅uc) (ξi⋅F)

c4
s

)

(14)

F = − ρ(V̇ + ω×(ω× r) +2ω×uc + ω̇ × r) (15)

ρuc(x, t) =
∑

i
ξifi(x, t) + F(x, t) Δt

/
2 (16)

The corrected velocity is applied to calculate the equilibrium PDF
f eqi (ρ,uc) in Eqs. (2) and (11), which leads to an implicit problem as it is
also a function of the inertial density force F(x, t). This issue can be
resolved by applying the accurate solution for the Coriolis acceleration
du
dt = − 2ω × u [31], as:

uc =
[
ux
uy

]

t+Δt
2

=

[
cos(ωΔt/2) sin(ωΔt/2)
− sin(ωΔt/2) cos(ωΔt/2)

] [
ux
uy

]

t
(17)

The fixed and moving grid communicates the macroscopic variables
such as density, velocity, and flux tensor through two communication
borders: fixed-to-moving and moving-to-fixed. These boundaries serve
as boundary conditions for both grids, where the PDFs fi(x, t) are
reconstructed. This reconstruction relies on interpolating the macro-
scopic variables at each node along these boundaries, using data from
the neighboring nodes of the other grid.

The fixed-to-moving treatment seeks to reconstruct the PDFs at the
boundaries of the moving grid. Initially, on the fixed grid, the macro-
scopic variables (ρ, u, ΠNeq) are interpolated onto the projected borders
of the moving grid. This interpolation process utilizes the neighboring
nodes for implementation, using Eqs. (18) to (20), where the

interpolated function (ϕ) is required to transfer the macroscopic vari-
ables between the two grids on the fixed-to-moving and moving-to-fixed
borders, and the superscript (f ,m) indicates the variable in the fixed and
moving grids, respectively. Subsequently, the geometric adjustment of
the velocity and flux tensor is applied to accommodate the disparity in
coordinate systems, utilizing the rotation matrix R , as articulated in
Eqs. (21) to (23).

ρf (xm) = ϕ
(
ρf
(
xf
))

(18)

uf (xm) = ϕ
(
uf
(
xf
))

(19)

ΠNeq,f (xm) = ϕ
(
ΠNeq,f ( xf

))
(20)

ufR(xm) = R ⋅uf (xm) (21)

ΠNeq, f
R (xm) = R ⋅ΠNeq,f (xm)⋅R T (22)

R =

[
cos(θ) sin(θ)
− sin(θ) cos(θ)

]

(23)

Next, the velocity is adjusted by incorporating the influence of non-
inertial acceleration through the subtraction of the relative velocity
(vr), expressed as ufR,A(xm) = ufR(xm) − vr, where vr = ω× r. Here, the
subscripts (R,A) denote the adjustments due to the geometric rotation
and non-inertial acceleration, respectively. Moreover, the non-
equilibrium momentum tensor remains unchanged, as the grid rota-
tion does not affect the shear stresses [7]. Following this, the macro-
scopic variables at the moving grid border xm are redefined based on the
modified values from the fixed grid, as um(xm) = ufR,A(xm), ΠNeq,m(xm) =

ΠNeq,f (xm), and ρm(xm) = ρf (xm). Finally, the PDFs at the border fmi are
reconstructed by employing the redefined macroscopic variables at the
borders. This reconstruction involves reconstituting both equilibrium
and non-equilibrium PDFs using Eqs. (11) and (12), along with the
incorporation of the half-force correction force term Fi in Eq. (14) as:

fmi (x
m, t) = f eqi (ρm(xm),um(xm)) − 0.5 Fi(ρm(xm),um(xm))

+ fNeqi
(
um(xm),ΠNeq,m(xm)

)
(24)

The moving-to-fixed treatment is carried out following the same
procedures as the fixed-to-moving one, with the notable difference of
adding the relative velocity to the total velocity, expressed as umA

(
xf
)
=

um
(
xf
)
+ vr, instead of subtracting it. This adjustment is made before the

interpolation and the grid rotation [7]. Additionally, there is no need for
the half-force correction when reconstructing the PDFs on this border, as
the fixed frame serves as the inertial reference frame [6]. Algorithm 1
illustrates the procedures of the LB-overset method.

Algorithm 1
The LB-overset algorithm:

Define/calculate Initial conditions, ω, θ = ω Δt, ω̇ = dω/dt
While t < tf Do
Do boundary conditions
Calculate (F), (uc), (Fi(x, t)) using Eqs. (14) to (17) for both fixed and moving grids
Calculate feqi using Eq. (11) for both grids, use (uc) for moving grid.
Calculate ΠNeq using Eq. (10) for both grids.
Calculate fNeqi using Eq. (12) for both grids.
Calculate fi using Eq. (5) for fixed grids, use Eq. (24) for moving grid.
Interpolate ρ, u, ΠNeq on fixed-to-moving boundary using Eqs. (18) to (20).
Calculate ufR(xm), ΠNeq, f

R (xm) using Eqs. (21) to (23).
Calculate ufR,A(xm) = ufR(xm) − vr.

Reconstruct feqi , fNeqi , fi on fixed-to-moving boundary.
Calculate umA

(
xf
)
= um

(
xf
)
+ vr

Interpolate ρ, u, ΠNeq in moving-to-fixed boundary.

(continued on next page)
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Algorithm 1 (continued )

Calculate u, ΠNeq in moving-to-fixed boundary similar to Eqs. (21) to (23).
Reconstruct feqi , fNeqi , fi on fixed-to-moving boundary.
Do collision and streaming using Eq. (1) in both grids.
Update Macroscopic variables ρ, u in both grids
Do geometric rotation
End while

3. Non-conforming quadtree mesh based on interpolated PDF
streaming technique

In this section, the quadtree mesh generation is described in Section
3.1, with the illustration of the streaming nodes splitting. Then, the
spatial Lagrangian-link interpolated PDF streaming technique is dis-
cussed in Section 3.2. Finally, Section 3.3 articulated the spatial

Lagrangian-link technique.

3.1. Quadtree mesh and streaming nodes’ splitting

The non-conforming quadtree mesh is a refinement mesh technique
where the mesh nodes do not necessarily lay on the boundaries. It also
reduces the total number of nodes, reducing the required computational
resources. The quadtree mesh generation core is splitting the cells into
four equivalent quadrants by specified refinement criteria. This refine-
ment criteria can be implemented by defining control points in the
domain. Each cell that contains a control point is divided into four new
cells: northeast NE, northwest NW, southeast SE, and southwest SW, and
five new nodes located on half of the spatial spacing, as shown in
Fig. 3.1. Moreover, the newly generated cell’s level increased by one,
and the refinements continued until they reached the maximum

Fig. 3.1. Schematic shows the quadtree mesh splitting.

Fig. 3.2. An example of a circular boundary shows the grid nodes’ classification as solid, fluid, and boundary nodes. The solid node is the unfilled black circle, the
fluid node is the unfilled blue diamonds, the boundary nodes are the unfilled red triangles, and the physical boundary is the continuous purple line.
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required level.
Furthermore, a boundary node detection algorithm has been created

to categorize the grid into solid, boundary, and fluid nodes using the
winding number algorithm [32], as shown in Fig. 3.2. This classification
allows us to conduct collision and streaming operations for the fluid
nodes, implement suitable boundary treatments for the boundary nodes,
and effectively exclude any solid nodes from the simulations, reducing
the required computational resources.

As discussed in the introduction, the spatial Lagrangian-link inter-
polation is not required to be implemented on all nodes, and it is
implemented only on the nodes that are not located on the link. Thus,
the quadtree domain is further classified into three node categories:
direct streaming, direct Lagrangian-link, and spatial Lagrangian-link
nodes, as shown in Fig. 3.3.

The "direct streaming nodes" are nodes where all surrounding cells
share the same minimal spatial displacement within the domain. As a
result, these nodes possess the accurate local relaxation time and vis-
cosity, obviating the need for any interpolation. Thus, they directly
undergo a streaming step similar to the standard LBM. Furthermore,
these direct streaming nodes are concentrated in the domain’s most
compact region, eliminating the interpolation requirement and reducing

computational effort. These nodes can be identified by employing a
condition based on the cells surrounding them, which share the same
level, and this level is the highest grid level.

Then, the "direct Lagrangian-link nodes" are the majority of the
quadtree mesh. These nodes employ a straightforward Lagrangian-link
interpolation method, avoiding the necessity to perform spatial inter-
polation on all nodes, resulting in significant reductions in computa-
tional resources and effort. These nodes can be identified by employing a
condition based on the cells surrounding them, which share the same
level, and this level does not equal the highest grid level.

Finally, the "spatial Lagrangian-link nodes" represent the nodes
where the spatial Lagrangian-link interpolation is carried out where the
spatial displacements of the surrounding cells are not equal. These nodes
are exclusively present along the boundaries that separate different
levels of layers, constituting a minority among all grid nodes. Conse-
quently, the need for spatial Lagrangian-link interpolation arises only
for a few nodes, resulting in significant computational resource savings.
These nodes can be identified by employing a condition based on the
cells surrounding them, which do not have the same level. Furthermore,
this condition could be further enhanced by considering the link direc-
tion and removing the collinear nodes; however, it is not considered in
this study because the quantity of such nodes is relatively limited, which
almost does not affect the computational resources. More details are
provided about the Lagrangian-link interpolation in Section 3.2 and the
spatial Lagrangian-link interpolation in Section 3.3.

3.2. Lagrangian-link interpolated PDF streaming technique

The interpolated PDF streaming is based on interpolating the post-
collision PDFs f*

i on specific locations, which enables the same relaxa-
tion time and time step for all nodes in the grid despite their levels.
These interpolated PDFs’ locations Pinterp are offset from the pulling node
with the smallest cell size in the quadtree mesh, as shown in Fig. 3.4. As
LBM also has Lagrangian bases, interpolating the post-collision PDFs can
be implemented on the Lagrangian path with the particles moving on the
same link. Consequently, the interpolated post-collision PDFs are ob-
tained using the post-collision PDFs of the nodes on the link, revealing
the direct lagrangian-link interpolation. This interpolation is a
straightforward 1-D interpolation that consumes low computational
resources compared to spatial interpolators such as bicubic interpolator.

Fig. 3.3. Schematic shows the three classifications of the streaming nodes. The blue squares are the direct streaming, the green circles are the direct Lagrangian-link,
and the yellow triangles are the spatial Lagrangian-link nodes.

Fig. 3.4. The interpolated post-collision PDFs. The green circles and arrows are
the lagrangian-link nodes and their corresponding post-collision PDFs, and the
red cross and arrow are the interpolation location and the interpolated post-
collision PDF.
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In this study, the interpolation is performed using the Lagrangian
polynomial interpolation. This interpolation is applied in all directions,
resulting in all required post-streaming interpolated PDFs used in the
streaming process. The interpolated PDF f*

i
(
Pinterp

)
can be reconstructed

using the three points A, B, and C which have enough information f*
i (A),

f*
i (B), and f*

i (C) to reconstruct a quadratic parabola as:

f *
i
(
Pinterp

)
= ϕLag

(
A,B, c, f *

i (A), f
*
i (B), f

*
i (C)

)
(25)

Where ϕLag is the 1-D quadratic Lagrangian interpolation function.

3.3. Spatial Lagrangian-link interpolated PDF streaming technique

The quadtree mesh is a non-uniform grid, which does not guarantee
the correct lagrangian path of the particles as the nodes may not be on
the same link, as shown in Fig. 3.5.a). The node D is not collinear with

HI
⇀

, so if we used directly the location of the node D for interpolation it
will lead to numerical instability. Thus, the spatial Lagrangian-link
interpolated scheme is introduced to implement at first a predictor
step where the post-collision PDF is interpolated on the path’s known
location Pspatial using a spatial interpolator, as shown in Fig. 3.5.a). The
spatial interpolation implemented in this study is the bilinear interpo-
lation, which uses the four nodes D, E, F, and G and their corresponding
post-collision PDFs f*

i (D), f*
i (E), f*

i (F), and f*
i (G) as:

f*
i
(
Pspatial

)
= ϕSpatial

(
D, E, F, G, f *

i (D), f
*
i (E), f

*
i (F), f

*
i (G)

)
(26)

Then, the lagrangian-link interpolation is implemented as a corrector
step to calculate f*

i
(
Pinterp

)
using the predicted interpolated post-collision

PDF at Pspatial and the other two existing nodes on the link H, and I, as
shown in Fig. 3.5.b), using the following equation:

f *
i
(
Pinterp

)
= ϕLag

(
Pspatial, H, i, f *

i
(
Pspatial

)
, f*
i (H), f

*
i (I)

)
(27)

Where the ϕSpatial is a bilinear interpolator acting as a predictor, while
the ϕLag is a quadratic 1-D interpolator acting as a corrector.

This approach significantly minimizes the computational resources
required compared to utilizing a purely spatial interpolated streaming
scheme like the bicubic method introduced by Pellerin et al. [23]. This
reduction is achieved by diminishing the required nodes needed for
interpolation. Moreover, it is a straightforward process that does not

necessitate extensive computational effort, primarily because the spatial
Lagrangian-link interpolation involves explicit equations. Moreover, it is
applicable to any orthogonal type of grid, including grids with rectan-
gular cells, and is more suitable for 3D extension due to lower compu-
tational resources and effort. Furthermore, it is important to note that
the spatial interpolation is not entirely quadratic, as it utilizes bilinear
interpolation. However, it is employed as a predictor step on a very
small number of nodes, which is expected to have a negligible impact on
the solution’s accuracy. Additionally, using bilinear requires only four
points and is good for parallelization as it keeps the scheme as local as
possible.

4. The result and discussion

This section aims to verify and validate the LB-overset with spatial
Lagrangian-link interpolated PDF streaming method by discussing four
test cases. In Section 4.1, the uniform flow is implemented to ensure no
slight flow distortion due to the moving grid motion and the streaming
interpolated method applied in both the fixed and moving grid. Then,
Section 4.2 discussed the Poiseuille flow, which presents a more com-
plex flow as the velocity gradient is introduced. Moreover, the second
order of accuracy is verified for the LB-overset with spatial Lagrangian-
link interpolated PDF streaming method. After that, the Taylor-Couette
flow is illustrated in Section 4.3, where the method is applied to a curved
boundary problem and verified by retrieving the analytical solution
velocity profile. Finally, the flow around a rotating cylinder is imple-
mented at different Reynolds numbers and rotational ratios to validate
the present study in Section 4.4.

For all the test cases, the moving grid is the quadtree grid, while the
fixed grid is a uniform grid with displacement equal to the largest
moving grid’s displacement. Moreover, All the test cases implemented
with the lattice system of units, where the minimum spatial displace-
ment, time step, and density are unity Δxmin = Δymin = Δt = ρ = 1;
thus, the fixed grid spatial displacement is multiplied by 2LVLmax as Δxf =

Δyf = 2LVLmax , where LVLmax is the maximum quadtree grid level.

4.1. Uniform flow

Uniform flow is employed to ensure no flow field distortion, even in
the presence of a rotating grid and the utilization of a quadtree mesh.

Fig. 3.5. Schematics showing the spatial Lagrangian-link interpolation. The blue circles and arrows are the surrounding nodes and PDFs used in spatial interpolation,
the grey circle is the location of the spatial interpolation location, and the red cross is the interpolated post-collision PDF location.
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The quadtree mesh is designed with a sinusoidal wave to apply a non-
uniform pattern on the moving grid, as shown in Fig. 4.1.a). More-
over, the moving grid nodes are separated into three nodes of streaming:
direct streaming, direct Lagrangian-link, and spatial Lagrangian-link
nodes, as shown in Fig. 4.1.b). Furthermore, the overlapped fixed and
moving grids are shown in Fig. 4.1.c), where the moving grid is based on
sinusoidal wave refinement, and the fixed grid is scaled with 2LVLmax to
maintian the minimum spatial displacments equals one.

The inlet and outlet boundary conditions are Zou and He velocity
inlet and pressure outlet [33]. The upper and lower boundary conditions
are straight velocity implemented according to the Inamuro boundary
condition [34]. The simulation parameters are the fixed grid size of 128
× 64 cells, relaxation time τ = 0.7, Reynolds number Re = u∞ L

υ = 100,

reference length L = Nf
y = 64, kinematic viscosity υ = 1

3 (τ − 0.5), u∞ is
the freestream velocity, Mach number Ma = umax/cs = 0.1776, rota-
tional speed ω = 10− 4, and the fixed-to-moving grid size ratio Nf

y /Nm
y =

2, where Nf
y, Nm

y are the number of nodes in the vertical direction for the
fixed and moving grids, respectively.

The simulation starts with zero velocity and unity density in the
overall domain, with the moving grid starting rotation from the first

time step ts. The error Lu1 is calculated as

Lu1 =
1
N

∑N− 1

k=0

‖ u(xk) − uref (xk)‖
max

(
uref

) (28)

Where the reference velocity uref is the velocity of the uniform flow field,
the nodes’ index is k, and N is the total number of nodes. The moving
grid rotates for tf = 100,000 time-step, which covers more than two
rotations of the moving grid around its center.

The simulation is also tested regarding the error Lu1, its time-average
value L̂

u
1, the pressure error LP1, the pressure noise at the final time ∂P

∂t |tf ,

Fig. 4.1. The mesh refinement based on sinusoidal wave control points.

Table 1

The Lu1, L̂
u
1, LP1 and

∂P
∂t after grid rotation at tf .

Variable Velocity Pressure

Lu1 L̂
u
1

LP1 ∂P
∂t

Present
study

1.4687e-

09

1.1572e-

09

3.7188e-

10

− 3.3019e-

14
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and its space-average value ∂P
∂t as

L̂
u
1 =

1
(
tf − ts

)
∑tf

t=ts

Lu1(t) (29)

LP1 =
1
N

∑N− 1

k=0

‖ P(xk) − Pref (xk)‖
max

(
Pref

) (30)

∂P
∂t

⃒
⃒
⃒
⃒
tf

=
Ptf − Ptf − Δt

Δt
(31)

∂P
∂t =

1
N

∑N− 1

k=0

∂P
∂t

⃒
⃒
⃒
⃒
tf ,k

(32)

The error Lu1 is calculated to evaluate the effect of the rotation and the
streaming interpolation technique on a non-uniform grid refinement.
The average-time value indicates the performance over time after the
grid motion. The pressure noise indicates the noise accompanied by the
particle distribution function reconstruction on the border during the
rotation. Moreover, the particle distribution function directly affects the
pressure calculation on each node. Thus, the pressure change with time
indicates the accuracy of PDF reconstruction and the streaming inter-
polation effect.

Table 1 shows that the values of Lu1, L̂
u
1, LP1 and ∂P

∂t at the final time step
tf , which reveal that the error is almost near the machine’s accuracy and
the simulation is not affected by the spatial Lagrangian-link streaming

Fig. 4.2. Velocity profile after the moving grid at 75 % of the channel length
for the test case of 128 × 64 at tf .

Fig. 4.3. Velocity field of the overlapped grids for the test case of 128 × 64 at tf .
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technique and the rotation of the moving grid. This is expected since the
flow is constant and the 1D quadratic interpolation and the 2D bilinear
interpolation are used, so they should capture the constant profile
accurately.

4.2. Poiseuille flow

Poiseuille flow is introduced to add flow complexity by including a
velocity gradient, testing the impact of the presented method on the
simulation, and testing the order of accuracy as the flow solution is
parabolic in the continuum limit. The moving quadtree grid is based on a
sinusoidal control points wave similar to Fig. 4.1. The inlet and outlet
boundary conditions are velocity inlet and pressure outlet evaluated
using the Zou and He [33], while the far field of the lower and upper
surfaces are halfway bounceback [35].

The simulation is performed for four sizes of the fixed gird as 32 ×

16, 64 × 32, 128 × 64, and 256 × 128, relaxation time τ = 1.0,
Reynolds number Re = u∞ L

υ = 10, reference length L = Nf
y +1 to enable

the halfway bounceback to be implemented on the half-displacement of
the upper and lower surfaces, and the fixed-to-moving grid size ratio of
Nf
y/Nm

y = 2. The analytical solution uAna and PAna of the velocity profile
is

uAna = ux, max
(

4y
L
−

4y2

L2

)

(33)

PAna = Pinlet +
ΔP
X
xk = Pinlet +

Pinlet − Poutlet
X

xk (34)

Where X and xk is the channel length and the nodes location in longi-
tudinal direction, Pinlet and Poutlet are the pressure at the inlet and outlet
boundary condition, respectively. Similar to the uniform flow, the
simulation starts with zero velocity and unity density in the overall
domain, with the moving grid starting rotation from the first time step ts
to the final time step tf . The final time step is implemented using stop-
ping criteria ϵ or reaching 106 time step to ensure the steady-state so-
lution for the different grid sizes as

ϵ =
|u(xk, t) − u(xk, t − Δt)|

u(xk, t − Δt)
≤ 10− 10 (35)

The numerical and analytical solutions’ velocity profiles are the
same, as shown in Fig. 4.2. Moreover, the velocity field of the over-
lapped grids is shown in Fig. 4.3, as there is no deviation between the
fixed and moving grids on the moving-to-fixed border, ensuring the
correct velocity field and the implementation of the Poiseuille flow.

The simulations are also tested through the pressure-noise space-
average value ∂P

∂t as in Eqn. (32), the L2 pressure error norm LP2 as in Eqn.
(28) with uref is the analytical solution, and. Moreover, the L2 velocity
and pressure error norms Lu2, LP2, are calculated and the corresponding
order of accuracy to ensure that the method did not change the order of
accuracy of the standard LBM. The Lu2 and LP2, are calculated on the fixed
grid and the empty nodes in the fixed grid are reconstructed using
bicubic interpolation from the moving grid as:

Lu2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑N− 1

k=0
(
‖ u(xk) − uref (xk)‖

)2

Nf
x N

f
y

√
√
√
√ (36)

Table 2

The Poiseuille flow
∂P
∂t , L

P
2, Lu2, and LP2 and Lu2 order of accuracy.

No Nf
x × Nf

y ∂P
∂t

LP2 LP2 Order of accuracy Lu2 Lu2 Order of accuracy

1 32 × 16 6.0643e-10 6. 3314e-05 – 1.1105e-04 –
2 64 × 32 3.3999e-10 1.0585E-05 2.58 3.0251e-05 1.84

3 128 × 64 3.0966e-10 2.3135E-06 2.19 7.4543e-06 2.02

4 256 × 128 1.5488e-11 5.6510E-07 2.03 1.8601e-06 2.00

Fig. 4.4. Taylor-Couette flow velocity field of the overlapped grids at tf .
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LP2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑N− 1

k=0

(
‖ P(xk) − Pref (xk)‖

)2

Nf
x N

f
y

√
√
√
√ (37)

Where N is the fixed grid nodes’ number, Nf
xand Nf

y are the cell’s number
of the fixed grid in x and y directions, k are the fixed grid nodes, and uref
and Pref are the velocity and pressure analytical solution, respectively.

Table 2 shows that the Lu2 and LP2 are decreasing with the increasing
grid size, showing low error values even with low mesh size. Moreover,
∂P
∂t gives very low error values which are almost near the machine ac-
curacy. Furthermore, the order of accuracy converges to 2, which ver-
ifies the second order of accuracy in space for the present study, and the
order of accuracy did not deteriorate as the bilinear interpolation is used
as a predictor for a very low number of nodes.

Fig. 4.5. Different layers of control points for flow around a cylinder. The presented figure is coarser than the one used in the simulation for visualization purposes.

Fig. 4.6. An example of the moving quadtree grid streaming nodes splitting. The blue squares are the direct streaming nodes, the red circles are the direct
Lagrangian-link nodes, and the orange triangles are the spatial Lagrangian-link nodes.
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4.3. Taylor–Couette flow

The Taylor-Couette flow setup examines the method when incorpo-
rating boundary rotation and a more steep velocity profile. This test case
is implemented to ensure that the method works correctly with the
curved boundary treatment of Guo’s extrapolation method by
comparing the analytical and numerical solutions velocity profiles. In
this configuration, the flow occurs between two cylinders. The outer
cylinder is located in the fixed grid, while the inner cylinder is posi-
tioned within the moving grid, denoted as borders 1 and 2 in Fig. 4.4. a),
respectively. Moreover, the inner cylinder’s boundary enforces a zero
velocity using the curved boundary treatment provided by the Guo
extrapolation technique [25]. As a result, the influence of the inner
cylinder’s rotation is only attributable to the rotation of the moving grid.

The two cylinders’ centers are in the center of a 128 × 128 square,
and the outer radius Rout = 0.45H, where H is the square edge length.
Moreover, the inner circle Rin = βRout , where β is the radii ratio, the
reference length is the thickness between the two cylinders L = Rout −

Rin, relaxation time τ = 1.0, Reynolds number Re = 100, the angular
speed ω = umax/Rin, and the fixed-to-moving grid size ratio of Nf

y /Nm
y =

2. The domain is initialized with zero velocity and unity density, with
moving grid rotation starting in the first time step till the final time step

tf based on the stopping criteria in Eq. (35).
The analytical solution for the Taylo–Couette flow [36] is based on

the inner and outer cylinders’ radiuses, their corresponding velocities,
and the radius value r(x, y), as shown in Eq. (38). In this test case, the
outer cylinder velocity is zero, while the inner has the maximum speed.
Thus, the analytical solution could be presented as a function of the radii
ratio β as shown in Eq. (39).

As described in reference [36], the analytical solution for the Tay-
lor–Couette flow relies on the radii of the inner and outer cylinders and
their respective velocities, as represented by Eq. (38). In the present
study, the outer cylinder maintains a zero velocity while the inner cyl-
inder attains the maximum speed. Consequently, the analytical solution
can be expressed as a function of the radius ratio β, as in Eq. (39).

uAna(x, y) = uinner

⎛

⎜
⎜
⎝

Rout
r(x,y) −

r(x,y)
Rout

Rout
Rin

− Rin
Rout

⎞

⎟
⎟
⎠+ uouter

⎛

⎜
⎜
⎝

r(x,y)
Rin

− Rin
r(x,y)

Rout
Rin

− Rin
Rout

⎞

⎟
⎟
⎠ (38)

uAna(x, y) = umax
(

β
1 − β2

)(
Rout

r(x, y)
−
r(x, y)
Rout

)

(39)

The analytical solution shows that the lower the radii ratio β, the

Table 3
The lift and drag coefficients and Strouhal number. The metric values of Kang et al. [38] are extracted from figures.

Case a Nf
x × Nf

y
Ma τ CL CD Cʹ

L
St

1 Ours, present study 100 2 512 × 512 0.04 0.595 5.519 0.894 0 0

Kang et al. [38] ​ ​ – – – 5.499 0.87 0 0

2 Ours, present study 100 1 512 × 512 0.04 0.595 2.507 1.282 0.372 0.167

Kang et al. [38] ​ ​ – – – 2.48 1.31 0.366 0.167

Tang and Ingham [39] ​ ​ – – – 1.973 1.008 – –
3 Ours, present study 60 2 512 × 512 0.04 0.658 5.649 0.711 0 0

Kang et al. [38] ​ ​ – – – 5.614 0.67 0 0

4 Ours, present study 60 1 256 × 256 0.08 0.657 2.593 1.269 0.145 0.1394

Kang et al. [38] ​ ​ – – – 2.55 1.167 0.123 0.139

Tang and Ingham [39] ​ ​ – – – 2.249 1.219 – –
5 Ours, present study 20 1 256 × 256 0.04 0.736 2.794 1.944 0 0

Kang et al. [38] ​ ​ – – – 2.76 – 0 0

Badr et al. [40] ​ ​ – – – 2.79 1.91 0 0

6 Ours, present study 20 0.5 256 × 256 0.04 0.736 1.379 2.08 0 0

Ours, LB-overset without quadtree ​ ​ 1200 × 1200 0.08 0.76 1.388 2.055 0 0

Kang et al. [38] ​ ​ – – – 1.345 – 0 0

Badr et al. [40] ​ ​ – – – 1.39 2.12 0 0

Fig. 4.7. Comparison of the velocity profile using the Bilinear PDF streaming and the spatial Lagrangian-link PDF streaming for Re = 100 and a = 1. The colorbar is
regarding to the velocity values .
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steeper the velocity profile; thus, the radii ratio β = 0.3 is selected. The
numerical solution velocity field and velocity profile of the numerical
and analytical solution are shown in Fig. 4.4. a) and b), respectively. The
figures show a good velocity profile, as the numerical and analytical
velocity profiles are identical. Moreover, the L1 velocity error eu1
= 1

N
∑N− 1

k=0 |u(xk) − uAna(xk)| is calculated in both fixed and moving grids
and equals eu1 = 4.5798E − 05 which reveals a low value of the velocity
error.

4.4. Flow around a rotating cylinder

The flow around a rotating cylinder aims to validate the LB-overset
spatial Lagrangian-link PDF streaming method by comparing the lift
and drag coefficients with the literature at different Reynolds numbers
and rotational speeds. The rotating cylinder is located in the moving
quadtree grid, while the fixed grid is a uniform coarse grid. Moreover,
the refinement control points are designated along the perimeters and
adjusted at varying layer depths, each adhering to distinct level criteria
to facilitate a gradual refinement, as shown in Fig. 4.5. Moreover, the

moving grid streaming nodes splitting of the direct streaming,
Lagrangian link, and spatial Lagrangian-link nodes is performed as
shown in Fig. 4.6.

The Zou and He velocity input and pressure output boundary con-
ditions, as described in reference [33], are applied to the inlet and outlet
boundary conditions. For the lower and upper surfaces, straight velocity
boundary conditions are enforced using the Inamuro boundary condi-
tion method [34]. A curved boundary treatment is also employed by
utilizing the extrapolation Guo technique, as outlined in reference [25].
This technique involves constructing the post-collision particle distri-
bution function on the boundaries by extrapolating key parameters such
as density, velocity, and non-equilibrium distribution function from
adjacent fluid nodes. The simulation starts with zero velocity and unity
density in the overall domain and the total forces acting on the cylinder
boundary FB are calculated according to the momentum exchange the-
ory [37] as

FB =
∑

k∈Bn

∑8

i=1
ξi
(
f *
i (Xk, t)+ f *

i (Xk + ξiδt , t)
)
⋅δk (40)

Fig. 4.8. Comparison of the velocity profile of the moving grid regarding the steady and the unsteady solution depending on the rotational ratio. The color bar is
regarding the velocity values.

Fig. 4.9. Comparison of the velocity profile using the LB-overset method with and without the quadtree spatial Lagrangian-link PDF streaming for Re = 20 and a =

0.5. The colorbar is regarding the velocity values.
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Here, Bn represents the set of boundary nodes and δk is equal to 1 when a
node is fluid and 0 otherwise. Boundary nodes are those nodes sur-
rounded by both fluid and solid nodes. The post-collision PDFs at these
boundary nodes are denoted as f*

i (Xb, t), while fi
*
(Xb+ξiδt , t) are the

post-collision PDFs of neighboring nodes in the opposite direction.
Furthermore, the lift and drag coefficients at zero angle of attack are
determined from the total force components FB = Fx î + Fy ĵ. However,
this force should be transformed to be evaluated in the inertial fixed
frame FfB = Ffx î + Ffy ĵ as:

FfB = R
T FB (41)

CL =
2 Ffy

ρ u2
∞ D

(42)

CD =
2 Ffx

ρ u2
∞ D

(43)

Where D is the cylinder diameter and u∞ is the freestream velocity. The
method validation is implemented by comparing the lift and drag co-
efficients (CL, CD) of the current study with previously published data at
different rotation ratios

a = ω D/2 u∞ and fixed grid sizes Nf
x × Nf

y. Table 3 shows the lift
coefficient amplitude CĹ, mean drag coefficient CD and Strouhal num-
ber St = f L/u∞ for different Reynolds number and rotational ratios,
where f is the vortex shedding frequency, which agrees with the pub-
lished data.

The present study demonstrates strong agreement with the published
data across all cases, and any disparities in these metrics were primarily
attributed to the different methodologies and boundary conditions
employed. For instance, Kang et al. employed an approach that
addressed unsteady incompressible flow with boundary nodes con-
forming to the cylinder walls. In contrast, our study utilized an unsteady
weakly compressible solver, and the boundary nodes were not aligned
with the cylinder wall. Nevertheless, these variations did not signifi-
cantly impact the results for each metric compared to the reference data.

Moreover, in examining cases 1, 2, 3, and 4, the fixed grid sizes were
larger than the other cases. This increase in grid size is primarily because
these cases exhibit a higher Reynolds number, necessitating an
enlargement of the grid size to avoid a low relaxation time τ, near 0.5. In
cases 1 and 3, there is a high rotation ratio a, which demands a reduction
in the freestream velocity u∞ to mitigate the effects of a high rotational
speed ω = 2 u∞ a/D. This rotational speed reduction can be achieved by
increasing the grid size, thereby allowing for a decrease in the free-
stream velocity while keeping the relaxation time constant and
increasing the cylinder diameter D, which is related to the fixed grid
height. Furthermore, cases 1, 3, 5, and 6 have flows produced a steady
solution similar to the published data where the Strouhal number is
zero, while cases 2 and 4 produce an unsteady flow with vortex street
with values matched with the published data. Additionally, in test case
6, a comparison was made between the results of the present study and
our LB-overset simulation without quadtree (direct streaming for all
nodes), which have excellent agreement across all metrics, revealing
that the spatial Lagrangian-link streaming did not degrade the solution.

More investigation of the present study’s effect is performed by
comparing the velocity field of a bilinear PDF streaming and the spatial
Lagrangian-link PDF streaming method shown in Fig. 4.7a) and b),
respectively. Both simulations have Re = 100, rotational ratio a = 1,
and fixed grid size 256 × 256 cells. So, the fixed grid height and length
are scaled by the value of 2LVLmax . The bilinear PDF streaming is imple-
mented by interpolating the post-collision PDF required for streaming
using the bilinear interpolation only without any Lagrangian-link
interpolation. In such case, the velocity profile must have a vortex
street in the wake of the cylinder as the rotational ratio did not reach the

steady solution rotational ratio as, in Re = 100 the as ≈ 2. The bilinear
PDF streaming failed to recover the accurate velocity field because it did
not generate the vortex street phenomenon. This limitation can be
explained by the fact that bilinear PDF streaming only captures the
interpolated PDF value from a single cell, which is insufficient for
accurately representing the velocity gradient. On the other hand, the
spatial Lagrangian-link PDF streaming retrieved the correct velocity
profile as the vortex street was developed.

Additionally, Fig. 4.8 adds more qualitative validation by showing
the effect of the rotational speed on the flow field solution steadiness.
Both simulations are implemented using the LB-overset quadtree spatial
Lagrangian-link method. Fig. 4.8.a) shows the velocity profile for case 2,
Re = 100 and a = 1, which resulted in an unsteady solution and
developing a vortex street because the rotational ratio a is less than the
steady solution rotational ratio as ≈ 2. On the other hand, Fig. 4.8.b)
shows velocity ptofile for case 1, Re = 100 and a = 2, where a steady
solution was developed because the rotational ratio reaches its steadi-
ness value as ≈ 2.

Moreover, Fig. 4.9a) and b) show the velocity profiles of the standard
LB-overset method (no quadtree mesh) and LB-overset with quadtree
spatial Lagrangian-link PDF streaming technique, respectively, for Re =
20 and a = 0.5. The LB-overset method without quadtree applies direct
streaming of standard LBM for all nodes in the fixed and moving grid.
Both simulations retrieve a correct velocity field where the steady so-
lution emerged. Moreover, their lift and drag coefficients, shown in
Table 3, case 6, are quite similar, indicating that the proposed spatial
Lagrangian-link technique did not negatively affect the solution
compared with the LBM standard streaming. Moreover, the LB-overset
method without quadtree required high computational resources as
the fixed grid size 1200 × 1200 = 1, 440,000 nodes and the moving
grid size is 300 × 300 = 90,000, compared with the LB-overset with a
quadtree is for fixed grid 256 × 256 = 65536 nodes and moving grid
35,500 nodes. This leads to a decrease in the total number of nodes by
1,428,964 nodes with a percentage of 1, 428, 964, /(6, 553, 6 + 3, 550,
0) = , 206, 9.8, 8░%. Furthermore, the LB-overset method without
quadtree was not able to simulate high Reynolds number cases with high
rotational speed, such as Re = 100 and Re = 60 with a = 1.0 on AMD
Hawaii, 12,288 MB GPU device due to a lack of computational re-
sources. This is achieved by using the quadtree spatial Lagrangian-link
PDF streaming technique, as it decreases the required computational
resources significantly.

5. Conclusion

In the present study, a spatial Lagrangian-link PDF interpolation
streaming technique is introduced and integrated with the LB-overset
method with quadtree mesh refinement. The method is verified and
validated with the previously published numerical data and does not
show any degradation in the results or the order of accuracy. First, the
uniform flow test case shows the correct implementation of the proposed
method as no flow distortion appeared, and the pressure noise reaches
the machine’s accuracy, revealing that the solution was not affected by
the moving grid rotation or the reconstruction of the interpolated PDFs.
Then, Poiseuille flow verifies the method by retrieving a second order of
accuracy in space and the correct velocity profile, showing that using the
spatial Lagrangian interpolation method did not degrade the order of
accuracy. Next, the Taylor-Couette flow shows the correct imple-
mentation of the present method with the curved boundary treatment of
Gou’s extrapolation method by retrieving the correct velocity profile.
After that, the flow around the rotating cylinder validates the proposed
method by retrieving matched results with the published lift, drag, and
Strouhal number data.

Moreover, using the bilinear interpolation alone for interpolating the
post-collision PDFs is insufficient, as the interpolator is performed using
one cell and could not capture the effect of the other surrounding cell,
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consequently not capturing the gradient effect. This issue does not
appear in the spatial Lagrangian-link method because the spatial inter-
polation is performed as a predictor step on a low number of points,
while the Lagrangian-link interpolation acts as a corrector step of a
quadratic interpolation.

Additionally, using the quadtree mesh significantly decreases the
required computational resources. Also, the spatial Lagrangian-link
interpolation decreases the number of nodes required for implement-
ing the PDF streaming than the spatial interpolations, decreasing the
required computational resources and increasing the simulation effi-
ciency. Moreover, the node-splitting technique allows the interpolations
or the direct streaming to be executed depending on the nodes’ re-
quirements, further increasing the simulation efficiency. Also, the cur-
rent approach could be employed with non-conforming quadtree
rectangular grids, such as Pellerin et al.’s work [23], and could be
extended to 3D applications because of the Lagrangian nature of LBM.
This extension would offer additional advantages, as it would demand
significantly fewer nodes for interpolation compared to the extension of
spatial interpolators like the bicubic method, which decreases the
required computational resources and increases the simulation
efficiency.
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Appendix

The Appendix shows the Hermite polynomials and non-equilibrium high-order terms needed for implementing the equilibrium and non-
equilibrium particle distribution function.

Hermite polynomials and higher-order non-equilibrium distributions

The Hermite polynomials in Eqs. (11) and (12) are presented in the equations from (44) to (46). For example, the term H
(2)
i : uu in Eq. (11) is

calculated using Eq. (44) as H
(2)
i : uu =

(
ξ2
i,x − c2

s

)
u2
x +

(
ξ2
i,y − c2

s

)
u2
y + 2

(
ξi,xξi,y

)
uxuy. Moreover, the high-order nonequlibrium terms are shown in

Eqs. (12), and (10) are illustrated in equations from (47) to (49).

H
(2)
i,xx = ξ2

i,x − c2
s ,H

(2)
i,xy = ξi,xξi,y (44)

H
(3)
i,xxy =

(
ξ2
i,x − c2

s

)
ξi,y (45)

H
(4)
i,xxyy =

(
ξ2
i,x − c2

s

)(
ξ2
i,y − c2

s

)
(46)

a(2)1,xx =
∑

i
H

(2)
i,xx

(
fi − f eqi

)
, a(2)1,xy =

∑

i
H

(2)
i,xy

(
fi − feqi

)
(47)

a(3)1,xxy = 2ux a(2)1,xy + uya(2)1,xx (48)

a(4)1,xxyy = 2
(
ux a(3)1,xyy + uy a(3)1,xxy

)
−
(
c2
s + u2

x
)
a(2)1,yy −

(
c2
s + u2

y

)
a(2)1xx − 4uxuya(2)1,xy (49)
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