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A B S T R A C T

Physics-informed neural networks (PINNs) demonstrated efficacy in approximating partial differential equa-
tions (PDEs). However, challenges arise when dealing with high-dimensional PDEs, particularly when charac-
terized by nonlinear and chaotic behavior, such as turbulent fluid flows. We introduce a novel methodology
that integrates domain discretization, a generative model in the Sobolev function space (𝐻1), and a gating
mechanism to effectively simulate high dimensional problems. The effectiveness of the method, Discretized
Generative Model Physics-Informed Neural Networks (DG-PINN), is validated by its application to the
simulation of a time-dependent 3D turbulent channel flow governed by the incompressible Navier–Stokes
equations, a less explored problem in the existing literature. Domain discretization prevents error propagation
by using different neural network models in different subdomains. The absence of initial conditions (IC)
in subsequent time steps presents a challenge in identifying optimal network parameters. To address this,
discretized generative models are used, improving the model’s overall performance. The global solutions’
regularity is enhanced compared to previous decomposition techniques by using the 𝐻1 norm of error, rather
than 𝐿2. The effectiveness of the DG-PINN is validated through numerical test cases and compared against
baseline PINNs and traditional domain decomposition PINNs. The DG-PINN demonstrates improvement in both
approximation accuracy and computational efficiency, consistently maintaining accuracy even at later time
instances. Moreover, the implementation of a distributed training strategy, facilitated by domain discretization,
is discussed, resulting in improved convergence rates and more optimized memory usage.
1. Introduction

Deep learning and scientific machine learning techniques have
significantly advanced the field of numerical methods. In particular,
artificial neural networks have played a crucial role in identifying
and approximating complex nonlinear mechanics, providing powerful
tools for solving challenging problems across various scientific do-
mains [1–5]. These contributions span from using neural networks
(NN) to accelerate traditional finite element methods (FEM) [6,7],
to more purely NN-based approximation approaches. In particular,
PINNs demonstrated significant advancements in both time efficiency
and accuracy in various tasks, including advanced physics-informed
reduced order modeling (ROM) [8,9] and approximating solutions to
PDEs. Introduced by Raissi et al. [10,11], PINNs offer an innova-
tive approach that bypasses the necessity for mesh generation and
numerical discretization by leveraging automatic differentiation [12].
A key advantage of PINNs is their reduced reliance on labeled data
and their incorporation of the underlying physics of the model. This

∗ Corresponding author.
E-mail addresses: amirhossein.khademi@polymtl.ca (A. Khademi), Esalari@lakeheadu.ca (E. Salari), steven.dufour@polymtl.ca (S. Dufour).

is achieved by integrating the residuals of governing equations into
the loss function. Despite notable performance improvements, PINNs
face challenges with high-dimensional problems like approximating
solutions to the three-dimensional Navier–Stokes equations, including
convergence issues and prolonged training times. Ongoing research
aims to address these limitations.

Building upon the concept of data clustering [13], domain de-
composition techniques, namely conservative PINNs (CPINN) [14] and
extended PINNs (XPINN) [15], and parallel PINNs [16] were subse-
quently introduced. They involve the utilization of separate models for
distinct subdomains. This approach enables the adjustment of hyper-
parameters for each model. To enhance the regularity of the global
solution, the average solution at the interface with adjacent subdomains
was incorporated in the loss function as an extra loss term.

In a similar research line focusing on the concept of domain dis-
cretization by Kharazmi et al. [17,18], a variational approach was
incorporated into the PINNs framework to enhance accuracy and re-
duce training costs. This integration resulted in the development of
https://doi.org/10.1016/j.ijnonlinmec.2024.104988
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non-overlapping decomposed domain models along with projections
nto a space composed of high-order polynomials. In this context, the

trial space corresponds to the NN space, defined globally across the
entire computational domain, while the test space consists of piecewise
polynomials. Khademi and Dufour [19] further advanced the PINNs
ramework by introducing domain decomposition techniques and sub-

domain transformer networks. These innovations prevented the error
ropagation and enable the projection of input spaces into higher-

dimensional feature spaces, significantly enhancing the ability of PINNs
o handle complex multi-physics problems and systems characterized

by highly discontinuous solutions.
Another significant challenge faced by PINNs is numerical stiffness,

hich leads to unbalanced back-propagation gradients during the train-
ing process. Extensive efforts have been made to tackle this issue [20–
27], primarily employing regularization, penalization, or learning rate
nnealing techniques. These approaches aim to balance the coefficients
f loss terms. However, manually adjusting the coefficients of loss terms
s not only time-consuming but also generally inefficient due to the high

sensitivity of divergence to these coefficient values. Additionally, these
alues are problem-specific. To address the challenge of determining
ptimal penalty coefficients, Wang et al. [20] proposed an adaptive

learning rate, drawing inspiration from Kingma and Ba [28], to balance
he interplay between the various loss terms. This approach computes

the coefficients using a moving average scheme based on the ratio of
different loss terms. Nevertheless, the observed enhancement resulting
from this method is marginal, particularly in addressing problems with
higher dimensions. To expand the concept of such regularization to
time-dependent problems, the author introduced the causal PINNs [29]
o simulate time-dependent dynamical systems exhibiting multi-scale,
haotic, or turbulent behavior. In the causal PINNs framework, loss

terms are multiplied by weighting coefficients, allowing a specific loss
term 𝐿𝑟(𝑡𝑖, 𝜃) to be minimized only if 𝐿𝑟(𝑡𝑘, 𝜃)𝑖𝑘=1 before 𝑡𝑖 are properly
minimized. Song et al. [30] recently introduced LA-PINN, a dynamic
and point error-based weighting model. LA-PINN utilizes independent
loss-attentional networks for each loss component, dynamically updat-
ing weights for individual training points during the training process,
to improve convergence in stiff regions.

Inspired by the concepts of the XPINN [15] and the causal PINNs
29], Penwarden et al. [31] proposed a unified framework aimed at
escribing various causality-enforcing PINNs techniques, specifically
pplicable to time-dependent PDE. This framework not only encom-

passes existing methods but also provides a platform for developing
new causality-enforcing techniques. By leveraging this unified frame-
work, they successfully reduced training times, enhancing the scal-
bility of PINNs on problems that do not pose significant training

challenges. To resolve the issue of extended training time, Psaros et al.
32] proposed to incorporate a metalearning approach within PINNs.
his work focused on enhancing the baseline PINNs’ performance for

out-of-distribution tasks and offered a more efficient allocation of com-
putational resources during training. The application of this method to
eal-world problems is yet to be explored. In a similar work, Penwarden

et al. [33] conducted a review of model-agnostic metalearning and
ransfer learning principles, then applied a model-aware adaptation of
etalearning to PINNs. The proposed approach is tested on various

anonical forward-parameterized PDEs, demonstrating the potential for
ccelerating optimization in PINNs.

Early deep neural networks (DNN) and PINNs models were mostly
imited to generic and canonical problems [10,11,14,15,17,20,34]. Re-

cent progress has enabled the study of more realistic scenarios through
the use of increasingly sophisticated models. Biswas and Anand [35]
pplied PINNs to simulate three-dimensional laminar flow governed by
he Navier–Stokes equations. Their work demonstrated the capability of
INNs to handle complex three-dimensional fluid dynamics problems
ithout relying on traditional numerical methods. Hu et al. [36] pre-

sented an innovative approach that combines a physics-informed neural
2 
network with a characteristic-based split algorithm to solve Navier–
Stokes equations more efficiently. This method reduces the need for
extensive labeled data, cuts down memory usage and computational
time, and improves the accuracy and convergence of solutions for
3D incompressible flows. Hijazi et al. [37] introduce a Reduced Or-
der Model (ROM) combining POD-Galerkin methods and PINNs to
address inverse problems in the Navier–Stokes equations efficiently.
Their approach enhances computational efficiency and accuracy by
integrating physical laws directly into the loss functions of deep learn-
ing models. Cho et al. [38] developed a separable physics-informed
eural network (SPINN) that optimizes the solving of multi-dimensional
DEs by minimizing computational and memory needs, thus facilitating

quicker and more precise solutions on regular GPUs. Anagnostopou-
los et al. [39] introduce a residual-based attention mechanism for
PINN framework, which accelerates convergence by focusing on high-
error regions without additional computational costs. Their method
significantly improves the accuracy and speed of solving PDEs by dy-
namically adjusting the training focus, leading to an order of magnitude
faster convergence in benchmark problems. Jin et al. [40] develop
the Fourier Warm Start (FWS) algorithm to improve PINNs by balanc-
ing convergence across frequencies and reducing spectral bias. Their
Fourier Analysis Boosted PINN (Fab-PINN) shows substantial perfor-
mance gains, notably reducing 𝐿2 errors and accelerating convergence
in complex PDE scenarios. Wang et al. [41] introduce stacked deep
earning models for quickly approximating steady-state Navier–Stokes

equations at low Reynolds numbers. Their weakly supervised approach
captures boundary and geometric conditions without requiring labeled
data, significantly reducing computational demands and enabling fast,
igh-quality fluid flows simulations.

The study of real-world high-dimensional systems typically present
he challenge of turbulence, necessitating sophisticated models to ac-
urately analyze fluid dynamics and Navier–Stokes equations. Beck
t al. [42] proposed a novel data-based technique to derive large
ddy simulations (LES) subgrid closure terms using a deep neural
etworks model. Zhao et al. [43] introduced a novel computational

fluid dynamics (CFD)-based machine learning framework tailored for
the development of Reynolds-averaged Navier–Stokes (RANS) models.
This approach utilizes CFD simulations to inform and refine machine
learning algorithms, enhancing the accuracy of RANS modeling. To
showcase the efficacy of this method, it was employed in the context
of developing models for wake mixing in turbomachines. Notably,
he application of the CFD-driven machine learning framework led to

significant improvements in the predicted wake mixing profiles. Zhang
et al. [3] later proposed a bi-fidelity shape optimization method for tur-
bulent fluid-flow applications, integrating LES and RANS models within
a hierarchical-Kriging surrogate framework. The model enhanced RANS
models to capture LES behavior, improving correlation across the de-
sign space. Demonstrating efficacy on the periodic-hill case, this ap-
proach converged to the LES-optimum with just two LES samples,
outperforming standard RANS models. Jin et al. [25] used PINNs to
simulate 3D time-dependent turbulent channel flow at 𝑅𝑒 ≈ 1000
without a turbulence model. They investigated loss function weighting
for data and physics balance, achieving good agreement with DNS
outcomes but with high training time. However, it was achieved at
a notably high training time. Using a similar direct modeling strat-
egy, Hanrahan et al. [44] utilize physics-informed neural networks
(PINNs) with sparse data to effectively model turbulent flows. Their
approach, which does not use turbulence models, enables the network
to infer key dynamics like Reynolds-stress fields. This study shows that
PINNs can robustly predict complex turbulent behaviors using limited
experimental data.

Given the literature review, using PINNs and their extensions for
solving the Navier–Stokes equations has demonstrated prospective re-
sults. Specifically, enhancing the performance of the baseline PINNs
through decomposition strategies, metalearning, and transfer learning
shows promise. However, significant computational cost, prolonged
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training time, challenging solution regularity, and high approximation
error in complex phenomena in high dimensional time-dependent PDEs
have constrained the applicability of these methods to generic problems
or restricted their use to very small computational domains in realistic
high-dimensional fluid flow problems.

In this study, a novel domain decomposition technique for the
PINNs is introduced. This technique involves discretizing the global
domain into multiple overlapping subdomains, allowing for parallel
olutions of each subdomain. A generative approach in the Sobolev

function space is introduced such that subdomains predict and propa-
gate new training data to be used as IC in the subsequent subdomains.
A gating mechanism is implemented to control the interconnection
between parallel models, permitting optimal global training. To extend
the application scope of PINNs beyond generic problems, we have
verified this approach using a real-world problem involving turbu-
lent channel flow governed by the 3D time-dependent Navier–Stokes
equations. The results demonstrate that approximations by the DG-
PINN closely align with the reference solution. Moreover, comparative
numerical analyses reveal that DG-PINN improves both training time
and convergence rates. Notably, DG-PINN mitigates the likelihood of
solution divergence, a challenge commonly encountered in baseline
PINNs, especially in scenarios involving 3D turbulent fluid flow prob-
lems, where manual adjustment of loss terms coefficients is crucial to
prevent divergence. Below are the key contributions of this study:

• Introduction of a novel domain discretization technique for PINNs
aimed at reducing computational cost and enhancing scalability
for high-dimensional turbulent fluid flow problems.

• Implementation of a gating mechanism to control the interaction
between parallel models dynamically, ensuring accuracy while
minimizing computational overhead.

• Introduction of a generative modeling approach within PINNs
to optimally approximate and transfer initial conditions to sub-
sequent models, thereby reducing approximation error in sub-
sequent time steps where the problem lacks initial conditions,
thereby enhancing approximation’s accuracy.

• Enhancing the physics-informed part of PINNs by leveraging the
𝐻1 norm of error to effectively promote solutions’ regularity.

• Implementation of a distributed training strategy.
• Expanding the applicability of existing domain decomposition

PINN methods: The proposed approach is validated through a
real-world application involving turbulent channel flow governed
by the 3D time-dependent Navier–Stokes equations, demonstrat-
ing the potential of PINNs to tackle complex fluid flow problems.

2. Methodology

2.1. Neural networks

According to the universal approximation theorem, a multi-layer
erceptron having only one hidden layer and a limited number of
eurons can accurately approximate any continuous function to an
rbitrary degree of precision [45–47]. In this study, we approximate

solutions to the Navier–Stokes equations using multiple deep sequences
of interconnected neurons, structured in a fully connected feed-forward
(FFNN) architecture, formulated as

𝑓𝑖(𝒙𝑖;𝝎𝑖, 𝒃𝑖) = 𝛼𝑖(𝝎𝑖 ⋅ 𝒙𝑖 + 𝒃𝑖) (1)

where 𝒙 is the input, 𝝎 denotes the weight vector, 𝒃 represents the
bias vector and 𝛼 is a non-linear activation function. An FFNN is a
ype of architecture of artificial neural network where the connections

between its neurons are structured so that each neuron in one layer is
connected to every neuron in the subsequent layer. ‘‘Fully connected’’
implies that all neurons from one layer are connected to every neuron

in the following layer without skipping any connections. Information

3 
flows from the input layer, through one or more hidden layers, and
finally to the output layer without any feedback loops or cycles, hence
he term ‘‘feed-forward’’. In this network architecture, each neuron’s
utput is determined by applying a weighted sum of the inputs from the
receding layer, followed by an activation function that introduces non-

linearities to the network. These activation functions enable the neural
network to learn and model complex relationships within the data. Feed
forward neural networks are foundational in machine learning and are
used in various applications, including pattern recognition, regression,
classification, and more complex tasks such as natural language pro-
cessing, image recognition, and approximation and identification of
differential equations.

In our designated NN model to approximate solutions to the Navier–
Stokes equations, spatiotemporal coordinates, 𝑿 = (𝑡, 𝑥, 𝑦, 𝑧), are given
to the neural network while instantaneous velocity and pressure fields,
𝑼 (𝑿) = (𝑢, 𝑣, 𝑤) and 𝑃 (𝑿), are directly approximated as the model’s
utput, such that

𝑼𝜽(𝑿), 𝑃𝜽(𝑿) = 𝑓𝑁 𝑁 (𝑿, 𝜃). (2)

The neural network function is denoted by 𝑓𝑁 𝑁 (𝑿, 𝜃), where 𝜃 repre-
sents the parameters (weights and biases) of the neural network. The
training involves adjusting the parameters 𝜃 of the neural network to
minimize the difference between the predicted solutions 𝑼𝜽(𝑿) and the
reference solutions 𝑼 (𝑿) = (𝑢, 𝑣, 𝑤).

2.2. PINN

Physics-Informed Neural Networks are a class of machine learning
models that leverage both data and known physical laws to make
predictions. They have gained popularity in scientific computing and
engineering for their ability to incorporate prior knowledge of underly-
ing physics into the learning process. PINNs offer a promising approach
for solving inverse problems, system identification, and modeling com-
plex physical systems. Let 𝑢(𝑥, 𝑡) represent the solution to a physical
system, where 𝑥 ∈ 𝛺 ⊂ R𝑑 denotes the spatial coordinates and 𝑡 ∈ [0, 𝑇 ]
denotes time. The governing equation describing the system can be
written as:
𝜕 𝑢
𝜕 𝑡 + (𝑢; 𝑥, 𝑡) = 0, (3)

where  (𝑢; 𝑥, 𝑡) represents the nonlinear operator governing the dy-
namics of the system. PINNs aim to learn the solution 𝑢(𝑥, 𝑡) directly
from data while satisfying the physics described by Eq. (3). This is
chieved by minimizing a loss function consisting of two components: a

data fidelity term and a physics-informed regularization term. The data
fidelity term penalizes the discrepancy between the predicted solution
and observed data, typically defined as:

𝐿data =
𝑁data
∑

𝑖=1
‖𝑢(𝑥𝑖, 𝑡𝑖) − 𝑢obs(𝑥𝑖, 𝑡𝑖)‖2, (4)

where 𝑁data is the number of data points, (𝑥𝑖, 𝑡𝑖) are the spatial–
temporal coordinates of the data points, and 𝑢obs(𝑥𝑖, 𝑡𝑖) are the corre-
sponding observed values.

The physics-informed regularization term enforces the satisfaction
f the governing PDE in Eq. (3). This is typically formulated as:

𝐿physics =
𝑁phys
∑

𝑗=1
‖ (𝑢(𝑥𝑗 , 𝑡𝑗 ); 𝑥𝑗 , 𝑡𝑗 )‖2, (5)

where 𝑁phys is the number of physics-informed points sampled from
he domain. The overall loss function for training the PINNs model is
iven by:

𝐿PINN = 𝐿data + 𝐿physics, (6)



A. Khademi et al.

a

i
t

e
T
s

l

l
a
b

b
t
i

W
r
i
t
X
X
t
a

International Journal of Non-Linear Mechanics 170 (2025) 104988 
Fig. 1. Illustration of existing decomposition methods compared with the DG-PINN.
n

r

(

𝑅

2.3. Related works

XPINN: Jagtap and Karniadakis [15] proposed an extension to the
CPINN [14] to decompose spatio-temporal domain into subdomains
and using independent models in each subdomain that are linked to
djacent subdomain through average solution at the interface, such

that:

𝑢𝑎𝑣𝑒𝑟𝑎𝑔 𝑒 =
𝑢1 + 𝑢2

2
. (7)

In this settings, 𝑢1 and 𝑢2 are the solutions at the interface by two
ndependent adjacent models. The continuity of the global solution is
hen preserved by enforcing 𝑀 𝑆 𝐸(𝑢𝑎𝑣𝑒𝑟𝑎𝑔 𝑒 − 𝑢1) +𝑀 𝑆 𝐸(𝑢𝑎𝑣𝑒𝑟𝑎𝑔 𝑒 − 𝑢2) =
‖𝑢𝑎𝑣𝑒𝑟𝑎𝑔 𝑒 − 𝑢1‖22 + ‖𝑢𝑎𝑣𝑒𝑟𝑎𝑔 𝑒 − 𝑢2‖22. This approach lacks causality and
ncounters training challenges similar to those seen in standard PINNs.
hese issues can be exacerbated when dealing with interfaces and
eparate networks, as they pose a more complex optimization problem

by disregarding the causal structure during the training process for
time-dependent PDEs [29]. To elaborate, the effectiveness of transfer
earning for subsequent models relies on the prior convergence of

solutions from previous time steps.
Stacked Decomposition: Penwarden et al. [31] expanded the con-

cept of the XPINN to make it more applicable on time-dependent PDE.
Using the causality in PINNs [29], causal weights were applied to the
oss function of subdomains to take the significance of causality into
ccount. In this settings, the loss function of the PINNs is re-written as
elow:

𝐿𝑟(𝜃) = 1
𝑁𝑡

𝑁𝑡
∑

𝑖=1
𝑒𝑥𝑝

(

−𝜖
𝑖−1
∑

𝑘=1
𝐿𝑟(𝑡𝑘, 𝜃)

)

𝐿𝑟(𝑡𝑖, 𝜃) (8)

where 𝜖 is the causality hyperparameter. Consequently, the 𝐿𝑟(𝑡𝑖, 𝜃) will
e minimized only if the previous residuals 𝐿𝑟(𝑡𝑘, 𝜃)𝑖−1𝑘=1 are minimized
o a predefined value. Additionally, the stacked-decomposition method
s characterized by two parameters, namely 𝑛 and 𝑑 𝑆. The duration

covered by each subdomain over time is determined based on the
total time domain of the problem and the number of partitions 𝑛.

hen 𝑑 𝑆 = 1, the stacked-decomposition process occurs sequentially
ather than concurrently. Conversely, when 𝑑 𝑆 = 𝑛 and using XPINN
nterface conditions with all domains activated at the onset of training,
he stacked-decomposition method is equivalent to the conventional
PINN approach. The illustrations depicting the decomposition of the
PINN, the Stacked-Decomposition, and the DG-PINN, as described in

he following section, are presented in Fig. 1. Also, Table 1 represents
 brief specification of these methods and highlights their differences

and contributions.

2.4. Discretized generative model physics-informed neural network

The domain discretization technique involves decomposing the do-
main into multiple overlapping subdomains and using separate models
with subdomain-specific hyperparameters and parallel training. This
4 
approach enables the representation of the entire domain by combining
these subdivided regions as

𝛺 = ∪𝑁𝑡
𝑖=1𝛺𝑖 , (9)

where

𝛺𝑖 ∩𝛺𝑗 = 𝛺𝑖𝑗 , (10)

where 𝑁𝑡 shows the total number of partitioned subdomains and 𝛺𝑖𝑗
is the overlapping zone between any two adjacent subdomains. Within
this context, the approximation of the solution within the 𝑖𝑡ℎ subdomain
by the 𝑖𝑡ℎ model is
𝒖𝜃𝑖 = 𝑓 𝑖

𝑁 𝑁 (𝒙,𝜽𝑖), (11)

where 𝒖𝜃𝑖 is the latent solution and 𝑓 𝑖
𝑁 𝑁 is the neural network model in

the 𝑖𝑡ℎ subdomain, with parameters 𝜽𝑖. A problem, involving 3D time-
dependent turbulent channel flow is considered. This flow is governed
by the incompressible Navier–Stokes equations which are written in the
VP form as
𝜕𝒖
𝜕 𝑡 + 𝒖 ⋅ ∇𝒖 + ∇𝑝 − 1

𝑅𝑒
𝛥𝒖 = 0 in 𝛺; (12)

∇ ⋅ 𝒖 = 0 in 𝛺; (13)

𝒖 = 𝑢𝛤 on 𝛤𝐷; (14)
𝜕𝒖
𝜕 𝑛 = 0 on 𝛤𝑁 , (15)

where the non-dimensional time is denoted by 𝑡. 𝒖(𝑥, 𝑦, 𝑧, 𝑡) = [𝑢, 𝑣, 𝑤]𝑇

refers to the non-dimensional velocity vector, while 𝑃 represents the
on-dimensional pressure. The term 𝑅𝑒 stands for the Reynolds num-

ber, which characterizes the flow by comparing inertial forces with
viscous forces. Reynolds number is defined as 𝑅𝑒 = 𝜌 𝑢 𝐿∕𝜇, where
𝜌 signifies fluid density, 𝑢 is the characteristic velocity, 𝐿 denotes the
characteristic length scale, and 𝜇 represents dynamic viscosity. The
Dirichlet and Neumann boundaries are provided by (14) and (15),
espectively.

In this study, we are interested in approximating solutions to
the Navier–Stokes equations, using multiple neural networks, novel
physics-informed parts, and a distributed optimization strategy based
on a mini-batch gradient descent approach.

For the VP form of the time-dependent Navier–Stokes Eqs. (12) to
15), the residuals of the PDEs, including residuals of the momentum

equation and the divergence-free constraint, could be written as

𝑅𝑥 = 𝜕𝑡𝑢 + 𝑢𝜕𝑥𝑢 + 𝑣𝜕𝑦𝑢 +𝑤𝜕𝑧𝑢 + 𝜕𝑥𝑝 −
1
𝑅𝑒

(𝜕2𝑥𝑥𝑢 + 𝜕2𝑦𝑦𝑢 + 𝜕2𝑧𝑧𝑢) (16)

𝑅𝑦 = 𝜕𝑡𝑣 + 𝑢𝜕𝑥𝑣 + 𝑣𝜕𝑦𝑣 +𝑤𝜕𝑧𝑣 + 𝜕𝑦𝑝 −
1
𝑅𝑒

(𝜕2𝑥𝑥𝑣 + 𝜕2𝑦𝑦𝑣 + 𝜕2𝑧𝑧𝑣) (17)

𝑧 = 𝜕𝑡𝑤 + 𝑢𝜕𝑥𝑤 + 𝑣𝜕𝑦𝑤 +𝑤𝜕𝑧𝑤 + 𝜕𝑧𝑝 −
1
𝑅𝑒

(𝜕2𝑥𝑥𝑤 + 𝜕2𝑦𝑦𝑤 + 𝜕2𝑧𝑧𝑤) (18)

𝑅𝑐 = 𝜕𝑥𝑢 + 𝜕𝑦𝑣 + 𝜕𝑧𝑤 (19)

where 𝑅𝑥, 𝑅𝑦, 𝑅𝑧, and 𝑅𝑐 refers to the residuals of the momentum
equations in 𝑥, 𝑦, and 𝑧 directions and divergence free constraint, re-
spectively. For computations of partial differential operators automatic
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Table 1
Classification and comparison of related methods with the DG-PINN.
Method Soft

causality
Hard
causality

Function space Parallel
computing

Reported
application

XPINN – – 𝐿2 parallel 1D Burgers eq.

Stacked-
Decomposition

Weights Time marching 𝐿2 Partially parallel Convection eq.
Allen–Cahn eq.
Korteweg–de Vries eq.

DG-PINN Gating Generative
modeling

𝐻1 parallel 3D time-dependent
Navier–Stokes
(Turbulent)
Fig. 2. Schematics of the model discretization.
I

m
s

n
s

n

differentiation [12] is used. To approximate the derivatives in the gov-
erning equations, the derivatives of the outputs of the computational
graph are calculated with respect to 𝑥, 𝑦, 𝑧, and 𝑡.

In PINNs settings, the approximation problem is transformed into an
optimization problem of the network parameters 𝜽, where minimiza-
tion of the function associated with the approximation yields optimal
solutions. The associated function is called the loss function which is
written as

𝐿 = 𝐿𝐼 𝐶 + 𝐿𝐵 𝐶 + 𝐿𝑅 (20)

and the loss terms are written as

𝐿IC = 1
𝑁I

𝑁I
∑

𝑛=1

|

|

|

𝒖𝑛𝜃 − 𝒖𝑛I
|

|

|

2
(21)

𝐿BC = 1
𝑁B

𝑁B
∑

𝑛=1

|

|

|

𝒖𝑛𝜃 − 𝒖𝑛B
|

|

|

2
(22)

𝐿R = 1
𝑁R

(𝑁R
∑

𝑛=1

|

|

|

𝑅𝑛
𝑥
|

|

|

2
+

𝑁R
∑

𝑛=1

|

|

|

𝑅𝑛
𝑦
|

|

|

2
+

𝑁R
∑

𝑛=1

|

|

|

𝑅𝑛
𝑧
|

|

|

2
+

𝑁R
∑

𝑛=1

|

|

|

𝑅𝑛
𝑐
|

|

|

2
)

, (23)

where 𝐿𝐼 𝐶 , 𝐿𝐵 𝐶 , and 𝐿𝑅 correspond to the error associated with the
pproximations of the IC, BC, and residuals of the governing PDEs,
espectively.

When applying the baseline PINNs approach to time-dependent
DEs, optimizing the network becomes challenging. Although capturing
ll the chaotic behavior of the PDE in different time steps with a
ingle model is not impossible based on the universal approximation
heorem [45–47], this becomes highly time-consuming and prone to
ivergence. Furthermore, the absence of IC compared to the evolv-
ng constraints across the time domain, such as boundary conditions
BC) and PDE residuals, results in noticeable approximation errors in
ubsequent time steps.

Here we put a novel decomposition technique into practice. The
emporal domain is discretized such that there is an overlapping zone
etween any two adjacent subdomains (the zones highlighted in yellow
n Fig. 2). Since the IC is provided solely within the first subdomain,

the subdomain’s model approximates the latent solution at the spatial
coordinates corresponding to the IC, but at the time step correspond-
ing to the overlapping zone. With this generative model, the neural
5 
network outputs from one model are used as initial conditions in the
subsequent model for training (Represented by the red arrow in Fig. 3).
n this setting, the loss term associated with the approximation of IC in

the subsequent model is written as

𝐿IC(𝑿) = 1
𝑁I

𝑁I
∑

𝑛=1

(

‖𝒖𝑛𝜃𝑖 − 𝒖𝑛𝜃𝑖−1‖
2
𝐿2 + ‖∇(𝒖𝑛𝜃𝑖 − 𝒖𝑛𝜃𝑖−1 )‖

2
𝐿2

)

(24)

which is equivalent to:

𝐿IC(𝑿) = 1
𝑁I

𝑁I
∑

𝑛=1
‖𝒖𝑛𝜃𝑖 − 𝒖𝑛𝜃𝑖−1‖

2
𝐻1 (25)

𝑿 = (𝑥0, 𝑦0, 𝑧0, 𝑡𝑖𝑛𝑡) (26)

where the subscript 0 denotes the correspondence to the IC, 𝑡𝑖𝑛𝑡 repre-
sents the time step corresponding to the overlapping zone, 𝒖𝑛𝜃𝑖 is the
approximation to the IC in the receiving subdomain, and 𝒖𝑛𝜃𝑖−1 is the
predicted solution at the overlapping zone (to serve as training data),
generated by the transmitter subdomain

𝒖𝜃𝑖−1 = 𝑓 𝑖−1
𝑁 𝑁 (𝑿,𝜽𝑖−1). (27)

The process involves sequentially transferring approximations to
be used as IC from the first to the last subdomains. This transfer

echanism ensures a systematic propagation of IC throughout all the
ubdomains. The schematics of the process is illustrated in Fig. 1. In this

figure, the generative mode indicates that the subdomain has reached
the accuracy threshold, signaling the opening of the gating mecha-
ism. This allows for the transfer of training data to the subsequent
ubdomain while also continuing simultaneous training.

The term ‘‘Generative’’ is used in this work to describe the iterative
process by which the model generates new approximations at temporal
points or coordinates where no training data were originally provided.
Unlike traditional supervised learning, which relies solely on labeled
data, this approach enables the model to autonomously create approx-
imations in previously unexplored regions of the temporal domain.
These newly generated approximations, produced in an unsupervised
manner, are then utilized to inform the training process in subsequent
etworks and subdomains. The gating mechanism plays a critical role in

this process by determining the accuracy of the generated information.
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Fig. 3. Schematics of the DG-PINN. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

It does so by evaluating the error of the approximation within the
transmitter model. Based on this error, the gating mechanism decides
whether the generated data is sufficiently accurate to be transferred to
subsequent subdomains. This iterative generation and validation of new
approximations allow the model to continuously refine its solution over
time, even in areas where initial data are sparse or unavailable. It is
important to note that the newly generated and transferred information
is treated as additional training data that was not originally available.
At each time step, except for the very first one, the training data orig-
inally consists only of boundary conditions (supervised learning) and
the residuals of the governing equations (unsupervised learning). The
newly generated data, which the model creates as part of the iterative
process, is incorporated as supplementary information to refine and
enhance the training process at subsequent time steps.

The availability of sufficient boundary conditions for each subdo-
ain is essential to avoid an under-determined system. When initial

onditions are only provided to the first subdomain, a lack of adequate
C in subsequent subdomains can leave the system under-determined,
hereby hindering the training process. In an extreme case, one might
ncounter a system where no BC or IC are available, relying solely
n the minimization of the residuals of the governing equations. To
itigate this issue, a gating mechanism is typically employed to transfer

dditional information between subdomains. If adequate BC are un-
vailable, it may be necessary to relax the gating mechanism’s transfer
hreshold, even if the transferred information is not perfectly accurate.
his strategy ensures that subsequent subdomains do not remain under-
etermined, preserving the effectiveness of the training process across
he domain. The optimal value of the transfer threshold, however,
emains a hyperparameter that requires manual adjustment.

Clarification on the proposed method vs. Standard transfer learning

While our method shares some conceptual similarities with transfer
earning, it fundamentally differs in both methodology and application:
Decomposition Approach: We decompose the entire temporal do-

ain into multiple overlapping subdomains, each handled by a separate
eural network model with its own model parameters. This allows each
6 
model to specialize in a specific region, capturing local dynamics more
ffectively.
Parallel Training: These subdomain models are trained in parallel,

not sequentially.
Overlapping Zones: The overlapping regions between subdomains

facilitate the transfer of information and ensure continuity and consis-
tency across the entire domain. These overlaps allow models to share
approximations in the overlapping zones, stitching together a coherent
global solution.

Generative Mode: Our models generate new approximations at
temporal points where no training data were originally provided. This
is crucial for time-dependent problems with sparse initial data, as it
allows the models to autonomously create necessary solution approxi-
mations based on the governing equations.

Iterative Refinement: The process allows for continuous refine-
ment of the solution over time. By generating and validating new
approximations, the models iteratively improve the solution, even in
egions lacking initial data.
Use of the 𝐻1 Norm of Error: We utilize the 𝐻1 norm of the

rror when transferring approximations between subdomains. By in-
orporating both the function values and their gradients, the 𝐻1 norm
nsures that the transferred approximations maintain consistency with
he governing PDEs and adhere to the underlying physics.

These features distinguish our approach from standard transfer
earning, which typically involves sequentially training a single model
n a source task and then fine-tuning it on a target task.

Terminology clarification

While we refer to this mechanism as ‘‘generative model’’, we ac-
knowledge that it differs from the concept of ‘‘generative learning’’.
Traditional generative learning models aim to model data distributions
and generate new samples from these distributions. In our approach,
the term ‘‘generative’’ is used to describe the process by which the
model creates new approximations at temporal points or regions where
no original training data is available. These approximations are deter-
ministic outputs derived from solving the governing equations and are
not probabilistically generated. The mechanism is ‘‘generative’’ in the
sense that it autonomously propagates solutions to unexplored regions
of the domain, enabling systematic information transfer and continuity
across subdomains.

2.4.1. Analysis of the solution regularity
Using the 𝐻1 function space instead of the 𝐿2 in the loss function

romotes solutions with higher regularity. This is because the 𝐻1

norm penalizes not only the differences in function values but also the
differences in their gradients, which encourages smoother solutions. It
is important to note that this regularity assumption holds only when
the approximations are sufficiently smooth, i.e., at least 𝐶1 continuous.
n cases where the functions are only 𝐶0 continuous, the regularity
rgument breaks down since gradients may not be well-defined. Ad-
itionally, the regularity of the approximation is influenced by the
ctivation function used in the network, as certain activation functions
ay limit the smoothness of the solutions. Let us formalize this using
athematical formulations and proofs:
𝐻1 Norm: The 𝐻1 norm of a function 𝑓 (𝑥) over a domain 𝛺 is

efined as:

‖𝑓‖2
𝐻1(𝛺)

= ∫𝛺

(

|𝑓 (𝑥)|2 + |∇𝑓 (𝑥)|2
)

𝑑 𝑥

where |∇𝑓 (𝑥)| denotes the gradient of 𝑓 (𝑥) and | ⋅ | denotes the 𝐿2

norm.
Regularizing Effect: Adding the term ‖∇𝑓 (𝑥)‖2 in the 𝐻1 norm

enalizes large gradients in the function 𝑓 (𝑥). Minimizing this term
encourages smoother solutions because abrupt changes or sharp vari-
tions in the function are penalized. However, the regularizing ef-

fect also depends on the smoothness of the approximation, which is
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influenced by the choice of activation function. For instance, ReLU
ctivations only guarantee 𝐶0 continuity, limiting the smoothness of
he approximation. On the other hand, the tanh activation function,
hich is a smooth, 𝐶∞ continuous function, naturally provides a higher

evel of smoothness. By using tanh, the network approximations will
xhibit smoother transitions, which aligns better with the assumptions
f the 𝐻1 norm. The proof of the regularizing effect in the model
pproximation is given in Appendix A.
Enhancement of the PINNs solution process using the 𝐻1 norm

f errors: Using the 𝐻1 norm in the mean squared error of the loss
unction introduces additional constraints that further limit the space
f admissible solutions. By considering both the function values and
heir gradients, the 𝐻1 norm effectively narrows the solution space to
unctions that satisfy not only the governing equations but also possess
he desired smoothness properties. This added constraint enhances
he approximation by steering the optimization toward solutions that
re physically and mathematically more consistent with the problem’s
ature.

• Alignment with Variational Principles: Many PDEs arise from
variational formulations where the solution minimizes an energy
functional in an 𝐻1 space. By incorporating the 𝐻1 norm into the
loss function, we ensure that the PINN model adheres to the same
minimization principles as the true solution. This alignment can
potentially improve convergence to the true solution and enhance
the accuracy of the approximation.

• Improved Optimization Landscape: Including derivative terms in
the loss function can smooth the optimization landscape, making
it easier for gradient-based optimization algorithms to find the
global minimum. The presence of gradient information reduces
the likelihood of encountering sharp minima or saddle points,
leading to more stable convergence and reduced sensitivity to
initialization and hyperparameters.

• Complementary Role to Tolerance and Method Order: While tol-
erance and the order of the numerical method are crucial factors
dictating accuracy, the norm used in the loss function directly
impacts how errors are measured and minimized during training.
The 𝐻1 norm provides a more comprehensive measure of error by
accounting for both the solution and its derivatives. This can lead
to more accurate and stable solutions, complementing the effects
of tolerance and method order. By influencing the optimization
process at each iteration, the 𝐻1 norm guides the network toward
better approximations that satisfy both the PDE and the desired
regularity.

2.4.2. Gating mechanism
Since subdomain models are trained in parallel and separately, this

dynamic generation and propagation of information may negatively
impact the rate of convergence. Transferred data in the receiver model
improves the training only when the generated data in the transmitter
model (preceding subdomain) is accurate to a certain level. To address
this requirement, we introduce a gating mechanism in the DG-PINN,
such that data transmission between models is switched on only when
the approximation in the transmitter subdomain reaches a predefined
ccuracy hyperparameter 𝜖 (Refer to the decision point in Fig. 3). Let 𝜖
e the predefined accuracy hyperparameter representing the threshold
hat the approximation in the transmitter subdomain needs to reach

for data transmission to be enabled. Let  represent the transmitter
ubdomain model, and  represent the receiver subdomain model. We
an introduce a binary gating variable 𝛾 that controls whether data

transmission between the transmitter and receiver models is allowed.

his gating variable 𝛾 takes the value 1 when data transmission is d

7 
allowed and 0 otherwise. Mathematically, the gating mechanism can
be formulated as follows:

𝛾 =

{

1, if accuracy( ) ≥ 𝜖
0, otherwise

Here, accuracy( ) represents a measure of accuracy of the approx-
imation in the transmitter subdomain, which could be, for example,
the loss function value or the error in the solution. Finally, to mitigate
excessive memory usage, as suggested, the gating mechanism can be
implemented to operate at predetermined intervals, such as every 50
iterations.

2.4.3. Training
For the training of models in the DG-PINN, a distributed mini-

batch gradient descent approach was employed. In this setup, both the
training data and the model are discretized and processed separately
and in parallel (refer to Fig. 3). Consequently, the training occurs in-
ependently for each subdomain, executed in parallel. The parameters
f each model are updated utilizing the mini-batch gradient descent
ethod. Considering different learning rates 𝛼(𝑖) for each parallel model
= 1, 2,… , 𝑁 , and using the loss function denoted by 𝐿(𝑖)(𝜃(𝑖)), the

update rule for each model’s parameters 𝜃(𝑖) in mini-batch gradient
descent can be expressed as follows, such that the gradient calculation
or 𝑖th model using a mini-batch of size 𝑚 is

∇𝐿(𝑖)(𝜃(𝑖)) = 1
𝑚

𝑚
∑

𝑗=1
∇𝐿(𝑖)

𝑗 (𝜃(𝑖)) (28)

where ∇𝐿(𝑖)
𝑗 (𝜃(𝑖)) is the gradient contribution from the 𝑗th data point

in the mini-batch for the 𝑖th model. The update rule for 𝑖th model’s
parameter 𝜃(𝑖) using the computed gradient and the corresponding
learning rate is written as

𝜃(𝑖+1) ∶= 𝜃(𝑖) − 𝛼(𝑖)∇𝐿(𝑖)(𝜃(𝑖)) (29)

𝜃(𝑖+1) ∶= 𝜃(𝑖) − 𝛼(𝑖)

𝑚

𝑚
∑

𝑗=1
∇𝐿(𝑖)

𝑗 (𝜃(𝑖)). (30)

Accordingly, each parallel model 𝑖 utilizes distinct learning rate 𝛼(𝑖) and
updates parameters 𝜃(𝑖) independently based on the gradients computed
rom its mini-batches.

The inputs of the NN are normalized to fall within the range of
−1, 1] for each dimension. Similarly, the governing equations linked
o these inputs are normalized using the same scaling factor. Consider
hree sets of data, including 𝐼 𝐶𝑖, 𝐵 𝐶𝑖, and 𝑅𝑖, where the subscript 𝑖
enotes the 𝑖th data set related to the IC, BC, and the residuals of
overning equations in the 𝑖th model

𝑋IC𝑖
= {(𝑥0𝑖, 𝑦0𝑖, 𝑧0𝑖, 𝑡0𝑖, 𝑢0𝑖, 𝑣0𝑖, 𝑤0𝑖)} (31)

𝑋BC𝑖
= {(𝑥𝑏𝑖, 𝑦𝑏𝑖, 𝑧𝑏𝑖, 𝑡𝑏𝑖, 𝑢𝑏𝑖, 𝑣𝑏𝑖, 𝑤𝑏𝑖)} (32)

𝑋R𝑖
= {(𝑥𝑖, 𝑦𝑖, 𝑧𝑖, 𝑡𝑖)}. (33)

Splitting each data set 𝑖 into mini-batches, 𝑁∕𝑚 min-batches are cre-
ted, each containing 𝑚 samples. The 𝑘th mini-batch, denoted as 𝐵𝑘,
onsists of data indexed from (𝑘 − 1) × 𝑚 + 1 to 𝑘 × 𝑚. This can be
athematically represented as

𝐵𝑘
IC𝑖

=
{

(𝑥0𝑖, 𝑦0𝑖, 𝑧0𝑖, 𝑡0𝑖, 𝑢0𝑖, 𝑣0𝑖, 𝑤0𝑖)
}𝑘×𝑚

(𝑘−1)×𝑚+1
(34)

𝐵𝑘
BC𝑖

=
{

(𝑥𝑏𝑖, 𝑦𝑏𝑖, 𝑧𝑏𝑖, 𝑡𝑏𝑖, 𝑢𝑏𝑖, 𝑣𝑏𝑖, 𝑤𝑏𝑖)
}𝑘×𝑚

(𝑘−1)×𝑚+1
(35)

𝐵𝑘
R𝑖

=
{

(𝑥𝑖, 𝑦𝑖, 𝑧𝑖, 𝑡𝑖)
}𝑘×𝑚

(𝑘−1)×𝑚+1
(36)

Permuting the data within mini-batches involves shuffling the in-
ices within each mini-batch to randomize the order in which the data
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Algorithm 1: Algorithm of the DG-PINN
Consider discretization of the temporal domain into 𝑁 subdomains, where each subdomain has a separate model with trainable parameter
𝜃𝑖 and a loss function 𝐿(𝜃𝑖) such that
Initialization: Set initial parameters 𝜃𝑖 using [48];
for 𝑛 = 1 to 𝑒 do

for 𝑗 = 1 to 𝑠 do
for 𝑖 = 1 to 𝑁 do

𝐿(𝜃𝑖) = 𝐿IC𝑖
(𝑋IC𝑖

) + 𝐿BC𝑖
(𝑋BC𝑖

) + 𝐿R𝑖
(𝑋R𝑖

).

𝑋IC𝑖
= {(𝑥0𝑖, 𝑦0𝑖, 𝑧0𝑖, 𝑡0𝑖, 𝑢0𝑖, 𝑣0𝑖, 𝑤0𝑖)}, 𝑋BC𝑖

= {(𝑥𝑏𝑖, 𝑦𝑏𝑖, 𝑧𝑏𝑖, 𝑡𝑏𝑖, 𝑢𝑏𝑖, 𝑣𝑏𝑖, 𝑤𝑏𝑖)}, 𝑋R𝑖
= {(𝑥𝑖, 𝑦𝑖, 𝑧𝑖, 𝑡𝑖)}

𝐵𝑘
IC𝑖

=
{

(𝑥0𝑖, 𝑦0𝑖, 𝑧0𝑖, 𝑡0𝑖, 𝑢0𝑖, 𝑣0𝑖, 𝑤0𝑖)
}𝑘×𝑚

(𝑘−1)×𝑚+1
, 𝐵𝑘

BC𝑖
=
{

(𝑥𝑏𝑖, 𝑦𝑏𝑖, 𝑧𝑏𝑖, 𝑡𝑏𝑖, 𝑢𝑏𝑖, 𝑣𝑏𝑖, 𝑤𝑏𝑖)
}𝑘×𝑚

(𝑘−1)×𝑚+1

𝐵𝑘
R𝑖

=
{

(𝑥𝑖, 𝑦𝑖, 𝑧𝑖, 𝑡𝑖)
}𝑘×𝑚

(𝑘−1)×𝑚+1
, 𝑃 𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛(𝑘) = [𝑝𝑒𝑟𝑚(1), 𝑝𝑒𝑟𝑚(2), ..., 𝑝𝑒𝑟𝑚(𝑚)]

𝜃 = 𝜃 − 𝛼𝑖 ⋅ ∇𝐿(𝜃)

if 𝑗 mod 50 = 0 then
if 𝐿𝜃𝑖 ≤ 𝜖 then

𝐵𝑘
IC𝑖+1

= {(𝑥0, 𝑦0, 𝑧0, 𝑡0𝑖𝑛𝑡 , 𝑢𝜃𝑖 (0, 𝑡𝑖𝑛𝑡), 𝑣𝜃𝑖 (0, 𝑡𝑖𝑛𝑡), 𝑤𝜃𝑖 (0, 𝑡𝑖𝑛𝑡))}

end
else

𝐿(𝜃𝑖+1) = 𝐿BC𝑖+1
+ 𝐿R𝑖+1

end
end

end
end

end
samples are fed into the learning algorithm. Given a mini-batch 𝑘 with
indices initially ordered as [1, 2,… , 𝑚], here is a mathematical represen-
tation for applying permutations within a mini-batch; let permutation
(𝑘) denote the permutation applied to the indices of mini-batch 𝑘. After
applying a permutation to the 𝑘th mini-batch, the new order of indices
becomes:

𝑃 𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛(𝑘) = [𝑝𝑒𝑟𝑚(1), 𝑝𝑒𝑟𝑚(2),… , 𝑝𝑒𝑟𝑚(𝑚)] (37)

where 𝑝𝑒𝑟𝑚(𝑖) represents the 𝑖th element after permutation within mini-
batch 𝑘. This operation randomizes the order of data samples within
each mini-batch, contributing to a more effective training process in
machine learning algorithms, especially during mini-batch gradient
descent.

The DG-PINN is illustrated through Algorithm 1. 𝑁 , 𝑒, and 𝑠 de-
note the number of subdomains, epochs, and iterations, respectively.
Additionally, 𝛼𝑖 is the learning rate for each model and 𝜖 represents
the predefined accuracy threshold for the gating mechanism. The train-
ing is based on the distributed mini-batch gradient descent approach,
where various network parameters and learning rates are assigned to
subdomains and models are trained in parallel. Notably, to mitigate
excessive memory usage, the gating mechanism is activated at intervals
of every 50 iteration, a configuration fine-tuned based on empirical
observations gleaned from experimental analysis.

3. Results and discussion

In this section, the objective is to evaluate how our proposed
method, the DG-PINN, performs against the baseline PINNs and against
traditional domain decomposition PINNs. The tangent hyperbolic
(Tanh) function serves as the activation function, and the Glorot normal
initialization method [48] is utilized for initializing all networks. As
outlined in Algorithm 1, all networks are trained using a mini-batch
gradient descent ADAM optimizer [28], using piece-wise decay of
learning rates for each model. The temporal domain [0, 𝑇 ] is discretized
8 
Fig. 4. Schematics of the problem domain [49–51] from https://turbulence.pha.jhu.
edu.

into subdomains [0 ∶ 𝑡1], [𝑡1 ∶ 𝑡2],… [𝑡𝑛−2 ∶ 𝑡𝑛−1], [𝑡𝑛−1 ∶ 𝑇 ]. Controlling
over the proper transfer of generated data from the previous subdomain
to serve as the initial condition in the next subdomain, during the
overlapping time instances 𝑡1, 𝑡2,… , 𝑡𝑛−1, is managed by a gating mech-
anism. Implementation of automatic differentiation and construction of
computational graphs are facilitated using TensorFlow [52].

The validation is performed using multiple cross-validations utiliz-
ing randomly generated and entirely unseen evaluation points distinct

https://turbulence.pha.jhu.edu/
https://turbulence.pha.jhu.edu/
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from those employed during training. This process is followed by
veraging the results. The number of test points corresponds to 25%
f the total number of training points. In this section, the term PINNs
efers to the baseline PINNs model, while DD-PINN represents a domain
ecomposition PINNs without overlapping constraints, and DG-PINN
enotes our proposed method. Additionally, comparisons will be made
etween the DG-PINN and a counterpart of the DG-PINN model but
sing the 𝐿2 norm of errors, to highlight the contribution os using 𝐻1

orm of errors when propagating information between models. It is
mportant to note that, for a fair comparison, the training time was kept
he same across all competing methods in every comparison conducted
n this study.

3.1. Problem setup

The test problem involves a channel flow with 𝑅𝑒 = 9.994 ×
02. This Reynolds number is almost the critical Reynolds number
or the transition from laminar to turbulent flow in channel flows.
ccording to several authoritative sources, turbulence can occur at

his Reynolds number in channel flows [53,54]. We acknowledge that
𝑒 ≈ 1000 is at the lower limit for turbulence in channel flows, but it

s within the range where turbulence is expected to develop. Training
nd testing data for this study originate from the turbulent channel

flow database from the Johns Hopkins Turbulence Database (JHTDB)
vailable at https://turbulence.pha.jhu.edu/. These datasets are widely

used in turbulence research and demonstrate turbulent characteristics
at this Reynolds number. The spatial domain is [0, 8𝜋] × [−1, 1] × [0, 3𝜋]
and the time step in the online database is 0.0065. The viscosity is
= 5 × 10−5. The initial condition of the problem signifies a state of

ully developed turbulence, as supported by the turbulence statistics
rovided in the reference datasets [51,55]. We note that detailed
urbulence statistics from the reference data demonstrate the turbulent
ature of the flow at this Reynolds number. These include:

• Mean Velocity Profiles: Exhibiting a clear logarithmic layer near
the wall, which is characteristic of turbulent boundary layers in
wall-bounded flows. The velocity profiles align with the classical
law of the wall [55]:

𝑈+ = 1
𝑘
𝑙 𝑛𝑦+ + 𝐵 , (38)

where 𝑈+ is the dimensionless velocity, 𝑦+ is the dimensionless
wall distance, 𝑘 is the von Kármán constant, and 𝐵 is an empirical
constant.

• Reynolds Stress Profiles: Showing significant turbulent shear
stresses and normal stresses, indicating turbulent momentum
transfer by turbulent eddies [55]. The Reynolds shear stress −𝑢′𝑣′
has substantial values across the channel height, with peaks away
from the wall.

• Turbulent Kinetic Energy (TKE) Profiles: Displaying high levels
of TKE near the wall, characteristic of wall-bounded turbulent
flows [56]. The TKE decreases towards the channel centerline,
reflecting the distribution of energetic turbulent motions.

• Energy Spectra: Demonstrating an inertial subrange with a −5∕3
slope in the spectral energy density when plotted on log–log
scales, consistent with Kolmogorov’s theory of turbulence [57].
The spectra show energy distributed across a wide range of scales,
from large to small eddies.

While these key turbulence statistics illustrate the turbulent nature of
he flow at this Reynolds number, a detailed analysis is beyond the
cope of this work. For in-depth discussions on turbulence character-
stics, we refer interested readers to the cited references.

The architecture of all the networks in this study is based on the
FFNN architecture. Network input and output are four-dimensional,
where (𝑥, 𝑦, 𝑧, 𝑡) serve as inputs and (𝑢, 𝑣, 𝑤, 𝑃 ) are outputs. In case
studies I and II, we have considered two different domains with differ-
ent spatial and temporal sizes at various locations within the channel.
 a

9 
Table 2
Settings of the training in case study I.

# Epochs # Iterations Learning rate

300 150 1 × 10−3
200 150 2 × 10−4
200 150 4 × 10−5
100 150 9 × 10−6
50 150 9 × 10−7

Table 3
Networks settings and memory usage in case study I.

Method Architecture GPU use (Gb)

Baseline PINNs (1) × 10 × 300 8.6
DD-PINN (10) × 10 × 150 2.5
DG-PINN (10) × 10 × 150 2.5

It is important to note that the quantitative results presented in this
study are the average outcome obtained from 10 consecutive tests.
Schematics of the problem domain are shown in Fig. 4. The data and
the codes utilized in this manuscript are publicly accessible on GitHub
at https://github.com/AmirhosseinnnKhademi/DG-PINN.git.

3.2. Case study I

To study the performance of the DG-PINN, a domain is considered
with dimensions [12.47, 12.66] × [−0.90,−0.70] × [4.61, 4.82] for 𝑥, 𝑦,
and 𝑧 respectively. The temporal domain consists of 110 time steps.
According to the description of the database [58], there is no viscous
sublayer within the boundaries of this simulation. There are 10,000
collocation points and 6644 BC points within each time step. Within
the first time step, there are 33,524 initial condition (IC) points. The ad-
justments for the piece-wise decay of learning rates, number of epochs,
nd number of iterations are specified in Table 2. The architectural

configuration for networks in case study I is outlined in Table 3. The
second column shows the architecture of the networks, where the num-
ber in parentheses represents the number of subdomains, followed by
the number of hidden layers and the third is the number of neurons in
each hidden layer. Additionally, memory usage is given for each model.
The comparison between the DD-PINN and the DG-PINN is intended to
highlight the significance of the generative model. This table highlights
the efficacy of domain discretization, enabling the implementation of
a distributed training strategy that results in more efficient memory
usage. The instantaneous velocity fields in the 𝑦 − 𝑧 plane at 𝑥 = 12.66
pproximated by the DG-PINN are compared with those predicted by
he baseline PINNs and the reference DNS solution in Figs. 5, 6, and

7 at time instances 𝑡8, 𝑡65, 𝑡95, respectively. In this simulation, both the
DG-PINN and the DD-PINN decompose the temporal domain into 10. As
it is observable, the DG-PINN can simulate the 3D turbulent fluid flow
with high accuracy and successfully capture the details. On the other
hand, capturing general patterns while struggling with finer details
was observed in the DD-PINN. Finally, the baseline PINNs could not
converge to an accurate approximation within this limited number of
epochs. Previous research by Jin et al. [25] indicated that significantly
more epochs and iterations were required for the PINNs to converge in
a similar problem.

To be more detailed, quantitative results comparing the errors
among PINNs, DD-PINNs, and the DG-PINN are presented in Fig. 8.
While this figure confirms the findings of Figs. 5 to 7, they also reveal
an additional point; as time progressed away from the initial time
step with well-defined IC, the accuracy of the prediction made by the
aseline PINNs drastically decreases. Although the DD-PINN is able to
redict more accurate approximations in the subsequent time steps, the
ccuracy is not comparable with the initial time steps due to the lack

https://turbulence.pha.jhu.edu/
https://github.com/AmirhosseinnnKhademi/DG-PINN.git
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Fig. 5. Instantaneous velocity fields at 𝑡8 = 8 × 0.0065: From top to bottom: DNS solution, DG-PINN, DD-PINN, and Baseline PINNs.
of IC. However, the DG-PINN is able to maintain the approximation
accuracy at time instances where the model lacks IC, thanks to the dis-
cretized generative model. In particular, in the 𝑦 and 𝑧 directions where
the PINNs’ prediction error increases by approximately 25 percent, the
DG-PINN significantly improves the accuracy at distant time steps.

The findings suggest that the wall-normal and spanwise veloci-
ties exhibit significantly greater relative 𝐿2 errors compared to the
streamwise velocity. This discrepancy arises due to the streamwise
velocity’s substantially larger amplitude in comparison to the other two
velocity components. Lastly, in Fig. 9, the approximation of instanta-
neous pressure fields by the DG-PINN is compared against the DNS
solution. The results refer to the 𝑦 − 𝑧 plane at 𝑥 = 12.55 at time step
𝑡15 = 15 × 0.0065. The DG-PINN demonstrates an acceptable agreement
with the reference solution. It is intriguing to observe that, despite
no explicit training data for pressure being provided to the model, it
successfully learns and approximates the pressure field solely through
unsupervised physics-informed learning. As illustrated by Raissi et al.
[10], the observed difference in magnitude between the exact and
predicted pressure is justified by the inherent characteristics of the
incompressible Navier–Stokes system. In this system, the pressure field
10 
is identifiable only up to a constant. To underscore the significance
of employing the 𝐻1 function space, over the 𝐿2 as used in previous
discretized PINNs models, a comparison between the DG-PINN and its
counterpart model utilizing the 𝐿2 norm is shown in Fig. 10. To simplify
visualization and maintain clarity despite the inherent complexity of
the 3D time-dependent problem, the plots in the figure depict solution
approximations and their derivatives along the 𝑦 direction. Six time
steps are assigned to each subdomain and there is one overlapping time
step between each pair of subdomains. Other settings and adjustments
remain same as before. The subplots in the left column depict results
for the model using the 𝐿2 norm, while those in the right column
represent the results for the DG-PINN utilizing the 𝐻1 norm. In the
left column of the figure, it is observed that in a limited number
of training epochs, the discretized model utilizing 𝐿2 norm exhibits
differing gradient values between adjacent subdomains, suggesting the
absence of a well-defined gradient for the global solution. Moreover,
the model faces challenges in fully preserving continuity. Conversely, in
the right column, representing the DG-PINN model employing the 𝐻1

function space, despite the presence of sharp edges, the 𝐻1 function
space ensures consistent first derivatives. Solutions obtained through
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Fig. 6. Instantaneous velocity fields at 𝑡65 = 65 × 0.0065: From top to bottom: DNS solution, DG-PINN, and Baseline PINNs.
Fig. 7. Instantaneous velocity fields at 𝑡95 = 95 × 0.0065: From top to bottom: DNS solution, DG-PINN, and Baseline PINNs.
the DG-PINN model demonstrate continuity, as the approximations by
different subdomains at the boundary remain consistent. This implies
the existence of continuity and first derivatives in the global solutions,
a feature lacking in previous domain decomposition techniques in
PINNs. For further insights into subsequent time steps and subdomains,
additional plots, all confirming the conclusion here, are provided in
Figs. 12 and 13 in the Appendix.
11 
3.3. Case study II

To reflect the ability of the DG-PINN to simulate fluid flows with
more complicated phenomena, a problem involving a larger domain,
[12.25, 12.75] × [−1.0,−0.5] × [4.5, 5.0], is considered. Within this larger
domain, various interactions between different scales of eddies happen,
which covers the range involving the viscous sub-layer, the log-law
region, the law of the wall, the buffer layer, and the outer layer [51,
58]. The non-dimensional time domain is limited to 16 time steps,
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Fig. 8. Comparison of the error: Top: 𝑥 direction, middle: 𝑦 direction, and bottom: 𝑧 direction.
Fig. 9. Pressure fields at 𝑡15 = 15.0065. left: DNS solution; right: DG-PINN approximation.
where each time interval is 0.0065. There are 50,000 collocation
points inside the domain and 26,048 boundary points at each time
step, with 147,968 points corresponding to the IC at the initial time
step. Finally, there have been 1400 epochs in the training process,
with the details presented in Table 4. In this simulation, the temporal
domain is discretized into 4 subdomains. Each subdomain covers 4
consecutive time steps and shares one overlapping time step with the
adjacent subdomain, resulting in a total of 16 non-repeated time steps.
The computational graph adopts an FFNN architecture with 9 hidden
layers, each containing 300 neurons. The input and output layers have
dimensions of 4.

Fig. 11 compares the approximations of the instantaneous velocity
and pressure fields by the DNS, and the DG-PINN at 𝑡13 = 13 × 0.0065 in
the 𝑦 − 𝑧 plane at 𝑥 = 12.66. As proposed by Fig. 11, the DG-PINN
12 
Table 4
Settings of the training in case study II.

# Epochs # Iterations Learning rate

50 150 1 × 10−3
500 150 5 × 10−4
400 150 7 × 10−5
400 150 1 × 10−5
50 150 5 × 10−6

demonstrates the capability to accurately approximate solutions for
the turbulent 3D Navier–Stokes equations in a large domain, without
employing any turbulence filter, directly approximating the Navier–
Stokes equations. Table 5 shows the relative 𝐿2 error in approximations
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Fig. 10. Solution regularity analysis at 5th time step. Right column: DG-PINN approximations using 𝐻1 norm; left column: a counterpart model using 𝐿2 norm resembling
traditional decomposition methods.
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Fig. 11. Velocity and pressure fields at 𝑡13 = 13 × 0.0065. Top: DNS solutions; bottom: DG-PINN approximations.
Table 5
DG-PINN velocity approximation accuracy in case study II.

Time step 𝐿2 error 𝑥 direction 𝐿2 error 𝑦 direction 𝐿2 error 𝑧 direction

0 1.4% 12.2% 10.1%
4 2.2% 16.3% 13.7%
8 1.7% 15.1% 12.4%
12 2.4% 17.9% 14.1%

by the DG-PINN in various sample time steps. Sustained accuracy
of approximations over time, particularly in the absence of IC, even
within an expanded domain, highlights the effectiveness of this novel
technique. This is worth mentioning that the baseline PINNs fail to
converge to an accurate approximation within 1400 training epochs
for such a large domain with noticeably more training and collocation
points.

4. Conclusion

This research introduced a novel methodology within Physics-
Informed Neural Networks known as the discretized generative model
PINNs. The DG-PINN is developed through discretization of the tempo-
ral domain, employing multiple models and generation of new training
data, incorporating a gating mechanism for optimal regulation of data
transfer among models, formulation of extra loss terms within 𝐻1

function space, and using a distributed training strategy. This method-
ology was applied to a time-dependent 3D turbulent channel flow at
𝑅𝑒 ≈ 1000, governed by the incompressible Navier–Stokes equations,
and achieved good agreements with the reference solution. In the
first case study, a comparison was made between the instantaneous
velocity fields generated by the baseline PINNs and those of the DG-
PINN over an extended period. The DG-PINN exhibits superior accuracy
compared to the baseline PINNs while utilizing less memory thanks to
a distributed training strategy made possible by model discretization.
The approximation error of the baseline PINNs increases significantly
over time, particularly in subsequent time steps where initial conditions
are not available. In contrast, the DG-PINN successfully maintains
accuracy throughout. Furthermore, quantitative results demonstrated
that employing 𝐻1 function space enhanced the regularity of the global
solutions in comparison to previous domain decomposition PINNs
techniques utilizing 𝐿2 function space. Interestingly, the DG-PINN
accurately approximated pressure field patterns without utilizing any
pressure training data within the complex 3D time-dependent turbulent
flow regime. In the second case study, covering a more extensive spatial
domain, which includes the viscous sub-layer, log-law region, law of
the wall, buffer layer, and outer layer, the DG-PINN converges to a
relatively accurate approximation, whereas the baseline PINNs fails
14 
to converge within the specified number of training epochs. The DG-
PINN allows for the simultaneous use of multiple models, paving the
way for future research to deploy our method with different turbulent
models, thereby enhancing accuracy in broader domains characterized
by diverse flow regimes.
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Appendix A

A.1. Methodology: Solution regularity analysis

Proof. Consider a sufficiently smooth function 𝑓 (𝑥) and its approxi-
mate solution 𝑔(𝑥) obtained through optimization. We aim to show that
minimizing the 𝐻1 norm of 𝑔(𝑥) encourages smoothness. Specifically,
this proof assumes that 𝑓 (𝑥) and 𝑔(𝑥) are at least 𝐶1 continuous.

Let 𝐸(𝑓 , 𝑔) = 1
2‖𝑓 − 𝑔‖2

𝐻1(𝛺)
denote the error between the true

function 𝑓 (𝑥) and the approximate solution 𝑔(𝑥) in the 𝐻1 norm.
We can expand 𝐸(𝑓 , 𝑔) as follows:

𝐸(𝑓 , 𝑔) = 1
2

(

‖𝑓 − 𝑔‖2
𝐿2 + ‖∇(𝑓 − 𝑔)‖2

𝐿2

)

Now, let us analyze the second term ‖∇(𝑓 − 𝑔)‖2
𝐿2 . By the triangle

inequality, we have:

‖∇(𝑓 − 𝑔)‖2
𝐿2 ≤ ‖∇𝑓‖2

𝐿2 + ‖∇𝑔‖2
𝐿2

Since the true function 𝑓 (𝑥) is assumed to be smooth (i.e., at least
𝐶1 continuous), ‖∇𝑓‖2

𝐿2 is bounded.
Minimizing 𝐸(𝑓 , 𝑔) with respect to 𝑔(𝑥) entails minimizing both

‖𝑓 − 𝑔‖2
𝐿2 and ‖∇(𝑓 − 𝑔)‖2

𝐿2 . Minimizing the latter term ‖∇(𝑓 − 𝑔)‖2
𝐿2

effectively encourages 𝑔(𝑥) to be smooth by penalizing sharp variations.



A. Khademi et al.

Fig. 12. Solution regularity analysis at 10th time step: DG-PINN using 𝐻1 norm (right) vs. a counterpart model using 𝐿2 norm resembling traditional decomposition methods
(left).
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Fig. 13. Solution regularity analysis at 20th time step: DG-PINN using 𝐻1 norm (right) vs. a counterpart model using 𝐿2 norm resembling traditional decomposition methods
(left).
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However, the regularity of the approximation 𝑔(𝑥) is affected by
the activation function used in the neural network. For instance, ReLU-
based networks, which produce piecewise linear approximations, may
not fully benefit from the 𝐻1 norm’s regularizing effect due to their
limited smoothness. In contrast, networks using smoother activation
functions, such as tanh or softplus, produce much smoother approxima-
tions, better aligning with the assumptions of the 𝐻1 norm. Therefore,
sing the 𝐻1 norm instead of the 𝐿2 in the loss function promotes

solutions with higher regularity, provided that the approximations are
sufficiently smooth and the choice of activation function supports this
regularity.

A.2. Results: Solution regularity analysis

See Figs. 12 and 13.

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ijnonlinmec.2024.104988.

Data availability

The data and the codes used in this manuscript are publicly ac-
cessible on GitHub at https://github.com/AmirhosseinnnKhademi/DG-
PINN.git.
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