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ARTICLE INFO ABSTRACT

Keywords: Porous media are ubiquitous in energy storage and conversion, catalysis, biomechanics, hydrogeology, as
Pore-resolved CFD well as many other fields. These materials possess high surface-to-volume ratios and their complex channels
Radial basis functions can restrict and guide the flow. However, optimizing design parameters for specific applications remains

Immersed boundary

) challenging due to the intricate structure of porous media. Pore-resolved CFD reveals the effects of their
Porous media

structure on flow characteristics, but is limited by the performance of mesh generation algorithms for such
complex geometries. To alleviate this issue, we use a sharp immersed boundary method which enables usage
of Cartesian, non-conformal grids, within a massively parallel finite element framework. This method preserves
the order convergence of the scheme and allows for adaptive mesh refinement (AMR). We introduce a radial
basis function-based representation of solids that allows to solve the flow through complex geometries with
precision. We verify the method using the method of manufactured solutions. We validate it using pressure
drop measurements through porous silicone monoliths digitized by X-ray computed microtomography, for pore
Reynolds numbers up to 30. Simulations are conducted using grids of 200M cells distributed over 8k cores,
which would require 16 times more cells without AMR. Results reveal that pore network structure is the
principal factor describing pressure evolution and that preferential channels are dominant at this scale. In this
work, we demonstrate a robust and efficient workflow for pore-resolved simulations of porous monoliths. This
work bridges the gap between sub-millimetric flow and macroscopic properties, which will open the door to
design and optimize processes through the usage of physics-based digital twins of complex porous media.

Finite element method
High-performance computing

1. Flow in porous media based on microtomograph . -, . .
P graphy to predict and control mixing, chemical reactions, and other transport

phenomena. However, obtaining quality data regarding the velocity
field is challenging. Experimental methods such as Magnetic Resonance
Velocimetry (MRV) [8] or Particle Image Velocimetry (PIV) [9] are
limited: MRV is limited by spatial resolution and PIV by the opacity
of the medium.

Given these challenges, Computational Fluid Dynamics (CFD) has
been used for decades to solve the pore-resolved flow in porous me-
dia [10,11] (PRCFD). At first, most of the work published on the
subject considered the flow in idealized and periodic Representative
Elementary Volumes (REV) to reduce computational costs [12], but this
approach is limited to scale-independent domains, simple geometries
and is complex to validate experimentally. Lately however, increases
in hardware and software capabilities gave rise to more investigations
coupled with realistic media considering all of their heterogeneities.

Porous media are attractive materials for a wide variety of appli-
cation fields: heterogeneous catalysis [1,2], separation (chromatogra-
phy) [2], biomedical engineering (interstitial flows, drug delivery) [3,
4], filtration [5], and hydrogeology [6], to name a few. They usually
exhibit high specific surface and channel networks that can form tor-
tuous, merging and forking paths that limit the thickness of boundary
layers, depending on properties such as porosity, pore size distributions,
tortuosity and isotropy. Continuous flow micro-reactors, in which chan-
nels are sub-millimetric, take advantage of the low transport distances
resulting from narrow channels, as well as a fine control of the process
parameters [7]. Along with the commonly studied residence time distri-
bution and pressure drop, accurately predicting the velocity profile in
these sub-millimeter channels is essential for the design of these equip-
ment. The mixing effects and boundary layers must be resolved in order
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Digitization techniques such as focused ion beam scanning electron mi-
croscopy (FIB-SEM) [13], X-ray microcomputed tomography (uCT) [14]
and nuclear magnetic resonance (NMR) [15,16] have been used to
obtain stacks of images representing complex media in a voxelized
manner. These voxelized representations have both been used as-is
with the Lattice Boltzmann method (LBM) [17,18], or have been used
to construct volume meshes of the phases, to be simulated with the
Finite Volume method (FVM) [19-24] or the Finite Element method
(FEM) [18,25,26].

Starting from voxelized representations of real porous media has
the advantage of keeping a realistic morphology (surface, volume,
structure), but requires multiple pre-treatment steps when using FVM
or FEM including [27]: (1) digitization, (2) segmentation of phases, (3)
creation of a surface mesh, (4) decimation and smoothing of the surface
mesh, and (5) generation of volume meshes. While recent work involv-
ing the digitization of porous media to run CFD simulations have used
most of these steps, Kuhlmann et al. [27] highlighted the complexity of
the process, the fact that strings of software need to be used to produce
a mesh, and how expertise both in digital image processing and CFD is
a rare occurrence. This inhibits usage and advancement in the field of
PRCFD.

An alternative path to account for the complex morphologies of
porous media in CFD is to avoid conformal meshes altogether, and
instead use immersed boundary methods (IBM) [28-31]. This method
of representing a solid embedded in a fluid was first introduced by
Peskin [32] and was based on the addition of forcing terms in the
Navier-Stokes equations. IBM have been implemented and used with
packings of particles both for Finite Difference method (FDM) [33,34]
and FVM [35,36]. Das et al. [28] have used IBM to solve the flow
through packings of non spherical particles. To our knowledge, IBM
have been used for flows in porous media obtained from digitized
media only by Das et al. [30] (FVM), Ilinca and Hétu [37-39] (FEM)
and Lesueur et al. [40] (FEM). Das et al. [30] used a sharp IBM to
accurately account for the solid represented by a surface mesh when
solving the flow. Ilinca and Hétu [37-39] solved the flow using the cut
cell method by adding degrees of freedom on the embedded surface,
creating a conformal mesh locally during assembly before these degrees
of freedom are removed by static condensation. Lesueur et al. [40]
moved and fitted the existing nodes of cut cells from a non-conformal
grid to the solid surface before assembling the system based on this
newly formed conformal mesh.

We believe that the scarcity of works starting from pCT to simulate
the flow in porous media is also due to the prohibitive cost of evaluating
the distance to highly detailed objects obtained from digitization. When
solving the flow using IBM, the distance between each discretization
point and the solid surface must be computed repeatedly, which is
not viable when the solid is represented as a collection of millions of
voxels or polygons, as is the case for porous media. To alleviate this
issue, we propose a Radial Basis Function (RBF) network approach in
which an approximate signed distance function (SDF) of the solid is
encoded, as described by Liu et al. [41]. RBF networks are suitable to
represent complex functions in space [42-44] and have been used to
approximate distance fields accurately [45]. In addition, they provide
complete support of the approximated functions in the vicinity of
the nodes and can be used with compact basis functions, rendering
RBF-encoded shapes portable and efficient in massively parallel sim-
ulations [41,46]. RBF networks representing solids have been used for
structural topology optimization [41] and CFD around simple shapes,
including: cylinders [47,48], a NACA0012 airfoil [49], and platelets
(blood) [50]. However, the application of RBF to represent complex
porous media and its coupling to large scale CFD simulations has not
been demonstrated.

The purpose of this work is to extend the applicability of IBM to
complex static solids (e.g. porous media) in a flexible, parallelized and
accurate manner. We introduce a novel method of integrating RBF
networks in a CFD framework that is based on distributed grids. We
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verify the implementation and workflow using a type of manufactured
solutions that are applicable to any geometry. Finally, we formulate
and validate experimentally a workflow to predict the flow field across
real digitized porous monoliths in their entirety, focusing on flows at
pore Reynolds number values below 30. Applications of such flows
include environmental engineering (groundwater flow models [51,52]),
filtration (e.g. membrane filtration [53]), heat exchange [54], micro-
reactors [7], and fuel cells [55]. The result is a physics-based digital
twin of a real porous medium that can predict both sub-millimetric
flow characteristics from numerical solid representations, and provide
macroscopic averaged properties that are experimentally measurable.

2. Methodology

To simulate the flow through real porous monoliths, we synthetize
silicone monoliths (Appendix A), digitize them (Section 2.2.1), and con-
struct RBF-network approximations of their geometry (Section 2.2.3).
We verify the method and its orders of convergence (Section 3). We
measure experimentally the pressure drop at various flow rates (Sec-
tion 4.1) to compare to values obtained by simulation (Section 4.2),
for validation. The workflow (excluding verification and validation) is
shown in Fig. 1.

2.1. Finite element formulation and immersed boundary method

We use the FEM to solve the flow of the fluid phase by solving the
incompressible Navier—-Stokes equations, where u is the velocity, p is
the pressure, p is the density, 7 is the deviatoric stress tensor, f is a
source term and v is the kinematic viscosity. We include the density in

the pressure definition and use p* = f.

V-u=0 @
3—':+(u-V)u=—Vp*+V~‘r+f @)
T=v((Vu)+ (Vu)") 3

The solver used in this work is part of the open-source software
Lethe [56], based on the deal.Il library [57]. It uses distributed adaptive
meshes from p4est [58] to enable simulations over a large number
of cores (>10k). Lethe uses a streamline upwind Petrov—Galerkin and
pressure-stabilizing Petrov-Galerkin (SUPG/PSPG) stabilized finite ele-
ment formulation to solve the Navier—Stokes equations, which allows
to use the same order of elements for velocity and pressure [56].
We use linear cubic elements for both velocity and pressure (Q;Q;),
as well as quadratic-linear elements (Q,Q,) for verification. Transient
simulations are realized using a backward difference formula (BDF) of
first order [59].

We use more specifically Lethe’s Sharp-interface Immersed Bound-
ary Method (SIBM), which was used to simulate the flow around
spherical particles [60], the flow—particle coupling of multiple parti-
cles [61,62] and the non-Newtonian flow around a sphere [63]. We use
the SIBM to account for complex geometries while avoiding conformal
mesh generation. SIBM requires a SDF and its gradient to properly
apply the constraints to the discretized Navier-Stokes equations. The
steps to obtain the SDF of a porous medium are described in the next
subsections.

2.2. Digitization

We synthetize porous silicone samples (cylinders of 6 mm height
and 8 mm diameter) following the method described in Appendix A,
then digitize them using uCT. Even though the same protocol was used
for each sample, they each have a different morphology due to the
stochasticity of polymer blend extrusion and the subsequent coarsening
process. We segment the data to generate a surface mesh representing
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Construct RBF

Fig. 1. Process of synthetizing a monolith (Appendix A), digitizing this monolith (Section 2.2.1), constructing a RBF-network representation of its shape (Section 2.2.3) and
simulating the flow through its pores (Section 4.2). The flow simulation results show the monolith colored by the normalized pressure field at the surface, with the streamlines

following the velocity field.

the solid, then train RBF networks to approximate the SDF around the
digitized objects. The RBF-encoded SDF can then be used to represent
the surface of the porous media implicitly at the zeroth isovalue. The
pCT and RBF-network training steps correspond to the second and third
steps in Fig. 1.

2.2.1. X-ray microcomputed tomography

We digitize all samples using pCT analysis with a ZEISS Xradia 520
Versa XRM instrument. We position each sample in the support used
for the pressure drop experiments before the scan to ensure that the
potential compression of pores is considered within the pCT scan. We
set the voxel size of the captured images to be at most 10 pm. We use
Dragonfly Pro Version 2020.1, Build 809 (Object Research Systems, Inc,
Montreal, Quebec, Canada) to segment the phases (solid and pores). We
apply a Gaussian filtering to the image, then identify the solid region
visually to define a Region of Interest (ROI). We set the complementary
region as the pores. We generate a smoothed surface mesh on the
solid ROI after selecting a threshold parameter value, which removes
the staircase-like effect associated to the voxelized representation of
digitized media. As highlighted in the biomedical literature [64-66],
the segmentation procedure can have a significant effect on the re-
sults obtained from subsequent analyses, especially for threshold-based
segmentation. The threshold parameter is related to the intensity of
voxel coloration, and must be set between 0 and 100% in Dragonfly.
As the selected value increases, the resulting representation of the solid
goes from full to more skeletal. Care must be exerted since the level
of porosity can have a significant effect on the pressure drop. Given
the lack of information for our specific combination of materials, pCT
equipment and settings, we use threshold values of {1, 50, 99}% when
generating surface meshes from solid ROIs to establish the sensitivity
on the threshold of the solid reconstruction and, consequently, of the
pressure drop.

2.2.2. Characterization of silicone monoliths

We use Dragonfly and its integrated workflow for pore network
analysis using OpenPNM [67]. OpenPNM generates networks by us-
ing PoreSpy’s Sub-Network of an Over-segmented Watershed algo-
rithm [68,69]. The pore size and distance between connected pores

Table 1

Porous characteristics of each sample: mean pore size d, (by volume), pore size standard
deviation ¢, (by volume), mean distance between connected pores d, (by number),
distance between connected pores standard deviation o, (by number), specific surface
S, and porosity e.

~

# d, [pm] o, [pm] d, [pm] o, [pm] S, [em™!] e [%)
1 276 93 417 175 68 53
2 346 80 440 189 50 50
3 366 132 530 199 60 55

distributions obtained are shown in Appendix B. The mean pore size
(by volume) and standard deviation reported in Table 1 are based
on the distribution of inscribed diameter (largest sphere that can fit
in a pore), under the assumption of normal pore size distribution. The
distance between pairs of pores is computed between their centroids
under the same assumption.

We compute the specific surface and porosity using the voxel vol-
ume and surface from the solid and pores ROI, and correct the surface
by a factor 2/3, as proposed by Yeong and Torquato [70,71], to account
for the surface voxelization into a staircase-like fashion of digitized
random porous structures.

2.2.3. RBF network training

We use a Radial Basis Function (RBF) network generation tool based
on the open-source Bitpit library [72], which takes advantage of its
Parallel Balanced Linear Octree (PABLO), Levelset and RBF capabili-
ties. The RBF network (1) approximates the SDF (1) of the shape by
evaluating the contribution of each RBF-node based on the evaluation
point (x), basis functions (¢,) and weights (y;), obtained from training.
The expression of the RBF network is:

Ax) & Ax) = Y o, (x), Q)

The training steps are:

1. Load the STereoLithography (STL) file representing the porous
medium obtained from pCT (Section 2.2.1);
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Fig. 2. Steps used to place RBF-nodes around an object and associate compact basis functions to each node. (A) Around a given object, (B) a uniform grid is formed (C) then
adaptively refined near the boundary. (D) Nodes are placed at the center of each cell, (E) then a basis function is associated to each node. (F) The grid is not needed anymore.

2. Build a uniform cartesian grid of (2”)* cells around it, based
on a bounding box p percent larger than the object. We will
generate RBF-nodes at each cell centroid; these will also be
used as collocation points. This step and subsequent ones are
illustrated in Fig. 2.

3. (Optional) Refine adaptively the cells cut by the object. Repeat
this step n times to obtain the desired level of detail;

4. Assemble a system of equations structured as Ay = b. The
elements of A and b are respectively g, ; = ¢;(x;) and b; = A(x;),
computed from the surface mesh. Each row i, corresponding to
a cell centroid, is built as shown in Eq. (5), where j indicates the
column of the matrix.

Ax) =Y 0;(x)y; 5)
J

The matrix A is sparse when using compact support for the basis
functions;

5. Solve the system to obtain the weights y; using a Least Squares
Conjugate Gradient (LSCG) solver, because A is poorly condi-
tioned when adaptive refinement is used. Conjugate Gradient
(CG) solvers can be used otherwise.

6. Export the resulting RBF network.

The number of RBF-nodes can be minimized using a higher density
of nodes close to the zeroth isovalue of the SDF. This ensures that the
main features of the shapes are captured, while tolerating a higher error
on the SDF further from the zeroth isovalue.

We choose basis functions which have a compact support to ensure
a sparse linear system of equations. We use the C2 Wendland basis
function for its distance approximation capabilities [73] and because
it is twice continuously differentiable: this property is desirable for the
SIBM which requires the gradient of the SDF [60,61].

4

( — _IIx—x,-||) (4 Ix—=x; I + 1) . if [le—2x; | <1
(pi,Wendland(x) = Ki Kj K; 6)
0, otherwise

The support radius of each RBF-node is «; = ah;, where « is a user-
defined constant and #; is the cell length. This definition of x; provides
a way to use compact basis functions while capturing the features of
the media. We use a = 3 for this work since it is a good compromise
between speed, efficiency and accuracy. Training is carried out on the
Digital Research Alliance of Canada’s cluster Narval, on a single node
using 2 sockets with 32 AMD Rome 7532 (2.40 GHz 256M cache L3)
processors and 249 GB of Random Access Memory.

2.3. RBF networks for immersed boundary application

2.3.1. Initialization

In Lethe, the initialization ensures that each cell has access to a list
of the RBF-nodes whose contribution is possibly non-null over the cell,
allowing us to remove superfluous data and speedup the RBF network
usage. This step takes advantage of the parallel distributed hierarchical
structure of the meshes within Lethe. From the coarsest level to the
finest, RBF-nodes that do not contribute to the RBF network in locally
owned cells are discarded. Starting from the coarsest level and moving
information upwards allows to filter relevant RBF-nodes efficiently for
each parallel process.

2.3.2. Evaluation
We only sum over RBF-nodes whose support radius overlaps with
the evaluation point. The SDF and its gradient are:

zwzz%mn %)
VAix) & Y Vo, (x)y, ®

To reduce the computational cost, a caching mechanism is used to
rapidly sum over the RBF network.
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3. Verification

The SIBM implementation in Lethe has been extensively verified
by Barbeau et al. [60-62] and Daunais et al. [63]. It preserves the
order of convergence associated to the underlying FEM scheme. In this
section, we introduce and use an approach to manufacture solutions
around arbitrary shapes. We focus specifically on the verification of the
generalization of the SIBM to superquadrics (with implicit Eq. (9)) and
the same geometries, defined by RBF networks. In Eq. (9), {q, b, c} are
the half-lengths and {p, g, r} are the blockiness factors. d represents the
levels of the implicit superquadric function, with the zeroth isovalue
corresponding to the surface itself where d(xgy face) = AXgyrace) = 0. It
must be noted that while d(xg,ce) = 0, d is not a SDF function per se
as |Vd(x)| # 1.

P q
d(x):’f‘ +|X
a b

-1 (C)]

z
+|2
c

3.1. Method of manufactured solutions

We use the Method of Manufactured Solutions (MMS) [74] to
verify the proper implementation of the SIBM to analytically defined
superquadrics and their RBF network approximations. The SIBM in
Lethe uses the SDF to locate the boundary and subsequently impose
the proper constraints to the system. We use a similar idea to construct
the manufactured solutions for velocity: we multiply base velocity
functions by a function that is zero at the surface (e.g. d, 1) to obtain a
manufactured solution that has zero velocity at the solid surface. This
approach can manufacture solutions for any SDF.

The base solutions are, for uy, vy, wy, and p being the three compo-
nents of velocity and the pressure, respectively:

up, = sin?(zx) cos(rry) sin(zy) cos(zz) sin(rz) (10)
vy, = cos(zx) sin(zrx) sinz(zry) cos(nz) sin(zz) an
wy, = —2 cos(zx) sin(zx) cos(xy) sin(xry) sin?(xz) 12)

p = sin(zx) + sin(xy) + sin(zz) (13)

The manufactured solution for a superquadric shape is:

xP qyle |zl .5 . .
u=\|=| +|=| +|=| =1 )sin“(zx)cos(xy)sin(zy)cos(xz)sin(xz)
a c

b
a4
v= < X ' + %} ! +|2 ' - 1) cos(zx) sin(zx) sinz(ﬂy) cos(zz) sin(zz)
a c
(15)
x|? |y, |z . ) .
w= 2 + 3 + o 1 (—2 cos(zx) sin(zx) cos(xy) sin(zy)
X sinz(n'z)) (16)
p = sin(zx) + sin(zy) + sin(zz) a7

It must be noted that the velocity field is not solenoidal, thus a source
term must be added to the continuity equation.

Three shapes are considered for verification: a sphere, a convex
superquadric, and a concave superquadric. Their appearances and as-
sociated parameters are shown in Fig. 3 and Table 2.

3.2. Superquadrics and uniform RBF

We verify the SIBM in two steps, with their results shown in Figs. 4
and 5. Fig. 4 shows the decrease of the L2-norm of the error of velocity
(lle,llz2) and pressure (|le,ll,,) in a simulated domain ([0, 11*) when
using Q,Q; elements. Fig. 5 shows the same information when using
Q,Q, elements. In this section, RBF representations are built without
adaptive refinement (see 2.2.3).

1
2 F
lle,ll ez = o ”uanalytical - uapproximated” dQ 18)
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Table 2
Parameters used to generate the shapes for verification.
Shape Parameter Value
Sphere Radius 0.50
Convex superquadric a 0.50
b 0.75
c 0.25
p 1.50
q 1.50
r 1.20
Concave superquadric a 0.50
b 0.50
c 0.50
p 0.60
q 0.60
r 2.00
1
) 2
llepllzr = (L ”Panalytical _Papproximated” dQ) 19

First, we verify the implementation of the superquadrics class of
shapes. The velocity and pressure L2-errors for the flow around su-
perquadrics are represented by full lines. We calculate the orders of
convergence n for the last two grids. We notice that the asymptotic
convergence region is reached for all superquadrics when Q,Q; ele-
ments are used. In the case of Q,Q; elements, concave superquadrics
lead to a slightly inferior convergence rate. This is most likely due to
the presence of the singularities and/or sharp features in the geometry.

Second, we verify that RBF-encoded shapes that represent
superquadrics (dotted lines) recover the same orders of convergence
obtained using analytical superquadrics. By increasing the number of
RBF nodes used from 8 to 643, the results for both velocity and pressure
errors collapse gradually on the analytical superquadrics curves. It
is quite apparent, when using similar y-axis scales, that the error
stops decreasing with cell size for coarse RBF networks regardless of
the degree of elements used. The representation error dominates and
prevents the total error from decreasing, especially for |le, || ..

3.3. Adaptive RBF

We verify that using adaptive refinement when producing the back-
ground grid during RBF generation greatly decreases the memory and
training cost while preserving accuracy. To quantify this effect, adap-
tively refined RBF are compared to uniformly refined RBF. We compare
results obtained using both types of grids with an equal cell size at
the solid boundary. The Lethe background grid is composed of 643
elements. RBF-generation, based on the convex superquadric (middle
shape in Fig. 3), uses a base grid of (27")% cells, where n is the
number of adaptive refinements. The grid is subsequently adaptively
refined n times before the generation of RBF-nodes. This implies that,
for all numbers of adaptive refinements tested, the distance between
RBF-nodes close to the solid surface is the same.

Fig. 6 shows that decreasing the density of RBF-nodes far from the
surface substantially decreases the solution time and memory require-
ments of the RBF-encoding, by factors 10 and 100, respectively. After
two cycles of adaptive refinement of the RBF-producing background
grid, the costs stop decreasing, which suggests that while this strategy is
advantageous, its effects reach a plateau value. Specifically, the plateau
is reached because almost all initial cells get refined at least once when
n = 3, since they are so large that they overlap with the shape. The
first adaptive refinement cycle is therefore quasi-uniform. Increasing
the padding of the bounding box could delay the plateau to higher
values of n, but this approach would not reduce the absolute solution
time or memory requirements.
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Fig. 3. Shapes used for the verification of the flow around superquadric and RBF-encoded shapes.
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superquadric (Conc.Sup.), both for analytical (full lines) and for RBF representations (dotted lines). Diamond and square markers signify pressure and velocity errors, respectively.
For RBF representations, markers are half-filled in varying orientations depending of the number of RBF-nodes. n is the order of convergence for the last two grids.

4. Validation in porous monoliths

The SIBM implementation in Lethe has been validated by Barbeau
et al. [61] for the coupled flow around moving spherical particles: Ten
Cate sedimentation case [75] (Re < 31.9), positively buoyant sphere
(Re = 2500), pair of drafting, kissing and tumbling (DKT) particles [76]
(Re = 233), and sedimentation of 64 particles (Re = 20). We focus
on validating the flow through monoliths at Reynolds number values

under 30.
4.1. Experimental pressure drop evaluation setup

We measure the pressure drop at different volumetric flows (Q =
{0.6,0.9,1.2,1.5,1.8} mL/s) through three (3) supported porous mono-
lith samples using a controlled syringe pump. This DIY syringe pump
(RobotDigg, Shanghai, China) is connected to the support with an
assembly of two check valves (0.5 psi break pressure) and a mixing
valve that allow the pump to automatically refill itself, allowing for

fewer manipulations and easier repetitions. During the filling phase,
water flows from the feed reservoir into the syringe, while the check
valve between the mixing valve and the monolith (C1) remains closed
due to negative relative pressure. When the syringe is emptied, water
is directed to the monolith as C1 is then subjected to positive pres-
sure; at the same time, the check valve between the syringe and the
feed reservoir (C2) is blocked. The valves are pressure-actuated. A
differential pressure sensor (MPX5010DP from NXP, 0-10 kPa range)
and a cylinder filled with water are also connected for pressure drop
measurements and sensor calibration. The pressure sensor is connected
to the tubing network on one side and open to the atmosphere on the
other. Sensor calibration is done using a water column when the 3-way
plug valve is correctly positioned. The samples are fit in the support
using latex tubing having an inner diameter of 8 mm. Fig. 7 shows
the elements composing the experimental setup and a photograph of
the setup is provided in Appendix C. We use distilled water at a
temperature of 24 °C.

We calibrate the pressure sensor in an initial step during which
the 3-way plug valve connects a 600 mm water column to the sensor.
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Before testing each sample, we execute an empty run with the same
sequence of volumetric flows. We subtract the values of the pressure
drop when the sample support is empty from the measured pressure
drop to isolate the porous monoliths contribution, which are to be
compared with simulation results. The data for empty runs are shown
in Appendix D. In addition to storing monoliths in distilled water, we
run cycles of low and high flow rates prior to measurements to ensure
that any residual air is removed and that the flow is monophasic.

Table 3
RBF encoding parameters.
Parameter Value
m 6
n 2
a 3
p 10
Basis function C2 Wendland

4.2. Simulation setup

We validate the methodology by comparing the simulated and
measured pressure drops of each sample. For each sample, we gen-
erate representations at various thresholds {1,50,99}% (low extreme,
midpoint, high extreme), based on the parameter explained in Sec-
tion 2.2.1. We then use the RBF-encoding tool with the parameters
shown in Table 3 to construct RBF networks for both porous monoliths
and the latex sleeve surrounding samples, to ensure that the domain is
properly represented. Fig. 8 shows 3D views of the setup as exported
from Dragonfly. The sleeve is tightly fitted around the sample to avoid
any bypass of the flow, and since both the sleeve and sample are flexible
and deformable they are digitized together.

We set the CFD parameters used in Lethe as shown in Table 4;
length unit is centimeter, time unit is second and mass unit is gram.
We run the simulations in transient mode until a steady state is reached
because the stiffness of the problem, the complex geometry, and the
fact that the initial solution is too far from the stationary solution
prevent the steady-state solver from converging. The elements are of
degree 1 (second order accurate) for both velocity and pressure (Q,Q,).
The inlet boundary conditions are set for velocity (u = [uy, uy, u.]) as
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Fig. 7. Schematic of the experimental setup used to automatically impose set volumetric flows to measure pressure drops in porous monolith samples.

Fig. 8. 3D views (front and side) of a porous monolith and surrounding sleeve, exported from Dragonfly.

Dirichlet, as u, = {0.6,0.9,12,1.5,1.8}, u, = 0 and u, = 0. The side
walls boundary conditions are set to u = 0. The outlet boundary is set
to vVu-n— p*T - n = 0, where n is the boundary normal vector, and T
is the identity matrix. The initial solution is u, = {0.6,0.9,1.2,1.5,1.8},
u, = 0, u, = 0 and p* = 0. The background grid is a hyperrectangle
defined by the diagonal [-1.5,-0.5,—0.5] : [1.5,0.5,0.5] and consists of
only cubic cells.

4.3. Grid sensitivity analysis based on pressure drop

We use h-adaptive refinement at fluid—solid interface to generate
the grids used for validation. Given the multiple inlet velocities and
thresholds tested, we produce a grid convergence study for each ex-
tremum combination starting from a cartesian grid of [3,1, 1] X 26 cells
in [x,y, z] directions, adaptively refined thrice. We use a three point
Richardson extrapolation based on the Q;Q; interpolation’s second
order of convergence and compute the grid convergence indices (GCI)
using a security factor (FS) of 1.25 [74,77]. Grids are systematically
refined between each level presented, but remain non-uniform. We

Table 4
CFD parameters for the flow through porous media, where time units are seconds and
length units are centimeters.

Parameter Value
Time integration scheme BDF1
Time step le™*
Time end 2e73
Density 1
Kinematic viscosity le™?
Element type Q,Q,

Initial solution
Inlet boundary
Side wall boundary
Outlet boundary
Domain dimensions

u, ={0.6,0.9,1.2,1.5,1.8}
u, ={0.6,09,1.2,1.5,1.8}
u=0
vWu-n—-pT-n=0
[3,1,1]
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Table 5
Simulated pressure drops and GCI at various thresholds, flows and cell sizes, with a three point Richardson extrapolation (order of convergence =
2).
Inlet velocity [cm/s] 0.6 1.2 1.8
Threshold [%] 1 50 99 1 50 99 1 50 99
Smallest cell size [pm] Ap [kPa]
19.5 0.438 0.340 0.175 1.07 0.795 0.377 1.97 1.42 0.631
13.0 0.381 0.312 0.164 0.876 0.679 0.349 1.53 1.15 0.572
9.77 0.363 0.293 0.161 0.822 0.648 0.341 1.41 1.10 0.555
Richardson extrapolation 0.349 0.273 0.158 0.780 0.624 0.335 1.32 1.06 0.542
Cell size [pm] GCI [%]
19.5 - - - - - - - - -
13.0 15.0 9.09 6.40 22.1 17.1 7.78 28.4 23.5 10.2
9.77 7.74 10.4 3.30 10.5 7.74 3.86 13.7 8.51 4.89

Distance (cm)
0.000 0.005 001 0015 0.020

Fig. 9. Sliced view of a pore, with more refined cells near the solid.

consider only sample #1, given its lowest pore size and under the
assumption that the higher Reynolds numbers give the most mesh
sensitive results.

We conclude from Table 5 that using a cell size of 9.77 pm at the
solid surface produces results with a discretization error of at most 14%
for pressure drop predictions. The combination of a threshold of 1%
and an inlet velocity of 0.6 cm/s results in the highest discretization
error, which is of the magnitude of variations induced by the selection
of the threshold parameter, and as such is considered acceptable. Fig. 9
shows a sliced view of a pore, with more refined cells near the solid
surface, which is a result of distance-based adaptive refinement. For
completeness, we included a similar 3D view in Appendix E. We reduce
the number of required cells by a factor 16 by using adaptive mesh
refinement. The final grids therefore have cell sizes between 9.77 and
78.13 pm; the total number of cells reaches 200M and the simulations
are run using 8000 cores spread across 200 compute nodes from the
Digital Research Alliance of Canada’s cluster Niagara. Each of Niagara’s
node uses 2 sockets with 20 Intel Skylake cores (2.4 GHz, AVX512),
for a total of 40 cores per node. The network connection is a 100 Gb/s
EDR Dragonfly+. Each node has access to 202 GB of Random Access
Memory.

4.4. Validation with silicone porous monoliths

We compare the simulation results of each porous monolith, with a
range of applied flow rates Q = [0.6, 1.8] mL/s and with surface meshes
generated using different thresholds {1, 50,99}%. We discard simulated
pressure drops at 99% threshold because these values are unrealistically
low and do not align with experimental observations (see Appendix F).
We show the results for each sample in Fig. 10. The experimental
error bars correspond to the confidence intervals using a T-Student
distribution, with a significance level « = 0.05. The agreement is
slightly worse at low flow rates for samples #2 and #3, but still
acceptable. We attribute this difference to the low signal obtained from

the pressure sensor below 0.2 kPa and the low accuracy of the system
for small flow rates. The experimental error is of the same magnitude
as the error induced by the selection of the threshold parameter, which
confirms that the cell size selected in Section 4.3 is appropriate. None of
the three main sources of error for validation (discretization, threshold
and pressure measurements) stand out or would be worth reducing.

5. Analysis

We use the CFD results of the flow through each sample to gain
insight on the phenomena at the microscopic level. The pressure field
is first observed slice by slice along the flow axis, both in terms of mean
and standard deviation. Then, we highlight the impact of the principal
pathways (pore and channels networks) on the progression of pressure
fronts and local Reynolds numbers through a sample.

5.1. Pressure drop along the flow axis

The mean pressure j is taken as surface average of the fluid phase
of a given slice at axial position x, as described by Eq. (20), where 6 is
the variable (p here). The standard deviation at each axial position is
described by Eq. (21). The mean pressure drop along the axis is shown
in Fig. 11, as well as the standard deviation of the pressure in Fig. 12.
The Reynolds number is defined as the porous Reynolds number in
Eq. (22) and the Darcy velocity (“Darcy) is defined in Eq. (23), computed
with volumetric flow Q, cross-sectional area Agecton, and porosity [11].

0dQ
0(x) = (M) (20)

ff fluid de
_ 2 1/2

//-Qﬂuid (0 - H(X)) dQ

op(x) = ff 40 (21)
Ofluid x

_ uDarcydsolid _ QOdglia 22)

v Asection€V

o
= 23

#parcy Asecticng @

Mean pressure evolutions (Fig. 11) indicate that, at this scale, the
topology of the porous networks act as the principal factor to describe
the pressure evolution through the monoliths: the threshold parameter
and flow rate affect the pressure by a factor, but not the shape of the
curves. This makes sense given that all flow rates tested correspond to
a laminar regime, with Re € [6.8,27.1]. The differences between the
normalized curves are therefore entirely due to the unique structure
of each monolith. In agreement with these observations, the pressure
standard deviations (Fig. 12) follow the same patterns for each simu-
lated rate, exhibiting sharp variations at the same locations. The only
exception to the observation regarding the threshold is the presence of
localized peaks for sample #3 in Fig. 12. Sample #3 with a threshold of
50% exhibits standard deviation peaks that slightly attenuate at higher
flow rates. A hypothesis for this phenomenon is that some smaller
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Fig. 10. Experimental and simulated pressure drops of three silicone porous monoliths (average pore size: 300 pm). Darkened zones represent the values covered by thresholds
between 1% and 50%. Experimental error bars are the T-Student’s confidence interval using a = 0.05 (n = 5 number of repetitions). Each porous monolith (right) represents a

sample and is aligned to its corresponding curve.
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Fig. 11. Mean pressure evolution along the flow axis. Each subplot represents a set volumetric flow rate. Reynolds numbers vary for a given flow rate due to specific monolith

properties.

channels are blocked when the threshold is 1%, while these same
channels are open for a threshold of 50%. Observing this phenomenon
only for sample #3 would be due to its high standard deviation for the
pore diameter: 132 pm (+42% higher than others).

In addition, entry and exit regions are apparent and represent
the major part of the domain; the slope of p varies throughout the
monoliths and tends to zero at the edges. This is due to the varying
compression level of the pores depending on the axial position. As seen
in Fig. 13: the regions closer to edges (entry and exit zones) present
higher porosity, going from about 0.4 (center of the domain) to 1
(edges). This effect is possibly due to the synthesis process, but also to

10

the way the monoliths are pushed into the support in a tight manner
to avoid bypassing. The monoliths are therefore compressed more near
the center of their axial position while the pores at the edges remain
more open. The resulting effect is that regions at the edge are more
porous, resulting in pressure gradients closer to zero.

5.2. Preferential channels and pressure fronts
The porous silicone monoliths exhibit heterogeneities: different pore

scales, structures appearing over multiple slices and a few principal
channels. Because of the variability of the channels structure and their
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Fig. 13. Local porosity of the porous monoliths along the flow axis, for thresholds of 1 and 50%.

high impact on the pressure field, we can expect the fluid elements to
progress along the flow axis at varying rates, which can be seen by
the progression of pressure fronts and which is confirmed by the local
Reynolds numbers calculations. Fig. 14 shows the locally computed
Reynolds number (Re(x) Ax)|lull/v) and pressure field through
multiple slices for sample #2, at a flow rate of 1.2 mL/s, with a
threshold of 50%. The slice at x = 0 shows the magnitude of range of
pressures that can be observed in a single slice, where variations can
reach half the total pressure drop. More specifically, the pressure field
at this position has both yellow and dark blue regions, which indicate
a range of pressure of 0.2 kPa.

Fig. 15 highlights that preferential channels go through the mono-
lith with localized high isovalues of Re. For example, a major pref-
erential channel is visible in subfigures A and B at midheight, which
coincides with the high Reynolds number peaks at the center of every
slice of Fig. 14. A few dead zones are also apparent and are in agree-
ment with Fig. 14. The regions surrounding the main central channel
contain thick walls and pores only slightly connected to the pore
network. In Fig. 15, these regions are especially apparent in subfigures
B and D in the second and third quartiles of the height.

11

6. Discussion
6.1. Flow regimes

We choose the pore size mean as the characteristic length when
computing Reynolds numbers. However, as seen from Table 1, pore size
distributions of our samples are wide: large and small pores are present.
Table 6 shows pore Reynolds numbers computed using extrema pore
sizes (addition or subtraction of two standard deviations). For each
sample, Table 6 highlights the sensitivity of the Reynolds number to
this decision. Sample #3, for example, shows variations up to a factor
6 for the Reynolds number between its extrema.

The flow regimes are laminar, but they deviate from Darcy flow
around the upper bounds of porous Reynolds number studied, while
remaining steady flows [78].

6.2. Limitations
For a problem of the same scale (dimension, pore sizes), increasing

the flow rate would require finer grids to properly capture thinner
boundary layers and, potentially, recirculation zones. Furthermore, it
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Fig. 14. Local Reynolds number (top row) and pressure field (bottom row) evolving along the flow axis for sample #2, at a flow rate of 1.2 mL/s, with a threshold of 50%. The
slices are taken at x = {—0.2,-0.1,0,0.1,0.2} cm.

Reynolds number
0 24 48 72

Fig. 15. Reynolds number isovalues through sample #2, at a flow rate of 1.2 mL/s, with a threshold of 50%. Eye symbols represent the points of view of each half. The arrows
represent the flow direction.

is unclear if such flow would be steady. A grid composed of cells twice type of method is unavailable within our current implementation of the

finer than the ones set in Section 4.3 would lead to a problem eight IBM.
times larger. While challenging to solve, it would be possible with suffi- In porous media of higher porosity and pore size (e.g. open-cell
cient computing resources. It would theoretically be possible to handle foams), it would be possible to handle problems in the transition

much finer discretizations using a matrix-free approach [79], but this regime. Limitations then would lie in the overall computing costs due

12
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Fig. A.16. Fabrication of the silicone-based porous monoliths: PS/PLA 50/50 wt% blend is extruded, PS is selectively extracted, then silicone is injected in the PLA mold after
which the PLA is also removed.

Table 6

Pore Reynolds numbers for each sample, for various volumetric flows (Q = {0.6,0.9,1.2,1.5,1.8} mL/s) and using the pore sizes
at the 2.28th, 50th and 97.72th percentiles. These percentiles correspond to the mean y to which two standard deviations o
are subtracted or added.

Sample # 1 2 3
Characteristic length n—2c u H+20 u—2c H H+2c H—20 H H+20
Flow rate [mL/s] Re
0.6 2.2 6.8 11.4 4.6 8.5 12,5 2.5 9.0 15.5
0.9 3.3 10.2 17.1 6.9 12.8 18.7 3.8 13.5 23.3
1.2 4.4 13.6 22.8 9.2 17.1 25.0 5.0 18.1 31.1
1.5 5.5 17.0 28.5 11.7 21.3 31.2 6.3 22.6 38.8
1.8 6.7 20.4 34.2 13.8 25.6 37.4 7.5 27.1 46.6
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Fig. B.17. Volume-based pore size distribution of each sample.
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Fig. C.19. Photograph (top and side views) of the experimental setup. We can see the
water column (left), the syringe pump (bottom), the controller (right) and the sample
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Fig. B.18. Number-based distance between pairs of connected pores, for each sample.
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Fig. D.20. Pressure drop data for experiments where no sample is used. These pressure
drops are to be subtracted from the experiments with samples to obtain the porous
samples contributions. Each point is an average of three measures and confidence
intervals are computed using a T-Student distribution, with a significance level « = 0.05.

to time integration. Caution would be needed however, to ensure that
fine structures of the media are properly captured by the RBF networks.

7. Conclusion

Circumventing transport phenomena limitations is at the core of
process scale-up, and understanding and predicting sub-millimetric
flow characteristics is a key component to improving the performance
of porous media based equipment. In this work, we use pore-resolved
CFD to accurately predict the flow through porous monoliths, providing
a method for producing physically realistic digital twins of complex
porous media.

RBF networks are generated from digitized monoliths and used in
large scale simulations that cover complete centimeter-scale media with
non-conformal cartesian grids, which alleviates the need for complex
mesh generation. The method is verified using the method of manu-
factured solutions, and validated against pressure drop measurements
obtained experimentally.

The proposed method is flexible in both usage and application
fields, which makes it a powerful complementary tool for design as it
provides understanding of the flow inside complex and possibly opaque
media. Media topology can come from digitization or the result of
computer-aided design (CAD). Coupling PRCFD to additive manufac-
turing could enable custom production of highly efficient components
for heat exchangers, batteries and micro-porous reactors, paving the
way for novel, efficient, and modular technologies.
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Appendix A. Synthesis of porous silicone monoliths

We synthetize silicone porous samples by (1) melt-processing of
polystyrene (PS) and polylactic acide (PLA) blends, (2) selective ex-
traction of PS, and (3) injection of silicone components in porous PLA
molds, (4) crosslinking and (5) selective extraction of PLA. These steps
are summarized in Fig. A.16.

A.1. Preparation of porous PLA molds

We prepare PLA porous molds as previously described by Esquirol
et al. [80]. First, we dry PS and PLA granules in a vacuum oven at
60 °C during 12 h. We then melt-process a blend of PS and PLA (50/50
wt%) using an AG 34 mm Leistritz co-rotating twin-screw extruder
at 190 °C. Following extrusion, we quench the rod-shaped blend in
cold water to fix its morphology. We then anneal the blend under
quiescent conditions with a hot press at 190 °C for 45 min, to let the
morphology coarsen. After annealing, we quench the annealed polymer
blend again in cold-water. We trim the annealed PS/PLA rods into
cylinders (diameter = 0.8 cm, and thickness = 0.6 cm) by computer
numerical control (CNC) machining. Next, we remove the PS phase by
selective extraction in a Soxhlet extractor with cyclohexane for 1 week.
After drying in a vacuum oven at 60 °C for 2 days, we verify that all
PS is extracted by gravimetry. We store the resulting porous PLA molds
at room temperature until the next step.
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Fig. E.21. Subsection of a pore of sample #2, with visible adaptively refined grid.
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Fig. F.22. Experimental and simulated pressure drops of three silicone porous mono-
liths (average pore size: 300 pm). Darkened zones represent the values covered by
thresholds between 1% and 99%. Experimental error bars are the T-Student’s confidence
interval using a« = 0.05 (n = 5 number of repetitions).

A.2. Preparation of porous silicone monoliths

We mix silicone precursor components (Shenzhen E4ulife Tech-
nology Co, product #X002NKUNXF, Let’s Resin silicone rubber) in a
beaker and then transfer to 15 mL falcon tubes. We deposit porous PLA
molds individually into the silicone-filled tubes and submerge them to
ensure that the porous molds are entirely filled with the solution of
silicone precursors. We deposit the tubes in a custom-built injection
system applying vacuum/pressure cycles until air stops being released
from the molds. We retrieve the silicone-loaded molds and place them
in a petri dish at room temperature to allow complete gelation. After
24 h, we remove the excess silicone around the sides of the molds
using a cutting tool. We then selectively extract the PLA phase using
chloroform (Thermo ScientificTM #42355, changed every two days)
under agitation for 10 days. We rinse the resulting silicone monoliths
with MilliQ water to remove the residual chloroform. We finally dry
the silicone monoliths in a vacuum oven at 60 °C for 2 h, weight the
samples to verify PLA extraction, and store in distilled water at room
temperature until use.
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Appendix B. Porous characteristics distributions

Fig. B.17 shows the pore size distribution of each monoliths (#1-3).
The Gaussian shape confirms that describing the distributions in terms
of mean and standard deviation is appropriate.

Fig. B.18 shows the distance between pairs of connected pores, for
each monolith (#1-3). The distributions are log-normal. The difference
between the distributions of samples #2 and #3 in Fig. B.18 might
explain the difference of their observed pressure drops.

Appendix C. Experimental setup

Fig. C.19 shows two pictures of the experimental setup used to
measure the pressure drop as the fluid passes through the monolith at
a given flow rate.

Appendix D. Blank experimental data (without sample)

The data for the blank runs is shown in Fig. D.20: at least three blank
runs were done after each manipulation of the experimental setup.
Each of the six triplets is presented as a confidence interval using a T-
Student distribution, with a significance level « = 0.05. Each sequence
of pressure measurements used for validation is associated to a blank
run triplet which is subtracted from the associated measurements. Six
blank runs are presented because experiments were executed in six
sessions. The variations are due to the sensor itself and displacement
of components of the experimental setup. To minimize the impacts of
such variations, we calibrated the pressure sensor before each experi-
ment session and ensured that component movement was minimal by
securing the tubing to prevent changes in shape or positioning.

Appendix E. Adaptive refinement of the mesh

Fig. E.21 shows part of a pore of sample #2, with a subsection of
its adaptively refined grid.

Appendix F. Validation with silicone porous media including re-
sults from all threshold values

Simulated pressure drops through the digitized silicone monoliths
are presented in Fig. F.22. The results include CFD simulation based
on surface meshes generated using different thresholds {1, 50,99}%, as
well as previously shown experimental data. Sample #1 is extremely
sensitive to the threshold value, likely due to a combined effect of
low mean pore size and standard deviation (see Table 1) and steadily
low local porosity (see Fig. 13). The artificial occlusion or patency
depending on the threshold parameter has stronger effects on this
sample because of its smaller and more homogeneous pores.
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