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A B S T R A C T

This study presents particle-resolved direct numerical simulations using three-dimensional body-fitted hex-
ahedral meshes to investigate the aerodynamic force and torque coefficients of non-spherical particles in
compressible flows. The simulations focus on three particle shapes: a prolate spheroid, an oblate spheroid,
and a rod-like particle, across a range of Mach numbers (0.3 to 2.0), angles of attack (0◦ to 90◦), and particle
Reynolds numbers (100 to 300). Results show that the particle shape significantly impacts the aerodynamic
forces on a particle in a compressible flow, with oblate spheroids exhibiting the highest drag, lift, and torque
values. Correlations for these aerodynamic coefficients of the particles in a compressible flow are developed and
validated. These correlations advance multiphase flow modelling by improving the accuracy of point-particle
simulations for non-spherical particles in compressible flows.
1. Introduction

Particle-laden flows are of significant scientific interest due to their
ubiquity and application in many industrial processes. In nature, ex-
amples of particle-laden flows are dust storms, volcanic eruptions,
sediments in water bodies, eroding soils, the dispersion of aerosols,
and blood flow. They are also applied in many modern technologies in
industries such as aerospace, medicine and engineering. Some examples
are solid-propellant rocket combustion (Carlson and Hoglund, 1964),
transdermal injections (Hogan et al., 2015), inhalers (Capecelatro et al.,
2022), and spray coating (Villafuerte, 2015). Such flows involve com-
plex particle–fluid and particle–particle interactions at varying time
and length scales, which makes it essential to understand the flow
physics in order to design systems that are efficient and cost-effective.

Particle-resolved direct numerical simulations (PR-DNS) of particle-
laden flows require tremendous computational resources. However,
a point-particle approach can significantly reduce the computational
power required to model particle-laden flows. This approach requires
force models to determine the forces exerted on the particles by the sur-
rounding fluid, as well as by contact with other particles (Michaelides
et al., 2022). In this context, several force models have been de-
veloped which are applicable for various flow regimes and volume
fractions (Tenneti et al., 2011; Zastawny et al., 2012; Loth, 2008;
Loth et al., 2021; Sanjeevi et al., 2018, 2022; Clift and Gauvin, 1971;

∗ Corresponding author.
E-mail address: berend.vanwachem@multiflow.org (B. van Wachem).

Henderson, 1976; Parmar et al., 2010; Chéron et al., 2024). In order
to derive these correlations, it is essential to first understand the
behaviour of an isolated particle and the forces experienced by the
particle in various flow regimes. These force correlations can then be
extended to multi-particle systems.

Forces acting on an isolated particle depend on several factors, such
as the particle Reynolds number, the Mach number, the fluid properties,
the particle shape, and angle of attack between the mean fluid flow and
the axis of the particle. Predicting the forces that act on a particle in a
fluid flow and predicting its behaviour have been the subject of studies
for decades (Stokes, 1851; Wadell, 1934; Henderson, 1976; Rosendahl,
2000; Hölzer and Sommerfeld, 2008; Mando and Rosendahl, 2010;
Tenneti et al., 2011; Nagata et al., 2016, 2018, 2020a; van Wachem
et al., 2015). One of the first analytical models to predict the drag
of a spherical particle for particle Reynolds numbers in the Stokes
regime (Rep ≪ 1) was given by Stokes (1851) as 𝐶D = 24∕Rep where
𝐶D is the drag coefficient. This model is the basis for later proposed
drag models (Kaskas, 1964; Carlson and Hoglund, 1964; Happel and
Brenner, 1981; Salman and Verba, 1988), applicable to various flow
regimes and practical applications.

Since particles are not limited to spherical shapes, the proposed
models also included non-spherical particle shapes. Some of the most
notable correlations for non-spherical particle shapes were those pre-
sented by Zastawny et al. (2012), Ouchene et al. (2015, 2016), Sanjeevi
https://doi.org/10.1016/j.ijmultiphaseflow.2024.105111
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et al. (2018, 2022), and Chéron et al. (2024), Chéron and van Wachem
(2024). Zastawny et al. (2012) proposed shape-specific correlations for
rolate and oblate spheroids, as well as rod-like particles using PR-DNS.
hey are the most widely used correlations for non-spherical particles

n incompressible flows. A detailed analysis of various correlations for
rolate spheroids has been performed by Ouchene et al. (2015). They

conclude that, while the correlation of Zastawny et al. (2012) predict
the aerodynamic coefficients for the ellipsoidal particles accurately,
the correlations of Zastawny et al. (2012) only consider ellipsoidal
articles with two different aspect ratios. To address this, Ouchene

et al. (2016) propose new correlations for drag, lift and torque, which
are valid for aspect ratios ranging from 1 − 32 of prolate particles.
Another recent study on non-spherical particles has been conducted
by Sanjeevi et al. (2018) using the Lattice-Boltzmann method. The
hape-specific correlations proposed by them are applicable for particle

Reynolds numbers Rep ranging from the Stokes limit to 2000, and
epend on the particle Reynolds number and the angle of attack of

the particle. They extended the correlation to include prolate particles
with different aspect ratios, the upper limit of the aspect ratio being
32 (Sanjeevi et al., 2022). More recently, shape-dependent correlations
have been extended to accurate correlations to predict the interaction
forces between non-spherical particles and locally uniform and non-
niform fluid flow, including the aspect ratio (Fröhlich et al., 2020;

Ouchene, 2020; Sanjeevi et al., 2022; Chéron et al., 2024).
Drag predictions for non-spherical particles in the incompressible

regime have received significant attention in recent years, and the
proposed correlations are becoming more and more accurate by con-
sidering locally non-uniform fluid flow due to shear effects (Dabade
t al., 2016; Chéron et al., 2024) and wall effects (Fillingham et al.,

2021; Bhagat and Goswami, 2022; Chéron and van Wachem, 2024).
However, correlations for compressible particle-laden flows have not
seen much development, as the prediction of aerodynamic coefficients
s much more complex in this case (Capecelatro and Wagner, 2024).

In compressible flows, the particle behaviour depends not only on
he particle Reynolds number, the particle shape, and the angle of
ttack, but also on the Mach number of the flow relative to the
article. The forces experienced by the particles are affected by high-
peed flow phenomena, such as the formation of shock waves, and
heir interaction with the particle (Capecelatro and Wagner, 2024).

Moreover, non-continuum effects due to rarefaction of the gas must
lso be considered, which occur when the mean free path of the gas
olecules is comparable to the characteristic length of the particle. This

requires a deeper understanding of the flow physics around the particle
in a compressible regime.

Bashforth (1870) describes experiments with cannonballs, and shows
he effect of compressibility on the drag force in the subsonic, transonic
nd supersonic regimes (0.3 ≤ Ma ≤ 2.0). In this study, they found
he drag force to be proportional to the square of the velocity in
he subsonic and supersonic regimes and, proportional to the cube of
elocity in the transonic regime. This is an important observation in
egard to the effect of compressibility on the drag force. Later, Carlson
nd Hoglund (1964) propose a drag correlation for spherical particles
n a compressible flow, also including rarefaction effects. This model is
pplicable for Ma ≤ 2 and 10−1 ≤ Rep ≤ 103. Subsequently, Henderson

(1976) also propose a Reynolds number and Mach number dependent
correlation for spherical particles, valid for a larger range of Rep ≤
2 × 104 and Ma ≤ 6 based on existing experimental data. Loth (2008)
how that Rep≈ 45 separates the compression-dominated (Rep ⪆ 45)
nd rarefaction-dominated (Rep ⪅ 45) regimes.

Another noteworthy study on the effects of compressibility for an
solated spherical particle is presented in Nagata et al. (2016). They

perform an extensive PR-DNS study to quantify drag, lift and torque
or Reynolds numbers in the range of 50 − 300 and Mach numbers in
he range of 0.3 − 2.0. They show that increasing the Mach number
eads to an increase of the drag coefficient due to the formation of a

etached shock wave in the supersonic regime. A comparison of the w

2 
drag coefficients obtained using PR-DNS with the existing drag correla-
tions (Carlson and Hoglund, 1964; Clift and Gauvin, 1971; Henderson,
1976) reveal that there exists a significant variation among the corre-
ations in transonic and supersonic regimes. In order to investigate the
ffect of the Mach number and the particle Reynolds number on the
low field, Nagata et al. (2020a) present an experimental study using

Schlieren images for 103 ≤ Rep ≤ 105 and 0.9 ≤ Ma ≤ 1.6. They found
that the oscillations of the wake and its size decrease with decreasing
Rep for the considered range of Reynolds numbers. This behaviour
is opposite to the one observed for Rep ≤ 103. Moreover, the wake
structure amplitude decreases with increasing Mach numbers. Using
PR-DNS, Nagata et al. (2020b) examines the change in drag coefficient
due to changing Rep and Ma based on the location of the separation
oint on the sphere.

Subsequently, Loth et al. (2021) propose a drag model for spherical
particles derived by combining existing experimental and numerical
data from various sources (Loth, 2008; Parmar et al., 2010; Jacobs,
1929; Roos and Willmarth, 1971; Short, 1967; Spearman and Braswell,
1993; Theofanous et al., 2018; Nagata et al., 2016, 2020b). This model
encompasses a wide range of Reynolds and Mach numbers to take
nto account the continuum- and rarefaction-dominated regimes, with a
ocus on the quasi-nexus at Rep ≈ 45. The model seems to be the most
ccurate drag model developed so far that predicts drag of a sphere
n a compressible flow in various regimes, including the quasi-nexus

that occurs when the flow transitions from the rarefaction-dominated to
the compression-dominated regime. All available drag models have re-
cently been summarized and reviewed in detail by Capecelatro (2022),
ncluding theoretical and experimental work in the field of gas–solid
lows with spherical particles. They discuss the challenges that lie in
he realm of modelling compressible flows, such as additional time
nd length scales due to the presence of shock waves. The compre-
ensive review sheds light on the unavailability of drag correlations
or multi-particle systems in compressible flows. They suggest using
 modified Loth model for isolated particles, which incorporates the
olume fraction as presented in Tenneti et al. (2011). A more recent

development with respect to the drag model for compressible flows is
presented in Singh et al. (2022), which aims to make existing drag
correlations for spherical particles more accurate. The proposed drag
model takes into account the surface temperature, the specific heat
ratio, and other thermodynamic parameters to incorporate the effects
of the gas surrounding the particle. Moreover, their model is applicable
for all flow regimes classified according to the Knudsen number, that
is, from the continuum regime with K n < 0.01 to the rarefied regime
with K n > 10, including intermediate slip and transitional flow regimes
(0.01 < K n < 10).

Research to date on the forces on particles in compressible flows
as only considered perfectly spherical particles, and the effect of the
article shape on the aerodynamic coefficients has not yet been inves-
igated. The available correlations, therefore, miss important aspects of
he flow physics for non-spherical particles. For example, no transverse
orce acts on spherical particles, which is not the case for non-spherical
articles. Such correlations for lift, drag and torque prediction using
uch an assumption cannot be used to represent an array of various
article shapes that exist in practical applications.

In this study, we address this gap by conducting PR-DNS of three
hapes of non-spherical particles in compressible flows, in the range
00 ≤ Rep ≤ 300 and 0.3 ≤ Ma ≤ 2. The particle shapes and

their aspect ratios (𝛽 = 𝑎∕𝑏) considered in the current study are: a
prolate spheroid (𝛽 = 5∕2), an oblate spheroid (𝛽 = 5), and a rod-like
particle (𝛽 = 5). We have also carried out simulations with spherical
particles for validation purposes. Based on our PR-DNS results, we
derive correlations to predict the lift, drag and torque for non-spherical
particles in compressible flows, considering the Mach number, the
particle Reynolds number, the particle shape, and the angle of attack.

he current study focuses on the compression-dominated flow regime,
hich corresponds to Re > 50 and K n < 0.01.
p
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2. Methodology

PR-DNS are performed with a 3-dimensional body-fitted mesh for
the various particle shapes using a finite-volume based in-house com-
pressible flow solver. The fully-coupled pressure-based algorithm de-
scribed in Xiao et al. (2017) and Denner et al. (2020) is used to solve
the equations governing a compressible flow as follows:
𝜕 𝜌
𝜕 𝑡 +

𝜕(𝜌𝑢𝑖)
𝜕 𝑥𝑖

= 0, (1)

𝜕(𝜌𝑢𝑖)
𝜕 𝑡 +

𝜕(𝜌𝑢𝑖𝑢𝑗 )
𝜕 𝑥𝑗

= − 𝜕 𝑝
𝜕 𝑥𝑖

+
𝜕 𝜏𝑖𝑗
𝜕 𝑥𝑗

, (2)

𝜕(𝜌ℎ)
𝜕 𝑡 +

𝜕(𝜌ℎ𝑢𝑖)
𝜕 𝑥𝑖

=
𝜕 𝑝
𝜕 𝑡 −

𝜕 𝑞𝑖
𝜕 𝑥𝑖

+
𝜕(𝜏𝑖𝑗𝑢𝑗 )
𝜕 𝑥𝑖

, (3)

where 𝜌 is the density, 𝐮 is the fluid velocity, 𝑝 is the pressure, 𝝉 is
the shear stress tensor, ℎ is the specific total enthalpy, and 𝐪 is the
conductive heat flux. This set of equations is closed by the ideal gas
equation of state, and the constitutive equation for a Newtonian fluid,

𝜏𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 𝜇
[

𝜕 𝑢𝑖
𝜕 𝑥𝑗

+
𝜕 𝑢𝑗
𝜕 𝑥𝑖

]

− 2
3
𝜇
𝜕 𝑢𝑘
𝜕 𝑥𝑘

𝛿𝑖𝑗 (4)

where 𝜇 is the fluid viscosity. The reference temperature is set to
𝜃0 = 300 K and the reference pressure to 𝑝0 = 1.0 × 105 Pa. Based on the
properties of air, the ratio of specific heats is 𝛾 = 1.4 and the specific
heat capacity at constant pressure is 𝑐𝑝 = 1008 J/(kg K). The thermal
conductivity and viscosity of the fluid are calculated for various Ma and
Rep such that the Prandtl number, Pr, of the gas is maintained at 0.71.
Furthermore, the viscosity is assumed to be constant in the domain.
The free stream density is set to 𝜌∞ = 1.1574 k g∕m3, whereas the free
stream fluid velocity is determined based on the prescribed Ma and Rep
for each simulation.

Both the transient and the spatial terms are discretized using second-
order accurate schemes. The second-order accurate backward Euler
scheme is used for the temporal discretization and the TVD Minmod
scheme is used for spatial discretization within the finite-volume frame-
work. The fully-coupled pressure-based algorithm ensures a strong
pressure–velocity and pressure–density coupling, and allows simulat-
ing a wide range of Mach numbers and does not require an under-
relaxation parameter to ensure convergence (Xiao et al., 2017; Denner
et al., 2020).

The fluid flow over a fixed, isolated particle is simulated in a
spherical domain with radius 𝑅, where the particle lies at the centre
of the domain. A spherical domain is chosen because the orientation
of the particle relative to the flow can be changed without having to
reconstruct the mesh. The desired angle of attack, 𝛼, which is the angle
between the inflow velocity vector and the chord line of the particle, is
obtained by rotating the domain boundaries. The hemispherical caps of
the domain are set to be the inlet and outlet boundaries, as illustrated in
Fig. 1. For compressible flows, the inlet hemisphere is prescribed with
Dirichlet boundary conditions for velocity, pressure, and temperature,
whereas the outlet hemisphere is prescribed with Neumann boundary
conditions. The particle boundary is simulated as a no-slip wall with
an adiabatic boundary condition for temperature. The computational
domain is discretized using a hexahedral non-uniform body-conforming
mesh, with smaller cells near the particle and increasingly larger cells
towards the domain boundary. The radius of the domain is 𝑅 = 50𝑐,
where 𝑐 is the semi-major axis of the particle. The particle shapes and
their aspect ratios (𝛽 = 𝑎∕𝑏) considered in the current study are: a
prolate spheroid (𝛽 = 5∕2), an oblate spheroid (𝛽 = 5), and a rod-like
particle (𝛽 = 5). The discretized domains for the considered particle
shapes are shown in Fig. 2.

In Appendix A, Figs. A.15 to A.17 show convergence studies for the
three considered non-spherical particle shapes for a Reynolds number
of 300, Mach numbers of 0.3 and 2, and an angle of attack of 0◦. Based
on the results of the convergence studies in Appendix A, the medium-
sized mesh is chosen for all simulations of all three non-spherical shapes
3 
Fig. 1. An illustration of the domain and the boundary conditions for the simulations
in the current study. The particle is fixed at the centre of the spherical domain with
hemispherical caps as the inlet (blue) and outlet (red) boundaries. The angle of attack
of the particle is changed by rotating the hemispherical caps. It should be noted that
the illustration is not to scale, as 𝑅 ≫ {𝑎, 𝑏}. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

as it gives the best trade-off between accuracy and computational cost.
Compared to the fine mesh, the relative error of the drag coefficient
for the medium is below 5% for all convergence studies, except for the
prolate spheroid at Ma = 2 where the error is 6%. The ratio of the
equivalent diameter of a sphere of the same volume to the smallest
mesh spacing at the particle surface is 75 (𝛥𝑥 = 0.072 m) for the
prolate spheroid, 115 (𝛥𝑥 = 0.051 m) for the oblate spheroid and 50
(𝛥𝑥 = 0.0019 m) for the rod-like particle, which leads to a resolved
boundary layer for all 3 non-spherical particle shapes.

The force 𝐅 and the torque 𝐓 acting on the surface of the particles
are computed by

𝐹𝑖 = ∫𝑆
𝜏𝑖𝑗𝑛𝑗d𝑆 , (5)

𝑇𝑖 = ∫𝑆
𝜖𝑖𝑗 𝑘𝑟𝑗𝜏𝑘𝑚𝑛𝑚 d𝑆 , (6)

where 𝑆 is the surface of the particle, 𝐧 is the normal vector to the
particle surface, 𝐫 is the vector from the particle centre to the point
where the force is applied on the particle surface, and 𝜖 is Levi-
Civita symbol for the cross product. The corresponding coefficients are
defined as

𝐶D =
𝐹D

1
2𝜌∞𝑢2∞𝐴p

, 𝐶L =
𝐹L

1
2𝜌∞𝑢2∞𝐴p

, 𝐶M =
𝑇p

1
2𝜌∞𝑢2∞𝜋 𝑑3p∕8

, (7)

where 𝐹D and 𝐹L are the forces acting parallel and normal to the
flow direction, respectively, 𝑇p is the pitching torque acting on the
particle, 𝜌∞ is the free stream density, 𝑢∞ is the free stream velocity,
and 𝐴p = 𝜋 𝑑2p∕4 is the reference area of the particle based on the
equivalent diameter of a sphere of the same volume, 𝑑p.

The time step is constrained by setting the maximum Courant–
Friedrichs–Lewy (CFL) number to 0.3. The simulations are run until a
steady state is observed in the temporal evolution of the aerodynamic
force coefficients. The residuals have a convergence criterion of 𝑂(10−8)
and a total conservation error of 𝑂(10−3) is achieved. All aerodynamic
force coefficients shown in the results section are mean values of at
least the last 1000 time steps.

3. Results and discussion

In this section, the PR-DNS results are first validated with results
for particles in incompressible and compressible flows reported in the
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Fig. 2. A slice of the body-fitted hexahedral base mesh for the particle shapes used in the current study.
Fig. 3. The drag coefficient as a function of the Mach number for an isolated sphere in a compressible flow for particle Reynolds numbers of 100 and 300, compared against the
PR-DNS data from Nagata et al. (2016) and the correlation of Loth et al. (2021).
literature. Subsequently, the flow regimes and the aerodynamic force
coefficients obtained for the considered non-spherical particles are
presented and discussed.

3.1. Validation

The methodology in the current study is validated with the available
data in the literature for a spherical particle in various flow regimes
(from the incompressible limit at Ma = 0.3 to supersonic flow at Ma =
2), and non-spherical particles in the incompressible limit.

The drag experienced by an isolated spherical particle for particle
Reynolds numbers of 100 and 300 is compared with the PR-DNS data
of Nagata et al. (2016) and the compressible drag model of Loth et al.
(2021) as shown in Fig. 3. For all Mach numbers, results from the cur-
rent simulations show good agreement with the PR-DNS data of Nagata
et al. (2016) and reasonable agreement with the model of Loth et al.
(2021), while the drag coefficient for supersonic Mach numbers pre-
dicted by our simulations agree better with the data of Nagata et al.
(2016). It is, however, important to note that the transonic regime is not
very well documented in the literature and that the existing data shows
a lot of variation. Overall, the results for the sphere in compressible
flow obtained in this work agree well with the existing literature.
4 
Fig. 4 shows a comparison of the simulation results for the pro-
late spheroid in the incompressible limit (Ma = 0.3) for a particle
Reynolds number of 300 with the correlations of Sanjeevi et al. (2018)
and Zastawny et al. (2012) for a prolate spheroid in incompressible
flow. Furthermore, Fig. 5 shows a comparison of the simulation results
for the rod-like particle in the incompressible limit (Ma = 0.3) for a
Reynolds number of 300 with the data of Chéron et al. (2024) for
the same rod-like particle in incompressible flow. The results obtained
for the rod-like particle match very well with the data of Chéron
et al. (2024). The results obtained for the prolate spheroid match the
correlations of Zastawny et al. (2012) and Sanjeevi et al. (2018) very
well.

Fig. 6 shows the local Mach number and the local Knudsen number
for the oblate spheroid at Rep = 300 and 𝛼 = 45◦. The oblate spheroid
in this flow configuration is one of the most extreme flow conditions
in this work. As visible from Fig. 6, the local Mach number reaches
a maximum of 2.2 and the local particle Knudsen number, computed
as (Loth et al., 2021)

√

𝜋 𝛾 (

Malocal
)

K nlocal = 2 Relocal
(8)
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Fig. 4. Comparison of our data with the correlations of Sanjeevi et al. (2018) and Zastawny et al. (2012) for the prolate spheroid in an incompressible flow at the incompressible
limit of Ma = 0.3 at a particle Reynolds number of 300 for all three aerodynamic force coefficients.
Fig. 5. Comparison of our data with the correlations of Chéron et al. (2024) for the rod-like particle in incompressible flow to the incompressible limit simulations of Ma = 0.3
at a particle Reynolds number of 300 for all three aerodynamic force coefficients.
Fig. 6. Contour plots of the local Mach number (left) and of the local particle Knudsen number (right) for the oblate spheroid at Rep = 300 and 𝛼 = 45◦.
reaches a maximum of 0.096 at the lower tip of the particle surface.
Although a part of the flow in the wake of the particle is in the slip
regime (0.01 < K n < 0.1), the flow is still dominated by the continuum
regime (K n ≪ 0.1). The continuum assumption, thus, forms an adequate
basis for the conducted simulations.

3.2. Non-spherical particles in compressible flow

In this section, the results obtained from the PR-DNS with non-
spherical particles in a compressible flow are shown. First, some rep-
resentative contour plots of the velocity field are shown, which are
analysed for the different particle shapes and configurations, and com-
pared with each other. Subsequently, the results for the aerodynamic
force coefficients are presented and discussed.

Figs. 7–9 show the steady-state velocity flow fields for all three
non-spherical particle shapes for a Reynolds number of 300 and Mach
numbers of 0.8 and 2, for angles of attack of 0◦, 45◦, and 90◦. These
two Mach numbers are representative examples of the flow fields in
the transonic (Ma = 0.8) and supersonic (Ma = 2) regimes. The flow
fields of the other Mach numbers do not differ significantly from the
two shown. The same applies to the Reynolds number. The flow fields
at a Reynolds number of 100 differ for the most part only in magnitude
compared to a Reynolds number of 300.

When comparing the velocity fields for Ma = 2, as shown in Figs. 7–
9 it becomes clear that the oblate spheroid shape forms the largest bow
5 
shock in front of the particle, followed by the rod-like particle, and
the prolate spheroid with the smallest bow shock for all three angles.
This observation goes hand in hand with the aspect ratios or sphericity
of the respective particles. The prolate spheroid shape has the lowest
aspect ratio and the fewest ‘‘sharp’’ edges or regions of high curvature,
whereas the oblate spheroid shape has the most obvious ‘‘sharp’’ edges.

Considering the transonic regime (Ma = 0.8) for all three particle
shapes, one can observe that the oblate spheroid is the only shape
where the velocity field shows an unsteady and oscillating behaviour
in the wake behind the particle for angles of attack of 45◦ and 90◦.
This behaviour is not observed for the other two shapes and also
not for the simulations of the oblate spheroid with Reynolds number
100. Furthermore, for all three shapes the bow shock in front of the
particles starts to form but, is not fully formed in the transonic regime.
Comparison of the transonic regime with the supersonic regime also
shows that the wake behind the particles is longer in the transonic
regime and shorter in the supersonic regime.

Fig. 10 presents the drag coefficients, 𝐶D, for all three non-spherical
particle shapes as a function of the Mach number for all considered
angles of attack. The lift and torque coefficients as a function of the
Mach number for all three non-spherical particle shapes are shown in
Appendix B.

For a given Mach number, the magnitudes of the drag coefficients
for all three non-spherical particle shapes in Fig. 10 increase with
increasing angle of attack. Furthermore, as already indicated by the
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Fig. 7. Velocity fields of the prolate spheroid for Reynolds number 300, Mach numbers of 0.8 and 2 and angles of 0◦, 45◦, 90◦.
Fig. 8. Velocity fields of the oblate spheroid for Reynolds number 300, Mach numbers of 0.8 and 2 and angles of 0◦, 45◦, 90◦.
velocity contour plots, the oblate spheroid with the strongest shock
formation has the largest drag coefficients, followed by the rod-like
particle, and the prolate spheroid with the weakest shock formation and
the smallest drag coefficients. For all three shapes, a smaller particle
Reynolds number yields a higher drag coefficient.

For all three non-spherical particle shapes, the drag coefficient in
the subsonic regime increases only slightly for angles of attack of
0◦ to 15◦, but increases more significantly as the angle of attack
increases, as a function of the Mach number. For all angles of at-
tack, the drag coefficient increases even more rapidly in the transonic
regime and, afterwards, decreases in the supersonic regime. Intuition
suggests that an increase in the Mach number leads to an increase
6 
in the drag coefficient, since the pressure contribution increases for
high-speed flows, while the viscous contribution remains significantly
smaller. However, in reality, this is only partially the case. The effect
of compressibility depends on the Mach number regime of the flow.
In the subsonic regime, the drag coefficient remains independent of
the Mach number up to a critical Mach number, Macr . This critical
Mach number is defined as the lowest free-stream Mach number at
which the flow around the particle is locally supersonic. If the free-
stream Mach number is larger than Macr , the drag coefficient starts to
increase slowly. A sharp increase in the drag coefficient is observed in
the transonic regime followed by a decrease in value for the supersonic
regime. For a spherical particle, a similar sharp increase in the drag
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Fig. 9. Velocity fields of the rod-like particle for Reynolds number 300, Mach numbers of 0.8 and 2 and angles of 0◦, 45◦, 90◦.
coefficient is observed for the transonic regime. However, there is little
to no decline of the drag coefficient in the supersonic regimes. The
sharp increase of the drag coefficient occurs when the free-stream Mach
number exceeds a critical value known as the drag divergence Mach
number, which marks the onset of a rapid increase in aerodynamic
drag due to the formation of shock waves and compressibility effects.
This termination of the supersonic flow region by a shock wave gives
rise to an adverse pressure gradient. This causes a separation of the
boundary layer and a dramatic increase in pressure drag (Anderson,
2003). The critical Mach number varies for different particle shapes,
a blunt body such as a sphere having a relatively high critical Mach
number compared to a slender body (Anderson, 2003). Moreover, the
extent to which the drag coefficient decreases after the peak drag is also
dependent on the Reynolds number. For a Reynolds number of 100, the
drag coefficient has a steeper descent than for a Reynolds number of
300.

The lift and torque coefficients shown in Figs. B.18 and B.19 show
a similar Mach number dependence as the previously analysed drag
coefficient. The difference in the magnitudes of both force coefficients
for different Reynolds numbers is not as large as is the case for the
drag coefficient. Overall, the oblate spheroid shows the largest coeffi-
cients for lift and torque, followed by the rod-like particle and prolate
spheroid. The torque coefficient has, in comparison to the drag and
lift coefficients, a much steeper descent in the supersonic regime and
the torque coefficients in the supersonic flow regime are even smaller
compared to the coefficients in the subsonic regime.

4. Correlations for the aerodynamic force and torque coefficients

The results from the PR-DNS are used to determine the aerodynamic
forces and torque, which are used to develop correlations to predict the
drag, lift, and torque coefficients for each particle as a function of the
particle Reynolds number, Rep, the Mach number, Ma, and the angle
of attack between the flow and the major axis of the particle, 𝛼. The
proposed correlations are all valid for a particle Reynolds number that
varies in the range 100 ≤ Re ≤ 300, a Mach number of 0 ≤ Ma ≤ 2,
p

7 
and an angle of attack of 0◦ ≤ 𝛼 ≤ 90◦. The correlations to account
for compressible effects presented in this section are extensions of
the correlations of the coefficients for a particle of the same shape
in an incompressible flow, for the same particle Reynolds number
and angle of attack (𝐶D,L,M

(

Rep, 𝛼 ,Ma = 0)). To this end, for instance,
the correlations for the aerodynamic force coefficients for prolate and
oblate spheroids presented by Zastawny et al. (2012) and Sanjeevi
et al. (2018), and the correlations for rod-like particles of Chéron
et al. (2024) and Zastawny et al. (2012) could be used as a basis
for 𝐶D,L,M

(

Rep, 𝛼 ,Ma = 0). This assumes that all force coefficients are
constant in the range from Ma = 0 to 0.3 for the flow conditions studied.
In Appendix C a summary of the full models for all three non-spherical
particles shapes are given exemplary with the correlations of Zastawny
et al. (2012) for the incompressible limit. For each correlation, the
fitting coefficients for a given function are estimated using curve-
fitting algorithms using the Levenberg–Marquardt algorithm of the
SciPy library (Johansson, 2019). The accuracy of the new correlations
are assessed by calculating the maximum and median errors of their
prediction, 𝜖max and 𝜖med. The error in the prediction is defined as

𝜖𝑖 =
‖𝑓cor r,𝑖 − 𝑓PR−DNS,𝑖‖

max
(

‖𝑓cor r,𝑖‖, ‖𝑓PR−DNS,𝑖‖
) , (9)

where 𝑓PR−DNS,𝑖 represents the value of a given force or torque coeffi-
cient from the 𝑖th PR-DNS simulation, and 𝑓cor r,𝑖 is the value predicted
by the correlation for the given force or torque coefficient. The pre-
diction error is scaled by the maximum value between the coefficient
prediction by the curve fitting algorithms and the PR-DNS value be-
cause the force coefficient can be zero. This zero value occurs for the
lift and torque coefficients of a particle with an angle of attack of 𝛼 = 0◦
or 90◦. The fitting coefficients given in Tables 1–3 are rounded to three
significant figures for readability, exact values are given in the attached
data repository.

4.1. Drag coefficient

The proposed correlation for the drag coefficient of each studied
particle shape is based on the drag coefficient in the incompressible
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Fig. 10. Variation of the drag coefficient 𝐶D with Mach number Ma for different angles of attack considered for the three considered non-spherical particle shapes.
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flow regime and a compressible correction that is a function of the
particle Reynolds number, the Mach number, and the angle of attack.
The general expression is defined as

𝐶D
(

Rep, 𝛼 ,Ma
)

= 𝐶D
(

Rep, 𝛼 ,Ma = 0) [1 + Ma
D

(

Rep, 𝛼 ,Ma
)]

(10)

where 𝐶D is the drag coefficient of a specific particle given as a function
of the particle Reynolds number, angle of attack, and Mach number.

his coefficient depends on the drag coefficient for equivalent particle
Reynolds number and angle of attack in incompressible flow conditions,
and an additional shape-dependent function, Ma

D to account for the
change in the coefficient as a result of the compressibility of the flow.

he expressions of these shape-dependent functions are given in the
edicated sections, along with the associated prediction errors. The
itting coefficients, 𝜗𝑖, for the drag coefficients of all three considered

particle shapes are given in Table 1.
 s

8 
4.1.1. Prolate spheroid
To consider compressible effects in the prediction of the drag co-

fficient of an isolated prolate spheroid particle, the shape-dependent
unction, Ma

D , in Eq. (10) is given by

Ma
D

(

Rep, 𝛼 ,Ma
)

=

(

𝜗1Rep + 𝜗2𝛼𝜗3
)

[

1 + exp (−𝜗4(Ma − 𝜗5)
)] + 𝜗6 exp

(

−
(Ma − 𝜗7)2

𝜗8

)

.

(11)

The first term on the right hand-side of Eq. (11) captures the sigmoid
evolution of the drag coefficient as the Mach number transitions from
the subsonic to the supersonic flow regime, where two plateaus are
bserved. In the transonic region, there is a noticeable increase in

the drag coefficient, forming a bell-shaped peak. This peak, caused by
he transition from subsonic to supersonic flow, is captured with the
econd term on the right-hand side of Eq. (11) that is modelled based
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Table 1
List of the fitting coefficients in Eqs. (11), (12), and (13), used in the correlation to predict the change in the drag coefficient in the case of
compressible flow.

𝜗1 𝜗2 𝜗3 𝜗4 𝜗5 𝜗6 𝜗7 𝜗8 𝜗9 𝜗10 𝜗11
Eq. (11) 1.55 × 10−3 0.201 0.492 15.6 0.878 0.183 1.21 0.142 – – –
Eq. (12) 6.07 0.269 4.40 × 10−5 2.10 3.90 21.3 0.853 0.130 1.17 0.252 –
Eq. (13) 1.14 × 10−3 0.121 2.64 0.0983 1.40 14.6 0.861 3.94 0.631 1.20 0.330
Fig. 11. The drag coefficient as a function of the Mach number for the three shapes studied, at different particle Reynolds numbers, for all considered angles of attack. From left
olumn to right column: prolate spheroid, oblate spheroid, and rod-like particle. Top row: Rep = 100, bottom row: Rep = 300. The colour indicates the angle of attack, the marker

indicates PR-DNS result, and the solid line shows the prediction of the drag coefficient given by the derived correlations, Eqs. (11), (12), and (13).
T

m
t

on a Gaussian function. Both terms vary as a function of the particle
eynolds number and the angle of attack; the closer the angle of attack

s to 𝛼 = 90◦, the larger is the change in the drag coefficient.
The PR-DNS results along with the correlation for the prediction

f the drag coefficient of the prolate spheroid are shown in the left
f Fig. 11, as a function of the Mach number, for all angles of attack

and particle Reynolds number values considered in this work. The
correlation accurately recovers the change in the evolution of the drag
coefficient in both transonic and supersonic regimes, for all particle
Reynolds numbers and angles of attack. The maximum and median
rediction errors between the correlation and the PR-DNS are 7.56%
nd 1.77%, respectively.

4.1.2. Oblate spheroid
To consider compressible effects in the prediction of the drag co-

fficient of an isolated oblate spheroid particle, the shape-dependent
unction, Ma

D , in Eq. (10) is given by

Ma
D

(

Rep, 𝛼 ,Ma
)

=
𝜗1
/

log(Rep)
(

𝜗2𝛼
/

𝜋
)𝜗3

(

Rep
)𝜗4

+ log(Rep)
/

𝜗5 − 1
[

1 + exp (−𝜗6(Ma − 𝜗7)
)]

+ 𝜗8 exp

(

−
(Ma − 𝜗9)2

𝜗10

)

. (12)

The purpose of the first term on the right hand-side of Eq. (12) is similar
o the model for the prolate spheroid, it captures the sigmoid evolution
f the drag coefficient as the Mach number increases from subsonic
o supersonic regimes. However, in the case of the oblate spheroid,
t high particle Reynolds number, the drag coefficient is no longer
 s

9 
largest at 𝛼 = 90◦. This is modelled by a modification of the term
multiplying the Reynolds number and the angle of attack in Eq. (12).

he remainder of the expression is similar to the expression given for
the prolate spheroid, where the second term on the right hand side also

odels the smooth increase in the evolution of the drag coefficient in
he transonic regime.

The correlation for the prediction of the drag coefficient for the
oblate spheroid is shown in the centre of Fig. 11, along with the PR-
DNS results. For all angles of attack, except for 𝛼 = 75◦, the correlation
accurately recovers the change in the evolution of the drag coefficient
in both the transonic and supersonic regimes, for all particle Reynolds
numbers. For 𝛼 = 75◦, the variation in the difference between the value
of the drag coefficient in the subsonic and supersonic regimes deviates
from other angles and remains challenging to capture. However, a very
good agreement is observed as the maximum and median prediction
errors between the correlation and the PR-DNS are 10.19% and 2.1%,
respectively.

4.1.3. Rod-like particle
For the rod-like particle, the shape-dependent function Ma

D , in
Eq. (10), used to model compressible effects, is given by

Ma
D

(

Rep, 𝛼 ,Ma
)

=
𝜗1 ⋅ Rep + 𝜗2 ⋅

(Rep
𝜗3

)𝜗4
⋅ 𝛼𝜗5

[

1.0 + exp (−𝜗6 ⋅ (Ma − 𝜗7)
)]

+
(

𝜗8 ⋅ 𝛼
Rep

)𝜗9
⋅ exp

(

−
(Ma − 𝜗10)2

𝜗11

)

(13)

The first term on the right hand-side of Eq. (13) is similar to the expres-
ion given for the prolate spheroid, Eq. (11), as the observations are
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Table 2
List of the fitting coefficients in Eqs. (15), (18), and (19), used in the correlation to
predict the change in the lift coefficient in case of compressible flow.

𝜗1 𝜗2 𝜗3 𝜗4 𝜗5 𝜗6 𝜗7 𝜗8
Eq. (15) 1.17 −0.735 −21.8 0.870 0.277 1.12 0.217 2.00
Eq. (18) 0.535 130 0.807 1.84 1.56 −0.996 2.25 0.516
Eq. (19) 2.43 1.20 −24.8 0.807 2.43 1.24 0.237 4.22

the same. The larger is the angle of attack, the larger is the difference
etween the drag coefficient in the subsonic and the supersonic flow
egimes. However, the second term on the right hand-side of Eq. (13),

which is also based on a Gaussian function, is scaled by the angle of
attack. The rationale is that, for the rod-like particle, the bell shape
that represents the change in the drag coefficient in the transonic
regime is less pronounced for angles of attack close to 𝛼 → 0◦, and
is not present for a rod-like particle with an angle of attack 𝛼 = 0◦.
This is shown in the right of Fig. 11, depicting the prediction of the
rag coefficient of the rod-like particle with the correlation along with
he PR-DNS results. For all flow cases, a good agreement is observed
etween the predictions and the PR-DNS results as a maximum and
edian prediction errors between the correlation and the PR-DNS are
.06% and 1.29%, respectively.

4.2. Lift coefficient

Following a similar approach as for the drag coefficients, the pro-
osed correlation for the lift coefficient of each studied particle shape

is based on the lift coefficient in the incompressible flow regime and a
ompressible correction that is a function of the particle Reynolds num-
er, the Mach number, and the angle of attack. The general expression
s defined as

𝐶L
(

Rep, 𝛼 ,Ma
)

= 𝐶L
(

Rep, 𝛼 ,Ma = 0) + Ma
L

(

Rep, 𝛼 ,Ma
)

(14)

where 𝐶L is the lift coefficient of a specific particle given as a function
of the particle Reynolds number, angle of attack, and Mach number.
This coefficient is obtained from the summation of the lift coefficient
for equivalent particle Reynolds number and angle of attack in incom-
pressible flow conditions, and an additional shape-dependent function,
Ma
L , to account for the change in the lift coefficient in case of com-

pressible flow. The expressions of the shape-dependent function Ma
L

are given in the dedicated sections, along with the associated prediction
errors. The fitting coefficients, 𝜗𝑖, for the lift coefficients of all three
considered particle shapes are given in Table 2.

4.2.1. Prolate spheroid
To consider compressible effects in the prediction of the lift coef-

icient of an isolated prolate spheroid particle, the shape-dependent
function, Ma

L , in Eq. (14), is given by

Ma
L

(

Rep, 𝛼 ,Ma
)

=
𝜗1 log

(

Rep
)𝜗2

[

1 + exp (𝜗3(Ma − 𝜗4)
)] cos

(

𝛹1
(

𝛼 ,Rep
))

sin
(

𝛹1
(

𝛼 ,Rep
))

+ 𝜗5 exp
(

−(Ma − 𝜗6)2

𝜗7

)

[

cos
(

𝛹2
(

𝛼 ,Rep
))

sin
(

𝛹2
(

𝛼 ,Rep
))]𝜗8 .

(15)

As for the drag correlation derived for the prolate spheroid, Eq. (11),
the correlation to predict the lift coefficient is split in two terms: a
igmoid term to model the change in the lift coefficient from subsonic to
upersonic regimes, and a Gaussian function to model the smooth bell-

shaped evolution of the coefficient from the subsonic to the supersonic
flow regime. These two terms are multiplied by a cosine–sine factor so
that the lift coefficients remain equal to 𝐶L = 0 for a prolate particle
with angles of attack 𝛼 = 0◦ and 90◦, and maximum for 𝛼 = 45◦. It is
mportant to mention that for finite particle Reynolds numbers, such as
hose considered in the present study, the lift coefficient is no longer
 s

10 
largest for a particle with an angle of attack of 𝛼 = 45◦ (Fröhlich et al.,
2020; Sanjeevi et al., 2022; Chéron et al., 2024). This is also observed
in this work and shifting functions are used to model the change in
the maximum value of the lift coefficient as a function of the angle of
attack. These functions are given by

𝛹1 =
𝜋
2

(

𝛼
2
𝜋

)1+4.185×10−5 log
(

Rep
)−10.5

(16)

for the first cosine–sine term in Eq. (15) and

𝛹2 =
𝜋
2

(

𝛼
2
𝜋

)1+2.146 log (Rep)−1.444
(17)

for the second cosine–sine term in Eq. (15).
The PR-DNS results along with the correlation for the prediction

f the lift coefficient of the prolate spheroid are shown in the left of
Fig. 12, as a function of the Mach number, for all angles of attack
and particle Reynolds number values considered in this work. The
correlation accurately recovers the evolution of the lift coefficient in
all regimes, for all particle Reynolds numbers and angles of attack. The
maximum and median prediction errors between the correlation and
the PR-DNS are 13.93% and 0.72%, respectively.

4.2.2. Oblate spheroid
For the oblate spheroid, the shape-dependent function, Ma

L , in
Eq. (14), is given by

Ma
L

(

Rep, 𝛼 ,Ma
)

=
𝜗1 log(Rep)

[

1 + exp (−𝜗2(Ma − 𝜗3)
)] cos(𝛼)𝜗4 sin(𝛼)𝜗5

+ 𝜗6 exp
(

−
(Ma − 𝜗7)2

𝜗8

)

cos(𝛼) sin(𝛼) .
(18)

The results of the evolution of the lift coefficient as a function of
the angle of attack for the oblate spheroid, see the centre of Fig. 12,
show that the values for the lift coefficients are almost symmetric with
respect to the angle of attack 𝛼 = 45◦. This trend indicates that the shift
in the angle of attack at which the maximum lift coefficient occurs is
less influenced by the increase in the particle Reynolds number than for
the rod-like and the prolate spheroid particles. The specific evolution
of the lift coefficient that varies from the other shapes confirms the
necessity to have a unique correlation to predict the lift coefficient. This
unique modification relies on the change of the exponent in the cosine–
sine multiplication, realized by the exponents 𝜗4 and 𝜗5. In general, the
correlation agrees well with the PR-DNS results, as the maximum and
median prediction errors between the correlation and the PR-DNS are
13.66% and 0.19%, respectively.

4.2.3. Rod-like particle
To consider compressible effects in the prediction of the lift coef-

ficient of an isolated rod-like particle, the shape-dependent function,
Ma
L , in Eq. (14), is given by

Ma
L

(

Rep, 𝛼 ,Ma
)

=

(

𝜗1∕ log
(

Rep
))𝜗2

[

1 + exp (𝜗3 ⋅ (Ma − 𝜗4)
)] cos

(

𝛹1
(

𝛼 ,Rep
))

sin
(

𝛹1
(

𝛼 ,Rep
))

+ 𝜗5 exp
(

−(Ma − 𝜗6)2

𝜗7

)

[

cos
(

𝛹2
(

𝛼 ,Rep
))

sin
(

𝛹2
(

𝛼 ,Rep
))]𝜗8 .

(19)

This expression is similar to the expression proposed to model the lift
coefficient of the prolate spheroid, Eq. (19), the correlation to predict
the lift coefficient is split in the sigmoid term, for the transition from the
ubsonic to the supersonic flow regime, and the Gaussian function term
or the bump in the transonic regime. These two terms are multiplied
y a cosine–sine factor, where the angle of attack is modified using
hifting functions to model the change in the maximum value of the
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Fig. 12. The lift coefficient as a function of the Mach number for the three shapes studied, at different particle Reynolds numbers, for all considered angles of attack. From left
column to right column: prolate spheroid, oblate spheroid, and rod-like particle. Top row: Rep = 100, bottom row: Rep = 300. The colour indicates the angle of attack, the marker
indicates PR-DNS result, and the solid line shows the prediction of the lift coefficient given by the derived correlations, Eqs. (15), (18), and (19).
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lift coefficient as a function of the angle of attack (Chéron et al., 2024).
These functions are given by

𝛹1 =
𝜋
2

(

𝛼
2
𝜋

)1+2.471 log (Rep)−1.50
(20)

for the first cosine–sine term in Eq. (19) and

𝛹2 =
𝜋
2

(

𝛼
2
𝜋

)1+1630.79
(

1∕ log (Rep))6.00
(21)

for the second cosine–sine term in Eq. (19).
The PR-DNS results along with the correlation for the prediction

f the rod-like particle lift coefficient are shown in the right plot of
Fig. 12, as a function of the Mach number, for all angles of attack
and particle Reynolds number values considered in this work. The
correlation accurately recovers the evolution of the lift coefficient in
all regimes, for all particle Reynolds numbers and angles of attack. The
maximum and median prediction errors between the correlation and
the PR-DNS are 7.97% and 0.15%, respectively.

4.3. Torque coefficient

As for the drag and lift coefficients, the proposed correlation for
he torque coefficient of each studied particle shape is based on the
orque coefficient in the incompressible flow regime and a compressible
orrection that is a function of the particle Reynolds number, the Mach
umber, and the angle of attack. The general expression is defined as

𝐶M
(

Rep, 𝛼 ,Ma
)

= 𝐶M
(

Rep, 𝛼 ,Ma = 0) + Ma
M

(

Rep, 𝛼 ,Ma
)

(22)

where 𝐶M is the torque coefficient of a specific particle given as a
unction of the particle Reynolds number, the Mach number, and the
ngle of attack. This coefficient is obtained from the summation of
he torque coefficient for equivalent particle Reynolds number and
ngle of attack in incompressible flow conditions, and an additional
11 
shape-dependent function, Ma
M , to account for the change in the torque

oefficient in case of compressible flow. For all shapes, the evolution
of the torque coefficient as a function of the Mach number is very
similar, so that the general expression of the shape-dependent function
is unique, and given by

Ma
M =

𝜗1Rep + 𝜗2
(

Rep∕𝜗3
)𝜗4

1 + exp (−𝜗5
(

Ma − 𝜗6
)) ⋅

(

cos
(

𝛹1
)

sin
(

𝛹1
))𝜗7

+
(

𝜗8𝛼
𝜗10

)𝜗9
⋅
( 𝜗11Rep

𝜗13

)𝜗12
⋅ exp

(

−
(

Ma − 𝜗14
)2

𝜗15

)

⋅
(

cos
(

𝛹2
)

sin
(

𝛹2
))𝜗16 ,

(23)

with the functions to shift the maximum value of the cosine–sine
product given as

𝛹1 =
𝜋
2

(

𝛼
2
𝜋

)𝜗17

, (24)

and

𝛹2 =
𝜋
2

(

𝛼
2
𝜋

)𝜗18

. (25)

As for the drag and lift correlations, the correlation to predict the
orque coefficient is split in two main terms: the sigmoid term to
odel the change in the torque coefficient from subsonic to supersonic

egimes, and a Gaussian function to model the smooth evolution of
he coefficient from the subsonic to the supersonic flow regime. Both
erms are multiplied by a shifted cosine–sine factor so that the torque
oefficients remain zero for the angles of attack 𝛼 = 0◦ and 𝛼 =
0◦, and to model the shift in the maximum torque coefficient. The
itting coefficients, 𝜗𝑖, for the torque coefficients of all three considered
article shapes are given in Table 3. The results of the PR-DNS along
ith the correlation for the torque coefficient of the prolate spheroid

are shown in the left of Fig. 13, as a function of the Mach number, for
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Fig. 13. The torque coefficient as a function of the Mach number for the three shapes studied, at different particle Reynolds numbers, for all considered angles of attack. From
eft column to right column: prolate spheroid, oblate spheroid, and rod-like particle. Top row: Rep = 100, bottom row: Rep = 300. The colour indicates the angle of attack, the
arker indicates PR-DNS result, and the solid line shows the prediction of the torque coefficient given by the derived correlations, Eqs. (23), (24), and (25).
p

i
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all angles of attack and particle Reynolds number values considered
in this work. The change from the subsonic to the supersonic flow
regimes is accurately recovered for all considered angles of attack and
particle Reynolds numbers by the sigmoid term, leading to maximum
and median prediction errors between the correlation and the PR-DNS
of 6.88% and 0.44%, respectively. As for the prolate spheroid, the
model prediction for the torque coefficient of the oblate spheroid is
shown with the PR-DNS results in the centre of Fig. 13. The evolution
of the torque coefficient of the oblate spheroid is very similar compared
with the prolate spheroid and the correlation accurately recovers the
smooth transition from the subsonic to the supersonic flow regime,
eading to maximum and median prediction errors between the cor-
elation and the PR-DNS of 12.96% and 1.40%, respectively. For the
od-like particle, the model prediction for the torque coefficient is
hown against the PR-DNS results in the right of Fig. 13. In this case,

the transition from subsonic to supersonic flow regime is much more
significant compared to the other two particle shapes and the PR-DNS
results in the transition region are more narrow, which makes it more
difficult to find an accurate model prediction. Hence, the maximum
prediction error between the correlation and the PR-DNS is 22.40%
ecause of a single outlier, but the median prediction error is 0.18%,

which shows that the correlation is over all in an excellent agreement
with the PR-DNS results.

5. Conclusions

In this study, we have presented particle-resolved direct numerical
imulations (PR-DNS) with three-dimensional body-fitted hexahedral
eshes to investigate the aerodynamic force and torque coefficients of
articles with different shapes, using a finite-volume-based solver for
ompressible flows. The employed computational domain is spherical,

centred around the particle, facilitating the rotation of the particle
ithout changing the computational mesh. This computational domain
 t

12 
Table 3
List of the fitting coefficients in Eqs. (23), (24), and (25), used in the correlation to
redict the change in the torque coefficient in case of compressible flow.

Prolate Oblate Rod-like

𝜗1 2.28 × 10−4 −4.43 × 10−3 −2.32 × 10−5
𝜗2 −0.444 −0.759 −1.15
𝜗3 157 203 127
𝜗4 −0.223 −1.03 −0.134
𝜗5 15.1 5.93 12.3
𝜗6 1.01 1.22 1.03
𝜗7 0.993 1.11 1.04
𝜗8 4.96 × 10−2 3.18 × 10−9 13.8
𝜗9 1.44 8.95 × 10−2 1.88
𝜗10 7.42 × 10−3 3.59 × 10−2 3.64
𝜗11 3.81 × 10−2 3.89 0.520
𝜗12 1.68 × 10−2 0.569 0.158
𝜗13 5.86 × 10−9 10.8 1.22 × 10−6
𝜗14 1.10 1.98 1.18
𝜗15 9.29 × 10−3 1.04 3.71 × 10−3
𝜗16 1.05 2.50 1.16
𝜗17 0.164 1.17 0.157
𝜗18 1.04 0.809 1.32

is represented by non-uniform and body-conforming meshes, refined
near the particle. PR-DNS are carried out for three particle shapes,
namely a prolate spheroid with an aspect ratio of 5/2, an oblate
spheroid with an aspect ratio of 5, and a rod-like particle with an aspect
ratio of 5. The simulations are carried out at a reference temperature of
300 K and a reference pressure of 105 Pa, maintaining a Prandtl number
of 0.71.

This study has examined the behaviour of non-spherical particles
n compressible flows, focusing on the steady-state velocity as well
s the aerodynamic force coefficients (drag, lift, and torque) for the
hree considered particle shapes at Mach numbers ranging from 0.3 to
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2.0, angles of attack from 0◦ to 90◦, and particle Reynolds numbers
between 100 and 300. The bow shock developing in the supersonic
flow regime in front of the particle is largest for the oblate spheroid
and smallest for the prolate spheroid. In the transonic regime, the
oblate spheroid exhibits an unstable wake behaviour when the angle of
attack is larger than 0◦. The drag coefficients increase with the angle of
attack and are highest for the oblate spheroid. All shapes show a rapid
increase in drag in the transonic regime, followed by a decrease in the
supersonic regime. The lift and torque coefficients follow similar trends,
with the oblate spheroid having the highest values. We can, therefore,
conclude that the shape of the particles impacts the flow behaviour
and aerodynamic forces significantly, with oblate spheroids showing
the most pronounced effects due to their geometric characteristics.

The correlations proposed in this work are valid for particle Reyn-
olds numbers between 100 and 300, Mach numbers between 0 and 2,
and angles of attack ranging from 0◦ to 90◦. The correlations accurately
recover the change in the evolution of the aerodynamic force and
torque coefficients in both transonic and supersonic regimes, for all
considered particle Reynolds numbers and angles of attack. The largest
maximum error of the correlations for the drag coefficient is 10.19% for
the prolate spheroid, while the median error for the three considered
particle shapes is approximately 1%–2%. The proposed correlations
for the lift coefficient have a slightly larger maximum error, with
the prolate particle correlation having the highest maximum error of
13.93%. However, the median error of the correlations for the lift
coefficient is below 1% which highlights the overall excellent accuracy.
For the torque coefficient, the correlation of the rod-like particle has
the largest maximum error with 22.4%. Again, the median error of the
torque correlations for all three particles shapes is approximately 1%,
which indicates that the relatively high maximum error comes from a
single outlier, but the overall correlations are in excellent agreement.

The development and validation of aerodynamic force and torque
correlations for non-spherical particles in compressible flows mark a
significant advancement in the field of multiphase flow modelling.
By providing accurate and tailored correlations, this work addresses
the long-standing challenge of representing the complex behaviour of
non-spherical particles under varying and compressible flow condi-
tions. The new correlations will, for example, enhance the precision
of point-particle simulations, enabling more reliable predictions of
particle-laden flow dynamics for compressible flow regimes.

While our current study focuses on oblate spheroids, prolate sphe-
roids, and rod-like particles, these shapes serve as idealized cases that
span a range of aspect ratios and flow characteristics. For particles with
shapes that deviate from these categories, various approaches could be
considered. One possibility could be the interpolation between the cor-
relations. If the particle shape is approximately spheroidal or rod-like
but does not fit perfectly within our definitions, users might interpolate
between the aerodynamic force coefficients for oblate, prolate, and
rod-like shapes based on the particle aspect ratio and geometry. For
irregular or non-standard shapes, the methodology used in this study
(e.g., using numerical simulations or experimental data) could be ex-
tended to derive additional correlations for those shapes. Alternatively,
a shape factor or a drag coefficient correction based on empirical or
computational approaches could be applied. Users may also combine
our correlations with existing generalized drag or force models that
account for irregular particle shapes through empirical shape factors
or coefficients.
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Appendix A. Mesh convergence study

In this appendix we give the mesh convergence studies for the
three non-spherical particle shapes. For each shape the convergence
behaviour of the drag coefficient is shown for Re = 300, 𝛼 = 0 and
Ma of 0.3 and 2. A coarse and a medium mesh with and without static
adaptive mesh refinement (AMR) (see Fig. A.14) in the area of interest
are compared to a fine mesh. In Figs. A.15–A.17, the crosses represent
the results for a coarse base mesh with optional static AMR in the area
of interest around the particle and its wake. One and two levels of static
AMR refinement mean that the initial coarse cells in the area of interest
are subdivided once or twice, resulting in a finer mesh where needed.
The circles represent a medium mesh with optional static AMR and the
filled circle represent a very fine mesh as a reference.

Appendix B. Lift and torque coefficient diagrams

In this appendix we give the diagrams for the variation of the lift
and torque coefficients with the Mach number for different angles of
attack. Figs. B.18 and B.19 present the lift coefficients, 𝐶L, and the
torque coefficients, 𝐶M, respectively, for all three non-spherical particle

Fig. A.14. Example of a static AMR mesh, showing the mesh refinement in the area
of interest around the particle and its wake.
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Fig. A.15. Convergence behaviour of the drag coefficient for a prolate spheroid particle.
Fig. A.16. Convergence behaviour of the drag coefficient for a oblate spheroid particle.
Fig. A.17. Convergence behaviour of the drag coefficient for a rod-like particle.
p

shapes as a function of the Mach number for all considered angles of
ttack. For angles of attack of 0◦ and 90◦, the lift and torque coefficients
re not shown, since they are zero for these flow configurations.

Appendix C. Summary of the full models to predict the drag, lift,
and torque coefficients

In this appendix we give a summary of the full models for each
on-spherical particle shape considered in this study. We exemplary
hoose the correlations for the incompressible limit of Zastawny et al.
 c

14 
(2012), but any other correlation (e.g., Sanjeevi et al. (2018), Chéron
et al. (2024)) for the respective particle shape and aspect ratio in the
incompressible limit may be used. These full models can be directly
employed in point particle simulations.

C.1. Drag coefficient

The proposed correlations for the drag coefficient of each studied
article shape are based on drag coefficient correlations in the in-
ompressible flow regime and a compressible correction. Both are a
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Fig. B.18. Variation of the lift coefficient 𝐶L with Mach number Ma for different angles of attack considered for the three considered non-spherical particle shapes.
R
a

function of the particle Reynolds number, the Mach number, and the
angle of attack. The general expression is defined as

𝐶D
(

Rep, 𝛼 ,Ma
)

= 𝐶D
(

Rep, 𝛼 ,Ma = 0) [1 + Ma
D

(

Rep, 𝛼 ,Ma
)]

(C.1)
15 
where 𝐶D is the drag coefficient of a specific particle given as a function
of the particle Reynolds number, angle of attack, and Mach number.
This coefficient depends on the drag coefficient for equivalent particle

eynolds number and angle of attack in incompressible flow conditions,
nd an additional shape-dependent function, Ma

D to account for the
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Fig. B.19. Variation of the torque coefficient 𝐶M with Mach number Ma for different angles of attack considered for the three considered non-spherical particle shapes.

International Journal of Multiphase Flow 184 (2025) 105111 

16 



C. Gorges et al.

c

p
i

o
T
c
i
f
c
s

International Journal of Multiphase Flow 184 (2025) 105111 
Table C.4
List of the fitting coefficients in Eqs. (C.2), (C.3), and (C.4), used in the incompressible
term based on the correlation of Zastawny et al. (2012).

Coefficient Eq. (C.2) Eq. (C.3) Eq. (C.4)

𝑎0 2.0 1.96 2.12
𝑎1 5.1 5.82 20.35
𝑎2 0.48 0.44 0.98
𝑎3 15.52 15.56 2.77
𝑎4 1.05 1.068 0.396
𝑎5 24.68 35.41 29.14
𝑎6 0.98 0.96 0.97
𝑎7 3.19 3.63 3.66
𝑎8 0.21 0.05 0.16

change in the coefficient as a result of the compressibility of the
flow.

The full model for the drag coefficient of the prolate spheroid, as
the combination of the correlation of Zastawny et al. (2012) for the
incompressible limit and ours for the compressible limit, is

𝐶D
(

Rep, 𝛼 ,Ma
)

=

[(

𝑎1
Re𝑎2p

+
𝑎3
Re𝑎4p

)

+

((

𝑎5
Re𝑎6p

+
𝑎7
Re𝑎8p

)

−

(

𝑎1
Re𝑎2p

+
𝑎3
Re𝑎4p

))

sin𝑎0 (𝛼)

]

[

1 +
(

𝜗1Rep + 𝜗2𝛼𝜗3
)

[

1 + exp (−𝜗4(Ma − 𝜗5)
)] + 𝜗6 exp

(

−
(Ma − 𝜗7)2

𝜗8

)

]

,

(C.2)

the full model for the oblate spheroid is

𝐶D
(

Rep, 𝛼 ,Ma
)

=

[(

𝑎1
Re𝑎2p

+
𝑎3
Re𝑎4p

)

+

((

𝑎5
Re𝑎6p

+
𝑎7
Re𝑎8p

)

−

(

𝑎1
Re𝑎2p

+
𝑎3
Re𝑎4p

))

sin𝑎0 (𝛼)

]

⎡

⎢

⎢

⎢

⎣

1 +
𝜗1
/

log(Rep)
(

𝜗2𝛼
/

𝜋
)𝜗3

(

Rep
)𝜗4

+ log(Rep)
/

𝜗5 − 1
[

1 + exp (−𝜗6(Ma − 𝜗7)
)]

+ 𝜗8 exp

(

−
(Ma − 𝜗9)2

𝜗10

)⎤

⎥

⎥

⎥

⎦

,

(C.3)

and the full model for the rod-like particle is

𝐶D
(

Rep, 𝛼 ,Ma
)

=

[(

𝑎1
Re𝑎2p

+
𝑎3
Re𝑎4p

)

+

((

𝑎5
Re𝑎6p

+
𝑎7
Re𝑎8p

)

−

(

𝑎1
Re𝑎2p

+
𝑎3
Re𝑎4p

))

sin𝑎0 (𝛼)

]

⎡

⎢

⎢

⎢

⎣

1 +
𝜗1 ⋅ Rep + 𝜗2 ⋅

(Rep
𝜗3

)𝜗4
⋅ 𝛼𝜗5

[

1.0 + exp (−𝜗6 ⋅ (Ma − 𝜗7)
)]

+
(

𝜗8 ⋅ 𝛼
Rep

)𝜗9
⋅ exp

(

−
(Ma − 𝜗10)2

𝜗11

)

⎤

⎥

⎥

⎥

⎦

.

(C.4)

The fitting coefficients 𝑎𝑖 and 𝜗𝑖 for the drag coefficients of all three
onsidered particle shapes are given in Tables C.4 and C.5.
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C.2. Lift coefficient

Following a similar approach as for the drag coefficients, the pro-
osed correlation for the lift coefficient of each studied particle shape
s based on the lift coefficient in the incompressible flow regime

from Zastawny et al. (2012) and a compressible correction that is a
function of the particle Reynolds number, the Mach number, and the
angle of attack. The general expression is defined as

𝐶L
(

Rep, 𝛼 ,Ma
)

= 𝐶L
(

Rep, 𝛼 ,Ma = 0) + Ma
L

(

Rep, 𝛼 ,Ma
)

(C.5)

where 𝐶L is the lift coefficient of a specific particle given as a function
f the particle Reynolds number, angle of attack, and Mach number.
his coefficient is obtained from the summation of the lift coeffi-
ient for equivalent particle Reynolds number and angle of attack
n incompressible flow conditions, and an additional shape-dependent
unction, Ma

L , to account for the change in the lift coefficient in case of
ompressible flow. The full model for the lift coefficient of the prolate
pheroid is

𝐶L
(

Rep, 𝛼 ,Ma
)

=

[(

𝑏1
Re𝑏2p

+
𝑏3
Re𝑏4p

)

sin (𝛼)𝑏5+𝑏6Re
𝑏7
p cos (𝛼)𝑏8+𝑏9Re

𝑏10
p

]

+
𝜗1 log

(

Rep
)𝜗2

[

1 + exp (𝜗3(Ma − 𝜗4)
)] cos

(

𝛹1
(

𝛼 ,Rep
))

sin
(

𝛹1
(

𝛼 ,Rep
))

+ 𝜗5 exp
(

−(Ma − 𝜗6)2

𝜗7

)

[

cos
(

𝛹2
(

𝛼 ,Rep
))

sin
(

𝛹2
(

𝛼 ,Rep
))]𝜗8 ,

(C.6)

with

𝛹1 =
𝜋
2

(

𝛼
2
𝜋

)1+4.185×10−5 log
(

Rep
)−10.5

(C.7)

and

𝛹2 =
𝜋
2

(

𝛼
2
𝜋

)1+2.146 log (Rep)−1.444
. (C.8)

The full model for the oblate spheroid is

𝐶L
(

Rep, 𝛼 ,Ma
)

=

[(

𝑏1
Re𝑏2p

+
𝑏3
Re𝑏4p

)

sin (𝛼)𝑏5+𝑏6Re
𝑏7
p cos (𝛼)𝑏8+𝑏9Re

𝑏10
p

]

+
𝜗1 log(Rep)

[

1 + exp (−𝜗2(Ma − 𝜗3)
)] cos(𝛼)𝜗4 sin(𝛼)𝜗5

+ 𝜗6 exp
(

−
(Ma − 𝜗7)2

𝜗8

)

cos(𝛼) sin(𝛼) ,

(C.9)

and the full model for the rod-like particle is

𝐶L
(

Rep, 𝛼 ,Ma
)

=

[(

𝑏1
Re𝑏2p

+
𝑏3
Re𝑏4p

)

sin (𝛼)𝑏5+𝑏6Re
𝑏7
p cos (𝛼)𝑏8+𝑏9Re

𝑏10
p

]

+

(

𝜗1∕ log
(

Rep
))𝜗2

[

1 + exp (𝜗3 ⋅ (Ma − 𝜗4)
)] cos

(

𝛹1
(

𝛼 ,Rep
))

sin
(

𝛹1
(

𝛼 ,Rep
))

+ 𝜗5 exp
(

−(Ma − 𝜗6)2

𝜗7

)

[

cos
(

𝛹2
(

𝛼 ,Rep
))

sin
(

𝛹2
(

𝛼 ,Rep
))]𝜗8 ,

(C.10)

with

𝛹1 =
𝜋
2

(

𝛼
2
𝜋

)1+2.471 log (Rep)−1.50
(C.11)

and

𝛹2 =
𝜋
(

𝛼
2
)1+1630.79

(

1∕ log (Rep))6.00
. (C.12)
2 𝜋



C. Gorges et al.

t
c

f
a
t
a
s

International Journal of Multiphase Flow 184 (2025) 105111 
Table C.5
List of the fitting coefficients in Eqs. (C.2), (C.3), and (C.4), used in the correlation to predict the change in the drag coefficient in the case
of compressible flow.

𝜗1 𝜗2 𝜗3 𝜗4 𝜗5 𝜗6 𝜗7 𝜗8 𝜗9 𝜗10 𝜗11
Eq. (C.2) 1.55 × 10−3 0.201 0.492 15.6 0.878 0.183 1.21 0.142 – – –
Eq. (C.3) 6.07 0.269 4.40 × 10−5 2.10 3.90 21.3 0.853 0.130 1.17 0.252 –
Eq. (C.4) 1.14 × 10−3 0.121 2.64 0.0983 1.40 14.6 0.861 3.94 0.631 1.20 0.330
Table C.6
List of fitting coefficients in Eqs. (C.6), (C.9), and (C.10), used in the correlation to predict
the change in the lift coefficient in the incompressible limit.

Coefficient Eq. (C.6) Eq. (C.9) Eq. (C.10)

𝑏1 6.079 12.111 8.652
𝑏2 0.898 1.036 0.815
𝑏3 0.704 3.887 0.407
𝑏4 −0.028 0.109 −0.197
𝑏5 1.067 0.812 0.978
𝑏6 0.0025 0.249 0.036
𝑏7 0.818 −0.198 0.451
𝑏8 1.049 5.821 1.359
𝑏9 0.0 4.717 −0.43
𝑏10 0.0 0.007 0.007
Table C.7
List of the fitting coefficients in Eqs. (C.6), (C.9), and (C.10), used in the correlation to predict the change in the lift coefficient in case of
compressible flow.

𝜗1 𝜗2 𝜗3 𝜗4 𝜗5 𝜗6 𝜗7 𝜗8
Eq. (C.6) 1.17 −0.735 −21.8 0.870 0.277 1.12 0.217 2.00
Eq. (C.9) 0.535 130 0.807 1.84 1.56 −0.996 2.25 0.516
Eq. (C.10) 2.43 1.20 −24.8 0.807 2.43 1.24 0.237 4.22
Table C.8
List of fitting coefficients in Eqs. (C.14), used in the correlation to predict the change in
the torque coefficient in the incompressible limit.

Coefficient Prolate spheroid Oblate spheroid Rod-like

𝑐1 2.078 3.782 0.011
𝑐2 0.279 0.237 −0.656
𝑐3 0.372 2.351 8.909
𝑐4 0.018 0.236 0.396
𝑐5 0.98 −0.394 2.926
𝑐6 0.0 1.615 −1.28
𝑐7 0.0 −0.044 0.037
𝑐8 1.0 −0.537 −15.236
𝑐9 0.0 1.805 16.757
𝑐10 0.0 −0.037 −0.006
c

The fitting coefficients 𝑏𝑖 and 𝜗𝑖 for the lift coefficients of all three
considered particle shapes are given in Tables C.6 and C.7.

C.3. Torque coefficient

As for the drag and lift coefficients, the proposed correlation for the
orque coefficient of each studied particle shape is based on the torque
oefficient in the incompressible flow regime (here exemplary Zastawny

et al. (2012)) and a compressible correction that is a function of the
particle Reynolds number, the Mach number, and the angle of attack.
The general expression is defined as

𝐶M
(

Rep, 𝛼 ,Ma
)

= 𝐶M
(

Rep, 𝛼 ,Ma = 0) + Ma
M

(

Rep, 𝛼 ,Ma
)

(C.13)

where 𝐶M is the torque coefficient of a specific particle given as a
unction of the particle Reynolds number, the Mach number, and the
ngle of attack. This coefficient is obtained from the summation of
he torque coefficient for equivalent particle Reynolds number and
ngle of attack in incompressible flow conditions, and an additional
hape-dependent function, Ma, to account for the change in the torque
M

18 
coefficient in case of compressible flow. The full model for the torque
oefficient of all three considered particle shapes is

𝐶M
(

Rep, 𝛼 ,Ma
)

=

[(

𝑐1
Re𝑐2p

+
𝑐3
Re𝑐4p

)

sin (𝛼)𝑐5+𝑐6Re
𝑐7
p cos (𝛼)𝑐8+𝑐9Re

𝑐10
p

]

+
𝜗1Rep + 𝜗2

(

Rep∕𝜗3
)𝜗4

1 + exp (−𝜗5
(

Ma − 𝜗6
)) ⋅

(

cos
(

𝛹1
)

sin
(

𝛹1
))𝜗7

+
(

𝜗8𝛼
𝜗10

)𝜗9
⋅
(𝜗11Rep

𝜗13

)𝜗12
⋅ exp

(

−
(

Ma − 𝜗14
)2

𝜗15

)

⋅
(

cos
(

𝛹2
)

sin
(

𝛹2
))𝜗16 ,

(C.14)

with

𝛹1 =
𝜋
2

(

𝛼
2
𝜋

)𝜗17

(C.15)

and

𝛹 =
𝜋
(

𝛼
2
)𝜗18

. (C.16)
2 2 𝜋
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Table C.9
List of the fitting coefficients in Eq. (C.14), used in the correlation to predict the change in the torque coefficient in case of
compressible flow.

Prolate Oblate Rod-like

𝜗1 2.28 × 10−4 −4.43 × 10−3 −2.32 × 10−5
𝜗2 −0.444 −0.759 −1.15
𝜗3 157 203 127
𝜗4 −0.223 −1.03 −0.134
𝜗5 15.1 5.93 12.3
𝜗6 1.01 1.22 1.03
𝜗7 0.993 1.11 1.04
𝜗8 4.96 × 10−2 3.18 × 10−9 13.8
𝜗9 1.44 8.95 × 10−2 1.88
𝜗10 7.42 × 10−3 3.59 × 10−2 3.64
𝜗11 3.81 × 10−2 3.89 0.520
𝜗12 1.68 × 10−2 0.569 0.158
𝜗13 5.86 × 10−9 10.8 1.22 × 10−6
𝜗14 1.10 1.98 1.18
𝜗15 9.29 × 10−3 1.04 3.71 × 10−3
𝜗16 1.05 2.50 1.16
𝜗17 0.164 1.17 0.157
𝜗18 1.04 0.809 1.32
The fitting coefficients 𝑐𝑖 and 𝜗𝑖 for the torque coefficients of all three
considered particle shapes are given in Tables C.8 and C.9.

Data availability

The data that support the findings of this study are reproducible and
files to regenerate the data as well as an executable to implement the
correlations to predict the drag, lift, and torque coefficients are openly
available in the repository with DOI 10.5281/zenodo.14283844.
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