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For many contemporary applications, ionizing radiation transport plays a pivotal role, requiring an 
accurate assessment of its impact on the exposed environment. While Monte Carlo simulations are 
widely considered the gold standard for accurate general-purpose coupled transport of photons, 
electrons and positrons in matter, discrete ordinates algorithms provide a viable alternative. 
This work consolidates cross-section models for coupled photon-electron-positron transport and 
provides the methodology to generate the data required by the multigroup Boltzmann Fokker
Planck transport equation and by energy and charge deposition formulas. It includes elastic, 
collisional and radiative inelastic interactions of leptons, annihilation of positrons, Compton 
scattering, Rayleigh scattering, photoelectric effect, pair production as well as fluorescence and 
Auger electron production from relaxation cascades following ionization. Comparative analyses 
of energy deposition in water, aluminum, and gold are conducted for incident beams of 1 MeV, 
10 MeV, and 100 MeV electrons and photons, and juxtaposed against Monte Carlo reference 
calculations. While disparities of a few percent are typical, higher deviation can be observed due to 
discretization or physical model limitations. Energy spectrums per particle type at varying depths 
in the medium are also contrasted with Monte Carlo calculations to discern limitations in the 
current implementation and to propose potential avenues for enhancing the presented models. 
Energy and charge deposition calculations are also compared to experimental measurements. 
The cross-section production and transport algorithms are implemented in an open-source Julia 
package, Radiant.jl.

1. Introduction

Accurate ionizing radiation transport in matter remains an outstanding challenge across various fields, including radiotherapy 
treatment, medical imaging, nuclear engineering, shielding, non-destructive testing, security x-ray scanning equipment, food irra
diation, sterilization, and assessing radiation effects on electronics and astronauts [1,2]. Despite advancements in computational 
capacities in recent decades, achieving accurate estimates of quantities such as dose deposition or fluence still necessitates time
consuming calculations. This is primarily due to the complexity of all atomic interactions along particle paths with heterogeneous 
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media, leading to intricate integro-differential models. Stochastic-based algorithms, also called Monte Carlo algorithms, excel in solv
ing such complex integro-differential equations with unparalleled accuracy and are consequently considered the gold standard for 
energy deposition calculations [3]. Numerous general-purpose Monte Carlo codes have been developed and validated for ionizing par
ticle transport, including GEANT4 [4,5], PENELOPE [6,7], EGSnrc [8] and MCNP6 [9]. The primary limitation of Monte Carlo solvers 
is their substantial demand for computational resources, notably when it is required to measure accurately low-probability events [2]. 
Nonetheless, it can be tricky to set some simulation parameters, such as step length with condensed Monte Carlo algorithms [10], and 
even if it can be significantly reduced, it is impossible to eliminate statistical noise. For these reasons, such limitations may constrain 
their use in many applications. For instance, radiotherapy planning requires the solution of an inverse problem, which often requires 
solving multiple times the direct problem, an already computationally expansive problem [11,12]. Thus, Monte Carlo methods are 
either set aside for clinical usage in favour of simpler, less accurate, but much faster semi-empirical models, such as pencil beams or 
collapsed cone convolution [13--15], or cofined to limited scopes of applications by simplifying physics or geometry, implementing 
variance reduction techniques, or utilizing massively parallel computing architectures [16].

Yet, there are other techniques besides Monte Carlo to solve the transport equation, which is able to converge with arbitrarily 
high accuracy toward the exact solution [17]. Discrete ordinates solvers, a subset of the wider family of deterministic methods, 
have been extensively employed in nuclear engineering for neutron and photon transport [18]. However, its use for charged particle 
transport was not straightforward, and further development was required to ensure accurate and stable algorithms. Key advancements 
in this regard include the introduction of the Boltzmann Fokker-Planck approximation from Przybylski et al. [19] and the Galerkin 
quadrature from Morel [20,21]. Several discrete ordinates codes have been developed based on these techniques, such as the SCEPTRE 
code from Sandia National Laboratories [22], the ROZ-KASKAD-KATRIN codes from Keldysh Institute of Applied Mathematics [23], 
ACUROS from Varian Medical Systems Inc. [24], which is derived from the Attila code from Los Alamos National Laboratory [25,26], 
and the open-source DRAGON5 code from the Institute of Nuclear Engineering of Polytechnique Montréal [27,28]. Unlike Monte 
Carlo methods, these solvers do not explicitly treat random walks of individual particles. Instead, they take pre-computed multigroup 
cross-sections and other atomic data produced using a so-called nuclear data processing code. To this day, the coupled electron
photon cross-sections production code CEPXS from Sandia National Laboratories [29], which was released in 1989 (Version 1.0), is 
the only accurate multigroup production code for coupled transport of photons and electrons. Almost every work in the literature 
on the deterministic transport of photons and electrons is based on it, but a few exceptions where simpler models are implemented 
[30,31]. Currently, there is an effort to extend NJOY nuclear data code [32] capacities to electron transport through the new module 
ELECTR based on either on CEPXS, relying on data in restricted access, or on models using the open-source evaluated ENDF formatted 
data [33]. The production of pure electron cross-sections, which prohibit production of secondary particle, with CEPXS mode in 
ELECTR was implemented and validated over the entire periodic table up to multi-GeV energies [28,34], while the development of 
ENDF mode is underway [35--37]. Afterwards, coupling between the NJOY electron and photon modules, ELECTR and GAMINR, 
respectively, will be required in order to treat the coupled transport of these two particles similarly to CEPXS. We have noticed 
many drawbacks with CEPXS 1.0: 1) energy deposition cross-section calculation from CEPXS breaks down as energy discretization 
becomes rougher, 2) definition of the soft and catastrophic interactions leads to an ambiguous definition of stopping powers, leading 
to distinguishable errors, 3) CEPXS lacks the state-of-the-art models found in Monte Carlo code, such as subshell-dependent inelastic 
electron scattering, Rayleigh scattering or directly correlated relaxation, 4) no explicit positron cross-sections are taken into account, 
5) pseudo cross-sections are produced rather than explicit stopping powers and momentum transfers and 6) its proprietary nature 
impedes improvements to underlying atomic interaction models, as many processes depend on hidden variables despite the CEPXS 
1.0 physics guide being open access [29]. An improved CEPXS version, called CEPXS-BFP [38], proposes explicit stopping powers 
and momentum transfers, contrary to CEPXS 1.0, but the open access physics guide was not updated with such changes.

Hereby, we introduce RADIANT (v1.0.0), an open-source alternative to CEPXS for coupled electron-photon-positron transport, 
along with a discrete ordinates solver, both written in 100% pure Julia, an open-source programming language providing Python-like 
readability and flexibility, combined with execution times comparable to those of C + + and FORTRAN [39]. This unconventional 
choice was made for research purposes: by providing an open-source, easily readable, and writable code, we aim to accelerate the 
implementation of newer models and help the community close the gap between Monte Carlo and deterministic algorithms. We have 
incorporated an object-oriented framework to facilitate user interaction with the solver. The formatted cross-sections produced by 
RADIANT are saved in a Julia object and can be directly used by its discrete ordinates solver, but the user can choose to extract it in 
FMAC-M format [40] for its use with any of the aforementioned solvers. The Radiant.jl package can be found at [41].

In the forthcoming sections, a comprehensive overview of the algorithm is presented. First, the Boltzmann Fokker-Planck equa
tion is introduced, serving as the foundation for the coupled particle transport. Its multigroup discretization is outlined, along with 
the depiction of its subtleties. Following this, the methodology for calculating energy deposition from the solution of the Boltzmann 
Fokker-Planck equation is specfied. Subsequently, the production of macroscopic multigroup cross-sections and other atomic data for 
various interactions involving electrons, positrons, and photons is described. A set of benchmarks is proposed and deemed represen
tative of the algorithm’s performance for general-purpose coupled transport. Finally, the benfits of the implementation are exposed 
while acknowledging its current limitations and proposing potential avenues to address remaining challenges.

2. Boltzmann Fokker-Planck equation

The Boltzmann transport equation describes the transport of particles in matter, which is based on particle conservation. Widely 
used for decades to solve reactor physics problems [42], the direct discrete ordinates discretization of this equation was very successful, 
but this approach is not successful in treating particles with highly forward-peaked scattering cross-sections such as charged particles. 
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The Fokker-Planck (FP) equation, which is an approximate form of the transport equation assuming highly forward-peaked scattering, 
can be used, but it neglects important energy-loss and deviation [43]. Przybylski and Ligou proposed the Boltzmann Fokker-Planck 
(BFP) equation, which adds the Fokker-Planck terms to the transport equation [19]. The idea is to divide the scattering cross-sections 
into two domains: soft, which includes small energy-loss and angular dflection, and catastrophic, for large energy-loss and angular 
dflection. While the catastrophic part is treated with the Boltzmann operator, the soft part is extracted from the total and scattering 
cross-sections to be treated by the Fokker-Planck operator, producing soft stopping powers and momentum transfer. The two domains 
will be divided at an energy 𝐸𝑐(𝐸), which depends on the particle energy 𝐸. This relation will be dfined in Sect. 2.1.

The steady-state Boltzmann Fokker-Planck equation, for a particle 𝑝 ∈ 𝑃 = {𝛾,e-,e+}, which correspond to photons, electrons 
and positrons respectively, is given by

𝛀 ⋅∇Φ𝑝(𝐫,𝛀,𝐸) + Σ𝑝

𝑡
(𝐫,𝐸)Φ𝑝(𝐫,𝛀,𝐸) =𝑄FP

𝑝
(𝐫,𝛀,𝐸) +𝑄B

𝑝
(𝐫,𝛀,𝐸) , (1)

where the Fokker-Planck operator, with respectively the continuous slowing-down and angular Fokker-Planck terms, is [43]

𝑄FP
𝑝
(𝐫,𝛀,𝐸) = 𝜕

𝜕𝐸

[
𝑆𝑝(𝐫,𝐸)Φ𝑝(𝐫,𝛀,𝐸)

]
+ 𝑇 𝑝(𝐫,𝐸)

[
𝜕

𝜕𝜇

(
1 − 𝜇2) 𝜕

𝜕𝜇
+ 1 

1 − 𝜇2
𝜕2

𝜕𝜙2

]
Φ𝑝(𝐫,𝛀,𝐸) (2)

and the Boltzmann operator, which accounts for the particle scattering and production in the medium, is [18]

𝑄B
𝑝
(𝐫,𝛀,𝐸) =

∑
𝑝′∈𝑃

∞ 

∫
0 

𝑑𝐸′
𝐿 ∑

𝓁=0

2𝓁 + 1
4𝜋

Σ𝑝′→𝑝

𝑠,𝓁 (𝐫,𝐸′ →𝐸)
𝓁∑

𝑚=−𝓁
𝑅𝑚
𝓁 (𝛀)∫

4𝜋

𝑑2Ω′𝑅𝑚
𝓁 (𝛀

′)Φ𝑝′ (𝐫,𝛀′,𝐸′) , (3)

where

• 𝐸: particle energy, in mec2 ≈ 0.510999 MeV (reduced electron energy), which will be used in the rest of this work for energy 
units;

• 𝐫 = (𝑥, 𝑦, 𝑧): particle position;
• 𝛀 = (𝜇,𝜙): particle direction, where 𝜇 is the direction cosine and 𝜙 is the azimuthal angle;
• Φ𝑝(𝐫,𝛀,𝐸): angular flux for particle 𝑝, in cm−2 ⋅ 𝑠−1;

• Σ𝑝

𝑡
(𝐫,𝐸): macroscopic total cross-section for particle 𝑝, in cm−1;

• Σ𝑝′→𝑝

𝑠,𝓁 (𝐫,𝐸′ →𝐸): 𝓁-order Legendre moment of the macroscopic scattering cross-section from energies 𝐸′ to 𝐸 from particle 𝑝′

to particle 𝑝, in (mec2)−1⋅ cm−1;
• 𝑆𝑝(𝐫,𝐸): stopping power for particle 𝑝, in mec2 ⋅ cm−1;
• 𝑇 𝑝(𝐫,𝐸): momentum transfer for particle 𝑝, in cm−1;
• 𝑅𝑚

𝓁 (𝛀): real spherical harmonics, as dfined in [18].

The energy domain is discretized, applying the Galerkin method of weighted residuals [44], in 𝐺 groups, where 𝑔 = 1 corresponds 
to the maximum energy group. The mean energy of the 𝑔 group is dfined as 𝐸𝑔 , its width is given by Δ𝐸𝑔 and its upper and lower 
boundaries are respectively 𝐸𝑔−1∕2 and 𝐸𝑔+1∕2. The lower bound of the last energy group, 𝐸𝐺+1∕2, is called the cutoff energy, under 
which particles are considered to be absorbed. Assuming constant flux in each energy group, for a given material, the group-averaged 
total cross-sections in group 𝑔 of particle 𝑝 are

Σ𝑝

𝑡,𝑔
=
∑
𝑥 

⎡⎢⎢⎢⎣
1 

Δ𝐸𝑔

𝐸𝑔−1∕2

∫
𝐸𝑔+1∕2

𝑑𝐸 Σ𝑝,𝑥

𝑡
(𝐸)

⎤⎥⎥⎥⎦ , (4)

where the total cross-sections are given by the sum of the total cross-sections of each interaction 𝑥. The group-averaged 𝓁-order 
Legendre moment of the scattering cross-sections from group 𝑔′ of particle 𝑝′ to group 𝑔 of particle 𝑝 are

Σ𝑝′→𝑝

𝑠,𝓁,𝑔′→𝑔
=
∑
𝑥 

⎡⎢⎢⎢⎣
1 

Δ𝐸𝑔

𝐸𝑔−1∕2

∫
𝐸𝑔+1∕2

𝑑𝐸 Σ𝑝′→𝑝,𝑥

𝑠,𝓁,𝑔′
(𝐸)

⎤⎥⎥⎥⎦ (5)

with

Σ𝑝′→𝑝,𝑥

𝑠,𝓁,𝑔′
(𝐸) =

𝐸′
𝑔−1∕2

∫
𝐸′
𝑔+1∕2

𝑑𝐸′

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)Σ𝑝′→𝑝,𝑥
𝑠

(𝐸′ →𝐸,𝜇) , (6)

where 𝑃𝓁(𝜇) is the 𝓁-order Legendre polynomial. The stopping powers at boundaries of group 𝑔 for particle 𝑝, used to solve the BFP 
equation, are
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𝑆
𝑝

𝑔+1∕2 =
∑
𝑥 

𝑆𝑝,𝑥(𝐸𝑔+1∕2) and 𝑆
𝑝

𝑔−1∕2 =
∑
𝑥 

𝑆𝑝,𝑥(𝐸𝑔−1∕2) , (7)

while the group-averaged stopping powers of group 𝑔 for particle 𝑝, used in the energy deposition cross-sections calculations, are

𝑆𝑝
𝑔
=
∑
𝑥 

⎡⎢⎢⎢⎣
1 

Δ𝐸𝑔

𝐸𝑔−1∕2

∫
𝐸𝑔+1∕2

𝑑𝐸 𝑆𝑝,𝑥(𝐸)
⎤⎥⎥⎥⎦ . (8)

The group-averaged momentum transfers in group 𝑔 for particle 𝑝, used to solve the BFP equation, are given by

𝑇 𝑝
𝑔
=
∑
𝑥 

⎡⎢⎢⎢⎣
1 

Δ𝐸𝑔

𝐸𝑔−1∕2

∫
𝐸𝑔+1∕2

𝑑𝐸 𝑇 𝑝,𝑥(𝐸)
⎤⎥⎥⎥⎦ . (9)

While CEPXS 1.0 produce so-called pseudo cross-sections for soft interactions, which are compatible with standard S𝑁 Boltzmann 
solver, RADIANT, like CEPXS-BFP, generates explicit stopping powers and momentum transfers to use with a BFP solver that explicitly 
discretizes the CSD and the AFP operators. There is no option, for now, to generate pseudo cross-sections like CEPXS 1.0. To solve 
the multigroup BFP equation, the values given by Eqs. (4)-(9) have to be calculated beforehand. The outermost integrals of these 
equations and every numerical quadrature mentioned in the following sections are treated using 8-point Gauss-Legendre quadrature 
unless noted otherwise. The values of the cross-sections, the stopping powers, and momentum transfers are given by the sum of each 
interaction 𝑥 and are dfined in the following sections. In the model, the following set of atomic interactions have been incorporated: 
impact ionization, elastic scattering of leptons, Bremsstrahlung production, positron annihilation, Compton scattering, photoelectric 
effect, pair production, Rayleigh scattering, fluorescence production and Auger electron production. Note that index 𝑥 is omitted in 
the following section to simplify notation.

In this paper, the BFP equation is used as a generalized form of the transport equation, encompassing both the Boltzmann and 
FP equations. Some interactions will only be discretized for the Boltzmann transport equation, while others will use the full BFP. 
Therefore, the definition of the cross-sections, stopping powers, and momentum transfers can differ from the one in the Boltzmann 
equation or the FP equation since it depends on how each atomic interaction is discretized. For example, the Compton cross-sections 
are discretized for the Boltzmann equation only, while the impact ionization cross-sections are discretized for the BFP equation. 
Nonetheless, transport corrections are applied to the elastic cross-sections, effectively altering the values of the total and scattering 
cross-sections. For these reasons, the reader should refer to how the cross-sections are dfined for each interaction described in the 
following sections. If the cross-sections, stopping powers and momentum transfers are not specfied for a specific interaction, the 
reader should assume it equals zero.

2.1. Definition of soft and catastrophic interactions

The energy separating the soft and catastrophic domains on the energy spectrum, 𝐸𝑐 (𝐸), is a function of 𝐸, the incident particle 
in a given interaction. There are two limit cases: 1) if 𝐸𝑐 (𝐸) = 0, the BFP reduces to the FP equation and 2) if 𝐸𝑐(𝐸) =𝐸, it reduces 
to the Boltzmann equation. To fully use the potential of the BFP, a choice can be made between these two limit cases. In CEPXS 1.0, 
the catastrophic interactions are dfined as the ones in which the particle in group 𝑔 down-scatter into a non-adjacent energy group, 
less than 𝐸𝑔+3∕2, while with soft interactions, the particle down-scatter in the adjacent energy group [29]. This is problematic since 
it leads to ambiguous definitions of the soft stopping powers at group boundaries because the definition of 𝑆𝑝

𝑔+1∕2 differs whether 
it is viewed from the energy group 𝑔 or 𝑔 + 1. Lorence et al. [29] address this challenge by an equal-weight averaging of these 
two definitions, which is somewhat arbitrary and lacks consistency with the BFP equation as presented in this paper. This method 
produces numerical errors in the solution of the BFP equation, which are exacerbated with rough energy discretization. For example, 
the relative difference between the two stopping power definitions, in each group, ranges between 3% and 25% for impact ionization 
in aluminum, while it ranges between 72% and 862% for bremsstrahlung, with 80 logarithmically spaced energy groups between 1 
keV and 10.58 MeV, and based on the stopping powers proposed in this paper. A more robust definition can be proposed to solve such 
ambiguity. The definition of soft and catastrophic domains on the energy spectrum at group boundaries is shown in Fig. 1, where two 
points (𝐸,𝐸𝑐 (𝐸)) are dfined as (𝐸𝑔−1∕2,𝐸𝑔+1∕2) and (𝐸𝑔+1∕2,𝐸𝑔+3∕2) for any group 𝑔, with the additional definition 𝐸𝐺+3∕2 = 0. A 
smooth transition between these two coordinates is required and is set to be linear in 𝐸. The resulting energy dividing the soft and 
catastrophic domains, for 𝐸 ∈ [𝐸𝑔−1∕2,𝐸𝑔+1∕2], is given by

𝐸𝑐(𝐸) =
(
𝐸𝑔+1∕2 −𝐸𝑔+3∕2

𝐸𝑔−1∕2 −𝐸𝑔+1∕2

)
𝐸 −

𝐸2
𝑔+1∕2 −𝐸𝑔−1∕2𝐸𝑔+3∕2

𝐸𝑔−1∕2 −𝐸𝑔+1∕2
(10)

for any 1 ≤ 𝑔 ≤ 𝐺. This new definition solves the ambiguity of the definition of soft stopping powers, cancelling out the numerical 
issues it could generate.
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Fig. 1. Definition of the soft and catastrophic interactions at energy group boundaries. The green dots represent the energy of the incident particle interacting with the 
medium, while the red dots correspond to the cutoff energies between soft and catastrophic energy domains. The cutoff energy corresponding to any incident particle 
energy anywhere in the group 𝑔, or between 𝐸𝑔−1∕2 and 𝐸𝑔+1∕2 , is given by Eq. (10). (For interpretation of the colours in the figure(s), the reader is referred to the 
web version of this article.)

2.2. Energy deposition

The solution of the BFP for each particle 𝑝, in each voxel 𝑗 of volume 𝑉𝑗 and in each energy group 𝑔 is given by the integrated 
flux Φ𝑝

𝑔,𝑗
. Such integrated flux can be used to compute reaction rates such as energy deposition or charge deposition. The volume 𝑉𝑗

is given in cm𝑁dim , with 𝑁dim is the geometry dimension. The total energy deposition in voxel 𝑗, in mec2/g × cm3−𝑁dim , is given by 
[29,45]

𝐷𝑗 =
1 

𝜌𝑉𝑗

∑
𝑝∈𝑃

{
𝐺∑

𝑔=1 
Σ𝑝

𝑒,𝑔,𝑗
Φ𝑝

𝑔,𝑗
+Σ𝑝

𝑒,𝐺+1,𝑗Φ
𝑝

𝐺+1∕2,𝑗

}
with Σ𝑝

𝑒,𝑔,𝑗
=
∑
𝑥 
Σ𝑝,𝑥

𝑒,𝑔,𝑗
, (11)

where 𝜌 is the medium density in g/cm3. Φ𝑝

𝐺+1∕2,𝑗 is the flux evaluated at the cutoff energy 𝐸𝐺+1∕2. The first term of the total energy 
deposition formula corresponds to the net energy deposited in each energy group, while the second term is required with the BFP 
equation, due to the CSD operator, to take into account particle slowing-down to the energy cutoff [45]. The energy deposition 
cross-sections, Σ𝑝

𝑒,𝑔,𝑗
, is the sum of the Σ𝑝,𝑥

𝑒,𝑔,𝑗
for each interaction 𝑥 in energy group 𝑔 for incident particle 𝑝. The energy deposition 

cross-sections for a given interaction 𝑥, which characterize the net energy gain or loss following that interaction, are given by

Σ𝑝,𝑥
𝑒,𝑔

= 𝑆𝑝,𝑥
𝑔

+ 1 
Δ𝐸𝑔

𝐸𝑔−1∕2

∫
𝐸𝑔+1∕2

𝑑𝐸

⎧⎪⎨⎪⎩(𝐸 −Δ𝑄𝑥)Σ
𝑝,𝑥

𝑡
(𝐸) −

∑
𝑝′∈𝑃

⎡⎢⎢⎢⎣
𝐸

∫
𝐸𝐺+1∕2

𝑑𝐸′𝐸′Σ𝑝→𝑝′ ,𝑥
𝑠,0 (𝐸 →𝐸′)

⎤⎥⎥⎥⎦−Σ𝑝,𝑥
uc (𝐸)

⎫⎪⎬⎪⎭ , (12)

for 1 ≤ 𝑔 ≤𝐺. It encompasses the CSD energy-loss in the group, the kinetic energy of the interaction’s incident particle in the group, the 
kinetic energy of the particle leaving the interaction, and the variation of rest mass energy of the nucleus and the elementary particle, 
given by Δ𝑄𝑥 (Δ𝑄𝑥 > 0 for increase in mass, Δ𝑄𝑥 < 0, for a decrease in mass) [46]. For example, the pair production interaction 
causes an electron and a positron to appear, which correspond to Δ𝑄𝑥 = 2 mec2. Conversely, the annihilation interaction makes the 
incoming positron and an atomic electron disappear, resulting in a decrease of mass of Δ𝑄𝑥 = −2 mec2. No mass change occurs in 
interaction such as Compton or elastic scattering, i.e. Δ𝑄𝑥 = 0. The last term, Σ𝑝,𝑥

uc (𝐸), corresponds to the particle production from 
processes occurring under the cutoff energy, which is restricted to positron annihilation in this work. Physically, positrons always end 
up annihilating by producing two photons. Three interactions 𝑥′ can scatter or produce positrons under the energy cutoff 𝐸𝐺+1∕2, 
following either 1) catastrophic impact ionization positron interactions, 2) catastrophic positron-induced Bremsstrahlung interactions, 
or 3) following pair production. To take the annihilation of these positrons, which scatter under the cutoff, into account, the following 
contribution,

Σ𝑝,𝑥
uc (𝐸) =

𝐸𝐺+1∕2

∫
0 

𝑑𝐸′(Δ𝑄′ + Δ𝑄𝑥 +𝐸′)Σ𝑝→𝑝′ ,𝑥′

𝑠,0 (𝐸 →𝐸′) , (13)

should be added to the energy deposition, with 𝑝′ = 𝛾 and Δ𝑄′ = −2 mec2, corresponding respectively to the annihilation photon 
and the loss of rest mass energy in annihilation. The annihilation cross-sections under the cutoff energy are given in Sect. 6.4. There 
is another contribution to energy deposition with the BFP equation due to soft interaction, which causes particles to slow down until 
they reach the cutoff, where they are absorbed locally. The energy deposition cross-sections at the cutoff energy are given by [1,45]

Σ𝑝,𝑥

𝑒,𝐺+1 =𝐸𝐺+1∕2

𝑆
𝑝

𝐺+1∕2,𝑗

Δ𝐸𝐺

, (14)
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where 𝑆𝑝

𝐺+1∕2,𝑗 is the soft stopping power at the cutoff energy.

2.3. Charge deposition

The total charge deposition in voxel 𝑗, in cm3−𝑁dim/g, is given by [1,29]

𝐶𝑗 =
1 

𝜌𝑉𝑗

∑
𝑝∈𝑃

{
𝐺∑

𝑔=1 
Σ𝑝

𝑐,𝑔,𝑗
Φ𝑝

𝑔,𝑗
+Σ𝑝

𝑐,𝐺+1,𝑗Φ
𝑝

𝐺+1∕2,𝑗

}
with Σ𝑝

𝑐,𝑔,𝑗
=
∑
𝑥 
Σ𝑝,𝑥

𝑐,𝑔,𝑗
, (15)

where the charge deposition cross-sections for a given interaction 𝑥 are given by

Σ𝑝,𝑥
𝑐,𝑔

= − 1 
Δ𝐸𝑔

𝐸𝑔−1∕2

∫
𝐸𝑔+1∕2

𝑑𝐸

⎧⎪⎨⎪⎩𝑞𝑝Σ
𝑝,𝑥

𝑡
(𝐸) −

∑
𝑝′∈𝑃

𝛿𝑥𝑞𝑝′

⎡⎢⎢⎢⎣
𝐸

∫
𝐸𝐺+1∕2

𝑑𝐸′ Σ𝑝→𝑝′ ,𝑥
𝑠,0 (𝐸 →𝐸′)

⎤⎥⎥⎥⎦
⎫⎪⎬⎪⎭ (16)

for 1 ≤ 𝑔 ≤𝐺, where 𝑞𝑝 is the particle charge given by

𝑞𝑝 =
⎧⎪⎨⎪⎩
−1 if 𝑝 = e-

0 if 𝑝 = 𝛾

1 if 𝑝 = e+

(17)

and where 𝛿𝑥 is a parameter to account for particles that are neither extracted from the medium nor deposited in it. For pair production, 
it is given by 𝛿𝑥 = 0 since the electron-positron pair does not change the net charge of the medium. Otherwise, 𝛿𝑥 = 1. As for dose 
deposition, there is a charge deposition component at the cutoff energy due to soft interaction. The charge deposition cross-sections 
at the cutoff energy are given by [1]

Σ𝑝,𝑥

𝑐,𝐺+1 = −𝑞𝑝
𝑆

𝑝

𝐺+1∕2,𝑗

Δ𝐸𝐺

. (18)

3. Impact ionization for electrons and positrons

3.1. Catastrophic impact ionization cross-section

The total impact ionization cross-section describes the interaction of an incoming electron (𝑝′ = e-) or positron (𝑝′ = e+) with an 
atomic electron. Such interaction results in the scattering of the incoming particle (𝑝′ = e- or 𝑝′ = e+) and the production of knock-on 
electrons (𝑝′ = e-). Since catastrophic collisions don’t deal with small energy loss, distant collisions are neglected in the catastrophic 
cross-section model. The collisional inelastic differential cross-section in the energy of the knock-on electron in a monoelemental 
material 𝑖 is given by the sum of the differential cross-section per electron subshell 𝑘 [7,29,47]

𝜎𝑖
𝑠
(𝐸 →𝑊 ) =

𝑁shells∑
𝑘=1 

𝑍𝑖,𝑘𝜎
𝑖,𝑘
𝑠
(𝐸 →𝑊 ) , (19)

where 𝑍𝑖,𝑘 is the mean number of electrons in subshells 𝑘 for element 𝑖, 𝐸 is the incoming electron or positron energy, 𝐸′ is the 
scattered electron or positron energy and 𝑊 =𝐸 −𝑈𝑖,𝑘 −𝐸′ is the knock-on electron energy, where 𝑈𝑖,𝑘 is the binding energy of the 
𝑘th subshell. The values of 𝑍𝑖,𝑘 and 𝑈𝑖,𝑘 are extracted from Perkins et al. [48]. The close interaction cross-section is given by

𝜎𝑖,𝑘
𝑠
(𝐸 →𝑊 ) =

2𝜋𝑟2
𝑒

𝛽2
𝐹±
𝑖,𝑘
(𝐸,𝑊 ) , (20)

where 𝑟𝑒 ≈ 2.81794 × 10−13 cm is the classical electron radius, the Møller factor, for electrons, is given by [49,50]

𝐹−
𝑖,𝑘
(𝐸,𝑊 ) = 1 

(𝑊 +𝑈𝑖,𝑘)2
+ 1 

(𝐸 −𝑊 )2
+ 1 

(𝐸 + 1)2
− (2𝐸 + 1) 

(𝐸 + 1)2(𝐸 −𝑊 )(𝑊 +𝑈𝑖,𝑘)
(21)

and the Bhabha factor, for positrons, is given by [51]

𝐹+
𝑖,𝑘
(𝐸,𝑊 ) = 1 

(𝑊 +𝑈𝑖,𝑘)2

[
1 − 𝑏1

(
𝑊 +𝑈𝑖,𝑘

𝐸

)
+ 𝑏2

(
𝑊 +𝑈𝑖,𝑘

𝐸

)2
− 𝑏3

(
𝑊 +𝑈𝑖,𝑘

𝐸

)3
+ 𝑏4

(
𝑊 +𝑈𝑖,𝑘

𝐸

)4]
, (22)

where
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𝑏1 =
(
𝛾 − 1
𝛾

)2 2(𝛾 + 1)2 − 1
𝛾2 − 1 

, 𝑏2 =
(
𝛾 − 1
𝛾

)2 3(𝛾 + 1)2 + 1
(𝛾 + 1)2

,

𝑏3 =
(
𝛾 − 1
𝛾

)2 2𝛾(𝛾 − 1)
(𝛾 + 1)2

, 𝑏4 =
(
𝛾 − 1
𝛾

)2 (𝛾 − 1)2

(𝛾 + 1)2
,

(23)

with respectively the ratio of the particle velocity to the speed of light and the Lorentz factor given by

𝛽2 = 𝐸(𝐸 + 2)
(𝐸 + 1)2

and 𝛾 =𝐸 + 1 . (24)

The scattering angles for the incoming particle and knock-on electron are respectively [29]

𝜇𝑝 =

√
𝐸′(𝐸 + 2)
𝐸(𝐸′ + 2)

and 𝜇𝑠 =

√
𝑊 (𝐸 + 2)
𝐸(𝑊 + 2)

, (25)

and their double differential cross-sections are respectively given by

𝜎𝑠(𝐸 →𝐸′, 𝜇) = 1 
2𝜋

𝜎𝑠(𝐸 →𝐸′)𝛿(𝜇 − 𝜇𝑝) and 𝜎𝑠(𝐸 →𝑊 ,𝜇) = 1 
2𝜋

𝜎𝑠(𝐸 →𝑊 )𝛿(𝜇 − 𝜇𝑠) . (26)

The maximum energy of knock-on for incoming electron and positron, which results from classical kinematics and the indistinguisha
bility of electrons, is given respectively by

𝑊 −
max =

𝐸 −𝑈𝑖,𝑘

2 
and 𝑊 +

max =𝐸 −𝑈𝑖,𝑘 . (27)

3.1.1. Scattering cross-sections for incoming electrons or positrons

The Legendre moments of the differential scattering cross-sections are given by

𝜎
𝑖,𝑘

𝑠,𝓁(𝐸 →𝐸′) = 2𝜋

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑖,𝑘
𝑠
(𝐸 →𝐸′, 𝜇) = 𝑃𝓁(𝜇𝑝)𝜎𝑖,𝑘

𝑠
(𝐸 →𝐸′) . (28)

The macroscopic Legendre moments of the scattering cross-sections for particle scattering from group 𝑔′ are therefore given by

Σe±→e±
𝑠,𝓁,𝑔′

(𝐸) =
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝑁shells∑
𝑘=1 

𝑍𝑖,𝑘

min
{
𝐸′
𝑔−1∕2 ,𝐸𝑐 (𝐸),𝐸−𝑈𝑖,𝑘

}
∫

max
{
𝐸′
𝑔+1∕2 ,𝑊

±
max

} 𝑑𝐸′𝜎𝑖,𝑘

𝑠,𝓁(𝐸 →𝐸′)𝑏 , (29)

where the density of the 𝑖th-element in the medium is given by

𝑛,𝑖 =
𝜌𝑁𝑎

𝐴𝑖

, (30)

with 𝐴𝑖 is the atomic weight of the 𝑖th-element, 𝑁𝑎 is the Avogadro constant, 𝜌 is the medium density, 𝑓𝑖 is the weight fraction of 
the 𝑖th-element of the compound, 𝑁𝑒 is the number of elements in the compound and 𝑏 is a Heaviside function on the difference 
between upper and lower integral bounds and will often be used to this end in the rest of this paper. This equation is solved using 
numerical quadrature.

3.1.2. Scattering cross-sections for knock-on electrons

The Legendre moments of the differential scattering cross-sections are given by

𝜎
𝑖,𝑘

𝑠,𝓁(𝐸 →𝑊 ) = 2𝜋

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑖,𝑘
𝑠
(𝐸 →𝑊 ,𝜇) = 𝑃𝓁(𝜇𝑠)𝜎𝑖,𝑘

𝑠
(𝐸 →𝑊 ) . (31)

The multigroup Legendre moments of the scattering cross-sections are therefore given by

Σe±→e-
𝑠,𝓁,𝑔′

(𝐸) =
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝑁shells∑
𝑘=1 

𝑍𝑖,𝑘

min
{
𝐸′
𝑔−1∕2 ,𝑊

±
max

}
∫

𝐸′
𝑔+1∕2

𝑑𝑊 𝜎
𝑖,𝑘

𝑠,𝓁(𝐸 →𝑊 )𝑏 . (32)

This equation is solved using numerical quadrature.
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3.1.3. Catastrophic total cross-sections

The catastrophic impact ionization total cross-sections are dfined by

Σe±
𝑡
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝑁shells∑
𝑘=1 

𝑍𝑖,𝑘

𝑊 ±
max

∫
𝐸−𝐸𝑐 (𝐸)

𝑑𝑊 𝜎
𝑖,𝑘

𝑠,0(𝐸 →𝑊 )𝑏 , (33)

which is solved analytically.

3.1.4. Absorption cross-sections for incoming positrons

The absorption cross-sections for impact ionization interaction with incoming positrons, which include only catastrophic contri
butions and are required for annihilation calculations, are given by

Σinel
𝑎

(𝐸) =
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝑁shells∑
𝑘=1 

𝑍𝑖,𝑘

𝐸

∫
𝐸−min

{
𝐸𝐺+1∕2 ,𝐸𝑐

} 𝑑𝑊 𝜎
𝑖,𝑘

𝑠,0(𝐸 →𝑊 )𝑏 , (34)

which is solved analytically. The inclusion of annihilation photon due to absorption of positrons following soft interaction will require 
improved impact ionization models that are accurate for low energy loss interactions.

3.2. Total stopping power

The total collisional stopping powers of electron and positron for any compound, in 𝑚𝑒𝑐
2 × cm−1, are given by the density- and 

shell-corrected Bethe formula [52]

𝑆𝑡(𝐸) =
2𝜋𝑟2

𝑒

𝛽2
 eff

𝑒

[
ln
{

𝐸 + 2
2 

(
𝐸

𝐼eff

)2}
+ 𝑓 (±) − 𝛿𝐹 − 2(𝐸)

]
, (35)

where 𝐸 is the energy of the incoming electron or positron,  eff
𝑒

is the effective electron density in the medium given by

 eff
𝑒

=
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖𝑍𝑖 , (36)

with 𝑓𝑖 is the weight percent of the 𝑖th-element of the compound, 𝑍𝑖 is the atomic number of the 𝑖th-element of the compound. We 
also have 𝛿𝐹 , which is the Fermi density effect, dfined in the next subsection, (𝐸) is the shell correction, extracted from SBETHE 
program files [52], a state-of-the-art program to compute stopping power of charged particle, and 𝐼eff is the effective mean excitation 
energy of the compound is given by [7]

𝐼eff = exp

{
1 

𝑍eff

𝑁𝑒∑
𝑖=1 

𝑓𝑖𝑍𝑖 log(𝐼𝑖)

}
with 𝑍eff =

𝑁𝑒∑
𝑖=1 

𝑓𝑖𝑍𝑖 , (37)

where the mean excitation energy of the 𝑖th-element of the compound is 𝐼𝑖 (tabulated by Seltzer and Berger [53]), unless more 
accurate value is provided. For water, 𝐼eff = 78 eV is used, as recommended by the ICRU report 90 [54,55]. The electron factor 𝑓 (−)

is given by [56]

𝑓 (−) = 1 − 𝛽2 − (2𝐸 + 1)
(𝐸 + 1)2

ln(2) + 1
8

(
𝐸

𝐸 + 1

)2
(38)

and the positron factor 𝑓 (+) is given by

𝑓 (+) = 2 ln(2) − 𝛽2

12

[
23 + 14 

𝐸 + 2
+ 10 

(𝐸 + 2)2
+ 4 

(𝐸 + 2)3

]
. (39)

3.2.1. Fermi density effect

The following calculation of the Fermi density effect is the same as described in SBETHE and the same used in the Monte Carlo 
transport code PENELOPE [7]. It is based on the formula from Fano [57,58], which is

𝛿𝐹 = 1 
𝑍eff

𝑁𝑒∑
𝑖=1 

𝑁shells∑
𝑘=1 

𝑓𝑖𝑍𝑖,𝑘 ln

(
1 + 𝐿2

𝑊 2
𝑖,𝑘

)
− 𝐿2

Ω2
𝑝

(1 − 𝛽2) , (40)

where 𝐿 is given by solving

(1 − 𝛽2) =
Ω2

𝑝

𝑍eff

𝑁𝑒∑
𝑖=1 

𝑁shells∑
𝑘=1 

𝑓𝑖𝑍𝑖,𝑘

𝑊 2
𝑖,𝑘

+𝐿2
. (41)
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The plasma energy is given by

Ω2
𝑝
= 4𝜋 eff

𝑒
ℏ2𝑐2𝑟2

𝑒
(42)

and the resonance energy in the 𝑖th-subshell is [59]

𝑊𝑖,𝑘 =

√
(𝑎𝑈𝑖,𝑘)2 +

2
3
𝑍𝑖,𝑘

𝑍𝑖

Ω2
𝑝
, (43)

where 𝑎 is given by solving

𝑍𝑖 ln
(
𝐼eff

)
=

𝑁shells∑
𝑘=1 

𝑍𝑖,𝑘 ln
⎛⎜⎜⎝
√

(𝑎𝑈𝑖,𝑘)2 +
2
3
𝑍𝑖,𝑘

𝑍𝑖

Ω2
𝑝

⎞⎟⎟⎠ . (44)

3.2.2. Soft stopping powers

The inelastic collisional soft stopping power, 𝑆e±(𝐸), is given by removing the catastrophic stopping power from the total stopping 
power. It is given by

𝑆e±(𝐸) = 𝑆𝑡(𝐸) −
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝑁shells∑
𝑘=1 

𝑍𝑖,𝑘

𝑊 ±
max

∫
𝐸−𝐸𝑐 (𝐸)

𝑑𝑊 (𝑊 +𝑈𝑖,𝑘)𝜎
𝑖,𝑘

𝑠,0(𝐸 →𝑊 )𝑏 , (45)

which is solved analytically.

4. Elastic scattering for electrons and positrons

The Mott cross-section describes the elastic interaction of an incoming electron (𝑝 = 𝑝′ = e-) or positron (𝑝 = 𝑝′ = e+) with the 
Coulomb field of an atom. The microscopic differential scattering cross-section in a monoelemental material 𝑖 is given by

𝜎𝑖
𝑠
(𝐸,𝜇) =

2𝜋𝑍𝑖(𝑍𝑖 + 𝜉±
𝑖
)𝑟2

𝑒

𝛽2𝐸(𝐸 + 2) 
1 

(1 − 𝜇 + 2𝜂𝑖)2
𝑖

Mott , (46)

with 𝜂, the Molière screening factor with Seltzer’s adjustment factor, given by [60,61]

𝜂𝑖 =
𝛼2𝑍

2∕3
𝑖

(
1.13 + 3.76

(
𝑍𝑖𝛼

𝛽

)2√
𝐸

𝐸+1

)
4
(
9𝜋2
128 

)2∕3
𝐸(𝐸 + 2) 

, (47)

where 𝛼 ≈ 1∕137 is the fine structure constant. The Seltzer’s adjustment factor extends the validity of the Mott cross-sections to lower 
energies [60]. Note that when the incoming electron or positron has increasingly more kinetic energy, 𝜂 becomes very small, and 
the scattering cross-section becomes increasingly large as 𝜇 tends to 1, producing highly forward-peaked scattering. Lijian et al. [62] 
proposed the following interpolation formula for 𝑖

Mott, the ratio of the unscreened Mott differential cross-section to Rutherford’s 
cross-section:

𝑖
Mott =

4 ∑
𝑗=0 

𝑎𝑖,𝑗 (1 − 𝜇)𝑗∕2 , where 𝑎𝑖,𝑗 =
6 ∑

𝑘=1
𝑏𝑘,𝑗 (𝑍𝑖)

(
𝛽 − 𝛽

)𝑘−1
(48)

and 𝛽 = 0.7181287. Boschini et al. [63] have generated 𝑏𝑘,𝑗 (𝑍𝑖) parameters for any 𝑍𝑖 ≤ 118, for both electron and positron, and 
these are valid for energies between 1 keV and 900 MeV.

For incoming electrons or positrons, to take into account atomic electron contribution to the multiple scattering of charged 
particle transport, 𝑍2 is often replaced by 𝑍(𝑍 + 1) [64]. However, a double counting issue was observed in Monte Carlo codes due 
to an overlap with knock-on electrons [65], which are already taken into account by the Møller and Bhabha models (see Sect. 3.1). 
Kawrakow proposed a correction for this issue, which is significant for low Z material or when cutoff energy 𝐸𝐺+1∕2 is low [66]. This 
correction is given by

𝜉±
𝑖
= 1 −

𝑔±inel,𝑖

𝑔el,𝑖
, (49)

with 𝑔el,𝑖, which is calculated using the methodology described by Kawrakow for the Mott cross-sections rather than the screened 
Rutherford ones, is given by

𝑔el,𝑖 =
𝜎̃𝑖
𝑠,0(𝐸) − 𝜎̃𝑖

𝑠,2(𝐸)

3 
, (50)
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where 𝜎̃𝑖
𝑠,𝓁(𝐸) is given by Eq. (53), and with 𝑔inel,𝑖 is given by

𝑔±inel,𝑖 =
𝑁shells∑

𝑘=1 

𝑍𝑖,𝑘

𝑍𝑖

𝐸(𝐸 + 2)

𝑊 ±
max

∫
𝐸𝐺+1∕2

𝑑𝑊

(
1 − 𝜇2

𝑝

)
𝐹±
𝑖,𝑘
(𝐸,𝑊 )𝑏 , (51)

where 𝐸𝐺+1∕2 is the minimum energy transfer to knock-on electron, 𝑊 ±
max is given by Eq. (27), 𝜇𝑝, by Eq. (25) and 𝐹±

𝑖,𝑘
(𝐸,𝑊 ), by 

Eq. (21)-(22).

4.1. Legendre moments of the scattering cross-sections

For deterministic transport calculations, the Legendre moments of the elastic cross-sections are required, namely

Σe±→e±
𝑠,𝓁 (𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑖
𝑠
(𝐸,𝜇) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

2𝜋𝑍𝑖(𝑍𝑖 + 𝜉±
𝑖
)𝑟2

𝑒

𝛽2𝐸(𝐸 + 2) 
𝜎̃𝑖
𝑠,𝓁(𝐸) (52)

with the following definition

𝜎̃𝑖
𝑠,𝓁(𝐸) =

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)
𝑖

Mott

(1 − 𝜇 + 2𝜂𝑖)2
. (53)

Calculating these Legendre moments using numerical quadrature is highly inefficient due to the near singularity that often occurs at 
𝜇 = 1 when 𝜂 is small. As demonstrated in the following lines, the integration can be fast, done analytically and in a way that ensures 
numerical stability.

First, the Legendre polynomial can be expressed as a sum of powers of 𝜇 as [67]

𝑃𝓁(𝜇) =
1 
2𝓁

⌊𝓁∕2⌋∑
𝑘=0 

𝐶𝓁,𝑘𝜇
𝓁−2𝑘 , where 𝐶𝓁,𝑘 =

(−1)𝑘(2𝓁 − 2𝑘)! 
𝑘!(𝓁 − 𝑘)!(𝓁 − 2𝑘)!

(54)

and therefore, the Legendre moments can be expressed as

𝜎̃𝑖
𝑠,𝓁(𝐸) = 1 

2𝓁

⌊𝓁∕2⌋∑
𝑘=0 

𝐶𝓁,𝑘

1 

∫
−1 

𝑑𝜇
𝑖

Mott

(1 − 𝜇 + 2𝜂𝑖)2
𝜇𝓁−2𝑘 = 1 

2𝓁

⌊𝓁∕2⌋∑
𝑘=0 

𝐶𝓁,𝑘

2 ∑
𝑗=1 

𝐼
𝓁,𝑘
𝑗

, (55)

where 𝐼𝓁,𝑘1 is given by

𝐼
𝓁,𝑘
1 =

1 

∫
−1 

𝑑𝜇
𝜇𝓁−2𝑘

(1 − 𝜇 + 2𝜂𝑖)2
[
𝛼𝑖,0 + 𝛼𝑖,1𝜇 + 𝛼𝑖,2𝜇

2]
=

2 ∑
𝑗=0 

𝛼𝑖,𝑗

(𝓁−2𝑘+𝑗1 (1 + 2𝜂𝑖,−1,1) − 𝓁−2𝑘+𝑗1 (1 + 2𝜂𝑖,−1,−1)
) (56)

and 𝐼𝓁,𝑘2 is given by

𝐼
𝓁,𝑘
2 =

1 

∫
−1 

𝑑𝜇
𝜇𝓁−2𝑘

√
(1 − 𝜇)

(1 − 𝜇 + 2𝜂)2
[
𝛼3 + 𝛼4𝜇

]
= 2

2 ∑
𝑗=0 

𝛼𝑖,𝑗+3

𝓁−2𝑘+𝑗∑
𝑔=0 

(−1)𝑔 (𝓁 − 2𝑘+ 𝑗)! 
𝑔!(𝓁 − 2𝑘+ 𝑗 − 𝑔)!

2+2𝑔2 (2𝜂𝑖,1,
√
2) ,

(57)

with 𝛼𝑖,0 = 𝑎𝑖,0 + 𝑎𝑖,2 + 𝑎𝑖,4, 𝛼𝑖,1 = −(𝑎𝑖,2 + 2𝑎𝑖,4), 𝛼𝑖,2 = 𝑎𝑖,4, 𝛼𝑖,3 = 𝑎𝑖,1 + 𝑎𝑖,3 and 𝛼𝑖,4 = −𝑎𝑖,3. The first integral is solved using the 
following integral from Gradshteyn et al. (Eq. 4, Sect. 2.111) [68]

𝑛
1(𝑎, 𝑏, 𝑥) =

𝑛−1 ∑
𝑔=1 

(−1)𝑔−1 𝑔𝑎𝑔−1𝑥𝑛−𝑔

(𝑛− 𝑔)𝑏𝑔+1
+ (−1)𝑛−1 𝑎𝑛

𝑏𝑛+1(𝑎+ 𝑏𝑥)
+ (−1)𝑛+1 𝑛𝑎

𝑛−1

𝑏𝑛+1
ln(𝑎+ 𝑏𝑥) , (58)

while the second integral is solved by applying the change of variable 𝑢 =
√
1 − 𝜇, using the binomial theorem and then formulae 

from Gradshteyn et al. (Sect. 2.172, Eq. 1 Sect. 2.173 and Eq. 1 Sect. 2.174)
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𝑛
2(𝑎, 𝑏, 𝑥) =

⎧⎪⎨⎪⎩
𝑥 

2𝑎𝑅
+ 1 

2𝑎
√

𝑎𝑏
arctan

(
𝑏𝑥 √
𝑎𝑏

)
𝑛 = 0

− 𝑥𝑛−1

(3 − 𝑛)𝑏𝑅
+ (𝑛− 1)𝑎

(3 − 𝑛)𝑏 
𝑛−2
2 (𝑎, 𝑏, 𝑥) 𝑛 even > 0

. (59)

This fully analytical solution can be numerically unstable because of catastrophic cancellations for high-order Legendre terms 
when 𝜂 is large (> 1), which happens when the elastic scattering becomes more or less isotropic, notably at low energies. Since an 
isotropic flux is characterized by 𝓁 ≥ 1 Legendre moments equal to zero, the following correction for 𝓁𝑥 ≥ 1 is proposed:

if
|||𝜎𝑖

𝑠,𝓁𝑥
(𝐸)||| > |||𝜎𝑖

𝑠,0(𝐸)||| then 𝜎𝑖
𝑠,𝓁(𝐸) = 0 ∀ 𝓁 ≥ 𝓁𝑥 , (60)

which are based on the upper bound of the high-order Legendre polynomial [69].

4.2. Total cross-sections

The elastic total cross-sections are given by

Σe±
𝑡
(𝐸) = Σe±→e±

𝑠,0 (𝐸) . (61)

4.3. Transport correction and elastic decomposition in soft and catastrophic components

The elastic scattering cross-sections can be decomposed into soft and catastrophic components [70]. Let 𝐿 be the order of the 
cross-sections Legendre expansion and Σe±→e±

𝑠,𝓁,𝑔→𝑔
be the 𝓁-order Legendre moment of the elastic scattering cross-section in group 𝑔. 

Let 𝐿max ≤𝐿 be the last non-zero Legendre moments of the scattering in group 𝑔. The Legendre moments of the soft are assumed to 
be given by

Σe±→e±,soft
𝑠,𝓁,𝑔→𝑔

= Σe±→e±,soft
𝑠,0,𝑔→𝑔

− 𝑇𝑔𝓁(𝓁 + 1) (62)

for 𝓁 ∈
{
1, ...,𝐿max

}
. This expression is obtained by establishing equality between the eigenvalues of the Boltzmann, and the AFP oper

ator applied to the Legendre polynomials [71]. This method sets a relation, which depends on two undfined parameters Σe±→e±,soft
𝑠,0,𝑔→𝑔

and 𝑇𝑔 , such as moments of the Boltzmann operator is preserved by the Fokker-Planck operator. Landesman and Morel [70] proposed 
to equate Σe±→e±,soft

𝑠,𝐿max−1
= Σe±→e±

𝑠,𝐿max−1,𝑔→𝑔
and Σe±→e±,soft

𝑠,𝐿max ,𝑔→𝑔
= Σe±→e±

𝑠,𝐿max ,𝑔→𝑔
to dfine these parameters, which results in

𝑇𝑔 =
Σe±→e±
𝑠,𝐿max−1,𝑔→𝑔

−Σe±→e±
𝑠,𝐿max ,𝑔→𝑔

2𝐿max

, (63)

and

Σe±→e±,soft
𝑠,0,𝑔→𝑔

= Σe±→e±
𝑠,𝐿max ,𝑔→𝑔

+ 𝑇𝑔𝐿max(𝐿max + 1) . (64)

The soft component of the elastic cross-sections should then be withdrawn from cross-sections since the AFP operator, jointly with 
the momentum transfer given by Eq. (63), is used to treat that soft scattering. The total elastic cross-sections, used in transport 
calculations, are redfined as

Σ̃𝑡,𝑔 = Σ𝑡,𝑔 −Σe±→e±
𝑠,𝐿max ,𝑔→𝑔

− 𝑇𝑔𝐿max(𝐿max + 1) , (65)

and the 𝓁-order Legendre moment of the scattering cross-sections is redfined as

Σ̃e±→e±
𝑠,𝓁,𝑔→𝑔

= Σe±→e±
𝑠,𝓁,𝑔→𝑔

−Σe±→e±
𝑠,𝐿max ,𝑔→𝑔

− 𝑇𝑔

[
𝐿max(𝐿max + 1) − 𝓁(𝓁 + 1)

]
. (66)

The goal of this operation is to transfer the handling of forward-peaked scattering from the Boltzmann operator, which encounters 
monotonicity issues with such scattering [72], to the Fokker-Planck operator, which can be tackled by finite-difference discretization 
schemes [73,74].

This method, as presented, also includes the extended transport correction [75,76]. The transport correction is a crucial technique 
that reduces the amplitude of elastic cross-sections for the BFP solver while preserving the flux solution, given that the Galerkin 
quadrature method is employed. [72]. This amplitude reduction aims to reduce the scattering ratio, which is very close to one 
in charged particle transport. Without this correction, the source iteration process would require many orders of magnitude more 
iterations, thus requiring a long time to converge [20].

5. Bremsstrahlung

The bremsstrahlung cross-section describes the interaction of an incoming electron (𝑝′ = e-) or positron (𝑝′ = e+) with the field of 
the atomic nucleus and its electrons. The incoming particle scatter (𝑝 = e- or 𝑝 = e+), while a photon is produced (𝑝 = 𝛾). Seltzer and 
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Berger proposed tables to compute the differential cross-section as a function of the energy of the produced photon, which includes 
both electron-nucleus and electron-electron interactions, and for monoelemental material 𝑖, it is given by [77]

𝜎𝑖
𝑠
(𝐸 →𝐸𝛾 ) =

⎧⎪⎨⎪⎩
𝐹±
𝑝,𝑖
𝑍2

𝑖
𝜎̃𝑠(𝑍𝑖,𝐸,𝐸𝛾 )

𝐸𝛾𝛽
2 𝐸𝛾 ≤𝐸

0 otherwise

, (67)

where 𝐸 is incoming electron or positron energy, 𝐸𝛾 is the produced photon energy and 𝜎̃𝑠(𝑍𝑖,𝐸,𝐸𝛾 ) is the total scaled bremsstrahlung 
energy-weighted cross-section from interpolation of the Seltzer and Berger [77], given in cm2. Note that all interpolations in this paper 
are done using cubic Hermite spline interpolation [78]. These cross-sections are dfined for 𝑍𝑖 ≤ 100 and energies between 1 keV 
and 10 GeV. The following factor is used [52]

𝐹+
𝑝,𝑖

= 1 − exp
{
−1.2359 × 10−1𝑡𝑖 + 6.1274 × 10−2𝑡2

𝑖
− 3.1516 × 10−2𝑡3

𝑖
+ 7.7446 × 10−3𝑡4

𝑖

−1.0595 × 10−3𝑡5
𝑖
+ 7.0568 × 10−5𝑡6

𝑖
− 1.8080 × 10−6𝑡7

𝑖

}
,

(68)

with

𝑡𝑖 = ln

(
1 + 106𝐸

𝑍2
𝑖

)
(69)

for positrons, and 𝐹−
𝑝,𝑖

= 1 for electrons. This formula for positrons is based on interpolation of the tabulated positron-to-electron 
ratios from Kim et al. [79]. The double differential cross-sections, for dflected electron, dflected positron or produced photon, are 
given by [29]

𝜎𝑖
𝑠
(𝐸 →𝐸𝑒,𝜇) =

1 
2𝜋

𝜎𝑖
𝑠
(𝐸 →𝐸𝑒)𝛿(𝜇 − 1) and 𝜎𝑖

𝑠
(𝐸 →𝐸𝛾 ,𝜇) =

1 
2𝜋

𝜎𝑖
𝑠
(𝐸 →𝐸𝛾 )Θ(𝐸,𝐸𝛾 ,𝜇) , (70)

where it is assumed, as in CEPXS 1.0 [29], that the incoming electron does not dflect from its trajectory after interaction (𝜇𝑒 = 1). 
This implies that the soft momentum transfer value is zero. The bremsstrahlung photon angular distribution, greatly inspired by the 
modfied dipole distribution from Acosta et al. [80,81], is given by

Θ(𝐸,𝐸𝛾 ,𝜇) =
3(1 −𝐶2) 

4(2𝐴+𝐵)(1 − 𝜇𝐶)2

[
(𝐴+𝐵) + (𝐴−𝐵)

(
𝜇 −𝐶

1 − 𝜇𝐶

)2
]

, (71)

where the parameters 𝐴 = 𝐴(𝐸,𝐸𝛾 ), 𝐵 = 𝐵(𝐸,𝐸𝛾 ) and 𝐶 = 𝐶(𝐸,𝐸𝛾 ), which have values strictly between 0 and 1, are adjusted by 
least-square method to fit the shape function from Poškus [82] for 𝐸 ≤ 3 MeV, and are set to give the dipole distribution (𝐴 = 1, 
𝐵 = 0 and 𝐶 = 𝛽) for energy 𝐸 > 3 MeV. This approach is similar to the one used in the PENELOPE code, where a 500 keV threshold 
is applied rather than 3 MeV [81], and where the shape functions are extracted from Kissel et al. [83] rather than the more recent 
and comprehensive work from Poškus.

5.1. Scattering cross-sections for dflected electron or positron

The Legendre moments of the differential scattering cross-sections for the produced bremsstrahlung photon are given by

𝜎𝑖
𝑠,𝓁(𝐸 →𝐸𝛾 ) = 2𝜋

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑖
𝑠
(𝐸 →𝐸𝛾 ,𝜇) = 𝜎𝑖

𝑠
(𝐸 →𝐸𝛾 )Θ𝓁(𝐸,𝐸𝛾 ) , (72)

where the moment of the angular distribution is given by

Θ𝓁(𝐸,𝐸𝛾 ) =

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)Θ(𝐸,𝐸𝛾 ,𝜇) . (73)

These Legendre moments of the angular distribution can be computed analytically by expanding the Legendre polynomials in power 
of 𝜇 using Eq. (54) such as

Θ𝓁(𝐸,𝐸𝛾 ) =
3(1 −𝐶2) 
4(2𝐴+𝐵)

1 
2𝓁

⌊𝓁∕2⌋∑
𝑘=0 

𝐶𝓁,𝑘

[
(𝐴+𝐵)𝐼𝓁−2𝑘,2(𝐶) + (𝐴−𝐵)

2 ∑
𝑗=0 

𝛼𝑗𝐼
𝓁−2𝑘+𝑗,4(𝐶)

]
(74)

where 𝛼0 = 𝐶2, 𝛼1 = −2𝐶 and 𝛼2 = 1. The remaining integrals are given by

𝐼𝑛,𝑚(𝑎) =

1 

∫
−1 

𝑑𝜇
𝜇𝑛

(1 − 𝑎𝜇)𝑚
= 𝑛,𝑚

3 (𝑎,1) − 𝑛,𝑚

3 (𝑎,−1) (75)
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and are solved using integral expressions from Gradshteyn et al. (Sect. 2.153) [68]

𝑛,𝑚

3 (𝑎,𝑥) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−1 
𝑎
log |1 − 𝑎𝑥| 𝑛 = 0 and 𝑚 ≠ 1

(1 − 𝑎𝑥)1−𝑚

1 −𝑚 
𝑛 = 0 and 𝑚 = 1

− 1 
𝑎(𝑛−𝑚+ 1)

[
(1 − 𝑎𝑥)1−𝑚𝑥𝑛 − 𝑛𝑛−1,𝑚

3 (𝑎,𝑥)
]

𝑛 > 0 and 𝑛−𝑚 ≠ −1

− 1 
(1 −𝑚)

[
(1 − 𝑎𝑥)1−𝑚𝑥𝑛+1 − (𝑛−𝑚+ 2)𝑛,𝑚+1

3 (𝑎,𝑥)
]

𝑛 > 0 and 𝑛−𝑚 = −1

. (76)

The high-order moment correction is applied for elastic cross-sections (Eq. (60)). The multigroup Legendre moments of the scattering 
cross-sections are therefore given by

Σe±→𝛾

𝑠,𝓁,𝑔′
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

min
{
𝐸′
𝑔−1∕2 ,𝐸

}
∫

𝐸′
𝑔+1∕2

𝑑𝐸𝛾𝜎
𝑖
𝑠,𝓁(𝐸 →𝐸𝛾 )𝑏 . (77)

This equation is solved using numerical quadrature.

5.2. Catastrophic total cross-sections

The catastrophic bremsstrahlung total cross-sections are dfined by

Σe±
𝑡
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝐸𝑐 (𝐸)

∫
0 

𝑑𝐸𝑒𝜎
𝑖
𝑠,0(𝐸 →𝐸𝑒) (78)

and are solved using numerical quadrature.

5.3. Absorption cross-sections

The bremsstrahlung absorption cross-sections for annihilation calculations are given by

Σbrem
𝑎

(𝐸) =
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝐸𝐺+1∕2

∫
0 

𝑑𝐸𝑒𝜎
𝑖
𝑠,0(𝐸 →𝐸𝑒) (79)

and are solved using numerical quadrature.

5.4. Total stopping powers

The radiative stopping powers of electrons are given by

𝑆𝑡(𝐸) = 𝛼𝑟2
𝑒
(𝐸 + 1)

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖𝐹
±
𝑝,𝑖
𝑍2

𝑖
𝜙rad(𝑍𝑖,𝐸) , (80)

where 𝜙rad(𝑍𝑖,𝐸) are also given by the tables of Selzer and Berger [77].

5.5. Soft stopping powers

The soft radiative stopping powers, 𝑆e±(𝐸), are given by removing catastrophic bremsstrahlung stopping powers from total 
stopping powers. They are given by

𝑆e±(𝐸) = 𝑆𝑡(𝐸) −
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝐸𝑐 (𝐸)

∫
0 

𝑑𝐸𝑒(𝐸 −𝐸𝑒)𝜎𝑖
𝑠,0(𝐸 →𝐸𝑒) , (81)

where the integral is solved with numerical quadrature.

6. Annihilation

The following cross-sections describe the annihilation of an incoming positron (𝑝′ = e+) with an atomic electron producing two 
photons (𝑝 = 𝛾), assuming that the electrons are free and at rest. The differential cross-sections in the energy of the lowest energy 
photon [47,84]
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𝜎𝑠(𝐸 →𝐸𝛾−
) =

𝜋𝑟2
𝑒

(𝛾 + 1)2(𝛾2 − 1)

[
𝑆(𝜁) + 𝑆(1 − 𝜁)

]
(82)

with

𝑆(𝜁) = −(𝛾 + 1)2 + (𝛾2 + 4𝛾 + 1) 1 
𝜁
− 1 

𝜁2
, (83)

where 𝐸 is the incoming positron energy, 𝐸𝛾−
is the lowest photon energy, 𝐸𝛾+

= 𝐸 + 2 − 𝐸𝛾−
is the highest photon energy and 

𝜁 =𝐸𝛾−
∕(𝐸 + 2) is the ratio of the lowest energy photon to the total (kinetic + mass) energy. The value of the lowest photon energy 

is bounded by

𝐸max = 𝛾 + 1
2 

and 𝐸min = 𝛾 + 1 

𝛾 + 1 +
√

𝛾2 − 1
. (84)

The scattering angles of the lowest and highest energy photons are respectively

𝜇− = 1 √
𝛾2 − 1

[
𝛾 + 1 − 1 

𝜁

]
and 𝜇+ = 1 √

𝛾2 − 1

[
𝛾 + 1 − 1 

1 − 𝜁

]
, (85)

and the double differential cross-sections for the lowest and highest energy photons are given by

𝜎𝑠(𝐸 →𝐸𝛾−
, 𝜇) = 1 

2𝜋
𝜎𝑠(𝐸 →𝐸𝛾−

)𝛿(𝜇 − 𝜇−) and 𝜎𝑠(𝐸 →𝐸𝛾+
, 𝜇) = 1 

2𝜋
𝜎𝑠(𝐸 →𝐸𝛾+

)𝛿(𝜇 − 𝜇+) . (86)

6.1. Scattering cross-sections for the lowest energy photons

The annihilation Legendre moments of the differential scattering cross-sections for the lowest energy photons are given by

𝜎𝑠,𝓁(𝐸 →𝐸𝛾−
) = 2𝜋

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑠(𝐸 →𝐸𝛾−
, 𝜇) = 𝑃𝓁(𝜇−)𝜎𝑠(𝐸 →𝐸𝛾−

) . (87)

The multigroup Legendre moments of the scattering cross-sections are therefore given by

Σe+→𝛾

𝑠,𝓁,𝑔′
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖𝑍𝑖

min
{
𝐸

𝛾

𝑔−1∕2 ,𝐸
max

}
∫

max
{
𝐸

𝛾

𝑔+1∕2 ,𝐸
min

} 𝑑𝐸𝛾−
𝜎𝑠,𝓁(𝐸 →𝐸𝛾−

)𝑏 . (88)

This equation is solved using numerical quadrature.

6.2. Scattering cross-sections for the highest energy photons

The annihilation Legendre moments of the differential scattering cross-sections for the highest energy photons are given by

𝜎𝑠,𝓁(𝐸 →𝐸𝛾+
) = 2𝜋

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑠(𝐸 →𝐸𝛾+
, 𝜇) = 𝑃𝓁(𝜇+)𝜎𝑠(𝐸 →𝐸𝛾+

) . (89)

The multigroup Legendre moments of the scattering cross-sections are therefore given by

Σe+→𝛾

𝑠,𝓁,𝑔′
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖𝑍𝑖

min
{
𝐸

𝛾

𝑔−1∕2 ,(𝛾+1)−𝐸
min

}
∫

max
{
𝐸

𝛾

𝑔+1∕2 ,𝐸
max

} 𝑑𝐸𝛾+
𝜎𝑠,𝓁(𝐸 →𝐸𝛾+

)𝑏 . (90)

This equation is solved using numerical quadrature.

6.3. Total cross-sections

The annihilation total cross-sections are dfined by

Σe+
𝑡
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖𝑍𝑖

𝐸max

∫
𝐸min

𝑑𝐸𝛾−
𝜎𝑠,0(𝐸 →𝐸𝛾−

) (91)

and are solved analytically.
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6.4. Annihilation when positrons scatter under the cutoff energy

Positrons (𝑝′ = e+) annihilate with atomic electrons and produce two photons (𝑝 = 𝛾). Therefore, all positrons scattered under 
the cutoff energy 𝐸𝐺+1∕2 have to annihilate. The positron energy under the cutoff is small enough that the annihilation photon can 
be assumed to have isotropic scattering as in GEANT4 [85]. We also assume that two 511 keV photons are produced. The positrons 
are scattered under the cutoff following either an inelastic interaction or a bremsstrahlung interaction, and positrons can also be 
produced under the cutoff following pair production interaction. The 𝓁 = 0 Legendre moments of the scattering cross-sections are 
given by

Σe+→𝛾

𝑠,0,𝑔′→𝑔
= 2

[
Σinel
𝑎,𝑔′ + Σbrem

𝑎,𝑔′

]
×

{
1 1 ∈ [𝐸′

𝑔+1∕2,𝐸
′
𝑔−1∕2]

0 otherwise
(92)

and

Σ𝛾→𝛾

𝑠,0,𝑔′→𝑔
= 2Σpp

𝑎,𝑔′
×

{
1 1 ∈ [𝐸′

𝑔+1∕2,𝐸
′
𝑔−1∕2]

0 otherwise
, (93)

where the absorption cross-sections are given by integration of Eqs. (34), (79) and (127) over group 𝑔′ and where the 𝓁 ≥ 1 moments 
are equal to zero since scattering is isotropic.

7. Rayleigh scattering

The Rayleigh cross-sections, which described the elastic scattering of photons (𝑝 = 𝑝′ = 𝛾), are given by [86]

𝜎𝑖
𝑠
(𝐸,𝜇) = 𝜋𝑟2

𝑒

(
1 + 𝜇2)[(𝐹𝑖(𝐸,𝜇) + 𝑓 ′

𝑖
(𝐸)

)2
+
(
𝑓 ′′
𝑖
(𝐸)

)2]
, (94)

where 𝐹𝑖(𝐸,𝜇) is the atomic form factor for the 𝑖th-element, where the factors 𝑓 ′
𝑖
(𝐸) and 𝑓 ′′

𝑖
(𝐸) are respectively the real and imaginary 

parts of the anomalous scattering factors for the 𝑖th-element, which are all tabulated by the Japanese evaluated nuclear data library 
(JENDL-5) [87], which are based on the EPDL library [88]. The double differential cross-sections are given by

𝜎𝑖
𝑠
(𝐸 →𝐸′, 𝜇) = 𝜎𝑖

𝑠
(𝐸,𝜇)𝛿(𝐸′ −𝐸) . (95)

7.1. Scattering cross-sections of the incoming photon

The Rayleigh Legendre moments of the differential scattering cross-sections of the incoming photon are given by

Σ𝛾→𝛾

𝑠,𝓁 (𝐸) =
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

1 

∫
−1 

𝑃𝓁(𝜇)𝜎𝑖
𝑠
(𝐸,𝜇) , (96)

which are solved using numerical quadrature.

7.2. Total cross-sections

The Rayleigh total cross-sections are given by

Σ𝛾

𝑠,𝓁(𝐸) = Σ𝛾→𝛾

𝑠,0 (𝐸) . (97)

8. Compton scattering

The Compton cross-section describes the interaction of an incoming photon (𝑝′ = 𝛾) with atomic electrons, resulting in a scattered 
photon (𝑝 = 𝛾) and a produced electron (𝑝 = e+). The Klein-Nishina differential cross-section in the energy of the scattered photon, 
for a single interaction with an assumed free atomic electron, is given by [29,84]

𝜎𝑠(𝐸 →𝐸′) =
𝜋𝑟2

𝑒

𝐸2

[
𝐸

𝐸′ +
𝐸′

𝐸
− 2

( 1 
𝐸′ −

1 
𝐸

)
+
( 1 
𝐸′ −

1 
𝐸

)2]
, (98)

where 𝐸 is the incoming photon energy, 𝐸′ is the scattered photon energy and 𝑊 = 𝐸 − 𝐸′ is the produced electron energy. The 
scattering angles for the scattered photon and the produced electron are respectively

𝜇𝛾 = 1 + 1 
𝐸

− 1 
𝐸′ and 𝜇𝑒 =

1 +𝐸

𝐸

[
1 + 2 

𝑊

]− 1
2
. (99)

The double differential cross-sections for the scattered photon and the produced electron, with an incoherent scattering factor 𝑆𝑖(𝐸,𝜇)
extracted from JENDL-5 library [87] taking into account some binding effects [89], are given by
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𝜎𝑖
𝑠
(𝐸 →𝐸′, 𝜇) = 1 

2𝜋
𝑆𝑖(𝐸,𝜇)𝜎𝑠(𝐸 →𝐸′)𝛿(𝜇 − 𝜇𝛾 ) (100)

and

𝜎𝑖
𝑠
(𝐸 →𝑊 ,𝜇) = 1 

2𝜋
𝑆𝑖(𝐸,𝜇)𝜎𝑠(𝐸 →𝑊 )𝛿(𝜇 − 𝜇𝑒) . (101)

8.1. Scattering cross-sections of the incoming photon

The Compton Legendre moments of the differential scattering cross-sections of the incoming photon are given by

𝜎𝑖
𝑠,𝓁(𝐸 →𝐸′) = 2𝜋

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑖
𝑠
(𝐸 →𝐸′, 𝜇) = 𝑃𝓁(𝜇𝛾 )𝑆𝑖(𝐸,𝜇𝛾 )𝜎𝑠(𝐸 →𝐸′) . (102)

The multigroup Legendre moments of the scattering cross-sections are therefore given by

Σ𝛾→𝛾

𝑠,𝓁,𝑔′
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

min
{
𝐸′
𝑔−1∕2 ,𝐸

}
∫

max
{
𝐸′
𝑔+1∕2 ,

𝐸

1+2𝐸

} 𝑑𝐸′𝜎𝑖
𝑠,𝓁(𝐸 →𝐸′) , (103)

which are solved by numerical quadrature.

8.2. Scattering cross-sections of the produced electron

The Compton Legendre moments of the differential scattering cross-sections of the produced electron are given by

𝜎𝑖
𝑠,𝓁(𝐸 →𝑊 ) = 2𝜋

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑖
𝑠
(𝐸 →𝑊 ,𝜇) = 𝑃𝓁(𝜇𝑒)𝑆𝑖(𝐸,𝜇𝑒)𝜎𝑠(𝐸 →𝑊 ) . (104)

The multigroup Legendre moments of the scattering cross-sections are therefore given by

Σ𝛾→e-

𝑠,𝓁,𝑔′
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

min
{
𝐸′
𝑔−1∕2 ,

2𝐸2
1+2𝐸

}

∫
𝐸′
𝑔+1∕2

𝑑𝑊 𝜎𝑖
𝓁(𝐸 →𝑊 ) , (105)

which are solved by numerical quadrature.

8.3. Total cross-sections

The Compton total cross-sections are dfined by

Σ𝛾

𝑡
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝐸

∫
𝐸

1+2𝐸

𝑑𝐸′𝑆𝑖(𝐸,𝜇𝛾 )𝜎𝑠,0(𝐸 →𝐸′) , (106)

which are solved by numerical quadrature.

9. Photoelectric effect

The photoelectric cross-section describes the absorption of an incoming photon (𝑝′ = 𝛾) and the emission of an atomic electron 
(𝑝 = e-). The microscopic absorption cross-sections are given by

𝜎𝑖
𝑎
(𝐸) =

𝑁shells∑
𝑘=1 

𝜎𝑖,𝑘
𝑎
(𝐸) , (107)

where 𝜎𝑖,𝑘
𝑎 (𝐸) is given by linear interpolation of the data given by the absorption cross-sections per subshells from the JENDL-5 

library [87], which are available for 𝑍𝑖 ≤ 100 and for energies up to 100 GeV.
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9.1. Scattering cross-sections of the produced electron

The photoelectric scattering cross-sections are given by

𝜎𝑖,𝑘
𝑠
(𝐸 →𝐸′, 𝜇) = 𝜎𝑖,𝑘

𝑎
(𝐸)𝛿(𝐸′ −𝐸 +𝑈𝑖,𝑘)Θ(𝐸,𝜇) , (108)

where 𝐸′ is the energy of the photo-electron, 𝑈𝑖,𝑘 is the binding energy of the kth shell and the Sauter cross-section for the K-shell, 
normalized over the angular domain, is given by [90]

Θ(𝐸,𝜇) = Γ(𝐸) 1 − 𝜇2

(1 − 𝛽𝜇)4

[
1 + 𝛾(𝛾 − 1)(𝛾 − 2)

2 
(1 − 𝛽𝜇)

]
, (109)

where the normalization factor is

Γ(𝐸) =
{

4 
3(1 − 𝛽2)2

+ 𝛾(𝛾 − 1)(𝛾 − 2)
2𝛽3

[
2𝛽

1 − 𝛽2
− ln

(
1 + 𝛽

1 − 𝛽

)]}−1
. (110)

The Legendre moments of the normalized Sauter cross-section are given by

Θ𝓁(𝐸) =

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)Θ(𝐸,𝜇) . (111)

The Legendre moments are computed analytically by expanding the Legendre polynomials in power of 𝜇 using Eq. (54) such as

Θ𝓁(𝐸) = Γ(𝐸)
2𝓁

⌊𝓁∕2⌋∑
𝑘=0 

𝐶𝓁,𝑘

1 ∑
𝑗=0 

(−1)𝑗
[
𝐼𝓁−2𝑘+2𝑗,4(𝛽) + 𝛾(𝛾 − 1)(𝛾 − 2)

2 
𝐼𝓁−2𝑘+2𝑗,3(𝛽)

]
(112)

where the integrals are given by Eq. (75). The high-order moment correction is applied for elastic cross-sections (Eq. (60)). The 
scattering cross-sections are given by

Σ𝛾→e-

𝑠,𝓁,𝑔′
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝐸′
𝑔−1∕2

∫
𝐸′
𝑔+1∕2

𝑑𝐸′
𝑁shells∑

𝑘=1 
𝜎
𝑖,𝑘

𝑠,𝓁(𝐸 →𝐸′) , (113)

which can be rewritten as

Σ𝛾→e-

𝑠,𝓁,𝑔′
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝑁shells∑
𝑘=1 

𝜎𝑖,𝑘
𝑎
(𝐸)Θ𝓁(𝐸) ×

{
1 𝐸 −𝑈𝑖,𝑘 ∈ [𝐸′

𝑔+1∕2,𝐸
′
𝑔−1∕2]

0 otherwise
. (114)

9.2. Total cross-sections

The photoelectric total cross-sections are simply

Σ𝛾

𝑡
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖𝜎
𝑖
𝑎
(𝐸) . (115)

10. Pair production

The pair production cross-section describes the absorption of a photon (𝑝′ = 𝛾) and the production of an electron (𝑝 = e-) and a 
positron (𝑝 = e+). A variation of the semi-empirical model of Baró [91] is used and, in a monoelemental material 𝑖, the differential 
cross-section is given by

𝜎𝑖
𝑠
(𝐸 →𝐸′) =

⎧⎪⎨⎪⎩
𝐴(𝑍𝑖,𝐸)

[
2
(
1
2
− 𝐸′ + 1

𝐸

)2
𝜙𝑖,1(𝐸′) + 𝜙𝑖,2(𝐸′)

]
𝐸 > 2

0 otherwise

, (116)

where 𝐸 is the incoming photon energy and 𝐸′ is the outgoing electron or positron energy. The screening functions, derived from 
the one of Tsai [92], are given by

𝜙𝑖,1(𝐸′) = max
{
𝑔𝑖,1(𝐸′) + 𝑔𝑖,0,0

}
and 𝜙𝑖,2(𝐸′) = max

{
𝑔𝑖,2(𝐸′) + 𝑔𝑖,0,0

}
, (117)

where
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𝑔𝑖,1(𝐸′) = 7
3
− 2 ln(1 + 𝑏2

𝑖
) − 6𝑏𝑖 arctan

(
1 
𝑏𝑖

)
− 𝑏2

𝑖

[
4 − 4𝑏𝑖 arctan

(
1 
𝑏𝑖

)
− 3 ln

(
1 + 1 

𝑏2
𝑖

)]
,

𝑔𝑖,2(𝐸′) = 11
6 

− 2 ln(1 + 𝑏2
𝑖
) − 3𝑏𝑖 arctan

(
1 
𝑏𝑖

)
−

𝑏2
𝑖

2 

[
4 − 4𝑏𝑖 arctan

(
1 
𝑏𝑖

)
− 3 ln

(
1 + 1 

𝑏2
𝑖

)]
,

(118)

𝑔𝑖,0 = 4 ln(𝑟𝑠,𝑖) − 4𝑓𝐶,𝑖 , (119)

with

𝑏𝑖 =
𝑟𝑠,𝑖

2 
𝐸

(𝐸′ + 1)(𝐸 −𝐸′ − 1)
. (120)

The variable 𝑟𝑠,𝑖 corresponds to the reduced screening radius, tabulated in Baró [91] for 𝑍𝑖 ≤ 92 and extended up to 𝑍𝑖 ≤ 99 in 
PENELOPE [7]. The high-energy Coulomb correction 𝑓𝐶,𝑖 is given by [93]

𝑓𝐶,𝑖 = 𝛼2𝑍2
𝑖

∞ ∑
𝑘=1

1 
𝑘(𝑘2 + 𝛼2𝑍2

𝑖
)
. (121)

As it is done in EGSnrc [8], a normalization factor 𝐴(𝑍𝑖,𝐸) is added to the pair production cross-section, which is dfined as the 
ratio between the total cross-sections obtained with 𝐴(𝑍𝑖,𝐸) = 1 and the tabulated values from JENDL-5 for the pair production in 
both the nuclear and electron field [87]

𝐴(𝑍𝑖,𝐸) =
𝜎JENDL-5
𝑡

(𝑍𝑖,𝐸)
𝜎𝑡(𝑍𝑖,𝐸)||𝐴=1 . (122)

Since pair production and bremsstrahlung are closely related through a substitution rule, the same angular distribution can be used 
for the electron and positron emission [29,92]. The double differential cross-section is given by

𝜎𝑖
𝑠
(𝐸 →𝐸′, 𝜇) = 1 

2𝜋
𝜎𝑖
𝑠
(𝐸 →𝐸′)Θ(𝐸,𝜇) . (123)

This distribution Θ(𝐸,𝜇) is dfined by Eq. (71).

10.1. Scattering cross-sections for the produced electron and positron

The pair production Legendre moments of the differential scattering cross-sections for the produced leptons are given by

𝜎𝑖
𝑠,𝓁(𝐸 →𝐸′) = 2𝜋

1 

∫
−1 

𝑑𝜇𝑃𝓁(𝜇)𝜎𝑖
𝑠
(𝐸 →𝐸′, 𝜇) = 𝜎𝑖

𝑠
(𝐸 →𝐸′)Θ𝓁(𝐸) , (124)

where the values of Θ𝓁(𝐸) are given by Eq. (73). The multigroup Legendre moments of the scattering cross-sections are therefore 
given by

Σ𝛾→e±

𝑠,𝓁,𝑔′
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

min
{
𝐸′
𝑔−1∕2 ,𝐸−2

}
∫

𝐸′
𝑔+1∕2

𝑑𝐸𝑒𝜎
𝑖
𝑠,𝓁(𝐸 →𝐸′)𝑏 , (125)

which are solved by numerical quadrature.

10.2. Total cross-sections

The pair production total cross-sections are dfined by

Σ𝛾

𝑡
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝐸−2

∫
0 

𝑑𝐸′𝜎𝑖
𝑠,0(𝐸 →𝐸′)𝑏 (126)

and are solved using numerical quadrature.

10.3. Absorption cross-sections

The pair production absorption cross-sections, which are required for annihilation calculations, are given by

Σpp
𝑎
(𝐸) =

𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

min
{
𝐸−2,𝐸𝐺+1∕2

}
∫
0 

𝑑𝐸′𝜎𝑖
𝑠,0(𝐸 →𝐸′)𝑏 (127)
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and are solved using numerical quadrature.

11. Atomic relaxation

The ionization of an atomic electron in the 𝑘th shell, by incoming particle, leaves behind a vacancy in the electronic structure of 
the atom 𝑖. Such vacancy in an inner shell of the atom is filled in by an outer-shell electron, resulting either by the emission of a 
fluorescence photon or by the ejection of a valance electron called an Auger electron, leaving additional vacancies in the outer shell, 
which also results in the production of photon or electron and so on. These intricate relaxation processes are often referred to as 
relaxation cascades, for which a simplfied visual diagram can be found in Lorence et al. [29] and Naceur et al. [34]. Because such 
calculation can be rather intensive for high-Z atom, for this work, only particle productions with probability of occurrence, following 
an initial ionization event, that is greater than 0.1% are included. Finally, only the 𝑁𝑡 specific electron cascade transitions which 
result in electron or photon with energy greater than the cutoff energy 𝐸𝐺+1∕2 are kept for the following calculations.

The differential cross-sections corresponding to the production of either fluorescence (𝑝′ = 𝛾) or Auger electron (𝑝′ = e-) following 
a specific electron cascade transition 𝑗, where 1 ≤ 𝑗 ≤𝑁𝑡, with the produced particle energy, Δ𝐸𝑖,𝑘,𝑗 , and the probability of occurrence 
of the 𝑗 electron cascade, 𝜂𝑝

′

𝑖,𝑘,𝑗
, is given by

𝜎𝑖,𝑘,𝑗,𝑝→𝑝′
𝑠

(𝐸 →𝐸′) = 𝜂
𝑝′

𝑖,𝑘,𝑗
𝛿(𝐸′ − Δ𝐸

𝑝′

𝑖,𝑘,𝑗
)𝜎𝑖,𝑘,𝑝

𝑡
(𝐸) , (128)

where 𝜎𝑖,𝑘,𝑝

𝑡
(𝐸) is the 𝑘th-shell cross-sections of either inelastic electron (𝑝 = e-), inelastic positron (𝑝 = e+) or photoelectric interac

tion (𝑝 = 𝛾) given in previous sections. Contrary to CEPXS 1.0, the relaxation is correlated with the inelastic model [29]. The values of 
Δ𝐸

𝑝′

𝑖,𝑘,𝑗
and 𝜂𝑝

′

𝑖,𝑘,𝑗
are computed using the relaxation data from the JENDL-5 library [87], based on the EADL library [48], as proposed 

by Hébert and Naceur [35]. The production of fluorescence photon and Auger electron is assumed to be isotropic.

11.1. Scattering cross-sections of produced Auger electron or fluorescence photon

The relaxation 𝓁 = 0 Legendre moments of the differential scattering cross-sections of the produced Auger electron or fluorescence 
photon are given by

𝜎
𝑖,𝑝→𝑝′

𝑠,0,𝑔′ (𝐸) =
𝑁shells∑

𝑘=1 
𝜎
𝑖,𝑘,𝑝

𝑡
(𝐸)

𝑁t∑
𝑗=1 

𝜂
𝑝′

𝑖,𝑘,𝑗

𝐸′
𝑔−1∕2

∫
𝐸′
𝑔+1∕2

𝑑𝐸′𝛿(𝐸′ − Δ𝐸
𝑝′

𝑖,𝑘,𝑗
) , (129)

where the 𝓁 ≥ 1 moments are equal to zero since scattering is isotropic. The resulting cross-section is given by

Σ𝑝→𝑝′

𝑠,0,𝑔′ (𝐸) =
𝑁𝑒∑
𝑖=1 

𝑛,𝑖𝑓𝑖

𝑁shells∑
𝑘=1 

𝜎
𝑖,𝑘,𝑝

𝑡
(𝐸)

𝑁t∑
𝑗=1 

𝜂
𝑝′

𝑖,𝑘,𝑗
×

{
1 Δ𝐸

𝑝′

𝑖,𝑘,𝑗
∈ [𝐸′

𝑔+1∕2,𝐸
′
𝑔−1∕2]

0 otherwise
. (130)

12. Results and discussion

12.1. Comparison between Boltzmann Fokker-Planck and Monte-Carlo calculations

The energy spectrum per particle and the energy deposition prfile calculated with RADIANT will be compared to the energy 
spectrum obtained with Monte Carlo calculations. Such results offer a comprehensive overview of its algorithms’ performance and 
limitations. We are considering normally incident electron and photon beams on water (H2O), aluminum (Al) and gold (Au). The 
incident beam has energies of 1 MeV, 10 MeV and 100 MeV, which correspond respectively to Fig. 2, Fig. 3 and Fig. 4.

The spatial domain, along the principal axis, is two times the range of electrons in the material at the incident beam energy, 
while the transverse size is assumed to be ifinite. The resulting geometry is a 1D slab, where particles are restricted to move along 
a single spatial dimension but can still travel in various directions relative to the slab’s surface. This assumption greatly simplfies 
the Boltzmann Fokker-Planck transport equation (see [44]) and reduces the sources of error related to multidimensional transport 
with discrete ordinates solver [34]. The spatial domain is divided into 80 equal-size voxels. The energy domain is split into 80 
logarithmically spaced energy groups, where the mean energy 𝐸1 of the most energetic group is the incident beam energy, and the 
cutoff energy is given by 𝐸𝐺+1∕2 = 1 keV, which is the lower validity bound of RADIANT algorithms. To deal with the derivative in 
space and energy, a 3rd-order accurate coupled space-energy discontinuous Galerkin scheme [94--96]. For angular discretization, the 
discrete ordinates’ method with Galerkin quadrature methodology, as developed by Morel [20], is used. Galerkin quadratures ensure 
that, whatever choice of quadrature is made to discretize the angular domain, forward-peaked scattering will be treated accurately 
[21,97]. Since the beam under consideration is normally incident, the choice was made to utilize a 16-point Gauss-Lobatto quadrature, 
as it incorporates an integration point along 𝜇 = 0. Galerkin quadrature has a restriction concerning the Legendre order, which has 
to be 𝐿 = 15. We are extracting the forward-peaked part of the elastic scattering from the scattering cross-sections and transferring 
it to the momentum transfer term [70]. The angular Fokker-Planck term, which deals with the momentum transfer, is treated using 
a finite-difference approach which ensures 2nd order accurate, positive and monotone treatment of forward scattering [73].
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Fig. 2. Dose and energy spectrum per particle for normally incident 1 MeV electron and photon beams on water, aluminum and gold. Black curves are from GEANT4, 
while coloured curves are from our deterministic Boltzmann Fokker-Planck algorithms. The length of the slab is indicated on the right, as well as the depth at which 
each energy spectrum curves are extracted. Relative differences in dose deposition are given in red.
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Fig. 3. Dose and energy spectrum per particle for normally incident 10 MeV electron and photon beams on water, aluminum and gold. 
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Fig. 4. Dose and energy spectrum per particle for normally incident 100 MeV electron and photon beams on water, aluminum and gold. 
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The reference Monte Carlo solutions are obtained from GEANT4 (v11.0.1) [4,5], using G4EmPenelope constructor [7], based on 
PENELOPE physics models, which are widely recognized as a state-of-the-art for electron, positron and photon transport. To extract 
the energy spectrum in GEANT4, the occurrence of a type of particle in an energy group and a voxel is counted and saved in a 
matrix  of size 3× 80×80. At each step of particle interaction and transport, the particle’s kinetic energy and its pre- and post-step 
positions are measured. Then, for each voxel 𝑗 the particle crosses, for the particle 𝑖 with kinetic energy in energy group 𝑘, the particle 
travel length during the step, divided by the total number of voxels crossed by the particle, is added to the matrix element 𝑖,𝑗,𝑘 . 
For calculations, 100 million incident particles are simulated for 1 MeV and 10 MeV beams and 10 million for 100 MeV ones. Scoring 
cells of the same size as the discretized space and energy domains of RADIANT deterministic algorithms and the same 1 keV cutoff 
are used. While the transverse width cannot be set to ifinity in GEANT4, setting 100 meters width, which is exceedingly greater 
than the electron range, practically gives the same results.

First, a Monte Carlo solution’s numerical limitation must be emphasized. For electrons or positrons, in their energy spectrum 
curves at a specific energy, the Monte Carlo curves exhibit a sudden drop, while RADIANT curves remain smooth and regular. This 
discrepancy is evident in the electron spectrum depicted in Fig. 2F around 50 keV or Fig. 3F around 100 keV. The reason behind 
this difference lies in the modelling choices of the PENELOPE algorithm, as implemented in GEANT4, which opts not to generate 
knock-on electrons below a specific threshold [85]. This method is typical of mixed, or class II, Monte Carlo algorithms [7,98], which 
distinguishes between soft and catastrophic scattering events. In contrast, the knock-on energy cutoff in RADIANT is set at the cutoff 
energy 𝐸𝐺+1∕2 and the methodology outlined by Karakow [66] is adopted to ensure compatibility between the elastic model and this 
choice of cutoff to avoid double counting issues. Consequently, RADIANT transports low-energy knock-on electrons and the particles 
they produce upon interaction with matter, potentially resulting in differences in particle distribution at low energies. Otherwise, the 
Monte Carlo energy spectrum curves should accurately represent the particles’ distribution in the medium.

A brief examination of the energy spectrum per particle at different depths is sufficient to recognize that RADIANT estimations of 
the energy distribution of every particle species in any depth in the material are similar to the Monte Carlo ones. RADIANT energy 
deposition prfiles remain also pretty close to the Monte Carlo ones, with a relative difference of more or less 2%, except in a few 
cases. Discrepancies between the results of the deterministic and Monte-Carlo methods are discussed in the following paragraphs. 
These results clearly show the potential of discrete ordinates solver for general-purpose coupled photon-electron-positron transport.

For energy deposition, the most obvious deviation from reference is the relative difference peak between the maximum of the 
dose curve and the bremsstrahlung tail for electrons beams (Fig. 2, A to C, and Fig. 3, A to B), which is more dominant at low 𝑍
and low energy. This error is solely caused by the coupled space-energy discretization of the BFP equation, which struggles with the 
highly varying solution in space and energy that occurs with charged particle transport, and not by the cross-sections models and 
their discretization [72,96]. The discontinuous Galerkin schemes underestimate the dose in that region and even produce negative 
energy deposition values. This is due to the nonphysical oscillations of the scheme when it tries to replicate the very sharp peaks 
of the electron energy spectrums, which results in negative flux dips in the high-energy side of the peaks. For example, it can be 
observed that deterministic electron energy spectrums in Fig. 3A struggle to replicate Monte-Carlo ones, showing a negative flux dip 
at the right of the peaks and oscillatory behaviour at their left. This error could be diminished by increasing the number of voxels 
and energy groups or by employing higher-order coupled space-energy schemes [44,99], which would improve the replication of the 
peaks, while full mitigation of this error will require innovative work, such as using adaptive schemes [96].

For 1 MeV electron beams (Fig. 2, A to C), significant relative differences can be seen in the tail of the curve. These disparities are 
related to the interaction that results in energy deposition that far in the medium, mostly by the electron produced by bremsstrahlung 
photons. The photon spectrum shows that RADIANT curves don’t match the reference ones, and while this difference could be at
tributed to the photon interaction, they seem to perform well in incoming photon benchmark (Fig. 2, D to F), besides the oscillatory 
behaviour which will be explained shortly. The origin of the discrepancies is likely related to the production of bremsstrahlung pho
tons, but we failed to isolate its root cause. Both PENELOPE and EGSnrc documentations recommend using and use, an interpolation 
table with increased granularity compared to the one of the Seltzer and Berger [77,81] and use interpolation methods that differ from 
the cubic Hermite spline method [78]. RADIANT angular distribution is based on the tables of Poškus [82], which is also used in the 
GEANT4 implementation of PENELOPE [100], rather than the more scarce tables of Kissel et al. [83]. Further investigations will be 
required to assess the quality of the bremsstrahlung emission modelization of both RADIANT and GEANT4.

For 1 MeV photon beams (Fig. 2 D to F), the photon spectrum shows nonphysical oscillation and even negativities. It is known that 
the integration of Klein-Nishina Legendre moments is a challenging task due to catastrophic cancellations [101] and, while suitable 
Legendre moments are enforced by setting higher moments upper bounds, further work will be required to get rid of these artifacts. 
Nonetheless, while adding a Waller-Hartree incoherent scattering factor to the Klein-Nishina helps consider bindings effects, it omits 
Doppler broadening and its consequences on angular deviation and energy loss. Brusa et al. [89] proposed a relativistic impulse 
approximation description of Compton scattering, which formulation is subshell-based like the photoelectric or inelastic model, and 
such model is implemented in state-of-the-art Monte Carlo code such as PENELOPE and EGSnrc. The generation of Legendre moments 
for these cross-sections presents a significant challenge, as it requires performing two difficult integrations—over the angle and energy 
of the scattered photon—successively, with both accuracy and speed. Given that such a model is implemented, relaxation could be 
directly correlated with Compton ionization in the same way presented in this work.

The pair production models could also be greatly improved if provided with tables similar to the one of Bremsstrahlung rather than 
the proposed approximate analytic model normalized by tabulated total cross-sections [102]. Moreover, explicit triplet production 
cross-sections, rather than treating it as pair production as it is done in this work, would be preferable to the current approach since 
such a phenomenon results in an electron ionization event and subsequent relaxation cascades.
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In the energy spectrum, the location of the fluorescence and Auger electron production peaks and the annihilation peaks at 511 
keV correspond to the Monte Carlo reference ones. Note that the relaxation peaks, especially the annihilation peak, overestimate the 
particle production compared to Monte Carlo. This overshooting should be expected because the high Monte Carlo knock-on electron 
cutoff decreases the low-energy electron contribution to relaxation processes. For the annihilation peak, there is a blind spot. The 
rate of positrons that scatter under the cutoff energy is estimated using the catastrophic impact ionization and bremsstrahlung cross
sections. However, it neglects that an important source of annihilation photon comes from positrons continuously slowing down to 
the cutoff energy. With the actual models, these soft positron annihilation following a Bremsstrahlung interaction can be accurately 
calculated using the catastrophic model to compute the corresponding soft absorption of positrons, but not for impact ionization. 
For this interaction, which produces the vast majority of such positrons, a major improvement would be to develop an accurate soft 
absorption cross-section for positrons in the same way soft stopping powers are produced independently from the catastrophic models 
that are imprecise for small energy losses. Then, the annihilation photon production is underestimated, resulting in a local deposit of 
energy and charge rather than transporting that energy and charge further via annihilation photons.

Elastic cross-sections at low energies should be investigated more. GEANT4, using the G4EmPenelope constructor, uses Urban’s 
model of multiple scattering under 100 MeV and a mixed scattering model over 100 MeV, which was shown to be less accurate than 
both EGSnrc and PENELOPE approach [103]. Since the deterministic model is based on the EGSnrc approach, the GEANT4 reference 
may be less accurate than RADIANT. Nonetheless, the Riley model in CEPXS is likely more accurate than the Mott model with Seltzer 
correction, but it does not contain the Kawrakow correction to avoid double counting issues with knock-on electrons. Evaluating the 
exactness of the elastic model and its compatibility with the knock-on electron model is more challenging than it seems, but it should 
be done.

As for the impact ionization model, while the stopping power should be very accurate for energies down to 1 keV, the catastrophic 
models could be improved further. These models, while considering binding energies, are based on Møller and Bhabha cross-sections, 
which are theoretical models for impact ionization with free electrons, neglecting any screening effect due to the atom’s electronic 
structure. These become increasingly inaccurate in representing inner-shell ionization, notably in high-Z atoms like gold. Bote et 
al. [104,105] have proposed interpolation formula and data, based on the mixed uses of the relativistic plane-wave and distorted
wave Born approximation, for inner-shells ionization. Implementing such a model should be considered to improve impact ionization 
cross-sections and provide a soft absorption cross-section for positrons, allowing for more accurate estimation of annihilation photon 
production. It could also provide accurate group-averaged soft momentum transfers for impact ionization, which are assumed to be 
neglectable in this work.

Some important topics were not covered in the present work. We have only considered a homogeneous medium, not because 
RADIANT cannot deal with a heterogeneous medium but because this work focuses on cross-section and stopping power production. 
The BFP equation is efficient in dealing with heterogeneous medium; see [28,34,44] for example. A more significant concern is the 
ability to deal accurately with determinist radiation transport in a medium which does not exhibit 1D slab geometry. There are 
additional challenges when dealing with multidimensional geometries with discrete ordinates solvers, notably relating to the angular 
discretization, such as the requirement to use Galerkin quadrature [20,21], the choice of a subspace of spherical harmonics [97] 
and scattering positivity [72]. These critical shortcomings will be addressed in subsequent publications. Still, since the multigroup 
cross-sections developed in this paper depends solely on the direction cosine 𝜇, and never on the azimuthal angle, they can be used 
directly in multidimensional calculations.

12.2. Comparison between Boltzmann Fokker-Planck calculations and experimental data

To further establish the performance of the proposed physics models, energy and charge deposition prfiles from incident electron 
beams for different materials and energies are compared with experimental data. For the following comparison, the spatial domain, 
along the principal axis, is 1.2 times the depth of the last experimental data, while the transverse size is assumed to be ifinite. 
The spatial domain is divided into 80 equal-size voxels. The energy domain is divided into 80 logarithmically spaced energy groups, 
where the mean energy 𝐸1 of the most energetic group is the incident beam energy, and the cutoff energy is given by 𝐸𝐺+1∕2 = 1 keV, 
which is the lowest energy bound available by the developed models. To deal with the derivative in space and energy, a 3rd-order 
accurate discontinuous Galerkin coupled space-energy scheme is employed. For angular discretization, the discrete ordinates method 
with Galerkin quadrature methodology. Since the beam under consideration is normally incident, the choice was made to utilize a 
14-point Gauss-Lobatto quadrature, as it incorporates an integration point along 𝜇 = 0.

Lockwood et al. [106] has produced an extensive set of experimental energy deposition measurements. That work gives such 
measurements in beryllium, carbon, aluminum, iron, copper, molybdenum, tantalum and uranium for electron beams of 58 keV to 
1.033 MeV. The energy deposition results are shown in Fig. 5.

Tabata et al. [108] gives experimental measurements of charge deposition in beryllium, aluminum, copper, silver and gold for 
electron beams of 4.09 MeV, 7.79 MeV, 11.5 MeV, 14.9 MeV and 23.5 MeV. However, these values are given as the net charge 
deposited to the total charge of the absorbed electrons, not as the net charge deposited to the total charge of the incident electrons. 
The following equation can be used to convert between the two definitions [108]

𝐶 incident electrons(𝑍,𝑥,𝐸) =
[
1 − 𝜂(𝑍,𝐸)

]
𝐶absorbed electrons(𝑍,𝑥,𝐸) (131)

where 𝑍 is the atomic number, 𝑥 is the depth, 𝐸 is the kinetic energy of the incident electron and 𝜂(𝑍,𝐸) is the backscattering 
coefficient. Tabata et al. [109] proposed an empirical equation to compute backscattering coefficients for 𝑍 ≥ 6. This equation is 
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Fig. 5. Energy deposition for normally incident electron beams on beryllium, carbon, aluminum, iron, copper, molybdenum, tantalum and uranium. The experimental 
data comes from Lockwood et al. [106].

used for all materials but beryllium (𝑍 = 4), for which backscattering coefficients are extracted from tables in [108,107]. The charge 
deposition results are shown in Fig. 6.

Overall, these results show that the proposed physics models and the coupled photon-electron-positron discrete ordinates solver 
can reproduce experimental energy and charge deposition prfiles rather accurately. While the quality of the results in some materials 
is excellent, such as in aluminum or uranium, the difference between experimental measurement and simulation can be exacerbated 
in iron or copper, for example. Such deviation seems to be due to limits in the physics models rather than in the discretization methods 
since similar deviations are observed when these same Lockwood’s benchmarks are compared with Monte-Carlo results from TIGER 
[106] or MCNP6 [110]. GEANT4 models also have been compared to this experimental data [111] and, while they perform better on 
iron and copper than RADIANT, they are worse in molybdenum and uranium. Such results underline the limit of comparing Monte
Carlo and determinist solvers between themselves, which is widely done in the literature. While such an approach is initially great 
for developing a cross-section library like the one presented in this section, it can be misleading when attempting to improve the 
models. However, experimental energy and charge deposition in a semi-infinite medium are rather scarce in the literature, restricted 
to a few atoms over a limited range of energies. It would be benficial to systematically have such tabulated experimental data for 
electron or photon beams for every atom and some compounds (e.g. water) for energies ranging from a few keV to a few GeV. This 
could significantly impact the development of combined cross-section models for both Monte-Carlo and deterministic solvers.

13. Conclusion

This paper proposes a set of determinist algorithms to solve the coupled radiation transport of positrons, electrons and photons in 
matter, which are implemented in an open-source code written in Julia programming language. We have presented the Boltzmann 
Fokker-Planck equation, which is the foundation of the coupled transport of these particles, as well as its multigroup discretization and 
the resulting energy deposition calculations. From a set of physics models representing the interactions between the three particles, 
multigroup cross-sections, stopping powers, and momentum transfers have been developed. Subsequently, transport calculations have 
been conducted on benchmarks selected to attest to the quality of RADIANT algorithms for general-purpose radiation transport of 
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Fig. 6. Charge deposition for normally incident electron beams on beryllium, aluminum, copper, silver and gold. The experimental data comes from Tabata et al. 
papers [107--109].

photons, electrons, and positrons. The results, consisting of energy spectrum per particle at different depths and energy deposition, 
are compared to those of the Monte-Carlo reference GEANT4 using PENELOPE models. For energy deposition calculations, agreement 
of a few percent is observed, but in a few cases. Comparison of energy and charge deposition with experimental measurements is also 
proposed. The discrepancies between the reference and RADIANT performance are discussed, and a recommendation is provided to 
improve the underlying models.
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