POLYTECHNIQUE

POLYPUBLIE e |

A [
UNIVERSITE =50

PolytechniqUe Montréal D'INGENIERIE

Titre: A numerical study on natural convention heat transfer with density
Title: inversion of water within a horizontal cylindrical annulus

Auteurs:
Authors:

Date: 1981
Type: Rapport / Report

Patrick Vasseur, Luc Robillard, & B. Chandra Shekar

L. Vasseur, P., Robillard, L., & Chandra Shekar, B. (1981). A numerical study on
Référence: natural convention heat transfer with density inversion of water within a
Citation: horizontal cylindrical annulus. (Rapport technique n°® EP-R-81-04).
https://publications.polymtl.ca/6183/

Document en libre accés dans PolyPublie
Open Access document in PolyPublie

URL de PolyPublie: ) S
PolyPublie URL: https://publications.polymtl.ca/6183/

Version: Version finale avant publication / Accepted version

Conditions d ut|I|sat|on:. Tous droits réservés / All rights reserved
Terms of Use:

Document publié chez I’éditeur officiel
Document issued by the official publisher

Institution: Ecole Polytechnique de Montréal

Numeéro de rapport: o p o1 g4
Report number:

URL officiel:
Official URL:

Mention légale:
Legal notice:

Ce fichier a été téléchargé a partir de PolyPublie, le dépot institutionnel de Polytechnique Montréal
This file has been downloaded from PolyPublie, the institutional repository of Polytechnique Montréal


https://publications.polymtl.ca/
https://publications.polymtl.ca/6183/
https://publications.polymtl.ca/6183/

2%

R

UP 5
R81-04
' (Ang)
ex.z2

CA2PQ

BIBLICTHEQUE

JAN o3 1381

ECOLE POLYTECHNIQUE
MONTREAL

Rapport technique EP 81-R-4
Classification: Library of Congress No ...

A NUMERICAL STUDY ON NATURAL CONVECTION
HEAT TRANSFER WITH DENSITY INVERSION
OF WATER WITHIN A HORIZONTAL CYLINDRICAL ANNULUS

P. VASSEUR, L. ROBILLARD and B. CHANDRA SHEKAR

January 1981

Polytechnique de Montréal

Campus de |'Université
de Montréal
Case postale 6079

Succursale A
Montréal, Québec
H3C 3A7







Do

Rapport technique EP 81-R-4
Classification: Library of Congress No ...

A NUMERICAL STUDY ON NATURAL CONVECTION
HEAT TRANSFER WITH DENSITY INVERSION
OF WATER WITHIN A HORIZONTAL CYLINDRICAL ANNULUS

P. VASSEUR, L. ROBILLARD and B. CHANDRA SHEKAR

January 1981



A NUMERICAL STUDY ON NATURAL CONVECTION
HEAT TRANSFER WITH DENSITY INVERSION

OF WATER WITHIN A HORIZONTAL CYLINDRICAL ANNULUS

By

P. VASSEUR, L. ROBILLARD and B. CHANDRA SHEKAR

Department of Civil Engineering
Ecole Polytechnique, Université de Montréal
C.P. 6079, Succursale "A", Montréal, Canada - H3C 3A7



ABSTRACT

The effect of density inversion on steady natural convection heat
transfer of cold water between two horizontal concentric cylinders is
studied numerically. Water near its freezing point is characterized by
a density maximum at 4°C. Numerical solutions are obtained for cylinders
with size parameter A ranging from 2.2 x 106 to 4.3 x 109, gap ratio B
from 0.11 to 0.8. The temperature of the inner cylinder is maintained
at Ti = 0°C while temperatures of the outer cylinder T, are varied from 2
to 12°C. The results obtained are presented graphically in the form of
streamline and isotherm contour plots. The heat transfer characteristics,
velocity profiles and local and global Nusselt numbers are studied. The
results of the present study were found qualitatively valid when compared

with an experimental investigation carried out in the past.



NOMENCLATURE

size parameter gLS/OL2

" gap ratio (L/Zri)

1 d _
gap width (ro ri)
local Nusselt number
average Nusselt number
global Nusselt number

Prandtl number v/o

radial coordinate

radial spacing between gridlines
dimensionless radial coordinate
dimensionless radius (r - ri)/(ro - ri)

Rayleigh number based on gap width

gB(AT) (L)

Vo
water temperature

T -T.
o 1

temperature of outer cylinder
temperature of inner cylinder

time
radial and angular velocities

dimensionless radial and angular velocities



Greek Symbols

] angular coordinate

AD angular spacing between gridlines
w vorticity

2 dimensionless vorticity

U] stream function

Y dimensionless stream function

o thermal diffusivity

B thermal coefficient of volumetric expansion
v kinematic viscosity

M dynamic viscosity

Bl...B4 constants (see equation (7))

p water density

o (o - p(®)/p

C] dimensionless temperature

T dimensionless time

SUPERSCRIPTS

- refers to average value
SUBSCRIPTS

i refers to inside cylinder

o refers to outside cylinder



1 - INTRODUCTION

The steady laminar natural convection in a horizontal concentric
cylindrical annulus has been studied in the past both analytically and
experimentally [1-3]. 1In all those investigations, a linear relation
between fluid density and its temperature has been assumed, such an
assumption being acceptable for most fluids. However, in the case of
water near its freezing point a linear relationship is not justified.

In fact, the density of water reaches a maximum value at 3.980C, there-
after decreasing with decreasing temperature. It results from this
nonlinearity that convective motion in water behaves in a rather peculiar
manner when the temperature domain encompasses the 3.98°C point, for the
density of water is maximum at this temperature [4]. Since the pioneer-
ing works of Ede [5] and Merk [6], the problem of buoyancy induced flows
in cold water has been studied by many investigators, not only because

of their intriguing features but also due to the fact that they are a
very common occurence in our environment and in many processes in tech-

nology.

The behaviour of convective motion of enclosed water, in the region
of maximum density, has been studied in the past for several different
geometries, boundary conditions, and temperature gradients. For instance
Desai § Forbes [7] and Watson [8] have investigated numerically the heat
transfer and flow patterns in cold water in a rectangular enclosure with
vertical boundaries maintained at different temperatures and insulated

horizontal boundaries. Similarly, the effect of density inversion on



natural convection heat transfer of a melted water contained in two
horizontal concentric cylinders whose surface temperatures are kept
isothermal has been studied experimentally by Seki et al [9]. It was
found that, under certain conditions the flow was bicellular, in contrast
to the one cell flow obtained for a fluid without maximum density effect,

and as a result the heat transfer occurred primarily by conduction.

The transient behaviour of water, contained in a rigid rectangular
insulator and cooled from above to near freezing has been considered by
Forbes & Cooper [10] . Vasseur and Robillard [11] have studied the
transient cooling of water, enclosed in a rectangular cavity with wall
temperature maintained at 0°c. Supercooling of water contained in an
enclosure subjected to convective boundary condition has been inves-
tigated by Cheng § Takeuchi [12] and Robillard & Vasseur [13] for the
case of a circular pipe and a rectangular cavity, respectively. All
these studies indicate that the resulting flow motion is greatly influ-
enced by the presence of a maximum density effect, which drives the
initial circulation inside the cavity and subsequently reverses it.

The resulting heat transfer is thus reduced in comparison to a standard

situation without maximum density effect.

The purpose of this investigation is to study analytically the
effect of density inversion on the free convective heat transfer of a
mass of water contained in a horizontal cylindrical annulus whose
surface temperatures are kept isothermal. The present study is an ex-
tension of the experimental work of Seki et al [9]. Numerical studies

of natural convection inside two horizontal concentric cylinders, in



the absence of maximum density effect, have been carried out in the past
by many investigators; that of Kuehn § Goldstein [ 3] contains a compre-

hensive bibliography.

2 - PROBLEM FORMULATION

The problem under consideration is that of two-dimensional laminar
convection of a mass of cold water enclosed between two horizontal con-
centric cylinders (see Fig. 1). It is assumed that the temperature of
each cylinder is uniform, the inner cylinder being colder. Utilizing
cylindrical coordinates, let the angular coordinate ® be measured from
the upward vertical line, ® = 0. The flow is symmetrical about a vertical
plane through the axis of the cylinder. Accordingly, attention is
confined to the range 0 <& <<m. All fluid properties, except the water
density, are taken to be constant and evaluated at the arithmetic mean

temperature of the two cylinders.

The governing equations for the present problem, using the Oberbeck-
Boussinesq approximation [14,15] and neglecting viscous dissipation and
compressibility effects, are then given in nondimensional form as:
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and all other symbols are defined in Nomenclature.

The initial and boundary conditions are:

U =v=¥=Q=0;,; 06 =0 at T =0
Uu =v=¥=0 ; 0 =0 on the inner cylinder
[ 6]
Uu =v=v¥=090 ; 0 =1 on the outer cylinder
0 0
5%-= V=Y¥=§8= 0 5%-= 0 at =0, T

(symmetry lines)

It is observed in the boundary conditions that use has been made
of the symmetry of the problem with respect to a vertical plane passing

through the axis of the cylinder. In fact, even if secondary flows



exist they must necessarily appear as counterrotating eddies symmetrically

located.

When considering the temperature range g 20°¢C [16], the density-
temperature relationship of water can be approximated by the following
equation with an error of less than one unit at the last digit of the

tabulated data of Landolt-BBrnstein [17]:

p

0 =1 +8,T+8,1° +8,1° + 5,1 e
where: p, = 0.9998396 (g en™);

B, = -0.678964520 x 10'4(1/°C);

B, = 0.907294338 x 107°(1/°¢%) ;

By = -0.964568125 x 10'7(1/°C3);

B, = 0.873702983 x 107" (1/%");

Local Nusselt numbers, representing the ratio of the effective thermal

conductivity to the actual thermal conductivity, are defined for the inner

[4

and outer cylinder surfaces respectively by:

Nu, = Efi_ 90 [ 8]
* L OR|.
il
and
Nu — 21‘0 a@ [9]



Mean or average values of the Nusselt number at each surface are

then given by:

i
Nu, = i %l a [ 10]
TooTL OR i
A ;
and
T
ﬁuo=_2_rg 9 49 [11]
mL or
(¢}

An energy balance for the inner and outer cylinder shows that the
values of Nﬁi and Nﬁo should be equal. However, since the equations [ 10]
and [ 11] were integrated numerically using Simpsons rule, the obtained
values of Nﬁo and Nﬁi differed by about 1%. Thus, a global Nusselt

number NuG was defined simply as the arithmetic mean of Nﬁi and ﬁto.

3 - NUMERICAL SOLUTION OF THE GOVERNING EQUATIONS

The coupled transport and energy equations (1) and (2) are quasi-
linear, second-order partial differential equations of the parabolic type
and such numerical methods as standard explicit method, alterning direction
implicit method, Dufort-Frankel method and others may be applicable. In
this study a two-dimensional alternating direction (A.D.I.) procedure is
employed and the computational method involved differs slightly from that
used by Mallison and de Vahl Davis [18] . The first and second derivative
were approximated by central differences and the time derivatives by a
first order forward difference. The finite difference forms of the equa-
tions were written in conservative form for the advective terms in order

to preserve the transportive property [19]. The A.D.I. technique has the



advantage over explicit methods that it is numerically more stable and
hence allows the use of a larger time step At. However, it has the
disadvantage that each iteration requires more computations than does

an iteration with the explicit techniques.

The elliptic equation for the stream function, equation (3), was
solved by the method of successive over-relaxation (S.0.R.) for the

new field which is then used to obtain the velocities from equation (4)

and the wall vorticity (which requires the velocity boundary conditions).

The major disadvantage of the S.0.R. method is the task of choosing the
optimum relaxation coefficient for a given situation. For the present
problem it was found that a relaxation factor of 1.8 was an optimum
value and the iterative procedure was repeated until the following

condition was satisfied:

05 M T
yrl
1,)

+ 1
l{Jn 1 l{,n

Max <0.5x 10

where the subscripts (n) and (ntl) indicates the values of the nth and

th . ; 5
(nt1) iterations, respectively. A useful method for checking the
convergence of the steady state solution was to compare the average

Nusselt number for the inner and outer cylinder.

Several different mesh sizes have been used, the choice depending
largely on the size of the cavity. The mesh size in the r-direction
ranged from Ar = 1/18 to 1/30. 1In the ®-direction a mesh size of
AP = m/18 to m/30 was chosen. Typical values of the time step were

0.0001 and 0.0005. The total time steps ranged from 1600 to 2500 and

10.
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the corresponding computing time was from 530 to 680 s. on the IBM 360/70

computer.

To expedite plotting of the results, an auxilliary computer program
was developed to locate points lying on specified isotherms and stream-
lines by linear interpolation of the computed values at the grid points.

All graphs were performed using CALCOMP 563 automatic plotter.

4 - RESULTS AND DISCUSSION

In view of the number of parameters involved in the present problem,
namely A, B, To and Ti numerical solutions are presented only for typical
cases. It is worthwhile to notice that assuming a second order instead
of a fourth order polynomial in equation (7) would make it possible to
reduce by one the number of parameters involved in the present problem.
However, this procedure would be done at the expense of a certain pre-

cision in the computation.

In order to verify the consistency of the present numerical study,
the first cases considered were those corresponding to already published
results on fluids with linear temperature - density relationship. Results
for some of the cases studied by Crawford § Lemlich [ 20] and Kuehn
& Goldstein [ 3] for various radius ratios ro/ri, Prandtl numbers Pr and
Rayleigh numbers RAL were obtained. The current analysis predicted

essentially identical results for the flow patterns, temperature profiles

and overall equivalent conductivity. For instance, for R,. = 8.925 x 103,

AL

Pr = 0.714 and B = 0.5 an equivalent conductivity of 1.749 was obtained
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in the present investigation as compared with the values of 1.765 and
1.792 reported respectively by the two previous studies. An analytical
result with RAL =1.842 x 103, Pr = 0.7 and B = 0.425 presented by

Mack & Bishop [2] was also checked. Again very close agreement was
found between their results and those of the present analysis. However,
the values of local Nusselt numbers were not in good agreement near ¢ = 0
and m positions, where deviations of about 12 per cent occurred. This
point has also been observed by Powe and al [1] and may be due to the
slow convergence of the power series used by Mack & Bishop. Having

thus gained confidence in the present numerical analysis, attemps were
done to predict the effects of density inversion on steady natural
convection heat transfer of water between two horizontal concentric

cylinders. The results obtained will be now discussed in the following

sections.

Flow and isotherm patterns: Figs. 2 to 5 show typical results

obtained for annuli with size parameter A = 2.2 x 109, gap ratio B = 0.8,
inside cylinder temperature Ti = 0°C and for different outside cylinder
temperatures;To varying between 40C and 120C. The corresponding dimension-
less angular velocity V at & = 90° as a function of dimensionless radius

RL is presented in Fig. 6. As mentioned earlier the problem under con-
sideration is symmetrical with respect to a vertical axis and it was

found advantageous to reproduce computer results on a single graph with

the flow pattern on the right half of the cavity and the isotherms on

the left half.
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Fig. 2 shows the flow and isotherm patterns obtained for To = 4°.
The fluid near the outer cylinder being at 4°C is heavier and is moving
downward while the relatively lighter fluid near the inner cylinder is
moving upward. As a consequence of the symmetry and the continuity,
the resulting fluid motion inside the whole cavity consists of two
counterrotating vortices. Fig. 1 only shows the right clockwise vortex.
The resulting velocity profile at & = 90° is given in Fig. 6. The
distortion of isotherms in Fig. 2 indicates a strong convective motion
inside the cavity. It is also noticed that the maximum heat transfer,
indicated by closely spaced isotherms, is located at the top of the
cavity for the outer cylinder and at its bottom for the inner one. Since
in the present case the outer wall temperature corresponds exactly to the
maximum water density, no inversion effects are present. In fact, the
flow pattern depicted in Fig. 2 is similar in form to the two usual ther-
moconvective cells, symmetrical with respect to the vertical axis, that
have been described extensively in literature [ 3, 20, 21] for the case of

an ordinary fluid.

Fig. 3 shows the flow pattern obtained for TO = 6.5°C and it is seen
that the flow field is now characterizelby the presence of two counter-
rotating circulations of approximately equal size as indicated by the
dividing streamline. This particular streamline corresponds to the value
¥ = 0 of the boundary and is left unconnected with it by the auxiliary
computer program used to plot the graphs. The present flow pattern is a

direct consequence of the maximum density of water at 4°C.  The heavy
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dashed line represents the 4°C  isotherm and thus defines the region of
maximum density. The fluid in the neighborhood of this line is heavier
and, as a result moves downwards. On the boundaries, the fluid is
lighter and moves upwards. The distortion of the isotherm patterns in
the upper part of the cavity is a result of the intense convective motion

generated by the clockwise vortex located in this region.

Fig. 4 shows that for TO = 8°C two eddies are still present inside
the cavity as in the case of Fig. 3. However, it can be noticed that
the eddy near the outer cylinder is now larger, while the one near the
inner cylinder is smaller. Further, it is seen from the isotherm field
that the convective motion inside the cavity is still considerably reduced
as compared with the case with TO = 4°C, For outside cylinder temperature
of 12°C, Fig. 5 shows that the inner cell has completely disappeared and
the circulation is now counterclockwise. Furthermore, the local heat
transfer in the present case is now maximum at the bottom of the outer
cylinder and at the top of the inner one. .This situation is completely
opposite to the case described in Fig. 2. 1In Fig. 6 a comparison between
the velocity profiles for T0 = 4°C and To = 12°C illustrates the opposite

behaviour.

The flow and isotherm patterns of Fig. 7 for To = 40C, B = 0.11, and

= 1.215 are considerably different from those obtained in Fig. 2.

HIH
+ |o

i
Thus, in the wider gap the flow has the kidney shape described by Bishop

and Carley [22]. 1In the present case the flow, due to the narrower gap
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involved, has rather the crescent shape also described by Bishop and
Carley. Furthermore, the isotherms depicted in Fig. 6 appear to be very
similar to those which would occur in the case of pure conduction,

i.e. they are almost concentric circles. This is due to the small gap
ratio involved in this case. However, a non negligible convective motion
is revealed by the spacing between the isotherms which varies strongly

with position.

An experimental study on natural convection heat transfer with
density inversion of water between two horizontal concentric cylinders
has been conducted in the past by Seki et al [9]. The experimental
model consisted of concentric cylinders with radius ratio ranging from
1.18 to 6.39. Temperature of the inner cylinder was maintained at OOC,
while temperature of the outer cylinder was varied from 1 to 150C,
with Grashof number Gr = gBAT LS/\)2 ranging from 3.2 x 101 to 2.7 x 105.
Photographs and qualitative description of the flow patterns, temperature
profiles, local and average Nusselt number were presented. The present
numerical method could not simulate adequately the high convec-
tive motion involved in most of Seki's experimental results. Never-
theless, a similar trend was observed in many aspects. For instance, the
sequence of events appearing in Figs. 2 to 5, i.e. formation of unicellular
clockwise and anticlockwise vortices or bicellular flow depending on the

temperature To,were comparable.

It has been possible to verify one of the cases studied by Seki which
involves relatively low convection. A similar flow pattern was obtained
numerically and is shown in Fig. 6. However, Seki et al have observed
the formation of a very small counterclockwise eddy at the top of their

cavity. This secondary eddy, that was attributed to the effects of the
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gap width and cylinder curvature, could not be reproduced by the numerical
solution of the present study. This is probably due to the fact that,in
order to generate this secondary eddy by numerical method, an initial

disturbance should have been introduced in the flow field.

Another interesting result of the present study is the tendency for
the clockwise circulation pattern to form two cells. This phenomenon,
shown in Fig. 3, was observed to occur only for a limited temperature
range between TO = 6.5°C to 7.25°C. A similar vortex formation has been
reported by Saitoh and Hirose [ 23] in their study of the convection flow
surrounding an horizontal ice cylinder. Their experimental observations
have revealed the existence of an additional vortex pair over the ice
cylinder. Such a phenomenon was observed for a temperature range between

5.5 and 6.5°C.

Temperature Distributions and Nusselt Numbers

Figs. 8(a) and9(a) show typical dimensionless temperature O as a
function of dimensionless radius RL' The corresponding local Nusselt
numbers based on inner and outer cylinder, as defined in equations (8)
and (9), are shown in Figs. 8(b) and9(b). In these figures the pure

conduction curves and the 4°C isotherms, when they exist, are represented

by broken lines.

(0]

Fig. 8(a) shows O versus R, for the case with T0 =47C. As already

L
mentioned this case correspond to the presence of a single clockwise
circulation in the right half cavity. In the thermal boundary layer

adjacent to the outer cylinder it is seen that the temperature gradient



increases considerably as the angular position decreases from ¢ = 180°
towards & = 0°. However, it is observed that near the inner cylinder
the trend is opposite. A temperature reversal in the central portion

of the gap, for ® ranging from 0° and 900, may also be observed.

This is probably due to higher heat transport by angular convection flow
rather than radial one. The corresponding local Nusselt for this case
is shown in Fig. 8(b). 1In agreement with the aforementioned behaviour
of the temperature profile, the Nusselt number reaches the minimum value
at 180° on the outer cylinder and 0° on the inner one. Naturally the

results obtained for TO = 12°C were found to have opposite tendency.

The results for T0 = 6.5°C are presented in Fig. 9(a). It is noted
that, except for the angular position ¢ = Oo, the temperature profiles
inside the cavity follow approximately the trend given by the pure con-
duction curve. This is due to the fact that inside the cavity two
eddies of almost equal size coexist. The intense convection indicated
by the temperature curve at & = 0° results from the presence of the
secondary clockwise circulation in this region. The behaviour of the
Nusselt number is depicted in Fig. 9(b) and it is seen that at the top
of the cavity the Nusselt number is maximum on the outer cylinder and

minimum on the inner one. The influence of the flow circulation in the

17.

upper region of the annulus on the inner cylinder is seen to be important.

Thus, the Nusselt number passes through a peak value at ¢ = 20° and a
minimum, close to the pure conduction value, at ¢ = 500, thereafter

increasing with increasing angular position.



18.

Fig. 10 shows the relation between the average Nusselt number NuG
and AT (=T0) the temperature difference between the outer and inner

cylinder. This figure reveals that Nu, does not increase monotonously

G
from pure conduction value (2.09) at To = 0°C with increasing AT as on

common fluids having a linear density-temperature relationship. In fact,

NuG increases monotonously as To becomes higher only when a single large

eddy occupies the major portion of the gap as in the case T0 < 4°C or

To >10°C. After reaching the peak value at 4°C a minimum value of NuG

is observed at about TO ~ 7°C. This temperature corresponds to a

situation in which two vortices of approximately equal strength exist in

the gap. Under this circumstance the fluid velocities are small and the
convective heat transfer mechanism reaches its minimum efficiency. Fur-
thermore it is observed that an increase of L correspond in an increase

of convective motion and consequently an increase of NuG. It is worth

while to mention at this stage that a minimum average Nusselt number

has also been observed in the past for the case of natural convection

heat transfer under the influence of density inversion in a rectangular

cavity. Analytical studies reported by Watson [ 8] and Robillard § Vasseur

[ 24] have shown that for this type of geometrical configuration a minimum value
of the average Nusselt number occurs at 8°C. The temperature at which the
minimum NuG occurs is less in the case of cylindrical annuli compared to

that of rectangular cavity. This may be due to the fact that for an

annulus the heat area of the outer cylinder is larger than cooling area

of the inner cylinder.
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5 - CONCLUSIONS

The natural convection of a mass of water contained between two
horizontal concentric cylinders has been investigated numerically at
temperatures in the neighbourhood of the maximum density. The
results obtained in the present study may be summarized as follows:

1) The density inversion has an important effect on natural

convection heat transfer in the cavity. This is partic-
ularly true in case where two counter eddies of approx-
imately equal size coexist in the gap. For such situations

the heat transfer rate is considerably reduced.

2) The presence of a secondary vortex pair, at the top of the
inner cylinder, has been found . numerically to appear
for a very limited temperature range between 6.5° and 7.250C,
for which the Nusselt number was found to be a minimum. A
similar phenomenon has already been observed by Saitoh and
Hirose in the case of natural convection around an horizontal

ice cylinder.
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